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Chapter 1. Introduction

The generation of random numbers
is too important to be left to chance.

ROBERT R. CovEYou (1915 — 1996)

This thesis describes methods for drawing deterministic samples from
non-uniform multivariate densities. These methods are not yet widely
used. Instead, people use independent identically distributed (iid) (pseu-
do-)random samples that are locally very inhomogeneous. In deviation
from this, we deal with deterministically placed samples, aiming for a high
degree of local homogeneity of the samples (or the gaps between them).
Depending on the use case, this leads to faster convergence of calculations,
more consistent fulfillment of requirements, or better space use.

Supplementary material, like presentations, figures tables, and code can be
found online! or will be added on request.

Terminology

Because sampling is a natural part of our everyday lives in various contexts,
extensive terminology refers to it.

Sampling may also be called placing, selecting locations, stacking, arranging,
building, designing, distributing, drawing, packing, or covering.

Samples may also be called objects, points, sigma points, particles, vertices,
nodes, knots, or abscissas.

Sample sets may also be called vertex arrangements, point clouds, ensem-
bles, groups, arrangements, patterns, or clusters.

Ihttps://github.com/KIT-ISAS/Dissertation_Frisch_Supplementary



1.2 Applications of Sampling. Why Deterministic Sampling?

(a) Random (b) Fibonacci (¢) LCD
Figure 1.1: Not all Gaussian sampling is the same. Different methods to
draw samples from the same 2D Gaussian density. Showing iid samples (a) and
deterministic sampling methods (b+c).

Applications of Sampling.
Why Deterministic Sampling?

Here are some examples where sampling is used, with reference to the
advantages that deterministic sampling brings.

Short Examples
1.2.1.A'| (State Estimation) In nonlinear recursive state estimation or

filtering, the occurring probability densities cannot be represented in closed
form. Standard approximation methods involve discrete representations of
the densities using samples. This simplifies density representation and state
propagation [02], [145]. Deterministic sampling yields faster convergence
(with respect to the number of samples) to the true result.

1.2.1.B | (Control) In control problems, on top of the state estimation

problem, an appropriate control trajectory has to be found. This can be
done by sampling from the space of control trajectories and implementing
the one with the best outcome. Deterministic sampling facilitates a more
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(b) Spotlight (c) RGB spotlight (d) RGB Bayer
(unstructured filter (square
arrangement). arrangement) [22].

(a) Spotlight
(concentric circular  (square
arrangement). arrangement).

00L46079%
00 01 03 03 04 05 06 07 08

(e) MacAdam (f) Logo Uni (g) Frits on car (h) Shower head
diagram [23]. Stuttgart [165]. window. [62].
- A — T - >

(i) Subsurface Laser (j) Ferroelectric (k) Concentrated solar power
Engraving [119] nanoislands as capacitors [24].
[56].
Figure 1.2: Object arrangement in technology and everyday life.




1.2 Applications of Sampling. Why Deterministic Sampling?

homogeneous space coverage, thereby improving efficiency. See for example
(541, [71], [53], [81].

1.2.1.C| (Integration) An elementary method for quadrature, i.e., nu-

merically solving 1D integrals, is the rectangle rule. It uses equidistant
samples. Choosing an appropriate ensemble in the higher-dimensional
equivalent is not trivial. More about this below, in Section 1.2.2.

1.2.1.D | (Partial Differential Equations) Partial differential equations

can often not be solved in closed form, only numerically in a discretized
form, e.g., via the Finite Difference Method or the Finite Element Method.
Deterministic samples are one possibility to achieve an efficient, homo-
geneous coverage of the considered domain with a numerically beneficial
shape of the Delaunay simplices of the mesh [101].

1.2.1.E | (Optimization) To find the global extremum of a multivariate,

multimodal, and nonconvex function, it can be evaluated on a set of
samples that uniformly cover the relevant area, narrowing the search space.
Deterministic samples cover the space more homogeneously, thereby making
the search more efficient [121].

1.2.1.F | (Representation of Densities) Sample sets can be used as a

discrete representation of probability densities. In this form, it is straight-
forward to propagate them through state transition models and to compute
expectation values. Deterministic samples yield a more locally homoge-
neous space coverage according to the probability mass, thereby increasing
the expressiveness (see Figure 1.1).

1.2.1.G | (Modulation) Digital information transmission using high-

frequency signals requires encoding the information stream into signal
properties like phase and amplitude. Such modulated signals can be repre-
sented in the 2D constellation diagram, where several regions with their
corresponding symbols must be defined. For example, the Quadrature
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amplitude modulation (QAM) scheme uses a square arrangement. Deter-
ministic samples have always been used here to maximize the efficiency of
the communication channel.

1.2.1.H | (Color Palettes) To show figures with many different plot lines

that should be distinguishable by color (e.g., Figure 8.12), we need a set
of distinguishable discrete colors as a color palette. The MacAdam ellipse
gives the perceived color distance in a chromaticity diagram [115], where
the ellipse size depends on the respective color (see Figure 1.2e). A sound
palette would place the colors more densely in regions where the MacAdam
ellipses are small and vice versa. With deterministic sampling, the selected
colors will be locally homogeneous, e.g., no two colors are randomly much
more similar than all the other neighboring pairs.

(Subsurface Laser Engraving) In subsurface laser engraving
(SSLE), microcracks are introduced inside a transparent object [96], [168].
Each of these cracks is visible as a small dot. By varying the point density,
3D probability densities and also objects like construction plans can be
visualized with this technology. Since the microcracks must be discrete,
separated points, the object to be visualized first has to be converted into
a discrete representation via sampling (see Figure 1.21).

1.2.1.J| (Arrangement of Objects) A sampling strategy also has to be

decided on whenever it is necessary to arrange multiple similar objects
side by side. Examples are LEDs in a spotlight, photodetectors and color
filters on CCDs, frits on a car window, boreholes in sieves and shower
heads, capacitors in computer memory, and mirrors in concentrated solar
power plants (see Figure 1.2). Furthermore, think of packing cannonballs,
distributing seats in a hall, placing surveillance cameras and weather
stations, designing a network of buoys for water temperature observation.
Even finding a place on the sunbathing lawn and choosing a locker at the
gym is a sampling problem — it is solved deterministically as soon as one
tries to maximize the distance to the neighbors.



1.2 Applications of Sampling. Why Deterministic Sampling?

NN

(d) Echinacea.

(h) Leucanthemum.

(f) Echinacea. (g) Bellis perennis.

(i) Leucanthemum. (j) Helianthus. (k) Wasp nest [25].
Figure 1.3: Object placement in nature, often exhibiting Fibonacci lattices for
growing objects and hexagonal arrangements for fixed-size objects.

Some of these application scenarios involve reproducing a desired non-
uniform density function, while others just strive for an efficient packing of
identical objects. The latter is a special case and will concern us more on

the periphery.
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1.2.1.K| (In Nature) In plant life, clusters of flowers or seeds, called

inflorescences, are often arranged to maximize space utilization under
the constraint of continuous radial growth — this is discussed further in
Section 3.3.1.D. Due to the size and number of seeds, the pattern is
especially striking in the Helianthus but is also visible in many other plants
(see Figures 1.3 and 1.4).

Honey bees must arrange clusters of objects fixed in size, tubes to raise
new brood, and store honey and pollen. They do it in a hexagonal pattern
that maximizes space utilization (without the growth constraint as in
inflorescences). Similarly, social wasps build nests with hexagonal cells
made of paper instead of wax (see Figure 1.3k).

122 Cubature

We focus especially on multivariate numerical integration or cubature as
application area of (deterministic) sampling, so we highlight it in detail here.
Cubature is the multivariate equivalent of 1D integration or quadrature
that can be solved, e.g., with the rectangular or midpoint rule.

In general, to solve the integral

it is discretized as

QulsP) =1 Y ola) |

z€PL

using a point set Py, consisting of L points z € [0,1]°. We are particularly
interested in how the integration error

€Ly = s(g9) — Qs(g; PL)| (1.1)

depends on the number L as well as the construction method of the samples

Pr.



1.2 Applications of Sampling. Why Deterministic Sampling?

o

Figure 1.4: Leucanthemum versus Fibonacci—-Kronecker lattice in polar coordi-
nates.

1.2.2.A| (The Common Method: iid Random Samples or Monte Carlo)

Most commonly, iid random samples are chosen. In that case, the behavior
of the integration error e, 4 is given by the Central Limit Theorem (CLT)
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[16, Sec. 2.1], [41, p. 244]. It states that the Monte Carlo integration error
€r,g of an arbitrary square-integrable function g(-) over the s-dimensional
unit cube [0, 1]%, using a large number L of iid uniform random samples
z,, € [0,1]%, is normally distributed with standard deviation o, - L=1/2,

where
2
T /[07115 (g(x) : </[0,1]sg(x) dx)) dg . (1.2)

Thus, €1, 4 depends only on the standard deviation o, but not on the
smoothness of g. Indeed, for general square-integrable integrands g, which

—1/2

could be white noise, the convergence rate of L is the best we can get

[7].

o Advantages
— Unbiased estimator.
— Convergence rate does not depend on dimension s.
— Convergence rate does not depend on smoothness of f.
— Practical error estimate [35, pp. 1391].

o Disadvantages
— Slow convergence rate of L~

1.2.2.B | (The Deterministic Method: Low-Discrepancy Sampling or Quasi—

Monte Carlo) For smooth integrands, convergence can be vastly im-
proved (compared to iid random samples) by using quasi-random or low-
discrepancy samples. This is also called quasi-Monte Carlo method. The
relevant cubature error ep, , estimation is the Koksma-Hlawka identity

/2

ep, g < discrs (Pr)-V(g) , (1.3)

for point set Pr consisting of L samples z € [0, 1]° and its discrepancy
diser (Pr). The smoothness of the integrand is incorporated via its
variation in the sense of Hardy and Krause V(g). This is discussed further
in Section 5.1.1. The important point here is that for all integrands g with
finite variation V(g), we obtain good integration results by choosing point
sets P, with low discrepancy discr’, (Pr). It is known that point sets with

10
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a discrepancy of (log(L))*"'L~! do exist [11]. This implies a cubature
convergence rate of the same order.

o Advantages
— Superior convergence rate of (log(L))*~tL~1.
— Reproducible.
o Disadvantages
— Best low-discrepancy point set not always known, especially in
higher dimensions.
— Convergence rate gets worse with higher dimensions.
— Randomization needed for unbiasedness and error estimate [35,
pp. 155ff].

Gaussian Density Representation

Another important application of sampling is density representation, e.g.,
for propagation through state transition models. The most important
density function is the Gaussian or normal density.

1.2.3.A| (Independent Random Samples) The most commonly used

discrete density representation involves iid samples again. These Gaussian
samples can be produced, e.g., by transforming iid uniform samples with
the Box-Muller method [12]. The independence of the samples inevitably
leads to locally uneven coverage, with colliding samples on the one hand and
uncovered holes on the other (see Figure 1.1a). Computations on random
ensembles, like expectation value computations, have slow convergence, as
described in Section 1.2.2.A.

o Advantages
— Arbitrary number of samples.
— Fast computation.
o Disadvantages
— Locally inhomogeneous distribution.

11
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o\
AN
\.\\_\_ 3
W

) (] c
(E1) (E2) (E3) Main  (E4) (E5) (E6) LCD
Gauss- Unsct [171]  Axes [76] Cartesian Fibonacci [59]
Hermite (03], [O8]
[79]
(S1) Grid  (S2) (S3) Main  (S4) Orbit  (S5) (S6) LCD
[108], [135]  Unscented  Axes [O10] — Planet Fibonacci [111]

[102] [112]

Figure 1.5: Different types of deterministic Gaussian sampling in Euclidean
space (top, E) and von Mises—Fisher (vMF) and Bingham sampling on the
spherical domain (bottom, S). Figures are captured from the stated references.
First column (E1, S1) shows uniform-grid-based filters with individually weighted
samples, second column (E2, S2) moment matching, other columns equally
weighted samples. Note that LCD samples (E5, S6) are much slower to compute
than all others. This work focuses on low-discrepancy sampling with Fibonacci
lattices on the sphere (S5), as it produces high-quality results and is fast.

1.2.3.B | (Deterministic: Moment Matching) The most commonly used

deterministic Gaussian samples are based on moment matching, yielding a
finite set of weighted samples. For example, Gauss-Hermite quadrature uses
a certain set of weighted samples and is ideally suited for scalar integrals of
polynomial-like functions that are multiplied with a 1D Gaussian density
function [159]. In higher dimensions, this requires the Cartesian product
of the evaluation points [78, Eq. 3.3], [79] (see Figure 1.5E1). Thus, the
number of required points increases exponentially with the number of
dimensions.

To avoid this “curse of dimensionality”, one can place samples on the main
axes only [75] (see Figure 1.5E3). A more radical variant is the Unscented
Kalman Filter (UKF), where only two samples, “sigma points”, are placed

12



1.2 Applications of Sampling. Why Deterministic Sampling?

on each coordinate axis [84], [87], plus optionally one in the center, i.e.,
the number of samples is L = 2s or L = 2s + 1 for dimension s (see
Figure 1.5E2). The coordinates are chosen such that mean and covariance
match. Very similarly, the 3' order Cubature Kalman Filter (CKF) places
two samples on each coordinate axis, without the sample at the mode,
hence L = 2s [5]. The 5'® order CKF employs instead L = 2s% + 1 weighted
samples [82], see also [29, Sec. 7], [136, Eq. 48+49]. The smallest possible
sample set suitable to propagate mean and covariance has been explored
in [85], [130] — it takes only L = s+ 1 or L = s + 2 samples.

o Advantages
— Simple and fast (only the methods with few samples).
o Disadvantages
— Weighted samples mostly.
— Fixed number of samples.
— Ideal only for certain types of integrands (e.g., polynomials).

1.2.3.C| (Deterministic: Nonlinear Optimization of a Metric) Now, we

focus on methods that allow the number of samples to be flexibly adapted
to the problem and the desired accuracy. Given a suitable distance or
optimality measure such as the Localized Cumulative Distribution (LCD)
[60], optimal deterministic Gaussian sample sets can be computed using
gradient optimization [59], [48] (see Figures 1.1¢, 1.5E6 and 2.2¢). As this
kind of sampling process is itself computationally expensive, for practical
filtering, it is necessary to compile a library of standard normally distributed
samples beforehand and transform them to the desired arbitrary Gaussian
density online using the Cholesky factorization of the covariance matrix
[161], [162], [164]. After such transformation, however, the samples are
no longer optimal as before (see Figure 2.2a). One contribution of this
work is conditional deterministic sampling, which somewhat improves the
transformability of LCD-based Gaussian samples.

e Advantages
— Very locally homogeneous.
— Arbitrary number of samples.

13



Chapter 1. Introduction

— Computational load does not increase exponentially with di-
mension.
o Disadvantages
— Expensive computation.
— Badly transformable (e.g., to other density parameters).

1.2.3.D | (Deterministic: Orthogonal Inverse Transform of Low-Discrep-

ancy Point Sets) One main contribution of this work is the orthogonal
inverse transform of low-discrepancy samples. It can produce locally homo-
geneous samples of density functions with an orthogonal inverse transform.
Discussed further in Section 6.7. For visual examples of Gaussian samples,
see Figures 1.1b and 1.5 E5.

o Advantages
— Very locally homogeneous.
— Arbitrary number of samples.
— Fast computation.
— Well transformable.
o Disadvantages
— Need orthogonal inverse transform.
— Need suitable uniform low-discrepancy point set.

1.3 Riemannian Manifolds

The above examples are usually considered in Euclidean spaces. However,
their treatment in Riemannian manifolds becomes more and more critical.

Applications

For example, in modern wireless communications, the angle of arrival (AoA)
distribution is modeled with spherical densities to facilitate highly efficient
data transmission using multiple input multiple output (MIMO) techniques
[116]. Wind directions in weather simulations [66] can only be truthfully
represented via a vector field with vectors from Riemannian manifolds.

14



1.3 Riemannian Manifolds

Robotic design, kinematics, and path planning require optimization, state
estimation, and control on hyperspheres and hypertori [42], [17]. Aircraft
require sophisticated balancing control. Their state is best represented via
quaternions that, in turn, require a hyperhemispherical manifold [176].

Computations are often performed on lin-
earized Euclidean tangent spaces of the un-
derlying Riemannian manifolds. This works
well if uncertainties are small. However, with
greater uncertainty, performing the calcula-

tions directly on the nonlinear manifold be-
comes increasingly essential. If a significant
part of the probability mass protrudes beyond periodicity limits, the re-
sult will be distorted even with an optimally selected linearization point.
Drones and robots have become smaller and more versatile. Therefore, the
predictions of the internal motion models (that must reflect the physical ca-
pabilities) become more uncertain: a small drone can make sudden changes
in direction and speed that a passenger aircraft would not be physically
capable of. Weather simulations get more fine-grained, and the individual
forecasts, limited to smaller areas, are more unstable. Products are pushing
into the mass market, equipped with more but cheaper sensors that provide
unreliable measurement data. In summary, processing uncertain sensor
data on nonlinear manifolds becomes increasingly essential.

Spherical Sampling Methods

Just as with the Euclidean space [87], the most widely used deterministic
sampling method is based on moment matching. Transferred to hyper-
spheres, trigonometric moments are to be matched [102] (see Figure 1.552).
Again, the major limitation is that the number of samples is fixed and
cannot be adapted to the problem’s difficulty. Furthermore, how many
and which moments should be considered is usually unclear. The number
of samples may be increased somewhat by placing more samples on the
spherical “main axes” [010], [109] (see Figure 1.5S3).

15
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However, this approach still misses the areas apart from the main axes,
so the probability mass there is not adequately represented. This can
be improved by using an “orbit-planet” sample arrangement [110], [112]
(see Figure 1.554). It can be seen as mapping a regular Cartesian lattice
to the sphere. However, this leads to the “concatenation” of samples to
circular rings near the pole and lines near the equator, yielding locally bad
space coverage. By using, instead of the regular lattice, a low-discrepancy
point set (a main contribution of this work), we get a much more locally
homogeneous result (see Figure 1.555). And it is likewise cheap to compute.

Another contribution of this work is applying the LCD directly in the
spherical domain [09], [111] (see Figure 1.5S6) without using a tangent
space. These samples also provide very locally homogeneous state space
coverage according to the desired density, arguably the best. However, one
must solve a nonlinear optimization problem to obtain the samples, which
might be too expensive for real-time applications.

State of Art

14.1 Variance Reduction

Deterministic sampling falls into the broader class of variance reduction
techniques [107]. Variance reduction techniques for expectation value
computation include antithetic variates [55], control variates [117], [150],
importance sampling [169], stratified sampling [131], low-discrepancy or
quasi-random sampling [156], [35], moment matching [87], [86], [118], [149],
LCD based sampling [60], [59], [162], and Projected Cumulative Distribution
(PCD) based sampling [58], [139]. These methods can also be combined,
e.g., LCD based sampling with moment matching and antithetic variates
[164).

Combinations of probability density functions and system equations such
that the Bayesian inference problem can be solved analytically, are called
conjugate priors [44]. In such cases, sample-based approximation (Sec-
tion 1.2.2) is of course neither necessary nor advisable. Sometimes, a
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1.4 State of Art

part of the dependencies described by the system equations is tractable
and another part intractable. In such case, we ideally take advantage of
available closed form solutions and employ sample-based approximations
only to the densities involved in the intractable dependencies. This is also
referred to as Rao-Blackwellization [14].

Low-Discrepancy Point Sets

The most well-known and widely used low-discrepancy point set for higher
dimensions is probably the Sobol sequence [83], [158]. It is readily available
(for s < 1111) in numerous programming languages like Matlab (sobolset
class), Julia (Sobol module), Python (scipy.stats.qgmc.Sobol class), and
R (runif.sobol function in fOptions package). Other choices are the
Faure sequence [6], [40], and the Niederreiter sequence [122]. All of these
are so-called (t-s)-sequences.

Since the globally optimal 2D point set, the Fibonacci lattice, and related
variants of it, come not as (¢-s)-sequence but as rank-1 lattice, Kronecker
lattice, and Frolov lattice, we focus on the latter types of low-discrepancy
point sets in the remainder of this work.

Open Questions

The LCD has been applied in the Euclidean space and, for Riemannian
manifolds, in their Euclidean tangent spaces, but it has not been adapted
and defined directly in a Riemannian manifold before this work. Fur-
thermore, a subsequent transformation of LCD samples to adjust, e.g.,
second order moments, is not anticipated and often reduces their local
homogeneity.

The local homogeneity of uniform point sets is often quantified by dispersion,
i.e., the radius of the largest point-free circle (ball, hyperball) that can
be placed in there. While the discrepancy has already been extended to
non-uniform measures, the dispersion has not.
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Transforming uniform low-discrepancy into non-uniform low-dispersion
point sets is known only for product-type densities.

There are three types of 2D Fibonacci lattices: a rank-1 lattice, a Kronecker
lattice, and a Frolov lattice, all with very similar appearance and properties.
While the formal connection between the Fibonacci-rank-1 and —Kronecker
lattice coordinates is trivial and obvious, a connection to the Fibonacci-
Frolov lattice coordinates has not been established.

There is a reproducing kernel Hilbert space with associated worst-case
integration error whose minimization yields precisely the 2D Fibonacci—
rank-1 lattice. This has not been explored in higher dimensions or adapted
to Kronecker lattices.

Constructions of globally optimal low-discrepancy point sets, like the
Fibonacci lattice in 2D, are not available in higher dimensions. Even
non-constructive statements on the “lowest-possible-discrepancy” point sets
regarding the precise order with respect to L is considered the “Grand
Open Problem” of discrepancy theory [3], [64, p. 418].
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1.5 Overview

1.5 Overview

About Sampling
1.5.1.A| (What is Sampling?) The goal of sampling is to obtain point

locations or samples such that the resulting point cloud exhibits certain
properties. The space of possible such properties includes the probability
density, independence, smoothness or local homogeneity, dimension, number
of samples, and convergence rate for numerical approximations.

1.5.1.B| (Not All Sampling Is the Same) Most people are aware only

of iid sampling and unscented sampling and use only those two, despite
the poor local homogeneity and convergence rate of the former and the
fixed and often too small number of samples of the latter. We present
alternatives (see Figures 1.1 and 1.5) that allow for more efficient and
accurate computations in many fields of application.

1.5.1.C| (Fibonacci Spirals) For more

than hundred years, people have won-
dered about the “Fibonacci spirals” ubig-
uitous in nature (especially striking in the
sunflower) and their relation to the golden
ratio and Fibonacci numbers. This work
contributes some little-known and some
novel puzzle pieces to this fascinating
topic.

About This Thesis
1.5.2.A| (Structure) Chapter 2 presents three deterministic sampling

methods (LCD, PCD, and PoVuD) and variations thereof. All are based
on computationally expensive numerical optimization; therefore, caching is

necessary for real-time applications. However, caching is complicated by
the fact that these samples degrade in local homogeneity when transformed.
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Chapter 3 introduces four basic types (rank-1 lattice, Kronecker sequence,
Kronecker lattice, and Frolov lattice) of uniform point sets in [0, 1]%, s € N,
detailing their mathematical representation, various ways of construction,
and practical methods of enumeration. Special attention is given to rela-
tionships between the well-known Fibonacci—rank-1 lattice, the well-known
Fibonacci—-Kronecker lattice, and the little-known Fibonacci—Frolov lattice
in 2D.

Chapter 4 gives a deep insight into the Fibonacci-Frolov lattice. This is a
fascinating topic because Fibonacci-based constructions are ubiquitous in
plant life. We also present a possible generalization to higher dimensions.

Chapter 5 treats optimality measures and consequent optimization-based
construction of rank-1 lattices and Kronecker sequences. This leads to a
number of superior, novel point sets.

Chapter 6 constitutes the main contribution of this work. An optimality
measure (dispersion) for uniform point sets is generalized to non-uniform
continuous densities. Furthermore, the known relation between two op-
timality measures (dispersion and discrepancy) for uniform point sets is
generalized to non-uniform and transformed point sets. This enables a
sampling strategy for non-uniform densities using a uniform reference point
set (Chapters 3 to 5) and an orthogonal transformation, yielding locally
homogeneous samples if the reference point set is low-discrepancy.

Chapter 7 describes the above sampling method (orthogonal transform
of low-discrepancy samples) concretely for various multivariate densities.
We cover arbitrary independent densities, the Gaussian density, the hy-
perspherical uniform density, the hyperspherical von Mises—Fisher density,
and arbitrary densities using acceptance-rejection.

Chapter 8 gives a quantitative evaluation of the presented sampling methods
based on a number of optimality measures.

Chapter 9 summarizes and concisely lists the contributions and novelties
in this work.
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1.6 Summary

Appendix A contains the same plots as Chapter 8 but with a greater range
of samples.

Appendix B contains an extensive compilation of figures showing the sample
sets of all the uniform construction methods presented in Chapters 3 to 5
for various numbers of samples.

Appendix C contains numerical tables with rank-1 lattice and Kronecker
sequence generators obtained via brute force numerical optimization from
Chapter 5. The content is such that it can be copy-pasted directly into
program code.

1.5.2.B | (Reading Paths) Any direct sampling method in Chapter 2

is self-contained, with more details given in the specified references of the
original works.

Chapters 4 to 5 presuppose the definitions brought forward in Chapter 3.

Interesting insights regarding Fibonacci—based construction are located in
Sections 3.3.1.D, 3.3.2.A, 3.3.3.A, 3.3.4.D, 5.1.5.C, 5.2.2.B, 6.8.1, 8.1.4.B,
8.2.1.B, 8.2.2.A and 8.3.1.B, Chapter 4, and Appendix B.1.

Chapter 6 presupposes the definitions brought forward in Section 5.1.

Chapter 7 presupposes the insights brought forward in Chapter 6.

Summary

In this introduction, we have discussed how deterministic sampling is
part of our everyday lives in many ways without us even thinking about
it. Then, we compared random sampling, widely used in engineering,
with deterministic sampling. Furthermore, the necessity of sampling on
Riemannian manifolds has been discussed. We concluded with an overview
of this work and an indication of which chapters build on each other.
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We are all special cases.

ALBERT CAMUS (1913 — 1960)

In this chapter, we compute locally homogeneous, deterministic samples
for a specific density function. The general procedure is to minimize a
distance measure D between a given density f(x) and a sought density
f(z) of a different type, particularly a Dirac mixture density. As there are
no further restrictions, we can potentially reach the best sampling quality
that can be attained. However, computation is quite costly and has to be
repeated for every different set of density parameters. In Section 2.2.2, we
take a first step towards transformable sampling. In the following chapters,
transformable sampling will become the central theme of this work.
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(a) Continuous vs (b) Continuous vs Discrete  (c) Discrete vs Discrete
Continuous

Figure 2.1: Pairs of continuous and discrete densities, to be compared with
suitable distance measures. Simple distance measures like the Kullback-Leibler-
divergence only work if both densities are continuous (a).

Simple Density Distances

Continuous densities can be easily compared via distance functions that,
for every z, take into account only the two scalar values f(z) and f(x),
yielding a “local distance function” d of the two densities f, f,

d(z; f, f) = d(z; f(2), f(2)) , (2.1)
that is then integrated over the entire support 2 C R®
D(f.f) :/Qd(i;f(ixf@)) dz . (2.2)

Continuous densities (see Figure 2.1a) can be compared very well with
these methods. Common examples are the Kullback-Leibler-divergence [98]

(0 £.) = ) o 1) 23)

the Hellinger distance [65]

2
(i f.) = 5 (Vw - V@) (2.4

or simply the L? norm of the difference of the density functions [153]
d?(: f.f) = (F@) - f@)” - (2.5)
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2.1 Simple Density Distances

If at least one of the densities is a Dirac mixture density on continuous
support

f(z|Pr) = Z iz —y) , (2.6)

yEPL

where Py, is a set of L samples (see Figure 2.1b and 2.1c), the distance
measures above cannot be applied anymore. In these cases, the local
concentration of samples must be involved in some way in the distance
measure. The Cramér-von Mises distance [32], [21], i.e., the (weighted) L?
norm of the difference of the cumulative distribution functions F(z) and

DENF.f) = /Q (F(z) - F(2))*dz (2.7)

is, however, well suited as a distance of density functions, including Dirac
mixtures. Therefore, we can compute the desired samples Py, that constitute
Dirac mixture density f(-|Pr) via numerical optimization

Pr = arg; min{D(f, f(:|PL))} - (2.8)

Note the general “workflow” (that we will revisit and improve in the follow-
ing sections): first, we propagate f and f through an integral transform,
yielding (in this case) their respective cumulative distributions Fand F
that are continuous even for discrete densities. Then, we apply the L2
norm on the difference of the transformed densities (2.7). Yet there is an
ambiguity in the definition of the cumulative distribution; it could be either

Fl or F2
x):/f F)dt (2.9)

z) = / Tt (2.10)

In the one-dimensional case, this ambiguity is irrelevant since both variants
are linearly dependent, F} (x)+F5(xz) = 1. However, in the multivariate case,
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(a) Standard normal
density (SND),
rescaled.

Figure 2.2: Gaussian sampling via minimizing LCD-based distance measure
(2.14) with nonlinear optimization. (a) Standard normal density (SND) reference
samples (top) rescaled to arbitrary Gaussians without further optimization,
yielding S*°KF, (b) conditional sampling with built-in transformability, (c) new
optimization for every Gaussian parameter change (high quality but slower).
Standard deviation along horizontal axis is always 1, and along vertical axis
1 (standard normal density (SND), top), 0.5, 0.2, 0.1, 0.05, and 0 (bottom),

respectively.

there are 2° — 1 independent variants of defining cumulative distributions
[133, p. 617], [60, Fig. 1], making a unique Cramér-von Mises distance

° ...o..'o... - ®

(b) Conditional,

rescaled.

o $ eotg00ee0, o

(c) High-Quality,
individually optimized

based on all possible cumulative distributions intractable for s > 1.
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2.2 Localized Cumulative Distribution

Localized Cumulative Distribution

The LCD is a special cumulative distribution uniquely defined even in
higher dimensions. It is given as [60]

Flmb) = [ f2) Klzmb)dz (2.11)
Q
where K(-;m,b) is a kernel function, e.g., an unnormalized Gaussian
12
KS(z;m,b) = exp <—H962;n”2> . (2.12)

In other words, the localized cumulative distribution F'(m,b) is the con-
volution of f with kernel K(-,m,b). It is a continuous representation of
discrete and continuous densities that is unique even in higher dimensions.
Now we can apply the same workflow as above and compute a distance
measure with the Cramér-von Mises Distance

DEY(10) = [ (Plonh) — Flm ) (2.13)
Q

Finally, averaging over the kernel size b, we obtain the modified Cramér-von
Mises Distance as proposed in [60]

DEGMGD) = [ w) [ (Flmd) - Fm )’ amas . 210
b=0 Q

with suitable weighting function w(b). The triple-nested integral (2.14)
can be solved in closed form if both densities, f and f are Dirac mixtures,
yielding a method for optimal sample reduction while keeping the most
relevant information [57]. For Gaussian f and Dirac mixture f, i.e., the
Gaussian sampling application, (2.14) can be simplified analytically such
that a one-dimensional integral (the one over b) remains to be solved numer-
ically [59]. The resulting samples look well-placed and locally homogeneous
(see Figure 2.2¢).

o Advantages
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— Resulting point sets are subjectively visually appealing.
— Numerical results are very good as well.
— Arbitrarily high dimensions are no problem.
o Disadvantages
— Seldom closed form solution of triple-nested integral (2.14).
— Numerical optimization necessary for sampling.
— Badly transformable; new samples should be generated for every
change in f.

Spherical Manifolds

The sampling method just described for the Euclidean space R® was ex-
tended to non-Euclidean manifolds, especially the sphere S? and also
hyperspheres S°. Riemannian manifolds have an Euclidean tangent space
where samples can be placed via “standard” Euclidean LCD and then
mapped to the sphere with a suitable nonlinear transformation [109]. How-
ever, this introduces distortions that become noticeable in the case of large
uncertainties.

The LCD (2.11) and its modified Cramér-von Mises distance (2.7) can also
be defined directly on the sphere [09]. Therefore we have to i) change the
domain © from R? to S? and ii) find a suitable kernel function

K(z;m,b) , z, meS” . (2.15)
An obvious choice is the von Mises—Fisher kernel
KVMF(Q m,b) = exp{b . ng} ) (2.16)

Interestingly, we can show that Gaussian and von Mises—Fisher kernels
become identical if the uncertainty tends to zero and the curvature of the
space is therefore negligible: introducing d as the shortest distance between
x and m in the respective space, we obtain

KS(d, o) exp{i' <d;)} d = ||z —ml| (2.17)

KVMY(d.b) = exp{b - cos(d)} d=cos™! (ng) . (2.18)
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Figure 2.3: Comparison of von Mises—Fisher (vMF) kernel (colored lines) and
Gaussian kernel (dashed black lines). Note that both kernels are very similar near
the kernel center, and the narrow kernels (small o, large b) are nearly identical
everywhere. Taken from [09, Fig. 2].

Kernel width parameters b and o can be matched via
c=b"% . (2.19)

The similarity can now be seen mathematically as (—4*/2) and (cos(d) — 1)
have identical Taylor polynomials up to the second order, and visually in
Figure 2.3.

