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Abstract

This thesis explores the potential of deep learning techniques for the spatio-temporal reconstruction
of gas-liquid interfaces in two-phase flows based on optical measurements. The inherently three-
dimensional (3D) nature of two-phase flows currently renders single-view reconstruction techniques
impractical due to ambiguities in the projection from 3D interfaces onto 2D images, especially for
deformed and self-occluding interfaces. To address this challenge, this thesis proposes a novel
framework for the reconstruction of gas-liquid interfaces based on neural networks and a purpose-
fully developed optical measurement technique. The canonical shadowgraphy setup is extended
by glare points from lateral light sources to encode additional 3D information on the interface in
the images. A convolutional neural network (CNN) architecture is employed to extract spatially-
aligned, context-rich features from these images, which are then used for interface reconstruction.
During the course of the present investigation, feature visualization techniques and a comparative
experimental study revealed that the neural network successfully leverages the additional infor-
mation in the images to achieve highly accurate interface reconstruction. Based on the insight
that the reconstruction of the neural network closely adheres to the shadowgraphy contour, it can
be concluded that the combination of the high spatial accuracy of the shadowgraphy technique
and the spatially-aligned feature extraction by the CNN facilitates a precise in-plane reconstruc-
tion. Moreover, experiments involving substrates with unknown wetting properties uncovered that
this interplay enables the generalization to unfamiliar interface geometries and varying fluid me-
chanical conditions in the experiments. These findings demonstrate that substantial synergies can
be unlocked through the alignment and purposeful co-development of experimental measurement
methods and data-driven algorithms. To address the ill-posed nature of monocular reconstruction,
the data-driven optimization of the neural network is regularized by incorporating prior knowledge
from numerical simulations and analytical models. Synthetic training data generation through
physically-based rendering is employed to enable supervised learning from data obtained by nu-
merical simulation. This strategy is found to provide an effective way to implicitly train the neural
network to adhere to the physics of the two-phase flow, as demonstrated by the reliable reconstruc-
tion of hidden and self-obscured interfaces. To further enhance the framework, physics-informed
neural networks (PINNs) are integrated to directly incorporate the knowledge of the underlying
physics of two-phase flows in the data-driven reconstruction. This approach significantly improves
the accuracy and temporal consistency of the interface reconstruction, while also providing the
additional capability for the prediction of velocity and pressure fields in both phases. These find-
ings demonstrate that additional prior knowledge from encoded governing equations facilitates the
training of physically accurate models of two-phase flows. In conclusion, the insights uncovered in
this thesis highlight the potential of deep learning techniques to seamlessly integrate experimental,
numerical, and analytical domain knowledge, outlining promising strategies to address previously
unsolved challenges in the reconstruction of dynamic interfaces in two-phase flows.






Kurzfassung

In der vorliegenden Arbeit wird das Potenzial von Deep-Learning-Techniken fiir die raum-zeit-
liche Rekonstruktion von Gas-Fliissigkeits-Grenzflichen in Zweiphasenstromungen auf Grund-
lage optischer Messverfahren untersucht. Die dreidimensionale (3D) Natur von Zweiphasenstro-
mungen stellt eine erhebliche Herausforderung fiir monokulare Rekonstruktionstechniken dar,
da die Projektion der 3D-Grenzflichen auf 2D-Bilder zu Mehrdeutigkeiten fiihrt, insbesondere
bei deformierten oder selbstverdeckenden Grenzflichen. Um diese grundlegende Limitation zu
iiberwinden, wird in der vorliegenden Arbeit ein innovativer Ansatz fiir die Rekonstruktion von
Gas-Fliissigkeits-Grenzflichen vorgestellt, der neuronale Netzwerke mit einer speziell entwickel-
ten optischen Messtechnik kombiniert. Das traditionelle Schattenbildverfahren wird hierbei durch
Glanzpunkte seitlicher Lichtquellen erweitert, wodurch zusédtzliche 3D-Informationen iiber die
Grenzflache in den aufgenommenen Bildern kodiert werden. Eine Netzwerkarchitektur auf Ba-
sis sogenannter Convolutional Neural Networks (CNNs) wird verwendet, um rdumlich orientierte
und kontextreiche Bildmerkmale zu extrahieren, die anschliefend fiir die Grenzflichenrekonstruk-
tion eingesetzt werden. Mittels Visualisierungstechniken und einer vergleichenden experimentellen
Studie wird gezeigt, dass das neuronale Netzwerk diese zuséitzlichen Bildinformationen erfolgreich
fiir eine prézise Rekonstruktion der Grenzfliche nutzt. Die Erkenntnis, dass die Rekonstruktion
des neuronalen Netzwerks exakt der Schattenbildkontur folgt, belegt, dass die Kombination der
hohen réaumlichen Genauigkeit der Schattenbildtechnik und der rdumlich orientierten Merkmalsex-
traktion durch das CNN eine prézise Rekonstruktion in der Bildebene ermdglicht. Dariiber hinaus
zeigen Experimente mit Substraten unbekannter Benetzbarkeit, dass dieses Zusammenspiel der
Methoden eine Generalisierung auf unbekannte Grenzflichengeometrien und variierende fluidmech-
anische Bedingungen in den Experimenten ermdoglicht. Diese Ergebnisse verdeutlichen, dass durch
die Abstimmung und gezielte gemeinsame Entwicklung von experimentellen Messmethoden und
datengestiitzten Algorithmen erhebliche Synergien freigesetzt werden kénnen. Das schwer losbare
Problem der monokularen Rekonstruktion wird zusétzlich durch die Einbindung von Doméanenwis-
sen aus numerischen Simulationen und analytischen Modellen adressiert, um die datengestiitzte Op-
timierung des neuronalen Netzwerks zu regulieren. Hierbei wird die Erzeugung synthetischer Train-
ingsdaten durch physikalisch-basiertes Rendering eingesetzt, um iiberwachtes Lernen mit Daten
aus numerischen Simulationen zu ermoglichen. Diese Strategie erwies sich als effektive Moglichkeit,
um das neuronale Netzwerk implizit auf die Einhaltung der Physik von Zweiphasenstromungen
zu trainieren — wie durch die zuverldssige Rekonstruktion verborgener und selbstverdeckender
Grenzflichen demonstriert werden kann. Zur weiteren Optimierung der Rekonstruktionsmeth-
ode werden Physik-informierte neuronale Netzwerke (PINNs) integriert, um die zugrundeliegende
Erhaltungsgleichungen der Zweiphasenstromungen direkt in die datengestiitzte Rekonstruktion
einzubeziehen. Dieser Ansatz fiihrt zu einer signifikanten Verbesserung der Genauigkeit und
zeitlichen Konsistenz der Grenzflichenrekonstruktion und ermdglicht dariiber hinaus die Vorher-
sage von Geschwindigkeits- und Druckfeldern in beiden Phasen. Diese Ergebnisse verdeutlichen,
dass die Einbeziehung von Doménenwissen aus den zugrundeliegenden Erhaltungsgleichungen das
Training physikalisch praziser Modelle fiir Zweiphasenstromungen erheblich verbessert. Zusam-
menfassend veranschaulichen die in dieser Dissertation gewonnenen Erkenntnisse das Potenzial
von Deep-Learning-Techniken fiir die nahtlose Integration von Doménenwissen aus Experimenten,
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Kurzfassung

numerischer Simulation und analytischen Modellen, was erfolgversprechende Strategien zur Be-
waltigung ungeloster Herausforderungen bei der Rekonstruktion dynamischer Grenzflichen in
Zweiphasenstromungen bietet.
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1 Introduction

Multiphase flows involve two or more thermodynamic phases and are ubiquitous in nature, rang-
ing from tiny droplets of rain to rushing rivers and waterfalls that shape the face of the Earth.
Moreover, multiphase flows form the underlying process in a large proportion of technical applica-
tions, ranging from the circulation of steam and water in nearly all thermal electric power stations
[195, 32] to the sloshing of cryogenic fuels in the tanks of spacecraft [134]. The ever-increasing pace
of technological development since the Industrial Revolution has led to prosperity and a widespread
improvement in living conditions. However, it is becoming increasingly apparent that the unsus-
tainable use of limited resources is likely to cause significant problems in the future. In particular,
the use of fossil fuels entails the emission of greenhouse gases, which are the main driver of climate
change that will lead to an increase in the occurrence and severity of extreme weather events,
increasing sea levels, and a significant reduction in biodiversity [58, 209, 193]. Furthermore, the
pollution from the combustion of fossil fuels causes a reduction in air quality with negative effects
on health, and the depletion of finite resources leads to energy insecurity and rising geopolitical
tensions [30]. In order to mitigate these negative effects, the use of fossil fuels needs to be reduced
drastically and a transition towards sustainable technologies based on renewable energy sources is
of utmost importance. In the development of more energy-efficient technologies, an in-depth under-
standing of the underlying physical processes is required. The research on fundamental phenomena
lays the foundation for predictive models that are used for optimization and, more importantly,
can lead to breakthrough innovations.

Two-phase flows play an important role in numerous key technologies involved in the transforma-
tion of different industry sectors, including energy, transportation, and chemicals. The involved
two-phase flows are often governed by interfacial phenomena, such as the breakup or coalescence
of droplets or bubbles [5], phase change [227], and complex three-dimensional (3D) deformations of
the interface, especially in turbulent environments [137]. Due to a combination of these phenomena
and the intricate non-linear interaction of the flow in both phases with the moving interfaces, the
resulting two-phase flow dynamics are inherently 3D. To gain a deeper understanding of these dy-
namics, it is essential to extract three-dimensional data of the two-phase flows through experimental
investigations. In particular, capturing the 3D interface shape is critical for the identification of
process parameters such as the volume fraction in bubbly flows. The accurate measurement of the
volume fraction is required for the prediction of different regimes that determine the interaction
of the two phases and the overall dynamics of flow [38, 157]. Moreover, the interfacial area is a
key determinant of heat and mass transfer rates, which is important for applications like chemical
reactors, heat exchangers, and cooling systems [108, 102, 120|. In internal combustion engines, the
complex interaction of fuel droplets with the walls of the engine determines the performance and
pollutant emissions [155, 249]. The wetted area and wall contact times, which are key parameters
in such processes, are directly governed by the dynamics of interfaces. In the context of energy
transformation, two promising technologies in which two-phase flows involving liquid droplets play
a crucial role are lithium-ion (Li-ion) batteries and proton-exchange membrane fuel cells (PEM-
FCs). Li-ion batteries have emerged as the preferred option for energy storage in battery electric
vehicles due to their longevity, high energy density, and fast charging capability. However, their
performance and lifespan are highly dependent on their operating temperature. Additionally, safety
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concerns due to overheating and a potential runaway thermal reaction warrant a reliable thermal
management system. Spray cooling has been proposed as a promising candidate for the cooling of
Li-ion batteries in electric vehicles, as very high heat flux densities can be achieved with a compact
design [196]. The efficiency of spray cooling is driven by multiple heat transfer mechanisms, involv-
ing the evaporation of droplets on the heated wall and the interaction of impinging droplets with
liquid films that form on the surface [36]. A better understanding of impinging droplet dynamics
is therefore indispensable for the further development of spray cooling techniques. For fuel cell
electric vehicles, PEMFCs are considered to be the most viable option, due to their high power
density and low operating temperatures [2]. However, to date, water management remains a ma-
jor challenge for their application. In PEMFCs, the chemical energy of hydrogen and oxygen is
directly converted into electricity, while water, as the main byproduct of the reaction, is typically
released as vapor. The low operating temperatures in PEMFCs can lead to condensation and the
emergence of water droplets in the gas channels of the fuel cell. The subsequent "flooding" of the
fuel cell with liquid water blocks the supply of reactants and reduces active area, which leads to
performance deterioration, unstable operating conditions, and faster degradation of the fuel cell
[3]. Furthermore, the blockage of the gas channels by liquid droplets results in a pressure drop and
flow maldistribution in the fuel cell manifold [151]. Consequently, the removal of liquid droplets
from the gas channels is crucial for the efficient operation of PEMFC.

1.1 Motivation

The conditions for droplet removal in PEMFCs depend on the operating conditions, in particular
the gas flow rate and the dynamic contact angles of the surfaces in the gas channels, among
other surface properties [3]. However, the understanding of the fluid-mechanical processes and the
parameters that influence droplet stability remains incomplete [3, 151]. The redirection of the flow
around the adhering droplet eventually leads to periodic flow separation, which in turn induces
an oscillation of the droplet. Due to the drag forces acting on the droplet, the gas-liquid interface
is deformed and, furthermore, set in motion. The moving gas-liquid interface, in turn, induces a
circulating flow inside the droplet. The complex interaction of the external and internal flow with
the gas-liquid interface is assumed to have a significant influence on the stability of the droplet
[26]. To date, little empirical data is available, so that further experiments are required to gain
insight into the detachment of adhering droplets in external shear flows. Previously, particle image
velocimetry (PIV) has been used to reveal the secondary flow inside of the droplet [24, 56, 151].
However, the refraction of light by the gas-liquid interface of the droplet leads to a distortion
of the particle image positions and, consequently, the measured velocity field. For droplets with
rotational symmetry and limited deformation, analytical methods for distortion correction have
been developed [107, 150]. However, adhering and oscillating droplets in external shear flows
exhibit significantly large and non-axisymmetrical deformation, which is, furthermore, temporally
variable. Therefore, the instantaneous three-dimensional shape of the gas-liquid interface has to
be obtained for an accurate measurement of the internal flow field of adhering droplets [26].

“For the reconstruction of the three-dimensional gas-liquid interfaces in two-phase flows various
measurement techniques, based on different optical phenomena have been proposed, including
refraction, fluorescence, light scattering, and structured light techniques.” from [DKS24, Section
1] The most common approaches employ the shadowgraphy technique due to its simplicity and
high spatial accuracy. For gas-liquid interfaces with little deformation, single-camera techniques
in combination with the assumption of symmetries and simple geometric shapes can provide an
accurate reconstruction [226, 85]. For the reconstruction of highly deformed interfaces, however,
methods based on multiple viewpoints and elaborate reconstruction algorithms are required [66,
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143]. The increased complexity of these setups leads to higher costs and demands a greater effort
in calibration, while the number of potential sources of error increases. Furthermore, optical
access for multiple cameras and light sources is required, thus limiting the applicability of multi-
camera techniques. Even with a large number of viewpoints, non-convex shapes with self-occlusion
occasionally remain a difficulty and produce large errors. Therefore, the development of a single-
view technique for the reconstruction of highly deformed and self-occluding gas-liquid interfaces is
highly desirable.

Deep learning has proven to be a powerful and versatile approach for problems in which the system
behavior is unknown or complicated to model, such as the reconstruction of three-dimensional
shapes from two-dimensional images [149, 191, 251]. A high level of interest towards image-based
volumetric reconstruction by means of neural networks has led to impressive results in recent years,
thus rendering deep learning as a promising approach for interface reconstruction. The inclusion
of prior knowledge, obtained by deep learning techniques from training data, has been shown to
enhance the accuracy of the reconstruction, in particular in regions where little or no information
can be extracted from the images directly. Recently, physics-informed machine learning [110] has
emerged as a promising framework for the seamless integration of mathematical models, such as the
governing equations of fluid flows, into data-driven algorithms, providing further prior knowledge
for the regularization of ill-posed inverse problems.

1.2 Research objective and outline of the study

Due to the relevance of adhering droplet flow dynamics for the application in fuel cells, the research
on such phenomena has attracted much attention over recent years. Consequently, a large body
of knowledge and research data across different domains, including experimental and numerical
investigations, as well as modeling efforts based on analytical and empirical approaches, is available
for the development of data-driven techniques. This immediately raises the question of what
potential lies within deep learning to bridge the gaps in the research through the integration of
different domain-specific insights toward a more comprehensive model of the underlying physics in
droplet flows. The focus of this work is the development of a predictive framework for gas-liquid
interfaces in two-phase flows, which combines insights from experiments, numerical simulations, and
analytical approaches to enable more in-depth and more efficient exploration of two-phase flows.
This general tool is demonstrated by the example of adhering droplets but is ultimately intended
to serve as a foundation for further research into the complex field of interface reconstruction in
two-phase flows. In order to address this open issue, it is further broken down into specific research
questions in the following.

Research questions:

RQ1 Can deep learning techniques be used to reconstruct the spatio-temporal gas-liquid interface
dynamics in two-phase flows from optical experiments?

RQ2 How should a deep learning framework for the instantaneous reconstruction from single-view
optical experiments be designed?

RQ3 Does the information in the images sufficiently represent the three-dimensional droplet dy-
namics to allow for an accurate volumetric reconstruction? How can the experiments be

modified in order to enhance the amount of usable information in the images?

RQ4 How and to what extent can available knowledge, e.g., from numerical simulation and ana-
lytical approaches be used to improve the accuracy of the reconstruction?
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RQ5 How accurate and how reliable is the data-driven reconstruction? What are the factors that
influence the quality of the reconstruction and determine the limits for the application?

The first question (RQ1) states the overarching problem definition of the present work, which is
aspired to be answered over the course of this thesis through a review of current reconstruction
methods, theoretical considerations, and extensive experimental investigations. The second ques-
tion (RQ2) is addressed in Chapter 3. To lay the groundwork for an informed decision on the design
of the reconstruction framework, first, a literature review on the current state-of-the-art in two-
phase flow reconstruction and volumetric reconstruction by means of deep learning is conducted.
This is followed by the conception of a reconstruction framework, in which the suitability of dif-
ferent deep learning techniques for the spatio-temporal reconstruction of the gas-liquid interface,
as well as the availability of resources, in particular existing experimental facilities and databases
from previous numerical and experimental investigations, are considered. The most suitable re-
construction method is adapted and integrated with a data processing pipeline that allows for
the generation of appropriate training data and provides ground truth data for the quantitative
evaluation of the reconstruction quality. A part of the findings regarding RQ2 have been published
in [DKS24]. The third question (RQ3) is addressed by the comparative evaluation of a purpose-
fully developed novel measurement technique with the canonical shadowgraphy method. Based
on the theoretical consideration of light scattering on spherical droplets, an optical measurement
method that employs color-coded glare points to embed additional three-dimensional information
of the gas-liquid interface in the images is developed in Chapter 4. The effectiveness of glare points
for encoding additional three-dimensional information is demonstrated first by the reconstruction
of a simplified droplet geometry by analytical means. The foregoing results for RQ3 have been
published in [DBB*23|. In order to shed light on the impact of glare points for the reconstruc-
tion of complex deformed gas-liquid interfaces, a comparative study with the same reconstruction
method that receives only shadowgraph images as input is conducted in Chapter 6. The results
of this study were previously published in [DKS24|. The fourth question (RQ4) is addressed in
two differentiated evaluation steps. The first part of the question is addressed by the incorpora-
tion of results from numerical simulation into the data generation and training process during the
conception stage of the reconstruction framework in Chapter 5. The effect of numerical training
data is subsequently analyzed on the basis of the reconstruction results obtained by experimental
investigation in Chapter 6. The results for this first part of RQ4 have been published in [DKS24]
and [DHK™'25]. In the second step, physics-informed learning techniques are explored and their
effect on the reconstruction performance is measured in a comparative experimental investigation
to the previously developed data-driven baseline model in Chapter 7. The results of this study
were previously published in [DKK'24]. In order to address the last question (RQ5), an experi-
mental investigation of the reconstruction performance for droplet flows with gradually increasing
complexity of droplet deformation is conducted in Chapter 6. The accuracy of the reconstruc-
tion methods is quantified under various conditions and for different reconstruction tasks, starting
from axisymmetrical droplet impingement, over substrates with different structures and anisotropic
wettability, and finally adhering and oscillating droplets in external shear flows. Thereby, possible
sources of uncertainty and their influence on the reliability of the novel reconstruction technique,
as well as the quality of the obtained reconstruction results are determined. Part of the results
regarding RQ5 have been published in [DKS24] and [DHK*25]. In the present thesis, two different
styles of citation will be used to differentiate references to published works that include the contri-
bution of the author of this thesis from the work of others. Self-citations will be referenced in an
alphabetical style, as seen in the previous paragraph, while the work of others will be referenced

in a numeric style.
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In this chapter, first, the fundamentals of two-phase flow phenomena are reviewed, including a
brief derivation of the governing equations for two-phase flows. Subsequently, the basic principles
of the experimental techniques employed for the observation of two-phase flows in the present work
are introduced. This is followed by an overview of the deep learning techniques that provide the
foundation for the development of data-driven techniques for the reconstruction of two-phase flows.
Parts of this chapter have previously been published in the articles Three-dimensional encoding of
a gas-liquid interface by means of color-coded glare points by Dreisbach et al. [DBB*23|, Spatio-
temporal reconstruction of droplet impingement dynamics by means of color-coded glare points and
deep learning by Dreisbach et al. [DKS24], and Interface reconstruction of adhering droplets for
distortion correction using glare points and deep learning by Dreisbach et al. [DHKT25]. Where
findings have already been published in one of the referenced works, this is clearly marked and
identified as related quotations.

2.1  Governing equations of fluid mechanics

In the following, the governing equations that describe the motion of fluids, which are used through-
out this work, are introduced. The behavior of a fluid flow can be described by the interpretation
of the fundamental equations of continuum mechanics in the context of fluids. The consideration
of fluids as continua allows for the description of the flow field at any spacial point x = x; and
time ¢ by the differential form of the conservation laws for mass and momentum.

Conservation of Mass The differential form of the equation for mass conservation, which in the
following will be referred to as the continuity equation, reads [210, p. 37|

dp
- i) =0, 2.1
ot on (pui) (2.1)
where p is the density of the fluid and w; the velocity components of the flow with ¢ = 1,2, 3.
Through the application of the material derivative Dl()';) = ag;) + u; 88('73'j), the continuity equation
can be expressed in the following form
Dp 8Ui
— =0. 2.2

If the fluid can be considered incompressible, the density of a material particle remains constant
along its track, even under varying pressure, which results in % = 0. Equation 2.2 is then reduced
to the conservation of volume and becomes the continuity equation for incompressible flow

8ui
(9177;

=V-u=0. (2.3)



2 Fundamentals

It should be noted, that incompressibility does not imply uniform density, as two different material
particles can retain different constant densities in an incompressible flow [210, p. 38].

Conservation of Momentum The differential form of the linear momentum conservation equation
is given by [210, p. 37]

DUj - ) 8oij
o Dt P 8xZ ’

(2.4)

where k; represents a specific force per volume, such as the gravitational acceleration and o;;
the stress tensor. The differential form of the momentum conservation equation is valid for any
continuum and therefore has to be combined with a material law for the considered fluid that
relates the stress tensor to the motion of the continuum to obtain the governing equations that
allow for the description of the specific fluid flow. The stress tensor o;; = ¢;; is symmetrical [210,
p. 49] and can be decomposed into the fluid pressure p and viscous stress tensor 7;; for the case of
fluids [199, pp. 56-57]

ij = —pdij + Tij, (2.5)

where §;; is the Kronecker delta. For a Newtonian fluid the viscous stress tensor 7;; is linearly
dependent on the strain rate tensor ¢;;, which is defined as [199, pp. 62-64]

- 1 8uz 8Uj
Eij N 5 <6$J * 8.131) ' (26)

The material law for an isotropic Newtonian fluid can be expressed as [199, p. 65]

2
Tij = ~glerk + 2pei , (2.7)
where p is the dynamic viscosity and ey = g%:. The substitution of the material law for a

Newtonian fluid into the momentum conservation equation (Equation 2.4) yields the Navier-Stokes
equations (NSE)

Ou; Ou; 0 2 Ouy 0 Ou; ~ Ouy
— i =pk; — — — . 2.
”(at o ax) P55~ B, (p+3“axk>+axi (” <8mj+8aci (28)
For incompressible fluids Equation 2.8 is simplified to
ou; Ou; op 0 Ou;  Ou;
i’ i = pk; — —— , 2.
p(at +“ax,»> 7%~ be; T am \M\ oz, T oz, (2:9)

under consideration of Equation 2.3, or in tensor notation

p(%—l—(u-V) u) = pk = Vp+ V- (u(Va + (Vu)T)). (2.10)

The dynamic viscosity does not necessarily need to be uniform across the flow field in incompressible
flows. In general, the viscosity is a function of the temperature [9, p. 59] [see also 210, p. 6], so
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that for isothermal flows of one thermodynamical phase a uniform distribution of the viscosity can
be assumed [210, p. 104]. However, for two-phase flows, the viscosity generally has a non-uniform
distribution even in isothermal conditions, due to the discontinuity at the interface.

2.2 Two-phase flow phenomena

Multiphase flows involve two or more different thermodynamic phases, which can be gaseous,
liquid, or solid. Gas-liquid or immiscible liquid-liquid two-phase flows are characterized by a sharp
interface that separates the two phases. This interface is deformable and can undergo topological
changes due to break-up or coalescence. The physical properties of the bulk phases, such as density
and viscosity change across a very small transition region at the interface, which is typically only
a few molecules wide. In the framework of continuum mechanics, the interface thickness vanishes
and instead, a sharp interface, i.e. a discontinuity at the phase boundary is assumed. Two phase-
flows may involve phase change phenomena, such as boiling at high temperatures or cavitation at
low pressure. However, the present work focuses on the two-phase flow of water and air at room
temperature and atmospheric pressure, and therefore only evaporation and condensation require
consideration. Additionally, the flow velocities in this work are low enough that compressibility
effects can be neglected. Two-phase flows at the scale of a few millimeters, as considered in
this work, are affected by capillary forces that arise due to surface tension, which will be further
elucidated in the following section. Subsequently, static and dynamic wetting of flat and structured
solid surfaces will be discussed, followed by a brief review of the research on droplet impingement
phenomena and adhering droplets subjected to external shear flows. This section closes with an
overview of mathematical models employed for the description of two-phase flows in numerical

simulation.

Surface tension Surface tension originates from molecular interactions and thermal effects on
the micro-scale and is represented in continuum mechanics by its macroscopic effects, as a stress
on the interface. The molecular interactions are determined by long-range attractive and short-
range repulsive forces, which are represented by the Lennard-Jones intermolecular potential [129].
Consequently, at large distances attractive forces dominate. In the bulk of the phases the attractive
and repulsive intermolecular forces generally even out. However, at the interface, the attractive
forces parallel to the surface are stronger than the repulsive forces, due to a larger intermolecular
distance that results from a lower density in the transition region at the interface. This force
anisotropy localized close to the interface gives rise to surface tension. For a more extensive
explanation of the formation mechanisms that lead to the occurrence of surface tension, the reader is
referred to the publication of Marchand et al. [142]. The resulting surface tension can be considered
from a thermodynamic or mechanical point of view. From the thermodynamic standpoint, surface
tension is defined as the excess free energy at the interface. The molecules at the interface are
in an energetically unfavorable state and, as a consequence, the creation of surface area requires

energy.

dE = ydA, (2.11)

where dA is an infinitesimal surface area and v the coefficient of surface tension. In order to reach
the minimal possible free surface energy, a fluid system tends to minimize its surface area. Surface
tension from the mechanical point of view is defined as a force per length unit [ that acts parallel
to the surface and normal to the contour of the surface
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E, =1l. (2.12)

The equivalence of both points of view can be demonstrated by the principle of virtual work. For
the creation of the surface dA = [ - dz, where dx is an infinitesimal length, the work F, - dz has
to be expended, which increases the free interfacial energy by dE = ~l - dz = vdA. The surface
tension coefficient is a function of temperature and concentration, where a small concentration of
surfactants can significantly alter surface tension already [188]. If no surface tension arises at the
interface of two fluids, they are considered miscible; otherwise, they are classified as immiscible or
partially miscible.

Laplace pressure A consequence of surface tension is the pressure difference over curved inter-
faces. The force balance over a curved interface in the equilibrium state reveals that the resultant
force of the surface tension requires an opposing pressure force of equal magnitude. Consequently,
the pressure on the side of the curved interface at the center of the radius is greater than the
outside pressure. The pressure difference is given by the Young-Laplace equation [44, pp. 6-8]

1 1

Ap =1~ ( + ) ; (2.13)
1 T2

where r; and 7y are the principal radii of curvature in two orthogonal directions. This pressure

caused by surface tension is called Laplace pressure.

Dimensionless numbers The two-phase flows considered in the following work can be regarded
as a physical system that is dependent on six physical variables, in particular the density p, the
dynamic viscosity u, the surface tension coefficient v and the gravitational acceleration g, as well
as the characteristic length scale L and velocity U. Furthermore, the system is defined by the three
fundamental units mass, length, and time. According to Buckingham’s theorem [20] this physical
system can be represented by three dimensionless groups:

2 . .
__ pgL® __ gravitational forces
¢ Bond number Bo = "~ interfacial forces

° Reynolds number Re = pUL __ inertial forces

“w viscous forces
2 . .
_ pU”L __ _inertial forces
e Weber number We = v~ interfacial forces

The Weber and Reynolds numbers are crucial for the characterization of various interfacial phenom-
ena, including the splashing of liquid droplets impacting on solid surfaces, the break-up of droplets
during atomization, or the transition between different regimes in bubble flows. For Bo =~ 1 the
gravitational and interfacial forces are comparable in magnitude, which yields the definition of
the capillary length [. = %. For characteristic length scales smaller than [. two-phase flow
problems are typically dominated by capillary effects. For air-water flows the capillary length is
le ~ 2mm, computed with typical values of v = 70mN/m, p,, = 997kg/m? and g = 9.81m/s.
Without the influence of gravity, a free-floating droplet takes the shape of a sphere, which still
holds approximately true for a falling droplet at Bo < 1.

Further relevant dimensionless numbers in the context of two-phase flows are the Froude number

Fr = %, the Capillary number Ca = % and the dimensionless time t* = %, which relates

the physical time ¢ to the characteristic length and velocity. The Froude number represents the
ratio of inertial and gravitational forces and is used for the characterization of two-phase flows
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where gravity is important, including vertical, stratified, and free-surface flows. The Capillary
number represents the ratio of the viscous and interfacial forces and is crucial for representing the

dimensionless contact line velocity in dynamic wetting phenomena.

2.2.1 Wetting of smooth and structured surfaces

Static wetting A relevant two-phase flow phenomenon is the wetting of a solid surface by a liquid
phase in the presence of a gaseous phase. The adhesive forces acting between the liquid phase and
the solid cause the liquid to spread on the surface, while the cohesive forces in the liquid phase
simultaneously induce the liquid to take a spherical form. The particular force balance results in
the formation of a liquid droplet or film on the surface, depending on the wettability of the surface.

Ves

Figure 2.1: Static wetting of an ideal solid surface by a liquid droplet. The balance of the interfacial energies
between the liquid (1), gaseous (g) and solid (s) phases, 7, s and ~vgs, determines the equilibrium
contact angle Ocq.

The Young equation [258] describes the equilibrium state for a droplet wetting an ideal surface,
which is characterized as a flat, smooth, rigid, and chemically homogeneous surface in horizontal
orientation

Ygs = Ns T+ 'YCOS(@eq)a (214)

where v, 15 and 7y, are the interfacial energies at the gas-liquid, the liquid-solid, and the gas-solid
interface, respectively and ©.4 is the equilibrium contact angle. The contact angle is defined as the
angle between the tangent of the gas-liquid interface and the tangent at the solid-liquid interface
at the point where the three phases meet, i.e. the contact line, as illustrated in Figure 2.1. By
convention, the contact angle is defined as inward facing to the liquid phase. The balance of the
three interfacial energies determines a unique solution for the equilibrium contact angle ©.q, which
is a measure of the degree of wettability: In particular, total wetting occurs for ©,q = 0° and
leads to the formation of a liquid film, whereas partial wetting occurs for ©,q > 0° and leads
to the formation of a droplet. Furthermore, ©.q < 90° characterizes a wetting surface, which in
the case of water is referred to as hydrophilic, while ©.q > 90° characterizes a weakly wetting or
hydrophobic surface and ©.q > 150° superhydrophobic surfaces.

Dynamic wetting Dynamic wetting occurs during the motion of a liquid droplet surrounded by
gas on a solid surface. It has been found that in reality, the contact angle has a hysteresis, i.e. that
no movement of the interface occurs for 0,4, < © < O,¢c, where O,4, and O,.. are defined as the
advancing and receding contact angles, respectively [12, pp. 255ff.]. The contact angle hysteresis
is defined as A® = 0,4, — Oec and is a measure for the "stickiness" of a surface, i.e. how much
external force would be required to move the droplet on the surface. The cause for the contact
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angle hysteresis lies in the pinning of the contact line on surface heterogeneities, such as roughness
or chemical heterogeneities, which leads to further equilibrium states between 0,4, and ©,c.. The
contact line then has to overcome these local energy barriers on the heterogeneous surface in order
to start moving. Furthermore, it has been found that the contact angles of moving contact lines, in
the following referred to as dynamic contact angles, depend on the velocity of the contact line ucy,.
The advancing contact angle increases with contact line velocity, while the receding contact angle
decreases. This dependency is represented by the non-dimensional capillary number Ca = %L for
which the relationship © = f(©¢q, Ca) has been determined experimentally [89]. The monographs
of Berg [12] and De Gennes et al. [44] are recommended for a comprehensive review of capillarity
effects and wetting phenomena. For the mathematical modeling in the framework of continuum
mechanics, it has to be considered that the no-slip boundary condition for the velocity is not
appropriate for the moving contact line in the context of a sharp interface. A velocity boundary
condition with a tangential slip of the interfacial velocity at the solid surface is required instead,
such as the Navier slip condition. Furthermore, more complex boundary conditions for the dynamic
contact angle have to be considered.

Wetting of structured surfaces Surface structures can exist on a wide range of scales, and rele-
vant lengths in the context of two-phase flows typically range from a few nanometers to hundreds
of micrometers. Furthermore, the structures can be regular or irregular and thereby include rough-
ness. The wetting of structured surfaces is characterized by two distinguished regimes, namely the
Wenzel state [247] and the Cassie-Baxter state [31]. The wetting state has a significant influence
on the wettability and the "stickiness" of the wetted substrates, which are expressed by varying
static contact angles and contact angle hysteresis, respectively. In the Wenzel state, the surface
is completely wetted, as liquid enters into the surface structure. The heterogeneity of the surface
enhances the hydrophobicity of already hydrophobic materials but also makes hydrophilic surfaces
more hydrophilic, which is reflected in the Wenzel equation

cos(Ow) = Ry cos(Oeq), (2.15)

where Ry is the ratio of actual surface area to normally projected surface area. Furthermore,
the Wenzel state is associated with an increase in the contact angle hysteresis due to an increased
pinning of the liquid interface at the surface heterogeneities. In the Cassie-Baxter state, the surface
is partially wetted by the liquid, because gas is trapped in the surface structure so that the liquid
is only in contact with the peaks of the structure. This composite wetting state leads to a reduced
wettability, which is expressed by the Cassie-Baxter equation

cos(Ocp) = Ry cos(Beq) — Ro, (2.16)

where R; is the area proportion of the wetted area and Ry = 1 — R; is the area proportion of
the gas-liquid interface in the composite surface. Structured surfaces of hydrophobic materials
in the Cassie-Baxter state can become superhydrophobic. Typically the Cassie-Baxter state is
associated with a low contact angle hysteresis due to a reduced solid-liquid interaction. However,
technically engineered surfaces can combine hydrophobicity with "stickiness", as the combination
of roughness and surface structure can result in a combined Cassie-Baxter/Wenzel state [183].
Both regimes represent separate energy minima, however, the Cassie-Baxter state is meta-stable,
which can lead to a transition from the Cassie-Baxter to the Wenzel state. For this transition,
an energy barrier has to be overcome and external influences, such as gravity, vibration, thermal
perturbation, compression, or mechanical forces can induce the transition [158]. Anisotropy in the

10
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surface structure, such as parallel grooves, stripes of roughness or chemical functionality, as well
as gradients in wettability can induce anisotropic wetting, which introduces a directionality in the
distance that the liquid spreads on the surface, as well as static and dynamic contact angles [253].
Anisotropic structured surfaces are ubiquitous in nature and often possess intricate hierarchical
structures with excellent water-repellent properties. Furthermore, gradients in wettability induce
a force acting on the liquid, which is exploited in technically engineered surfaces to guide the fluid

flow e.g. for droplet removal.

2.2.2 Droplet impingement

“The impingement of liquid droplets on wet or dry surfaces is an important phenomenon in a
multitude of technical applications, such as spray cooling [154|, spray coating [4, 43|, inkjet printing

b))

[135] and combustion [155].” from [DKS24, Section 1] The outcome of droplet impingement is
dependent on the kinematic conditions, in particular the impact velocity, the angle of incidence,
and the volume of the droplet, as well as the fluid properties — most importantly the surface tension,
the viscosity, and the density of the liquid droplet. If the impact on a solid substrate is considered,
the wettability, structure, and roughness of the substrate influence whether a deposition, splashing,
a partial or complete rebound of the droplet occurs. The most relevant dimensionless groups that
determine the outcome of droplet impingement are the Weber and Reynolds numbers, defined as
We = @ and Re = ”“/%do, with the initial spherical droplet diameter dy, the impact velocity
ug, as well as the density p and dynamic viscosity p of the liquid phase. The different outcomes
of droplet impingement on solid substrates, as classified by Rioboo et al. [180], are illustrated in
Figure 2.2.
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Figure 2.2: Regimes of droplet impingement; time series of an impinging droplet until maximum spreading (a)
to (c), resulting in deposition (e1) or the formation of a jet. Depending on the kinetic energy of the
impact, a thin jet (d1) emerges, resulting in secondary droplet ejection (e2), or a thick jet, leading to
partial rebound (e3) or rebound (es4). Impingement with high kinetic energy resulting in the splashing
of the droplet (f) to (h).

A time series of recorded images from droplet impingement experiments that resulted in the depo-
sition of the droplet is illustrated in Appendix Figure A.3. In the deposition regime, the droplet
remains on the surface of the substrate from the moment of initial impact until it reaches its
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equilibrium state. Due to its high kinetic energy upon impact, the droplet deforms and dynami-
cally wets the substrate. On horizontal flat surfaces the droplet spreads radially and forms a thin
lamella that is bounded by an elevated rim of almost circular cross-section [257]. In this case, the
droplet deformation is axisymmetrical. During this first, so-called spreading phase, the droplet’s
kinetic energy is partly dissipated by viscous effects and partly transformed into surface energy
as the surface area increases significantly. The droplet reaches its maximum extent of spreading,
indicated by the maximum spreading diameter when the inertial and surface tension forces balance
out. The maximum spreading diameter is governed by the kinetic energy of the impacting droplet
and, therefore, increases with higher impact velocities. After reaching the maximum spreading
diameter, the behavior of the droplet is primarily influenced by the wettability of the substrate.
For wettable substrates, the droplet will continue to spread on the surface until equilibrium condi-
tions are met. On hydrophobic surfaces, the droplet retracts while minimizing the surface energy,
which is partly transformed back into kinetic energy and partly dissipated. This phase of droplet
impingement is referred to as the receding phase [181]. The droplet might spread again after
the receding phase, depending on the remaining kinetic energy. Consequently, a repeating cycle
of spreading and receding follows, which induces a dampened oscillation of the droplet until an
equilibrium state is reached. At higher impact velocities the droplet might splash upon impact,
ejecting numerous secondary droplets radially. On hydrophobic substrates, receding break-up can
occur, where secondary droplets are split off during the receding phase. If the remaining kinetic
energy at the end of the receding phase is sufficiently high, the radially converging flow produces
an upward jet. Depending on the wettability of the substrate and the remaining kinetic energy,
the height and diameter of this jet vary and small secondary droplets might be ejected due to
the instability of thin jets [180]. Larger jets result in a partial rebound of the droplet, where a
significant portion of the droplet volume is ejected or in a complete rebound, characterized by
the complete detachment of the droplet from the substrate [256]. In particular, superhydropho-
bic surfaces are associated with a rebound of the droplet, rendering such substrates interesting
for technical applications such as self-cleaning or anti-icing surfaces [105, 112]. As introduced in
Subsection 2.2.1 structured hydrophobic substrates can attain superhydrophobicity, which has in-
stigated research into manufacturing processes and properties of structured hydrophobic surfaces
[174, 64]. “Droplet impingement is an inherently three-dimensional (3D) process due to the pres-
ence of outside perturbation from the environment and heterogeneity of the substrate originating
from e.g., variation in chemical properties or surface roughness [69]. In particular, angled impacts
and the anisotropic wetting of structured surfaces lead to a complex three-dimensional deformation
of the gas-liquid interface [153].” from [DKS24, Section 1]

2.2.3 Adhering droplets in shear flows

B

Figure 2.3: Visualization of an adhering droplet subjected to an external shear flow; time-averaged flow topology
inside the droplet and in the external flow (left), droplet and flow oscillation (right). Figure adapted
from Burgmann et al. [25].

“Adhering droplets in external flows occur in many technical applications, for instance in cleaning
and drying processes [224, 200], oil recovery [223, 198, 76, 140], heat exchangers [120, 106, 246,
airfoil icing prevention [109] and in fuel cells, where a removal of the droplets is crucial for an
efficient operation [222, 123, 60, 22]. The flow around the droplet eventually leads to a detachment
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of the droplet from the solid surface at critical conditions, which occur when the external forces
acting on the droplet become greater than the adhesion of the liquid droplet to the surface [63,
65, 8, 25]. Several investigations have revealed an intricate interaction of the droplet with the
surrounding flow. The droplet deforms |76, 200, 7] and additionally oscillates, when subjected to
external shear flows [265, 23]. It was shown that the contact angle hysteresis of the substrate and
the droplet volume have an influence on the critical velocity for droplet detachment [53, 123, 8].

Previous investigations based on particle image velocimetry (PIV) measurements revealed that the
internal flow within the droplet is relevant to understanding the mechanism of droplet detachment.
It was found that the internal flow follows the main flow direction of the external flow [55] and
exhibits a clockwise rotational flow pattern [151]. Minor et al. [151] deduced that the secondary
flow inside a droplet is induced by shear forces on the interface resulting from the external flow.
Burgmann et al. [24] confirmed the findings of a clockwise vortex at low external flow velocities but
also found an additional counterclockwise rotation at higher flow velocity that becomes dominant
when approaching the critical velocity. Furthermore, the authors found an oscillation of the droplet
with increasing amplitude towards higher external flow velocities. Burgmann et al. [25] proposed
that the droplet detachment is associated with a self-excitation process resulting from the oscillation
of the gas-liquid interface, as well as the oscillation of the inner flow structure and the flow field
around the droplet. The authors demonstrated that an emerging backflow region at higher external
flow velocities induces the change in the flow pattern within the droplet and that the wake flow
oscillates with the same frequency as the droplet. Later, Burgmann et al. [26] found that the
coupling of the internal and external flow leads to increased flow separation in comparison to rigid
bodies and, consequently, a higher pressure force driving droplet detachment. Bilsing et al. [13]
measured the internal 3D flow field by means of microscopic particle tracking velocimetry (PTV)
through a transparent substrate from below and thereby revealed that the internal flow topology
consists of multiple 3D vortical structures that change drastically depending on the external flow
velocity. In experiments with rigid droplet models, Zhang et al. [264] found that the external flow
topology is significantly influenced by the shape of the adhering droplet. Consequently, a better
understanding of the droplet deformation is required for any future investigation of the external
flow. A visualization of the flow phenomena inside and around the droplet is shown in Figure 2.3.
The mutual dependence of wake flow, contour oscillation, and internal flow structure influences the
stability of the droplet and eventually leads to the detachment of the droplet at critical conditions.
While there has been significant scientific progress in recent years, the exact mechanism of droplet
detachment still remains to be fully understood. Therefore, further experiments are required in
order to obtain a better analytical model of droplet stability that accounts for aeroelastic effects
and, consequently, allows for a more accurate prediction of the onset of droplet motion.” from
[DHK 25, Section 1]

2.2.4 Numerical modeling of two-phase flows

A multitude of numerical methods for the simulation of two-phase flows have been developed,
including particle-base models [212, 54] and continuum methods, encompassing two-fluid models
[190, 87] and one-fluid models. In two-fluid models, each phase is simulated in a separate subdo-
main, coupled by boundary conditions at the interface. Conversely, one-fluid models treat both
phases as a single fluid with locally varying properties. One-fluid models can be further categorized
into interface-tracking approaches [79, 230] and interface-capturing approaches. The latter includes
level set [214, 68|, volume-of-fluid (VoF) [164, 86, 259], and the phase-field [100, 261] methods. A
comprehensive description of the aforementioned techniques can be found in the reviews by Wérner
[252] and Mirjalili et al. [152]. The current work focuses on one-fluid models, particularly VoF and
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the phase-field approach. Furthermore, this subsection is deliberately kept brief to focus on the
fundamental concepts that are required for the development of physics-informed neural networks
and, underlie the numerical datasets that are used in this work to train the neural networks. Con-
tinuum methods for the numerical simulation of two-phase flows require a method that describes
the spatio-temporal interface evolution and can be coupled with the momentum equation. The
techniques for the representation of interface evolution are generally classified as either sharp or
diffuse interface methods. In sharp interface methods, the interface thickness is assumed to be
zero and the physical quantities of the fluids are discontinuous at the interface, whereas in diffuse
interface methods, the interface has a finite thickness and physical quantities change continuously
across the interface.

Volume-of-fluid method The Volume-of-fluid method [164, 86, 259] is a sharp interface technique
based on a scalar indicator function y, which is used to follow the interface evolution and is defined
as

1 f €N
xxty=4" 0 FE (2.17)
0 for x&

on fixed Eulerian grid, with € representing the subdomain of the liquid phase (more generally one
of the phases) in the domain of the two-phase flow 2. If no phase change occurs, i.e. the value of
x for a fluid particle does not change along its track, the following transport equation for x holds

Dx _ ox

—_ . = 0. 2.1
Dt 8t+u Vx=0 (2.18)

The volume fraction « is defined as the volumetric average of x over the control volume V

i)
a=— [ xdV 2.19
Vi) (2.19)

and indicates whether a computational cell is occupied by the liquid (o = 1), the gaseous phase
(e =0), or both (0 < a < 1). The integration of Equation 2.18 over V' and the application of the
Gauss divergence theorem yields

O 1

— + — n.-u) xydA =0, 2.20
o V] oy B (220

with the unit normal vector n. on the control volume boundary dV. Two common approaches
exist for the evaluation of the surface integrals in Equation 2.20, namely geometric VoF and
algebraic VoF. In geometric VoF approaches the local orientation and position of the interface is
reconstructed by geometric means. A commonly employed method is the piece-wise linear interface
calculation (PLIC) [259], in which the interface is represented by a plane in each computational cell
on the interface. The reconstructed interface is then further used to approximate the distribution of
x in the cell and, subsequently, to calculate the numerical fluxes in Equation 2.20. An advantage of
geometric VoF is inherent mass conservation. However, accurate interface reconstruction schemes
are typically complicated and computationally expensive.

