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Abstract
For acquiring the effective response of structures with complex underlyingmicroscopic properties, numerical homogenization
schemes have widely been studied in the past decades. In this paper, an artificial neural network (ANN) is trained on effective
viscoelastic strain–stress data, which is numerically acquired froma consistent homogenization scheme for shell representative
volume elements (RVE). The ANN serves as a feasible surrogate model to overcome the bottleneck of the computationally
expensive calculation of the coupled multiscale problem.We show that an ANN can be trained solely on uniaxial strain–stress
data gathered from creep and relaxation tests, as well as cyclic loading scenarios on an RVE. Furthermore, the amount of data
is reduced by including derivative information into the ANN training process, formally known as Sobolev training. Studies
at the material point level reveal, that the ANN material model is capable of approximating arbitrary multiaxial stress–strain
states, as well as unknown loading paths. Lastly, the material model is implemented into a finite element program, where the
potential of the approach in comparison with multiscale and full-scale 3D solutions is analyzed within challenging numerical
examples.

Keywords Multiscale modeling · Shell structures · Artificial neural networks · Viscoelasticity · Sobolev training · Finite
element method

1 Introduction

Thedevelopment of newhighperformancematerials inevitably
goes alongwith the need for efficient models to describe their
material behavior. Full 3D solutions of engineering prob-
lems with complex underlying microstructures can quickly
become computationally inefficient, especially when mate-
rial or geometric non-linearities are considered. From early
works on analytical homogenization procedures, see e.g. [15,
16, 36], which are oftentimes limited to simple microstruc-
tures and linear elastic constitutive laws, initial works on
numerical schemes (FE2) evolved [7, 24, 34, 35], becoming
a central focus ofmicromechanics research in recent decades.
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For an in-depth review on the FE2 method, the reader is
referred to [40].

While the previously mentioned works focus on the cou-
pling between continua on the micro- and macroscale, for
certain problems it can be advantageous to follow a coupled
approach where shell elements are used on the macroscale.
Shell finite elements are not only superior in their numerical
performancewhen it comes to thin, bending dominated prob-
lems, but also require less degrees of freedom compared to
solid elements. The theoretical background for a numerical
homogenization scheme for thin sheets can be found in [4,
8]. Follow up works present a consistently linearized varia-
tional formulation for the non-linear equations of the coupled
boundary value problem [10], or the application to linear elas-
tic material behavior with the consideration of geometrical
non-linearities and buckling on the macroscale [5].

A possible practical engineering application for a mul-
tiscale approach are fiber reinforced composite materials.
The fibers hereby mostly differ by many orders of magni-
tude compared to the overall engineering device of interest,
making full 3D models unfeasible and motivating two-scale
models. Furthermore, the fibers are usually embedded in
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some kind of polymer matrix, which can inhibit viscoelastic
properties. In [25], a homogenization approach for obtaining
the effective viscoelastic response of a composite structure
is developed for the coupling of continua on the micro- and
macroscale. Related works on viscoelastic homogenization
include, e.g., the consideration of microcracks [41], an effi-
cient methodology for computing the effective response in
the time domain [44] and, quite recently, the application to
composite laminates using shell elements on the macroscale
[2].

Despite the fact that research has shown, that multiscale
methods are capable of providing good results for the over-
all macroscopic response of heterogeneous structures, the
computational bottleneck of solving the coupled global–local
boundary value problem still remains an open issue. Due to
the fundamental theoretical research done on the topic of arti-
ficial intelligence over the last few decades, e.g. the works of
[33, 39], the methodology has also piqued interest in the field
of computational mechanics, especially for material mod-
eling. Since the pioneering works of [9, 14, 28], artificial
neural networks (ANN) have widely been applied as mate-
rial models. Hereby, one can distinguish between two kinds
of applications: the ANN as a constitutive model trained
directly on experimental (or synthetically experimental) data,
replacing material models based on classic phenomenologi-
cal approaches, or alternatively as a surrogate model, where
the ANN is trained on numerically generated data from
heterogeneous microstructures, gathered from simulations
based on the previouslymentioned homogenization schemes.

Within thiswork, the latter is of particular interest.Hereby,
one generates an effective strain–stress data set on a rep-
resentative volume element (RVE), trains a suitable ANN
architecture under consideration of the underlying micro-
scopic constitutive response and later simply evaluates the
model for a given strain state within a finite element simu-
lation. This has been done for approximating the response
of reinforced concrete beams [45], for the modeling of
bone structure [13], for composites [29], or nonlinear elastic
microstructures [26]. Ongoing research includes the prospect
of including thermodynamic consistency into the multiscale
scheme, see e.g. [19, 22, 32]. To the best of the author’s
knowledge, so far there has not been any related work done
on ANNs as a surrogate constitutive model for the coupling
of shells and continua.

As the prospect of this work is the application of the ANN
to model effective viscoelastic material behavior, the ANN
has to be capable of capturing time and history dependency.
Early works on ANNs for homogeneous viscoelastic materi-
als include [1, 18]. In [3], recurrent neural networks are used
to circumvent the need to define history variables and the
authors in [38] present an approach with physics augmented
neural networks, which meets thermodynamic consistency
by construction. An overview of different ANN architectures

to model 1D viscoelastic material behavior can be found in
[37].

The prospect of this work is to develop a surrogate model
for the micro to macro transition of inhomogeneous vis-
coelastic materials for the coupling of continua and shells on
the two scales, respectively. The presented approach includes
the following essential new features:

– Definition of a simple feed forward neural network archi-
tecture to model the effective viscoelastic constitutive
relation for shells,

– Development of an efficient sampling strategy based on
experimental setups for numerical generation of the train-
ing data,

– Enhancement of the training process by adding derivative
information into the neural network training,

– Investigations on the behavior of the ANN model at the
material point level,

– Application to challenging numerical examples within a
finite element simulation.

In Sect. 2, a quick recap on the numerical homogeniza-
tion for shell structures is given.While the current work aims
on replacing the computationally expensive solution of the
coupled problem, the consistent framework for extracting the
effective properties from the microscale lays the foundation
for the generation of the training data for the ANN. Sect. 3
defines the ANN architecture, while in Sect. 4 the genera-
tion of viscoelastic training data is discussed. Furthermore,
investigations at thematerial point level for purely data-based
training are done. In Sect. 5, additional information about the
effective material matrix of the underlying microstructure is
included by formulating appropriate constraints, leading to a
more robust training process and reducing the amount of nec-
essary data samples. Lastly, the feasibility of the surrogate
model in a multiscale simulation is investigated in Sect. 6,
including studies on the behavior for unknown loading paths
and comparisons to classic full-scale aswell as FE2 solutions.

2 General framework for multiscale
modeling of shell structures

2.1 Macroscopic shell formulation

The macroscopic boundary value problem is formulated
within the three dimensional Euclidean space B occupied
by a shell with reference surface �0 and shell height h in
the reference configuration. �t refers to the reference sur-
face in the current configuration due to loading conditions at
time t ∈ [0, T ]. A local convective coordinate system ξα is
introduced, with ξ3 = z being the thickness direction. Stress
boundary conditions t̄ are applied on �σ and displacement
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boundary conditions on �u , with � = �σ ∪ �u being the
boundary of the reference surface �0 and �σ ∩ �u = ∅. The
following kinematic assumptions are briefly derived accord-
ing to [46]. With X and x referring to position vectors of
material points in the reference and current configuration,
the displacement field of the reference surface is introduced
as

u = x − X. (1)

Taking into account rotational parameters ω associated with
the shell’s local director field, the shell’s degrees of freedom
can be summarized in the vector vT = [uT ,ωT ]. The general
nonlinear Green-Lagrangian shell strains are arranged in the
vector

ε(v) = [ε11, ε22, 2ε12, κ11, κ22, 2κ12, γ1, γ2]T (2)

with εαβ, καβ and γα referring to the membrane, bending and
shear parts, respectively. Furthermore, we define the work
conjugate 2. Piola-Kirchhoff shell stress resultants

σ = [n11, n22, n12,m11,m22,m12, q1, q2]T (3)

and the material matrix

D := ∂σ

∂ε
, D =

⎡
⎣
Dm Dmb 0
Dmb Db 0
0 0 Ds

⎤
⎦ (4)

without further assumptions about the constitutive relation.
The indices m, b and s once again refer to the membrane,
bending and shear parts. It is noted, that for the general
anisotropic case, the material matrix can be fully populated,
resulting in Dms,Dbs �= 0. The weak form of the nonlinear
equilibrium equation reads

δ
M (v, δv) =
∫

�0

(δεT σ − δuT p̄)dA −
∫

�σ

δuT t̄ds

=: g(v, δv) != 0,

(5)

where the superscript (·)M is introduced as a reference to
the macroscopic problem, distinguishing from microscopic
quantities, denotedwith (·)m in the following section, respec-
tively.

2.2 Microscopic homogenization problem

In order to derive the macroscopic constitutive equation
σ = f (ε), a second microscopic boundary value problem
is introduced at each material pointX of the macroscale with
body Bm in the reference configuration, depicted in Fig. 1.