For the sample reduction problem, i.e.,

~ 1 M

fla) =7 da-y,) (2:20)
1 Izil

flz) = 525@—@) , (2.21)
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Di(d)

Point pair distance

0 [ N
4 2 1
Geodesic point distance  d = cos™!(y'z)
Figure 2.4: Sample-pair distance function D,(d) from (2.27). Used to compute
the distance between two Dirac mixture densities on the S? sphere by applying it

to all pairs of samples and summing it up according to (2.23).

we can solve the triple-nested integral defining the distance measure
D? = / w(b)/ (F(m,b) — F(m, b))2 dm db | (2.22)
Ry

with weighting function w(b) = b~te~2", in closed form [O9]

D? = Dyy — 2Dy + Dy, (2.23)
1 L L
i=1 j=1
1 L M
Day = 737 ;;Ds@i,gj) ; (2.25)
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). Due to symmetry, its argu-

with sample-pair distance function D (z,y

between them, yielding Dy

)

can be reduced to one single argument, the geodesic distance
y (d)

y)
("

)
1

ments (z
d = cos™

(2.27)
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bo
1

w[4Ei(—4b) + 5(6_% - 1)] , d=0,

b1
_T i — i 1 c2b _ 1 b
cos (42) [clEl(clb) coEi(eob) + 2 (e e )]bl , de(0,m) ,
[47Ei(—20)]* d=r |

where

c1 = +2cos(d/2) — 2, (2.28)
cg = —2cos(df2) — 2,

and bounds of integration (b1, by) that can be set to by =0.001 and by — co.
Ei denotes the exponential integral

Ei(z) = / ’ %tdt . (2.29)

—00

Note that Dy is a scalar function on bounded domain (see Figure 2.4)
D,: [0,71] - R, (2.30)

that can also be tabulated and interpolated instead of repeatedly evaluating
the expression (2.27). Either way, we can reduce many (random) samples of
an arbitrary density on the S? sphere to fewer nicely arranged, deterministic
samples (see Figure 2.5). The code of the presented method has been
published as part of 1ibDirectional [104] and can be found in the class
AbstractHypersphericalDistribution. This method for deterministic
sampling on the S? sphere [09] has subsequently been generalized to
hyperspheres S° in [111].

Conditional or Component-by-Component Sampling for
Transformability

The main disadvantage of LCD sampling in conjunction with cheap Gaus-
sian filters is that its computation is too expensive for real-time application.
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D ool

1

Figure 2.6: Transformable conditional LCD sampling of 2D standard normal
density (SND) (blue shade), as explained in Section 2.2.2. First, a one-dimensional
standard normal density (SND) is sampled on the z-axis (blue points). Second,
a two-dimensional standard normal density (SND) (yellow points) is sampled by
adding y-coordinates (black arrows) to the existing samples. Subsequent rescaling
against the arrows to obtain arbitrary Gaussians (not shown here) retains much
of the uniformity of sample distribution. Taken from [O1, Fig. 1].

One way to circumvent this is computing standard normal samples z; in
advance (for the respective dimension s and number of samples L) and
store them in a matrix XN ¢ RsxF

XN = 23, a8, 3] . (231)

During run-time, these “template” samples can then be transformed from
standard normal density (SND) to arbitrary Gaussian (with covariance C,
its Cholesky decomposition C = L - LT, and mean 1) at very low cost with
a simple linear transform

X =L-X"4pu (2.32)
(see Figure 2.2a).
Proof.

z =z = Cov{z} = E{g . @T} =1 (2.33)

33



Chapter 2. Direct Deterministic Sampling

. e e . . T .

K : = %o P ¢ oo ‘e e b
% ., ee e T4 S . e % .
® o0, 4 ':co L o . X

B T oot - Toeapit

& LN A s

O A S A Y
(a) LCD & Cholesky. (b) Conditional LCD &

Eigendecomposition.

Figure 2.7: (a) Gaussian samples produced via LCD-based standard normal
density (SND) sampling (2.14), subsequently transformed via Cholesky decom-
position (2.32). (b) Standard normal density (SND) LCD-based conditional
sampling, subsequently transformed via eigenvalues and eigenvectors (2.32).
Quality of samples in (a) depends on the rotation angle of the density, and in (b)
not. Modified from [O1, Fig. 5].

= Cov{z®} = Cov{L - z}
=E{(L-z) L-2)'}

This makes it possible to implement a practical Linear Regression Kalman
filter (LRKF), called the Smart Sampling Kalman Filter (S*KF) [162],
[164], and also (progressive) Gaussian filters [163], [61].

However, the LCD samples are not designed to be transformable and
thus potentially lose some of their optimality (see Figures 2.2a and 2.7a).
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Figure 2.8: For obtaining deterministic conditional samples with arbitrary

covariance C, at first, the sample points for the SND are determined offline.
Performing the scaling and rotation operations based on eigendecomposition
online completes the approximation. Taken from [O1, Fig. 2], a similar figure for
Gaussian sampling only on principal axes appeared in [76].

Therefore, a conditional sampling scheme is introduced that mitigates
this problem to some degree [O1]. The key idea is a recursive sampling
procedure: start with the one-dimensional problem, sampling only z-
coordinates to 1D SND by minimizing (2.14) via numerical optimization
(see blue samples in Figure 2.6). Then, add random y-coordinates and
start numerical optimization again, targeting the 2D SND. However, let it
optimize and modify only the y-coordinates, keeping the x-coordinates in
place (see yellow samples in Figure 2.6). Then add random z-coordinates
and optimize them towards three-dimensional SND, keeping the z- and
y-coordinates in place, and so on. Refer to [O1, Sec. IV] for more details.

Decompositions of covariance matrices, like the Cholesky decomposition
C =L-LT, are ambiguous in terms of a transformation matrix Q that is
orthonormal, i.e.,

Q'-Q=Q-Q"=1I.

Proof.
(L'Q)'(L'Q)T:L'Q'QT~LT:L-LT:C
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Chapter 2. Direct Deterministic Sampling

Hence, there is an ambiguity in the transformation from SND to arbitrary
Gaussian

Cov{iz} =1 = Cov{L-z}=Cov{L-Q -z} =C .

This also makes sense intuitively: the density of the SND random variable
« is rotationally symmetric; therefore, an orthonormal transformation Q-
will not change anything. However, in conditional Gaussian sampling,
there is one preferred direction, the y-axis, along which the anisotropic
compression should occur to preserve the sampling quality. Therefore,
in this case, one should not employ the Cholesky decomposition (2.32)
as it does not allow control over the directions along which compression
or stretching takes place. Instead, we propose a transform based on the
eigendecomposition of the covariance matrix

C=V-D.-V' (2.39)

with orthogonal matrix V containing the eigenvectors as columns and
diagonal matrix D containing the eigenvalues. The linear transform

X¢=V.- VD XN+ 4 , (2.40)

also maps SND samples X5N to arbitrary Gaussian samples X% (see
Figure 2.8).

Proof.
2= 25N (2.41)
= Cov{z®} = Cov{V- VD -z} (2.42)
~E{(V-VD-2)- (V- VD -2)"} (2.43)
:E{V-\/5~£-§T-\/5T~VT} (2.44)
=V.-D-V' (2.45)
—-C. (2.46)
O
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2.3 Projected Cumulative Distribution (PCD)

Thereby, all anisotropic rescalings occur only along the coordinate axes.

Proof. Tn (2.40), the first operation v/D - 25N rescales the components
of 25N with the diagonal values of D, respectively, i.e., an anisotropic
rescaling along the coordinate axes. The second operation, multiplication
from left with orthonormal V| represents a rigid mapping consisting of
rotations and reflections only. O

The SND samples generated by this method (see Figure 2.2b, top) are
somewhat inferior to the other two where the SND samples are more freely
optimized — without the constraint that only y coordinates can be changed.
In strongly anisotropic Gaussians, e.g., oy, = 0.1, the conditional samples
(see Figure 2.2b, lower area) have a higher quality than S2KF samples,
though. In summary, conditional sampling produces a tradeoff and can give
a benefit for strongly anisotropic Gaussian densities. The consistent choice
of the otherwise ambiguous rotational part in the covariance decomposition
removes the undesired dependence of the sampling quality on the covariance
orientation (see Figure 2.7b).

Projected Cumulative Distribution (PCD)

Computation of the LCD distance measure is reasonably efficient only in
special cases like comparing two discrete densities (for sample reduction)
or comparing a Gaussian with a discrete density (for Gaussian sampling).
Even then, minimizing this distance measure with respect to the desired
sample locations is computationally expensive. This motivates a search for
other distance measures.

The projected cumulative distribution (PCD) [58] is a promising candidate.
It is equivalent to the Radon transform. Thus, we consider projections
fr(r|u) of density f

fr(rlu) = 5 ) -6(r—u't)d . (2.47)
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(a) wrapped Cauchy (b) von Mises—Fisher (¢) wrapped exponential
(vMF) mixture

Figure 2.9: Density function (blue), defined on the angular domain S' (black),
approximated with L = 15 samples using the projected cumulative distribution
(PCD) method. For better visualization, the length of the red lines representing
the unweighted samples has been set to the maximum density function value
(mode) instead of the sample weight 1/L. Taken from [O4].

Note that for u = e;, these projections f,.(r|e;) are precisely the marginal
densities. Yet we consider projections along all directions v € S*~!, or
equivalently, marginal densities of the rigidly rotated density. With the
cumulative projected density

T
Firlw) = [ fr(awda . (2.48)
we define a distance measure between two PCDs F). and F,

D(F,, F,) = /Ss_l / [F(r|u) — Fr(r|g)]2drdg ) (2.49)

By fixing f to a specific density and choosing f (-|Pr,) as a Dirac mixture
with variable sample locations Py, said distance measure yields an optimal-
ity measure of how well the samples Pz, match f. Minimizing this yields a
gradient-free optimization similar to expectation—maximization (EM). This
method has been applied to Gaussian and Gaussian mixture sampling [58],
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2.3 Projected Cumulative Distribution (PCD)

Figure 2.10: Given the state space x, some density function v = f(x), and the
joint space § = [x,u]T, we obtain the area B under the density function, i.e.,

the area between the = axis and f(m) Now, we draw samples from 13, i.e., the
indicator function of that area interpreted as density. After projection to the x
axis, we obtain the desired samples from f(z) (not shown here).

sample reduction [139], and sampling of arbitrary continuous densities on
the circle [O4] (see Figure 2.9a).

e Advantages
— EM-style, gradient-free optimization.
— Integrals in the quality measure are simpler than for LCD.
— Ensembles are somewhat transformable.
o Disadvantages
— Still requires iterative optimization.
— 1D marginals of rotated density needed.
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Oo— |0 fe®

L MM&MMMMMMMM 4

(a) Rejection Sampling

b %MMM&&M b b LA ALY &

(b) PoVuD Sampling

o—

b &M&MM&M d &&&&M&MMM

(¢) PoVuD Sampling with Smoothing (proposed)

LRSS ISR S I PR RSHILITIIIU YS!

(d) Inverse Transform Sampling [73, p. 14] of Equidistant Samples

Figure 2.11: Four methods to draw 50 1D samples (purple) from an arbitrary
density function (blue line): classical rejection sampling (a), our proposed meth-
ods (b,c), and inverse transform sampling (d) of equidistant samples as “gold
standard”. Note that random samples as in (a) can also be obtained, e.g., via
Markov Chain Monte Carlo sampling methods for arbitrary density functions.
Note also that inverse transform sampling (d) for arbitrary densities is only
available in the 1D case.
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2.4 Sphere Packing in Volume Under Density
(PoVuD)

This section presents a method to draw samples z; € R from an arbitrary,
not necessarily normalized density function f(z), 2 € R. The first step is
to compute augmented uniform samples §z € R? from “under the density
function” as shown in Figure 2.10. In particular, we augment the scalar
sample space x € R with a second auxiliary dimension u, yielding a
two-dimensional vector &,

£=(u,z) eR? | (2.50)
u= f(z) . (2.51)
The auxiliary variable u accounts for the sample’s density function value.

Now define the domain B as the region under the density function (or
likelihood)

B={¢|u<y- fa)}, (2.52)
and solve the corresponding equal hypersphere packing problem
opt .
&y =g mm{@@m)} (2.53)
=1:L

w.r.t giEB Vi .

Hence the name “Packing of Volume under Density” (PoVuD). In the
examples shown here, we employ the objective function ©

1
@(ém):; o . (2.54)
=L, . Li) — Ui Uq
i mjm{H%—%H}’#v;

J#i
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which worked best in practice. Alternative objective functions are

1
O€,..) =2 , (2.55)
i=1 | ) ~
min mjm{ |z — 2|}, ) —wi
J#i
L 1
0K,,)=> —m——— (2.56)
S me{HL -z}
J#i
where the latter leads to many samples sitting directly on the boundary,
yielding a systematic bias (random samples are arranged irrespective of the
boundary, giving some average distance to the boundary, which we have to
reproduce here). Refer to [06, Sec. II+IV] for more information.

After solving the constrained nonlinear optimization problem, we project
the samples back to the original scalar domain. Then, the resulting samples
will have a higher density in regions with higher density function values and
vice versa (see Figure 2.11b). The samples now represent a discrete and
deterministic approximation of f(x). A second objective can be included to
make the samples better than random, considering the projected density’s
smoothness (see Figure 2.11¢). Refer to [06, Sec. V] for more details.

Computational burden is the computation of an approximate close packing
of equal hyperspheres under the density function, i.e., a constrained opti-
mization problem. This method is related to rejection sampling, explained
in Section 7.3.

e Advantages
— Only requires unnormalized density function handle.
— No integral needed.
o Disadvantages
— Numerical optimization necessary.
— Density support should be simply connected.
— Badly transformable, new samples should be generated for every
change in f.
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2.5 Summary

Summary

In the beginning, we presented common distance measures for densities
and their shortcomings, motivating the search for integral-transform-based
distances. Two integral transforms and associated distances have been
introduced, followed by the resulting deterministic sampling methods using
numerical optimization. Finally, we presented a deterministic variant of
acceptance-rejection sampling.
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Chapter 3. Uniform Point Sets

Die ganzen Zahlen hat der liebe Gott gemacht,
alles andere ist Menschenwerk.

LeEoPOLD KRONECKER (1823 — 1891)

In this chapter, we will describe state-of-art representations, enumerations,
and constructions of uniform point sets that exhibit low discrepancy, i.e.,
are suitable for multivariate numerical integration (cubature). We focus on
the rank-1 lattice, the Kronecker sequence, and the Frolov lattice and the
relations between them. Furthermore we focus on dimensions s € {1,2,3},
yet some low-discrepancy constructions are available for thousands of
dimensions.

Representations

The term “countable point set” applies very generally, but often, these point
sets have a special inner structure that allows for a more memory-efficient
representation. We will focus on rank-1-lattices, Kronecker sequences, and
Frolov lattices as representations (see Figure 3.1 for an overview). Further-
more, the next section will describe construction methods for particularly
good point sets.

Lattice

A lattice is a point set

e that is closed under addition and subtraction,

e that exhibits a minimum distance between any two lattice points

e and a maximum distance between any point in space and its nearest
lattice point.
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Point Set

» RS*L Optimization

Frolov Lattice
* Classical Frolov

* Chebyshev Polynomials 15t kind
* Chebyshev Polynomials 2" kind

* Purser
* RS*S Optimization

/ Kronecker Lattice \ Kronecker Sequence
» RS~ Kronecker Sequence * Golden Ratio

* R, Martin Roberts
* Roots of Primes
* RR® Optimization

Rank-1 Lattice
* Fibonacci
¢ Component-by-Component
* Enumeration
* N¥ Optimization

\> &

Figure 3.1: Representations (blue boxes) and constructions (green bullet points)
of low-discrepancy point sets for cubature.

Individual lattice points on R® can be represented as a linear combination
(with integer coefficients a;) of generating vectors or generators g,

t
Za¢~gi , 4, €Z, (3.1)
i=1

and the entire lattice point set Py, as the union over all these points

o= U Saig . (3.2)

a1E€EZ a€7Z 1=1

For a domain of [0, 1) instead of R?, take (3.2) modulo 1. The lattice is
fully characterized by a set of generators, though different sets of generators
and different numbers ¢ of generators can produce the same lattice. In
[0,1)%, the number of generators is always smaller than or equal to the
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0.0 05 1.0 0.0 05 1.0
(a) Fibonacci-rank-1 Lattice. (b) Regular Lattice.

Figure 3.2: Lattices (blue points) in [0,1)? with two possible choices of gener-

ating vectors (red) and corresponding unit cells (orange), respectively.

dimension, i.e., t < s. The smallest possible number of generators to
represent a given lattice is called the rank of that lattice. In R®, we always
have t > s.

For t = s, the set of generators spans a unit cell, and the lattice can be
seen as regular tiling or tessellation by one primitive cell that is identical
to said unit cell. A special case are the regular lattices Z° C R®, with
generating vectors g, = e, and rank s. Its unit cells are squares, cubes,
or hypercubes of unit volume (see Figure 3.2). Lattices that contain the
regular lattice as a subset are called integration lattices.

Lattices always contain the origin. Sometimes, an offset vector is added to
every lattice point, yielding a new point set that is a shifted variant of the
lattice.

A numerical integration rule that uses lattice points as evaluation points or
abscissas is called a lattice rule. A very good and accessible introduction
to these can be found in [34].
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3.1 Representations

3.1.2 Rank-1 Lattice

Of special interest are rank-1 lattice rules. Thereby a single integral
generating vector g = z € Z*® produces L rank-1 lattice points z; € [0,1)*
inside the unit cube

z,=—= modl , ief{0,1,...,L—1} . (3.3)

Applied to approximate integration of function f(z) [94], [35, p. 143], we
obtain the rank-1 lattice rule

L .
/[0 N fz)da ~ iZf(’LZ mod 1) . (3.4)

Rank-1 lattices are in general closed point sets, i.e., a subsequent adding of
samples is not possible because the generator z depends on L. They are also
periodic along each coordinate axis, i.e., the mod 1-unit squares (cubes,
hypercubes) can be tiled without visible irregularities at the transitions.

Kronecker Sequence

A Kronecker sequence is produced by taking the fractional part of
repeated additions of an irrational generating vector a € R® [35, p. 142]

z;=4-a modl , ie{0,1,...,L -1} . (3.5)

They are named after Leopold Kronecker, who showed that any number can
be approximated by linear combinations of irrational numbers with integer
coefficients [95]. Hermann Weyl later showed that the sequence (3.5), and
more complicated polynomials modulo one, produce uniformly distributed
points, given the variable is irrational [174]. Therefore, the Kronecker
sequence is sometimes also referred to as Weyl sequence. Applying this to
numerical integration, we obtain the Kronecker sequence rule

1 .
/[0’115 f(z)dz ~ 7 Zf(z -a mod 1) . (3.6)
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The Kronecker sequence with all-irrational generating vector « is not a
lattice, and it is — other than lattices — an open point set. This means in
our context that more points can be generated and used without discarding
the previously generated points. (This has nothing to do with openness of
sets in topology.) Kronecker sequences are, like rank-1 lattices, periodic
along each coordinate axis.

3.14 Kronecker Lattice

A Kronecker sequence can, however, be turned into a lattice by combining
a simple equidistant lattice rule (g = %) along the first dimension with a
Kronecker sequence along the other dimensions (irrational entries «;)

T
g= [% oap g ... 045,1} ) (3.7)
The resulting point set

z,=i-g modl , 1€{0,1,...,L—1} . (3.8)

is again a lattice and is called the Kronecker lattice [36, p. 119]. Applying
this to cubature, we obtain the Kronecker lattice rule

L
/[0,1]s flz)de~ 2;“1 rg mod 1) . (3.9)

Kronecker lattices are closed point sets. They are periodic only along the
“Kronecker sequence axes” but not along the axis with the equidistant
coordinates.

Frolov Lattice

Given a bijective linear map ¢: R®* — R®, the image p(Z®) of the regular
integer lattice Z° through ¢ is again a lattice. Let the linear map ¢ be
described via matrix T

pizx— Tz . (3.10)
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3.1 Representations

Now define the Frolov lattice T(Z®) generated by representation matrix
T € R**® [36, p. 110], [90, Sec. 4.1]

T(Z°)={Tz:z€Z°} . (3.11)

The columns of T can be seen as lattice generators (3.2). Usually, the
infinite lattice T(Z®) is cropped to a point set that is confined within a
hypercube of unit volume, i.e., T(Z*) N Q°, with cube Q° = [0,1]® or
Q° = [— %, %]s, or the respective open sets, depending on the use case.
Frolov lattices that are cropped to the unit hypercube are generally not
periodic along any coordinate axis. Therefore, while being lattices in R?,
their cropped variant on [0, 1]° is no lattice anymore.

The exact number of resulting points inside the unit hypercube is, in
general, not known in advance, but for detT < 1, an often reasonable
estimate is, of course, |det(T)| ™" due to the relation of volumes.

Proof. The determinant of a square matrix can be defined as the volume
of the parallelotope spanned by its column vectors [51]

vol(T([0, 1)) = |det T| . (3.12)

In the integer lattice Z°, every lattice point can be associated with an
enclosing Voronoi cell with hypercubic shape and unit volume. These
cells are transformed via T to parallelotopes with volume |det T|. If such
a parallelotope is a subset of Q° then the corresponding integer lattice
point is part of T(Z®). (If the intersection between parallelotope and Q°
is empty, it is not. Cases in between become less important for higher
numbers of samples). Therefore, as a first approximation, Qf can fit
|det T|~! parallelotopes. Results on the convergence rate of this estimation
are given in [114]. O

A Frolov lattice is a lattice with s generators that are the columns of
the representation matrix. The standard or regular lattice is the Frolov
lattice with identity representation matrix T = I. Due to the concept of
representation matrices, Frolov lattices are very general and in fact, up to
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LatticeRule_OptWce(left) LatticeRule_OptWce(center) LatticeRule_OptWce(symmetric)
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Figure 3.3: Centering rank-1 lattices. Left aligned with zero offset (left),
centered version (center), and symmetric variant (right).

the crop operation, equivalent to the definition of lattice via generators
(3.2). Thus, rank-1 lattices [36, p. 123] as well as Kronecker lattices [36,
p. 119] can be represented as Frolov lattices.

Enumerating and Centering

This section describes how to actually obtain the sample coordinates given
a representation.

3.2.1 Rank-1 Lattice and Similar

Enumeration of lattice rule cubature points for given generator z; is
obviously very cheap
/L. N §L

z;= 7" modl, ie{0,1,....L—1} . (3.13)

Instead of this left-aligned point set, we often need a centered point set

1.2, 1 .
e 1 — 1,...,L—1} . .14
z; ( 7 mod )—|— 5T i€{0,1,..., } (3.14)
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that does not contain the all-zero vector and is therefore not a lattice. As
a third option, we define a symmetric variant

i Zpa 1 1\ L+1 ,
(A 1)+ =—2). 2224z L1
z; (( T mod >+2L 2) 7 +2 , 1€{0,...,L -1}
(3.15)

that is, however, not anymore periodic along the coordinate axes.

For visualization, see Figure 3.3.

Kronecker Sequence

Enumeration of Kronecker sequences, given the generating vector a, is also
very easy

z;=i-a modl , ief{0,1,...,L—1} . (3.16)

A “centering” can be performed by simply counting i € {1,..., L} instead
of i € {0,...,L —1}. This does not make the point set mean-free, but it
avoids the all-zero vector.

For high L, the numeric cancellation introduced by the modulus operation
becomes relevant. Suppose we require a numeric precision of at least
for the sample coordinates, i.e.,

10L

1
with machine epsilon eps(-). For generator o = 1 in single-precision floating-
point format (binary32) [120], this is satisfied only until Ly,ax = 1023, and
until Lyax = 26 843 545 in double-precision (binary64). Each generator «
has different representations that are equivalent mathematically but not
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numerically. For example, three different generators for the golden sequence
and their double-precision L,y are

a=@=1618033... Ly =20737779 , (3.18)

1
@=p=1=_=061803... Luux=27146105 , (3.19)

1
a=1-(p—1)= 7 = 0381966 L = 43923821 , (3.20)

where the third generator produces the reflected point set.

Using an unsigned integer data type with wraparound behavior, a fixed-
point arithmetic over [0, 1) can implicitly compute the mod 1 operation via
overflow. For n-bit unsigned integer and again
1 L

—_— < = 3.21

10-L — 27’ ( )
we obtain Lyax = 20724 and L. = 1358187913 for « represented as a
32-bit and 64-bit unsigned integer, respectively.

3.2.3 Kronecker Lattice

The Kronecker lattice points are computed by combining equidistant points
for the first coordinate with an (s — 1)-dimensional Kronecker sequence in
the other coordinates. The equidistant points are computed as a rank-1
lattice with generator z = 1. Centering can be performed as described
above for rank-1 lattices and Kronecker sequence, i.e., adding i to the
equidistant coordinate and skipping the all-zero vector of the Kronecker
sequence.

Frolov Lattice

Enumeration of Frolov lattices is, in general, computationally difficult.
It can be done by enumerating lattice points inside a larger set that has
a shape that simplifies enumeration, e.g., a hypercube [O5, Fig. 3], [O8,
Sec. IV-A] or a hyperellipsoid [90, Sec. 4.1], [89, Sec. 5]. Alternatively,
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Figure 3.4: Equidistant 1D rank-1 lattices for various numbers of samples L

(vertical axis).

the points can be enumerated recursively [O8, Sec. IV-B], [166, Sec. 3].

All these algorithms for enumerating Frolov lattices have a computational

complexity linear in L and exponential in s. Frolov lattices can be centered
11

by enumerating the points in [—5, 5]5 and adding % to move them to the

standard hypercube [0, 1]°, instead of enumerating them in [0, 1)° directly.

3.3 Constructions

Having introduced various representations and enumerations, we now turn
to the question of how to construct particularly good point sets, respectively
their representations, that can be then used to enumerate the actual points.

Rank-1 Lattice

3.3.1.A| (Brute Force Search) Elements of the generating vector g
should have no factor in common with L, i.e., be relatively prime or
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coprime. Otherwise, the points repeat. For example, with L = 12 and
g = 4, we obtain (3.3)

4
Pr={0,1,2,3,...,11} - — mod 1 (3.22)
113
{0,222 2
{0153} (3.23)

i.e., only four points (repeated three times, respectively) while computing
with L = 12 points. This leads to unnecessarily poor coverage of the
integrand. This restriction of the search space is however not much help
as the number of integers coprime to L, given by Euler’s totient function
w(L) [127, A000010], has an average order of about L [151, § 1.24]

E{p(L)} ~ % L, (3.24)

therefore the complexity enumerating all admissible rank-1 lattices is O(L?®).
In addition, we must evaluate a quality measure for each generator to
identify the best one. Quality measures will be described in Chapter 5.

(Component-by-Component Construction) Constructing gener-
ators for globally minimum discrepancy lattices is still subject to active
research. One simplification is component-by-component construction [37],
[30], [39]. Further dimensions are added to existing point sets, similar to
the conditional sampling described in Section 2.2.2. However, this results in
samples of varying quality along the different dimensions and combinations
of dimensions.

3.3.1.C | (Equidistant for s = 1) The best 1D rank-1 lattice is, trivially,
the equidistant point set

ie{0,1,...,L —1} . (3.25)

Sometimes, it is advantageous to use a centered version (that is however
not a lattice)
29+ 1
T = o s

ic{0,1,....,L—1} . (3.26)
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Figure 3.5: Fibonacci construction of rank-1 lattice, Kronecker lattice, and
Frolov lattice, respectively. First row in Cartesian coordinates, second row
mapped to polar coordinate system. Grey points indicate periodic repetition,
if available. L = 34 in first two columns and L = 33 in last column. Polar
representations show degraded local homogeneity near the pole. Discussed
further in Section 6.6.4.

Visualization: Figure 3.4.
3.3.1.D | (Fibonacci—Rank-1 Lattice for s = 2) In two dimensions, the
optimal construction is well known: the Fibonacci—rank-1 lattice

1

1
T, =——" mod 1 , 1€4{0,1,..., Fp 1 — 1}, 3.27
n=5 | a 0L B}, 620

where Fy, is the k-th Fibonacci number [35, Ex. 2.8]. Note that the total
number of lattice points must be a Fibonacci number, i.e., L = Fj4;.
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Figure 3.6: Same as Figure 3.5 but non-Fibonacci number of samples where
applicable (Kronecker and Frolov). L = 34 = Fj in first column and L = 42 last
two columns. Contrary to Figure 3.5 where all point sets are very similar, they
look rather different here. The non-periodicity of the Frolov lattice is visible in
(P3) at the transition between 0° and 360° (line from center to right).

Visualization: Figures 3.5C1 and B.1.

Both marginals, i.e., the x and the y coordinates, are equidistant point
sets. The point set is periodic along both main axes.

Transformed to polar coordinates, this yields the well-known, conspicuous
“sunflower pattern” (see Figures 1.4 and 3.5P1). It is well known that the
Fibonacci-rank-1 lattice belongs to the best possible point sets for cubature
under very general conditions [177, p. 186], [123, p. 66], [35, p. 143], [38,
p. 744], [68, Sec. 5], [90, p. 186]. In particular, for L € {1,2,3,5,8,13},

58



3.3 Constructions

it has been shown that the Fibonacci—rank-1 lattice is the unique global
minimizer of the worst-case integration error of periodic functions in a
Sobolev space [68]. It provides nearly equal-area packing with relatively
high packing efficiency — about 70 % of that of a hexagonal close packing
[144].

Arrangements of organs on plant stems or flower heads follow the Fibonacci-
rank-1 lattice, showing striking spiral patterns in their phyllotaxis. Detailed
studies targeting these arrangements date back more than 100 years [77].
The behavior can even be reproduced experimentally using a “magnetic
cactus” [125]. The ubiquitous appearance of spiral phyllotaxis and its
resilience to internal, environmental, and genetic variations suggests a
connection to mathematics [49].

Several models have been proposed that try to explain the biological
processes in the meristem that create the spiral phyllotaxis, e.g., the
Hofmeister hypothesis and Snow hypothesis [74]. Investigations on a
molecular level in plants showed the plant hormone auxin is triggering
organ initiation. This activator is then consumed by the growing organ,
effectively inhibiting the initiation of an adjacent organ [49]. In summary,
opportunistic organ initiation constitutes an entirely local mechanism and
explains phyllotaxis, just as stated in the Hofmeister hypothesis [49]. The
occurrence of spirals and the golden angle as the divergence angle is,
therefore, probably an emergent by-product rather than the mechanistic
principle of the morphogenetic process [49].

According to [123, Theorem 3], the unit cell of the Fibonacci-rank-1 lattice
is square for Fibonacci numbers L = F}, where k is odd, and the generating
vectors representing these cells are

Fy Fiia
— Foyqq — Fayqn —
9, )R | g, F | kE=2t+1, teN . (3.28)
F2t+1 F21+1
For example, with (kK = 9) odd, we have L = Fy = 34, therefore the
Fibonacci-rank-1 lattice with L = 34 has square unit cells (see Fig-

ure 3.5C1).
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Kronecker Sequence

A current overview of Kronecker sequence constructions is given in [132,
pp- 57-58]. We present some state-of-art constructions in detail so that we
can later discuss how they relate to each other and to the newly developed
methods.

3.3.2.A| (Golden Sequence / Fibonacci—Kronecker Sequence for s = 1)

A well-known 1D Kronecker sequence is the Fibonacci—Kronecker se-
quence or Golden sequence, with irrational generator a = é

mod1, i€{0,1,...,L—1} , (3.29)

l‘i:i~

S| =

with the golden ratio [127, A001622], [127, A094214],

VE+1

o = 5 = 1.618033... , (3.30)
1 V5-1

= =0.618033... . 3.31
3 5 (3.31)

Visualization: Figure 3.7a.

This is believed to be the best possible 1D Kronecker sequence, as the golden
ratio is the worst approximable regarding continued fraction expansion. In
higher dimensions, no explicit generating vector is known where the same
strict discrepancy bound holds [124, p. 222].

3.3.2.B| (Plastic Ratio for s = 2) The so-called plastic ratio v =

1.324717 ... [127, A060006], i.e., the unique real root of ® — x — 1, is
suggested as a basis for deriving 2D Kronecker sequences. The vector

o v~ [0.754877. ..

7142 T 0569840 ..
is badly approximable, similar to the golden ratio in the 1D case [67, p. 6].
In addition, 14+~~1 = 1.754877 ... [127, A109134] (only the fractional part
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Figure 3.8: 2D Kronecker sequences, . = 48, with different generators a,
(a) derived from plastic number and (b) square roots of primes, equivalent to
R; sequence. Note that in (a) the 2D plane looks very homogeneous, but the
marginals show point collisions, whereas in (b), it is vice versa. Grey points
indicate periodic repetition. See also Figures B.9 and B.10.

is relevant in Kronecker sequences), the real root of 2% — 222 +x — 1 is,
just like the golden ratio, a limit point of Pisot numbers [13, p. 1251].

Visualization: Figures 3.8a and B.9.

While the point distribution in the 2D plane looks locally homogeneous, the
one-dimensional projections or marginals are significantly less homogeneous
than the 1D Kronecker sequences from the golden ratio or a square root
(see Figure 3.7).

