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Given s, t ∈N , a complete bipartite poset Ks,t is a poset whose Hasse diagram consists of 
s pairwise incomparable vertices in the upper layer and t pairwise incomparable vertices 
in the lower layer, such that every vertex in the upper layer is larger than all vertices in 
the lower layer. A family F ⊆ 2[n] is called induced Ks,t -saturated if (F ,⊆) contains no 
induced copy of Ks,t , whereas adding any set from 2[n]\F to F creates an induced Ks,t . 
Let sat∗(n,Ks,t) denote the smallest size of an induced Ks,t-saturated family F ⊆ 2[n]. It 
was conjectured that sat∗(n,Ks,t) is superlinear in n for certain values of s and t. In this 
paper, we show that sat∗(n,Ks,t) = O (n) for all fixed s, t ∈N . Moreover, we prove a linear 
lower bound on sat∗(n,P) for a large class of posets P , particularly for Ks,2 with s ∈N .

© 2025 The Author(s). Published by Elsevier B.V. This is an open access article under the 
CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

A poset1 is an ordered pair (P,⪯P ), abbreviated as P for convenience, where P is the ground set and ⪯P is some 
partial order on P . Two elements x, y ∈ P are comparable if x ⪯P y or y ⪯P x, otherwise we call them incomparable. We 
say that a poset Q contains an (induced) copy of P , if there exists an injective function f :P →Q, such that f (x) ⪯Q f (y) if 
(and only if) x ⪯P y. Moreover, we say that Q is (induced) P-free, if Q contains no (induced) copy of P . Let n ∈N and P
be a fixed poset. A family F ⊆ 2[n] is called (induced) P-saturated, if

• (F ,⊆) is (induced) P-free, and
• ∀ F ∈ 2[n]\F , the poset (F ∪ {F },⊆) contains an (induced) copy of P .

Determining the minimum size of an (induced) P-saturated family is the so-called (induced) poset saturation problem. The 
saturation number sat(n,P) is dfined as the smallest size of a P-saturated family F ⊆ 2[n] . Similarly, the induced saturation 
number sat∗(n,P) is equal to the smallest size of an induced P-saturated family F ⊆ 2[n] .

The study of the poset saturation problem was pioneered by Gerbner, Keszegh, Lemons, Palmer, Pálvölgyi, and Patkós [5], 
see also [8,10,12] for various results. In particular, by analyzing a greedy colex process, Keszegh, Lemons, Martin, Pálvölgyi, 
and Patkós [8] showed that sat(n,P) ≤ 2|P|−2 for any fixed poset P .

On the other hand, the systematic study of the induced poset saturation problem was initiated by Ferrara, Kay, Kramer, 
Martin, Reiniger, Smith, and Sullivan [3]. It has garnered extensive attention and subsequent research [1,2,4,6--9,11] in recent 
years. Unlike sat(n,P), which is bounded for any fixed P , the function sat∗(n,P) exhibits a dichotomy of behavior. Keszegh 
et al. [8] showed that sat∗(n,P) is either upper bounded by some constant depending only on P , or lower bounded by 
log2 n. Furthermore, Keszegh et al. [8] conjectured the following stronger dichotomy.

E-mail address: liu@mathe.berlin.
1 Throughout this paper we only consider finite posets.
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Fig. 1. The Hasse diagrams of K1,1, K2,1, K3,1, and K2,2. 

Conjecture 1.1 (  [8, Conjecture 1.4]). Let P be a fixed poset. Then either there exists some constant CP with sat∗(n,P) ≤ CP , or 
sat∗(n,P) ≥ n + 1 for all n ∈N .

Their conjecture, if true, would be the best possible. As shown in [3], the induced saturation number for certain posets is 
exactly n + 1. For example, let P consist of two incomparable elements. Then F ⊆ 2[n] is induced P-saturated if and only if 
F is a maximal family whose members are pairwise comparable, hence, |F | = n + 1. Although Conjecture 1.1 remains open, 
the aforementioned dichotomy of sat∗(n,P) has been strengthened recently by Freschi, Piga, Sharifzadeh, and Treglown [4], 
who showed that if sat∗(n,P) is not upper bounded by some constant, then sat∗(n,P) ≥ min

{︁
2
√

n,n/2 + 1
}︁

. Even more 
recently, Bastide, Groenland, Ivan, and Johnston [1] proved a polynomial upper bound on sat∗(n,P) for any fixed P , where 
the degree of the polynomial depends on |P|.