Since themicrostructure is assumed to be composed of differ-
ent phases, σ can be seen as the average stress resultant andD
as the effective material matrix, which one wants to compute
from the micro problem. The microstructure is assumed to
be periodic in the shell’s in-plane direction and is described
by a three-dimensional continuum, which will be referred to
as a representative volume element (RVE). The RVE domain
Bm is bounded within the range

− lx
2

≤ x ≤ lx
2

, − ly
2

≤ y ≤ ly
2

, h− ≤ z ≤ h+, (6)

where x and y correspond to the in-plane coordinates and z
to the thickness direction. If the midsurface is chosen as ref-
erence surface, it follows that h− = −h/2 and h+ = +h/2.
The kinematics can be derived in a standard fashion consid-
ering basic continuum mechanic assumptions. Introducing
a displacement field um on the microscale, the deformation
gradient and Green-Lagrangian strains are defined as

F = 1 + ∇Xmum and E = 1

2
(FTF − 1) (7)

respectively, with ∇ denoting partial differentiation and Xm

being the position vector of points in the macroscopic ref-
erence configuration. By taking advantage of the vector
notation for the strains as well as for the 2. Piola Kirchhoff
Stress S

E = [E11, E22, E33, 2E12, 2E13, 2E23]T ,

S = [S11, S22, S33, S12, S13, S23]T
(8)

and in the absence of body forces, which are defined on the
macroscale, the microscopic virtual work is

δ
m(um, δum) =
∫

Bm

δETS dV . (9)

Without further specification, we assume that the constitu-
tive relation of different phases of the microstructure can be
characterized by the definition

S := S(E, ξ), C := dS(E, ξ )

dE
(10)

with ξ being a viscoelastic internal variable depending on E,
and C the material tangent.

As mentioned before, the aim of the microscopic problem
is to derive themacroscopic quantitiesσ andD for given shell
strains ε. To do so, appropriate boundary conditions have to
be applied for solving the microscopic problem. Therefore,
the Hill-Mandel condition [16], which demands the equiva-
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Fig. 1 Macroscopic boundary
value problem and schematic
homogenization procedure at
each material point for shell
RVEs

lence of virtual work on both scales, is introduced

1

h
δεT σ = 1

V0

∫

Bm

δETS dV . (11)

V0 = lx lyh denotes the undeformed volume of the RVE,
resulting in

δεT σ = 1

A0

∫

Bm

δETS dV . (12)

Eq. (12) can be seen as the adaptation of the general form
of the Hill-Mandel condition for, in this case, the coupling
of shells and continua proposed by [4], where the aver-
age only has to be taken over the undeformed reference
area of the RVE A0 = lx ly . Furthermore, it is written in
terms of the 2. Piola-Kirchhoff stresses and Green-Lagrange
strains in accordance with [10], which is necessary in the
context of small strains but finite displacements. From Eq.
(12), three types of admissible conditions on the boundary
of the RVE ∂Bm can be extracted, see e.g. [34, 40]; linear
displacement, uniform traction and periodic boundary con-
ditions. While the former two yield upper and lower bounds
of the effective material properties, the latter is known to be
well suited for obtaining good approximations, even for non-
periodicmicrostructures. In the following, periodic boundary
conditions are briefly discussed with special focus on the dif-
ficulties that arise in the framework for shells.

We denote two opposing lateral surfaces of the RVE, cor-
responding to the surfaces perpendicular to the xy-plane,
with (·)+ and (·)−, respectively. While the top and bottom
surfaces have to remain free of traction according to the equi-
librium assumptions made on the macroscale, the periodic

displacements on the lateral surfaces are defined via

u+ = u− + Ē�Xm, �Xm = X+ − X−, (13)

with Ē being the average strain tensor [11]. Considering the
relations

Ē11 = ε11 + zκ11

Ē22 = ε22 + zκ22

Ē33 = 0

Ē12 = Ē21 = ε12 + zκ12

2Ē13 = 2Ē31 = γ1

2Ē23 = 2Ē32 = γ2

(14)

Eq. (13) can be expressed with the vector of shell strains

u+ = u− + A(�x,�y, z) ε (15)

with

A =
⎡
⎣

�x 0 1
2�y �x z 0 1

2�y z 0 0
0 �y 1

2�x 0 �y z 1
2�x z 0 0

0 0 0 0 0 0 �x �y

⎤
⎦ . (16)

The relationship u+ = u− is enforced with a master slave
approach by defining appropriate constraints, whereas in-
plane displacements are linked in a symmetric and out of
plane displacements in an anti-symmetric matter regarding
the in-plane coordinates x and y.

An issue that arises when dealing with periodic bound-
ary conditions for shell RVEs is the length dependency of
the homogenized shear stiffness, regarding the choice of lx
and ly . This is due to the fact, that imposing a pure shear
strain γα on the RVE does not result in pure shear stresses,
but also yields an undesired linear momentum distribution.
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An in-depth discussion for beams can be found in [21],
where furthermore an approach is presented via a definition
of constraints, enforcing vanishing linear bending moment
distributions in an integral sense. We here take advantage of
the method proposed in [11], where the constraints are for-
mulated for shell structures. For example, in order to enforce
a constant bending moment mx on the RVE, the constraint
reads
∫
x

∫
y
mxκxdydx = 0 , (17)

which, assuming a linear curvature κx , only vanishes if
mx = const. throughout the reference surface of the RVE.
The constraints, which are enforced by a Lagrangemultiplier
approach, circumvent the remedy of the length dependency
of the effective shear stiffness and prevent pure rigid body
deformation when imposing a pure shear strain. Within a
numerical treatment, this leads to additional degrees of free-
dom on the microscale, the Lagrange parameters, which are
summarized in the vector λ. In the following sections, peri-
odic boundary conditions with the additional constraints will
be used on the RVE.

2.3 Numerical homogenization for shell RVEs

Having formulated the necessary equations for solving the
boundary value problem, the aim is to extract the average
stress field and effective material tangent from the micro
problem numerically, following the approach in [11], which
is referred to for details, e.g. on the numerical treatment of the
Lagrange parameters. Taking advantage of the finite element
method, the microscale is discretized into finite domains

Bm ≈ Bh =
N⋃

e=1

Be , (18)

with N being the maximum number of elements used on
the microscale. A standard displacement-based formulation,
with 27-, or 64-node solid elements is used for the interpola-
tion of the displacement field. We once again take advantage
of Eq. (12) by linearizing both sides of the equation

δεT (D�ε + σ ) =
1

A0

∫

Bm

δETC�E + �δETS + δETS dV . (19)

Inserting the ansatz for the displacements and virtual dis-
placements into the right-hand side of Eq. (19) yields

δεT (D�ε + σ ) = 1

A0

N∑
e=1

δvTe (ke�ve + fe) , (20)

with ve being the microscopic element nodal displacement
vector, ke the element tangent stiffness matrix, and fe the
element residual vector. V,K, and F will later on denote
their assembled global counterparts, respectively. In the fol-
lowing, the aim is to reformulate the right hand side of Eq.
(20) such that the desired macroscopic quantities σ and D
can be determined by comparison of coefficients. Therefore,
the element displacement vector is divided into contributions
resulting from the prescribed shell strains of the macroscale
ε and the generalized displacement vector V

ve = Aeε + aeV . (21)

Hereby, ae denotes a standard assembly matrix and Ae is
specified in [11], based on Eq. (16). For elements which are
not located on the boundary of the RVE, the contribution
Aeε does not exist. Analogously, the linearized and virtual
quantities follow as

δve = [Ae, ae]
[

δε

δV

]
, �ve = [Ae, ae]

[
�ε

�V

]
. (22)

Inserting the relations (22) into the right hand side of Eq. (20)
yields

δεT (D�ε + σ ) =
1

A0

[
δV
δε

]T {[
K11 K12

K21 K22

] [
�V
�ε

] [
F1

F2

]}
,

(23)

with the modified submatrices

K11 =
N∑

e=1

aTe keae , K12 = KT
21,

K21 =
N∑

e=1

aTe keAe , K22 =
N∑

e=1

AT
e keAe

(24)

and residuals

F1 =
N∑

e=1

aTe fe , F2 =
N∑

e=1

AT
e fe . (25)

Through static condensation,�V can be eliminated from the
system of equations using

�V = −K−1
11 (F1 + K12�ε) , (26)

which reduces Eq. (23) to

δεT (D�ε + σ ) = 1

A0

[
(K22 − K21K

−1
11 K12)�ε

+F2 − K21K
−1
11 F1

]
.

(27)

123



Computational Mechanics

From Eq. (27), one can extract the averaged stress resultants
and effective material matrix by comparison of coefficients
from the microscale

σ = 1

A0
(F2 − K21K

−1
11 F1),

D = 1

A0
(K22 − K21K

−1
11 K12) .

(28)

Within a multiscale framework, often referred to as FE2, the
above derived homogenization process is usually performed
at each macroscopic integration point, leading to a coupled
boundary value problem. The shell strains are necessary for
solving themicroscopic boundary value problemyielding the
effective quantities, which then enter the macroscopic ele-
ment tangent stiffness matrix and residual. Since the micro
problems are decoupled, they can be solved individually in
parallel. The whole system is solved iteratively with a New-
ton scheme, either simultaneously orwithin a nested iteration
[10].