3.3.2.C| (Rs-Sequence) The concept of the plastic ratio has been

extended to higher dimensions by Martin Roberts [146], see also [155].
According to this, a “generalized version of the golden ratio” @, is defined
as the unique positive root of the polynomial z°t! —x —1 = 0, in particular,

® =, =1.618033... (3.32)
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Figure 3.9: 3D Kronecker sequences, L = 48, visualized as zy, xz, and yz
projection, respectively. (a) shows the Rs-sequence and (b) the square roots of
primes sequence. Grey points indicate periodic repetition. See also Figures B.23

and B.24.
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v =&y =1.324717. .. (3.33)
$3 =1.220744.. .. (3.34)
dy =1.167303. .. (3.35)
dy =1.134724 . .. (3.36)
(3.37)
and the generating vector of the Rs-sequence is defined as
T
a=|1 L . (3.38)

3, @2 o3

The Rs-sequence is identical to the golden ratio-based Fibonacci-Kronecker
sequence for s = 1 and the plastic ratio-based sequence for s = 2.

Visualization: Ry sequence, Figures 3.8a and B.9; R3 sequence, Figures 3.9a
and B.23.

3.3.2.D | (Roots of Primes) A generating vector for higher-dimensional

point sequences can also be constructed from the roots of pairwise coprime
numbers [124, p. 209], like, for example, succeeding prime numbers [35,
p. 142],

V2
V3

2, —i- | V5] mod1 | ief{0,1,....L—1}, (3.39)

£
v/Ds
where p; is the s-th prime number.

Visualization: 1D (note that 1 + V2 is called the silver ratio), Figure 3.7b;
2D, Figures 3.8b and B.10; 3D, Figures 3.9b and B.24.

Noticeably, the marginals, i.e., the 1D Kronecker sequences with roots of
primes as generators, look relatively homogeneous, while point collisions
occur in the 2D joint space.
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3.3 Constructions

3.3.2.E | (Optimization) Using a suitable quality measure, numerical

optimization can also obtain good candidates for the generating vector a.
This is discussed further in Chapter 5.

3.3.3 Kronecker Lattice

Kronecker sequences are closely related to Kronecker lattices. The former
are open point sets, the latter closed point sets but with somewhat better
discrepancy.

3.3.3.A| (From Kronecker Sequence) Every (s — 1)-dimensional Kro-

necker sequence from above can be turned into a s-dimensional Kronecker
lattice with generator

gz[% ap Qg ... as,l}T. (3.40)

Note that this point set is not periodic anymore.

3.3.3.B | (Fibonacci—Kronecker Lattice for s = 2) A famous example is

the Fibonacci—-Kronecker sequence with

]’ (3.41)

bl
&

9=
Visualization: Figures 3.5C2, 3.6C2 and B.2.

3.34 Frolov Lattice

3.3.4.A | (Classical Frolov) The representation matrix of classical Frolov

lattices is derived from so-called admissible polynomials. In principle, any
polynomial is admissible if it 1) has integer coefficients, 2) has leading
coefficient one, 3) is irreducible over Q, and 4) has s different real roots §;
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(a) Classical Frolov (b) Chebyshev First Kind (c) Chebyshev Second Kind

Figure 3.10: 2D Frolov lattices, with L ~ 50.

[90, Proposition 1]. Frolov’s original admissible polynomial is [46, Eq. 5],
[90, Eq. 1.5]

Pa)=-1+]J@-(2-j-1) (3.42)

j=1

= H(x—fj) :

From the polynomial’s roots, §;, we construct a Vandermonde matrix [90,
Eq. 1.6]

1 & g% f—l

-1
£ & - &

VO = (3.43)

g e . e

The classical Frolov lattice is then produced via VC(Z%) N Q% i.e., using
VS, or a rescaled version, as representation matrix and enumerating
the respective points. A general limitation of Frolov lattices defined via
Vandermonde matrices is that one generating vector of the lattice’s basis
system, i.e., the columns of VO, is always 1, i.e., the diagonal of the
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Euclidean basis system, due to the column of ones in (3.43). For example,
we have in

1 0.585786. ..
__ 9. Cls __
$=20 V=11 g414213.. ) (344)
(1 1.139194... 1.297763...
s=3: VO =11 2745808... 7.539957...| , (3.45)
|1 5.114907... 26.162279...
1 0.979552... 0.959522... 0.939902. ..
oo YOS _ 1 3.063573... 9.385483... 28.753118...
o T |1 4.936426... 24.368305... 120.292345...
|1 7.020447... 49.286688... 346.014632...
(3.46)

The magnitudes of the roots &, grow for higher dimensions. In conjunction
with the high powers in the last columns of (3.43), this leads to numerical
problems.

Visualization: 2D, Figures 3.10a and B.3; 3D, Figure B.12.

(Chebyshev Polynomials of the First Kind for s = 2™) Admissible

polynomials can also be constructed from Chebyshev polynomials.

Definition 3.1. Chebyshev polynomials of the first kind T (z) are recur-
sively defined as

To(x) =1, (3.47)
Ti(z) ==, (3.48)
To(x)=2 -2 -Ts_1(x) —Ts_1(x) , s>2. (3.49)

For dimensions that are powers of two, i.e., s = 2™, the rescaled Chebyshev
polynomial of the first kind

Ty(z) =2 Ty(x/2)
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is an admissible polynomial [89, p. 427]. The roots are

2-k—-1

tn7k2~cos(7r~ ) , ke{l,2,...,s}, (3.50)

and with the corresponding Vandermonde matrix VE*P1 we can construct

the Chebyshevl-Frolov lattice VCheP1(Z5) 0 Q°. For example, we have in

1 1.414213...
9. Chebl
s=20 Vv N[l —1.414213..} ’ (8:51)
s=3: s#£2" (3.52)
1 1.847759... 3.414213...  6.308644...
o 4. yOhebl o |1 0765366... 0.58578G...  0.448341...
o T 11 —0.765366... 0.585786... —0.448341...
1 —1.847759... 3.414213... —6.308644...

(3.53)

Visualization: Figure 3.10b.

(Chebyshev Polynomials of the Second Kind for (2- s+ 1) prime)

Chebyshev polynomials of the second kind also give rise to a Frolov lattice.

Definition 3.2. Chebyshev polynomials of the second kind Ug(z) are
recursively defined as

Up(z) =1, (3.54)
U(z) =2z, (3.55)
Us(x) =2 -2 -Us_q1(x) = Us—1(z) , s$>2. (3.56)

After some transforms of variables [90, Lemma 3, Lemma 5], it gives rise
to a polynomial that is admissible if (2 - s + 1) is a prime. Its roots are

2j .
fj—2005<7r~25+1> , Je{Ll,2,...,s}, (3.57)
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yielding its corresponding Vandermonde matrix VCPP2. An equivalent but

numerically more suitable and not-Vandermonde representation matrix

TCPP2T can be obtained via a transformation [90, Lemma 1], resulting in

[TCRR2T], - = cos (W : 2125_|—_11)> c(j) , (3.58)
L1, =1
)= {2 i1

For example, we have

1 0.618033...
_ 9. Cheb2T
s=2 7T ~ L —1.618033...] ’ (3:59)
1 1.246979... —0.445041. ..
_ . Cheb2T _ B B
s=3. V = |1 —0445041... —1.801937...| , (3.60)
1 —1.801937...  1.246979...
s=4: 2-s+1=9, not prime . (3.61)

Visualization: 2D, Figures 3.10c and B.4; 3D, Figure B.12.

3.3.4.D | (Fibonacci—Frolov Lattice for s = 2) Every rank-1 lattice and

Kronecker lattice can be represented as a Frolov lattice. For example, the
Fibonacci-rank-1 lattice (3.27) can be represented as [36, Eq. 15]

0 1
{,}=T(Z*)nQ*, T= ) Fgl] , ie{1,2,... Fuir} , (3.62)
Fri1

and the Fibonacci-Kronecker lattice (3.41) as [36, Eq. 11]

0o L

L] . ie{1,2,..., Fra} . (3.63)

{gi}:T(ZQ)ﬂQ27 T:[l d
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Figure 3.11: 2D Frolov lattices, with L = 49.

In particular, the square-unit-cell representation (3.28) from [123, The-
orem 3| of certain Fibonacci-rank-1 lattices gives rise to a Frolov-type
representation matrix of the respective rank-1 lattice

B Legr

FibRkl __ Fortq Farqq

T " ey r com| 0 PN (3.64)
Fortq Fatq1

Note that, unlike the Frolov lattices mentioned before, this is an integration
lattice, i.e., it contains Z? as a subset and periodically extends into every
unit cell of the Z? lattice.

We can, however, derive an aperiodic Fibonacci—Frolov representation
matrix as follows. The length of the vectors in (3.64) is exactly the length
of the corresponding square lattice cell, getting smaller for higher numbers of
samples. Hence, we can obtain the corresponding unit-absolute-determinant
matrix by multiplying with /L

Fy Fiqia
"pFibRKL _ VFzi1 VP21
D) '"Fy (DR

\/F21,+1 \/F2t+1
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The ratios for the limit ¢ — oo are

F,
lim L= ~ 0.525731 (3.65)
t=o0 \[Fyp V14 @2
F, i
lim ——t ~ 0.850650 . (3.66)

t—o0 \/F2t+1 - \/1+(I)2

Proof. Starting from the identity [19], [72, p. 107]
Fn :F% 1 +F72171 )

2 2

that holds for odd n, we substitute n — 2¢ + 1, see also [123, Eq. 2.2]

Foy1 = F7 + F7

F?
Fapqn

rearrange for
1

Fy :(Ft2+21+1> :
F2t+1 Ft

and obtain "
_1
lim ——— = (2 +1) 7,
t—o0 F2t+1

using the relationship

O

Now we can state the representation matrices TFPST TFbS2 of the two
aperiodic, square Fibonacci—Frolov lattices

1 _®
PFibS1,2 _ g \/1j:r1¢>2 (3.67)
LVitez  Vire?

‘ [ 0.525731... 0.850650...
pFibS1 _ .
|—0.850650... 0.525731...| ’ (368)
i [0.525731...  0.850650. ..
pFibs2 _ _ 3.69
10.850650 ... —0.525731... (3.69)
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Visualization: Figure 3.11.

Both marginals of this lattice are not equidistant but much more homo-
geneous than, e.g., random samples (see Figure 3.5C3). It cannot be
periodically extended along any main axis (see Figure 3.6 C3). However, it
can be expanded by increasing the area Q2 over which the cut is made in
P = TFP(Z?) N Q2. The polar representation (see Figure 3.6P3), shows
the conspicuous “Fibonacci spirals” as well, but due to non-periodicity, the
pattern has a disruption where the angle switches from 0 to 27 (line from
center to right). The Fibonacci—Frolov lattice will be further explained and
extended in Chapter 4.

Summary

We have become familiar with the sample representations rank-1 lattice,
Kronecker lattice, Frolov lattice, and Kronecker sequence. Furthermore,
various known construction methods were listed, respectively, that generate
uniform samples with desirable properties. We saw that each 2D lattice
representation has a Fibonacci construction and identified the connections
between them.
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Chapter 4. Fibonacci—Frolov Construction and Higher-Dimensional Extensions

Look at the lilies and how they grow. They don’t work
or make their clothing, yet Solomon in all his glory was
not dressed as beautifully as they are. And if God cares
so wonderfully for flowers that are here today and
thrown into the fire tomorrow, he will certainly care for
you. Why do you have so little faith?

Luke 12:27-28 NLT
JESUS OF NAZARETH (c. 4 BC — AD 31)

We have just explained the relationship between the Fibonacci-rank-1
lattice and an aperiodic Fibonacci-Frolov lattice (3.67). This Fibonacci—
Frolov construction allows for some interesting and intuitive insights on
why the 2D Fibonacci lattices have superior properties. The concept
was introduced 15 years ago by James Purser in a non-peer-reviewed
publication [140], but has not received attention elsewhere. It involves a
set of unimodular matrices giving rise to a lattice of transformations all of
which transform a square lattice into a square lattice. Relaxation of the
lattice into a continuous space of transformations enables the generation of
non-uniform point sets with a local homogeneity similar to that of square
lattices everywhere. A possible extension to higher dimensions is also
presented.

2D Fibonacci—Frolov Lattice

The Fibonacci matrix M, sometimes also referred to as Fibonacci Q matrix
[50], is defined as

11
M = B 0} . (4.1)

This matrix produces the Fibonacci numbers F}, according to the recurrence

M- {Ff’fl _ {ngl} , (4.2)
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4.2 Towards Higher Dimensions with Purser's Extension

The eigenvalue decomposition of M is

E é}:V~D-VT, (4.3)
@ 0
D=, _1} : (4.4)
L [
~ [eos(y) —sin(y)] [0 1
V= sin(y)  cos(y)] |1 0] ’ (45)
v = tan"(—®) = 58.282525...° | (4.6)
[0.850650...  0.525731...
= 4.
v 10.525731 ... 0.850650...] (47)

Note that there are many relationships between the Fibonacci-rank-1
lattice (3.27), the Fibonacci-Kronecker lattice (3.41), and the Fibonacci
matrix M (4.5), via the Fibonacci numbers and the golden ratio. In
particular, the eigenvector matrix V.= VT is equivalent to the Fibonacci—
Frolov representation matrix we obtained in (3.67).

Therefore, we can use the orthogonal eigenvector matrix V or V' as
Frolov lattice representation matrix T in (3.11), yielding an orthogonal
Fibonacci-Frolov lattice

PL=T(Z*)nQ*, (4.8)
T-LvyT :
«

where « is a scaling parameter that decides the number of samples, L ~ o*
since |det(V)| = 1.

Towards Higher Dimensions with Purser’s
Extension
A novel theory of good Frolov lattices has been formalized [140] that

covers the two-dimensional Fibonacci—Frolov lattice and extends to higher
dimensions.
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(b) Fibonacci lattice.
Figure 4.1: Regular or square configuration (center), stretching of horizontal co-
ordinate (left), and compression of horizontal coordinate (right). If anisotropically
rescaled, the Fibonacci lattice (b) returns to square configurations periodically
(green boxes), but the regular lattice (a) does not.

It is based on sets of commuting (A - B = B - A) and unimodular
(A € Z°, |det A| = 1) matrices My, My,...,M;_; and their powers
MS, k € Z. They form a basis system spanning a “lattice” of linear
transformations. Each lattice point (in the transformation domain) is
an unimodular transform and therefore maps the s-dimensional regular
integer lattice Z° (the lattice in the state domain where we want to obtain
low-discrepancy point sets) into itself. Due to the lattice structure, “in-
termediate” transformations (between lattice points denoting unimodular
transformations) can never be far away from an unimodular neighbor and,
therefore, the original square regular lattice configuration where all the
points have approximately equal distances to their neighbors. This means
that it is not possible for points lumping together or string together to form
“lines” with empty space in between, as would happen when deforming a
regular lattice along a single coordinate axis (see Figure 4.1a). Instead,
the points periodically change their neighborhood relationships, forming
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4.2 Towards Higher Dimensions with Purser's Extension

regular lattices with new neighbors (see Figure 4.1b). We explain this
theory in detail, exemplarily in the two-dimensional case.

Exemplary Demonstration in Two Dimensions

We review the two-dimensional Fibonacci-Frolov lattice in light of this
theory. Starting from the diagonalization of M

M=My=V-D-V' (4.9)

in (4.5), we demonstrate how to produce a different but commuting matrix.
We do this in two different ways and will see that both are equivalent for
the special case of the Fibonacci matrix.

First, we create the matrix M}{P that shares eigenvectors and eigenvalues
and thus necessarily commutes with M by interchanging (or circularly
shifting) the eigenvalues in D with respect to the eigenvectors, i.e., the
columns in V. Therefore we define the unsigned permutation matrix P"

pu B (1)] (4.10)

and use it to permute the eigenvalues in D or, equivalently, the columns in
vV
MP=Vv.(P"-D-(P)") - VT, (4.11)
=(V-PY).-D-(V-PY)T .

Numerically, we obtain (digits truncated to two decimal places)

ool -5 SR ) P52

10 0.52 —0.85 0 —0.61| |052 —0.85
Vv D vT
(4.12)
AP _ [0 1] 085 052] [-061 0] [0.85 0.52
7 1-1 1|7 1052 —0.85 0 1.61] (052 —0.85
\% Pu.D-(Pu)T \'a
(4.13)
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MO M(Z) )

MP s il

Figure 4.2: Lattice of transforrzations via the “basis system” of commuting
unimodular matrices Mg, M. A convex set of integer vectors z € Z* (yellow) is
transformed in eight ways, yielding other convex sets of integer vectors. Traced
with arrows are Mo - M; - My (dark green) and M3 - M; (light green), both
equivalent.

Note that MYP is, interestingly, integer-valued just like M.

Alternatively, with the signed permutation matrix P*

P — [_01 (1)] , (4.14)

we can generate a necessarily integer-valued matrix M}V

- 0 -1
MfV:PS-MO-(PS)lz[_l 1]. (4.15)
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4.2 Towards Higher Dimensions with Purser's Extension

Note that this is equivalent to permuting the rows of V

MY =P°- M, - (P*)"

=Ps. (V-D~VT) . (pS)T

=(P*-V)-D-(P*- V)" (4.16)
Interestingly, we obtain leD = lev = M, therefore My and M; both
are integer-valued and do commute. This equivalence is due to the unique
structure of V: the absolute values of the entries in the columns of V are
s different numbers. Therefore, the signed permutation of rows (4.16) is
equivalent to the permutation of columns (4.11).

M, and M, are unimodular. Unimodularity of M means 1) M € Z?*2, thus
M transforms integer vectors z € Z2 into other integer vectors M - z € Z2,
and 2) |det(M)| = 1. The latter implies that convex sets of integer vectors
are transformed into other convex sets of integer vectors with no holes
in between, as the density of points is not changed (see Figure 4.2). In
summary, if the infinite integer lattice Z? is entirely mapped through M,
or M, the same infinite integer lattice will result as lattice points are
indistinguishable

M, (2*) = 7%, (4.17)
M, (2*) =7 .

This also holds for any sequence of transformations like Mg - M7 - M. Due
to commutativity, we can sort these transformations and write them as
M3 - M; (see green arrows in Figure 4.2) or in general M’gl . M]f"‘. This
constitutes a two-dimensional lattice of linear transformations with indices
kl, ko € Z.

With diagonalization of M;
M;=V.D;- V' | (4.18)
we obtain

MF=V.DF.VT (4.19)
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Figure 4.3: Eigenvalues a1, a2 of linear transformation (4.20) for ki, k2 €
[-2,2] N Z plotted as blue points. Red lines show scalings of these points
corresponding to isotropic stretching or compression in the linear transformation.
Thicker blue line indicates |a1 - a2| = 1, i.e., unit determinant transformations,
thinner blue lines in background the respective scalings {é, 1,1.2.4, 8}. All-
positive quadrant of (a) shown in (b) in logarithmic scale.

and can write

ME .M = v.Di . D VT (4.20)
a1 0 T

=V. -V 4.21

|:O CL2:| ’ ( )

with suitable values for ay,as € R, depending on kq, ks.

While for any kq, ko € Z, the mapping M’gl . M’f2 is unimodular, we now
relax this restriction and freely choose ai,as € R. According to Figure 4.3,
especially the logarithmic version Figure 4.3b, for arbitrary a;, as, none
of the resulting point sets is far away from a square configuration of unit
size (blue dots) or a square configuration of arbitrary size (red lines). The
configurations in between are not square but homogeneous to a high degree
(see regions with white background in Figure 4.1b).
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Figure 4.4: Fibonacci-Kronecker lattice, exponentially rescaled along horizontal
axis. Visualized as Delaunay triangulation (top) and dots (bottom). Note the
repeated transition between square and near-hexagonal pattern.

We notice in (4.21) that if the reference point set Z? is transformed according
to

z—>M§1-M’f2~z:V-[al O}-VT-% (4.22)
0 as

it is first transformed (rotated and reflected) by VT, then rescaled along
the coordinate axes by a1, ao, then transformed back by V

z%V-{al 0]-VT-Z. (4.23)
0 as

Thus, as a final step, if we do not require the resulting square lattice to be
axis-aligned, we keep V' inside the lattice, i.e., take T(ZQ) NQ2, T = éVT
as reference point set instead of Z? and henceforth can rescale the coordinate
values directly

z— [‘g ;J ‘T, (4.24)
geT(ZQ)OQZ,
T-Ll.vT.

«

See Figures 4.1b and 4.4 for visualizations where a; is altered along the
horizontal axis.
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This theory about Fibonacci—Frolov lattices is also deep enough to be
applied in higher dimensions. It allows for high-dimensional Frolov lattices
arising, e.g., from the Fibonacci formalism, with optimality properties
analogous to the two-dimensional case [140]. We continue explaining some
aspects of the higher-dimensional case.

A Higher-Dimensional Extension

The s-dimensional quasi-Fibonacci matrix M according to Purser [140,
Appendix A] is given by

1, i+j<s+1
M, ; = - (4.25)
0, i1+53>s+1,
i.e., for example,
1 1 11
1 11
_ — _ 1
me=2— |1 ] , M= =11 1 0|, M™'= b
1 0 10 0 1 100
1 0 0 O
(4.26)
An eigenvalue decomposition
M=V.D-V' | (4.27)

splits M into unitary V and diagonal D. The matrix of eigenvectors V
can be obtained by [140, Eq. A.4]

[V]ij = cos(;T e _215)—(k2{ — D) : %2324— T (4.28)

1,7 €4{1,2,...,s} .
The matrix V is not only unitary, i.e., V7! = VT as expected, but also

involutory, i.e., V-1 = VT =V and V2 = I. Note that some of the aspects
of M have also been explored in [142, Eq. 2], [88, Eq. 3], [4, Eq. 2].
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4.2 Towards Higher Dimensions with Purser's Extension

YWY Dimensions Where (2s + 1) Prime

In dimensions where (2s + 1) is prime, M and its commuting variants
(obtained by circularly shifting the eigenvalues with respect to the eigen-
vectors, or via P- M - P71 where P is a signed permutation matrix) form
a set of matrices that guarantee the existence of an orthogonal Frolov
lattice [140] that we call Purser—Frolov lattice. Due to the properties of
the cosine and primes, the absolute values of the entries of V (4.28) consist
of exactly s different values, where each column of V contains them in a
different order [140, p. 25]. Now, if a regular lattice is rescaled along any of
the eigenvectors of M, i.e., the columns of V, the lattice remains uniform
and locally homogeneous. It periodically returns to regular (square, cubic,
hypercubic) lattice configurations of different scales. In the same way,
we can rotate a regular lattice with VT and subsequently easily apply
deformations along the principal axes (see Figure 4.1).

For example, in s = 3, we obtain

M=V.-D-V' |

[0.736976 . ... 0.591009... 0.327985....
V = 10.591009... —0.327985... —0.736976...| |, (4.29)
10.327985... —0.736976... 0.591009...
[2.246979 . .. 0 0
D= 0 —0.801937. .. 0
L 0 0 0.554958 . ..

The columns of V contain s = 3 different numerical absolute values exactly
once each. With unsigned P" and signed P® permutation matrices

00 1 0 0 -1
P =1 0 of , PP=(1 0 0], (4.30)
010 0 -1 0
we define
MPP = V. (PY)-D- (V- (P"))" (4.31)
M;V = (P%)"- M, - (P*)~", 4.32
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and obtain
1 1 11 1
MP=111 0 MV=111 0
1 00 1 00
(1 0 -1 [0 -1 0
MP=10 0 1 MV=1-1 1 -1
-1 1 1 L0 -1 1
0 -1 0 (1 0 —1
MEP= (-1 1 -1 MYV=]0 0 1
L0 —1 1 -1 1 1
1 1 1 1
MIP=1(1 10 MV=1110
1 0 0 1 00

As we can see, (4.31) and (4.32) for i € {0,1,s — 1} both produce the
same set of matrices and repeat for i > s. The permutation M{P = MEV
and MEP = MYV is purely due to the choice of permutation matrices
(4.30). Summarizing, we obtained a set of s matrices that, analogous
to Section 4.2.1, provide a basis system of a three-dimensional lattice of
unimodular transformations, and after relaxation of the unimodularity, we
know how to anisotropically rescale a three-dimensional lattice such that it
returns to cubic configurations (of different size and with other neighbors)
again and again. This is what we call Purser—Frolov lattice.

4.2.4 Other Dimensions

In dimensions where (2s + 1) is not prime, (4.25) is not well suited [140].
For example, in s = 4, we have (2s + 1) = 9, which is not prime. As we
can see in the corresponding V matrix

0.656538 . .. 0.577350. .. 0.428525. .. 0.228013 ...

vV — 0.577350... 0.000000... —0.577350... —0.577350...
0.428525... —0.577350... —0.228013... 0.656538...| ’
0.228013... —0.577350... 0.656538 ... —0.428525...

(4.33)
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the second column does not exhibit unique entries. Looking at the argument
of the cosine in (4.28), here in degrees

10 30 50 70

r |30 90 150 —150

180 |50 150 —110 —10 ’
70 —150 —10 130

V = cos (4.34)

we notice the cycle in the second column that produces repeating absolute
values. Closer examination of the argument in (4.28), focusing on an
individual column, i.e., fixed j

Qi-D@j-1) _ i1 7 21

(4.35)

v
2’ 25+ 1 - 25+ 1 2 25+1

should be acyclic offset

reveals that [i'g?;:ll) mod 2| should result in s different values in any
column. This is given only if (2§ — 1) does not divide the denominator

(2s+ 1), i.e.,

ged(2j — 1, 2s+1) = 1 (4.36)
vV oje{1,2,...,s} .

Note that (25 — 1), for the individual columns, “tries out” all odd numbers
from 1 to (2s — 1). Now, in case the denominator (2s + 1), which is also
odd, is not prime, then one of the (2j —1) € {1,3,5,...,2s — 1} will divide
it, resulting in a cycle and repeated absolute values in a single column in
V. Therefore, (2s 4+ 1) must be prime to fulfill (4.36). In particular, in our
s = 4 example, we have

11 13 15 17
9 9 9 9
ey 21 23 25 27
i-(27—-1) |5 % 9 5 (4.37)
25+ 1 31 33 35 37| '
9 9 9 9
41 43 45 47
9 9 9 9
L S




Chapter 4. Fibonacci—Frolov Construction and Higher-Dimensional Extensions

and in the second column, (25 —1) = 3 divides the denominator (2s+1) =9
and thus creates the repetitions.

It is, however, possible to search for alternative candidates. A candidate
for s = 4 is given in [140, Sec. 7]

1 100 1 -1 1 0
_ 1 000 _ -1 2 01
M= = M;=* = 4.
0 0 0 1 1| ! 1 0 0 o]° (4.38)
0 0 1 0 0 1 0 0
10 -1 -1
o 0 1 -1 0
M= = 1111 (4.39)
-1 0 1 0

It comprises two block-diagonal replications of M(=2)

The theory presented in this chapter provides a satisfying explanation for
the genuine optimality of two-dimensional Fibonacci grids. Furthermore, it
can be extended to higher dimensions, giving rise to high-quality orthogonal
Frolov lattices.

Summary

We formally and intuitively explained the interesting properties of the 2D
Fibonacci—Frolov lattice: any anisotropic rescaling along the coordinate
axes produces locally homogeneous samples and, for certain scaling factors,
square arrangements. (This directly enables deterministic sampling of
product-type densities, as their variability is described in terms of the
individual coordinate axes. This is formalized and exploited in Chapter 6.)
The described formalism can be extended to higher dimensions. We ex-
plicitly presented the 3D and 4D lattices as well as a generic expression for
(2s 4+ 1) prime.
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Chapter 5. Optimization-Based Construction

The trouble is that, except for easy low-dimensional cases, no
explicit constructions of good lattice points modulo L are
available. Finding such explicit constructions in arbitrary
dimensions is indeed the outstanding open problem in the theory
of good lattice points, and it seems to be a hard nut to crack.

Applied Number Theory: Quasi-Monte Carlo Methods (2015)
HARALD NIEDERREITER (*1944)

I have had my results for a long time:
but I do not yet know how I am to arrive at them.

CARL FRIEDRICH GAUSS (1777 — 1855)

This chapter lists various measures to quantify the quality of uniform point
sets. We then proceed to calculate samples that minimize these quality
measures.

Quality Measures

We introduce measures that quantify the uniformity and homogeneity of
point sets to later find point sets that minimize them.

Discrepancy

Intuitively, the discrepancy discr(Pr) of a point set
Pr={z}2y, z,€[0,1)°

is the average or maximum mismatch between the volume of certain sets
A C [0,1]* and the proportion of points of Py, that lie inside A. Formally,
define the local discrepancy A(A,Pyr) [35, p. 165]

A(A,PL) = @ —MA) | (5.1)

where # (A, Pr) counts the points of Py, that lie in A and A(A) is the s-
dimensional Lebesgue measure of A, e.g., the area in s = 2 and the volume in
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(a) Random samples. (b) Fibonacci-rank-1 lattice.

Figure 5.1: Visualization of discrepancy measure. High-discrepancy samples (a)
with yellow box area corresponding to 13.5 samples, yielding discr(Pr) = 0.36.
Low-discrepancy samples (b) with box area corresponding to 17.2 samples,
yielding discr(Pr) = 0.13.

s = 3. Note that A(A,Py) is the integration error of the indicator function
of the set A using cubature points Py, [35, p. 165]. Usually, A is an axes-
aligned hyperrectangle or cuboid A(a,b) that can be described by the two
diagonally opposite corners (a,b) where 0 < a; < b; <1 Vie {1,2,...,s}
(see Figure 5.1). The extreme discrepancy of point set Py is the
supremum of the local discrepancy [97, p. 92-93]

discr(Pr) = sup|A(A(a, b), Pr)| - (5.2)

ab
Often this is simplified to the extreme star discrepancy discr*(Pr,)
diser*(Pr) = sup|A*(A(z), PL)| (5.3)

where one vertex of the cuboid is fixed to the origin; this simplifies compu-
tation. It is well known that point sets with an extreme star discrepancy
of O((log(L))**L™") do exist [2].
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Instead of the L..-norm, the local discrepancies can also be accumulated
via an arbitrary L, norm

discry, (Pr) = ’(// |A*(A(z),Pp)|P dz . (5.5)
z€]0,1]®

For the Ly norm, there is a closed-form result [126, p. 7], [172]

discry (Pyr)

4\ * 9 s 3_33? 1 s
GEEDNI RS 2 38 | CEEIS

xzePr j=1 zEPL yEPL j=1

(5.6)

The merit of low-discrepancy point sets is shown by the Koksma-Hlawka
identity [93], [70], [92]

L

) — z)dz| < discr® (Pr)-V ) 5.7
Do [ sta)de] < dnelPr) V) - (6

L
L

In words, the integration error (left-hand side) for integrand g(-) is bounded
by the discrepancy discroo(Pr) of the point set Py, times the variation in
the sense of Hardy and Krause V(g) of the integrand (right-hand side).
This constant depends on the smoothness of g(-). Hence, point sets with
low discrepancy produce better cubature results for a given number of
samples. There exist theoretical lower bounds for the asymptotic behavior
of the discrepancy for large L [11, Sec. 1].

Low-discrepancy point sets Py, are therefore well suited for cubature, i.e.,
approximate integration of functions f(z) in higher dimensions z € R?®
based on samples z; € [0,1]°, i€ [1,2,..., L]

1 L
RIS DWER 53
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(a) High dispersion. (b) Low dispersion.

Figure 5.2: Dispersion (green arrow) of sample set (blue) with periodic contin-
uation samples (grey), and most isolated point / deep hole (red).

A disadvantage is that many simple functions g have very large or infinite
variation V' (g). Therefore, the error bound given by the Koksma-Hlawka
identity is often too wide for direct practical use.

Dispersion

Definition 5.1 (Dispersion). The dispersion of a point set Py, in [0, 1]*
is defined as [121, p. 524]

dispr(Pr) = mgﬁg}f]s{;ggi |z — sz} . (5.9)

It is also called “fill distance” [43, Eq. 36] or “fill-distance” [91, Eq. 3.9].

Intuitively, dispersion quantifies the resolution with which the points
cover the space. The points furthest away from any samples are also called
deep holes (see Figure 5.2). For infinite point sets on R?® instead of [0, 1]°,
deep holes are necessarily vertices of Voronoi cells, where the distance to
the nearest sample, also called covering radius, is identical to the largest
circumradius of a Delaunay triangulation [27, p. 33]. Low-dispersion
point sets are therefore well suited, e.g., for searching the global optimum
of multimodal nonlinear functions.

91



Chapter 5. Optimization-Based Construction

0] (=~ P99 9UUUUy i i (@]
1.0—%5) .' ’ ‘0__)......C 10-§O .o....oc
e o jpeeoseeed 1P g® e e
00%® | | peeeeeeq 10 % e ©
| P j-peeeesed i e g0 g
| ® R 9§ jpeeeeeeq ile® ¢° ¢
| g ®Peo @ lpeeeeeed 1l @40 o®
“1la 260 @ o] “Tlhasnsaneaanad “1|® o @ »©
00 o5 i) o0 s o oo s 4o
(a) Random samples. (b) Regular lattice, shifted. (c) Fibonacci-rank-1

lattice.
Figure 5.3: High-discrepancy high-dispersion point set (a), high-discrepancy
low-dispersion point set (b) and low-discrepancy low-dispersion point set (c).
Note that in (c), every sample has individual z- and y-coordinates. Therefore,
separable integrands g(x,y) = g(z) - g(y) are evaluated at far more different
positions in (c).

The relationship between discrepancy and dispersion is [121, Theorem 3]
dispr(Pr) < v/s - [discroo (PL)]* . (5.10)

In words, low discrepancy implies low dispersion, but not vice versa.
For example, a scaled regular grid has very low dispersion but very high
discrepancy (see Figure 5.3).