In algebraic VoF approaches [86] Equation 2.20 is approximated by the following transport equation
for the volume fraction o
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aa—(: + (u-V)a=0, (2.21)
which can be solved by numerical schemes without the requirement of a geometric interface recon-
struction. Consequently, algebraic VoF in its basic form offers a simplified and thus computation-
ally cheap model for the simulation of two-phase flows. While algebraic VoF is derived under the
assumption of zero interface thickness, in practice the numerical implementation of Equation 2.21
results in a finite interface thickness. The interface location is appropriately indicated by a = 0.5.
As the interface is smeared across multiple computational cells, algebraic VoF approaches are
usually sensible to mesh resolution.

In both VoF approaches the transport equation for the volume fraction is solved alongside the
continuity and momentum equations in order to obtain the velocity field information. An advantage
of the VoF method is that topological changes, such as break-up or coalescence can be represented
on a fixed grid, without a dedicated handling of the dynamics interface.

Single-field Navier-Stokes equations The discontinuity at the interface has to be considered in
the momentum equation. For a two-phase flow in the domain €2, which is occupied by two immisci-
ble incompressible Newtonian fluids in the respective subdomains ) and 2, that are separated by
the interface, the local NSE and continuity equation (Equations 2.10 and 2.3) are valid on € and
Q,. In order to couple the conservation equations in the respective subdomains, jump conditions
for the velocity and stresses at the interface are required. In each subdomain, the density and the
viscosity of the fluids are assumed to be piece-wise constant, with p; and i on € and p, and pg
on €. The local NSE in each phase can be combined into the single-field NSE

o (38‘; () u) — Vp+ - (e (Vu+ (V)T)) + puig + £, (2.22)

which are valid across the whole domain Q, even if p and p change discontinuously [231, p. 42|. In
the single-field approach, the immiscible fluids of both phases are treated as one effective fluid with
varying density and viscosity py = pm(x,t) and v = p(x,t), which are piece-wise constant in
each phase and have discontinuities at the interface. The physical properties are calculated using
weighted averages of the properties of the two respective fluids as a function of the volume fraction
«. Commonly, the arithmetic mean is used as a mixture rule for both py and p

n=ab + (1-a)y with € {p,pu} (2.23)

However, in some approaches the viscosity is weighted using the harmonic [252]. Consequently,
the instantaneous phase field distribution is required to solve single-field NSE and, thereby, the
interface evolution equation is coupled with the momentum equation. Furthermore, Equation 2.23
reveals that an accurate computation of the volume fraction is crucial, as small errors in the volume
fraction translate into errors of the mixture density pyr, which in turn introduces an error to the
momentum balance, in particular for high density ratios.

Modeling of interfacial forces The accurate representation of interfacial forces is a critical issue
for the simulation of two-phase flows. The continuum surface force (CSF) model [16] is commonly
employed in algebraic VoF methods. In CSF the surface tension f, is modeled as a localized body
force within a transition region of finite thickness at the interface
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f, = -V, (2.24)

with the surface tension coefficient v and the cell-averaged curvature of the interface x. The

curvature of the interface is approximated by k = —V-n; with the outwards pointing normal vector
of the liquid interface n;, which is represented by the gradient of the volume fraction n; = Hgg\\'
Consequently, this results in
Va
£, =~V- () Va. (2.25)
’ [Vall

Spurious currents, i.e. artificial velocities that distort the solution of the velocity field even if both
fluids are at rest are a common issue with most surface tension models. This issue arises if the
numerical implementation of surface tension does not balance with the pressure gradient forces
when discretized or if the curvature of the interface is not accurately calculated. In the CSF model
the correct approximation of the surface curvature and, consequently, the surface tension force are
dependent on the accurate distribution of the volume fraction.

Phase field methods The phase field method [100, 261] is a diffuse interface method, in which
the finite thickness of the interface is physically motivated by long-range van der Waals forces. The
evaluation of the phase distribution is based on the conserved order parameter C' that represents
both phases and takes the value of C; = 1 in the liquid phase and C; = —1 in the gaseous phase. The
order parameter C varies rapidly but smoothly at the interface and defines the interface location
at C = 0. In the phase-field approach, the material properties in the bulk phases are considered to
be homogeneous, while the components of the bulk phases are mixed in the interface region with a
smooth and continuous transition. Consequently, the interface region contains mixing energy and
the interface thickness is determined by molecular dynamics. The mixing energy density describes
the molecular interaction of the two phases and is defined as

Fais(€,V0) = il VO + 228202 17, (226)
where Apix is the magnitude of the mixing energy and € is the capillary width, which is proportional
to the interface thickness. The first term in fi,ix is the free energy of the interface and represents
weakly non-local interactions of the chemical components that drive the mixing of the components
at the interface. The second term represents the bulk energy density that drives the separation of
the two phases. the mixing energy F,ix is determined by integration of fi,ix in the control volume

Vv

FmiX:/ SfmixdV. (2.27)
1%

According to the diffuse-interface theory [234] the phase separation and diffusion in two-phase flows
are driven by the chemical potential at the interface. The chemical potential ¥ can be obtained as
the variational derivative of the mixing energy with respect to the order parameter C

’LZ) _ 5-52;)( _ )\;nzix C(C2 o 1) _ Amixv2C' (228)
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2.2 Two-phase flow phenomena

Following the generalized Fick’s law, the diffusive mass flux of the two-phase system can be con-
sidered proportional to the gradient of the chemical potential, which leads to the convective Cahn-
Hilliard equation [27]

%—f +(u-V)C = MV?%y, (2.29)
with the mobility parameter M that determines the relaxation time of the interface. The Cahn-
Hilliard equation represents the dynamics of the interface and is conservative with respect to
C for incompressible fluids. The mixing energy density represents the interfacial tension and,
therefore, can be related to the surface tension coefficient v at the sharp interface limit ¢ — 0 for
an equilibrium state of the two-phase system. Equating the surface energy and the mixing energy
in the interface region yields [261]

2v/2 Amix

TEa (2.30)
As the surface tension coefficient v can be measured by experiments, Equation 2.30 can be used to
determine the mixing energy magnitude Ayix. The value for €, however, needs to be chosen in the
numerical simulation and is typically defined in relation to the characteristic macroscopic length
scale of the flow. A sufficiently high resolution of the computational mesh is required in order to
represent the physics at the interface, which usually causes the numerical € to be much larger than
the physical e. At the sharp interface limit, the diffusive term of Equation 2.29 vanishes and the
mobility parameter M is scaled accordingly with M = (e?. The value for ( is obtained by fitting
to experimental data.

In the phase field method the two-phase flow dynamics are modeled by the coupled Cahn-Hilliard
and single-field Navier-Stokes equations (see Equation 2.22). The material properties of both
phases are determined by the mixture rule

_14C, 1-C

&m 5 &+ 5

& with & e {p,u}. (2.31)

The surface tension term in the NSE is represented by a formulation based on the chemical poten-
tial, i.e. the continuum surface tension in the potential form [100]

£, = yVC. (2.32)

The phase field method is advantageous for the simulation of phenomena involving contact line
motion, as the stress singularity at the contact line, which occurs for sharp interface methods such
as VoF, is avoided by the representation of the phase evolution as a diffusive process. Furthermore,
the energy-based formulation of the phase distribution handles topological changes natively, which
makes the phase field method suitable for the simulation of coalescence and break-up. However,
mass conservation is not ensured, which can result in unphysical solutions at small scales and high
density ratios.
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2.3 Optical measurement principles

In this section, the fundamental optical measurement principle of the shadowgraphy technique and
the theoretical framework for glare points that result from the scattering of light will be discussed,
which provides the basis for the development of experimental methods in this work.

2.3.1 Shadowgraphy technique

“The most common optical measurement method for the observation of droplet dynamics, due to its
simplicity and high spatial accuracy, is the shadowgraphy technique, in which a droplet or bubble
is illuminated in parallel backlight that accurately maps the contour of the gas-liquid interface onto
an image plane [237, 162].” from [DKS24, Section 1] The shadowgraphy technique is a density-
based optical measurement technique that exploits the refraction or reflection of light due to density
changes in the fluid to visualize its flow. In the case of two-phase flows, the primary mechanism is
the reflection of light at the gas-liquid interface. In the simplest form of shadowgraphy, only a light
source and a screen are required to illuminate the object in backlight, which casts a shadow on the
screen. However, in practice a more elaborate experimental setup, as illustrated in Figure 2.4, is
commonly employed in order to achieve a higher accuracy of the projected contour.

test objective

lens :
section lens recording

light pinhole

source

' plane
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condenser
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Figure 2.4: Sketch of the parallel light focused shadowgraphy; a collimated light beam illuminates the droplet in

the test section, casting a shadow of its contour onto the recording plane. The shadowgraph image is
focused by the objective lens.

As shown in Figure 2.4, the light emitted by an illumination source is focused through a condenser
lens and subsequently passes a pinhole aperture, after which the light is collimated into a parallel
beam by a second lens. Parallel light provides a significantly higher contrast in comparison to the
divergent light of an uncollimated light source due to a more localized illumination. Therefore,
parallel light shadowgraphy is the preferred choice for all applications in which collimation of
the light is feasible [201]. The illumination setup depicted in Figure 2.4 is designed to enhance
the accuracy of the projected contour by managing the adverse influences of geometric blur and
diffraction blur. Geometric blur arises due to the divergence of the light beam that results from
the finite size of the light source. Consequently, a point light source would be ideal from the
viewpoint of geometrical optics. However, diffraction sets a lower limit for the size of the light
source, beyond which visible diffraction fringes appear in the shadowgraph images that complicate
a differentiation of the object contour. Furthermore, a bright illumination is required to attain a
sufficient contrast between the shadowgraph and the background. Satisfactory results with respect
to both sharpness and contrast are achieved through the aforementioned setup consisting of a light
source that is focused by a condenser lens, with a pinhole aperture placed in the focal point of the
condenser lens to obtain a small, yet bright light source, which is subsequently collimated by a
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2.3 Optical measurement principles

second lens. Various light sources, including light-emitting diode (LED) lights, are permissible for
shadowgraphy. However, light with a broad spectrum offers the advantage of a reduced diffraction
blur [201]. In order to obtain a more homogeneous background illumination an optical diffuser can
be placed between the condenser lens and the pinhole. The imaging optics, comprising an objective
lens and a recording plane as illustrated in Figure 2.4, enable the recording of shadowgraph images
at different focal planes within the test section and at varying magnifications. In particular, an
objective lens with variable focal length facilitates the calibration of the optical setup, as the
resolution of the shadowgraph contour can be adjusted while observing the recorded images.

2.3.2 Glare points

T

pgp=1Pgp=2 Pgp=0 g\R:B

T~

111 V

incident
light

(a) Geometrical description of the setup required for glare points (b) pgp = 2 scattering for various incident
|adapted from 233]. Insert: Ray diagram of the first four angles resulting in different deflection
glare-point orders in geometrical optics for a circular cross- angles 6’. The ray undergoing minimal
section of a water droplet in air. The solid lines indicate vis- deflection indicated by the red line is
ible glare point orders, while the dashed lines indicate non- referred to as the rainbow ray. Figure
visible glare point orders. Figure adopted from [DBBT23]. adapted from [166].

Figure 2.5: Scattering of light at a spherical water droplet in air in the framework of geometrical optics.

“The formation and characteristics of glare points in both the theory of geometrical optics (GO)
and wave optics [15] will be briefly recapitulated here in the context of droplets. Glare points are
the bright spots on the surface of the droplet that result from the scattering of a wide beam of
parallel light according to van de Hulst [232]. In GO, glare points are described as the exit points
of light rays that are either reflected or refracted on the surface in the direction of scattering 6
[111], as can be seen in Figure 2.5a. This results in the emergence of different orders of glare points,
defined by the chords traveled within the droplet pg, [45], where pg, = 0 indicates the externally
reflected light, py, = 1 the transmitted and twice refracted light rays and py, = 2 the refracted
and internally reflected light rays.

As indicated in Figure 2.5a by the parallel pyp, = 0 (red) and pgp, = 3 (green) rays, multiple orders
of glare points can be visible simultaneously for the same scattering angle. Conversely, there exist
ranges of scattering angles at which certain orders of glare points are not visible at all, [as indicated
by the absence of any scattered pg, = 2 rays beyond the red ray in Figure 2.5b]. According to
van de Hulst and Wang [233] all relevant rays for the formation of glare points at a perfect sphere
propagate within the scattering plane, defined by the direction of the incident light and the scatter
direction. Furthermore, the GO theory of glare points is applicable for volumes with a plane of
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circular cross-section and, therefore, to spheroids and cylinders as well. The description of glare
points in GO is valid for size parameters xs = (27a)/A > 1, with 2a describing the droplet diameter
and A\ the wavelength of the incident light. This holds true for 2a ~ 2mm and A = 400 — 700 nm in
the experiments conducted in the present work. The required equations for the calculation of the
glare point positions in GO will be summarized in the following. The angle between an incident
light ray and the surface of the droplet 7 can be set in relation to the angle between the refracted
ray and the surface 7" according to

ny,1 €o8(T) = ny 2 cos(7’) (2.33)

considering Snell’s law [see e.g. 83] with the refractive indices n, ; of the surrounding gas and n, o
inside the droplet. Considering the possible cases of external reflection, ps, — 1 internal reflections,
and the refraction of a light ray, the deflection angle #' can be determined. Subsequently, the
scattering angle 6 can be calculated to be

0 =2(r —pr’) =27k + ¢0, (2.34)

where k is an integer, depending on the number of internal reflections [232, pp.228ff] and ¢ = +1,
depending on the side of the projected droplet relative to the optical axis, which can be described
by the variable w = «agl/a. This dimensionless quantity w describes the position on the image
plane relative to the droplet’s projection as a function of the droplet diameter 2a, the distance
between the lens and the droplet [, and the angle g between the optical axis and the position on
the droplet, as seen from the lens perspective (see Figure 2.5a). The position of the glare point in
the dimensionless coordinate w follows as

w = qcos(T). (2.35)

Note that Equations (2.34) and (2.35) only hold for a spherical droplet. Note, however, that a GO
description for non-spherical droplets, which are symmetric around the optical axis, was developed
by [94].

The scattering angle is non-monotonically dependent on the incident angle for pg, > 2|, as illus-
trated in Figure 2.5b|. Therefore, 6(7) possesses an extremum at the rainbow angle 6. [238], which
can be determined by df/dw = 0 [232]. The deflection of the incident light rays ¢’ is minimal
at the rainbow angle and increases towards both larger and smaller scattering angles. As such,
the density of the light rays exiting the droplet reaches a maximum at 6., which results in the
highest scattered intensity at the rainbow angle. The scattering angle 6 can either be maximal or
minimal at 6., depending on the order of the rays psp. A further consequence is that no scattered
rays beyond the rainbow angle are possible. Note that the two visible rainbows in nature can be
explained accordingly — rays of the order py, = 2 create the primary rainbow and p,, = 3 rays
produce the weaker secondary rainbow above the primary rainbow. Higher orders of rainbows be-
come increasingly dim as their incident angle increases such that less droplet surface is illuminated.
Furthermore, the light is partly refracted at every reflection. Due to dispersion, the polychromatic
light of the sun is scattered at slightly different angles around the rainbow angle, creating the
well-known color gradients. For pg, = 2 the rainbow angle is the minimal possible scattering angle
and for pg, = 3 it is the maximum scattering angle, which results in inverted color gradients and
also explains the appearance of Alexander’s dark band between the rainbows in which no light is
scattered [166].

The complete description of glare points for arbitrary-sized spheres is given in wave optics through
Lorenz-Mie theory, which is the exact solution for the problem of light scattering on a spherical
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particle [148]. van de Hulst and Wang [233] derive the equation for the amplitude of the glare
points with the following assumptions. Firstly, a well-defined scattering plane, that contains the
direction of incidence and the direction of scattering is assumed. Consequently, the scattering
plane excludes the # = 0° and 180° scattering angles. Secondly, the authors assume that the lens
both follows the thin lens equation [83] and is placed in the far field. The glare point equation
accordingly follows as

Oo+b/1
Ay (w) = / S1..(0) exp [—izsw (6 — 00)] 6, (2.36)

6o—b/1

in which S} () is the electrical field amplitude of the scattered light, 6y is the scattering angle
and 2b is the diameter of the lens. S|, (0) represents either parallelly S or perpendicularly S|
polarized light. Consequently, the size of glare points arising from a plane wave impinging on the
droplet will depend on the size (and shape) of the receiving aperture. A comprehensive derivation
of the scattering on spherical particles is provided in the treatise of [232].” from [DBB*23, Section
2.1]

2.4 Deep Learning

In this section, first, the fundamentals of neural networks and deep learning will be briefly in-
troduced in Subsections 2.4.1 and 2.4.2, which lay the theoretical foundations for convolutional
neural networks (CNN), a type of neural network that is especially useful for processing image
data, which are described in Subsection 2.4.3. Afterward, a brief introduction to physics-informed
neural networks in Subsection 2.4.4 is presented. The following section contains a revised and ex-
tended version of the literature review in the Master thesis by the author [51] and features directly
adopted and paraphrased passages from Chapter 3 of the aforementioned work.

In the context of deep learning an algorithm improves its ability to make a correct prediction by
the data-driven optimization of a neural network on a specific set of data. As described in [74], this
approach makes it possible to solve complicated tasks that would otherwise require complicated
manually designed algorithms or are even practically impossible. Recently, deep learning techniques
have increasingly become commonplace in science, industry, and everyday life. Large language
models, such as ChatGPT [168]|, Gemini [70], or Llama [229] and generative artificial intelligence
models, like DALL-E [178] and Stable Diffusion [186] are rapidly transforming the workflow in
a multitude of different industries. Moreover, an increasing number of scientific discoveries are
achieved with the assistance of deep learning methods, including breakthroughs in the likes of
AlphaFold [104] for the prediction of protein structures. These recent successes can be attributed
to a strong research interest driven by breakthroughs in various challenges in the field of computer
science, particularly computer vision [121], speech recognition 78], machine translation [215], and
natural language processing [235]. Deep learning methods are increasingly adopted in the scientific
study of fluid mechanical problems, including turbulence modeling, PIV processing, and flow field
super-resolution. For an in-depth review regarding the application of Machine Learning methods
in fluid mechanical research, the reader is referred to the review papers of Brunton et al. [18]
and Vinuesa and Brunton [236]. The success of deep learning techniques is related to their data-
driven nature, as the performance of neural networks scales well with the amount of training
data used in their optimization [213]. The aforementioned high research interest has led to the
continuous development of efficient optimization algorithms as well as effective architectures for
neural networks that have further facilitated the practical applicability of deep learning techniques.

21



2 Fundamentals

2.4.1 Neural networks

Input Hidden Hidden Output
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Figure 2.6: Schematic of a fully-connected feedforward neural network consisting of an input layer, two hidden
layers with four neurons each, and an output layer. The input layer receives the inputs X;, which are
processed by the neuron in the hidden layers, yielding the prediction Y in the output neuron.

Neural networks consist of a multitude of small non-linear units, the so-called neurons that trans-
form an input into a more abstract output. These neurons are interconnected and stacked in
multiple consecutive layers, as illustrated in Figure 2.6, which allows the neural network to learn
various non-linear functions.
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Figure 2.7: Schematic representation of the process inside a neuron. The input X is multiplied with the weights
W, a bias term B is added to the weighted sum, after which non-linear activation Y = a(Z) is applied.

A neuron, shown schematically in Figure 2.7, processes an arbitrary amount of input values X into
one output Y using the affine transformation Z = W - X + B, followed by a nonlinear activation
function ¥ = a(Z). The weights W and bias B comprise the learnable parameters of a neuron and
are, therefore, subject to change during the optimization of the neural network. In the following,
all learnable parameters of the network are referred to as weights, implicitly including the biases.
As illustrated in Figure 2.6 the neurons are ordered in successive layers, where information is
passed in a consecutive order. The flow of information inside a feedforward neural network is uni-
directional and any amount of the outputs from neurons in the previous layer can be considered
as inputs for a neuron in the current layer. In a fully-connected layer (FC) all neurons between
two layers are interconnected, which extends to all layers for a fully-connected neural network. A
fully-connected feedforward neural network with multiple hidden layers is referred to as an multi-
layer perceptron (MLP). The parameters of the hidden and output neurons are not defined in the
network’s design, but instead are randomly initialized and then changed during the training of
a neural network by an optimization algorithm. By combining multiple non-linear units into a
network, arbitrarily complicated non-linear functions can be learned. Specifically, neural networks
are considered universal function approximators, as any continuous function can be approximated
at arbitrarily close accuracy by an MLP with just one hidden layer and a finite number of neurons,
according to the universal approximation theorem by Cybenko [42] and Hornik et al. [93]. Thereby,
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neural networks offer a high expressivity, rendering deep learning approaches useful for scientific
computation. Furthermore, neural networks are able to accurately represent the underlying non-
linear behavior in various physical systems [41].

Activation functions The activation function a(Z) introduces non-linearity to the neural network,
which is necessary to learn functions of higher complexity, as the chained affine transformations of
the stacked layers without any non-linearity would collapse into a single affine transformation. The
most frequently used activation functions are exponential functions, such as the hyperbolic tangent
(eq. 2.37) and sigmoid (eq. 2.38) functions and piecewise linear functions, such as the rectified
linear unit (ReLU) (eq. 2.39) and leaky-ReLU (eq. 2.40). Furthermore, sine and exponential
functions are employed as activations.

hz)= & = S(Z)= — (2.38)
tan ( )— W (237) - 1 +€_Z .
0 ifzZ<0 .
ReLU(Z) = { - (2.39) 'z itZ<0
: leaky ReLU(Z) = 2.40
Z ifZ>0 (Z) 7 70 (2.40)

The hyperbolic tangent function is commonly employed for hidden units, while the sigmoid func-
tion is mostly used as an activation function for output layers, where a bounded activation between
zero and one is expected. Exponential activation functions may encounter the issue of saturation
for high values of Z, which leads to a diminished sensibility to the inputs and, consequently, hin-
ders the training through gradient-based optimization techniques. The ReLU activation function
circumvents this saturation effect due to its (piecewise) linear nature, which has made ReLU the
most common activation function for hidden units in contemporary neural networks. Furthermore,
it has been shown that ReLU significantly enhances the convergence rate of neural network op-
timization [159]. The disregard of negative information, however, can lead to the so-called dying
ReLU problem, in which the inputs of the neuron consistently yield negative values for Z, leading
to output and gradient values of zero. Consequently, the weight parameters cannot change any-
more during backpropagation and the neuron stops learning. This problem is addressed by the
leaky ReLU function, which introduces a small constant I" that ensures the existence of a non-zero
gradient for negative values of Z [139]. The aforementioned activation functions are plotted for
values of Z close to the origin in Figure 2.8.
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Figure 2.8: Comparison of the hyperbolic tangent, sigmoid, rectified linear unit (ReLU), and leaky ReLU activation
functions in proximity to the origin.
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2.4.2 Optimization techniques

In deep learning, two paradigms for the optimization of a neural network are distinguished, namely
supervised and unsupervised learning. In the approach of supervised learning the network learns to
make correct predictions by training on labeled data, that is input data X which has the expected
output values Y associated with it. In unsupervised learning, the network only receives unlabeled
input data and learns to detect the underlying structure or patterns in the data by extracting
semantic features from it. Both approaches, however, employ gradient-based optimization schemes
for the training of the neural networks, most commonly stochastic gradient descent (SGD) [184]

or variants of it.

The data-driven learning of a transfer function is achieved by iteratively updating the weights of
the network in two steps, described by the forward and backward propagation on the computational
graph of the neural network [74, pp. 164ff.|. The calculations performed by the neural network
can be expressed through a computational graph that details the dependence and order of the
elemental operations in the neurons. The forward propagation on the computational graph yields
the prediction Y on the basis of the given inputs X. The deviation of the network’s prediction
from the ground truth label Y is expressed by the loss function £(Y, Y) that serves as the objective
function for the network’s optimization. The most common loss function is the mean squared error
(MSE) loss

Lyse(Y,Y)

Zn: (2.41)

S\H

where n is the number of samples for which the loss is computed simultaneously. The neural net-
work is trained for correct predictions on a given dataset by minimizing the loss function, which
results in a high-dimensional optimization problem. During backward propagation, the loss func-
tion is differentiated with respect to the weights of the neural network through the application
of the chain rule on the computational graph. The respective gradient calculated for each weight
parameter of each neuron expresses by which amount the objective function changes for an in-
finitesimal increase of the particular weight and, thereby, indicates the necessary change of the
weight for achieving an improved prediction. The updated weight W* = W — alr% is calculated
by scaling the gradlent Wlth the learning rate «y, and subtraction from the weight W of the pre-
vious iteration in the optlmlzatlon. In this fashion, updated weights for all neurons are calculated
resulting in a more optimized network in each training iteration. The process is repeated until no
significant change in loss can be observed anymore, i.e. convergence of the optimization process.
Here, the properties of different activation functions become obvious. The saturation issue of the
hyperbolic tangent activation function leads to vanishing gradients, which slows down the opti-
mization. Furthermore, the evaluation of the gradient for the piece-wise linear activation function
ReLU is greatly simplified in comparison to the exponential activation functions, which further
accelerates the training. However, the hyperbolic tangent activation function can be differentiated
infinitely many times, which is a required property for some applications, such as physics-informed
neural networks, which employ tanh instead of ReLU.

The minimization of the objective function is a non-convex optimization problem, which requires
a fine tuning the learning rate «y, for each problem. An insufficiently low learning rate results in
a slow convergence and can cause the optimization algorithm to get trapped in a local minimum,
while an excessively high learning rate can result in oscillation or divergence due to overshooting the
minimum in every step. During training with stochastic gradient descent (SGD), batches of training
data are used to compute the loss function instead of single examples, in order to reduce oscillations
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in the training due to outliers in the dataset and improve convergence. Furthermore, extensions
of SGD, such as stochastic gradient descent with momentum (SGDM) [171], root mean square
propagation (RMSProp) [225], and adaptive moment estimation (Adam) [113] were developed to
enhance the training dynamics of neural networks with the aim of a faster convergence. Further
details on the training dynamics of neural networks can be found in |74, pp.442ff] and [126, pp.16ff].

During the training of neural networks by means of the aforementioned gradient-based optimiza-
tion schemes two major sources of errors are considered, namely the optimization error and the
generalization error [205]. The optimization of the loss function is a high-dimensional non-convex
problem and, thus, no guarantees exist that the global minimum will be reached. In practice,
the optimization will likely settle on a local minimum, which gives rise to an optimization error,
which is dependent on the initialization of the network weights and the hyperparameters of the
optimization scheme. The generalization error is a measure of the accuracy of the prediction for
unseen data and consists of two contributing error sources, the approximation error (bias) and the
estimation error (variance) [6]. In the theoretical limit of infinitely wide layers, neural networks
are universal function approximators [42, 93]. However, in practice, the limited size and capacity
of neural networks give rise to an approximation error. The estimation error results from the finite
amount of available training data, which is a random sample of the complete data distribution.
Consequently, the transfer function learned by the neural network from the training data is an
estimation of the expected function, which introduces an estimation error [163]|. Furthermore, the
approximation and estimation errors are linked in the data-driven estimation, as sufficient amounts
of data are required to optimize a large number of variable parameters in the neural network, which
leads to a trade-off between bias and variance. Consequently, the choice of the network’s capacity
depends not only on the given problem but also on the amount and quality of available training
data. An insufficient amount of training data, or an excessive capacity of the network, can lead to
overfitting, which is characterized by the memorization of the training data by the network and a
loss of its generalization ability. Regularization methods, such as Dropout [211], Lo-regularization,
and Batch Normalization [98], can be used to alleviate this problem. A further technique that is
employed to improve the optimization process is the so-called learning rate decay, in which the
learning rate is reduced after a certain amount of training iterations. Learning rate decay effec-
tively combines the benefits of an initially high learning rate that prevents the optimization scheme
from getting stuck in a suboptimal local minimum early, with the benefit of reducing oscillations
around a local minimum later in the optimization process through lower learning rates. Thereby,

the convergence to an optimal local minimum is supported.

2.4.3 Convolutional neural networks

Convolutional neural networks are a type of neural network that has been proven to be especially
useful for multidimensional data with an underlying structure, such as images, videos, or sequential
data. The two main properties of CNNs are the preservation of these implicit structures and the
sparsity of connections that result from the use of convolutional layers instead of fully-connected
layers. In the following, the processing of image data characterized as matrices of pixel values in
one (grayscale) or multiple channels (RGB) is considered.

Spatial convolution Convolutional layers preserve the spatial information of the image data by
simultaneously processing small regions of neighboring pixels (commonly 3x3 px, 5x5 px, or 7x7 px)
in a sliding-window manner. Particularly, the values of the output layer are calculated by the spatial
convolution of learnable filters with the input image, as illustrated in Figure 2.9.

25



2 Fundamentals

Figure 2.9: Spatial convolution of a 3x3 filter (gray cells) over a 5x5 input (blue cells) with padding (white dashed
cells) to conserve the spatial dimensions in the output feature map (green cells). Figure adopted from
[52].

Flijl= >, Y. Hlmn] - X[i—m,j—n] (2.42)
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The convolution operation (Equation 2.42) calculates an element-wise multiplication of the filter
H with the spatial dimensions m and n and an input region X of the same size, producing an
output feature map F. This can be interpreted as local pattern recognition; a high similarity
between the filter and the input image yields a high activation of the neuron. The parameters of
the filter H are learnable weights, which are optimized through backpropagation. Analogously to
fully-connected (FC) layers a bias term is added to the weighted sum of the input, and the result
is further transformed by a non-linear activation function. A convolutional layer is comprised of
multiple convolutional filters, which are trained for the recognition of different features, such as
edges, patterns, textures, or shapes. The sliding-window approach provides spatial invariance to
the neural network and, thereby, allows for the recognition of shapes in different parts of the image.
The weights for the interaction between two layers in the network are shared by convolving the
filter over the whole input. This leads to a sparse connection between the layers and a reduced
amount of parameters compared to a fully-connected layer, mitigating the risk of overfitting, and
reducing computation costs.

Spatial pooling The second common building block of CNNs are pooling layers, which are used
to downsample the feature maps, by applying a pooling function to patches of the input in a
sliding-window approach. The most prevalent pooling function is maximum pooling, which outputs
the maximum value over a spatial region, as it has been found to offer the highest performance
[197]. In contrast to convolutional layers, the pooling operation is a predefined function without
learnable parameters. By reducing the dimensions of the feature map, the number of parameters in
the following layers is drastically reduced, e.g. a 2x2-filter without overlap reduces the number of
parameters by 75%. These properties reduce computational costs and mitigate overfitting, allowing
for deeper neural networks.

Basic convolutional neural networks Convolutional neural networks are comprised of multiple
sequential convolutional layers and pooling layers that progressively reduce the dimensions of
the feature maps, which is commonly followed by several fully-connected layers, depending on the
specific task. Figure 2.10 shows a sketch of a simple CNN for object classification. Each neuron in a
convolutional layer has a so-called receptive field in the input image, which corresponds to the filter
size in the first convolutional layer and successively increases in each following layer. Through the
progressive processing of the input through non-linear transformations in the convolutional layers
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Figure 2.10: Schematic of a simple convolutional neural network consisting of multiple consecutive and alternat-
ing convolutional and pooling layers with fully-connected layers appended for classification. Figure
adopted from [144].

a feature hierarchy emerges, in which the semantic information increases in each successive feature
map while its resolution decreases. Thereby, early layers learn to identify simple features like
edges and later layers learn increasingly complicated and large features. As shown by Lecun et al.
[125] CNNs exhibit to some degree translational, rotational, and scale invariance, and are robust
to variation in illumination intensity, which makes these networks effective for image processing
tasks.

X identity
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Figure 2.11: Schematic of a residual block: the inputs X of a previous layer are added to the weighted inputs of
the current layer F(X) followed by a non-linear activation a(Z) calculated over the sum F(X) + X.
Figure adapted from [80].

Residual CNNs The performance of CNNs can be improved by more complex architectures and
a higher amount of trainable parameters if a sufficient amount of data is available [217, 208].
However, for very deep networks vanishing or exploding gradients during backpropagation become
an issue, leading to instability of the optimization and can eventually result in divergence. He et al.
[80] introduced residual blocks that contain skip connections, as illustrated in Figure 2.11, which
improve cross-layer connectivity and, thereby, alleviate the aforementioned gradient pathologies.
Furthermore, residual connections facilitate the learning of an identity mapping between the layers,
which allows information to propagate to later layers and encourages the reuse of features. Thereby,
the neural networks becomes more adaptive towards different learning tasks and the network is
less likely to overfit the training data.

U-Net architecture In applications that perform predictions on a local level, such as object detec-
tion [133], segmentation [187] or 3D-pose estimation [160] a high spatial resolution of the extracted
feature maps is required. However, in the previously discussed CNNs, an increase in semantic
value in the emerging feature hierarchy is associated with a reduction of the spatial resolution.
Multiple approaches [187, 160, 133] have been developed to alleviate this problem by combining
layers of different scales to enrich lower-level feature maps with the semantic value from higher-
level feature maps. While these approaches differ in detail, the general concept is an extension of
the contracting network architecture by a second expanding pathway. Particularly, in the U-net
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Figure 2.12: Schematic of the U-net architecture constituted by a contracting pathway (left half) of consecutive
convolution and pooling operations and an expanding pathway (right half) of convolution and up-

sampling operations with lateral connections (gray arrows) for feature aggregation on multiple scales.
Figure adopted from [187].

approach, additional convolutional layers are appended to the network, but instead of pooling
layers an upsampling operation, such as nearest neighbor upsampling is integrated in-between the
convolutional layers in an alternating manner, as can be seen in Figure 2.12. Furthermore, the con-
tracting and expanding pathways are interconnected by lateral connections. Thereby, fine details
from early feature maps with a high resolution are introduced to the later feature maps, allowing
for a prediction on the basis of feature maps with both high semantic values and high resolution.

2.4.4 Physics-informed neural networks

Physics-informed neural networks (PINNs) [176] were introduced as universal function approxima-
tors for problems that can be described by non-linear partial differential equations (PDEs). The
governing equations are encoded in a neural network by training on the residuals of the PDEs
alongside the available data and, thereby, impose a regularization to the network optimization
that constrains the space of possible solutions to the ones that adhere to the governing equations.
Vanilla PINNs as introduced by Raissi et al. [175] consider a system of parameterized partial
differential equations:

J0"u 0"u
R(X,t,u,axrl’w’...’C) —O, XEQ, tE [O,T], (2.43)
u(x,t) = go(x), x€Q, (2.44)
u(x,t) =gr(t), xe€9dQ, telo,T], (2.45)

in which x € R? are the spatial coordinates, ¢ the time coordinate and R the residuals of the PDEs,

which depend on the derivatives of the solution u(x, ¢) to the PDEs with respect to space g;f and
time %Z:Ll' u(x,t) is the solution of the PDEs with the initial condition go(x) on the spatial domain
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Figure 2.13: Schematics of physics-informed neural networks (PINNs). A neural network is trained to predict the
solution u(x,t) of partial differential equations (PDEs) based on the spatio-temporal input coordi-
nates x and t. The physics-informed network computes the derivatives of u with respect to x and ¢
to calculate the residuals of the PDEs. The parameters W of the neural network are optimized by
the minimization of a composite loss calculated from the residuals of the PDE, as well as initial and
boundary conditions or available measurement data.

Q and the boundary conditions gr(¢) on the boundary of the domain 952. { represents the known
or unknown parameters of the PDEs. In the context of fluid mechanics, the relevant PDEs could
be the Navier-Stokes equations with the solution u = (u,v,w,p) for the velocity field (u,v,w)T
and pressure p, and parameters ¢ corresponding to the density or dynamic viscosity of the fluid.
In the PINN approach, a neural network is trained to approximate the solution t(x,t) ~ u(x,t)
through the minimization of a composite loss function, which is constituted by the residuals of the
PDEs, available data, as well as the initial and boundary conditions. As illustrated in Figure 2.13
PINNs consist of three main components, a neural network, a physics-informed network, and a
feedback mechanism. During training, the neural network, parameterized by the weights W,
predicts the solution of the PDEs u(x,t) from the spatio-temporal input coordinates x and t.
Subsequently, the physics-informed network computes the derivatives of G(x,t) with respect to the
input coordinates, from which the physics-informed loss terms are calculated. In the final step, a
feedback mechanism updates the weights of the neural network through the minimization of the
physics-informed composite loss function, defined as

L = w1 LppE + waldata + wslpc + walic, (2.46)

with the weighting coefficients wy .. 4 for the different loss terms related to the residuals of the PDEs
LppEg, available measurement data L4.¢a, as well as boundary and initial conditions, Lgc and Lic,
respectively. In vanilla PINNs [176] the neural network is realized by a multi-layer perception,
however, further work explored the use of CNN and various other neural network architectures
for PINNs [41]. The parameters W of the neural network and the unknown parameters of the
PDEs ( are jointly optimized by gradient-based optimization methods. Thereby, the PDEs are
encoded within the network itself and the space of possible solutions is restricted to those that
adhere to the underlying governing equations. The introduction of prior knowledge from the PDEs
introduces an inductive bias that regularizes the optimization of the neural network. Thereby,
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overfitting is mitigated, which facilitates the training of large networks capable of the approximation
of complicated non-linear systems, while also allowing for training with limited or even no data.

The composition of the loss function is problem-dependent, as for inverse problems the initial and
boundary conditions are typically unknown, while the solution of forward problems does not require
any data. However, PINNs can be used to solve the over-determined system, in which initial and
boundary conditions, as well as data are all integrated. The contributing loss terms are calculated
over a set of sampling points across the spatio-temporal domain, typically with a varying number
of samples for each loss term. The physics-informed losses are obtained by means of automatic
differentiation (AD) [10], which calculates the explicit expression for the derivatives of t(x,t) with
respect to the input coordinates by the backward pass through the computational graph of the
neural network (see Section 2.4.2). Note, that the procedure is similar to the optimization of the
neural network during backpropagation, in which the derivatives of the loss function with respect to
the network weights are calculated in order to obtain the weight update. Therefore, AD functions
as the key mechanism to combine physics and data, i.e. the (physics-uninformed) neural network
with the physics-informed network, which can be seen as two networks that share the weights W.
PINNs are generally considered a meshless method, as all derivatives are calculated by automatic
differentiation at randomly sampled point coordinates, and thus no grid generation is required
for the solution of the PDEs with PINNs. The calculation of the PDEs residuals by automatic
differentiation requires n-times differentiable activation functions, depending on the highest order
of derivatives in the PDEs. Therefore, infinitely differentiable activation functions, such as the
hyperbolic tangent and, more recently, the sine activation function are commonly employed in
PINNS.

The potential of PINNs for scientific computing in fluid mechanics lies in their flexibility and their
capability as highly expressive function approximations. The unified framework of PINNs allows
for the seamless integration of data from measurements with the underlying physics represented by
governing equations in both forward and inverse problems. Specifically, it has been shown that a
few measurement points or noisy data can lead to a significant increase in accuracy already [110].
One promising application of PINNs in fluid mechanics is the direct reconstruction of flow fields
from flow visualization techniques [177]. Further examples, particularly for two-phase flows will be
elaborated in Chapter 7.
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framework

In this chapter, first, a review of existing methods for the reconstruction of two-phase flows based
on optical measurement techniques is conducted in Section 3.1, which is followed by a review
of the current state-of-the-art regarding deep learning methods for volumetric reconstruction in
Section 3.1. On the basis of this literature research the problem statement for the reconstruction
framework, in particular, the solution space and requirements for the integrated measurement
technique and reconstruction method are defined in Section 3.3. Consecutively, the reconstruction
framework and its components are conceptualized and the selected deep learning reconstruction
technique is outlined in Section 3.4. Parts of this chapter have previously been published in the
articles Three-dimensional encoding of a gas-liquid interface by means of color-coded glare points
by Dreisbach et al. [DBB'23|, Spatio-temporal reconstruction of droplet impingement dynamics
by means of color-coded glare points and deep learning by Dreisbach et al. [DKS24], and Interface
reconstruction of adhering droplets for distortion correction using glare points and deep learning by
Dreisbach et al. [DHKT25]. Where findings have already been published in one of the referenced
works, these are clearly marked and identified as related quotations.

3.1 Review of two-phase flow reconstruction

“For the reconstruction of the three-dimensional gas-liquid interface in two-phase flows various mea-
surement techniques based on different optical phenomena have been proposed, including methods
based on refraction [156, 172, 47, 48], fluorescence [97, 189], light scattering [119, 72, 17, 46,
DBB™23| and structured light techniques [91, 263, 95].” from [DKS24, Section 1.1]

Refraction-based methods “Morris and Kutulakos [156] used the refractive properties of the gas-
liquid interface to reconstruct the three-dimensional surface of a fluid film. The authors captured
the deformation of a known reference pattern placed below the fluid surface in a stereo setup and
subsequently determined the 3D shape by the comparison to a calibration image. Recently, Qian
et al. [172] extended the dynamic-refraction stereo-based approach by further constraining the
reconstruction to match the local 3D geometry, which allowed for a more precise estimation of the
position and orientation of the surface. Dehaeck et al. [47] utilized the fringe pattern that is created
by the refraction of a liquid droplet imaged from below in a Mach-Zehnder interferometry setup
in order to reconstruct the three-dimensional volume by means of a 1D wavelet transform, later
expanding their setup for the reconstruction of an asymmetric droplet through 2D fan wavelets
[48].” from [DBB*23, Section 1]

Structured light techniques “Conversely, structured light techniques rely on the deformation
of a light pattern projected onto the surface of a liquid by the diffuse reflection for a three-
dimensional reconstruction. Zhang et al. [263] determined the thickness of a fluid film through
a cross-correlation between the deformed image and a calibration image using a digital image
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pattern. Hu et al. [95] applied the Fourier transform profilometry [see 218|, a method in which a
fringe pattern is modulated by the fluid surface, for the volumetric reconstruction of liquid films
and the wind-driven droplet flow on an airfoil.” from [DBB'23, Section 1]

Fluorescence-based methods “Ihrke et al. [97] exploited the emission from fluorescent dye dis-
solved in the fluid imaged from multiple viewpoints for the volumetric reconstruction of a stream
of water. More recently, Roth et al. [189] combined laser induced fluorescence (LIF) [115] and
the projection of a fringe pattern to reconstruct the 3D surface of a pendent droplet with a single
camera setup.” from [DBB*23, Section 1]

Methods based on specular reflection “Horbach and Dang [91] used the reflection of a structured
light pattern on a specular surface for a 3D reconstruction through a region-growing approach that
considers local curvature features. A variety of methods for the monocular reconstruction of fluid
surfaces from specularity have been developed in the area of computer vision. Li et al. [131] utilized
the shape from shading method [92] for the reconstruction of a wavy water surface from specular
reflection, followed by a refinement of the reconstructed surface through physical constraints by a
shallow water model. Similarly, [260] estimated the height of a fluid surface with waves through
specular reflection and employed the Stokes wave model in order to improve the accuracy of the
reconstruction.” from [DBB*23, Section 1]

Methods based on glare points “The glare points that result from the scattering of light on
a liquid droplet can be used for a measurement of its fluid mechanical properties. Konig et al.
[119] used the fringe pattern created by the interference of defocused glare points from reflected and
refracted light (produced in wide-angle forward scatter) to measure the diameter of droplets. Later,
Glover et al. [72] applied this method to determine the diameter, position, and velocity of droplets
in a polydisperse spray. Conversely, Dehaeck et al. [46] used in-focus glare points to measure the
size and velocity of bubbles in a fluid flow. The authors encode additional information through an
additional reflective glare point produced by a light source at a different illumination angle. This
glare point can be used for the detection of non-spherical bubbles and the determination of the
relative refractive index between the gas and liquid phases. More recently, Brunel et al. [17] used
interferometric particle imaging (IPI) with three perpendicular views in order to reconstruct the
3D shape and orientation of irregularly-shaped rough particles from their speckle patterns.” from
[DBB*23, Section 1]

Methods based on shadowgraphy “The most common approaches build upon multi-view shad-
owgraphy experiments, which are, however, also complemented by single cameras/view efforts.
Tomiyama et al. [226], for instance, determined the integral volume of a bubble from a single
shadowgraph image. The authors assumed an oblate spheroidal shape of the bubble and deter-
mined its major and minor axis from the shadowgraph contour. Fujiwara et al. [67] reconstructed
the 3D shape of deformed bubbles from two orthogonal shadowgraph views by fitting multiple
cross-sections along the third orthogonal direction as ellipses whose main axes are estimated from
the horizontal extent of the bubble in the two views. Honkanen [90] extended this slicing ap-
proach by first determining an oriented 3D bounding box for the bubble, in which then horizontal
cross-sections are fitted by ellipses.” from [DKS24, Section 1.1]

“Higashine et al. [85] reconstructed the 3D gas-liquid interface shape of droplets deformed by
gravitational or centrifugal forces through an analytical model based on the three-dimensional
Laplace equation. While the analytically calculated droplet shape agrees well with experiments,
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only the equilibrium state is considered and an accurate measurement of the advancing contact
angle is required.” from [DHK™'25, Section 1]

“Fu and Liu [66] employed the space carving technique [124] to combine the contours of a bubble
at four different viewing angles into a virtual hull, which represents a maximum estimate of the
bubble volume. Subsequently, this virtual hull is smoothed by spline fits on multiple cross-sections
in a slicing approach, in order to represent the effects of surface tension and reach a more accurate
reconstruction of the three-dimensional bubble shape. Masuk et al. [143] introduced additional
virtual cameras to the space carving technique in order to consider surface tension. In their
approach, the reconstructed hull is projected to the novel views of virtual cameras, in which
locations of high curvature are iteratively smoothed, while the contour of the gas-liquid interface
in all real views is respected. Rios-Lopez et al. [182] reconstructed the 3D shape of a deformed, non-
axisymmetrical droplet sliding on a flat surface from two orthogonal views through a polynomial
fit of the contours with the assumption of plane symmetry. More recently, Gong et al. [73] trained
a neural network for the volumetric reconstruction of one side of a bubble in form of a depth map
from grayscale information of a single shadowgraph image. The authors employed a pyramidal
convolutional neural network [127] that was trained on rendered synthetic images of bubbles and
their respective ground truth volumetric shapes.” from [DKS24, Section 1.1]

“The above introduced single view methods are in many cases only applicable at a limited degree
of surface deformation or curvature, which as yet renders multi-view methods mandatory for any
advanced volumetric reconstruction of an impinging droplet.” from [DBBT23, Section 1|

3.2 Review of deep learning techniques for volumetric
reconstruction

“In recent years, deep learning methods for the volumetric reconstruction from images have evolved
rapidly and became a promising prospect for the analysis of multi-phase flows. The principal
idea is training a neural network for the representation of a deformable 3D geometry on a large
paired dataset of input images and output 3D shapes or even just multi-view images. The prior
knowledge learned by the neural network resolves ambiguities in the input and thereby allows for the
volumetric reconstruction of the 3D geometry from a single image. Different 3D representations
have been proposed in contemporary works, namely voxel-based [71, 37, 251, 179]|, point cloud
[62, 132] and mesh-based [241], implicit representations [34, 169, 147, 191] and neural rendering
techniques [161, 149].” from [DKS24, Section 1.2

Voxel-based representations “Early work in this field leans on the success of convolutional neural
networks (CNN) [127] as the 2D convolution operation can directly be extended to the 3D domain
for the prediction of discrete volumetric representations, such as voxel grids. Girdhar et al. [71]
trained a joint low dimensional representation for 2D-images and 3D voxel shapes through a 3D
convolutional auto-encoder network [114], which allows for the reconstruction of 3D geometries
from a single image. Choy et al. [37] employed a recurrent long short-term memory network
(LSTM) [88] that consecutively processes multiple images and efficiently merges information of
previously unseen parts of the 3D geometry with each novel viewpoint. Wu et al. [251] combined
generative adversarial training [75] with 3D convolutional neural networks, which leads to a more
realistic shape generation.” from [DKS24, Section 1.2] Furthermore, through the integration of
variational autoencoders (VAE) [114] their 3D-VAE-GAN architecture allows for the volumetric
reconstruction from a single image.
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“While voxel representations can handle arbitrary topology and deliver accurate results, they are
not suitable for the reconstruction of fine details, as the computational and memory requirements
increase rapidly with the resolution. Furthermore, voxels represent 3D geometry inefficiently, as
only those voxels representing the surface contain all the necessary information. Riegler et al.
[179] proposed a voxel representation through adaptive hierarchical octrees [146], which have a fine
resolution near the surface and a coarse resolution in the remainder of the domain, thus alleviating
the drawbacks of voxel representations.” from [DKS24, Section 1.2]

Mesh and point cloud-based representations The representation of a 3D geometry as a mesh
or point cloud allows for a more compact and scalable encoding of the surface, with low memory
and computational requirements. Fan et al. [62] propose to learn a point cloud representation
of the 3D geometry for the volumetric reconstruction from monocular images. In that regard,
the authors introduce a novel conditional generative network, consisting of a CNN-based image
encoder, followed by two branching paths for point-cloud prediction, a deconvolution network
that preserves spatial continuity and a multi-layer perceptron (MLP) that predicts accurate fine
details. Lin et al. [132] employ a 2D-convolutional encoder-decoder network to predict multi-
channel images at different novel viewpoints as an intermediate representation, which encodes
the coordinates of a point cloud. Subsequently, these intermediate representations are fused into
a dense point cloud of the 3D surface through a transformation into a canonical space. Point-
cloud representations are simple to implement and to assess with neural networks since they are
unordered and no connectivity needs to be represented, however, they require considerable effort in
post-processing for the retrieval of the 3D surface shape. Wang et al. [241] consider a mesh-based
representation through a graph-based fully convolutional network, that reconstructs a 3D geometry
by deformation of a template mesh in a coarse-to-fine manner. Their mesh-based representation
allows for information flow between neighboring vertices during training, which helps to provide a
regular smooth output, however, the topology is restricted by the mesh template.