In the linear case, only a single calculation has to be done
on one RVE within a preprocessing, yielding the effective
material matrix D, with which one can calculate the aver-
aged stress resultants σ = Dε, without having to solve the
micro problem again. Nevertheless, the method encounters
its bottleneck as soon as path dependent material laws, e.g.,
elastoplasticity or viscoelasticity, are considered. Depending
on the complexity of the microstructure, the computational
effort for solving themicro problems at each integration point
usually outweighs the numerical advantages of shell elements
when compared to a classic single scale approach using stan-
dard solid elements.

In the following section, an alternative approach is there-
fore introduced, combining the advantages of shell elements
with a feasible way of obtaining the homogenized quantities
for viscoelasticmaterial behavior by using an artificial neural
network.

3 Feed forward neural networkmodel for
viscoelastic materials

In order to surpass the time-consuming process of solving
the microscopic boundary value problem at each macro-
scopic integration point, the next section is dedicated to the
derivation of a suitable surrogate model. Here, an artificial
neural network will be used for the approximation of the
effective viscoelastic material behavior of the multi-phased
microstructure. The key idea is to derive a mapping

f (x) : x 
→ σ , (29)

where one obtains the averaged shell stress resultants from a
given vector x, which needs to contain the necessary informa-
tion for a distinct mapping of f (x). While Sect. 3.1 and 3.2
focus on general ANN formalism concerning mapping and
the training process, Sect. 3.3 will focus on the application
to viscoelastic material modeling. All of the following for-
malisms have been implemented in Matlab [43].

3.1 General ANN definitions andmapping

We define an ANN as a mapping

f (x;w) : x 
→ z , (30)

with the input vector x ∈ R
ni , the output vector z ∈ R

m

and the vector w ∈ R
nw containing the weights, i.e., the free

parameters of the function. ni and m refers to the maximum
number of input and output variables, respectively, and nw

denotes the maximum number of weights in the network.
As ANN type, a standard feed forward neural network is
used. For details on the mapping process, see appendix A in
[48]. The goal is to determine a set of weights, such that a
predefined error function E(xk;w) is minimized:

min E(xk;w) w.r.t. w , (31)

where xk denotes the input vector of a given data set con-
taining k = 1, . . . , P data samples taken from a sampling
space �. The corresponding target values of the data set for
a given input vector xk is referred to as tk . The generation
of data samples will be discussed in Sect. 4. As the objective
error function, we define

E(xk;w) = 1

2P

P∑
k=1

m∑
j=1

(zk j (xk;w) − tk j )
2 , (32)

where one aims to minimize the difference between the out-
put of the neural network and the target value from a given
data set in a mean squared sense.

3.2 ANN training process

As Eq. (31) poses a classic minimization problem, one can
resort to a wide range of first and second order methods,
which deal with the issue of finding the minima of a func-
tion defined in a high dimensional space. The probably most
renown first order method is the gradient descent, which
updates the weights of the ANN in each iteration step p by
the rule

wp+1 = wp − η g . (33)
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Hereby

g := ∇wE(w) (34)

denotes the gradient of the error function E(w), which is
calculated via the backpropagation method [39], and η a
is scalar valued factor controlling the step size within the
update scheme, oftentimes also referred to as learning rate.
An improved version of the steepest descent algorithm is
the Adam optimizer [20], which is suited for networks with
a large number of degrees of freedom, so called deep neu-
ral networks. On the contrary, for smaller to moderate sized
networks, second order schemes such as the Levenberg-
Marquardt method [12] have shown to be more efficient,
following the update rule

wp+1 = wp + (H + μI)−1 g . (35)

Here, μ is a damping parameter and

H := ∇2
wE(w) (36)

denotes the Hessian of the error function, which within the
method is approximated by using only first order derivatives,
see [30] and [31].Regardless of the choice of the optimization
scheme, the finding of a satisfying minimum is referred to as
neural network training. Therefore, the data set P is usually
split into two subsets

P = PTrain ∪ PTest, PTrain ∩ PTest = ∅ , (37)

where PTrain is taken for solving the optimization problem
and PTest is used for monitoring the generalization abilities
of the network when it is applied to unknown data. Equiv-
alently, the error function given by Eq. (32) can be defined
with respect to the training ETrain and testing ETest sam-
ples, respectively. The calculation of the error function for
the training set and the computation of the weight update
is referred to as a training epoch. In general, neural net-
work training consists of multiple epochs until a user defined
termination criterion is reached. Later, either a number of
maximum training epochs, or if the average change of the
normalized training error over five epochs is smaller than
10−6, will be specified as termination criterions.

3.3 ANN details for viscoelastic material models

The key feature in deriving amaterial model when using neu-
ral networks in general is the definition of suitable input and
output vectors. In case of path dependency, appropriate inter-
nal variables have to be identified in order to approximate
the material behavior, since a network architecture without a
priori defined recurrence is used. For an in-depth discussion

of input variables for rate independent plasticity, especially
concerning history variables, the reader is referred to [49,
50].

Similarly to classic rheological models, it is crucial to
identify the underlying effects when observing the material
specific deformation behavior and to define the input vari-
ables accordingly. For material modeling, we consider ANN
input vectors of the generic type

x =

⎡
⎢⎢⎣

ε̂

h
T
p

⎤
⎥⎥⎦ (38)

with the generalized input variables:

• ε̂ refers to strain type variables, e.g., εn+1, εn or the
current strain increment �εn+1 = εn+1 −εn , where n is
the previous and n+ 1 the current time-, or loading-step,
respectively.

• h is the vector containing history variables, e.g., the last
stress state σ n or the maximum strain norm reached
||ε||max .

• T are scalar valued time variables, e.g., the current time
tn+1 or time step �tn+1 = tn+1 − tn .

• p are other, non-strain relatedparameters of theRVE, e.g.,
geometric features or material parameters of a certain
phase.

While we assume that the variables ε̂, h and T are suffi-
cient, if defined properly, to capture the effective material
behavior, the convenience when using ANNs as a surrogate
modelwithin amultiscale scheme is clearly displayedwhen it
comes to the non-strain parameters p. Here, one could define
arbitrary features of the RVE, e.g., the volume fraction of a
phase in an RVE, the size of an inclusion or the height of a
certain layer as additional input parameters. This, of course,
also increases the dimensionality and complexity of themate-
rial function to be approximated, necessitating larger ANN
architectures and additional training data.

As viscoelastic materials exhibit path and strain rate
dependency, the variables ε̂, h and T always have to be con-
sidered, while p is optional. We therefore define the input
vector of the ANN

x :=

⎡
⎢⎢⎣

�εn+1

εn
σ n

�tn+1

⎤
⎥⎥⎦ , (39)

where the vector of shell stress resultants σ n of the last equi-
librium point is chosen as history variable. Other types of
input variable combinations have been studied with the con-

123



Computational Mechanics

Fig. 2 Graphical illustration of the fully connected feed forward neural
network with input and output variables used for modeling viscoelastic
material behavior

clusion that Eq. (39) yields the best results. In the general
three-dimensional case for shell elements and without addi-
tional parameters p, the input vector consists of 25 input
variables, considering the definitions (2) and (3).

The output vector on the other hand is straightforward, as
we define the current stress as the desired output of the neural
network, which consists of eight components

z = σ n+1 . (40)

A possible alternative approach would be the definition of
the current stress increment as output, which will not be fur-
ther discussed here. Consequently, the ANN material matrix
DANN can be derived by

DANN = ∂σ n+1

∂εn+1
= ∂σ n+1

∂�εn+1

∂�εn+1

∂εn+1︸ ︷︷ ︸
1

= ∂σ n+1

∂�εn+1
,

(41)

which requires the computation of derivative components
∂z j/∂xi , see appendix B of [48]. Having defined the map-
ping, in the next section the generation of data samples for
the training of the ANN is discussed.

4 Viscoelastic ANN training

Besides having to choose suitable input and output variables
and an optimal topology of neurons in between, another
essential feature for constructing a neural network mate-
rial model is having an appropriate data set, containing the
necessary information for the ANN to extract the main fea-
tures characterizing thematerial behavior.Whendealingwith
experimental data, this can pose a serious drawback, as data is

Fig. 3 Layered shell RVE with phase 1 (elastic material) and phase 2
(viscoelastic material)

often limited andmultiaxial material tests aremostly difficult
to realize. For a discussion on these issues and possible solu-
tions in the context of ANN material modeling, the reader is
referred to [48] and [49]. In the context of multiscale mod-
eling though, unlimited data is available, since the material
tests are performed synthetically within a numerical frame-
work.1 Nevertheless, for the sake of feasibility, the aim is to
generate as little samples as possible, but as much as neces-
sary.

The general procedure for developing an ANN material
model for the effective constitutive behavior of a shell RVE
with viscoelastic propertieswill be discussed in the following
for a layeredRVEconsisting of two phases as shown in Fig. 3.
It can, of course, be applied to arbitrary microstructures as
will be shown in Sect. 6. Without further specification, for
now, the RVE consists of two phases, an elastic bottom and
top layer referred to as Phase 1 with associated height h1,
and a viscoelastic core labeled Phase 2 and height h2, respec-
tively. We assume the material behavior for both phases to be
linear and isotropic. As one of the phases inhibits viscoelas-
tic properties, the overall effective material behavior will be
time and history dependent as well.

