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Abstract
In this paper, we establish the partial correlation graph for multivariate continuous-
time stochastic processes, assuming only that the underlying process is stationary
and mean-square continuous with expectation zero and spectral density function. In
the partial correlation graph, the vertices are the components of the process and the
undirected edges represent partial correlations between the vertices. To define this
graph, we therefore first introduce the partial correlation relation for continuous-time
processes and provide several equivalent characterisations. In particular, we establish
that the partial correlation relation defines a graphoid. The partial correlation graph
additionally satisfies the usual Markov properties and the edges can be determined
very easily via the inverse of the spectral density function. Throughout the paper we
compare and relate the partial correlation graph to the mixed (local) orthogonality
graph of Fasen-Hartmann and Schenk (Stoch Process Appl 179:104501, 2024. https://
doi.org/10.1016/j.spa.2024.104501). Finally, as an example,we explicitly characterise
and interpret the edges in the partial correlation graph for the popular multivariate
continuous-time AR (MCAR) processes.

Keywords orthogonality graph · Markov property · MCAR process · Partial
correlation · Stationary process · Undirected graph
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1 Introduction

Our interest in this paper is in graphical models for wide-sense stationary and mean-
square continuous stochastic processes. Graphical models are probabilistic networks,
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where the vertices represent the components of a random object, e.g., a random vector
or a vector-valued stochastic process, and the edges illustrate specific interconnec-
tions between them. They are popular because they visualise dependency structures
of the random object in a clear and simple way, which can then be analysed, inter-
preted, and easily communicated. Furthermore, graphical models are an important tool
for dimension reduction in high-dimensional models. Due to the growth of complex
multivariate data sets and networks, the theory and methodology of graphical models
have experienced a surge of research development in probability theory and statistics
(Whittaker 2008; Edwards 2000; Lauritzen 2004; Maathuis et al. 2019), and they have
been applied in fields as diverse as biology, neuroscience, economics, finance, and
psychology, to name just a few.

Although in networks of interconnected processes the data are observed in discrete
time, in many situations it is more appropriate to specify the underlying stochastic
process in continuous time. This is particularly necessary for high-frequency data,
irregularly spaced data or data with missing observations, which are common in
finance, econometrics, signal processing, and turbulence. In addition, many physical
and signal processing models are formulated in continuous time, so such an approach
is often more natural.

Overall, however, there is very little theory on graphical models for multivari-
ate stochastic processes in continuous time. The established graphical models are
mostly limited to conditional independence and local independence graphs, which
have been studied by Mogensen and Hansen (2020, 2022), Didelez (2007, 2008),
Aalen (1987), Schweder (1970). They are particularly suitable for semimartingales
and point processes, but do not seem to be the right tool for time series. A general
approach for graphical continuous-parameter time seriesmodels are the (local) orthog-
onality graphs of Fasen-Hartmann and Schenk (2024a, b), which are mixed graphs
representing Granger causalities and contemporaneous correlations. The orthogonal-
ity graphs satisfy the usual Markov properties and the theory holds for a very large
class of time series models. However, the computation of the edges can be quite chal-
lenging in certain examples and the characterisations may not be convenient, as we
know for multivariate continuous-time ARMA processes from Fasen-Hartmann and
Schenk (2024b), which is problematic in practice. Until now, an undirected graphical
model for continuous-time stationary processes has been lacking. Therefore, we aim
to fill this gap and provide a user-friendly and powerful undirected graphical model
for continuous-time stochastic processes.

In the graphical model in this paper, the vertices V = {1, . . . , k} represent the
components of a k-dimensional continuous-time process and the edges visualise par-
tial correlations between these components. The concept of partial correlation is an
important and well-studied measure of dependence in statistics. For an R

k-valued
random vector Y = (Y1, . . . ,Yk)� with positive definite covariance matrix �, the
partial correlation of Ya and Yb given YV \{a,b} := Y := (Yl)l∈V \{a,b} measures the
correlation of the real-valued random variables Ya and Yb after removing the linear
effects of YV \{a,b}. The partial correlation is determined as follows: Denote by�AB the
respective submatrix of � for A, B ⊆ V and consider the linear regression problems

βl = argminβ∈Rk−2E(Yl − β�Y)2, l ∈ {a, b}. (1.1)
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These problems have the well-known solution (Fujikoshi et al. 2010; Anderson 1984)

βl = (�V \{a,b}V \{a,b}
)−1

�V \{a,b}l .

Furthermore, the residuals εa|V \{a,b} := Ya−β�
a Y and εb|V \{a,b} := Yb−β�

b Y satisfy

Cov(εa|V \{a,b}, εb|V \{a,b}) = �ab − �aV \{a,b}
(
�V \{a,b}V \{a,b}

)−1
�V \{a,b}b, (1.2)

which is the partial covariance of Ya and Yb given YV \{a,b}. Similarly, the correlation
of the residuals is called partial correlation of Ya and Yb given YV \{a,b}, also known
as coherence, and is equal to

Corr(εa|V \{a,b}, εb|V \{a,b}) = Cov(εa|V \{a,b}, εb|V \{a,b})√
Cov(εa|V \{a,b}, εa|V \{a,b})Cov(εb|V \{a,b}, εb|V \{a,b})

= − [�−1]ab√[�−1]aa[�−1]bb
. (1.3)

From the representation (1.3) we see that the partial correlation is completely deter-
mined by the inverse covariance matrix �−1, also called concentration or precision
matrix. For a Gaussian random vector, zero partial correlation is even equivalent to Ya
and Yb being independent given YV \{a,b}.

An extension of partial correlation to stationary time series models (YV (n))n∈N in
discrete time is quite old (Tick 1963) and is ubiquitous in the analysis of multivariate
time series (Priestley 1981; Brillinger 2001; Gardner 1988). Recall that wide-sense
stationary processes are stochastic processes with a constant expectation at each time
point and existing covariance function depending only on the time lags. The covariance
function in the time domain is directly related to the spectral density by Fourier trans-
formation which leads to a frequency domain representation of a stationary stochastic
process. For these time series models, the partial covariance function of (Ya(n))n∈N
and (Yb(n))n∈N given (YV \{a,b}(n))n∈N is zero if and only if the partial spectral den-
sity function of (Ya(n))n∈N and (Yb(n))n∈N given (YV \{a,b}(n))n∈N is zero, such that
in the frequency domain, the role of the partial correlation function, the coherence
function of the noise processes, is taken over by the spectral coherence function of the
noise process (cf. Definition 2.3), the normalised cross spectral density. The role of
the covariance matrix � is taken over by the matrix-valued spectral density function
of the process (YV (n))n∈N.

The applications of spectral coherence are very broad, especially in signal process-
ing, but the word coherence may have a slightly different meaning in different fields
(Gardner 1992). However, to the best of our knowledge, a mathematically rigorous
theory for the definition of partial correlation for continuous-parameter time series is
missing in the literature, so we include the theory first and relate it to an optimisation
problem as in (1.1) in Proposition 3.3 and Remark 3.4. In Lemma 3.5 we present the
corresponding result to (1.2) for continuous-time stochastic processes and Proposition
4.4 corresponds to (1.3), respectively. It is important to note that in the above regres-
sion problem, β�

l Y is the linear projection of Yl on the linear space generated by the
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components of YV \{a,b} = Y because our approach builds on this idea. In particu-
lar, we show that our definition of partial correlation satisfies the important graphoid
properties.

The subject of this paper is partial correlation graphs for continuous-time wide-
sense stationary and mean-square continuous stochastic processes with expectation
zero and spectral density. Partial correlation graphs for discrete-time wide-sense sta-
tionary stochastic processes with expectation zero and spectral density originated
in Brillinger (1996) and Dahlhaus (2000), and are a widely used frequency domain
approach for constructing graphs. In our graphical model and in themodel of Dahlhaus
(2000), the vertices are the components of a multivariate time series and the edges
between the vertices are drawn when the spectral coherence function in these com-
ponents is not the zero function, meaning that the component processes are partially
correlated given the remaining process. The method of Dahlhaus (2000) has since
been used in a wide variety of applications, including the identification of synaptic
connections in air pollution data (Dahlhaus 2000), human tremor data (Dahlhaus and
Eichler 2003), vital signs of intensive care patients (Gather et al. 2002), financial data
(Abdelwahab et al. 2008), and neuro-physical signals (Dahlhaus et al. 1997; Eich-
ler et al. 2003; Medkour et al. 2009), which demonstrates the popularity of partial
correlation graphs in identifying a network structure.

This paper aims to define a probabilistic network of interconnected continuous-
time stochastic processes, where the dependence structure in the network is modelled
by partial correlation. The proposed partial correlation graph is simple in the sense
that there are neither loops from a vertex to itself nor any multiple edges between
vertices and it satisfies the required Markov properties that associate the graph fac-
torisation to the partial correlation. Moreover, it is easy to handle in applications
because the edges reflect zero entries in the inverse spectral density function.We derive
important relations between the undirected partial correlation graph and the recently
introduced mixed orthogonality graph of Fasen-Hartmann and Schenk (2024a). In the
mixed orthogonality graph, the directed and undirected edges can be defined by con-
ditional orthogonality relations of properly defined linear subspaces generated by the
underlying stochastic process, similarly, the edges in the partial correlation graph can
be defined by conditional orthogonality. We use this commonality to compare both
graphical models and to show the important connection that the edges in the partial
correlation graph are also edges in the augmented orthogonality graph. Furthermore,
as an example, we apply the partial correlation graph to multivariate continuous-time
autoregressive (MCAR) processes and present a perspective on estimation. In the
context of MCAR processes, we additionally obtain that the edges of the partial corre-
lation graph are also edges in the corresponding augmented local orthogonality graph
of Fasen-Hartmann and Schenk (2024a). Finally, a major conclusion of this paper
is that the edges of the continuous-time model are in general not identifiable from
equidistantly sampled observations, but this is different for high-frequency data.
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Structure of the paper

The paper is structured as follows. In Sect. 2, we lay the groundwork for the paper
by introducing relevant properties of multivariate wide-sense stationary and mean-
square continuous processes. Then, in Sect. 3, we define the partial correlation relation
and establish characterisations and properties. This preliminary work results in the
definition of the partial correlation graph GPC = (V , EPC ) in Sect. 4, where we
also discuss edge characterisations, as well as Markov properties, and the relations to
the orthogonality graph. As an example, in Sect. 5, we apply the partial correlation
graph to MCAR processes and compare it to the local orthogonality graph for MCAR
processes. Finally, we complete the paper with a brief conclusion in Sect. 6. The proofs
of the paper are given in Sect. 7.

Notation

In the following, Ik ∈ R
k×k is the (k × k)-dimensional identity matrix, 0k×d ∈ R

k×d

is the (k × d)-dimensional zero matrix, and 0k is either the k-dimensional zero vector
or the (k × k)-dimensional zero matrix, which should be clear from the context. The
entries and submatrices of a matrix M are denoted by [M]ab for a, b ∈ V and [M]AB
for A, B ⊆ V , respectively. The cardinality of a set A is denoted by |A| and the
closure of a set A is denoted by cl(A). For Hermitian matrices M, N ∈ C

k×k , we
write M ≥ N if and only if M − N is positive semi-definite. Similarly, we write
M > 0 if and only if M is positive definite and define σ(M) as the set of eigenvalues
of M . Finally, for a matrix-valued function f : R → C

k×k with f (λ) > 0, we define
the function g : R → C

k×k by g(λ) = f (λ)−1, λ ∈ R.