Packing Density

Equal circles (spheres, hyperspheres) being tiled as a lattice without overlap
in the infinite R® space is called a lattice packing. This results in a certain
packing density ps depending on the lattice. The highest packing densities,
achieved by the most efficient lattice packings of (hyper-)spheres, are [147,
p. 3]

pmex — T 0.906899... | (5.11)

[N}
.
=

PR = s = 0.T0480. (5.12)

S
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7T2
P = 15 = 0616850 (5.13)
7T2
oax = = 0.465257... . 5.14

(5.15)

Covering Density

Equal circles (spheres, hyperspheres) being tiled as a lattice with overlap
and fully covering the infinite R® space is called a lattice covering. The
lowest covering densities, achieved by the most efficient lattice coverings of
spheres, are [147, p. 17]

min — _2T_ _ 1 909199 (5.16)
Pyt = 5.5 & e, .
W 55
pmin 2\4[7T = 1.463503... . (5.17)
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5.1.5 Worst Case Errors

5.1.5.A | (Reproducing Kernel Hilbert Space) Reproducing kernel Hilbert

spaces provide an elegant formalism for sets of nonlinear functions. The
result that is very useful for us is a closed-form expression for the worst-case
integration error of a set of cubature points.

Definition 5.2 (reproducing kernel Hilbert space [35, p. 167]). A Hilbert
space H(K) with the inner product (-,-}# is a reproducing kernel
Hilbert space with kernel K,

K:[0,1]° x[0,1]° = R,
if the kernel with one argument fixed is a function contained in H
K(,z)eH VYzel0,1],
and the reproducing property holds

f(ﬁ) = <f()7 K("£)>H Vx e [07 1]5 :

Each kernel function gives rise to a unique reproducing kernel Hilbert space,
and each reproducing kernel Hilbert space has a unique kernel function.

Definition 5.3 (tensor product Hilbert space [35, p. 167]). An s-dimen-
sional tensor product Hilbert space H; of functions f: [0,1]* —» R is a
tensor product

Hi=H11QH12Q - @His

of one-dimensional Hilbert spaces H; ;. It is the completion of
S
Z)\ZH]C(Z'J) s X ER
ieN  j=1
under the norm in H;.

The reproducing kernel of a tensor product Hilbert space is the product of
the individual kernels.
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5.1 Quality Measures

Definition 5.4 (worst-case error [35, p. 169]). The worst-case error
(wce) of a cubature rule using unweighted points Py, in a normed space H
(not necessarily a Hilbert space) is

wee(Pr; H) = sup /[0 " f(g)dx—% Z f(z)

Iflla<1

In general, wces are difficult to compute, except for reproducing kernel
Hilbert spaces. There, the wce can be easily expressed in terms of the
reproducing kernel.

Theorem 5.5 (formula for the wce [35, p. 169]). Let kernel K: [0,1]® x
[0,1]°* = R satisfy

/ K(z,y)dzdy < oo .
[0,1] J[0,1]¢ N a

Then in a reproducing kernel Hilbert space H(K) with reproducing kernel
K, cubature using unweighted points P, for any integrand f(-) € H(K) is
subject to squared wce

wee? (Pr; H / K(z,y)dzdy (5.18)
0, 1]@ [0,1]¢ -
Z z,y)dy (5.19)
QJGPL [0,1]°
+ﬁ > Ky - (5.20)
z€PL yePL

In addition to the wce, the mean of the wce over all possible evaluation
points Py, = {zy,...,z.},

Ep, {wce*(Pr; H(K))} (5.21)
:/ / wee({zq,...,z; } H(K))dz, - -~ dzp, (5.22)
[0,1]5 0,1

can also easily be computed.
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Chapter 5. Optimization-Based Construction

Theorem 5.6 (mean squared wee [35, p. 171]). Let kernel K : [0,1]® x
[0,1]°* = R satisfy

/ K(z,y)dzdy < oo .
[0,1]¢ J[0,1]® N N

The mean squared wce in a reproducing kernel Hilbert space H(K) is

Ep, {wce*(Pr; H(K))} (5.23)

1
=— K(z,z) dzf/ K(z,y)dzdy | . (5.24)
L\ Jio.pe 0.1+ J0,1]¢ -

Thus, the average squared wce for arbitrarily chosen evaluation points
Py, is of order O(L~!) and, according to Jensen’s inequality, the average
non-squared wce of order O(L~1/2). That is the same convergence rate as
Monte Carlo. Therefore, if there is a non-null set of worse-than-average
evaluation points, then there must be better ones as well, and the latter is
what we are looking for. For example, consider sets of evaluation points
where all points are very close to each other. They form a set of positive
measure and are yielding an integration performance that reflects merely
that of a single evaluation point.

5.1.5.B | (Sobolev Space of Functions with Square-Integrable Mixed First

Derivatives) The one-dimensional reproducing kernel Hilbert space
Hi1={f:[0,1] = R | f absolutely continuous and ||f|| < oo}
has reproducing kernel [35, p. 166]
K(x,y) =2 —max(z,y) .

Therefore, its multi-dimensional tensor product space H has the kernel

S

K(z,y) = [[(2 - max(z;,y;)) -

j=1
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5.1 Quality Measures

H, contains real-valued functions on [0, 1]* with square-integrable mixed
first derivatives. It is an anchored Sobolev space. The squared wee is [35,
p. 171]

wee? (Pr; Hs) = (5.25)
4\° 2 53— a2 1 s
(3) 2S00 5 Y % e wstowb .
z€PL j=1 z€Pr yEPL j=1
(5.26)

Note that this wce is identical to the Lo-discrepancy (5.6).

5.1.5.C | (Sobolev Space of 1-periodic Functions with Square-Integrable

Mixed First Derivatives) A Hilbert space of 1-periodic functions on the torus
with bounded mixed first derivatives has reproducing kernel [68, p. 388]

Ki(z,y) =1+ Y [2mn| 2™ im(y) (5.27)
n€Z\0
=1+7v-k(lz—yl) , (5.28)
1 1
Et)== (t?—t+ = 2
=5 (F-r+g). (5.20)

with parameter . The kernel of the corresponding tensor product spaces
is again

K.(z,y) = [ Ki(zs.9:) - (5.30)
j=1
The squared wce is [68, p. 389]

wee2(Pr) = _1+% > > Kizy) - (5.31)

z€PL yePL

This particular wce is very interesting as for v = 1 it is minimized by the
rank-1 Fibonacci lattice (see Section 5.2.2.B). On the other hand, for v = 6,
it has a monotonic relation to the periodic Lo-discrepancy discro(Pr) [68,
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Chapter 5. Optimization-Based Construction

p. 390], therefore both have the same minimizer. Due to its periodicity,
this wce is best suited for 1-periodic point sets like rank-1 lattices and
Kronecker sequences.

5.1.5.D | (Sobolev-Space of Functions with Square-Integrable Mixed First

Derivatives and Homogeneous Boundary Conditions) A Hilbert space of
square-integrable mixed first derivatives, defined on compact support (0,1)*
with homogeneous boundary conditions, has the reproducing kernel [90,
Sec. 5.2]

Ki(z,y) = min{z,y} —x

and squared wce

o (1) 2 x2
e PL_( 2) sz: 1[ L
Li Zp: ZP 1:[ (min{z;, y;} — ;- ;] - (5.32)

It is well suited to compare Frolov lattices that are not periodic on (0,1)*
[90].

5.2 Global Search for Closed Point Sets

5.2.1 State of Art

For L < 6 and s = 2, point sets with globally minimal extreme star
discrepancy discrs, (Pr) (5.5) have been determined [175].

For L < 16 and s = 2, points sets with globally minimal worst case
error (5.31) have been determined [68]. It turned out that for Fibonacci
numbers L € {1,2,3,5,8,13}, this best lattice is the Fibonacci-rank-1
lattice (3.27). Optimal point sets for L € {7,12} were lattices as well, and
for L € {4,6,9,10,11,14, 15,16}, the best lattice was only slightly inferior
to the best point set.
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£ 0.06 -
0.04

-
oo -
o
_
=

10
11

T T T T T T
L 2 3 4 5 6
11 11 11 11 11 11
Generator g

—
,_‘O
—
j
—
j
—
j
—
jn

(a) L =11. Global optima are g € {ﬁ,%,...,%}.
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Generator g

H
o

sl
ISR

(b) L =12. Global optima are g € {%, 1—52, %, % .

Figure 5.4: Global search for 1D rank-1 lattice generators gr. It turns out that

the global optima gzpt (red circles) are rational numbers where the numerator is

relatively prime to the number of samples L. Then we obtain L equidistant points,
which is the best 1D low-discrepancy point set (3.25). Alternating background
colors indicate piecewise square sections in (5.31).

5.2.2 Rank-1 Lattices

In this section, we determine the rank-1 lattice generator that is best in
terms of wce of the periodic function space from Section 5.1.5.C. Therefore,
we insert the rank-1 lattice point set (with variable generator g)

Prlg)={i-g mod1}" (5.33)

into the wce formula (5.31) and obtain the quality measure

OL(g) = wce({i g mod l}f:1> . (5.34)

Minimizing it yields the optimal generator g‘zpt
g‘zpt — arggfnin{@L(g)} . (5.35)
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Chapter 5. Optimization-Based Construction

The search space for the best generator is g € [0, 1]°.

522A|(s=1) For s =1, the quality measure O (-) is a piecewise

quadratic. Boundaries between quadratic segments are

1121231234 1 2 L—-2
{O’2737374’474’5757575’”.714—1’L—I,”.’L—l’l} ) (536)

which is (after sorting and discarding multiple identical entries) the Farey
sequence of order L [127, A006842], [127, A006843]. The number of terms
N(L) in the Farey sequence Fy, is [127, A005728]

N@L)=1+> ¢(k) , (5.37)

N(L) ~ = . (5.38)

With optimality measure ©(-) implemented in Julia [10], we can easily
determine its exact first and second derivative in every segment by evalu-
ating it, e.g., in the middle of each interval, using automatic differentiation
[143] combined with rational arithmetic. We then determine the minimum
of each segment with a single Newton step and, by comparing the local

minima of all the segments, finally identify the global minimum g°*.

We find that gzpt is always a rational number where the denominator is
the number of samples L and the numerator is any integer relatively prime
to L. See Figure 5.4 for a visualization of the quality measure and its local
and global minima. Since a number coprime to L is a generator of the
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5.2 Global Search for Closed Point Sets

cyclic group Z/(L - Z), the resulting 1D rank-1 lattice is a set of L different,
equidistant points on [0, 1]. In particular, we have

L=2
L=3
L=4
L=5
L=6
L=7
L=8
L=9
L =10:
L=11:
L=12:

e 1
gptzi

opt 12

=33}

opt 13

=111

Opt_{1234}

97 T\5555

opt ]‘5

=155

Opt{123456}

N LA A A A A

0pt_{1357}

97718888

Opt_{124578}
9771999999

Opt_{l 3 7 9}

97 7110°10° 10" 10

ot _f1 23 45 6 7 8 910
g {11’11’11’11’11’11’11’11’11’11}
gopt_{1 5 7 11}

12712712712

The most straightforward construction is always to take

1
opt
=— . 5.39
gL L ( )

This is precisely the rather obvious and trivial equidistant rank-1 lattice
(3.25) (see Figure 3.4a).
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104 | O O 104 1O @)
1- ® 1 ®
0.5 0.5
1- ) 1- )
oo -| @ o wl-l@ ®
; T |I T 1T I| T T ; T |I LI I| L
0.0 05 10 0.0 05 1.0
@®o-[3 3]’ ®g=[3 i
104 | O @) 1.0 @) @)
1- ® 1- ®
1- ° 1| o
. J- ° } ]- °
1- ® 1- ®
0o -| @ O od-|@ O
: T : T : T : T : T ; T : T : T : T : L
0.0 05 10 0.0 05 10
@g=[t 2]’ @g=[t 2]

Figure 5.5: Two optimal point sets with L = 3 and L = 5, respectively. They
are identical under periodicity considerations and symmetry considerations.
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5.2 Global Search for Closed Point Sets

5.2.2.B|(s=2) We can apply the same approach in two dimensions.

The worst case error (5.31) is again a piecewise polynomial, where the
individual regions are rectangular and are given by the Cartesian product of
two Farey sequences. Therefore, we count O(L*) such rectangular regions.
Each of these rectangles contains a 2D polynomial of order four (5.31). It
can be minimized either numerically with several Newton steps or exactly
with computer algebra methods for exact polynomial system solving [8]. In
this work, we compute Newton steps until reaching numerical precision’.
When the optimality measure no longer changes or reaches a cycle, we
approximate the resulting floating-point number with a rational number
and insert the latter into the objective function derivative. If this last step,
entirely done in rational arithmetic, results in the fraction 9/1, we know
that our rational number exactly represents the minimizer.

Interestingly, it turns out that the globally optimal generator g‘zpt again
consists of rational numbers where L is the denominator, i.e., we obtain a
rank-1 lattice rule. Even more interestingly, if L is a Fibonacci number,
we obtain precisely the Fibonacci-rank-1 lattice (3.27) (indicated below in
red). This has already been conjectured and proven up to L = 16 [68].
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164-bit floating point arithmetic (binary64) according to the IEEE 754 standard [120]
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17 727 727 127 27 27 27 2] [37 3] [3] [3
_ 7. opt 7 7 T 7 T 7 7 7 7 7 7 7
L=7 g€ ol s al s o s |al e |2] |2]]s] |6
L71 L7 L7] L7 L7] L71 L7] L7 7 7 7 7
(17 [27 37 37 5] [2] [z] [7]
Q. opt 8 8 8 8 8 8 8 8
L=8: g™ ezl (s ||z 2l |z) |2]]5
L8] L8] L&) L8] L8) L8] L8] L&
(17 T 27 27 27 [27 2] [27 (47 [47 [47 [4
Q- opt 9 9 9 9 9 9 9 9 9 9 9 9
L=9 g™ el fal (s |z [a] [l ] 2] 2] 2] |z] ]2
L9 L9 L9J L9d L9d L9J L9d L9 9 9 9 9
(11 (a1 (317371 72] (2] o] [o]
_ opt 10 10 10 10 10 10 10 10
L=10: g™ € sPlzPlallollallol 3] |7
30 L10] Liol 1ol Lio) Lio) Liol Liol
(2] 727 T2 (a1 727727211213
_ . opt 11 11 11 11 11 11 11 11 11
L_ 11' gp E l bl i bl l bl i bl i bl i bl g bl é bl i 9
L11] (114 (11] L1114 (114 L1314 L1114 (114 11
(271 (21 (51 (5] (2] 2] ae] [ae]
_ . opt 12 12 12 12 12 12 12 12
L LA el O el o
L12] [124 [12] L12] L[124 L12] L124 [12]

In reduced form, globally optimal rank-1 lattice generators gzpt for L €
[13,65] in s = 2 are

1 1 1 1 1 1
13 14 15 16 17 18
{5,8} | | {3,5,9,11} > | {4,011} | | {7,9} |" | {5,7,10,12} |* | {5,7,11,13} |’
13 14 15 16 17 18
[ 1 1 1 1 1
19 20 21 22 23 24
{7,8,11,12} > | {9,11} |* | {8,13} |’ | {5,9,13,17} | | {7,10,13,16} |> | {7,17} |’
L 19 20 21 22 23 24
1 1 1 1 1
25 26 27 28 29
{7,18} | | {7,11,15,19} | | {8,10,17,19} | | {5,11,17,23} | | {12,17} |
L 25 26 27 28 29
[ 1 1 1 1 1

30 31 32 33 34
{11,19} |» | {12,13,18,19} | | {7,9,23,25} |’ | {10,23} | | {13,21} |
30 31 32 33 34

1 1 1 1 1

35 36 37 38 39
{8,13,22,27} | | {11,13,23,25} |7 | {10,11,26,27} | | {9,17,21,29} |» | {16,17,22,23} |»
35 36 37 38 39
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5.2 Global Search for Closed Point Sets

1 1 1 1 1

10 41 12 13 14
{11,290} |» | {12,17,24,29} |> | {13,290} |> | {12,18,25,31} |» | {13,17,27,31} |

40 41 132 13 14

1 1 1 1

15 16 a7 18
{19,26} |» | {17,19,27,29} |> | {13,18,29,34} |» | {11,13,35,37} |’

15 16 a7 18

1 1 1 1

19 50 51 52
{18,19,30,31} |» | {19,21,29,31} |> | {11,14,20,23,28,31,37,40} |* | {11,19,33,41} |

49 50 51 52

‘ =

1 1 1
53 54 5 56

{23,30} | | {17,19,35,37} |* | {21,34} |» | {17,23,33,39} |’
54 5 56

53
1 1 1
57 59 60
{13,16,22,25,32,35,41,44} |» | {17,41} |» | {18,23,36,41} |» | {13,23,37,47} |’
57 58 59 60

ot =
oo"" oo

1 1 1 1

61 62 63 64
{17,18,43,44} |» | {23,27,35,39} |” | {17,26,37,46} |* | {19,27,37,45} |’

61 62 63 64

1
{1925531146}] : (5.40)

65

Fibonacci-rank-1 lattices in the form (3.27) are again colored in red. Note

that for each L, the different global minimizers are identical under symmetry

and periodicity considerations (see Figure 5.5).

Visualization: Figure B.6 to B.8. Complete list: Appendix C.1.1.

5.2.2.C| (s = 3) Similarly, we can search for rank-1 lattices in s = 3

that are optimal with respect to the wce (5.31). For most L, including

Fibonacci numbers, we obtain again rank-1 lattice rules. In some cases

(L

€ {10,12,15,26,28}), we obtain irrational generating vectors (and

therefore non-lattice point sets) as global optima but rank-1 lattice rules

as local optima.
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Figure 5.6: Rank-1 lattice

with L = 18 in s = 3 that globally minimizes the

wece (5.31). Shown are zy, xz, and yz-projection, respectively.
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Visualization: Figure 5.6 and Figure B.15 to B.22. Complete list: Ap-
pendix C.1.2.
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0.3

0.25 4

0.2+

E wee”

0.15

0.1+

s~ b S - e ,
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Generator «

Figure 5.7: Global search for best 1D Kronecker sequence generator «, for

various values of Lmax in (5.42). Red circles indicate global optima, apparently

converging to the inverse golden ratio é = 0.618033... . Some irrationals

from Section 3.3.2 indicated by vertical dashed lines. The quality measure is
symmetric around o = 0.5 because mirrored point sets have identical wces.
Piecewise quadratic segments are indicated by alternating background color for
Lmax = 10.

Global Search for Open Point Sets

5.3.1 State of Art

Kronecker sequences with low periodic Lo discrepancy, also called diaphony,
are computed in [132]. Furthermore, it is possible to construct rank-1
lattices where the same generating vector can be used for a range of L,
effectively representing an open point set. Such “lattice sequences” can be
efficiently obtained via component-by-component construction of embedded
lattice rules [28], [100].
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Kronecker Sequences

The Kronecker sequence is distinctive in that a generator is not specific to
a certain number of samples, but additional samples can always be added
using the same generator. Hence, we sum up the squared wces (5.31) for a
range of numbers of samples L and attempt to minimize that

Ll]lax
Q?;:X = arg min{ Z wee? ({i-a mod 1}5__01)} . (5.42)
& L=1

It is a piecewise polynomial of order 2s with s variables and O(L25, ) (5.38)

max

piecewise regions. It may be possible to determine the global minimum
for Liyax — oo with arbitrary precision by alternately increasing Ly,.x and
restricting the search range.

53.2.A|(s=1) In the 1D case, we obtain

AP’ = 1/2 = 0.500000. . .

agPt = 41/66 = 0.621212. ..

ayPt = 95/156 = 0.608974 . . .

agPt = 907/1500 = 0.604666 . . .

aght = 12261601 /19845000 = 0.617868 . . .

t
Qgf = 12749201923299811 /50626104644145000 = 0.618110. . .

OPt __ 7233684838745891926377113 —
Q30 = 11704991633530654700250000 0.618000. ..
OPt _ 10603776964101375196451425648375859455097794489 — 0.618033
40 17157283103536350082369152434117495811090000000 . s

This possibly converges towards the inverse golden ratio 1/3.

Visualization: Figure 5.7. Complete list: Appendix C.2.1.

5.3.2.B| (s =2) It is now an extremely interesting problem finding a

globally optimal Kronecker sequence for s = 2 (and thereby also a globally
optimal 3D Kronecker lattice for s = 3). The wce (5.31) for s = 2 is a

108



5.3 Global Search for Open Point Sets

1.0 1.0

g " . 0.6
§ = °'§
Z 05
2 2 1 N
o 0.4

- - 0.2

0.0
0.0 0.5 1.0

Generator a;

Figure 5.8: Global search for best 2D Kronecker sequence generator o € [0, 1]2,
for Lumax = 50 in (5.42). Red circles indicate global optima agh' & [0.58,0.61] ",
compare (5.43). The quality measure is mirror-symmetric at 0.5 (both axes),
because mirrored point sets have identical wces.

piecewise 2D quartic polynomial. Rational approximations do not seem to
be helpful here, so we compute the result to double precision and print the
decimal approximation

ol = [0.394945... 0.394945...] =[0.605054... 0.605054...] |
APt = [0.380493... 0.417969...] =[0.619506... 0.582030...]
APt = [0.368534... 0.420105...] =[0.631465... 0579894...] |
At = [0.381914... 0.419879...] =[0.618085... 0.580120...]
aSPt = [0.381988... 0.419810...] =[0.618011... 0.580189...]
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Chapter 5. Optimization-Based Construction

Figure 5.9: Kronecker Sequence in s = 2 using generator gggt that globally
minimizes the wce (5.31). Shown for L € {20, 60,90}.

Pt = [0.381967... 0.420190...] =[0.618032... 0.579809...]"
(5.43)

Visualization: Figures 5.8, 5.9 and B.11. Complete list: Appendix C.2.2.
Interrelationships: Figure 5.10.

5.3.2.C| (s =3) The wce (5.31) for s = 3 is a piecewise polynomial of

order six with three variables. We obtain (cropped after six digits)

oSt = [0.294271  0.381780 0.417900] ' = [0.705728 0.618219 0.582099)
APt = [0.276840 0.381487 0.419937] = [0.723159 0.618512 0.580062]
a2t = [0.276464 0.381970 0.418922] ' =[0.723535 0.618029 0.581077]
At = [0.275319  0.381972 0.418920] ' = [0.724680 0.618027 0.581079)

(5.44)

Complete list: Appendix C.2.3. Interrelationships: Figure 5.10.
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~

Kronecker Sequences

/wce-optimal \ ﬁs / Martin Robera /Roots—of—primes\
0.41 ... 0.450 299 ... 0.414 213 ...
3D =10.38... a =10.328956 ... = [0.267 949 ]
0.27 ... 0.180 827 ... 0.236 067 ...
2D _ [0420... o= 0.430159 ] __[0.414 213 ]
27 lo0.381... Z7 10245122 ... £= 10267949 ...
Fibonacci—Kronecker
1D a = 0.381966 ... a = 0414213 ...
\\ T C VAN )J
(a) « €[0,0.5]
K Kronecker Sequences \
[wce—optimal\ ﬁs / Martin Robera /Roots of-prlmes\
0.57 ... 0.549 700 ... 0.585 786 ...
3D =|0.61... =10.671043 ... [0.732 050 ]
0.72 ... 0.819172 ... 0.763 932 ...
2D _ 0.579 ... o= 0.569 840 ] o= 0.585 786 ]
0.618 ... = 10.754877 ... =" 10.732050...
Fibonacci—Kronecker
1D = 0618034 .. SR U
K\ 7 7\ /J
(b) o €[0.5,1]

Figure 5.10: Overview of Kronecker sequence constructions. Both equivalent
representations, a € [0,0.5] and « € [0.5, 1] are shown.
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m Summary

This chapter introduced discrepancy, dispersion, packing density, covering
density, and various worst-case integration errors, allowing us to quantify
the quality of uniform point sets. We then computed wce-optimal 1D,
2D, and 3D rank-1 lattice rules and Kronecker sequences via brute force
search. These wce-optimal constructions were found to be consistent with
the respective 1D Fibonacci—Kronecker and 2D Fibonacci-rank-1 lattice

construction but novel in the higher-dimensional versions.
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Chapter 6. Transformations

The systematic representation of all or part

of the surface of a round body, especially the earth,
onto a flat or plane surface is called a map projection.
Literally an infinite number of map projections are
possible, and several hundred have been published.

Flattening the Earth:
Two Thousand Years of Map Projections
JoHN P. SNYDER (1926-1997)

In this chapter, we introduce discrepancy and dispersion for non-uniform
densities. We close gaps in the state of art with novel definitions. We
examine the relationship between discrepancy and dispersion of transformed
point sets depending on the properties of the particular mapping. Overall,
the result is a method for low-dispersion sampling of non-uniform densities
using an orthogonal inverse transform of low-discrepancy reference samples.

6.1 General Attributes of Transformations

Transformations T: x — T(z), = € R® are characterized by specific
properties of their Jacobian matrix Jr(-) and its determinant. We list a
few of these characteristics that we will need later in this chapter.

Rigid transformations or isometries preserve distances (and thereby
also angles). They can be represented with translation vector v and
orthogonal matrix R representing rotations (detR = 1) or reflections
(detR = —1)

T:R® - R* (6.1)
Tx)=R-z+v, veR®, (6.2)
RT=R7!, (6.3)
detR| =1 . (6.4)
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6.1 General Attributes of Transformations

Conformal maps preserve angles locally. Their Jacobian matrix is an
orthogonal matrix multiplied by a scalar.

T:R* 5 R°, (6.5)
Ir(z) = a(z) - R(z) , (6.6)
alz) >0 Vz, (6.7)
R'(z) =R '(z) Vz . (6.8)

Equiareal maps preserve the area (s = 2) or volume (s > 2) of subsets of
arbitrary shape and size. Their absolute Jacobian determinant is one.

T:R° 5 R°, (6.9)
|detJr(z)|=1 Vz . (6.10)

Component-wise transformations are arbitrary transformations of the
individual coordinates, respectively. They preserve the orthogonality of
the coordinate axes. Their Jacobian matrices are diagonal matrices with
different positive entries.

T:R* - R® , (6.11)
T(z) = [Ti(z1) To(za) -+ Tu(zs)| , (6.12)
Jr(z) =D(z) , (6.13)

with D(-) diagonal.

Orthogonal coordinate system transformations preserve the right
angles between coordinate axes. Columns of their Jacobian matrix are
orthogonal, with individual, arbitrary norms. We may call such matrices
column-orthogonal.

T:R* = R°, (6.14)
Jr(z)" - Jr(z) =D(2) , (6.15)
with D(-) diagonal. Furthermore, it holds
Jr(z) D Na) Ir(z) =1, (6.16)
I7 (2) =D (a) - Irx)" . (6.17)
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Chapter 6. Transformations

Diffeomorphic maps are bijective transformations, where both the
forward and inverse transformation are differentiable.

T:R® 5 R°, (6.18)
T(z) differentiable bijection , (6.19)
T~1(z) differentiable bijection . (6.20)

Rigid maps are conformal, equiareal, and diffeomorphic. Conformal maps
are orthogonal and diffeomorphic. Component-wise maps are orthogonal.
The stated properties are preserved in concatenations. For conformal,
equiareal, and orthogonal maps, differentiability is a prerequisite.

Discrepancy for Non-Uniform Densities

Following [3], we define a discrepancy measure for non-uniform densities.
Starting from the local discrepancy for uniform densities (5.1),

#(A, Pr)

A(A,Pr) = 7

—\4) | (6.21)

with Lebesgue measure A\, we can generalize this to the local discrepancy
with respect to density f()

sy f) = EPD - s (6:22)

and, by applying the L, norm over all axes-parallel rectangular boxes A(-)
anchored at 0, obtain the star discrepancy with respect to f(-).

Definition 6.1. The star discrepancy with respect to f is defined as
[3, Eq. 4]

discr, (Pr; f) = i/-/ o |A(A(z), Pr; I dz (6.23)
z€|0,1]°
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6.3 Dispersion for Non-Uniform Densities

Similarly, we can define, e.g., the extreme discrepancy with respect
to f(-) with p = oo and arbitrary axes-parallel rectangular boxes A(a,b)
[69, Eq. 1]

discr(Pr; f) = sup |A(A(a,b), Pr; f)] - (6.24)
Q7Q€[0»1]S

The existence of point sets achieving an order of (log(L))*~2 L™ or better
in the extreme star discrepancy with respect to non-uniform densities f(-)
has been proven [2].

Now we can state the Koksma-Hlawka inequality for non-uniform
densities [3, Thm. 1]

I - [ i@ < sl (P f) Vo) . (629)

0,1]*

It tells us that the expectation value of g(z), x ~ f(z),
Blo@) = [ oS, (6.26)
0,1]¢
can be approximated using a quasi-Monte Carlo method

L

Blo@)~ 7 Y (o) . (6.27)

zEPL

and that the accuracy is higher i) if the variation of the integrand V (g) is
smaller or ii) if Py, has a lower extreme star discrepancy with respect to f.

Dispersion for Non-Uniform Densities

Here, we define a novel dispersion measure for non-uniform densities. It
generalizes the well-known dispersion for the uniform density (5.9) to
arbitrary densities f(-).
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Chapter 6. Transformations

@ '
Figure 6.1: Samples z,, low-dispersion with respect to density f(-) that is
exponential along horizontal and uniform along vertical axis. Radii are chosen
proportional to [f(z;)]”/? according to (6.29).

Definition 6.2 (Dispersion with respect to f). For a point set Py, in [0, 1]°,
and density function f being nonnegative and normalized, the dispersion
with respect to f is

. u) du
dispr(Pr; f) = max /B(g,r(g))ﬂ[o,l]s sy -r(z) p , (6.28)
=EPENP XB e, @) AT0,1T)

with 7(z) being the distance between z and the closest point in P, ,

rz) = min e -y, ,

and ball B(z,r) with radius r around z
Bz,r) ={ulu—z[2<r} .

A convenient approximation of the dispersion with respect to f, for
sufficiently smooth f and/or large enough L, is

dispr(Pr; f) & max {[f(g)]l/s~ min H@—QHQ} . (6.29)

2€[0.1)° YEPL

For the uniform density, f(z) = 1, z € [0,1]%, (6.28) and (6.29) are
identical and equivalent to the usual definition of dispersion (5.9).

Example 6.3 (Plotting 2D Samples with Adaptive Radius). To plot 2D
samples z; € Pr, with radii adapted to the local density f(-), the radii
should be chosen proportional to [f(x;)]~'/? (see Figure 6.1). This scales
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6.3 Dispersion for Non-Uniform Densities

the size of the samples relative to the distance to their neighbors in the
same way as low-dispersion points are doing, i.e., where the maximization

argument ([f(g)]l/s -minyep, ||z — QHQ) in (6.29) is constant.
Lemma 6.4. The dispersion with respect to f of a 1D point set obtained

via inverse transform sampling F~Y(Pr), where F(x) = ffoo f@)de, s
identical to the dispersion of the point set Pr before the transform

s=1: dispr(F Y (Pr), f) = dispr(Pr) . (6.30)

Proof. Consider the case where {0,1} C Py, and {0,1} € F~*(Pr). Then
we have

/ f(u)du
dispr(F~Y(PL); f) = max B(z,r(@)N[0,1] r(2)

z€0,1\Pr | A(B(z,7(x)) N[0,1])

/ f(u)du
B(z,r(z))

= max |\ — X
cehBp ) 2 gy 1C Y@

1
= max { — - u)due
gge[O,l]{ 2 /B(z,r(i)) f( ) }

where y(x) is the nearest neighbor sample of x. Now, we can limit the
search space of the maximization from z € [0, 1] to the centers between
neighboring samples

Ti+ Tit1
req——
=

, ieNﬂ[l,L—l]} , (6.31)

where x; are the samples of F~1(Pr) in sorted order. Therefore, we have

Ti+1

. _ 1
dispr(F~1(PL); f) = ieNgﬂﬁ_H{Q 3

1 F~ Y (pit1)
= — - d 6.33
iENrﬂr%%}[(/—l] 2 /I;'—l(pi) f(U) u ( )
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Chapter 6. Transformations

1 Dit1
= max { / ldv} (6.34)
ieNn[1,L-1] 2 J,
= dispr(Pr; 1) (6.35)
= dispr(Pyr) , (6.36)

where p; are the samples of Py, in sorted order. Note that F~! is monotonous.

In the case where {0,1} ¢ Py or {0,1} ¢ F~*(PL), we can, instead of
(6.32), write

ispr(F 1 (Pr); f) = M,; .
dispr(F'~"(P); f) ieNgﬁi,)E+l]{ it (6.37)
where
1 Ti41
5./ fydu, ic[l,L—1],
T '
M; = / f(u)du | i=1L, (6.38)
0
1
/ f(u)du i=L+1,
zL

and the following lines accordingly, and therefore still obtain

dispr(F~(Py); f) = dispr(Py) .

m Component-Wise Transformation of
Product-Type Densities

Let density f(x), z € [0,1]%, be of product type, i.e., separable in the
coordinate axes, describing independent random variables associated with
the individual coordinate axes, respectively,

f(@) = filer) - fa(ma) - fulms) - (6.39)

120
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Figure 6.2: Inverse transform sampling with product-type density from Exam-
ple 6.6 using low-discrepancy (a), low-dispersion (b), and random point sets (c)
as reference, respectively. Uniform reference point set (left), transformation of
the z1 coordinate (middle), and complete transformation (right).
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Chapter 6. Transformations

The mapping for inverse transform sampling of f(-) is then a component-
wise nonlinear rescaling

Q) = [Fr'p) Fy'(m) - Fo'w)] =z, (6.40)

where F(-) is the cumulative distribution of f(-). This is essentially a
change of parametrization of the coordinate curves.

