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ABSTRACT
We generalize the noncollinear formalism proposed by Scalmani and Frisch [J. Chem. Theory Comput. 8, 2193 (2012)] to include the particle
and spin current densities for meta-generalized gradient approximations and local hybrid functionals. This allows us to fully include the
impact of spin–orbit coupling in relativistic calculations and for applications to finite magnetic fields. For the latter, we use London atomic
orbitals to ensure gauge origin invariance. It is shown that this formalism is superior to the more common canonical noncollinear approach
in relativistic calculations, as it naturally includes all three spin current densities in the closed-shell limit and avoids the projection onto the
spin magnetization vector. This is important to easily restore rotational invariance in this limit. In addition, the Scalmani–Frisch approach
can be made numerically stable and may lead to a nonvanishing local magnetic torque. However, both formalisms are rotationally invariant
for open-shell systems and in finite magnetic fields.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0246433

I. INTRODUCTION

Many sources can induce non-vanishing paramagnetic current
densities within molecules and materials, including external mag-
netic fields or relativistic effects such as spin–orbit coupling (SOC).
Consequently, the exchange-correlation functional in density func-
tional theory (DFT) should not only depend on density variables
but also on the paramagnetic current density.1 In the framework
of Kohn–Sham current density functional theory (CDFT), these
currents are explicitly taken into account. Here, density functional
approximations (DFAs) depending on the kinetic energy density,
such as meta-generalized gradient approximations (meta-GGAs)
and most local hybrid functionals (LHFs), can be generalized to nat-
urally include the paramagnetic current density.2,3 This holds for
both closed-shell and open-shell systems and can be of great impor-
tance in practical calculations. For instance, the standard kinetic
energy density becomes gauge variant, and this leads to a loss
of rotational and translational invariance in finite magnetic fields.
Therefore, the CDFT framework must be applied in strong magnetic

fields.4–18 Similar findings also hold for electromagnetic response
calculations, where the current densities need to be included
in the exchange-correlation kernel but not in the ground-state
potential.19–30 Recently, CDFT was also applied to two-component
spin–orbit calculations.31–35 For instance, a detailed study for many
properties and functionals was carried out by the present authors
in Ref. 31 and showed that the current densities have a pronounced
impact on the Minnesota functionals,36,37 r2SCAN,38,39 and TASK.40

Other approximations such as the Tao–Mo functional41 or TPSS42

and TPSSh43 are rather insensitive toward the inclusion of the
current density.

So far, the canonical noncollinear formalism,44–50 which relies
on a projection of the spin densities, gradient of the spin den-
sities, spin kinetic energy density, and paramagnetic spin current
density variables onto the spin magnetization, was applied for open-
shell systems. Scalmani and Frisch (SF) proposed an alternative
formalism avoiding this projection.51 Their ansatz leads to a non-
vanishing local torque on the magnetization,52–54 yet the zero-torque
theorem55 is preserved.52 Unfortunately, the SF ansatz is currently
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only available for GGAs and meta-GGAs in DFT, but not CDFT.
Therefore, we extend the SF approach to CDFT and local hybrids.
This subsequently allows us to study its impact on various properties
in the present work.

II. THEORY
A. Canonical noncollinear formalism

We start by briefly reviewing the canonical (can) formalism44–50

for spin–orbit current density functional theory31,32 and magnetic
fields.17,18 Special attention is paid to the construction of the
spin-up and spin-down quantities. The electron density and spin
magnetization are defined as

ρ0
=∑

j
φ†

jφj , (1)

mu =∑
j

φ†
jσuφj , (2)

with σu being the traceless Pauli spin matrices, and j refers to
the Kohn–Sham spinors φj. The noncollinear spin magnetization
density follows as

ms
=
√

m2
x +m2

y +m2
z , (3)

and the spin-up and spin-down densities are

ρ↑,↓ = (ρ0
±ms
)/2. (4)

For GGAs, the generalized gradient variables are

γσσ′
=

1
4
(∇⃗ρσ

) ⋅ (∇⃗ρσ′
) with σ, σ′ ∈ {↑, ↓}, (5)

and

∇⃗ρ↑,↓ =
1
2
(∇⃗ρ0

±
1

ms [mx∇⃗mx +my∇⃗my +mz∇⃗mz]). (6)

For meta-GGAs, the particle and spin kinetic energy density are
further defined as

τ0
=

1
2∑j

∑
α
(p̂ αφj)

†
(p̂αφj), (7)

uu =
1
2∑j

∑
α
(p̂ αφj)

†σu(p̂αφj), (8)

with the momentum operator ˆ⃗p = −i∇⃗. α refers to the spatial Carte-
sian directions and u to the spin. Projection of the spin kinetic energy
density onto the spin magnetization vector

us
=

1
ms [mxux +myuy +mzuz], (9)

again leads to the spin-up and spin-down kinetic energy densities

τ↑,↓ = (τ0
± us
)/2. (10)

To ensure gauge invariance, the current densities need to be
considered. Here, the paramagnetic current density reads

j0
α = −

i
2∑j

[φ†
j(∇αφj) − (∇αφj)

†φj], (11)

and the corresponding spin current densities are

Yα,u = −
i
2∑j

[φ†
jσu(∇αφj) − (∇αφj)

†σuφj]. (12)

We note that this spin-current density must not be confused with the
spin-current density − 1

2(∇⃗ × ρ⃗) used in quantum theory. To con-
struct the spin-up and down quantities, we project the spin current
density on the spin magnetization

Ys
α =

1
ms [mxYα,x +myYα,y +mzYα,z], (13)

leading to

j↑,↓α = ( j0
α ± Ys

α)/2. (14)

Finally, the gauge invariant generalized kinetic energy densities are
given by

τ̃ ↑,↓ = τ↑,↓ −
1
2
∣ j⃗ ↑,↓∣2

ρ↑,↓
. (15)

The remaining working equations for the exchange-correlation
potential are given in Refs. 31 and 32 for finite and periodic systems,
respectively. Note that mu and j0

α vanish for closed-shell systems,
while ρ0 and Yα,u are generally non-zero. In this regard, a crucial
shortcoming of this formalism is that the spin current densities are
projected onto the spin magnetization.