2 Preliminaries

In this paper, we consider wide-sense stationary and mean-square continuous stochas-
tic processes YV = (YV (t))t∈R in continuous time with index set V = {1, . . . , k},
E(YV (t)) = 0k for t ∈ R, and existing spectral density function fYV YV (λ) for λ ∈ R.
In this section, we present somewell-known properties of these processes that are rele-
vant to this paper. These results date back to Khintchine (1934) and Cramér (1940) and
were summarised in a comprehensive overview, e.g., by Doob (1953) and Rozanov
(1967); see as well the recent monograph by Brockwell and Lindner (2024).

First, note that YV is mean-square continuous if and only if

lim
t→0

cYV YV (t) = cYV YV (0), (2.1)

where (cYV YV (t))t∈R = (E[YV (t)YV (0)�])t∈R is the autocovariance function of YV .
Further, a key property of wide-sense stationary and mean-square continuous stochas-
tic processes with expectation zero and existing spectral density function is their
spectral representation
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YV (t) =
∫ ∞

−∞
eiλt ZV (dλ), t ∈ R, (2.2)

with respect to a random orthogonal measure ZV = (Z1, . . . , Zk)
�, where

E[ZV (dλ)ZV (dμ)
�] = δλ=μ fYV YV (λ)dλ, E[ZV (dλ)] = 0k,

and δλ=μ is the Kronecker delta. For A, B ⊆ V we refer to the (submatrix) function
fYAYB (λ) = [ fYV YY (λ)]AB , λ ∈ R, as the (cross-) spectral density function of the
subprocesses YA and YB . Important properties of the spectral density function are the
following.

Lemma 2.1 Let λ, t ∈ R. Then the following statements hold.

(a)
∫∞
−∞ ‖ fYV YV (λ)‖dλ < ∞,

(b) cYV YV (t) = ∫∞
−∞ eiλt fYV YV (λ)dλ,

(c) fYV YV (λ) ≥ 0 and fYV YV (λ) = fYV YV (λ)
�
.

Remark 2.2 To obtain the one-to-one relationship between cYV YV (t) and fYV YV (λ) via

fYV YV (λ) = 1

2π

∫ ∞

−∞
e−iλt cYV YV (t)dt, λ ∈ R, (2.3)

(complementary to Lemma 2.1(b)) additional integrability assumptions on the covari-
ance function are required. If

∫∞
−∞ ‖cYV YV (t)‖dt < ∞ the equality (2.3) is the classical

Fourier transform and if
∫∞
−∞ ‖cYV YV (t)‖2dt < ∞ we have a relation by the Fourier-

Plancharel transform.However, in this paper,we only require the existence of a spectral
density function and not the relation (2.3). Therefore, long memory processes such as
multivariate fractionally integrated CARMA processes are also covered.

In addition to the spectral density function, we introduce the (cross-) spectral coher-
ence function of YA and YB , which is obtained by rescaling the cross-spectral density
function of YA and YB , and which provides a measure of strength.

Definition 2.3 The (cross-) spectral coherence function of YA and YB is defined as

RYAYB (λ) :=
(
fYAYA(λ)

)−1/2
fYAYB (λ)

(
fYBYB (λ)

)−1/2
, λ ∈ R. (2.4)

If fYAYA(λ) or fYBYB (λ) is singular for some λ ∈ R, we set RYAYB (λ) := 0|A|×|B|.

3 Partial correlation relation

In this section, we introduce the concept of partial correlation for wide-sense station-
ary, mean-square continuous processes YV that have expectation zero and an existing
spectral density function. Therefore, in Sect. 3.1, we define and interpret the so-called
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partial correlation relation and compute the orthogonal projections therein. Addi-
tionally, we discuss properties of YA(t) given the linear information of YC , i.e., the
resulting noise process in the partial correlation relation. Section3.2 is then devoted
to multiple characterisations of the partial correlation relation. We provide characteri-
sations in terms of the spectral density function and the spectral coherence function of
the resulting noise processes. Importantly, we present the key characterisation of the
partial correlation relation involving the inverse gYV YV of the spectral density function
fYV YV of the underlying processYV . We conclude the section with the main result that
partial correlation satisfies the important graphoid properties. Throughout this section,
A, B,C are subsets of V .

3.1 Partial correlation relation and orthogonal projections

Let us first introduce the concept of partial correlation and make some comments on
this definition. Therefore, we define the linear space of linear transformations of YC

as

LYC :=
{∫ ∞

−∞
ϕ(λ)�ZC (dλ) : ϕ : R → C

|C| meas.,
∫ ∞
−∞

ϕ(λ)� fYCYC (λ)ϕ(λ) dλ < ∞
}
,

(3.1)

where ZC is the random spectral measure from the spectral representation (2.2) of
YC . Therefore, remark that stochastic integrals of deterministic Lebesgue measurable
functions with respect to a random orthogonal measure are defined in the usual L2-
sense. For details on the definition and properties of such integrals, we refer to Doob
(1953), Rozanov (1967) andBrockwell and Lindner (2024). In particular, by definition
of the linear space LYC , we have for any t ∈ R and c ∈ C that Yc(t) ∈ LYC and as
well any kind of linear combination is in this linear space. Note that we prefer to work
with the spectral representation of the linear spaceLYC as given in (3.1) although there
exist a time domain representation because the proofs of the present paper are easier
with the spectral domain representation.

Definition 3.1 Two subprocesses YA and YB of YV are partially uncorrelated given
YC (YA ⊥⊥ YB | YC ) if and only if

E

[(
Ya(t) − PLYC

Ya(t)
) (

Yb(t) − PLYC
Yb(t)

)]
= 0 ∀ a ∈ A, b ∈ B, t ∈ R,

where PLYC
denotes the orthogonal projection on LYC .

By definition, the linear spaceLYC describes the linear information provided byYC

over all time points. Thus, YA ⊥⊥ YB |YC states, as desired, that, for all t ∈ R, YA(t)
and YB(t) are uncorrelated given the linear information provided by YC . The concept
of partial correlation for continuous-time processes can thus be seen as an extension
of the definition of partial correlation for random vectors in Sect. 1.
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Remark 3.2 (a) Certainly, the partial correlation relation is symmetric and

YA ⊥⊥ YB | YC ⇔ Ya ⊥⊥ Yb | YC ∀ a ∈ A, b ∈ B,

which is useful for verifying zero partial correlation. Furthermore, statements
can usually be made without loss of generality for A = {a} and B = {b}. The
corresponding results in the multivariate case follow immediately.

(b) In terms of the conditional orthogonality relation ⊥ (cf. Eichler 2007, Appendix
A), the partial correlation relation can be characterized as well. Therefore, we
define for t ∈ R and A, B ⊆ V the linear spaces generated by the subprocesses
YA and YB at time t as

LYA(t) :=
{
∑

a∈A

γaYa(t) : γa ∈ C

}

and LYB (t) :=
{
∑

b∈B
γbYb(t) : γb ∈ C

}

.

(3.2)

Then

YA ⊥⊥ YB | YC ⇔ E

[(
Y A − PLYC

Y A
) (

Y B − PLYC
Y B
)]

= 0

∀ Y A ∈ LYA(t), Y B ∈ LYB (t), t ∈ R,

⇔: LYA(t) ⊥ LYB (t) | LYC ∀ t ∈ R,

which is as well the definition of conditional orthogonality of LYA(t) and LYB (t)
given LYC for all t ∈ R.

Proposition 3.3 Suppose that fYCYC (λ) > 0 forλ ∈ R. Then, for t ∈ R, the orthogonal
projection PLYC

Ya(t) is equal to

PLYC
Ya(t) =

∫ ∞

−∞
eiλt fYaYC (λ) fYCYC (λ)−1ZC (dλ),

where ZC is the random spectral measure from the spectral representation (2.2) ofYC

andLYC is defined in (3.1). Furthermore, PLYC
Ya(t) is the solution to the optimisation

problem

min
ϕa|C

E

[∣∣∣∣Ya(t) −
∫ ∞

−∞
eiλtϕa|C (λ)�ZC (dλ)

∣∣∣∣

2
]

, (3.3)

where ϕa|C : R → C
|C| is measurable and

∫∞
−∞ ϕa|C (λ)� fYCYC (λ)ϕa|C (λ)dλ < ∞.

Finally, PLYC
YA(t) = (PLYC

Ya(t))a∈A can be calculated component-wise.

Remark 3.4 The choice of the term partial correlation relation is inspired by the partial
correlation relation for discrete-time stationary processes in Brillinger (2001) and
Dahlhaus (2000). However, the discrete-time concept is motivated by an optimisation
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problem similar to (1.1) (Brillinger 2001, Theorem 8.3.1, Dahlhaus 2000, relation
(2.1) and Definition 2.1). To see the correspondence to our optimisation problem
(3.3), suppose that the function ϕa|C in (3.3) is the Fourier transform of an integrable
function da|C , i.e.,

∫∞
−∞ ||da|C (t)||dt < ∞, such that

ϕa|C (λ) =
∫ ∞

−∞
e−iλt da|C (t)dt . (3.4)

Then, for t ∈ R, Rozanov (1967), I, Example 8.3, provides

∫ ∞

−∞
eiλtϕa|C (λ)�ZC (dλ) =

∫ ∞

−∞
da|C (t − s)�YC (s)ds. (3.5)

With this representation, we have the similarity of our optimisation problem (3.3) to
the discrete-time optimisation problem

min
da|C

E

⎡

⎣

∣∣
∣∣∣
Xa(n) −

∞∑

k=−∞
da|C (n − k)�XC (k)

∣∣
∣∣∣

2
⎤

⎦ , (3.6)

with da|C : Z → C
|C| being integrable and square integrable, and to (1.1). Given this

parallelism, similarities with Dahlhaus (2000) are to be expected in various sections
of this paper. Note also that Kleiber (2017) considers a time-domain optimisation
problem corresponding to (3.6) for bivariate random fields with |C | = 1 which is
applied in Dey et al. (2021) to construct multivariate graphical Gaussian processes
using stitching that crafts cross-covariance functions from graphs.

Finally, we define the multivariate noise process

εA|C (t) := YA(t) − PLYC
YA(t)

= YA(t) −
∫ ∞

−∞
eiλt fYAYC (λ) fYCYC (λ)−1ZC (dλ), t ∈ R, (3.7)

with the following crucial properties.