Theorem 6.5. If a low-discrepancy point set P is transformed via
component-wise Q(-), the resulting point set Q(Pr) is low-discrepancy
with respect to f(-) [3, Thm. 4]

diser’ (Q(Pr); f) < discrs, (PrL) - (6.42)

Equality holds if all cumulative distributions F;(-) are invertible.

In summary, component-wise transformations preserve a point set’s dis-
crepancy. Intuitively, this is because component-wise transformations map
axes-parallel boxes into axes-parallel boxes of different aspect ratio, and
the definition of discrepancy considers axes-parallel boxes of any aspect
ratio.

Example 6.6. We define a 2D product-type density function
f(x)=c- (24 cos(4m - x1)) - €*2 , (6.43)

with cumulative distributions

Fi(z) =2+ Sin(é+x) : (6.44)
Fy(z) = 6::11 . (6.45)

According to (6.40) we evaluate F; *(z) with a bisection algorithm, and
Fy;'(z) via the analytical solution. We can transform any uniformly
distributed point set to f(z). See Figure 6.2 for a visualization using a
low-discrepancy, low-dispersion, and random uniform point set, respectively.
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6.4 Component-Wise Transformation of Product-Type Densities

0.5

0.0 05 1.0
Figure 6.3: Polar coordinate mapping 7' (left), with polar grid cells A (orange)
that are chosen such that they cover an enclosing circle with best efficiency (see
also Figure 6.6). The corresponding Cartesian grid cells (right) are rectangles of
various aspect ratios. Note that the polar grid cells become more square-like at
larger radii where 7" has a lower curvature.

A more general but wrong proof is claimed in [20], which has also been
taken up several times. It suggests that the preservation of discrepancy
observed in component-wise inverse transforms, Theorem 6.5, actually
holds for arbitrary density functions using the Rosenblatt transformation
as inverse transform. A detailed explanation of the error is given in [3,
Sec. 5].

In Section 6.7, we will describe a transformation method that preserves the
dispersion for a more general class of density functions than product-type
density functions, in particular, density functions that are product-type in
any orthogonal coordinate system.
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Chapter 6. Transformations

m Non-Cartesian Discrepancy

We extend the usual Cartesian definition of discrepancy to a broader class
of coordinate systems.

Definition 6.7 (Non-Cartesian Local Discrepancy). Let transformation T
T:[0,1* = M

describe a coordinate transform with unit absolute Jacobian determinant,
i.e., an equiareal map, between the two s-dimensional unit-volume and
simply connected domains [0, 1]° and M

[0, 1]° M
A[0,1]%) =1 AM) =1 .

Furthermore, let domain A be an axes-parallel box in [0, 1], i.e., a grid
cell in Cartesian coordinates, and domain A the corresponding, potentially

non-rectangular and curvilinear, grid cell in the coordinate system described
by T

AC0,1]° ACM
A={z|a<z<b} A={z=T(z)|z € A} .
See Figure 6.3 for a visualization with polar coordinates. Now for point set
Pr={&},, T eM,

and grid cell A, we define the non-Cartesian local discrepancy E(Z, 732)

A(A,Pr) = @ . A(ﬁ) .

Lemma 6.8. Given point sets Pr and 732
Pr={z}, PL = {T(z)}ie
and T as in Definition 6.7, it holds
A(A,Pr) = A(A,PL)
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6.6 Dispersion and Discrepancy

Proof. Since T is equiareal, both grid cells have the same volume
A(A) = A(ﬁ) :

and since the samples are transformed in the same way as the grid cell,
both have the same number of samples

#(APL) = #(APL) .
O

Definition 6.9 (Non-Cartesian Discrepancy). For equiareal transformation
T:10,1]°* — M and point set P; with points z € M, we define the
non-Cartesian extreme discrepancy in map 7T as

diser” (P) = sup A(A(a,b),PL)| . (6.46)

where A(a,b) = T(A(a, b)) is a potentially non-rectangular and curvilinear
grid cell in M.

It is straightforward to extend this, analogous to (6.22), to the non-
Cartesian discrepancy in map T with respect to density f(-)

diser” (Pp; f) = sup |A(A(a,b), Pr; f)| . (6.47)
a,beM

m Dispersion and Discrepancy

We repeat the well-known relation between dispersion and discrepancy for
uniform densities and generalize in several steps to arbitrary densities and
the effect of mappings.

Uniform Density

We reiterate the theorem relating dispersion and extreme discrepancy [121,
p. 528, Theorem 3].
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Figure 6.4: Visualization of proof in Section 6.6.1. Samples P, (blue) in [0, 1]?,
periodic continuation (grey), points z (red), e = 0.1 - dispr(Pr), ball B(z,0.9 -
dispr(Pr)) (green), and inscribed cube (yellow). Shown for low-discrepancy (a),
low-dispersion but high-discrepancy (b), and random point set (c), respectively.

Theorem 6.10. For any point set Py, in [0, 1]°, it holds

dispr(Pr) < /s - [discr(Pr)]Y* . (6.48)
That is, intuitively speaking, all low-discrepancy point sets are also low-
dispersion. We add the assumption that the point set Py, is tiled period-
ically, or equivalently, that the domain [0,1)® has toroidal connectivity.
Thereby, we simplify the proof and also achieve a tighter bound.

Definition 6.11 (Periodic L, distance). Starting from the conventional L,
distance, dp(z,y) = ||§ — ng, z,y € R?, we define a periodic equivalent,

jp(~, -), on the domain [0,1)® being considered as 1l-periodic or having
toroidal connectivity

S

dp(z,y) = 7| > (minfle; —yil, 1|z —wil})” , zy€0,1)°
i=1
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6.6 Dispersion and Discrepancy

Definition 6.12 (Periodic dispersion). Starting from the conventional
dispersion, Definition 5.1, the periodic dispersion dispr(Pr) of a point set
Pr, in [0,1)*

digpr(PL) = max {mln dg(l‘ y)} .

z€(0,1) | yePr

Intuitively, the periodic dispersion equals the radius of the largest hyperball
not containing Py, in its interior, i.e., the circumradius of the largest circum-
hypersphere in a periodic Delaunay triangulation without refinements of
Pr (see green circles in Figure 6.4).

Definition 6.13 (Periodic discrepancy). Following [33, pp. 1f], we define

the 1-periodic “interval”

? _ [:ay), r<y,
I(z,y) = {[Qy)U[m,l) sy, (6.49)

for x,y € [0,1]. Extending this to s > 1 and z,y € [0,1]°, we obtain
periodic “boxes”

o

Az, y) = Ty, 1) X T(@a,y2) X -+ x (s, ys) - (6.50)

This leads to the periodic extreme discrepancy

dlscr(PL) —sup A( (a,b), PL)‘ . (6.51)

Intuitively, the periodic discrepancy digcr(PL) takes into account boxes or
hyperrectangles A(z,y) that protrude the boundary of [0, 1]* and continue
on the opposite side.

Theorem 6.14. For any point set P, in [0, 1]°, it holds

o 1/s
dlspr(PL) /s {discr(PL)} ) (6.52)

1
2
where digpr(PL) and digcr(PL) are the periodic dispersion and periodic
extreme discrepancy of Pr,, respectively.
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Proof. Following [121, p. 528]. For any e with 0 < € < digpr(PL), there
are points z € [0, 1]® such that

min dg(gc y) > dlspr(’PL) —€.

yePL
(These points z are located around the circumcenters of the largest circum-
hyperspheres of the periodic Delaunay trlangulatlon of P, .) Then the
periodic ball B (z,7), centered at x with radius r = dlspr(PL) — €, contains
none of the points in Py. It is easy to see that the largest possible cube that
can be inscribed into a ball é(g, r) has edge length 2 - r/./s. Therefore,
into the former ball,

é(g, digpr(PL) —€),

we can inscribe € , a cube that can periodically wrap around the boundary
of [0,1)*%, with maximum edge length

digpr(PL) —¢€

2.
\/g )

and it follows that
di;croo(’PL) > #(C;j)L) — )\(Co') = )\(é) = (2 . dlgpr(PL)—e>S ’
(6.53)

which, for € — 04, implies (6.52). Refer to Figure 6.4 for a visualization. [J

6.6.2 Non-Uniform Densities

We have shown in Section 6.6.1 that low-discrepancy point sets are also
low-dispersion,

dispr(PL) < = /s - {digcr(’PL)} v

1
2
In this section, we will show a similar relationship between the non-uniform
discrepancy from Section 6.2 and non-uniform dispersion from Section 6.3.
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6.6 Dispersion and Discrepancy

Definition 6.15 (Asymptotically dense point set). Consider point sets
‘Pr, with variable L, produced by a given construction method. If for every
& > 0 there is an L such that

dispr(Px) < ¢ forall K >1 (6.54)

then we call these point sets asymptotically dense. For example, uniform
point sets are asymptotically dense. Point sets that contain only a finite
set of points (e.g., just the origin) repeatedly, are not asymptotically dense.

Definition 6.16 (Equality within relative tolerance range). We define
equality within a relative tolerance range

0o =2 = a-(1-6<b<a-(14¢). (6.55)

For example,
-(1£0.05)

3.

Theorem 6.17. Let P, be an asymptotically dense point set in [0,1]° and
f() a density function that is uniformly continuous on 1-periodic [0,1).
Then, for every & > 0, there is an L such that

dispr(Py; f) < ~¢;[m&dpufﬂ”swl+o-

N |

Proof. Since Py, is asymptotically dense, for every £ > 0 there is an L
such that dispr(Pr) < &1, i.e., the remaining balls not covering any points

é(m, min jg(g,g) - e) , €>0, (6.56)

yEPL

all have a radius smaller than or equal to £;. And since f is uniformly
continuous, for every &, > 0 there is a & > 0 such that, for all z € [0,1]°,

1/s
/f%u»@) ) du L2 7(z)])V/* (6.57)
A(Bla.&)
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and

{ / f(uw) du} Y s [f(g)w(é)r/ " (6.58)
C
Cc Blz,&) . (6.59)

We know from the proof of Theorem 6.14 that

min {d(z,y)} = % V5 ()\(CO'))US , (6.60)

yEPL

for cubes €' inscribed in B , therefore also

P min (@) =1 vE i@ oa@] T e

QG’PL

and with the above considerations, for every &3 > 0, there is a £, > 0 such
that

/E‘} - min {jg(g,y)} = ;\/5[ of(n)dU]l/s ,

1/s
f(u) du
A (é) yePL

This holds for every pair of sample-free ball B and inscribed cube €' and
in particular for the largest sample-free ball and its largest inscribed cube

o
max ~/B

1/s
f(u) du (e
25 |55 b}
C, P v
ey ;.\/g.[mgx{#(L’L)—/éf(u)du}] - (6.64)
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(a) Rigid mapping: rotation by 20°. (b) Without transformation.
Figure 6.5: Visualization of proof in Section 6.6.3. Periodic discrepancy is
invariant under rigid mapping.

The largest sample-free cube C can be larger than the largest sample-free
cube inscribed into a sample-free ball, and the largest sample-free axes-
parallel box A (axes-parallel boxes are used in the definition of discrepancy)
larger than the largest sample-free cube, therefore the equality turns into
an inequality

digpr(PL; < % LR [di;cr(PL; f)} e (1+¢&) , (6.65)

and for every &5 > 0, there is a £, > 0 and in turn a & > 0 and in turn an
L such that this holds. O

Rigid Transformation

We now introduce a rigid transformation 7', which includes rotation, trans-
lation, and reflection, and investigate the dispersion of the transformed
points PL = T(PL)
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Lemma 6.18. For any point set Pr, in [0,1]° and rigid transformation T,
it holds

dispr(T(P1)) < = /s - [di;cr(PL)} e . (6.66)

1
2
Equivalently, using the non-Cartesian discrepancy,

digpr(i?z) <

<1ovsfasar @] (6.67)

Proof. The size of the spheres that can be inscribed into the empty space
between samples does not change under rigid transformation, hence

disopr(T(PL)) = disopr(PL) .

Furthermore, the size of the squares that can be inscribed into spheres also
does not change if the spheres are rigidly rotated, therefore

digpr(T(PL)) < ] v

Vs [digcr(PL)

DO =

O

See Figure 6.5 for a visualization. This seems trivial and obvious, but we
will generalize from rigid to arbitrary maps and obtain a promising and
useful result for maps that are orthogonal coordinate transformations.

Dispersion and Discrepancy — Mappings

Theorem 6.19. Let transformation T
T:[0,1]° = M

be a diffeomorphic and equiareal map between the two s-dimensional unit-
volume manifolds [0,1]° and M. Furthermore, M should form a tiling of
R* without overlaps and gaps, with T being extended to a diffeomorphism
of R®* — R*. We consider an asymptotically dense point set Pr, in [0,1]°,
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U
)

I
Y

;
)

0.5 0.5 —

X
Q0

!
\
R XXX

0

0.0 0.5 1.0
(b) High-Discrepancy

Figure 6.6: A uniform reference point set (right) is transformed (left) using
the orthogonal map from the polar coordinate system. In regions away from the
pole, polar grid cells (orange) can be made more similar to squares and cover the
green balls more efficiently (a), see also Figure 6.3. The high-discrepancy point
set (b) cannot preserve its low dispersion in the transformation.
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and the transformed points 752 =T(Pr) in M. Then for every & > 0, there
is an L such that

dispr(T(PL)) < = /s - [digcroo(PL)} v v-(1+¢) , (6.68)

1
2
or equivalently, using the non-Cartesian discrepancy,

dispr(PL) < = - /5 - {diécrfo(ﬁz)] Y (1+¢), (6.69)

1
-2
where factor v depends on the properties of T. If T is an orthogonal map,
v=1.

Proof. For any € with 0 < € < disoplr(’ﬁz)7 there are points Z € M such
that .

“min HE— @HQ > dispr(Pr) — € .

YyEPL -

Then the periodic ball B (z,7), centered at Z with radius r = digpr(PNL) —€,

contains none of the points in 752 Let C C M be a T-grid cell that
corresponds to Cartesian grid cell (respectively axes-parallel box or hyper-
rectangle) A C [0,1]° via T, both potentially wrapping around the domain

boundaries. If we can show that T-grid cell C with volume

2\ (2 (dispr(Pr) — o)\
() () e

can be inscribed into said ball, é(i, digpr(ﬁ) —¢), then it follows that

di;croo(PL) > M

- A(H) (6.71)

#(é’@ - A(é) (6.72)
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6.6 Dispersion and Discrepancy

_ (5 (6.73)

2. (dlbpr PL —€) ) )

N Y (6.74)

I
/N

which, for e — 04, implies (6.68).

Therefore, it remains to be shown that if C is inscribed into é, yrisa
constant depending on the properties of T and ii) for T orthogonal, v = 1
and iii) £ approaches zero for large L.

First, we note that an asymptotically dense point set Pr, mapped by
transformation 7, yields another asymptotically dense point set ﬁvL if T
is diffeomorphic and has a non-zero functional determinant. This holds
especially for our equiareal 7" with unit functional determinant. Therefore,
for every & > 0 there is an L such that digpr(”ﬁz) < &, i.e., the remaining
balls not covering any points

B(E. dispr(PL) —¢) , €>0
all have a radius smaller than or equal to &;.

Second, if T' was linear, C would be a periodic parallelepiped. We define

a parallelepiped CP inscribed into B and approximating C by taking the
columus of the Jacobian J(z) of T as basis vectors of the parallepiped

CP={Jr(z) - u+Z|ue-aal}, (6.75)

where « is chosen such that A(ép) is maximized while CP C é(i, &1).

Since T is differentiable, for every & and every set function h(-) there is a

&1 such that
h@ HEET) h<5P> 7 (6.76)

o

CrcB@EE), CcB@Ea) . (6.77)

135



Chapter 6. Transformations

The volume ratio between largest cube and largest parallelepiped inscribed
into a ball can be represented by the factor v°. It is determined by the angles
between the basis vectors of the parallelpiped, in our case the columns of
J(), as defined by T. If T is orthogonal, the resulting parallelepipeds are
rotated boxes, and the largest of these inscribed into a ball is a rotated

cube, therefore v = 1. Note that for this rotated cubic T-grid cell CN’p,
the corresponding Cartesian grid cell C is not necessarily cubic but a
rectangular, axes-parallel box, and therefore, still part of the set of shapes
considered in the discrepancy measure.

O

Intuitively, in regions where equiareal and orthogonal T" has low curvature
inside the individual circumspheres of the Delaunay simplices, any low-
discrepancy (and thereby also low-dispersion) point set stays low-dispersion
after being propagated through T' (see Figures 6.3 and 6.6a).

Low-Dispersion Sampling with
Transformed Low-Discrepancy Point Sets
Now, we have all the tools for low-dispersion sampling of various non-

uniform densities using low-discrepancy sequences and suitable mappings.

Theorem 6.20. Let T be an orthogonal, diffeomorphic coordinate trans-
formation

T:R > M (6.78)
T(z) = v (6.79)

defining a “skeleton grid”, and f(-) a continuous density function that is
product-type in the coordinates defined by T,

fe(@) = fo(T7(v)) (6.80)
= fu(v) (6.81)
= fv,l(vl) . fv,2(v2) ce fv,s(vs) . (682)
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6.7 Low-Dispersion Sampling with Transformed Low-Discrepancy Point Sets

Then, samples Pg ~ f(+) can be obtained via inverse transform sampling
from asymptotically dense uniform samples P} using the quantile function
(6.40)

v=Qu(p) = [Fy () Fyd(p) - Filws)] . (6.83)

The final samples are usually required in Cartesian coordinates, so they are
additionally transformed via T

Pl =T(Q.(P})) .

If the uniform samples P} are low-discrepancy and their number L is
sufficiently large, then the resulting samples 77£ are low-dispersion with
respect to f(-).

More precisely, for every & > 0, there is an L such that

1/s

GRpr(T(PL); ) < 53 [difersa(Pr)] (148 . (689)

We apply the transformation described in Section 6.4 — only in orthogonal
curvilinear coordinates T'(-) instead of the Cartesian coordinates.

In practice, this works well not only if the map T is diffeomorphic and the
number of samples L is high, but also i) if 7' contains a singularity but L
is high, or ii) if L is medium but 7" is diffeomorphic. Only cases of small
L (or medium L combined with singularities) seem to lead to significant
losses in dispersion.

Example 6.21 (SND in s = 2). The SND is separable both in Cartesian
and polar coordinates. In Cartesian coordinates, we have the separable
density function

frate) = g e -5 o bren{ =52} 089)

and therefore, the separable cumulative distribution function

Fyylz,y) = ;<1+erf<j§>) ~;<1+erf(\%>> , (6.86)

Fy () Fy(y)
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(b) Polar / Box-Muller
Figure 6.7: Orthogonal inverse transform sampling of SND with Fibonacci—
Kronecker lattice. Inverse transform via Cartesian map (6.87) (a) and polar map
(6.91) (b), respectively. Number of samples L € {5, 10, 20, 50, 100}.

=[]

In polar coordinates, the same density function depends only on 7 and not

which leads to the quantile function

V2 erf (2. p — 1)
V2-erf (2 py — 1)

where erf ' (-) is the inverse Gauss error function.

Quy(p1,p2) = { (6.87)

on ¢ due to symmetry

1
rolrp) = g expf =512} (6.59)
We obtain the cumulative distribution function
1
Fro(r, @) = (1 — exp{—2 . T2}> . % , (6.89)
~~
F.(r) Fo ()
which leads to the quantile function
B —2-log(1—p1)| |7
Qr,<ﬂ(plap2) - |: o o - © ) (690)
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(a) Eigendecomposition (b) Cholesky Decomposition

Figure 6.8: Gaussian density, obtained by transforming uniform low-discrepancy
point sets, as described in Example 6.22. The eigendecomposition-based trans-
formation is orthogonal; therefore, the resulting samples have low dispersion (a).
With the Cholesky decomposition, the low dispersion property can get lost (b).

or, stated in Cartesian coordinates, with mapping 7o Q. ,

o) = —2-10g(1—p1)-cos(2ﬂ'~p2)]: m e

—2-log(1l — p1) - sin(27 - p2) Yy
which is essentially the well-known Box-Muller method [12].

With (6.87) and (6.91), we now have two transformations that map from
uniform to SND. Both are orthogonal, and one of them has a singularity.
We can see that the singularity-free Cartesian version generally leads to
a more locally homogeneous arrangement (see Figure 6.7). A similar
comparison between inverse transform and Box-Muller SND sampling has
been performed in [137].

Example 6.22 (Arbitrary Gaussian Density). The SND sampling method
from Example 6.21 with the Cartesian skeleton grid can be adapted to
produce low-dispersion samples of arbitrary Gaussian densities. According
to Section 6.4, the samples can be rescaled along the Cartesian coordinate
axes, yielding non-standard but axes-parallel Gaussian densities. This

139



Chapter 6. Transformations

can be done by multiplication with a diagonal matrix vD. With an
additional rotation, Section 6.6.3, arbitrarily rotated Gaussian densities can
be achieved. The required scaling factors v'D and transformation matrix
V are obtained from an eigendecomposition of the desired covariance
C=V.-D VT, In total, we have

P = Quy(x) - VDoz = Vez — z4+p — Pl . (6.92)

Gaussian sampling with low-discrepancy point sets is already known [52],
[141], [15, Sec. 3.2]

P = Quy(z) - Loz — zt+p — P, (6.93)

but with Cholesky decomposition C = L - LT instead of eigenvalue de-
composition. Other than the proposed transformation using eigendecom-
position, the Cholesky-based transformation is not orthogonal, yielding
skew coordinates, and the samples, therefore, lose their low dispersion (see
Figure 6.8).

Example 6.23 (Polar and Cartesian Low-Discrepancy and Mappings).
We subject a point set that is low-discrepancy in Cartesian coordinates
to transformations that affect only i) the horizontal axis, ii) the radial
axis, and iii) the angular axis (see Figure 6.9SC). We find that only the
horizontal coordinate mapping preserves the local homogeneity, i.e., the
low-dispersion property (with respect to the imprinted density). Conversely,
a non-Cartesian, polar low-discrepancy point set preserves its low dispersion
not during the mapping of the horizontal coordinate but instead during a
mapping of the radial or angular coordinate (see Figure 6.9SP).

In [140, p. 2+6+422+27], the concept of transforming Fibonacci grids with
orthogonal transformations using orthogonal skeleton grids has been intro-
duced and demonstrated with visual examples but not formally elaborated
in detail. The intuitive idea of transforming low-discrepancy point sets
to polar coordinates is shown in [154, Figure 7]. In [35, p. 162], several
possible factorizations for Gaussian inverse transform, including Cholesky
and principal components factorization, are mentioned.
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Figure 6.9: Cartesian low-discrepancy point set (SC) and non-Cartesian polar
low-discrepancy point set (SP) (first column), being transformed along the
horizontal axis (second column), the radial axis (third column), and the angular
axis (fourth column), respectively. Mappings shown in (MC) and (MP). Low-
dispersion samples and orthogonal mappings are indicated with green check
marks.
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05 ; 0

00 1.0

(a1)

?’

(b1) (b2) (b3)
Figure 6.10: Fibonacci-rank-1 lattice (first row) and regular lattice (second
row) used for numerical integration of rectangular indicator function (yellow). In
(al) and (b2), integration has high accuracy as all three rectangles give different
point counts, in (a2) and (bl) not. Last column shows points after equiareal

polar coordinate mapping.

m Transformations of the Integrand

So far, we have looked into the generation and transformation of samples.
However, for the accuracy of cubature results, the nature of the integrand is
important as well. Suitable transformation of the integrand can contribute
to further improvement.
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6.8 Transformations of the Integrand

Types of Integrands

One of the virtues of low-discrepancy point sets over low-dispersion point
sets is that nearly all samples have unique z, v, z, . .. coordinates, respec-
tively, compare marginals in Figure 6.10 (al+b1l).

Example 6.24 (Fibonacci Better than Regular). Let integrand g(-) be
product-type, g(z,y) = g1(z) - g2(y), for example a rectangular indicator
function. Clearly, the Fibonacci lattice, Figure 6.10al, gives much better
integration accuracy than the regular lattice, Figure 6.10b1.

Proof. The integral of product-type functions can be split into scalar

integrals
Jatwmazay=( [aas) ([ awa).

therefore, the result is best if each of the abscissa’s marginals has unique
and equidistant coordinates. O

Of course, cubature of product-type functions can also be done separately in
the respective lower-dimensional spaces. Still, the merits of low-discrepancy
point sets for cubature extend to many integrands that are not exactly
product-type.

However, one can find other examples where Fibonacci and regular lattice
give comparable results, or the Fibonacci lattice even giving worse results
than the regular lattice.

Example 6.25 (Fibonacci Comparable to Regular). Imagine an integrand
that is rotationally symmetric around [1/2,1/2] " in Figure 6.10 (al+bl),
instead of the yellow rectangle. Obviously, both point sets, the Fibonacci
lattice and the regular lattice, would be equally well suited for integration,
as they are rotated versions of each other. The ideal point set for this
integrand would be the Fibonacci lattice with equiareal polar coordinate
mapping, Figure 6.10a3, where all samples have unique radii. This has also
been found in a comparison of Gaussian inverse transform sampling and
Box-Muller sampling with low-discrepancy sequences, respectively [129].

143



Chapter 6. Transformations

Example 6.26 (Fibonacci Worse than Regular). A rectangular integrand
that is separable into the 30° and —60° axes would flip the outcomes of
Fibonacci lattice and regular lattice, respectively, Figure 6.10 (a2+b2),
compared to the axes-parallel rectangular integrand from Example 6.24.

Thus, in technical applications where certain sets of coordinates represent,
for example, the physical R? or R? space with no preferred basis vectors, it
does not appear to be clear at all why low-discrepancy should be preferred
over low-dispersion samples. Perhaps the Fibonacci lattice is also over
adapted to the quality measure “discrepancy” that is heavily based on
axes-parallel rectangles, Section 5.1.1.

Proposal Density

In addition to minimizing the discrepancy discr’ (Pr) in (5.7), one can
also minimize the variation V(g) of the integrand g(-) by using a proposal
density p(-). Analogous to the equivalence

_ g@) oo
/[O,l}sg(m) d:c—/[ms p(z)dz | (6.94)

p(z)

p(z) > 0, we modify the cubature formula from using uniform samples P,
to proposal samples Py, ~ p(-)

1 & 1 &
7 > gla) — I > G . (6.95)
z€PL &E;’\;

with g(z) = % . This is also called importance sampling [35, p. 160].

The Koksma-Hlawka equation for importance sampling is [3, Cor. 1]

y y @7 z)dx iscr’ ) - @
LzePLp@) /[0,1]59()de (PL;p) V(p(x)>. (6.96)

If the proposal p(-) is well chosen, then Lﬁ; can have a much lower variation

than g(z). Thereby, the samples Pz, must be low discrepancy with respect
to p(+) instead of uniform in order to minimize the factor discr’, (Pr;p).
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Proposal Mapping

Similar to importance sampling (where some of the variability of the
integrand is packed into the proposal density and then transferred over to
the density function used for sampling the abscissa, Section 6.8.2), it can
therefore be advantageous to write the integrand g(-) as two concatenated
functions and use the inner one for a coordinate transform p(-) (“proposal
mapping”) of the abscissa. In particular, it always holds

/ g(z)dz = / o(p(@))dz | (6.97)
zeM z€p— (M)

with p(-) being an equiareal map. With this, we replace the quasi-Monte
Carlo approximation with a proposal-mapped version

% > 9@ — % > g2) = % > g, (6.98)

zEPL zEPL cePy

either using the proposal-mapped integrand g = g o p, or, equivalently,
the proposal-mapped samples ﬁvL = p(PL), with equiareal p(-). It
must thereby however be ensured that the support of g(-) does not exceed
(M Np(M)).

6.8.3.A| (Rotation) Take the rotated rectangle integrand g(-) from

Figure 6.10a2 and compute its covariance C. The eigenvector matrix V
of the eigendecomposition of the covariance C = V-D -V T describes the
orientation of the rectangle. The proposal mapping

plz) =V -z,

a rigid map, can then be used to generate i) the axes-parallel proposal-
mapped integrand g = g op, as shown in Figure 6.10al, or equivalently, the
proposal-mapped samples z; = p(z;) (see Figure 6.10b2). An additional
translation may be necessary to ensure the integrand’s support is covered
with samples. Determining the covariance in s = 2 entails five numerical
integrals similar to the one we actually want to solve: Cy,, Cyy, Cyy, the
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mean, and the normalization factor. The latter is precisely the integral we
want to solve, and at this stage, we evaluate it rather imprecisely to get
a more accurate result later. Therefore, the computational load increases
from O(L) to O(6L) = O(L), i.e., just the constant factor changes, so
for L large enough we will benefit from the superior convergence rate
that low-discrepancy abscissas in conjunction with axes-parallel integrands
provide.

6.8.3.B | (Linear Mapping) For the absolute integrand, |g(-)|, determine

the integral
1= [ gtz (6.99)
[0,1]¢

the mean vector

1
m=1 / 2 Jg(@)|dz | (6.100)
I [0’1]§

and the covariance C and its eigendecomposition

= l r—m)-(x—m T T T
€= 1/[07”5( m)-(z—m) -|g(z)|dz (6.101)

=V.-D-V' (6.102)

as a rough approximation without proposal mapping. Then, with the
proposal mapping

pw(x)=7-V-(\FD~<x—;-l>+m> , (6.103)

transform the standard cubature formula (with associated abscissa Pr,)
1

I(g) = /[O ] g(z)dz ~ T Z g(z) (6.104)
Al z€PL

146



6.8 Transformations of the Integrand

into the faster converging form

I(g) = (6.105)

v \m/p-l<[o,1ls>g(p7(x))dx
= > 9y (@) (6.106)

%

’Y |D‘ L zEPL
! ! > 9@ (6.107)
VDl L s
EEPw(PL)

Thereby, ~ is a safety factor ensuring the relevant support of ¢(-) being
covered with samples. The support of g(-) must be limited to [0, 1]*. The
entire process can be repeated iteratively.

This is analogous to the whitening process applied in signal processing,
here achieved with its inverse formula. A similar transform to improve
quasi-Monte Carlo integration is discussed in [99, p. 255].

6.8.3.C | (Polar Coordinates) Imagine an integrand whose most vari-

ability is separable into an angular and a radial component, e.g., radially
symmetric integrands. In this case, an equiareal polar coordinate transform
would be a suitable proposal mapping

P(2) = 5= gﬁg;ﬁ; . (6.108)

See Figure 6.10a3 for proposal-mapped samples p(Py) for rank-1 Fibonacci
lattice points Pr. They exhibit unique angular and polar coordinates,
respectively.

This is the uniform variant of the Box-Muller transform for the SND.
The superiority of Box-Muller transformed low-discrepancy samples (over
inverse transform samples) for radially symmetric integrands has also been
demonstrated in [129].
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m Summary

At the beginning of this chapter, we extended the definitions of discrepancy
and dispersion from uniform to non-uniform point sets. Similarly, we
extended the inequality quantifying the relation between discrepancy and
dispersion from uniform to non-uniform and to transformed point sets.
The outcome was a low-dispersion sampling method via orthogonal inverse
transforms of low-discrepancy samples. Finally, we turned our attention
from the samples to the integrand, examining its effects on the integral
accuracy and proposing quality-improving transformations of the integrand.
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Chapter 7. Orthogonal Inverse Transform Sampling

The question of how a suitable skeleton system can be
constructed to provide the intended resolution enhancements
is one that deserves a separate technical discussion and is
not further considered here.

Generalized Fibonacci Grids, Office Note 455, 2008
R. JAMES PURSER

This chapter states orthogonal transformations that convert uniform refer-
ence samples in [0, 1]° to various densities f(-). According to Theorem 6.20,
the resulting point sets will be low-dispersion if the mapping is orthogonal
and the uniform reference point set is low-discrepancy.
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° ° ° °
(a) Separable density (sinusoidal and (b) Gaussian density.
exponential).

Figure 7.1: Low-dispersion samples generated via orthogonal inverse transform
sampling from the Fibonacci lattice.

Euclidean Space
Independent Densities

Product-type or separable densities representing the joint density of inde-
pendent marginals in Cartesian coordinates

f(z) = fi(xr) - fa(wa) - fos(ws) (7.1)

can be obtained by inverse transform sampling of their individual coordi-
nates

Q) = [F7 () Fi'(ps) ... Flp)] =z,  (72)

with uniform p and Q(p) ~ fz(z), where F is the cumulative distribution
of f. This has already been explained in Section 6.4 (see Figure 7.1a).

Note that the inverse Rosenblatt Transformation [148], also called the
conditional distribution method [18, Sec. 3.1], extends this to arbitrary
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densities but does not yield an orthogonal transformation for non-separable
densities [3, Sec. 5].

Multivariate Gaussian Density

An arbitrary Gaussian densitiy with covariance and eigendecomposition
C=V.-D- VT and mean 4 can be obtained with the mapping

Qp)=V - VD -V2-erf 1(2-p)+p , (7.3)

with the Gauss error function

erf(z) = % /(;Zexp{—t2}dt , (7.4)

here applied element-wise for vector arguments (see Figure 7.1b).

This has already been explained in Example 6.22. For more details and
various moment-matching methods, refer to [O3], [O8] and also Appendix D.

