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1 Introduction

The increased popularity and success of machine learning models were significantly driven
by a recent surge in computing power and related technological advancements (Nordhaus,
2007; Denning and Lewis, 2016). Most prominently, neural networks (NNs) have achieved
remarkable results by being able to extract unique information from huge data sets in
numerous fields of application such as natural language processing (OpenAl et al., 2023),
weather forecasting (Bi et al., 2023; Kochkov et al., 2024), or life sciences (Jumper et al.,
2021). The prevailing consensus is that, with abundant data, larger, more complex and
flexible models outperform simpler, conventional statistical or machine learning models
(Belkin et al., 2018a). While the ‘bigger is better’-approach may work well for some
problems, it remains unclear whether large models generally outperform simpler ones on
small or mid-sized datasets (Grinsztajn et al., 2022; Hollmann et al., 2025). Additionally,
NNs’ high parameter count and complexity make them difficult to interpret (Szegedy
et al., 2014), leading to issues like vulnerability to adversarial attacks (Moosavi-Dezfooli
et al., 2017; Ghorbani et al., 2019). Although post-hoc techniques aim to shed light
on the inner workings of models, they themselves can be challenging to understand
(e.g., Lundberg and Lee, 2017; Mahendran and Vedaldi, 2015; Molnar, 2022). These
considerations lead to the following question: Is it possible to simplify models while
maintaining predictive performance?

Recent literature has analyzed this question from a theoretical perspective, deriving
convergence rates or error bounds based on parameter count (e.g., Schmidt-Hieber, 2020;
Kohler and Krzyzak, 2021; Braun et al., 2024, and literature cited therein). Methodologi-
cally, pruning is an established technique for creating more parsimonious models and
has recently gained renewed interest, especially in NNs (Cheng et al., 2024). However,
pruning is less common in other model classes like gradient-boosted trees (Friedman, 2001)
or random forests (RFs) (Breiman, 2001). This work contributes to the growing body
of literature focused on reducing model complexity from a methodological perspective

without compromising performance. Defining model complexity — or its counterpart,



simplicity — in a way that is both concise and universally applicable is challenging due to
the many factors involved. For example, the parameter count of NNs is often used to
quantify model complexity, whereas other models, such as tree-based methods, do not
have comparable parameters to count.

In this work, we either simplify or work with simple models from different perspectives,
loosely focusing on four broad aspects. Usually, performance is heavily prioritized in
model development. We argue that, while good performance is important and necessary
for any model, there are additional aspects that should be considered. Models should
further be accessible and applicable, i.e., being user-friendly, and minimizing hardware
and monetary constraints. Also, models should be interpretable, meaning that it should
be easy to comprehend how a prediction is formed, which inputs are most influential, or
which training samples influence a prediction. A fourth facet regarding the success and
practical application of simple models is an effective communication of the fact that
simple models can be more useful than their complex counterparts, especially given the
ongoing trend towards increased complexity. Both complex and simple models are tools
that must be used appropriately depending on the task at hand. These four aspects will

be relevant to varying degrees throughout this work.

This thesis is divided into two parts. The following two chapters focus on developing
methods to simplify existing machine learning models in two different ways. The
subsequent two chapters focus on the application of straightforward models and the
communication of the ‘choose your model as simple as possible’-approach. More
specifically, Chapter 2 introduces signed Supermasks, which train neural networks
through sparsification, effectively facilitating a better understanding of their workings.
In Chapter 3, we present a method to enhance interpretability in RFs and extensions
thereof, which are already easily applicable and widely accessible models, by simplifying
the forests’ forecast. Motivated by a problem in computational biology, in Chapter 4 we
apply kernel ridge regression, a simple and well-understood machine learning method, to
efficiently predict mass spectra of molecules outperforming existing literature. Finally, in
Chapter 5, we illustrate both the concept and insights of an innovative lecture in which
students learn about easily applicable probabilistic forecasting and evaluation methods

in a fun, competitive, and real-time setting.



The contributions of each chapter are outlined and presented in more detail in the
following paragraphs. In Chapter 2, we introduce signed Supermasks, which involve
training an NN by deciding whether a particular weight in the network is important
or not. The algorithm is based on the lottery ticket hypothesis, which posits that an
NN contains a smaller subnetwork that performs as well as or better than the original
network (Frankle and Carbin, 2019). Previous work (Zhou et al., 2019) suggests that
the signs of weights may be important for good Supermask performance. Therefore, we
enable the network to flip the respective signs of weights. Further, we develop a fitting
initialization scheme to account for the degree of sparsity and the activation function.
Results on well-known data sets show that the resulting sparsity exceeds 90% for most
architectures while matching the performance of the original network, thereby empirically
showing that only few parameters of an NN are needed. Furthermore, results indicate
that the actual parameter values are less relevant than the combination of features
and their subsequent interactions. These results provide a foundation for subsequent
investigations into understanding why and how NNs work by simplifying their structure.
The chapter is joint work with Oliver Grothe and Achim Rettinger published at the

International Conference on Learning Representations 2022.

In Chapter 3, we present an algorithm which simplifies (probabilistic) predictions of
RFs and quantile regression forests (Meinshausen, 2006). The algorithm is based on the
fact that an RF’s mean prediction can be represented as a weighted sum of training
observations. Similarly, a probabilistic prediction can be represented as a weighted
empirical cumulative distribution function (CDF) using the same weights. Oftentimes, an
RF’s predictions are dominated by a few observations with large weights accompanied by
many observations with small weights. By restricting the prediction to use the k largest
weights, this method is similar to pruning an RF as a whole, but not its individual trees.
This allows us to interpret and communicate the prediction from an unconventional but
valuable perspective: Which training observations contribute to the final prediction,
and to which training sample is the current case being compared to? We can interpret
a weighted empirical CDF with k£ support points as a list of scenarios with predicted
probabilities, making the model’s prediction easier to understand. We test this idea
on various data sets and find that even for values as small as k = 10, performance is

comparable, sometimes even improved. We support our empirical results with a stylized



analytical model, characterizing cases where our method performs well. This chapter is

based on joint work with Fabian Kriiger.

Chapter 4 addresses a problem in computational biology related to compound
identification. Tandem mass spectrometry (MS/MS) is a method used to show
the presence of compounds in a biological sample, such as blood, by fragmenting
the detected compounds. The result is a mass spectrum unique to each detected
compound. However, MS/MS can only record the abundance and mass of fragments;
the compounds themselves remain unknown. The accepted method to identify
the corresponding compound is often complicated, time-consuming, and costly.
Motivated by this problem, we develop models to predict a mass spectrum for a
given compound and compare it to the observed spectrum. We apply kernel ridge
regression, a popular machine learning method, on a dataset containing spectra
produced by MS/MS and corresponding compounds. By utilizing the so-called neural
tangent kernel (NTK) (Jacot et al., 2018), we emulate an infinitely wide NN. With a
closed-form solution available, this method is faster, simpler to train, less demanding
on computer hardware, and more accessible compared to existing NN approaches.
We test various modeling approaches and outperform related work in all considered
tasks. The chapter is based on joint work with Adityanarayanan Radhakrishnan, Ju-

lian Avila-Pacheco, Clary B. Clish, Martin Strazar, Ramnik J. Xavier, and Caroline Uhler.

The applicability, accessibility, and interpretability of forecasting models become
increasingly important when dealing with problems in real-time. Therefore, we developed
a university course format where students learn about these concepts in probabilistic
forecasting in a playful, real-time, and real-world setting, which we describe in Chapter 5.
The task was to produce quantile predictions for two target variables. These predictions
were part of a challenge where each participant’s prediction performance was evaluated
weekly. An analysis of their results shows that simple, easy-to-use models, which are
not prone to user errors, performed best over the entire 14-week period. The findings
presented in this chapter are based on joint work with Johannes Bracher, Fabian Kriiger,

and Sebastian Lerch published at the The American Statistician in 2024.



2 Signing the Supermask: Keep, Hide,

Invert

This chapter is based on joint work with Oliver Grothe and Achim Rettinger, published
at the International Conference on Learning Representations (Koster et al., 2022). It
presents an algorithm that trains an NN by sparsifying it with fixed weights. Permission

to reuse the article, as well as the figures, in this work is granted by the copyright holder.

2.1 Introduction

In recent years, NNs have established themselves as versatile problem solvers far beyond
the field of machine learning. However, the performance increases achieved are obtained
by an even larger growth in their size; hundreds of billions of parameters as of today.
This not only leads to growing energy costs (Strubell et al., 2019), but also complicates
interpretability considerably. There are different approaches to reduce various aspects of
complexity within an NN, which broadly can be categorized either as pruning, i.e., the
technique of trimming down NNs, or as low-precision training, i.e., representing the
weights by low precision numbers. Pruning has shown to significantly reduce the size of
an NN (in terms of ‘active’ weights) without affecting performance considerably once
the training phase has ended. Compared to the original network, the pruned network is
sparse, since many of the original, ‘useless’ weights are set to zero. In contrast, replacing
weights by low precision numbers reduces memory size, but does not reveal a sparse,
likely easier to interpret network structure.

Many approaches of pruning exist to identify ‘useless’ weights (e.g., Janowsky, 1989;
LeCun et al., 1989; Han et al., 2015; Li et al., 2017; Molchanov et al., 2019, among
others). This raises the question of why not train a smaller network from scratch, since
the training of a large network is the computationally most expensive step and pruning

is another additional step. Frankle and Carbin (2019) present a possible solution to this
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question by formulating the lottery ticket hypothesis (LTH), which states that any densely
connected NN contains smaller subnetworks that, when trained in isolation, perform
just as well or even better than the original network. They are able to identify such
subnetworks (winning tickets) by iteratively pruning the network based on the magnitude
of each weight. For deeper architectures, Frankle et al. (2019) show that pruning after a
few epochs of normal training works significantly better over pruning at initialization.

Zhou et al. (2019) follow the seminal idea of the LTH and are able to train NNs by only
selecting untrained weights (i.e., weights are frozen after initialization), a concept they
call Supermasks. In other words, they find a smaller subnetwork during training without
adjusting the weights themselves. Although this approach did not match the performance
of their baselines and the pruning rate is inconsistent, it revealed a startling insight: weight
values do not seem to be as important as the connection itself; a single, well-initialized
value for each layer is sufficient. Ramanujan et al. (2020) further develop Supermasks
by modifying the way masks are calculated, which leads to significant performance
improvements compared to Zhou et al. (2019). However, the number of parameters is still
high. Recently, Chijiwa et al. (2021) modified the approach of Ramanujan et al. (2020)
by randomizing the scores, but are only able to prune their networks more than 60%.

In this chapter, we propose a technique called signed Supermask, a natural extension
of Zhou et al. (2019) and Ramanujan et al. (2020). We not only determine the importance
of a weight by masking, but also learn the respective sign of a weight. Signed Supermasks
alm at very sparse structures and are able to uncover subnetworks with far fewer
parameters in the range of 0.5% to 4% of the original network, requiring little additional
computational effort without sacrificing performance.

This differs substantially from low precision training. In its most extreme form, low-
precision training quantizes the weight values of an NN to three constants, including zero
or two constants, excluding zero. There, binarized neural networkss (BNNs) (Courbariaux
et al., 2015) reduce complexity but not the size of the networks in terms of sparsity of
weights. Ternarized neural networkss (TNNs), introduced by Li et al. (2016), allow in
principle for sparse subnetworks, however this literature focuses almost exclusively on
optimizing computational costs while maintaining predictive performance. For TNNs to
reduce computational complexity, sparsity (and interpretability) is of no importance, as
they are focused on reducing the computational footprint only. The literature presents

diverse approaches, for example Shayer et al. (2018) utilize the local reparameterization
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trick (Kingma et al., 2015) to learn ternarized weights stochastically, Zhu et al. (2017)
ternarize the weights but scale them layer-wise by two learned real-valued scalars, and
Alemdar et al. (2016) employ a teacher-student approach. Deng and Zhang (2020) train
their networks normally with an additional regularization term in the loss function
and only ternarize at the end of training by rounding. To the best of our knowledge,
this is the only work on TNNs also reporting on sparsity. More recently, Diffenderfer
and Kailkhura (2021) combined the edge-popup algorithm by Ramanujan et al. (2020)
and the binarization of weights and achieve good results. Thus, although TNNs and
Supermasks in general appear similar at first glance, their goals are different: while
the former attempt to reduce computational complexity, the latter attempt to find the
smallest possible subnetworks within an NN to better understand NNs in general and
work towards facilitating interpretability.

This chapter takes on the Supermasks perspective and our experiments show that
signing the Supermask matches or outperforms baselines and state-of-the-art approaches
on Supermasks and leads to very sparse representations. A convenient side effect
of signed Supermask is the ternarization of weights, with implied reduced memory
requirements (Li et al., 2016) and further significant speedup in inference (Hidayetoglu
et al., 2020; Brasoveanu et al., 2020). In summary, signed Supermasks provide two major
advantages. First, the network structure is simplified while maintaining or improving
the performance compared to their dense counterpart. Second, the reduction facilitates
a better understanding of the inner mechanics of NNs. Based on that, we might be
able to build smaller but equally powerful models a priori. Additionally, once trained,
signed Supermask models can be stored more efficiently and have the potential for faster

inference.

2.2 Signed Supermask

The idea of a signed Supermask is simple, but elegant: the network may not only switch off
a given weight, but may also flip its sign if deemed beneficial. We do this by multiplying
each weight with a mask m € {—1,0,1}, in contrast to m € {0,1} as in previous work
(Zhou et al., 2019; Ramanujan et al., 2020).

For example, if a single weight is initialized with a negative sign but the performance
of the network would increase if it was positive, the signed Supermask has the additional

degree of freedom to flip the weight’s sign. This step decreases the impact of random
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initialization, which matters specifically for a signed constant initialization, as introduced
by Zhou et al. (2019) in the context of Supermasks. Despite including -1 in m, we have
no additional information to store for the final sparse weight matrices (i.e., the final mask
multiplied with the weight matrix), since it already includes the weight value, the sign
and the zero. In this regard, the additional flexibility in the training phase comes for free.

Note that signed Supermasks are applicable to any NN architecture. By masking, we
neither alter the information flow, nor any architecture specific properties. For the sake
of brevity, however, we focus in the following on the application on feed-forward NNs
only.

The general setup is as follows: Let W; € R™*™ -1 denote the frozen weight matrix of
layer [ € {1,..., L} of a feed-forward NN with L layers and n; denoting the number of
neurons in layer . We initialize W; ~ D,,. Let further M; € R™*"™-1 M; ~ D,, be a
learnable, real-valued matrix that is transformed to values {—1,0,1} by a element-wise

function g, where

_17 M g Tn
g(M) =10, T <M <7, (2.1)
1, M > 7,

for some thresholds 7,, and 7, as well as appropriate distributions D,, and D,;, that will be
specified below. We now define the signed Supermask as M := g(M), i.e., a Supermask
as in Zhou et al. (2019) with the additional degree of freedom of a negative sign. Further
note that, compared to Zhou et al. (2019), the function g(-) is deterministic. In order to
make full use of the signed Supermask, we utilize the ELU activation function (Clevert
et al., 2016) with hyperparameter «. Hereafter, we always set « = 1. Then, with ®

symbolizing the Hadamard product, each layer I’s output o; with z; = (W; ® Ml)Tol_l

zl, z >0
o] = (2.2)
e —1, z <0.

is computed as follows:

The parameters 7, are hyperparameters that need to be tuned: the larger they are
in absolute value, the more weights are pruned at initialization and the larger values in
M need to grow during the course of training to ‘activate’ its responding weight. The
values of 7, , might differ depending on the task and network architecture at hand. The

gradient is estimated using the straight-through estimator (Hinton, 2012; Bengio et al.,
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2013) as in previous work (Zhou et al., 2019; Ramanujan et al., 2020). That is, in the
backward-pass, we regard the threshold function g(-) as the identity function. Thus, the
gradient is going ‘straight through’ g(-).

Zhou et al. (2019) generate their masks by sampling the entries from Bernoulli distribu-
tions with learnable Bernoulli probabilities. Their M therefore resembles the probability,
that weight w;; in some layer [ is active. Sampling from a Bernoulli distribution can also
be interpreted as a stochastic threshold function. Our fixed threshold approach follows
the same intuition with the difference of not using a stochastic sampling method. That
is, we define two thresholds 7,, and 7, after the initialization phase which remain fixed
during the course of training in contrast to Ramanujan et al. (2020) who update 7,, and
7, after each epoch such that the pruning rate stays constant. Having fixed thresholds
has three main advantages which are in line with the argumentation of Zhou et al. (2019):
first, the network can choose the optimal number of remaining weights. Second, it can
choose the optimal distribution of 1’s and —1’s. Third, this approach is fast, as we only
have to compute 7, and 7, once. Moreover, this method, with some modifications, is
frequently used in the TNN literature, which underlines its legitimacy. As a result, an
exact pruning rate cannot be determined a priori, but is learned. However, we show
in Section 2.3.2, that the pruning rate can be indirectly influenced by adjusting other

hyperparameters.

2.2.1 Thoughts on Initialization

Signed Supermasks do not alter the value of any weight during training. Therefore, it is
especially important to initialize weights appropriately. Common weight initialization
methods such as He (He et al., 2015) or Xavier (Glorot and Bengio, 2010) neither take

masking into account nor the ELU activation function.

Weights We propose a weight initialization scheme that considers both aforementioned
alterations, namely, the signed masking process and a differing activation function. In
simple terms, since each layer holds fewer weights, we can scale the weight value to
counteract masking. Considering that the goal of initialization methods is to keep the
variance in the forward- and backward-pass constant, we suggest to use the following

variance:
1.5

Var[W] = — 2>
Wi n (1 — p)

(2.3)
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with fan-out n; and layer-wise equal, initial probabilities pf) = P(]\foj = 0) for layer
le{l,..,L}andViel,...,n;,j€1,...,n_1. A detailed formal motivation of Equation
2.3 under specified assumptions can be found in Appendix A.1. The result is still valid
without masking, i.e., p = 0. He et al. (2015) come to a similar conclusion for their
parametric ReLLU (PReLU) activation function.

Henceforth, we refer to this initialization method as exponential linear unit scaled
initialization (ELUS) with masking or simply exponential linear unit initialization (ELU)
in case of no masking. Notice that ELUS is simply a scaled version of He initialization
(He et al., 2015), where the scalar is only dependent on the hyperparameter « of the

ELU activation function which is known before training (and set to 1 in this work).

Mask Our assumptions and observations regarding the initialization of the real-valued
mask M are as follows: We assume that D,, is symmetric around zero, a standard
assumption for common initialization distributions. Given the properties of M, M and
the gradient straight-through estimator, it is advantageous if the values in M and W
are roughly of the same magnitude, such that the gradient, which is independent of
M, is neither too small nor too large. In other words, D,,, should be chosen such that
it is symmetrical around zero and has a similar variance as D,,. In the case of mask
initialization, we advice against a signed constant approach but recommend a normal or

uniform distribution instead.

2.3 Empirical Assessment

The following paragraphs present the experiments conducted in order to assess the validity
and effectiveness of our fixed threshold signed Supermasks. The code for the experiments

can be found here: https://github.com/kosnil/signed_supermasks.

Experimental Setup To ensure comparability, we utilize the same experimental setup
as Zhou et al. (2019) and Frankle and Carbin (2019) i.e., models FCN, Conv2, Conv4
and Conv6, VGG-like convolutional neural network (CNN) architectures (Simonyan
and Zisserman, 2015), with the additional Conv8 model of Ramanujan et al. (2020)
without batch normalization (loffe and Szegedy, 2015) and dropout (Srivastava et al.,
2014). Since we want to study the functionality of signed Supermasks in particular, any

extra functionalities would disturb from the essential topic even though it might bump
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performance. Details about the aforementioned model architectures can be found in Table
A.1 in Appendix A.2. Furthermore, we study signed Supermasks on ResNet20, ResNet56
and ResNet110 (He et al., 2016) with the exception of replacing ReLU with ELU as the
activation function (similar to Shah et al. (2016)). The batch normalization layers in the
ResNet models are frozen for signed Supermask training and are only used because its
standard practice. For all experiments the same architectures as the respective signed
Supermask models but trained conventionally, act as baselines.

The fully-connected model FCN is trained on MNIST (LeCun et al., 2010) and all
CNNs plus ResNet20 on CIFAR-10 (Krizhevsky, 2009). We only apply per image
standardization on both of those data sets. ResNet56 and ResNet110 are trained on
CIFAR-100 (Krizhevsky, 2009), where we apply per image standardization, pad the
image with 4 pixels on each side and randomly crop a 32x32 image out of the original or
its horizontally flipped counterpart.

We ran each experiment 50 times (ResNet56/ResNet110: 3 runs) with the same setup
but different weights and masks drawn from the respectively same specified distribution.
This ensures that our experimental results are not affected by the randomness of the
initialization step. To obtain an intuition of the scale of memory reduction, we provide
a simple metric by comparing the average network size in bytes stored in numpy arrays
and scipy’s csr_matrix!' sparse matrices after training. For matrices with more than
2 dimensions, we reshape the matrix to two dimensions. This does not give an exact
result but provides a good heuristic. Since we attempt to reduce complexity of a neural
network, we also provide the average time needed to train a model for a single epoch to

further assess practicability.

Initialization To initialize the weights of the signed Supermask models, we use signed
constants (i.e., the respective standard deviation) in combination with Xavier, He and
ELUS. Thus, the respective weight value has a 50% probability of being negative, where
the absolute value of the constant is influenced by the respective initialization method.
We initialize the baseline models with the same method within a uniform distribution as
the respective signed Supermask model. The idea of using only one (well-chosen) signed
constant is particularly compelling from the perspective of complexity reduction. For the

ELUS initialization, we scale a He initialization by v/3 for FCN and Conv architectures

IThe choice of csr is arbitrary. The purpose of this metric is not to show how we can most efficiently
store the networks but to give an intuition on added value.
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Table 2.1: FCN: Test accuracy and training time. We report the mean, 5% and 95%
quantiles of 50 runs for each initialization method as well as the results of Zhou et al.
(2019) and Ramanujan et al. (2020). Significance of test accuracy with a p-value
< 0.01 is indicated with “**” and a p-value < 0.05 with “*’. Mean training time per
epoch is reported in the last column.

Init Test Accuracy [%] Rem. Weights (%] TT / Epoch [s]

He 97.40 [97.3, 97.5] 100 1.23
Baseline ELU 97.42 [97.3, 97.5] 100 1.21

Xavier 97.43 [97.4, 97.5] 100 1.21

He 97.12 [97.0, 97.3] 4.93 [4.9,5.0] 1.36
Signed Supermask  ELUS 97.48 [97.3, 97.7)* 3.77 [3.7,3.8] 1.27

Xavier 96.89 [96.8, 97.0] 5.51 [5.5,5.6] 1.32
Zhou et al. Xavier (S.C.) 98.0 11-93 ?

and /1.5 for our ResNets, which returned best results in the preliminary testing phase.
All masks are initialized with Xavier uniform initialization. Results of experiments with

different mask initializations and distributions can be found in Appendix A.3.

2.3.1 Fully-Connected Network

This section evaluates the performance of the FCN signed Supermask model. Hyper-
parameters used for training the FCN are listed in Tables A.2 and A.4 in Appendix
A.2. Note that compared to Zhou et al. (2019), the parameter choices are in line with
standard practice.

Table 2.1 summarizes the average test accuracy, remaining weights and training time per
epoch with the respective 5% and 95% quantiles for both baseline and signed Supermask
models with the different weight initializations. All models achieve similar test accuracy.
Best performing is the ELUS signed Supermask model. Furthermore, all signed Super-
mask models have a wider confidence interval, indicating higher variance. In contrast,
confidence intervals for the ratio of remaining weights are very small, demonstrating
constant pruning rates throughout all runs. Furthermore, ELUS’ ratio of remaining
weights of 3.77% is considerably lower than for the other two initializations. This indicates
a superior initialization as the network is able to achieve a higher performance with
fewer weights remaining. For another angle of observation, Figure A.3 in Appendix A.3
visualizes the average ratio of remaining weights over the course of training for each
weight initialization. Regarding efficiency, ELUS signed Supermask models require about

5% more training time. However, the obtained compression rate for the ELUS model
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after training is 92.01% on average, which makes up for the additional training effort.
Although the performance of the ELUS signed Supermask is trailing 0.5pp behind the
FCN model of Zhou et al. (2019), we argue that considering the pruning rate (they state
the pruning rate only imprecisely, ranging from 7% to 89%) and performance, signed

Supermasks are advantageous.

Figure 2.1: FCN signed Supermask: First layer mask. The upper, yellow-tinted figure
shows a randomly chosen (in this case the digit ‘8’) flattened MNIST sample. The
blue-tinted heatmap visualizes the first-layer mask of a FCN. Each line represents
a single pixel where non-yellow lines represent the pixels containing a part of the
handwritten digit. The lower figure visualizes the first mask of a randomly picked
and trained ELUS FCN model. We can clearly see the alignment of the ‘digit-pixels’
in the MNIST sample and the non-zero mask elements.

To assess how the model interprets a given data set, we examine the first masking layer
of the network, visualized in Figure 2.1. The top image represents an input vector (i.e., a
flattened MNIST sample), with each vertical line representing one pixel. The bottom
shows the mask of the first layer of a randomly selected trained ELUS FCN model. The
signed Supermask has learned which of the input nodes are more important than others.
Those that match a background pixel are completely masked, while the input nodes that
receive actual information are allowed to let the information pass through. Thus, the
first layer acts as a filter and feature selector. We further analyze the behavior of the

masks and draw comparisons to binary Supermasks in Appendix A.3.
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The results so far show the potential of signed Supermasks in relatively small archi-
tectures. Not only does the ELUS model outperform the respective baselines with only
3.8% of the original weights, it also saves 92% of memory once trained. Furthermore, we
gain insights into layer interpretability as pruning is not evenly distributed across the

network.

2.3.2 Convolutional Networks

Here, we present the main experimental results of CNN signed Supermasks. Overfitting
was a major issue in the development, especially for the baseline models. To counter that,
the baseline models are only trained for 50 epochs. In contrast, signed Supermask models
were not as prone to overfitting. However, once we anticipated overfitting tendencies
of Conv2, we reduced its learning rate compared to the other CNN models. Apart
from those alterations, the hyperparameter choices are the same throughout all CNN
architectures. All models are optimized with SGD with weight decay. Learning rate for
Conv models are exponentially reduced over the course of training. Tables A.2 and A.4 in
Appendix A.2 summarize all training parameters. We have found in initial experiments
that 3-0.01 is a solid choice for the threshold parameters 7, and 7;,. This corresponds to
an initial overall pruning rate of about 11% to 30%.Thus, larger layers initially experience
a slightly higher pruning rate than smaller layers, following the intuition that weights
in smaller layers impact the output of the network to a greater extent than weights in
larger layers.

Table 2.2 presents test accuracy for our baselines, the models of Zhou et al. (2019) and
Ramanujan et al. (2020) and signed Supermasks as well as remaining weights (i.e., 1 —
pruning rate) for the latter three. For a broader comparison to literature, see Table A.8
in Appendix A.3. While we were able to reproduce the results of Zhou et al. (2019), this
was not the case for Ramanujan et al. (2020) which not only delivered worse results than
reported but also demanded a multiple of the training time. The interested reader can
find additional results, experiments on different weight and initialization methods as well
as investigations on extreme pruning rates in Appendices A.3 A.4, A.5 and A.6. First,
apart from Conv2, all CNN models significantly outperform their respective baselines.
Conv2 reaches similar accuracy to its baseline, the difference only being 0.4pp. The
more our models grow in depth, the greater the benefit of signed Supermasks over the

baselines. When considering the ratio of remaining weights, a likely reason for the slight
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Table 2.2: CNN signed Supermask: Test accuracy and remaining weights. We report
the mean, 5% and 95% quantiles of 50 runs for the ELUS signed Supermasks and
baselines. The respective best results of Zhou et al. (2019), Ramanujan et al. (2020)
(abbreviated ‘Ram’) and Diffenderfer and Kailkhura (2021) (abbreviated ‘Diff’) are
shown as well. Evidently, signed Supermasks outperform the previous literature on
Supermasks on all CNN architectures, taking our extreme pruning rates of at least
97% into account. Apart from Conv2, we also gain higher performance than the
baseline models.

Accuracy [%] Rem. Weights [%]
Baseline Zhou Ram. Diff. Sig. Supermask Zhou  Ram. Diff. Sig. Supermask
Conv2 68.79 [68.4, 69.2] 66.0 65 70 68.37 [67.7, 69.0] 11-93 10 10 0.60 [0.58, 0.62]
Conv4d  74.50 [74.7,75.3] 72.5 74 79 77.40 [76.7, 78.3] 11-93 10 10 2.91 [2.9, 3.0]
Conv6 7591 [75.4, 76.4]  76.5 7 82  79.17 [78.1, 80.5] 11-93 10 10 2.36 [1.9, 2.6]
Conv8 7224 [71.4,73.0] - 70 85 80.91 [79.9, 81.7] - 10 10 117 [1.1, 1.2]

performance glitch of Conv2 becomes apparent: it utilizes only 0.6% of the original
weights. In other words, Conv2 reaches similar performance with 99.4% of the original
weights unused. Conv4, the smallest model in terms of absolute parameter count, achieves
its performance while keeping the highest percentage of weights in relation to the original
count. As the networks grow in size and depth, we can once again note a reduction of the
weights remaining in relation to the original number. Except for Conv6, there is hardly

any variance at all in this metric, indicating a robust behavior.

Table 2.3: CNN signed Supermask: Additional training time and compression rate
compared to the respective baselines. Signed Supermask CNN models train roughly
6 to 10% longer, however, once trained, their required memory can be reduced by at
least 93.8%. Training time is abbreviated ‘T'T’ below.

Add. TT/Epoch [%] Compression Rate [%]

Conv?2 10.14 98.41
Conv4 6.02 93.82
Conv6 6.25 95.07
Conv8 6.00 97.6

In terms of efficiency, we see in Table 2.3 that the signed Supermask models require
6% to 10% more training time, which can be accounted to the additional calculations
necessary. However, once the networks are trained the required memory can, on average,
be compressed by 94% to 98%. Signed Supermasks outperform not only their respective
baselines but also the methods proposed in the related work. Compared to Zhou et al.
(2019), our Conv2, Conv4 and Conv6 models achieve a higher performance of at least

2pp. Diffenderfer and Kailkhura (2021) do not report performance over a 90% pruning
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rate, however, their models achieve higher accuracy than ours. We account this to their
lower pruning rate. Ramanujan et al. (2020) do not report model performance below a
pruning rate of 90% as well. Indeed, in this case, all our Conv models outperform their

equivalent models by 3 to 10 pp, while uncovering much smaller subnetworks.