The following steps have to be undertaken for the exem-
plary shell RVE in order to develop a surrogate model for the
effective material behavior:

1. Generate explicit strain (-stress) time paths for identifying
the viscoelastic properties,

2. Choose appropriate sampling space limits for the relevant
input variables,

3. Perform synthetic material tests on the RVE to obtain the
effective quantities and transform samples according to
the definition of the ANN input vector,

4. Train- and validate the ANN material model.

1 On a side note, the whole viscoelastic ANN framework described
within this work can of course also be applied to experimental data.
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Fig. 4 Explicit time paths for viscoelastic ANN sampling (from top to
bottom): relaxation test, cyclic loading and creep test

4.1 Generation of explicit time paths

In contrast to classical sampling approaches for feed forward
ANNs, it would not be feasible to take the input variables in
the defined form (39), define boundaries of the input space�

and sample, e.g. randomly, within the space. As viscoelastic
materials exhibit path dependency, it is necessary to generate
the samples from a given path. Therefore, explicit strain-time
paths

{ε0, t0} → {ε1, t1} → . . . → {εn, tn} → . . . → {εT , tT }
(42)

or, alternatively in the case of stress-controlled sampling,
stress-time paths

{σ 0, t0} → {σ 1, t1} → . . . → {σ n, tn} → . . . → {σ T , tT }
(43)

are defined. The basic solution, being the effective shell stress
resultant in the case of Eq. (42) and the average shell strains in
the case of Eq. (43), is calculated on the RVE as described in
Sect. 2.3 and the samples are transformed to the incremental
form (39), including the history variables. As explicit time
paths, we consider three different types of paths, depicted for
the one-dimensional case in Fig. 4.

The paths are chosen in accordance with loading condi-
tions that are known from experimental setups to identify the
viscoelastic properties. The paths are:

• Relaxation test: ε(t > 0) = ε̄

• Cyclic loading: ε(t) = ε̄ sin(�t)

• Creep test: σ(t > 0) = σ̄

The paths can either be described as uniaxial tests on the
RVE, to which we will restrict the training paths, but can
of course also be done multiaxially, which is important for
the test data, as the ANN is supposed to be applied as a
general 3D material model. The synthetic material tests will
be described in detail in Sect. 4.3.

From the neural network perspective, the relaxation test
provides the important information that zero strain rates ε̇ =
�ε/�t = 0 can result in a change of stress over time σ̇ =
�σ/�t �= 0. The cyclic loading is suited for covering a wide
range of strain increments, whereas the relaxation test only
contains a single strain increment unequal zero, if the loading
is done within a single time step. Lastly, the creep test yields
the input combination, for which the network is supposed to
produce a constant stress response.

4.2 Choice of appropriate sampling space limits

For each of the previously defined paths, the variables noted
with ε̄ and σ̄ , as well as the test duration T , must be pre-
scribed.While the former two are input variables of theANN,
the latter is not, but the time increment �t used to discretize
the path is. Starting with the sampling space limits for the
strains, generally the assumption

||E|| < 0.03 (44)

holds for small strains. A specialty for the case when shell
strains are used as input, is the fact that the curvatures καβ

depend on the geometry of the RVE. Keeping in mind the
relation from Eq. (14) and furthermore only using uniaxial
training paths, one can restrict the curvatures to

|καβ | <
0.03

zmax
, (45)

where zmax = h/2 depends on the height of the RVE. For
the lower and upper limits of the time increments, �t̄min

and �t̄max , it is on the other hand more difficult to deter-
mine suitable boundaries. As the feed forward ANN usually
does not inhibit any reasonable extrapolation capabilities,
the surrogate model will only yield results for time incre-
ments chosen within the training space. Therefore, currently
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Fig. 5 Exemplary relaxation response of a layered RVE to a macro-
scopically prescribed shell strain and adequate choice of equidistant
time steps until the equilibrium stress is reached

the relaxation behavior of one uniaxial relaxation test, e.g.
prescribed ε11, on the RVE is observed, until a converged
solution with respect to the resulting equilibrium shell stress
resultant, here n11∞ , is reached. The time needed for reaching
the equilibrium stress can afterwards be discretized into ade-
quate time steps and subsequently, upper and lower bounds
are defined. It is noted, that the efficiency of the sampling
strategy could be further improved by adaptively choosing
the time step size, e.g., by using larger time steps within
regions of the time domain, where a lower resolution of the
signal is sufficient.

As exemplary depicted in Fig. 5, for a prescribed constant
strain ε̄11 the equilibrium stress is reached after ≈ 300 s.
Consequently, within numerical simulations where the mate-
rial model will be later used, a suitable time step could be
�t̄ = 10 s and the boundaries could be set to�t̄ ∈ [5s, 15s].
Furthermore, the period for reaching the equilibrium stress
can also be used to define the duration

of the test T . Likewise, one needs to define appropriate
stresses σ̄ for the creep tests, ensuring the resulting strains
remain within the limits defined in Eq. (44).

As it would not be feasible to prescribe each strain path
individually, the paths are defined in a bunch. For example,
a bunch n paths of uniaxial relaxation tests with a prescribed
membrane strain component ε̄11 is defined as

n paths,�t̄min,�t̄max , Tmin, Tmax , εmin, εmin, ε̄11 (46)

where the limits of the values denoted with (. . .)min and
(. . .)max are chosen as discussed previously. In between
the limits, the values are sampled via the Latin hypercube
method.

4.3 Synthetic material tests and sample
transformation

After having discussed the choice of explicit time paths,
the remaining open question is in what way to prescribe the
strain components. For example, one could prescribe one
strain component and set the others to zero. This on the other
hand would not cover a wide range of different input com-
binations. Therefore, in analogy to experimental testing, the
paths are applied via synthetic material tests, meaning uni-
, or multiaxial tension and compression tests, where within
a Newton iteration scheme, the nonzero strain components
are calculated. Since we currently limit ourselves to linear
constitutive laws on the RVE, the solution within the New-
ton iteration is always acquired within one iteration step. The
loading can either be done strain-controlled for the relaxation
test and cyclic loading, or stress controlled for creep tests. For
the exemplary shell RVE, this procedure is depicted in Fig. 6
for uniaxial strain-controlled sampling. As the RVE is sym-
metrically layered with the midsurface as chosen reference
surface, the effective material matrix consequently reads

D =
⎡
⎣
Dm 0 0
0 Db 0
0 0 Ds

⎤
⎦ , (47)

indicating that there is no coupling between the membrane
and bending components. The prescribed strain components
yield reaction forces unequal zero in the corresponding direc-
tion,whereas the other strain components are calculated from
the assumption that the remaining reaction forces vanish.

Having described all necessary steps to generate the
samples, lastly the samples have to be transformed to the
incremental form (39). After each converged iteration step,
the strain and time increments, as well as the ANN history
variables, are calculated.

4.4 Application to a viscoelastic RVE

4.4.1 Geometric andmaterial parameters of the RVE

In the following, the previously described sampling proce-
dure is applied to the layered shell RVE to train a neural
network surrogate model. For the numerical homogeniza-
tion procedure, each layer is discretized with two 27-node
solid elements based on a displacement formulation. Periodic
boundary conditions are applied for imposing the average
shell strain field as described in Sect. 2.2, and five Lagrange
parameters are defined as additional degrees of freedom for
each element. For further details on the number of Lagrange
parameters used, the reader is referred to [11]. Asmentioned,
the top and bottom layer are chosen to be linear elastic while
the core is described with a linear viscoelastic constitutive
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Table 1 Material parameters for
each phase and geometry of the
layered shell RVE

Phase Initial modulus Poisson ratio Shear parameter Relaxation time Height
i E0 [N/mm2] ν0 [−] μ1 [−] τ1 [s] hi [mm]
1 6850 0.2 – – 2

2 2600 0.3 0.9 33.33 16

Fig. 6 Uniaxial synthetic
material testing of a layered
RVE; one shell strain component
denoted with ( ¯. . .) is prescribed,
whereas the remaining
components, which depend on
the underlying microstructure,
are calculated from the uniaxial
equilibrium assumption

Table 2 Overview of ANNs and
their underlying training data

Name Topology No. of uniaxial paths per strain component Resulting

Relaxation tests Cyclic loading Creep tests Data points

ANN5 25-60-8 5 5 5 2601

ANN10 25-60-60-8 10 10 10 5415

ANN20 25-80-80-8 20 20 20 10682

relation. The geometrical and material parameters of the two
phases are given in Table 1. For modeling the viscoelastic
phase, a generalized three-dimensional Maxwell model with

E0 = E∞ +
M∑
n

En, τn = ηn

En
(48)

is used, see Fig. 7. M denotes the number of Maxwell ele-
ments connected in parallel. In the following example, a
simple model with only one Maxwell element will be used,
i.e., M = 1. For details on the theoretical background and
numerical implementation, the reader is referred to [17]. In
accordance with observations made for many materials, we
assume that only the deviatoric strain components yield a vis-
coelastic response, while the volumetric strain components
are fully elastic. Therefore, the normalized function, with

G0 = E0

2(1 + ν0)
, (49)

Fig. 7 Schematic illustration of the generalized Maxwell model: one
spring element in parallelwith an arbitrary number ofMaxwell elements

is written in terms of the normalized shear parameters μn of
each Maxwell element

μn = Gn

G0
, n = 1, . . . , M . (50)

Table 3 Overview of generated
test paths on the RVE; for the
sake of feasibility units are
neglected