Hyperspherical Manifold

Cartography

Map projections have been researched for centuries as they are necessary to
produce maps of the entire globe, or larger parts, on flat paper. The main
characteristics of map projections are equiareal and conformal [157, p. 4].
equiareal means that a coin, or any other object, covers the same area no
matter where it is placed on the map. This implies scale, angles, and shapes
to be distorted in many parts of the map. Conformal maps preserve
local angles exactly. Therefore, the shapes of small objects are represented
accurately. Maps between sphere and plane can not be equiareal and
conformal simultaneously. Conformal maps for 2D manifolds fulfill the
Cauchy-Riemann differential equations.
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Cylindrical Map Projections

We show the inverse formulas that transform some rectangular domain R
with coordinates (u,v) to the sphere S> C R3, with Cartesian coordinates
(z,y,2). Mere linear transformations of the input and the output of the
maps are neglected.

7.2.2.A | (Equidistant Cylindrical Projection) The Equidistant Cylindri-

cal Projection is one of the simplest and oldest, probably originated by
Eratosthenes (c. 276 BC — c. 195/194 BC). It is neither conformal nor
equiareal [157, p. 90f]. Its inverse formulas map rectangular coordinates
(u,v) to the sphere S?

T:R* = 8%, (7.5)

’ cos(u)
8

— | sin(u) -sin(v) | = |y| , (7.6)

v sin(u) - cos(v)
R*=[0,7] xT . (7.7)

This is precisely the mapping defined by the standard spherical coordinate
system.

7.2.2.B| (Lambert Cylindrical Equiareal Projection) The Lambert Cylin-

drical equiareal projection is equiareal and not conformal. Its inverse
formula is given by [157, p. 80], [105, Sec. IX]

T:R*—=§*, (7.8)
V1—u? z
m = u-sin() | = |y| (7.9)
u - cos(v) x
R?=[-1,1]xT . (7.10)

Due to the equiareal property, the Lambert Cylindrical equiareal projection
can be directly used to transform uniform samples in R? into uniform
samples in S2.
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7.2.2.C| (Mercator Projection) The first map projection that was reg-
ularly identified on maps is the Mercator projection [157, p. 38ff]. It is
conformal. Inverse formulas in Cartesian coordinates are given by

T:R*—S*, (7.11)
" sech(u) z

[ ] + |tanh(u) -sin(v) | = |y| , (7.12)
tanh(u) - cos(v) T

R*=TxR . (7.13)

The rectangular domain R? has infinite size, so the Mercator projection
can not project samples from the unit square [0, 1]? to the sphere.

7.2.2.D| (Summary) We note that, in all cylindrical map projections,

i) the inverse formula is separable in u and v, ii) for constant v and variable
v, concentric circles are formed, called “parallels”, and iii) for constant v
and variable u, arcs between the two poles are formed, called “meridians”.
A suitable nonlinear rescaling is applied to u, depending on the respective
goal to achieve (equidistant, equiareal, or conformal). We will see that we
can find another nonlinear rescaling that produces the von Mises—Fisher
(vMF) density function on S? using uniform samples on R?.

In other words, the cylindrical map projections are based on two families
of differential curves, particularly parallels and meridians. The natural
parameterization of these curves gives the Equidistant Cylindrical Pro-
jection. The Lambert Cylindrical equiareal and Mercator projections are
essentially just other parameterizations of these curves. With suitable pa-
rameterizations, we can transform uniform samples on rectangular domains
R? to represent densities on S? — if they are separable into parallels and
meridians, i.e., where the density function is independent in the orthogonal
coordinate system spanned by parallels and meridians. Examples are the
uniform density and the vMF density.
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7.2 Hyperspherical Manifold

Hyperspherical Coordinate System

The most widely used hyperspherical coordinate system is a generalization
of the equidistant cylindrical projection. The transformation is

(@ R = S* CcR¥H! (7.14)
[cos(i1) ]
©1 sin(p1) cos(p2)
P2 sin(¢1) sin(ip2) cos(3)
(Dip=|"" = . . (1.15)
Ps sin(g1) sin(pz) - - - sin(ps—1) cos(ps)
| sin(ip1) sin(pz) - - - sin(ps—1) sin(ps) |

where the domain Rgq of the angular coordinates ¢ is
R%C = [0,77}871 x T .

Volume element of this hyperspherical coordinate system is

dv = [ (sin*~* (1) dgr) (7.16)
t=1
=sin® " (1) sin® 2 (o) - - - sin(py_1) dpy dgs - - - dip . (7.17)

Volume of the entire hypersphere surface is

AE") = 2T (7.18)
r(=5)

where T is the Euler gamma function [1, pp. 255-258].

7.2.4 Uniform Distribution

The hyperspherical coordinate system (7.15) is an orthogonal transform.
A suitable rescaling of the individual coordinates provides an equiareal
mapping between unit hypercube and unit hypersphere. The uniform
density on the hypersphere S° C R5*!

Fe) = ) (7.19)
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(a) Planar polar Fibonacci (b) Spherical uniform (c) Spherical non-uniform
grid. Fibonacci grid. Fibonacci grid.

Figure 7.2: State of art regarding the mapping of low-discrepancy point sets to
Riemannian manifolds. Taken from [167].

is, of course, separable. We obtain the separable cumulative distribution

P
) = / @ (7.20)
= A_O )\(]SS) ;ﬁl;[l(sinsft(ut) dut) (7.21)
1 s e .
=S t_1(/ut—o sin® ™" (uy) d t) (7.22)

=T[5 (1) (7.23)
t=1
and then the separable inverse cumulative distribution or quantile function
‘ -1 ()1
QW) =F ) =[F o) - (7.24)
t=1

Now, uniform low-discrepancy samples on [0, 1]® inserted into Q) yield low-
dispersion samples on S° — in hyperspherical coordinates. Concatenation
with (7.15) yields these samples in Cartesian coordinates.
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7.2 Hyperspherical Manifold

7.2.4.A| (Circle S') For the circle S', we obtain

ASY =27, (7.25)
dv = dg, (7.26)
FO(p) = % , (7.27)
QW (p)=2r-p . (7.28)

Thereby Q") maps a 1D uniform point set from [0,1) to S!, with the
result in angular coordinates. Insertion to (7.15) yields the complete
representation of the transformation 7" in Cartesian coordinates

T=¢(Wo@W: 0,1 —» S, (7.29)
T(p) = E?ﬁgjﬂ . (7.30)

7.2.4.B| (Sphere S?) For the sphere S?, we have sphere surface and

surface element

A(S?) =4rm | (7.31)
dV = sin(p1) dey dps (7.32)

cumulative distribution

1 — cos(p1)
F(p1) = — ( ; (7.33)
FP(py) = 22 7.34
Dpn)= 22, (734
and quantile function
§2) (p1) = cos (1 —2-py) (7.35)
P (p2) =27 pa (7.36)
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Back in Cartesian coordinates, this reads

T=¢Po@®:0,1? >, (7.37)
1-2-p
T(p)=|2-/p1-(1—p1)-cos(2m-p2)| . (7.38)
2-y/p1- (1 —p1) -sin(2r - p2)

Over some operations that do not change the essence of the result (scaling,
reflection, and coordinate permutation of the input samples, rigid rotation
on the sphere), this is identical to the equi-areal Lambert projection (7.9).
It is well known that Fibonacci lattices, mapped to the 2-sphere via the
Lambert equal-area projection, yield locally homogeneous, uniform point
sets [167] (see Figure 7.2Db).

7.2.4.C | (Hypersphere S*) For the hypersphere S3, sphere surface and

surface element is

A(S?) =2n* | (7.39)
dV = sin? (1) sin(p2) dpy dpa des (7.40)

The density function is

(1) = %Sin2(§01) ; (7.41)
7 (p2) = %Sin(tpz) ; (7.42)
52 (p3) = % (7.43)

and the cumulative distribution

1 1

F(p1) = —~ (sol — 5 sin(2 <p1)> : (7.44)
1 —cos

F{ (p2) = % ; (7.45)
¢

FY (ps) = 32 (7.46)
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7.2 Hyperspherical Manifold

Quantile functions are

A0 ={or 1p =1 (er-gomzen)} . @an
$(p2) = cos™ (1 -2 pa) (7.48)
O (ps) =2 ps (7.49)

where a 1D root finding method is used in () as described in 7.4.2. Back
in Cartesian coordinates, this reads

T=¢%0Q®:[0,1)° = S°, (7.50)
cos(¢1(p1))
_[sin(pi(p1)) - (1 =2 p2)
T0 =V nam) 2+ Vs (T =pa) -cos@rops)| © TPV
sin(e1(p1)) -2+ v/p2 - (1 — p2) - sin(27 - p3)
where

oito) = @) = {11 = (01— oo} - (72

(Hypersphere S*) For s > 3, closed form solutions of the

cumulative distributions Ft(s) do exist [178, p. 164], but not of all the
quantile functions QES). Refer to Section 7.4 for efficient ways to compute
them numerically.

Von Mises—Fisher Density

We have the vMF density function
fO @) =c-exp{r-p'z} (7.53)
x €S* C R¥H! (7.54)

with its normalization constant

c=—— 7.55
o) ) (7.55)
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where I, denotes the modified Bessel function of the first kind [1, pp. 374—
377] at order v. After centering to u = e, and transformation to spherical
coordinates, this simplifies to

f(s)(f) =c-exp{k-cos(p1)} . (7.56)
We get the cumulative distribution
hd
F®) (o) = / F9(p)dv (7.57)
u=0
ﬁ S
= / . efrcos(ui) | H(sinsit(ut) dut) (7.58)
u=0 t=1
©®1 id Pt
=c- (/ eeos(u) sins_l(u1)> H(/ sin® " (ug) dut) .
u1=0 =9 u=0
(7.59)

The first marginal cumulative Fl(s) is

Y1
Fl(S) (4101) — Cl/ en-cos(u1) Sins_l(ul)dul ’ (760)

u1=0

_ L)
- s s K2 ’

VaT(3) ol 55 )
where I'(z) is the Euler gamma function [1, pp. 255-258], and oF(; a; 2) is
the confluent hypergeometric limit function [134, Chap. 3|. As described in
Section 7.4, the quantile Qgs), i.e., the inverse of Fl(s), can, e.g., be obtained
as the solution of the initial value problem

1
! = 7.62
4 ¢y - e eos(v) . gin®~1(y) (7.62)

y(0) =0 . (7.63)

1 (7.61)

The other marginal cumulative distributions,

Pt

F¥(p,) = ¢t - / sin®f(uy) duy, te€{2,3,...,s}, (7.64)

us=0
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7.2 Hyperspherical Manifold

(a) k=5 (b) k=10 (¢) k=230 (d) k=280
Figure 7.3: Sets of 100 vMF samples with different concentration parameters
K, produced by orthogonal inverse transform of a Fibonacci—Kronecker lattice.

are the same as those we have already seen for the uniform distribution
(7.23).

7.2.5.A| (Circle S*) The vMF distribution on the S! circle is identical

to the von Mises distribution
fO(p) =c-eres@dy | (7.65)

Cumulative and quantile functions are not available in closed form; there-
fore, one of the methods in Section 7.4 should be applied directly to

F.
7.2.5.B | (Sphere §?) For the vMF density on S?, we do obtain closed-

form solutions for the separable cumulative distribution

F (1) = e - (e — e | (7.66)
Fy? (p2) = 92% ; (7.67)
as well as the quantile function
©0) = o5 (Fron(e —p (e =) (7.69)
= cos ! <1 + % -loglp(p - expml(—2/<v))) , (7.69)
Plgy=2m-q, (7.70)
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where (7.69) is a numerically more stable variant of (7.68) by using the
often available functions

loglp(z) = log(1 + ) (7.71)
expml(z) =e” — 1 (7.72)

that avoid cancellation errors from floating point operations. Note that
this result is very similar to [103, Sec. II.A] and [80, Sec. 3.2]. Thus, we
obtain the complete quantile function

Q® : 0,1 - R (7.73)
(2) 52)(171)
Q7 (p) = @ (| (7.74)

that transforms uniform samples to vMF samples in spherical coordinates
(¢1,p2). Finally, with the orthogonal mapping

T=c®oQ®:R> 82 (7.75)

we can turn any 2D low-discrepancy (or, trivially, random) sequence z}'
into vMF distributed samples g{ in Cartesian coordinates

z] =T(z}) , (7.76)
z; ~ f(z) . (7.77)

In particular, choosing the centered Fibonacci-Kronecker lattice (3.41) as
the uniform reference point set, we obtain [O7]

w

ol = [VI-w?-cos(3)| | (7.78)
m-sin(%)

1 21 —1
w=1+=" loglp( ! ~expm1(2/<;)> ) (7.79)
K

ie{1,2,...,L} . (7.80)
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See Figure 7.3 for a visualization. Note that this inverse transform is or-
thogonal but has a singularity which, for small L, deteriorates the dispersion
near it, see Section 6.7.

The possibility mapping Fibonacci lattices to non-uniform spherical densi-
ties, yielding locally homogeneous point sets, has been recognized before
[167] (see Figure 7.2¢).

Acceptance-Rejection Sampling

Acceptance-rejection sampling is a widely used technique to generate ran-
dom samples from probability distributions that are difficult to sample
directly. The basic idea behind it is to generate random samples from a
simpler, known distribution (referred to as the “proposal” or “envelope”
distribution) and then accept or reject these samples based on their re-
lationship to the target distribution. If the rejection operation is done
deterministically and not probabilistically as usual, it is an orthogonal
mapping, however with a discontinuity at the boundary region between
acceptance and rejection. Furthermore, one dimension of the reference
grid is collapsed, which leads to some deterioration of the discrepancy and
disparity.

Suppose f(z) is a complicated density difficult to sample from. However,
there is a proposal density f,,(z) that we can easily draw samples from,
e.g., uniform or Gaussian, and positive constant ¢ such that

f(g) <c- fpp(g) Vo . (7.81)

We then draw proposal samples z,, ~ fop(z) and accept them with
probability

f(@pp)

Py= —— 2R
c- fpp(zpp)

, (7.82)

respectively, yielding samples z ~ f(z).

According to [45], this can be shown as follows.
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o o
. . flx)
‘Area under f(z)
[ ) [ J o Rej s
. .‘ . ccel
[ )
° [
[ 7Y Jo ® e ° ® )
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° /
Y 4 \ d )
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(a) Random proposal samples.

o
. o
O OGO 0O GO GO AWO WO OO

(b) Quasi-Random proposal samples.
Figure 7.4: Rejection sampling of Gaussian mixture (black line) with uni-
form proposal density. Augmented proposal samples (union of red and blue
points) are divided into rejected (red points) and accepted samples (blue points).
Marginalizing out the auxiliary y-coordinate yields the final samples (black
points). Quasi-random proposal yields more locally homogeneous samples (b).
Modified from [O5, Fig. 2].

Lemma 7.1. For random variable  ~ fop(z), z € R®, constant ¢ > 0,
and random variable y with

T o 0<y<c fopl@)

(7.83)
0, otherwise

fpp(y@) = {

i.e., y conditioned on a specific x is uniform in the interval (0, c- fpp()),
the joint density fop(x,y) is uniform in the set

A={zeR’ 0<y<c: fpp(z)} . (7.84)
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(a) Random proposal. (b) Extended Fibonacci proposal.
Figure 7.5: Rejection sampling (blue points) of complicated 2D density (yellow
contour lines). Uniform proposal samples drawn randomly (a) and based on
extended Fibonacci-Frolov lattices (b). Taken from [O5, Fig. 4].

Proof.
fpp Y,z flylz)- f(x) (7.85)
fpp Te fpp(z) , 0<y<e fopl2) (7.86)
, otherwise
_ %7 0<y<C fpp() (787)
0 , otherwise .
O

Lemma 7.2. Let random variable  be uniformly distributed in A C R*.
Then the conditional density f(x|x € B), where B C A, is uniform in B.
(A and B should have non-zero volumes.)
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Proof. The proof is obvious. O

Lemma 7.3. Given (s+ 1)-dimensional random variable [z, y]" uniformly
distributed in

B={zecR’ 0<y<ec-f(x)},

then for the marginal random variable holds x ~ f(x).

Proof.
f@) f@)q
/0 f(y,z)dy=/0 sdy=flz) .
O

In summary, we start with the proposal samples and augment them with
an extra coordinate y that is uniformly distributed in 0 < y < ¢ fpp(2),
yielding samples uniformly distributed in

A={zeR’ 0<y<c- fop(z)}
according to Lemma 7.1. Then we “cut out” the set
B={zeR* 0<y<c-flz)}CA,

yielding samples uniform in 5 according to Lemma 7.2. Finally, a marginal-
ization (removal of the augmented coordinate y) yields the desired samples
z ~ f(z) according to Lemma 7.3. See Figure 7.4a for an intuitive
visualization.

Rejection sampling is traditionally performed with iid random proposal
samples, yielding likewise iid samples for the desired density. Low dis-
crepancy or quasi-random point sets exhibit more local homogeneity. As
in rejection sampling, they can often be used as drop-in replacements of
iid random samples. Using a Fibonacci lattice for proposal sampling, we
obtain much more locally homogeneous samples [O5] (see Figure 7.4b).

For 2D densities, the augmented proposal is 3D. Fibonacci lattices are
well-known only in two dimensions, but a higher-dimensional generalization
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7.4 Numerical Computation of 1D Inverse Transform

of Fibonacci-type Frolov lattices has been proposed recently [140] and
further formalized and evaluated (see Figure 7.5).

o Advantages
— Requires density function handle only. No integral needed.
— No numerical optimization needed.
o Disadvantages
— Suitable proposal density needed.
— Overhead increases exponentially with dimension.
— Somewhat inferior dispersion due to marginalization.

Numerical Computation of 1D Inverse
Transform

In orthogonal inverse transform sampling, we often compute inverse cu-
mulative distributions of 1D density functions. Here, we describe various
ways to do this efficiently.

First of all, f(x) should be normalized such that

[ T ) =1 . (7.88)

1D integrals on a fixed domain can efficiently be computed numerically
[152], so obtaining the normalization constant is never a problem.

Analytic Expression of Q(p)

If the quantile function Q(p) can be expressed in closed form, it can be
used directly as inverse transform. This is the case, e.g., for the Gaussian
density, using the inverse error function.
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Analytic Expression of F'(x)

The cumulative F'(x) is available in closed form but not Q(p). Then, the
inverse function evaluation

ol = F~(zY) (7.89)

? K2

can be done with a nested intervals algorithm like bisection or the one-
dimensional Newton-Raphson method [138, Sec. 9.14+9.4], [103, Sec. II.C].

Inverse Interpolation

The cumulative distribution F'(x)
Fl(z) = f(z) F(=00) =0, (7.90)
can also be computed directly with a numerical ODE solver like ODE45

y'(t) =f(t) y(=00) =0, (7.91)

yielding a series of (¢,y)-tuples that can be used to interpolate F'(x).
Interchanging the coordinates, i.e., interpolating the (y,t)-tuples, yields
an approximation of the wanted quantile function and can propagate the
uniform samples through the inverse of F(z). Note that this is effectively
a tabulation of the quantile function and can be used repeatedly.

Inverse ODE

The quantile function Q(p) can also directly be stated as an ordinary dif-
ferential equation (ODE) [128] given only f(z), without having to compute
the cumulative F'(z) as an intermediate result

y'(t) = (7.92)
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where y(t) here directly represents Q(p). This is an application of the
inverse function theorem and can be proven as follows:

F(Qp)) =p a% (7.93)

F'(Q(p)-Q'(p) =1 | F'(z) = f(z) (7.94)

Q) -Q'(p) =1 | solve for @’ (7.95)
, _ 1

Y0 = 7o) (7.96)

However, one must choose the initial condition more carefully in some cases
to avoid numerical problems. For example, for the Gaussian density, the
initial condition would be

Q(0) = —oo . (7.97)

Also the derivative 3’ may be infinite at the initial condition, causing
numerical problems. This can be resolved by starting from some p € (0, 1)
instead of p = 0 and integrating the ODE to the right and the left,
respectively.

7.45 ODE Event Locations

ODE solvers can detect the exact time when a specific event occurs, e.g., a
moon completes one orbit in an astrophysical simulation. This functionality
can be used to evaluate Q(p) while simulating F'(z) via

y'(t) =f(t) . (7.98)
To do this, define L event functions ev;(t,y)
evi(t,y) =y —ay , ie{1,2,...,L} , (7.99)

such that L event locations (t$V, y$V) are identified and returned. The event
locations ¢V are then the transformed samples

ol = Q) =15, ie{l,2,...,L} . (7.100)

This has the advantage that initial conditions are never a problem: in the
Gaussian case, we would have y(—o0) = 0, compare to (7.97).
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Fast Approximation

In environments where solving ODEs is too computationally expensive,
simple interpolation methods can be used [63, Sec. 4].

Summary

We presented specific formulas for low-dispersion sampling from various
densities: multivariate product-type and Gaussian densities, hyperspher-
ical uniform and von Mises—Fisher densities, and arbitrary densities via
acceptance-rejection. Since these formulas often contain evaluations of
scalar inverse cumulative distributions, we also assembled some ideas to
compute these efficiently using ODE solvers.
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Measure what is measurable,
and make measurable what is not so.

GALILEO GALILEI (1564-1642)

The sampling methods described in this work have been implemented in
the Julia language [10], using the package Distributions [9], [113]. In this
chapter, sampling methods are evaluated with respect to dispersion and
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worst-case integration error. The comparative plots are generated via the
Makie package [31].

Dispersion, Uniform Periodic

Equidistant Points

In the 1D case, the point set with minimal dispersion is simply the
equidistant point set with

1

digpr(PL) =51

(8.1)

This marks the lower bound that is achievable.

Cubic or Regular Lattice
8.1.2.A| (s = 2) For regular or square point configurations (with

samples located at the corners of the squares), the point farthest from all
samples is at the center of the square, so the dispersion is half the diagonal.
Each square cell has a quarter of a sample at each of the four corners,
respectively, i.e., one sample per square cell. With side length a, cell area
A = a?, relation to the number of samples A = %, and diagonal a - v/2, we
obtain

° 1 1
diSpI‘(PL) = % . ﬁ (82)
~ 0707106 - —— (8.3)

VL
8.1.2.B | (Arrbitrary s) Extending this to (hyper-)cubic arrangements

in higher dimensions s, we have

dispr(Py) = ? . (%) . (8.4)
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1.3
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(a) Dispersion of wce-optimal rank-1 lattices in s = 2, from Section 5.2.2.B.

1.2 LatticeRule_OptWce(center)
O LatticeRule_Fibonacci
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(b) Dispersion of wce-optimal rank-1 lattices in s = 3, from Section 5.2.2.C (top).
Dispersion of their three 2D projections is also shown (bottom).
Figure 8.1: Dispersion of rank-1 lattice points with optimal wce. Dashed
lines indicate cubic lattice (8.4), FCC and HCP system (8.8), and BCC lattice
(8.10) in 3D and square (8.2) and equilateral configuration (8.5) in 2D case.
Fibonacci-rank-1 point sets are additionally marked with black circles.
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Closest Packing
8.1.3.A| (s = 2) The densest possible arrangement of equal circles is

the hexagonal packing, a tiling of equilateral triangles. We have a sixth
sample at each of the three corners, respectively, hence A = ﬁ The point
farthest from all samples is the geometric center of the triangle; therefore,

the dispersion is equivalent to the exradius -%. With A = % - a?, we

2.
obtain
o 3 1
dispr(Pr) = V2377 - — 8.5
1
~ 0.620403 - — . 8.6
I (8.6)

See also [26, p. 110].

8.1.3.B| (s = 3) In three dimensions, the face-centered cubic closest

packing (FCC or CCP) and the hexagonal closest packing (HCP) achieve
the most effective packing. Their dispersion can be calculated from the
lattice determinant det and the covering radius R according to

dispr(PL) = L~

(m) 1

For the FCC lattice [26, p. 112] as well as for the HCP system [26, p. 114],
we obtain

-

(8.7)

1

dispr(P) =275 - L5 (8.8)

~ 0.793700 - L5 . (8.9)

Another important arrangement is the body-centered cubic lattice (BCC).

Unlike FCC and HCP, the BCC is not a closest packing but has a smaller
dispersion [26, p. 116]

1

dispr(P) =525 - L5 (8.10)
~ 0.704317 - L™5 . (8.11)
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Rank-1 Lattices from WCE Optimization

8.1.4.A(s=1) For s =1, the equidistant point set has the smallest

discrepancy and also the smallest dispersion (Section 5.2.2.A). The higher-
dimensional wce-optimal rank-1 lattices that we evaluate in the following
all have equidistant 1D marginals.

8.1.4.B| (s =2) We evaluate the periodic dispersion of the 2D rank-1

lattices with globally optimal worst-case error (Section 5.2.2.B). Note that
every other Fibonacci-rank-1 lattice, L € {5,13,34,...}, has a rotated
square arrangement (3.28) and therefore the periodic dispersion of the
square configuration (8.2). The other Fibonacci-rank-1 lattices, L €
{3,8,21,55,...}, have a dispersion between the ones of the square and
the equilateral configuration. The alternating square and approximately
equilateral triangular configurations are also clearly visible in Figure B.1.
The 1D marginals are not shown as they all are precisely the equidistant
point set.

Results: Figures 8.1a and A.2.

8.1.4.C| (s = 3) Likewise we evaluate 3D wce-optimal rank-1 lattices
(Section 5.2.2.C) and their three 2D projections zy, xz,yz. 1D marginals
are all equidistant, so we do not need to plot them.

Results: Figures 8.1b and A.3.

Kronecker Sequences
8.1.5.A|(s =1) We evaluate the dispersion of 1D Kronecker sequences

(Section 3.3.2). They are based on the inverse golden ratio (0.618033...),
the wee-optimal Kronecker generator component for s = 2 (0.580100. . .)
(5.43), the silver ratio or square root of two (0.414213...), the square
root of three (0.732050...), the inverse plastic ratio (0.754877...), and the
inverse square plastic ratio (0.569840...), respectively.
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=== Random
=== Sobol(0)
= 0.569840
= (.754877

1.732050
— 1.414213
= 0.580188

0.618033
LatticeRule_OptWce(center)

2.0

1D dispr(L)- L

Number of Samples L
Figure 8.2: Dispersion of 1D Kronecker sequences. Dashed line indicates disper-

sion of equidistant points, in this case, identical to wce-optimal and equidistant
lattice.

We notice that the two plastic ratio-based Kronecker sequences achieve a
better-than-random dispersion only after a “burn-in” phase of about L = 50
and L = 100, respectively. The best results are achieved by the golden
sequence and the wce-optimal generator from s = 2, closely followed by the
roots of primes. The equidistant point set has a lower dispersion than all
Kronecker sequences. However, it is a closed point set, while Kronecker
sequences are open.

Results: Figures 8.2 and A.1.

8.1.5.B| (s =2) We compare 2D Kronecker sequences that are based

on the plastic ratio (Section 3.3.2.B), the square roots of primes (Sec-
tion 3.3.2.D), and the Kronecker wce optimization (Section 5.3.2.B), with
respect to their periodic dispersions.

176



8.1 Dispersion, Uniform Periodic

137 === Random
=== Sobol(0)
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-~ KroneckerSequence_Roberts(0)
=== KroneckerSequence_PrimeSqrts(0)
=== KroneckerSequence_OptWce(0)

2D dispr(L

0 10 20 30 40 50 60 70 80
Number of Samples L
Figure 8.3: Dispersion of 2D Kronecker sequences (top) and their two 1D

marginals (bottom), respectively. Dashed lines indicate dispersion of square and
hexagonal lattice (2D) and equidistant points (1D).

We notice that the plastic ratio-based Kronecker sequence has the best
2D discrepancy but the worst 1D marginals; this is again the “burn-
in” problem from Section 8.1.5.A. The wce-optimal and roots-of-primes
Kronecker sequences are very similar. The wce-optimal Kronecker sequence
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has slightly worse 2D discrepancy and slightly better 1D discrepancy than
roots-of-primes.

Results: Figures 8.3 and A.2.

8.1.5.C| (s = 3) We also compare the dispersions of the 3D Kro-

necker sequences based on the R3 sequence (Section 3.3.2.C), the square
roots of primes (Section 3.3.2.D), and the wce-optimal Kronecker sequence
(Section 5.3.2.C), along with all their 2D and one-dimensional marginals,
respectively.

We notice again that the R3 sequence has the best 3D but worst 1D dis-
persion. The wce-optimal Kronecker sequence has slightly better dispersion
in 3D, 2D, and 1D than the roots-of-primes sequence.

Results: Figures 8.4 and A.3.
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v Y v n 7 Y T 11 W
=== Random
=== Regular(center)
~== KroneckerSequence_Roberts(0)
=== KroneckerSequence_PrimeSqrts(0)
=== KroneckerSequence_OptWce(0)

3D dispr(L)- L'*

Number of Samples L
Figure 8.4: Dispersion of 3D Kronecker sequences and their 2D and 1D

marginals. Dashed lines indicate dispersion of cubic, FCC, and BCC lattice
(3D), square and hexagonal (2D), and equidistant points (1D).
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Dispersion, Non-Uniform

We apply the novel non-uniform dispersion measure (Section 6.3) to evalu-
ate various Gaussian sampling methods. As a practical approximation, we
compute the dispersion of point set Py, with respect to density f(-) as

1
s

diSPT(PL;f)Zfel%X »/B(ac,'r'(a:)) flu)du cr(z) g, (8.12)
- A B(z,r(z)))

where P.. are the incenters of the simplices of the Delaunay triangulation
of Pr, with corresponding circumradius 7(z). This simplification neglects,
however, the possibility that, for non-uniform densities, some spheres
smaller than a circumsphere (and touching less than (s + 1) points) may
produce higher values in the argument of the maximization (8.12). Fur-
thermore, spheres outside the convex hull should ideally be incorporated as
well. The integrals are computed numerically using [106] for the scalar case
and [47] for s > 2, where the integrals over the interior of the circumspheres
are formulated in polar (s = 2) and spherical (s = 3) coordinates.

Among others, we compare against the state-of-art LCD-based Gaussian
samples. Thereby LCD_StdNormal uses the C++ implementation from
the nonlinearestimation toolbox [160] that computes SND samples only
[164] that are then transformed to arbitrary Gaussians via the Cholesky
decomposition of the covariance, resulting in increased dispersion. LCD_-
Gauss employs a Julia implementation of [59]. For SND samples, both
implementations should give nearly identical results, differing only due to
different quadrature and nonlinear optimization algorithms, parameters,
and initial guesses, and the additional symmetry constraint in LCD_-
StdNormal.
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T 1
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i

40 50 60 70 80
Number of Samples L
Figure 8.5: Non-uniform dispersion, SND, s = 1.

SRl Isotropic Gaussian

8.2.1.A| (s = 1) Evaluating non-uniform dispersion for the 1D SND,

C =1, over the number of samples L for various sampling methods. Note
that the non-uniform dispersion of a 1D point set that has been obtained
via inverse transform sampling is identical to the uniform dispersion of the
respective uniform point set (Lemma 6.4 and Figure 8.2).
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Results: Figure 8.5.
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Figure 8.6: Non-uniform dispersion, SND, s = 2. Moving average with window

(L—10) < L < (L+10) for better readability. Sample arrangements in Figure 8.7.

(s = 2) Evaluating non-uniform dispersion for a 2D SND,
C = diag(1,1). For small L, the best dispersion is achieved by the Purser
or Fibonacci—Frolov method until it is overhauled by the LCD method for
higher L.

Results: Figures 8.6 and A.4. Samples: Figures 8.7 and A.5.
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Figure 8.7: SND (yellow) with L ~ 21 samples (blue) from various sampling

methods, s = 2. Circumcircle defining the non-uniform dispersion (8.12) shown

in purple.
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Figure 8.8: Non-uniform dispersion, SND, s = 3. Moving average with window

(L —10) < L < (L +10) for better readability.

1.3 A

-
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3D dispr(L; f)- L'?

-
o
1

8.2.1.C| (s = 3) Evaluating non-uniform dispersion for the 3D SND,

C = diag(1,1,1). For smaller L, the best dispersion is achieved by the
Chebyshev2-Frolov method, and for higher L again by the LCD method.

Results: Figures 8.8 and A.6. Samples: Figures 8.9 and A.7.
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Figure 8.9: SND (yellow) with L & 21 samples (blue) from various sampling
methods, s = 3. Projection along first two dimensions, x, y.
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Non-Isotropic Gaussian
8.2.2.A| (s = 2) We define a non-standard Gaussian density with

a 1:2 ratio of standard deviations along the independent marginals (not
aligned with the standard coordinate system) and compute the non-uniform
dispersions. Purser or Fibonacci—Frolov lattice and Fibonacci—Kronecker
lattice achieve the best dispersion, closely followed by the classical Frolov
lattice, the Chebyshev2-Frolov lattice, and the roots-of-primes Kronecker
lattice.

Results: Figures 8.10 and A.8. Samples: Figures 8.11 and A.9.
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Figure 8.10: Non-uniform dispersion, non-standard Gaussian, with 2:1 standard
deviation of singular axes, s = 2. Moving average with window (L —10) < L <
(L + 10) for better readability. Sample arrangements in Figure 8.11.
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Figure 8.11: Anisotropic Gaussian density (yellow) with L ~ 21 samples (blue)

from various sampling methods, s = 2. Circumcircle defining the non-uniform
dispersion (8.12) shown in purple.
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Figure 8.12: Non-uniform dispersion, non-standard Gaussian, with 4:2:1
standard deviation of singular axes, s = 3. Moving average with window

(L —10) < L < (L + 10) for better readability.