Implicit representations through continuous functions “Recent advances have led to the devel-
opment of implicit representations of continuous 3D shapes using neural networks to approximate
level set functions. Chen and Zhang [34] and Mescheder et al. [147] trained an MLP for the implicit
field representation of a 3D shape as an occupancy function, that takes the value of one if a point
coordinate lies inside of the shape and zero otherwise. In this approach, a binary classification
network is trained for the approximation of a decision boundary, which represents the surface.
Park et al. [169] proposed the representation by a signed distance function (SDF) that takes values
greater than zero on the outside and values smaller than zero on the inside, thus placing the surface
at SDF = 0. An MLP evaluates this implicit function for randomly sampled 3D coordinates that
are concatenated with the global image features extracted from an input image, thus making the
method suitable for monocular volumetric reconstruction. Due to the continuous nature of the
implicit representation, it can be evaluated at any arbitrary resolution and consequently, a high
surface quality can be reached, while the memory requirement is comparably low. The marching
cubes algorithm [136] is commonly employed to reconstruct a coherent 3D mesh from the evalu-
ated point coordinates. Since methods based on implicit functions rely on global context for the
prediction of 3D shapes, the local alignment with the input image is not guaranteed. Saito et al.
[191] proposed the extraction of pixel-aligned local features by first processing the input image
through a fully convolutional hourglass network [160] prior to the prediction of a level set function
with an MLP. The combination of local features with a global 3D representation by an implicit
function allows for the reconstruction of fine details, while the global shape is preserved.” from
[DKS24, Section 1.2]
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More recent advancements on the basis of the aforementioned pixel-aligned implicit function (PIFu)
approach [191] have aimed at a further improvement of the accuracy and resolution of the prediction
with the scope of a more detailed volumetric reconstruction. Noteworthy contributions in the
context of monocular volumetric reconstruction are briefly introduced in the following. Saito
et al. [192] extended the PIFu approach to a multi-scale architecture by the introduction of a
second convolutional hourglass network that processes the input images at a higher resolution.
The combination of a coarse and a fine resolution pathway during feature extraction enhances
the ability of PIFu to utilize both global context and small-scale local information during the
prediction, which improves the accuracy and the level of detail of the reconstruction. Similarly,
He et al. [81] integrate the PIFu approach with a coarse voxel-representation that is learned by a
second neural network in order to resolve ambiguities of the 2D projection and increase the quality
of the reconstruction.

Neural rendering techniques Recently, differentiable rendering techniques have become increas-
ingly relevant, as they produced impressive results in novel view synthesis and volumetric recon-
struction and can be trained without 3D supervision. Niemeyer et al. [161] employ differentiable
volumetric rendering and an implicit representation of the 3D geometry for monocular volume and
texture reconstruction. Mildenhall et al. [149] introduced neural radiance fields, a continuous volu-
metric representation of a scene that is encoded inside of a simple MLP. From this representation,
novel views from any arbitrary angle can be obtained by volumetric rendering.

3.3 Reconstruction framework

The scope of the present work, as outlined in Section 1.2, is the spatio-temporal reconstruction
of the 3D gas-liquid interface dynamics of two-phase flows, in particular droplets, from monocular
optical experiments. For that purpose, a reconstruction framework has to be conceptualized, which
integrates data-driven techniques for spatio-temporal reconstruction with an optical measurement
method for the observation of the droplet dynamics in the experiments. Furthermore, the integra-
tion of both components requires a data processing pipeline that conditions the experimental data
prior to reconstruction and allows for the generation of appropriate training data.

Problem statement As discussed in Section 3.1, reconstruction methods based on monocular ex-
periments are generally restricted to a low degree of deformation of the gas-liquid interface. This
limitation is caused by several issues related to the projection of three-dimensional bodies into
two-dimensional images. In most cases, this projection is ambiguous, as multiple 3D shapes can
result in the same 2D projection, which makes the inverse problem of a volumetric reconstruc-
tion fundamentally ill-posed. Furthermore, the projection leads to a loss of information, which
is particularly apparent in the self-occlusion of significantly deformed gas-liquid interfaces. Con-
sequently, monocular experimental data often only offer an incomplete and sparse representation
of the three-dimensional nature of gas-liquid interfaces, which limits the accuracy and area of ap-
plication of monocular reconstruction techniques. To compensate for the sparsity of information
and address the issue of ill-posedness of the reconstruction problem, often model assumptions,
such as symmetries or simple geometric shapes of the interface, are employed. This introduction
of inductive bias reduces the possible degrees of freedom that arise from the ambiguity of the
projection and thereby allows for the reconstruction based on the limited information in the exper-
imental recordings. Here, data-driven methods offer a promising alternative for the reconstruction
of more complicated interface geometries, as prior knowledge can be obtained through machine
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learning techniques directly from the database, without manual modeling. Thereby, a complex
model of the interface dynamics can be acquired. The effectiveness of such data-driven methods,
however, is highly dependent on the availability of sufficient amounts of high-quality data that
represents the underlying physical principles governing the gas-liquid interface dynamics. In that
regard, numerical simulation provides a rich source of information, as the problems of adhering
droplets in shear flows and droplet impingement have been extensively investigated in numerical
studies. Previous numerical investigations on the impingement of droplets on flat and structured
surfaces [64, 250, 194, 228] and the dynamics of adhering droplets subjected to external shear
flows [145, 122, 26] provide a large repository of numerical data that is readily available. Specifi-
cally, these numerical investigations provide highly-resolved three-dimensional information of the
gas-liquid interface, as well as 3D velocity and pressure fields of the flow in both phases, as out-
lined in Section 2.2.4, which can be used as ground truth data for the optimization of data-driven
models. Regarding the experimental observations, which are intended to serve as the basis for the
reconstruction, a plethora of optical measurement methods are available that can be employed to
produce large amounts of high-quality image data. Given that both experimental recordings for
the input side, as well as 3D data for the output side, are easily accessible and further data can
be acquired if necessary, supervised learning emerges as the optimal choice, as it provides access
to a wide range of reconstruction techniques, which are often easier to optimize than unsuper-
vised learning approaches. Furthermore, supervised learning allows the introduction of domain
knowledge from both experiments and simulation, which in combination with a more constrained
optimization process, offers the prospect of higher reconstruction accuracy. On the basis of this
first elementary design decision, the components of the reconstruction framework are determined
in the following, in particular the experimental imaging method and the data-driven reconstruc-
tion technique. Subsequently, a suitable data processing pipeline will be derived to integrate these
two main components. The fundamental strategy that guides the conception of the reconstruction
framework is the combination of simple methods, with the objective of facilitating a straightfor-
ward implementation. The underlying incentive for this approach is to create a functional version
of the reconstruction framework as early as possible in order to demonstrate the feasibility of the
approach at an early stage and to allow for an evaluation of the framework that informs the iter-
ative development of the components that have been identified as weak points in the analysis. In
this context, the optimization target of the method development is the accuracy of the gas-liquid

interface reconstruction.

Experimental method For the observation of the droplet dynamics in the experiments, the shad-
owgraphy technique appears to be the most suitable option, as it combines a low degree of com-
plexity with a high spatial accuracy and temporal resolution. As elaborated in Section 2.3.1,
the shadowgraphy method accurately maps the gas-liquid interface to the images, which provides
a substantive foundation for a high reconstruction accuracy. Furthermore, an adequate tempo-
ral resolution of the droplet dynamics can be reached in combination with high-speed imaging,
which enables the spatio-temporal reconstruction based on snapshot images. The simplicity of
the shadowgraphy setup facilitates an easy implementation and operation of the experiments and,
furthermore, provides flexibility for the adaptation in different fluid mechanical investigations.
Consequently, the shadowgraphy technique is the most commonly employed optical method for
the observation and volumetric reconstruction of two-phase flows, which brings about a wealth of
knowledge and experience documented in the current literature. Its wide range of applications
covers both droplet impingement and adhering droplet experiments. From previous experimental
investigations at the Institute of Fluid Mechanics, an experimental apparatus for the investigation
of droplet impingement along with data and expertise on this experimental method are avail-
able. Additionally, Burgmann et al. [25] employed shadowgraphy for the investigation of adhering
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3.3 Reconstruction framework

droplets in shear flow, which likewise provides experimental hardware and expert knowledge for
this thesis. On the basis of the aforementioned arguments, the shadowgraphy technique is chosen
as the base of the reconstruction framework for data collection in the experiments.

A drawback of this method, however, is the limited content of information in the images, which
is primarily located on the contour of the shadowgraph and, most importantly, represents only
a 2D projection of the 3D gas-liquid interface. In that regard, techniques based on the specular
reflection of light on the gas-liquid interface present a promising complementation for encoding
additional information on the 3D interface shape within the images. As elaborated in Section 3.1,
a simple setup with lateral light sources at different illumination angles can be used to produce
glare points that result from the scattering of light at the gas-liquid interface. Therefore, the
canonical shadowgraphy setup is extended by glare points from two lateral light sources that are
anticipated to enrich the shadowgraph images with additional three-dimensional information on
the gas-liquid interface. In order to facilitate the differentiability of the information, differently
colored light sources are employed, specifically a blue light source for the backlight illumination,
in combination with red and green light sources for the glare points. In this setup, the individual
glare points from each light source, as well as the shadowgraph contour, can be captured in the
respective channels of an RGB image. The scope of the proposed method is to provide a sufficient
amount of 3D information on the gas-liquid interface to enable a volumetric reconstruction of the
interface while retaining the simplicity of a monocular measurement setup. While the increase in
complexity from the additional lateral light sources appears justified on a theoretical basis, the
effectiveness of the method has to be proven in practice by its impact on the accuracy of the
reconstruction. In order to investigate this question, both the canonical shadowgraphy setup and
the extended glare-point shadowgraphy setup will be evaluated in a comparative experimental
study, in which both methods are employed as data sources for the reconstruction. Furthermore,
it should be noted that the combination of additional 3D information on the interface shape by the
glare points and the utilization of data-driven modeling for the volumetric reconstruction of the
interface can potentially result in redundancy. To which degree and under which circumstances
the information in the glare points provides a valuable addition for the reconstruction, will be a
subject matter of the following investigation.

Data-driven reconstruction technique The core component of the reconstruction framework is
a data-driven reconstruction technique that predicts the 3D shape of the gas-liquid interface from
monocular images recorded in the experiments. On the basis of the literature research on deep
learning techniques for volumetric reconstruction techniques presented in Section 3.2, methods
based on the implicit representation of 3D shapes emerge as the most suitable option, as this
approach combines a computationally efficient representation of the interface with a high recon-
struction accuracy. In comparison to voxel-based techniques, implicit representations facilitate a
higher reconstruction accuracy, while simultaneously demanding fewer computational and memory
resources. In contrast to mesh- and point cloud-based methods, implicit representations are flexible
towards the shape and topology of the 3D reconstruction target and, therefore, allow for the repre-
sentation of topological changes of the interface, such as break-up or coalesce. Techniques based on
neural rendering are primarily oriented towards unsupervised learning tasks but might be a further
interesting candidate method in the future. Although there are extensions for supervised learning,
the adaptation of such methods appears less straightforward in comparison to methods based on
implicit representations. The PIFu approach [191] appears to be the optimal choice among the
methods based on implicit representations, offering both a high reconstruction accuracy and the
prospects of a straightforward implementation into the framework. As outlined in Section 3.2, PIFu
incorporates developments of extensive research on monocular volumetric reconstruction by means
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of deep learning, which provides an extensive theoretical background and results in a high technical
maturity. As a result, PIFu features a comparably high spatial resolution of the predicted three-
dimensional shapes that allows for the reconstruction of fine details, while also ensuring a high
accuracy on the global scale. Concurrently, its purposefully developed neural network architec-
ture is computationally efficient, while retaining a manageable degree of complexity. Furthermore,
high-quality open-source code is available, which facilitates the implementation of this reconstruc-
tion technique and its integration into the reconstruction framework. Consequently, the choice of
PIFu enables an early evaluation of the feasibility of the conceived reconstruction framework and,
thereby, serves as the baseline for the further development of data-driven reconstruction techniques
in this work.

As elaborated in Section 3.2, further research on the extension of the PIFu approach has led to
improvements in the accuracy and resolution of this reconstruction technique. However, these
approaches introduce additional complexity to the neural network architecture and training algo-
rithms. Considering that the capacity of the neural network has to be adequate with respect to the
complexity of the model that is to be trained, it appears more reasonable to initially implement a
method with lower complexity and potentially lower capacity, providing the pathway to evaluate
the performance of the framework and, subsequently, increase the complexity if required. Further-
more, neural works with a higher capacity in general require larger datasets for the optimization
of a higher number of parameters, which increases training time and raises the risk of overfitting.
On the basis of these considerations, the baseline PIFu approach offers a well-rounded trade-off
between performance and simplicity and is, therefore, chosen as the reconstruction technique for
the initial concept of the reconstruction framework.

While supervised learning facilitates the incorporation of prior knowledge from both experimental
and numerical investigations, the governing equations of the gas-liquid interface dynamics are only
implicitly considered through the numerical training data. A more direct incorporation of the
physical laws during reconstruction can be achieved by physics-informed neural networks (PINNs),
which encode the governing equations, such as the Navier-Stokes equations in the neural network
by training on a physics-informed loss, as introduced in Section 2.4.4. Thereby, PINNs regularize
the optimization of the neural network and force the solution to adhere to the governing equations,
which is expected to further enhance the reconstruction quality. However, this approach requires
a significant modification of the neural network architecture and the training algorithms and likely
will increase the difficulty of the optimization process, as PINNs require a fine tuning of the physics-
informed and data loss terms. Consequently, the implementation of PINNs requires substantial
development efforts to first determine the feasibility of the approach and, then, optimal training
hyperparameters. Therefore, first a purely data-driven reconstruction based on the PIFu approach
will be employed to prove the feasibility of the proposed reconstruction framework and based
on the insights gained during the evaluation of this approach, the integration of PINNs into the
reconstruction framework will be developed in a second step.

Overview of the reconstruction framework The training of the neural network on both data
from experiments and numerical investigations in a supervised learning approach requires a la-
beled dataset, i.e. pairs of matching input images and respective 3D output shapes. For both
considered fluid mechanical problems, specifically droplet impingement on flat and structured sub-
strates and adhering droplets subjected to external shear flows, numerical datasets are available
and experiments can be conducted under matching conditions to obtain a labeled dataset. “How-
ever, due to uncertainty in the experiments, and errors from modeling and approximations in the
simulation, the droplet shapes are not identical. This results in a mismatch of the input images
with their respective ground truth labels, which consequently introduces an error to the neural
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Figure 3.1: Overview of the reconstruction framework, detailing the processing steps and associated datasets during
training (top) and inference (bottom).

network. This kind of matching problem is resolved by training the neural network on fully syn-
thetic image data that is obtained using the ground truth of the simulation, thus resulting in a
perfect agreement between input and output in the dataset. The synthetic images are generated
by means of a render-pipeline in Blender [39] with the LuxzCore [19] package that allows for phys-
ically correct ray tracing. The virtual rendering setup replicates the optical configuration in the
experiments in order to produce realistic image data. The PIFu neural network [191] is trained for
the spatio-temporal reconstruction of the droplet dynamics [...] on this synthetic dataset.” from
[DKS24, Section 2|

Subsequently, the trained model of the droplet dynamics is employed for the reconstruction of
real observations in the experiments. Consequently, two distinct data processing pipelines are
required during the training and inference of the neural network. An overview of the reconstruction
framework that integrates the previously defined components for data generation, imaging, and
reconstruction along with their respective data streams and processing steps during training and
inference is illustrated in Figure 3.1.

The starting point for the training routine are experiments within the setup of the extended glare-
point shadowgraphy technique in order to obtain a dataset of recordings that is representative of the
optical phenomena involved in the image formation in the experiments. This dataset, in conjunction
with theoretical considerations regarding image formation, is used to model the rendering setup,
with the aim of generating synthetic images that accurately reproduce the visual appearance of the
recordings from the experiment. The modeled rendering setup is then employed for the generation
of synthetic images on the basis of 3D meshes of the gas-liquid interface extracted from the results
of numerical simulations. The resulting labeled synthetic dataset is used for the optimization
of the PIFu neural network in order to obtain a trained model of the droplet dynamics. This
model of the droplet dynamics encoded in the trained neural network is employed for the spatio-
temporal reconstruction of the droplet’s gas-liquid interface in novel experimental investigations.
The starting point of the inference routine are experiments involving droplets impinging on solid
substrates or adhering droplets subjected to external shear flow, which are imaged by the glare-
point shadowgraphy technique. The image data recorded in the experiments has to be pre-processed
prior to the actual reconstruction, to attain adequate conditioning as input for the PIFu neural
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network. Finally, for each snapshot in the experiments, the volumetric shape of the gas-liquid
interface is reconstructed by the trained network to recover the spatio-temporal dynamics of the
droplet’s interface.

Confronting the neural network with two distinct types of input data — synthetic images during
training and experimental recordings during inference — necessitates a dedicated and careful pre-
processing to ensure the consistency of the input data during training and inference, and thereby
a consistent treatment by the neural network. The developed data processing techniques will be
elaborated in further detail in the respective chapters regarding glare-point shadowgraphy and
synthetic image data generation. In the following chapters, the components of the reconstruction
framework will be discussed in further detail, in an order that considers the processing sequence and
resulting interrelations in the reconstruction framework. First, the neural network architecture and
optimization procedure of PIFu will be covered, followed by the discussion of the experimental setup
in Chapter 4, and synthetic data acquisition techniques in Chapter 5. Afterwards, the methodology
for the pre-processing of the recordings obtained in the experiments will be outlined in Section 6.1.3,
followed by the validation and evaluation of the reconstruction framework in Sections 6.2 and 6.3,
respectively. The development and integration of PINNs into the reconstruction framework will
be discussed in Chapter 7.

3.4 Neural network architecture and optimization procedure

3D occupancy field

Input image hourglass network

Figure 3.2: Sketch of the PIFu neural network architecture. The input images are first processed by a convolutional
hourglass network, which extracts image features F(z,y) that are subsequently sampled locally by a
second network (MLP), which predicts the occupancy function at multiple points in 3D space. Figure
adopted from [DKS24].

“For the volumetric reconstruction of the gas-liquid interface the state-of-the-art deep learning
method based on the concept of the Pixel-aligned Implicit Function (PIFu) [191] is used as outlined
in Figure 3.2. The core concept of PIFu is the implicit representation of the three-dimensional
topology as a level-set function through a neural network. In this approach, an MLP predicts the
three-dimensional occupancy field for various locations in the image plane by probing a defined set
of distances in the out-of-plane coordinate for the prediction of whether the point coordinate lies
within or outside of the predicted geometry. The input to the MLP are image features extracted by
a convolutional neural network (CNN), in particular, the so-called hourglass network [160], which
subsequently down- and upsamples the input image. The resulting feature maps are therefore
pixel-aligned, i.e. each pixel position of the extracted feature maps has an accordingly aligned
area in the input image. Furthermore, the relation between distant locations in the image can be
expressed by the pixel-aligned feature maps, thus enabling the neural network for both global and
local reasoning.” from [DKS24, Section 2.3]
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Network architecture Specifically, the hourglass network consists of four stacked encoder-decoder
pairs, the so-called hourglass modules, one of which is shown as a representative example of the
network in Figure 3.2. In the encoder part of each hourglass module, features are extracted and
a feature pyramid with increasing semantic information in each consecutive convolutional layer is
built, while the resolution of the feature maps decreases. In the decoder part, the spatial resolution
is increased again through upsampling operations, while feature maps with rich semantic context
are fused with high-resolution feature maps via residual connections (see Section 2.4.3). Thereby,
information on different scales is taken into account during feature extraction. In this manner, the
hourglass network preserves the spatial structure of the input image while enriching the feature
maps with the information from neighboring pixels. The repeated up- and downsampling through
the multiple stacked hourglass modules in the network further enhances the propagation of the
information in the feature maps and, thereby, introduces global context between potentially distant
regions in the output. The flow of information, as well as the stability of the network optimization,
are improved by residual connections between the hourglass modules, as indicated by the arrow in
Figure 3.2. During training, intermediate predictions of the occupancy function are performed by
the MLP based on the final feature maps in each hourglass module, which allows for the calculation
of a loss term for each level of the hourglass network. Thereby, intermediate supervision is provided
at each hourglass module, which further stabilizes the optimization of this deep neural network
architecture [160]. In contrast to the prediction on the basis of global features [34, 147, 169,
the hourglass network extracts high-resolution features that are spatially aligned with the input
image, which facilitates the accurate reconstruction of local details. In order to allow for global
reasoning, the receptive field of the output neurons in the hourglass network has to cover the whole
input image in order to enable the propagation of information from each pixel in the input image
into each location of the last feature map [192]. As introduced in Section 2.4.3, the receptive
field increases with the number of consecutive layers. The overall size of the network, however, is
restricted by memory limitations, which creates a trade-off between the resolution of local features
and the accuracy of the global shape estimation. Therefore, the size of the input images is limited
to 512 x 512 px and the size of the final feature map in each hourglass network is limited to 128
x 128 px in 256 channels. It should be noted that extensions of the PIFu approach in more recent
works [192, 81] facilitate the reconstruction of smaller details through a higher resolution of the
extracted features and the combination of multiple pathways at different resolutions.

On the basis of the extracted features an MLP learns the implicit representation of the 3D occu-
pancy field in the form of a level-set function, as illustrated in Figure 3.2. The 3D reconstruction
on the basis of pixel-aligned features F(z,y) in the image plane, requires additional parametric
input for the depth coordinate z. As all 3D positions in the projection along a ray in the depth
direction have the same image features, the PIFu network focuses on the varying input depth z to
infer the occupancy along the ray. Consequently, for a prediction at the spatial point (z,y, z), the
pixel-aligned features F(z,y) are sampled at the location (x,y), while the coordinate z is directly
inputted to the MLP. The MLP consists of four fully-connected layers with 1024, 512, 256, and
128 neurons and skip connections at each layer to propagate the image features F(z,y) and depth
information z. The input layer of the MLP has a size of 257 to match the size of the feature vector
(256 channels) with the addition of the depth coordinate, while the output has a size of one. In
the hidden layers of the MLP, the leaky ReLU activation function is used, while the output neuron
features the sigmoid activation function in order to constrain the output between zero and one,
ensuring a meaningful prediction of the occupancy. In the hourglass network, the ReLLU activation
function is employed. Further implementation details can be found in the published work by [191]
and the code repository of this thesis.
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3 Development of the reconstruction framework

Network training “The coupled neural networks were jointly trained on the labeled synthetic
dataset by supervised learning with the RMSProp optimization algorithm [225], which is an exten-
sion of stochastic gradient descent with momentum (SGDM) [171]. In particular, a forward pass
through the network consists of the computation of feature maps from the input images by the
hourglass network, followed by n passes through the MLP to predict the occupancy at n spatial
locations x = (x,y, z) in continuous 3D space. As illustrated in Figure 3.2, the MLP receives the
pixel-aligned local features at the position (x,y) in the image plane and an additional paramet-
ric input for the depth coordinate z, which are used to predict the occupancy é(xz) at sampling
point ¢, for ¢ = 0...n. In order to allow for continuous sampling, the local features are obtained
by bilinear interpolation from the extracted feature map. During training, a purposefully devel-
oped sampling scheme introduced by Saito et al. [191], is employed to sample spatial coordinates
(z,y, 2) close to the interface, for which the label ¢(x;) of the occupancy function is determined
by whether they lie within or outside of the ground truth mesh. This sampling scheme has been
found to significantly enhance the learning of 3D shapes, as the optimization of the network is
effectively focused on the accurate prediction of the surface location [191]. In the backward pass,
the mean squared error loss for all n sampling points £ = 237" (¢(x;) — b(x;))? is calculated
and backpropagated first through the MLP and subsequently through the hourglass network for
one iteration of weight updates. During inference, the coordinates are sampled uniformly from an
equidistant grid, as the location of the gas-liquid interface is unknown. The training hyperparam-
eters were originally chosen according to the original publication [191]. However, it was found that
a reduction of the training iterations led to better results for the considered dataset. Therefore, the
networks were trained for eight epochs [...], with a batch size of 12 and an initial learning rate of
0.001 that is reduced by a factor of ten after epochs four and six. As a technical note, the training
duration [for a representative dataset size of 37,300 training samples] amounted to 58 h on a single
Nvidia RTX A5000 graphics processing unit. The network requires 20s on average per time step
for the volumetric reconstruction at an output resolution of 5123 grid nodes. Due to the implicit
representation of the surface, the reconstruction can be performed at an arbitrary resolution, and
consequently, a speed-up is possible by lower output resolutions [191]. Furthermore, processing
the predicted grid nodes by the marching cubes algorithms [136] is required in order to obtain a
mesh of the gas-liquid interface and PIFu uses the octree structure [146] for a more efficient and
thus faster inference. The inference time is required proportionally for the following processes on
average, i.e. 13.2s for the prediction by the neural network, 1.6 s for marching cubes, and 5.2's for
data handling.” from [DKS24, Section 2.3|
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4 Glare-point shadowgraphy

In this chapter, a novel optical measurement technique that extends the shadowgraphy method
by color-coded glare points is introduced by the example of droplet impingement on flat solid
substrates. While the canonical shadowgraphy captures the contour of the gas-liquid interface
with high spatial accuracy, the resulting images only provide sparse information limited to a
two-dimensional projection of the three-dimensional interface. The glare points created by the
reflection of light on the gas-liquid interface from additional lateral light sources are anticipated
to encode further information on the three-dimensional droplet shape in the images, which lay
the foundation for the volumetric reconstruction of the dynamically deformed interface during
impingement. Within this scope, the theoretical aspects of encoding three-dimensional information
on the gas-liquid interface of non-axisymmetrical droplet shapes by means of glare points are
examined. The results discussed in this chapter have previously been published in the article Three-
dimensional encoding of a gas-liquid interface by means of color-coded glare points by Dreisbach
et al. [DBB*23].

4.1 Experimental setup
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Figure 4.1: Sketch (a) and photograph (b) of the experimental setup of the applied glare-point shadowgraphy
method. Figure adopted from [DBB*23].

“The present approach extends the shadowgraphy method by supplementing two lateral light
sources to the standard shadowgraphy setup as shown in Figure 4.1. These additional light sources
are mounted on a custom-built rail system as can be seen in Figure 4.1b in order to allow for
the adjustment of the azimuth angle 6, while the elevation angle ® can be adjusted by a hinge.
This mounting system facilitates the independent and continuously variable adjustment of both
angles and, thereby, allows for the evaluation of the influence of the direction of illumination on the
glare-point location and intensity on the gas-liquid interface. The angular adjustment uncertainty
is estimated to be lower than 4+2°. In order to ensure a reproducible droplet volume over multiple
experiments and to avoid oscillations of the droplet from the introduction of momentum, the water
droplet is produced by an automatic drop-application system. This system consists of a syringe
with a cannula diameter of ds = 0.1 mm and a stepper motor with [, = 10 mm linear displacement
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and a step angle of «a,, = 7.5°, which is used as a linear actuator for the syringe. The resulting
droplet diameter for distilled water is 2a ~ 2mm at room temperature. |[...|

The two lateral light sources, as well as the backlight, are high-power ILA 5150 LPSv3 LEDs
with narrow-banded spectra and maxima in the visible spectrum at ~ 455 nm ("blue"), ~ 521 nm
("green") and ~ 632nm ("red") for the desired blue, green and red light sources, respectively. The
light of the LEDs is captured either at 3,000 frames per second (fps) by a Photron Fastcam Mini WX
RGB Camera or at 7,500 fps by a Photron Nova R2, both equipped with a Schneider-Kreuznach
Apo-Componon 4.0/60 enlarging lens, where the three-colors i = ("red", "green", "blue") of illu-
mination are expected to be mainly captured with the corresponding channels of the RGB camera
chip.

The backlight produces a classical shadowgraphy image on the corresponding image channel, where
only non-deflected light reaches the camera chip. In order to capture the shape of the droplet as
accurately as possible a parallel light beam is required, leading to a better resolution of small
features and optimizing contrast [201]. This is achieved by placing an optical collimator consisting
of a pinhole aperture with a diameter of d, = 4mm and a Spindler & Hoyer biconvex collimator
lens with 300 mm focal length between the backlight and the droplet. The blue LED is used for the
backlight since the camera chip possesses the lowest relative sensitivity in this range of wavelengths
and the highest response in the chip is expected from direct illumination of the backlight LED.

The lateral light sources are focused by Thorlabs plano-convex lenses with a broadband anti-
reflective coating (reflectivity < 0.5%) and illuminate the droplet from an azimuthal angle 6 > 90°
in respect to the blue LED. Consequently, only reflected light reaches the camera, resulting in the
creation of py, = 0 glare points [233]. The illuminating light beams possess a cross-section that
is larger than the droplet and are approximately parallel, which implies that the beams can be
represented as plane waves. Since the light is partially transmitted at the first interface between
air and water, it is reflected again on the following interfaces in the path of the light ray, e.g. while
leaving the droplet or at internal phase boundaries of air inclusion within the droplet, resulting in
higher-order glare points (pgp > 2).

Due to the smooth surface of the phase boundary, pure interface reflection is considered, which
is captured by the camera as differently colored glare points on each side of the droplet and on
any present air bubbles, thereby encoding additional volumetric information on the droplet in the
remaining red and green image channels. Since the information is separated between the channels of
the RGB image, three individual grayscale images with accordingly different illumination conditions
can be extracted from the RGB image, each providing a unique representation of the droplet that
can be used for the volumetric reconstruction of the droplet.” from [DBB*23, Section 2.2

4.2 Image processing

“The spectral power distributions of the light sources do not perfectly match with the spectral sen-
sitivity of the corresponding camera channels k =(R, G, B) as illustrated in Figure 4.2. Therefore,
each light source causes a perturbation of the images in the other channels, which consequently
needs to be considered as follows.

The response of the k™™ color channel at pixel z on the camera chip I;(x) can be calculated by
spectral integration from the spectral power distribution (SPD) of the incoming light L()\), the
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Figure 4.2: Spectral power distribution of the LED light sources L; (color-coded solid lines); spectral sensitivity
distribution of the camera’s color channels Sy, (color-coded dashed lines); transmittance of the objective
lens T, (dashed black line) and the collimator lenses of the light sources T} (solid black line). Figure
adapted from [DBB*23].

spectral transmittance of the color filter Ty () for the k" color channel and the spectral responsivity
s(\) of the camera [202] as

Ii(z) = AL(A)Tk(A)s(A) dA. (4.1)

Equation (4.1) implies the assumption of a linear camera-chip behavior, i.e. the measured signal
at a pixel’s location x is proportional to the intensity of the incident light at this position. This
assumption generally holds true, however, with little error for CMOS cameras [239]. The spectral
transmittance Ty () and the spectral responsivity of the camera s(\) are often expressed in a com-
bined form as the spectral sensitivity of the camera Si(A\) = T (A\)s()\) for the k" color channel.
The term of the camera’s spectral sensitivity Si(A) also includes the wavelength-dependent trans-
mittance of the objective lens T, (A), while the transmittance of the focusing lenses of the light
sources can be assumed to be constant in the relevant wavelength-band, as seen in Figure 4.2. Since
spectral integration is a linear transformation, an integration over L()\) Which is the combined su-
perposed spectral power distribution of all light sources ¢ via L(\ Doict N A\ , results in the
same camera response as the sum of an integration over all hght sources L;(A ) [117]. Therefore,
Equation (4.1) can be rewritten as

-y /A Li(\)Sk(A) dA. (4.2)

Considering that light transport from the two lateral light sources to the camera chip can occur
either directly or by scattering on the droplet, thus creating glare points, the light transport
coefficient I(\, x) at pixel position  on the camera sensor is introduced as

Z / (0, 2)Ls(\) Sk (V) dA (4.3)

In order to consider the contributions of direct illumination, reflection at the droplet interface, and
transmission through the droplet, the light transport coefficient is expressed as

I\ z)=d(x)+r(\x)+ (A ), (4.4)

where d)(x) represents the direct light transport, (A, x) the spectral reflectance and (), z) the
transmission. Generally, spectral reflectance and transmission are dependent on direction and
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wavelength of the light incident on the surface and the geometrical shape of the illuminated object,
whereas the participation from direct light only depends on the illumination angle. Furthermore,
the spectral reflectance can be divided into interface (specular) reflection r4(\, ) and body (diffuse)
reflection r4 (A, z), according to the dichromatic reflection model [203], i.e.

ri(\ ) = rs(\ ) + ra(\, ). (4.5)

For a water droplet, the diffuse reflection r4 (), ) is neglected due to the smoothness of the surface,
so that reflection can be assumed to be only specular reflection r¢(A, ) in the following.

The light transport by transmission ¢;(\, z) is determined by the two-fold refraction at the droplet
interface R¢(x,A) and the spectral transmittance Tp(z, A) of the droplet liquid. Following the
Beer-Lambert law [216], the absorption of distilled water in the visible spectrum is negligibly low
for the considered distance traveled within the droplet [77], even considering longer distances for
higher-order glare points.Therefore, the spectral transmittance can be considered to be Tp ~ 1 in
the range of the considered wavelengths (A &~ 400 — 700 nm) and its influence on the light transport
trough transmission can be neglected.

Interface reflection and refraction are in general dependent on the refractive index n, following
the Fresnel equations [83]. Since n, is furthermore dependent on the wavelength of the incident
light, i.e. n, = n.(\), the intensity of both reflected and transmitted light on the interface likewise
depend on the wavelength. Note that the light of the LEDs is unpolarised. Therefore, in the
following, the effects of polarisation on the reflection are not considered.

The neutral interface reflection (NIR) model is a good approximation for a water droplet. It states
that the spectral power distributions (SPD) of the reflected and incident light are approximately
equal [128]. This assumption is valid for materials with insignificant variation of refractive index
in the visible spectrum, which holds true for water. With the assumption of dominating specular
reflectance and the NIR model, the spectral reflectance r; becomes independent from the wave-
length, i.e. ri(z) = rg(x). Furthermore, for n, ~ const. the refraction becomes independent of the
wavelength r¢(z). Consequently, the light transport only depends on the geometry of the problem
I(x) and Equation (4.3) can be accordingly rewritten as

I@) = - (o) [ LSy (4.6)

Since both the SPD of the the light sources and the spectral sensitivity of the camera are known,
an integration across all relevant wavelengths for the camera sensor results in a transfer coefficient

tm:AMW&OMA (4.7)

to quantify the transfer of light from each light source L; to each channel of the camera chip Ij.

For the presented measurement setup, consisting of three LEDs with different maximal wavelengths
in the red, green, and blue spectral range of the visible light (L,, L, L,), and a camera chip with
a red, a green, and a blue channel (Iy, Ig, I), the resulting transfer function is represented by

Ir trRr tRg IRb Iy
Io | = |tar tag taw | *|lg| =T *1. (4.8)
Ip tr tBg tBb Iy
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Finally, the inverse of the transfer matrix 7~ provides a correction matrix C = 7! for a determi-
nation of the image 1 created as a result of the light transport from only a singular light source

1=7 '«I=CxI (4.9)

from the response of the three image channels I. Therefore, the analytical spectral correction
(ASC) function (4.9) allows for a separation of the images created by each only one of the light
sources, resulting in three independent images of the droplet.

The transfer coefficients in Equation (4.8) and thus the correction matrix can also be obtained
in-situ from the experimental apparatus by means of calibration images, in the following called
in-situ color correction (ISC). ISC is particularly useful if the spectral characteristics of the optical
components are unknown and, consequently, ASC cannot be applied. For this purpose, three sets
of calibration images have to be recorded in the presented setup through an RGB camera, where
consecutively only a single light source L; is active per recording. Afterward, the channels I of the
RGB images are split from each other to achieve nine grayscale images that contain the required
information to calculate the transfer coefficients ¢, ; of Equation (4.8). An accurate estimate for the
transfer coefficients can be obtained by calculating the maximum channel intensities and averaging
over a large set of calibration images, thus reducing the influence of random noise. While ISC
proved to be effective, additional measurement errors have to be considered in comparison to the
above-introduced analytical method.” from [DBB*23, Section 2.3|

4.3 Validation

In the following section, the proposed measurement technique is validated, starting with an eval-
uation of the effectiveness of the color-correction function for the removal of cross-talk in the
recordings. Subsequently, the usability and accuracy of the Lorenz-Mie theory (LMT) for the
prediction of glare points of various orders at different scattering angles in the experiments are
examined. Lastly, the influence of the elevation angle of the lateral light sources on the visibility
of glare points on the dynamic gas-liquid interface during droplet impingement is investigated.

4.3.1 Spectral reconstruction of image data

“The images of a water droplet impinging onto a flat substrate recorded for the present work with
the above-introduced RGB shadowgraphy setup and their processing are discussed in the following
section. The required information for the ASC function (4.9) is calculated from the SPD of the LED
lights and the spectral sensitivity of the camera with the values provided by the manufacturers;
see Figure 4.2.

Figure 4.3 shows an RGB frame of the droplet shortly after impact and the separated response of
the uncorrected channels of the raw image. The comparison of the three separate image channels
to the RGB image demonstrates that the additional information from reflective images of lateral
light sources of different wavelength bands can be separated into the channels of an RGB image,
which however contain some spurious crosstalk between the images. Saliently, the background of
the green channel is considerably illuminated by the blue light source and the reflective images from
the lateral light are apparent on the other channels, but with a lower intensity. The annotations
in Figures 4.3b, 4.3c and 4.3d highlight the most noticeable perturbations in the respective color
of the causative light source.
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glare

points

(a) RGB image (b) red (raw) (c) green (raw) (d) blue (raw)

Figure 4.3: Raw color-imaging of an impinging water droplet on a substrate with SiOx-coating; (a) RGB snap
shot; separated (b) red, (c) green, and (d) blue raw channels of (a). The color-coded annotations
highlight the perturbations from the respective other channels. Figure adopted from [DBB23].

(a) RGB image (b) red (corrected) (c) green (corrected) (d) blue (corrected)

Figure 4.4: Processed color-imaging of an impinging water droplet on a substrate with SiOx-coating; (a) RGB
snap shot; separated (b) red, (c) green, and (d) blue corrected channels of (a). Figure adopted from
[DBB+23).

To reduce the cross-talk effect, the above-discussed ASC function (4.9) has been applied to the
RGB image of Figure 4.3. The results are shown in Figure 4.4 below the raw images to allow an
immediate comparison of all spurious patches. Obviously, most disturbances in Figure 4.3 have
been successfully removed or at least reduced significantly. This is most saliently emphasized by
the removal of the background light in the green channel and the transmitted light around the
vertical center line resulting from the blue light source. The glare points from the red light source
on the right side of the droplet in the green image are reduced as well. In the blue and red channels,
the glare points from the green light source on the left side of the droplet are likewise removed
successfully. The full series of RGB frames shortly before and after the drop impact, corrected with
the ISC function, is provided in Appendix A.2 to further contrast the raw images (Figure A.3) to
the corrected images (Figure A.4).

A quantitative accuracy evaluation of the image color correction has been conducted on images from
the RGB imaging with only one activated light source. In this setup, a complete color correction
is expected to result in zero intensities for all but the considered image channels and only the
channel corresponding to the active light source is expected to contain an image. The quality of
the color correction is measured by the mean image intensity in the omitted image channels, i.e.
the remaining disturbance after correction. Figure 4.5 shows the temporal evolution of mean image
intensities for all channels in the first 50 images of the drop impact before (dashed lines) and after
(solid lines) color correction.

As expected, each light source causes the highest response in the corresponding image channel and
additionally a smaller response in each of the two other channels. The intensity of the disturbance
in the omitted channels is significantly reduced by the color correction, as becomes obvious from the
reduction of average intensity for the respective channel to near-zero values for most frames. This
evaluation, therefore, confirms the accuracy of the applied analytical color-correction approach.
While the correction of the blue light is nearly perfect, the disturbance in the other channels
cannot be fully eliminated for particular frames recorded with only the lateral green or red light
source. The corresponding frames are characterized by high overexposure, such that clipping effects
lead to an effective overestimation of the other channels. One such event is shown in Figure 4.6,
which occurred in the 38" frame of an RGB shadowgraphy experiment with only the green lateral
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Figure 4.5: Mean image intensities of the unprocessed color channels (dashed lines) in comparison to the ASC-
corrected color images (solid lines) for the first 50 frames of the drop-impact measurements with a
single lateral red (a), green (b) light source, or blue backlight (c). Figure adopted from [DBB*23].

(a) RGB image (b) red (corrected) (c) green (corrected) (d) blue (corrected)

Figure 4.6: Processed color-imaging with overexposure (frame 38), produced with only the green lateral light
source activated; RGB snap shot (a); separated red (b), green (c), and blue (d) corrected channels of
(a). Figure adopted from [DBB*23].

light source activated (cp. Figure 4.5b, where the considered frame is marked with a black arrow).”
from [DBBT23, Section 3.1]

4.3.2 Glare point prediction accuracy

“To evaluate the accuracy of the recorded glare-point locations and intensities, the occurrence of the
glare points in the experimental images is compared to the theoretically expected results as can be
calculated from the Lorenz-Mie theory for scattering on a spherical particle with Equation (2.36).
In the following, the glare-point position is defined by the location of the maximum glare-point
intensity. First, the position of the glare points on the projected gas-liquid interface of the droplet,
as well as their relative intensity is evaluated for the simple case of a spherical droplet illuminated
at ® = 0° elevation angle. The azimuth angle is varied from 6 = 95° to 145° in increments
of 10°, which corresponds to the angular range for which back-scattering occurs and that was
simultaneously possible with the presented experimental setup. A corresponding set of recordings
is shown in Figure 4.7, where only the red channel appears as grayscale images. To guide the
unaided eye, the uncorrected image channel with e.g. spurious backlight is shown, even though
the corrected image channels were processed and are discussed below.

Figure 4.8 shows the column-wise averaged intensity of the red image channel after applying the
previously introduced ISC method, therefore revealing the distribution intensity of the glare points
over the projected gas-liquid interface of the droplet. The column-wise intensity was calculated
for five rows of the color-corrected image around the maximum horizontal expanse of the droplet
and subsequently averaged over five frames. Note that the third (center) frame of this temporal
average corresponds to Figure 4.7. The reconstructed glare point signal allows for a comparison of
the position of the glare points in the experiment to the position expected from the calculations
by van de Hulst and Wang [233] following Equation (2.36), shown in Figure 4.9.