B. Scalmani–Frisch noncollinear formalism
Another formalism was outlined by Scalmani, Frisch, and co-

workers.51–53 This ansatz avoids the detrimental projection onto the
spin magnetization vector and may also lead to a nonvanishing
local magnetic torque. The spin-up and spin-down electron den-
sity is defined as in the canonical formalism. However, the gradient
variables read

γ↑↑,↓↓ =
1
4
[∇⃗ρ0

⋅ ∇⃗ρ0
+ ∇⃗m⊙ ∇⃗m] ±

f∇
2

Γ, (16)

Γ =
√
(∇⃗ρ0

⋅ ∇⃗m) ○ (∇⃗ρ0
⋅ ∇⃗m), (17)

γ↑↓ =
1
4
[∇⃗ρ0

⋅ ∇⃗ρ0
− ∇⃗m⊙ ∇⃗m], (18)

f∇ = sgn ([∇⃗ρ0
⋅ ∇⃗m] ○m), (19)

where ⋅ refers to the scalar coordinates, ○ refers to the spin coor-
dinates, and ⊙ refers to a scalar product in both spaces. Vectors in
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spatial space use an arrow, whereas bold letters are used for vectors
in spin space. The kinetic energy densities are defined as

τ↑,↓ =
1
2
(τ0
± fτ
√

u ○ u), (20)

fτ = sgn (u ○m). (21)

Note that the alternative expressions of Ref. 53 are used in regions
with (almost) vanishing spin magnetization (ms below 10−16 herein
for meta-GGAs) within this work to increase the numerical stability.
This was deemed to be important for second derivatives within the
exchange-correlation kernel. Other stabilization procedures were
also suggested in Ref. 56.

Here, we propose to generalize the current densities accord-
ingly

j↑,↓α =
1
2
( j0

α ± fj,α
√

Yα ○ Yα), (22)

fj,α = sgn (Yα ○m). (23)

For clarity, note that Yα is a vector in spin space for the spa-
tial component α. The generalized kinetic energy density is again
constructed with the individual spin-up and down quantities as in
Eq. (15), which reduces to

τ̃ ↑,↓ = τ↑,↓ −
1
8

Y⃗⊙ Y⃗
ρ↑,↓

, (24)

in the closed-shell or (time-reversal-symmetric) Kramers-restricted
limit. Here, the up and down quantities of the density and the
(generalized) kinetic energy density are identical, i.e., ρ↑,↓ = 1

2 ρ0 and
τ↑,↓ = 1

2 τ0. Hence, the total generalized kinetic energy density follows
as the sum of both quantities,

τ̃ 0
= τ0
−

1
2

Y⃗⊙ Y⃗
ρ0 . (25)

Therefore, the same generalized kinetic energy density as in Ref. 34,
which is restricted to the closed-shell limit, is obtained.

For open-shell systems, the exchange-correlation potential
consists of a total or particle and a spin contribution. Follow-
ing the derivation in Ref. 31, the so-called total part of the
exchange-correlation potential becomes

X0
μν =

1
2 ∫
[
∂gXC

∂ρ↑
+
∂gXC

∂ρ↓
]μ ν d3r +

1
2 ∫
⎡
⎢
⎢
⎢
⎢
⎣

∣ j⃗ ↑∣ 2

2(ρ↑)2
∂gXC

∂τ̃ ↑
+
∣ j⃗ ↓∣ 2

2(ρ↓)2
∂gXC

∂τ̃ ↓

⎤
⎥
⎥
⎥
⎥
⎦

μ ν d3r −
1
2 ∫
[
∂gXC

∂γ↑↑
+
∂gXC

∂γ↓↓
+
∂gXC

∂γ↑↓
]∇⃗ρ0

⋅ [{∇⃗μ}ν + μ{∇⃗ν}]d3r −
1
2 ∫
[
∂gXC

∂γ↑↑
−
∂gXC

∂γ↓↓
] f∇
(∇⃗ρ0 ⋅ ∇⃗m) ○ ∇⃗m

Γ
⋅ [{∇⃗μ}ν + μ{∇⃗ν}]d3r

+
1
4 ∫
[
∂gXC

∂τ̃↑
+
∂gXC

∂τ̃↓
][∇⃗μ] ⋅ [∇⃗ν]d3r +

i
4 ∫ ∑α

[
j↑α
ρ↑

∂gXC

∂τ̃ ↑
+

j↓α
ρ↓

∂gXC

∂τ̃ ↓
][{∇αμ}ν − μ{∇αν}]d3r, (26)

where μ and ν denote the spatial basis functions and gXC describes the density functional approximation. Here, were assumed ∂gXC

∂τ̃

= ∂gXC

∂τ . This allows for a straightforward generalization of existing implementations.20,22,31 The spin-part reads

Xu
μν =

1
2

mu

ms ∫ [
∂gXC

∂ρ↑
−
∂gXC

∂ρ↓
]μν d3r +

1
2

mu

ms ∫

⎡
⎢
⎢
⎢
⎢
⎣

∣ j⃗ ↑∣ 2

2(ρ↑)2
∂gXC

∂τ̃ ↑
−
∣ j⃗ ↓∣ 2

2(ρ↓)2
∂gXC

∂τ̃ ↓

⎤
⎥
⎥
⎥
⎥
⎦

μ ν d3r −
1
2 ∫
[
∂gXC

∂γ↑↑
+
∂gXC

∂γ↓↓
−
∂gXC

∂γ↑↓
]∇⃗mu

⋅ [{∇⃗μ}ν + μ{∇⃗ν}]d3r −
1
2 ∫
[
∂gXC

∂γ↑↑
−
∂gXC

∂γ↓↓
] f∇
(∇⃗ρ0 ⋅ ∇⃗mu)∇⃗ρ0

Γ
⋅ [{∇⃗μ}ν + μ{∇⃗ν}]d3r

+
1
4 ∫
[
∂gXC

∂τ̃ ↑
−
∂gXC

∂τ̃ ↓
] fτ

uu

∣u∣
[∇⃗μ] ⋅ [∇⃗ν]d3r +

i
4 ∫ ∑α

[
j↑α
ρ↑

∂gXC

∂τ̃ ↑
−

j↓α
ρ↓

∂gXC

∂τ̃ ↓
] fj,α

Yα,u

∣Yα∣
[{∇αμ}ν − μ{∇αν}]d3r. (27)