A natural way to visualize the posets is through their Hasse diagrams.2 Since every poset can be uniquely determined 
by the Hasse diagram up to isomorphism, it is easy to see that F ⊆ 2[n] contains an induced copy of P if and only if there 
exists F ′ ⊆ F , such that 

(︁
F ′,⊆)︁

can be represented by the same Hasse diagram as P . From now on we shall identify the 
posets with their Hasse diagrams.

The primary objective of this paper is to study the induced saturation problem for complete bipartite posets. Given 
s, t ∈ N , a complete bipartite poset, denoted by Ks,t , is a poset, whose Hasse diagram consists of s pairwise incomparable 
vertices in the upper layer and t pairwise incomparable vertices in the lower layer, such that every vertex in the upper 
layer is larger than all vertices in the lower layer (see Fig. 1 for an illustration). Note that sat∗(n,Ks,t) = sat∗(n,Kt,s) holds 
due to symmetry, without loss of generality we can assume s ≥ t . Moreover, since K1,1 is a poset of two comparable 
elements, whose induced saturation number is simply 1, we exclude this trivial case in later discussions. As one of the most 
fundamental types of posets, Ks,t has been studied in the initial work of induced poset saturation. Ferrara et al. [3] showed 
that sat∗(n,K2,1) = n + 1 and obtained a linear upper bound

sat∗(n,Ks,1) ≤ (s − 1)n − s + 3

for all n ≥ s ≥ 2. Furthermore, Ferrara et al. [3] showed that sat∗(n,K2,2) = O (n2) and conjectured that sat∗(n,K2,2) =
Θ(n2). Later Ivan [6] proved that sat∗(n,Ks,2) = O (ns) and sat∗(n,Ks,s) = O (n2s−2) for all s ≥ 2. In addition, she proposed 
the following conjecture, which is a strengthening of that by Ferrara et al. [3].

Conjecture 1.2 (  [6, Conjecture 8 & Conjecture 9]). For all s ≥ 2,

sat∗(n,Ks,2) = Θ(ns) and sat∗(n,Ks,s) = Θ(n2s−2).

However, Keszegh et al. [8] recently showed that when n ≥ 3, an induced K2,2-saturated family F ⊆ 2[n] of size 6n − 10
can be found through a greedy colex process. This refutes Conjecture 1.2 in a special case and suggests that Conjecture 1.2 is 
probably false for all s ≥ 2 (as remarked in [6]). The main result of this paper is the following, which disproves Conjecture 1.2
in its entirety. We give a linear upper bound on sat∗(n,Ks,t) for all fixed s ≥ t ≥ 2, where we construct an explicit induced 
Ks,t -saturated family using a structure that we call the ``lantern'' (see Fig. 2).

Theorem 1.3. Let n, s, t ∈N with s ≥ t ≥ 2 and n ≥ 2s + t − 1. Then

sat∗
(︁
n,Ks,t

)︁ ≤
(︃(︃

s + t − 1

t

)︃
(s − 1) +

(︃
s + t − 1

t − 1 

)︃
(t − 1)

)︃
n + cs,t,

where cs,t is some constant depending on s and t.

Ferrara et al. [3] also proved that the induced saturation number is at least log2 n for a large class of posets, including 
the complete bipartite posets (except K1,1). Then, the dichotomy from Freschi et al. [4] yields a general lower bound 
sat∗(n,Ks,t) ≥ min

{︁
2
√

n,n/2 + 1
}︁

. If Conjecture 1.1 was to be true, then one would further expect sat∗(n,Ks,t) ≥ n + 1. 

2 Given a poset P , the Hasse diagram of P is obtained by representing each element of P as a vertex in the plane, and drawing a line segment that goes 
upwards from x to y whenever x ⪯P y and there exists no other element z with x ⪯P z ⪯P y.
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Indeed, the cases of K1,2 and K2,2 have been cofirmed by Ferrara et al. [3] and Ivan [6], respectively. Here, we show that 
this linear lower bound holds for all Ks,2.

Theorem 1.4. For all n, s ∈N , sat∗
(︁
n,Ks,2

)︁ ≥ n + 1.

In fact, we shall prove a stronger version of Theorem 1.4. We say that P is a poset with legs if

• there exist two incomparable elements a,b ∈P , such that a and b are smaller than every element in P\{a,b}, and
• there exists an element c ∈P that is larger than a and b but smaller than all elements in P\{a,b, c}.