Conv2 Convd Conv2 Conv4

Equal Elements (%

Rel. Count [%]
1 Elements (%]

4 5 6

2 3
Conv8

al Elements (%]

Rel. Count (%]

Equ

0 1 2 3 4 5 6 7 8 01 23 45 6 7 8 910 0 1 2 3 4 5 6 7 8 01 23 45 6 7 8 910
ayer er ayer

(a) Average ELUS mask distribution. Sparsity is (b) Equality of all 50 final ELUS masks. Masks
very high in very wide layers, indicating that show high element-wise equality where sparsity
only few of those weights are needed. is highest.

Figure 2.2: CNN signed Supermask: Mask distribution and equality.

Figure 2.2a helps to interpret the masks by visualizing the average layer-wise mask
distribution of each architecture. It can be clearly seen that the first layers are least
affected by pruning, while all other layers reach a significantly higher pruning rate of
over 99%. The effect in the first layer can be explained by the concept of weight sharing
in convolutional layers. As the layer size increases, the pruning rate also increases and
peaks in the largest layer of the network. The output layers are also relatively sparse,
again indicating proper initialization. This finding confirms our previous assumption
that larger layers contain far fewer weights that are essential to the network. The relative
element-wise equality of the final masks over all 50 runs for all layers and architectures
is shown in Figure 2.2b. This provides an intuition about the similarity of the masks
and therefore subnetworks through different runs. We observe that pairwise equality
is strongly correlated with the size and sparsity of a layer: the larger, the sparser, the
more alike. To some degree this is expected as very sparse layers are alike by chance.
However, measuring similarity in matrices is a very difficult task (for an overview on this
literature from a graph-based perspective see e.g., Emmert-Streib et al., 2016), which is
why we provide visualizations in Figure A.7 in Appendix A.3 that emphasize especially

the similarity in structure. This shows, that signed Supermasks repeatedly find strikingly
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similar subnetworks for different runs, meaning that it might be possible to identify
certain neurons that are more important than others and hence better understand neural

networks in general.

2.3.3 Residual Networks

To further investigate the effectiveness of signed Supermasks, we turn our attention
towards residual networks which allow for deeper architectures. The investigate residual
networks (ResNets) consisting of {9,27,54} residual blocks, each in equal parts with 16,
32 and 64 filters, respectively. This sums up to a comparatively small parameter count
of roughly 0.25M, 0.84M and 1.7M. In the following, we refer to those as ResNet20,
ResNet56 and ResNet110, respectively. As hypothesized above, signed Supermasks work
better in deeper architectures that contain enough parameters to find a good subnetwork.
To investigate this, we multiply the number of filters by 1.5, 2, 2.5 and 3 to create wider
variants of ResNet20. Note that even the largest of those variants is smaller than any of
the studied VGG-like architectures above, suggesting less overparameterization, especially
for the more complex CIFAR-100 data set. Hyperparameters for baseline and signed
Supermask models are depicted in Tables A.3 and A.5 in Appendix A.2. Compared to
the other investigated architectures, we only reduce the learning rate once the train loss
hits a plateau. Furthermore, since there is no large deviation between layer sizes, we
set the threshold parameters 7, and 7, such that only 25% of the weights are left for
ResNet20 and 15% for ResNet56 and ResNet110.

Table 2.4 shows the test accuracy and remaining weights of both baselines and signed
Supermasks trained on CIFAR-10. Notably, signed Supermask always trail 2 to 3 pp
behind their respective baseline. However, once the signed Supermask model gets wide
enough it can reach the performance of the original ResNet20 with only a third of
the parameter count. This finding is partially in line with Ramanujan et al. (2020)
and their scaling of ResNet50. As expected, the pruning rate increases as the network
grows in depth. We suspect that weight count could be further dropped in the deep
architectures by adapting the weight decay parameter, for the sake of clarity however,
we decided to keep all learning parameters the same. A possible reason for the slightly
lower performance of signed Supermasks might be the frozen batch normalization layers,
which would benefit learning greatly. We investigate this aspect in the next section.

The performance and remaining weights of ResNet56 and ResNet110 on CIFAR-100 is
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Table 2.4: ResNet20 signed Supermask: Test accuracy and remaining weights on
CIFAR-10. We report the mean, 5% and 95% quantiles for the ELUS signed
Supermasks and ELUbaselines. ResNet20 signed Supermasks are not able reach the
performance of the baselines. However, the wider the ResNet20s become, the closer
they get to the respective baseline. Furthermore, with a multiplier of 2.5 and 3, the
signed Supermasks reach the performance of the original baseline with a third of the
original weights. The wider the architectures get, the higher the pruning rate.

Accuracy [%] Rem. Weights
Baseline Sig. Supermask Baseline Sig. Supermask

ResNet20 84.91 [84.39, 85.56] 81.68 [81.03, 82.62] 248624 53530 (21.13%)
ResNet20x1.5  86.18 [85.59, 86.74]  83.76 [83.01, 84.31] 558600 64223 (11.93%)
ResNet20x2.0  86.80 [86.39, 87.21] 84.42 [83.67, 85.26] 992352 77280 (7.69%)
[ ] [ ]
[ ] [ ]

ResNet20x2.5  87.08 [86.72, 87.42] 84.71 (84.26, 85.32 1549880 84446 (5.42%)
ResNet20x3.0  87.32 [87.00, 87.67| 84.89 [84.36, 85.48 2231184 91798 (4.06%)

depicted in Table 2.5. Again, signed Supermask show that they successfully learn from
the data set, even in deep and relatively small environments. However, they cannot reach
the same test accuracy as their respective baseline. This can be partially explained by
the relatively small original network sizes which were reduced even more. Furthermore,
as hypothesized above, batch normalization is of great importance especially in deep

architectures like ResNet110, which thereby particularly suffered.

Table 2.5: ResNet56/110: Test accuracy and remaining weights on CIFAR-100. We
report the mean, estimated 5% and 95% quantiles for the ELUS signed Supermasks
and ELUbaselines as well as the utilized weights. Signed Supermask models trail
behind their baseline, however, utilizing a maximum of 29% of the original weights.

Accuracy [%] Rem. Weights
Baseline Sig. Supermask Baseline  Sig. Supermask

ResNeth6 68.04 [67.84, 68.24] 60.01 [59.51, 60.52] 834992 245116 (29.39%)
ResNet110  62.70 [54.80, 68.61] 46.42 [46.31, 46.51] 1668272 346 757 (20.64%)

The Role of Batch Normalization

ResNets excel compared to conventional CNNs because of their depth. A big role in
being able to learn very deep architectures is batch normalization. Here, we want to
study the influence of batch normalization on the ResNet signed Supermask architectures.
For those experiments, we explicitly turn on the batch normalization layers in the

respective architecture. This parts a bit from the minimalist idea of Supermasks in
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general, however, weights are still frozen at initialization and this step might be necessary
for deep architectures.

Table 2.6 reports the results of the baseline models (as displayed above) and the signed
Supermask with learnable batch normalization layers. Compared to the pure signed
Supermask models, batch normalization helps to push performance while increasing
pruning rate for all models. However, they are unable to reach the performance of
the baselines. Nevertheless, taking the remaining weights into account, the predictive
performance still impresses. More research is needed to investigate the performance gap.
Besides this, the results underline that batch normalization helps signed Supermasks to

gain better performance in very deep architectures while utilizing fewer weights.

Table 2.6: ResNet signed Supermask: Influence of batch normalization. Test accuracy
and remaining weights on CIFAR-10 for ResNet 20 and CIFAR-100 for ResNets 56
and 110. We report the mean, estimated 5% and 95% quantiles for the ELUS signed
Supermasks and ELUbaselines as well as the utilized weights. Batch normalization is
abbreviated ‘BN’ in the following.

Accuracy [%] Rem. Weights
Baseline Sig. Supermask BN Baseline  Sig. Supermask BN
ResNet20 BN 84.91 [84.39, 85.56] 83.38 [82.87, 83.92] 248624 37992 (15.54%)
ResNet56 BN 68.04 [67.84, 68.24]  64.24 [63.90, 64.58] 834992 231769 (27.59%)

ResNet110 BN 62.70 [54.80, 68.61]  53.67 [53.63, 53.72] 1668272 64 663 (3.86%)

2.4 Summary

In this work, we introduced the concept of signed Supermasks. Extending the original
work on Supermasks (Zhou et al., 2019), we include the sign in the masking process
and utilize a simple step-function to calculate the effective masks. Additionally, we gave
theoretical and experimental justification for an adapted weight initialization scheme to
the masking process, called ELUS.

In contrast to TNNs (Li et al., 2016), signed Supermasks heavily focus on sparsity,
which allows them to train and simultaneously prune the network with little additional
training effort, but also gain valuable insights into the general functionality of NNs. As a
side effect, the trained signed Supermask models’ memory footprint can be compressed
by up to 98%. Our experiments on MNIST and CIFAR-10 show, that signed Supermask

models at best hold as little as 0.6% of the original weights, while performing on an equal
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or superior level compared to our baselines and current literature (Zhou et al., 2019;
Ramanujan et al., 2020). Further analyses on CIFAR-100 with ResNet56 and ResNet110
suggest that signed Supermasks are generally able to work on complex data sets and
architectures as well. Moreover, by allowing the networks to learn batch normalization
parameters, signed Supermasks improve their performance while increasing the pruning

rate.



3 Simplifying Random Forests’

Probabilistic Forecasts

This chapter is based on joint work with Fabian Kriiger and was already presented at the
International Symposium on Forecasting 2024 in Dijon (France). It presents an algorithm
that simplifies the (mean and probabilistic) forecast’s of an RF such that it is easier to

interpret while maintaining predictive performance.

3.1 Introduction

Many statisticians agree that forecast distributions are preferable to mere point fore-
casts. Correspondingly, an active literature is concerned with making statistical forecast
distributions in meteorology (e.g. Rasp and Lerch, 2018), economics (e.g. Kriiger et al.,
2017), energy (e.g. Taieb et al., 2021), epidemiology (e.g. Cramer et al., 2022), and other
fields. Nevertheless, point predictions still dominate in many practical settings in policy,
business, and society. As argued by Raftery (2016), the cognitive load that forecast
distributions impose upon their users may be an important bottleneck impeding their
adoption. Motivated by this possibility, we consider simplifying the forecast distributions
produced by random forests (RFs; Breiman, 2001; Meinshausen, 2006), and study how
simplification affects statistical forecasting performance. While our main focus is on
probabilistic forecasting, the method we propose can also be used to simplify point
forecasts for the mean.

More specifically, we approximate an RF forecast distribution for a continuous scalar
outcome by a discrete distribution with k& support points, where k € {1,2,...,n} is a
user-determined parameter and n denotes the number of training samples. The resulting
forecast distribution can be cast as a collection of k scenarios, each occurring with a
specified probability. If & is sufficiently small, this setup can effectively be communicated

to non-statisticians. For example, Altig et al. (2022) use it to survey business executives

21
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Figure 3.1: Summary of proposed method. This schematic description summarizes the
method proposed in this chapter. First, a standard RF is trained. Second, from
the trained RF, we compute a weight vector for each new test case. Collecting the
weight vectors for multiple test cases results in a matrix, with rows corresponding
to test cases and columns corresponding to training cases. Next, we select the top k
(in this case k = 3) weights for each test case, re-normalize such that the weights
again sum up to one and set the remaining weights to zero. These weights can now
be used for prediction, as illustrated here for the first and fourth test cases.

about firm outcomes like future sales growth and employment. Abbas and Howard (2015,
Chapter 35) provide a textbook discussion from a decision analysis perspective.

Our approximation builds upon the fact that RFs can be cast as a nearest-neighbor-like
method (Lin and Jeon, 2006; Meinshausen, 2006): The forecast distribution for a test
sample observation with feature vector @ is a discrete distribution with support points
given by the training sample outcomes (y;)7_; and corresponding probability weights
(wi(xo))i~;. Meinshausen (2006) called these forecast distributions quantile regression
forests (QRFs). In the following, we do not distinguish between QRFs and RFs since
the former can be constructed from the latter without any additional model fitting. As
detailed in Section 3.2.1, the weight w;(x) reflects the similarity between &y and x;, the
feature vector of the i-th training sample observation. Consider a given test case oy and

the set Zy(xp) containing the indices of the k largest weights for this test case, where
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ke{1,2,...,n}. We then set

Wi (o) = 25Ty () W3 (®0)

0 else.

That is, we retain only the k << n largest weights, and re-scale them such that they sum
to one. All other weights are set to zero. Figure 3.1 provides a schematic description.
Setting k = n recovers the weights of the initial RF’s mean and the QRF’s distribution
forecast, which is described in more detail in Section 3.2.! Larger values of k correspond
to a larger number of scenarios. This increases the complexity of the forecast distribution,

but may be beneficial in terms of statistical forecasting performance.

Practical Illustration We provide a practical illustration of our method by considering
labor market survey data provided by DIW (2022). The data set is an openly available
subsample of the German socioeconomic panel (SOEP; Goebel et al., 2019). It is recorded
between 2015 and 2019, covering 21851 observations corresponding to 5847 distinct
persons after preprocessing. Many participants were asked repeatedly over the survey
years, so that the data has a panel structure. Our goal here is to predict a person’s
annual salary in Euros based on socioeconomic regressors such as age, education, family
status, and the industry in which the person is employed. We use data from 2015-2018
for training and 2019 for testing, and consider a Topk model with k¥ = 5 along with a full
RF. Compared to the full RF, the Topk model is about 6% worse in terms of distribution
forecasting performance (as measured by the CRPS, introduced in Section 3.2.2), and
about 3% better in terms of point forecasting performance (as measured by the SE).
Appendix B.1 provides details on the data set and RF forecasting performance.

To illustrate, consider a fully employed 47-year-old male, living alone and working in the
financial sector. We aim to predict his salary in 2019. A full RF predicts a mean income of
84 705, placing non-zero weight on 171 training sample observations. The simplified Top5
model utilizes only the five largest of these 171 weights which (before re-normalization)
sum up to 0.47. To re-normalize, we simply multiply the five remaining weights by
1/0.47. The five support points (the training sample observations that correspond to
the remaining weights) are listed in Table 3.1, together with their weights. With those,

IPrediction as in Equations 3.3 and 3.4 is unaltered, except for the substitution of w;(xo) by w;(xo).
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Table 3.1: SOEP test prediction. The table shows the five support points x4, to xs5 for
a test point (first row, @p) in the Topb model. ‘Empl’ abbreviates the variable
‘employed’, ‘F’ abbreviates ‘full employment’ and ‘Unk. stands for ‘unknown’. Sector
ID 64 corresponds to ‘Provision of financial services’ The corresponding (rounded)
weight of each support point is depicted in the penultimate column, while we report
the respective income in the last column.

Survey Female Age No. No. Years Empl. Sector w; (zo) (%) Income

Year Per. Child. Educ. ID
xg 2019 False 47 1 0 14.5 F 64 - 83279
xs1 2017 False 45 1 0 14.5 F 64 30.6 94903
52 2018 False 45 1 0 18 F 64 24.6 79206
53 2017 False 44 1 0 15 F 64 17.3 100433
T4 2016 False 44 1 0 14.5 F 64 16.0 51608
g5 2015 False 43 1 0 14.5 F 64 11.6 87173

the Top5 model predicts a mean income of 84 184. For communicating these results,
the five remaining weights and support points can be cast as scenarios, spanning an
income range from 51 608 to 100433 Euros. The most likely scenario, occurring with
a probability of 30.6%, involves an income of 94903 Euros. Due to the structure of
RF forecast distributions, the selected scenarios are directly associated with five actual
observations occurring in our training sample. In particular, three of the five scenarios
(number 1, 4 and 5) listed in Table 3.1 involve responses of the same individual in previous
years. This situation is natural since some of the regressors are nearly constant over
time, so that the test point x is likely to be similar to training data x; corresponding
to the same individual. Using the same individual’s past incomes also seems plausible
from a practical perspective.? Table 3.1 also yields relevant (albeit implicit) substantive
information: For example, the fact that all five scenarios involve individuals of the same
gender, family status and industry sector indicate that the RF model considers these
regressors highly relevant for prediction. Conversely, the five scenarios cover all survey
years present in the training data (2015-2018), indicating that time variation in incomes

is less important.

Related Literature We approach the interpretability of an RF from a different angle
compared to most other existing literature on the topic: In Breiman’s original work on
RFs, feature permutation was introduced, effectively quantifying the influence of each
feature on the overall performance of the model. This method is still widely used and

implemented in standard software packages (Pedregosa et al., 2011). Biau and Scornet

2If one wanted to avoid the use of data from the same individual, one could reduce the data set to a
single observation per individual, and otherwise use the same methodology.



Introduction 25

(2016, Section 5) provide further discussion. This perspective on interpretation is also
commonly used for other forecasting models, such as NNs, see e.g. Lundberg and Lee
(2017). Visualizations of RFs have also been proposed (Zhao et al., 2019; Haddouchi and
Berrado, 2019). In addition, alternative notions of sparsity have been considered in the
context of tree-type models. For example, Nan et al. (2016) use the notion of sparsity in
terms of feature usage in order to speed up predictions. Several other studies consider
combinations of simple prediction rules, building upon ideas in Friedman and Popescu
(2008). The ‘node harvest’ method by Meinshausen (2010) is particularly interesting since
it can be cast as a weighted empirical distribution, and can thus be used for probabilistic
prediction. Node harvest first generates a large number of ‘nodes’, each of which defines
a simple subspace of the predictor space. It then uses a constrained optimization problem
to select the nodes that are most useful for prediction. Although sparsity is not enforced,
Meinshausen (2010) finds that the optimal solution often involves a small number of
nodes only. However, this type of sparsity (with respect to nodes) is different from the
type of sparsity we consider, which is with respect to the number of training sample
observations being considered for prediction. Indeed, these two notions of sparsity seem
highly complementary: A forecast distribution constructed via node harvest may involve
a large number of training sample observations, i.e. be far from sparse in our sense.
Conversely, a forecast distribution constructed using our proposed methodology implicitly
involves many regression trees, thus being far from sparse in Meinshausen’s sense.
Finally, many extensions and modifications of Breiman’s original RF have been proposed
in the literature, typically with the aim of improving statistical performance (either
empirically, or in terms of theoretical properties). See Biau and Scornet (2016) for a
survey, and for example Beck et al. (2023) for a forecast combination perspective, Cevid
et al. (2022) for a multivariate model that links RFs to kernel-based methods, and Wager
and Athey (2018) for an adaption to causal inference. By contrast, we focus on a standard,
univariate RF implementation, and post-process its forecast distribution in a way that
makes it easier to interpret. The procedure we propose can easily be applied to other
RF variants (or even to prediction methods other than RFs), provided that they can be

represented as discrete distributions of the type described above.

Roadmap of the Chapter The remainder of this chapter is organized as follows:
Section 3.2 introduces our methodological setup, including RFs and methods for eval-

uating forecast distributions. In Section 3.3, we study the performance of our ‘Topk’
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simplification in a series of empirical experiments based on 18 data sets for which RFs
have been found to perform well, as compared to NN models (Grinsztajn et al., 2022).
Our findings indicate that already for k = {5, 10}, the simplified RFs can perform on a
similar level compared to the full counterpart for both probabilistic and point forecasts,
depending on the data set. Considering probabilistic forecasts, for k = 20, the median
performance across all data sets is equivalent to the full RFs and considering k = 50
even increases the median performance slightly. For point (mean) forecasts, k& = 20 even
increases performance slightly. Even though very sparse choices like k € {3,5} may come
with a significant performance decrease, we argue that they may be worthwhile if ease of
communication is a main concern. We further show that our results are qualitatively
robust to different hyperparameter choices. In order to rationalize the empirical results,
Section 3.4 then considers a detailed analytical example that models the weights estimated
by RFs as a random draw from a Dirichlet-type distribution. The example also features
a true vector of weights that may be either similar to, or different from, the estimated
weights. This setup is useful to study how a simplifying approximation similar to Topk
affects statistical forecasting performance. In a nutshell, the amount of noise in the
estimated weights determines whether or not the simplification comes at a high cost
in terms of performance. Perhaps surprisingly, one can construct examples in which
simplification improves performance: this result arises when the largest weights are esti-
mated precisely, whereas smaller weights are more noisy. Focusing on the largest weights
then constitutes a beneficial form of shrinkage. When the small weights are estimated
precisely, however, simplification is harmful in terms of performance. The appendix
contains further empirical results and detailed derivations for Section 3.4. Replication

materials are available at https://github.com/kosnil/simplify_rf_dist.

3.2 Methodological Setup

In this section, we describe RFs based forecasting as well as the forecast evaluation

methods we consider.

3.2.1 Forecasting Methods

Here we describe RFs and their probabilistic cousins, QRFs. We follow Lin and Jeon
(2006) and Meinshausen (2006) who emphasize the perspective of RFs predictions as a
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weighted sum over training observations. We refer to Hastie et al. (2009) for a textbook
presentation of RFs.

Our goal is to fit a univariate forecasting model. That is, we have some data set
D = (x;,y;)i, of training set size n, where x; is a p-dimensional vector of features, and
yi € R is a real-valued outcome. We use this data set to train our model f , such that

some choice of loss function £,, is minimized:

min £0(F) = 1 32 £(F (@) 30).

In a typical regression context, the function f : RP — R maps x; to the real line in order
to estimate the conditional expectation functional. A popular loss function is given by
SE, with £(z,y) = (y — 2)%. Let further B C R denote the feature space, i.e., the space

in which the individual input samples x; exist.

Random Forest An RF is an ensemble of individual regression trees, each denoted
by T(£), where & describes the configuration of the tree. At each node, a single tree
greedily splits B and rectangular subspaces thereof into two further rectangular subspaces,
such that the loss £, is minimized. Each resulting subspace corresponds to a leaf
R CB,1l=1,...,L where L is the total number of leaves. Each sample x; can only
occur in one leaf or, put differently, when dropping a sample @; down the tree, it can only
fall into one leaf. This leaf is denoted ¢(x;,&) € {1,..., L} for tree T(&). For a single
tree T (), a prediction fi7(xg) for a new sample xg is obtained by taking the mean of all

training samples within leaf ¢(x¢, ). This can be expressed as
n
(o) = Y wi(zo, §)yi,
i=1

where the weight w;(xg, ) is equal to zero for all training samples 4 that fall into leaves
other than ¢(xg, £), and is equal to one over the leaf size for all training samples that fall
into £(xo, &):

H{x; € Ré(mg,&)}
=1 H{zj € Rygao )}

Motivated by the lack of stability and tendency to overfit of individual trees, RFs build

(3.1)

w; (o, &) =

B trees (T (&), based on B bootstrap samples of D, and consider their average
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prediction. Moreover, in each split within each tree, it is common to consider only a
random subsample of p out of p regressors. This step aims to diversify the ensemble of
trees by avoiding excessive use of the same regressors for splitting. Common choices for p
are [/p] or [£] (Probst et al., 2019), where [z] floors the real number z to the nearest

integer. The RFs mean prediction can thus be expressed as

B n
frr(xo) = %Zzwz(xmgb)yl
b=11=1
= Zwi(m())yla (3 2)
i=1
where
1 B
w;i(xo) = B Zwi(woafb) (3.3)
b=1

is the weight for training sample i, averaged across all B trees. By construction, the
weights (w;(xo))i_; are non-negative and sum to one. Thus, w;(xo) can be interpreted

as the empirically estimated probability that the new test sample observation is equal to y;.

Quantile Regression Forest (QRF) Conceptually, firr(xo) is an estimate of the
conditional mean E[Y'|X = xy]. As described above, it is obtained as a weighted sum
over all training observations. Meinshausen (2006) extends this framework to estimating
the cumulative distribution function (CDF) of Y, which is given by E[1(Y < #)|X =
xo) = P(Y < t|X = x), where ¢t € R is a threshold value. The similarity to RFs
becomes apparent in the last expression. Utilizing the weights from Equation 3.3, one
can approximate the CDF by the weighted mean over the binary observations 1(y; < t):
n
P(Y <t|X =x0) = > wi(®o)L(y; < ). (3.4)
i=1
That is, QRFs estimate the CDF of Y via the weighted empirical CDF of the training
sample outcomes (y;)i-, using the weights (w; (o)) produced by RFs. This estimator is
practically appealing as it arises as a byproduct of standard RFs software implementation.
Furthermore, its representation in terms of a weighted empirical CDF enables a theoretical
understanding of its properties by leveraging tools from nonparametric statistics (Lin

and Jeon, 2006; Meinshausen, 2006). In this chapter, we consider the standard variant of
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QRFs which uses the squared error as a criterion for finding splits (and thus growing
the forest’s individual trees). Various other splitting criteria have been analyzed in the
literature. In particular, Cevid et al. (2022) propose to use a splitting criterion based
on distributional similarity. Since their RF variant retains the weighted empirical CDF

representation (see their Section 2.2), our Topk method can be applied to it as well.

3.2.2 Forecast Evaluation

Since we generate probabilistic forecasts, we need a tool to evaluate them. For this, we
use the continuously ranked probability score (CRPS), a strictly proper scoring rule.
Scoring rules are loss functions for probabilistic forecasts. We use them in negative
orientation, so that smaller scores indicate better forecasts. When evaluated using a
proper scoring rule, a forecaster minimizes their expected score by stating what they
think is the true forecast distribution. Under a strictly proper scoring rule, this minimum
is unique within a suitable class of forecast distributions. Conceptually, strictly proper
scoring rules incentivize careful and honest forecasting. See Gneiting and Raftery (2007)
for a comprehensive technical treatment, and Winkler (1996) and Gneiting and Katzfuss
(2014) for further discussion and illustration. The CRPS (Matheson and Winkler, 1976)

is defined as

CRPS(F,y) — / (F(z) ~1{z 2 0})" a2, (3.5)

—o0
where E' denotes the CDF implied by the forecast distribution and y denotes the true
outcome. For various forms of F (z), closed-form expressions of the CRPS are available,
so that there is no need for costly numerical evaluation of the integral in Equation 3.5.

The CRPS allows for very general types of forecast distributions F.In particular, the
forecast distribution may be discrete, that is, it need not possess a density. This allows
for evaluating forecast distributions based on (weighted) empirical CDFs, which arise
in the case of QRFs. In the special case that the forecast distribution is deterministic,
i.e., it places point mass on a single outcome, the CRPS reduces to the absolute error
(AE). Thus, numerical values of the AE and CRPS can meaningfully be compared to
each other.

Jordan et al. (2019) provide an efficient implementation of the CRPS for weighted
empirical distributions in their R-package scoringRules. Let (y;)!; denote the response

values from the training data, and denote by y;) their ith ordered value, with y(;) <
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Ye) < ... < Y(n). Furthermore, let w(;) denote the weight corresponding to y(;). Then
the CRPS for a realization y € R is given by

n i
CRPS(F,9) =2~ vy — ) | Wy <wopb = | Xwg | + 2], 36)
i=1 j=1
where we dropped the dependence of w(;) on a vector g of covariates at this point for
ease of notation. Equation 3.6 extends Jordan et al.’s Equation 3 to the case of non-equal
weights, based on their implementation in the function crps_sample. In the case of
sparse weights, one may omit the indices ¢ with w;) = 0 from the sum at (3.6) in order

to speed up the computation.
Additionally to the CRPS, we also report results for the squared error (SE). In the
present context, the SE is given by

n
SE(F,y) = (y— > wiy)*. (3.7)
i=1
Hence, the SE depends on the forecast distribution F' via its mean > oivq wiy; only.

3.3 Experimental Results

In order to assess the statistical performance of the simplified forecast distributions, we
conduct experiments on 18 data sets considered by Grinsztajn et al. (2022) in the context
of numerical regression. The authors demonstrate that tree-based methods compare
favorably to neural networks for these data sets. Their selection of data sets aims to
represent real-world, ‘clean’ data sets with medium size as well as heterogeneous data
types and fields of applications. If deemed necessary, some basic preprocessing was applied
by Grinsztajn et al. (2022). Details can be found in Section 3.5 and Appendix A.1 in their
paper, and in Table B.3 of Appendix B.2 below. The data set delays_zurich_transport
contains about 5.6 million data points in its original form. For computational reasons,
we reduced the size of this data set through random subsampling, to approximately
1.1 million data points (20% of the original observations). We did not apply further
preprocessing of any of the data sets in order to retain comparability. We allocate 70% of
each data set for training our models and reserve the remaining 30% for testing. For each

data set, we train an RF, and then evaluate its performance by computing the average
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CRPS and SE, as introduced in Equations 3.6 and 3.7 over the test data set. Our main
interest is in studying the impact of the parameter £ which governs the number of support
points of the sparsified forecast distribution. We consider a grid of choices &k = 1,...,50
and denote these sparse RFs as ‘Topk’. Our standard choice of RF hyperparameters is a
combination of default values of the machine learning software packages scikit-learn
(Pedregosa et al., 2011) and ranger (Wright and Ziegler, 2017) which are popular choices
in the Python (van Rossum et al., 2011) and R (R Core Team, 2022) programming
languages, respectively. In summary, we consider a random selection of /p out of p
possible features at each split point, do not impose any form of regularization in terms of
tree growth restriction, and set the number of trees to 1000 in order to obtain a large and
stable ensemble. These choices, which are also listed in the first row (entitled ‘standard’)
of Table B.5 in Appendix B.2, are used for the analysis in Sections 3.3.1 and 3.3.2. In

Section 3.3.3, we further consider the effects of tuning hyperparameters.

3.3.1 Probabilistic Forecasts

Table 3.2 presents the CRPS for the full RF and the relative CRPS of Topk, for k €
{3,5,10,20,50}, compared to the full RF. For example, a relative CRPS of 1.5 indicates
a 50% larger CRPS for the Topk version compared to the full RF. The three smallest
values for k seem especially attractive in terms of simplicity and ease of communication.
While the two larger choices k € {20,50} are less attractive in terms of simplicity, we
also consider them in order to assess the trade-off between simplicity and performance.

Using only k& = 3 support points performs worse than the full RF, with a median
performance cost of 25% across data sets. While this result is unsurprising from a
qualitative perspective, its magnitude is interesting, and gives a first indication of
the performance cost of using a rather drastic simplification of the original forecast
distribution. For each single data set, we find that the performance of Topk improves
monotonically when increasing k from 3 to 5, from 5 to 10, and for all data sets but
one when increasing k from 10 to 20. This pattern is plausible, given that we move
from a drastic simplification (k = 3) to less drastic versions. Compared to the full RF,
Topb implies a median loss increase of 14%, whereas Top10 yields a median loss increase
of 5%. Top20 performs equally well as the full RF in the median. For most data sets,
Top50 slightly enhances predictive performance compared to the full RF. Whether k£ = 50

support points remain worth interpreting depends on the application at hand. Only for



Experimental Results 32

Table 3.2: Results for forecast distributions. The table reports the CRPS of the full RF as
well as the CRPS for Top{3,5,10,20,50} relative to the full RF, i.e., CRPSTopr/CRPSp.n.
A value smaller than 1 means that Topk outperforms the full RF. The last row lists
the median relative CRPS across data sets.