Lemma 3.5 Suppose that fYCYC (λ) > 0 for λ ∈ R. Then the noise processes
(εA|C (t))t∈R and (εB|C (t))t∈R as defined in (3.7) are wide-sense stationary and sta-
tionary correlated with (cross-) spectral density function

fεA|CεB|C (λ) = fYAYB (λ) − fYAYC (λ) fYCYC (λ)−1 fYCYB (λ) for almost all λ ∈ R,

and (cross-) covariance function

cεA|CεB|C (t) =
∫ ∞
−∞

eiλt
(
fYAYB (λ) − fYAYC (λ) fYCYC (λ)−1 fYCYB (λ)

)
dλ for all t ∈ R.
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3.2 Characterisations of the partial correlation relation

In this section, we present several characterisations of the partial correlation relation.
We start with simple characterisations in terms of the (cross-) covariance function,
the (cross-) spectral density function, and the spectral coherence function of the noise
processes (εA|C (t))t∈R and (εB|C (t))t∈R, analogous to the discrete-time results in
Remark 2.3 of Dahlhaus (2000).

Proposition 3.6 Suppose that fYCYC (λ) > 0 for λ ∈ R. Then with the notation of
Lemma 3.5 the following equivalences hold.

YA ⊥⊥ YB | YC ⇔ cεA|CεB|C (t) = 0|A|×|B| for all t ∈ R,

⇔ fεA|CεB|C (λ) = 0|A|×|B| for almost all λ ∈ R.

In particular, these conditions imply that the spectral coherence function (2.4) of the
noise processes (εA|C (t))t∈R and (εB|C (t))t∈R satisfies RεA|CεB|C (λ) = 0|A|×|B| for
almost all λ ∈ R. If fεA|CεA|C (λ) > 0 and fεB|C εB|C (λ) > 0 for λ ∈ R, then the
converse holds as well.

Remark 3.7 (a) The assumption that fεA|CεA|C (λ) > 0 for λ ∈ R excludes the case
εA|C (t) = 0|A| P-a.s. for t ∈ R, e.g., the case where Ya(t) ∈ LYC for a ∈ A. This
can be explained as follows. If εA|C (t) = 0|A| P-a.s. for t ∈ R, then fεA|CεA|C (λ) =
0|A| ∈ R

|A|×|A| is not positive definite for λ ∈ R. We can therefore assume that
A ∩ C = ∅.

(b) For A∩C = ∅, Bernstein (2009), Proposition 8.2.4 provides that fYA∪CYA∪C (λ) > 0
if and only if fYCYC (λ) > 0 and fεA|CεA|C (λ) > 0.

(c) If A ∩ C = ∅ and fYA∪CYA∪C (λ) > 0 for λ ∈ R, then fεA|CεA|C (λ) > 0 and
Proposition 3.6 results in YA �⊥⊥ YA | YC . In the following, we always assume
a sufficient condition for fYA∪CYA∪C (λ) > 0, so we can also exclude the case
A ∩ B = ∅ from our analysis and assume throughout the remaining section that
A, B,C ⊆ V are disjoint.

Finally, we present a very simple characterisation of the partial correlation relation
in terms of the inverse of the spectral density function of the underlying process
YA∪B∪C , which we denote, for λ ∈ R, by

gYA∪B∪CYA∪B∪C (λ) := fYA∪B∪CYA∪B∪C (λ)−1. (3.8)

The corresponding discrete-time result is given in Theorem 2.4 of Dahlhaus (2000).
Due to the importance of the result, we include the proof in the appendix.

Proposition 3.8 Suppose that A, B,C ⊆ V are disjoint and fYA∪B∪CYA∪B∪C (λ) > 0 for
λ ∈ R with gYA∪B∪CYA∪B∪C (λ) := fYA∪B∪CYA∪B∪C (λ)−1 as in (3.8). Then the following
equivalence holds.

YA ⊥⊥ YB | YC ⇔ [
gYA∪B∪CYA∪B∪C (λ)

]
AB = 0|A|×|B| for almost all λ ∈ R.
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The characterisation via the inverse of the spectral density function of YA∪B∪C
can be used to explain the effect of an unobserved multivariate process YC , a so-
called confounder process. The following lemma introduces a relationship between
the inverse of the spectral density function of a full process YV and the inverse of the
spectral density function of a process YV reduced by a confounder process YC . This
result is the continuous-time counterpart to Dahlhaus (2000), Remark 2.5. Since it is
a straightforward calculation, we omit the proof.

Lemma 3.9 Suppose that A, B,C ⊆ V are disjoint and fYV YV (λ) > 0 for λ ∈ R.
Define gYV \CYV \C (λ) := fYV \CYV \C (λ)−1 and gYV YV (λ) := fYV YV (λ)−1 as in (3.8).
Then, for λ ∈ R, the equality

[
gYV \CYV \C (λ)

]
AB = [gYV YV (λ)

]
AB − [gYV YV (λ)

]
AC

([
gYV YV (λ)

]
CC

)−1 [gYV YV (λ)
]
CB

holds.

Remark 3.10 For an interpretation of this result (cf. Remark 2.5 in Dahlhaus 2000),
i.e., the effect of a confounder process, we analyse the univariate case

[
gYV \cYV \c (λ)

]
ab = [gYV YV (λ)

]
ab − [gYV YV (λ)

]
ac

([
gYV YV (λ)

]
cc

)−1 [
gYV YV (λ)

]
cb .

This equation explains the relation between the partial correlation structure in the
full process YV and the partial correlation structure in the reduced process YV \{c}:
If Ya and Yb are partially uncorrelated given YV \{a,b} (

[
gYV YV (λ)

]
ab = 0 for almost

all λ ∈ R), but there is a partial correlation between Ya and Yc given YV \{a,c} and
between Yc and Yb given YV \{b,c} with

[
gYV YV (λ)

]
ac �= 0 and

[
gYV YV (λ)

]
cb �= 0 on

some non-zero set, this causes a partial correlation betweenYa andYb givenYV \{a,b,c}
(
[
gYV \cYV \c (λ)

]
ab �= 0) in the reduced process YV \{c}.

Finally, we establish the main result of this section, namely that the partial correla-
tion relation satisfies the important graphoid properties.

Proposition 3.11 Suppose that A, B,C, D ⊆ V are disjoint and fYV YV (λ) > 0 for
λ ∈ R. Then the partial correlation relation defines a graphiod, i.e., it satisfies the
following properties:

(P1) Symmetry: YA ⊥⊥ YB | YC ⇒ YB ⊥⊥ YA | YC .
(P2) Decomposition: YA ⊥⊥ YB∪C | YD ⇒ YA ⊥⊥ YB | YD.
(P3) Weak union: YA ⊥⊥ YB∪C | YD ⇒ YA ⊥⊥ YB | YC∪D.
(P4) Contraction: YA ⊥⊥ YB | YD and YA ⊥⊥ YC | YB∪D ⇒ YA ⊥⊥ YB∪C | YD.
(P5) Intersection: YA ⊥⊥ YB | YC∪D and YA ⊥⊥ YC | YB∪D ⇒ YA ⊥⊥ YB∪C | YD.

Let us make some comments on the graphoid properties.

Remark 3.12 (a) The property (P1) is immediately clear. The properties (P2), (P3), and
(P5) were already established by Dahlhaus (2000) in his Lemma 3.1 in discrete
time, the proof carries over. For property (P4)we apply Proposition 3.8 andLemma
3.9, which is done in the appendix.

123



V. Fasen-Hartmann, L. Schenk

(b) Graphoid properties are important properties of dependence relations such as the
conditional orthogonality relation (Fasen-Hartmann and Schenk 2024a, b; Eich-
ler 2007), the conditional independence relation (Eichler 2012), and the partial
correlation relation (Dahlhaus 2000). Graphoid properties are not only of interest
because of their interpretation (see, e.g., Lauritzen 2004; Pearl 1994), but they
also simplify proofs. This is because the graphoid properties can be used directly,
one does not have to work with the underlying definition of the relation. Most
importantly, in the case of the partial correlation relation, it follows directly from
the validity of the graphoid properties that the partial correlation graph satisfies all
desiredMarkov properties of a graphical model (cf. Proposition 4.8 and Lauritzen
2004).

(c) Although partial correlation can be characterised by conditional orthogonality
(Remark 3.2), the graphoid properties of Fasen-Hartmann and Schenk (2024a) are
not directly applicable. The reason is the following: Due to Remark 3.2, YA ⊥
⊥ YB∪C | YD is equivalent to the conditional orthogonality relation LYA(t) ⊥
LYB∪C (t) | LYD for all t ∈ R. Thus the weak union property of the conditional
orthogonality relation (Fasen-Hartmann and Schenk 2024a, Lemma 2.2) gives
LYA(t) ⊥ LYB (t) | cl(LYD + LYC (t)) for all t ∈ R, where cl denotes the closure
of a set. This is not the same as LYA(t) ⊥ LYB (t) | LYC∪D for all t ∈ R, i.e.,
YA ⊥⊥ YB | YC∪D . Similar problems occur with (P4) and (P5).

(d) The peculiarity of the continuous-time partial correlation relation is that the
graphoid properties hold under the weak assumptions of wide-sense stationarity,
zero expectation, mean-square continuity, and a positive definite spectral density
function. For many dependence relations which form a graphoid, (P5) is quite dif-
ficult to verify and additional, possibly strict, assumptions are required, see, e.g.
Eichler (2007), Proposition A.1, Fasen-Hartmann and Schenk (2024a), Assump-
tion 1, Lauritzen (2004), Proposition 3.1, and Eichler (2011), Assumption S.

4 Partial correlation graphs

In Sect. 4.1, we introduce the partial correlation graph GPC = (V , EPC ), an undi-
rected graph. This graph serves as a simple visual representation of the partial
correlation structure within the multivariate stochastic process YV . Moreover, for
the partial correlation graph, we derive edge characterisations and Markov proper-
ties. Finally, in Sect. 4.2, we compare and contrast the partial correlation graph to the
orthogonality graph of Fasen-Hartmann and Schenk (2024a).
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4.1 Partial correlation graphs andMarkov properties

Our approach to visualising the partial correlation structure between the components
of the multivariate process YV in the graphical model GPC = (V , EPC ) is as follows:
Each component Ya , a ∈ V , is represented by a vertex. We then define a missing
edge a b /∈ EPC if and only if the components Ya and Yb are uncorrelated given
the linear information provided by YV \{a,b}. As the relation Ya ⊥⊥ Yb | YV \{a,b} is
symmetric, we use undirected edges in GPC . This leads to the following definition of
the partial correlation graph.

Definition 4.1 Suppose that YV is wide-sense stationary with expectation zero, mean-
square continuous, and has a spectral density function with fYV YV (λ) > 0 for λ ∈ R.
Let V = {1, . . . , k} be the vertices and define the edges EPC for a, b ∈ V with a �= b
as

a b /∈ EPC ⇔ Ya ⊥⊥ Yb | YV \{a,b}.

Then GPC = (V , EPC ) is called partial correlation graph for YV .

Remark 4.2 (a) The name partial correlation graph is based on the partial correlation
relation.