The elements a and b are called the legs of P , and the element c is referred to as the hip. The term ``poset with legs'' was 
first introduced by Freschi et al. [4], where they proved that if P is a poset with legs, then P has an induced saturation 
number at least n + 1. By generalizing an idea from [6], we show that as long as P has legs, regardless of whether it has 
a hip or not, sat∗(n,P) is always lower bounded by n + 1. This extends the result of Freschi et al. [4] to a larger class of 
posets. For example, Ks,2 has legs but it is not a poset with legs when s ≥ 2.

Theorem 1.5. Let P be a poset, which contains two incomparable elements a,b ∈P , such that a and b are smaller than every element 
in P\{a,b}. Then for n ∈N , we have sat∗(n,P) ≥ n + 1.

Since Ks,2 satifies the above condition, Theorem 1.5 immediately implies Theorem 1.4. Theorems 1.3 and 1.4 thereby 
determine the correct order of sat∗(n,Ks,2). Moreover, we conjecture that the upper bound given in Theorem 1.3 is tight up 
to a multiplicative constant.

Conjecture 1.6. sat∗(n,Ks,t) = Θ(n) for all fixed s ≥ t ≥ 2.

For the remainder of this paper, Section 2 is dedicated to proving Theorem 1.3, and Theorem 1.5 is proved in Section 3.

Notations

For m,n ∈Z, let [m,n] denote the set of all integers k with m ≤ k ≤ n, particularly, we write [1,n] as [n] for convenience. 
For A ⊆ [n], denote Ac the complement of A with respect to [n]. Furthermore, we let 

(︁A
k 
)︁

denote the family of all k-element 
subsets of A, whereupon 2A := ⋃︁|A|

k=0

(︁A
k 
)︁

represents the family of all subsets of A.

2. A linear upper bound for sat∗(n,Ks,t)

Let n ∈ N and A ⊆ B ⊆ [n]. A poset C ⊆ 2[n] is called a chain from A to B , if the elements of C can be written as a 
sequence from A to B , such that every element other than B is a proper subset of the subsequent element. A chain C from 
A to B is complete if |C| = |B\A| + 1, namely, C contains sets of cardinality from |A| to |B|. Furthermore, let C1 and C2 be 
two chains from A to B . We say that C1 and C2 are internally disjoint if C1 ∩ C2 = {A, B}. The proposition below follows 
directly from the fact that Boolean lattices are symmetric chain orders. For completeness, we include a short proof.

Proposition 2.1. Let n ∈N and A ⊆ B ⊆ [n]. Then there exist |B\A| pairwise internally disjoint complete chains from A to B.

Proof. Without loss of generality assume |B\A| > 0, say B\A = {x1, . . . , xk}. For i ∈ [k], we dfine the chain Ci ∈ 2[n] as 
(A, A ∪ {xi}, A ∪ {xi, xi+1}, . . . , B), where the indices are modulo k. We can see that Ci is a complete chain from A to B
for all i ∈ [k]. Moreover, we fix any i, j ∈ [k] with i < j. Suppose Ci and C j intersects at some internal element, namely, 
{xi, xi+1, . . . , xi+d} = {x j, x j+1, . . . , x j+d} for some d ∈ [0,k −2]. Due to d < k −1, we have xi−1 / ∈ {xi, xi+1, . . . , xi+d}. However, 
since i < j and xi ∈ {x j, x j+1, . . . , x j+d}, one can deduce that xi−1 ∈ {x j, x j+1, . . . , x j+d}, a contradiction. �
2.1. Construction of an induced Ks,t -free family

Let n, s, t ∈N with s ≥ t ≥ 2 and n ≥ 2s + t − 1. This subsection is devoted to constructing a linear-sized family F ⊆ 2[n]
that is induced Ks,t -free.

Given A ⊆ B ∈ 2[n] with |B\A| ≥ k, Proposition 2.1 guarantees that there exists a union of k pairwise internally disjoint 
complete chains from A to B , denoted by L. Let X1, . . . , Xk ∈L be distinct sets of size |A| + 1. The first increment set of L is 
dfined as 

⋃︁k
i=1 Xi\A. Since the chains in L are pairwise internally disjoint, we know the first increment set of L has size 

exactly k. Let Y1, . . . , Yk ∈ L be distinct sets of size |B| − 1. The last increment set of L is dfined as B\⋂︁k
i=1 Yi , which also 

has size k.

3 
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Definition 2.2. Let n, s, t ∈N with s ≥ t ≥ 2 and n ≥ 2s + t − 1. For A ⊆ [s + t], an upper s-lantern Ls(A) is a union of s − 1
pairwise internally disjoint complete chains from A to A ∪ [s + t + 1,n], whose last increment set is [s + t + 1,2s + t − 1]. 
Similarly, a lower t-lantern Lt(A) is a union of t −1 pairwise internally disjoint complete chains from A to A ∪[s + t +1,n], 
whose first increment set is [s + t + 1, s + 2t − 1].