Absolute CRPS CRPS relative to Full
Data set Full Top3 Top5 Topl0 Top20 Top50
cpu_act 1.2508 1.21 1.08 1.00 0.96 0.95
pol 1.4203 1.50 1.28 1.10 1.01 0.96
elevators 0.0014 1.22 1.10 1.01 0.96 0.95
wine__quality 0.2565 1.35 1.20 1.09 1.02 0.99
Ailerons 0.0001 1.23 1.11 1.01 0.97 0.96
houses 0.1229 1.19 1.08 0.99 0.96 0.95
house__ 16H 0.1984 1.32 1.17 1.06 1.01 0.98
diamonds 0.1320 1.34 1.21 1.11 1.05 1.01
Brazilian houses 0.0256 0.88 0.82 0.78 0.79 0.85
Bike_ Sharing  Demand 46.0292 1.26 1.15 1.06 1.02 1.00
nyc-taxi-green-dec-2016 0.1505 1.39 1.24 1.12 1.06 1.02
house sales 0.0995 1.25 1.14 1.04 0.99 0.97
sulfur 0.0123 1.05  0.97 0.94 0.95 0.97
medical charges 0.0376 1.35 1.21 1.11 1.05 1.01
MiamiHousing2016 0.0778 1.20 1.10 1.02 0.98 0.97
superconduct 3.6341 1.14 1.08 1.02 1.00 0.99
yprop_4_1 0.0140 1.38 1.25 1.14 1.08 1.03
delays_ zurich_ transport 1.6174 1.33 1.19 1.10 1.05 1.02
Median - 1.25 1.14 1.05 1.00 0.98

a few data sets, Top50 is not sufficient to reach the performance of the full RF, but
performance costs are small even for these data sets.

In order to contextualize the magnitude of our presented results (such as Top3’s median
CRPS increase of 25% compared to the full RF), we next present results on two simple
benchmark methods.? First, we consider a deterministic point forecast which assumes
that the full RF’s median forecast materializes with probability one.*

This is a very optimistic point (rather than probabilistic) forecast, containing no
uncertainty. As noted earlier, its CRPS is the same as its AE. We consider this benchmark
in order to quantify the costs of ignoring uncertainty altogether. We clearly expect these

costs to be positive, i.e., we expect the point forecast to perform worse than the full RF.

3We refer to Grinsztajn et al. (2022) for detailed comparisons of RF point forecasts to other tree-based
models and neural networks.

4Formally, this forecast is characterized by the CDF F (2) = 1(z > med(F‘Fun(z)), where med(pfun)
denotes the median implied by the CDF of the full RF’s forecast distribution. That is, the CDF Fj is
a step function with a single jump point at the median forecast of the full RF. We choose the median
functional here because the latter is the optimal point forecast under absolute error loss, to which the
CRPS reduces in the case of a deterministic forecast.
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Figure 3.2: Benchmarking performance. Blue bars: Relative CRPS of a deterministic point
forecast (median) as a benchmark that ignores uncertainty. Ochre bars: Relative
CRPS of the unconditional forecast distribution, yielding a conservative benchmark
that ignores features. Green bars: Relative CRPS of Top3, as listed in Table 3.2. In
each case, relative CRPS results are compared to the full RF. That is, a relative
CRPS smaller than 1 (represented by horizontal line) indicates that the method
performs better than the full RF.

Second, we use the CRPS of the unconditional empirical distribution of the response
variable in the training sample. This distribution places a uniform weight of 1/n on each
training sample observation, in contrast to the QRF weights w(x() that depend on the
feature vector xg. The unconditional distribution is a very conservative forecast, as no
information about the features is used whatsoever. Qualitatively, we clearly expect this
forecast to perform worse than the full RF. Quantitatively, the difference in performance
of the unconditional versus conditional forecast distributions captures the predictive
content of the features (see e.g. Gneiting and Resin, 2023, Section 2.5). Both benchmarks
are visualized jointly with Top3 results in Figure 3.2.

As expected, the relative CRPS of the point forecast (shown in blue) exceeds one for
most data sets, indicating that it is generally inferior to the full RF model. Notably, an

exception is observed for Brazilian_houses, where the point forecast’s relative CRPS
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is smaller than one. This result appears to be due to prediction uncertainty being very
small for this data set; see Figure 13 in the supplemental material for Grinsztajn et al.
(2022). Indeed, for this data set, the response variable seems to mostly be a linear
combination of a subset of the features. Furthermore, Top3 (shown in green) performs
similar to or better than the point forecast for all data sets, demonstrating the usefulness
of incorporating additional uncertainty in the forecast. Note that the point forecast has
access to the full RF forecast distribution, using the median of this distribution as a
point forecast. By contrast, Top3 only has access to the three most important support
points of the RF forecast distribution.

The relative CRPS of the unconditional forecast distribution (displayed in ochre in
Figure 3.2) exceeds two for most data sets, indicating that the features are generally very
useful for prediction. An exception occurs for the last two data sets (yprop_4_1 and
delays_zurich_transport). In these cases, the RF appears unable to learn meaningful
connections between the features and the target variable. Figure 13 in the online supple-
ment of Grinsztajn et al. (2022) supports this interpretation, reporting low predictability
(in terms of low out-of-sample R?) for these data sets. In this situation, we cannot
expect a Topk-model to perform well compared to the full RF. To see this, consider the
stylized case of the features being entirely uninformative. Subsequently, the unconditional
distribution (placing a weight of 1/n on all training sample responses) is the best possible
forecast, which is in sharp contrast to Topk (for which & weights are non-zero and large
by construction, whereas the remaining n — k weights are forced to zero).

In order to further study the properties of Topk forecast distributions, Table 3.3 reports
the average weight sums across test cases, for different values of k. The weight sums are
computed before our normalization step (see Section 3.1) which re-scales all weight sums
to one. For a given choice of k, the unnormalized weight sums can vary in magnitude,
both across data sets and from test case to test case. By construction, the weight sums
increase with k. Interestingly, many data sets yield a large weight sum for Top3, exceeding
10% for all but four data sets. For Top50, the average weight sum exceeds 50% for most
data sets. These numbers are remarkable, given that the data sets include thousands of
training samples (n, see rightmost column of Table 3.3) that could potentially be used as
support points for the RF forecast distributions. If the weights were uniform, we would
hence observe Topk weight sums of k/n. This is in sharp contrast to our empirical finding

that a few large weights dominate for most data sets. Lin and Jeon (2006) find similar
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Table 3.3: Topk weight sums. Average sum of un-normalized Top{3,5,10,20,50} weights. The
last column reports the number of observations in the training set.

Average Sum

Data set Top3 Topb Topl0 Top20 Topb0 n
cpu__act 0.094 0.135 0.212 0.318 0.504 5734
pol 0.073 0.104 0.159 0.233 0.359 10 500
elevators 0.119 0.166 0.252 0.366  0.555 11619
wine__quality 0.150 0.189 0.258 0.350 0.513 4547
Ailerons 0.119 0.168 0.257 0.374 0.566 9625
houses 0.143 0.201 0.304 0435 0.634 14 447
house_ 16H 0.071 0.102 0.162 0.247  0.402 15948
diamonds 0.257 0.348 0.494 0.656  0.851 37758
Brazilian__houses 0.202 0.278 0.406 0.558  0.763 7484

Bike_Sharing Demand 0.248 0.334 0.473 0.628 0.821 12165
nyc-taxi-green-dec-2016 0.172 0.234 0.337 0.461 0.642 407284

house sales 0.116 0.160 0.240 0.345 0.522 15129
sulfur 0.212 0.296 0.438 0.602 0.811 7056
medical_charges 0.223 0.304 0.438 0.590 0.789 114145
MiamiHousing2016 0.196 0.267 0.385 0.520 0.704 9752
superconduct 0.390 0.497 0.617 0.708 0.805 14884
yprop_4_1 0.111 0.149 0.216 0.304 0.456 6219

delays_ zurich_ transport 0.015 0.024 0.048 0.095 0.230 765180

results in their work, where they consider RFs as adaptive nearest-neighbor methods
and investigate the influence of the minimum number of samples per leaf. Figures 1c,d
and 5 show few large weights for synthetic data sets. The presence of a small number
of important weights explains why the simplification pursued by Topk often results in

modest (if any) performance costs as compared to the full RF.

3.3.2 Mean Forecasts

Let us turn our attention towards conditional mean forecasts, for which results in terms
of SE are shown in Table 3.4. We notice a similar pattern as in the probabilistic scenario:
apart from Top3 outperforming the full RF for one data set (sulfur), Top3 performs
worse than the full RF for the remaining data sets, with a maximum performance cost
of 61% for pol. This results in a median SE increase of 22% for Top3. Topb still
shows a 12% median increase and for Top10, the median performance almost matches

the full RF’s performance. Top20 and Top50 even outperform the full RF, yielding
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Table 3.4: Results for conditional mean forecasts. The table reports the SE of the full RF
as well as the SE for Top{3,5,10,20,50} relative to the full RF, i.e., SEtopk/SEg.. The
last row lists the median relative SE for each choice of k across data sets.

Absolute SE SE relative to Full
Data set Full Top3d Topb Topl0 Top20 Topb0
cpu_act 6.5359 1.11 0.99 0.93 0.91 0.91
pol 38.5033 1.61 1.37 1.16 1.03 0.95
elevators 9.22 x 107¢ 1.09 0.98 0.89 0.85 0.86
wine__quality 0.3485 1.42 1.24 1.11 1.03 1.00
Ailerons 3.22 x 1078 1.15 1.02 0.94 0.91 0.91
houses 0.0590 1.16 1.03 0.94 0.91 0.92
house_16H 0.3011 1.49 1.31 1.15 1.06 1.00
diamonds 0.0563 1.37 1.24 1.12 1.06 1.02
Brazilian__houses 0.0072 1.05 1.12 0.99 0.94 0.94
Bike_ Sharing Demand 10126.7983 1.22 1.11 1.03 0.99 0.99
nyc-taxi-green-dec-2016 0.1528 1.38 1.23 1.12 1.05 1.02
house_ sales 0.0382 1.22 1.11 1.02 0.96 0.94
sulfur 0.0015 0.69 0.69 0.73 0.81 0.90
medical__charges 0.0073 1.36 1.22 1.11 1.05 1.01
MiamiHousing2016 0.0243 1.15 1.05 0.97 0.94 0.94
superconduct 87.2592 1.05 1.02 0.97 0.95 0.95
yprop_4 1 0.0010 1.26 1.16 1.10 1.05 1.02
delays_ zurich_ transport  9.3282 1.33 1.19 1.10 1.05 1.02
Median - 1.22 1.12 1.02 0.98 0.95

median improvements of 2% and 5%, respectively. Compared to the results for forecast
distributions (Table 3.2), the results in Table 3.4 indicate that the performance costs of
simplicity are comparatively lower in the case of mean forecasts, with median relative

losses being somewhat smaller for a given value of k.

3.3.3 Varying Hyperparameters

Compared to other modeling algorithms, RFs have relatively few hyperparameters.
Nevertheless, tuning its hyperparameters can improve the performance of RFs (Probst
et al., 2019). The most important hyperparameters control the depth of each individual
tree, as well as the number of randomly selected regressors considered for splitting.
The depth of a tree can be restricted directly (‘maximum depth’) or indirectly by
restricting leaf and split sizes (‘minimum leaf size’ and ‘minimum split size’, respectively).
The number of regressors considered for splitting is often denoted as ‘max features’ or
‘mtry’ (the latter term is used, e.g. in the R packages randomForest (Liaw and Wiener,

2002) and ranger (Wright and Ziegler, 2017)). In what follows, we study how different
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hyperparameter sets influence the Topk prediction and whether a hyperparameter set that
optimizes the full RF is also beneficial for Topk. We therefore investigate the influence
of ‘max features’ and one of the depth-regularizing hyperparameters, ‘minimum leaf size’,
on the Topk approach. To do so, we consider a grid search for both, the full RF and
Top3, with 5-fold cross-validation on the training set of each data set. Due to the size of
medical_charges, nyc-taxi-green-dec-2016 and delays_zurich_transport, we use
a validation set which contains 25% of the training set instead. Further, the latter two
are down-sampled to 30% and 15% of their original training set size, respectively. For
brevity, our analysis of hyperparameter tuning focusses on the case k = 3, which is the

most drastic simplification we consider.
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Figure 3.3: Hyperparameter tuning performance (probabilistic forecasts). The figure
shows the relative CRPS of Top3 compared to the full RF, for different hyperparam-
eter settings. Green bars: standard hyperparameters, as listed in Table 3.2. Red
bars: hyperparameters that optimize the full RF. Blue bars: hyperparameters that
optimize Top3. Hyperparameter tuning is based on CRPS.

Figure 3.3 visualizes the CRPS of Top3 relative to the full RF’s CRPS for three different
hyperparameter sets. In each case, we consider the same hyperparameter set for Top3
and the full RF. The green bars show the results with standard hyperparameters, as

listed in Table 3.2. The red bars indicate the relative performance with the respective
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hyperparameter set that optimizes the full RF, while the blue bars visualize the rela-
tive performance with the hyperparameters that optimize the CRPS of Top3. When
hyperparameters are tuned on the full RF, Top3 performance tends to slightly decrease
overall. Across the data sets, the median relative CRPS is 1.31, compared to 1.25 for
the standard setting. Conversely, if hyperparameters are tuned on Top3, the relative
performance of Top3 is mostly better than in the standard version, reaching a median
relative CRPS of 1.20.
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Figure 3.4: Hyperparameter tuning performance (point forecasts). The figure shows
the relative SE of Top3 compared to the full RF, for different hyperparameter
settings. Green bars: standard hyperparameters, as listed in Table 3.2. Red
bars: hyperparameters that optimize the full RF. Blue bars: hyperparameters that
optimize Top3. Hyperparameter tuning is based on SE.

Figure 3.4 presents results for point forecasting performance, which are similar to the
probabilistic case. Tuning on the full RF hurts Top3, with a median relative SE of 1.32,
compared to 1.22 in the standard case. By contrast, tuning on Top3 benefits Top3, with
a median relative SE of 1.13. In a small minority of cases, tuning is not beneficial in
terms of the relative loss.

Hence, despite its simplicity, Top3 can perform similar to the full RF given suitable

hyperparameter choices. Overall, the relative performance of Top3 obtained under the
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standard setting is between the performance obtained under the two other hyperparame-
ter settings. Furthermore, the full RF and Top3 require different sets of hyperparameters
in order to perform well. Ideally, users of the Topk method should thus choose hyperpa-
rameters based on the performance of Topk itself, rather than the performance of the
full RF.

3.4 Stylized Analytical Model

In this section, we construct a stylized analytical framework which helps explain our
experimental findings presented in Section 3.3: For many data sets, simplified RFs
perform similar to full RFs even for relatively small choices of k. This finding, and
especially the possibility that simplified RFs may even outperform full RFs, deserves
further investigation. Motivated by the structure of RF forecast distributions (see Section
4.2), we consider a model in which the true forecast distribution is discrete with support
points u = (u;)?_; and corresponding (true) probabilities w* = (w;)?_; that are positive
and sum to one. Specifically, we let
. 0*/k ifeel
w; = (3.8)
(1-60%/(n—k) ifti¢T,

where Z C {1,2,...,n} is a subset of ‘important’ indexes with |Z| = k. The corresponding
‘important’ probabilities (w})iez sum to 0* € [0, 1], whereas the other, ‘unimportant’,
probabilities sum to 1 — #*. To justify the notion of ‘important’ probabilities, we will
focus on choices of 6* and k that satisfy 0*/k > (1 — 60*)/(n — k).

In addition to the true forecast distribution just described, we consider an estimated
forecast distribution that uses the same support points u, together with possibly incor-
rectly estimated probabilities w = (w;)i~;. We assume that the estimated probabilities

can be described by the following model:

0 Zl,i ifiel
wi = (3.9)
(1-0) Zs, ifigT,

where 6 € [0, 1], Z; is a draw from a Dirichlet distribution with k-dimensional parameter

vector (dy,...,d1), with d; > 0, such that each element of Z; has expected value 1/k and
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variance (k—1)/(k%(kdy +1)). Similarly, Z is a draw from another, independent Dirichlet
distribution with (n — k)-dimensional parameter vector (da, ..., dz2), where do > 0. This

means that the expected probabilities are given by

0/k ifiel
Elwi] = (3.10)
(1-0)/(n—Fk) ifi¢T.

In the following, we assume that 2 < k < n — 2, which ensures that there are at least two
‘important’ and ‘unimportant’ support points, respectively. This restriction ensures that
weight estimation within both sets is a non-trivial problem.®

Thus, if 6§ # 0%, the forecast model’s expected probabilities differ from the true ones
in Equation 3.8. The parameters d; and dy represent the precision of the forecast
model’s probabilities around their expected values. Small values for d;, do indicate noisy
probabilities, whereas large values for dy,ds correspond to probabilities close to their
expected values. This is a property of the variance of Dirichlet-distributed random
variables as noted above for the case of Z;. Conceptually, the above model provides a
stylized probabilistic description of the estimated probabilities w produced by a forecasting
method like RFs. Thereby, the model does not aim to specify the mechanism by which
the forecasting method generates these probabilities.

Figure 3.5 illustrates this setup, with n = 20 and the important indexes given by
7 =1{1,2,3,4,5}. The left panel shows a situation in which the estimated probabilities
are quite noisy (dy = dy = 1) but are correct in expectation (6§ = 6*). In the right panel,
the estimated probabilities are less noisy (dj = da = 10) but are false in expectation
(0 =0.4#08=06).

In the special case that 8 = 6*,d; — 00,ds — oo, the forecast model coincides with
the true model. Furthermore, in the case # = 1, the forecast model is very similar to
the ‘Topk’ strategy (retaining the k& most important probabilities, rescaling them to
sum to one, and setting all other probabilities to zero). The somewhat subtle difference
between the analytical model and our practical implementation of Topk is that the
indexes of the important weights are fixed in the analytical model (given by the set Z),
whereas they are chosen as the k largest empirical weights in practice. Exact modeling

of our practical procedure would seem to complicate the analysis substantially without

5If there was only one important support point, for example, the probability of this support point would
necessarily be equal to 6, rendering weight estimation trivial.
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Figure 3.5: Simulated probability estimates. In both panels, we set n = 20,k = 5, and 6*
0.8. The other parameters (0, d; and ds) are as indicated in the header. Horizontal
segments represent true probabilities, dots represent estimated probabilities.

necessarily yielding further insights. While stylized, the analytical model described above
is flexible enough to cover various situations of applied interest. For example, the relation
between ‘important’ versus ‘unimportant’ values of the true probabilities can be governed
flexibly via the parameters n, k and 6*. While we assume that the set Z of important
indexes is known to the forecast model, the possibility of a poor forecasting model can be
represented by a value 6 that differs substantially from 6*, and/or small values of dj, dy
that correspond to noisy estimates. Thus, the forecast model could even yield estimates
of the ‘unimportant’ probabilities that greatly exceed those of the ‘important’ ones.® For
given support points u and estimated probabilities w, the expected SE and expected

CRPS implied by the analytical framework are given by

E[SE(w,u)] = sz*(uz - ijuj)Z, (3.11)
i=1 Jj=1
E[CRPS(w,u)] = Z Zwi(w;‘ —w;/2) |u; — ujl; (3.12)
i=1j=1

the expression for the CRPS follows from adapting the representation in Equation 2
of Jordan et al. (2019). In both cases, the expected value is computed with respect to
the discrete distribution with support points u and associated true probabilities w*. As

noted in Equation 3.9, we cast the predicted probabilities w as scaled draws from two

SIn practice, where the set of important indexes Z is not known, this situation corresponds to one in
which the largest empirical weights are not helpful for predicting new test sample cases.
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Dirichlet distributions. We further assume that the support points u are n draws from
a standard normal distribution; these are mutually independent and independent of w.
Using these assumptions, we obtain the following expressions for the (unconditionally)
expected SE and CRPS:

Bi5E) = [ [ BISB(, wldF, @)dFu(w)
:1—2{9*9_1_(1_9*)(1_9)}

k n—k
62  (1-6)? 0%(k — 1)

+ o+ +
k n—=k k(dik + 1)

1-0)>2n—-k-1)

TR FA T E Yy (3.13)
BIORPS] = [ [ BICRPS(w, Wi, (2)dFy(u)
:;Lmﬂw (3.14)

N

where F,, is the distribution of the estimated probabilities that is implied by our model
setup, and Fy, is the joint distribution of n independent standard normal variables. The
proof can be found in Appendix B.3. The result that the expressions for E[SE] and
E[CRPS] are identical up to a factor of /7 is a somewhat idiosyncratic implication of
our model setup.

In order to interpret the implications of these formulas, we compare a forecasting
method with 6 < 1 (representing standard RFs) to a method with § = 1 (representing
Topk) in the following.

For given values of n,k and 6*, both E[SE] and E[CRPS] attain their theoretical
minimum at 6 = 0*,d; — oo and dy — 00.” This result is unsurprising: Under the stated
conditions, the forecast model coincides with the true model, i.e., w = w* with probability
one. Since the SE is strictly consistent for the mean (and, similarly, the CRPS is a
strictly proper scoring rule), the true model must yield the smallest possible expected

score.® As both expected score functions are continuous in @, d; and do, this implies that

"Proof: 612[(1333] < 0 for ¢ = 1, 2; this holds for all values of 6,0*,n,k,d; and dz. Tt is hence optimal to let
d1,d2 go to infinity. Next consider the limiting expression of E[SE] as di,d2 — co. Minimizing this
expression with respect to 0 yields the solution 6§ = 6*.

8While the possibility of exactly matching the true model is unrealistic in practice, the requirement that
the true model perform best is conceptually plausible, and is the main idea behind forecast evaluation

via proper scoring rules and related tools.
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Figure 3.6: Expected CRPS as a function of §. The left panel refers to do = 1000
(i.e., precise estimates of ‘unimportant’ probabilities), whereas the right panel
assumes ds = 0.01 (i.e., noisy estimates). The other parameters are set as follows:
n =100,k = 5,0 = 0.8,d; = 1000. Solid vertical line marks 6*, dashed vertical line
marks best value for §. Shaded area marks range of values for 6 that perform worse
than 6 = 1 (corresponding to the Topk method).

if 0 is sufficiently close to 0%, and d1, do are sufficiently large, then the standard approach
will outperform the Topk method.

Conversely, the following conditions favor the Topk method over the standard approach:

e |0 —6% >|1—6"|],ie. the standard method’s implicit assumption that 6* = 6 is

worse than Topk’s implicit assumption that 6* =1
e d; is large, i.e. important probabilities are estimated precisely

e dy is small, i.e. estimates of unimportant probabilities are noisy

If these conditions, or an appropriate combination thereof, hold, then the Topk approach
can be expected to perform well.

Figure 3.6 illustrates the above discussion. In the left panel (with do = 1000), the
‘unimportant’ probabilities are estimated very precisely. Here the Topk method is superior
only to values 6 < 0.6 that are clearly smaller than the true parameter 6* = 0.8. In the
right panel (d2 = 0.01), the estimates of the unimportant probabilities are very noisy.
Hence it is beneficial to focus on the important probabilities which are estimated precisely
(since d; = 1000). Accordingly, the Topk method - which focuses on the important
probabilities exclusively - is superior to a wide range of values for 6. Interestingly, this
range includes the true parameter § = 6*, i.e., the Topk method can be beneficial even if

the probability estimates are correct in expectation.
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3.5 Conclusion

This chapter has considered simplified RF forecast distributions that consist of a small
number k of support points, in contrast to thousands of support points (possibly equal
to n, the size of the training set) of the original forecast distribution. The Topk forecast
distribution can be viewed as a collection of k scenarios with attached probabilities. It
hence simplifies communication and improves interpretability of the probabilistic forecast.
Our empirical results in Tables 3.2 and 3.4 imply that simplified distributions using five or
ten support points often attain similar performance as the original forecast distribution,
while larger choices of k, e.g., 20 or 50, even increase performance slightly in many cases.
Our analytical framework in Section 3.4 offers a theoretical rationale for these results.
Our empirical analysis further shows that when tuning hyperparameters to the target
value for k, even k = 3 can yield very good results.

While we have focused on the trade-off between simplicity (as measured by k) and
statistical performance, the optimal choice of k¥ depends on the subjective preferences
of the audience to which forecast uncertainty is communicated. In order to choose k in
practice, we recommend that communicators first assess the statistical performance of
various choices of k for their particular data set. In a second step, communicators may
then interview potential users about their perceived cognitive costs of various choices of
k. For example, Altig et al. (2022) argue that k = 5 resonates well with participants of

an online survey on firm performance.



4 Efficient Prediction of Tandem Mass
Spectra using the Neural Tangent

Kernel

This chapter is based on joint work with Adityanarayanan Radhakrishnan, Julian Avila-
Pacheco, Clary B. Clish, Martin Strazar, Ramnik J. Xavier, and Caroline Uhler. It
presents a straightforward way to predict so-called mass spectra of a molecule based on
its structure with a kernel ridge regression approach, utilizing a kernel that emulates an

infinitely wide NN with much simpler training routines.

4.1 Introduction

Liquid chromatography — tandem mass spectrometry (LC-MS/MS), is a well-established
and accurate technique to detect the presence of molecules in a sample, often drawn from
blood, stool, or urine. Put simply, liquid chromatography isolates molecules found in
the given sample. In a second step, tandem mass spectrometry fragments each isolated
molecule into smaller substructures and their abundance is measured. This process
results in mass spectra, which are typically unique to each molecule.

Specifically, in metabolomics, the study of small molecules that delineate life, one goal
is to find and identify compounds in specific tissues, sites, or organs to link symptoms
to specific compounds. For example, using LC-MS/MS, Wang et al. (2013) identified
2-aminoadipic acid as a biomarker for diabetes risk, and Roje et al. (2024) recently linked

gut bacterial metabolism of environmental compounds to bladder cancer.

Problem outline Inferring the compound® from a mass spectrum, also known as

annotation, is challenging because the spectrum records only the mass of fragments,

!The terms ‘compound’ and ‘molecule’ are used interchangeably in this work.

45
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not the substructures themselves. Although experts can annotate mass spectra with
some success, the process remains time-consuming and cumbersome. In an ideal world,
databases containing all recorded mass spectra and their corresponding compounds would
exist, allowing for simple lookups. While such databases of around 10* mass spectra
exist (Goldman et al., 2024), the space of compounds in metabolomics is estimated
to be around 100 (Kirkpatrick and Ellis, 2004). Other estimates suggest that we can
currently annotate fewer than 2% of existing compounds (da Silva et al., 2015). Thus, the
question remains: How can we accurately, swiftly, and cost-efficiently find the molecule
that corresponds to a given spectrum?

If a database lookup is unsuccessful, the accepted method to prove the presence of
any molecules in a sample is to synthesize the expected molecules and measure their
mass spectra. This approach allows us to tackle the problem from the opposite direction.
These ‘pure’ mass spectra, derived from the known, synthesized compounds, can then
be matched against the mass spectra measured of our biological sample. Clearly, this
process is time-consuming, costly, and may involve many iterations. Therefore, tools
that predict a compound from a given spectrum (‘spectrum-to-structure’) or predict a
spectrum from a given compound (‘structure-to-spectrum’) are needed to increase speed
and success rate of this process. Perfect spectrum-to-structure and structure-to-spectrum

methods would significantly reduce the number of molecules that need to be synthesized.

Related Literature Existing spectrum-to-structure methods attempt to infer the
molecule from a given mass spectrum based on bottom-up reconstruction of the frag-
mentation process (Dithrkop et al., 2019) or with machine learning approaches such as
Goldman et al. (2023b) who used a transformer architecture. However, literature has
mostly focused on the second mentioned approach, predicting a mass spectrum based
on a given molecule (in the form of a feature vector). Wei et al. (2019), Murphy et al.
(2023), and Goldman et al. (2024) use feed-forward NNs, a graph NN, and multiple graph
NNs, respectively. Another branch of literature predicts spectra based on the physical
properties of molecules, such as their structure, bonds between molecules, or the presence
of certain molecules (Wang et al., 2021; Ridder et al., 2014; Wolf et al., 2010). Goldman
et al. (2023a) use a hybrid approach, predicting fragments via physical properties and
their respective intensities with a transformer-based NN. Existing approaches also differ
in how they model the output space, i.e., the mass spectra. For example, Wei et al. (2019)

use a simple binning scheme, while Goldman et al. (2023a) argue that predicting the
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Figure 4.1: Exemplary mirror plots for our simple kernel method with the NTK and CFM-ID
with 20eV. The blue mirrored spectrum is the true observation, the red-shaded
spectrum is the respective prediction.

presence of chemical fragments is more accurate than binned estimations. The latter also

found no significant impact on database retrieval performance between the two schemes.

Contributions of this Work Our approach follows structure-to-spectrum methods,
utilizing kernel ridge regression, a flexible machine learning model that is fast in both
training and prediction, unlike existing NN approaches. Utilizing the NTK (Jacot et al.,
2018), we emulate the predictive behavior of an infinitely wide NN sidestepping the
cumbersome training process, requiring only a few tunable hyperparameters. In contrast
to theoretical fragmentation, our approach is purely data-driven. This way, we are able to
predict fragments that were observed but are theoretically challenging to derive. Figure
4.1 visualizes predictions and true mirrored spectra for three compounds (columns) for
our simple-bin NTK model (top row) and CFM-ID (bottom row) (Wang et al., 2021).
More details on mass spectra can be found in Section 4.2.2. We refer to this type of
plot as ‘mirror plot’ hereafter. Comparing the two models, we can see that our model
predicts the general structure of the mass spectra more accurately, whereas the CFM-ID

predictions are sparse and fail to predict even high intensity fragments. We investigate
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multiple output modeling strategies using both uniformly-spaced and data-driven bins,
which are not tied to a particular resolution and capture the most abundant fragments
in the data set. Our experiments demonstrate that our models significantly outperform
existing methods in the annotation of unknown spectra. To simulate the adaptability
of our model to under-represented compound classes in data sets, we set up a scenario
where we fine-tune or re-train the kernel models on a specific class of compounds. This
is only viable in practice if training is fast, and we find that with only a few hundred
additional samples, we achieve a significant advantage over the original model. Note
that while in our data set all mass spectra are produced via LC-MS/MS, it is generally
independent of the MS/MS method.