That is, a new quadratic or diamagnetic term arises for the density
part, and a new linear or paramagnetic term arises for a gradient-
like part. Note that functional derivatives are formed with respect
to the generalized kinetic energy density, and the expressions are

evaluated numerically on a grid.57–59 The total and spin contribu-
tions are then sorted onto the complex two-component Kohn–Sham
matrix as described previously.31 Equations (26) and (27) neglect the
derivative of the sign function, which would lead to 2δ, with δ being

J. Chem. Phys. 162, 084104 (2025); doi: 10.1063/5.0246433 162, 084104-3

© Author(s) 2025

 25 M
arch 2025 12:55:13

https://pubs.aip.org/aip/jcp


The Journal
of Chemical Physics ARTICLE pubs.aip.org/aip/jcp

the Dirac delta function.56 Assuming that this contribution is van-
ishing for nearly all points in space, we deem this to be a suitable
approximation.

In the closed-shell limit, the quadratic term in the current den-
sity only contributes to the particle contribution X0

μν, whereas the
linear term only contributes to the spin contribution Xu

μν. The latter
can be simplified to

Xu
μν =

i
4 ∫ ∑α

[
1

2ρ↑
∂gXC

∂τ̃ ↑
+

1
2ρ↓

∂gXC

∂τ̃ ↓
]

× Yα,u[{∇αμ}ν − μ{∇αν}]d3r

=
i
2 ∫ ∑α

1
ρ0

∂gXC

∂τ̃
Yα,u[{∇αμ}ν − μ{∇αν}]d3r. (28)

So, all three spin current densities will naturally contribute.
For local hybrid functionals,60,61 we additionally use the gener-

alized kinetic energy density τ̃ to construct the local mixing function
(LMF) of the Hartree–Fock (HF) exchange. This function may
depend on the iso-orbital indicator (t-LMF),60 the correlation length
(z-LMF),62 or more complicated quantities.63,64 For instance, the
most frequently used t-LMF60 is then given by

a(r⃗) = ct
τvW

τ̃
= ct
∣∇⃗ρ0∣2

8ρ0τ̃
, (29)

where ct is an empirical parameter and τvW is the von Weizsäcker
kinetic energy density. Note that we only consider common LMFs,
which depend on total density variables or the sum of the up and
down channels.65–67 Here, this class of functionals is evaluated with
seminumerical integration techniques.68,69

We finally consider the numerical stability of the current terms
following the ideas of Ref. 53. In regions where the norm of the spin
current density ∣Y⃗α∣ is close to zero (10−16 herein), we suggest using
the generalization

j↑,↓α =
1
2
( j0

α ±
fj,α

3
[Yα,x + Yα,y + Yα,z]), (30)

to avoid the near zero denominator. While ultimately Eq. (30) will
break noncollinearity, this price needs to be paid for numerical sta-
bility. Furthermore, we also check for collinearity at every point

in space. That is, only mz is used in regions where
√

m2
x +m2

y is
smaller than 5 × 10−12. The same applies for the other two combina-
tions. For the current density, we consider nine different cases, e.g.,

only Yα,z is included if
√

Y2
α,x + Y2

α,y is small. This is important for
tight self-consistent field (SCF) convergence behavior in strong mag-
netic fields. Here, the collinear limit has to be strictly approached in
non-relativistic calculations.

In the present work, this ansatz was implemented into
TURBOMOLE70–72 for ground-state energies and densities, geom-
etry gradients, as well as stress tensors. Stress tensors are only avail-
able with periodic boundary conditions.73–76 Interfaces for Libxc
are used to ensure support of many functional approximations.77,78

Here, the functional derivatives such as (∂gXC/∂ρ
↑
) or (∂gXC/∂τ̃↑)

can be directly evaluated with the existing unrestricted Kohn–Sham
routines.

III. COMPUTATIONAL METHODS
First, the closed-shell limit is considered using the At2 molecule

(bond length 293.06 pm, 5.537 973 909 676 10 a0). Here, relativis-
tic effects are either introduced with modified Dirac–Fock effec-
tive core potentials79 (mDF-ECP60) or all-electron relativistic exact
two-component (X2C) theory.80,81 For the first option, we use the
dhf-TZVP-2c basis set,82 whereas the x2c-QZVPall-2c83 basis set
with a finite nucleus model84 (Gaussian charge distribution) is
employed for X2C. Large grids85 (grid size 7a), tight SCF thresh-
olds of at least 10−10 Hartree and 10−9 for the root mean square
change of the density matrix (scfconv 10, denconv 1.0 × 10−9), and
a complex generalized direct inversion of the iterative subspace
(GDIIS) are applied. The TPSS,42 TPSSh,43 r2SCAN,38,39 TASK,40

TMHF,67 CHYF-PBE,64 LH12ct-SsirPW9265 (LH12ct), and mPSTS-
a126,63 functionals are used. The latter four represent the class of
LHFs.

Second, the closed-shell limit is studied for the two-
dimensional periodic system MoSe2 in the hexagonal (2H) phase.86

We use the dhf-TZVP-2c basis set49 and small-core mDF-ECPs79,87

with the M06-L,36 r2SCAN,38,39 TASK,40 TPSS,42 Tao–Mo,41 and
PKZB88 functionals and a k-mesh of 33 × 33 points. Further com-
putational settings are the same as in Ref. 32, and we refer to this
reference for details.

Third, the rotational invariance of the open-shell I+2 (bond
length 273.82 pm, 5.174 358 200 120 0 a0) molecule in the presence
of SOC is studied. This is performed with the dhf-SVP-2c basis
sets82 and small-core mDF-ECPs.89 The local density approxima-
tion (LDA) S-VWN (V-fit),90,91 PBE,92 PBE0,93 LC-ωPBE,94 TPSS,42

TPSSh,43 M06-L,36 revM11,95 and CHYF-PBE64 DFAs as well as HF
are applied. We use the reference grid,57,58,96,97 scfconv 12, denconv
1.0 × 10−9, and do not make use of the numerical stabilization for
regions with (almost) vanishing spin magnetization or spin current
density. Checks for local collinearity are still applied. For compar-
ison, results with more common settings and a standard grid are
shown in the Appendix. To check for artifacts due to the high
symmetry, the IAt+ molecule is further considered (bond length
275.88 pm, 5.213 443 584 451 0 a0) with the same settings.