A

A ∪ [s + t + 1,n]

1 2 3 . . . . . . s − 1

[s + t + 1,2s + t − 1]

A

A ∪ [s + t + 1,n]

1 2 3 . . . . . . t − 1

[s + t + 1, s + 2t − 1]

Fig. 2. Ls(A) and Lt (A). 

Remark 1. Observe that F ∩ [s + t − 1] = A ∩ [s + t − 1] holds for any set F in Ls(A) or Lt(A).

The restriction on the first or last increment set in Definition 2.2 seems peculiar at this point. We only need it to help 
us deal with some critical cases in the proof later (see Lemmas 2.7 and 2.8). Other than that, we can safely ignore the 
restriction and consider the lantern as a simple union of pairwise internally disjoint chains.

Our construction of an induced Ks,t -free family consists of the following parts:

• F1 := {[n]} ∪ {︁{x}c for all x ∈ [s + t − 1]}︁,
• F2 := ⋃︁

A∈([s+t−1]
t )L

s(A),

• F3 := ⋃︁
A∈([s+t−1]

t−1 )Lt (A ∪ {s + t}),

• F4 := {∅} ∪ {{x} for all x ∈ [s + t − 1]}.

In particular, 
∑︁4

i=1|Fi| ≤
(︂(︁s+t−1

t

)︁
(s − 1) + (︁s+t−1

t−1 
)︁
(t − 1)

)︂
n follows by a simple calculation. Let F ′ := ⋃︁4

i=1 Fi . We shall first 
show that F ′ does not contain an induced copy of Ks,t .

Lemma 2.3. Let F1, . . . , Fs ∈F ′ be pairwise incomparable. Then⃓⃓⃓
⃓⃓

s ⋂︂
i=1 

(Fi ∩ [s + t − 1])
⃓⃓⃓
⃓⃓ < t.

Proof. Suppose there exist F1, . . . , Fs ∈ F ′ that are pairwise incomparable and 
⋂︁s

i=1 (Fi ∩ [s + t − 1]) has size at least t . 
Then we must have {F1, . . . , Fs} ∩ F4 = ∅, since for any set in F4, its intersection with [s + t − 1] has size smaller than t . 
Also, {F1, . . . , Fs}∩F3 = ∅, because every set in F3 belongs to a lantern Lt (A ∪ {s + t}) for some A ∈ (︁[s+t−1]

t−1 
)︁

and Remark 1
indicates that its intersection with [s + t − 1] is exactly A and thus has size smaller than t . 
We claim that {F1, . . . , Fs}∩F1 ≠ ∅ and {F1, . . . , Fs}∩F2 ≠ ∅ can not be simultaneously true. Indeed, assume without loss of 
generality that F1 ∈F1 and F2 ∈F2. Since F2 belongs to a lantern Ls(A) for some A ∈ (︁[s+t−1]

t

)︁
, we have F2 ∩[s+ t −1] = A. 

On the other hand, because F1 is incomparable with F2, the only possibility is F1 = {x}c with some x ∈ A. But then it holds 
that F1 ∩ F2 ∩ [s + t − 1] = A\{x}, which is a contradiction since |A\{x}| < t . 
Hence, we are left with the following two cases.

Case 1: {F1, . . . , Fs} ⊆F1. 
Since F1, . . . , Fs are pairwise incomparable, we must have Fi = {xi}c with xi ∈ [s + t − 1] for all i ∈ [s]. Then it follows that ⃓⃓⋂︁s

i=1 (Fi ∩ [s + t − 1]) ⃓⃓ = ⃓⃓[s + t − 1]\{x1, . . . , xs}
⃓⃓
< t , a contradiction.

4 



D. Liu Discrete Mathematics 348 (2025) 114462 

Case 2: {F1, . . . , Fs} ⊆F2. 
Observe that F1, . . . , Fs must belong to the same lantern Ls(A). Otherwise, assume without loss of generality that F1 ∈
Ls(A1) and F2 ∈ Ls(A2), where A1, A2 ∈ (︁[s+t−1]

t

)︁
and A1 ≠ A2. Then we would have 

⃓⃓
F1 ∩ F2 ∩ [s + t − 1]⃓⃓ = |A1 ∩ A2| < t , 

a contradiction. Now, because F1, . . . , Fs belong to the same lantern Ls(A), by the pigeonhole principle, at least two of 
them lie in the same chain, meaning that F1, . . . , Fs are not pairwise incomparable, a contradiction. �
Lemma 2.4. Let F1, . . . , Ft ∈F ′ be pairwise incomparable. Then

⃓⃓⃓
⃓⃓

t⋃︂
i=1 

(Fi ∩ [s + t − 1])
⃓⃓⃓
⃓⃓ ≥ t.