Structure of the Chapter The chapter is structured as follows: Section 4.2 in-
troduces the theoretical concepts needed to understand our modeling approach and
provides an intuitive introduction to tandem mass spectrometry. Section 4.3 presents our
methodology and available data, including both the modeling side and the preprocessing
steps undertaken to prepare the data. Section 4.4 explains our experimental setup and

showcases the results. Finally, we discuss and conclude in Section 4.5.

4.2 Theoretical Background

In this section, we introduce the necessary concepts for this work, both formally and

intuitively. We refer to more detailed literature for interested readers where applicable.

4.2.1 Kernel Methods

We now introduce kernel ridge regression, the predictive model used in our experiments,
in an intuitive manner. Note that the use of kernel functions is not limited to regression.
For an in-depth introduction to kernels and their applications, see Scholkopf and Smola

(2001). For a Gaussian process perspective, we refer to Rasmussen and Williams (2005).

Kernel Functions We introduce the general concept of kernel functions, particularly

positive definite kernel functions:
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Definition 4.2.1 (positive definite kernels). A positive definite (p.d.) kernel on a general
set X is a function k: X x X — R that is symmetric:

V(z,z') € X%, k(x,x') = k(z/, x),

and which satisfies, for all N € N, (x1,a,...,xyx) € XN and (a1,a9,...,ay) € RY:

N N
ZZaiajk‘(mi,:cj) > 0.

i=1j=1

We assume X C R? in the following. For vectors, the simplest useful kernel is the
linear kernel: k(x,2’) = (x,x’), where the symmetry condition is obviously fulfilled. It
is also positive definite, as 32N, Zév:l aiaj{z, ') = || SN aiz||?> > 0.

More interesting and useful kernels can be written as k(x,z’) = (®(x), ®(x’)) with
® : X — H and H denoting a Hilbert space of functions.?

For example, if # € R? (and x; denoting the ith coordinate of x in this example), a
non-linear feature mapping ®(x) = (x?, v/2x122, 3). This leads to the corresponding
kernel function k(z,x') = z2x? + 2z 20| ) + 23TF = (12| + X27)?, called the
polynomial kernel. This mapping is useful for example, if the data in its original space is
arranged in concentric circles and is therefore not linearly separable. With this feature
mapping applied, we can fit a linear model with perfect discrimination. Aronszajn (1950)
showed that any kernel function of the form k(x,2’) = (®(x), ®(2’)) is a valid kernel
for any choice of ®. Hence, we can map any point x to a function in H, which we can
consider an infinite dimensional feature mapping. We then compute the scalar product
in H. Put differently, a kernel function computes the ‘similarity’ of a data point  to
all other data points in a reproducing kernel Hilbert space (RKHS) #H. The similarity
between all pairs of input data can be summarized in a (symmetric and positive definite)
kernel matrix K € RVXV,

If we only care about this similarity between data points, it is therefore more convenient
to merely imply a feature map ® by defining a kernel function k directly. This way, we
only implicitly compute the inner product of two feature maps but explicitly calculate

the similarity between x and x’, which is sometimes called the ‘kernel trick’.

2The codomain, i.e., the space H in which ® maps to is called ‘reproducing kernel Hilbert space’, where
the name stems from its ‘reproducing’ property: for a ® := Zj\] aik(-, ;) with a; € Rand ¢ € X, we
can verify that (k(-,x), ®) = ®(x). k is then also called the reproducing kernel.
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Example 4.2.2 (prominent positive definite kernels). A prominent example of kernel
functions is the Gaussian kernel:

|z — 2'|3

k(z,x") = exp — 5

g

with parameter o € RT.

The polynomial kernel introduced above for the general case can be written as:
k(x,z') = ({(x,x') + c)P,

with p € N determining the degree of the polynomial and parameter ¢ € R. Note that

parametrization can vary slightly depending on the notational style.

In this work, we investigate the Laplace kernel besides the NTK.? It is also referred to
as Ornstein-Uhlenbeck kernel, where compared to the Gaussian kernel we do not square
the euclidean distance:

||z — ||

. (4.1)

k(z,z') = exp —
o

We define the parameter v = o2 and refer to it from hereon as bandwidth. Intuitively,

the larger ~ is, the smoother k£ will be and vice versa.

Neural Tangent Kernel (NTK) It is well-established that there is a correspondence
between Gaussian processes (and therefore kernel methods) and NNs with infinitely wide
hidden layers (see e.g., Neal, 1996; Williams, 1996; Rahimi and Recht, 2007), where the
last layer is trained while all hidden layers remain fixed. Lee et al. (2018) provide a
comprehensive overview of this correspondence and introduce the term neural network
Gaussian process (NNGP). Jacot et al. (2018) recently introduced the NTK, a kernel
function that resembles the learning dynamics of infinitely wide NNs with an arbitrary
number of hidden layers. They show that, under certain initialization schemes, the
solution provided by infinitely wide NNs is equivalent to that obtained by solving kernel
ridge regression with the NTK. For an NN f with parameter vector 6, the NTK is defined
as:

ko(x,x') = (Vo f(x;0), Vof(x';0)).

3Note that in the literature, the same kernel with the L1-norm is sometimes also referred to as a Laplace
kernel.
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Intuitively, the NTK remains constant during training as NNs are linear in their pa-
rameters. For a rigorous derivation and proof, see Jacot et al. (2018), who examine
the dynamics of training, or Liu et al. (2020), who provide a detailed analysis of the
Hessian matrix of f. The analytical form of the NTK depends on the specific network
architecture and activation function. In this work, we use the NTK for a feed-forward
NN with ReLU activation of depth two. Following Bietti and Mairal (2019)%, the NTK

(z,z")

Tal[ 2T is defined as follows:

for this architecture, with u =

k(z,a') = ||| - [|2']| (u- Ko(u) + K1(u)), (4.2)
where ro(u) = 1 (7 —arccos (u)) and 1 (u) = L(u(r —arccos (u)) ++v/1 — u?). Subsequent
works introduced the NTK also for other NN architectures, including CNNs as well as
recurrent NNs (Yang, 2020) and transformers (Hron et al., 2020). In practice, there exist
libraries (e.g., Novak et al., 2020) that compute the NTK given an NN architecture. We
can now either choose an NN architecture and continue development or search over the
space of NTKs, much like neural architecture search (Elsken et al., 2019) but without
hyperparameters such as initialization scheme or learning rate that do not apply to kernel
ridge regression. Even though there may still be the need to tune hyperparameters, there
are far fewer to tune and training a NTK is much faster compared to NNs. In summary,
the NTK allows us to emulate an infinitely wide NN using a kernel function. Thus, we
can avoid much of the cumbersome process of training such an NN but instead solve

kernel ridge regression, which is introduced below.

Kernel Ridge Regression Our goal is to utilize and benefit from kernels in a regression
setting: let us consider a univariate regression setting with X C R% as above, y € R"
and D, = {z;,yi}1; € (X x R)" a training set of size n. Our goal is to minimize the

regularized squared error loss:

n

1
ar}gelflin -~ Ei:(yi = @) + £l (4.3)

By the representer theorem (Kimeldorf and Wahba, 1970) which in summary states that

the minimum norm solution lies in the span of all k(x,-): f(x) = D7 a;k(x, x;) with

4See Chen and Xu (2021) for arbitrary depth.
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a € R™, we can write the last equation as

argmin(Ka — y)T (Ka — y) + Ao’ Ka. (4.4)

acR?
Since this is a convex problem, we can take the derivative with respect to a and set it to
zero. The optimal solution is then® a* = (K + AI)~'y. Thus, we have our predictive

function

flz) = Kox(Kxx +A) "'y, (4.5)

where K,x € R'*" denotes the kernel matrix of the test point « to all training samples

X and similarly for Kxx.

4.2.2 Liquid Chromatography - Tandem Mass Spectrometry

In order to understand the application and problem domain properly, we introduce MS/MS
and specifically LC-MS/MS on an intuitive level. The interested reader is referred to
Siuzdak (2024). LC-MS/MS is used to measure molecules, including metabolites, lipids
and proteins in biological samples. Here, we focus on small molecule metabolites and
lipids. Metabolites are small molecules, usually not heavier than 1200 g/mol that occur
in a human’s metabolism either as an intermediate or end product. The samples are
usually collected in stool, urine or blood. The branch of life sciences that is concerned
with such metabolites in any form is called metabolomics. The basic steps of LC-MS/MS

are as follows:

1. Inject In metabolomics, a biological sample can be a drop of blood, which contains
a complex mixture of thousands of molecules. To study individual compounds
or prepare reference standards, which we address here, a purified compound in a
solvent is injected. The sample is prepared by following an extraction protocol,
which includes mixing with solvents (e.g., methanol) to extract molecules of a
desired polarity and remove undesired molecules (e.g., proteins). The prepared

sample is injected in a LC-MS/MS system.

2. Separate Compounds are separated in time by binding to a surface with defined
chemical properties (stationary phase) with liquid chromatography. Over a defined

time period (e.g., 10 minutes), the ratios between two solvents (e.g., water and

5The second derivative with respect to a is K + AI which is positive definite.
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acetonitrile) is varied to allow defined subsets of compounds to pass to the mass

spectrometer.

3. Ionize The sample is ionized via electrospray ionization (‘soft ionization’). A
voltage is applied to a capillary through which the sample is passed, causing the
liquids to disintegrate. This results in a gas of charged molecule-ions. One can

control the amount of fragmentation by adapting the voltage.

4. Accelerate  Since the fragments are charged, it is possible to accelerate them

through an electric field (e.g., instantiated by a magnet).

5. Detect We measure the degree of deflection for each incoming fragment. Depending
on the mass, a fragment is less deflected (higher weight) or more deflected (lower
weight). The position of the incoming fragments depends on their mass and their
charge, quantified as the mass to charge ratio (m/z). In our experiments, we always
assume the charge to be equal to one, such that m/z effectively quantifies the
mass measured in g/mol. In the following, we use the terms ‘m/z’ and ‘mass’
interchangeably. Note that in our case, the detected m/z value includes the adduct

mass.

6. Analyze Compare results to reference measurements, which can be used to identify

and quantify known compounds.

The result can then be visualized in a mass spectrum, where we plot the mass on the
x-axis and the measured intensity on the y-axis. Most of the time, the largest recorded
m/z value corresponds to the original compound as it is the heaviest ‘fragment’ of the
compound and is also called precursor. Figure 4.2 shows a MS/MS spectrum for ‘adipic
acid’ with the chemical formula O4CgH1y. As we can see, we find the last peak at an
m/z value of around 146, which is the mass of adipic acid.

If we did not know the compound corresponding to this spectrum, we could predict
a compound based on the present peaks. For example, the peak at an m/z value of
around 55 likely corresponds to the fragment C4Hg. As the stability of bonds between
atoms determines how the analyzed molecule will fragment, it is possible to infer the
molecules structure by analyzing the spectrum. A seasoned practitioner could then
infer the compound corresponding to the spectrum. One may be tempted to interpret a
spectrum as a distribution of continuous values. This, in fact, is a wrong interpretation.

Take the following example: the molecules carbon dioxide (CO2) and nitrous oxide (N20)



Methodological Setup 54

1.04

{

0.8 -

07'};/\/\( o

Intensity
I
o
i
8

o
=
.
"

0.2+

0.0

0 25 50 75 100 125 150 175
m/z

Figure 4.2: Exemplary MS/MS spectrum for a compound called ‘adipic acid’, O4CgHjg.
CFM-ID identified some fragments, which are shown above the respective bar.

have a mass of 44.01 g/mol and 44.013 g/mol, respectively. Even though they would
appear very close to each other on a mass spectrum, they are two very distinct molecules
and cannot be compared with each other. Hence, values on the x-axis cannot be seen as
continuous but rather as distinct classes, similar to a picture of a skyline, where each

‘peak’ corresponds to a unique skyscraper.

4.3 Methodological Setup

In this section, we introduce the data used in our experiments, describe the preprocessing
steps undertaken, and outline the modeling approaches for both the input and output

spaces, as well as the models themselves.

4.3.1 Training Data

In this work, we use MS/MS spectra collected from internal and a number of public sources.
The complete training data set includes 28 832 spectra for 27475 unique molecules (after

preprocessing; we refer to the next section).
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Internal Data Sets

The internal standards were collected at the Broad Institute, Metabolomics platform
using two LC-MS/MS methods. Data were acquired using LC-MS/MS systems comprised
of Nexera X2 U-HPLC systems (Shimadzu Scientific Instruments) coupled to Q Exac-
tive/Exactive Plus Orbitrap mass spectrometers (Thermo Fisher Scientific). The methods
are optimized for extraction of polar metabolites and lipids from human biological samples
such as plasma or stool and are described in Lloyd-Price et al. (2019). Spectra collected
at multiple collision energies are merged by summing raw intensity values and normalized

relative to the maximum value.

Polar metabolites A total of 1008 unique polar metabolites were collected using a
150 x 2-mm Atlantis HILIC column (Waters) in positive mode, yielding 1136 unique

spectra, across multiple precursor ions where available.

Lipids A total of 228 unique lipids were collected using a 100 x 2.1-mm ACQUITY
BEH C8 column (1.7 pm; Waters) in positive mode, yielding 336 unique spectra, across

multiple precursor ions where available.

Public Data Sets

Human Metabolome Database (HMDB) LC-MS/MS spectra were downloaded
from Human Metabolome Database (HMDB; Wishart et al., 2022), which includes
spectra from heterogeneous sources and formats. Where multiple spectra were available
for compounds, intensities were first normalized relative to individual maximum values
and subsequently merged into a single spectrum. This yielded 3443 spectra for 3194

unique human metabolites in positive mode.

Global Natural Product Social Molecular Networking (GNPS) LC-MS/MS
spectra were downloaded from Global Natural Product Social Molecular Network-
ing (GNPS; Wang et al., 2016) repository and normalized to their maximum value.

This yielded 1691 spectra for 990 unique compounds in positive mode.

MS2DeepScore Finally, we also collect curated spectra from a recent publication (Hu-

ber et al., 2021) which includes 127 285 total spectra for 25551 unique compounds.
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4.3.2 Preprocessing

To ensure high data quality, we use an intricate preprocessing routine, which we present

in the following.

1. SMILES validity SMILES (Weininger, 1988) is a string representation of a molecule,
containing all relevant information about it, including its atoms and structure.
Therefore, it is crucial that this SMILES string is correctly specified. We retain a

spectrum if all the following conditions are met:

e The given SMILES is syntactically valid and contains only the following
elements: C, H, N, O, P, S, Na, B, I, Cl, Se, Br, F, Si, K.

e Meta information is complete.

2. Fragment database During preprocessing, we attempt to match any signal in a
spectrum to a valid fragment. To do so accurately and swiftly, we create a subset
of the BUDDY database (Xing et al., 2023) by filtering out subformulae not part

of the given SMILES and masses larger than the compound’s mass.

3. Peak processing For each peak in each spectrum, we apply the following steps:
a) The m/z values are rounded to six decimal places.

b) We subtract the adduct mass from the m/z values to increase flexibility as we

are now independent of the used adduct.

c) If a peak is below 0.3% of the maximum peak intensity of the spectrum, we

assume this to be peak noise and therefore ignore it.

d) If a peak occurs at an m/z value larger than the compound’s mass plus 24

g/mol (in order to account for measurement inaccuracies), we ignore it.

e) If we can identify the peak as the ‘parent peak’ (m/z value of the peak is within
5ppm of the precursor mass), there is no need to look up the fragment. If we
cannot, we perform a lookup in our database subset. If we find a fragment
within 25ppm of the considered peak, we retain the peak in the spectrum;

otherwise, we ignore it.

4. Conditions on processed spectrum If any of the following conditions are met, the

spectrum is discarded:
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e The spectrum contains fewer than three identified peaks.

e The maximum intensity of the remaining peaks is less than 5% of the maximum

intensity value before preprocessing.

5. Reverse lookup € duplicates Once all noisy (according to our heuristic) peaks
are removed and the spectrum is not discarded, we perform a reverse lookup step.
For example, if a compound has a mass of 400 m/z and we observe a peak at
m/z value 72.11 (which could be Butanal, C4HgO), we should theoretically also
observe a peak at 400 — 72.11 = 327.89. If this peak is not present in the data
and a lookup in the database is successful, we artificially add it to the spectrum
with the same intensity as the observed peak. With MS/MS, it can sometimes be
hard to detect small compounds. Thus, this is step especially useful to add small
fragments, where only the larger counterpart was detected. To ensure that there
are not duplicate peaks (whether or not they resulted from the reverse lookup), we

remove any duplicates, retaining the maximum intensity.

Out of 133 308 total available spectra, we keep 28 832. Additionally, we find that some
compounds occur multiple times in the data set. As a simple heuristic, for each of those
spectra, we retain those that lost the fewest peaks during preprocessing. This intuitively
signifies the quality of the raw data: the more peaks retained, the higher the signal. The

final data set size will depend on the modeling of the output space and is discussed below.

4.3.3 Modeling Approaches

Our goal is to predict a MS/MS spectrum given a compound represented as a SMILES

string. In this section, we introduce our modeling approach and aspects thereof.

Output Space Modeling

As spectra are theoretically vectors with infinite dimensionality, it is crucial to model the
output space with care: while we want the output space to be as realistic as possible,
a large output space increases model complexity. Let Y € [0,1]"*" denote the matrix
containing all n MS/MS spectra contained in the data set and y € [0, 1] a single MS/MS

spectrum, where b € N specifies the output space dimension.
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Intensity Scaling We first scale the peaks within each spectrum y, where we choose
to follow Wei et al. (2019) and scale the peaks by taking the square root element-wise

before normalizing such that maxy = 1:

_ VY
= o T (4.6)

We investigate two options for binning the scaled spectra:

Fixed Binning This approach is straightforward and commonly used in MS/MS
prediction (Wei et al., 2019; Goldman et al., 2024, among others). We bin a spectrum
in a fixed number of bins b. While simple, it may not capture the reality of MS/MS
spectra: a detected fragment at an m/z value h may be something entirely different than
a second fragment detected at h + €, yet, they may end up in the same bin. However,
our experiments have shown, that it seems to be sufficient to choose a relatively low
bin number of b = 2200. The final data set contains 28 832 spectra, 27 475 of which are

unique molecules.

Flexible Binning One way to prevent different fragments falling in the same bin is to
output intensities for all prevalent fragments in the data set. As this would be infeasible,
we can restrict ourselves to the most frequent fragments. By controlling the minimum
number of occurrences, we also control for the number of ‘bins’ b. A downside of this
approach, however, is that important fragments that do not occur as often (for example,
heavier fragments) may not be modeled at all. As flexible binning removes peaks, we
keep spectra only if they exhibit at least three peaks and if the maximum intensity is at
least 0.1 (while unlikely, it is possible that large peaks are discarded during the binning
process). For our experiments, we choose a minimum number of occurrence of 250, which
results in b = 3030 bins. With the altered modeling, the final data set contains 23 255

spectra, all of which unique molecules.

Predictive Model

To predict spectra from a given structure, we design kernel methods because of their
flexibility and speed in training and inference. Kernel regression as presented in Section
4.2.1 are most commonly used in univariate prediction settings. Multivariate extensions

of kernel regression exist, however, they are computationally intractable for our case as
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the kernel matrix would be of size (n-b x n-b) ~ 6.3 x 10" x 6.3 x 107 depending on
the specific choices of n and b. See for example Alvarez et al. (2012) for an overview on
such models. Hence, we need to find the balance between practicality and theoretical

soundness. We suggest the following options:

Single Model Here, we use a single kernel regression model to predict the entire
spectrum y for each compound. This approach results in a very simple, easy to understand
and fast model. A downside of this approach is that we weigh each dimension within y;

with the same weight. Recall Equation 4.5:

f@) = Kox (Kxx + MDY =3 aig”, (4.7)

=

where we denote each spectrum in the training data set as y; and highlight the multivariate
nature of y; with a superscript (b). Although the solution a to the linear system is
not modeled independently for each output dimension, dependence between bins is
(b)

modeled implicitly as the dependence of occurring peaks in each gy, ’ is given by the data.
Computationally, this modeling approach is very compelling as we only need to invert
the training kernel matrix Kx x + AI once, resulting in a training time of a few seconds

on a single GPU.

Multi Model For flexible bins, we also introduce a multi-model approach where each
bin is treated separately by training independent, univariate models on the respective
bins, as described in Section 4.2.1. Note that if we did not change the input to these
models, this would be equivalent to the single model approach. For each compound, we
only use models for those bins, for which the m/z value corresponds to a subset of a
compound’s chemical formula. Put differently, we ‘mask’ the training data set for each
bin-model. For example, if the given compound has the chemical formula O,CgH1g, we do
not include this data point for bins which correspond to a fragment containing nitrogen
(N) as this is impossible. Thus, the number of inputs for each model (corresponding to
each bin) varies. Theoretically, the same approach is applicable for fixed bins, however,
this masking approach is not sensible as we cannot map each bin to a single compound.
Compared to the single model approach, we need to invert a (different) kernel matrix d

times, which makes this approach comparatively slow.
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Model Input We use (unscaled) Morgan fingerprints (Morgan, 1965) with 1024 bits
with the precursor m/z value appended, which has been standardized for all binning
and model variants. These fingerprints are a way of quantifying a molecule by binary
encoding specific structures such as rings or types of bonds between atoms in a given
molecule. The fingerprints are calculated based on the SMILES of a given molecule.
It is possible, that two different (but similar) compounds result in the same Morgan
fingerprint, however, we chose to follow current literature (Wei et al., 2019; Goldman
et al., 2023a, 2024) to maintain comparability. Let X € R™1925 denote the matrix
containing all n feature vectors contained in the data set and x € R19?° a single feature
vector. Without the appended m/z value, we have 15439 unique fingerprints and 24 712

with the respective m/z value appended.

Kernel Hyperparameter Choices We choose hyperparameter values for all of our
kernel methods based on default values frequently used in the literature (Belkin et al.,
2018b; Radhakrishnan et al., 2023, 2024) and minor tests on a hold-out data set. As
kernel models are not lower-bounded by zero but spectra are bounded between zero and
one, we further introduce a threshold hyperparameter for the respective model outputs,
to get rid of small, presumably noisy and possibly negative predicted peaks. We fix this
threshold to 2 x 1072 for all experiments and models. The parameters for all models are

summarized in Table 4.1.

Table 4.1: Kernel hyperparameters. Summary of all hyperparameter choices.

Model Kernel  Hyperparameter Value

All All Threshold 2x 1072
Laplace Bandwidth 10
Laplace Regularization 1
Single NTK Depth 2
NTK Bias True
NTK Regularization 25
Laplace Bandwidth 10
Laplace Regularization 1
Multi NTK Depth 2
NTK Bias True

NTK Regularization 60
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4.4 Experiments

In this section, we present our experimental setup as well as the respective results.

4.4.1 Experimental Setup

In order to showcase the performance and versatility of our kernel-based approach to
MS/MS prediction, we carry out a series of different experiments which highlight their

value for different application scenarios.

MS/MS Prediction The goal in this multivariate regression task is to predict an
MS/MS spectrum based on a input vector that quantifies a molecule. The prediction
is evaluated using the metrics listed in Table 4.2. Our problem encompasses elements
from both classification and regression tasks, hence we must consider different metrics
capturing those different aspects. For example, a model with nearly perfect squared
error could still predict many small, noisy peaks where no peak occurs. Conversely,
a TNR of one could be achieved by predicting no intensity. We include the squared
error as it is minimized by the kernel models. Cosine similarity measures the angle
between two vectors, or equivalently, the un-centered correlation between their elements.
It ranges from zero (uncorrelated, vectors are perpendicular) to one (perfectly correlated,
vectors align perfectly). Both metrics are useful as they measure different aspects of
regression and are used in the annotation experiments (see next paragraph). We also
report the true positive rate (TPR), true negative rate (TNR), false positive rate (FPR),
and false negative rate (FNR), commonly used for evaluating classification tasks. A peak
is considered ‘present’ if its value exceeds zero (or a chosen threshold).

Our models are evaluated using 4-fold cross-validation, utilizing approximately 75% of
the data set for training. To compare our models on a test set, we use the fold that was
not trained on the particular sample. The test set comprises 8826 samples.

Comparing our results directly to those reported in other works is not possible, as many
use a different data set and setup. Therefore, we benchmark our models against NEIMS
(Wei et al., 2019), ICEBERG (Goldman et al., 2024), and CFM-ID (Wang et al., 2021)
on our data. Predictions for ICEBERG at 10eV, 20eV, and 40eV were kindly provided
by the authors. Since these predictions were provided to us, we used the same binning
scheme for evaluation, i.e., an upper m/z limit of 1500 and 15000 bins. For training

and evaluating NEIMS, we use the same setup, preprocessing, and hyperparameters as
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Table 4.2: Prediction evaluation metrics. We use those metrics to evaluate our forecasts.
If not explicitly mentioned otherwise, we take the mean over all test samples. The
definitions for the four classification metrics are slightly adapted to fit our case. || -||o
denotes the LO-norm, which counts the number of non-zero elements in a vector.

Metric Perspective Formula
b

Squared Error (SE) Regression Z(gz —y;)?
i=1

Cosine Similarity Regression Talallvl fﬁ”’f»“

Yli211Yl|2

1 {9 > 0} - 1{y; > 0}

true positive rate (TPR)  Classification

T
Zi:l 1{?31 = 0} : ]—{yi = 0}
Zs,'):l 1{y; = 0}
S 1{g; > 0} - 1{y; = 0}
E?:l 1{y; =0}
S 1{g; =0} - 1{y; > 0}
llyllo

true negative rate (TNR) Classification

false positive rate (FPR)  Classification

false negative rate (FNR) Classification

described by the authors (5000 bins), but additionally evaluate a model trained on spectra
with 2200 bins. CFM-ID predictions are binned into 2200 bins to maintain comparability.

Annotation The goal of the annotation task is to identify the compounds corresponding
to given but unknown MS/MS spectra S € [0,1]%*%, where a € N represents the number
of spectra stored in rows, and b represents the number of bins as described in Section 4.3.3.
To test performance on this task, we need spectra for which we know the corresponding
compounds and candidates. For our annotation data set, we have Zf:() ¢; = 16548 and
b = 3422, averaging about five candidates per ‘unknown’ spectrum. Figure 4.3 depicts the
process and visualizes the steps undertaken for the spectrum shown in the top left corner.
We proceed in three steps: First, we identify all possible ¢ € N candidates for each given
spectrum S;, as shown in the table on the top right of Figure 4.3. A candidate is any
compound with the same mass as the true compound, inferred from the spectrum. In
general, some candidates may be similar in structure compared to the true corresponding
molecule. Second, for each given spectrum S;, we predict the MS/MS spectrum for each
of its candidates S e [0,1]°*P. In Figure 4.3, these predictions are shown in the bottom
five spectra. Third, we measure the similarity between a given spectrum S; and each

corresponding predicted spectrum (one for each candidate) and rank r € R the predicted
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Given 'unknown' spectrum

Step 1: Find all candidates to the given spectrum (left) S;
08+ For our experiments, we know the compound the spectrum corresponds to
No. Name SMILES Truth  Mol. Weight

& 0 Deoxyadenosine Nelne 1cn2C1CC(0)C(CO)01 True 251.1018

] 1 2)C(0)C10 False 251.1018

04- 2 )03)c2[nH]1 False 251.1018

3 > C1C False 251.1018

1 -, methyl ester  COC(=0)C(0)CCnl )nene2l False 2511018
00s g B i l,Ln | i 20 Step 2: Predict the spectrum for each of the candidates (below) S

F— Pradiction: Deoysdenosine Prciton Coryeapin
"
Eot 0.4 0.4
L .“‘ U‘n..‘ ) | L ) ool I Y Y sl TR I
erdicion: 2,5 Didooryguancsine
ol Predicton S Purine  btanoi ac, aminealpha hydrory motieser

o Step 3: Compare the predicted spectra to the given

spectrum and rank based on L2 or cosine score §(9)

! 5 No. Name Truth Score  Cos. Score

o 0 Deoxyadenosine True  -0.313871  0.958287

3 Cordyc n False - 3 0.943723

02 1 5'-Deoxyadenosine False 0.801839

) | H i ll | 4 9H-Purine-9-1 acid, 6- Ipha-hydroxy-, methyl ester ~ False 10722701

ool "Y‘”“-' " ELT S LD ol ‘“1 i ‘muﬂm B v s 2 2 3-Dideoxyguanosine False  -1342248 0044175

wie 00y 0 100 150 200

Figure 4.3: Demonstration of the annotation experiment for a compound called ‘De-
oxyadenosine’. In practice, the given spectrum is unknown.

spectra accordingly, as shown in the bottom right corner in Figure 4.3. Similarity is
measured using cosine similarity and L2-distance (square root of the squared error).
While ongoing research explores measuring the distance between different MS/MS spectra
(e.g., Huber et al., 2021; Li et al., 2021), cosine similarity remains a straightforward and
established measure (Bittremicux et al., 2022; Marissen et al., 2023). We use L2-distance
for comparison. Denote S(* as the matrix that holds predictions S with rows sorted
according to the ranking. The resulting ranking for each spectrum in S; represents the
model’s ability to match a spectrum to its corresponding compound. If the predicted
spectrum that ranks first is the true spectrum, our model predicts spectra well enough
such that it is closest to the true spectrum. Performance is measured by Top-k accuracy,

where we calculate the fraction of true spectra within the top k ranked spectra:

1S € S}

a

Top-k Accuracy =

using the subscript [: k] to select the first k rows.
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The annotation experiment is based on models trained for MS/MS prediction. There-
fore, we use the same models and benchmarks as described above. Additionally, we

randomly rank candidates for each spectrum to establish a lower bound.

Transfer Learning It is common for practitioners to have only a few compounds
(possibly newly synthesized) available to train a model for their specific use case. For
example, we may only be interested in a certain class of compounds whose spectra have
unique features. Hence, it is crucial that a model can adapt to a specific set of compounds.
We can either use a model as is and hope it can predict any set of compounds well,
we can re-train the model on novel training data, or apply transfer learning on our
model to adapt to the specific compounds at hand. Since kernel models are fast to train,
they can be re-trained easily, especially compared to NNs. Therefore, we investigate
the transfer learning and re-training capabilities of our models by recreating such a
scenario: We train a fixed-bin, single-kernel model on a training set that includes samples
from all but one available compound class.® Next, we test the model’s performance for
prediction and annotation on an unseen class of compounds, which is exclusive to the
test set. In subsequent steps, we iteratively add samples of this class of compounds to
the training set to either completely retrain the model or apply transfer learning and
test at each step. This approach allows us to observe how incremental additions of data
impact the model’s performance, providing insights into the model’s adaptability. The
transfer learning approaches are based on Radhakrishnan et al. (2023), where a kernel
model is post-processed in various ways. Let X, € R™*¢ be the source data set with
corresponding observations ys € R™, and similarly, let X; € R™*? be the target data
set with corresponding observations y; € R™, where n; << ns. A model fs was trained
on the source data set, and we wish to adapt it to the target data set. We apply four
methods, described intuitively below. The first three methods follow Definitions 1-3 of
Radhakrishnan et al. (2023).