Fourth, the He7 molecule in a strong magnetic field of 2 B0
(≈470 104 T) is studied. Two spin states are considered, namely the
S = 0 state with a He–He bond length of 104.4 pm and the S = 7 state
with bond lengths of 139.1 pm. Nonrelativistic calculations18,98,99

are performed with TPSS42 and TASK40 (grid size 5, scfconv 10,
and denconv 1.0−8) using the decontracted aug-cc-pVTZ basis set100

and London atomic orbitals for gauge origin invariance. Generally,
strong fields require tailored basis sets, and especially the original
contraction coefficients of common basis set families are unsuited.
Therefore, the decontracted form is used; a detailed analysis of the
basis set error in atomic calculations can be found in Ref. 101. Finite
field calculations do not make use of the alternative expressions for
vanishing spin magnetization and current densities.

IV. RESULTS AND DISCUSSION
A. Rotational invariance for the closed-shell limit
with SOC

In the closed-shell limit, the spin magnetization vanishes, but
all three spin current densities are generally non-zero. Therefore,
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TABLE I. Total energies and energy differences for the At2 molecule aligned along the
Cartesian axes at the mDFT-ECP60/dhf-TZVP-2c level. X2C results are available in
the supplementary material. For the x axis, the total SCF energy is listed, whereas the
respective energy difference is listed for y and z. All values are given in Hartree. CDFT
can and CDF SFT denote the canonical formalism and the Scalmani–Frisch ansatz,
respectively. DFT refers to the Kramers-restricted two-component DFT approach.

DFA Axis DFT CDFT can CDFT SF

TPSS x −525.577 087 7 −525.577 516 7 −525.578 315 0
y <1.00 × 10−10 <1.00 × 10−10 <1.00 × 10−10

z <1.00 × 10−10 6.27 × 10−5 <1.00 × 10−10

TPSSh x −525.585 232 0 −525.585 619 8 −525.586 340 9
y <1.00 × 10−10 <1.00 × 10−10 <1.00 × 10−10

z <1.00 × 10−10 5.73 × 10−5 <1.00 × 10−10

r2SCAN x −525.956 154 1 −525.958 053 3 −525.961 791 3
y <1.00 × 10−10 <1.00 × 10−10 <1.00 × 10−10

z <1.00 × 10−10 6.92 × 10−5 <1.00 × 10−10

TASK x −526.438 617 3 −526.442 464 2 −526.450 094 4
y <1.00 × 10−10 <1.00 × 10−10 <1.00 × 10−10

z <1.00 × 10−10 6.64 × 10−5 <1.00 × 10−10

TMHF x −525.749 833 1 −525.749 735 5 −525.749 562 9
y 3.00 × 10−10 <1.00 × 10−10 <1.00 × 10−10

z 2.00 × 10−10 −2.01× 10−5 <1.00 × 10−10

CHYF-PBE x −525.453 358 2 −525.453 993 9 −525.455 286 8
y <1.00 × 10−10 <1.00 × 10−10 <1.00 × 10−10

z <1.00 × 10−10 −1.33× 10−5 <1.00 × 10−10

LH12ct x −525.331 364 9 −525.331 519 6 −525.331 936 6
y <1.00 × 10−10 2.49× 10−8 7.53× 10−8

z <1.00 × 10−10 −1.06× 10−4 −2.35 × 10−8

mPSTS-a1 x −525.587 919 6 −525.588 310 8 −525.589 030 4
y <1.00 × 10−10 <1.00 × 10−10 <1.00 × 10−10

z <1.00 × 10−10 6.23 × 10−5 <1.00 × 10−10

the energy with CDFT differs from standard DFT, as shown by the
results listed in Table I. In line with previous studies,26–32 the largest
impact is observed for TASK, followed by r2SCAN. For semilocal
functionals, the inclusion of the current density leads to a lower
energy. Hybrid functionals show smaller changes, and the energy
may also decrease in absolute numbers depending on the functional.
Here, Hartree–Fock exchange always includes contributions from
the antisymmetric parts of the density matrix naturally (see, for
instance, Refs. 49 and 102). In the framework of DFT, these only
arise when spin current densities are used. For local hybrids, the
interplay between the semilocal DFT parts and the Hartree–Fock
exchange through the LMF is the decisive point. Here, the von
Weizsäcker inequality does not hold without current densities,20 and
LHFs become formally ill-defined—especially those with the t-LMF
and the iso-orbital indicator.

Both DFT and CDFT SF are numerically rotationally invariant
for At2. That is, the same energy is obtained regardless of the aligned
axis. For the canonical CDFT approach, the results for the x and y
alignments agree, but deviations for the z alignment are observed.
Notably, LH12ct already shows rather large deviations between the
x and y alignment. This is in line with our previous studies,26,31,67

where we observed a sub-optimal SCF convergence behavior for the
t-LMF with very tight thresholds.

In detail, the canonical CDFT formalism effectively only
includes the spin-z current density, as shown by results in the
supplementary material. This can be rationalized by the projection
of the spin current densities onto the spin magnetization vector.
Here, mz is extremely small, but it is still the largest component, and
the term mu/ms is numerically challenging. The SF formalism avoids
this projection and, therefore, it naturally considers all three spin
current densities, which is crucial to restoring rotational invariance.
Consequently, the energy change from DFT to CDFT with the SF
ansatz is roughly three times as large as with the canonical approach.
This is due to the fact that the energy of the At2 molecule may be
roughly approximated by two non-interacting At atoms. Therefore,
the approximate spherical symmetry around the At atoms leads to
the same result for the derivatives of g in the XC potential. In addi-
tion, the current density is divergence free in the non-relativistic
limit. Therefore, a factor of approximately three is found.