(b) For the definition of GPC it is not necessary to require that fYV YV (λ) > 0, but it
is sufficient that fYV \{a,b}YV \{a,b}(λ) > 0 for all a, b ∈ V . However, fYV YV (λ) > 0
is essential for the graphoid properties and thus for the Markov properties of the
partial correlation graph in Proposition 4.8. Note that in general fYV YV (λ) ≥ 0
holds (cf. Lemma 2.1), so fYV YV (λ) > 0 is only a mild assumption.

(c) A direct consequence of Remark 3.7(c) is that for a ∈ V we would always have
a a ∈ EPC . Since such self-loops do not help to visualise the partial correlation
structure and do not change the properties of the graph, we omit them for the sake
of simplicity.

Lemma 4.3 Suppose that GPC = (V , EPC ) is the partial correlation graph for YV .
Then, for a, b ∈ V with a �= b, the following equivalences hold.

a b /∈ EPC ⇔ cεa|V \{a,b}εb|V \{a,b}(t) = 0 for all t ∈ R,

⇔ fεa|V \{a,b}εb|V \{a,b}(λ) = 0 for almost all λ ∈ R,

⇔ Rεa|V \{a,b}εb|V \{a,b}(λ) = 0 for almost all λ ∈ R.

Note that the spectral coherence function of the noise processes (εa|V \{a,b}(t))t∈R
and (εb|V \{a,b}(t))t∈R is well-defined, since fYV YV (λ) > 0 by assumption and thus,
fεa|V \{a,b}εa|V \{a,b}(λ) > 0 and fεb|V \{a,b}εb|V \{a,b}(λ) > 0,which results in a non-vanishing
denominator.

In addition, Proposition 3.8 gives the key representation using the inverse of the
spectral density function, the corresponding edge characterisation for time series in
discrete time is established in Dahlhaus (2000), Theorem 2.4.
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Proposition 4.4 Suppose that GPC = (V , EPC ) is the partial correlation graph for
YV . Then, for a, b ∈ V with a �= b, the spectral coherence function of the noise
processes (εa|V \{a,b}(t))t∈R and (εb|V \{a,b}(t))t∈R satisfies

Rεa|V \{a,b}εb|V \{a,b}(λ) = −
[
gYV YV (λ)

]
ab([

gYV YV (λ)
]
aa

[
gYV YV (λ)

]
bb

)1/2 , λ ∈ R, (4.1)

where gYV YV (λ) = fYV YV (λ)−1 as in (3.8). Furthermore,

a b /∈ EPC ⇔ [
gYV YV (λ)

]
ab = 0 for almost all λ ∈ R. (4.2)

Remark 4.5 A significant advantage of (4.2) over other characterisations in Lemma
4.3 is that it is computationally inexpensive. One only needs to know the spectral
density function and then perform a singular matrix inversion to obtain all the edges
in the graph simultaneously. Furthermore, the relation (4.1) even gives us a simple
measure for the strength of the connection between two components a and b given the
environment V \ {a, b}.
Remark 4.6 Dahlhaus (2000) remarks that the partial correlation graph can be com-
pared to the so-called concentration graph. The concentration graph for a random
vector X ∈ R

k with E‖X‖2 < ∞, E(X) = 0k , and �X := E[XX�] > 0 is defined
as follows. Let V = {1, . . . , k} be the vertices and define the edges ECO for a, b ∈ V
with a �= b as

a b /∈ ECO ⇔
[
�−1
X

]

ab
= 0

⇔ [�X ]ab − [�X ]aV \{a,b}
(
[�X ]V \{a,b}V \{a,b}

)−1 [�X ]V \{a,b}b = 0.

Then GCO = (V , ECO) is called concentration graph of X . The concentration graph
GCO describes the sparsity pattern of the inverse covariance matrix �−1

X of X , also
called concentration matrix or precision matrix, hence the name concentration graph.

The definition of the concentration graph illustrates why the partial correlation
graph for stochastic processes is a generalisation of the concentration graph for random
vectors. A missing edge a b /∈ ECO in the concentration graph for X reflects that
Xa and Xb are partially uncorrelated given XV \{a,b}. Similarly, a b /∈ EPC in the
partial correlation graph for YV means that the stochastic processes Ya and Yb are
partially uncorrelated givenYV \{a,b}. Finally, the edges in the partial correlation graph
are characterised by the inverse of the spectral density function, which can be seen as
a generalisation of the inverse of a covariance matrix. Indeed, for an independent and
identically distributed sequence of random vectors with distribution X , the spectral
density is equal to (2π)−1�X . Note that the concentration graph is usually defined only
for multivariate Gaussian random vectors (Maathuis et al. 2019, p. 218) and not for
general random vectors, but this definition is a natural generalisation. For Gaussian
random vectors, however, conditional independence and conditional orthogonality
coincide, so missing edges even correspond to conditional independence relations
(Maathuis et al. 2019, Corollary 9.1.2).

123



Partial correlation graph for time series

To conclude this section, we establish the Markov properties of GPC . To do this,
we first provide some terminology.

Definition 4.7 For a ∈ V define ne(a) = {b ∈ V | a b ∈ EPC } as the set of
neighbours of a. A path of length n from a vertex a to a vertex b is a sequence
α0 = a, α1, . . . , αn = b of vertices such that αi−1 αi ∈ EPC for i = 1, . . . , n.
For A, B,C ⊆ V , we say that C separates A and B if every path from an element of
A to an element of B contains at least one vertex from the separating set C . We write

A �� B | C .

Now the partial correlation graph satisfies the following Markov properties.

Proposition 4.8 Suppose that GPC = (V , EPC ) is the partial correlation graph for
YV . Then YV satisfies

(P) the pairwise Markov property with respect to GPC , i.e., for a, b ∈ V with a �= b,

a — b /∈ EPC ⇒ Ya ⊥⊥ Yb | YV \{a,b},

(L) the local Markov property with respect to GPC , i.e., for a ∈ V ,

YV \(ne(a)∪{a}) ⊥⊥ Ya | Yne(a),

(G) the global Markov property with respect to GPC , i.e., for disjoint A, B,C ⊆ V ,

A �� B | C ⇒ YA ⊥⊥ YB | YC .

The pairwise Markov property holds by definition. Furthermore, the partial corre-
lation relation defines a graphoid by Proposition 3.11. Thus, Lauritzen (2004) states in
Theorem 3.7 that the pairwise, local, and global Markov properties are equivalent, so
the local and global Markov properties are also valid. The global Markov property is
powerful because it provides a graphical criterion for deciding when two subprocesses
YA and YB are partially uncorrelated given a third subprocess YC that does not have
to be YV \(A∪B). Most importantly, although the graph itself is defined only by pair-
wise partial correlation relations, we can obtain partial correlation relations between
multivariate subprocesses given any subprocess through path analysis.

4.2 Partial correlation graphs and orthogonality graphs

In this section, we draw parallels between our partial correlation graph and the
orthogonality graph of Fasen-Hartmann and Schenk (2024a). First, we introduce
the orthogonality graph, using their edge characterisations (cf. Fasen-Hartmann and
Schenk 2024a, Lemmas 3.2 and 4.2).

Definition 4.9 Suppose that YV is wide-sense stationary with expectation zero, mean-
square continuous, purely non-deterministic, and has a spectral density function with
fYV YV (λ) > 0 for λ ∈ R that satisfies Assumption 1 of Fasen-Hartmann and Schenk
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(2024a). For t ∈ R and C ⊆ V the linear space LC (t) is defined as in (3.2) and further
define the closed linear space

LYC (t) := cl

{
�∑

i=1

∑

c∈C
γc,i Yc(ti ) : γc,i ∈ C, −∞ < t1 ≤ · · · ≤ t� ≤ t, � ∈ N

}

.

Let V = {1, . . . , k} be the vertices and define the edges EOG , for a, b ∈ V , a �= b,
as

(i) a b /∈ EOG ⇔ Ya is Granger non-causal for Yb with respect to YV

⇔ LYb(t + h) ⊥ LYa (t) | LYV \{a}(t) ∀ 0 ≤ h ≤ 1, t ∈ R,
(ii) a b /∈ EOG ⇔ Ya and Yb are contemporaneously uncorrelated with respect

to YV ⇔ LYa (t + h) ⊥ LYb(t + h′) | LYV (t) ∀ 0 ≤ h, h′ ≤ 1, t ∈ R.

Then GOG = (V , EOG) is called (mixed) orthogonality graph for YV . The index OG
stands for orthogonality graph.

Remark 4.10 To highlight the differences between the undirected edges in the orthog-
onality graph and in the partial correlation graph, recall from Remark 3.2 that in the
partial correlation graph, for a, b ∈ V with a �= b,

a b /∈ EPC ⇔ LYa (t) ⊥ LYb(t) | LYV \{a,b} ∀ t ∈ R.

The concept of contemporaneous uncorrelatedness in Definition 4.9(ii) differs from
zero partial correlation in two ways. First, for zero partial correlation, we always
project on the linear space of the whole process YV \{a,b} = (YV \{a,b}(t))t∈R, whereas,
for contemporaneous uncorrelatedness, we project on the past (YV (s))s≤t . Second, in
the case of contemporaneous uncorrelatedness, the correlation has to be considered
not only at identical time points but also at mixed time points one time step into the
future.

Despite the differences between the two concepts (which is also confirmed by the
analysis of MCAR processes in Example 5.10), there are relationships between paths
in the mixed orthogonality graph and edges in the partial correlation graph. To show
these relations, we first provide the concept of m-separation (cf. Eichler 2007), which
is an extension of separation for undirected graphs (cf. Definition 4.7) tomixed graphs.

Definition 4.11 In a mixed graph G = (V , E) an intermediate vertex c on a path π is
said to be a collider, if the edges preceding and succeeding c on the path both have an
arrowhead or a dashed tail at c, i.e., c , c , c , or c .
A path π between vertices a and b is said to be m-connecting given a set C if

(a) every non-collider on π is not in C , and
(b) every collider on π is in C ,

otherwise we say π is m-blocked given C . If all paths between a and b are m-blocked
given C , then a and b are said to be m-separated given C , denoted by

{a} ��m {b} | C [G].
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The first relation between the orthogonality graph and the partial correlation graph
follows almost directly from the global AMP Markov property of the orthogonality
graph, which Fasen-Hartmann and Schenk (2024a) establish in Theorem 5.15.

Lemma 4.12 Suppose that GPC = (V , EPC ) is the partial correlation graph and
GOG = (V , EOG) is the orthogonality graph for YV . Then, for a, b ∈ V with a �= b,
the following implication holds.

{a} ��m {b} | V \ {a, b} [GOG] ⇒ a b /∈ EPC .

The advantage of this result is that the concept ofm-separation has several different
characterisations in the literature, leading to several sufficient criteria for a b /∈
EPC . One approach is to build an undirected graph from the mixed graph GOG , using
augmentation. The resulting augmented graph can then be related to the undirected
partial correlation graph. The augmented graph is constructed as follows (Richardson
2003, p. 148).

Definition 4.13 Let G = (V , E) be a mixed graph. Two vertices a and b are said to
be collider connected if they are connected by a pure collider path, which is a path on
which every intermediate vertex is a collider. Then the undirected augmented graph
Ga = (V , Ea) is derived from G = (V , E) via

a b /∈ Ea ⇔ a and b are not collider connected in G.