1. Projection We use the prediction of fs as input for ft. Our prediction is then

9 = fi(fs( X))

2. Translation We treat the residuals of fs, i.e., 7y == fS(Xt) — v, as observations.
The prediction will then be ; = fs(Xt) + ft(Xt).

SFor the sake of overview, we chose our simplest model. The overall transfer learning approach does not
vary for different modeling approaches.
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3. Projection € Translation This is a combination of the previous two approaches,
where we use the prediction of fs together with the targets regressors as input, i.e.,
X, = { s (Xy) Xt}, and regress it on 7; as defined above. Our prediction is then
Yt = fs(Xt) + ft(Xt)~

4. Re-training Train a model ft on the whole data set, i.e., X; = {XS Xt}. In
other words, we do not apply transfer learning but train a single model on all

available data. Kernel methods allow this due to their simple training procedure.

In our experiment, we use available information from the HMDB-class (Wishart et al.,

2022) within the data set, listed in Table 4.3. For the transfer learning experiment,

Table 4.3: HMDB-Class distribution in our data set. The class ‘Unknown’ summarizes all
fragments for which we do not have information about the respective class, while
‘Other’ summarizes all other, less frequently occurring classes.

HMDB class Count
Benzene and substituted derivatives 1905
Carboxylic acids and derivatives 1458
Flavonoids 1205
Organooxygen compounds 993
Steroids and steroid derivatives 990
Prenol lipids 863
Glycerophospholipids 731
Fatty Acyls 609
Indoles and derivatives 316
Other 6372
Unknown 13390

we train a source model on all samples except for the class 'Benzene and substituted
derivatives’. We then apply transfer learning or re-train the model on randomly drawn
samples from that class and test it on a fixed set of 300 randomly drawn samples (also
from that class). Figure 4.4 visualizes the data points used for training, transfer learning,
and testing using t-SNE (van der Maaten and Hinton, 2008). Gray points represent the
training data, green points represent the test data, and red points represent the transfer-
learning data. To reduce overhead and maintain clarity, we use the same hyperparameters
for the target model as for the source model. This consistency ensures that any observed

differences in performance are due to the transfer learning process rather than changes
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Figure 4.4: t-SNE of fingerprints where we indicate data points in gray that used for training
the source model. Green symbolizes the test set and the red dots are used for
transfer learning. Both red and green data points make up the class of ‘Benzene
and substituted derivatives’

in hyperparameters. Additionally, maintaining the same hyperparameters simplifies the

experimental setup and reduces potential sources of variability.

4.4.2 Results

In this section, we present the results on the three experimental setups outlined in Section
4.4.1.

MS/MS Prediction

The regression results on the employed performance metrics for our MS/MS prediction
models are shown in Table 4.4.

First, we analyze the kernel models, and then we compare them to the benchmark
models. Note that we cannot compare results from models with different output sizes
because the problem is different. Hence, we interpret those models together with the

same output space modeling. Regarding SE for models with 2200 bins, both kernel
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models perform at a similar level. While the NTK achieves higher cosine similarity
and TNR, Laplace leads with a higher TPR (and therefore lower FNR). Compared to
NEIMS and CFM-ID, they also achieve a similar SE but outperform the baselines in
cosine similarity and TPR. However, both benchmarks have very high TNR, suggesting
that kernels overpredict the presence of peaks, while NEIMS and CFM-ID (along with
ICEBERG) seem to predict relatively sparse spectra. Regarding the flex-binning kernel
models, we do not see a big difference in SE for both model types and kernel functions.
As for the fixed binning models, the Laplace kernel is trailing slightly behind the NTK in
cosine similarity. While the multi models seem to predict more peaks due to the higher
TPR and lower TNR compared to the single models, neither SE nor cosine similarity
seem to be affected by this fact. These results indicate that while all of our models may
produce more false positives, they are also more sensitive in detecting true peaks, which
could be advantageous in certain applications where missing a peak is more critical than

predicting an extra one.

Table 4.4: MS/MS prediction results. For CFM-ID and ICEBERG, we selected the respective
best performing version. We add the number of bins in thousand for each model
behind the binning scheme. The respective best results for each metric are shown in
bold face. Cosine Similarity is abbreviated ‘CS’ and is shown in percent, as are TPR,
TNR, FPR and FNR. Fixed binning is abbreviated ‘Fix..

Binning Model Kernel SE CS TPR TNR FPR FNR
Fix. (2.2)  Single NTK 0.0022 54.85 74.67 95.76 4.24 25.33
Fix. (2.2)  Single Laplace 0.0023 52.01 81.78 94.79 5.21 18.22
Flex (3.03) Single NTK 0.0009 49.74 57.18 97.41 2.59 42.82
Flex (3.03) Single Laplace 0.0010 46.37 56.98 97.56 2.44 43.02
Flex (3.03) Multi NTK 0.0009 49.50 71.16 93.38 6.62 28.84
Flex (3.03) Multi Laplace 0.0009 48.29 72.54 93.66 6.34 27.46
le (2.2)  NEIMS - 0.0020 32.81 26.38 99.36 0.64 73.62

Fix. (2.2) CFM-ID - 0.0030 37.59 19.35 99.56 0.44 80.65
Fix. (15) ICEBERG - 0.0004 4298 57.58 99.50 0.50 42.42

We suspect that our models predict too many peaks due to the nature of kernel models
being a weighted sum over training observations (refer to Equation 4.5). Thus, if the
data exhibits presumable noisy peaks, it is difficult to remove noise in their predictions

entirely.” A higher threshold value could potentially reduce the issue. To verify, we

"Note that it can be hard in practice to distinguish a noisy peak from signal.
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visualized the a-values (refer to Equation 4.7) for a simple Laplace kernel with fixed
binning for 30 randomly drawn test samples in Figure 4.5. A negative value is shown in
a red shade, a positive value is shown in blue, and zero-values are shown as white. The
resulting matrix is sometimes referred to as ‘smoother matrix’ in statistical literature
(Hastie et al., 2009). Each test case is shown in a row, training observations with known
and frequently corresponding HMDB-class (roughly 6800 compounds) are shown as
columns. Training observations are grouped by their respective HMDB-class and within
the group sorted by the first PCA-dimension based on their feature vector. To maintain
overview, we choose to discard samples for classes ‘Unknown’ and ‘Other’. We refer to
Figure C.4 in the appendix for the same visualization including all training samples.
Clearly, most values for each case are non-zero which confirms our hypothesis. A second

reason for ‘noisy’ peaks may be that the kernel models are optimized on the SE. This
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Figure 4.5: Smoother matrix (partial) for test predictions of the simple Laplace with
fixed binning. Each Row, separated by a black line, represents a test point, each
column a training point, grouped by the respective HMDB-classes. We only show
known and frequently observed classes, discarding class ‘Unknown’ and ‘Other’.
See Figure C.4 in the appendix for the same matrix with all training compounds.
Columns within each class are sorted by their first PCA dimension of their Morgan
fingerprint. Negative weights are shown in red, positive weights are shown in blue
and zero-weights are visualized as white.
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loss incentivizes a model’s (probability) prediction to be accurate and calibrated (in
classification tasks, the SE is also referred to as Brier score; see e.g., Gneiting and Raftery,
2007). Thus, if a model predicts values close to zero for a particular m/z value, we can
interpret this as the model’s (low) expected probability of intensity being present. In
other words, the model expects a peak with some chance if a ‘noisy’ peak occurs.

We can further use Figure 4.5 to interpret the predictions. For example, none of the
test compounds are steroids and steroid derivatives, prenol lipids, glycerophospholipids
nor fatty acyls. Indeed, this is reflected by the weight values as many columns are zero for
these classes and additionally flavonoids. This suggests that the kernel model has learned
meaningful relations between observed spectra (columns) and unseen test cases (rows).
Moreover, we can detect similarities in rows for some compounds. For example, the
rows for 'acetone lactate’, ‘(5S)-5,6-dihydroxy-2-oxohexanal’ and ‘4-ethoxy-4-oxobutanoic
acid’ exhibit a lot of similarities. Considering Figure C.5 in the appendix visualizing
chemical structures of some test compounds, we can see that they are indeed similar in
their structure. This is also the case for ‘monomethyl glutaric acid’ and ‘methylglutaric
acid’. On the other hand, ‘Palatinose’ is structured very differently to the previously
mentioned compounds and their corresponding a-values reflect this. This highlights that
we can intuitively and visually verify what the kernel model has learned in an intuitive
way. We further inspect our predictions visually, where Figure 4.6 visualizes a randomly
chosen test sample prediction for the simple kernels with fixed bins and the mirrored true
spectrum. The particular molecule is called ‘Quetiapine’. Both kernels output similar
spectra in their overall structure. They pick up the most prominent peaks, but also
exhibit noisy peaks which resembles the interpretation of Table 4.4. For this case, it seems
that the NTK is able to predict intensities more accurately compared to the Laplace
kernel. Further, while both kernel functions predict the precursor correctly, the Laplace
kernel predicts a small peak to the right of the precursor. However, it fails to find the
correct largest m/z value as there are a few, smaller peaks exceeding the compounds m/z
value which the Laplace kernel is not. In practice this is not a problem as we always know
a compounds m/z value. Thus we can simply discard peaks at m/z values larger than the
compounds m/z value. To compare, Figure 4.7 shows the the mirror plot of CFM-ID and
ICEBERG with 20eV. For this particular sample, the ICEBERG prediction confirms the
results shown in Table 4.4 as it is sparse, with relatively few of the high-intensity peaks

of the true spectrum being predicted. Whether the sparsity is due to the model being
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Figure 4.6: Mirror plot for simple, fixed-bin models where the Laplace prediction is
shown on the left and the NTK prediction is visualized on the right. The blue
mirrored spectrum is the true observation, the red-shaded spectrum is the respective
prediction.

based on chemical properties of the compound or not is unclear. CFM-ID’s prediction is
less sparse but fails to predict most peaks correctly. For the sake of overview, we include

mirror plots for all other models in Appendix C.1.

Annotation

The results for the annotation task are presented in Table 4.5. While we could not
compare models with different output space modeling in the previous section, we can
do so for the annotation task. In this task, it is sufficient to predict a given spectrum
well enough that the predicted spectrum of the true compound is closest to the given
true spectrum. All kernel models outperform our benchmarks by at least four percentage
points (pp), depending on the considered distance metric. NEIMS and ICEBERG perform
at a similar rate (even though NEIMS is a much simpler architecture), while CFM-ID
performs only marginally better than random guessing with the L2 distance and about
8 to 9 pp better with cosine similarity. The choice of kernel function, similar to the
prediction results above, does not significantly influence ranking accuracy. However,
for both L2 distance and cosine similarity, the NTK slightly outperforms Laplace in all
setups. The best-performing model is the multi-model NTK with flexible bins. Given
the additional complexity of the multi-model approach and the negligible increase in
performance compared to the single-model approaches (both fixed and flexible bins),

the practitioner’s preference will determine which model is more appropriate for the
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Figure 4.7: Mirror plots for CFM-ID & ICEBERG prediction with 20eV. The blue
mirrored spectrum is the true observation, the red-shaded spectrum is the respective
prediction. Note that ICEBERG is using 15000 bins up to an m/z value of 1500,
while CFM-ID is binned to 2200 bins up to 1200 m/z.

annotation task. These results support the findings of Goldman et al. (2023a), indicating
that predicting uniformly-sized bins result in similar performance compared to data-driven
bins, i.e., present fragments. Moreover, cosine similarity appears to be a better metric
than L2 distance, as it ranks more accurately in most cases. This makes sense, because
intensity readouts are not consistent across MS/MS instruments. Cosine similarity is
therefore more robust to outliers.

Considering both prediction and annotation, it is evident that neither prediction
metric alone can reliably predict good annotation performance. Even though the single
model NTK with fixed binning achieves the highest cosine similarity, it does not peak
in annotation performance. Similarly, the single models with flex binning achieve a
relatively low TPR, yet perform just as well in the annotation step compared to the other
kernel methods. Considering the benchmark models, while they all exhibit a very high
TNR, this does not yield in good annotation performance, especially for CFM-ID. Thus,
annotation does not seem to require the most accurate predictions as long as they are
‘similar enough’ To summarize, the kernel methods demonstrate a good trade-off between
predictive performance and the ability to annotate well, outperforming benchmarks in

all key metrics.
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Table 4.5: MS/MS annotation results. For CFM-ID and ICEBERG, we selected the same
models as above.

Binning Model Kernel Top-1 Ace. [%)]
L2 Cosine
Fixed Single NTK 88.98 90.01
Fixed Single Laplace  87.64 89.36
Flex Single NTK 88.75 90.41
Flex Single Laplace  87.96 89.80
Flex Multi NTK 88.60  90.50
Flex Multi Laplace 89.04  90.21
- Random - ~ 49-50
- NEIMS - 83.58 81.18
- CFM-ID - 51.55 58.26
- ICEBERG - 82.14 80.95

Transfer Learning

Figure 4.8 visualizes the annotation performance on 300 test samples from the HMDB-
class ‘Benzene and substituted derivatives’, as shown in Figure 4.4. We run the experiment
several times, iteratively adding more data points (visualized red in Figure 4.4) to the
transfer learning model and record the performance for all methods. Performance at ‘0’
shows the performance of the source model on the test points, i.e., no transfer learning
was applied. The dotted lines highlight this performance for the NTK (blue) and Laplace
kernel (orange), respectively. Without transfer learning, the annotation accuracy for
both distance metrics is about 75%, clearly better than random guessing. When applying
transfer learning, particularly the Projection and Projection & Translation methods
drop significantly in performance up to about 200 samples for both kernel functions.
The re-trained kernels remain at approximately the same level until about 200 samples.
Thereafter, all methods steadily improve in performance. For both distance metrics, the
NTK Projection & Translation and Laplace Projection methods require the most samples
to regain the source model’s performance. Interestingly, the cosine distance seems to
be more forgiving, as the two methods reach the original performance with about 500
samples, while for L2, the models need 800 samples. Unsurprisingly, the Re-training
methods are relatively stable from the beginning and show increased performance starting

at 500 samples. Projection & Translation and Re-training seem to be the superior
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Figure 4.8: Transfer learning: Annotation performance of different methods methods and
kernels. Laplace is abbreviated as ‘Lap.’, Projection as ‘Proj’, Translation as ‘Transl’
and Re-training as ‘Retr.. The gray dashed lines show the respective random score.
The dotted blue and orange lines show the performance of no transfer learning
applied for the NTK and Laplace kernel, respectively.

methods for the Laplace kernel, while Projection results are better for the NTK. The
final annotation accuracies reach over 85% for the Laplace Projection & Translation
method. However, all methods improve with transfer learning and re-training, suggesting
the usefulness of each method. Depending on the method, only a few hundred samples
are needed to increase performance.

Figure 4.9 reports on the average number of predicted peaks for each transfer learning
run. The test set’s average number of predicted peaks is 31.79, visualized as the dashed
line. We can see that for the first few runs, both kernel functions for Projection and
Projection & Translation predict almost no peaks. This can be attributed to the fact that
only a few samples are used for transfer learning, showcasing that this is not enough data
for the models to learn anything meaningful. Apart from this effect in the early stages,
all methods and kernels heavily over-predict the presence of peaks. While the number
decreases in later runs, it is still roughly twice as high as in the observed data. Figures
C.9, C.10, C.11, and C.128 show mirror plots for the same compound at different stages of
transfer learning and re-training. All models change their predictions quite significantly
for a better prediction. Comparing methods for this particular compound, Projection
does not model the intensities as accurately as the other methods. Furthermore, all

models find the correct positions of prominent peaks in the true spectrum but also exhibit

8Due to space constraints, the figures are presented in Appendix C.1.
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Figure 4.9: Transfer learning: Average umber of predicted peaks in each transfer learning
run. Laplace is abbreviated as ‘Lap.’, Projection as ‘Proj’, Translation as ‘Transl’
and Re-training as ‘Retr..

noisy peaks. Combining these results, over-predicting the presence of peaks does not
seem to negatively impact annotation performance. The remaining metrics for each
transfer learning run can be found in Figures C.6, C.7, and C.8 in Appendix C.1. To
summarize, all transfer learning methods improve performance compared to the source
model when testing on a (at least somewhat) distinct group of compounds, previously
unseen for sample sizes larger than 400, depending on the transfer learning method
applied. Re-training seems to be the most stable method, as performance fluctuates
slightly for a small number of new samples. Projection & Translation excels for a larger
number of samples. For all methods, both kernel methods perform at a similar level.
This increases the flexibility of our overall modeling approach, as we outperform current
literature’s models, train much faster, and can adapt our models to the specific task at
hand.
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4.5 Discussion

In this chapter, we demonstrated the feasibility of predicting MS/MS spectra using kernel
ridge regression. In humans, there are many more metabolites than we are currently able
to measure (da Silva et al., 2015), primarily due to a lack of reference standards. Running
chemical standards is the most reliable approach, but synthesis can be expensive, costing
up to thousands of dollars for complex molecules. With improved predictive methods,
this step can become much more accessible, allowing us to look for predicted spectra

instantly with negligible cost.

Improved Performance The NTK, which emulates the learning dynamics of an
infinitely wide NN, slightly outperformed the Laplace kernel in our experiments. Addi-
tionally, all tested kernel models and modeling approaches surpassed existing literature
on the annotation task. The similar performance of the NTK and Laplace kernel sup-
ports recent theoretical work indicating that they share the same RKHS (Chen and Xu,
2021). Our approach is particularly useful given its simplicity. Compared to NNs, which
existing literature predominantly focuses on (Wei et al., 2019; Goldman et al., 2023a,
2024, among others), the development process for kernel ridge regression, with only a few

hyperparameters, is much simpler and faster.

Improved Handling and Interpretability Training an NN almost always requires
extensive and complex hyperparameter tuning, leading to a lot of back-and-forth during
development. Moreover, inherent interpretability allows us to assess whether the model
learned useful patterns and understand how predictions were formed. The smoother
matrix in Figure 4.5, recently advocated by Coulombe et al. (2024) as an interpretation
tool, serves as a good example. For example, we can deduce that a particular sample
class is under-represented in the training data if a ‘smoother vector’ exhibits little sign
of similarities. Kernel regression, with its close relation to Gaussian processes, can also
be used to output an uncertainty estimate for intensities. Future work can focus on
an adapted modeling approach that accounts for this. While our setup results in many
predicted peaks, some of them possibly noisy, we argue that estimating spectra from
data alone can be of advantage (Xing et al., 2023). For example, it includes the presence

of radical fragment ions (Xing and Huan, 2022).
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Transfer Learning and Re-Training Finally, our approach provides the flexibility
and speed to adapt to any available data, as demonstrated in Section 4.4.2. Re-training is
important because of the poor representation of many structural classes in open databases.
Therefore, open and straightforward methods will play a key role here. The importance of
focusing on specific classes is shown in recent generative modeling approaches, optimized
for, e.g., psychoactive molecules (Skinnider et al., 2021) or human primary metabolites
(Qiang et al., 2024), where the generated compounds are simulated through CFM-ID
and searched in human samples. Improved structure-to-spectrum predictions are key to
an affordable approach. With our method, we argue that we provide such an affordable,
interpretable, and straightforward modeling approach that, in the future, can potentially

be combined with generative models.



5 Learning to Forecast: The Probabilistic

Time Series Forecasting Challenge

This chapter is based on a joint publication with Johannes Bracher, Fabian Kriiger and
Sebastian Lerch, in The American Statistician (Bracher et al., 2024). It deals with the
development and insights of a novel lecture, in which students weekly issue and submit
probabilistic forecasts in a competitive and real-time environment. Permission to reuse

the article, as well as the figures, in this work is granted by the copyright holder.

5.1 Introduction

Forecasting is a core task of statistics. Accordingly, the development, implementation,
and evaluation of prediction models play a central role in statistics courses within degree
programs such as economics, mathematics, and computer science. Much of statistical
forecasting takes place in a time series context, where the goal is to predict future
observations of a univariate or multivariate time series. Reflecting the breadth and depth
of time series analysis, there is a wealth of excellent textbooks, teaching materials, and
university courses on the topic. For the sake of coherence and simplicity, however, even
applied courses typically refer to idealized settings that do not match the requirements
of real-world time series forecasting.

In particular, practical forecasting by definition refers to quantities not yet known at
the time of prediction. Academic research and teaching, on the other hand, typically use
historical data examples, and the quantities to be predicted are not actually unknown
to the forecaster. The real-time setting can be mimicked, e.g., by considering a rolling
forecast origin, sometimes also referred to as ‘rolling window’ or ‘rolling sample’. In
this approach, the data are repeatedly split into training and test sets (using the R
newest observations up to time ¢ to predict the outcome at t + 1, observations up to

t + 1 for the outcome at t + 2, and so forth). This, however, is only an imperfect
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imitation of the real-time setting. Firstly, modeling decisions are inevitably taken based
on knowledge of the entire time series, thus including information which would not have
been available in real time. Secondly, the procedure smooths over many imperfections of
real-time data, which may be subject to initial errors, delays, and revisions. (While some
impressive efforts have been made to compile data sources that reconstruct forecasters’
past information — see e.g., Croushore (2006) for economic examples — the availability
of such sources remains an exception.) Both aspects contribute to hindsight bias, i.e.
after the fact the observed events may seem more predictable than they actually were.
This tendency is further reinforced by the absence of time constraints in retrospective
forecasting.

Practical forecasters need a diverse set of skills in statistics, involving theoretical
knowledge (e.g., being able to select and test appropriate methodology), programming
skills, as well as the ability to keep track of the forecasting workflow (ideally by using
professional techniques like version control). Teaching these skills — and practicing them
ourselves — was our main motivation for offering a course on real-time forecasting. As
an additional feature, we sought to emphasize probabilistic forecasts which acknowledge
and quantify uncertainty (Gneiting and Katzfuss, 2014). These considerations led to
the ‘Probabilistic Time Series Forecasting Challenge’ that we describe in this chapter.
Its setup was inspired by collaborative forecasting efforts in epidemiology (e.g., Cramer
et al., 2022). In the hope of making the course as entertaining as possible, we combined
this format with gamification-type aspects (Hamari et al., 2014; Dicheva et al., 2015)
that are also present in data science competitions on the Kaggle platform (Bojer and
Meldgaard, 2021). All rules and procedures for the challenge were pre-defined in a public
preregistration which was available to participants (Bracher et al., 2021a).

This chapter describes our experiences and learnings from running this novel course
format at Karlsruhe Institute of Technology (KIT) in Germany between October 2021
and February 2022. The second edition of the course just started at the time of this
writing. We hope that the chapter is of interest to statisticians who consider offering a
similar project to an audience of students or professionals.

The chapter is organized as follows. Section 5.2 describes the structure of the course,
thereby highlighting relevant design parameters. Section 5.3 compares the course format
to existing collaborative forecasting projects. Section 5.4 presents empirical results on

participants’ forecasts, and Section 5.5 provides a concluding discussion. To avoid clutter,
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we collect web resources in Table D.1 of the appendix and refer to them as ‘URL1’ to
‘URL15’ in the text. Additional empirical analyses can be found in Table D.2 in Appendix
D.1. Forecast and outcome data are available on the course’s GitLab repository at URL1.
Code to replicate the empirical analysis in the present chapter is available at URL2. An

interactive visualization of the forecasts and outcomes is available at URLS3.

5.2 Structure of the Forecasting Challenge

In this section, we describe the context of the course, as well as its collaborative forecasting

process.

5.2.1 Context

Background of Participants Bachelor’s and Master’s students enrolled at KIT in
the degrees of industrial engineering and management, computer science and business
mathematics were eligible to apply for the course. In the Bachelor’s program, these
degrees contain at least two lectures covering basic statistical knowledge and three lectures
of mathematical foundations, ensuring that all applicants had sufficient knowledge of the
topic. Based on their transcript of records as well as a short letter of motivation, we
admitted two Bachelor’s, twelve Master’s, and four PhD students (with the latter not
required to pass an examination). Of these 18 students, 17 participated continuously

throughout the challenge.

Provided Material In preparation, we recorded several video lectures for the students.
Students could hence re-watch the lectures, a substantial benefit as we anticipated a
steep learning curve in the first few weeks of the course. Besides information about
the course logistics, the lectures contained basics in regression modeling, probabilistic
forecasting, time series analysis and real-time forecasting as well as pointers to R (R
Core Team, 2022) and Python (van Rossum et al., 2011) resources. While we did not
restrict the students’ choice of programming language, our support was limited to R and
Python. We further provided code for the respective baseline models (all three variables),
for advanced benchmark models (for temperature and wind, see below), as well as some

data loading scripts and scripts to check the correct format of a submission file.
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5.2.2 Targets and Benchmarks

Target Variables Each Wednesday, participants were required to provide forecasts
for the following three target variables (see Section 5.2.3 for details on the submission

process):

o accumulated log-return of the German stock index (Deutscher Aktienindex) (DAX)
of the next five business days (defined as 100 times the difference between the
log-transformed value of the DAX at the target time and its last known value at
the time of prediction). We used Yahoo Finance (URL4) as an easily accessible

data source.

e temperature 2 meters above ground, measured in °C, for a weather station close
to Karlsruhe (Rheinstetten) for 12:00 UTC on the respective upcoming Thursday,
Friday and Saturday as well as 0:00 UTC on the respective upcoming Thursday
and Friday.

o wind speed 10 meters above ground, measured in km/h, for the same weather station

and horizons as for temperature.

Figure 5.1 shows the time series of the three targets and illustrates the chosen lead times.
As the goal of the challenge was probabilistic forecasting, we required forecasts for the
respective 2.5%, 25%, 50%, 75% and 97.5% quantiles for said targets. Participants were
allowed to use any additional data sets available to them.

By choosing these targets, we aimed for a diverse set of forecasting tasks in a classical
time series format. The data are relatively easy to access and understand, and constructing
plausible statistical forecasts is feasible for university students.

Unfortunately, the Rheinstetten weather station, which had been chosen for its geo-
graphic proximity to Karlsruhe, did not report data due to a connectivity problem during
the first week of the challenge. We therefore switched to the Berlin-Tempelhof station

(URL5) whose observations displayed broadly similar empirical properties.

Setup for Numerical Weather Processing (NWP) Nowadays, weather forecasts
are typically based on numerical weather processing (NWP) models which represent
physical processes via systems of partial differential equations. Weather services usually

run an ensemble of NWP model simulations, e.g. based on randomly perturbed initial
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Figure 5.1: Time series to be predicted: accumulated log returns of the DAX stock index,
temperature 2 meters above the ground and wind speed 10 meters above the ground
in Berlin (note: only values at 0:00 and 12:00 UTC shown). Grey vertical lines
show time points at which forecasts were made. To illustrate the defined forecast
lead times, the black vertical lines show 1 December and the red dots the quantities
which needed to be predicted on 1 December.

conditions. To reflect the common practice in weather forecasting for the temperature
and wind speed targets in the setting of the challenge, we utilized NWP ensemble
forecasts from the operational weather prediction model of the German weather service
(Deutscher Wetterdienst) (DWD), the sahedral Nonhydrostatic (ICON) model (Zingl
et al., 2015). The ICON model is run at a 20 km resolution over Europe and contains 40
ensemble members. While ICON forecast data is openly available via DWD’s Climate
Data Center (URL6), downloading and handling these large data sets (e.g., to extract
forecasts at specific locations) can be cumbersome and requires specialist knowledge.
Using automated downloading and pre-processing scripts run on a remote server, we
provided up-to-date ICON ensemble forecasts to all participants. The forecasts were
disseminated on a daily basis in the form of text files via a dedicated KIT-internal GitLab
repository, and contained predictions of seven weather variables (mean sea level pressure,

total cloud cover, direct downward shortwave radiation, temperature at 2 meters and at
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850 hPa, wind speed and maximum wind gust at 10 meters) with lead times up to 120
hours for the target location(s).

NWP ensembles are typically biased and lack calibration. They thus require correction
via so-called post-processing methods. The distributional regression approaches employed
in operational weather forecasting and research range from simple statistical techniques
to advanced machine learning methods, see Vannitsem et al. (2021) for a recent overview.
One of the most popular approaches is the ensemble model output statistics (EMOS)
method proposed by Gneiting et al. (2005) where a parametric distribution is assumed
for the target variable. The distribution parameters are then modeled as functions of
summary statistics from the NWP ensemble predictions. To enable the implementation
of post-processing models for the weather targets, we compiled an additional data set of
past ICON ensemble predictions and corresponding observations at the target locations
from December 2018 to September 2021 which was provided to the participants, along
with implementations of standard EMOS models for temperature and wind based on the

crch software package for R (Messner et al., 2016).

Benchmark Models For each target variable, we defined a benchmark model in the
study preregistration. These benchmark models, which are summarized in Table 5.1, were
intended to put participants’ forecast performance into perspective (e.g. by calculating
skill scores). Our benchmark models were chosen to be simple and easy to understand,
while still being empirically plausible. In addition to the benchmark models, we generated
EMOS forecasts for the two weather targets. All benchmark forecasts were based on

code that we also provided to participants.

Table 5.1: Summary of benchmark models.

Variable Description of benchmark

DAX Empirical return quantiles, computed from a rolling
sample S of 1000 days, i.e. S = {ri_999n,---Ttn},
with 7, = 100 x (log DAX; — log DAX;_p,)

Wind Empirical quantiles of raw ensemble forecast

Temperature Empirical quantiles of raw ensemble forecast

Ensemble Forecasts Ensembles (or ‘combinations’) are a common and empirically

successful tool to summarize a set of forecasts of the same target variable (see e.g. Gneiting



Structure of the Forecasting Challenge 83

and Raftery, 2005; Timmermann, 2006). In our context, ensembles summarize the
numerous contributed predictions and illustrate the potential of collaborative forecasting.

Specifically, we generated two different forecast ensembles:

1. Mean ensemble The «a quantile of the ensemble is given by the mean of the

respective o quantiles of its members.

2. Median ensemble The a quantile of the ensemble is given by the median of the

respective o quantiles of its members.

As specified in our preregistration of the course project, we initially planned to consider
an inverse score-weighted ensemble in addition. However, we ultimately refrained from
adding this layer of complexity as we found the simpler mean and median ensembles
well sufficient for the purpose of summarizing collaborative forecast performance in the

course.