Proof. Suppose there exist F1, . . . , Ft ∈ F ′ that are pairwise incomparable and 
⋃︁t

i=1 (Fi ∩ [s + t − 1]) has size smaller than 
t . Then we immediately have {F1, . . . , Ft} ∩ (F1 ∪F2) = ∅, as every set in (F1 ∪F2) contains at least t elements from 
[s + t − 1]. 
We claim next that {F1, . . . , Ft} ∩F3 ≠ ∅ and {F1, . . . , Ft} ∩F4 ≠ ∅ can not hold simultaneously. Otherwise, assume without 
loss of generality that F3 ∈ F3 and F4 ∈ F4. Since F3 belongs to a lantern Lt (A ∪ {s + t}) for some A ∈ (︁[s+t−1]

t−1 
)︁
, F3 ∩ [s +

t − 1] = A. Then, to assure that F4 ∈F4 is incomparable with F3, one must have F4 = {x} with some x ∈ [s + t − 1]\A. This 
yields that (F3 ∪ F4) ∩ [s + t − 1] = A ∪ {x}, a contradiction. 
We are again left with two cases.

Case 1: {F1, . . . , Ft} ⊆F3. 
If F1 ∈ Lt (A1 ∪ {s + t}) and F2 ∈ Lt (A2 ∪ {s + t}) with A1 ≠ A2 ∈ (︁[s+t−1]

t−1 
)︁
, then we would have 

⃓⃓
(F1 ∪ F2) ∩ [s + t − 1]⃓⃓ =

|A1 ∪ A2| ≥ t , a contradiction. Accordingly, F1, . . . , Fs must belong to the same lantern Lt (A ∪ {s + t}), by the pigeonhole 
principle, at least two of them lie in the same chain. Hence, F1, . . . , Ft are not pairwise incomparable, a contradiction.

Case 2: {F1, . . . , Ft} ⊆F4. 
Recall that F1, . . . , Ft are pairwise incomparable, the only possibility is Fi = {xi} with xi ∈ [s + t − 1] for all i ∈ [t]. Then we 
have 

⃓⃓⋃︁t
i=1 (Fi ∩ [s + t − 1]) ⃓⃓ = ⃓⃓{x1, . . . , xt}

⃓⃓ = t , leading to a contradiction. �
Lemma 2.5. The family F ′ is induced Ks,t -free.

Proof. Suppose there exists an induced copy of Ks,t in F ′ , whose upper layer consists of F1, . . . , Fs and whose lower layer 
consists of F ′

1, . . . , F ′
t , see Fig. 3. Then it holds that 

⋃︁t
i=1 F ′

i ⊆ ⋂︁s
i=1 Fi .

F1 F2
. . .

Fs

F ′
1 F ′

2

. . .

F ′
t

Fig. 3. The hypothetical induced copy of Ks,t . 

But by Lemmas 2.3 and 2.4 we have 
⃓⃓⋂︁s

i=1 (Fi ∩ [s + t − 1])⃓⃓ < t and 
⃓⃓⋃︁t

i=1

(︁
F ′

i ∩ [s + t − 1])︁⃓⃓ ≥ t , implying that 
⋃︁t

i=1 F ′
i ⊈⋂︁s

i=1 Fi , a contradiction. �
Now that 

⋃︁4
i=1 Fi is induced Ks,t -free, we construct the last part F5 by letting F5 be a maximal subset of G1 ∪ G2, 

where

G1 :=
s ⋃︂

i=2 

{︃
Ac for all A ∈

(︃[2s + t − 1]
i 

)︃}︃
and G2 :=

t⋃︂
i=2 

(︃[s + 2t − 1]
i 

)︃
,

such that there is no induced copy of Ks,t in 
⋃︁5

i=1 Fi . Let F := ⋃︁5
i=1 Fi be our final family. It is obvious that F is induced 

Ks,t -free.

5 
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2.2. Induced Ks,t -saturated

The purpose of this subsection is to show that the constructed family F ⊆ 2[n] is indeed induced Ks,t -saturated. Namely, 
for every F ∈ 2[n]\F , we shall prove that there exists an induced copy of Ks,t in F ∪ {F }.