It is possible to use the definitions of Eqs. (22) and (23) in the
closed-shell limit for the canonical formalism to define a so-called
modified canonical approach, which would be rotationally invari-
ant. However, the canonical formalism does not naturally lead to
this limit for τ̃ when studying the transition from a closed-shell to an
open-shell system, e.g., the transition from a non-magnetic to a mag-
netic material, cf. Refs. 76 and 103. In this sense, the SF formalism is
preferred over such a modified canonical approach.

B. Rashba splittings of MoSe2 in 2H phase
We now study if the SF formalism leads to changes for

properties such as bandgaps and Rashba splittings. Here, the two-
dimensional dichalcogenide system MoSe2 is one of the archetype
systems with a pronounced Rashba splitting.86,104,105 The results are
presented in Table II and confirm the large splitting found in the
literature86,105 with the PBE functional and relativistic all-electron
approaches. Previously, it was shown that the generalization of the
kinetic energy density may be important for Rashba splittings of
such dichalcogenide systems.32,34,106 Here, Desmarais et al. studied
the impact of the spin current densities for the r2SCAN functional
and showed that the generalization is crucial.34,106 However, the
impact is comparably small for functionals such as the PZKB or

TABLE II. Bandgaps and Rashba splittings of the valence band at the K point for
MoSe2 (hexagonal 2H phase) at the two-component level with the dhf-TZVP-2c basis
set and the mDF-ECP10/mDF-ECP28 for Se and Mo, respectively. All values are in
eV. The results with DFT and the canonical CDFT approach are taken from Ref. 32.

Bandgap Rashba splitting

DFA DFT CDFT can CDFT SF DFT CDFT can CDFT SF

PKZB 1.455 1.455 1.453 0.166 0.169 0.169
Tao–Mo 1.459 1.458 1.457 0.166 0.170 0.170
TPSS 1.459 1.458 1.455 0.167 0.174 0.174
M06-L 1.460 1.455 1.453 0.170 0.181 0.182
r2SCAN 1.554 1.544 1.542 0.166 0.189 0.189
TASK 1.629 1.607 1.605 0.172 0.218 0.217
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TPSS functionals.32 Studies on magnetic and electromagnetic prop-
erties revealed a similar trend in relativistic and non-relativistic
calculations.27,29,31,107

In line with previous studies, the CDFT framework leads to
notable changes for M06-L, r2SCAN, and TASK, whereas the other
DFAs are rather insensitive toward the current density. The canon-
ical and SF formalisms lead to very similar results. For the given
precision, the same results are obtained for all DFAs but TASK.

C. Rotational invariance for open-shell SOC
calculations

Having established the formalism for closed-shell systems, we
now turn to open-shell calculations with SOC. Total energies and
energy differences for different orientations of I+2 and AtI+ are listed
in Tables III and IV. The results with more standard computa-
tional settings (grid, thresholds) are shown in the Appendix and
explicitly do not make use of symmetry. Tables III and IV further
employ very large reference grids. However, they show that even
for the LDA formalism, which is rotationally invariant in each for-
malism, a slight error remains. Overall, more than ten significant
digits of total accuracy cannot be achieved within DFT. This error
stems from the construction of the numerical grid, which is not
rotationally invariant when no symmetry is used in its construc-
tion.57 This rotational variance in grid construction is enhanced for
the more complex GGA, meta-GGA, and local hybrid functionals
when compared to LDAs, though it never reaches a critical level.

Tables III and IV further outline that especially current-dependent
meta-GGA formulations within the SF are also not much more
sensitive than LDAs overall, outlining the correctness of the imple-
mentation. Introducing the rotationally invariant SF formulation,
consequently, therefore, reliably reduces the error obtained by rotat-
ing the molecule to the numerical error in the grid construction
also observed for LDA. We further note that all errors are well
within the limits of the numerical accuracy obtainable for most func-
tionals, where especially meta-GGAs tend to be troublesome.108 In
contrast, wave function based methods that do not rely on numeri-
cal integration grids will not suffer from this issue, yielding results
that are essentially converged to the numerical precision of the
calculation.

D. Application to He7 in finite magnetic fields
We close our investigation by examining the effects of strong

magnetic fields on a helium cluster, comparing the performance of
the SF and the canonical formalism in the framework of CDFT.
Magnetic fields of the order of magnitude considered here can be
found in the atmosphere of interstellar objects such as magnetic
white dwarfs.109–111 Helium is an abundant element in such envi-
ronments, where it often acts as a thick envelope encasing a core
consisting of heavier elements.112,113 From a physical or chemical
perspective, helium is a fascinating species in these extreme condi-
tions, as computational studies have predicted that the noble gas can

TABLE III. Total energies and energy differences for the I+2 molecule aligned along the x, y, z axis and the xy, xz, yz diagonal at the mDF-ECP28/dhf-SVP-2c level. The initial
guess of the magnetization was chosen along the molecular axis, and energies are given in Hartree. Inclusion of the current density is indicated by a “c” for the functional
acronym. S-VWN, PBE, PBE0, and LC-ωPBE are considered for comparison. The can and SF formalism are identical for S-VWN. Functionals for all four first rungs of Jacob’s
ladder are included.

DFA Formalism x axis y axis z axis xy diagonal xz diagonal yz diagonal

HF ⋅ ⋅ ⋅ −589.048 713 4 <1.00 × 10−10 <1.00 × 10−10 <1.00 × 10−10 <1.00 × 10−10 <1.00 × 10−10

S-VWN can −590.332 658 0 <1.00 × 10−10 <1.00 × 10−10 −7.14× 10−7 −7.14× 10−7 −7.14× 10−7