The good agreement of the position of the glare-point peaks in the experimental images and the
theoretically expected intensities allows for an interpretation and subsequent differentiation of the
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(a) 6 = 95° (b) 6 = 105° (c) 6 =115° (d) 6 = 125° (e) 6 = 135° (F) 0 =145°

Figure 4.7: Red image channel of the frame with a spherical water droplet before impact for different azimuth
angles 0. The identical order of angles is found in Figures 4.8 and 4.9. The uncorrected channel was
chosen for the better visibility of the droplet contour. (Note that the pgp, = 1 glare point from the
blue backlight is visible in the center of the droplet due to cross-talk of the camera and has the same
intensity as the background.) Figure adopted from [DBBT23].
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Figure 4.8: Glare-point intensity measured from the ISC corrected red channel from a recording of a spherical
droplet in the experiments. The column-wise averaged glare point intensity is plotted on the logarithmic
ordinate against the dimensionless variable w on the abscissa, that describes the position on the
scattering plane relative to the projection of the droplet, as introduced in Section 2.3.2. Figure adapted
from [DBB*23].
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Figure 4.9: Mie glare-point images calculated by means of Equation (2.36). The logarithmic glare-point intensity
is plotted on the ordinate against the dimensionless variable w on the abscissa. Figure adapted from
[DBBt23].

contributing orders in the observed glare-point signal from the experiment. In Figure 4.8a only
the zeroth-order glare point (pg, = 0) is clearly visible at around w = 0.67, which is in good
agreement with the theoretically expected position. Towards higher scattering angles the zeroth-
order glare point moves towards the center of the droplet and reaches w = 0.29 at 145°, as can
be seen in Figure 4.8f. The exact glare point positions in geometrical optics were calculated by
Equation (2.34) and subsequently Equation (2.35) for further comparison. The results showed a
good agreement with the experimentally determined positions.
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Figure 4.10: Comparison of the glare-point images at scattering angles of (a) 95.0° and the ideal angle for pgp = 0
glare points 96.5°, (b) 125.0° and the pgp = 3 rainbow angle 129.5° and (c) 135.0° and the pgp = 2
rainbow angle 137.7° calculated by means of Equation (2.36). The logarithmic glare-point intensity
is plotted on the ordinate against the dimensionless variable w on the abscissa. Figure adapted from
[DBBT23].
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In Figure 4.8b additionally a third-order glare-point peak (pgp = 3) becomes visible at w = 0.73,
despite the order-of-magnitude difference in intensity to the main peak. The comparison of the
predicted intensity with the measured signal confirms the presence of a third-order peak to the
right of the strong zeroth-order peak (cp. Figure 4.9b). The intensity of the third-order glare
point increases towards higher scattering angles as it approaches its rainbow angle at 129.5°. In
Figure 4.8c the third-order glare point is clearly visible at w = 0.8. The theory predicts a second
third-order glare point at the w = 1 edge of the droplet that can be confirmed by a clearly visible
intensity peak in the experiment. Both third-order glare points are predicted to merge into a single,
bright glare point at their rainbow angle, as can be seen in Figure 4.10. However in Figure 4.8d
they can still be clearly differentiated at a scattering angle of 125° as evident from the experimental
image and the corresponding intensity curve.

A second-order glare point (pg, = 2) first emerges in Figure 4.8¢ as a large and bright glare point
around w = —0.92. Since the scattering angle lies close to the second-order rainbow angle of
137.7°, the intensity of the glare points is high. In Figure 4.8f two second-order glare points are
visible at w &~ —0.61 and close to the edge. As predicted by theory, the second-order glare point,
therefore, behaves in the opposite way as the third-order glare point and splits into two peaks for
scattering angles larger than the rainbow angle. The comparison of the measured and computed
glare points close to the py, = 2 rainbow angle (see Figure 4.10) reveals, that in fact, the scattering
angle in the experiments has been closer to 137.7° than 135.0°, as the expected relative intensity
peaks produce a better match. This elucidates that the intensity of the glare points close to their
respective rainbow angles reacts sensibly to small angular changes. However, the position of the
glare points does not change significantly, therefore allowing for an accurate prediction of glare
point occurrence by Equation (2.36).

The first-order glare point (pg, = 1) was not visible in the range of evaluated azimuthal angles 6, as
it appears only at scattering angles smaller than 82.6° according to geometrical optics and following
Equation (2.34). In a similar manner, the intensity of the fourth and fifth-order glare points is
predicted to be too low to result in visible glare points, which is confirmed by the experimental
results. Higher-order rainbows accumulate at the w = +1 edges, resulting in intensity peaks from
potentially multiple higher-order glare points, complicating the interpretation of the edge peaks.
Furthermore, the higher-order glare points become increasingly more sensible to deviations in the
scattering angle, since the greater number of internal reflections amplify any deviation. Therefore,
the interpretation of higher-order glare points becomes less reliable.

According to van de Hulst and Wang [233], additionally surface waves might contribute to the
edge peaks as well. However sixth (pg, = 6) and seventh-order glare points (pgp, = 7) appear
plausible following the descriptions of van de Hulst and Wang [233]. The intensity peak at the
w = —1 edge in Figures 4.8d and 4.8e matches the theoretical position of the sixth-order glare
point, while in Figures 4.8e and 4.8f the peaks at w = 0.96, respectively at w = 0.98 match the
expected seventh-order glare point. Additionally, the diffraction on the droplet is visible around
the contour of the droplet in all images, contributing to all the glare-point signal in Figure 4.8 and
in particular at the edges.

It should be noted that according to Walker [238] the rainbow angle calculated in wave optics
differs by ~ 0.15° for pg, = 2 and =~ 0.21° for p,, = 3 in comparison to geometrical optics. The
resulting deviation in the py, = 3 glare-point position was calculated to be 6, < 0.0005, which is
considered negligible. The angular difference for the py, = 2 rainbow angle was even lower, which
further confirms that the theoretical calculation provides a valuable and meaningful comparison
to the experimentally observed glare points.” from [DBB*23, Section 3.2]
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Figure 4.11: Mean image intensities of the color-corrected red and green image channels for the first 150 frames
of the drop impact; (a) & = 45° elevation angle and (b) ® = 0° elevation angle of the lateral light
sources. Figure adapted from [DBBT23].

(a) ® = 45° (b) & = 0°

Figure 4.12: Frame with the lowest glare point intensity (frame 50) at an elevation angle ® = 45° (a) in comparison
to a frame for a similar physical time at ® = 0° (b). The insert in (a) is a contrast-enhanced and
brightened repeat of the droplet tip to emphasize the occurrence of glare points. Figure adopted from
[DBB*23].

4.3.3 Influence of the elevation angle

“To further study the influence of the elevation angle of the lateral light sources on the visibility
of glare points on the deforming droplet during impact, the lateral light sources were successively
raised and simultaneously tilted in order to illuminate gas-liquid interface from different angles,
as sketched in Figure 4.1. The elevation angle was varied in a range of 0° < & < 45° with
increments of 15° and the additional angle of ® = 50°, while the azimuth angle was varied from
0 = 95° to 145° with 10° increment. A drop impact experiment with the same kinematic boundary
conditions was recorded for each possible combination of elevation and azimuth angles. The images
from the experiments were post-processed with the previously introduced ISC in order to obtain
the undisturbed glare point images. Figure 4.11 shows the development of the glare points for
experiments performed at 95° azimuth angle in comparison between ® = 0° and & = 45° elevation
angles by the mean intensity of the color-corrected red and green image channels.

The comparison of Figures 4.11a and 4.11b provides evidence that the glare-point intensity fluctu-
ates significantly more at the lower elevation angle of ® = 0° with some frames reaching close to
zero intensity, thus indicating that no glare points were visible in these frames. Such low-intensity
frames were already apparent in previous experiments at ® = 0° elevation angle in which only
the lateral light sources were active, as can be seen in Figure 4.5. At higher elevation angles, in
contrast, significantly more frames contained glare points and the development of the intensity
between the frames was more consistent as well. This effect increased towards 45°, after which no
further improvement was observed. Figure 4.12 shows the least luminous frame in the experiments
at & = 45° elevation angle (Figure 4.12a) and in comparison a frame at ® = 0° (Figure 4.12b) for
a similarly shaped droplet.
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As evident from the images at ® = 45° elevation angle even the least luminous frame contains
clearly visible glare points although faint, as opposed to ® = 0° where no glare points are visible.
This implies that glare points must be visible in all other frames, which was confirmed by visual
inspection. At the chosen azimuth angle of § = 95°, as expected from the results of Section 4.3.2,
only zeroth-order glare points appear independent from the elevation angle. Analogous results
were obtained for both the intensity and consistency of the glare points at all other azimuthal
angles tested in the experiments, including those that resulted in higher-order glare points. For
elevation angles larger than ® = 0°, however, no higher-order glare points were observed after a
certain deformation of the droplet due to the interaction of the light with the substrate after drop
impingement.” from [DBB*23, Section 3.3

4.4 Discussion

“The measurement for glare-point images on the deforming gas-liquid interface with consistent
scatter intensity throughout the recorded frames of the drop-impact dynamics is important for a
seamless surface reconstruction. As such, the observations and insights of the previous sections
will be conflated in order to identify the optimal viewing angles for the lateral light sources below.
Further evaluation of 3D-encoding options and limitations follows in the subsequent sections.” from
[DBB*23, Section 4]

4.4.1 Optimal position of the lateral lights

“Figures 4.3, 4.4 and 4.7 indicate that the zeroth-order glare points appear only at locations on the
surface of the droplet that align with the complementary angle ®. = 90° — ® to the direction of
the incoming light as viewed from the image plane. In general, the phase boundary of the droplet
takes any angle that ranges between the contact angle at the contact-line position and 0° degrees
at the top of the droplet. Higher angles are possible due to the deformation of the droplet, as can
be seen for example in Figure 4.12, but do not necessarily occur. If the contact angle does not
exceed the complementary angle to the direction of the incident light, accordingly, frames with
no visible glare points might be produced. Consequently, those frames lack the desired additional
three-dimensional information of the gas-liquid interface.

The completely horizontal setup with ® = 0° elevation angle reveals various frames without glare
points for the stages of the drop impact while the contact angle drops below 90°, which becomes
obvious e.g. in Figure 4.12. To guarantee the consistent occurrence of glare points, the comple-
mentary angle has to remain below the expected range of dynamically varying contact angles in
the experiment. Therefore, an elevation angle of ® = 90° — ©,;, is required, in which O,;; is the
minimum receding contact angle observed in the experiments (¢p. also Figure 4.12). Thus, the
optimal elevation angle lies within the range between 0° and the minimum receding contact angle
Omin and immediately relies on the wettability of the substrate. Conversely, an increase in the
elevation angle leads to a decrease in the distance between the zeroth-order glare points, which in
turn results in a larger relative measurement error of the distance between the glare points. The
theoretical optimum for the elevation angle, therefore, is the lowest angle at which glare points are
still visible on all frames during impact. An equilibrium contact angle of ©.q = 80° and a receding
contact angle of O, = 66° characterizes the considered water-droplet impact experiment onto a
SiOx-substrate. For this configuration, an elevation angle of 45° was found to produce the most
continuous glare point signal.

33



4 Glare-point shadowgraphy

At elevation angles larger than 0°, higher-order glare points mostly disappear as the light that is
refracted while entering the droplet interacts with the substrate surface instead of reflecting on
the second gas-liquid interface of the droplet. Furthermore, the position of the higher-order glare
points and the light reflected from the substrate surface quickly become chaotic when the shape of
the droplet deviates significantly from the spherical shape. Both of these effects render an inter-
pretation of higher-order glare points at elevation angles larger than 0° difficult, as the glare point
positions become ambiguous. Combined with the aforementioned requirement for elevation angles
d > 90° — O, for a continuous glare point signal — and in particular for hydrophilic substrates
— this leaves the zeroth-order glare points as the best option for encoding the droplet’s shape.
The restriction to the zeroth-order glare point yields the additional benefit of a straightforward
description of the underlying physics and interpretation of the results.

The optimal azimuth angle consequently is the angle at which only the zeroth-order glare point
is visible. According to GO a scattering angle of § = 96.5° leads to the strongest intensity of the
zeroth-order glare point relative to all other glare points at a wavelength of A\ = 632nm. At this
angle the glare points of orders 3n,n € Ny coalesce, with the rays forming an equilateral triangle
in the droplet, as can be calculated by Equation (2.34). The pg, = 1 and pg, = 2 glare points do
not appear at 0 = 96.5°, as the pyp = 1 rays are limited to ¢ < 82.6°, which is the angle of the
edge ray. Likewise, the py, = 2 rays are limited to 6 > 137.7°, which is the rainbow angle.

Since higher-order glare points quickly become less intense outside of a limited range close to their
rainbow angle, these orders can be neglected as well. Therefore, § = 96.5° can be regarded as
a scattering angle that only yields zeroth-order glare points. The theoretical derivation above
matches well with the experimental results at 8 = 95° azimuth angle (see Figure 4.7), which was
sufficiently close to the optimal azimuth angle to only produce visible zeroth-order glare points.
Furthermore, the comparison of the theoretically expected glare points for § = 95.0° and 96.5°
(see Figure 4.10) reveals that the difference in the intensity distribution is negligibly small. This
high tolerance for angular misalignment in turn facilitates a robust, straight-forward calibration of
the experimental setup.

The mild influence of the wavelength-dependent refractive index n,(\) of water becomes obvious
from the above discussion for red light (Ag = 632nm) in comparison to the green light (Ag =
521 nm) of the second lateral light source. Accordingly, the green glare points are determined to
occur at an optimal angle of g = 96.3° by Equation 2.34. This color-dependent 0.2° difference,
however, can be considered negligible in comparison to the angular alignment accuracy of the
measurement setup.” from [DBB*23, Section 4.1]

4.4.2 Three-dimensional encoding of the gas-liquid interface

(a) p =0° (b) ¢ = 45° (c) ¢ =90° (d) ¢ = 135° (e) ¢ = 180°

Figure 4.13: Renderings of an ellipsoidal cap with an aspect ratio of A, = 1.25. The droplet is rotated in clockwise
direction from (a) to (e). The images additionally contain the shadowgraph contour (white line) and
the glare point positions (white crosses) from the ¢ = 0 orientation for comparison. Figure adopted
from [DBBT23].

“In the following section the informative value of the glare points regarding the three-dimensional
shape of the droplet will be analyzed. For this purpose, a render pipeline for the generation of
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(a) Ellipsoidal droplet projected in its rotation plane with red and
green light rays, primary half-axes a; and as, and rotation (b) Relative glare point positions on the as-
angle . pherical droplet.

Figure 4.14: Geometrical description of the aspherical droplet (a) and definition of the glare point positions AR,
Ag and Ap relative to the symmetry axis of the shadowgraph contour (b). Figure adopted from
[DBB*23].

synthetic images was set up in the 3D rendering software Blender [39] in combination with the ray-
tracing library LuxzCore [19], which allows to create realistic images of arbitrary droplet geometries
that closely match the experimental images'. In order to evaluate the evolution of the glare-point
images for non-axisymmetric droplets, ellipsoidal cap geometries with varying aspect ratios were
produced by stretching the geometry of a gas-liquid interface extracted from a numerical simulation
along one axis in the horizontal plane by factors of A, = 1.0 to A, = 1.4 with increments of 0.05.
Finally, the render setup, configured with an azimuth angle of § = 95° and an elevation angle of
® = 45° was used to render glare-point images from the droplet geometries at different rotation
angles. The renderings created by the aforementioned render pipeline can be seen in Figure 4.13
for the aspect ratio A, = 1.25.

Figure 4.14a shows the geometrical description of the ellipsoidal droplet that has the aspect ratio
A, = ||a1]|/]|az]| and is rotated by ¢ relative to the space-fixed frame of reference. Figures 4.13a
and 4.13e show the geometry rotated by ¢ = 0° and 180°, so that the major axis of the ellipsoid
is pointing towards the observer. In order to emphasize the differences between the rendered glare
point images at different ¢ all images in Figure 4.13 contain the contour of the ¢ = 0° droplet and
the positions of the glare points marked by white crosses. The relative position of the glare points
in dependence of ¢ and A, was measured relative to the center line of the projection, as indicated
in Figure 4.14b. The measured positions are plotted in Figures 4.15a, 4.15b and 4.15¢ for the red
and green zeroth-order glare points, and the blue first-order glare point, respectively. The aspect
ratio A, appears as a family parameter in the diagrams and angle ¢ is the functional variable.

As can be seen in Figure 4.13 the position of all three glare points moves relative to the shadowgraph
contour in dependence of the rotational angle ¢ and the aspect ratio A,. The positions of the red
and green glare points appear as phase-shifted and mirrored functions since both glare points
are created through interface reflection (pg, = 0). Their location, therefore, depends on the
point on the droplet’s gas-liquid interface that matches the required angle for interface reflection
0s = (180° — #)/2, which is half the angle included between the camera and the respective light
source. The relative position of the blue glare point shows a different dynamic, as it arises from the
transmission through the droplet with correspondingly two refractions on the gas-liquid interface

(pgp =1).

L The setup of the rendering pipeline is described in further detail in Chapter 5.
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Figure 4.15: Positions A; of (a) the red and (b) green pg, = 0 glare points and (c) the blue pg, = 1 glare point
relative to the shadowgraph contour of the droplet for increasing aspect ratios A, and normalized with
the maximum absolute value. The dotted lines in (a) represent the analytical solution for comparison.
Figure adapted from [DBB*23].

With the assumption that the shape of the droplet can be described as an ellipsoidal cap with
two planes of symmetry along the major and minor axis, two parameters — the rotational angle
o and the aspect ratio A, — are sufficient to uniquely determine the three-dimensional shape and
position of the droplet. As can be seen in Figure 4.15, the relative position of the three (color-
specific) glare points are three mutually independent families of functions, since their amplitudes,
as well as the positions of their maxima, depend on the aspect ratio. For a given measurement
setup that determines the position of the light sources and the volume of the droplet, ¢ and A,
can thus be unambiguously determined from the system of the two p,, = 0 glare-point positions.
The relative glare-point positions were determined analytically (see dashed lines in Figure 4.15)
and show a good agreement with the results from the rendering and, therefore, provide further
evidence on the applicability of the considered approach. The derivation of the underlying necessary
Equations (A.8) and (A.9) can be found in the Appendix A.1. The two py, = 0 glare points
obviously encode the location of the droplet’s phase boundary in the object plane and the local
orientation at two additional points outside the shadowgraph plane.For the presented setup the
local orientation of the gas-liquid interface at the position of the lateral glare points is g = 42.5°
in the azimuth angle and ® = 45° elevation angle.” from [DBB*23, Section 4.2]

4.4.3 Limitations of the method

“The positive results of the color correction, as seen in Figure 4.5 suggest that the proposed model
for the light transport and the underlying assumptions are valid. After the color correction, the
blue image channel shows only a pure shadowgraphy image without any specular reflection of
the lateral light sources. This result demonstrates that the presented method is able to produce
standard shadowgraphy images in a high quality with the addition of further illumination angles
of the droplet’s interface that encode additional three-dimensional information of the droplet’s
gas-liquid interface in the glare points as shown in Section 4.4.2.

The two evaluated methods (ASC and ISC) allow for an accurate reconstruction of the glare point
and shadowgraph images by the correction of the mutual disturbance in the image channels, that
resulted from polychromatic light and spectral sensitivity of the camera sensor. The analytical
reconstruction (ASC) can reach a potentially higher reconstruction quality, if the spectral char-
acteristics of all optical components can be determined accurately a-priori. If such information is
missing or incomplete, then the in-situ method (ISC) can be used to obtain the correction matrix,
which introduces additional measurement imperfections such as e.g. image noise.
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4.4 Discussion

It should be noted that the proposed color-correction models neglect chromatic aberration and
dispersion. Due to the dependence of the refractive index on the wavelength of the incident light
the (polychromatic) transmitted light would be deflected at a slightly different angle. Therefore
all glare points of order p,, = 1 and higher are affected by dispersion. Due to a higher amount
of interactions with the gas-liquid interface, the dispersion becomes increasingly severe for higher-
order glare points. As seen in Figure 4.9 first, second, and third-order glare points, each with an
increasing magnitude of dispersion can be observed in the experiments. Higher-order glare points
might appear in the images as well, however, since these lie close to the edges of the projected
droplet, their spatial extent is very small compared to the lower-order glare points so that the
effects of dispersion can be neglected. A significant level of dispersion could lead to a faulty color
correction since different areas of the glare points on the images would be composed of different
wavelengths. This effect would consequently distort the pixel-wise reconstruction.

For the optimal angular position of the lateral lights determined in Section 4.4.1 only py, = 0 glare
points do appear, which are produced by pure interface reflection and thus remain unaffected by
dispersion. In contrast, the p,, = 1 glare point of the backlight is affected by dispersion, since
it is refracted by the gas-liquid while entering and again while leaving the droplet. However, the
influence of dispersion can be assumed to be negligibly small due to a small change in the index of
refraction for the narrow-banded spectrum of the lateral LED light sources. The maximum angular
dispersion in the first-order glare point, i.e. the deviation in the angles of the refracted light, can
be estimated to be lower than 0.25° for the given spectra of the light sources using Snell’s law [83].

Chromatic aberration causes differences in defocus and magnification between the color channels
of the image, which can introduce errors to the color correction. Therefore, in the presented exper-
iments a Schneider-Kreuznach Apo-Componon 4.0/60 enlarging lens with apochromatic correction
has been used to mitigate chromatic aberration. Even though beyond the scope of the present work,
further investigation into the effect of chromatic aberration on the quality of the color correction
is envisioned to further improve the accuracy of the method.

The intensity of the light sources was found to have no significant influence on the results of
the color correction. The intensity of the color-corrected images scaled linearly with the light
source intensity, but otherwise the channels had undergone the same color correction for different
input intensities, thus validating the assumption of the linearity of the camera sensor. While the
assumption of a linear response of the chip to the incident light holds true for intensities within
the dynamic range, it neglects clipping in the regions of glare points and other highlighted image
regions. Since one or potentially multiple color channels can be clipped, changes in hue occur [165]
and a proper calculation of the color correction is inhibited. The resulting loss of information for
intensities above the dynamic range skews the correction function such that the mutual disturbance
of the color channels cannot be fully removed in the overexposed frames, which has been discussed
along selected frames in Figure 4.5. Note that such frames can still be improved by the correction
function. However, reduced light intensity mitigates this problem at the cost of likewise less
pronounced glare points, especially on frames with larger areas of reflection. Therefore, the light
source intensity needs to be fine tuned for conserving a maximum of information in dim and bright

images.

The influence of the chosen elevation angle ® on the resulting continuous registration and homo-
geneous intensity of recorded glare points has been already discussed in Section 4.4.1 for convex
gas-liquid interfaces. Non-convex droplet shapes, which occur during the dynamic deformation of
the droplet during impact, comprise multiple glare points at each position on the droplet surface
that has the orientation ®. and fs. These glare points split and merge depending on the defor-
mation of the gas-liquid interface as indicated e.g. in Figure 4.3, where multiple glare points are
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4 Glare-point shadowgraphy

visible at each capillary wave (see also Figure A.4 for the full time series). The appearance of
Dep = 0 glare points on non-convex deformed droplets facilitates the encoding of additional three-
dimensional information on a larger amount of points on the surface. However, a reconstruction
of these droplet shapes will be more complicated in comparison to the spheroidal cap shape, for
which an unambiguous encoding of the volumetric shape was confirmed in Section 4.4.2.

The overall good agreement of the glare-point positions in the experiment in dependence of the
azimuthal angle 6 to the theoretically expected positions (see Figures 4.7) for all tested azimuthal
angles, confirms the assumption of a circular cross-section for the undeformed droplet.However,
small differences in the position of the glare points were observed that might originate either from
a deviation from the spherical shape and/or from alignment errors in the experimental setup.
On the one hand, small changes in the scattering angle due to alignment errors in the azimuth
angle of the lateral light sources can result in significant changes in both glare-point intensity
and position, which particularly cumulates for higher-order glare points due to a larger number
of interactions with the gas-liquid interface. In particular, the intensity increases sharply if the
azimuth angle approaches the rainbow angle of the respective order of scattering, as can be seen
in Figure 4.10. The reduction of the measurement system to ps, = 0 and p,, = 1 glare points,
therefore, significantly limits this error. On the other hand, alignment errors in the elevation angle
of the lateral light sources result in a shift of the glare-point position. For low elevation angles, the
resulting error becomes negligible for small angular deviations, as the horizontal movement of the
glare points is small due to its trigonometrical relation to the elevation angle. For large elevation
angles, however, this error source has to be considered.

A third error source are deformations of the droplet from the spherical shape, resulting in an
elliptical cross-section in the scattering plane for the lateral light sources. As shown in Section 4.4.2
the aspect ratio of an ellipsoidal droplet has a significant influence on the position of the glare points
such that the deformation of the droplet in any axis has to be considered. Irregular deformations of
the droplet will inevitably introduce deviations in the position of the glare point, which can lead to
reconstruction errors. The present experiments of a droplet impinging in the normal direction onto
a flat substrate, however, revealed no significant irregular deformations. Instead, a deformation in
the vertical direction from the detachment of the droplet at the needle was observed that caused
a vertical oscillation and resulted in a spheroidal shape of the droplet. Note that the aspherical
shape of the droplet in this case can be determined analogously to Section 4.4.2 from the position
of the glare points.” from [DBB*23, Section 4.3]

4.5 Concluding remarks regarding glare point shadowgraphy

“The present work has elaborated on how an extension of the shadowgraphy measurement method
by lateral light sources with distinct spectra can be used to gather additional information about
the three-dimensional shape of a gas-liquid interface for the considered example of a liquid droplet
impacting onto a solid surface. From the spectral power distribution of the light sources and the
spectral sensitivity of the camera, a color correction function is determined by spectral integration,
which allows for a clear separation of the two reflection images from the lateral light sources and
the shadowgraphy image from the backlight. Application of the proposed color-correction func-
tion successfully demonstrated that the narrow-banded polychromatic light from three differently
colored LEDs can be used to gather three distinct representations of the gas-liquid interface of an
impinging droplet.

The presented method of capturing the reflection images from the lateral light sources in each one
channel and the shadowgraphy image in the third channel of an RGB image allows for the use
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4.5 Concluding remarks regarding glare point shadowgraphy

of a simple single-camera setup. This facilitates an easier calibration and reduces the complexity
of a volumetric reconstruction from the images in comparison to a multi-camera setup, since no
spatial or temporal matching of the produced images is necessary, which otherwise would require
an exact measurement of the relative positions between the light sources and the camera in respect
to the droplet. Note, however, that three representations captured with the single-camera [glare-
point shadowgraphy| setup certainly contain less information on the droplet interface than three
individual pictures from cameras at different angles.

It was shown that the measurement setup is still able to produce a clear shadowgraphy image that
is not impaired by the additional light sources. The two additional channels can be consequently
considered as a pure extension to a canonical setup. The additional perspectives from the glare
points on the gas-liquid interface by the lateral light sources lay the ground for a volumetric
reconstruction of the phase boundary. Since the geometrical properties of the experimental rig —
in particular the relative positions of the camera and the light sources with respect to the droplet
— are known, features of the droplet surface can be reconstructed by the images of the glare points
using the theory of geometrical optics, [as shown by 82, 91]. It was accordingly demonstrated
that the additional information encoded in the glare points can be used to determine the aspect
ratio and rotation angle of an ellipsoidal droplet. Future studies might extend this approach
to more complicated shapes that appear during drop impact, including non-convex shapes with
multiple glare points. Additional glare points from further viewing angles could then be employed
to determine the larger number of parameters necessary to describe such complex geometries. |...|

A strong and continuous glare point signal in the images over the complete range of droplet shapes
during impact is required for a reconstruction of the whole droplet dynamics. The present work
revealed that the optimal elevation angle for a continuous signal depends on the wettability of the
substrate and is, therefore, case dependent, whereas an azimuth angle of 96.5° and 96.3° for the
red and green lateral light sources, respectively, proved to be optimal to produce unambiguous
glare point images. At the resulting scattering angle, only zeroth-order glare points appear, which
prevents ambiguities from the reflection on the substrate from higher-order glare points that were
previously refracted by the gas-liquid interface. In addition, the position of zeroth-order glare points
is less affected by alignment errors of the lateral light sources in the scattering angle, compared to
higher-order glare points that see a larger number of interactions with the gas-liquid interface and
therefore amplify the error at every interaction with the gas-liquid interface. However, higher-order
glare points have the potential for a more precise measurement of the surface orientation, therefore
becoming suitable for experiments in which the measurement of small deviations in the droplet’s
surface is of interest.

For axisymmetric droplets, different elevation angles for the two lateral light sources could be
exploited to produce a higher number of unique illumination orientations on the droplet, which
could be used in order to detect sites of air entrainment. Additional glare points from further
illumination angles could be envisioned to encode the position and orientation of the gas-liquid
interface at a larger amount of points to gather additional information. However, caution needs to
be taken to ensure that the resulting glare points can be clearly distinguished from each other in
order to avoid ambiguities. [...] While the measurement setup was presented along the example of
an impinging droplet, it can be expanded to other applications involving gas-liquid interfaces like
the two-phase flow in fuel cells, for instance.” from [DBB*23, Section 5]
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5 Synthetic training data generation

In this chapter, a data processing pipeline for the generation of synthetic training data by means
of physically-based ray tracing on the basis of the results from numerical simulations is developed.
The suitability of the rendered images as training data for the neural network in the reconstruction
framework is evaluated through the examination of their physical correctness and visual similarity
to experimental images. The chapter concludes with a brief overview of the numerical simulations
and the respective datasets derived from them. Part of the results has previously been published
in the articles Spatio-temporal reconstruction of droplet impingement dynamics by means of color-
coded glare points and deep learning by Dreisbach et al. [DKS24| and Interface reconstruction of
adhering droplets for distortion correction using glare points and deep learning by Dreisbach et al.
[DHK*25]. Where findings have already been published in the referenced work, these are clearly
marked and identified as related quotations.

5.1 Problem statement

The aim of the synthetic training data generation is to obtain labeled datasets that are suitable
for training the neural network for the reconstruction of recordings obtained in the previously
introduced glare-point shadowgraphy experiments. As introduced in Section 3.3, labeled data,
i.e. one-to-one paired input images and output three-dimensional (3D) ground truth shapes of
the droplets gas-liquid interface are required due to the chosen supervised learning approach.
The three-dimensional ground truth is obtained by means of numerical simulation. However, due
to the aforementioned matching problem between simulation and experiment (see Section 3.3),
the use of synthetic image data generated on the basis of the numerical ground truth droplet
shapes is necessary. For that purpose, a setup for synthetic image generation has to be developed
that accurately represents the relevant optical phenomena involved in the image formation in
experiments with the glare-point shadowgraphy technique, in order to reproduce the recordings
from the experiments. The appearance of the glare points, in particular their location and size has
to be reproduced in a physically correct manner to ensure that the training data faithfully represents
the encoded three-dimensional information in the glare points. Furthermore, the defocus of the
glare points and the shadowgraph contour, as well as the intensity of the different light sources
has to be modeled accurately. “It is well known that neural networks trained on synthetic data
exhibit a reduced accuracy once employed on real data. This performance gap is dependent on
the difference between the feature distributions of the real and synthetic datasets [40, 207].” from
[DKS24, Section 2.2| Therefore, it is crucial that the synthetic training images accurately reproduce
the visual appearance of the recordings from the experiments, to ensure that the convolutional
neural network (CNN) can learn the extraction of similar visual features from the synthetic data.
Furthermore, the image generation setup has to be efficient, in order to allow for the production of
large amounts of image data within a reasonable timeframe. The data from two different numerical
investigations is employed, specifically, the phase-field simulation of droplet impingement on flat
and structured substrates and the Volume-of-fluid (VoF) simulation of adhering droplets in shear
flows. The 3D direct numerical simulation of impinging droplets on flat and structured surfaces
conducted by Fink et al. [64] in the framework of the phase-field method exhibits a high spatial
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5 Synthetic training data generation

and temporal resolution. Conversely, the 3D VoF simulation of adhering droplets conducted by
Dreisbach et al. [DHK'25] has a significantly lower resolution in comparison. The calculations
of both numerical simulations were conducted with the open-source computational fluid dynamics
(CFD) software OpenFOAM® | which provides the results of the simulation in a data format that
allows for the extraction of the three-dimensional gas-liquid interface shape. However, the different
resolution of the numerical simulations necessitates a dedicated processing of the extracted three-
dimensional gas-liquid interface shapes.

5.2 Synthetic image generation

As discussed in Section 2.3.2 and further demonstrated by the experimental results in Section 4.3.2
the theory of geometrical optics (GO) offers an accurate approximation for the image formation in
the glare-point shadowgraphy experiments, specifically for the location and size of the glare points
and the shadowgraph contour. The formulation of the synthetic image generation problem within
the framework of geometrical optics enables a simplified approach compared to wave optics. Fur-
thermore, ray-tracing algorithms on the basis of geometrical optics with computationally efficient
codes are available facilitating fast image synthesis. Therefore, the setup for the generation of
synthetic images is implemented in the rendering environment Blender [39] with the LuxzCore [19]
package that enables physically correct ray tracing. Specifically, a three-dimensional virtual scene
that accurately represents the setup of the glare-point shadowgraphy experiments is modeled in
the open-source computer graphics software Blender. Subsequently, the rendering engine LuxzCore
is employed to perform the necessary calculations for image formation in order to convert the 3D
scene into a 2D image, i.e. rendering. LuxCore is based on the approach of physically based ren-
dering (PBR) [170], a ray-tracing algorithm aimed at the physically accurate calculation of light
transport. Within the framework of PBR, the specular reflection and refraction of light at the gas-
liquid interface are accurately calculated from the Fresnel equations [83]. Furthermore, LuxzCore
entails physically-based models for the diffuse reflection and transmission of light at rough surfaces,
which allow for an accurate representation of the interaction of light with the various substrates in
the experiments. For a comprehensive review of physically based rendering the reader is referred
to the monograph by Pharr et al. [170].

Rendering setup The rendering setup depicted in Figure 5.1 was implemented in Blender with
the aim of accurately modeling the major optical components relevant to the image formation
in the experiments. The lateral light sources and the backlight are modeled as unpolarised LED

lens ~ A o BN 00 T droplet
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screen lateral light sources

backlight
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Figure 5.1: Optical setup modeled in the rendering environment Blender. Insert: Magnified view of the immediate
vicinity of the droplet, indicating the position and orientation of the lateral light sources.
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5.2 Synthetic image generation

lights, each with a single wavelength and a square-shaped emitting area. The divergence angle
of the lateral light sources was set to 4° in order to reproduce the spatial extent of the glare
points observed in the experiments. As can be seen in Figure 5.1, the lateral light sources are
positioned close to the droplet to achieve maximum yield of the diverging light. Furthermore,
the light sources (including the backlight) are larger than the maximum expected droplet size
in order to ensure an illumination of the whole droplet during its dynamic deformation, similar
to the experiments. It should be noted, that the spatial extent of the glare points depends on
the divergence angle of the light and the size of the receiving aperture, but not the size of the
illuminating light beam, as discussed in Section 2.3.2. The backlight is modeled as a source of
parallel light, which is an accurate representation of the collimated light beam in the experiments.
The lateral light sources are oriented relative to the droplet so that the scattering and elevation
angles match the experimental setup. The particular angles of the setup demonstrated in Figure 5.1
are § = 95° scattering angle and ® = 45° elevation angle, which were identified as an optimal
setup in Section 4.4.1. The position and orientation of the lateral light sources can be changed
with little effort, which allows for rendering at various scattering and elevation angles, required
for different variations of the experimental setup. “The intensities of the lateral light sources,
as well as the backlight, were tuned empirically to be in accordance with the images observed in
the experiments.” from [DKS24, Section 2.2] The droplet is modeled as a transparent volumetric
body with a constant index of reflection of n, = 1.324 and, consequently, dispersion is neglected.
“In fact, dispersion only needs to be considered for the p,, = 1 glare point that is produced by the
backlight, since the lateral glare points only undergo direct interface reflection (pgp = 0). Since the
LED lights have a narrow-banded spectrum the effect of dispersion is small and can therefore be
neglected [...].” from [DKS24, Section 2.2] The gas-liquid interface of the droplet is modeled as a
perfectly smooth surface to ensure that only specular reflection and refraction are calculated by the
rendering engine. “As the higher-order glare points (pg, > 1) are intentionally suppressed by the
experimental setup, only the pg, = 0 glare points resulting from the lateral light sources and the
Dep = 1 glare point from the backlight are modeled. Furthermore, reflection on the substrate is not
considered.” from [DKS24, Section 2.2] The multi-lens system of the objective lens is represented
by one aspheric plano-convex lens with a numerical aperture of Ny = 0.42 and 60 mm focal length,
resulting in a similarly low optical aberration. This approach significantly simplifies the calculation
of light transport during rendering and, thus, enables reasonably low rendering times in contrast to
the simulation of a multi-lens system. In order to ensure high spatial accuracy of rendered images,
the object meshes representing the droplet and the objective lens are required to have a sufficiently
high resolution. Therefore, the mesh of the objective lens is resolved by 525, 620 vertices, while the
mesh of the droplet is resolved by approximately 2,500,000 vertices, depending on the shape of
the gas-liquid interface. The aperture of the objective lens is modeled as an orifice in the shape of
a regular pentagon with a circumdiameter of Dy = 10.6 mm, which is placed within the objective
lens, 5.165 mm behind its principle image plane. Finally, the image of the illuminated droplet is
projected by the objective lens on a screen, from which the images are rendered.

Data processing “A Python-script was set up to import the droplet geometries into this setup and
optionally apply transformations through rotation and scaling before rendering a synthetic image
of the droplet. The required geometry of the gas-liquid interface was extracted from the results of
direct numerical simulations (DNS) of droplet impingement conducted by Fink et al. [64] in the
framework of the phase-field method. Hereby, the liquid-gas interface is retrieved by extracting
isosurfaces of the phase indicator at C' = 0 with C' = —1 and C' = 1 corresponding to gas and
water, respectively.” from [DKS24, Section 2.2] Analogously, the droplet geometries for adhering
droplets subjected to external shear flows are obtained from the VoF simulations conducted by
Dreisbach et al. [DHK"25] by extracting isosurfaces of the volume fraction at o = 0.5. “In order
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to accurately simulate the glare point behavior, smooth surface meshes with a sufficiently high
resolution are required.” from [DHK™25, Section 2.2] The resolution of the droplet geometries
obtained from the phase-field DNS is refined by two consecutive iterations of mesh subdivision
with linear interpolation [57]. The coarser meshes of the adhering droplet geometries are refined
by “three consecutive iterations of mesh subdivision using linear interpolation [57], followed by a
smoothing of the mesh with the Taubin filter [221] for 50 iterations” from [DHK™25, section 2.2]
, which approximately conserves the volume of the droplets. Subsequently, the adhering droplet
meshes are again refined by two iterations of mesh subdivision, in order to attain a sufficiently high
resolution. For each time step in the respective simulations, multiple synthetic images are rendered
in the previously introduced setup, while the droplet geometry is rotated around the vertical axis
in increments of 10° for a a total of 360°, in order to obtain a training dataset that enables the
reconstruction of the droplet dynamics from arbitrary observation angles. Moreover, the rendering
at different observation angles increases the size and variation of the training dataset with respect
to the visual appearance of the input images, which is aimed to improve the optimization of neural

networks. The average rendering time per image amounts to 18.7 seconds for two parallel processes.

5.3 \Validation

The suitability of the rendered synthetic images as training data for the convolutional neural
network is evaluated with respect to the stated goals in Section 5.1. First, the physical correctness
of the modeled rendering setup is validated by the analysis of the predictive accuracy for the relative
location and spatial extent of the glare points and the shadowgraph contour. Subsequently, the
quality of the generated images is evaluated based on the degree of visual similarity to the images

recorded in the experiments.

(a) synthetic renderings

(b) recordings from the experiment

Figure 5.2: Comparison of synthetic images and glare-point shadowgraphy recordings of spherical droplets at
various scattering angles 0, ranging from 6 = 95° (left) to 6 = 145° (right) in increments of 10°.

Physical correctness Synthetic images were rendered for a spherical droplet geometry with a
variation of the azimuth angle € of the lateral illumination sources from 6 = 95° to § = 145° in
increments of 10° at a constant elevation angle ® = 0, analogously to the experimental investigation
conducted in Section 4.3.2. For validation purposes, higher-order glare points (pgp, = 2 and pgp, = 3)
are calculated by the rendering engine in the current investigation, in contrast to the later data
generation. The rendered images are shown in Figure 5.2a in comparison to images recorded in the
experiments in Figure 5.2b. It should be noted that the recordings presented in Figure 5.2b are the
same as those employed in the previous investigation, for which only the red image channel is shown
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Figure 5.3: Comparison of the glare-point intensity between the synthetically rendered images (colored lines) and
images recorded in the experiments (black lines), measured from the red color channel of the RGB
image at different scattering angles 6, ranging from 6 = 95° (a) to # = 145° (f). The logarithmic
glare-point intensity is plotted on the ordinate against the dimensionless variable w on the abscissa.
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Figure 5.4: Theoretical intensity of the glare points according to Lorenz-Mie theory, calculated through Equa-
tion (2.36) at different scattering angles 6, ranging from 6 = 95° (a) to § = 145° (f). Figure adapted
from [DBB23] and repeated from Figure 4.9 to allow for direct comparison.

in Figure 4.7. The comparison of synthetically rendered images with their counterparts from the
experiment reveals an overall good agreement. The relative location and spatial extent of the glare
points and the shadowgraph contour are consistently reproduced in the renderings at the different
scattering angles. In particular, higher-order glare points are accurately calculated, as evidenced
by the red second-order glare points on the left hemisphere of the droplets at 6 = 135° and 6 = 145°
(see Figures 5.2a right and second from right) and, respectively, the green second-order glare points
on the right hemisphere.

In order to evaluate the accuracy of the glare point simulation by the rendering setup in more
detail, the horizontal intensity distribution of the glare points was calculated and compared to the
experimental results, as well as the glare-point intensity predicted by Lorenz-Mie theory (LMT)
[148]. For that purpose, the column-wise averaged intensity in the red image channel was calculated
for the five central rows around the maximum horizontal expanse of the droplet in the synthetically
rendered images shown in Figure 5.2a. The intensity of the red glare points in the recordings from
the experiment was determined analogously. The glare-point intensity of the synthetic images
rendered at different scattering angles is plotted in comparison to the intensity distribution of
the images from the experiments in Figure 5.3 and the intensity distribution according to LMT
calculated by Equation (2.36) is plotted in Figure 5.4.

The comparison of the glare-point intensities between the synthetic rendering and the experiments
in Figure 5.3 confirms the previous findings, demonstrating a good agreement for the position and
size of the glare points. In particular, the py, = 0 glare point was accurately reproduced at all
scattering angles. The accurate reproduction of the spatial extent of the glare points validates the
modeling for the divergence of the lateral light sources and the aperture of the objective lens in the
rendering setup. The comparison of the intensity distributions for the rendering and the experiment
at § = 115° reveals that the lower intensity third-order glare points can be accurately reproduced in
the renderings. Furthermore, the comparison with the glare-point intensity distributions predicted
by LMT in Figure 5.4, which serves as a more accurate reference for the location of the glare points,
reveals a precise agreement of the simulated and theoretically predicted glare points. As higher-
order glare points are increasingly susceptible to any modeling errors due to a higher number of
interactions with the gas-liquid interface, the accurate simulation of the position of the third-order
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glare point demonstrates a high accuracy of the optical model. The position of the third-order
glare point for § = 125° at w = 0.8 precisely matched the theory, however, its intensity was
underestimated. The glare point predicted for §# = 125° close to the right edge of the droplet
(w = 1) and visible in the experiment, was not reproduced by the rendering model. However, the
Dep = 2 glare point close to the left edge of the droplet at 6 = 145° and the py, = 3 glare point
at § = 115° are accurately represented, which indicates that the glare point at the edge might
be of order (pgp > 3) and, therefore, was not simulated by the rendering setup. The existence of
high-order glare points (pgp, > 3) at the edges of the droplet was suggested by van de Hulst and
Wang [233] and is, furthermore, indicated by the intensity peaks in Figure 5.4 at w = —1 and
w=1.

Figure 5.5: Comparison of synthetic images (left) and recordings from the experiment (right) at similar time steps.

Representation of real images Synthetic images were rendered from geometries of the gas-liquid
interface extracted from the aforementioned phase-field simulation of droplet impingement on a
flat surface [64]. The numerical simulation considered the impingement of a dy = 2.1 mm water
droplet on a flat hydrophobic Polydimethylsiloxane (PDMS) substrate at an impact velocity of
up = 0.62m/s. The position and orientation of the lateral light sources were configured for a
scattering angle of # = 95° and an elevation angle of ® = 45°, to produce glare points on all frames
during the dynamic deformation of the droplet during impingement.

“The resulting synthetic [glare-point shadowgraphy| images are shown in Figure 5.5 (left) in com-
parison to real images from the experiment for a similar physical time after droplet impingement.
The experiments were conducted with the setup introduced in Subsection 4.1 and featured the
impingement of a dy = 2.08 mm water droplet at an impact velocity of up = 0.7m/s on a flat hy-
drophilic silicon oxide (SiOx) substrate. It should be noted that while the impact parameters are
not identical to the simulation, they are similar enough to allow for phenomenological comparison
of the obtained images. As can be seen in Figure 5.5, the position and appearance of the glare
points, as well as the focus of the shadowgraph contour and the glare points was reproduced accu-
rately in the synthetic images. The illumination of the lateral green and red light sources resulted
only in pg, = 0 glare points in the rendering, which agrees well with the experiments and theory
...] [see Section 4.4.1]. Furthermore, the blue pg, = 1 glare point from background illumination is
reproduced in the rendering.

Note that the complex deformed shape of the gas-liquid interface in the early spreading phase
[181] produces multiple glare points, as each capillary wave with an appropriate surface angle casts
a glare point (Figure 5.5 upper row). These glare points split and merge over time due to the
temporal evolution of the interface deformation, which leads to a highly non-linear behavior of
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the color-coded glare points. Consequently, the employment of deep learning techniques for the
reconstruction of the deformed gas-liquid interface on the basis of these glare points is suggested.