Note that every single edge is trivially considered to be a collider path. Thus, every
directed and undirected edge in the orthogonality graph corresponds to an undirected
edge in the augmented orthogonality graph, implicating that the augmented orthogo-
nality graph has more edges than the orthogonality graph.

Lemma 4.14 Suppose that GPC = (V , EPC ) is the partial correlation graph,
GOG = (V , EOG) is the orthogonality graph, and Ga

OG = (V , Ea
OG) is the aug-

mented orthogonality graph for YV . Furthermore, we use the notation of Definitions
4.7 and 4.11. For a, b ∈ V with a �= b, the following equivalences hold.

a b /∈ Ea
OG ⇔ dis (a ∪ ch(a)) ∩ dis (b ∪ ch(b)) = ∅ in GOG , (4.3)

⇔ {a} �� {b} | V \ {a, b} [Ga
OG], (4.4)

⇔ {a} ��m {b} | V \ {a, b} [GOG].

Here, ch(a) = {v ∈ V |a v ∈ EOG}, dis(a) = {v ∈ V |v · · · a or v = a},
and dis(A) = ⋃

a∈A dis(a). In particular, the statements imply that a b /∈ EPC,
i.e.,

EPC ⊆ Ea
OG .

Lemma 4.14 gives us several possibilities to make statements about the partial
correlation graph from the orthogonality graph. On the one hand, (4.3) is particularly
useful, since we can work with the original mixed orthogonality graph GOG and it is
easy to implement algorithmically (Eichler 2011), which is not straightforward for the

123



V. Fasen-Hartmann, L. Schenk

m-separation criterion from Lemma 4.12. On the other hand, (4.4) is of interest, as it
uses the classical separation �� in an undirected graph, which is another common way
to define global Markov properties in mixed graphs. Finally, the inclusion property
EPC ⊆ Ea

OG gives us a simple connection between the edges in both graphs.
Besides the orthogonality graph GOG = (V , EOG), Fasen-Hartmann and Schenk

(2024a) also introduce the local orthogonality graph G0
OG = (V , E0

OG), a mixed
graph with E0

OG ⊆ EOG . For the augmented local orthogonality graph obviously

Ea,0
OG ⊆ Ea

OG holds, but in general the statement EPC ⊆ Ea,0
OG is probably not possible,

since we do not have a global AMPMarkov property in the local orthogonality graph.
However, if we restrict to MCAR(p) processes, we derive this subset relation in
Sect. 5.3.

5 Partial correlation graphs for MCAR processes

In the following,we construct the partial correlation graph forLévy-drivenmultivariate
continuous-time autoregressive (MCAR) processes to illustrate the partial correlation
structure within this important and versatile class of processes. Therefore, in Sect. 5.1,
we give a brief introduction toMCAR processes. Subsequently, in Sect. 5.2, we ensure
that the partial correlation graph for MCAR processes is well defined and establish
the latter. We also provide some edge characterisations by model parameters along
with comparisons to the literature. Moving on to Sect. 5.3, we study relations between
the partial correlation graph and the (local) orthogonality graph, highlighting both
similarities and differences. Finally, in Sect. 5.4,wemotivate somemethods to estimate
the edges in the partial correlation graph for MCAR processes.

5.1 MCAR processes

Early works on univariate and multivariate CAR processes and the more general
continuous-time autoregressive moving average (CARMA) processes include those of
Doob (1944, 1953),Harvey andStock (1985a, b),Harvey andStock (1989); Bergstrom
(1997). Since then, these processes have enjoyed great popularity and have stimulated
a considerable amount of research in recent years (cf. Brockwell 2014, and Brockwell
and Lindner 2024). The following definition of a Lévy-driven MCAR process goes
back to Marquardt and Stelzer (2007), Definition 3.20.

Definition 5.1 Let L = (L(t))t∈R be a Lévy process satisfying E[L(1)] = 0k and
E‖L(1)‖2 < ∞ with �L = E[L(1)L(1)�]. Suppose that A1, A2, . . . , Ap ∈ R

k×k

and define the matrices
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A =

⎛

⎜⎜
⎜⎜⎜⎜
⎝

0k Ik 0k · · · 0k

0k 0k Ik
. . .

...
...

. . .
. . . 0k

0k · · · · · · 0k Ik
−Ap −Ap−1 · · · · · · −A1

⎞

⎟⎟
⎟⎟⎟⎟
⎠

∈ R
kp×kp, B =

⎛

⎜
⎜⎜
⎝

0k
...

0k
Ik

⎞

⎟
⎟⎟
⎠

∈ R
kp×k,

C = (Ik 0k · · · 0k
) ∈ R

k×kp.

Finally, suppose σ(A) ⊆ (−∞, 0) + iR and that X = (X(t))t∈R is the unique
kp-dimensional causal strictly stationary solution of the state equation

dX(t) = AX(t)dt + BdL(t).

Then the output process YV = (YV (t))t∈R given by

YV (t) = CX(t)

is called a (causal) multivariate continuous-time autoregressive process of order p,
or MCAR(p) process for short.

The MCAR process is the continuous-time counterpart of the well-known discrete-
time vector autoregressive (VAR) process. For this correspondence, the idea is that
a k-dimensional MCAR(p) (p ≥ 1) process YV is the solution to the stochastic
differential equation

P(D)YV (t) = DL(t)

where D is the differential operator with respect to t , and

P(z) = Ik z
p + A1z

p−1 + . . . + Ap, z ∈ C, (5.1)

is the autoregressive (AR) polynomial. However, a Lévy process is not differentiable,
so this is not a formal definition of an MCAR process.

The properties of MCAR processes relevant to this paper are summarised below.
For additional information we refer to Marquardt and Stelzer (2007) and Schlemm
and Stelzer (2012a, b).

Remark 5.2 (a) Since the input process X is strictly stationary, the MCAR process
YV is also strictly stationary. Furthermore, given the finite second moments of the
Lévy process, both X and YV also have finite second moments. Thus, of course,
X and YV are also wide-sense stationary.

(b) The covariance function of the input process X satisfies

cX X (t) = cX X (−t)
� = eAt
(0), t ≥ 0, where 
(0) =

∫ ∞
0

eAuB�LB
�eA

�udu.
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The covariance function of the MCAR process YV is then determined as

cYV YV (t) = CcXX (t)C�, t ∈ R.

(c) Given that σ(A) ⊆ (−∞, 0) + iR, it follows that cYV YV (t) decreases exponen-
tially fast as t → ±∞ and limt→0 cYV YV (t) = cYV YV (0), so YV is mean-square
continuous due to (2.1).

(d) The MCAR(1) process is also known as Ornstein-Uhlenbeck process and in this
case, we have A = −A1 and B = C = Ik . Furthermore, Gaussian MCAR pro-
cesses and Gaussian Ornstein-Uhlenbeck processes, where the Brownian motion
is the driving Lévy process, are special cases.

5.2 Definition of the partial correlation graph for a MCAR process

We introduce the partial correlation graph for MCAR processes. From Remark 5.2 we
already know that the MCAR process is wide-sense stationary with expectation zero
andmean-square continuous. Furthermore, the spectral density function is (Marquardt
and Stelzer 2007, Eq. (3.43))

fYV YV (λ) = 1

2π
P(iλ)−1�L

(
P(−iλ)−1

)�
, λ ∈ R,

where the AR polynomial P is defined in Eq. (5.1). For the well-definedness of the
partial correlation graph we then only need to ensure that fYV YV (λ) > 0 for λ ∈ R.
But this condition is already met when �L > 0 and σ(A) ⊆ (−∞, 0) + iR. Then the
inverse spectral density function has the representation

gYV YV (λ) = 2π P(−iλ)��−1
L P(iλ), λ ∈ R.

By Definition 4.1, Propositions 4.4 and 4.8 we then obtain the following result.

Proposition 5.3 Suppose YV is a causal MCAR(p) process with �L > 0. Let
V = {1, . . . , k} be the vertices and define the edges EPC , for a, b ∈ V with a �= b,
via

a b /∈ EPC ⇔ Ya ⊥⊥ Yb | YV \{a,b} ⇔
[
P(−iλ)��−1

L P(iλ)
]

ab
= 0 ∀ λ ∈ R.

Then the partial correlation graph GPC = (V , EPC ) for the MCAR process YV is
well defined and satisfies the pairwise, local, and global Markov properties.

Note that partial correlation graphs can be defined for more general state space
models, but we find that MCAR processes are sufficient for our illustrative purposes.
Note also that for the MCAR process, gYV YV (λ) = fYV YV (λ)−1 has a very simple
representation, it is a matrix polynomial. As a result, we can give the following edge
characterisation based on the coefficients of the matrices A1, A2, . . . , Ap of the AR
polynomial, and the covariance matrix �L of the driving Lévy process.
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Proposition 5.4 Suppose that GPC = (V , EPC ) is the partial correlation graph for
the causal MCAR(p) process YV with AR polynomial P given by (5.1), where we
define A0 := Ik . For a, b ∈ V with a �= b, we obtain the edge characterisation

a b /∈ EPC ⇔
n∧p∑

m=0∨n−p

(−1)m
[
A�
p−m�−1

L Ap−n+m

]

ab
= 0 for n = 0, . . . , 2p.

This characterisation is reduced in the following cases.

(i) Suppose �L = σ 2 Ik > 0. Then

a b /∈ EPC ⇔
n∧p∑

m=0∨n−p

(−1)m
[
A�
p−m Ap−n+m

]

ab
= 0 for n = 0, . . . , 2p.

(ii) Suppose A j is a diagonal matrix for j = 1, . . . , p. Then

a b /∈ EPC ⇔
[
�−1

L

]

ab
= 0.

Remark 5.5 A consequence of Proposition 5.4(ii) is that for any undirected graph
G = (V , E) and any p ∈ N, there exists anMCAR(p) process with partial correlation
graph GPC = G. Indeed, we can define

[
�−1

L

]

ab
=

⎧
⎪⎨

⎪⎩

k, if a = b,

1, if a �= b and a b ∈ E,

0, if a �= b and a b /∈ E,

and Am = ( p
m

)
Ik ∈ R

k×k for m = 0, . . . , p. Consequently, σ(A) = {−1} ⊆
(−∞, 0) + iR and �−1

L is strictly diagonally dominant, i.e., positive definite. �L

is also positive definite and there exists a Lévy process with this covariance matrix.
Due to Proposition 5.4(ii), the resulting k-dimensional MCAR(p) process YV gener-
ates a partial correlation graph GPC = (V , EPC ), which is identical to the undirected
graph G = (V , E). This is a major advantage over the orthogonality graph in Fasen-
Hartmann and Schenk (2024a), where it is not clear if any graph can be constructed
by a continuous-time process.