8.2.2.B| (s = 3) Similarly, we compare the non-uniform dispersion

for various sampling methods for a Gaussian density with a 1:2:4 ratio of
standard deviations in s = 3. Chebyshev2-Frolov and Purser—Frolov achieve
the best discrepancy, followed by classical Frolov, LCD, and symmetric
wce-optimal rank-1 lattice.
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Figure 8.13: Anisotropic Gaussian density.(yellow) with L =~ 21 samples (blue)

from various sampling methods, s = 3. Projection along first two dimensions,

Z,y.

Results: Figures 8.12 and A.11. Samples: Figures 8.13 and A.12.
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8.3 Worst Case Error, Periodic

We evaluate various point sets with respect to the worst-case integration
error in a periodic Hilbert space (5.31).

Uniform Point Sets
8.3.1.A| (s = 1) Evaluating the wce of 1D uniform point sets. From

the open point sets, the best wce is achieved by the golden sequence,
closely followed by the other component of the 2D wce-optimal Kronecker
sequence and the roots-of-primes. The components of the plastic ratio-based
sequence yield inferior results. The best rate of exactly 1/L is achieved by
the wce-optimal and equidistant point set, which is, however, closed.

Results: Figures 8.14 and A.14.

8.3.1.B| (s = 2) Evaluating the periodic wce of 2D uniform point sets.

From open point sets, wce-optimal Kronecker, Sobol, and roots-of-primes
Kronecker sequences yield the lowest wce, and the plastic ratio-based
sequence is inferior. Random samples have the same rate as the square
regular lattice. The best overall rate of nearly 1/L is achieved by the
wce-optimal rank-1 lattices that include the Fibonacci rank-1 lattices.

Results: Figures 8.15 and A.15.

8.3.1.C| (s = 3) Evaluating the wce of 3D periodic uniform point sets.

Open point set with lowest wce is the wce-optimized Kronecker sequence,
followed by Sobol and roots-of-primes. R3 sequence is inferior. Cubic
lattice is even worse than random. Best overall rate again by the closed
wce-optimized rank-1 lattice.

Results: Figures 8.16 and A.16.
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Figure 8.14: Worst-case integration error, periodic, s = 1.
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Figure 8.15: Worst-case integration error, periodic, s = 2. Black dots indicate
Fibonacci-rank-1 lattice.
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Figure 8.16: Worst-case integration error, periodic, s = 3.
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m Worst Case Error, Aperiodic

We evaluate various point sets with respect to the worst-case integration
error in an aperiodic Hilbert space (5.32).

Uniform Point Sets
8.4.1.A|(s =1) Evaluating the aperiodic wce of 1D uniform point sets.

From the open point sets, the best wce is achieved by the golden sequence,
closely followed by the other component of the 2D wce-optimal Kronecker
sequence and the roots-of-primes. The plastic ratio-based sequence yields
inferior results. The best rate of exactly 1/L is achieved by the wce-optimal
and equidistant point set, which is, however, closed.

Results: Figures 8.17 and A.18.

8.4.1.B| (s =2) Evaluating the wce of 2D periodic uniform point sets.

From open point sets, wce-optimal Kronecker sequence and Sobol sequence
seem to give the lowest wce. Random samples have the same rate as the
square regular lattice. The best overall rate of nearly 1/L is achieved by
the wce-optimal rank-1 lattices that include the Fibonacci rank-1 lattices.

Results: Figures 8.18 and A.19.

8.4.1.C| (s = 3) Evaluating the wce of 3D periodic uniform point

sets. Open point set with lowest wce seems to be wce-optimized Kronecker
sequence, Sobol sequence, and roots-of-primes. The cubic lattice is even
worse than random. Best overall rate by the closed Porser—Frolov and
Chebyshev2-Frolov lattice.

Results: Figures 8.19 and A.20.
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Figure 8.18: Worst-case integration error, aperiodic, s = 2. Black dots indicate

Fibonacci-rank-1 lattice.
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m Discussion

Out of all the available point sets, which one is now the very best that

we should use? This depends on the metric, the number of samples, the
dimension, and the affordable computational complexity. Based a somewhat
subjective review of the figures in Appendix A, two tables are compiled
listing the point sets with lowest dispersion and the lowest wce in certain
scenarios.

Sampling methods are thereby abbreviated as follows, where the colors
correspond to the charts and also help to identify methods that are partic-
ularly often among the best. : Gaussian sampling based on minimizing
a distance of LCDs [59]; sobol: Sobol sequence, a well-known and widely
available method for reference [83], [158]; LR_Fib: Fibonacci-rank-1 lattice
(Section 3.3.1.D); : Lattice rule optained from wce minimiza-
tion (Section 5.2.2); KS_OptWCE: Kronecker sequence obtained from wce
minimization (Section 5.3.2); : Ry Kronecker sequence due to
Martin Roberts (Section 3.3.2.C); ks_PrmSqrt: Kronecker sequence from
roots of primes (Section 3.3.2.D); : Fibonacci—Kronecker sequence
or golden sequence (Section 3.3.2.A); KL_Fib: Fibonacci-—Kronecker lat-
tice (Section 3.3.3.B); KL_OptWCE: Kronecker lattice (Section 3.3.3.A) based
on the (s — 1)-dimensional KS_OptWCE; Fr_Purser: Purser—Frolov lattice
(Section 3.3.4.D and Chapter 4); Fr_Cheb1: Frolov lattice from Chebyshev
polynomials of the first kind (Section 3.3.4.B); : Frolov lattice
from Chebyshev polynomials of the second kind (Section 3.3.4.C).

We distinguish between all point sets (including the closed ones), and open
point sets, i.e., Kronecker sequences, the Sobol sequence, and iid samples,
where more samples can be added while keeping the old ones in place.
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8.5 Discussion

s ‘ Lowest Dispersion Point Sets
‘ all ‘ open
‘ Uniform | SND Gauss ‘ Uniform | SND Gauss
1D
=equidist| =equidist| =equidist| = = =
2D , , KS_- KS_-
Fr_- Fr_- OptWCE OptWCE
=LR_Fib | Purser Purser,
(for KL_Fib
L=Fy)
3D , KS_- KS_-
s Fr_- R , | OptWCE, OptWCE,
Purser Fr_- KS_- Sobol, Sobol,
s Purser OptWCE KS_-
KS_- PrmSqrt s
OptWCE KS_-
PrmSqrt

Table 8.1: Point sets with lowest dispersion, from inspection of Appendices A.1

to A.3.
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S ‘ Lowest WCE Point Sets
| | open
‘ periodic wce aperiodic wce ‘ periodic wce aperiodic wce
1D
=equidist =equidist = =
2D KL_Fib KS_OptWCE KS_OptWCE,
=LR_Fib Sobol
(for L = Fy)
3D Fr_Purser, KS_OptWCE, KS_OptWCE,
Sobol, Sobol,
KS_PrmSqrt KS_PrmSqrt,
4D Fr_Chebl, KS_OptWCE, Sobol,
KL_OptWCE Sobol KS_OptWCE

Table 8.2: Point sets with lowest wce, from inspection of Appendices A.4
and A.5.

We see that in 1D, the equidistant point set is always the best closed

and the golden sequence the best open point set regarding any measure,

dispersion or wce. Low-dispersion uniform samples in any dimension are

(closed), and (open). Low-dispersion

Gaussian samples are best drawn via or Fr_purser (closed), and KS_-

OptWCE (open). Low-discrepancy / low-wce samples are best produced via
(closed, periodic), or KS_OptWCE and Sobol (open).

best drawn via

It is very interesting to see that the point sets yielding lowest aperiodic
wce are in general the same ones that also yield Gaussian samples with the
lowest dispersion, just as predicted in Section 6.7. In particular, this is

e 2D, closed: KL_Fib,
e 3D, closed: Fr_pPurser, ,
e 2D, open: KS_OptWCE,
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e 3D, open: KS_OptWCE, Sobol, KS_PrmSqrt,

m Summary

We evaluated the quality of sampling methods developed in this work,
comparing them to state of art methods. Some standard arrangements like
equidistant points, cubic lattice, and hexagonal packing were reiterated
and included in the evaluation plots for orientation. We saw that the
Fibonacci—rank-1 lattice has a dispersion alternating between the one of a
square lattice and close to the one of a hexagonal packing. Furthermore,
we used the novel non-uniform dispersion to compare Gaussian sampling
methods. We also compared low-discrepancy point sets based on their
periodic and aperiodic worst-case error. Finally, we compiled two tables
with the best low-dispersion and low-wce point sets in various scenarios
and identified the “multiple winners”.
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In literature and in life we ultimately pursue,
not conclusions, but beginnings.

Literature Unbound, 1986
SaM TANENHAUS (*1955)

In this thesis, we have addressed various methods to obtain deterministic
samples of non-uniform densities. Deterministic sampling allows, e.g., more
efficient numerical integration and filtering. In addition to the Euclidean
space R*, we considered sampling on the hypersphere S°.

0.1 Contributions

This thesis dealt with a range of better-than-random sampling methods.
State of the art was extended by some improvements in LCD sampling
and acceptance-rejection sampling, by adding a few missing puzzle pieces
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concerning the highly interesting and long-studied Fibonacci lattices, by
defining a non-uniform dispersion measure, by a method to obtain non-
uniform low-dispersion samples for various densities, and by some low-
discrepancy point sets that have been obtained via a brute force search.

Direct Non-Uniform Sampling

The already known LCD-based sample reduction method in R® has been
extended to the S? sphere. Furthermore, the state-of-art LCD-based
Gaussian sampling has been modified to produce “somewhat-transformable”
samples, enabling caching of SND reference samples that can quickly be
transformed to arbitrary Gaussians with less quality loss than before.
Furthermore, a deterministic and optimization-based variant of acceptance-
rejection sampling for arbitrary densities has been proposed.

Low-Discrepancy Samples

Relationships between the 2D Fibonacci-rank-1, Fibonacci-Kronecker, and
Fibonacci-Frolov lattices have been worked out. Little-known properties
of the Fibonacci—Frolov lattice were presented in detail formally as well
as intuitively. A number of rank-1 lattices and Kronecker sequences with
globally optimal worst-case integration error have been computed. Both
belong to the “multiple winners” in an evaluation with various metrics and
settings (Tables 8.1 and 8.2).

Orthogonal Inverse Transform Sampling

The well-known dispersion measure has been generalized to non-uniform
densities. The well-known inequality between dispersion and discrepancy
has been generalized to non-uniform densities. Based on this, we obtained a
non-uniform low-dispersion sampling method via orthogonal inverse trans-
forms of low-discrepancy point sets. Concrete formulas are given for the
multivariate Gaussian, the hyperspherical uniform, and the hyperspherical
von Mises—Fisher density.
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9.1 Contributions

List of Contributions

It follows a concise summary of key contributions brought forward in this
work, including cross-references.

o Non-uniform dispersion measure (Section 6.3).
o FEffect of mappings on relation between dispersion and discrepancy
(Section 6.6.4).
e Multivariate non-uniform low-dispersion sampling via orthogonal
inverse transform of low-discrepancy points (Section 6.7).
— Multivariate Gaussian low-dispersion samples (Section 7.1.2),
[08], [03].
— Hyperspherical uniform low-dispersion samples (Section 7.2.4).
— Von Mises—Fisher low-dispersion samples (Section 7.2.5), [O7].
o Fibonacci Lattices
— Identify connection between square unit cell configuration [123,
Theorem 3] of Fibonacci-rank-1 lattice and two-dimensional
Fibonacci-Frolov lattice [140] by taking the limit (3.65).
— Identify previously uncrecognized work about a higher-dimensio-
nal extension of two-dimensional Fibonacci-Frolov lattice [140].
Formalize details about its inner working (4.21), (Figure 4.3).
o Point sets with globally optimal worst-case error
— Expand global search for two-dimensional rank-1 lattice rules
[68] to higher numbers of samples and to higher dimensions
(Section 5.2.2 and Appendix C.1).
— Adapt quality measure for fixed L [68] to variable L (5.42),
enabling global search for Kronecker sequences (Appendix C.2).
— Both yield superior results in a variety of settings (Tables 8.1
and 8.2).
e Advancements in LCD sampling
— Improve transformability of Gaussian LCD samples by condi-
tional or component-by-component sampling (Section 2.2.2),
[O1].
— Define LCD directly on S? without linearization (Section 2.2.1).
Exploit symmetry and find closed form distance measure for
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Dirac mixture densities (2.27). Apply to spherical sample
reduction [09].
e Acceptance-Rejection sampling
— Acceptance-rejection sampling with low-discrepancy point sets
(Section 7.3), [O5].
— Starting from acceptance-rejection sampling, derive Packing-of-
Volume-Under-Density sampling (Section 7.3), [O6].
e Linear proposal mapping to fully exploit the advantages of low-
discrepancy sampling (Section 6.8.3.B).
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Contents
A.1 Uniform Dispersion . ... ........... 210
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A.3 Anisotropic Gaussian Dispersion . ... ... 218
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Figures don’t lie,
but liars do figure.

CARROLL D. WRIGHT
(1840-1909)

This appendix contains the evaluation plots from Chapter 8 but with a
greater range of L.

209



Chapter A. Evaluation
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Number of Samples L
Figure A.1: Uniform dispersion of 1D Kronecker sequences, Section 8.1.5.A.

The wce-optimal Kronecker sequence generator component from 2D, 0.579800. . .,
is optimized up to Lmax = 177.
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A.1 Uniform Dispersion

=== Sobol(0)
= KroneckerSequence_Roberts(0)
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LatticeRule_OptWce(center)
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2D dispr(L)- /I
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Figure A.2: Uniform dispersion of 2D Kronecker sequences, Section 8.1.5.B.

The wce-optimal Kronecker sequence generator is optimized up to Lmax = 177.
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Figure A.3: Uniform dispersion of 3D Kronecker sequences, Section 8.1.5.C.

The wce-optimal Kronecker sequence generator is optimized up to Lmax = 73.
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Standard Normal Dispersion
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Figure A.4: 2D SND dispersion, Section 8.2.1.B. KroneckerSequence_OptWce
with Lmax = 177. Smoothing for better readability.
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Random Regular(center) Sobol(0 KroneckerSequence_Roberts(1
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Figure A.5: 2D SND (yellow) with L ~ 200 samples (blue).
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Figure A.6: 3D SND dispersion, Section 8.2.1.C. KroneckerSequence_OptWce
with Lmax = 73. Smoothing for better readability.
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Figure A.7: 3D SND (yellow) with L ~ 200 samples (blue). Projection along
first two dimensions, x,y.
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Anisotropic Gaussian Dispersion

218



A.3 Anisotropic Gaussian Dispersion
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Figure A.8: 2D anisotropic Gaussian dispersion, Section 8.2.2.A.

KroneckerSequence_OptWce with Lmax = 177. Smoothing for better readability
(unsmoothed in Figure A.10).
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Figure A.9: 2D anisotropic Gaussian deglsity (yellow) with L~ 200 samples
(blue).

220



A.3 Anisotropic Gaussian Dispersion

0.40 -
— LatticeRule_OptWce(symmetric)
Frolov_Chebyshev2
—— KroneckerLattice_Fibonacci(center,1)
~—— Frolov_Purser
0.35
0.30
0.25
<
S5
B
< 0.20 4
a
x
0.15
0.10
0.05
TTTTTTTTTTTTITTITTITTT TTTTTTTTTTT
§3533385888388388

TTTT
283388588835883885888
Number of Samples L

Figure A.10: 2D anisotropic Gaussian dispersion, Section 8.2.2.A. Best methods
only, except LCD_Gauss due to computation time. No smoothing, zoom in to
read.
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Figure A.11: 3D anisotropic Gaussian dispersion, Section 8.2.2.B.
KroneckerSequence_OptWce with Liyax = 73. Smoothing for better readability
(unsmoothed in Figure A.13).
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Figure A.12: 3D anisotropic Gaussian density (yellow) with L & 200 samples
(blue). Projection along first two dimensions, z,y.
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Figure A.13: 3D anisotropic Gaussian dispersion, Section 8.2.2.B. Best methods
only. No smoothing, zoom in to read.
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A.4 Periodic Worst-Case Error

m Periodic Worst-Case Error
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Figure A.14: 1D periodic wce, Section 8.3.1.A. Smoothing for better readability.
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Figure A.15: 2D periodic wce, Section 8.3.1.B. Black dots indicate Fibonacci—

rank-1 lattice. KroneckerSequence_OptWce with Lmax = 177. Smoothing for
better readability.
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Figure A.16: 3D periodic wce, Section 8.3.1.C. KroneckerSequence_OptWce
with Lmax = 73. Smoothing for better readability.
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Figure A.17: 4D periodic wce. KroneckerSequence_OptWce with Lmax = 31.
Smoothing for better readability.
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m Aperiodic Worst-Case Error
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A.5 Aperiodic Worst-Case Error
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Figure A.18: 1D aperiodic wce, Section 8.4.1.A. Smoothing for better re
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Figure A.19: 2D aperiodic wce, Section 8.4.1.B. Black dots indicate Fibonacci—
rank-1 lattice. KroneckerSequence_OptWce with Lmax = 177. Smoothing for
better readability.
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Figure A.20: 3D aperiodic wce, Section 8.4.1.C. KroneckerSequence_OptWce
with Lmax = 73. Smoothing for better readability.
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Figure A.21: 4D aperiodic wce. KroneckerSequence_OptWce with Lmax = 31.
Smoothing for better readability.
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Use a picture.
It’s worth a thousand words.

ARTHUR BRISBANE (1864-1936)

2D Uniform Point Sets

For each construction method of uniform point sets in s = 2, we show
a matrix of figures with different numbers of samples L. Unless stated
otherwise, L increases with a fixed increment AL = 5 between two entries
from left to right and top to bottom, varying from L =5 to L = 100.
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Figure B.3: Classical Frolov Lattice (3.44).
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Figure B.4: Frolov Lattice from Chebyshev polynomials of second kind (3.59).
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Figure B.8: Rank-1 lattices (5.40) with globally minimal wce (5.31). L €
[41,60], AL = 1.
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Chapter B. Visualization of Point Sets

L=5 L=10 L=20
(&) Ol-1©0 e ol- O e e °
- ° - o o ® o
. PY - ® : ® o o
- [ J | ® [ ] o - [ ] [ ) [ ] @
- ° - o o
| ® oll-| @ oll- e o o (¢)
R ° . e o . ) [ J [ a
- ® oll-/l® o O |- ® o o (¢}
L=25 L=30 — L=40 —
| O [ J o e O EO.. [} e O|: O.... e ©
| @ o [ ol:| @ ® o® Q= h ® ® ...O
1 e® o o : e® o o 1 ......
11 @ 0 0@ Of:)0 e @9g¢g - ®q0 0% 0
= ) [ ] [ ) s ) o ® () 5 ) ....
| ® e e Oll:|]® ®© e @ 9f: ..... e O
il e® O d:| e e® O (: o 09g0,4¢

® o o o0°©

.OOOO OO

[}
[}
[}
@
[
[ )
[}
(©)

()

o ® q
o0 _oo

°

°

()

0

Pn®go®ge
80909080

2

[ 1)
00 00

(815}
r=Y
raY

(o]o}

on

Figure B.9: Plastic ratio / Rz Kronecker sequence (3.38), a =
[0.754877...,0.569840...] .
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B.1 2D Uniform Point Sets

:.O e o

(3.39), a

Figure B.10:
[1.414213...,1.732050...] .

Square of Primes Kronecker sequence
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Chapter B. Visualization of Point Sets
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Figure B.11: Optimized wce Kronecker sequence (5.43), a =
[0.579800...,0.618030.. .]T. Lmax = 177.
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B.2 3D Uniform Point Sets

3D Uniform Point Sets

For each construction method of uniform point sets in s = 3, we show a
matrix of 2D marginals with different numbers of samples L. Each row
from left to right shows the (z,y), (z, z), and (y, z)-marginal. From top to
bottom, we show increasing numbers of samples L = {20, 40, 60, 80, 100}.
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Chapter B. Visualization of Point Sets

Figure B.12: Classical Frolov Lattice (3.45)
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B.2 3D Uniform Point Sets
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Figure B.13: Frolov Lattice from Chebyshev polynomials of second kind (3.60).
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Chapter B. Visualization of Point Sets
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Figure B.14: Fibonacci-—Frolov Lattice (4.29).
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B.2 3D Uniform

Point Sets
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Figure B.15: Rank-1 lattices (5.41) with globally minimal wce (5.31). L €

[1,5], AL = 1.
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Chapter B. Visualization of Point Sets
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Figure B.16: Rank-1 lattices (5.41) with globally minimal wce (5.31). L €
[6,10], AL = 1.
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B.2 3D Uniform Point Sets
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Figure B.17: Rank-1 lattices (5.41) with globally minimal wce (5.31). L €
[11,15], AL = 1.
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Chapter B. Visualization of Point Sets
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Figure B.18: Rank-1 lattices (5.41) with globally minimal wce (5.31). L €
[16,20], AL = 1.
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B.2 3D Uniform Point Sets
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Figure B.19: Rank-1 lattices (5.41) with globally minimal wce (5.31). L €
[21,25], AL = 1.
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Chapter B. Visualization of Point Sets
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Figure B.20: Rank-1 lattices (5.41) with globally minimal wce (5.31).

26,30], AL = 1.
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B.2 3D Uniform Point Sets
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Figure B.21: Rank-1 lattices (5.41) with globally minimal wce (5.31).

[31,35], AL = 1.
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Chapter B. Visualization of Point Sets
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Figure B.22: Rank-1 lattices (5.41) with globally minimal wce (5.31).

36,40], AL = 1.
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B.2 3D Uniform Point Sets
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Figure B.23: Martin Roberts / Rs Kronecker sequence (3.38), a =
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B.2 3D Uniform Point Sets
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Chapter C. Numeric Representations of Point Sets

Rank-1 Lattices with Optimal wce

Rank-1 lattices, Section 5.2.2, with globally minimal wce (5.31). Format:
in each vector, the first element is the number of samples L, and the
remaining entries are the generating vector gzpt. For example, vector
[21, 1, 8] encodes the 2D point set

1|1

L= — 1 ) 1,....2 . C.1
=57 |g mod 1 , i€{0,1,...,20} (C.1)

59, 1, 18], 117, 1, 43], 175, 1, 471,
2,1, 1], 60, 1, 13], 118, 1, 35], 176, 1, 65],
3, 1, 11, 61, 1, 171, 119, 1, 44], 177, 1, 49],
4, 1, 1], 62, 1, 231, 120, 1, 491, 178, 1, 491,
5, 1, 2], 63, 1, 171, 121, 1, 46], 179, 1, 741,
6, 1, 1], 64, 1, 191, 122, 1, 33], 180, 1, 41],
7,1, 2], 65, 1, 191, 123, 1, 34], 181, 1, 701,
8, 1, 3], 66, 1, 25], 124, 1, 297, 182, 1, 53],
9, 1, 2] 67, 1, 181, 125, 1, 271, 183, 1, 671,
10, 1, 3], 68, 1, 251, 126, 1, 551, 184, 1, 431,
11, 1, 3], 69, 1, 191, 127, 1, 291, 185, 1, 68],
12, 1, 5], 70, 1, 291, 128, 1, 471, 186, 1, 55],
13, 1, 5], 71, 1, 211, 129, 1, 497, 187, 1, 711,
14, 1, 31, 72, 1, 191, 130, 1, 471, 188, 1, 69],
15, 1, 4], 73, 1, 271, 131, 1, 501, 189, 1, 55],
16, 1, 71, 74, 1, 311, 132, 1, 35], 190, 1, 53],
17, 1, 5], 75, 1, 291, 133, 1, 39], 191, 1, 741,
18, 1, 5], 76, 1, 211, 134, 1, 39], 192, 1, 717,
19, 1, 71, 77, 1, 181, 135, 1, 41], 193, 1, 81],
20, 1, 9], 78, 1, 171, 136, 1, 53], 194, 1, 751,
21, 1, 8], 79, 1, 301, 137, 1, 31], 195, 1, 591,
22, 1, 5], 80, 1, 311, 138, 1, 371, 196, 1, 751,
23, 1, 71, 81, 1, 311, 139, 1, 39], 197, 1, 711,
24, 1, 71, 82, 1, 231, 140, 1, 41], 198, 1, 53],
25, 1, 71, 83, 1, 301, 141, 1, 591, 199, 1, 55],
26, 1, 71, 84, 1, 191, 142, 1, 31], 200, 1, 59],
27, 1, 8], 85, 1, 231, 143, 1, 591, 201, 1, 56],
28, 1, 5], 86, 1, 251, 144, 1, 55], 202, 1, 73],
29, 1, 12], 87, 1, 191, 145, 1, 44], 203, 1, 46],
30, 1, 11], 88, 1, 191, 146, 1, 41], 204, 1, 89],
31, 1, 13], 89, 1, 341, 147, 1, 41], 205, 1, 76],
32, 1, 7] 90, 1, 171, 148, 1, 411, 206, 1, 63],
33, 1, 10], 91, 1, 271, 149, 1, 44], 207, 1, 76],
34, 1, 13], 92, 1, 211, 150, 1, 61], 208, 1, 791,
35, 1, 13], 93, 1, 25], 151, 1, 56], 209, 1, 80],
36, 1, 11], 94, 1, 391, 152, 1, 411, 210, 1, 59],
37, 1, 11], 95, 1, 391, 153, 1, 55], 211, 1, 64],
38, 1, 17], 96, 1, 291, 154, 1, 45], 212, 1, 81],
39, 1, 16], 97, 1, 351, 155, 1, 461, 213, 1, 62],
40, 1, 111, 98, 1, 27], 156, 1, 37], 214, 1, 65],
41, 1, 12], 99, 1, 29 157, 1, 461, 215, 1, 58],
42, 1, 13], 100, 1, 417, 158, 1, 571, 216, 1, 49],
43, 1, 12], 101, 1, 391, 159, 1, 44], 217, 1, 64],
44, 1, 13], 102, 1, 23], 160, 1, 43], 218, 1, 5971,
45, 1, 191, 103, 1, 371, 161, 1, 61], 219, 1, 64],
46, 1, 17], 104, 1, 291, 162, 1, 43], 220, 1, 93],
47, 1, 13], 105, 1, 311, 163, 1, 62], 221, 1, 62],
48, 1, 11], 106, 1, 311, 164, 1, 671, 222, 1, 91],
49, 1, 19], 107, 1, 471, 165, 1, 461, 223, 1, 68],
50, 1, 191, 108, 1, 291, 166, 1, 49], 224, 1, 97],
51, 1, 14], 109, 1, 451, 167, 1, 461, 225, 1, 62],
52, 1, 11], 110, 1, 311, 168, 1, 711, 226, 1, 69],
53, 1, 23], 111, 1, 411, 169, 1, 701, 227, 1, 94],
54, 1, 17], 112, 1, 31], 170, 1, 471, 228, 1, 61],
55, 1, 211, 113, 1, 35], 171, 1, 50], 229, 1, 94],
56, 1, 17], 114, 1, 251, 172, 1, 63], 230, 1, 83],
57, 1, 13], 115, 1, 34], 173, 1, 64], 231, 1, 50],
58, 1, 171, 116, 1, 451, 174, 1, 711, 232, 1, 85],
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C.1 Rank-1 Lattices with Optimal wce

233, 1, 89], 300, 1, 89], 367, 1, 991, 434, 1, 121],
234, 1, 711, 301, 1, 891, 368, 1, 1071, 435, 1, 133],
235, 1, 631, 302, 1, 1117, 369, 1, 80] 436, 1, 129],
236, 1, 651, 303, 1, 116], 370, 1, 133], 437, 1, 169],
237, 1, 98], 304, 1, 113], 371, 1, 144], 438, 1, 121],
238, 1, 93], 305, 1, 112], 372, 1, 109], 439, 1, 136],
239, 1, 701, 306, 1, 651, 373, 1, 109], 440, 1, 129],
240, 1, 711, 307, 1, 119], 374, 1, 155], 441, 1, 1671,
241, 1, 1057, 308, 1, 1171, 375, 1, 103], 442, 1, 1371,
242, 1, 65], 309, 1, 701, 376, 1, 105], 443, 1, 1861,
243, 1, 94], 310, 1, 711, 377, 1, 144], 444, 1, 97]
244, 1, 55], 311, 1, 115], 378, 1, 139], 445, 1, 163],
245, 1, 88], 312, 1, 131], 379, 1, 111], 446, 1, 165],
246, 1, 951, 313, 1, 121], 380, 1, 141], 447, 1, 1301,
247, 1, 68], 314, 1, 129], 381, 1, 140], 448, 1, 131],
248, 1, 91], 315, 1, 921, 382, 1, 141], 449, 1, 1651,
249, 1, 76], 316, 1, 691, 383, 1, 106], 450, 1, 971,
250, 1, 671, 317, 1, 1217, 384, 1, 139], 451, 1, 105],
251, 1, 701, 318, 1, 113], 385, 1, 102], 452, 1, 167]
252, 1, 73], 319, 1, 139], 386, 1, 141], 453, 1, 1721,
253, 1, 74], 320, 1, 93], 387, 1, 104], 454, 1, 99]
254, 1, 75], 321, 1, 941, 388, 1, 163], 455, 1, 173],
255, 1, 921, 322, 1, 891, 389, 1, 115], 456, 1, 191],
256, 1, 751, 323, 1, 94], 390, 1, 109], 457, 1, 1921,
257, 1, 711, 324, 1, 951, 391, 1, 145], 458, 1, 123],
258, 1, 711, 325, 1, 1417, 392, 1, 149], 459, 1, 140],
259, 1, 1007, 326, 1, 991, 393, 1, 116], 460, 1, 129],
260, 1, 791, 327, 1, 971, 394, 1, 1171, 461, 1, 1401,
261, 1, 1007, 328, 1, 711, 395, 1, 142], 462, 1, 1791,
262, 1, 611, 329, 1, 1361, 396, 1, 109], 463, 1, 1791,
263, 1, 109], 330, 1, 891, 397, 1, 151], 464, 1, 141],
264, 1, 1091, 331, 1, 1297, 398, 1, 111], 465, 1, 128],
265, 1, 741, 332, 1, 89] 399, 1, 121], 466, 1, 129],
266, 1, 791, 333, 1, 101], 400, 1, 117], 467, 1, 193],
267, 1, 791, 334, 1, 129], 401, 1, 119], 468, 1, 181],
268, 1, 991, 335, 1, 123], 402, 1, 1571, 469, 1, 131],
269, 1, 75], 336, 1, 127], 403, 1, 119], 470, 1, 193],
270, 1, 971, 337, 1, 128], 404, 1, 169], 471, 1, 193],
271, 1, 801, 338, 1, 129], 405, 1, 1571, 472, 1, 185],
272, 1, 103], 339, 1, 100], 406, 1, 109], 473, 1, 181],
273, 1, 1001, 340, 1, 101], 407, 1, 119], 474, 1, 131],
274, 1, 81], 341, 1, 104], 408, 1, 169], 475, 1, 196],
275, 1, 76], 342, 1, 101], 409, 1, 121], 476, 1, 1091,
276, 1, 731, 343, 1, 131], 410, 1, 1731, 477, 1, 1961,
277, 1, 811, 344, 1, 105], 411, 1, 891, 478, 1, 1751,
278, 1, 85], 345, 1, 143], 412, 1, 173], 479, 1, 145],
279, 1, 65], 346, 1, 105], 413, 1, 1217, 480, 1, 209],
280, 1, 1077, 347, 1, 134], 414, 1, 97] 481, 1, 134],
281, 1, 109], 348, 1, 103], 415, 1, 152], 482, 1, 1771,
282, 1, 109], 349, 1, 1061, 416, 1, 115], 483, 1, 128],
283, 1, 104], 350, 1, 93], 417, 1, 154], 484, 1, 135],
284, 1, 1051, 351, 1, 80], 418, 1, 159], 485, 1, 178],
285, 1, 83], 352, 1, 971, 419, 1, 1551, 486, 1, 2051,
286, 1, 791, 353, 1, 149], 420, 1, 89] 487, 1, 144],
287, 1, 106], 354, 1, 131], 421, 1, 164], 488, 1, 181],
288, 1, 119], 355, 1, 99] 422, 1, 161], 489, 1, 106],
289, 1, 80], 356, 1, 147], 423, 1, 131], 490, 1, 1871,
290, 1, 81], 357, 1, 109], 424, 1, 153], 491, 1, 145],
291, 1, 851, 358, 1, 147], 425, 1, 1571, 492, 1, 143],
292, 1, 1117, 359, 1, 105], 426, 1, 119], 493, 1, 191],
293, 1, 81], 360, 1, 133], 427, 1, 163], 494, 1, 1471,
294, 1, 891, 361, 1, 100], 428, 1, 133], 495, 1, 188],
295, 1, 1081, 362, 1, 107], 429, 1, 131], 496, 1, 133],
296, 1, 831, 363, 1, 134], 430, 1, 119], 497, 1, 152],
297, 1, 1097, 364, 1, 135], 431, 1, 128], 498, 1, 193],
298, 1, 91l, 365, 1, 101], 432, 1, 179],
299, 1, 116], 366, 1, 1431, 433, 1, 1791,
-
s=3
. . . 1 | [16, 1, 3, 5], | | [31, 1, 7, 91, | | [46, 1, 13, 17]
| [2, 1, 1, 1], | | [17, 1, 3, 5], | | [32, 1, 5, 7], | | [47, 1, 10, 18],
| 3, 1, 1, 1], | | [18, 1, 5, 7], | | [33, 1, 4, 10], | | [48, 1, 5, 17],
| [a, 1, 1, 1], | | [19, 1, 7, 8], | | [34, 1, 9, 131, | | [49, 1, 13, 19],
| 6, 1, 1, 2], | | [20, 1, 3, 7], | | [35, 1, 6, 8], | | [50, 1, 11, 19]
| I8, 1, 1, 11, | | [21, 1, 4, 5], | | [36, 1, 11, 131, | | [51, 1, 11, 16]
| [7, 1, 2, 3], | | [22, 1, 7, 9], | | [37, 1, 8, 101, | | [52, 1, 9, 23],
| 8, 1, 3, 3], | | [23, 1, 6, 9], | | (38, 1, 7, 11], | | [63, 1, 19, 227,
| [9, 1, 2, 4], | | [24, 1, 7, 11], | | (39, 1, 16, 171, | | (54, 1, 7, 171,
| [10, 1, 1, 3], | | [25, 1, 9, 111, | | [40, 1, 7, 171, | | [55, 1, 12, 217,
| [11, 1, 2, 3], | | [26, 1, 3, 71, | | [41, 1, 12, 161, | | [56, 1, 9, 151,
| [12, 1, 1, 5], | | [27, 1, 8, 101, | | [42, 1, 5, 13], | | [87, 1, 13, 20],
| [13, 1, 3, 4], | | [28, 1, 3, 5], | | (43, 1, 9, 12], | | (68, 1, 11, 17],
| [14, 1, 3, 5], | | [29, 1, 8, 12], | | (44, 1, 7, 13], | | [59, 1, 14, 18],
| [15, 1, 2, 41, | | [30, 1, 7, 111, | | [45, 1, 8, 171, | | [60, 1, 11, 131,