No Test type Test method Prescribed component Component values �t T

1 Cyclic Uniaxial ε̄11 0.01 8 300

2 Creep Uniaxial m̄11 100 8 300

3 Relaxation Uniaxial q̄1 0.01 8 300

4 Cyclic Biaxial ε̄11,ε̄22 0.01, 0.01 8 300

5 Creep Biaxial m̄11,m̄22 100, 100 8 300

6 Relaxation Biaxial q̄1, q̄2 0.01, 0.01 8 300
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4.4.2 Training of the ANN surrogate model

To generate training data for the ANN, only uniaxial strain-
controlled relaxation, strain-controlled cyclic loading and
stress-controlled creep tests are performed on the previ-
ously described RVE. The prescribed membrane and shear
strains are restricted to εαβ, γα ∈ [−0.03, 0.03]. Keeping in
mind relation (45), the curvatures can be considered small
for values less than ±3 · 10−3/mm, but will actually be
restricted to καβ ∈ [−3.0 · 10−4/mm, 3.0 · 10−4/mm] to not
yield unnecessary large bending moments compared to the
membrane shell stress resultants. For the stress controlled
creep tests, the following input space for the shell stress
resultants is chosen: n11, n22 ∈ [−100 N/mm, 100 N/mm],
n12, q1, q2 ∈ [−50 N/mm, 50 N/mm] andm11,m22,m12 ∈
[−2000 Nmm/mm, 2000 Nmm/mm]. The boundaries for
the increments are set to �t ∈ [5 s, 15 s] and all tests are
performed over a time span of T = 300 s. Within the ran-
domly chosen time span, the cyclic loading is done for a
minimum of one, but at maximum for two full periods to
eliminate unnecessary sample repetitions.

Three different ANNs will be investigated in the follow-
ing, which differ in topology and in the number of used
training samples. The ANN is referred to as ANNn paths ,
with n paths being the number of uniaxial relaxation, cyclic
and creep paths randomly generated for each strain compo-
nent. The ANNs are trained multiple times on data sets with
n paths = 5, 10, 20. An overview of the ANNs and the under-
lying data can be found in Table 2. All ANNs are trained
with the Levenberg-Marquard method with an initial damp-
ing parameter μ = 0.0001 until convergence in the error
function is reached or until amaximumof 500 epochs,which,
due to the nature of the second-order scheme, is completely
sufficient to train feasible networks.

To investigate the generalization capabilities of the trained
networks, in addition to the training data, further tests on
the RVE are performed to generate test data. Each network
receives three uniaxial as well as three biaxial time paths,
where the choice of the prescribed component as well as
the test type is arbitrary. The capability of capturing general
strain–stress states will be investigated in Sect. 6 within the
numerical examples. The data for the test paths is summa-
rized inTable 3. It is noted, that the uni- and biaxial creep tests
with path No. 2 and 5 are not performed stress-controlled,
but strain-controlled with the resulting strains that are sam-
pled from the RVE. Therefore, the ANN has to yield the
prescribed constant stress, which furthermore means, that no
Newton iteration is necessary. Within this approach, the loss
function does not have to bemodified, which is defined in the
output values of the ANN. Alternatively, one could perform
stress controlled tests on the ANN and introduce a second
loss term, which is defined as the mean squared difference

between the creep strains from the RVE and the strains cal-
culated within a Newton scheme with the ANN.

4.4.3 Results and discussion

The performances of the three purely data based ANNs on
the chosen test paths is depicted in Fig. 8. As one would
expect, all ANNs perform well on the known uniaxial tests,
which are part of the training data. For the cyclic loading and
relaxation test, ANN5 is already sufficient to achieve good
accuracy with respect to the reference data. Nevertheless, for
satisfyingly reproducing the uniaxial pseudo creep test, more
data is necessary as only ANN20 can replicate the desired
constant response.

In the focus of interest though is especially the ability
of the ANNs to capture the biaxial behavior, which is only
indirectly known from the training data. For example, a uni-
axial tension test with prescribed component ε̄11 on the RVE
results in a contraction strain ε22 for the layered RVE. A
biaxial tension test, as performed in test path No. 4, is there-
fore within the boundaries of the input space, but component
wise in a region where no training data is available. Further-
more, for the chosen microstructure, the shear component of
the material matrix Ds is only populated on the main diago-
nal, which decouples the shear stresses q1 and q2. Therefore,
the biaxial relaxation test in test path No. 6 is completely
unknown to the ANN for the given input combination. Nev-
ertheless, as one can clearly see from the results in Fig. 8,
it is possible to not only qualitatively capture the biaxial
response with the ANNwhen trained only with uniaxial data,
but to achieve very good results when using enough sam-
ples. It should be noted though, that multiple training runs
were performed, whereas only the best ANNs are shown. The
varying results for different training runs will be discussed
in Sect. 5.4. Even with enough data, only about one out of
five ANNs yielded good training results and low test errors.

As it is not guaranteed that purely data-based training is
a well posed optimization problem, in the following section
the training is further enhanced by adding constraints. The
motivation is not only to stabilize the training process, but
also to reduce the number of necessary data samples, e.g., for
the ANN20, 10862 effective stress responses were calculated
on the RVE. Consequently, the computation time for more
complexmicrostructures increases, and therefore the time for
gathering the training data, which can be drastically reduced
by including additional physical information.

5 Training enhancement via derivative
constraints

When recapping the derivation of the numerical homogeniza-
tion scheme for shell RVEs in Sect. 2.3, one should notice that
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Fig. 8 Results of the three purely data based ANNs for uniaxial and biaxial material tests. Uniaxial material tests are depicted in path No. 1-3,
while path No. 4-6 show the results for biaxial testing

until now, only the shell stress resultants were used for the
training process of the neural network. So far, the information
of the homogenized material matrix D has been neglected,
which is referred to as purely data-based training, as the error
function is only defined in the primary outputs of the neural
network. The following section is dedicated to enhancing the
training process by including derivative information, which
is formally known as Sobolev training, first introduced for
deep neural networks in [6]. Therefore, we briefly motivate

constraint neural network training in general, before specif-
ically discussing Sobolev training and lastly demonstrating
its effectiveness at the material point level.

5.1 ANN training as a constraint optimization
problem

To include constraint information into the neural network
training process, we follow the approach already discussed
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in [48], where the framework was introduced in the context
of hyperelastic material modeling, with application to exper-
imental data.We continue to use the sameANN feed forward
architecture, but enhance the error function (32) via

E(w) = EData(xk;w) + EC (xCk ;w) . (51)

Here, EData(xk;w) refers to the conventional neural network
error term between theANNoutput and the target values, and
EC (xCk ;w) is an additional error term, which is evaluated on
a separate set of constraint samples xCk ∈ PC . Depending on
the underlying problem, two distinctions for the constraint
samples xCk can be made

xCk ∈ PC , PC ⊆ P , (52)

or

xCk ∈ PC , PC ∪ P = ∅ . (53)

Eq. (53) is especially useful when dealing with sparse
data, e.g., in the context of ANN material modeling with
underlying experimental input–output measurements. The
constraints can be formulated on a separate subset of con-
straint samples, ideally in regions of the input space with
missing data, to enforce physical restrictions, stabilize the
training process or improve the ANN generalization abili-
ties. In the context of acquiring data via a numerical scheme
on the other hand, it would not be feasible to define a sepa-
rate subset, so consequently, the set of constraint samples is
always a real subset of the set of data samples P .

In order to apply the same methods for the ANN training
as described in Sect. 3.2 by minimizing the overall error in a
mean squared sense with respect to both terms, we introduce
the equality equation

h(xCk ;w) = 0, h ∈ R
neq , (54)

where neq refers to the number of equality constraints. The
constraint is enforced via a classical penalty approach

EC (w; xCk ) = λ̄

2
(h(xCk ;w))2 (55)

leading to an unconstrained optimization problem. λ̄ denotes
the scalar penalty parameter, not to be confused with the
vector of Lagrange parameters λ introduced in Sect. 2.2. For
further details and an in-depth discussion on constraint neural
network training, the reader is referred to [48]. For the neural
network training, depending on the chosen training method,
either the gradient of the enhanced error function

∇wE(w) = ∇wE
Data(xk;w) + ∇wE

C (xCk ;w) (56)

or, for second order schemes, the Hessian2

∇2
wE(w) = ∇2

wE
Data(xk;w) + ∇2

wE
C (xCk ;w) (57)

has to be calculated.

5.2 Formulation of the derivative constraint

To include the derivative information of the underlying prob-
lem into the neural network training, the equality constraint
(54) takes the following form

hk, j i = ∂z j (xCk ;w)

∂x�εi

− Dji (xCk ),

{
j = 1, . . . , 8
i = 1, . . . , 8 .