5.2.3 Submission and Evaluation

Submission The project took place throughout the whole winter semester 2021/2022,
where the first submission had to be handed in by October 27th, 2021. Due to the
Rheinstetten weather station’s connectivity problems noted above, weather forecasts
started only at November 3rd, 2021. The last submission deadline was February 9th,
2022. Excluding a two-week Christmas break, this resulted in 14 weeks of DAX forecasts
and 13 weeks of weather variable forecasts. Each Wednesday, forecasts needed to be sent
to us via email in a specified .csv-format by 11:59 PM. Table 5.2 shows an illustrative
submission file for November 3rd, 2021. The latest available ensemble weather forecasts
were those from the NWP model runs initialized on Wednesday at 00 UTC. The first
weather targets to be predicted corresponded to observations made on Thursday at 12
UTC, which is 36 hours after the NWP model’s initialization time and 12 hours after
the submission deadline. The participants’ forecast files were then uploaded Thursday
morning on our public repository. Students were allowed to skip submissions twice
without failing the course.

In order to protect the students’ anonymity, each student was asked to pick a character
from five fictional universes as their alias: Discworld (URL7, not chosen at all), Brooklyn
Nine-Nine (URLS, chosen three times), Friends & Joey (URL9, chosen five times), Game
of Thrones (URL10, chosen five times) and Star Wars (URL11, chosen seven times).
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Table 5.2: Example of a correctly specified submission file for November 3rd, 2021.

forecast__date target horizon q0.025 q0.25 q0.5 q0.75 q0.975
2021-11-03 DAX 1 day -1.8 -0.3 0.1 0.6 1.7
2021-11-03 DAX 2 day -3.0 -0.5 0.2 0.9 2.0
2021-11-03 DAX 5 day -3.0 -0.7 0.2 1.2 2.4
2021-11-03 DAX 6 day -3.6 -0.9 0.3 1.2 2.7
2021-11-03 DAX 7 day -3.6 -0.9 0.5 14 3.2
2021-11-03 temperature 36 hour 6.5 8.0 8.6 9.2 10.4
2021-11-03 temperature 48 hour 6.2 7.9 8.7 9.2 10.6
2021-11-03 temperature 60 hour 7.9 9.8 10.9 11.7 13.4
2021-11-03 temperature 72 hour 4.3 6.8 7.6 8.3 9.7
2021-11-03 temperature 84 hour 8.5 104 11.3  12.0 14.2
2021-11-03 wind 36 hour 8.7 13.8 16,5 194 26.2
2021-11-03 wind 48 hour 5.8 15,5 189  23.1 30.8
2021-11-03 wind 60 hour 9.7 14.2  16.7 19.0 23.8
2021-11-03 wind 72 hour 6.9 11.9 142 171 24.3
2021-11-03 wind 84 hour 8.9 144 177 208 26.3

Each Thursday, course participants and one or two instructors met online to discuss the
past week of forecasting. This allowed students to learn from each other’s experiences and
obtain ideas to improve their forecasting approach. Although the call was not mandatory,

participation remained high during the whole semester.

Public Display and Evaluation of Forecasts An interactive visualization tool
(URL3) implemented in R Shiny (RStudio, Inc, 2013) and plotly (Plotly Technologies
Inc., 2015) was made available and updated after each round of submissions. This allowed
students to browse their own and others’ past forecasts and visually compare them against
later observed data. The website also included a regularly updated leader board covering
the various employed evaluation measures. The app was hosted using the shinyapps.io

service, with the underlying code and data available at URL12.

Performance Measures Several different statistical measures were used to asses the
probabilistic forecasts submitted by the participants. These were specified prior to the

start of the course in the study preregistration (Bracher et al., 2021a). The primary



Structure of the Forecasting Challenge 85

outcome measure was the linear quantile score

QS4(qary) =2 x {1(y < qa) — a} X (ga — ¥),

where ¢, is the submitted predictive a quantile with o € {0.025,0.25,0.5,0.75,0.975}
and y is the observed value. The linear quantile score is a proper scoring rule (Gneiting
and Raftery, 2007), meaning that it encourages ‘honest’ forecasting and is immune to
hedging. For each forecast target this score was averaged across the five submitted
quantile levels, which results in an approximation of the widely-used CRPS (Laio and
Tamea, 2007). In addition, the AE and coverage percentages of the central 50% and 95%
prediction intervals were assessed (see Gneiting et al. (2023) for a more detailed overview
of evaluation methods for quantile forecasts).

While in principle linear quantile scores can simply be averaged across different targets,
we refrained from doing so as the level and variability of scores was expected to vary
considerably across targets and forecast horizons. For each target type t (i.e., DAX,
temperature and wind speed) and forecast horizon h we therefore first computed average

scores
_ 1 M

Sen = A Z St hi

ti=1
across the Ny submission weeks, where N; = 14 for DAX and N; = 13 for the weather
variables. To improve comparability across targets and horizons, we then translated these
into skill scores _
St h

Qbench’
t,h

Sip =1~ (5.1)
where SEZnCh is the average score achieved by the respective benchmark model. For each
target and horizon, participants were then ranked by the skill score (or, equivalently, the
average score). To obtain an overall ranking, we averaged the linear quantile score ranks
participants achieved for the three targets and five horizons. In case of equal average
ranks, the best achieved rank was used as a tiebreaker, followed by the average rank
achieved for temperature and ultimately a coin flip.

We note that from a theoretical perspective, incentives in forecast competitions are
complex and depend on participants’ preferences (e.g., risk attitudes) and the details of
the forecasting setup (e.g., dependent versus independent outcomes across submission

rounds). While the recent literature has made intriguing progress (see, e.g., Pfeifer et al.,
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Figure 5.2: Interactive graphic display showing wind speed forecasts made by participants
and the later observed time series.

2014; Frongillo et al., 2021; Witkowski et al., 2023), it does not yet provide clear guidance
for complex practical settings like ours. We thus chose the pragmatic methodology
described above.

If participants did not submit forecasts for one or more targets, their score for each
target was imputed with 1.01 times the worst average linear quantile score achieved by any

participant for that target. This system was chosen to incentives regular participation.

Examination and Grading The final examination of participants was not based on
the formal predictive performance of their submitted forecasts. Instead, they needed to
hand in a seminar paper summarizing their prediction approach, technical pipeline and
learnings from the challenge. Grades were determined based on this assignment. There

were, however, small awards for the best-performing participants.

5.3 Comparison to Collaborative Forecasting Projects

We next relate our setup to collaborative forecasting projects across different areas of
applied statistics. While these projects have been framed in somewhat different ways
(as ‘competitions’, ‘surveys’, and ‘hubs’), a key commonality among them is that several

participants make forecasts of the same target variable.
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5.3.1 Forecasting Competitions

Forecasting competitions have found widespread use in statistics, complementing large-
scale benchmarking and model comparison efforts in machine learning (such as the
ImageNet Large Scale Visual Recognition Challenge at URL13) and other fields. Fore-
casting competitions have the potential to improve the theory and practice of forecasting,
for example by motivating novel methodological developments. For recent overviews, we
refer to Hyndman (2020), Petropoulos et al. (2022, Section 2.12.7) and Makridakis et al.
(2022). In addition to forecasting competitions organized in an academic context, there is
a plethora of competitions available on platforms such as Kaggle (Bojer and Meldgaard,
2021). Most forecasting competitions focus on deterministic rather than probabilistic
forecasts, and few use a real-time format or focus on time series aspects. We discuss two

notable exceptions in the following.

Global Energy Forecasting Competitions The Global Energy Forecasting Com-
petition (GEFCom), a series of three international competitions received considerable
interest in energy forecasting research. The focus of GEFCom2014 (Hong et al., 2016)
was on probabilistic forecasts in the form of quantiles in four tracks on load, price, wind,
and solar forecasting. The competition used historic data, but was conducted in a pseudo

real-time setting, with weekly submissions of forecasts based on incremental data releases.

Competitions on Subseasonal Weather Forecasting While subseasonal weather
forecasts with forecast horizons of around 2 to 6 weeks are of considerable importance
for many application areas such as agriculture, energy or health, NWP models typically
lose most of their predictive ability on those time-scales (White et al., 2022). Recent
international competitions on subseasonal weather forecasting have thus focused on
improving those predictions, in particular through the use of machine learning methods.
The Subseasonal Climate Forecast Rodeo (S2S Rodeo) was a real-time forecasting
competition organized by the U.S. Bureau of Reclamation and the National Oceanic
and Atmospheric Administration that took place over a year from April 2017 to April
2018 (Hwang et al., 2019). Participants had to submit deterministic forecasts of average
temperature and accumulated precipitation over the western contiguous U.S. 3—4 and
5-6 weeks ahead.
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In a conceptually similar setup, the World Meteorological Organization (WMO) orga-
nized the WMO Prize Challenge to Improve Sub-Seasonal to Seasonal Predictions Using
Artificial Intelligence (URL14) in 2021 (Vitart et al., 2022). Probabilistic predictions of
categorical events (below normal / normal / above normal) had to be submitted for the
same target variables for all land grid points on the entire globe. Unlike the S2S Rodeo,
the competition was not conducted in a real-time setting. Within both competitions,
data sets of historic and current ensemble forecasts from NWP models were provided to

the participants.

5.3.2 Survey of Professional Forecasters (SPF)

Initiated already in 1968, the SPF is a quarterly forecast survey covering US macroe-
conomic outcomes like the gross domestic product or the inflation rate (Croushore and
Stark, 2019). A European analogue of the survey was established by the European
Central Bank in 1999 (Bowles et al., 2007). The SPF’s strict real-time schedule and its
coverage of probabilistic forecasts are similar to our course. On the other hand, many
macroeconomic variables are measured only quarterly and are published with a delay
of several weeks. In consequence, obtaining feedback on forecast performance is much
harder for SPF participants than for forecasters in fields like meteorology, where outcome

data are available at high frequency.

5.3.3 COVID-19 Forecast Hubs

The overall format of the challenge as well as parts of the technical infrastructure were
inspired by ongoing forecasting activities on the COVID-19 pandemic. Specifically, one
member of the organizing teams were involved in the operation of various Forecast Hub
platforms (Cramer et al., 2022; Bracher et al., 2021b; Sherratt et al., 2022), which collate
and combine short-term forecasts of COVID-19 case, hospitalization and death numbers.
These platforms operate using a similar quantile-based format with weekly submissions

and multiple lead times.

5.4 Empirical Results

In this section, we describe empirical properties of students’ probabilistic forecasts.
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5.4.1 Forecasting Approaches Used by Participants

In the following, we present the forecasting methods undertaken by the participants
throughout the challenge. Table 5.3 summarizes the implemented approaches, as indicated
in the students’ final project reports (excluding PhD students, who did not have to
submit reports). We group approaches into their broader methodological classes, that
is, we do not distinguish between different parameter or architecture choices. The row
on ‘additional data’ indicates whether students considered feature variables constructed

from external data sources, which was allowed by the rules of the course.

Table 5.3: Forecasting approaches implemented by the students grouped into broad
categories for each target variable. The first number denotes how often the method
was implemented, while the second number denotes how often the method performed
best in the students’ final evaluation.

Wind Temperature DAX

Baseline 3/2 3/2 4/3
EMOS 8/6 87 -

Quantile Regression — 2/1 2/1 9/2
QRF 4/0 3/0 2/0
Gradient Boosting 4/2 5/2 4/2
Neural Network NN 3/1 4/1 4/3
AR(I)MA 1/0 1/0 4/1
GARCH 0/0 0/0 5/3
Other 2/2 2/2 3/2
Ensemble of Models — 2/2 1/1 3/3
Additional Data 0/0 0/0 4/2

Students treated the wind and temperature targets similarly. For those targets, EMOS
is by far the most implemented and best final model. Interestingly, for two students the
baseline performed best. We suspect that this is due to programming errors, as EMOS
did indeed outperform the baseline (see Section 5.4.3 for details). Other methods, such as
quantile regression and QRFs were tried a few times, but apparently did not perform as
well. Model classes that do not fit the weather forecasting task, specifically AR(I)MA and
GARCH were rarely used. No participant tried to find additional data sets, which seems
plausible given the rich information set condensed by the ensemble forecasts. Instead of
considering additional data, students tried to gain performance by adapting the model
(class). Some students did not only utilize the ensemble forecasts of the respective target

variable, but also included other variables (e.g., cloud cover) in their predictions.
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For the DAX, where no feature data was provided, students’ approaches were more
heterogeneous than for wind and temperature. No model stands out as a clear favorite.
While most students implemented quantile regression methods, few chose them as their
final model. Besides the baseline (possibly adapted), neural networks, GARCH and
ensembles of models performed best for the students. Four students used additional data
sets.

Regarding their challenges during the semester, students mostly named technical
problems with software packages and implementation errors in their own code. Given
that students were required to develop their own code, this was to be expected as the
workload remained high during the semester. This is a key difference to most other
challenges (e.g., on Kaggle) where the real-time aspect is missing. Lastly, some of
the implementation choices and method descriptions in the reports suggest conceptual
misunderstandings on the part of participants. Similar to occasional coding errors, this

finding is not surprising given the difficulty and volume of the course content.

5.4.2 Evaluation Sample

Our forecast evaluation sample comprises 14 weeks for the DAX (starting with the
submissions on October 27, 2021) and 13 weeks for the weather targets (starting with
the submissions on November 3, 2021). For all targets, the final submission round was
on February 9, 2022, and submissions were paused during a Christmas break. The later
submission start for the weather targets was due to the switch to the Berlin weather
station described in Section 5.2.2. This setup yields a total of 199 forecast/observation
pairs (DAX: 14 weeks times 5 horizons, minus one banking holiday on Christmas; two

weather targets: 13 weeks times five horizons).

5.4.3 Forecast Performance

Table 5.4 presents the coverage rates of the benchmark (see Table 5.1 for a summary) and
ensemble forecasts. Coverage is defined as the share of test-sample observations that are
within the prediction interval. For example, the coverage rate for the 50% interval should
be 50%. For brevity, we focus on the mean ensemble (see end of Section 5.2.2). The
results for the median ensemble are qualitatively similar. Since each individual coverage
rate shown in Table 5.4 is computed from a rather small sample of 13 or 14 weeks, we

limit ourselves to a broad summary interpretation. The DAX benchmark generally has



Empirical Results 91

satisfactory coverage close to its nominal level. This result is unsurprising, given that
the benchmark is an estimate of the unconditional return distribution. While the latter
distribution is not sharp (in particular, it uses no conditioning information), it is known
to satisfy various notions of forecast calibration, including interval coverage that we
consider here (see e.g. Gneiting and Katzfuss, 2014). For temperature, the benchmark is
overconfident at the shortest horizon (with coverage rates falling short of their nominal
levels), but achieves satisfactory coverage rates otherwise. For wind, the benchmark
seems overconfident at all horizons. For the ensemble forecasts, Table 5.4 shows no clear
signs of miscalibration, with coverage rates being reasonably close to their nominal levels

for all targets and horizons.

Table 5.4: Coverage rates of prediction intervals for each respective horizon, in percent.
‘Ensemble’ denotes mean ensemble, ‘Temp’ denotes temperature.

Coverage (50% level) [%] Coverage (95% level) [%]

Target Horizon Benchmark Ensemble Benchmark  Ensemble

DAX 1 day 71.4 71.4 100.0 100.0
DAX 2 day 50.0 42.9 92.9 92.9
DAX 5 day 50.0 50.0 92.9 85.7
DAX 6 day 35.7 35.7 100.0 85.7
DAX 7 day 53.8 46.2 100.0 100.0
Temp 36 hour 15.4 30.8 61.5 92.3
Temp 48 hour 46.2 76.9 92.3 100.0
Temp 60 hour 53.8 76.9 100.0 100.0
Temp 72 hour 30.8 53.8 76.9 92.3
Temp 84 hour 69.2 61.5 92.3 92.3
Wind 36 hour 7.7 61.5 53.8 100.0
Wind 48 hour 23.1 46.2 46.2 92.3
Wind 60 hour 30.8 61.5 61.5 84.6
Wind 72 hour 30.8 38.5 53.8 92.3
Wind 84 hour 53.8 30.8 61.5 92.3

Figure 5.3 summarizes performance as measured by the quantile scoring function, based
on which we compute skill scores relative to the benchmark forecasts (see Equation 5.1).
A positive skill score indicates that a forecast outperforms the benchmark. For DAX,
a majority of forecasters performs worse than the benchmark. Furthermore, the mean
ensemble performs similar to the benchmark. For wind, we observe the opposite result:

Many individual forecasters, as well as the mean ensemble, outperform the benchmark.
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The results for temperature are between these two polar cases: Whereas many individual
forecasters (and the ensemble) outperform the benchmark of horizons of 36, 48 and
72 hours, the benchmark performs very well at the other two horizons of 60 and 84
hours. For both weather targets, the mean ensemble performs similar to the EMOS
model. For all three targets, the mean ensemble performs similar to the best individual
forecasters, and is remarkably robust to the inclusion of forecasters who perform below
average. Similar ‘wisdom of the crowds’ type results on forecast combination have been
documented for various application areas and types of forecasts (see Petropoulos et al.,

2022, Section 2.6.4, for a brief review).

Individual Forecasters —s— Mean Ensemble —— EMOS

84 hour
72 hour
Wind 60 hour
48 hour
36 hour

84 hour
72 hour
Temp. 60 hour
48 hour
36 hour

7 day
6 day
DAX 5 day
2 day ® W
1 day @ _e

Figure 5.3: Graphical summary of forecast performance. Dots are skill scores relative to
benchmark model. Larger skill scores are better and a skill of 0 corresponds to the
performance of the baseline.

The results in Table 5.4 and Figure 5.3 are closely in line with each other, in the
following sense: for targets and horizons at which the benchmark lacks calibration (i.e.,
wind at all and temperature at some horizons), we observe that ensemble forecasts
improve upon the benchmark by restoring calibration. Conversely, the benchmark seems
hard to beat for the remaining targets and horizons. This observation emphasizes the
role of calibration for making good predictions. In principle, it is also possible to improve
upon the benchmark by making sharper predictions, subject to remaining calibrated
(see Gneiting and Katzfuss, 2014; Pohle, 2020; Kriiger and Ziegel, 2021). Such an
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improvement could occur by using a larger information set than the benchmark, e.g.,
by making appropriate use of additional regressor variables. In order to investigate this
possible channel, Table D.2 in Appendix D.1 considers the length of the benchmark’s
and ensemble’s prediction intervals. For the weather targets, the ensemble’s intervals are
generally wider than the benchmark’s intervals. For the DAX, the ensemble’s intervals
are slightly shorter, but the ensemble does not outperform the benchmark. These results
suggest that the sharpness channel just described plays a limited role in our setting, at

least for the mean ensemble.

5.4.4 Exploratory Analysis of Learning Effects

The sequential (time series) forecasting process is characteristic of our course, and
distinguishes it from ‘static’ prediction contests where participants are assigned a fixed
training and test sample at the same time. In principle, this real-time process makes it
possible to learn about the success or failure of alternative forecasting methods as time
proceeds. Real-time feedback is in addition to historical data available at the beginning
of the course that allow to validate the performance of alternative forecasting methods.
Ex ante, we found it hard to judge the practical relevance of real-time feedback, especially
in the light of the rather short sample period of 14 weeks and possible heterogeneity
across forecast targets and horizons.

In order to explore the relevance of real-time learning, we compute the share of
participants who outperform the benchmark in each week of the course. We label this
analysis, as well as the the one in Section 5.4.5, as ‘exploratory’ since it was not specified
in our preregistration plan but was devised during the semester. For a given week and

forecast target (suppressed for ease of notation), we compute the following share:

3}%1 {1 f:s};ench > 125:5;”}

i i )
where n denotes the number of participants for that week. In words, the indicator
function refers to the event that forecaster i attains a smaller (i.e., better) score than
the benchmark, on average across the five forecast horizons. Under the assumption that
real-time feedback enables learning over time, we would expect the share in question
to increase over time, in that forecasters learn how to beat the benchmark. Figure 5.4

indicates that this phenomenon of an increasing share is not observed for either of the



Discussion 94

-~ DAX e Temp. Wind

1.00

0.75

0.50

0.25

% beats benchmark

0.00

Submission round

Figure 5.4: Share of forecasters who beats the benchmark, for each target and submission
round.

three targets. In light of these results, we conjecture that real-time learning effects are
limited in our setup, and may be dominated by other effects, such as participants’ use of

more complex methods as time proceeds.

5.4.5 Exploratory Analysis of Ranking Methodology

Our overall ranking of forecast performance intended to provide simple-to-interpret
feedback to participants, in addition to more granular information on quantile scores for
the different target variables and forecast horizons. The ranking also contributes to the
course’s gamification aspect. Since there are several plausible methods for constructing
such a ranking, Section D.2.2 in the Appendix investigates various methods and assess
their sensitivity. From a practical perspective, the empirical results are very similar

across the methods considered.

5.5 Discussion

We conclude by discussing student reactions as well as possible adaptations of the course

format.

5.5.1 Student Reactions

Student Feedback In the following, we shortly summarize students’ textual comments

to a mid-semester course evaluation survey. A majority of students liked the free nature,
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practical relevance, and steep learning curve of the course, and appreciated the support of
the team. Conversely, some students did not like the steep learning curve at the beginning
of the course, and suggested that its requirements were not communicated clearly enough.
Presumably, our stated prerequisites of a ‘good working knowledge in statistics’ and
‘proficiency in a programming language’ should have been more specific indeed. In order
to ease participants’ workload at the beginning of the course, instructors may consider
making materials (such as video lectures) available early so that participants can study

them well before the first round of forecast submissions.

Choice of Forecasting Methods Many approaches used by participants seem overly
complex in hindsight, likely indicating a tendency towards overfitting and a lack of rigorous
comparison of the devised methods to the provided benchmarks. By contrast, simple
forecasting methods (careful extensions of the benchmarks) performed best. Apart from
avoiding overfitting, simpler approaches also make it easier to spot and fix implementation
errors. Potential reasons for participants’ preference for more complex models likely
include prior exposure to machine learning techniques, usually in idealized and/or big data
settings where those tend to work well. Furthermore, curiosity and gaming aspects made
it natural to move away from the simple benchmarks. Finally, the hesitancy to use simple
models might be due to a fear of not using ‘state of the art’ approaches and not having
done ‘enough’ to attain a good grade. From the perspective of an individual forecaster
who wants to optimize their performance (in terms of the quantile score, say), the use
of simple models would have been advisable in retrospect. From a broader perspective,
the implications are more subtle. Firstly, for an individual participant, experimenting
with complex approaches may yield higher learning gains, and be more entertaining,
than selecting simple and conservative methods from the onset. Secondly, from the
perspective of a meta-forecaster who seeks to optimize ensemble performance, a diverse
set of (possibly uncalibrated) forecasts may well be preferable to a homogeneous set of
calibrated forecasts. Indeed, Figure 5.3 indicates that the mean ensemble outperforms
the vast majority of individual participants, and compares favorably to the benchmarks
in the case of the weather variables. These results are much in line with ‘wisdom of the

crowd’ type effects discussed earlier.
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5.5.2 Possible Adaptations of the Course Format

Substantive Context of Target Variables The choice of target variables is highly
flexible and can be adapted depending on participants’ interests and backgrounds. While
the course described here focused on meteorology and finance, we expect that variables
from epidemiology (e.g., case numbers of a disease), energy (e.g., demand in megawatt
hours), business (e.g., counts of product sales) and other fields are equally suitable. See
Section 5.2.2 for further discussion and practical considerations regarding the choice of

target variables.

Schedule of Submissions The frequency of forecast submissions is an important
design parameter in practice. We chose weekly submissions to reflect the real-time idea
of the course, with each week’s forecasts responding to the most recent input data and
evaluation feedback from previous weeks. While this motivation seems coherent, weekly
submissions were quite challenging to some students, and we conjecture that the weekly
format emphasizes forecasting workflow (i.e., well-organized code and data, procedures
for plausibility checks) over purely statistical aspects. Whether or not this emphasis is
desirable is open to debate; it certainly seems reflective of some practical forecasting
settings (see, e.g., Taylor and Letham, 2018). Alternative conceivable submission formats
include monthly submissions with more forecasts horizons for each submission round (e.g.
20 rather than five horizons). While this would reduce the workload for the participants,
such a setting might be not suitable for all of the target variables (e.g., due to ensemble
weather forecasts being available for horizons up to a few days only), and forecast
evaluation would become more challenging due to the required aggregation over many
forecast horizons. In addition, the practical predictability will be limited for longer
forecast horizons and forecasts might merely reflect unconditional distributions. As
an alternative to submitting specific probabilistic forecasts, participants could also be
required to submit code that maps an input vector X of features to a set of quantile
forecasts. This code would need to be submitted only once (or perhaps two to three
times, if revisions are allowed), which would focus the workload on a few occasions.
However, this approach would not only brush over practically relevant aspects (e.g., some
features becoming unavailable at short notice), but might also be discouraging if there is

no chance to correct suboptimal forecast model code.
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Duration of the Course Our course spanned 14 weeks. While extending the course
duration seems unproblematic, shortening the course seems trickier given students’ initial
investment in setting up a practical forecasting workflow, and the requirement of sufficient

outcome data for forecast evaluation.

Level of Difficulty Our course offering involved Bachelor’s, Master’s and PhD students
with a good quantitative background. To some degree, the difficulty of the course can
likely be reduced by providing participants with more specific material (e.g., example code
for alternative forecasting models) and more specific guidance (e.g., providing check lists
and practical forecasting tips, recommending specific models). Conversely, the difficulty
could be increased by providing less specific material and guidance. Overall, the diverse
set of skills required for practical yet rigorous forecasting may imply a steep learning
curve even for very qualified students. We recommend that instructors communicate this

aspect in order to set students’ expectations and avoid frustration.

Parameters Affecting Teachers’ Workload The real-time format of the course
implies that teachers may need to react to unforeseen developments at short notice.
Key examples include missing or erroneous real-time data, or software issues related
to the process of receiving, visualizing and evaluating forecasts. In order to limit the
workload related to real-time data, we recommend to focus on an applied setting close
to the teachers’ expertise, and for which stable data sources are available. In terms of
software maintenance, some core functionalities (e.g., providing basic feedback on forecast
performance) also seem achievable by simple means (e.g., sending an email newsletter to

course participants).

Code and Data Availability

The repository containing students’ forecasts and all codes used to run the challenge
is available at URL1. Codes to reproduce the tables and figures from this chapter are
available at URL2. This repository also contains a simplified version of the interactive
visualization dashboard created for the challenge, which can be used as a starting point

for similar efforts.
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A Appendix to Chapter 2: Signing the
Supermask: Keep, Hide, Invert

A.1 Derivation of ELUS

In the following paragraphs, we revise the initialization methods of He et al. (2015) and
Glorot and Bengio (2010). This is needed because first, we introduce masking and a the
ELU activation function. Both concepts alter the assumptions of the cited work. Here,
we derive a novel adaption of the common He initialization (He et al., 2015).

In this section, we use the following notation:

o Activation function o(x)

e Layer [ has n; neurons. This means that a layer takes n;_1 inputs per neuron. In
the literature, n;_; is sometimes called fan-in and n; is sometimes referred to as

fan-out.
o W, e RuXm-1 p e Rux!
o Weighted layer input z; = Wjo,_; + by, z; € R™*!
« Layer output o; = o(z2;), o; € R™*!
e L denotes the network’s loss function
e Vo, = g—fl
e Vz = % =o' (z))Vor41

e In order to maintain clarity, we will denote the transposed weight matrix of layer [

VVZT as Wj in the derivation of the backward-pass.

e« W, =W, ® M. This leads to the suboptimal but necessary choice to denote the

= = =T L .
transpose of W; as W; (instead of W;" ) to maintain clarity.

We will further assume, that the following holds:

100
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(1) We use the ELU activation function, introduced by Clevert et al. (2016).
(2) Variances of input features « are the same Var[z].

(3) For each layer [, the respective weight matrix W; is drawn from an independent
and symmetric distribution with E[W;] = 0 and Var[W;]. It follows that E[z;] = 0.

(4) For each layer [, the respective mask matrix M is drawn from an independent and
symmetric distribution with E[M;] = 0. To make the derivations more tangible,
we assume p) = P(Milj =0) = 0.5 and p} = P(Mz-lj =1) = P(]\/:filj =-1) =
025 Viel,...,n,j €1,...,n_1 at initialization. In general, the variance is
Var[M!] = 1 — p}.

(5) For each layer [, all elements in z; and o; share the same variance Var[z;] and

Var|oy], respectively.

Since we use ELU activation functions in our experiments, the question arises whether

we can still use the initialization of He et al. (2015). Clevert et al. (2016) do so and
achieve good results. Let us therefore calculate the important values that might alter the
assumptions necessary.
Like Glorot and Bengio (2010) and He et al. (2015) differ in the choice of activation
function, we can particularly investigate the parts of the derivation where the expected
value of the activation function is used. In particular, this is E[(0;_1)?]
and E[(Vo0;)?] in the backward-pass.

We can calculate E[(o0;_1)?] as follows:

in the forward-pass

E[(0-1)) = E[(ae™~! — a)*] + E[27",].

From here on, we drop index [ for the sake of clarity. For the calculation of E[(ae®-1 —a)?,

we additionally assume that z; ~ A(0,1), although this is a simplification and is therefore
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only an approximation. With this, we can calculate the first term like so

0 1.2
E[(ae® — a)?] = /_oo(aez —a)?. \/12?e2z dz

= m/ (622 — 262 + 1) . 67%ZQ dz
—0oQ

1.2

2
1,2 2c0 1
62z+2zd e z+zdz_’_7/ e 2% d= .

:m/—ooo Ve -

=:(a) =:(b) =1a2Var[z]=1a2

We can observe that the last term is half of the area under the standard normal
probability density function. Note that it holds that —ax? + bz = —a(z — %)2 + %.

With this, we can re-write (a) and (b) as follows

ale? (0

—1(z-2)%242 dz *%(Z72)2 d Al

(a) \/27r / \/277 ¢ = (A1)
2 2,35 10

(b) = 20 e 215 gy = 2oz e 21 gz (A.2)

V2r J-oc Vor

We can see that (a) shows the probability density function of A(2,1) and (b) shows

the probability density function of A/(1,1), which can be easily evaluated. With (a) =
2e2 . ©(272) = 0.1681020 and (b) = 2a2e7 - ®(2:1) = 0.523157a2 we have

E[(ae® — a)?] = 0.168102a% — 0.523157a2 + 0.5a% = 0.1449450% = k.