PBE SF −591.133 732 6 <1.00 × 10−10 <1.00 × 10−10 −7.93× 10−7 −7.93× 10−7 −7.93× 10−7

PBE0 SF −591.166 906 4 <1.00 × 10−10 <1.00 × 10−10 −6.25× 10−7 −6.25× 10−7 −6.25× 10−7

LC-ωPBE SF −591.194 146 4 <1.00 × 10−10 −4.69× 10−9 −8.59× 10−7 −8.60× 10−7 −8.59× 10−7

TPSS SF −591.497 899 8 −1.10× 10−7 1.10× 10−7 −2.11× 10−6 −2.11× 10−6 −2.11× 10−6

cTPSS SF −591.499 183 9 2.12× 10−9 1.66× 10−9 −3.39× 10−6 −3.40× 10−6 −3.40× 10−6

cTPSS can −591.498 885 9 <1.00 × 10−10 <1.00 × 10−10 −2.26× 10−6 −2.26× 10−6 −2.26× 10−6

TPSSh SF −590.930 260 8 <1.00 × 10−10 <1.00 × 10−10 −5.17× 10−7 −5.17× 10−7 −5.17× 10−7

cTPSSh SF −590.930 773 3 −4.80× 10−10 <1.00 × 10−10 −7.06× 10−7 −7.06× 10−7 −7.06× 10−7

cTPSSh can −590.930 649 6 <1.00 × 10−10 <1.00 × 10−10 −8.36× 10−7 −8.36× 10−7 −8.36× 10−7

M06-L SF −590.964 163 8 <1.00 × 10−10 <1.00 × 10−10 −7.19× 10−7 −7.19× 10−7 −7.19× 10−7

cM06-L SF −590.964 631 5 <1.00 × 10−10 <1.00 × 10−10 −9.74× 10−7 −9.74× 10−7 −9.74× 10−7

cM06-L can −590.964 520 1 <1.00 × 10−10 <1.00 × 10−10 −9.50× 10−7 −9.50× 10−7 −9.50× 10−7

revM11 SF −591.005 522 6 −1.62× 10−8 −1.84× 10−8 −5.91× 10−7 −3.82× 10−7 −4.70× 10−7

crevM11 SF −591.004 274 0 −8.48× 10−8 3.72× 10−9 −3.20× 10−6 −3.20× 10−6 −3.20× 10−6

crevM11 can −591.004 682 3 <1.00 × 10−10 <1.00 × 10−10 −1.40× 10−6 −1.40× 10−6 −1.40× 10−6

CHYF-PBE SF −590.841 578 5 −4.10× 10−10 −4.20× 10−10 −1.57× 10−6 −1.58× 10−6 −1.57× 10−6

cCHYF-PBE SF −590.842 152 3 <1.00 × 10−10 <1.00 × 10−10 −1.19× 10−6 −1.19× 10−6 −1.19× 10−6

cCHYF-PBE can −590.842 041 1 <1.00 × 10−10 2.42× 10−8 −1.20× 10−6 −1.19× 10−6 −1.19× 10−6
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TABLE IV. Total energies and energy differences for the IAt+ molecule aligned along the x, y, z axis and the xy, xz, yz diagonal at the mDF-ECP28/dhf-SVP-2c level. See Table III
for details.

DFA Formalism x axis y axis z axis xy diagonal xz diagonal yz diagonal

HF ⋅ ⋅ ⋅ −556.103 148 6 <1.00 × 10−10 <1.00 × 10−10 <1.00 × 10−10 −9.41× 10−8 −9.41× 10−8

S-VWN can −557.580 141 6 <1.00 × 10−10 <1.00 × 10−10 −1.02× 10−6 −1.02× 10−6 −1.02× 10−6

PBE SF −558.306 934 0 <1.00 × 10−10 <1.00 × 10−10 −1.23× 10−6 −1.23× 10−6 −1.23× 10−6

PBE0 SF −558.304 475 9 <1.00 × 10−10 <1.00 × 10−10 −9.41× 10−7 −9.41× 10−7 −9.41× 10−7

LC-ωPBE SF −558.350 856 1 <1.00 × 10−10 <1.00 × 10−10 −1.32× 10−6 −1.32× 10−6 −1.32× 10−6

TPSS SF −558.585 186 7 <1.00 × 10−10 <1.00 × 10−10 −3.75× 10−6 −3.75× 10−6 −3.75× 10−6

cTPSS SF −558.587 509 2 <1.00 × 10−10 <1.00 × 10−10 −2.02× 10−5 −2.02× 10−5 −2.02× 10−5

cTPSS can −558.586 324 2 <1.00 × 10−10 <1.00 × 10−10 −3.72× 10−6 −3.72× 10−6 −3.72× 10−6

TPSSh SF −558.098 660 0 <1.00 × 10−10 <1.00 × 10−10 −1.19× 10−6 −1.19× 10−6 −1.19× 10−6

cTPSSh SF −558.099 611 8 −3.90× 10−10 <1.00 × 10−10 −3.25× 10−7 −3.23× 10−7 −3.23× 10−7

cTPSSh can −558.099 089 6 <1.00 × 10−10 <1.00 × 10−10 −1.22× 10−6 −1.22× 10−6 −1.22× 10−6

M06-L SF −558.118 836 2 <1.00 × 10−10 −7.10× 10−8 −1.14× 10−6 −1.14× 10−6 −1.14× 10−6

cM06-L SF −558.119 699 3 <1.00 × 10−10 <1.00 × 10−10 −5.20× 10−7 −5.91× 10−7 −5.20× 10−7

cM06-L can −558.119 227 5 <1.00 × 10−10 <1.00 × 10−10 −1.02× 10−6 −1.02× 10−6 −1.02× 10−6

revM11 SF −558.174 938 9 <1.00 × 10−10 <1.00 × 10−10 −2.99× 10−7 −3.00 × 10−7 −3.00 × 10−7

crevM11 SF −558.171 303 0 −9.30× 10−10 1.42× 10−8 −7.92× 10−6 −7.92× 10−6 −7.92× 10−6

crevM11 can −558.173 476 7 <1.00 × 10−10 <1.00 × 10−10 8.22× 10−7 8.21× 10−7 8.21× 10−7

CHYF-PBE SF −557.987 481 2 1.18× 10−8 1.18× 10−8 −2.09× 10−6 −2.09× 10−6 −2.09× 10−6

cCHYF-PBE SF −557.988 796 0 <1.00 × 10−10 −3.52× 10−8 8.70× 10−7 8.69× 10−7 8.69× 10−7

cCHYF-PBE can −557.988 051 7 <1.00 × 10−10 −1.23× 10−8 −2.18× 10−6 −2.18× 10−6 −2.18× 10−6

form an exotic type of bond here.114 This perpendicular paramag-
netic bonding mechanism is responsible for a strongly bound helium
dimer and the formation of larger helium clusters.115–118