The shadowgraph contour and the glare points originate from different depth coordinates and
the focal plane of the objective lens is located closer to the shadowgraph contour. Consequently,
the glare points show a varying degree of defocus in the experiments, depending on the width
of the droplet, as can be seen in Figure 5.5. Furthermore, their defocus is dependent on the
focal length and aperture of the camera equipment and, therefore, specific to the experimental
setup. As demonstrated by the rendering results, the defocus of the glare is reproduced well,
which results from an accurate representation of the objective lens and aperture in the render
setup. The shape of the py, = 1 glare point is influenced by the shape of the aperture, which
is captured well in the rendering, as can be seen in Figure 5.5. However, the contour of the
Dgp = 1 glare points appears to be too crisp in the rendering compared to real experiments, which
indicates that some of the optical phenomena that were not modeled are relevant here. This
might include dispersion, absorption, or light scattering by pollution in the water. It should be
noted that the render engine uses numerical approximations for the calculation of reflection and
refraction, which potentially influence the outcome of the pg, = 1 glare point. Furthermore, since
the experimental setup is mirrored in the render setup, the projection of the droplet to the camera
is closely approximated, so that perspective errors can be neglected. The overall good agreement
between synthetic and experimental images demonstrates the capability of the rendering approach
for realistic synthetic data generation and thus validates the assumptions made in the setup of the
rendering environment.” from [DKS24, Section 3.1]

5.4 Training datasets

The labeled datasets used for the optimization of the neural network were obtained from the nu-
merical simulations of droplet impingement and adhering droplets subjected to external shear flow
by means of the data processing methods introduced in Section 5.2. The three-dimensional direct
numerical simulation conducted by Fink et al. [64] within the framework of the phase-field method
“considered the perpendicular impingement of dy = 2.1 mm water droplets at an impact velocity
of up = 0.62m/s on flat and structured hydrophobic Polydimethylsiloxane (PDMS) substrates.
The droplet impingement on flat substrates resulted in a deposition with axisymmetric droplet
deformation, while impingement on structured surfaces led to a complete rebound of the droplet,
followed by an anisotropic wetting of the substrate and non-axisymmetric droplet deformation.
The surface structure consisted of regular square grooves that have a width, height, and spacing of
60 pm and matched the experiments [64].” from [DKS24, Section 2.2] The average numerical time
step was At ~ 0.1ms. The coupled Cahn-Hilliard (eq. 2.29) and single-field Navier-Stokes equa-
tions (eq. 2.22) were solved on a uniform grid with 10 pm cell size by the solver phaseFieldFoam in
OpenFOAM®. Thereby, the initial droplet diameter was resolved by 210 mesh cells. “The result-
ing dataset is comprised of 53,244 synthetic images associated with 1,479 ground truth droplet
shapes, of which 1,015 represent the non-axisymmetrical and 465 the axisymmetrical case.” from
[DKS24, Section 2.2]

The 3D VoF simulation of an adhering droplet subjected to external shear flow conducted by
Dreisbach et al. [DHKT25] “features a 20 ul water droplet deposited on a PMMA substrate in a
fully developed turbulent channel flow at Re., = 8,500 [122, 26]. The average numerical time step
is At ~ 1ms and a total of 1.1s are simulated. The droplet is discretized by approximately 20 cells
in the vertical direction and 17 cells in the streamwise and spanwise direction.” from [DHK™25,
Section 2.2] The single-field Navier-Stokes equations (eq. 2.22) and the transport equation for
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the volume fraction (cp. eq. 2.21) containing an additional compression term, which ensures
the conservation and boundedness of the volume fraction in the interface region, are solved by
hysteresisInterFoam in OpenFOAM®. The simulation includes a boundary condition for the
contact angle that accounts for hysteresis effects and, thereby, models the pinning of the droplet
at the solid wall. The resulting dataset consists of 1,134 three-dimensional ground truth droplet
geometries and respective 40, 824 rendered images. From these three simulation cases, additional
composite datasets are derived.

In the following, the nomenclature for these different datasets is introduced. The dataset D fea-
turing Droplet impingement on Flat substrates is referred to as Dpp and, accordingly, the dataset
for Droplet impingement on Structured substrates is denoted as Dpg. The combination of both
datasets is referred to as Dppg. The dataset of adhering Droplets subjected to the external Shear
flows is indicated as Dpsp and the combination of all datasets is referred to as Dppggn. All
datasets were split by a ratio of 0.7/0.1/0.2 into separate training, validation, and testing subsets.
A comprehensive overview of the dataset can be found in Table 5.1.

Table 5.1: Overview of the different training datasets used throughout this work.

dataset | no. 3D geometries no. renderings
Dpr 465 16,740
Dps 1,015 36,540
Dprs 1,479 53,244
Dpsh 1,134 40,824
Dbrssh 2,613 94,068

5.5 Concluding remarks regarding synthetic training data
generation

The high accuracy of the simulated glare-point locations qualifies the synthetically rendered images
as suitable training data for the neural network, offering a physically accurate basis for learning the
relation of the glare-point dynamics to the dynamics of the gas-liquid interface. The high visual
similarity of the synthetic images to their real counterparts provides image data with appropriate
features for training a convolutional neural network to extract feature from images recorded in the
experiments. The quality of the image features will determine the generalization capability of the
neural networks from synthetic image data to real image data. Consequently, a detailed evaluation
of the neural networks during the application for the reconstruction of real data is required, as it
will also yield an assessment of the quality of the synthetic training data. Further improvement
of the synthetic data generation could be reached by domain adaption [40], which can be used to
modify the already rendered synthetic data to move its feature distribution closer to that of the real
images. Such an approach was successfully employed for the refinement of synthetic training data
by Dreisbach et al. [DLPT22|, leading to an enhanced performance of neural networks for object
detection. In future investigations, higher-order glare points produced at different scattering could
be used to encode further 3D information at additional points of the surface to further constrain
the reconstruction. The first results for a modified setup at a scattering angle of 125° indicate
that higher-order glare points can be rendered successfully for the dynamic deformation of the
gas-liquid interface during impingement and that a functional neural network can be trained on
that basis. The rendering setup can be adapted for the rendering of gaseous bubbles in liquids
with little modification, enabling the synthetic data generation for such reconstruction efforts.
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6 Spatio-temporal reconstruction of gas-liquid
interfaces in droplet flows

In this chapter, the capabilities and limitations of the reconstruction framework are evaluated.
Part of the results has previously been published in the articles Spatio-temporal reconstruction of
droplet impingement dynamics by means of color-coded glare points and deep learning by Dreisbach
et al. [DKS24] and Interface reconstruction of adhering droplets for distortion correction using
glare points and deep learning by Dreisbach et al. [DHK™25]. Where findings have already been
published in one of the referenced works, this is clearly marked and identified as related quotations.

6.1 Methodology

In this section, first, the fundamental procedure for the evaluation of the developed reconstruction
framework is outlined, followed by a description of the necessary adaptations of the experimen-
tal setup for the investigation of different droplet phenomena. Subsequently, the pre-processing
methods for the conditioning of the recorded image data prior to the reconstruction are described.
Lastly, the evaluation metrics employed for the quantitative assessment of the reconstruction results
are introduced.

6.1.1 Evaluation procedure

Figure 6.1: Symmetries of the droplets gas-liquid interface in different experiments. Axisymmetrical deformation
of the droplet during impingement on flat substrates (left), deformation within two planes of reflec-
tive symmetries during droplet impingement on structured substrates (middle), and deformation in
one plane of reflective symmetry for adhering droplets, as well as droplet impingement on patterned
substrates with gradients in wettability.

The fundamental approach of the following investigation is the application of the reconstruction
framework to synthetic and experimental datasets that exhibit a gradually increasing complexity
of the involved droplet phenomena, with the aim to progressively determine the capabilities and
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6 Spatio-temporal reconstruction of gas-liquid interfaces in droplet flows

limitations of the data-driven reconstruction method. First, the reconstruction framework is eval-
uated on different synthetic datasets in order to determine the capability of the neural network for
learning the spatio-temporal dynamics of the various two-phase flow phenomena involving droplets.
Moreover, the availability of a three-dimensional ground truth for the synthetic datasets allows for
the quantitative evaluation of the reconstruction accuracy. The validation entails an investigation
of the feature extraction in the convolutional neural network to uncover the relevance of glare
points for the prediction of the three-dimensional droplet shape by the trained model of droplet
dynamics. Afterward, the reconstruction framework is employed on experimental data in order
to uncover the capability of the neural network, trained on synthetic data, to generalize to the
real-world task. Initially, the reconstruction of the gas-liquid interface dynamics during droplet
impingement on flat substrates is investigated. In this case, The deformation of the droplet is
approximately axisymmetrical, as illustrated in Figure 6.1, aside from any perturbation in the
experiments due to e.g. a minimally tilted surface or heterogeneity of the substrate due to in-
homogeneous roughness or residues on the surface. Consequently, droplet impingement on flat
substrates constitutes the most basic reconstruction task, for which in theory only the information
on the shadowgraphy contour would be sufficient for the reconstruction, as the rotation of the
contour yields the reconstructed three-dimensional shape of the interface. Therefore, this first step
aims to validate the proposed approach of employing a neural network trained on synthetic data
for the reconstruction of data obtained by experiments. The impact of the additional information
on the three-dimensional interface shape encoded in the glare points is further elucidated through
a comparative experimental study between versions of the neural network trained on synthetic
data with and without glare points. The reconstruction framework is scrutinized on reconstruction
tasks with gradually increasing difficulty, characterized by a higher degree of three-dimensional
droplet deformation and a reduced symmetry of the interface in experiments involving droplet
impingement on structured surfaces and adhering droplets in external shear flows. Specifically, the
dynamic wetting of structured surfaces with regular grooves during droplet impingement results in
the deformation of the gas-liquid interface within two planes of reflective symmetry, as illustrated
in Figure 6.1. Conversely, the interface deformation of adhering droplets due to drag forces caused
by the external flow occurs within one plane of symmetry. The degree of droplet deformation is
further influenced by a variation of the experimental conditions, specifically, through the variation
of the impact velocity and different substrates during droplet impingement, as well as different
velocities of external flow for adhering droplet experiments. The Pixel-aligned implicit function
(PIFu) neural network [191] is trained on the appropriate datasets for the respective reconstruc-
tion tasks and employed for the reconstruction of experiments with a varying deviation of the
experimental conditions from the specific parameters of the training data in order to investigate
the generalization capability of the trained models of droplet dynamics. In particular, the model
trained for the reconstruction of adhering droplet dynamics is employed for the reconstruction of
experiments that exhibit a significantly larger deformation of the gas-liquid interface in comparison
to the training data, due to higher velocities of external flow. In the final step of the evaluation,
the reconstruction framework is employed for experiments involving the impingement of droplets
on patterned substrates with gradients in wettability, resulting in droplet dynamics that are sig-
nificantly different from any of the training datasets. These experiments feature a higher degree of
droplet deformation in comparison to the previous experiments and occur within only one plane
of reflective symmetry. The generalization capability of the neural network to the resulting un-
known interface shapes and the associated effects of different training datasets are evaluated in a
comparative study.
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6.1.2 Experimental setup

All experiments conducted in the present investigation employ the previously introduced glare-
point shadowgraphy technique that is detailed in Chapter 4. The description of the experimental
methods in this section is limited to details not entailed in the aforementioned chapter regarding the
modification of the experimental apparatus for the different experiments. Specifically, the experi-
ments involving the impingement of droplets on flat and structured solid substrates are conducted
within the basic experimental setup introduced in Section 4.1. The experiments involving adher-
ing droplets and droplet impingement on gradiented substrates feature an additional orthogonal
camera view for validation purposes, which necessitates an extension of the experimental appa-
ratus. Furthermore, the integration of a wind tunnel into the test rig, which is necessary for the
experiments with adhering droplets subjected to external shear flows, is detailed in the following.

Droplet impingement “In order to evaluate the reconstruction method on surfaces with varying
wetting properties, three solid substrates are considered: a flat silicon oxide (SiOx) surface and
structured Polydimethylsiloxane (PDMS) and polylactide (PLA) substrates. The surface of the
PDMS substrate forms regular square grooves with a height, width, and spacing of 60 pm. The
3D-printed PLA substrate produced by fused deposition modeling (FDM) has circular arc-shaped
ridges with a peak-to-peak spacing of 154 pm. Images showing the structure of both substrates can
be found in Figure C.3 in the Appendix alongside Table C.1, which lists the wettability properties
of both substrates. The contact angles are determined through the detection of the droplet contour
in the ten lowest rows of image pixels above the substrate, to which a linear fit is applied in order
to obtain the angles relative to the substrate. In order to obtain the sub-pixel accurate contour of
the droplet, first the horizontal intensity gradients are calculated by means of the Sobel operator,
which are then fitted locally with a second-order polynomial. The uncertainty of the measured
contact angles is estimated at og = 3.8°, which is within the typical range for structured and/or
imperfect smooth surfaces [167, 49, 64]. The impinging droplet is imaged by a Photron Nova R2
equipped with a Schneider-Kreuznach Apo-Componon 4.0/60 enlarging lens at a frame rate of
fr = 7,500 frames per second (fps) and 1,280 px x 512 px resolution.” from [DKS24, Section 2.1]
A sequence of images recorded for a water droplet impinging on the flat SiOx-surface is shown in
Figure A.3 in the Appendix.
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(a) Sketch of the measurement setup for adhering droplet (b) Raw images recorded by the side camera (left) and
experiments. Indicated are the scattering angle 6 and the top camera (right). In both images, the main
the elevation angle ® of the lateral light sources that flow direction is from left to right.

determine the glare point behavior.

Figure 6.2: Experimental setup for the investigation of adhering droplets subjected to external shear flows (a) and
resulting raw recordings (b). Figures adopted from [DHK*25].

Adhering droplets in external shear flow “The optical setup is adapted and integrated with
a flow channel that allows for the investigation of adhering droplets in external shear flows at
different fluid mechanical conditions |...] as shown in Figure 6.2a |...]. The shadowgraph images
of the adhering droplet with glare points are recorded by a 36-bit color dynamic range Photron
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6 Spatio-temporal reconstruction of gas-liquid interfaces in droplet flows

Nova R2 equipped with a Nikon AF Micro Nikkor 2.8/105 macro lens at f, = 7,500 frames per
second (fps) and 1,280 px x 512px resolution. Moreover, a second orthogonal viewpoint from
the top is recorded to obtain reference images for the evaluation of the out-of-plane accuracy of
the reconstruction. For that purpose, a 12-bit monochrome dynamic range Photron Fastcam SA/
equipped with a Zeiss Milvus 2/100M macro lens is used, which records at f, = 3,000 fps and
1,024 px x 1,024 px.

A flow channel with a 22mm x 22mm cross-section and 1010 mm length, made of acrylic glass
(PMMA), is used in order to provide full optical access. The water droplets are placed at the
downstream end of the channel, where a fully developed laminar or turbulent flow can be ensured.
The volume flow rate of the air flow is measured by a Testo 6451 compressed air meter and adjusted
by a pressure valve. In order to investigate the influence of different degrees of droplet motion,
the bulk velocity of the air flow is varied in three discrete steps at up = 5.85m/s, ug = 7.58m/s,
and ug = 8.32m/s, while the droplet volume is varied between 5 and 22 pl. The corresponding
Reynolds numbers, with respect to the bulk velocity and the hydraulic diameter of the channel, lie
in the range of Reg, = 8,500 — 12, 100.

The substrate on which the droplets are placed consists of PMMA, which is moderately hydrophilic
with an advancing contact angle of 85° and a receding contact angle of 44°, measured by the tilting
method [145]. Note that dynamic contact angles lower than 90° ensure that the top view on the
contact line is never self-obstructed by the droplet’s gas-liquid interface and thus a continuous
tracking of the wetted area is possible. However, the low dynamic contact angles necessitate an
adjustment of the lateral light sources to an elevation angle of 60° in order to ensure the occurrence
of glare points on the gas-liquid interface in all frames.” from [DHK*25, Section 2.1]
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Figure 6.3: Sketch of the measurement setup for experiments involving droplet impingement on patterned sub-
strates with gradients in wettability. Indicated are the scattering angle 6 and the elevation angle ®.

Droplet impingement on gradiented substrates In order to facilitate the accurate observation
of droplet dynamics involving moving contact lines, the experimental setup is adapted for the
simultaneous imaging of orthogonal bottom and side views in the shadowgraphy technique with
one RGB camera. The modified setup is illustrated in Figure 6.3. Experiments with transparent
substrates allow for the imaging of the droplet dynamics from below in a backlighting setup, which
provides a higher contrast in the images in comparison to the previous reflected light setup and,
thus, a more accurate mapping of the droplet contour. A red LED is used to illuminate the droplet
from the top to generate a second bottom-view shadowgraph, while the previously red lateral
illumination source is replaced by an additional green LED. This second shadowgraphy view is
redirected towards the camera by a system of mirrors. The light paths from the bottom view and
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the side view are aligned through a dichroic mirror that reflects high wavelengths of red light and
transmits lower wavelengths of blue and green light, thereby allowing for the combination of all
light paths. Both lateral illumination sources are realized by green LED lights that produce glare
points on the gas-liquid interface that can be transmitted through the dichroic mirror. The lateral
illumination is set to a scattering angle of 96.3° to produce only p,, = 0 glare points. Consequently,
the blue image channel records the shadowgraph contour of the droplet in the side view, unchanged
from the basic setup, the green channel records the glare points resulting from both lateral light
sources, while the red image channel is reserved for the validation image in the bottom view. The
simultaneous imaging with one camera facilitates an exact temporal correlation of the bottom and
side views, which simplifies the evaluation of the image data involving fast-moving dynamic contact

lines during droplet impingement.

1 mm
L |

Figure 6.4: Side view of the gas-liquid interface at ¢t = 1.1 ms, 8.0ms, and 19.1 ms after droplet impingement on
the SMG2-substrate.

. ’ #”

Figure 6.5: Bottom view of the gas-liquid interface at t = 1.1ms, 8.0ms, and 19.1ms after droplet impingement
on the SMG2-substrate.

The modified setup is employed for experiments involving the impingement of water droplets on
patterned surfaces with gradients in wettability. The patterned substrates are produced by casting
PDMS in negative molds obtained from arrested breath figures in polymer glues through the process
described by Dent [50]. The result of this manufacturing process are patterned surface structures
constituted by densely packed hemispheres with around d, = 10 pm diameter that transition into a
flat surface, thereby producing a smooth and continuous gradient in the spacing, as well as size of
the structures. Different substrates with significant variation in the length of the transition region
from the patterned structures to the flat surface are produced. The estimated gradient length
ranges from [, ~ 100 um to a few millimeters. The substrates with spatially modulated gradients
are denoted SMGO to SMG/ in the following. FExample images of these substrates obtained by
confocal microscopy are shown in Appendix Figure C.4. Further characterization of the substrates
is beyond the scope of this work, however, the reader is referred to the thesis of Dent [50] for
further details.

The substrates are aligned in the experimental apparatus, so that the droplets impinge in the

middle of the transition region, with the surface gradient oriented parallel to the side view of
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the imaging setup. A sequence of images recorded in the side and bottom views during the
impingement of a dy = 2.4mm water droplet at up = 0.84m/s on the SMG2 patterned substrate
is shown in Figures 6.4 and 6.5, respectively. In the bottom view the transition from the patterned
structures to the flat region, indicated by low and high background illuminance, respectively,
becomes obvious. The surface patterning enhances the hydrophobicity of the PDMS substrate,
as evident by the difference of the contact angles visible in Figure 6.4 for the structured and flat
regions of the substrate. Consequently, a gradient in wettability emerges over the length of the
transition region, whose magnitude is inversely related to the length of the transition region. Due to
the gradient in wettability, an additional horizontal force acts on the impinging droplets, which in
turn induces a motion directed toward the flat region of the substrate. A similar behavior during
droplet impingement on chemically heterogeneous substrates was previously observed by Mock
et al. [153]. The horizontal displacement Ay of the droplet from the point of impact to the resting
position at equilibrium is measured from the detected contours in the side view shadowgraph and
is detailed in Appendix Table C.2. Thereby, a maximum displacement of Ay = 1.8 mm is found for
droplet impingement on the SMG2 substrate. This horizontal motion of the droplet is superposed
with the vertical motion of the falling droplet, which leads to a complicated three-dimensional
deformation of the gas-liquid interface. As can be seen in Figure 6.4, the deformation of the
droplet differs significantly from the previous experiments involving droplet impingement on flat
or grooved substrates.

6.1.3 Data processing and network training

Figure 6.6: Image of a droplet that is deposited on a structured substrate (left), binary mask (middle), and masked
image (right). Figure adopted from [DKS24].

The PIFu neural network [191] is trained for the physically correct reconstruction of the gas-
liquid interface on the labeled datasets comprised of synthetically rendered images, produced by
physically-based rendering as described in Section 5.2, and ground truth shapes of the three-
dimensional gas-liquid interface.

“The training images are pre-processed by the superimposition of a binary mask that covers the
substrate ground in the images. This introduction of prior knowledge simplifies the reconstruction
task, as the differentiation between the shadowgraph contour of the droplet and the liquid-solid
contact area does not need to be learned by the neural network. In order to allow for the recon-
struction of different droplet volumes, the input images and the corresponding three-dimensional
ground truth shapes are scaled randomly, which is a common data augmentation technique to
introduce scale invariance to neural networks [206]. The PIFu neural network is trained by the
RMSProp optimization algorithm [225] for eight epochs with hyperparameters according to [...]
[Section 3.4], in particular a batch size of 12 and learning rate of 0.001, which is reduced by a
factor of ten at the beginning of epochs six and eight.

The images obtained in the experiments are pre-processed prior to the reconstruction in order to

further enhance the similarity to the synthetic images, which is crucial for an optimal generalization
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of the neural network between both image data domains [40, 207]. The mutual perturbation in
the color channels of the RGB image that resulted from cross-talk in the camera sensor and the
polychromatic light of the LEDs is compensated by the [ISC| correction method introduced [in
Section 4.2] [...]. Thereby, the colored glare points and the shadowgraph contour are separated
into the respective image channels for each light source color. In the second step, the substrate
ground is masked analogously to the training data.” from [DHKT25, Section 2.3] “In order to
allow for the distinction between the contours of the droplet and substrate, first the outline of the
substrate is determined from an initial image, in which the droplet is not yet in frame. Afterward,
the substrate contour is removed from all later masks, and thus the information of the solid-liquid
interface is imposed on each frame, as evident from Figure 6.6 (middle). Subsequently, the input
images are overlayed with their respective mask, as can be seen in Figure 6.6 (right), and inputted
to the neural network in order to obtain the frame-wise volumetric reconstruction of the droplet
during impingement.” from [DKS24, Section 2.4]

6.1.4 Evaluation metrics

GT R
GT R
(a) Image of the spheroidal droplet (b) Intersection (top) and
before impingement. union area (bottom).

Figure 6.7: (a) Image of a spheroidal droplet before impact with markers indicating the horizontal Dy, and vertical
semi-axis Dy of the ellipse fitted in the image plane; (b) intersection and union areas of the recon-
struction R and ground truth GT in two-dimensional space. Figure adopted from [DKS24].

“The performance of the neural network is evaluated considering the reconstructed three-dimensional
shapes and the availability of ground truth data. The following metrics are used for the evaluation:

e The three-dimensional intersection over union

RNGT

D-I = —
3D-10U RUGT

(6.1)

is calculated as the fraction of the intersection volume between the reconstruction R and
ground truth GT and the union volume of R and GT. The 3D-IOU is an extension of 2D-
IOU [61] (see Figure 6.7b) to three dimensions and, therefore, provides a measure for the
spatial volumetric accuracy of the reconstruction in 3D space.

e The bias error of the reconstructed volume Jv is calculated by the absolute deviation of the

mean volume
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of the reconstructed shapes Vi from the ground truth volume Vg, and given relative to the

ground truth volume [11]
Var —V
oy = | ———|. 6.3
= (63)
e The measured uncertainty of the reconstructed volume oy is calculated by the standard
deviation of the deviation between the reconstructed volume and the ground truth volume,
and given relative to the ground truth volume [11]
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The reconstruction of the synthetic validation dataset is evaluated by means of the 3D-IOU. The
results can be interpreted as the baseline performance of the neural network, that can be reached
for a perfect agreement of synthetic training data with real experimental data.

Since no 3D ground truth data is available for experiments, the reconstruction of experimental
images is evaluated by means of the volumetric bias error §y and uncertainty oy of the reconstruc-
tion relative to the integral ground truth volume Vgr. The ground truth volume in the [droplet
impingement| experiments can be estimated from the shadowgraph contour of the droplet before
its impact on the surface. For this, the shape of the droplet is assumed to be spheroidal with ax-
isymmetry around the vertical axis, and consequently, the volume can be calculated as Vg = %Dg
with the equivalent spherical diameter Dg = ¢/ DﬁDV. Dy, and D, are the horizontal and the ver-
tical semi-axis of the falling droplet, as indicated in Figure 6.7a that are determined by an ellipse
fit to the shadowgraph contour with the method of Taubin [220]. The ground truth volume is
averaged over all frames ns of the undeformed droplet before impact (usually ny = 11 frames), in
order to reach a high accuracy of the estimation for the ground truth volume. The uncertainty of
the ground truth volume, measured by the standard deviation over all consecutive frames amounts
to oy.gr = 0.06% of Vgr and is therefore negligible. The impact velocity uo was determined by
tracking vertical motion As of the center point of the fitted ellipses over n¢ frames in relation to
the time difference At = n¢/ f; between the initial and final frame, which produces in the linear fit
ug = As/At = frAs/ns. The uncertainty of the velocity measurement is estimated to be below
oy = 0.006 m/s. Furthermore, the reconstruction is qualitatively evaluated by the comparison of
the contours of the reconstructed droplet shapes and the shadowgraph images.” from [DKS24,
Section 2.5] The estimation of the ground truth volume for the experiments involving adhering
droplets subjected to external shear flows was found unfeasible due to the introduction of signifi-
cant errors from the oscillation of the droplet contour. Consequently, the measured uncertainty in
those experiments is normalized by the arithmetic mean V of the reconstructed volumes instead

of the estimated ground truth volumes.

6.2 Validation

As elaborated in Section 6.1.1, the feasibility of the proposed framework for the data-driven re-
construction of gas-liquid interfaces in droplet flows is first evaluated on the grounds of synthetic
images. Subsequently, the significance of glare points for the reconstruction process is investigated
by an in-depth analysis of the feature extraction in the convolutional neural network.
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6.2.1 Training and validation on synthetic image data

“In the following, the trained state of the PIFu neural network for the reconstruction [of the
impinging droplets gas-liquid interface from glare-point shadowgraphy| [...] images is referred
to as DFS-GP (Droplet impingement on Flat and Structured substrates with Glare Points).
Additionally, a second synthetic image dataset without glare points, and therefore only featuring
the shadowgraph contour, was generated from the same ground truth data. A second benchmark
version of the neural network was trained on the dataset without glare points and is accordingly
referred to as DFS in the following. Both datasets were split in a ratio of 0.7/0.1/0.2 into a training
dataset and separate validation and testing datasets that are not used directly for the training of
the network and can therefore be used to evaluate the reconstruction accuracy on unknown data.
During training the reconstruction performance was evaluated by the 3D-IOU (Equation 6.1) on
the training and validation datasets.
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(a) 3D-I0OU during training of the DFS-GP and DFS net- (b) 3D-IOU during training of the DSh-GP network. Fig-
works. Figure adopted from [DKS24]. ure adapted from [DHK™25].

Figure 6.8: Average 3D-IOU during training on the Dppg (left) and Dpgy, (right) synthetic datasets, calculated
by the arithmetic mean over 1,000 samples of the training and validation dataset at every epoch.

As can be seen in Figure 6.8 the reconstruction accuracy improves over time on both the training
and validation data set, which indicates a successful learning of the neural network. In particu-
lar, the strictly monotonically increasing validation performance indicates that the network did
not overfit the training data, but rather that a generalization capability to unknown data was
maintained. However, the training and validation performance is very similar, which likely results
from both data stemming from the same distribution with a fine temporal resolution, so that
the validation samples were very similar to the training samples and thus easy to predict for the
neural network. Precisely, DFS-GP reaches a performance of 3D-IOU=0.954 on the validation
dataset at the end of the training and 3D-IOU=0.955 on the training dataset, while DFS reaches
3D-I0OU=0.944 and 3D-IOU=0.946, respectively [see Figure Figure 6.8a]. Therefore, the recon-
struction accuracy appears to be improved with glare points. In particular, considering that both
models reach close to a perfect reconstruction result (3D-IOU=1) the difference is significant with
a 1.05% lower error for DFS-GP. Consequently, the results on synthetic data suggest that glare
points facilitate the learning of the three-dimensional droplet shape.” from [DKS24, Section 3.2]

Analogously, the 3D-IOU was tracked during the training of the DSh-GP neural network on the
Dpsn dataset for the reconstruction of the adhering droplets’ gas-liquid interface dynamics. “As
can be seen in Figure 6.8b the neural network converges to a high volumetric accuracy on both
the training and the validation dataset towards the end of the training (3D-IOUy,,i, = 0.947 and
3D-I0Uy, = 0.946), which is close to a perfect agreement with the ground truth (3D-IOU;qea =
1).
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6 Spatio-temporal reconstruction of gas-liquid interfaces in droplet flows

The comparative analysis of all validation samples reveals that the accurate volumetric shape was
reconstructed consistently throughout the dynamic deformation and oscillation of the droplet, as
indicated by a low standard deviation of o3p_joy = 0.027. The median of the volumetric accuracy
on the validation dataset at the final training epoch was notably higher than the arithmetic mean
(3D-1I0Uedian = 0.954 and 3D-I0U,, = 0.946), due to outliers in the first five time steps of
the validation dataset, which had a minimal accuracy of 3D-IOU;, = 0.793. The shape of these
outliers deviated significantly from the rest of the data distribution, thus explaining the lower
reconstruction accuracy. The overall high spatial accuracy of the prediction for the validation
dataset, however, implies a good generalization to unseen samples.” from [DHK™'25, Section 3.1]
To conclude, the results indicate that the PIFu neural network was able to successfully learn a
spatio-temporal representation of the gas-liquid interface dynamics for both impinging and adhering
droplets from the synthetic training data.
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Figure 6.9: Cross-sections of the volume fraction «; prediction by the neural network (left), ground truth (middle),
and deviation of the prediction from the ground truth (right). In subfigures (a) and (c) the main flow
direction is from left to right and in subfigure (b) the main flow direction is aligned to the image plane.
Figure adopted from [DHK™T25].

“Figure 6.9 shows the prediction of the phase distribution for a sample from the [Dpgy| validation
dataset represented by the volume fraction « in three orthogonal cross-sections of the reconstructed
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6.2 Validation

volume. The reconstruction results for a representative sample of the |[Dpgy| validation set are
shown in comparison to the ground truth shape and the respective difference of both. |[...]

As can be seen, there is a good agreement with the ground truth in the global shape of the
contour, as well as the local curvature of the reconstructed droplet shapes. However, the gas-
liquid interface of the reconstruction is more diffuse than the ground truth, which is a result of
the continuous implicit representation of the droplet by the neural network. In particular, the
out-of-plane component of the reconstruction is more diffuse than the in-plane component, as can
be seen by the comparison of Figures 6.9a and 6.9b. Furthermore, the out-of-plane component
of the droplet was found to be less accurately reconstructed, which was more obvious for high
error samples (see Figure C.2 in the Appendix). The more diffuse gas-liquid interface, as well as
the higher deviation in the shape of the contour, indicate a higher uncertainty of the network’s
prediction in the out-of-plane direction. This result was expected, as fewer image features, i.e. only
the glare points, are available for the reconstruction of the out-of-plane component in comparison
to the in-plane component, which has a strong basis for the reconstruction by the shadowgraph
contour. Therefore, the network has to rely more on the learned knowledge from the training data
for the out-of-plane reconstruction.

As can be seen in Figure 6.9 the streamwise cross-section of the droplet is nearly planar-symmetrical,
while the in-plane cross-section deviates significantly from planar symmetry due to the deforma-
tion of the droplet by the external flow. Consequently, the in-plane geometry is more difficult to
reconstruct, which is alleviated by the surplus of image features available for the reconstruction.
As demonstrated by the reconstruction results, both the planar symmetry of the streamwise cross-
section and the deformed contour in the lateral view of the droplet are reconstructed accurately,
which makes the proposed approach well-suited for the task of adhering droplet reconstruction.”
from [DHK™25, Section 3.1]

6.2.2 Feature visualization

“In order to gain further insight into the relevance of glare points for the prediction of the three-
dimensional gas-liquid interface, intermediate results from feature extraction are analyzed in the
following. As the features extracted by the hourglass network directly serve as the input for the
occupancy prediction, they can be used to determine the meaningful regions in the input image
for the neural network. A popular method for the visualization of the feature relevance is based
on the successive occlusion of different regions in the input image, which allows measuring their
importance by the drop in network performance. Following the score-based class activation map
(Score-CAM) approach introduced by Wang et al. [240], the feature maps obtained by the final
convolutional layer of the hourglass network are used to occlude the input images. The weighted
sum of the feature maps, which are scored according to their influence on the prediction, gives the
activation map that highlights the most determining regions for prediction in the input.

Figure 6.10a compares the activation maps of the hourglass network in DFS-GP, obtained by
processing samples of synthetic images and images recorded in the experiments, while Figure 6.10b
contrasts the activation of DFS. The normalized intensity of the activation maps is plotted on a
logarithmic scale in order to highlight the different orders of magnitude in the feature importance
of the glare points, the shadowgraph, and the background. The comparison reveals that both
models predominantly focus on the glare points during feature extraction, as indicated by a high
activation. Furthermore, both models have a similar response to the synthetic and real image data,
which indicates that the synthetic data generation already reaches a sufficiently high quality in
terms of representing the real data distribution. In particular, DFS-GP concentrates on the lateral
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Figure 6.10: Score-CAM feature importance for DFS-GP and DF'S on synthetic and real data. The raw images
are shown on the left side of each subfigure and the normalized intensity of the activation map I is
plotted on a logarithmic scale and overlayed with the contour line of the shadowgraph, indicated by
a white solid line on the right side. Figure adopted from [DKS24].

glare points and almost completely disregards the available spatial information from the central
glare point, while DFS concentrates on the central glare point. Both models consider the contour
and bulk of the droplet to a lesser degree, with DFS relying more on the contour information than
DFS-GP. Also, both models put more emphasis on the contour for real image data — particularly
on frames that are different from the training data — due to dim or diffused glare points or unknown
droplet shapes. Furthermore, the reliance on additional features and the focus on the contour might
be related to an increased uncertainty of the neural network due to noise and aberration in the
recordings from the experiment. This indicates that additional information is extracted from the
images for the volumetric reconstruction of high-uncertainty samples. The feature visualization
reveals that glare points effectively enhance reconstruction by encoding 3D information of the gas-
liquid interface, and the PTFu network can be trained to utilize this information. Furthermore, the
network might be highly adaptable towards available information and is able to exploit multiple
different features for prediction.” from [DKS24, Section 3.3]
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Figure 6.11: Relative feature importance for DFS-GP in the intermittent levels (Ing,o to lgg,2) and the final level
(lna,3) of the hourglass network on synthetic (top row) and real (bottom row) input data.

In order to further investigate the processing of the information in the image data during feature
extraction, the activation maps at intermittent steps are compared. As discussed in Section 3.4, the
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hourglass network consists of four stacked hourglass modules (luc,0, lua 1, lna,2, lng,s) that each
produce a feature map, which is used to predict the three-dimensional gas-liquid interface during
training for intermittent supervision of the optimization. The intermittent supervision causes each
hourglass level to learn a feature map that can be used for prediction, with each level becoming
increasingly accurate in comparison to the previous levels. During inference, only the prediction
on the basis of the final feature map (lyg3) is used. Figure 6.11 shows the activation maps for
the intermittent hourglass levels in DFS-GP obtained for synthetic and real input data. As can be
seen, the neural network relies on the combined information of the shadowgraph contour and glare
points in the early levels (liq,0 and lug,1), while the later levels (lgg 2 and lug,3) increasingly rely
on the glare points. This effect can be observed in the processing of both synthetic and real data, as
well as in both versions of the network. Furthermore, in the earlier levels, a larger number of glare
points are considered, including less intense glare points, which are neglected in the later levels.
The limitation on fewer features in later levels indicates the removal of redundant information,
as the information in the input is increasingly propagated throughout the feature maps, due to
the growing receptive field in later levels. This progressive refinement of the features throughout
all levels of the hourglass network reveals that this deep neural network architecture is effective
for feature extraction on the glare-point shadowgraphy images. This allows the PIFu network to
leverage the encoded information of the three-dimensional gas-liquid interface in the glare points
for the reconstruction of the droplet dynamics.

6.3 Results and Discussion

In the following section, the results for the spatio-temporal reconstruction of gas-liquid interfaces
on the basis of images recorded in experiments using the glare-point shadowgraphy technique
are evaluated. As discussed in Section 6.1.1, the capabilities and limitations of the data-driven
reconstruction framework are elucidated by experiments involving droplet impingement on various

solid substrates, as well as adhering droplets subjected to external shear flows.

6.3.1 Axisymmetrical droplet impingement

“The experiments were conducted with the test rig described in Subsection 6.1.2 and the recorded
images were pre-processed according to Subsection 6.1.3. Furthermore, prior to the reconstruction,
all images were cropped uniformly in order to reach a high resolution in the reconstruction, while
conserving the scale between time steps. The experiments covered the impingement of water
droplets with an equivalent diameter of dyg = 2.08 mm onto a flat hydrophilic SiOx surface with an
impact velocity of ug = 0.7m/s. The outcome of the impact was a deposition of the droplet with
axisymmetrical deformation. Both states of the neural network trained on simulation data with
anisotropic wetting [Dprs], DFS-GP and DFS, were employed. Additionally, a benchmark model
DF-GP was trained solely on the part of the training dataset [Dpr| with glare points that comprised
isotropic wetting of the flat substrate and therefore had strictly axisymmetrical deformation.

In Figure 6.12a three exemplary three-dimensional gas-liquid interface geometries reconstructed
by the DF-GP network are illustrated with their respective input images. As can be seen, the
network was able to infer physically reasonable shapes from the input images that align well with
the contour of the input image. Furthermore, the reconstruction results are axisymmetric on
the global scale, thus revealing that the rotational symmetry that is characteristic for a droplet
impingement on flat substrates was learned well by the network. The results of the DFS-GP and

81



6 Spatio-temporal reconstruction of gas-liquid interfaces in droplet flows

1,2
&
=
=
S
0,8 —— DFS-GP |
—— DFS
\ \ \ I \
0 0,01 0,02 0,03 0,04 0,05
time after impact ¢ [s]
(a) Reconstructed three-dimensional gas-liquid interfaces (bot- (b) Temporal evolution of the normalized integral
tom) by DF-GP and according input images (top). volume of the reconstruction with DF-GP, DFS-

GP and DFS.

Figure 6.12: Reconstruction results for droplet impingement on the flat SiOx substrate. Figures adopted from
[DKS24].

DF-GP networks deviate slightly more from axisymmetry (not shown here) than those of DF-GP,
which indicates an influence of the training data on the learning of symmetries.

These results demonstrate the successful application of the neural network trained on synthetic
data to the real-world task and, consequently, validate the general approach of using synthetic data
for the optimization of the neural network. Furthermore, this confirms the earlier conjecture that
the synthetically generated training data sufficiently represents the real data distribution. Further
improvement of the reconstruction accuracy could be reached by domain adaption [40], which is
aimed to modify the already rendered synthetic data to move its feature distribution closer to that
of the real images.

Figure 6.12b shows the temporal evolution of the integral volume Vi of the reconstruction relative
to the ground truth volume measured from the images in the experiment Vgr, as described in
Subsection 6.1.4. It can be observed that all versions of the PIFu network were able to reconstruct
the volume of the gas-liquid interface in good agreement with the experiment.

Table 6.1: Uncertainty oy and bias error dy of the reconstructed integral volume for DFS-GP and DFS in percent
of ground truth volume Vgr. Table adopted from [DKS24].

network\ DF-GP DFS-GP DFS

ov |%] 3.7 35 5.1
Sy [%] 1.8 47 62

In particular, the DF-GP network reached a close agreement indicated by a low bias error of
oy = 1.8%. In comparison, the versions trained on datasets including non-axisymmetrical wetting
produced higher bias errors in the reconstruction, as can be seen in Table 6.1. The uncertainty of
the reconstructed volume is similar across all versions of the network. Overall the networks trained
on image data with glare points reached a lower bias error and uncertainty in the reconstruction
in comparison to the model trained without glare points, even though the droplet dynamics were
axisymmetrical and thus sufficiently represented by the shadowgraph contour. Furthermore, it was
found that the error of the reconstructed volume is closely related to the oscillation of the droplet
after impact, which can directly be observed in the oscillation of the reconstructed volume.

In Figure 6.13 the reconstruction result for an image frame with self-occlusion of the gas-liquid
interface is shown. The droplet contour in the shadowgraph image appears to have a sharp corner
between the higher central region and the lamella surrounding it, however in reality the gas-liquid
interface is smooth and there is a trough between the outer rim and the central peak [185] that
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Figure 6.13: Reconstruction of a frame with self-occlusion of the gas-liquid interface (right) and respective input
image (left) overlaid with the contour of the reconstruction. Figure adopted from [DKS24].

is hidden in the 2D-projection. The white line overlaid with the input image on the left indicates
the gas-liquid interface of the 3D reconstruction for the cross-section in the image plane in the
middle of the droplet. As can be seen, the smooth contour of the gas-liquid interface, as well as the
large curvature that should occur are successfully estimated by the neural network in a physically
correct manner for the regions that are obscured in the input image. The successful reconstruction
of occluded regions within the three-dimensional shape reveals the strength of the deep learning
approach to interpolate large unknown regions while respecting the underlying physics contained
in the numerical training data.” from [DKS24, Section 3.4]

6.3.2 Non-axisymmetrical droplet impingement

I I I I I
—— PDMS || —— PDMS | —— PLA | ——PLA 1

x/z

Figure 6.14: Contours of the shadowgraph images for deposited droplets on the structured PLA and PDMS sub-
strates at parallel (||) and transversal (L) viewing orientation. Figure adapted from [DKS24].

“In the following subsection the volumetric reconstruction on the basis of experiments of water
droplet impingement on two different structured substrates, in particular hydrophilic polylactide
(PLA) and hydrophobic Polydimethylsiloxane (PDMS), is presented. The anisotropic wetting of
structured surfaces leads to non-axisymmetrical droplet deformation during impingement, with a
larger spreading ratio and lower contact angles in the direction parallel to the grooves in comparison
to the transversal direction. The resulting static shape of the droplet after impact on the PLA and
PDMS substrates in parallel and transversal direction is illustrated in Figure 6.14. Due to the non-
axisymmetrical deformation of the gas-liquid interface, the information from only a shadowgraph
projection is not sufficient for a volumetric reconstruction. Consequently, the additional three-
dimensional information of the gas-liquid interface encoded in the glare points has to be exploited
by the neural network to achieve an accurate reconstruction. The results of the reconstruction
for DFS-GP and DFS are compared in order to evaluate the effectiveness of glare points for the
reconstruction of asymmetric droplet deformation. Different observation angles, i.e. the angle
between the orientation of structures and the camera axis, are considered and the results of the
volumetric reconstruction are compared in order to determine the influence of the observation angle
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6 Spatio-temporal reconstruction of gas-liquid interfaces in droplet flows

on the reconstruction accuracy. In the following for both substrates an observation angle of a@ = 0°
denotes parallel alignment of the camera with substrate features (e.g. grooves), while @ = 90°
denotes a perpendicular alignment.

In the first series of experiments the droplet impingement on a hydrophilic 3D-printed substrate,
that was produced from polylactide (PLA) by Fused Deposition Modeling (FDM), is reconstructed.
A black filament was chosen in order to minimize the reflection of the lateral illumination on the
substrate that would result in unwanted additional glare points, which, in turn, could disturb the
reconstruction. The pattern of the stacked layers resulting from the 3D-printing process is hori-
zontally aligned with the substrate surface, forming a wave pattern with a characteristic length of
154 pm. The experiments featured the impingement of water droplets with an equivalent diameter
of dy = 2.27mm at an impact velocity of ug = 0.45m/s, that was recorded at orientation angles
of 0°, 45° and 90°. In the experiments an equilibrium contact angle of Oy, = 76° in the parallel
direction and Oeq,+ = 63° in the transversal direction was measured. The dynamic contact angles
for both directions are found in Table C.1 in the Appendix.
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Figure 6.15: Temporal evolution of the normalized integral volume of the reconstruction for droplet impingement
on the structured PLA substrate at a = 45° observation angle with DFS-GP and DFS. Figure
adopted from [DKS24].

The results of the volumetric reconstruction from experimental images of droplet impingement on
the PLA substrate indicate that both states of the network trained with and without glare points
successfully reconstructed the non-axisymmetrical droplet deformation. DFS-GP reached an un-
certainty of 5.7% and a bias error of 4.9% averaged over all evaluated observation angles, compared
to an uncertainty of 6.0% and bias error of 8.0% of the reconstruction by DFS. Consequently, the
training with glare points resulted in lower errors for the reconstruction of non-axisymmetrical
droplet dynamics. More detailed results can be found in Table C.3 in the Appendix.

The temporal evolution of the integral volume for the reconstructed droplet from the 45° observa-
tion angle is illustrated in Figure 6.15. As can be seen DFS-GP overestimates the volume of the
droplet, while DFS does underestimate it. Furthermore, the oscillation of the droplet is visible in
the error of the reconstruction volume as a low-frequency oscillation, as was already observed for
the reconstruction of asymmetric droplet deformation in Subsection 6.3.1. Additionally, a high-
frequency fluctuation can be found in the reconstructed volume for the neural network trained
without glare points (DFS), which indicates further random errors in the reconstruction.

In order to determine the cause for the high-frequency oscillation the contour of the 3D recon-
struction is projected in two orthogonal views, in particular, the viewing angle matching the input
image (in-plane) and a view rotated by 90° around the height axis, representing the reconstruction
in the depth coordinate (out-of-plane). Figure 6.16a shows the temporal evolution of the in-plane
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(b) Out-of-plane contour of the reconstructed droplet
shapes for consecutive frames for the reconstruction of
droplet impingement on the structured PLA substrate
at a = 45° by DFS-GP (top) and DFS (bottom).

(a) In-plane contour of the reconstructed droplet shapes
over time (colored) in comparison to the contour of
the input shadowgraph (dashed black) for the recon-
struction of droplet impingement on the structured
PLA substrate at « = 90° by DFS-GP (left) and
DFS (right).

Figure 6.16: In-plane and out-of-plane contours of the reconstructed droplet shapes.
[DKS24].