If we take the case « > 0 into account, i.e. E[z?] = }Var[z], we have

El(o_1)?) = (&

5+ k)Var[z;_1]. (A.3)

Let us now move on to calculating E[(Vo;)?]. Note that the derivative of ELU is simply
1 if z > 0 (which is the same as for ReLU) and ae® if z < 0. Let us look at the squared

expectation of the second case:

E[(0(2))’] = E[o?e*].
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If we assume again, that z; ~ AN (0,1), we immediately see that we already calculated

this expected value in Equation A.1. Therefore, we have
E[(0’(2))?] = 0.16810202 := h.
For the total expected value, we then have
9 1
E[(Vo))*] = 3 + h. (A.4)

To summarize, in comparison to He et al. (2015), we only have to scale Equations
A.3 and A.4 with the constants h and k, respectively. The results above are equal to
Equation 15 in He et al. (2015), where they assume a PReLU activation (PReLU as an
activation function is also introduced in He et al. (2015)). However, they do not supply a
derivation. Therefore we cannot guarantee equality with confidence.

Hence, we are careful with the pronoun ‘our’ (initialization) and we will therefore simply
refer to the initialization method that follows from the derivations above as ‘ELU".

Let us now use these results and calculate Var[W;].

Forward-Pass We start with the following equation

ny—1

Var[zlj] = Z Var[VVljkoffl].
k=0
Because E[W;] = 0 we can re-write this as

Var[z)] = n;_1 Var[W(]E[(0;_1)?].

With Equation A.3 it follows that

l
Varlz] = (% + B)ny_y Var[Wi]Var[z_1] = Var[z] H(% b B Var Wi, (A5)
=1
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If we want to achieve constant variance throughout the network, we can set

;

+ k)ny_1 Var[W;]Var[M]] 21

1

<= Var[W,] =

With Var[M;] = p} - (=1)2 + ph - 0% + pt

Var[W;] = 1.5505 - ——

Qo+ By (1= )

.12 = 0.5 as stated above and o« = 1 we have

(A.6)
np—1

Note that for normal training, we would not have to account for the variance of the

mask, which would result in Var[W;] = 1.5505 - nll

Backward-Pass We know that

Var[Vo}] =

Z Var[W,

Recall that ELU derivative is

! 1’
o'(z1) =
ae®,

(21))°] =

We know from Equation A.4 that E[(o’

Var[Vo,,1] = E[(Vo;,1)?], resulting in

Var[Vz] = (%

o'(z )V01+1]

—Vzl]

ZlZO

z; < 0.

3 +hand E[Vor] = 0. It follows, that

+ h)Var[Vo;1].

With the obtained results we can now re-write Equation A.7 as

Var[Vo;| = (%

+ h)ny Var[W;]Var[Vo,1].

Herewith we are able to calculate the variance throughout all layers as

L
Var[Vo,| = Var[Vor 1] H + h)nyVar[W)].
=1

(A.8)
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Like in the forward-pass, an easy way to keep the variance constant is to set

(% + h)n;Var[W]] =1
1 (A.9)

2
= Var[W| = < ~ = 1.49678 - —.
(3 +h)m(1 = pp) n

As above, if we use this initialization for training a normal NN, we would use

Var[W)] = 149678 © ;..

We will follow the intuition of He et al. (2015) by leaving the choice of Equation A.9
or A.6 to the user, as their initialization scheme has proven to outperform Glorot and
Bengio (2010) in practice and takes the CNN-architecture into account. However, since
Equations A.9 and A.6 are relatively close to each other, we suggest to use the following

variance for the sake of simplicity

1.5

Var[W;] = m.
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A.2 Models and Hyperparameters

Table A.1: Fully-connected NN & CNN architectures used in the experiments of this
work. To be able to compare the results to the existing literature, the architectures
are equal to Frankle and Carbin (2019); Zhou et al. (2019) in addition to the Conv8
model used in Ramanujan et al. (2020). Each CNN performs various convolutions
(pool denotes max-pooling) with stated number of filters, followed by fully connected
(FC) layers with specified output neurons. For the CNNs, we always use a filter size
of 3 x 3. Total parameter count for each architecture is reported in the last row.

FCN Conv2 Conv4 Conv6 Conv8
64, 64, pool
64, 64, pool 128, 128, pool
Conv 64, 64, pool 128, 128 pool 256, 256, pool
Layers 64, 64, pool 128, 128, pool 256, 256, pool 512, 512, pool
FC Layers 300,100,10 256, 256, 10 256, 256, 10 256, 256, 10 256, 256, 10
Parameter Count 266.200 4.300.992 2.425.024 2.261.184 5.275.840

Table A.2: FCN/CNN Baseline: Hyperparameter choices training the baseline models of
FCN and Conv2 - Conv8. For simplicity, we chose parameters that work well on all

models

FCN  Conv2 Conv4d Conv6 Conv8
Learning Rate 0.008 0.008 0.008 0.01 0.01
Decay Rate / Step 96/10  .96/5 .96/10 .96/10 .96/10
Red. LR on Plat. (Patience) - - - - -
Weight Decay Te-4 Te-4 Te-4 Te-4 Te-4
Momentum 9 9 9 .9 9
Iterations 50 50 50 50 50
Optimizer SGD SGD SGD SGD SGD

Table A.3: ResNet Baseline: Hyperparameter choices for training the baseline ResNet

models.
ResNet20 ResNet56 ResNet110
Learning Rate 0.2 0.15 0.15
Decay Rate / Step - - -
Red. LR on Plat. (Patience) 2 (15) .2 (15) .2 (15)
Weight Decay le-4 le-4 le-4
Momentum 9 .9 .9
Iterations 80 90 90

Optimizer SGD SGD SGD
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Table A.4: FCN/CNN signed Supermask: Hyperparameter choices for training the
stgned Supermask models of FCN and Conv2 - Conv8. For simplicity, we chose
parameters that work well on all models, except for Conv2 which suffered overfitting
and we therefore reduced the learning rate.

FCN Conv2 Conv4d Conv6é Conv8 ResNet20

Learning Rate 0.05 0.02 0.05 0.05 0.05 0.2
Decay Rate / Step 96/10  .96/5 .96/10 .96/10 .96/10 -
Red. LR on Plat. (Patience) - - - - - 2 (15)
Weight Decay 5e-4 5e-4 5e-4 5e-4 5e-4 le-4
Momentum 9 9 9 9 9 9
Tterations 100 100 100 100 100 110
Optimizer SGD SGD SGD SGD SGD SGD
Initial Pruning Rate 6.3% 29.5% 19.3% 11.9% 12.9% 75%

Table A.5: ResNet signed Supermask: Hyperparameter choices.
ResNet20 ResNet56 ResNet110

Learning Rate 0.2 0.15 0.15
Decay Rate / Step - - -
Red. LR on Plat. (Patience) .2 (15) 2 (15) 2 (15)
Weight Decay le-4 le-4 le-5
Momentum 9 9 9
Iterations 110 120 120
Optimizer SGD SGD SGD
Initial Pruning Rate 75% 85% 85%

A.3 Further Experimental Results

Figure A.1 seeks to draw a rough comparison between a FCN trained with a (ELUS) binary
Supermask and a (ELUS) signed Supermask. Note that a comparison to Supermasks of
Zhou et al. (2019) is not directly feasible as there are other important factors that differ,
namely the ELUS initialization, the ELU activation function and the same configuration
as used for the ELUS signed Supermask. However, comparing a binary with a signed
Supermask can uncover important differences. The upper matrix shown in Figure A.1
depicts the sum of 50 trained binary Supermasks, i.e., during the training process the
weights could either be pruned or ‘let through’ The same is shown on the bottom for the
signed Supermask. A darker shade represents a larger value. In order for any negative

and positive masking not to cancel each other out, the absolute masks were summed.
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Binary Supermask

(Absolute) Signed Supermask

Figure A.1: FCN (signed) Supermask: Visual mask comparison of binary and signed
Supermask.
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Put simply, if a single mask (out of the 50 runs) prunes a weights every time except once,
the respective value in the matrices would be 1 and so on. Both versions have an average
pruning rate of 97.2% in the first layer. The shown matrices still exhibit a pruning rate
of 54.11% in case of the signed Supermask and 43.63% for the binary Supermask, i.e.,
54% (43%) of the weights were always pruned. This number is impressive by itself, if
we consider that normal NNs could never reach a similar number. The overall average
pruning rates are 3.77% and 4.04% for the signed and binary Supermasks, respectively.
While the signed Supermask reached an average performance of 97.48%, the binary
Supermask reached an average test accuracy of 97.03%. In other words, the signed
Supermask left the same number of weights in the first layer, while the distribution
differed more in the other layers but reached a higher performance with roughly 0.3pp
less weights. The focus of this examination is to compare the properties of the respective
first masks.
At first glance, the binary Supermask looks more erratic, while the signed Supermask
inhibits a more ordered structure. The impression is not deceiving: out of the 784
columns (i.e., input neurons), 284 in case of the signed Supermask are completely masked,
whereas the binary Supermasks only masks 144 (we strongly assume, that the fact that
one number is almost double the other is a coincidence). That is, those columns were
masked in every considered mask, which shows the robustness of Supermasks in general.
Even if we allow 100 outliers (that is, a column-wise maximum sum of 100) per column,
binary Supermasks only count 260 of those columns (364 for signed Supermasks). We
can observe this fact in two parts: the signed Supermask is more sparse at the edges
and the O-columns in the center are wider and less noisy. This leads to the conclusion
that, although on average having the same pruning rate, signed Supermasks are more
consistent (otherwise we would count fewer 0-columns) and more understanding of the
given data, as it focuses on specific inputs and mostly disregards the image background,
which (in the flattened vector) is positioned at the sides. This strongly suggests that not
the pruning rate alone is of importance, but also the distribution of pruning per layer.
To summarize, although a comparison is not possible without compromise, we can see
that the binary Supermask, although exhibiting the same average pruning rate is far less
consistent compared to the signed Supermask.

Figure A.2 visualizes average test accuracy for each epoch during training with the

respective 5% and 95% quantiles for FCN and all Conv models for He, Xavier and
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Table A.6: CNN signed Supermask: Average test accuracy, test loss and required
training time per epoch for each model architecture and weight initialization
method. The 5% and 95% quantiles are given as well.

Conv6 - Baseline ELU 75.91 [75.43, 76.36]  0.7009 [0.6914, 0.7159
Xavier  75.54 [74.98, 76.13] 0.7151 [0.7007, 0.7300

He 78.42 [77.57, 79.27]  0.6544 [0.6306, 0.6791
Conv6 - Si. Su. ELUS 79.17 [78.05, 80.49]  0.6685 [0.6277, 0.7151
Xavier  78.47 [77.52, 79.23]  0.6724 [0.6397, 0.7252

He 72.87 [72.22, 73.53]  0.7857 [0.7675, 0.8026
Conv8 - Baseline ELU  72.24 [71.39, 72.92] 0.7979 [0.7814, 0.8208
Xavier 72.81 [72.12, 73.39]  0.7922 [0.7734, 0.8095

He 78.92 [78.17, 79.77]  0.6194 [0.5992, 0.6430
Conv8 - Si. Su. ELUS 80.91 [79.93, 81.71]  0.6057 [0.5769, 0.6511
Xavier 78.51 [76.28, 79.92]  0.6360 [0.5957, 0.7147

4.84 [4.82, 4.85
4.94 [4.92, 4.96

5.07 [5.05, 5.10
5.14 [5.09, 5.21
5.12 [5.09, 5.20

Architecture Init Test Acc. [%] Test Loss Time/Epoch [s]
He 68.79 [68.35, 69.19]  0.9083 [0.8986, 0.9166 2.87 [2.86, 2.88]

Conv2 - Baseline ELU 68.60 [68.23, 68.99]  0.9189 [0.9047, 0.9331 2.88 [2.85, 2.97]
Xavier 67.93 [67.39, 68.41]  0.9535 [0.9281, 0.9716 2.86 [2.84, 2.88]

He 66.58 [65.92, 67.15]  0.9596 [0.9452, 0.9741 3.16 [3.14, 3.18]

Conv2 - Si. Su. ELUS  68.37 [67.74, 69.04] 0.9784 [0.9524, 1.0090 3.16 [3.14, 3.18]
Xavier 54.24 [53.36, 55.39]  1.2862 [1.2608, 1.3067 3.20 [3.15, 3.31]

He 75.03 [74.71, 75.42]  0.7266 [0.7200, 0.7347 3.99 [3.97, 4.01]

Conv4 - Baseline ELU 75.00 [74.65, 75.29]  0.7281 [0.7213, 0.7363 3.98 [3.97, 4.00]
Xavier  74.20 [73.68, 74.75]  0.7542 [0.7390, 0.7714 3.99 [3.96, 4.01]

He 75.92 [74.93, 76.78]  0.8084 [0.7695, 0.8438 4.22 [4.19, 4.26]

Conv4 - Si. Su. ELUS  77.40 [76.73, 78.25]  0.8309 [0.7863, 0.8721 4.22 [4.20, 4.25]
Xavier  73.99 [73.47, 74.64]  0.7544 [0.7390, 0.7680 2.51 [4.21, 4.34]
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ELU(S) initialization. We can observe the larger variance in test accuracy for the signed
Supermask models. The ELUS signed Supermask models visually coincides with the
baseline or lies above it, whereas He and Xavier cannot reach the same performance.
Furthermore, for the deeper models, ELUS needs a few epochs to ‘warm up’.

Figure A.6 shows the equality of masks for all layers in the FCN and Conv architectures.
Only looking at the equality of the signed Supermasks, we can see that the picture is
divided into FCN and CNN behavior. For the FCN the first layer is the largest and
attains the highest pruning rate (refer to Figure A.5), whereas the hidden and output
layer are not pruned as much. All initializations produce masks that are similar across
all runs in about 50% of all elements. For the CNNs, we have almost no similarity in the

first layers which can be partially attributed to the nature of CNNs and the concept of
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Figure A.2: Signed Supermask: Average test accuracy over 50 runs of all baseline (left)

and signed Supermask (right) models and architectures. We also report the 5%
and 95% quantiles.
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Figure A.3: FCN signed Supermask: Average ratio of remaining weights. We also
report the 5% and 95% quantile, although the interval is barely visible indicating
a robust metric. Weight count drops early in the learning phase and plateaus
thereafter.

weight-sharing. Here, similarity gradually increases as the layer size and pruning rate are
increased, peaking at the respective largest layer.

Taking the absolute signed Supermasks into account, we do not see any meaningful
differences in those layers that gain high similarity in the signed Supermask case. However,
for the output layers across almost all models that were initialized with He and Xavier we
see high similarity. If contrasted with the pruning rate again, its notable that those layers
are not pruned much. This can be seen most clearly in the FCNs: He and Xavier only
prune the last layer very little, resulting in an absolute signed Supermask that contains
many 1’s. The same holds for the CNN output layers and some CNN input layers.
These findings suggest that the 0-elements are the main driver of mask similarity, i.e. the
same weights are being pruned in every run.

Note that this metric is more takes a more heuristic-approach to analyze the problem.
Comparing matrices or tensors is a difficult task. Introducing more precise metrics would
be far beyond the scope of this paper. Figure A.7 shows two random draws of masks for
the FCN and all Conv models. For each architecture, we notice unique patterns which
are present in both draws. For example, the Conv8 masks show a grid-like pattern which

has an area with almost completely pruned weights in the upper part of the mask. The
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Figure A.4: CNN signed Supermask: Average ratio of remaining weights over 50 runs
of the CNN signed Supermask models initialized with He, Xavier and ELUS and
architectures during training. We also report the 5% and 95% quantiles. Besides
for the Conv6 model, all confidence intervals are very narrow. Furthermore, all
architectures drop the weights heavily during the first few epochs and plateau

thereafter.

structure is similar for the two Conv6 masks. For Conv4, the masks show more pruning

activity on the left part of the mask and a more row-wise structure. Both Conv2 samples

are very sparse. The lower third of both masks show very similar patterns, while a wide

horizontal band on top is almost completely pruned again.

Interpretation of the masks, e.g. like in Figure 2.1 is very difficult as the layers here are

hidden and depend a lot on the previous and following layers. Still, for each architecture

the layers are remarkably similar which cannot be said for standard NNs.
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Figure A.5: Signed Supermask: Average mask distribution over 50 runs of all models and
weight initializations. It holds for all configurations that the first layer undergoes
only little pruning in contrast to the large hidden layers, where almost all weights
are pruned. The behavior in the last layer differs for ELUS: there, the pruning rate
is significantly higher in the last layer as compared to He and Xavier. The sparsity
correlates with the size of the layer: the larger a layer, the more it is pruned.
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for each architecture and weight initialization over the 50 conducted runs.
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Table A.7: ResNet signed Supermask: Additional training time (abbreviated ‘TT’ below)
and compression rate compared to the respective baselines. Signed Supermask require
3 to 14.5% more training time, which is made up for by the higher compression rate.
Unsurprisingly, pruning rate correlates highly with the compression rate.

Add. TT/Epoch [%] Compression Rate [%)]

ResNet20 3.42 57.65
ResNet20x1.5 8.53 76.08
ResNet20x2.0 13.69 84.58
ResNet20x2.5 14.42 89.13

ResNet20x3.0 12.57 91.85
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Figure A.7: CNN signed Supermask: We show two randomly drawn trained signed Su-
permasks for each architecture. The chosen layers are the respective first fully
connected layer in the respective architecture (which are of different shapes for each
architecture). A green dot represents ‘1’, a red dot ‘-1’
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Figure A.9: ResNet signed Supermask: Average mask distribution (over the 50 con-
ducted runs) of the investigated ResNet20 models. The wider the layer, the higher
the pruning rate. Layers 1, 8 and 15 are 1x1 shortcut layers. Interestingly, those
layers are relatively sparse compared to other hidden layers. As with the CNNs,
the first and output layer are least sparse.
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Table A.8: Signed Supermask: Comparison with a broader literature periphery with

regard to the total number of remaining weights on CIFAR-10. We show those
results that are also compared with other obtained results in the respective papers.
Please note that, as already stated in the introduction, a direct comparison of all
those methods is not possible for multiple reasons: first, complexity between the final
result varies. As an example, pruned networks allow trained weights whereas a BNN
only allows for binary weights and activations. Second, many works experiment with
different networks and the usage of additional layers such as batch normalization
or dropout. If you start with a very overparameterized network, probability theory
gives the network much higher chances to include a better subnetwork than a very
small one. On top of that, batch normalization or dropout can have a big impact on
the predictive performance, which might hide the true performance of the proposed
method.

The methods we compare our signed Supermasks to, are: Supermasks Zhou et al.
(2019), edge-popup Ramanujan et al. (2020), IteRand Chijiwa et al. (2021), MPT-
1/32 Diffenderfer and Kailkhura (2021), FORCE de Jorge et al. (2021), SET Mocanu
et al. (2018), RigL Evci et al. (2020), GraNet Liu et al. (2021), TWN Li et al. (2016),
TTQ Zhu et al. (2017), SCA Deng and Zhang (2020), LR-Net Shayer et al. (2018),
BinaryConnect Courbariaux et al. (2015), BNN Hubara et al. (2016) and BBG
Shen et al. (2020). Considered models are Conv6 and Conv8, VGG-19, ResNet-20,
ResNet-18 and Wide ResNet 22-2. VGG-Small summarizes all small VGG-like
architectures, i.e. they can slightly differ. We refer to the respective work for details.
The handling of the weights can be categorized as either a binary mask (‘Masked
(B)’), pruned weights where the weight values change during training, ternarized
and binarized weights as well as ternary masks (‘Masked (T)’) as is the case for our
signed Supermasks.

Method Model Weights Acc. [%)] Init. Rem.
Weights Weights
Supermask Conv6 Masked (B) 76.5 23 M 025-21M
edge-popup Conv8 Masked (B) 86 53 M 2.6 M
IteRand Conv6 x2 Masked (B) 90 4.6 M 23 M
MPT-1/32 Conv8 Masked (B) 91.48 5.3 M 0.23 M
MPT-1/32 + BN ResNet-18 Masked (B) 94.8 11.2 M 22 M
FORCE VGG-19 Masked (B) 90 20 M 0.1 M
SET VGG-Small Pruned 88 8.7M 0.47 M
RigL Wide ResNet 22-2  Pruned 94 26.8 M 13.4 M
GraNet VGG-19 Pruned 93.1 20 M 1M
TWN VGG-Small Ternarized 92.56 51 M 51 M
TTQ ResNet-20 Ternarized 91.13 0.27 M 0.27 M
SCA VGG-Small Ternarized 93.41 4.9 M 4.9 M
LR-Net VGG-Small Ternarized 93.26 5.1 M 51 M
BinaryConnect VGG-Small Binarized 91.7 4.6 M 4.6 M
BNN VGG-Small Binarized 88.6 4.6 M 4.6 M
BBG ResNet-20 Binarized 85.3 0.27 M 0.27 M
Sig. Supermask Conv8 Masked (T) 80.91 53 M 0.061 M
Sig. Supermask + BN  ResNet-20 Masked (T)  83.38 0.27 M 0.038 M
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A.4 Influence of Weight Distribution

In this section we analyze the influence of the weight distribution on overall performance.
Therefore, we train additional models with weights drawn from a uniform distributions
with the standard thresholds of He (He et al., 2015). As a baseline, we utilize the signed
Supermask models with weights as signed constants presented in Section 2.3.

For both variants, we arbitrarily choose He initialization as we expect similar behavior
for the other initialization methods. Hence in this section, we call the former ‘He
Uniform’, the latter ‘He SC’ acting as the baseline. Note that these experiments are not
exhaustive, as we only examine the two mentioned distributions. The purpose of this
section is to give an intuition on the behavior of different weight distributions. We first

analyze the FCN architecture, followed by a summary of the CNN architectures.

FCN Figure A.10 displays the average test accuracy and average ratio of remaining
weights for both models with the respective 5%- and 95%-quantiles. We can note that
the variance of He Uniform is a lot higher than the variance of He SC. Moreover, He
Uniform performs on average slightly worse than He SC. The final mean result for He
SC is 97.12%, whereas He Uniform achieves 96.77%. A Welch’s t-test for significance
yields that He SC significantly (p < 0.01) outperforms He Uniform. The higher variance
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Figure A.10: FCN signed Supermask: Average test accuracy and average remaining
weights with their respective 5%- and 95%-quantile of a FCN with weights drawn
from a uniform distribution and as signed constants (‘SC’). We can see that
the uniform distribution yields in a much higher variance of both, test accuracy
and ratio of remaining weights. Furthermore, drawing weights from a uniform
distribution does not improve performance nor sparsity.
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of He Uniform is also visible in the ratio of remaining weights. On average, He SC and
He Uniform achieve almost the same level of sparsity, however the 5%- and 95%-quantile
are almost 2pp apart for He Uniform.

We postulate that a uniform distribution does not have additional value compared
to signed constants for a dense NN in the context of signed Supermask. Apparently,
initializing weights with small values deteriorates performance. Recall that neither He
SC nor He Uniform are scaled for the use of a signed Supermask. We further speculate
that the higher variance is a cause of random initialization such that training cannot
nullify the impact of randomness and ill-initialized weights. This leads to the conclusion
that the value of a weight is important if not initialized well, as He Uniform holds more
weight values compared to He SC and performs worse.

To summarize, using signed constants instead of a uniform distribution provides a much
higher level of robustness for the FCN. Our results suggest that for signed Supermask
and dense NNs, a signed constant initialization surpasses the performance of a uniform

distribution.

CNN We now investigate the influence of weight distribution on our CNN architectures.
Figure A.11 visualizes the average test accuracy with the respective 5% and 95%
quantiles during training for each model. We first note that He Uniform is not behaving
consistently. While with Conv2 and Conv8 the variance of He Uniform is much higher
compared to He SC, it is roughly equal for Conv4 and Conv6. The average test accuracy
of He Uniform is of the same magnitude as He SC, and we can only register a significantly
(p < 0.01) better performance for Conv2 He SC compared to He Uniform. This is not
sufficient to conclude on one distributions significance for the general case.

The results indicate that the additional weight values delivered by a uniform distribution
do not improve the learning capability of a signed Supermask model. This is in line with
the findings of the FCN architecture. It seems sufficient to initialize the weight matrix
with a well-chosen constant. We further speculate that due to the higher parameter
count of the investigated CNN architectures compared to the FCN, the optimizer is to
some extent able to neglect the influence of poorly initialized weights.

Let us consider the average ratio of remaining weights over the course of training for

each CNN model. Figure A.12 visualizes this metric for each network in addition to the
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Figure A.11: CNN signed Supermask: Average test accuracy for He Uniform and He SC
during training. We also report the respective 5%- and 95%-quantile. We find
that the variance of He Uniform is at least as large as the variance of He SC, but
especially in models Conv2 and Conv8 He Uniform has a much larger variance.
He SC outperforms He Uniform in all architectures.

5% and 95% quantiles. Unlike observed in the case of the FCN, we cannot report a high
variance for He Uniform within CNN models. In fact, the weight distribution does not
seem to have an impact on the level of sparsity, as the ratios move almost equally over
the course of training for each model.

Considering both the performance and level of sparsity, we do not find that the choice
between uniform and signed constant distribution impacts the end result on average.
However, since the test accuracy of He Uniform varies a lot more compared to He SC,
the findings suggest to prefer signed constants over a uniform distribution, as signed

constants bring positive side-effects such as efficient storing and more robust behavior.
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Figure A.12: CNN signed Supermask: Average ratio of remaining weights for He
Uniform and He SC during training in addition to the respective 5%- and 95%-
quantile. We find that the variance of He Uniform is at least as large as the
variance of He SC but especially in models Conv2 and Conv8 He Uniform has a
much larger variance. He SC outperforms He Uniform in all architectures.

To summarize both FCN and CNN behavior, it can be stated that a uniform distribution
is not advantageous over a signed constant approach. We further want to re-emphasize
the simplicity, yet good performance of signed constants. They have shown a very robust
behavior with regards to the variance in test accuracy while performing equal or better
compared to a uniform distribution. It further simplifies the storage of a network as we

only have to store each weight’s sign, zero and a single weight value for each layer.

A.5 Influence of Mask Initialization

We now pursue the question to what extent mask initialization plays a role in performance.
Therefore, we use the ELUS models of Section 2.3 as a baseline with Xavier uniform

mask initialization (abbreviated in this section as ‘ELUS/Xavier’). Furthermore, we train
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the same models with ELUS uniform mask initialization (abbreviated in this section as
‘ELUS/ELUS’). We compare the results separately for the FCN and CNN architectures.
As in the last section, we note that these experiments are not exhaustive but give an

intuition on the relationship between mask and weight initialization.
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Figure A.13: FCN signed Supermask: Average test accuracy and average remaining
weights with their respective 5%- and 95%-quantile of a ELUS/ELUS and
ELUS/Xavier FCN. We can see that both models behave very similar with regards
to performance and variance. ELUS/ELUS drops its weights a few epochs later
but the general behavior is equal.

FCN Figure A.13 visualizes the average test accuracy and average remaining weight
ratio with the respective 5% and 95% quantiles. We can note that there is almost no
difference in variance and average test accuracy for ELUS/ELUS and ELUS/Xavier.
The former achieves an average accuracy of 97.36%, whereas the latter marginally but
significantly (p < 0.01) exceeds ELUS/ELUS with an average accuracy of 97.48%. As
stated in Section 2.2.1, we presume that mask initialization is not as impactful, as long
as weight and mask values are of the same magnitude. The FCN results indicate to
support this thesis.

We find a slight deviation in training behavior in the ratio of remaining weights during
training. ELUS/ELUS reduces its weight count slightly later in training as ELUS/Xavier
does. However, the results are again very alike regarding mean and variance.

We can conclude that for the FCN, the difference in mask initialization did not
influence training behavior and robustness meaningfully, yet ELUS/Xavier outperformed
ELUS/ELUS slightly but significantly by 0.12pp. Moreover, the average ratio of
remaining weights differs only by 0.1pp. Thus, we argue that both weight/mask
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initialization combinations might be useful, depending on the task at hand.

CNN Our focus shifts towards the CNN architectures. Figure A.14 displays the
average test accuracy during training with the respective 5% and 95% quantiles for each
architecture. We can note a very robust training behavior for both mask initializations,
as variance is equal across all models. Observe that only Conv6 ELUS/ELUS performs
significantly (p < 0.01) better than ELUS/Xavier. We further find that for Conv4,
Conv6 and Conv8 ELUS/ELUS begins to optimize effectively a few epochs later than
ELUS/Xavier. Yet, this does not influence the final result. We assume this is caused by
the optimizer and straight-through estimation, as the gradient might not be approximated

properly in the very early learning phase.
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Figure A.14: CNN signed Supermask: Average test accuracy for ELUS/ELUS and
ELUS/Xavier during training. We also report the respective 5%- and 95%-quantile.
We find that for all architectures, both combinations behave and perform very
similar. However, ELUS/ELUS visibly exceeds ELUS/Xavier for Conv6.
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Figure A.15 visualizes the ratio of remaining weights for each CNN architecture with the
respective 5% and 95% quantiles. First, we note that each model has a distinct behavior.
Whereas Conv2 ascends its weights rapidly, it then almost linearly reduces the weights
further until it plateaus. The other architectures exhibit a similar behavior towards the
end of training, but without the linear section. This is in line with the findings in Section
2.3. Additionally, we observe that the choice of weight/mask initialization has little
influence on the respective curves for each architecture. As already seen with the FCN
model, ELUS/ELUS drops its weights a few epochs later than ELUS/Xavier. Moreover,
ELUS/Xavier utilizes 0.02pp to 0.4pp weights less than ELUS/ELUS, depending on the
network architecture.

Both patterns are consistent for FCN and CNN models. We hypothesize, that the
later rise of accuracy and later drop of weight count for ELUS/ELUS is a cause of the
gradient estimation. The shift between the two initializations is consistent throughout
all architectures. It is furthermore consistent that ELUS/ELUS results in a marginally

larger ratio of remaining weights.
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Figure A.15: CNN signed Supermask: Average ratio of remaining weights for
ELUS/ELUS and ELUS/Xavier during training in addition to the respective
5%- and 95%-quantile. For each architecture, it is visible that the training be-
havior of both combinations is very similar. Moreover, we can note the different
shapes of ascend of the four architectures. ELUS/ELUS drops its weights a few
epochs later and achieves a marginally higher ratio at the end of training. Both
initialization combinations behave very robust.

A.6 How Far Can We Go?