Investigations of the molecular and electronic structure in the
presence of strong magnetic fields necessitate a finite field approach
and the use of London atomic orbitals to ensure gauge origin
invariance.119,120 A spin-noncollinear approach must be employed
if the magnetic field is not aligned in a parallel direction to the
Cartesian z axis (B⃗ ∦ z).121–124 However, it should be emphasized
that strong magnetic fields align the spin magnetization vector in
an antiparallel direction to the field, automatically leading to spin
collinearity. In addition, a magnetic field along the, e.g., z axis
only induces a spin-z current density, while the spin-x and spin-y
components vanish identically. As a consequence, both the SF and
canonical CDFT formalisms should formally yield identical results
for closed and open shell cases, regardless of the direction of the
external magnetic field.

We now examine the He7 cluster in a magnetic field of 2
B0 (≈470 104 T), which is depicted in Fig. 1. The structure was
optimized with the external magnetic field (z) aligned in a perpen-
dicular direction to the molecular plane (xy). Both the low-spin state
(S = 0) and the high-spin state (S = 7) are considered. The TPSS
functional was chosen for this optimization because a previous study
has demonstrated that it yields similar results to the exact solution
(full configuration interaction) for both the bond length and disso-
ciation energy of the helium dimer in its lowest singlet state.14,117

Using the obtained structures for the low and high-spin states of
He7, the magnetic field was applied in a parallel direction to the three
Cartesian axes. Single point calculations were performed for these

FIG. 1. Molecular structure of He7 with bond lengths for different spin states
(S = 0 and S = 7). The magnetic field B (red color) is perpendicular to the molecular
plane.

systems, which are of C2h B⃗∥ x,y and C6h B⃗∥ z point group sym-
metry, respectively.125 As shown in Table V, the SF and canonical
formalisms agree up to the numerical accuracy of the calculations
for both the low and high-spin states. All permutations of the
molecular plane (xy, xz, yz) and the magnetic field (x, y, z) are
considered, demonstrating the expected rotational invariance of the
entire system (molecule and magnetic field).

As expected, the SF and canonical formalisms yield identical
results for nonrelativistic CDFT calculations in very strong mag-
netic fields. For relativistic calculations in finite magnetic fields,126

we consequently expect the two formalisms to also converge toward
the same result with increasing field strengths; i.e., in the strong-
field limit, the Zeeman effects dominate over spin–orbit coupling.
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TABLE V. Total energies in Hartree for different placements of the He7 molecule and orientations of the magnetic field vector B⃗ at the CDFT level with the decontracted
aug-cc-pVTZ basis set and London atomic orbitals. The magnetic field strength amounts to 2 B0 (≈470 104 T).

Spin state DFA Formalism Molecular plane B⃗∥ x axis B⃗∥ y axis B⃗∥ z axis

yz plane (x = 0) −16.472 569 201 18 −16.136 103 393 95 −16.029 770 490 66
S = 0 TPSS can xz plane (y = 0) −16.029 770 490 66 −16.472 569 201 18 −16.136 103 393 95

xy plane (z = 0) −16.136 103 393 95 −16.029 770 490 66 −16.472 569 201 18

yz plane (x = 0) −16.472 569 201 15 −16.136 103 393 88 −16.029 770 490 62
S = 0 TPSS SF xz plane (y = 0) −16.029 770 490 62 −16.472 569 201 15 −16.136 103 393 88

xy plane (z = 0) −16.136 103 393 88 −16.029 770 490 62 −16.472 569 201 15

yz plane (x = 0) −24.404 914 230 48 −24.244 285 028 31 −24.177 612 890 38
S = 7 TASK can xz plane (y = 0) −24.177 612 890 38 −24.404 914 230 48 −24.244 285 028 31

xy plane (z = 0) −24.244 285 028 31 −24.177 612 890 38 −24.404 914 230 48

yz plane (x = 0) −24.404 914 230 48 −24.244 285 028 31 −24.177 612 890 38
S = 7 TASK SF xz plane (y = 0) −24.177 612 890 38 −24.404 914 230 48 −24.244 285 028 13

xy plane (z = 0) −24.244 285 028 31 −24.177 612 890 38 −24.404 914 230 48

For closed-shell systems such as the At2 molecule considered in
Sec. IV A, higher field strengths may eventually lead to a fully rota-
tional invariant canonical formalism. However, an explicit analysis
of the two formalisms for relativistic calculations in finite magnetic
fields remains the subject of future work.

V. CONCLUSION AND OUTLOOK
The noncollinear approach of Scalmani and Frisch was general-

ized to the framework of current density functional theory and local
hybrid functionals. It was successfully applied to two-component
relativistic spin–orbit calculations as well as finite magnetic fields
in a nonrelativistic framework. Rotational invariance was demon-
strated explicitly, and the proper closed-shell limit is obtained. The
SF approach is thus to be preferred for formal reasons in the closed-
shell limit. Here, it naturally ensures rotational invariance, unlike the
canonical formalism. However, the changes compared to the canon-
ical formalism for properties such as bandgaps and Rashba splittings
are rather small. The spin current density is, however, of great
importance for Rashba splittings with functionals such as r2SCAN or
TASK. Both formalisms satisfy the collinear limit and consequently
lead to identical results in strong magnetic fields without relativistic
effects.

Based on the findings herein, we do not expect substantial
changes for nuclear magnetic resonance properties such as shield-
ing tensors31,127 and spin–spin coupling tensors31,128 of closed-shell
systems. Likewise, the largest impact of the current density was
previously found for electron paramagnetic resonance properties,31

and we do also not expect major changes when using the SF for-
malism instead of the canonical one for these properties, as these
properties are evaluated with three, two, or four-component calcula-
tions where the spin magnetization is aligned along three orthogonal
axes.129–136

The local torque of the SF formalism is, however, pivotal to
studying the spin dynamics in, e.g., real-time time-dependent DFT
calculations137,138 or lattices with a noncollinear antiferromagnetic

Néel state.52 We expect the current-dependent generalization to be
useful for relativistic calculations of such systems.