Lemma 2.6. Let F ∈ 2[n]\F with ⃓⃓ F ∩ [s + t − 1]⃓⃓ ∈ {0, s + t − 1}. Then F ∪ {F } contains an induced copy of Ks,t .

Proof. We split the proof into two cases.

Case 1: 
⃓⃓
F ∩ [s + t − 1]⃓⃓ = 0. 

Since F is nonempty and F ∩ [s + t − 1] = ∅, F is incomparable with any singleton {x} ⊆ [s + t − 1]. Hence we can take 
{1}, . . . , {t − 1} ∈ F4, so that F , {1}, . . . , {t − 1} are pairwise incomparable, which shall form the lower layer of our desired 
Ks,t . For the upper layer, we choose {t}c, . . . , {s + t − 1}c ∈ F1. In this way we obtain an induced copy of Ks,t in F ∪ {F }, 
see Fig. 4. 

{t}c {t + 1}c

. . .
{s + t − 1}c

F {1}
. . .

{t − 1}

Fig. 4. The induced copy of Ks,t in Case 1. 

F {1}c

. . .
{s − 1}c

{s} {s + 1}
. . .

{s + t − 1}

Fig. 5. The induced copy of Ks,t in Case 2. 

Case 2: 
⃓⃓
F ∩ [s + t − 1]⃓⃓ = s + t − 1. 

We first take {1}c, . . . , {s − 1}c ∈ F1. Since F ≠ [n], the sets F , {1}c, . . . , {s − 1}c are pairwise incomparable, forming the 
upper layer of the desired Ks,t . On the other hand, we take {s}, . . . , {s + t − 1} ∈ F4 to form the lower layer. This gives us 
an induced copy of Ks,t in F ∪ {F }, as shown in Fig. 5. �
Lemma 2.7. Let F ∈ 2[n]\F with 1 ≤ ⃓⃓

F ∩ [s + t − 1]⃓⃓ ≤ t − 1. Then F ∪ {F } contains an induced copy of Ks,t .

Proof. First we can assume without loss of generality that F / ∈ G1 ∪G2, because by our construction of F5, F ∈ (G1 ∪ G2)\F
would imply that F ∪ {F } contains an induced copy of Ks,t . Let A ∈ (︁[s+t−1]

t−1 
)︁

with F ∩ [s + t − 1] ⊆ A.

Case 1: |F | ≤ t . 
Since F / ∈ F4, we actually have 2 ≤ |F | ≤ t . If F\[s + 2t − 1] = ∅, then we have F ∈ (︁[s+2t−1]

i 
)︁

for some 2 ≤ i ≤ t . This 
contradicts the fact that F / ∈ G2. Therefore, F\[s+2t −1] ≠ ∅. We take distinct sets X1, . . . , Xt−1 of size t +1 from the lantern 
Lt (A ∪ {s + t}) ⊆F3. Due to the same size, X1, . . . , Xt−1 are pairwise incomparable. We claim that F , X1, . . . , Xt−1 are also 
pairwise incomparable. Indeed, because of |F | ≤ t , F is not a superset of any of X1, . . . , Xt−1. Furthermore, by definition the 
first increment set of Lt (A ∪ {s + t}) is [s + t + 1, s + 2t − 1], which means that 

⋃︁t−1
i=1 Xi = A ∪[s + t, s + 2t − 1] ⊆ [s + 2t − 1]

and hence F is not a subset of any of X1, . . . , Xt−1. Therefore, F , X1, . . . , Xt−1 form a lower layer of our desired Ks,t . On 
the other hand, we note that F ∩ [s + t − 1] ⊆ X1 ∩ [s + t − 1] = · · · = Xt−1 ∩ [s + t − 1] = A holds by Remark 1. Thus one 
can take {x1}c, . . . , {xs}c ∈F1 with xi ∈ [s + t − 1]\A for all i ∈ [s] as the upper layer, see Fig. 6. 

{x1}c {x2}c

. . .
{xs}c

F X1

. . .

Xt−1

Fig. 6. The induced copy of Ks,t in Case 1. 

{x1}c {x2}c

. . .
{xs}c

F Y1

. . .

Yt−1

Fig. 7. The induced Ks,t in Case 2. 