Figures adapted from

contour for the droplet impingement on the PLA substrate at an observation angle of 45° recon-
structed by DFS-GP (left) and DFS (right) in comparison to the contour of the respective input
shadowgraph. As can be seen, the in-plane reconstruction reaches a perfect agreement with the
input data. This observation holds true for all other frames of the input sequence and for both
models with very little exception. Consequently, the influence of the in-plane reconstruction on
the error in the volume can be ruled out.

Figure 6.16b shows the temporal evolution of the out-of-plane contour from the volumetric recon-
struction at an observation angle of 45° around a time step with particular high volumetric error
for both DFS-GP and DFS (see Figure 6.15). The oscillation of the droplet is already signifi-
cantly dampened around this time instance, as indicated by the minimal movement of the apex
of the droplet. As can be seen, the resulting deformation of the droplet in the out-of-plane coor-
dinate with DFS-GP conserves the volume of the droplet. However, DFS reconstructs two of the
consecutive time frames with a significantly deviating extent in the out-of-plane coordinate. For
the time steps at ¢ = 58.7ms (orange contour) and ¢ = 59.2ms (teal contour) the depth of the
droplet deviates significantly from the respective frames directly before and after, thus explaining
the high-frequency volume oscillation. Furthermore, it becomes apparent from the comparison of
the reconstruction results of both networks that DFS underestimates the out-of-plane extent for
all time steps, as can be seen by the smaller width of the contours in Figure 6.16b in comparison
to DF'S-GP. Consequently, the underestimation of the droplet’s depth results in the observed bias
error in the integral volume of the reconstruction (see Figure 6.15).

The higher error in the out-of-plane reconstruction was an expected result as the available features
in the image are much more sparse in the case of images with glare points, or even missing in
the case of a pure shadowgraph input in comparison to the in-plane reconstruction, for which the
two-dimensional droplet contour is available. There are two key findings that can be derived from
this observation. First, the neural network can be trained for a depth estimation that relies com-
pletely on the two-dimensional contour of a shadowgraph. Second, the glare points successfully
encode additional three-dimensional information that is considered by the neural network during
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6 Spatio-temporal reconstruction of gas-liquid interfaces in droplet flows

reconstruction, which leads to a significant improvement in the depth estimation. Thus, the pre-
sented results demonstrate the effectiveness of glare points for constraining the global and local
reconstruction of the three-dimensional gas-liquid interface, which leads to a higher reconstruction
accuracy.” from [DKS24, Section 3.5]

6.3.3 Reconstruction of highly deformed gas-liquid interfaces

Figure 6.17: Reconstructed three-dimensional gas-liquid interfaces (bottom) and corresponding experimental input
images (top) for droplet impingement on the structured hydrophobic PDMS substrate at o« = 0°
observation angle. Figure adopted from [DKS24].

“In the second series of experiments droplet impingement on the square-groove structured PDMS
substrate was reconstructed volumetrically. The experiments featured the impingement of water
droplets with an equivalent diameter of dy = 2.26 mm on the PDMS substrate at an impact
velocity ug = 0.88m/s that was recorded at 0°, 45° and 90° orientation angles. Since PDMS is a
hydrophobic material, its hydrophobicity is further increased by the surface structure, due to the
increased surface area [247]. The equilibrium contact angle was measured to be Ogq,p, = 107° in
parallel and ©.q,¢ = 97° in transversal direction. The dynamic contact angles in both directions can
be found in Table C.1 in the appendix. The pronounced hydrophobicity of the structured PDMS
sample led to a partial rebound of the droplet in some of the experiments. The resulting complex
three-dimensional deformation of the droplet is illustrated by exemplary images in Figure 6.17,
alongside their respective volumetric reconstruction.
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Figure 6.18: Temporal evolution of the normalized integral volume of the reconstruction for droplet impingement
on the structured PDMS substrate at a = 90° observation angle with DFS-GP and DFS. Figure
adopted from [DKS24].
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Figure 6.18 shows the temporal evolution of the integral volume of the droplet during impinge-
ment on the PDMS substrate reconstructed from images taken at 90° orientation angle. Both
DFS-GP and DFS successfully reconstruct the three-dimensional dynamics of the significantly
deformed gas-liquid interface well, as indicated by the good agreement of the integral volume with
the ground truth for most of its temporal evolution. However, both networks underestimate the
volume. Furthermore, the fluctuations of the reconstructed volume during the early stages of the
impact, characterized by a rapid droplet deformation, have a larger magnitude compared to the
reconstruction of the lesser deformed droplets during impingement on the PLA substrate, in partic-
ular for the reconstruction by DFS. During the later stages of the droplet impact DFS-GP correctly
estimates a constant volume, while DFS exhibits a low-frequency oscillation in the reconstructed

volume.

DFS-GP reached an uncertainty of 6.6% and a bias error of 6.2% averaged over all tested orien-
tations, while DFS reached an uncertainty of 6.5% and bias error of 8.2%. For both versions of
the network, the errors are higher in comparison to reconstruction results for the PLA substrate.
Furthermore, it was found that the reconstruction accuracy is dependent on the observation angle.
The 45° observation angle resulted in a significantly lower uncertainty, as well as a lower bias
error for the reconstruction of both droplet impingement on PDMS and PLA. DFS-GP reaches
a combined uncertainty of oy = 3.4% and bias error of oy = 4.1%, which is significantly lower
than the errors in the 0° orientation with oy = 8.5% and oy = 6.7%, and 90° orientation with
ov = 5.5% and dv = 5.9%. A similar behavior was observed for the reconstruction with DFS. A
detailed summary of the uncertainties and bias errors is listed in Table C.3.

Figure 6.19: Comparison of the depth estimation for a time step with a high volumetric error during the recon-
struction of droplet impingement on the structured PDMS substrate by DFS-GP (left) and DFS
(right). Figure adopted from [DKS24].

The reconstruction results of both DFS-GP and DFS are shown in Figure 6.19 for the same image
frame recorded in the experiments. The reconstruction is rotated by 90° with respect to the image
plane and therefore shows the depth estimation of the two neural network states. As can be seen,
the complicated shape of the gas-liquid interface was inferred in a physically reasonable way by
DFS-GP, while DFS estimates a physically incorrect depth. This error in the depth estimation can
be related to a locally high error in the reconstructed volume (see Figure 6.18), which indicates that
the reconstruction of the particular frame proved difficult for the neural network trained without
glare points.

Figure 6.20 shows the reconstruction of an image frame recorded during droplet impingement on
the PDMS substrate at an observation angle of 0°. The reconstructed droplet shape is rotated,
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6 Spatio-temporal reconstruction of gas-liquid interfaces in droplet flows

Figure 6.20: Reconstruction of the droplet during the wetting of the structured surface by DFS-GP (right) and
the respective input glare-point shadowgraph recorded at o« = 0° observation angle. Note that the
reconstruction is rotated. Figure adopted from [DKS24].

so that the contact area between the liquid and the solid substrate is visible. As can be seen,
the grooves that are also visible in the input image are extended over the whole depth of the
reconstructed volume, thus revealing that small-scale features are accurately reconstructed by the
neural network. However, the reconstruction of the wetted state was only possible if the surface
structure was visible in the input images and consequently only for the a = 0° observation angle.
Under other observation angles the surface appears to be flat in the images and the liquid-solid
interface is reconstructed as a flat plane by the neural network.

It should be noted that the training dataset [Dprs| contained both flat and structured surfaces,
which could be a source of confusion for the neural network that leads to the reconstruction of
flat surfaces if the grooves are not visible. In order to determine the effect of training data on
the reconstruction of structured surface wetting, a benchmark version of the network DS-GP is
trained solely on the part of the training data [Dpg] that considers the droplet impingement on
structured surfaces. It was found that the DS-GP network also only reconstructs the wetted state
accurately, if the grooves of the substrate are visible in the input image, thus indicating that the
effect is independent from the training data.

Figure 6.21: Reconstruction (right) by DFS-GP and the respective input images (left) of droplet impingement
with partial rebound leading to multiple droplets (top) and a Worthington jet (bottom). Note that
the reconstruction is rotated by 90° relative to the input. Figure adopted from [DKS24].
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The upper row of Figure 6.21 shows a recording from the experiment and the respective volumet-
ric reconstruction obtained by the DFS-GP network for a drop impact that resulted in a partial
rebound. As can be seen, a successful volumetric reconstruction of multiple droplets can be car-
ried out by the model. Furthermore, the separation into two droplets, as well as the subsequent
coalescence were both reconstructed precisely by the neural network. These results demonstrate
that topological changes can be accurately represented by the trained neural network. Other ex-
periments show the emergence of a Worthington jet that leads to the detachment of a tiny droplet
at high velocities, which was accurately reconstructed by the network as well as can be seen in the
bottom row of Figure 6.21.

The ability to reconstruct these topological changes demonstrates the high flexibility of the three-
dimensional representation by a level-set method that underlies the PIFu algorithm. Moreover, the
discussed topological changes were not represented in the training dataset, which indicates a certain
capability for an extrapolation beyond the training data cases in regard to fluid mechanical regimes.
It should be noted that this does not directly imply an extrapolation in terms of the training data
distribution. It can be concluded that the strict abidance of the network to the image features —
in particular the contour of the shadowgraph — allows for a reconstruction of unknown shapes of
the gas-liquid-interface. This capability takes immediate advantage of the presence of additional
glare points, as saliently demonstrated in Figure 6.19.” from [DKS24, Section 3.6]

6.3.4 Reconstruction of obscured and hidden shapes

“The results show that the neural network was able to reconstruct hidden regions of the gas-liquid
interface in a physically meaningful manner. This includes input images with self-occlusion, as
seen in Figure 6.13, as well as the wetting state of structured surfaces, indicated by Figure 6.20
and finally, the learned depth estimation, as discussed previously. These results suggest that
the neural network is able to learn an approximation of the underlying droplet dynamics that
is applied to fill in missing information in the experimental data in a physically reasonable way
during reconstruction. Consequently, the data-driven approach can be conditioned for a physically
correct reconstruction by training on data that accurately represents the underlying physics of the
problem, such as the direct numerical simulation that was used in this study. However, it should
be noted that the quality of the reconstruction is reduced in the occluded regions due to artifacts
and small-scale errors of the reconstruction, which falls in line with previous reports [191].

Furthermore, the reconstruction of the wetting state of structured surfaces was only successful
if the surface structure was visible in the experiments at @ = 0° observation angle, as seen in
Figure 6.20. This effect also appeared for a version of the neural network that was exclusively
trained on simulations of droplet impingement on structured surfaces (DS-GP) and thus was
found to be independent of ambiguities due to training examples of the wetting of flat surfaces in
the training dataset of DFS-GP. These results indicate that features in the image are prioritized
by the network over the learned knowledge from the training data and, more specifically strictly
abided, as evident from the straight contour of liquid-solid contact area in the reconstruction (see
e.g. Figure 6.16D).

Moreover, the results highlight the relevance of pre-processing the input images with a binary
mask. The mask, which is composed of the shadowgraph contour of the droplet and the contour of
the substrate determined from the images recorded in the experiments prior to the impact of the
droplet, as described in Subsection 6.1.3, imposes this information on all later frames, where the
contour of the droplet would conceal the liquid-solid boundary. Thereby the masking furthers the
reconstruction as only relevant information from the experiment is pre-selected and passed onto the
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6 Spatio-temporal reconstruction of gas-liquid interfaces in droplet flows

neural network. Consequently, the network does not need to learn to differentiate substrate from
droplet, resulting in a simplified reconstruction. In the case of structured surfaces, the masking
can be used beyond global shape estimation to additionally reconstruct the local wetting of the
grooves. However, care has to be taken for the detection of the substrate in the image, as errors
from the position of the ground translate into an erroneous mask, which in turn introduces an
error to the volumetric reconstruction that is related to the extent and shape of the droplet close
to the contact area. This source of error might be the cause for the low-frequency oscillation of
the reconstructed integral volume observed in Figures 6.15 and 6.18.” from [DKS24, Section 3.7]

6.3.5 Adhering droplets in external shear flow

(a) Simulation, ug = 5.85m/s (b) Experiment, ug = 5.85m/s (c) Experiment, ug = 7.58 m/s (d) Experiment, ug = 8.32m/s
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Figure 6.22: Envelopes of the droplet motion in the numerical simulation (left) and in the experiments (middle left
to right) at different bulk velocities of external flow. Main flow direction from right to left. Figure
adopted from [DHK*25].

“The network trained on synthetic data was applied for the volumetric reconstruction from images
obtained by experiments at different external flow velocities, in particular at the measured bulk
velocities of up = 5.85m/s, up = 7.58m/s and up = 8.32m/s. Figure 6.22 shows the envelopes
of the droplet motion throughout the experiments for one representative case at each velocity in
comparison to the numerical simulation. As can be seen, an increase in the external flow velocity
resulted in a larger degree of droplet deformation. Furthermore, the comparison to the numerical
data reveals that only at up = 5.85m/s a similar degree of deformation can be observed in the
experiments. Consequently, the neural network trained on the numerical data has to generalize to
significantly more deformed and unknown droplet shapes in order to successfully reconstruct the
experiments at ug = 7.58 m/s and ug = 8.32m/s. Note, that the same representative experiments
(cases 1, 8, and 10) will be the subject of the following evaluation unless stated otherwise. The
results of further experiments can be found in the appendix.
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Figure 6.23: Temporal evolution of the reconstructed droplet volume normalized by the mean volume for ex-
periments with adhering droplets at different bulk velocities of external flow. Figure adopted from
[DHK*25].
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Table 6.2: Uncertainty oy of the reconstructed integral volume in percent of the mean volume for different external
flow velocities averaged over all experiments conducted at a certain velocity. Table adopted from
[DHK*25].

cases  [1-67-9 10,11
ug [m/s|]| 5.85 7.58 8.32

oy |[%V] 3.2 4.1 5.4

As no volumetric ground truth data is available for the reconstruction from images recorded in
the experiments, the temporal evolution of the reconstructed droplet volume is considered for the
evaluation of the reconstruction accuracy. In the experiments no significant evaporation occurred
within the time frame of one recorded image series (1,000 images over 133.3 ms) and, consequently,
the volume of the droplet can be assumed to be constant.

Figure 6.23 shows the temporal evolution of the normalized integral volume of the reconstructed
droplet for one representative experiment at each evaluated velocity of the external flow. As
can be seen, the volume of the reconstruction fluctuates periodically around the mean, with an
increasing amplitude towards higher velocities of the external flow, i.e. higher degrees of droplet
deformation. The measured uncertainties of the reconstruction, as detailed in Table 6.2, further
underline that the reconstruction at higher degrees of droplet deformation is subject to higher
uncertainty. As indicated by the low uncertainty for the reconstruction at ug = 5.85 m/s the neural
network trained on synthetic image data generalizes well to the reconstruction of experiments with
a similar degree of droplet deformation to the numerical simulation that underlies the training
data. The successful reconstruction of the significantly more deformed gas-liquid interface in the
experiments at ug = 7.58m/s and ug = 8.32m/s, which resulted in droplet shapes unknown
to the neural network, indicate the trained network can extrapolate to different fluid mechanical
conditions. Furthermore, these results demonstrate the robustness of the method, which, however,
is constrained by a reduced accuracy for the reconstruction of different data.

Figure 6.24: Input images (columns one and three) and out-of-plane projection (columns two and for) of the
respective three-dimensional interfaces for the reconstruction at ug = 8.32m/s. The top row shows
the experimental recordings and the corresponding reconstructed interfaces and the bottom row shows
matching samples from the synthetic training dataset [Dpgp]. Figure adapted from [DHK™T25].

The periodical oscillation of the reconstructed volume was found to coincide with the oscillation of
the droplet contour. Moreover, the input images to the volumetric reconstruction at the extrema
of the volumetric deviation appear similar. Figure 6.24 shows examples of the input images from
the experiment that resulted in a local maximum [top row left| and minimum [top row right] of the
volume and the respective out-of-plane projection of the reconstructed droplet shape. In particular,
the position of the glare points relative to each other and to the contour of the droplet was similar
between the groups of input images that resulted in either the maxima or minima of reconstructed
volume, which indicates a similar shape of the droplet interface. Most saliently, a low position of
the blue py, = 1 glare point in the input images resulted in a minimum volume, while a maximum

in the reconstructed volume correlated with a high position of the p,, = 1 glare point.
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6 Spatio-temporal reconstruction of gas-liquid interfaces in droplet flows

For both cases, synthetic images with similar relative glare point positions can be found in the
training dataset [Dpgp|, which are shown in [the bottom row]| in Figure 6.24. Note, that Figure 6.24
shows sample images from the experiments at ug = 8.32m/s for better visibility of the differences
between the minimum and maximum case, as this experiment resulted in the highest deviations in
the reconstructed volume. Consequently, the contour of the droplet in the reconstruction is more
deformed than the synthetic training data. However, the reconstruction at lower velocities follows
the same behavior. The comparison of the out-of-plane projection between the reconstruction
and the training data reveals a very similar shape of the contour. These results indicate that
the neural network successfully learned the relation of the glare point positions to the three-
dimensional geometry of the droplet and that this encoding of 3D information can be applied for
depth estimation during reconstruction. However, as the neural network has been trained for the
reconstruction of different droplet volumes by an augmentation of the training data, as described
in Subsection 6.1.3 it is agnostic to the volume of the droplet. Consequently, the shape of the
contour is reconstructed with disregard to the integral volume of the droplet and thus the volume
of the reconstruction is not conserved in time.

(a) ugp = 5.85m/s (b) up = 7.58m/s (c) up =8.32m/s
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Figure 6.25: Temporal evolution of the reconstructed in-plane contour for different bulk velocities of external flow.
The dashed colored lines indicate the reconstructed contours at different times and the black solid
lines indicate the corresponding contours observed in the experiments. The main flow direction is
from right to left. Figure adapted from [DHK*25].
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Figure 6.26: Temporal evolution of the reconstructed out-of-plane contour for different bulk velocities of external
flow. The solid colored lines indicate the reconstructed contours at different times. The image plane
is aligned with the main flow direction. Figure adapted from [DHK25].

In order to evaluate the in-plane and the out-of-plane accuracy of the reconstruction in more detail,
two orthogonal projections of the reconstructed droplet interface are compared to the side- and top-
view contours extracted from the corresponding images recorded in the experiments. The results
of the in-plane reconstruction for different external flow velocities are presented in Figure 6.25 and
the results of the out-of-plane reconstruction are shown in Figure 6.26. As can be seen, there is an
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Figure 6.27: Temporal evolution of the reconstructed wetted area for different bulk velocities of external flow. The
dashed colored lines indicate the reconstructed contours at different times and the grayscale image
in the background indicates the corresponding contour observed in the experiments. The main flow
direction is from right to left. Figure adapted from [DHKT25].

almost identical agreement of the reconstructed in-plane contours with the respective contours from
the experiment, which underlines the findings of a high in-plane accuracy for the reconstruction
of synthetic data. The planar symmetry in the out-of-plane direction, which was expected due to
the symmetry of the flow, was also reconstructed well for the experimental data. However, the
reconstruction exhibits a fluctuation in the out-of-plane direction that is particularly noticeable
in Figure 6.26(b). This out-of-plane fluctuation is identified as the sole cause for the uncertainty
of the volumetric reconstruction since the in-plane reconstruction is highly accurate. The out-of-
plane reconstruction relies on the learned droplet geometry and the encoding of three-dimensional
information by the glare points and, therefore, the accuracy of the reconstruction is reduced the
more the input data deviates from the training data distribution. The in-plane reconstruction is
based on the image features, most importantly the contour of the shadowgraph, which provides
a significantly larger amount and more direct information for the reconstruction. As the in-plane
reconstruction adheres closely to the contour in the images, the neural network adapts well to
unknown shapes outside of the training data distribution. These results fall in line with the
observed uncertainty of the out-of-plane reconstruction for synthetic data in Subsection 6.2.1 and
previous observations of impinging droplets in Subsection 6.3.2.

The accuracy of the depth estimation is further evaluated by the comparison of the top-view pro-
jection of the reconstruction to the footprint of the droplet observed in the experiments through
the top-view camera. As can be seen in Figure 6.22, the contact line of the droplet stays pinned
during the duration of the experiments and the wetted area is therefore constant over time. Fig-
ure 6.27 shows the contour of the contact lines extracted from the experimental recordings at
different external flow velocities. The contours from the experiments are overlayed with the pro-
jected contours of the reconstructed droplet shapes for six different time instances. As can be seen,
the shape of the wetted area in the reconstruction is similar to the experiment and self-similar over
time for up = 5.85m/s, while there is a larger deviation to the ground truth at higher external flow
velocities. The aspect ratio of the footprint changes significantly towards higher velocities as the
droplet is deformed by the external flow. Remarkably, the neural network successfully reconstructs
these different aspect ratios, which is a significant extrapolation from the training data, which only
contained one simulated case at the external flow velocity up = 5.85 m/s, for which the footprint
had an aspect ratio close to one. For the same velocity in the experiments (up = 5.85m/s) a
very good agreement of the reconstruction with the ground truth was reached. At higher velocities
(up = 7.58 and up = 8.32) the out-of-plane extent of the droplet was generally underestimated and
reconstructed with a higher uncertainty, as indicated by the larger variation in the reconstructed
footprints. Furthermore, the unknown droplet shapes in the experiments related to higher aspect
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ratios of the wetted were reconstructed close to the distribution of shapes in the training data,
thus revealing a bias of the trained model. For all velocities the contour of the reconstruction is
more angular in comparison to the experiment, but similar to the training data, as seen in Fig-
ure 6.9, which is a further indication of model bias. However, these results also demonstrate that
the geometry of the droplet was learned faithfully to the training dataset [Dpgp| by the network.
Therefore, the accuracy of the reconstruction is dependent on the truthful representation of the
droplet dynamics in the training data. The successful reconstruction of unknown droplet shapes
with higher aspect ratios indicates that the network learned to utilize the glare points for the depth
estimation.” from [DHK™'25, Section 3.2]

6.3.6 Extrapolation to unknown droplet dynamics

Evaluation procedure To further investigate the generalization capability of the trained models
of droplet dynamics, the reconstruction framework is employed for the reconstruction of droplet
impingement experiments with significantly different wetting properties in comparison to previous
experiments. Specifically, droplet impingement experiments involving patterned substrates with
gradients in wettability are conducted, resulting in a complex three-dimensional deformation of
the gas-liquid interface, as demonstrated in Section 6.1.2. The resulting observed interface shapes
significantly differ from both the previous experiments, as well as the previously used training data
distributions. The PIFu neural network is trained on the datasets involving droplet impingement
on flat and structured substrates (Dprs), as well as adhering droplets in shear flow (Dpgp). Sub-
sequently, the trained variants of the network are employed for the reconstruction of the novel
experimental data, to reveal the generalization capability of the data-driven reconstruction ap-
proach. Furthermore, it is investigated if the combination of different training datasets and, thus,
an increase in both the variance and size of the training data distribution can be beneficial for the
reconstruction of unknown droplet shapes. In order to allow for the reconstruction on the basis
of experimental recordings that feature green glare points from both lateral light sources instead
of differentiated red and green glare points, alternative versions of the PIFu neural network are
trained on synthetic datasets that contain only green glare points.

In the following, models trained with data D containing only green glare points are indicated by
X-g in order to differentiate them from previous models with red and green Glare Points, which
are indicated by X-GP, where X is a placeholder for the respective training dataset Dx. The
datasets Dx-g are obtained by merging the red and green image channels of the datasets Dx-GP
into a new green image channel while setting the red image channel to zero. Note, that the addition
of image channels is trivial for the synthetically rendered images since the information of the glare
points and the shadowgraph are confined to the respective channels of the RGB images. The same
procedure for images obtained in the experiments would require a careful pre-processing of the
images through the color correction techniques introduced in Subsection 4.2. The suitability of
different training datasets is evaluated in a comparative study between a model trained on the
adhering droplet dataset DSh-g, a model trained on the dataset for impinging droplets DFS-¢g, and
a model trained on the combined dataset DFSSh-g. To ensure consistency with the experiments, a
new droplet impingement dataset Dppg is generated, which consists of synthetic images rendered
at a scattering angle of 96.3°. All versions of the PIFu neural network are trained with the same
set of hyperparameters, as detailed in Section 3.4.

Validation on synthetic data The approach of using only a single color of glare points is first
validated by the comparison of the reconstruction accuracy on synthetic data between the respective
X-g and X-GP models. As can be seen in Figure 6.28, the three considered X-g models reach a
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Figure 6.28: Average 3D-IOU of the reconstruction for the models trained on data with only green glare points
DFS-g, DSh-g, and DFSSh-g on the respective validation datasets during training of the network
in comparison to models trained on the same datasets with red and green glare points DFS-GP,
DSh-GP, and DFSSh-GP.

similarly high accuracy at the end of the training in comparison to their X-GP counterparts,
thereby validating the approach of employing only one color of glare points. The rendering setup
with a scattering angle of 96.3° for the lateral lights produces only pg, = 0 glare points, which
are confined to either the left or right hemisphere of the droplet. Therefore, the synthetic training
dataset facilitates the learning of the differentiation between the glare points of the same color
by the neural network. However, previous experiments revealed that in practice spurious higher-
order glare points are produced in the experiments, in particular for highly deformed gas-liquid
interface shapes and reflective substrates. Therefore, the X-g models are expected to have a reduced
accuracy in comparison to the X-GP models for the reconstruction of recordings obtained in the
experiments, as the images carry a reduced amount of information. Consequently, the X-g models
can be considered as a lower estimate the for reconstruction performance of the previous X-GP
models. However, the X-g models trained on different datasets are comparable among themselves,
which allows to evaluate the influence of the training data on the generalization capability of the
trained droplet models.

Reconstruction of patterned substrates with gradients in wettability The networks trained on
the different synthetic datasets are employed for the reconstruction of images recorded in droplet
impingement experiments involving patterned substrates with gradients in wettability, which have
been discussed in Section 6.1.2. Out of the three candidate models, DFS-g yielded the best
reconstruction results, as indicated by comparatively low uncertainty of oy = 8.1% and bias error
oy = 12.3% averaged over all experiments in combination with a high quality of the reconstructed
three-dimensional gas-liquid interface. The reconstruction accuracy of DFSSh-g was considerably
lower (oy = 9.5% and oy = 11.6%), while DSh-g resulted in a largely unsuccessful reconstruction
(ov = 28.7% and oy = 16.7%). These results are consistent over all tested substrates (see Appendix
Table ?7). Furthermore, it was observed that a greater deformation of the gas-liquid interface due
to a larger displacement of the droplet was related to a higher uncertainty of the reconstruction.
These results confirm the earlier observation that more severely deformed gas-liquid interfaces of
adhering droplets are more challenging to reconstruct (see Section 6.3.5).

A visual inspection of the reconstructed three-dimensional gas-liquid interface shapes for the three
models revealed that DFS-g was able to reconstruct all degrees of gradiented surfaces successfully,
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Figure 6.29: Temporal evolution of the normalized integral volume of the reconstruction for droplet impingement
on the patterned PDMS substrate SMG3 at o = 0° observation angle with DSh-g, DFS-g, and
DFSSh-g.

resulting in high-quality meshes with watertight surfaces. The reconstruction results for DFSSh-
g exhibited a lower quality, with the surface of the reconstructed meshes appearing jagged and
containing cavities at certain time steps, particularly for frames involving a high deformation of
the interface immediately after impact. This leads to a systematic underestimation of the droplet
volume, which is reflected in Figure 6.29, showing the volume of the reconstructed gas-liquid
interface at each frame normalized by the ground truth volume measured from the experimental
recordings. Overall, the reconstruction results of DSh-g showed the lowest quality, as the model
was not able to infer the depth accurately. This was especially pronounced for frames that deviated
most from the shape distribution of adhering droplets, such as the ellipsoidal shape of the falling
droplet and the elongated droplet shapes observed in the retraction phase (see e.g. Figure 6.4,
middle frame). It can be concluded that the training data distribution of DFS-g represents the
dynamics of the gas-liquid interface in the unknown experimental data sufficiently to allow for
successful reconstruction, while the training data for DSh-¢g and the unknown experimental data
do not sufficiently overlap. As a result, the increased variance of the training data for DFSSh-g
offers no benefit. The additional data from DSh-g does not increase the overlap with the test
dataset’s distribution, but apparently shifts the bias of the trained droplet model toward the shape
distribution of adhering droplets, moving it away from the distribution of impinging droplet shapes.

0,5 |-

—0,5 |-

=== ] lms=mm 80ms === 19.1ms

Figure 6.30: Temporal evolution of bottom view projection of the gas-liquid interface during droplet impingement
on the SMG2 substrate. The dashed colored lines indicate the interface reconstruction by DFS-g
and the solid black lines indicate the contours extracted from the bottom view recordings in the
experiments.
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The reconstruction results of DFS-g and DFSSh-g show a good agreement of the in-plane contour to
the experimental input data and even DSh-g was able to reconstruct the in-plane contour on most
frames. These results align with the earlier observation that the directly available information
on the shadowgraph contour ensures an accurate reconstruction of the in-plane contour. The
out-of-plane reconstruction proved to be more sensible towards training data effects as the depth
estimation relies more heavily on the trained droplet model in order to compensate for the lower
amount of available information in the input images. Figure 6.30 shows the temporal evolution of
the gas-liquid interface contour in the bottom view projection for droplet impingement of the SMG2
substrate, as observed in the experiments (black solid line) and reconstructed by DFS-g (colored
dashed lines). The projected area is compared in order to ensure the consistency of the results, as
the high contact angles of the superhydrophobic surface result in the self-occlusion of the contact
line and, therefore, the wetted area cannot be directly observed (cp. Figure 6.4). As can be seen in
Figure 6.30 the projected area of the reconstructed droplets has the shape of an ellipse in all time
steps, while the real shape of the droplets interface at ¢ = 8.0 ms significantly deviates from elliptical
cross-section, which indicates a bias of the trained model of droplet dynamics. The training dataset
for DFS-g featured the impingement of droplets on structured substrates, where the deformation of
droplets occurred within two planes of reflective symmetry, and the impingement on flat substrates,
which yielded an axisymmetric deformation. Therefore, the distribution of 3D ground truth shapes
in the training data predominantly consisted of droplets with elliptical cross-sections or otherwise
circular cross-sections. The distribution of ground truth shapes with elliptical cross-sections in the
training data apparently introduces a bias to the neural network, which is especially noticeable
for the depth estimation that relies more on the trained droplet dynamics. Consequently, the
reconstruction exhibits increasing errors the more the real gas-liquid interface deviates from an
elliptical cross-section. However, the absolute depth of the droplet and in turn its volume was
approximated well for different aspect ratios as evident by the reconstructed contours at the time
steps 1.1 ms, and 19.1 ms. These results fall in line with earlier observations in Section 6.3.5 that
demonstrated the successful reconstruction of adhering droplets with different aspect ratios by a
model that was trained on less severely deformed droplet shapes with a different aspect ratio.

6.3.7 Surface quality of the reconstructed interfaces

“The implicit representation of the three-dimensional droplet geometry by the PIFu neural network
[191] allows for the reconstruction at an arbitrary resolution. As higher resolutions are expected to
result in a higher quality of the surface, but also increased computational costs, in the following the
results of the reconstruction at different resolutions were evaluated. Table 6.3 details the average
time required for the reconstruction of one time step at different resolutions. The domain for the
reconstruction was discretized by an equidistant 3D grid with the same amount of grid nodes in all
directions. The trained PTFu network was sampled on this grid to predict the scalar occupancy field
of the phase distribution. Subsequently, the isosurface extraction algorithm marching cubes [130,
136] was employed to reconstruct the surface mesh from the occupancy field. All calculations were
performed on a single Nvidia RTX A5000 graphics processing unit. As expected the computational
costs grow quickly towards higher resolutions. However, the octree [146] structure used during
reconstruction significantly reduces the reconstruction time at higher resolutions up to 5123 grid
nodes, which becomes obvious by the deviation from the cubic growth rule that would be expected
otherwise. Note that this trend only holds true until 5123 grid nodes due to given hardware

limitations.

Figure 6.31 shows the results of the volumetric reconstruction at different resolutions for the same
input image obtained in the experiments [involving adhering droplets] at an external flow velocity
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Figure 6.31: Volumetric reconstruction at different resolution for the same input image from the experiment at
up = 8.32m/s, from left to right: 643, 1283, 2563, 5123, 10243 grid nodes resolution. Figure adopted
from [DHK™25].

Table 6.3: Average time required for the reconstruction of one time step at different output resolutions. Table
adopted from [DHKT25].

grid nodes| 64% 128% 256° 512%|1,024°
time s |02 25 44 17.0| 266.5

up = 8.32m/s. As can be seen, there is a significant visual improvement in the surface smoothness
as the resolution increases from 64> to 5123. However, with the increase in the resolution from 5123
to 1,024 grid nodes, the quality of the reconstruction did not increase further. In fact, a marginal
decrease of the surface quality can be observed, as small-scale ripples appear on the surface for a
resolution of 1,024% nodes, which are likely smoothed out by lower resolutions. Considering the
total time of 4.7 h required for the reconstruction of one experiment with 1,000 frames, a resolution
of 5123 grid nodes was found to be optimal within the scope of obtaining accurate and smooth
surface meshes for distortion correction. Note, that all reconstruction results presented in this
work have a resolution of 5123 grid nodes.

It should be noted, that the presented reconstruction method is able to reconstruct the gas-liquid
interface of the droplet at a significantly higher resolution compared to the training data. The
spatial resolution of the numerical simulation that underlies the training data was 20 cells in the
vertical direction and 17 cells in the streamwise and spanwise direction at ¢ = 0. These results
demonstrate that the neural network has the capability to learn a highly accurate representation
of the droplet geometry even from data much coarser than the targeted reconstruction resolution.
Furthermore, the approach of smoothing the ground truth gas-liquid interfaces that were extracted
from the numerical simulation is validated by the positive reconstruction results. In order to further
enhance the surface quality of the reconstruction smoothing by means of the Taubin filter (see
Subsection 5.2) is employed.

Figure 6.32: Smoothed volumetric reconstruction at 5123 grid nodes resolution. Figure adopted from [DHK*25].
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As shown in Figure 6.32, the proposed process yields a smooth surface mesh of the droplet’s gas-
liquid interface that can be used for the intended distortion correction of PIV measurements. Such
distortion correction techniques require surface meshes that exhibit both a high fidelity to the true
interface shape in the experiments and a smooth curvature, in order to allow for the accurate
calculation of light refraction at the gas-liquid interface. The prediction of the scalar occupancy
field for the phase distribution by the PIFu neural network serves as an accurate basis for the
surface reconstruction. In this study, the efficient implementation [130] of the marching cubes
algorithm [136] is employed to reconstruct the surface meshes. However, alternative isosurface
extraction algorithms, including extensions of the marching cubes algorithm [248, 118], methods
based on Delaunay triangulation [14], or methods used in the numerical simulation of two-phase
flows, such as the Piecewise-Linear Interface Calculation (PLIC) scheme [259], may offer improved
reconstruction performance. Therefore, further research is required to assess the suitability of the
reconstructed surfaces for distortion correction in the experiments. This includes further devel-
opment of surface reconstruction methods and smoothing operations, as well as experimentally
validating the reconstructed meshes in the ray tracing approach to confirm their feasibility for
distortion correction.” from [DHK™25, Section 3.3]

6.4 Limitations of the method

“The comparison of the images recorded in the experiments with droplet impingement on the
structured PLA and PDMS substrates reveals that a reflection of the incident light from the
lateral illumination on the substrate occurs predominantly for the PDMS substrate. The lateral
illumination has a 45° incidence angle. As such, light can be reflected at the liquid-solid contact
area after passing through the droplet and subsequently produce additional glare points on the
gas-liquid interface while exiting the droplet again. Additionally, the light can reflect on the
substrate outside of the droplet and subsequently enter the droplet at a —45° incidence angle.
Both mechanisms of reflection were confirmed to occur in the experiments. The PLA substrate was
produced from a low-reflective material in order to suppress spurious glare points from reflection
and allow for an evaluation of their influence on the quality of the reconstruction. Furthermore,
impingement on the hydrophobic PDMS substrate led to a higher degree of droplet deformation
in comparison to the PLA substrate. Photographs of either substrate are shown in Figure C.3.
The corresponding wettability properties are listed in Table C.1. The resulting complex shapes
of the gas-liquid interface allowed for the emergence of higher-order glare points [232, 233] that
are created by internal reflection of the light on the gas-liquid interface. The consequence of the
internal reflection from higher-order glare points and reflection on the substrate within the droplet
is that the glare points change their position to the other hemisphere of the droplet, as can be seen
for the lowest pair of glare points in Figure 6.33a.

A second consequence of the internal reflections is the focusing of the incident light by the curved
droplet contour, which can result in a magnification of the light intensity for higher-order glare
points, as obvious from Figure 6.33a by the second row of glare points. Overexposure in the images
leads to color clipping and a loss of information in the experiments, as the clipped image channel
cannot register any further increase in intensity [165]. As evident from the reconstruction result
in Figure 6.33a, color clipping in the regions of the bright glare points causes nonphysical artifacts
in the reconstructed gas-liquid interface, such as the hole on the left and the dimple on the right
of the reconstructed geometry. Further examples of images with reflection and higher-order glare
points and their respective volumetric reconstruction can be found in Figure 6.33.
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6 Spatio-temporal reconstruction of gas-liquid interfaces in droplet flows

The comparison of the uncertainty and bias errors of the reconstructed integral volume between
droplet impingement on the PLA and PDMS substrate, as detailed in Table C.3, reveals signifi-
cantly lower errors for the reconstruction of the PLA case. Furthermore, the specific inspection of
frames associated with a particularly high volumetric error as indicated by Figure 6.18 points to an
association with images that are affected by a higher degree of disturbance through reflections and
overexposure. These results indicate that reflection and higher-order glare points lead to higher
errors in the reconstruction of the gas-liquid interface. This effect has to be expected since the
input images to the neural network have to be similar to its training data in order to reach a high
quality in the reconstruction. This aspect has been thoroughly elaborated in Subsection 3.3 and,
in particular, reflection on the substrate, as well as high-order glare points were not modeled for
synthetic training data generation. Therefore, the disturbed input data causes a high uncertainty
in the reconstruction and can even lead to the erroneous prediction of the local gas-liquid interface,
as seen in Figure 6.33a.

Conversely, these results further underline that the neural network considers the glare points
during reconstruction in order to guide the reconstruction. Furthermore, the results indicate a
certain robustness towards disturbance outside of local errors, as glare in unexpected regions (see
Figure 6.33a) and unexpectedly large glare points (Figure 6.33d) appear to be mostly disregarded
by the neural network for the reconstruction of the global shape.” from [DKS24, Appendix A]
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(a) Overexposure in glare points and resulting in holes in (b) Higher-order glare points appearing on the respective
the reconstructed interface. other side of the droplet and associated local deforma-
tions of the reconstruction.
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(c) Bright higher-order glare point and deformed interface. (d) Large diffuse glare points caused by reflection on the
substrate and resulting deformed interface.

Figure 6.33: Input images with overexposure and higher-order glare points (left) and the respective reconstruction
(right). Figures adapted from [DKS24].

6.5 Concluding remarks regarding the volumetric
reconstruction of droplet flows by means of deep learning

“The positive results for the spatio-temporal reconstruction of the gas-liquid interface [...] from
monocular experimental recordings demonstrate the success of the proposed approach based on
neural networks and synthetic training data generation. The employment of synthetic image ren-
dering from the results of direct numerical simulation proved to be an effective method for the
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generation of suitable training data while eliminating potential errors due to the inherent discrep-
ancy between experimental and numerical results.” from [DKS24, Section 4] “Furthermore, the
positive results for the reconstruction based on images recorded in the experiments demonstrate
the applicability of the neural network trained on synthetic data to the real-world use case and
thus validate the approach of training on synthetic data.” from [DHK™*25, Section 4] “The single-
camera setup required for the proposed method is both cost-effective and easy to calibrate and,
therefore, accessible to a wide field of applications.

It was shown that the additional information on the three-dimensional shape encoded in the glare
points is successfully exploited by the neural network during reconstruction, which results in a
higher accuracy of the reconstruction. In particular, color-coded glare points improve the depth
estimation of the neural network and, thus, allow for the reconstruction of the complex non-
axisymmetric shape of the gas-liquid-interface for droplet impingement on structured substrates
from any arbitrary azimuth angle. These findings recommend the proposed method for the re-
construction of the three-dimensional droplet dynamics for an impact on substrates for which the
orientation angle is not known a-priori, which consequently allows for an efficient characterization
of these substrates. It was demonstrated that the proposed method can reach a high accuracy on
synthetic data, which confirms that the chosen neural network architecture, as well as the implicit
three-dimensional representation through a level-set function, are well suited for the given task.
Furthermore, by the reconstruction of experimental cases from different fluid mechanical regimes,
it was shown that the neural network was able to learn a versatile model of the involved two-phase
flow phenomena, that even allows for topological changes.” from [DKS24, Section 4]

“In particular, the in-plane component of the reconstruction reaches an almost identical agreement
to the ground truth, as the contour of the shadowgraph presents a strong basis for the in-plane
reconstruction. The out-of-plane reconstruction relies on the learned droplet geometry, in addition
to the three-dimensional information encoded in the glare points, which is more sparsely distributed
across the droplet interface. Consequently, the uncertainty of the reconstruction is higher in the
out-of-plane direction. The successful reconstruction of adhering droplets at much higher flow
velocities and greater deformation than in the training data shows that the method can effectively
handle and predict new, unknown shapes.” from [DHK'25, Section 4| The accurate in-plane
reconstruction for droplet impingement on unknown substrates with gradients in wettability that
lead to noticeably different shapes of the gas-liquid interface elucidates that the image features,
in particular the shadowgraph contour, facilitate the generalization to unknown shapes of the
gas-liquid interface. The prior knowledge obtained from the numerical training data leads to a
bias of the trained droplet model towards the reconstruction of droplet geometries similar to the
training data distribution in the out-of-plane reconstruction. Therefore, specific training data that
considers the expected symmetries and variation of the gas-liquid interface in the experiments
yields the most accurate results, while the extrapolation to different droplet geometries is possible,
yet at a reduced accuracy. “It can be concluded that the combination of the learned geometry
and the depth encoding by the glare points results in a robust and flexible model of the gas-liquid
interface dynamics that can be used for the extrapolation to different flow conditions outside of
the training data distribution.” from [DHK™'25, Section 4]

“The successful reconstruction of obscured regions in the input images indicates that the neural
network leverages the learned knowledge of the droplet dynamics from training data that is based
on numerical simulation to fill in missing information in a physically reasonable way. It can be
concluded that training the neural network with limited numerical data — in our case two direct
numerical simulations [for the reconstruction of droplet impingement and only one simulation
case for the reconstruction of adhering droplets| — already enables the network for a physically
correct reconstruction. This highlights the advantage of the proposed data-driven method over
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6 Spatio-temporal reconstruction of gas-liquid interfaces in droplet flows

conventional approaches, which furthermore can be improved by more data and expanded to a
broader range of applications by training on new regimes.” from [DKS24, Section 4]

“The proposed method leverages the planar symmetry of the setup [for adhering droplets|, sim-
plifying the depth prediction along the streamwise direction. Concurrently, the more significant
deformation of the droplet in spanwise direction is imaged directly via the shadowgraph contour,
thus reserving the previously mentioned high in-plane accuracy for the direction that undergoes
more significant deformation. The implicit representation of the interface by the neural network
allows for the reconstruction at a fine resolution, while the training on the results of numerical sim-
ulation facilitates a high fidelity of the reconstructed contours to the underlying physics. Therefore,
the reconstructed gas-liquid interfaces are both spatially accurate and smooth, which makes the
proposed method well-suited for distortion correction of PIV images, as the accurate reconstruc-
tion of the local curvature of the interface is important for the correct calculation of the refraction
that causes the distorted velocity fields. In comparison to the current state-of-the-art approach
for distortion correction, in which rotational symmetry of the gas-liquid interface is assumed, the
presented approach becomes increasingly beneficial towards higher external flow velocities that
result in larger degrees of droplet deformation and thus non-axis-symmetrical droplet shapes.”
from [DHK ™25, Section 4] The suitability of the reconstructed gas-liquid interfaces for distortion
correction in PIV measurements should be investigated experimentally in future works. The ray
tracing approach proposed by Kang et al. [107] and Minor et al. [150] shows promise for the re-
construction of the original particle distribution by tracing the approximately reciprocal light path
from the distorted images, through the reconstructed gas-liquid interface, to the position of the
light sheet. Preliminary testing within the developed synthetic image generation setup, utilizing
physically-based rendering, has confirmed the feasibility of this correction approach.

“Further applications for the proposed monocular reconstruction approach are experiments where
a complete and continuous imaging of the gas-liquid interface cannot be guaranteed at all times.
The volumetric reconstruction of the gas-liquid interface for droplets impacting at an angle |...]
appears straight-forward, while splashing droplets and sprays appear possible, as indicated by the
successful reconstruction of secondary droplets. Furthermore, it is hypothesized on the grounds
of the present findings that the described approach is likewise feasible for the reconstruction of
gas bubbles in liquids since theoretical considerations according to van de Hulst [232] identified
0 ~ 78.5° as a possible scattering angle for unambiguous ps, = 0 glare points.” from [DKS24,
Section 4]

“The addition of training data that represents the deformed interface of adhering droplets at higher
external flow velocities is expected to increase the accuracy of the reconstruction. Furthermore, the
bias of the network towards certain geometries can most likely be reduced by a greater variation
in the training dataset. Thereby, the flexibility and robustness of the trained model could be
further enhanced. Further improvements in the reconstruction accuracy can be expected from an
increased resolution of the numerical simulation that is used to source the training data. The effect
is two-fold, on the one hand, more accurate three-dimensional ground truth data facilitates the
learning of the droplet geometry and on the other hand, more finely resolved surface meshes would
increase the quality of the synthetic images rendered by ray tracing.” from [DHK™25, Section 4]

Currently, the temporal dynamics of the numerical training data are not yet exploited. For this
purpose, neural networks designed for processing image sequences, which leverage the temporal
relationships in data structures, could be implemented in the neural network architecture. For
example, the backbone feature extraction network could be expanded with convolutional long short-
term memory networks [99] or spatio-temporal transformer networks [262]. Thereby, the additional
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information that the three-dimensional shape of the gas-liquid interface changes smoothly in time
can be used to regularize the reconstruction, which potentially allows for a higher accuracy.
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7 Physics-informed learning for
spatio-temporal droplet reconstruction

In this chapter a physics-informed reconstruction technique based on the PIFu approach [191]
and the integration of prior knowledge by the governing equations of two-phase flows is developed
aiming to improve the accuracy of the reconstruction and obtain additional 3D field informa-
tion on velocity and pressure. For that purpose, first, related literature on the application of
physics-informed neural networks (PINNs) [176] for forward and inverse two-phase flow problems
is reviewed. Subsequently, the methodology for the incorporation of physics-informed learning
techniques into the reconstruction framework is developed and evaluated in a comparative study
with the baseline data-driven approach. The results discussed in this chapter have previously been
published in the preprint PINNs/Drops: Convolutional feature-enhanced physics-informed neural
networks for reconstructing two-phase flows by Dreisbach et al. [DKK™24].