265
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61, 1, 13, 19], 86, 1, 15, 25], 111, 1, 34,
62, 1, 13, 17], 87, 1, 13, 19], 112, 1, 31,
63, 1, 17, 26], 88, 1, 13, 171, 113, 1, 30,
64, 1, 19, 23], 89, 1, 20, 32], 114, 1, 25,
65, 1, 17, 19], 90, 1, 17, 19], 115, 1, 24,
66, 1, 17, 29], 91, 1, 19, 32], 116, 1, 35,
67, 1, 14, 18], 92, 1, 15, 35], 117, 1, 34,
68, 1, 19, 21], 93, 1, 14, 22], 118, 1, 25,
69, 1, 16, 19], 94, 1, 35, 39], 119, 1, 16,
70, 1, 13, 27], 95, 1, 28, 36], 120, 1, 43,
71, 1, 15, 217, 96, 1, 23, 29], 121, 1, 38,
72, 1, 7, 19] 97, 1, 21, 36], 122, 1, 23,
73, 1, 19, 30], 98, 1, 27, 29], 123, 1, 32,
74, 1, 11, 29], 99, 1, 23, 411, 124, 1, 23,
76, 1, 16, 29], 100, 1, 27, 29], 125, 1, 23,
76, 1, 27, 31], 101, 1, 22, 37], 126, 1, 19,
77, 1, 24, 30], 102, 1, 19, 23], 127, 1, 45,
78, 1, 17, 29], 103, 1, 18, 291, 128, 1, 37,
79, 1, 15, 24], 104, 1, 25, 31], 129, 1, 35,
80, 1, 17, 31], 105, 1, 32, 441, 130, 1, 47,
81, 1, 11, 31], 106, 1, 41, 45], 131, 1, 30,
82, 1, 23, 31], 107, 1, 31, 41], 132, 1, 35,
83, 1, 30, 36], 108, 1, 23, 291, 133, 1, 39,
84, 1, 25, 37], 109, 1, 19, 251, 134, 1, 29,
85, 1, 23, 26], 110, 1, 19, 291, 135, 1, 41,

i8, 1, 1, 5, 7],
2, 1, 1, 1, 1], 19, 1, 3, 4, 5],
3, 1, 1, 1, 1], 20, 1, 3, 7, 91,
4, 1, 1, 1, 1], 21, 1, 2, 5, 8],
5, 1, 1, 2, 2], 22, 1, 3, 5, 71,
6, 1, 1, 1, 1], 23, 1, 4, 5, 71,
7,1, 1, 2, 3], 24, 1, 5, 7, 111,
8, 1, 1, 3, 3], 25, 1, 4, 6, 9],
9, 1, 1,2, 4], 26, 1, 3, 5, 71,
10, 1, 1, 3, 3], 27, 1, 4, 7, 11],
11, 1, 2, 3, 4], 28, 1, 3, 5, 11],
12, 1, 1, 5, 5], 29, 1, 8, 9, 121,
13, 1, 4, 5, 6], 30, 1, 7, 11, 13],
14, 1, 1, 3, 5], 31, 1, 8, 11, 12],
15, 1, 2, 4, 7], 32, 1, 7, 9, 15],
16, 1, 3, 5, 7], 33, 1, 4, 7, 101,
17, 1, 3, 4, 5],
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136, 1, 25, 41],
137, 1, 37, 43],
138, 1, 31, 43],
139, 1, 21, 30],
140, 1, 19, 41],
141, 1, 25, 61],
142, 1, 33, 41],
143, 1, 40, 54],
144, 1, 43, 55],
145, 1, 34, 46],
146, 1, 27, 41],
147, 1, 23, 43],
148, 1, 35, 41],
149, 1, 45, 55],
150, 1, 47, 59],
151, 1, 35, 56],
152, 1, 53, 63],
153, 1, 35, 55],
154, 1, 23, 43],
155, 1, 36, 56],
156, 1, 35, 471,
9, 13, 151, |
6, 8, 13], |
5, 11, 13], |
8, 11, 14], |
5, 7, 9], |
4, 14, 171, |
7,9, 171, |
9, 12, 15], |
11, 13, 171, |
9, 12, 151, |
3, 7, 131, |
8, 17, 19], |
9, 13, 171, |
7, 11, 171, ‘
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Kronecker Sequences with Optimal wce

Kronecker sequences, Section 5.3.2, with globally minimal wce (5.31).
Format: in each vector, the first element is the maximum number of samples
Lax the worst case error is optimized for, and the remaining entries are the
generator aS** . For example, vector [100, 0.381988, 0.419810] encodes

Lmax

the point set

0.381988

267

*10.419810 mod1, i€{0,1,...,L}, L<100. (C.2)
s=1
60, 0.38192429120835275] , 115, 0.38197307214947529] ,
5, 0.39533333333333331], 61, 0.38192547806470534] , 116, 0.38197246794127621],
6, 0.38745098039215686], 62, 0.38192707429981143], 117, 0.38197189076511423],
7, 0.38387806250319678], 63, 0.38192859155882342], 118, 0.38197130485031583] ,
8, 0.38102439955574069] , 64, 0.38193093501586578] , 119, 0.38197078800172202] ,
9, 0.38115688707044815], 65, 0.38193403965687334] , 120, 0.38197034232098664] ,
10, 0.38213146888384986] , 66, 0.38193714290895237], 121, 0.38196990642743828],
11, 0.38245622173144145], 67, 0.38194071989102796] , 122, 0.38196952541056878] ,
12, 0.38294017203301495], 68, 0.38194450913320194], 123, 0.38196917932929136] ,
13, 0.38328934785663543], 69, 0.38194771728965504] , 124, 0.38196879365610409] ,
14, 0.38315010508369096] , 70, 0.38195062811125319], 125, 0.38196839301840702] ,
15, 0.38292238518811539], 71, 0.38195294458824552] , 126, 0.38196794550300506] ,
16, 0.38257089314556847], 72, 0.38195524152795962] , 127, 0.38196750737111179],
17, 0.38234750508114762], 73, 0.38195750346875007] , 128, 0.38196707754332981],
18, 0.38220664403977656] , 74, 0.38195927444767963] , 129, 0.38196660634784907] ,
19, 0.38202629427083223], 75, 0.38196087938001033] , 130, 0.38196612691923237],
20, 0.38188998149396836] , 76, 0.38196217959536810] , 131, 0.38196562256109562] ,
21, 0.38176458810846731], 77, 0.38196368101773348] , 132, 0.38196515067978543],
22, 0.38172085014686724], 78, 0.38196542586021071], 133, 0.38196471846242330],
23, 0.38173701814744138], 79, 0.38196710240519277] , 134, 0.38196429020950856] ,
24, 0.38175863037711483], 80, 0.38196898682239167] , 135, 0.38196390026189747] ,
25, 0.38181045122160218] , 81, 0.38197098936451934] , 136, 0.38196353926774579],
26, 0.38187414839420186] , 82, 0.38197274045298313], 137, 0.38196316053819701],
27, 0.38191524441225816] , 83, 0.38197439766807256] , 138, 0.38196278319997340] ,
28, 0.38195057984226044] , 84, 0.38197582171625660] , 139, 0.38196238798174897] ,
29, 0.38197161536209773] , 85, 0.38197731522782136] , 140, 0.38196201482906117],
30, 0.38199999921243982], 86, 0.38197888037388916] , 141, 0.38196166484847854] ,
31, 0.38203347428545559] , 87, 0.38198028459739042] , 142, 0.38196130570935583] ,
32, 0.38205813402475952], 88, 0.38198169896360046] , 143, 0.38196096108529087] ,
33, 0.38208380225307753], 89, 0.38198305080194495] , 144, 0.38196062051178081] ,
34, 0.38210657387834446] , 90, 0.38198407659657646] , 145, 0.38196032417087811] ,
35, 0.38211565105217044] , 91, 0.38198487708933809] , 146, 0.38196007787737857] ,
36, 0.38211754358512096] , 92, 0.38198535083080903] , 147, 0.38195985767465368] ,
37, 0.38210976839135130], 93, 0.38198570607368465] , 148, 0.38195968774794425] ,
38, 0.38210126493531799], 94, 0.38198594552006304] , 149, 0.38195956203755399] ,
39, 0.38209217134804663] , 95, 0.38198590788352044] , 150, 0.38195944827106743],
40, 0.38207756130345266] , 96, 0.38198571608278137], 151, 0.38195935970736844] ,
41, 0.38206191121817623] , 97, 0.38198532285745096] , 152, 0.38195928276199553] ,
42, 0.38204405498129740] , 98, 0.38198492547623530] , 153, 0.38195924520543656] ,
43, 0.38202947933161019] , 99, 0.38198455008785637] , 154, 0.38195924769022327],
44, 0.38201828509522995] , 100, 0.38198408440765391], 155, 0.38195926722286544] ,
45, 0.38200725639432132] , 101, 0.38198364317471878], 156, 0.38195932012516476] ,
46, 0.38199891945521525] , 102, 0.38198319913136314], 157, 0.38195939864164569] ,
47, 0.38199225673144704] , 103, 0.38198261000932204], 158, 0.38195947401027935] ,
48, 0.38198405416704173], 104, 0.38198194211688646] , 159, 0.38195955469308596] ,
49, 0.38197579245054042] , 105, 0.38198114184194748], 160, 0.38195962761355889] ,
50, 0.38196642789464774] , 106, 0.38198033679510546] , 161, 0.38195971364714010] ,
51, 0.381958394740656759] , 107, 0.38197953318917899], 162, 0.38195981186752131],
52, 0.38195160674380529] , 108, 0.38197863759741868], 163, 0.38195990221668202] ,
53, 0.38194431030303749], 109, 0.38197772503268562] , 164, 0.38195999694521904] ,
54, 0.38193775641273542] , 110, 0.38197676798325048] , 165, 0.38196008880358367] ,
55, 0.38193140430779154] , 111, 0.38197588659294457] , 166, 0.38196020012652343] ,
56, 0.38192702342583629], 112, 0.38197509798861651] , 167, 0.38196033359145359] ,
57, 0.38192462580881675] , 113, 0.38197433385665569] , 168, 0.38196047454114929],
58, 0.38192301307553911], 114, 0.38197366428447066] , 169, 0.38196063658647245] ,
59, 0.38192303949028072],
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38196081574455393
38196099251132237
38196117429351412
38196135264881415
38196154386131970
38196174820245454
38196195174982800
38196216421697282
38196238089045792
38196258426274454
38196277934992068
38196295809384656
38196313320023667
38196330414835172
38196345863465980
38196360422130515
38196373648626308
38196386937778176
38196400476181269
38196413369871007
38196426488285073
38196439605663335
38196451516444196
38196462702943162
38196472649641727
38196482406145604
38196492014431105
38196500611594231
38196508837761406
38196516414939508
381966524462554932
38196533175435743
38196541915339244
38196551389725875
38196561463167972
38196571240588795
38196581119436035
38196590725273488
38196600888189464
38196611659649093
38196622387102686
38196633578156802
38196645027248555
38196655883789254
38196666412111802
38196676220619308
38196685959099241
38196695614974530
38196704574708951
38196713228294926
38196721356538393
38196729679631397
38196738304086525
38196746778083657
38196755557170170
38196764532306254
38196773080664231
38196781454033080
38196789382849305
38196797417869754
38196805584021498
38196813426415988
38196821282730514
38196829005030819
38196836002152296
38196842447286816
38196848063618566
38196853292603167
38196858121466060
38196862121758529
38196865559331067
38196868279129653
38196870779728814
38196873135735865
38196875032872302
38196876789935402
38196878332776379
38196879226742098
38196879649297666
38196879412583684
38196878905957021
38196878150449193
38196876828404835
38196875181383544
38196873108490259
38196871037013058
38196869049576615
38196866911226268
38196864899605765
38196862971818329
38196860789566195
38196858511231402
38196855996250295
38196853573861828
38196851272138366
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38196848841045450
38196846486552821
38196844133719432
38196841448154784
38196838537452926
38196835246502170
38196831838854323
38196828313223619
38196824423239056
38196820329018150
38196815943002166
38196811563207062
38196807238355923
38196802786061224
38196798398865500
38196794036130016
38196789441009449
38196784720750970
38196779763966382
38196774805064265
38196769858225377
38196764733077548
38196759575557904
38196754325098631
38196749240941019
38196744374599656
38196739584340161
38196735039880708
38196730716115312
38196726406669279
38196722208103129
38196718033850957
38196714085745531
38196710381267823
38196706766104210
38196703366831047
38196700136723000
38196696867535018
38196693624291583
38196690308765135
38196687083173791
38196683945298859
38196680739428396
38196677563569048
38196674360821992
38196671316364733
38196668459539379
38196665674018782
38196663079582005
38196660649183817
38196658218516866
38196655853312117
38196653480701070
38196651247517366
38196649161078833
38196647098092862
38196645149578662
38196643274846037
38196641309886853
38196639299544927
38196637164099273
38196635023492176
38196632872221903
38196630587175756
38196628240047764
38196625783892002
38196623358177484
38196620983030621
38196618566547735
38196616198899952
38196613857376766
38196611413291293
38196608915628538
38196606306423581
38196603697880410
38196601094566657
38196598399874004
38196595683424522
38196592912855354
38196590215154402
38196587614771821
38196585039665110
38196582573604221
38196580203192426
38196577823586275
38196575482161832
38196573134074097
38196570880515601
38196568729910269
38196566603276766
38196564564441116
38196562589176331
38196560570284799
38196558540105935
38196556447277846
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38196554374415004
38196552319900706
38196550202661661
38196548072657927
38196545899779499
38196543779826730
38196541728096783
38196539683869396
38196537709676104
38196535791514830
38196533843108293
38196531898736319
38196529919817934
38196527983699929
38196526094443339
38196524186831526
38196522309139563
38196520439870368
38196518666739704
38196517007341557
38196515412921084
38196513941726196
38196512585237535
38196511271756156
38196510034344205
38196508842407906
38196507766232096
38196506812098996
38196505925671187
38196505151455051
38196504472932863
38196503815783622
38196503202471432
38196502597203980
38196502057448400
38196501582078357
38196501114416037
38196500689172830
38196500285122637
38196499969157077
38196499751949531
38196499590828420
38196499529535427
38196499558137897
38196499615768420
38196499726246946
38196499862088074
38196500077511603
38196500375156045
38196500708670189
38196501111834208
38196501569121327
38196502018171602
38196502475166166
38196502909100727
38196503364791540
38196503839602386
38196504285787986
38196504729972319
38196505153367982
38196505609023307
38196506104350453
38196506603345520
38196507140512109
38196507706677829
38196508251116279
38196508792265210
38196509306718379
38196509837914339
38196510387227794
38196510915982657
38196511451117410
38196511979269787
38196512550526801
38196513174488794
38196513822179251
38196514526941372
38196515283325683
38196516048917828
38196516842479944
38196517645567718
38196518498924792
38196519405904944
38196520334208445
38196521309673281
38196522322274806
38196523327789006
38196524339068744
38196525334536285
38196526347863391
38196527378112749
38196528391320006
38196529407795127
38196530414620333
38196531451441007
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| [455, 0.38196532524522531], | | [465, 0.38196544091749313
| [456, 0.38196533608255079], | | [466, 0.38196545311330582
| [457, 0.38196534728693365] , | | [467, 0.38196546501798950
| [458, 0.38196535879842514] , | | [468, 0.38196547672833353
| [459, 0.38196537025101152], | | [469, 0.38196548805502867
| [460, 0.381965381786240951, | | [470, 0.38196549926918522]
| [461, 0.38196539323766154], | | [471, 0.38196551035436538
| [462, 0.38196540493061187], | | [472, 0.38196552101915854]
| [463, 0.38196541688093621] , | | [473, 0.38196553142477718
| [464, 0.38196542880872703]1, | | [474, 0.38196554145584449
C22 s=2
77,
5, 0.39494530979186898, 0.39494530979186898]|, 78,
6, 0.38721156902859027, 0.38721156902859027]|, 79,
7, 0.38364421343670080, 0.38364421343670080]|, 80,
8, 0.38087753864434121, 0.38087753864434121]]|, 81,
9, 0.38106319363905422, 0.38106319363905422]|, 82,
10, 0.38049366379916577, 0.41796974341472143]]|, 83,
11, 0.38090258865886817, 0.41794044649375001]|, 84,
12, 0.38146809942068910, 0.41791489802883525]|, 85,
13, 0.38189558437643339, 0.41839111036588472]|, 86,
14, 0.38185239270511140, 0.41902528431483316]], 87,
15, 0.38172870011694915, 0.41941282842471533]]|, 88,
16, 0.36843394307659927, 0.41953755471577481]]|, 89,
17, 0.36842705375860380, 0.41970019840840778]|, 90,
18, 0.36844550208273674, 0.41989006712033233]], 91,
19, 0.36844280286118603, 0.42006071042967219]|, 92,
20, 0.36853470443376785, 0.42010500439517218]|, 93,
21, 0.36868958964940668, 0.42009616412145995]|, 94,
22, 0.36797288571840686, 0.41999918799250874]|, 95,
23, 0.36782010611984173, 0.41991162976106805]|, 96,
24, 0.36918163137514237, 0.41983532379089650]|, 97,
25, 0.36932235854190915, 0.41977447357614106]|, 98,
26, 0.36945169785492088, 0.41973818250762923]|, 99,
27, 0.36956030210826896, 0.41969373022117273]|, 100,
28, 0.36962615873724802, 0.41965559653181667]|, 101,
29, 0.36966904948184959, 0.41961189641287211]|, 102,
30, 0.36968656891302182, 0.41957968820115410]|, 103,
31, 0.36970112063752708, 0.41955315347611161]|, 104,
32, 0.36712398788399303, 0.41953035927103521]|, 105,
33, 0.36710216161832437, 0.41953940805135370]|, 106,
34, 0.38195988285199872, 0.41969023238102349]|, 107,
35, 0.38198288688808046, 0.41969827726338615]|, 108,
36, 0.38199680671159469, 0.41970760902912835]|, 109,
37, 0.38199939681293804, 0.41972449485875918]|, 110,
38, 0.38199961309121616, 0.41974583313852892]|, 111,
39, 0.38199781418272827, 0.41976347436794226]|, 112,
40, 0.38198954606594981, 0.41977976501223602]|, 113,
41, 0.38197941632591381, 0.41979129792960790]|, 114,
42, 0.38196643070406722, 0.41980215683188898]|, 115,
43, 0.38195601788747546, 0.41981093798624214]|, 116,
44, 0.38194848591076341, 0.41982192475468666]|, 117,
45, 0.38194080845808059, 0.41983454727221886]|, 118,
46, 0.38193560908069324, 0.41984516418087359]|, 119,
47, 0.38193191208931515, 0.41985533340703307]|, 120,
48, 0.38192654022666467, 0.41986336749399772]|, 121,
49, 0.38192101277202001, 0.41987165146617389]|, 122,
50, 0.38191432139544884, 0.41987958732474318]|, 123,
51, 0.38190902709042784, 0.41988454675978493]|, 124,
52, 0.38190499979664877, 0.41988751400940677]|, 125,
53, 0.38190041491210236, 0.41988738293095568]|, 126,
54, 0.38189650336516745, 0.41988582724855567]|, 127,
55, 0.38189271809861525, 0.41988253657044483]|, 128,
56, 0.38189090568673667, 0.41987947722303010]|, 129,
57, 0.38189103714256178, 0.41987660132409893]|, 130,
58, 0.38189184261615733, 0.41987258437833269]|, 131,
59, 0.38189415028753654, 0.41986813965459724]|, 132,
60, 0.38189754728707626, 0.41986270381578289]|, 133,
61, 0.38190075309214033, 0.41985732268237347]|, 134,
62, 0.38190422995504392, 0.41985179119158950]|, 135,
63, 0.38190748189797635, 0.41984719528523379]|, 136,
64, 0.38191139083557213, 0.41984352134322772]|, 137,
65, 0.38191590739703141, 0.41983994563445631]|, 138,
66, 0.38192030042429570, 0.41983686762777034]|, 139,
67, 0.38192504423521312, 0.41983386910613585]|, 140,
68, 0.38192989074667089, 0.41983154128329331]|, 141
69, 0.38193408641774573, 0.41982970279427978]|, 142,
70, 0.38193792974988433, 0.41982762983138971]|, 143,
71, 0.38194113915406108, 0.41982552831347980]|, 144,
72, 0.38194429011664532, 0.41982301253405657]|, 145,
73, 0.38194737012667329, 0.41982049092096835]|, 146
74, 0.38194993623952461, 0.41981780470755592]|, 147,
75, 0.38195232867446371, 0.41981547271697767]|, 148,
76, 0.38195441141285535, 0.41981346828362465]|,
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149, 0.38196784369180259, 0.42019010788022659]|, | [165, 0.38196791439447741, 0.42019623403133666]
150, 0.38196770382747430, 0.42019054900087816]|, | [166, 0.38196798556544215, 0.42019649699852146]
151, 0.38196758815933268, 0.42019099817213640]|, | [167, 0.38196807614743211, 0.42019673759439968]
162, 0.38196748362038530, 0.42019145721965762]], | [168, 0.38196817151474322, 0.42019697172043530]
163, 0.38196741877617379, 0.42019189927412098]|, | [169, 0.38196828496436247, 0.42019719537927402]
154, 0.38196739413727854, 0.42019233765258135]|, | [170, 0.38196841254063774, 0.42019742885757072]
155, 0.38196738707693340, 0.42019275889585100]|, | [171, 0.38196853568384920, 0.42019767402788166]
156, 0.38196741428831421, 0.42019318580135528]|, | [172, 0.38196866215900649, 0.42019791567519704]
167, 0.38196746812126842, 0.42019361436780156]], | [173, 0.38196878378154647, 0.42019816248274472]
168, 0.38196751790623858, 0.42019401519492139]|, | [174, 0.38196891661614590, 0.42019840582229867]
159, 0.38196757184107366, 0.42019439566327837]|, | [175, 0.38196906109997680, 0.42019865958911878]
160, 0.38196761686009767, 0.42019474018505582]|, | [176, 0.38196920397696804, 0.42019892140454557]
161, 0.38196767377027463, 0.42019506561114056]|, ‘ [177, 0.38196935570538115, 0.42019917392673339
162, 0.38196774172729031, 0.42019536542213087]|,
163, 0.38196779975362485, 0.42019566330652269]|,
164, 0.38196785975464825, 0.42019595931190967]|,
5, 0.39461632031689775, 0.39461632031689775, 0.39461632031689775] ,
6, 0.38699962830010370, 0.38699962830010370, 0.38699962830010370] ,
7, 0.38199135243447396, 0.38199135243447396, 0.41750051233943497],
8, 0.37923440992012819, 0.37923440992012819, 0.41928208483826696] ,
9, 0.37945223984825738, 0.37945223984825738, 0.41995527942530442],
10, 0.29427108420410197, 0.38178037978427370, 0.41790025959999927] ,
11, 0.27671699329248989, 0.38161687252915660, 0.41758087402281879] ,
12, 0.27624494433630975, 0.38207911523277893, 0.41751679611329340] ,
13, 0.27636237937567271, 0.38243621762997942, 0.41796076596234416] ,
14, 0.27660341634517627, 0.38234950785311189, 0.41857396732068214] ,
15, 0.27663693342969209, 0.38220065007997606, 0.41894894437559721],
16, 0.27674167242269643, 0.38193218224072756, 0.41927602277784703] ,
17, 0.27689109847590559, 0.38177893897832399, 0.41946605111933616] ,
18, 0.27698192582885611, 0.38170067395862278, 0.41967875559388462] ,
19, 0.27692107771620478, 0.38157526820217069, 0.41986877350834489] ,
20, 0.27684083166537199, 0.38148746067404860, 0.41993711279601825],
21, 0.27675147282934415, 0.38140656730458022, 0.41995191802598569] ,
22, 0.27661593397465939, 0.38140420558136051, 0.41989114185776000] ,
23, 0.27650925941186544, 0.38145770100326043, 0.41982310964565217] ,
24, 0.27643988105512834, 0.38151339117240196, 0.41973981026489737] ,
25, 0.27638285898074533, 0.38159751591068819, 0.41968865300044517],
26, 0.27630930602158682, 0.38169176018741136, 0.41966024378934830] ,
27, 0.27625205077848303, 0.38175847717447248, 0.41961887014398069] ,
28, 0.27620932352361371, 0.38181492097429914, 0.41958013856552662] ,
29, 0.27616733932739496, 0.38185366666447973, 0.41953343888897071] ,
30, 0.27614844412375789, 0.38189869512981373, 0.41949919563200899],
31, 0.27615247260590098, 0.38194737939184203, 0.41947134862523106] ,
32, 0.27616927529349977, 0.38198576386362415, 0.41946394312480517],
33, 0.27618471799492350, 0.38202371440856375, 0.41947286037419407],
34, 0.27620841326422324, 0.38205697135523647, 0.41948373044599663] ,
35, 0.27623968801025034, 0.38207558671899261, 0.41950096148223126] ,
36, 0.27627207851480406, 0.38208598082233036, 0.41951874119925670] ,
37, 0.27629606870578638, 0.38208551966710419, 0.41954395728404675] ,
38, 0.27631786033800260, 0.38208297200319968, 0.41957338672493472],
39, 0.27633760879273489, 0.38207865163164551, 0.41959909832485587] ,
40, 0.27635650495593778, 0.38206443940713897, 0.41908601220910396] ,
41, 0.27637159390919702, 0.38205240955284592, 0.41905216956033919],
42, 0.27638867406705225, 0.38203775741737217, 0.41902216217297350] ,
43, 0.27640570369637729, 0.38202569657696395, 0.41899462530128112] ,
44, 0.27641868511362072, 0.38201657209374912, 0.41897386008156939] ,
45, 0.27643114350426556, 0.38200726534837598, 0.41895906945031525] ,
46, 0.27644344156784628, 0.38200029973009908, 0.41894642893295186] ,
47, 0.27645396141586170, 0.38199474992736737, 0.41893715321274738] ,
48, 0.27645969826913569, 0.38198731823737492, 0.41892919357430675] ,
49, 0.27646305161950369, 0.38197955481634488, 0.41892458580226349] ,
50, 0.27646430147727269, 0.38197056733283896, 0.41892247772822916] ,
51, 0.27646175942641960, 0.38196683156230210, 0.41979452129642891],
52, 0.27645906244363000, 0.38196062787011686, 0.41980176767562638] ,
53, 0.27645621475002163, 0.38195394523048143, 0.41980569890927122],
54, 0.27645267075530544, 0.38194799169856231, 0.41980796427215761] ,
55, 0.27644711329267180, 0.38194221997168637, 0.41980823470024992] ,
56, 0.27644118512567972, 0.38193847272851095, 0.41980850290688027],
57, 0.27643509138136979, 0.38193671074917412, 0.41980874220784886] ,
58, 0.27642812714156811, 0.38193568915609544, 0.41980765555891775] ,
59, 0.27642185358680577, 0.38193628745349123, 0.419806004005111569],
60, 0.27641669022901927, 0.38193807933192242, 0.41980324781917044] ,
61, 0.27641226745697761, 0.38193981558688184, 0.41980040611253988] ,
62, 0.27640768551975814, 0.38194196308175848, 0.41979727456158633] ,
63, 0.27640386101783981, 0.38194398598085416, 0.41979497568357110] ,
64, 0.27640086156685550, 0.38194672012871744, 0.41979349478450317],
65, 0.27532170234365461, 0.38195416571893409, 0.41891589374330224],
66, 0.27532128091494706, 0.38195774228232676, 0.41891688624590662] ,
67, 0.27532100665902709, 0.38196168352004389, 0.41891748177231475],
68, 0.27532095064797629, 0.38196573887058938, 0.41891839507811168] ,
69, 0.27532072627404203, 0.38196916921902324, 0.41891958274404900] ,
70, 0.27531963206292465, 0.38197228991481663, 0.41892036439368652] ,
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| [ 71, 0.27531812628462377, 0.38197481545321499, 0.41892104034156658] ,
| [ 72, 0.27531622372249309, 0.38197729281407694, 0.41892130974072822],
[ 73, 0.27531362369944623, 0.38197970715429153, 0.41892163502513285] ,

5, 0.39433833701411702, 0.39433833701411702, 0.39433833701411702, 0.39433833701411702],
6, 0.38681077758540555, 0.38681077758540555, 0.3868107775854056656, 0.38681077758540555] ,
7, 0.28589528613951148, 0.38237830455697441, 0.41692374560755463, 0.41692374560755463] ,
8, 0.28066427020961648, 0.38064198852675069, 0.38064198852675063, 0.41954189636240014],
9, 0.27848681346860943, 0.38053699690224840, 0.38053699690224840, 0.41984762886107285] ,
10, 0.27736888273673715, 0.38135471592200065, 0.38135471592200065, 0.41917009126153987] ,
11, 0.27619711654145068, 0.38162657996343224, 0.38162657996343224, 0.41903488182554599] ,
12, 0.27589736910354495, 0.38210409367756037, 0.38210409367756037, 0.41890651101651394] ,
13, 0.27612485726474717, 0.38247239226773055, 0.38247239226773055, 0.41925700853366710] ,
14, 0.27663171140202941, 0.38263337292013649, 0.38263337292013649, 0.43739096250694975] ,
15, 0.27672456736429057, 0.38250303005310410, 0.38250303005310410, 0.43747377882088850] ,
16, 0.27687093855220296, 0.38224860184876736, 0.38224860184876736, 0.43755963049998453] ,
17, 0.27705540651836907, 0.38211596596130604, 0.38211596596130604, 0.43783911532617886] ,
18, 0.27718198127720856, 0.38205429914067945, 0.38205429914067945, 0.43819263337398107],
19, 0.27713735169712822, 0.38193451059958233, 0.38193451059958233, 0.43843242627802526] ,
20, 0.27705421557589099, 0.38183794754470379, 0.38183794754470379, 0.43863153924112802],
21, 0.27695074366590816, 0.38174135824571492, 0.38174135824571492, 0.43875352319339994],
22, 0.22769415905284338, 0.29542871842706298, 0.36887787490315682, 0.419960165812205040] ,
23, 0.22766320742004423, 0.29554486892257154, 0.36903536946010063, 0.41989399212882966] ,
24, 0.22768788611894886, 0.29561993106345713, 0.36920208507845320, 0.41981639802494380] ,
25, 0.22774835890809755, 0.29570336986901868, 0.36933286296830503, 0.41977324523509829] ,
26, 0.22781370681567950, 0.29579418075409220, 0.36945277576158769, 0.41975330123604843],
27, 0.227852653898873323, 0.29587189864942742, 0.36955348693567736, 0.41972204806381685] ,
28, 0.22789492557306146, 0.29591076852877490, 0.36961024972797957, 0.41969529084005930] ,
29, 0.22794277831301582, 0.29593264934238839, 0.36964309685987767, 0.41966210484391298],
30, 0.22798817553470974, 0.29593981597036229, 0.36965120672040880, 0.41963833531392741],
31, 0.22801700052067958, 0.29592285473973451, 0.36965836916613093, 0.41961804860504126] ,
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APPENDIX

Visual Examples

The best way to understanding
is a few good examples.

Isaac NEWTON (1643-1727)

A few visual examples explaining Gaussian sampling via orthogonally
transforming uniform low-discrepancy samples.
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Chapter D. Visual Examples

Xst \/B : ,XStd XGauss

VZerf~1(2u)
V2erf1(2v)
————— . .

. Discrepancy-
" Preserving

Transformation C=1 C=D C=V-D-VT

Xreg Xsta CYastd Xoauss

VZerf~1(2w)
VZerf~1(2v)

—

. Discrepancy: |
u Preserving
Transformation
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