Case 2: t < |F | < n − s. 
We can take distinct sets Y1, . . . , Yt−1 of size |F | from the lantern Lt (A ∪ {s + t}) ⊆ F3. Due to the same size, 
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F , Y1, . . . , Yt−1 are pairwise incomparable and form an adequate lower layer. Since F ∩ [s + t − 1] ⊆ Y1 ∩ [s + t − 1] = · · · =
Yt−1 ∩ [s + t − 1] = A still holds, we choose the same upper layer as in the previous case, namely, {x1}c, . . . , {xs}c ∈F1 with 
xi ∈ [s + t − 1]\A for all i ∈ [s], see Fig. 7.

Case 3: |F | ≥ n − s. 
In this case, we must have F = A ∪ [s + t,n] = (A ∪ {s + t}) ∪ [s + t + 1,n], which implies that F ∈ Lt (A ∪ {s + t}) ⊆ F3, a 
contradiction. �
Lemma 2.8. Let F ∈ 2[n]\F with t ≤ ⃓⃓

F ∩ [s + t − 1]⃓⃓ < s + t − 1. Then F ∪ {F } contains an induced copy of Ks,t .

Proof. As previously, we can assume that F / ∈ G1 ∪ G2. Let A ∈ (︁[s+t−1]
t

)︁
with A ⊆ F ∩ [s + t − 1].

Case 1: t ≤ |F | < n − s. 
If |F | = t , then F = A ∈Ls(A) ⊆F2, a contradiction. If t < |F | < n − s, then we can take distinct sets X1, . . . , Xs−1 of size |F |
from the lantern Ls(A) ⊆F2. Due to the same size, F , X1, . . . , Xs−1 are pairwise incomparable and form the upper layer of 
our desired Ks,t . As for the lower layer, we choose the singletons {x1}, . . . , {xt} ∈F4 with xi ∈ A for all i ∈ [t], see Fig. 8. 

F X1
. . .

Xs−1

{x1} {x2}
. . .

{xt }

Fig. 8. The induced copy of Ks,t in Case 1. 

F Y1
. . .

Ys−1

{x1} {x2}
. . .

{xt }

Fig. 9. The induced copy of Ks,t in Case 2. 

Case 2: |F | ≥ n − s. 
First we observe that F c ⊈ [2s + t − 1]. Indeed, if F c is a singleton set, given that 

⃓⃓
F ∩ [s + t − 1]⃓⃓ < s + t − 1, we have 

F = {x}c for some x ∈ [s + t − 1], which implies that F ∈ F1, a contraction. If F c is not a singleton set, then from F / ∈ G1
we can deduce that F c ⊈ [2s + t − 1]. Thus there exists some x ∈ [2s + t,n] with x / ∈ F . Now we consider the distinct sets 
Y1, . . . , Ys−1 ∈Ls(A) ⊆F2 of size n − s −1. By definition the last increment set of Ls(A) is [s + t +1,2s + t −1]. This implies 
A ∪ [2s + t,n] ⊆ Yi for i ∈ [s − 1], meaning that F is not a superset of any of Y1, . . . , Ys−1. Moreover, as F has the larger 
size, F is not a subset of any of Y1, . . . , Ys−1. Hence, F , Y1, . . . , Ys−1 are pairwise incomparable and will serve as the upper 
layer of our desired Ks,t . We construct the lower layer as in the preceding case, namely, choosing {x1}, . . . , {xt} ∈ F4 with 
xi ∈ A for all i ∈ [t], see Fig. 9. �
Lemma 2.9. The family F is induced Ks,t -saturated.

Proof. We see already in the preceding subsection that F is induced Ks,t -free. For any F ∈ 2[n]\F , by considering the 
cases in Lemmas 2.6, 2.7, and 2.8, we conclude that F ∪ {F } contains an induced copy of Ks,t . Therefore, F is induced 
Ks,t -saturated. �
2.3. Proof of Theorem 1.3

Proof of Theorem 1.3. For given n, s, t ∈N with s ≥ t ≥ 2 and n ≥ 2s + t − 1, we construct the family F = ⋃︁5
i=1 Fi ⊆ 2[n] as 

aforementioned. Then by Lemma 2.9, F is an induced Ks,t -saturated family. Accordingly,

sat∗(n,Ks,t) ≤ |F | ≤
4 ∑︂

i=1 
|Fi| + |F5| ≤

(︃(︃
s + t − 1

t

)︃
(s − 1) +

(︃
s + t − 1

t − 1 

)︃
(t − 1)

)︃
n + cs,t,

where cs,t is upper bounded by the size of F5 that only depends on s and t . �
3. Proof of Theorem 1.5

Let P be a poset, which contains two incomparable elements a,b ∈P , such that a and b are smaller than every element 
in P\{a,b}. Recall that such elements a and b are referred to as the legs of P . Moreover, we call P\{a,b} the body of P .