(58)

Each input sample xCk therefore yields 64 additional equal-
ity constraints. It is well known, that a transformation of the
input and output vectors of the ANN from a physical to a nor-
malized training space, e.g. setting the boundaries between
[−1, 1], improves the convergence behavior, see e.g. [27].
Therefore, a linear transformation of the form

x̂i = (xi − mxi/sxi ), i = 1, . . . , ni (59)

ẑ j = (z j − mzj/sz j ), j = 1, . . . ,m (60)

is used here. Hence, the relationship between the physical
and transformed network derivatives

∂z j
∂xi

=
(
sz j
sxi

)
∂ ẑ j
∂ x̂i

(61)

can be inserted in Eq. (58) yielding

ĥk, j i =
(
sz j
sxi

)
∂ ẑ j (xCk ;w)

∂ x̂�εi

− Dji (xCk ), (62)

which can be rewritten as

ĥk, j i = ∂ ẑ j (xCk ;w)

∂ x̂�εi

−
(
sxi
sz j

)
Dji (xCk )

︸ ︷︷ ︸
D̂ ji

. (63)

The main essential arising from Eq. (63) is the fact, that the
constraint can be enforced in the normalized training space,
thus, the remedy of unbalanced error terms, as discussed,
e.g., for the symmetry constraint of the material tangent in
[48], does not occur. As a result, the penalty parameter is
typically set to λ̄ = 1, which equally balances the influence

2 Usually, the second order derivatives ∂2E/∂w2
i j are not explicitly

calculated but approximated for neural network training, e.g.H = JT J
within the Levenberg-Marquardt scheme, J denoting the Jacobian.

123



Computational Mechanics

of data and constraints within the training process. With Eq.
(63), the normalized constrained error term reads

ÊC (xCk ;w) = λ̄

2PC

PC∑
k=1

m∑
j=1

ni∑
i=1

ĥ2k, j i . (64)

Consequently, for the quantities in Eq. (56) and Eq. (57), one
needs to derive the derivative components ∂z j/(∂xi∂wrs).
An analytical algorithmic derivation of the derivative com-
ponents is given in Appendix B of [48]. A short remark on
the use of Sobolev constraints for the ANN training with the
Levenberg-Marquardt method is given in Appendix A of this
paper.

5.3 Remarks on the physical interpretation of
derivative constraints

For a purely hyperelastic material, enforcing the derivative
constraints can be interpreted as weakly enforcing conser-
vation of the free energy ψ [48], which is equivalent to the
major symmetry of the material tangent

∂2ψ

∂E2 = C = CT . (65)

For elastic materials, the rate of dissipation Ḋ is always
equal to zero. For isothermal viscoelastic materials though,
an important requirement is the fulfillment of the Clausius-
Duhem inequality

Ḋ = S : Ė − ψ̇ ≥= 0. (66)

Therefore, for rate dependent materials, the enforcement of
the derivative entries as done in Sect. 5.2 is not sufficient
for thermodynamic consistency and therefore poses a draw-
back of the ANN material model developed here. It does
though weakly enforce the positive definiteness of the mate-
rial tangent and allows for the use of symmetric finite element
formulations. Approaches, where physical restrictions for
inelastic materials are incorporated into the ANN material
model can be found, e.g., in [49], where additional con-
straints are formulated for rate independent plasticity, or [38]
where the neural network model is formulated based on two
independent potentials and is therefore thermodynamically
consistent by construction. These approaches could be read-
ily incorporated within future works.

5.4 ANNmaterial tests with Sobolev constraints

In the following, the response of the neural network trained
with Sobolev constraints to the synthetic material tests is
analyzed. For this study, the performance of the only on

data trained neural network ANN20 from Sect. 4.4 and a
neural network ANNcons, which is trained on less data but
with additional constraints, is compared. For the training of
the ANNcons, only five creep, five relaxation and five cyclic
loading paths for each strain component are used, which cor-
responds to the training data of the ANN5 from Sect. 4.4.

As already mentioned in the previous section, due to the
enforcement of the constraints in the normalized training
space, for the training of the ANNcons the penalty factor is
always set to λ̄ = 1, equally balancing both error terms in
the total loss function. Studies on the number of necessary
samples xCk , where the constraints are enforced, show, that
adding more than 1000 randomly chosen samples from the
entire dataset P does not significantly improve the training
process. Conversely, no loss in accuracy is observed when
additional samples are included. The constraint is therefore
ideally suited for practical applications, since the choice of
the magnitude of the penalty parameter is technically obso-
lete, and the number of constraints simply has to be chosen
high enough.

Both networks have the same topology 25-80-80-8. Addi-
tionally, with the intention of undermining the improved
robustness of the training process when adding constraint
samples, not the results of the best trained networks are evalu-
ated, but the average performance over five training cycles on
the same data set. The only difference (randomness) within
the training process lies in theweight initialization. Averaged
quantities will be marked with an overline, e.g. ANNcons.
Additionally, the average results ± the standard deviation,
s20 and scons, for the five training cycles are computed.

The results of both ANNs on the same testing paths as
in the previous study from Table 2 are shown in Fig. 9.
Since uniaxial paths are always consistently well approxi-
mated regardless of the training cycle, only the responses of
the ANNs for the biaxial data will be discussed. Continu-
ous lines show the average response over five training runs,
while dashed lines indicate the mean values ± the standard
deviations.

When looking at the results for the purely data based
neural networks in Fig. 9, one can clearly conclude that,
depending on the initial weights, different, and not always
optimal, minima are reached within the optimization pro-
cess. Especially for the biaxial tension test, one can observe
significant variations in the results. Furthermore, the average
results do not lie on the reference solution, indicating that
the optimization problem is not well posed when only using
uniaxial training data. It is noted, that for fully converged
mean values more training runs would be necessary, which
has not been done here, since the overall aim is to develop a
well posed problem, which always results in a robust train-
ing process. The neural network with additional constraints,
on the other hand, does not only yield average results which
are in good agreement with the reference solution, but also

123



Computational Mechanics

Fig. 9 Results of the purely data based (left column) and Sobolev (right column) trained ANNs for biaxial synthetic material tests. Solid lines show
the average results over five training runs, while the dashed lines indicate the mean values ± the standard deviation

displays just low variations in the response over multiple
training cycles. As a conclusion, Sobolev training does not
only reduce the number of necessary data samples, but also
seems to lead to a much better posed optimization problem
and, consequently, a more robust training process.

In the following section, the performance of the data-based
and constraint enhanced neural networkmaterial models will

be analyzed within numerical examples. Arbitrary stress–
strain states, as well as unknown loading cases, will be
applied to fully test their generalization capabilities within
structural finite element analysis.
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6 Numerical examples

So far, all tests were done only at the material point level. As
the scope of this work is to develop an FE2 surrogate model
for challenging finite element simulations, two numerical
examples will be investigated. The first example is a layered
cylindrical shell under different loading conditions, where
the previously introduced RVE will be used. It serves the
purpose of emphasizing the feasibility of the neural network
material model within a numerical scheme, while not nec-
essarily being the ideal example for a multiscale approach,
since here a 3D solution with solid elements is computation-
ally more efficient. The second example is a more complex
RVE in order to demonstrate the potential of the method for
microstructures with increased computational time. Results
will be generated and compared with full 3D solutions, a
coupled two scale shell formulation (FE2) and a shell ele-
ment with corresponding ANN surrogate models trained on
an RVE with the according microstructure. Therefore, the
ANN material model is implemented into an extended ver-
sion of the finite element program FEAP [42]. The transfer
between the ANN training in Matlab and FEAP is done via
an input text file, which contains all the relevant information
to be read, such as how to construct the input vector of the
ANN andwhich history variables need to be processed. Shell
elements on the macroscale are based on a three-field varia-
tional formulation as originally described in [46]. Details on
the current implementation can be found in [47].

6.1 Layered cylindrical shell

For the first example, a layered cylindrical shell as depicted
in Fig. 10 is investigated. Taking advantage of the system’s
symmetry, only one quarter of the structure is modeled by
applying appropriate boundary conditions. The cylinder is
loaded at the top with a constantly distributed line load q(t),
where twodifferent loadingpatterns are considered.The shell
is loaded in the midsurface while here, for the 3D model,
the load is equally distributed on the upper and lower sur-
face. The quantity of interest is the displacement w(t) at the
corner node i in the midsurface. The shell consists of three
layers with the same geometrical and material parameters as
the RVE discussed in Sect. 4, see Fig. 3 and Table 1. The
quarter of the system is meshed with 16× 16 shell elements
in the circumferential and longitudinal direction with 2 × 2
integration points in each element.

For the 3D solution, 16×16×3 27-node solid elements are
used, with one element for each layer over the height of the
system, which is sufficient for reaching converged solutions.
In contrast to the previous studies,where only uni- andbiaxial
strain–stress states where considered, for this example arbi-
trary multiaxial states are possible. Furthermore, besides the
time paths used for generating the training data for the ANN

Fig. 10 Layered cylindrical shell with initial geometry, loading and
boundary conditions (BC.). Due to the symmetry, only one fourth of
the system is modeled

- relaxation, creep and cyclic loading - unknown loading sce-
narios, specifically a creep test with posterior unloading and
a sawtooth loading pattern, are considered.

6.1.1 Creep test with unloading

The first loading scenario is a creep test, where an initial
load q0 is applied in the first time step and held constant until
t = 350 s, followed by a complete unloading process, see
also Fig. 11

q(t) = q0 = 10 N/mm, t ∈ [10 s, 350 s]
q(t) = 0, t ∈ (350 s, 700 s] .