Two important questions still need to be answered. Can we control the pruning rate? And
if so, how small can the subnetworks get before the performance is impacted negatively?
As we saw in Table 2.2, Conv2 achieved the lowest pruning rate of all CNN models.
However, as described in the beginning of this section, we lowered the learning rate of
Conv2 to tackle its tendencies to overfit. Hence, we can investigate if all CNN models
show a similar behavior when altering the learning parameters in the same way. Table
A.9 depicts two altered parameter settings. Why the learning rate somewhat influences
pruning is for future work to investigate. In the following, we will call the networks

initialized with ELUS and trained with those hyperparameters SiNN (Simple-minded



How Far Can We Go? 129

SiNN 1 SiNN 2

Learning Rate 0.01 0.008
Weight Decay oe-4 Je-4

Table A.9: Simple-minded NNs: Altered hyperparameter choices to minimize weight count
during training.
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Figure A.16: CNN SiNN 2: Test accuracy (left) for baselines and SiNN 2 models as
well as average ratio of remaining weights on the right side for SINN
2 and ELUS models. 5% and 95% quantiles are reported in the form of error
bars for both metrics.

Neural Networks) models. As Figure A.17 reports, we see that both models prune
more than 99% of the original weights, SINN 1 reaching even pruning rates above 99.5%.
Considering the predictive performance we can note, that the performance of SINN 1
trails significantly behind SiNN 2 for each model. Looking at the right side of the plot,
the difference in performance can intuitively be explained by the fewer weights that are
left active: for this level of sparsity, a certain amount of weights is clearly needed to yield
in acceptable performance. Combining this with the information seen in Figure A.19,
we can hypothesize that the loss in performance of SINN 1 compared to SiNN 1 comes
from pruning the first layer even more. This further supports the thesis that the first
layer in CNNs is crucial for the network’s performance, as already stated for the ELUS
models. By comparing the masks of SINN1 and SiNN 2 in greater detail, future work
could find e.g., specific weights that influence the performance more than other weights

and subsequently draw conclusions on network architectures in general.
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Figure A.17: CNN SiNN signed Supermasks: Average SINN 1 & 2 accuracy (left) and
remaining weights (right) over 50 runs of all CNN architectures with error bars
indicating the 5% and 95% quantile. SiNN 1 is trumped by SiNN 1 in each
architecture in terms of test accuracy.

Let us compare the SINN models to the baseline models. Figure A.16 depicts the
test accuracy of the SINN 2 and baseline models as well as remaining weights of SINN
2 and ELUS models on the right side. As SiNN 2 achieves higher accuracy than SiNN
1 with only few more weights, we do not further consider SINN 1 at this point. As the
compression rate after training highly correlates with the ratio of remaining weights,
we do not show this metric for the sake of brevity. It can be observed that the SINN 2
models achieve a similar test accuracy with a maximum of about 0.6% of the original
weights. This is a further 50% reduction of numbers of weights compared to the ELUS
models. Additionally, it is interesting to see, that the remaining absolute weight count
of each CNN model is around 14.000 weights. This suggests that this is the absolute
minimum of weights that are needed to map the data set accurately, independently of
the model architecture. The performance difference for SINN 2 between the different
architectures then stems from a deeper arrangement of weights, supporting the hypothesis
that deeper architectures (with fewer weights) are beneficial. These results reveal three
findings: First, we are able to indirectly control the pruning rate of signed Supermask
models by adapting the learning parameters. Second, the SINN 2 models perform similar
to their respective baselines. The uncovered subnetworks however, utilize only 0.3% to
0.6% of the original weights. Third, although performance suffers compared to the ELUS

models, the signed Supermasks still perform well, even when pushed to the extreme.



How Far Can We Go? 131

0.98 4 7
< 61
0.96 =
> kS)
° 0.94 1 = 4
51 Z 3
< 0.92 g3
0.90 1
1 .
0 20 40 60 80 100 0 20 40 60 80 100
Epoch Epoch
ELUS —— SINN 1 —— SiNN 2

Figure A.18: FCN SiNN signed Supermask: Average SiNN 1 & 2 accuracy (left) and
relative remaining weights (right) over 50 runs for the FCN model. As a

comparison, ELUS is visualized as well. Furthermore, we report the respective
5% and 95% quantiles.

Ultimately, this demonstrate not only the performance quality of the models, but also
how few parameters are actually needed in general to solve a given task well. Figure A.18
shows the FCN test accurcacy for SINN 1 & 2 as well as the remaining weights during
training. It can be noted, that SINN 1 does not reach the test accuracy of neither SINN
2 nor ELUS, but it also utilizes the fewest weights, around 1.4%. We argue however, that
the trade-off of SINN 2 is better, as the ‘cost’ of performance is only a marginally lower

pruning rate.
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Figure A.19: SiNN signed Supermask: Average SINN 1 & 2 mask distribution over 50 runs
of all CNN architectures and ELUS for comparison. For the FCN, the overall
picture does not change: SINN 1 & 2 prune the first two layers even more, while
the last layer only experiences little more sparsity. The same is partially true for
the CNN architectures: while the last last layer remains on an equal pruning level
compared to ELUS, the amount remaining weights in the first layer is considerably
smaller. On top, all hidden layers are pruned very heavily. Apart from more
aggressive pruning in the first layer for SINN 1, a difference between SiNN 1 and
SiNN 2 cannot be detected visually.



B Appendix to Chapter 3: Simplifying
Random Forests’ Probabilistic

Forecasts

B.1 Details on SOEP Data

This section describes the SOEP data set used in Section 3.1 in more detail. We process

the original data set with the following steps:

1. The variable id, being a unique categorical identifier for each participant, is excluded

from the model.

2. If the regressor sector is missing, it is imputed with the value ‘unknown’.

3. The qualitative regressors sector and employment are converted into sets of dummy

variables (one-hot encoding).

4. The columns gesund_org and lebensz_org are excluded due to their subjective

nature.

5. The sum of variables einkommenjl and einkommenj2 is selected as the target

variable and referred to as ‘income’.

6. Entries with missing values in any of the utilized variables are removed from the

data set.

7. Data from 2015 to 2018 is used for training, while data from 2019 is reserved for

testing.

Table B.1 lists all the variables utilized in the data set along their respective data type

and a short description. The both RFs, the standard and Topk version, are trained using

our standard hyperparameter choices, as detailed in Table B.5. Table B.2 reports results

133
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on forecasting performance for various choices of k. The SE and CRPS performance

measures reported in the table are introduced in Section 3.2.1.

Table B.1: SOEP variables. Description of variables in the SOEP data set, including our

encoding choices after our preprocessing.

Variable Name Encoding Explanation
id (dropped) Categorical Number identifying each person in the data set
survey__year Integer Year in which survey was taken
female Boolean =1 person is female, = 0 else
age Integer Age in years
n_ persons Integer Number of persons living in household
n__children Integer Number of children living in household
years__educ Float Years of education
employed Categorical Employment status of person

(6 distinct entries, description and ID given)
sector Categorical Sector in which person is employed

(75 distinct entries, description and ID given)
income Float Annual income in Euros

Table B.2: SOEP performance. Forecasting performance on the SOEP data set of both, point
and probabilistic predictions, measured with SE and CRPS, respectively. Analogous
to Tables 3.2 and 3.4, we also report the relative losses.

k SE CRPS Rel. SE Rel. CRPS
full 1.55 x 108  4822.18 - -

3 1.57 x 10  5432.48 1.01 1.13

5 1.50 x 108 5090.59 0.97 1.06

10 1.47 x 108 4874.65 0.95 1.01

20 1.48 x 10®  4801.58 0.96 1.00

50 1.51 x 108  4786.33 0.97 0.99

B.2 Details on Empirical Experiments

Here we present further details on the empirical experiments of Section 3.3. Table
B.3 lists the data sets used in the experiments, following the analysis of Grinsztajn
et al. (2022). The data sets cover a wide spectrum of size, number of covariates and
domains. They can be easily downloaded using the URLs listed in the table. In the
case of delays_zurich_transport, we subsampled the data set to 20% of its original

size (which is shown in the table) due to computational reasons, resulting in roughly 1.1
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million observations. Table B.4 describes the grid of hyperparameter values we considered
for the analysis in Section 3.3.3, and Table B.5 presents the best choices selected via
cross-validation. For a given data set, we use a grid search with 5-fold cross-validation.
For computational reasons, we use simplified procedures for the three largest data
sets (medical_charges, nyc-taxi-green-dec-2016 and delays_zurich_transport),
where we use a single holdout set which consists of 25% of the training data. Furthermore,
we subsample the nyc-taxi-green-dec-2016 and delays_zurich_transport data sets
to 30% and 15% of their training set size. Table B.5 shows that hyperparameter choices
are often the same across both loss functions (CRPS and SE), whereas differences between
‘Full’ and ‘Top3’ are more pronounced. Hence users of simplified RFs (such as Top3)
should consider tuning hyperparameters to optimize the performance of these simplified

RFs directly, instead of optimizing the performance of full RFs.

Table B.3: Data sets tested. Following Grinsztajn et al. (2022), this table lists all tested data
sets, their respective sizes (nr. of observations and regressors), name of the target
variable, and URL.

Name of Data set Number of Number of Target Variable URL
Observations Regressors

cpu_act 8192 21 usr https://wuw.openml.org/d/44132
pol 15000 26 foo https://www.openml.org/d/44133
elevators 16 599 16 Goal https://www.openml.org/d/44134
wine_quality 6497 11 quality https://wuw.openml.org/d/44136
Ailerons 13750 33 goal https://www.openml.org/d/44137
houses 20640 8 medianhousevalue https://www.openml.org/d/44138
house 16H 22784 16  price https://wuw.openml.org/d/44139
diamonds 53940 6 price https://www.openml.org/d/44140
Brazilian houses 10692 8 totalBRL https://www.openml.org/d/44141
Bike Sharing Demand 17379 6 count https://wuw.openml.org/d/44142
nyc-taxi-green-dec-2016 581835 9 tipamount https://www.openml.org/d/44143
house_sales 21613 15 price https://www.openml.org/d/44144
sulfur 10081 6 yl https://wuw.openml.org/d/44145
medical _charges 163065 3 AverageTotalPayments https://www.openml.org/d/44146
MiamiHousing2016 13932 13 SALEPRC https://www.openml.org/d/44147
superconduct 21263 79 criticaltemp https://wuw.openml.org/d/44148
yprop_4 1 8885 42 02252 https://wuw.openml.org/d/45032
delays_zurich_transport 5465575 x0.2 8 delay https://www.openml.org/d/45034
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Table B.4: Hyperparameter search grid. The listed values are possible values for each hy-
perparameter for the hyperparameter tuning. Explanations of the hyperparameters
can be found in the caption of Table B.5. This results in 44 different hyperparam-
eter combinations. Hyperparameters indicated with an asterisk were not used for
medical_charges to reduce computational overhead.

Hyperparameter Possible Values
min_samples_leaf [1, 2, 4, 6, 8, 10, 15, 20, 30*, 40*, 50]
max_ features [0.333, ‘sqrt’, 0.5, 1.0]

Table B.5: Hyperparameters selected via cross-validation. The table presents the optimal
hyperparameters according to 5-fold cross-validation (with exceptions for the three
largest data sets, see text for details). The table lists the best choices for both
hyperparameters (max_features and min_samples_leaf), two loss functions (CRPS
and SE) and depending on whether we consider the full RF or its simplified Top3
variant. The first row represents our standard hyperparameter choice (considered in
Sections 3.3.1 and 3.3.2) which is the same for each data set. min_samples_leaf is
the minimum number of samples a leaf must contain and max_features (also called
mtry in some software packages) denotes the number of features considered in each
split, where ‘sqrt’ denotes the floored square root of the number of total features
and real numbers correspond to the floored fraction of total features. Possible values
for each hyperparameter are listed in Table B.4. The number of trees (bootstrap
iterations) is set to 1000 for all data sets, the depth remains unrestricted and the
minimum number of samples required to be considered for another split is fixed to 5.

max_features min_samples_leaf

Tuned on: Full Top3 Full Top3

Data set CRPS SE CRPS SE CRPS SE CRPS SE
standard sqrt sqrt  sqrt sqrt 1 1 1 1
cpu_act 0.5 0.5 0.333 0.333 1 1 4 4
pol 0.5 0.5 0.333 0.333 1 1 20 20
elevators 1.0 1.00 0.5 0.5 2 1 4 4
wine__quality 0.333 0.33 0.333 0.333 1 1 8 8
Ailerons 1.0 1.00 0.5 0.5 2 2 20 20
houses 1.0 1.00 0.5 0.5 2 2 4 4
house_ 16H 0.5 0.5 sqrt sqrt 1 1 8 8
diamonds sqrt sqrt  0.333 0.333 10 8 50 50
Brazilian__houses 1.0 1.00 1.0 0.5 1 1 1 1
Bike_ Sharing Demand 0.5 1.00 sqrt sqrt 6 10 15 15
nyc-taxi-green-dec-2016 1.0 1.00 1.0 1.0 4 4 8 8
house__sales 0.5 0.50 0.5 0.5 1 1 6 10
sulfur 1.0 sqrt  sqrt 0.333 1 1 2 2
medical__charges 1.0 1.00 0.333 0.333 50 50 15 15
MiamiHousing2016 0.5 0.33 sqrt sqrt 1 1 8 2
superconduct 0.333 0.33 0.333 sqrt 2 1 6 2
yprop_4_1 0.333 sqrt  sqrt sqrt 6 2 50 40
delays_ zurich_ transport  0.333 0.33 0.5 0.5 50 50 4 8
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B.3 Details on Section 3.4

Here we derive the results for E[SE] and E[CRPS] stated in Equations 3.13 and 3.14.

B.3.1 SE

We start with the derivation for the squared error, which is given by

E[SE] = / / E[SE(w, u)] dF,,(w)dFa(u).

First, we rewrite Equation 3.11:

n

E[SE(w,u)] = sz*(uz - Z%‘%’)Q
i=1 j=1

n

n n
— 002 *op A
= Zwiui — 2Zwiuzzwjuj
=1 =1 7j=1

n n
+ O w2t
j=1 i=1
——

=1

We next change the order of integration and calculate the expectation with respect to

the support points, i.e., we consider the expected value with respect to u:

Eo[E[SE(w, u)]] = / E[SE(w, u)] dFa(u)

n

n n n
=Eu> wiuf] - 2 Eu[> wiui Y wjuy] + Eu[(Y wing)?]
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where we have used the assumption that the elements of u are independently standard

normal. Next, recall that

0/k ificT
E[wz] =
(1-0)/(n—k) ifi¢T,
2 Var if 4
Varfu = 62 Var[Z] fieZ
(1—0)% Var[Z,] ifi¢T.

Furthermore, from the variance of a Dirichlet distributed random variable, we obtain

k—1 e

ifj=1

Var[Z;] = kz(kdl,:r_l;i_l o
if 7 =2.

(n—k)2((n—k)d2+1

We are now ready to calculate the expectation with respect to w:

E, [Eq[E SE(w, u)]] = / / E SE(w, u) dFy(u)dF,,(w)

1-0*
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B.3.2 CRPS

We seek to evaluate the following integral:
E[CRPS] = / / E[CRPS(w, u)] dFy(w)dFa(u),

where E[CRPS(w, u)] is given in Equation 3.12. Note that a random variable W =
W1 — Wa| with Wy, Wy ~ N(0,1) follows a folded normal distribution with mean
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wy = 2/yx. Using this fact and Equation 3.12, the expected value with respect to u is
given by
Eu[E[CRPS(w, u)] ZZ“Z (w — ) . (B.1)
z 1 j#i
To simplify notation, we define ¢ := 2/\/z. In order to compute the expected value of the

expression in Equation B.1 with respect to w, we differentiate between four cases:

Case (1) i,j € Z. It holds that Cov(w;,w;) = —Wiﬂ). We hence obtain
Ew ] -
S Bl - ) gy (4 0
1€L j¢T (kdy +1)
Case (2) i,j ¢ Z. Here we have Cov(w;,wj) = o= k)2((1(_0)2)d2+1) and hence

. Eulwiwi]\ (1—0%) (1 —0)ds
cZZ<Ew[wi]wj—2 j)—c(n—k—l)(l—H)( — _2((n—k)d2—|—l))'

i¢T j¢T

Case (3) ic€Z, j¢Z. With Cov(w;,w;j) =0, we obtain
E, [wiw;] 0(1—6*) 6(1-0)
CZ Z (Ew[wi]w;‘ - ]> = ck(n — k) ( - )
i et 2 k(n—k) 2k(n—k)
0 . 92
Case (4) i ¢ Z, j € Z. It again holds that Cov(w;,w;) = 0, and hence

* Ew[wiw]—] . N . 0 92
CZZ(Ew[Wi]Wj—2>C<0 — 00 _54_ 2)
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Using Equation B.1, the earlier definition ¢ = 2/4/7, and summarizing all four cases, we

obtain
9 f* d.0
E[CRPS] = = {G(k - 1) {k - 2(k:d11+1)} }
g 1-6* (1-0)d
+\/E{(1—G)(n—k‘—1) [n—k N 2((n—k)d22+1)}}
+ \/2% {67+ 6> —26%6) (B.2)

To highlight the quadratic nature of the expected values in 6, we rewrite the uncondi-

tional expectations:

L1 1 k-1 n—k—1
E[SE] = ¢ (k+n—k+k(kd1+1)+(n—k)((n—k)d2+1))
+2e<—9*— o n—k—1 )
k' n—k (n—k)((n—k)d2+1)
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+ 41,
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E[CRPS] = NG 0° (2_ kdy + 11 N (n—k)dy + i)
2 J(0k=1) (n-k-DA-6) (a-k-Dd ),

+ k- (- 2<<nZ§d2+1>> +0

We can rewrite the quadratic term of the squared error, so that the relation to the CRPS

becomes clear: we expand % by kd; + 1 and ﬁ by (n — k)d2 + 1. After re-arranging
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terms, we have

1 1 k—1 n—k—1
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Similar re-arrangements can be applied for the linear and constant part: First, notice

that w =6* — %. Second, we expand the fractions for the linear part in the CRPS:
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For the constant part, we follow similar steps:
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Hence, we have shown that E[SE] = —=E[CRPS].
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C Appendix to Chapter 4: Efficient
Prediction of Tandem Mass Spectra

using the Neural Tangent Kernel

C.1 Further Results
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Figure C.1: Multi Laplace & NTK mirror plots. The blue mirrored spectrum is the true
observation, the red-shaded spectrum is the respective prediction.
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Figure C.2: Mirror plot for simple, flex-bin Laplace & NTK models
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Figure C.3: Mirror plot for NEIMS with 2200 bins. The prediction exceeding intensity one
may be due to the slightly different scaling scheme.
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Test cases

Adipic acid
2-Methylglutaric acid
3-(Hydroxymethyl)-5-oxopentanoic acid
isosorbide
Glucal
Conduritol B
Acetone lactate
(55)-5, 6 Dlhydroxy 2-oxohexanal
Dimethylsuccinic acid
4- Ethoxy 4-oxobutanoic acid
Dimethyl succinate
Solerol
2,2-Dimethylsuccinic acid
Monomethyl glutaric acid
Methﬁlglutanc acid
2-de! ydrogantoate
ilirubin
Glutathione
Glutathionate(1-)
Pantothenic acid
3-[[(2S)-2,4-Dihydroxy-3,3-dimethylbutanoylJamino]propanoic acid
Sucrose
Melibiose
D-Glucose, 4-O-beta-D-galactopyranosyl-
F rehalu{ojf
agopyTitol
% {’ maltose
D-Fructose, 6-O-alpha- Dé;lucupyrano%ﬂ
al

Palatmose

Unknown
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Benzene and substituted derivatives

Carboxylic acids and derivatives
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Organooxygen compounds
Steroids and steroid derivatives

Fatty Acyls

Prenol lipids
Indoles and derivatives

Glycerophospholipids

Figure C.4: Smoother matrix for test predictions of the simple Laplace with fixed binning.
Each Row, separated by a black line, represents a test point, each column a training
point, grouped by the respective HMDB-classes. Columns within each class are
sorted by their first PCA dimension of their Morgan fingerprint. Negative weights
are shown in red, positive weights are shown in blue and zero-weights are visualized

as white.
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Figure C.5: Chemical structures of exemplary test compounds in Figures 4.5 & C.4.
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Further Results

147

True Positive Rate

80% 4 \r;;-%
N
70% 1 -
1 pasnd®
60%
50%1
n: !
I
E40%1 ¢
30%
20%1
10% 4
L]
0 200 400 600 800 1000 1200 1400 1600

Number of Samples
—o— NTK Retr.
—e— NTK Transl.

—o— NTK Proj.
NTK Proj. & Transl.

True Negative Rate

99% 1
98% 1
97% 1

£ 96% |
95% 1
94% 1

93% q

92% q

0

—e— Lap. Retr.
—e— Lap. Transl.

10b0 12‘00 14‘00 1600

200 400 600 800
Number of Samples
Lap. Proj.

Lap. Proj. & Transl.

Figure C.7: Transfer learning: TPR & TNR. Laplace is abbreviated as ‘Lap., Projection
as ‘Proj., Translation as ‘Transl’ and Re-training as ‘Retr..

False Positive Rate

8% |
7%
6% |
5% 1

o

& 4%
3% |
2% |

1%

660 860 10‘00 12‘00 1400 16‘00
Number of Samples
—e— NTK Retr.

—8— NTK Transl.

0 200 400
—®— NTK Proj.

NTK Proj. & Transl.

False Negative Rate

°
90% -
80%1
70%
% 60%71
Z f
50% 1
40% 4
ey, 4
30% A -
o -'w‘ -
20% /L ??- —————
6 260 460 660 860 10‘00 12b0 14‘00 16‘00
Number of Samples
—8— Lap. Retr. Lap. Proj.

—e— Lap. Transl.

Lap. Proj. & Transl.

Figure C.8: Transfer learning: FPR & FNR. Laplace is abbreviated as ‘Lap., Projection
as ‘Proj., Translation as ‘Transl’ and Re-training as ‘Retr..



Further Results 148
n=0 n=50
1.00 1.00
0.75 0.75
0.50 0.50 1
5 0257 5 0257
2 00 L kil ol 20004 ol biliud g
g 7 g 7
= 8
-0.25 —0.25
-0.50 —0.50
-0.75 —0.75
—1.00 T T T T T T —1.00+ T T T T T T
0 200 400 600 800 1000 1200 200 400 600 800 1000 1200
m/z m/z
n=100 n=200
1.00 1.00
0.75 0.75
0.50 0.50
& 0.25 5 0257
é 0.00 411 TV - é 0.00 AL |
E e
-0.25 -0.25
—0.50 —0.50
-0.75 ~0.75 1
—1.004 T T T T T T —1.004 T T T T T T
0 200 400 600 800 1000 1200 200 400 600 800 1000 1200
m/z m/z
n=500 n=1000
1.00 1.00
0.75 0.75
0.50 0.50 1
0.25 0.25 1
2 z
2 0.004 ok ikl 2 0.004 T PTAT YR
g g -
E E
~0.251 —0.25
~0.50 ~0.50
-0.75 —0.75
—1.004 T T T T T T —1.004 T T T T T T
0 200 400 600 800 1000 1200 200 400 600 800 1000 1200
m/z m/z
n=1250 n=1605
1.00 1.00
0.75 0.75
0.50 0.50
2 0.25 2 0.25 1
2 L bbbl 2 0.004 LG
§ 000 g O
E 8
-0.25 ~0.25 1
~0.50 —0.50
-0.75 ~0.75
-1.00 -1.00
0 200 400 600 800 1000 1200 200 400 600 800 1000 1200
m/z m/z

Figure C.9: Projection evolution of a randomly drawn test sample for the NTK. We show

eight stages of the transfer-learning experiment with no fine-tuning applied, 50,
100, 200, 500, 1000, 1250 and 1605 samples available. True spectra are mirrored
and shown in blue, predicted spectra are shown in red.
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Figure C.10: Translation evolution of a randomly drawn test sample for the NTK. We show
eight stages of the transfer-learning experiment with no fine-tuning applied, 50,
100, 200, 500, 1000, 1250 and 1605 samples available. True spectra are mirrored
and shown in blue, predicted spectra are shown in red.
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Figure C.11: Projection & Translation evolution of a randomly drawn test sample for the
NTK. We show eight stages of the transfer-learning experiment with no fine-tuning
applied, 50, 100, 200, 500, 1000, 1250 and 1605 samples available. True spectra
are mirrored and shown in blue, predicted spectra are shown in red.
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Figure C.12: Re-training evolution of a randomly drawn test sample for the NTK. We show
eight stages of the transfer-learning experiment with no fine-tuning applied, 50,
100, 200, 500, 1000, 1250 and 1605 samples available. True spectra are mirrored
and shown in blue, predicted spectra are shown in red.



D Appendix to Chapter 5: Probabilistic

Time Series Forecasting Challenge

D.1 Additional Tables

Table D.1: Listing of web resources mentioned in the text. Last accessed on February 24,
2025.

Reference URL

URL1 https://gitlab.kit.edu/nils.koster/ptsfc_results

URL2 https://github.com/FK83/ptsfc_replication

URL3 https://jobrac.shinyapps.io/ptsfc_viz/

URL4 https://de.finance.yahoo.com/

URL5 https://www.dwd.de/DE/wetter/wetterundklima_vorort/
berlin-brandenburg/berlin_tempelhof/_node.html

URL6 https://www.dwd.de/EN/ourservices/nwp_forecast_data/nwp_forecast_
data.html

URL7 https://en.wikipedia.org/wiki/List_of_Discworld_characters

URLS https://en.wikipedia.org/wiki/List_of_Brooklyn_Nine-Nine_characters

URL9 https://en.wikipedia.org/wiki/List_of_Friends_and_Joey_characters

URLI10 https://en.wikipedia.org/wiki/List_of_Game_of_Thrones_characters

URLI11 https://en.wikipedia.org/wiki/List_of_Star_Wars_characters

URL12 https://gitlab.kit.edu/nils.koster/ptsfc_results/-/tree/main/ptsfc_
viz

URL13 https://image-net.org/challenges/LSVRC/

URL14 https://s2s-ai-challenge.github.io/

URL15 https://forecasters.org/programs/research-awards/students/
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Table D.2: Length of prediction intervals, on average over the sample period.

Length (50% level) Length (95% level)
Target Horizon Benchmark Ensemble Benchmark Ensemble
DAX 1 day 1.1 1.3 5.1 4.4
DAX 2 day 1.7 1.8 7.0 6.0
DAX 5 day 2.0 2.2 8.7 7.5
DAX 6 day 2.4 2.4 9.8 8.3
DAX 7 day 2.6 2.6 10.9 9.1
Temp. 36 hour 1.0 1.7 2.6 5.0
Temp. 48 hour 1.1 1.7 2.8 4.9
Temp. 60 hour 14 2.0 3.3 5.8
Temp. 72 hour 1.7 2.0 4.8 5.9
Temp. 84 hour 2.3 24 5.1 6.9
Wind 36 hour 2.7 4.5 7.2 13.2
Wind 48 hour 2.8 4.9 7.8 14.4
Wind 60 hour 4.0 5.3 9.2 15.1
Wind 72 hour 3.4 5.1 8.8 14.8
Wind 84 hour 4.2 5.4 10.9 15.8

D.2 Exploratory Analysis of Ranking Methodology

In Sections D.2.1 and D.2.2, we explore the informativeness and robustness of the ranking

along two dimensions.

D.2.1 Stability

Here we analyze the stability of the ranking. In particular, if the ranking merely reflected
small or unsystematic differences in forecast performance, or would be driven by a small
number of forecast dates, it would not serve its purposes well. In order to assess the
ranking’s stability, we resample many possible sample paths, each of which represents
one hypothetical course of history like the one we observed in reality. We then compare
the rankings obtained across many possible histories. More specifically, we proceed as

follows: In each Monte Carlo iteration, we

o draw 14 DAX forecast dates (independent draws from 14 actual forecast dates,
with replacement). Compute DAX score rankings based on the empirical scores for

these dates.
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Table D.3: Summary of forecaster ranks obtained across 10000 simulated sample periods,
generated as described in the text. The table focuses on five best forecasters out of
21 participants.

Share of Rank Quantiles
Forecaster (Alias) Wins (in %) Mean 90% 99%  Actual rank
Yoda 48.5 1.8 3 5 1
PhoebeBuffay 31.8 2.3 4 6 2
HotPie 10.2 3.2 ) 7 3
Shaggydog 3.1 4.1 6 8 4
KyloRen 1.2 5.1 7 9 5

o draw 13 weather forecast dates (independent draws from 13 actual forecast dates,
with replacement). Compute temperature and wind score rankings based on the
empirical scores for these dates. We use the same dates for temperature and wind

in order to account for dependence of these variables.

e construct an overall forecast ranking from the rankings in the present iteration.

This simple simulation design can be viewed as investigating the robustness of the forecast
ranking across individual weeks of the empirical sample period. Table D.3 summarizes
the simulation results for the five best forecasters from the actual (empirical) ranking.
The best-performing forecaster in the empirical sample (alias ‘Yoda’) also performs best
across the simulations, in terms of highest share of wins, smallest mean rank, and smallest
rank quantiles. Furthermore, one of either ‘Yoda’ or ‘Phoebe Buffay’ wins in more than
80% of the simulated time paths. In addition to the results from Table D.3, we find that
ten out of 21 forecasters never win across the 10000 Monte Carlo iterations. We view

these overall results as reassuring evidence on the ranking’s signal-to-noise ratio.

D.2.2 Comparison to Alternative Ranking Variants

As discussed in Section 5.2.3 in Chapter 5, the ranking used in the course sums up a
forecaster’s ranks across 15 sub-categories (three target variables times five horizons).
The forecaster’s final rank is then determined by the resulting rank sum. This pragmatic
approach is motivated by the fact that the scores for the sub-categories are on different
scales. For example, one would generally expect higher scores at longer forecast horizons,
due to less predictability. Here we compare this original ranking method (‘Version 1’) to

two alternatives:
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o _* Version2 ¢ Version 3
N

15

10

Rank (alternative)

1 5 10 15 20
Rank (Version 1)

Figure D.1: Comparison of forecaster ranks across three different methods. See text for details.

e Version 2: Compute a forecaster’s skill score for each of the 15 sub-categories.

Determine final rank from the sum of skill scores.

e Version 3: Determine a forecaster’s final rank from the sum of raw scores across all

forecast cases.

Version 2 is similar in spirit to Version 1, in that it transforms the scores (by computing
skill scores) to make them comparable across sub-categories. By contrast, Version 3
does not account for possible scale differences. While this approach may be viewed as a
drawback from a pragmatic perspective, its theoretical properties (in terms of being

proper) are clearer and more attractive than for Versions 1 and 2.

Figure D.1 summarizes the comparison. Naturally, the three rankings vary to some
degree; for example, the second-best forecaster according to Version 1 ranks first according
to Version 3 and second according to Version 2. However, these variations seem minor

overall, and the correlation between any pair of rankings is at least 98.4%.
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