7 



D. Liu Discrete Mathematics 348 (2025) 114462 

Let n ∈ N and fix an arbitrary F ⊆ 2[n] that is induced P-saturated. To prove Theorem 1.5, it suffices to show that 
|F\{∅}| ≥ n. Indeed, because P has two legs, no induced copy of P would contain ∅. This implies that ∅ ∈ F , namely, 
|F | = |F\{∅}| + 1 ≥ n + 1.

If F contains all singletons, we immediately obtain |F\{∅}| ≥ n. Otherwise, for every singleton set {x} ∈ 2[n]\F , adding 
{x} to F creates at least one induced copy of P , denoted by P ′ , and P ′ must contain {x}. Moreover, the singleton set {x}
must be one of the legs of P ′ , as the only proper subset of {x} is ∅. We say that C ∈ F is a partner of x if {x} and C form 
the legs of some induced copy of P in F ∪ {{x}}. Let Cx be one of the largest partners of x, chosen with respect to their 
cardinality. In particular, x / ∈ Cx holds since {x} and Cx are incomparable.

Lemma 3.1. Let {x} ∈ 2[n]\F , then Cx ∪ {x} ∈F\{∅}.

Proof. First, due to the way we dfined Cx , there exists an induced copy of P in F ∪ {{x}}, denoted by P1, whose legs are 
{x} and Cx . Suppose Cx ∪ {x} / ∈F\{∅}. Then adding Cx ∪ {x} to F creates an induced copy of P , denoted by P2.

Case 1: Cx ∪ {x} lies in the body of P2. 
Then the legs of P2 are subsets of Cx ∪ {x}. Since {x} and Cx are the legs of P1, every set in the body of P1 is a superset of 
Cx ∪ {x}. Therefore, the body of P1 and the legs of P2 together form an induced copy of P in F , a contradiction.

Case 2: Cx ∪ {x} is a leg of P2. 
Let D ∈ F be the other leg of P2, note that Cx ∪ {x} and D are incomparable. If Cx ⊈ D , then we can replace the legs of 
P2 with Cx and D , from which we obtain an induced copy of P in F , a contradiction. If Cx ⊆ D , given that D ⊈ Cx ∪ {x}, 
we have x / ∈ D and |D| > |Cx|. Hence, we can replace the legs of P2 with {x} and D , and obtain an induced copy of P in 
F ∪ {{x}}. But then D is a larger partner of x than Cx , contradicting the way we choose Cx . �

Now we dfine the function

f : [n] → F\{∅}, f (x) :=
{︃ {x} if {x} ∈ F,

Cx ∪ {x} if {x} / ∈ F .

Lemma 3.2. f is an injective function.

Proof. Take arbitrary x, y ∈ [n] with x ≠ y, we split our proof into three cases.

Case 1: {x}, {y} ∈F . 
By definition we have f (x) = {x} ≠ {y} = f (y).

Case 2: {x} / ∈F , {y} ∈F . 
Then it follows that | f (x)| = |Cx ∪ {x}| > 1 and | f (y)| = |{y}| = 1, hence, f (x) ≠ f (y).

Case 3: {x}, {y} / ∈F . 
We suppose f (x) = f (y), namely, Cx ∪ {x} = C y ∪ {y}. Recall that x / ∈ Cx and y / ∈ C y , Cx and C y must be distinct and of the 
same size. By the choice of Cx , there exists an induced copy of P in F ∪ {{x}}, denoted by P1, whose legs are {x} and Cx . 
Since C y ⊆ Cx ∪{x}, C y is also a subset of all members from the body of P1. Note that as Cx and C y are incomparable due to 
the same size, we can replace the legs of P1 with Cx and C y , which gives an induced copy of P in F , a contradiction. �
Proof of Theorem 1.5. Let F ⊆ 2[n] be an induced P-saturated family with the smallest size. Dfine the function f : [n] →
F\{∅} as above. By Lemmas 3.1 and 3.2, f is a well-defined injective function, which implies that |F\{∅}| ≥ n. Moreover, 
because no induced copy of P contains ∅, we must have ∅ ∈F . Consequently, sat∗(n,P) = |F | ≥ n + 1. �
Remark 2. If the body of P is nonempty and P does not contain an element which is larger than all other elements in P , 
then one can show that sat∗(n,P) ≥ min{2n,n + 2} by defining f to be a function from [n] to F\{∅, [n]}.
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