So far, no stress-controlled creep tests where done, as during
the tests of the ANNs on the material point level, the strains
of a synthetic creep test were the input of the ANN and the
desired output was a constant stress. Furthermore, unloading
was not included in the training data, but of course has to be
adequately approximated by the neural network. Lastly, all
explicit time paths used to generate the data were limited to
T = 300 s. As only the time increment�t is part of the input
vector, the duration of the test is in general irrelevant for the
ANN, which should be visible in the results. Both, the purely
data based ANN20 and the ANNcons will be compared to the
3D and FE2 solutions. All results are generated with a time
increment �t = 10 s.

The results for the displacement w(t) for all four models
are depicted in Fig. 11. Firstly, the 3D and themultiscale shell
solution are found to be in good agreement. Negligible differ-
ences in the displacement during the constant loading process
aremore than likely attributable to local effects resulting from
how the load is applied. Furthermore, both ANN models are
in good agreement with the FE2 solution, indicating, that the
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Fig. 11 Loading and corner displacement w(t) with respect to time for
a creep test (top) with posterior unloading and a sawtooth loading (bot-
tom) on the cylindrical shell. Results are shown for a 3D solution, as

well as a multiscale shell formulation and a shell with two ANN surro-
gate models (purely data-based and data-based with additional Sobolev
constraints)

Fig. 12 Complete deformed meshes at t = 350 s for the creep test. Full-scale 3D solution (left) and the shell + ANN model (right) scaled by a
tenfold
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Fig. 13 Fiber reinforced plate
with initial geometry, loading
and boundary conditions (BC)
as well as the underlying
microstructure (RVE). Due to
symmetry, only one quarter of
the system is modeled

purely data based, as well constrained enhanced ANN, are
well suited for structural finite element simulations. Addi-
tionally, one can observe, that even though unloading is not
part of the bunch of generated training paths, the neural net-
work is capable of adequately approximating this unknown
loading case. Lastly, extrapolating the duration of the test
does, as expected, not cause any problems for the ANNs.
The deformed meshes of the entire system for the 3D and
shell + ANN model are shown in Fig. 12 at t = 35 s, right
before unloading.

As already mentioned, from a purely computational
aspect, the system does not necessarily have to be modeled
with a multiscale approach. A full 3D solid element model
is a completely feasible solution for this problem, since the
microstructure is not very complex. Alternatively, a layered
shell formulation could be used as proposed in [23], which
is not considered here. Nevertheless, the problem reveals the
potential of a shell with a neural network surrogate model.
The computation of the entire displacement-time curve takes
over one hourwhen using a shell with anRVEat each integra-
tion point, in the computer environment used. With a neural
network surrogate model, the computation time is reduced
to less than one minute, which is similar to the computation
time of the 3D model.

Two further aspects have to be considered here: first, the
analytical material model only consists of one Maxwell ele-
ment in parallel, making it a simple viscoelastic model with
only six history variables at each integration point. Second,
the analytical model is completely linear, while the ANN is
by construction non-linear, since thematerial matrix depends
on the current strain increment DANN = DANN(�ε). There-
fore, approximately four to five iteration steps are necessary
for each loading step. Due to the reduced number of degrees
of freedoms though, the computation time is still within the
range of the 3Dmodel. A short discussion on the convergence
behavior will be done in Sect. 6.1.2.

The full potential of the ANN can therefore be exploited
for geometric and material non-linear problems and more

Table 4 Convergence of the global residual vector for the two ANN
material models at time step 46, see Fig. 11

Iteration Step Norm of residual vector ||g||
ANN20 ANNcons

1 2.67E+03 1.25E+05

2 1.36E+00 1.78E+00

3 5.00E−04 8.48E−04

4 2.27E−07 5.36E−07

5 3.80E−10 6.93E−10

6 2.99E−10 4.36E−10

complex microstructures. While the former will not be the-
matised within this work, the latter will be discussed in
Sect. 6.2.

6.1.2 Sawtooth loading

To test the ANN with a completely unknown loading path, a
sawtooth pattern is applied to the cylindrical shell. Here, q(t)
is three times linearly in- and decreased over the duration of
T = 200 s of each cycle, reaching amaximumof±10N/mm
in the first, ±5N/mm in the second and ±2.5N/mm in
the third one. The shell is completely unloaded in the last
100 s. The loading pattern and results for the displacement
are shown in Fig. 11. Once again, all models produce almost
identical solutions, which here are in even better agreement
compared to the creep test. It is assumed that incrementally
increasing and decreasing the load results in less pronounced
local effects. The example shows, that even thoughonly creep
and relaxation tests, as well as cyclic loading with constant
amplitudes are included in the training data, good approxi-
mations are reached for arbitrary paths.

Besides the results solely for the displacement, the iter-
ation behavior for both ANN material models is shown in
Table 4. The shell element used for the calculations is based
on a symmetric finite element formulation, meaning sym-
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Fig. 14 Geometry of the RVE for the fiber reinforced plate

Fig. 15 Relaxation test for the shear stress resultant on the fiber rein-
forced RVE

metry of the material matrix is assumed. Therefore, D is
symmetrized according to

DANN,sym = 1

2
(DT

ANN + DANN) . (67)

For both ANNs, the global iteration behavior within the
Newton scheme is documented at time step 46, with the norm
of the residual vector ||g|| being the quantity of interest.
Interestingly, bothANNs showquadratic convergence,which
indicates, that D is symmetric in the first place. This allows
the conclusion, that even without constraints, a well-trained
ANN with a sufficient amount of data also produces a sym-
metric material matrix. With reference to Sect. 5.4 though,
one has to keep in mind, that the constraints dramatically
reduce the number of necessary RVE training samples and
lead to a much more stable training process.

6.2 Fiber reinforced plate

In the following numerical example, the ANN is applied to a
more complex microstructure, where the full potential of the
surrogate model regarding the computational cost is demon-
strated. The example is based on structures made of fiber
reinforced polymers, where the fibers inhibit elastic and the
surrounding polymer matrix time-, and oftentimes tempera-
ture dependent, viscoelastic material behavior. Furthermore,
these structures are mostly thin and subjected to bending
dominated deformation, where shell elements are well suited
on the macroscale. The shell will be subjected to two dif-
ferent loading scenarios to compare the ANN results with
a multiscale and 3D solution, and to further investigate the
approximation capability of the ANN across different time
steps.

For the system, a quadratic plate under a surface load q0
is considered, see Fig. 13. Once again, the systems symme-
try is taken advantage of by setting appropriate boundary
conditions on the symmetry axes. The remaining edges are
simply supported, with w(z) = 0 for the 3D model. The
microstructure consists of a fiber composite laminate with a
90◦/0◦/90◦ stacking sequence, where 0◦ refers to the direc-
tion of the x−axis. The material parameters for both phases
can be found in Table 5. The parameters for the elastic phase
correspond to values which fit the typical range for glass
fibers. The fibers have a volume fraction of vF = 13%.
For the matrix, a viscoelastic polymer is chosen, which is
typically used in 3D printing processes. From underlying
experimental data3 the material parameters have been fit-
ted using a non-linear regression to a generalized Maxwell
model, leading to four Maxwell terms.

The geometric details for the RVE are depicted in Fig. 14.
It consists of 216 27-node solid elements resulting in 3175
nodes. Furthermore, periodic boundary conditions with nine
additional Lagrange parameters are set, see [11]. Once again,
a 3D model of the system serves as a reference solution,
where 27-node solid elements are used. The full-scale model
consists of twenty RVE-discretizations in x− as well as the
y−direction resulting in 86400 finite elements and approx-
imately 2.1 million degrees of freedom. Resulting from a
convergence study, for the 2D solution a mesh with 12 × 12
elements and 2×2 integration points in each element is used,
which leads to 766 degrees of freedom on the macroscale.
Two loading scenarios are applied to the plate. The quantity
of interest is the vertical displacement in the center, where
the middle node over the height is used as a reference point
for the 3D solution.

For the training of the ANN, the same steps as described
in Sect. 4 are undertaken. The sampling is limited to five

3 Data was made available to us by the Chair of Structural Analysis,
University of the Bundeswehr Munich.
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Table 5 Material parameters for
the elastic fiber and viscoelastic
matrix of the reinforced plate

Initial modulus Poisson ratio Maxwell term Shear parameter Relaxation time
E0 [kN/cm2] ν0 [−] i μi [−] τi [s]

Fiber 7300 0.18 – – –

Matrix 125 0.3 1 0.40 565

2 0.17 83

3 0.10 21

4 0.03 4

Table 6 Input space limits for the eight shell stress resultants deter-
mined from relaxation tests on the RVE

Shell stress resultant Limits of input space

n11 ∈ [−4, 4] kN/cm

n22 ∈ [−2, 2] kN/cm

n12 ∈ [−0.3, 0.3] kN/cm

m11 ∈ [−0.17, 0.17] kNcm/cm

m22 ∈ [−0.02, 0.02] kNcm/cm

m12 ∈ [−0.01, 0.01] kNcm/cm

q1 ∈ [−0.20, 0.20] kN/cm

q2 ∈ [−0.20.0.20, 4] kN/cm

uniaxial cyclic loading, relaxation and creep paths for each
strain component. For the membrane and shear strains, the
sampling space is restricted to [−0.03, 0.03] and with rela-
tionship from Eq. (45), the limits of the curvatures are
[−0.3/cm, 0.3/cm], zmax here being 0.1 cm. Furthermore,
from relaxation tests on the RVE, the limits for the prescribed
stress resultants for the creep tests and a suitable interval for
the time step and test duration are determined. An exem-
plary test is shown in Fig. 15 for the shear stress resultant
q1. An induced strain of γ1 = 0.03 yields a maximum initial
stress resultant of q1 ≈ 0.2 kN/cm2 and reaches the equi-
librium stress after about 3000 s. An analogous approach for
the remaining strain components yields the limits of the eight
shell stress resultants given in Table 6. Due to the anisotropy
of the RVE in the local 1/2 direction, in contrary to the previ-
ous example, the limits differ in the corresponding directions.