7.1  Physics-informed neural networks

As elaborated in further detail in Section 2.4.4, “PINNs have emerged as a powerful framework
for solving complex problems by seamlessly integrating governing equations into the data-driven
approach. Their expressivity in approximating non-linear functions, combined with their unified
framework for solving both forward and inverse problems, makes the PINN approach particularly
well-suited for tackling fluid mechanical challenges [28, 204, 141, 116, 59].” from [DKK*24, Section
1] In the following section, the most significant advances in PINNs for solving fluid mechanical
problems and recent progress in two-phase flows will be discussed to lay the theoretical grounds
for the development of physics-informed neural networks for the spatio-temporal reconstruction of
gas-liquid interfaces.

7.1.1 PINNSs for fluid mechanics

“In the introductory publication of PINNs, Raissi et al. [176] already investigated their applica-
tion for encoding the continuity equation and the non-dimensional incompressible Navier-Stokes
equations (NSE) to solve two types of inverse problems related to the flow in the wake of a cir-
cular cylinder. The authors showed that PINNs can be employed for the data-driven discovery of
the viscosity in unknown fluids and the inference of the unknown hidden states, particularly, the
continuous pressure field from scattered velocity observations.

Jin et al. [103] employed PINNs to simulate a 3D turbulent channel flow at Re, = 1,000 by
training a neural network on the NSE with specified velocity boundary and initial conditions.
The authors addressed the challenge of ill-posed problems arising from partially missing or noisy
boundary conditions, demonstrating that PINNs can still yield accurate solutions under such cir-
cumstances. Similarly, Xu et al. [254] extended the application of PINNs to identify the artificial
viscosity in the parametric turbulent incompressible NSE, leveraging a dataset from turbulent flow
simulations. Furthermore, the authors demonstrated that PINNs can accurately reconstruct both
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7 Physics-informed learning for spatio-temporal droplet reconstruction

laminar and turbulent flow fields in regions of the domain where no measurement data is avail-
able, addressing challenges such as low fidelity or experimental limitations. Expanding on this
capability, Cai et al. [28] employed PINNSs to reconstruct the 3D velocity and pressure fields in the
unsteady wake flow past a circular cylinder at Re = 200 from 2D two-component (2D2C) veloc-
ity observations. Motivated by the potential application in the post-processing of particle image
velocimetry measurements, the authors showed that as few as four cross-planes of 2D2C data are
sufficient to accurately reconstruct the continuous 3D velocity and pressure fields, even without
initial or boundary conditions. Raissi et al. [177] demonstrated the ability of PINNs to predict
quantitatively accurate continuous 3D velocity and pressure fields from measurements of the tracer
particle concentration. This was achieved without requiring any data, boundary, or initial condi-
tions for the quantities of interest by training PINNs on the NSE, the continuity equation, and the
transport equation for the passive scalar of the concentration. Additionally, the authors showed
that PINNs could estimate derived quantities, such as shear forces and vorticity fields since exact
gradients of the solution can be calculated at all points in the domain and at any desired resolution.
Building on this concept, Cai et al. [29] extended the hidden fluid mechanics approach [177] to
reconstruct continuous 3D velocity and pressure fields from 3D temperature measurements. By
training PINNs on the Boussinesq approximation of the incompressible Navier-Stokes equations,
the heat transfer equation, and the measured temperature data, they successfully reconstructed
the buoyancy-driven flow over an espresso cup, showcasing the versatility of PINNs in handling
diverse fluid mechanics problems. Furthermore, the authors demonstrated that PINNs are robust
to noise and low-resolution training data in both the spatial and temporal domains, enabling the
reconstruction of latent variables at a higher spatio-temporal resolution than the experimental
data. Mao et al. [141] applied PINNs to compressible 2D flows governed by the Euler equations to
reconstruct velocity, pressure, and density field in high-speed aerodynamic flows, using measure-
ments of the density gradient in analogy to Schlieren experiments. The authors highlighted the
importance of the spatial distribution of the sampling points, particularly for problems involving
discontinuities in the flow fields. To address this, the authors proposed adaptive sampling strategies
that dynamically track the discontinuities during training, increasing sampling density in critical
regions based on the residuals of the PDEs or the gradients of the predicted solution. Building
on these advancements, Wang and Perdikaris [242] introduced a multi-network PINNs framework
to tackle the partial differential equations (PDEs) involving dynamic interfaces and phase change
phenomena. In their approach, one neural network is trained to approximate the temperature
field, while a second network parameterized the unknown and moving interfaces. These networks
were coupled through a physics-informed network that encodes the corresponding heat transfer
equation.” from [DKK'24, Section 1]

7.1.2 PINNs for two-phase flows

“The application of PINNs for two-phase flows necessitates a dedicated treatment of the interface,
as the approximation of the discontinuity at the interface can result in steep gradients in the solution
and locally high errors, potentially hindering optimization and even preventing convergence of the
method. To address these challenges, Buhendwa et al. [21] extended the concept of the hidden
fluid mechanics framework to predict continuous 2D velocity and pressure fields for incompressible
two-phase flows from auxiliary information about interface position. Following the Volume of Fluid
(VoF) approach, the PINNs are trained on the residual of the dimensionless single-field Navier-
Stokes equations, the continuity equation, and the advection equation for the volume fraction «,
alongside a data loss term for the interface position. By implementing local refinement of the
residual and data points near the interface, the optimization process was effectively focused on
the region of the domain with the highest residuals, significantly stabilizing learning and reducing
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solution errors [138]. Moreover, appropriate weighting of the loss terms, particularly the momentum
equation residuals, was crucial to prevent divergence of the optimization caused by abrupt changes
in the magnitude of the surface tension term. Qiu et al. [173] developed PINNs using the phase-
field method to simulate 2D incompressible two-phase flows with large density ratios up to 1,000
between the two phases. The authors noted that the VoF approach as proposed by Buhendwa
et al. [21] has potential stability issues at high density ratios due to the non-zero divergence of
the velocity field at the interface. Previously, Buhendwa et al. [21] successfully addressed similar
two-phase flows with density ratio ratios up to 10. Building on this, Qiu et al. [173] trained PINNs
on a physics-informed loss incorporating the residuals of the continuity equation, the momentum
equations as well as the Cahn-Hilliard equation to capture the interface evolution. This was
combined with loss terms for the initial and boundary conditions for both the velocity and phase
indicator variable. Expanding the scope of interfacial problems, Chen et al. [33] employed PINNs
to solve the coupled Cahn-Hilliard and Allen-Cahn equations within the context of the phase-field
method to simulate interfacial problems related to various phenomena related to electrochemical
corrosion. Dynamic interfaces were addressed using adaptive sampling strategies based on the
residuals of the PDEs or the gradients of the solution, as suggested by Mao et al. [141], which
significantly enhanced prediction accuracy. Furthermore, an adaptive weighting scheme based on
the convergence rate of the individual loss terms was employed to balance the contributions of the
coupled PDEs and the initial and boundary conditions [244]. This approach significantly improved
the accuracy for predicting the location of the dynamic interface.” from [DKK'24, Section 1|

7.2 Methodology

The previously employed data-driven reconstruction technique based on convolutional neural net-
works [191] allows for the accurate prediction of the three-dimensional gas-liquid interface of various
droplet flows from monocular optical experiments as elaborated in Chapter 6. While the supervised
learning approach facilitates the inclusion of prior knowledge from the numerical simulation, the
underlying laws of physics governing the two-phase flow dynamics are only implicitly learned from
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Figure 7.1: Schematic of the Convolutional Feature-Enhanced PINN Framework architecture. The proposed
PINNs/4Drops framework predicts the three-dimensional gas-liquid interface and the velocity and pres-
sure distributions. Initially, glare-point shadowgraphy images are processed using a convolutional
hourglass network, which extracts pixel-aligned features F;(x,y) from the input image at the pixel
location (z,y) on the image plane. These extracted features, along with the temporal coordinate ¢ and
the spatial coordinates x, are provided as inputs to an MLP. The MLP predicts the phase distribution
¢, the three components of the velocity vector u = (u, v, w)T, and the pressure p at the spatio-temporal
coordinates (z,v, z,t). The loss function comprises a data loss term and physics-informed loss terms.
The physics-informed loss terms enforce the governing equations and are defined as the MSE of the
following residuals: Lconti, enforcing the continuity equation; £a 4y, representing the advection equa-
tion for phase distribution ¢; and Lnsg,j, representing the Navier-Stokes equations for momentum
conservation, with j = (z,y, 2) indicating the spatial components. Figure adapted from [DKK¥24].
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the numerical data by the neural network. Furthermore, the reconstruction of individual snapshots
does not consider the temporal coherence of the gas-liquid interface dynamics, which leads to an
unphysical fluctuation of the reconstruction in time. In order to incorporate both these untapped
sources of prior knowledge into the reconstruction framework, the unsteady governing equations
are integrated with the data-driven reconstruction technique following the PINN approach with
the aim of further improving the accuracy of the reconstruction. Such an approach is anticipated
to enhance the learning of spatio-temporal droplet dynamics, as the optimization of the neural
network is constrained to a physically reasonable solution space. Specifically, “the Pixel-Aligned
Implicit Function (PIFu)-approach [191] for the volumetric reconstruction of the gas-liquid inter-
face is extended by the integration of physics-informed losses by which the single-field two-phase
formulation of the Navier-Stokes equations, the continuity equation and the equation for the inter-
face evolution are encoded in the neural network. The continuity and Navier-Stokes equations are
harnessed to learn the dynamics of the two-phase flow, while the interface evolution equation is
employed to couple the velocity field to the distribution of the two phases and, consequently, the
location of the gas-liquid interface. The representation of the gas-liquid interface as a continuous
implicit function through a neural network in the PIFu-approach is more akin to diffuse interface
methods than sharp interface methods [ep. Section 2.2.4]. Moreover, the physically sound modeling
of the interface dynamics in the phase-field approach renders the method promising for accurate
predictions of two-phase flows at high density and viscosity ratios, as demonstrated recently by Qiu
et al. [173]. Therefore, the convective Cahn-Hilliard equation (eq. 2.29) appears as a highly suit-
able choice for representing the interface evolution. However, computing the physics-informed loss
derived from the Cahn-Hilliard equation involves fourth-order derivatives, which coupled with the
complexity of the three-dimensional domain, lead to high computational demands. Furthermore,
the repeated calculation of gradients through automatic differentiation to obtain the fourth-order
derivatives leads to the accumulation of potential errors. In contrast, the VoF approach offers a
simplified alternative by representing the interface evolution through the transport equation for
the volume fraction, which is purely convective and thus involves only first-order derivatives. The
successful application of PINNs based on the VoF method to inverse two-phase flow problems, as
demonstrated by Buhendwa et al. [21], highlights the feasibility and efficiency of this approach for
tackling such problems. However, the applicability of PINNs in the VoF formulation for two-phase
flows at high density ratios remains unverified. To address this, we will develop two variants of
PINNS, one based on the phase-field method (PF-PINNs-v1) and the other on VoF ( VoF-PINNs).
These variants will share the same neural network architecture and will be comparatively evaluated

to assess their performance.

The computation of the physics-informed loss terms using automatic differentiation requires pre-
dictions of the three-dimensional velocity and pressure fields, necessitating modifications to the
network architecture. Specifically, the output layer of the network must be extended to predict
three velocity components w,v, and w, as well as the pressure p. Additionally, the input layer
must be adapted to include the spatio-temporal coordinates (x,y,z), and time ¢ to enable the
computation of the derivatives of the predicted quantities.

Figure 7.1 illustrates the network architecture of the proposed PINN, which consists of three major
components, namely, the feature extraction network (a CNN), the neural network (an multi-layer
perception (MLP)), and the physics-informed network. First, the glare-point shadowgraphy images
are processed using a convolutional hourglass network [160], which extracts pixel-aligned features F;
from the input image at the location z,y on the image plane. The extracted image features F(x,y)
along with their corresponding spatial coordinates x, y are forwarded to the MLP. Additionally, the
temporal coordinate ¢ and the spatial coordinate z are given as inputs to the MLP. On this basis, the
MLP predicts the phase distribution ¢, the three components of the velocity vector u = (u, v, w)T,
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as well as the pressure p at (z,y, z,t). The residuals of the single-field two-phase Navier-Stokes,
continuity, and interface evolution equations are computed using automatic differentiation applied
to the predicted output with respect to the spatio-temporal input coordinates. These residuals
form the basis for physics-informed loss terms, i.e., the continuity equation (Lconti), the advection
equation governing the interface (£aqv) and the Navier-Stokes momentum equations (Lnsg,;), with
j = (z,y,2). Each loss term is defined as the mean squared error (MSE) of the respective residuals.
In addition to these physics-informed losses, ground truth labels for the velocity and pressure fields,
as well as surface meshes of the gas-liquid interface, are extracted from numerical simulations.
These labels are used to define data loss terms for the predicted quantities (¢, u, v, w, p), computed
as the MSE between the predictions and ground truth. The joint neural networks are trained on a
composite loss representing the weighted sum of the physics-informed loss terms and the data loss
terms

L= wili=weLy+wuly +woly + wyLy + wply
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The formulation of governing equations, dedicated sampling schemes, and particular design choices
for the neural network architecture play a critical role in the successful application of PINNs for
two-phase flow problems. The methods employed for the proposed PINNs will be detailed in the
following sections.” from [DKK™24, Section 2|

7.2.1 Governing equations

“It has been shown that the computation of the physics-informed losses based on the dimension-
less formulation of the Navier-Stokes equations results in moderately improved accuracy of the
predicted flow quantities compared to the dimensional formulation [29]. Furthermore, the similar
magnitude of the dimensionless PDE terms facilitates the balancing of different physics-informed
loss components [41]. Therefore, the dimensionless single-field Navier-Stokes equations are em-
ployed
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with the following relationships between dimensional and non-dimensional quantities for the ve-
locity u = u*u,, the pressure p = p*p,u?, the density p = p*p., the spatial coordinates x = x* L,
and the time t = t*L,/u,, as well as the Reynolds number Re = p,u,L,/u, Weber number
We = pu?L,/v, and Froude number Fr = u,/\/gL,. The dynamic viscosity, surface tension
coefficient, and gravitational acceleration are indicated by u, 7, and g, respectively. The reference
quantities are the impact velocity u, = wg for the considered case of droplet impingement, the
density of the liquid phase p, = pr, and the reproduction scale L, = R, of the computational
domain to the experiments, which ensures the correct scaling of the surface curvature required for
the calculation of surface tension. Both versions of the PINNs employ the continuity equation for
incompressible fluids [eq. 2.3].
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Volume-of-Fluid-based Physics-Informed Neural Networks (VoF-PINNs) represent the interface
evolution in two-phase flows using the Volume of Fluid (VoF) method, a well-established ap-
proach for capturing fluid interfaces. The transport equation for the volume fraction « [eq. 2.21]
is employed to describe the interface evolution, following the formulation of algebraic VoF ap-
proaches [86]. [...] The surface tension f, is modeled using the Continuum Surface Force (CSF)
model [16] as a localized body force within the transition region of finite thickness at the interface
[and represented by Equation 2.25] [...]. The mixture density p and viscosity p are determined by
the arithmetic mean of the fluid properties in both phases [eq. 2.23] [...].

The phase-field version employs the convective Cahn-Hilliard equation [eq. 2.29] [27] to represent
interface evolution [...]. According to the diffuse-interface theory [234] the phase separation and
diffusion in two-phase flows are driven by the chemical potential at the interface ¢, which is derived
as the variational derivative of the mixing energy with respect to the order parameter C' [eq. 2.28]
[...]. The value for [the capillary width]| €, [which is proportional to the interface thickness]| |[...],
needs to be chosen and is typically defined in relation to the characteristic macroscopic length scale
of the flow. In the phase-field version, the continuum surface tension in the potential form [100] is
employed [eq. 2.32] [...]. The mixture density p and viscosity p are determined [by eq. 2.31] [...].

In the phase-field PINNs, referred to as PF-PINNs-v1, the capillary width € is treated as a learnable
parameter. In order to promote the convergence toward a thin interface, an additional loss term
is introduced, defined as the Huber loss [96] between € and the value of ¢ = 2.2 - 10°, determined
by Fink et al. [64]. The capillary width € is initialized with values ranging from 0.01 to 0.05 to
study the influence of the parameter and the weight for the additional learnable interface loss
is set to w. = 100. To address potential issues arising from the fourth-order derivatives in the
Cahn-Hilliard equation employed for the phase-field version of the PINNs, a second variant of
phase-field PINNs is proposed. In this variant, referred to as PF-PINNs-v2, the chemical potential
1 is directly predicted using the neural network, in contrast to the computation of ¢ from C in PF-
PINNs-v1, reducing the highest order of derivatives to the second order. An additional loss term is
derived from the residual of Equation 2.28, to ensure the consistency between the predicted phase
distribution and the distribution of the chemical potential. This provides additional supervision
for the learning of ¢. The weight for this additional identity loss of the chemical potential is set
to wy = 0.1.” from [DKK™'24, Section 2.1]

7.2.2 Loss weighting

“Previous research has demonstrated the critical role of proper loss weighting to achieve the si-
multaneous convergence of all loss terms [21, 41, 244]. To address this, a combination of fixed
loss weights and adaptive loss weighting is used to balance the data-driven and physics-informed
loss terms during training. For the inverse problem of the flow field reconstruction in a flow
with natural convection, larger relative weights for the data loss terms compared to the physics-
informed losses have been shown to be beneficial [29]. Furthermore, the accurate prediction of
the phase distribution is crucial for correctly computing the momentum equation, as the mix-
ture density py significantly affects the momentum balance. Optimal weights for achieving the
simultaneous convergence of all loss terms were determined experimentally as wiy v w,py = 10,
W{Conti,Adv,NSE,z} = 1,000, wnxsgy = 1 and wnsg,. = 100. These weights yielded weighted physics-
informed and data loss terms for (u, v, w, p) that ranged between one and three orders of magnitude
lower than the weighted loss for the phase distribution. In addition to using fixed loss weights, the
adaptive loss weighting scheme SoftAdapt [84] was employed to dynamically balance the loss terms
during training. This simple loss weighting scheme is based on the relative convergence rate of the
different loss terms, with inversely proportional loss weights determined dynamically. SoftAdapt
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significantly improves the training dynamics and enhances the accuracy of the trained model, all
while incurring minimal computational costs. Both fixed and adaptive loss weights were applied in
a multiplicative manner. Given the importance of the phase distribution for the physics-informed
loss terms, it is essential that the optimization process ensures the accurate convergence of the
phase distribution prediction before introducing the physics-informed losses. Therefore, the neural
network was initially trained only on the data loss terms until the data L, decreased below a
specified threshold L4 1. Once this threshold was reached, the physics-informed losses were in-
corporated into the weighted composite loss. A threshold value £4 1 = 0.03 was determined to
provide a sufficient convergence of the prediction for the phase distribution to obtain adequate
physics-informed losses. Additionally, the data loss terms for (u, v, w,p) were gradually increased
during the first 5,000 training iterations by an additional weighting factor, which scaled linearly
from zero to one from training iteration zero to 5,000 to prioritize the learning of an accurate
interface prediction in the early stages of training.” from [DKK™*24, Section 2.2]

7.2.3 Sampling methods

“Previous studies have demonstrated that an adaptive refinement of the sampling points for the
loss computation at the gas-liquid interface is essential for the successful application of PINNs to
two-phase flow problems [21, 33|. This necessity arises from the steep gradients of the solution near
the interface [141, 138], which require higher sampling density to accurately capture the physics
in these regions. Therefore, a combination of adaptive and random sampling at a ratio of 16 : 1 is
employed. The dense adaptive sampling near the interface facilitates the learning of an accurately
localized prediction for the gas-liquid interface, while few random sampling points across the rest
of the domain are required to prevent overfitting. Following the adaptive surface sampling method
introduced by Saito et al. [191], random sampling from a normal distribution centered on the
interface with a standard deviation o = 3.9% of the domain size is used to refine the sampling
points near the interface. This corresponds to an adaptive sampling at a thickness of 0.107 mm
near the interface in physical space or 5% of droplet diameter dy = 2.1 mm, respectively. The data
loss terms and the physics-informed loss terms are calculated on different sets of sampling points
in order to effectively exploit the continuous nature of PINNs, which allows for the computation of
residuals at any sampling point in the spatio-temporal domain. Thereby, prior knowledge from the
numerical simulation is incorporated into the PINNs through supervised learning, while further
residual sampling points at different locations in the domain provide supplementary supervision
by the physics-informed losses.To ensure a fine resolution of the three-dimensional domain, 5,000
data points and 10, 000 residual points are sampled at each time step. These points are re-sampled
at every epoch to provide additional coverage of the spatio-temporal domain during the training.

Motivated by the residual-based attention scheme [1] and adaptive sampling methods based on
the residuals of the PDEs [33, 141], a residual-based weighting of the residual points is employed
to guide the optimization of the PINNs towards regions in the domain that are challenging to
optimize. In the proposed approach, the residual points are additionally weighted by a factor wy
ranging from 0.8 to 1.2 based on the relative magnitude of the residual, calculated as

= 08404l
’ max; (|r;|)

where r; is the residual at sampling point i.” from [DKK™24, Section 2.3|
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7 Physics-informed learning for spatio-temporal droplet reconstruction

7.2.4 Neural network architecture

“As illustrated in Figure 7.1 the architecture of the PIFu neural network is adapted for the proposed
PINNs. While the hourglass network for feature extraction can remain unchanged, the input and
output layers, as well as the activation functions of the MLP are modified. Specifically, the MLP is
comprised of 260 input nodes, with 256 nodes receiving the pixel-aligned features from the hourglass
network and four nodes receiving the spatio-temporal coordinates (z, y, z, t), four hidden layers with
1024, 512, 256, 128 neurons, respectively, and five output neurons for the prediction of the flow
quantities (¢, u, v, w,p). The leaky ReLU activation function [255] used as the non-linearity for the
hidden layers in the MLP is replaced by the infinitely differentiable hyperbolic tangent activation
function to enable the computation of higher-order derivatives through automatic differentiation.
Adaptive activation functions [101] introduce an additional learnable scaling coefficient ng - as to
the activation function that regulates its slope and thus the sensibility to its inputs. The scaling
coefficient consists of the fixed scale factor ng and the adaptive activation coefficient as, which is
optimized alongside the parameters of the neural network. Layer-wise adaptive activation functions
have been found to improve the convergence rate and accuracy of PINNs across various types of
problems [101], including two-phase flows [21]. Therefore, layer-wise adaptive activation functions
are employed in the hidden layers with a scale factor ng = 2 and an initial value for the adaptive
activation coefficient of ag = 0.5.

In the output layer, different activation functions are chosen for each predicted quantity according
to the range of possible values. The sigmoid activation function is used for the output neuron
of the phase distribution ¢ to confine the prediction within the physical bounds a € [0,1] or
C € [-1,1] for the volume fraction « in the VoF version and the order parameter C in the
phase-field version of the PINNs, respectively. The prediction of the order parameter C' requires
an additional scaling of the activation function by a factor of two. The output neurons for the
prediction of the velocity components (u, v, w) employ linear activation functions, while the output
neuron for the prediction of the pressure p features an exponential activation function, as suggested
by Buhendwa et al. [21]. Skip connections [80] [(see Section 2.4.3)] are employed at each hidden
layer of the MLP to propagate the information of the input feature vector and spatio-temporal
coordinates to later layers in the network, which has been shown to improve the accuracy for both
data-driven volumetric reconstruction [34, 191] and PINNs [35, 245].

The proposed PINNs are trained for eight epochs by the RMSProp optimizer [225] with a learning
rate decay by a factor of ten at the beginning of epochs six and eight. The batch size is reduced to
1 due to the increased computational requirements of the PINNs and the initial learning rate is ac-
cordingly decreased to 0.0001. Data augmentation through random translation of the input images
is employed in order to improve the generalization capability of the network. The augmentation of
the input images by random scaling, previously used in the optimization of the data-driven recon-
struction network cannot be used, as the developed PINNs are no longer scale invariant due to the
surface tension term in the momentum equation, which depends on the curvature of the gas-liquid
interface.” from [DKK™'24, Section 2.4] It should be noted that the calculation of the derivatives
in the physics-informed network does not consider the implicit dependence of the derivatives on
the pixel-aligned feature embeddings computed by the hourglass network. The local pixel-aligned
features are obtained by bilinear interpolation of the final feature maps in the hourglass network,
as elaborated in Section 3.4. This interpolation is dependent on the location (z,y) of the sampling
point in the image plane, which introduces an implicit dependence of the derivatives of the solution
u(x,t) with respect to the spatial input coordinates g;—L}L‘ on the feature embeddings.
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7.3 Results and Discussion

7.2.5 Evaluation metrics

“The performance of the PINNs is evaluated considering the reconstructed three-dimensional in-
terface geometries, velocity and pressure field, as well as the availability of ground truth data. The
following metrics [in addition to those defined in Subsection 6.1.4] are used for the evaluation:

e The L error of the predicted quantities ¢ € {u,v,w,p} is calculated as

1 n
L17q = E Z |qGT,i — Qpred,i| » (74)
i=1

over all sampling points ¢ for one reconstructed snapshot and averaged over all samples in
the the validation dataset.

e The Ly error is calculated as

L2,q = Z <QGT,i - qPred,i)Q- (75)

i=1

S

The Ly and Ly errors are given in absolute terms or relative to the maximum max;(|ggr,|) for a
given validation sample.” from [DKK™24, Section 2.6]

7.3 Results and Discussion

“In the following, the three proposed versions of the PINNs are first validated considering their
training dynamics, with a particular focus on the convergence of the various loss terms. Afterward,
the predictive accuracy for the three-dimensional gas-liquid interface and the extended capacity
for flow topology prediction are investigated by means of synthetic validation data. Finally, the re-
sults obtained by the application of the developed PINNs for the reconstruction of images recorded
in the experiments are discussed. The three candidate models, VoF-PINNs, PF-PINNs-v1, and
PF-PINNs-v2 were trained on the [DFS| dataset that featured droplet impingement on flat and
structured substrates and synthetically rendered images with glare points [(see Section 5.4 for de-
tails)] with the same set of hyperparameters, aside from the additional learnable interface thickness
and chemical potential of the phase-field versions.” from [DKK*24, Section 3] Additionally, the
purely data-driven version of the PIFu neural network is re-trained using the same training hyper-
parameters as the PINN variants for validation purposes, which will be referenced as DFS-GP2 in
the following.

7.3.1 Validation on synthetic data

Training dynamics “The fixed weights of the data and physics-informed loss terms were iteratively
tuned in order to achieve a simultaneous convergence of all loss terms, which yielded optimal
training results for wiy vwpy = 10, Wiconti,Adv,NSE,2} = 1000, wnsg,y = 1, and wnsg,. = 100.
The evolution of the various unweighted loss terms during the training of the VoF-PINNs for
the aforementioned combination of weights are plotted in Figure 7.2. The other two models, PF-
PINNs-v1 and PF-PINNs-v2, show similar dynamics of losses during training. As can be seen, all
individual loss terms are converging, which indicates the successful simultaneous learning of the
phase distribution, velocities, and pressure by the neural network. The similar convergence rate of
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Figure 7.2: Evolution of the loss terms during training of the VoF-PINNs. The data loss terms are indicated by

the solid lines, while the physics-informed losses are indicated by the dashed lines, and total loss is
indicated by the dashed-dotted black line. Figure adopted from [DKK*24].

the loss terms validates the choice of loss weights. Furthermore, the difference in the magnitude of
the data losses for the velocity components and pressure in comparison to the phase distribution
and the even lower physics-informed loss terms highlights the necessity of loss weighting. During
the initial phase of the training, the data loss for the phase distribution L4 only decays slowly,
which is followed by a sudden drop that can be attributed to the learning of the gas-liquid interface.
A further drop can be observed at the start of epoch six, at which the first learning rate decay
occurs. The first drop of L4 is correlated with a sudden increase in the physics-informed loss
terms. Similar training dynamics were already observed by Buhendwa et al. [21], who reported
that the sudden learning of the interface location leads to a rapid increase in the magnitude of
the gradients in the phase distribution at the interface and in turn, an increase in the magnitude
of the surface tension term in the momentum equation. Furthermore, Buhendwa et al. [21] found
that the sudden increase of the physics-informed losses destabilizes the optimization and can cause
complete divergence. The reason is that the physics-informed loss terms offer only limited guidance
when the interface is not accurately learned and may even mislead the optimization of the neural
network. This is particularly problematic for the considered water-air flow, where an erroneous
prediction of the occupancy field introduces large errors in the momentum equation due to the high
fluid’s density ratio. In the proposed PINNSs, this issue is mitigated by ensuring that the prediction
of the gas-liquid interface and the flow topology have sufficiently converged before considering the
physics-informed loss terms. This is successfully achieved through purely data-driven training until
the loss for the phase distribution reaches the threshold value L4 1 = 0.03, as indicated by the
monotonic decrease of all loss terms.

The gradual introduction of the data loss terms for u, v, w, and p further facilitates the learning of
an accurate interface prediction by focusing the optimization on L4. The proposed loss weighting
methods significantly reduced the initial plateau of the phase distribution loss, achieving faster
convergence and a lower final £4. This in turn, significantly enhanced the overall training dynamics
of the PINNs and has led to an increased accuracy of the prediction for the interface location,
without impeding the learning of the flow topology. The second drop of L4, unlike the first,
correlates with a sudden decrease of the physics-informed loss terms, which indicates that the
location of the gas-liquid interface, as well as the velocity field, are learned accurately enough
at this later stage of training so that further refinement of the interface location results in an
improved adherence to the governing equations. Both phase-field versions of the PINNs converged
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to similarly low losses in comparison to the VoF version except for L,. Specifically, PF-PINNs-v1
with an initial value of ey = 0.01, remained at a considerably higher £4 = 0.0358 in comparison
to VoF-PINNs with L4 = 0.0092, while PF-PINNs-v2 at ¢y = 0.01 reached L4 = 0.0135. These
results suggest that the proposed VoF approach is more appropriate for training PINNs aimed at
the accurate reconstruction of the gas-liquid interface in the considered two-phase droplet flows.
Furthermore, the lower L4 achieved by PF-PINNs-v2 indicates that the separate prediction of
chemical potential is beneficial for learning the phase distribution in phase-field PINNs. The cause
for the better performance of PF-PINNs-v2 might be an improvement of the training dynamics
by avoiding the fourth-order derivative in the Cahn-Hilliard equation. The learnable interface
thickness of PF-PINNs-v2 remains close to the initial values of ¢y = 0.01 and ¢y = 0.05 throughout
the training and only marginally decreases from ¢ = 0.01 to e = 0.0093 for PF-PINNs-v1 towards
the end of the training. It was found that a higher weighting of the interface loss term leads to
lower values of €, however, at the cost of significantly reduced convergence for the other loss terms,
which resulted in a degraded accuracy of the interface reconstruction. Similarly, an increased initial
value of ¢y from 0.01 to 0.05 led to a significantly improved convergence of L for PF-PINNs-v2,
reaching similarly low values of L4 = 0.0093 at the end of the training in comparison to VoF-
PINNs. Consequently, a more diffuse interface of the phase-field PINNs was found to be beneficial
for their optimization.

As the physics-informed loss terms are calculated on a different set of sampling points than the
data losses, the low residuals of the governing equations indicate that a continuous and accurate
function approximation in 3D space was learned by the neural network for all predicted quantities.
In order to further elucidate to which extent the governing equations were learned by the PINNs, a
version of the neural network was trained only through the data loss terms, while the development
of the residuals was tracked during training. It was found that the PINNs achieved MSE errors
for the residuals of the governing equations that were multiple orders of magnitude lower (25 to
9,600 times) in comparison to the network only trained on the data loss terms. In particular, the
residuals for the interface evolution equation were reduced by almost a factor of 10 by the PINNs.
These results confirm the successful encoding of the underlying governing equations in the neural
network by the physics-informed losses in the PINNs.” from [DKK ™24, Section 3.1]
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Figure 7.3: Average 3D-IOU of the reconstruction for the validation datasets during training of VoF-PINNs, as
well as PF-PINNs-v1, and PF-PINNs-v2 with different capillary width €p in comparison to the baseline
[DFS-GP2]. Figure adopted from [DKK™24].

Gas-liquid interface prediction “The reconstruction accuracy of the developed PINNS is evaluated
quantitatively by the results for the reconstructed gas-liquid interfaces on the synthetic validation

115



7 Physics-informed learning for spatio-temporal droplet reconstruction

ae!!

- - - M -

. 0.2 li-i li() 0.8 02 04 ()0 0.8 02 04 06 08 00 02 04 06 08 0.2 ()4 06 08 02 04 06 08
_:— —:— _:— [ — ] _:— [ — ]
0.00 025 050 0.75 1.00 000 025 050 075 100 000 025 0.2 U 0.75 100 0.00 025 050 075 1.00 000 025 050 075 1.00 000 025 0.5 U 0.75 100

o[] [ ) 0[] [ @

(a) In-plane phase distribution inferred by VoF-PINNs. (b) Out-of-plane phase distribution inferred by VoF-

PINNSs.
Qloyy Qlery
0.2 |M 06 08 0.2 0.4 nr 0.8 0.2 (»4 06 08 02 04 06 08 02 04 06 08 02 04 06 08
_:— _:— | —— | _:— _:— _:—
000 025 050 075 100 000 025 050 075 100 0.00 025 050 075 100 000 025 050 075 100 000 025 050 075 100 0.00 025 050 075 100
ol ol ol ol ol ol

(c) In-plane phase distribution inferred by PF-PINNs-v2. (d) Out-of-plane phase distribution inferred by PF-PINNs-
v2.

Figure 7.4: Phase distribution predicted by VoF-PINNs (top) and PF-PINNs-v2 with g = 0.01 (bottom) along
the center planes of the droplet in the in-plane and out-of-plane directions (left) in comparison to the
ground truth simulation data (middle), and the absolute error between the prediction and the ground
truth (right). Figure adopted from [DKK™24].

dataset. Figure 7.3 shows the evolution of the 3D-IOU on the synthetic validation data during the
training of the PINNs in comparison to the purely data-driven baseline network [DFS-GP2]. As
can be seen, VoF-PINNs reaches a higher reconstruction accuracy in comparison to the data-driven
baseline [DFS-GP2], while PF-PINNs-vl and PF-PINNs-v2 do not yield an improvement over the
baseline. More specifically, VoF-PINNs reaches an accuracy of 3D-IOU=0.967, which translates
to a 0.9% improvement over the data-driven baseline DFS-GP2 with 3D-IOU=0.958 [and a 1.24%
improvement over DFS-GP], which is significant considering the proximity to optimal reconstruc-
tion results at 3D-IOU=1. By means of an ablation study for the residual-based weighting of
the sampling points for the calculation of the physics-informed losses and the layer-wise adaptive
activation functions, we found that both measures only marginally improved the accuracy of the
interface prediction. Consequently, the gains in reconstruction accuracy can solely be attributed to
the introduction of physics-informed losses to the reconstruction framework. Moreover, the differ-
ent training dynamics between the VOF variant and the two phase-field versions of the PINNs are
reflected in the reconstruction accuracy of the gas-liquid interface. The accuracy of PF-PINNs-v2
with €y = 0.01 sharply drops between training epochs two and three, which correlates to the con-
vergence of L, below L4 + = 0.03, which marks the point in training at which the physics-informed
losses are introduced. A potential cause might be the onset of the identity loss for the chemical
potential that couples the phase distribution to the chemical potential, which at that point in the
training is still in the condition of the random initialization. Consequently, the randomness of
distribution and magnitude of the chemical potential might introduce an erroneous objective for
the phase distribution through the identity loss, as long as the prediction for the chemical potential
is not yet sufficiently converged. An increase of the capillary width from ¢y = 0.01 to ¢y = 0.05
helps to mitigate this issue, leading to a substantial improvement in reconstruction accuracy, as
shown in Figure 7.3. However, the previously observed phenomenon remains to some extent, as
evidenced by the plateau in accuracy between epochs one and four. Further improvement could
be reached by an additional data loss for the chemical potential, as the prediction of the chemical
potential could be optimized prior to the onset of the physics-informed losses.
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from a simulated droplet during the droplet (left) in comparison to the ground truth simulation data (right).
impingement. The contour of the gas-liquid interface is indicated by the black solid line.

Figure 7.5: Snapshot from the validation data set (a) and respective in-plane reconstruction (b) by VoF-PINNs.
Figure adopted from [DKKT24].

The impact of the different formulations of the governing equations of the VOF and phase-field
PINNSs on the prediction of the gas-liquid interface is further investigated by the comparison of the
spatial distribution of the phases in the predictions returned by VoF-PINNs and PF-PINNs-v2.
Figure 7.4 shows the predicted phase distribution in the in-plane and out-of-plane direction for one
sample from the validation subset of the DF'S dataset in comparison to the ground truth and the
respective error distributions. The comparison of the error distributions reveals that the prediction
of PF-PINNs-v2 with ¢y = 0.01 features a less diffuse edge in the out-of-plane direction compared
to VoF-PINNs, while both models predict a rather sharp in-plane phase distribution. These results
indicate that the in-plane reconstruction adheres closely to the shadowgraph contour, while the
out-of-plane reconstruction heavily relies on the trained model of droplet dynamics. For ¢y = 0.05
PF-PINNs-v2 the out-of-plane prediction has a similar degree of diffusion compared to VoF-PINNs.
The different diffusivity of the out-of-plane phase distribution elucidates the influence of the PINNs
on the trained droplet model. A sufficiently small value for € in the phase-field approach encourages
the learning of a more accurately localized gas-liquid interface in comparison to the algebraic VOF
approach, in which the interface thickness is not explicitly considered, but instead, a sharp interface
is assumed while a certain numerical diffusion is accepted.” from [DKK™24, Section 3.1]

Velocity and pressure field prediction The extension of the reconstruction framework by the
proposed PINNs provides the additional capability for the prediction of the three-dimensional
velocity and pressure fields in both phases of the two-phase droplet flow.  “The accuracy of
the velocity and pressure prediction by VoF-PINNs is evaluated on the validation dataset by the
comparison to the ground truth velocity and pressure data obtained by direct numerical simulation
in the phase-field method conducted by Fink et al. [64] [(see Section 5.4 for further details)].
Figure 7.5b shows the predicted in-plane pressure and velocity fields in the center plane of the
droplet (left) in comparison to the ground truth (right) for one snapshot of the synthetic validation
data set displayed in Figure 7.5a. As can be seen, there is a good topological agreement of the
predicted pressure and velocity fields with the ground truth. Furthermore, the prediction of the
pressure reaches a good quantitative agreement in both the in-plane and out-of-plane directions.
The predicted velocity field was found to be accurately reconstructed in the liquid phase but

117



7 Physics-informed learning for spatio-temporal droplet reconstruction

uR ugT Uery wa

: v . 2 v .
_—— T S . . EEE—— _—— T S T . EE——
1.0 —05 00 0.5 1.0-1.0 =05 00 0.5 1.0 0.0000 0.0625 0.1250 0.1875 0.2500 1.0 =05 00 0.5 1.0-1.0 =05 00 0.5 1.0 0.0000 0.0625 0.1250 0.1875 0.2500
u [m/s] u [m/s] u [m/s] w [m/s] w [m/s] w [m/s]

(a) In-plane distribution of the velocity component w. (b) Out-of-plane distribution of the velocity component w.

Figure 7.6: Prediction of VoF-PINNs for the horizontal components of the velocity vector along the center planes
of the droplet in the in-plane and out-of-plane directions (left) in comparison to the ground truth
simulation data (middle), and the absolute error between the prediction and the ground truth (right).
Figure adopted from [DKK124].
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Figure 7.7: Prediction of VoF-PINNs for the vertical component of the velocity vector along the center planes
of the droplet in the in-plane and out-of-plane directions (left) in comparison to the ground truth
simulation data (middle), and the absolute error between the prediction and the ground truth (right).
Figure adopted from [DKK*24].

exhibited larger deviations in the gaseous phase. Similar results were obtained for the prediction
of the velocity in the out-of-plane direction, as illustrated by Appendix Figure C.5b.

The results for the velocity and pressure prediction are illustrated in more detail in Figures 7.6
to 7.8, showing the prediction for the horizontal velocity components v and w in Figure 7.6, the
vertical velocity component v in Figure 7.7 and the pressure in Figure 7.8 in comparison to the
ground truth data and the absolute error distribution for the previous sample of the validation
data. As can be seen, all three components of the predicted velocity field show an overall good
topological agreement with the ground truth data. Due to the symmetry of the problem, the out-
of-plane prediction for velocity component v and the in-plane prediction for w are zero, which was
learned accurately by the network. As indicated by the plots of the absolute errors, the prediction
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(a) In-plane pressure distribution. (b) Out-of-plane pressure distribution.

Figure 7.8: Prediction of VoF-PINNs for the pressure distribution along the center planes of the droplet in the
in-plane and out-of-plane directions (left) in comparison to the ground truth simulation data (middle),
and the absolute error between the prediction and the ground truth (right). The predicted contour
of the droplet gas-liquid interface is indicated by the black solid line overlayed on the prediction
and analogously the ground truth contour is overlayed on the ground truth velocity and pressure
distributions. Figure adopted from [DKK*24].
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of the vertical velocity component v is marginally more accurate in comparison to the horizontal
velocity components, while the in-plane velocity u is predicted marginally more accurate than the
out-of-plane velocity w. These results are consistent over the whole validation data set and are,
furthermore, reflected in the relative L; and Lo errors of the predicted quantities. The averaged
relative Ly errors for all predicted quantities lie between Ly, = 3.4% and Ly ,, = 4.6%, while the
relative Ly errors lie between Lo, = 5.4% and Ly ,, = 8.7%. A detailed overview of the relative
and absolute errors for the prediction of the velocity and pressure distribution can be found in
Appendix Tables C.6 and C.7 for VoF-PINNs and PF-PINNs-v2, respectively. The errors for
the velocity and pressure prediction by VoF-PINNs were consistently lower in comparison to the
prediction by PF-PINNs-v2, which indicates that the proposed VOF approach, in addition to a
more accurate prediction of the interface, also allows a better prediction of the velocity and pressure.
The relative errors of all predicted quantities varied across the validation dataset, which follows
the dynamic deformation of the droplet and exhibits decaying values for velocity and pressure due
to the damped oscillation of the interface. No substantial outliers or clear trend were observed for
the development of the errors, in contrast to the observation of Qiu et al. [173], who found that
low absolute velocities correlated with high relative errors, due to the focus of the optimization on
training samples with large velocities. These results indicate that the proposed PINNs successfully
learned to predict the velocity and pressure consistently during the dynamic deformation of the
droplet. A potential reason for the more consistent results might be the employed training dataset,
which consists mostly of samples with low velocities due to the aforementioned nature of droplet
impingement, which in turn could balance out the influence of the relatively high losses from high-
velocity samples. The evolution of the relative and absolute errors for VoF-PINNs on the subset
of the validation data that features droplet impingement on a structured surface are plotted in
Appendix Figures C.6 and C.7, respectively.

The comparison of the in-plane and the out-of-plane predictions reveals a higher in-plane accuracy
for all predicted quantities. While comprehensive image features from the shadowgraphy contour
are available for the in-plane prediction, the out-of-plane prediction depends on the trained model of
the droplet dynamics and the 3D information encoded in the glare points. However, in comparison
to the prediction of the gas-liquid interface, the available information for the velocity and pressure
reconstruction is even more limited. Only the temporal evolution of the interface contour and
the glare points provide some cues for the reconstruction, as the bulk of the shadowgraph does
not carry any information for the velocity and pressure, as opposed to the phase distribution.
Consequently, only the in-plane velocity at the contour and the glare points can be predicted with
the support of image features, while the rest of the flow topology and pressure distribution have
to be inferred from the trained model of droplet dynamics. The capability of the proposed PINNs
to infer the three-dimensional distribution of these hidden quantities from the limited information
in the input images demonstrates the capability of the physics-informed learning approach.

As observed in Figures 7.6 and 7.7 the accuracy of the velocity prediction inside of the droplet is
higher in comparison to the outside. A likely cause for this difference is the significantly greater
contribution of the physics-informed losses for the momentum equation in the liquid phase in
comparison to the gaseous phase, due to the higher density and viscosity, which leads to higher
residuals in the liquid phase and, thereby, focuses the optimization of the physics-informed losses
on the inside of the droplet. Another source of prediction discrepancies in the outer region, farther
from the interface, might arise from the outer boundary condition applied in the simulation (zero-
gradient for velocity), which was intentionally omitted in the PINN implementation. This omission
is deliberate, aiming to better capture arbitrary realistic distributions observed at the boundaries
in experimental shadowgraphs. Furthermore, the errors in the vicinity of the gas-liquid interface
are significantly lower compared to the rest of the domain, which is most obvious for the prediction
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7 Physics-informed learning for spatio-temporal droplet reconstruction

of the pressure distribution (see Figure 7.8). These results are likely related to the local refinement
of the sampling points at the interface and the residual-based weighting. The higher density of the
sampling points for both the data and physics-informed loss calculation focuses the optimization on
the interface, while the residual-based weighting further reinforces the physics-informed losses at
the interface. As can be seen most saliently in Figure 7.7(a) the prediction by the PINNs completes
the velocity field in a physically reasonable manner, which indicates a certain capability for the
extrapolation of prediction outside of the training data domain.