Remark 5.6 The edge characterisations for MCAR(p) processes in Proposition 5.4
are, as might be expected, similar to the edge characterisations for VAR(p) processes
in Dahlhaus (2000), Example 2.2. Suppose that the AR coefficient matrices of the
VAR(p) process are denoted by �m ∈ R

k×k , m = 1, . . . , p, �0 = −Ik , and 0 <

�ε ∈ R
k×k denotes the covariance matrix of the white noise process. Then Dahlhaus

(2000) states that in the partial correlation graph Gd
PC = (V , Ed

PC ) for the VAR(p)
process we have

a b /∈ Ed
PC ⇔

p∧n∑

m=0∨n−p

[
��

m�−1
ε �m−n+p

]

ab
= 0 for n = 0, . . . , 2p.
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Both characterisations of the continuous-time and the discrete-time multivariate AR
processes match exactly if we neglect the factor (−1)m . This small difference is due
to the fact that the spectral density of the continuous-time model is defined by the AR
polynomial at ±iλ whereas, in the discrete-time model, it is the AR polynomial at
e±iλ.

Furthermore, the following sufficient condition for an edge between a and b in the
partial correlation graph can be obtained by setting n = 2p in Proposition 5.4.

Lemma 5.7 Suppose that GPC = (V , EPC ) is the partial correlation graph for the
causal MCAR(p) process YV . For a, b ∈ V with a �= b, the following implication
holds.

a b /∈ EPC ⇒
[
�−1

L

]

ab
= 0.

Remark 5.8 Note that�−1
L is the concentration matrix of the random vector L(1), so it

defines the concentration graphGCO = (V , ECO) of L(1). Lemma 5.7 therefore gives
the subset relation ECO ⊆ EPC . In other words, the partial correlation of the random
variables La(1) and Lb(1) given LV \{a,b}(1) imply an edge in the partial correlation
graph of the continuous-time process YV , i.e., the stochastic processes Ya and Yb are
partially correlated given the process YV \{a,b}. If we additionally assume that Am ,
m = 1, . . . , p, are diagonal, then Proposition 5.4(ii) even gives ECO = EPC .

Finally, for a visualisation of the previous edge characterisations in Propositions 5.3
and 5.4, we present an example.

Example 5.9 Suppose that YV is a 4-dimensional Ornstein-Uhlenbeck process with
�L = I4 and

A =

⎛

⎜⎜
⎝

−2 0 1 1
0 −2 −1 −1

−1 −1 −2 −1
1 −1 −1 −2

⎞

⎟⎟
⎠ .

Then a simple calculation yields σ(A) = {−1,−1,−2,−4} ⊆ (−∞, 0)+ iR. For an
Ornstein-Uhlenbeck process YV the inverse spectral density function is simplified to
gYV YV (λ) = 2π(−iλIk − A�)�−1

L (iλIk − A) for λ ∈ R and we obtain

gYV YV (λ) = 2π

⎛

⎜⎜
⎝

λ2 + 6 0 2iλ − 1 −3
0 λ2 + 6 5 5

−2iλ − 1 5 λ2 + 7 6
−3 5 6 λ2 + 7

⎞

⎟⎟
⎠ .

The corresponding partial correlation graph GPC = (V , EPC ) is then given in Fig. 1.
Furthermore, for an Ornstein–Uhlenbeck process, the edge characterisation in

Proposition 5.4(i) is simplified to

a b /∈ EPC ⇔ [A]ba − [A]ab = 0,
[
A�A

]

ab
= 0. (5.2)
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Fig. 1 Partial correlation graph for Example 5.9

Of course, this relation also provides the edges in Fig. 1.

To summarise, Example 5.9 highlights once more the main advantage of the char-
acterisation in Proposition 5.3, which is the ability to obtain all edges simultaneously
through the inverse spectral density function.

5.3 Partial correlation graphs and (local) orthogonality graphs

In this section, we relate the partial correlation graph to the orthogonality graph and
the local orthogonality graph of Fasen-Hartmann and Schenk (2024a), which can be
seen as a continuation of Sect. 4.2. Let us start with the relations between the partial
correlation graph and the orthogonality graph. In the comparison in Sect. 4.2, we
suspected that, in general, there is no direct relationship between the edges in the
orthogonality graph and the partial correlation graph, although EPC ⊆ Ea

OG . We now
confirm this conjecture with two counterexamples.

Example 5.10 Recall that for the Ornstein-Uhlenbeck process with �L = Ik , due to
Proposition 5.4 with p = 1, the characterisation

a b /∈ EPC ⇔ [A]ba − [A]ab = 0,
[
A�A

]

ab
= 0,

holds. Additionally, by Corollary 6.21 of Fasen-Hartmann and Schenk (2024a), we
have

a b /∈ EOG ⇔ [Aα]ba = 0, α = 1, . . . , k − 1,

a b /∈ EOG ⇔
[
Aα
(
A�)β

]

ab
= 0, α, β = 0, . . . , k − 1.

(5.3)

(a) Suppose that YV is a 3-dimensional Ornstein-Uhlenbeck process with �L = I3
and

A =
⎛

⎝
−3 1 1
1 −3 1
6 1 −8

⎞

⎠ ,

where σ(A) = {−9,−4,−1} ⊆ (−∞, 0) + iR. Then

[A]21 − [A]12 = 0 and
[
A�A

]

12
= 0,
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so 1 2 /∈ EPC . However 1 2 ∈ EOG , 2 1 ∈ EOG , and 1 2 ∈ EOG ,
since

[A]21 �= 0 and [A]12 �= 0.

(b) Suppose that YV is a 3-dimensional Ornstein-Uhlenbeck process with �L = I3
and

A =
⎛

⎝
−1 0 0
0 −1 0
1 1 −2

⎞

⎠ ,

where σ(A) = {−1,−1,−2} ⊆ (−∞, 0) + iR. Then a simple calculation shows
that

[
Aα
]
21 = [Aα

]
12 = 0, α = 1, 2, and

[
Aα
(
A�)β

]

12
= 0, α, β = 0, 1, 2.

Therefore, 1 2 /∈ EOG , 2 1 /∈ EOG , and 1 2 /∈ EOG . However,
1 2 ∈ EPC , since

[
A�A

]
12 = 1.

In summary, even in the special case�L = Ik , there are no direct relations between
the edges because, in the partial correlation graph the orthogonality of the columns in
A is characteristic, whereas in the orthogonality graph the orthogonality of the rows
is relevant for the undirected edges, and the orthogonality of the rows and columns
is relevant for the directed edges. Of course, in some special cases, there are sim-
ple relations between the edges in the partial correlation graph and the edges in the
orthogonality graph. Because of the orthogonality argument, an obvious special case
is a symmetric matrix A.

Lemma 5.11 Suppose that GPC = (V , EPC ) is the partial correlation graph and
GOG = (V , EOG) is the orthogonality graph for the causal Ornstein-Uhlenbeck
process YV , where A is a symmetric matrix and �L = Ik . Then, for a, b ∈ V with
a �= b, we receive

a b /∈ EOG ⇒ a b /∈ EPC .

Next, we provide a comparison to the local orthogonality graph of Fasen-Hartmann
and Schenk (2024a). To avoid going too deep into the intricate definition of the
local orthogonality graph in its generality here, we present the definition of the local
orthogonality graph only forMCAR processes via the characterisations used in Fasen-
Hartmann and Schenk (2024a), Propositions 6.12 and 6.13. For a general definition
of the local orthogonality graph, we refer to Fasen-Hartmann and Schenk (2024a),
Definition 5.9.

Definition 5.12 Suppose YV is a causal MCAR(p) process with �L > 0. Suppose
V = {1, . . . , k} are the vertices and the edges E0

OG for a, b ∈ V with a �= b are
defined via
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(i) a b /∈ E0
OG ⇔ [

A j
]
ba = 0 for j = 1, . . . , p,

(ii) a b /∈ E0
OG ⇔ [�L ]ab = 0.

Then G0
OG = (V , E0

OG) is called local orthogonality graph for YV .

Remark 5.13 (a) We emphasise that the undirected edges in the local orthogonality
graph are characterised by �L and not �−1

L as in the partial correlation graph, and
these matrices generally do not match. The local orthogonality graph considers the
direct correlation of La(1) and Lb(1), while the partial correlation graph considers
the correlation of La(1) and Lb(1) given the environment LV \{a,b}(1).

(b) Due to the different definitions, there are generally no direct relations between
the edges in the partial correlation graph and the edges in the local orthogonality
graph, not even in the special case �L = Ik . Note that in this case, a b /∈ E0

OG
is always true. Furthermore, looking at Example 5.10(a), we get 1 2 /∈ EPC

but 1 2 ∈ E0
OG and 2 1 ∈ E0

OG . Whereas Example 5.10(b) is an example
where 1 2 /∈ E0

OG and 2 1 /∈ E0
OG but 1 2 ∈ EPC .

(c) In the case of no environment (k = 2) we obtain that [�L ]ab = 0 if and only if
[�−1

L ]ab = 0 and a b /∈ EPC implies a b /∈ E0
OG and vice versa.

However, as for the orthogonality graph, we can establish relations between edges
in the partial correlation graph and paths in the local orthogonality graph for MCAR
processes via the concept of m-separation and augmentation separation, although no
global AMP Markov property could be shown for the local orthogonality graph.

Lemma 5.14 Suppose that GPC = (V , EPC ) is the partial correlation graph, G0
OG =

(V , E0
OG) is the local orthogonality graph, and G0,a

OG = (V , E0,a
OG) is the augmented

local orthogonality graph for the causal MCAR(p) process YV . Furthermore, we use
the notation of Definitions 4.7, 4.11 and Lemma 4.14. Then, for a, b ∈ V with a �= b,
the following equivalences hold.

a b /∈ E0,a
OG ⇔ {a} �� {b} | V \ {a, b} [G0,a

OG],
⇔ {a} ��m {b} | V \ {a, b} [G0

OG],
⇔ dis (a ∪ ch(a)) ∩ dis (b ∪ ch(b)) in G0

OG .

In particular, we then have a b /∈ EPC, i.e., EPC ⊆ E0,a
OG.

Note that the opposite inclusion does in general not hold, there exist examples
where EPC �= E0,a

OG as for the orthogonality graph.
As discussed in Lemma 4.14, Lemma 5.14 provides us with several ways to make

statements about the partial correlation graph from the local orthogonality graph.

5.4 Estimation

The edges in the partial correlation graph can be found simultaneously and computa-
tionally inexpensive using the inverse of the spectral density function (cf. Proposition
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4.4). Therefore, in practical applications, we have to estimate the spectral density
function from discrete-time observations. Suppose we observe a causal MCAR(p)
process YV at equidistant times 0, �, 2�, . . . with � > 0 small, as used for mod-
elling high-frequency data. The resulting discrete-time process Y�

V = (YV (k�))k∈N
is also weakly stationary with zero expectation, in fact, it is a vector ARMA process,
with spectral density function

f (�)
YV YV

(λ) = 1

2π

∞∑

k=−∞
cYV YV (k�) e−ikλ = 1

�

∞∑

k=−∞
fYV YV

(
λ + 2kπ

�

)
, −π ≤ λ ≤ π,

where the second equality follows from Bloomfield (1976), p. 206.