The ANN topology resembles the one of the previous
example, consisting of two hidden layers with 80 neurons
in each layer. All tests were done over the duration of
T = 3000 s and the time increments are sampled between
[50 s, 150 s], resulting in 4173 data samples. Additionally,
1000 constraint samples, enforced with a penalty factor of
λ̄ = 1 are used. For this example, no additional purely data-
based ANN, i.e., without constraints, is trained.

6.2.1 Creep Test

The first considered loading scenario is a creep test, where
the surface load q0 is applied within the first time increment

Table 7 Initial and final displacement results for the creep test

w(t = 75 s) [cm] w(t = 3000 s) [cm]
3D 7.84E-02 9.26E-02

Shell + FE2 7.51E-02 9.27E-02

Shell + ANN 7.84E-02 9.08E-02

Table 8 Relative computation times for one time-step until conver-
gence is reached

ANN FE2 3D

tre f = t/tANN 1 ≈ 100 ≈ 450

at t = 75 s and held constant until t = 3000 s. The results for
the center displacement with respect to time w(t) are shown
in Fig. 16 as well as in Tab. 7. First, the solutions for the
FE2 approach and the 3D model are in good agreement. The
calculations with the ANN are done with a time increment
�t = 75 s, which yields good results. Interestingly, the ANN
solution is in better agreement with the 3D solution for the
initial displacement and slightly underestimates the final dis-
placement at t = 3000 s. Nonetheless the error between the
ANN and the remaining models for the final displacement is
≈ 2%, which is more than feasible for a high dimensional
surrogate model based on approximation methods.

When it comes to computational times, one should be cau-
tious with quantitative statements, since, of course, this is
highly dependent on the underlying computational capac-
ity and would require to obtain the maximum computational
efficiency for each model. Fair comparisons are furthermore
difficult, since eachmethod requires individual pre- and post-
processing steps, besides the actual calculation. For example,
on the one hand, the data generation and training time for
the ANN must be considered, but on the other hand, the
meshing processes of the full-scale 3D solution are also time-
consuming. When simply comparing computation times for
the three models until convergence is reached for one time
step, the ANN shell model is in the range of a second, the FE2

approach within a couple of minutes and the 3Dmodel in the
range of several minutes, in the computer environment used.
This undermines the great potential of the proposed ANN
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Fig. 16 Center displacement with respect to time for the fiber reinforced plate under constant loading (creep test)

Fig. 17 Deformed mesh of the 3D and 2D shell + ANN solutions at t = 3000 s for the creep test, scaled by a tenfold

approach for complex and history dependent microstruc-
tures. The relative times for all three models are given in
Table 8. The quarter of the deformed 3D and 2D meshes are
depicted in Fig. 17.

6.2.2 Cyclic loading

Lastly, the behavior of the ANN for different time steps is
investigated. Therefore, a cyclic load

q(t) = q0 sin

(
4π

3000
t

)
, t ∈ [0 s, 3000 s]

is applied to the plate, leading to two complete loading and
unloading cycles. The results for the center displacement
w(t) with respect to time are shown in Fig. 18 for the FE2

shell model as well as for the shell + ANN material model.
The calculations with the ANN were done with time step
sizes �t ∈ {50, 75, 100, 125, 150}. All ANNs yield feasi-
ble approximations, which allows the conclusion that the
model is stable for different time steps. As one would expect,
�t = 50 s shows the highest deviation from the reference
solution, as it marks the lower boundary of the ANN input

space. Calculations with�t = 150 s, which marks the upper
bound of the input space, yield surprisingly good results.

7 Conclusion

In the present work, it has been shown, that artificial neural
networks have the potential of serving as a feasible surrogate
model in replacing time consuming full-scale, or multiscale
models for investigating the behavior of thinmacrostructures
with viscoelastic microstructural properties. Based on a con-
sistent homogenization scheme for the coupling of shells and
continua, effective strain–stress data was generated, which
was used for the training of a feed forward neural network.
Therefore, suitable input and output variables were defined
to capture the time and history dependency of the effec-
tive strain–stress response. An efficient sampling strategy
was developed, involving simple uniaxial synthetic material
tests on the RVE, where we have demonstrated, that this is
sufficient for the ANN to approximate arbitrary multiaxial
stress–strain states. Based on typical experimental setups for
viscoelastic materials, cyclic loading scenarios, as well as
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Fig. 18 Center displacement of
the fiber reinforced plate with
respect to time for a cyclic
loading scenario. Results are
shown for the shell + FE2 model
and the shell + ANN model by
using different time step sizes

creep and relaxations tests were performed on the RVE. To
further reduce the number of necessary data samples obtained
fromnumerical simulations on theRVE, additional constraint
samples are introduced, making use of already existing infor-
mation about the homogenized material matrix. Studies at
the material point level have revealed, that the constraints
not only reduce the number of necessary data samples, but
also lead to a more robust ANN training process.

The feasibility of the ANN surrogate model was success-
fully proven in challenging numerical examples, comparing
results to full 3D and FE2 solutions. Evidence was further
provided, that not only known loading scenarios from the
training paths were well approximated, but also unknown
paths such as unloading and sawtooth loading. Lastly, the
full potential of the method was exploited for a complex
underlying microstructure, where the use of the ANN only
requires a fracture of the computation time when compared
to the previously mentioned approaches.

In our opinion, within the framework of replacing mul-
tiscale solutions, ANNs are well suited as material models.
A great advantage is the fact of unlimited data and addi-
tional information about derivatives, which can be included
in the training process by formulating constraints. Therefore,
the extension to other history dependent material behav-
iors on the microscale is possible, e.g., plasticity, fracture,
or even geometric non-linearities, to analyze microstruc-
tural instabilities. Finally, further improvements to the ANN
architecture should be considered, e.g., by meeting thermo-
dynamic consistency as proposed in [38].

Appendix A Considering Sobolev constraints
in the Levenberg-Marquardt method

The following equations follow mainly the derivations in
[51] and are adapted accordingly to the defined Sobolev con-
straints defined in Sect. 5.With the already given relations for
the weight update within the Levenberg-Marquardt scheme

in Eq. (35)

wp+1 = wp + (H + μI)−1 g

and the definition of the constraint error term in Eq. (64)

ÊC (xCk ;w) = λ̄

2PC

PC∑
k=1

m∑
j=1

ni∑
i=1

ĥ2k, j i

it is necessary to calculate the corresponding gradient

ĝC := ∇w Ê
C (xCk ;w) (A1)

and the Hessian

ĤC := ∇2
w Ê

C (xCk ;w) (A2)

of the constrained error term. In index notation, the gradient
can be written as

ĝCr = ∂EC (xCk ;w)

∂wr
= ∂

∂wr

⎛
⎝ λ̄

2PC

PC∑
k=1

m∑
j=1

ni∑
i=1

ĥ2k, j i

⎞
⎠

= λ̄

PC

PC∑
k=1

m∑
j=1

ni∑
i=1

∂ ĥk, j i
∂wr

ĥk, j i .

(A3)

With the definition of the Jacobian

ĴC =

⎡
⎢⎢⎢⎢⎢⎢⎣

∂ ĥ1,11
∂w1

· · · ∂ ĥ1,11
∂wnw

...
. . .

...

∂ ĥ PC ,nim

∂w1
· · · ∂ ĥ PC ,nim

∂wnw

⎤
⎥⎥⎥⎥⎥⎥⎦

, (A4)
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where the calculation of terms ∂ ĥk, j i/∂wr has already been
discussed in Sect. 5.2, the gradient is expressed as

ĝC = λ̄

PC
ĴC

T
ĥ (A5)

with

ĥ =
[
ĥ1,11, . . . , ĥ PC ,nim

]T
. (A6)

Furthermore, for the calculation of the Hessian we can derive

ĤC
rs = ∂EC (xCk ;w)

∂wr∂ws

= ∂

∂wr

⎛
⎝ λ̄

PC

PC∑
k=1

m∑
j=1

ni∑
i=1

∂ ĥk, j i
∂ws

ĥk, j i

⎞
⎠

= λ̄

PC

PC∑
k=1

m∑
j=1

ni∑
i=1

∂ ĥk, j i
∂wr∂ws︸ ︷︷ ︸

≈0

ĥk, j i

+ ∂ ĥk, j i
∂wr

∂ ĥk, j i
∂ws

.

(A7)

Taking advantage of the basic assumption of the Gauss-
Newtonmethod,where higher order derivatives are neglected
as marked in Eq. (A7), what remains is

ĤC
rs = λ̄

PC

PC∑
k=1

m∑
j=1

ni∑
i=1

∂ ĥk, j i
∂wr

∂ ĥk, j i
∂ws

, (A8)

which can be written in terms of the Jacobian and in vector–
matrix notation as

ĤC = λ̄

PC
ĴC

T
ĴC . (A9)
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