SUPPLEMENTARY MATERIAL

Spreadsheets with all results for At2, IAt+, and I+2 (csv files).
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TABLE VI. Total energies and energy differences for the I+2 molecule aligned along the x, y, z axis and the xy, xz, yz diagonal at the mDF-ECP28/dhf-QZVP-2c level. The initial
guess of the magnetization was chosen along the molecular axis, and energies are given in Hartree. The inclusion of the current density is indicated by a “c” for the functional
acronym. S-VWN, PBE, PBE0, and LC-ωPBE are considered for comparison. The can and SF formalism are identical for S-VWN. Functionals for all four first rungs of Jacob’s
ladder are included.

DFA Formalism x axis y axis z axis xy diagonal xz diagonal yz diagonal

S-VWN can −590.388 712 8 <1.00 × 10−10 <1.00 × 10−10 −6.81× 10−7 −6.82× 10−7 −6.82× 10−7

PBE SF −591.181 577 2 <1.00 × 10−12 <1.00 × 10−10 −8.20× 10−7 −8.22× 10−7 −8.22× 10−7

PBE0 SF −591.216 345 6 <1.00 × 10−12 <1.00 × 10−10 −6.02× 10−7 −6.08× 10−7 −6.08× 10−7

LC-ωPBE SF −591.245 437 8 −8.39× 10−8 −8.51× 10−8 −9.88× 10−7 −9.66× 10−7 −7.44× 10−7

TPSS SF −590.979 341 1 <1.00 × 10−10 <1.00 × 10−10 −1.87× 10−6 −1.87× 10−6 −1.87× 10−6

cTPSS SF −590.979 874 7 <1.00 × 10−10 9.89× 10−12 −2.28× 10−6 −2.28× 10−6 −2.28× 10−6

cTPSS can −590.979 732 2 <1.00 × 10−10 <1.00 × 10−10 −1.21× 10−6 −1.21× 10−6 −1.21× 10−6

TPSSh SF −591.013 831 5 <1.00 × 10−10 <1.00 × 10−10 −6.65× 10−7 −6.75× 10−7 −6.82× 10−7

cTPSSh SF −591.014 320 1 1.33× 10−9 <1.00 × 10−10 −3.35× 10−7 −3.39× 10−7 −3.46× 10−7

cTPSSh can −591.014 189 7 <1.00 × 10−10 <1.00 × 10−10 −1.06× 10−6 −1.06× 10−6 −1.06× 10−6

M06-L SF −591.553 334 1 <1.00 × 10−10 −1.61× 10−8 −2.64× 10−6 −2.64× 10−6 −2.64× 10−6

cM06-L SF −591.554 771 6 5.50× 10−10 7.10× 10−10 −3.89× 10−6 −3.90× 10−6 −3.91× 10−6

cM06-L can −591.554 359 9 <1.00 × 10−10 <1.00 × 10−10 −2.91× 10−6 −2.92× 10−6 −2.92× 10−6

revM11 SF −591.061 837 9 −3.15× 10−8 1.15× 10−8 −4.69× 10−7 −5.54× 10−7 −4.96× 10−7

crevM11 SF −591.060 225 6 −3.12× 10−8 9.55× 10−9 −2.21× 10−6 −1.99× 10−6 −1.99× 10−6

crevM11 can −591.060 856 4 <1.00 × 10−10 3.60× 10−10 1.61× 10−6 1.93× 10−6 1.93× 10−6

CHYF-PBE SF −590.892 634 7 2.09× 10−9 2.82× 10−8 −1.19× 10−6 −1.20× 10−6 −1.20× 10−6

cCHYF-PBE SF −590.893 348 9 2.33× 10−9 2.18× 10−9 −1.10× 10−6 −1.13× 10−6 −1.16× 10−6

cCHYF-PBE can −590.893 165 2 2.30× 10−10 3.58× 10−8 −1.08× 10−6 −1.07× 10−6 −1.07× 10−6

(equal); Methodology (equal); Software (equal); Validation (equal);
Visualization (supporting); Writing – original draft (supporting);
Writing – review & editing (supporting).
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The data that support the findings of this study are available

within the article and its supplementary material.

APPENDIX: ROTATIONAL INVARIANCE
FOR I+2 WITH A STANDARD GRID

The rotational invariances of IAt+ and I+2 are also studied
with more common settings, and the S-VWN (V-fit),90,91 PBE,92

PBE0,93 LC-ωPBE,94 TPSS,42 TPSSh,43 M06-L,36 revM11,95 and
CHYF-PBE64 DFAs as well as HF are applied (grid size 7a, scf-
conv 9, and denconv 1.0 × 10−8, dhf-QZVPall-2c basis set). Table VI
shows the energies for different spatial positions or alignments of
the I+2 molecules. Note that we use one of TURBOMOLE’s stan-
dard grids57,58,85 without special settings to allow for a comparison
to routine calculations. This ensures rotational invariance up to at
least 3 × 10−6 Hartree for all functionals. We note in passing that
many meta-GGAs are numerically challenging,108,139,140 and GGAs
generally lead to a better agreement of the energies.

Both the canonical and the SF ansatz are invariant for cTPSS
and cTPSSh. Energy differences between the two formalisms are due
to a slightly larger spin expectation value with the SF formalism and
the avoided projection of the spin current densities onto the mag-
netization vector. We note in passing that the canonical and the SF

ansatz lead to the same result when the initial magnetization is kept
fixed (no SOC) and the standard DFT framework is applied. With
SOC, the SF formalism leads to a lower energy for all DFAs except
for revM11, as shown in Table VI.
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Kaupp, M. Kehry, M. Krstić, F. Mack, S. Majumdar, B. D. Nguyen, S. M. Parker,
F. Pauly, A. Pausch, E. Perlt, G. S. Phun, A. Rajabi, D. Rappoport, B. Samal, T.
Schrader, M. Sharma, E. Tapavicza, R. S. Treß, V. Voora, A. Wodyński, J. M. Yu,
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