Low-frequency sampling scheme

But clearly the zero entries of the inverse of f (�)
YV YV

(λ) for λ ∈ [−π, π ] do not neces-
sarily coincide with the zero entries of the inverse of fYV YV (λ) for λ ∈ R and hence,
there is in general no relationship between the edges in the partial correlation graph
for YV and the partial correlation graph for Y(�)

V . This can be seen nicely by looking
at an Ornstein-Uhlenbeck process, where, due to Proposition 5.4, we have

a b /∈ EPC ⇔
[
�−1
L

]

ab
= 0,

[
A��−1

L − �−1
L A

]

ab
= 0,

[
A��−1

L A
]

ab
= 0.

Thediscrete-time sampled processY(�)
V is aVAR(1) processwhere, due toRemark 5.6,

the edges in the partial correlation graph G(�)
PC = (V , E (�)

PC ) for Y(�)
V can be described

by the relation

a b /∈ E (�)
PC ⇔

[(
�(�)

)−1 + eA
��
(
�(�)

)−1
eA�

]

ab
= 0,

[(
�(�)

)−1
eA�

]

ab
= 0,

[
eA

��
(
�(�)

)−1
]

ab
= 0

where �(�) = ∫ �

0 eAu�LeA
�udu > 0. These characterisations confirm that there do

not exist direct relationships between EPC and E (�)
PC . Therefore, in general, it will be

challenging to derive a nonparametric estimator for the edges in the partial correlation
graph from a low-frequency sampling scheme.

However, it is possible to derive estimators for a parametric class of continuous-
time processes. In the case of MCAR models, the model parameters A1, . . . , Ap, �L

can be estimated from the low-frequency sampledMCAR process Y(�)
V , e.g., by quasi

maximum-likelihood estimation as in Schlemm and Stelzer (2012b) or Whittle esti-
mation as in Fasen-Hartmann and Mayer (2022), yielding the parameter estimators
Â1, . . . , Â p, �̂L , which are consistent and asymptotically normally distributed. Then
an estimator for the inverse of the spectral density is

ĝYV YV (λ) = 2π P̂(−iλ)��̂−1
L P̂(iλ), λ ∈ R with
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P̂(z) = Ik z
p + Â1z

p−1 + . . . + Â p, z ∈ C,

which is also a consistent and asymptotically normally distributed estimator for
gYV YV (λ) for fixed λ ∈ R by an application of the continuous mapping theorem
and the delta-method, respectively. By considering the zero entries of this function
we receive estimators for the edges in the partial correlation graph for the underlying
continuous-time process YV .

High-frequency sampling scheme

In the context of high-frequency data where � → 0, we have the relation

lim
�→0

� f �
YV YV (λ�)1[− π

�
, π
�

](λ) = fYV YV (λ), λ ∈ R,

(Fasen and Fuchs 2013a, Eq. (1.5) for CARMA processes but this is also true for our
causal MCAR processes). Roughly speaking, this means that in the limit � → 0,
we can identify the edges of the causal MCAR process from the edges of its equidis-
tantly sampled observations. In the special case of univariate CARMA processes, we
already know from Fasen and Fuchs (2013a, b) that, under some mild assumptions,
the smoothed normalised periodogram is a consistent estimator of the spectral density
fYV YV (λ) for the high-frequency sampling scheme, where �n → 0 and n�n → ∞
as the number of observations n → ∞. We believe this is still true for multivari-
ate CARMA processes including MCAR processes. An alternative estimator is the
lag-window spectral density estimator of Kartsioukas et al. (2023). They develop the
statistical inference of this estimator not only for MCAR processes but also for gen-
eral multivariate stationary processes in Hilbert spaces and, furthermore, they also
allow an irregular sampling scheme. For non-Gaussian processes, however, a cumu-
lant conditionmust be satisfied, which is in the context ofMCARprocesses a cumulant
condition on the driving Lévy process. Due to the generality of this impressive paper,
the assumptions for MCAR processes are actually stronger than necessary.

6 Conclusion

The paper establishes and analyses the partial correlation relation for wide-sense sta-
tionary and mean-square continuous stochastic processes in continuous time with
expectation zero and spectral density function. Based on this, the partial correlation
graph for continuous-time stochastic processes is defined, which satisfies the usual
Markov properties. Furthermore, we relate the partial correlation graph to the orthog-
onality and the local orthogonality graph of Fasen-Hartmann and Schenk (2024a) by
their augmented graphs and we find some interesting relationships. The derived results
for the partial correlation graph in the continuous-time setting correspond to the results
for discrete-time processes in Dahlhaus (2000), which we also see by applications to
MCAR processes, where we can characterise the edges by the model parameters.
In both settings, the low-frequency sampling regime and the high-frequency sam-
pling regime, it is possible to derive some consistent and asymptotically normally
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distributed estimators for the inverse spectral density of an MCAR process and thus
also for the edges in the partial correlation graph. In the high-frequency sampling
scheme, the smoothed periodogram and the lag-window spectral density estimator
are popular estimators for the spectral density for discrete-time processes (Anderson
1971; Brockwell and Davis 1991; Brillinger 2001; Hannan 1970) and they should also
work for a large class of non-parametric continuous-time models. The paper focused
on the theoretical properties of the partial correlation graph but statistical methods for
estimation and testing for the edges in the continuous-time partial correlation graph
are of particular importance and will be the subject of some future work.

7 Proofs

7.1 Proofs of Sect. 3

Proof of Proposition 3.3 Let t ∈ R and assume that {a} ∩ C = ∅, since the statements
apply trivially for a ∈ C . To simplify the notation, we abbreviate

Ŷa|C (t) =
∫ ∞

−∞
eiλt fYaYC (λ) fYCYC (λ)−1ZC (dλ).

The proof is divided into three steps. In the first step we derive that Ŷa|C (t) ∈ LYC and
in the second step we show that Ya(t) − Ŷa|C (t) ∈ L⊥

YC
. Both together then give the

assertion Ŷa|C (t) = PLYC
Ya(t). Then, in a third step, we conclude that the orthogonal

projection is the solution to the optimisation problem (3.3).
Step 1: Given LYC , we can establish the measurability and integrability of the

function eiλt fYaYC (λ) fYCYC (λ)−1 for λ, t ∈ R. For the measurability, we first note
that fYaYC and fYCYC aremeasurable as derivatives. Furthermore, sums and products of
measurable functions aremeasurable. Ifwe setλ/0 := 0 forλ ∈ R, then their quotients
are also measurable (Klenke (2020), Theorem 1.91). Now we compute fYCYC (λ)−1

by Gaussian elimination and find that fYCYC (λ)−1 is measurable for λ ∈ R. Thus,
eiλt fYaYC (λ) fYCYC (λ)−1, λ, t ∈ R, is also measurable.

For the integrability, we first note that fY{a}∪CY{a}∪C (λ) ≥ 0 due to Lemma 2.1(c).
Furthermore, fYCYC (λ) > 0 by assumption, so Proposition 8.2.4 of Bernstein (2009)
gives

fYaYC (λ) fYCYC (λ)−1 fYCYa (λ) ≤ fYaYa (λ)

for λ ∈ R. Since further fYaYC (λ) fYCYC (λ)−1 fYCYa (λ) ≥ 0 and the integral is
monotonous, we obtain the integrability

∫ ∞

−∞
fYaYC (λ) fYCYC (λ)−1 fYCYC (λ) fYaYC (λ) fYCYC (λ)−1

�
dλ

=
∫ ∞

−∞
fYaYC (λ) fYCYC (λ)−1 fYCYa (λ)dλ ≤

∫ ∞

−∞
fYaYa (λ)dλ < ∞,
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where the finiteness follows from Lemma 2.1(a). In summary, Ŷa|C (t) ∈ LYC for
t ∈ R.

Step 2: Any element YC ∈ LYC has the spectral representation

YC =
∫ ∞

−∞
ϕ(λ)�ZC (dλ) P -a.s.,

where
∫∞
−∞ ϕ(λ)� fYCYC (λ)ϕ(λ) < ∞. Now, writing Ya(t) in its spectral representa-

tion (2.2), it holds that

E

[(
Ya(t) − Ŷa|C (t)

)
YC
]

= E

[(∫ ∞
−∞

eiλt Za(dλ) −
∫ ∞
−∞

eiλt fYaYC (λ) fYCYC (λ)−1ZC (dλ)

)∫ ∞
−∞

ϕ(λ)�ZC (dλ)

]

=
∫ ∞
−∞

eiλt fYaYC (λ)ϕ(λ)dλ −
∫ ∞
−∞

eiλt fYaYC (λ) fYCYC (λ)−1 fYCYC (λ)ϕ(λ)dλ = 0.

Thus, Ya(t) − Ŷa|C (t) ∈ L⊥
YC

for t ∈ R.

Step 3: From the minimality property of the orthogonal projection, we obtain YC =
PLYC

Ya(t) is the optimal solution to this optimisation problem. Due to Step 1 and Step

2 the function ϕa|C (λ) = fYaYC (λ) fYCYC (λ)−1, λ ∈ R, is then the optimal function in
(3.3).

Proof of Lemma 3.5 We can write

εA|C (t) =
∫ ∞

−∞
eiλt Z A(dλ) −

∫ ∞

−∞
eiλt fYAYC (λ) fYCYC (λ)−1ZC (dλ)

=
∫ ∞

−∞
eiλt

(
E�
A − fYAYC (λ) fYCYC (λ)−1E�

C

)
ZV (dλ),

where EA ∈ R
k×|A| (and analogously EC ∈ R

k×|C|) is thematrix defined by its entries

[EA]i j =
{
1, i = j, i, j ∈ A,

0, else.

Therefore, the noise process (εA|C (t))t∈R is a linear transformation of the wide-sense
stationary process YV with spectral characteristic E�

A − fYAYC (λ) fYCYC (λ)−1E�
C ,

λ ∈ R. ThusYV is also wide-sense stationary (Rozanov (1967), I, (8.2)). Furthermore,
the linear transformation has a spectral density function, which is given by (Rozanov
(1967), I, (8.13))

fεA|CεA|C (λ)

=
(
E�
A − fYAYC (λ) fYCYC (λ)−1E�

C

)
fYV YV (λ)

(
E�
A − fYAYC (λ) fYCYC (λ)−1E�

C

)�

= fYAYA (λ) − fYAYC (λ) fYCYC (λ)−1 fYCYA (λ).
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Then Lemma 2.1(b) yields

cεA|CεA|C (t) =
∫ ∞

−∞
eiλt

(
fYAYA(λ) − fYAYC (λ) fYCYC (λ)−1 fYCYA(λ)

)
dλ

for t ∈ R. In particular, the spectral density function of (εA∪B|C (t))t∈R is given by

fεA∪B|CεA∪B|C (λ) = fYA∪BYA∪B (λ) − fYA∪BYC (λ) fYCYC (λ)−1 fYCYA∪B (λ).

Thus, the cross-spectral density function is, for almost all λ ∈ R,

fεA|CεB|C (λ) = E�
A

(
fYA∪BYA∪B (λ) − fYA∪BYC (λ) fYCYC (λ)−1 fYCYA∪B (λ)

)
EB

= fYAYB (λ) − fYAYC (λ) fYCYC (λ)−1 fYCYB (λ),

and, for all t ∈ R, it holds that

cεA|CεB|C (t) =
∫ ∞

−∞
eiλt

(
fYAYB (λ) − fYAYC (λ) fYCYC (λ)−1 fYCYB (λ)

)
dλ.

Proof of Proposition 3.6 Suppose that YA ⊥⊥ YB | YC . By definition of this relation
we obtain the first characterisation cεA|CεB|C (t) = 0|A|×|B| for t ∈ R. For the second
characterisation suppose that cεA|CεB|C (t) = 0|A|×|B| for t ∈ R. Then the Fourier
inversion formula (Pinsky 2009, Proposition 2.2.37) yields fεA|CεB|C (λ) = 0|A|×|B|
for almost all λ ∈ R. If fεA|CεB|C (λ) = 0|A|×|B| for almost all λ ∈ R, then Lemma 2.1
gives cεA|CεB|C (t) = 0|A|×|B| for t ∈ R. For the third characterisation, suppose that
fεA|CεB|C (λ) = 0|A|×|B| for almost all λ ∈ R. Then RεA|CεB|C (λ) = 0|A|×|B| holds by
Definition 2.3. If we additionally assume that fεA|CεA|C (λ) > 0 and fεB|CεB|C (λ) > 0,
then Definition 2.3 provides the second direction.

Proof of Proposition 3.8 Let λ ∈ R. For notational convenience, we assume without
loss of generality that A := {1, 2, . . . , α}, B := {α + 1, . . . , α + β}, and C :=
{α + β + 1, . . . , α + β + γ }. Then, we can decompose

fYA∪B∪CYA∪B∪C (λ) =
(
fYA∪BYA∪B (λ) fYA∪BYC (λ)

fYCYA∪B (λ) fYCYC (λ)

)
.

As fYA∪B∪CYA∪B∪C (λ) > 0 and fYCYC (λ) > 0 by assumption, e.g., Theorem 2.1 of Lu
and Shiou (2002) gives

[
gYA∪B∪CYA∪B∪C (λ)

]
A∪BA∪B

=
(
fYA∪BYA∪B (λ) − fYA∪BYC (λ) fYCYC (λ)−1 fYCYA∪B (λ)

)−1

= fεA∪B|CεA∪B|C (λ)−1.
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The matrix fεA∪B|CεA∪B|C (λ) itself has the decomposition

fεA∪B|CεA∪B|C (λ) =
(
fεA|CεA|C (λ) fεA|CεB|C (λ)

fεB|CεA|C (λ) fεB|CεB|C (λ)

)
.

Note that fεA∪B|CεA∪B|C (λ) > 0 and fεB|C εB|C (λ) > 0 due to fYA∪B∪CYA∪B∪C (λ) > 0
and Remark 3.7(b). Thus, we can make use of the matrix inversion formula again and
Theorem 2.1 of Lu and Shiou (2002) yields

[
gYA∪B∪CYA∪B∪C (λ)

]
AB

=
[
fεA∪B|CεA∪B|C (λ)−1

]

AB

= −
(
fεA|CεA|C (λ) − fεA|CεB|C (λ) fεB|CεB|C (λ)−1 fεB|CεA|C (λ)

)−1

· fεA|CεB|C (λ) fεB|CεB|C (λ)−1.

This representation shows that
[
gYA∪B∪CYA∪B∪C (λ)

]
AB = 0α×β for almost all λ ∈ R if

and only if fεA|CεB|C (λ) = 0α×β for almost all λ ∈ R. Proposition 3.6 concludes the
proof.

Proof of Proposition 3.11 (P4) The relations YA ⊥⊥ YB | YD , YA ⊥⊥ YC | (YB,YD),
and Proposition 3.8 result in

[
gYA∪B∪DYA∪B∪D (λ)

]
AB = 0|A|×|B| and

[
gYA∪B∪C∪DYA∪B∪C∪D (λ)

]
AC = 0|A|×|C|

(A.1)

for almost all λ ∈ R. Along with Proposition 3.9, we obtain

0|A|×|B| = [
gYA∪B∪DYA∪B∪D (λ)

]
AB

= [
gYA∪B∪C∪DYA∪B∪C∪D (λ)

]
AB − [gYA∪B∪C∪DYA∪B∪C∪D (λ)

]
AC

[(
gYA∪B∪C∪DYA∪B∪C∪D (λ)

]
CC

)−1 [
gYA∪B∪C∪DYA∪B∪C∪D (λ)

]
CB

= [
gYA∪B∪C∪DYA∪B∪C∪D (λ)

]
AB (A.2)

for almost all λ ∈ R. In summary, equations (A.1) and (A.2) give

[
gYA∪B∪C∪DYA∪B∪C∪D (λ)

]
A(B∪C)

= 0|A|×(|B|+|C|)

for almost all λ ∈ R. Proposition 3.8 implies YA ⊥⊥ (YB,YC ) | YD .

7.2 Proofs of Sect. 4

Proof of Lemma 4.12 Theorem 5.15 in Fasen-Hartmann and Schenk (2024a) provides
that {a} ��m {b} | V \ {a, b} [GOG] implies LYa ⊥ LYb | LYV \{a,b} . This conditional
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orthogonality relation immediately implies LYa (t) ⊥ LYb(t) | LYV \{a,b} for all t ∈ R

by subset arguments, which in turn yields a b /∈ EPC due to Remark 3.2.

Proof of Lemma 4.14 Bydefinition and due toEichler (2011), Theorem3.1 andLemma
3.2, we obtain that

a b /∈ Ea
OG ⇔ a and b are not collider connected in GOG ,

⇔ dis (a ∪ ch(a)) ∩ dis (b ∪ ch(b)) in GOG,

⇔ {a} ��m {b} | V \ {a, b} [GOG],
⇔ {a} �� {b} | V \ {a, b} [Ga

OG].

These statements are then of course all sufficient for a b /∈ EPC due to the previous
Lemma 4.12, and EPC ⊆ Ea

OG is valid.

7.3 Proofs of Sect. 5

Proof of Proposition 5.4 First of all, we insert the AR polynomial P in gYV YV (λ) to get

gYV YV (λ) = 2π

( p∑

m=0

A�
p−m(−iλ)m

)

�−1
L

( p∑

�=0

Ap−�(iλ)�

)

= 2π
2p∑

n=0

n∧p∑

m=0∨n−p

(−1)m A�
p−m�−1

L Ap−n+m(iλ)n .

In the last step, we arrange the addends according to the degree of λ and substitute
n = � + m, where n = 0, . . . , 2p. Since 0 ≤ � = n − m ≤ p and 0 ≤ m ≤ p,
we obtain the boundary 0 ∨ n − p ≤ m ≤ n ∧ p. Since the components of gYV YV
are polynomials, the components are zero functions if and only if the corresponding
coefficients are zero. Then, by Proposition 5.3, we obtain that

a b /∈ EPC ⇔
⎡

⎣
n∧p∑

m=0∨n−p

(−1)m A�
p−m�−1

L Ap−n+m

⎤

⎦

ab

= 0 for n = 0, . . . , 2p.

(A.3)

(i) Assume that �L = σ 2 Ik . Then �−1
L = 1/σ 2 Ik holds and since σ 2 > 0, relation

(A.3) is equivalent to Proposition 5.4(i).
(ii)Assume that Am ,m = 1, . . . , p, are diagonalmatrices. Then theARpolynomial

P is a diagonal matrix polynomial and a b /∈ EPC is equivalent to

0 =
[
P(−iλ)�−1

L P(iλ)
]

ab
= [P(−iλ)]aa

[
�−1

L

]

ab
[P(iλ)]bb

for all λ ∈ R. Due to the causality assumption σ(A) ⊆ (−∞, 0)+iR and the structure
ofA, the diagonal matrix Ap is not singular and in particular the diagonal elements of
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Ap are not zero. Thus the diagonal elements of P(iλ) are never zero and a b /∈ EPC

is equivalent to [�−1
L ]ab = 0.

Proof of Lemma 5.11 The assumptions that�L = Ik ,A is symmetric, and (5.3) imply

[A]ba − [A]ab = 0,
[
A�A

]

ab
=
[
AA�]

ab
= 0.

Thus, (5.2) yields a b /∈ EPC .

Proof of Lemma 5.14 In Lemma 4.14, we already established the equivalences

a b /∈ E0,a
OG ⇔ a and b are not collider connected in G0

OG ,

⇔ dis (a ∪ ch(a)) ∩ dis (b ∪ ch(b)) = ∅ in G0
OG ,

⇔ {a} �� {b} | V \ {a, b} [G0,a
OG],

⇔ {a} ��m {b} | V \ {a, b} [G0
OG],

regardless of the specific definition of the graph. Thus, we only need to prove a b /∈
EPC , which we do by contradiction. So suppose that a b ∈ EPC . Then there exists
a λ ∈ R, such that

0 �=
[
P(−iλ)��−1

L P(iλ)
]

ab
=
∑

c∈V

∑

d∈V
[P(−iλ)]ca

[
�−1

L

]

cd
[P(iλ)]db .

Consequently, there exist vertices c, d ∈ V , such that

[P(−iλ)]ca �= 0,
[
�−1

L

]

cd
�= 0, [P(iλ)]db �= 0.

The statements about the AR polynomial yield that there exist directed edges a c
and b d in G0

OG . The statement [�−1
L ]cd �= 0 yields that there exists a path

π between c and d of only undirected edges in the local orthogonality graph G0
OG

(Eichler 2007, p. 341).
Indeed, consider an Ornstein-Uhlenbeck process ỸV with A = −Ik , that is driven

by the same Lévy process as the MCAR process YV . Then ỸV generates a partial
correlation graph G̃ PC = (V , ẼPC ) and an orthogonality graph G̃OG = (V , ẼOG).
For these graphical models, we have c d /∈ ẼPC if and only if [�−1

L ]cd = 0 and
c d /∈ ẼOG if and only if [�L ]cd = 0. Additionally, there are no directed edges in
the orthogonality graph. Then, a consequence of Lemma 4.14 is that c d ∈ ẼPC

([�−1
L ]cd �= 0) implies c d ∈ Ẽa

OG and dis(c) ∩ dis(d) �= ∅ in ẼOG . Thus,
there exists a path π̃ of only undirected edges between c and d in the orthogonality
graph G̃OG , i.e., for some c = α1, . . . , α� = d ∈ V , we have [�L ]αiαi+1 �= 0 for
i = 1, . . . , �− 1. This result implies a path π̃ of only undirected edges between c and
d in the local orthogonality graph G0

OG .
Finally, if π̃ does not already provide a path between a and b, we complete π̃ with

one or both directed edges from above, to get a path π between a and b on which every

123



V. Fasen-Hartmann, L. Schenk

intermediate vertex is a collider. This path contradicts the premise and the statement
a b /∈ EPC is valid. In particular, EPC ⊆ E0,a

OG is satisfied.
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