The successful prediction of the three-dimensional flow topology in combination with an improve-
ment in the accuracy of the gas-liquid interface reconstruction on the synthetic data validates the
proposed approach based on PINNs. The optimization of the phase distribution and velocity field
is mutually dependent, as they are coupled by physics-informed loss derived from the residuals of
the interface evolution equation. Thereby, the learning of an accurate velocity distribution at the
interface promotes the learning of the interface location and vice versa. The accurate prediction
for both the phase distribution and the velocity field in combination with low residuals for the
interface evolution equation at the end of the training indicates that the underlying physics were
successfully encoded in the neural network during the optimization of the PINNs. The developed
PINNs were optimized towards a high accuracy of the gas-liquid interface, which supports an im-
provement of the velocity and pressure prediction by a different weighting of the loss terms during
optimization.” from [DKK™'24, Section 3.1]

7.3.2 Reconstruction of experimental data

“The PINNs that were trained and validated on the synthetic data [are employed] for the reconstruc-
tion of images recorded in the experiments by means of the glare-point shadowgraphy technique
in order to evaluate their effectiveness in real-world applications. The same experimental data of
droplet impingement on structured [hydrophilic polylactide (PLA) and hydrophobic Polydimethyl-
siloxane (PDMS) substrates that have been| [...] used for the evaluation of the baseline data-driven
reconstruction technique [(see Section 6.1.2) is considered] to allow for a quantitative comparison
of the reconstruction performance of both approaches. The following evaluation focuses on the
VOF version of the developed PINNs, VoF-PINNs, which achieved superior performance among
the three candidate models on the synthetic validation data.” from [DKK™24, Section 3.2]

Figure 7.9: Out-of-plane reconstruction by the DFS-GP (left half) and VoF-PINNs (right half) for three different
recordings from the experiments involving droplet impingement on the structured PDMS substrate at
an observation angle of ¢ = 45°. The droplet geometry reconstructed by VoF-PINNs is mirrored ver-
tically to allow for a direct comparison of the reconstructed contours. Figure adopted from [DKK*24].
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7.3 Results and Discussion

Gas-liquid interface reconstruction “Overall, |...] a substantial improvement of the reconstruc-
tion accuracy by the proposed PINNs [was found| in comparison to the data-driven baseline DF'S-
GP for the prediction of the gas-liquid interface on experimental data. The visual inspection of the
reconstruction results for experiments with both substrates at different observation angles reveals
that the gas-liquid interfaces reconstructed by the PINNs are smoother and more consistent over
time in comparison to the reconstruction of DFS-GP. A comparison of the reconstruction results
obtained by DFS-GP and VoF-PINNs is shown in Figure 7.9. The curvature of the interface
reconstruction by VoF-PINNs appears to be more physical, as small-scale features with a high
curvature that can be observed for the purely data-driven reconstruction are not present in the
reconstruction by the PINNs. At the considered We-number, such features are unphysical, as the
surface tension of the gas-liquid interface counteracts the formation of high curvatures. These
results indicate that the consideration of surface tension in the momentum equation of the PINNs
had a positive regularizing effect on the optimization of the neural network that led to a more
physical reconstruction of the gas-liquid interface. Furthermore, the temporal evolution of the
gas-liquid interface appears to be smoother for the reconstruction of the PINNs in comparison
to the data-driven baseline, as the volume of the droplet remains more stable in time, unlike the
fluctuation of the volume observed in the purely data-driven reconstruction.
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Figure 7.10: Temporal evolution of the normalized integral volume of the reconstruction for droplet impingement
on the structured PDMS substrate at ¢ = 90° observation angle with VoF-PINNs and DFS-GP.
Figure adopted from [DKK124].

These results are illustrated in Figure 7.10, which shows the temporal evolution of the normalized
integral droplet volume for the reconstruction of VoF-PINNs and DFS-GP for experiments that fea-
tured droplet impingement on the structured PDMS substrate at an observation angle of ¢ = 90°.
Throughout the entire period of time, the reconstruction of the PINNs lies significantly closer to
the ground truth volume, indicated by the black line, and hence remains more conservative. Both
reconstruction techniques exhibit larger errors immediately after the impingement of the droplet,
which correlates with the strongest droplet deformation. However, the maximum error is signifi-
cantly reduced by VoF-PINNs as compared to DFS-GP. Furthermore, the prediction of DFS-GP
underestimates the volume of the droplet on average, while the average prediction of VoF-PINNs
is close to the ground truth volume. Consequently, VoF-PINNs achieves a significantly lower un-
certainty and bias error of the reconstructed volume of the droplet in comparison to DFS-GP.
Specifically, VoF-PINNs reaches an average uncertainty of oy = 2.0% and bias error of dy = 2.2%
in comparison to oy = 6.2% and bias error of dy = 5.7% by DFS-GP, effectively reducing the er-
rors by a factor of three. It should be noted, that while a dedicated effort was made to ensure a fair
comparison of the PINNs with the data-driven baseline model, both approaches require a different
optimization, including tuning of hyperparameters and weighting of the loss terms. Consequently,
the optimization of both networks and, in turn, their reconstruction performance could still be
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Figure 7.11: Snapshot from the experiment involving droplet impingement on the structured PLA substrate (a)
and iso-contours of the prediction by VoF-PINNs, phase distribution « indicating the gas-liquid
interface (b), pressure p (c), horizontal velocity component u (d), vertical velocity component v (e),
and horizontal velocity component w (f). Figure adopted from [DKK™T24].

further improved, thus changing the comparison of the performance. It should be noted, that a
second version of the baseline data-driven model was trained with the same set of hyperparameters
as the PINNs for a direct comparison, which yielded very similar results to DFS-GP. The substan-
tial improvement of the reconstruction accuracy of the gas-liquid interface by the PINNs, however,
suggests that the introduction of further prior knowledge through the physical constraints during
training is an effective measure to enhance the trained model of the droplet dynamics. The lower
errors by the PINNs in comparison to the data-driven baseline are consistently achieved for the
reconstruction of all considered experiments, involving the impingement of droplets on structured
PLA and PDMS substrates at different observation angles, as detailed in Appendix Table C.8. This
includes varying degrees of gas-liquid interface deformation, as the impingement on the hydropho-
bic PDMS substrate leads to noticeably greater deformation of the droplet, demonstrating that
the developed PINNs are adaptable towards different experimental conditions. Consequently, the
developed PINNs, which were trained on two cases of numerical simulation, are able to generalize
to different fluid mechanical conditions. Furthermore, the enhancement of the predictive accuracy
for the gas-liquid interface that was observed for the reconstruction of the synthetic validation data
carried over well to the prediction of experiments, which indicates that the approach of training
on synthetic data is suitable for the proposed PINNs.” from [DKK™24, Section 3.2]

Velocity and pressure reconstruction “Figure 7.11 shows the inferred velocity and pressure dis-
tribution by VoF-PINNs for one snapshot of the experiments involving droplet impingement on
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the structured PLA substrate. As can be seen, the PINNs are able to infer the continuous three-
dimensional flow field inside of the droplet from a single input image. The comparison to snapshots
at similar time instances and with comparable droplet geometries in the numerical simulation re-
veals that for some samples the velocity and pressure were inferred in a physically reasonable
manner, while other frames yielded unphysical results. In particular, the velocity prediction failed
at time instances that coincide with the inflection points of the droplet’s motion at which the
acceleration of the gas-liquid interface approached zero and the velocity changed sign. Notably,
the first of these inflection points, which occurred during the transition from the spreading phase
to the receding phase (see [Section 2.2.2 and| Rioboo et al. [180, 181] for further details), was
correctly predicted by the PINNs. However, the second inflection point at the end of the receding
phase and the transition to the second spreading phase resulted in a high uncertainty of the velocity
prediction, indicated by large fluctuations of the predicted velocity field. This behavior repeated at
the following inflection points. Furthermore, the deformation of the droplet led to a self-occlusion
of the gas-liquid interface in the input image, which resulted in increased errors in the velocity
prediction. In contrast, the pressure prediction remained physically reasonable and similar to the
validation data of the numerical simulation throughout the dynamic deformation of the droplet.
In particular, the elevated dynamic pressure close to liquid-solid contact upon impact and the
negative Laplace pressure at the negatively curved regions of the interface (cp. Figure 7.11c) were
successfully reconstructed for different experimental conditions. While the inference of the veloc-
ity and pressure yielded accurate results for the synthetic validation data, these results could only
partly be reproduced on the real data distribution, which involved different experimental conditions
and, thereby, different droplet geometries in comparison to the training data. Consequently, the
ability for the prediction of the velocity and pressure did not generalize as well as the prediction
of the gas-liquid interface. This issue is likely related to the scarcity of information available for
the velocity and pressure prediction. These results further substantiate the hypothesis that the
predictive capability for the phase distribution generalizes well to novel droplet geometries due to
the extracted image features, which provide additional information on the gas-liquid interface, but
only indirectly for the velocity and pressure. The inference of the velocity and pressure thus relies
more on the trained model of droplet dynamics. Consequently, the addition of further information
in the images related to these quantities would likely improve the generalization capability toward
different experimental conditions. Furthermore, the optimization of the PINNs was focused on the
accurate prediction of the gas-liquid interface by a specific weighting of the loss terms. Therefore,
improved results for the prediction of the velocity and pressure distributions can be expected for an
increased relative weighting of the velocity and pressure data loss terms.” from [DKK™'24, Section
3.2]

7.4 Concluding remarks regarding physics-informed learning
of droplet dynamics

The presented results demonstrate that the introduction of additional prior knowledge to the recon-
struction framework through physical constraints based on the governing equations of two-phase
flows significantly enhances the accuracy of the gas-liquid interface reconstruction while extend-
ing the capabilities toward the prediction of three-dimensional field information for the velocity
and pressure. The physics-informed losses, in particular the residuals of the interface evolution
equation, couple the learning of the gas-liquid interface location and the velocity distribution at
the interface. The accurate reconstruction of the interface location and the velocity field around
the gas-liquid for the synthetic validation data in combination with low residuals of the interface
evolution equation reveal that this relationship was learned well by the PINNs. Furthermore, the
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7 Physics-informed learning for spatio-temporal droplet reconstruction

consideration of surface tension in the momentum equation was found to result in a more physically
correct prediction of the interface as indicated by a smoother surface with lower local curvature.
This saliently demonstrates that the governing equations were successfully encoded in the neural
network during optimization.

The improvements in the accuracy of the gas-liquid interface reconstruction that were observed
for the synthetic validation data translated well to the reconstruction of real image data recorded
in the experiments, leading to a significantly reduced uncertainty and enhanced temporal con-
sistency of the reconstruction. Thereby, the developed PINNs exhibit significant generalization
capabilities, demonstrated by the accurate reconstruction of experiments that considered different
fluid mechanical conditions for the droplet impingement in comparison to the synthetic training
data, which led to different states of droplet deformation. This generalization capability can be
attributed to the prediction on the basis of image features extracted by the hourglass network that
provide additional information on the spatial location of the gas-liquid interface to the PINNs.
Moreover, these results confirm that the synthetic training data based on two cases of numerical
simulation is suitable for training PINNs for a highly accurate gas-liquid interface reconstruction

in the experiments.

“The developed PINNs offer prospects for the prediction of continuous three-dimensional velocity
and pressure fields for both phases. The accurate quantitative prediction of velocity and pressure
distributions on synthetic data, along with the promising reconstruction results for the flow topol-
ogy on real measurement data, demonstrate that the inference of these hidden quantities from
optical experiments using PINNs is feasible, though further development is needed to ensure reli-
able results. Since the proposed PINNs were optimized for the accurate prediction of the gas-liquid
interface, adjusting the loss weighting could improve velocity and pressure learning. Additionally,
incorporating more measurement data for the velocity or pressure could be beneficial for enhanc-
ing the accuracy of these predictions. The direct processing of images obtained by particle image
velocimetry by the proposed convolutional-feature enhanced PINNs appears likewise feasible and
promising.” from [DKK™24, Section 4]

“The simplicity of the VOF approach in combination with a superior accuracy of the predicted
phase distribution and interface location in comparison to the phase-field approach renders it more
suitable for the considered two-phase droplet flows. However, the explicit modeling of interface
thickness in the phase-field approach enables the learning of thin interfaces, which may be valuable
for certain applications. The control of interface thickness was identified as an important parameter
for optimizing phase-field PINNs. Additionally, predicting the chemical potential separately in
phase-field PINNs significantly improved neural network optimization and predictive accuracy,
while reducing computational demands by avoiding the calculation of fourth-order derivatives in
the Cahn-Hilliard equations, leading to faster training with fewer computational resources.” from
[DKK™24, Section 4] The challenge of learning the sharp interfaces in two-phase flows by means of
PINNs was successfully addressed by the local refinement of sampling points around the interface,
as demonstrated by the particularly accurate reconstruction of the flow topology at the interface.
“A further improvement of the reconstruction accuracy can potentially be achieved by feature
expansion techniques, such as Fourier feature mapping [219], which has been shown to mitigate
the spectral bias of neural networks towards lower frequencies and, thus, might facilitate the
learning of a sharp gas-liquid interface. This approach has recently been applied successfully for
the learning of 3D representations [219] and PINNs [243].” from [DKK™*24, Section 4| Currently,
the calculation of the derivatives in the physics-informed network does not consider the implicit
dependence of the derivatives on the computation of the pixel-aligned features in the hourglass
network. In order to obtain exact derivatives and facilitate a more accurate calculation of the PDE
residuals, this implicit dependence should be considered in future work.
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7.4 Concluding remarks regarding physics-informed learning of droplet dynamics

The proposed PINNs are a promising approach for the post-processing of two-phase flow experi-
ments, as the accurate measurement of the interface position can be easily obtained by the shad-
owgraphy technique for various two-phase flows, whereas a direct measurement of field information
for the velocity and pressure across the whole domain is often complicated or impractical. There-
fore, the prediction of the three-dimensional flow field from simple optical experiments opens up
new possibilities for the research of two-phase flows. The physically correct reconstruction of a
smooth interface recommends the PINN approach for the application in the distortion correction of
PIV measurements conducted within the curved interface of adhering droplets. Here, the accuracy
of the distortion correction can be significantly enhanced, as the proposed PINNs enhance both
the global shape of the reconstructed droplet and the local curvature of the interface, which are
crucial for correctly mapping the PIV image — distorted by refraction at the interface — back to
the object plane inside the droplet.
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8 Conclusions and Outlook

This thesis investigates the feasibility of the spatio-temporal reconstruction of gas-liquid interfaces
in droplet flows by means of deep learning techniques. Particularly, a data-driven framework is
developed for the time-resolved three-dimensional reconstruction of the interface from monocular
optical measurements. The investigation of fluid flows inside liquid droplets by particle image
velocimetry (PIV) necessitates a correction of the distortion caused by the refraction of light at
the curved gas-liquid interface to ensure accurate velocity measurements. The distortion correction
for significantly deformed and temporally variable gas-liquid interfaces requires the instantaneous
three-dimensional shape of the interface. Moreover, the constraints of limited optical access in
the experiments demand the development of single-camera techniques. The review of existing
two-phase flow reconstruction techniques based on optical measurements reveals that monocular
reconstruction of three-dimensional gas-liquid interfaces is an ill-posed problem due to ambiguities
in the projection of the 3D interface onto a 2D image and the scarcity of information in the
images. This issue is conventionally addressed by imposing constraints derived from geometrical
assumptions, such as symmetries or simple shapes (e.g., ellipsoids or spherical caps), which limit the
spatial accuracy of the reconstruction. Therefore, the accurate reconstruction of highly deformed
interfaces currently requires multi-camera setups. However, recent advancements in deep learning
techniques have led to data-driven approaches that leverage prior knowledge from training data to
facilitate the monocular volumetric reconstruction of complicated geometries despite incomplete
information in the images. This context gives rise to the central research question of this thesis:
Can data-driven techniques be used for three-dimensional and time-resolved reconstruction of gas-

liquid interfaces in droplet flows on the basis of optical measurement techniques?

To address this question, first, a data-driven reconstruction framework was conceptualized with
the central scope of incorporating additional information on the gas-liquid interface and available
domain knowledge to alleviate the ill-posedness of monocular spatio-temporal reconstruction by
additional constraints. This framework combines a novel and purposefully developed optical mea-
surement technique with a data-driven reconstruction technique based on neural networks. The
reconstruction task was formulated as a supervised learning problem, in which a neural network is
trained on a labeled dataset comprised of input glare-point shadowgraphy images and output three-
dimensional gas-liquid interface shapes obtained by numerical simulation. This approach enables
the employment of state-of-the-art supervised deep learning techniques for volumetric reconstruc-
tion and the incorporation of domain knowledge from the numerical simulation of two-phase droplet
flows. Synthetic training data generation is employed to address the inherent matching problem of
the experimental and numerical data, which stems from uncertainty in the experiments, as well as
modeling and approximation errors in the simulation, and leads to a different shape of the droplets.
An image generation pipeline that employs physically-based rendering to accurately reproduce the
optical phenomena involved in image formation in the experiments was developed to provide suit-
able training data for the network. The synthetic image generation was validated by comparison
to the experimental data and, lastly, the successful generalization of the neural networks trained
on the synthetic data to the real-world application confirmed the effectiveness of the approach.

The issue of limited information on the three-dimensional shape of the gas-liquid interface in
the experimental image data was addressed by the purposeful development of a novel optical
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measurement technique. Among the plethora of measurement techniques employed for interface
reconstruction in two-phase flows, the shadowgraphy technique is favored due to its high spatial
accuracy and simplicity, which facilitate its application in a variety of experimental setups. To
improve upon this technique, a novel optical method was introduced that extends the canonical
shadowgraphy by glare points from lateral light sources to encode additional 3D information on
the gas-liquid interface in the images. A comparative experimental study with the standard shad-
owgraphy demonstrated that the additional glare points significantly improve the accuracy of the
interface reconstruction, in particular, the depth estimation. This demonstrates that the glare
points are an effective measure for encoding additional information on the three-dimensional shape
of the gas-liquid interface in the images, which is successfully exploited by the neural network.
Feature visualization techniques elucidated that the convolutional neural network progressively
refines the interface prediction by the information contained in the glare points during feature
extraction. Furthermore, the high spatial accuracy and contrast of the gas-liquid interface in the
images offer a strong basis for the in-plane reconstruction, which — combined with the specialized
convolutional neural network architecture that extracts local high-resolution features — allowed for
a high accuracy and generalizability of the in-plane reconstruction. These results demonstrate that
the harmonization of optical measurement techniques with deep learning image processing meth-
ods — through the integration of complementary approaches and coordinated joint development —
leads to significant synergies.

The introduction of available domain knowledge from numerical simulations and analytical ap-
proaches for constraining the ill-posed problem of monocular spatio-temporal reconstruction was
developed in two stages. In the first stage, the results of numerical simulations were incorporated
into the reconstruction framework through supervised learning of the neural network on numer-
ical data of the three-dimensional gas-liquid interface. The reconstruction results show that the
data-driven approach leverages the learned knowledge of the droplet dynamics to fill in missing
information in the input images in a physically reasonable way, where experimental data is un-
available. This was most saliently demonstrated by the successful reconstruction of self-obscuring
gas-liquid interface shapes during droplet impingement. In summary, the prior knowledge acquired
by the neural network from the numerical training data implicitly guides the training of a physically
accurate model of the gas-liquid interface dynamics. In the second stage, the governing equations of
two-phase flows were directly integrated during the optimization of the neural network by means of
physics-informed neural networks (PINNs). The existing neural network architecture was extended
for the prediction of the three-dimensional velocity and pressure distribution. Moreover, additional
physics-informed loss terms were introduced, derived from the residuals of the single-field Navier-
Stokes equation, the continuity equation, and the evolution equation of the phase distribution,
which are encoded in the neural network during the joint optimization of both physics-informed
and data losses. This allows the developed PINNs to seamlessly integrate both sources of prior
knowledge; the data from numerical simulation and the analytical description of the physics by
the governing equations.

The results of the PINN-based approach revealed a significant improvement in the accuracy of the
gas-liquid interface reconstruction. Furthermore, the temporal consistency of the reconstruction
was greatly enhanced, leading to a better conservation of the droplet’s volume in time. The
incorporation of the surface tension through the encoded momentum equations contributed to a
smoother and more physically accurate interface reconstruction, resulting in a visibly improved
quality of the reconstructed gas-liquid interface. Furthermore, the developed PINNs offer the
added capability to predict the continuous three-dimensional velocity and pressure fields for both
phases. While the model successfully predicted these latent fields for the synthetic validation data,
the application to experimental data requires further development to ensure a reliable prediction.
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For the scope of this thesis, however, the inclusion of velocity data at the interface, combined
with the encoded interface evolution equation, encourages the neural network to learn a more
precise localization of the gas-liquid interface, which emphasizes the positive effect of introducing
additional prior knowledge to the network optimization. Overall, the improved accuracy of the
interface reconstruction demonstrates the effectiveness of introducing inductive bias to the data-
driven reconstruction through the physics-informed losses — along with domain knowledge from
the numerical data — to provide the necessary regularization of the ill-posed problem of monocular
volumetric reconstruction.

The capabilities and limitations of the developed reconstruction framework were assessed through
an extensive comparative study, which involved experiments with progressively more complex
droplet phenomena. The results demonstrated that a high accuracy of the gas-liquid interface
reconstruction can be achieved for various droplet flows, including the droplet impingement on
both flat and structured substrates and adhering droplets subjected to external shear flows. These
findings elucidate the ability of the reconstruction framework to train versatile models of the
droplet-gas-liquid interface dynamics. The reliable reconstruction of adhering droplets at signifi-
cantly higher external flow velocities in comparison to the training data demonstrates a substantial
capability for the extrapolation beyond the fluid mechanical conditions covered during training.
Despite the more severe deformation and unknown shapes of the gas-liquid interface under these
conditions, the model largely maintained its accuracy. These findings are further substantiated by
the successful reconstruction of the interface dynamics during droplet impingement on substrates
with unknown wettability. In particular, the in-plane reconstruction generalizes well to unfamiliar
interface shapes, because the prediction of the neural network is based on spatially aligned local
features extracted from the images by the convolutional neural network. Thereby, the shadowg-
raphy contour served as a robust and accurate basis for the in-plane reconstruction. Conversely,
the out-of-plane reconstruction relies more heavily on the trained droplet model of the gas-liquid
interface dynamics due to the sparse and localized information provided by the glare points. The
numerical training data induces a bias of the trained model, particularly obvious in the out-of-
plane reconstruction, which ensures robust depth estimation for unknown interface geometries.
However, this bias leads to the introduction of increasing errors the further the experimental data
deviate from the training data distribution. To optimize reconstruction quality, the neural network
should be trained on a dataset that closely matches the expected experimental conditions. The
preferential direction of the reconstruction should be taken into account during the design of the
experimental setup by aligning the direction of the expected maximum deformation of the interface
with the image plane to exploit the high accuracy of the in-plane reconstruction and assist the
out-of-plane reconstruction.

The effectiveness of this approach was demonstrated by the reconstruction of adhering droplets,
for which the experiment and reconstruction technique were set up complementary to leverage the
symmetry of the problem and, thereby, simplify the out-of-plane reconstruction. The chosen deep
learning technique based on convolutional neural networks for image processing and the implicit
representation of the gas-liquid interface as a level-set function learned by a multi-layer perceptron
proves well-suited for the accurate reconstruction of the dynamic interfaces in droplet flows. The
implicit representation enables the reconstruction of topological changes, such as the formation
of secondary droplets during impingement. Moreover, the reconstruction can be performed at
arbitrary resolutions, including higher resolutions compared to the training data, due to the learned
continuous approximation of the droplet dynamics. Remarkably, even a modest amount of training
data — for the case of adhering droplets, just a single numerical simulation — is sufficient to train
the network. Thereby, smooth meshes of the instantaneous three-dimensional gas-liquid interface
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can be obtained, which are suitable for a distortion correction of PIV measurements conducted
through the curved interfaces in droplet flows.

In conclusion, this thesis demonstrates the potential of deep learning techniques for the accurate
and reliable reconstruction of the spatio-temporal interface dynamics in droplet flows on the basis
of optical measurement techniques. In future work, the suitability of the reconstructed gas-liquid
interfaces for distortion correction in PIV measurements should be investigated experimentally.
The ray tracing approach proposed by Kang et al. [107] and Minor et al. [150] appears promising
for the reconstruction of the original particle distribution by tracing the approximately reciprocal
light path from the distorted images, through the reconstructed gas-liquid interface, to the posi-
tion of the light sheet. Preliminary testing within the developed rendering setup has confirmed
the feasibility of this correction approach. To assess its accuracy, corrected PIV measurements
should be compared with validation data, data from numerical simulations, or a different velocity
measurement technique.

While the reconstruction framework was presented alongside the results for adhering droplets
subjected to external shear flow and droplet impingement on flat and structured surfaces, the re-
construction of other two-phase flow phenomena such as impacts at an angle, splashing droplets,
sprays, and gaseous bubbles in liquids, appears likewise feasible. The general setup of the synthetic
data generation based on the numerical simulation of the flow, followed by physically-based render-
ing can be adapted to provide training data for various two-phase flows, while the neural network
can be trained with as little as one simulation case, which facilitates a straightforward applica-
tion. Improvements in reconstruction accuracy may be achieved by enhancing the visual quality
of synthetic data to more closely resemble real-world data. In addition to the optimization of the
rendering setup, domain adaptation techniques based on deep learning [40] appear promising.

Although the focus of this thesis was on the reconstruction of the gas-liquid interface, initial
promising results for the reconstruction of the velocity and pressure distributions through PINNs
demonstrate the feasibility of such an approach and warrant further investigation. Particularly,
the reliable prediction of these latent quantities has to be ensured through further optimization
of the training dynamics and network architecture. The incorporation of additional measurement
data for the velocity or pressure into the reconstruction framework may be beneficial. For the
further development of the proposed PINNs, integrating well-established methods from numeri-
cal simulations of two-phase flows could prove valuable, as both fields share common principles,
which facilitates a transfer of techniques and knowledge. The developed reconstruction framework
saliently demonstrates the potential for deep learning techniques for the integration of diverse
domain knowledge in experiments, numerical simulation, and analytical models. This approach
effectively regularizes previously ill-posed problems, such as monocular volumetric reconstruction,
by incorporating prior knowledge to provide the necessary inductive biases for a data-driven solu-
tion to the problem. Thereby, this thesis is intended to lay the foundation for future research that
leverages data-driven techniques to integrate diverse domain knowledge to advance toward more
unified models of fluid flows.
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Acronyms and symbols

Acronyms

1D One-Dimensional

2D Two-Dimensional

2D2C Two-Dimensional Two-Component

3D Three-Dimensional

AD Automatic Differentiation

Adam Adaptive Moment estimation

ASC Analytical Spectral Correction

CFD Computational Fluid Dynamics

CMOS Complementary Metal Oxide Semiconductor

CNN Convolutional Neural Network

CSF Continuum Surface Force

DF Droplet impingement on Flat substrates

DFS Droplet impingement on Flat and Structured substrates

DFSSh Droplet impingement on Flat and Structured substrates and droplets in external
Shear flows

DL Deep Learning

DNS Direct Numerical Simulation

DS Droplet impingement on Structured substrates

DSh Droplets in external Shear flows

FC Fully Connected

FDM Fused Deposition Modeling

fps Frames Per Second

GAN Generative Adversarial Network

GO Geometrical Optics

GP Glare Points

GT Ground Truth

GPU Graphics Processing Units
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Acronyms and symbols

10U Intersection Over Union

1Pl Interferometric Particle Imaging
ISC In-Situ color Correction

LED Light-Emitting Diode

LIF Laser Induced Fluorescence

LMT Lorenz-Mie Theory

LSTM Long Short-Term Memory network
ML Machine Learning

MLP Multi-Layer Perceptron

MSE Mean Squared Error

NIR Neutral Interface Reflection

NSE Navier-Stokes Equations

PBR Physically Based Rendering

PDE Partial Differential Equation
PDMS Polydimethylsiloxane

PEMFC Proton-Exchange Membrane Fuel Cell
PIFu Pixel-aligned Implicit Function
PINNs Physics-Informed Neural Networks
PIV Particle Image Velocimetry

PLA Polylactide

PLIC Piecewise Linear Interface Calculation
PMMA Polymethylmethacrylate

PTV Particle Tracking Velocimetry

pX pixels

RelLU Rectified Linear unit

R Reconstruction

RGB Red Green Blue

RMSProp Root Mean Square Propagation

Score-CAM  Score-based Class Activation Map

SiOx Silicon Oxide

SDF Signed Distance Function

SGD Stochastic Gradient Descent

SGDM Stochastic Gradient Descent with momentum
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Acronyms and symbols

SMG
SPD
VAE

VoF

Spatially Modulated Gradient
Spectral Power Distribution
Variational Autoencoder

Volume-of-Fluid method

Latin letter -Upper case

Lo

Na

area

aspect ratio

glare point amplitude of parallelly or perpendicularly polarized light

bias parameter of neuron or neural network

Bond number

order parameter

correction matrix
Capillary number
diameter

dataset

energy

force

mixing energy
convolutional features
Froude number
parameters of convolutional layer
intensity

intensity of activation map
characteristic length
spectral power distribution of light
loss function

L1 distance

L2 distance

mobility parameter
numerical aperture

area ratio

Reynolds number
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Acronyms and symbols

R, reproduction scale
residual
S(2) sigmoid function
S(A) spectral sensitivity of camera
S)L electrical field amplitude of parallelly or perpendicularly polarized light
T time
T(N) spectral transmittance
T transfer matrix
U characteristic velocity
Vv volume
W weight parameters of neuron or neural network
W= updated weight parameter
X input of neuron or neural network
Y ground truth output

Y output of neuron or neural network
A weighted inputs of neuron

We Weber number

Latin letter - Lower case

a droplet radius

ag1,2,3) ellipsoidal droplet half-axis

ag adaptive activation coefficient
a(Z) activation function

b lens radius

d diameter

do initial droplet diameter

dg direction of green light ray
dy(x) direct light transport coefficient
dy direction of red light ray

f force

fr frame rate

Srmix free energy of the interface

g gravitational acceleration
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Acronyms and symbols

90

gr

Te
n;
Ny

ng

Pa
Pgp
bi

Ps

tx

tl()\,l‘)

Uo

up

initial condition

boundary condition

hidden layer

volume force

length

capillary length

level of hourglass network
light transport coefficient
number of quantity

unit vector

interface unit vector

index of refraction

adaptive activation scale factor
pressure

position of aperture

order of glare point

position on image plane
position of surface points
predicted quantity

radius

interface reflectance coefficient
refraction coefficient

spectral reflectance coefficient
body reflectance coefficient
distance

spectral responsivity of camera
time

dimensionless time

transfer coefficient
transmission coefficient
velocity

impact velocity

bulk velocity
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Acronyms and symbols

UCT, contact line velocity

U prediction of physics-informed neural network
v velocity

w velocity

w dimensionless droplet coordinate

T spatial coordinate

T scattering size parameter

Y spatial coordinate

z spatial coordinate

Greek letters - Upper case

r parameter of leaky ReLLU

Ap relative position of blue glare point
Ag relative position of green glare point
AR relative position of red glare point
Ag displacement of droplet

AO contact angle hysteresis

S} contact angle

Oadv advancing contact angle

OcB contact angle in Cassie-Baxter state
Ocq equilibrium contact angle

Orec receding contact angle

Ow contact angle in Wenzel state

d elevalation angle

Q domain

Qg liquid domain

0 gaseous domain

Greek letters - Lower case

@ volume fraction
Q; angle

ayr learning rate

I6] angle
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Acronyms and symbols

Amix

Hg

1251

Pg
M

2l

surface tension coefficient
bias error

capillary width

strain rate tensor

unknown parameters in partial differential equation
scattering angle

rainbow angle

interface curvature

wave length of light
magnitude of mixing energy
dynamic viscosity

dynamic viscosity of gas
dynamic viscosity of fluid mixture
dynamic viscosity of liquid
material property of fluid
density

density of gas

density of fluid mixture
density of liquid
uncertainty

stress tensor

angle of incident light ray
angle of refracted light ray
viscous stress tensor

angle

spatial phase distribution
indicator function

chemical potential

weighting coefficient

Mathematical operators

absolute value

Euclidean norm
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Acronyms and symbols

o(...) partial derivative

D(..) material derivative

0ij Kronecker delta

A difference

\Y Laplace operator

a vector/tensor (bold print)
(.7 vector /matrix transpose

i imaginary unit

160



List of Figures

2.1 Static wetting of an ideal solid surface by a liquid droplet. . . . . .. ... ... ... 9
2.2 Regimes of droplet impingement. . . . . . . .. ... oL Lo 11
2.3 Visualization of an adhering droplet subjected to an external shear flow.. . . . . . . . 12
2.4 Sketch of the parallel light focused shadowgraphy. . . . . . . .. ... ... ... ... 18
2.5 Scattering of light at a spherical water droplet in air in the framework of

geometrical optics. . . . . .. L. 19
2.6 Schematic of a fully-connected feedforward neural network. . . . . . . . .. ... ... 22
2.7 Schematic representation of the process inside a neuron. . . . . . . . . . ... ... .. 22
2.8 Comparison of the hyperbolic tangent, sigmoid, ReLLU, and leaky ReL.U activation

functions. . . . . . . L L e e 23
2.9 Spatial convolution of a 3x3 filter over a 5x5 input. . . . . . .. ... ... ... .. 26
2.10 Schematic of a simple convolutional neural network. . . . . . . . . .. ... ... ... 27
2.11 Schematic of a residual block. . . . . . .. . .. oo 27
2.12 Schematic of the U-net architecture. . . . . . . . . . . ... ... .. ... .. .... 28
2.13 Schematics of physics-informed neural networks. . . . . . . . .. ... ... 29
3.1 Overview of the reconstruction framework. . . . . . . . . . ... ... ... 39
3.2 Sketch of the PIFu neural network architecture. . . . . . . ... ... .. ... .... 40

4.1 Sketch and photograph of the experimental setup of the applied glare-point

shadowgraphy method. . . . . . . . . . . ... 43
4.2 Spectral power distribution of the LED light sources, spectral sensitivity of the

camera, and transmittance of the lenses. . . . . . . . .. ... ... ... .. ..., 45
4.3 Raw color-imaging of an impinging water droplet on a substrate with SiOx-coating. . 48

4.4 Processed color-imaging of an impinging water droplet on a substrate with SiOx-coating. 48
4.5 Mean image intensities of the unprocessed color channels in comparison to the

ASC-corrected color images. . . . . . . .. Lo e 49
4.6 Processed color-imaging with overexposure. . . . . . . . . . .. ... L oL 49
4.7 Red image channel of the frame with a spherical water droplet before impact for

different azimuth angles. . . . . . .. ... Lo Lo 50
4.8 Glare-point intensity measured from the ISC corrected red channel from a

recording of a spherical droplet in the experiments. . . . . . . . . .. ... ... ... 50
4.9 Mie glare-point images calculated by means of Equation (2.36). . . . ... ... ... 50
4.10 Comparison of the glare-point images at particular scattering angles. . . . . . . . .. 50
4.11 Mean image intensities of the color-corrected red and green image channels. . . . . . . 52
4.12 Frame with the lowest glare point intensity at different elevation angles. . . . . . . . . 52
4.13 Renderings of an ellipsoidal cap. . . . . . . . .. .. ... L 54
4.14 Geometrical description of the aspherical droplet and definition of the relative

glare point positions. . . . . . . .. Lo 55
4.15 Positions of the red, green, and blue glare points relative to the shadowgraph

contour of the droplet. . . . . . . . . ... 56
5.1 Optical setup modeled in the rendering environment Blender. . . . . . . . . . . . . .. 62
5.2 Comparison of synthetic images and glare-point shadowgraphy recordings of

spherical droplets at various scattering angles. . . . . . . ... ... L. 64

161



List of Figures

5.3

5.4
5.5

6.1
6.2

6.3

6.4

6.5

6.6

6.7

6.8
6.9

6.10
6.11

6.12
6.13

6.14

6.15

6.16

6.17

6.18

6.19

6.20

6.21

6.22

6.23

6.24

6.25

162

Comparison of the glare-point intensity between the synthetically rendered images
and images recorded in the experiments. . . . . . . . ... ..o
Theoretical intensity of the glare points according to Lorenz-Mie theory. . . . . . . . .
Comparison of synthetic images and recordings from the experiment at similar

time steps. . . . . . L

Symmetries of the droplets gas-liquid interface in different experiments. . . . . . . . .
Experimental setup for the investigation of adhering droplets subjected to external
shear flows and resulting raw recordings. . . . . . . . . ... ... L.
Sketch of the measurement setup for experiments involving droplet impingement

on patterned substrates with gradients in wettability. . . . . . .. ... ... ... ..
Side view of the gas-liquid interface at t = 1.1 ms, 8.0ms, and 19.1 ms after droplet
impingement on the SMG2-substrate. . . . . . . .. ... Lo oL
Bottom view of the gas-liquid interface at ¢ = 1.1 ms, 8.0 ms, and 19.1 ms after
droplet impingement on the SMG2-substrate. . . . . . . . .. . ... ... ... ...
Image of a droplet that is deposited on a structured substrate, binary mask, and
masked image. . . . . . ..o
Image of a spheroidal droplet before impact; intersection and union areas of the
reconstruction and ground truth. . . . . .. ... 0oL o oo
Average 3D-IOU during training on the Dprg and Dpg) synthetic datasets. . . . . . .
Cross-sections of the volume fraction «; prediction by the neural network, ground
truth, and error. . . . . . ... Lo
Score-CAM feature importance for DFS-GP and DF'S on synthetic and real data.
Relative feature importance for DFS-GP in the intermittent levels and the final

level of the hourglass network. . . . . . . . . . . . . . .. ... ... ..
Reconstruction results for droplet impingement on the flat SiOx substrate. . . . . . .
Reconstruction of a frame with self-occlusion of the gas-liquid interface and
respective input image. . . . . . . . .. Lo Lo e e
Contours of the shadowgraph images for deposited droplets on the structured PLA
and PDMS substrates. . . . . . . . . . ...
Temporal evolution of the normalized integral volume of the reconstruction for
droplet impingement on the structured PLA substrate. . . . . .. .. ... ... ...
In-plane and out-of-plane contours of the reconstructed droplet shapes. Figures
adapted from [DKS24]. . . . . . . .
Reconstructed three-dimensional gas-liquid interfaces and corresponding

experimental input images for droplet impingement on the structured hydrophobic
PDMS substrate. . . . . . . . . L
Temporal evolution of the reconstructed volume for droplet impingement on the
structured PDMS substrate. . . . . . . . .. .. L
Comparison of the depth estimation for a time step with a high volumetric error
during the reconstruction of droplet impingement on the structured PDMS

substrate by DFS-GP and DFS. . . . . . . . . . . . .

Reconstruction of the droplet during the wetting of the structured surface by DFS-GP.

Reconstruction by DFS-GP and the respective input images of droplet

impingement with partial rebound and jet. . . . . . . . . .. ... o L.
Envelopes of the droplet motion in the numerical simulation and in the

experiments at different bulk velocities of external flow. . . . . . . . . ... ... ...
Temporal evolution of the reconstructed droplet volume for adhering droplets at
different bulk velocities of external flow. . . . . . . . . ... ... 0oL
Input images and out-of-plane projection of the respective three-dimensional
interfaces for the reconstruction of adhering droplets. . . . . . .. ... .. ... ...
Temporal evolution of the reconstructed in-plane contour for different bulk

velocities of external flow. . . . . . . ... L oL

65
65

66

69

71

72

73

73

74

I0)
7

78
80

80
82

83

83

84

85

86

86

87

88

88

90

90

91

92



List of Figures

6.26

6.27

6.28

6.29

6.30

6.31

6.32
6.33

7.1

7.2

7.3

7.4

7.5

7.6

7.7

7.8

7.9

7.10

7.11

Al
A2
A3
A4

B.1
B.2

C.1
C.2
C.3

C4

Temporal evolution of the reconstructed out-of-plane contour for different bulk

velocities of external flow. . . . . . . . . ... 92
Temporal evolution of the reconstructed wetted area for different bulk velocities of
external flow. . . . . . . 93

Average 3D-IOU of the reconstruction for the models trained on data with only
green glare points DFS-g, DSh-g, and DFSSh-g on the respective validation
datasets during training of the network in comparison to models trained on the

same datasets with red and green glare points DFS-GP, DSh-GP, and DFSSh-GP. . 95
Temporal evolution of the reconstructed volume for droplet impingement on the

patterned PDMS substrate. . . . . . . . . . ... 96
Temporal evolution of bottom view projection of the interface reconstruction by

DFS-g for droplet impingement on the SMG2 substrate. . . . . .. .. ... ..... 96
Volumetric reconstruction at different resolution for the same input image from the
experiment at up = 8.32m/s. . . ... ... L 98
Smoothed volumetric reconstruction at 512% grid nodes resolution. . . . . . . . . . .. 98
Input images with overexposure and higher-order glare points and the respective
reconstruction. . . . . . . L L L Lo L e 100
Schematic of the Convolutional Feature-Enhanced PINN Framework architecture. . . 107
Evolution of the loss terms during training of the VoF-PINNs. . . . . . . . ... ... 114

Average 3D-IOU of the reconstruction for the validation datasets during training of
VoF-PINNs, PF-PINNs-vl, and PF-PINNs-v2 in comparison to the baseline DFS-GP2.115
Phase distribution predicted by VoF-PINNs and PF-PINNs-v2 in comparison to

the ground truth simulation data, and the absolute error. . . . . . . . ... ... ... 116
Snapshot from the validation data set and respective in-plane reconstruction by

VOF-PINNS. . . . . . e s e e e e 117
Prediction of VoF-PINNs for the horizontal components of the velocity in

comparison to the ground truth simulation data, and the absolute error. . . . . . . . . 118
Prediction of VoF-PINNs for the vertical components of the velocity in comparison

to the ground truth simulation data, and the absolute error. . . . . . . .. ... ... 118
Prediction of VoF-PINNs for the pressure distribution in comparison to the

ground truth simulation data, and the absolute error. . . . . . . . .. .. .. ... .. 118
Out-of-plane reconstruction by the DFS-GP and VoF-PINNs for three different

recordings from the experiments. . . . . . ... ..o 120
Temporal evolution of the reconstructed volume for droplet impingement on the

structured PDMS substrate with VoF-PINNs and DFS-GP. . . . .. ... ... ... 121
Snapshot from the experiment involving droplet impingement on the structured

PLA substrate and iso-contours of the prediction by VoF-PINNs. . . ... ... ... 122
Ellipsoidal droplet projected in its rotation plane . . . . . . . . . ... ... ... .. 168
Red glare-point positions on ellipsoidal droplets. . . . . . . . . .. .. ... ... ... 169
Time series of an impinging water droplet with raw channels. . . . . . . ... ... .. 170
Time series of an impinging water droplet with color-corrected channels.. . . . . . . . 171
Modified rendering setup for adhering droplets in external shear flows. . . . . . . . .. 173
Adhering droplet recorded in the experiments and synthetically rendered image. . . . 174
Temporal evolution of the reconstructed volume for adhering droplets. . . . . . . . .. 175
Cross-sections of the predicted volume fraction « for adhering droplets. . . . . . . . . 176
Photographs of the substrates with structured surface, 3D-printed polylactide and
Polydimethylsiloxane. . . . . . . . . ... o 177
Confocal microscopy images of the patterned PDMS substrates with gradients in
wettability. . . . .o 178

163



List of Figures

C.5 Snapshot from the validation data set and respective out-of-plane reconstruction

by VoF-PINNS. . . . . . . o et e e s e e
C.6 Relative L; and Ly errors of the predicted velocity and pressure fields. . . . . . . . ..
C.7 Absolute L; and Ly errors of the predicted velocity and pressure fields. . . . . . . ..

164



List of Tables

5.1

6.1
6.2
6.3

C.1
C.2

C.3

C4

C.5

C.6

C.7

C.8

Overview of the different training datasets used throughout this work. . . . . . . .. 68

Uncertainty and bias error of the reconstructed integral volume for DFS-GP and DFS. 82

Uncertainty of the reconstructed integral volume for different external flow velocities. 91
Average time required for the reconstruction of one time step at different output
resolutions. . . . . ..o 98

Contact angles of the PLA and PDMS-substrates in parallel and transversal direction. 177
Displacement Ag of the droplet during impingement on the gradiented patterned

substrates. . . . . . . L L 177
Uncertainty oy and bias error dy of the reconstructed integral volume for DFS-GP

and DFS. . . . . . e e 178
Uncertainty oy of the reconstructed integral volume for DFS2024D, DSFSH2024D,

and DSH202/D. . . . . o oo 179
Bias error dy of the reconstructed integral volume for DFS2024D, DSFSH2024D,

and DSH202/D. . . . . o o 179
Absolute and relative Ly and Ly errors of the predicted flow quantities u, v, w and

p by VoF-PINNs. Table adopted from [DKK*™24]. . . . .. ... ... ... .. .... 180
Absolute and relative L; and Ly errors of the predicted flow quantities u, v, w and

p by PF-PINNs-v2. Table adopted from [DKK™24]. . . . . ... .. ... ... .... 180
Uncertainty oy and bias error §y of the reconstructed integral volume for DFS-GP

and VoF-PINNs. . . . . . . . et e e 182

165






A Appendix: Glare-point shadowgraphy

A.1 Analytical glare-point derivation

“In this section, the analytical derivation of the position of a zeroth order glare point on an
ellipsoidal droplet that is arbitrarily rotated around its third primary half-axis is detailed.

Points on the ellipsoid can be parameterized as

ps(o,8) = ap+ajcosacosf

+ agcosasinf + azsinq, (A1)

where ag denotes the ellipsoid’s center point and ay; 3 33 denote the ellipsoid’s (orthogonal) primary
—3i3
the normal vector at each point of the ellipsoid surface is known by

half-axes, while o € [ ] and 8 € [0; 27| are the angular coordinates of the point. Furthermore,

n.s(a,8) = azxagcosacosf
+ agxajcosasinf (A.2)
Jr

a; X agsina.
The droplet’s aspect ratio is consequentially defined as

_
e

(A.3)

T

The camera recording the scene is modeled as a pinhole aperture and an image plane behind it.
The droplet’s center point ag and the known position of the pinhole aperture p, from the optical
axis. The image plane has a distance of s; from p, in direction of the optical axis and has the
normal vector

Pa — ao
n,=—— . A4
4 = Tpa —ao] (A-4)

The parallel light of color ¢ producing the glare point is emitted in known direction d. ;. The
direction of the light ray reflected from the droplet’s surface to the pinhole aperture is denoted

dc,O _ Pa — Ps,c ’ (A5)
Hpa — Ps,c

where ps . is the position of the glare point of color ¢ on the droplet’s surface.

A projection of the droplet in its rotational plane including all needed parameters is depicted in
Figure A.1, where the third direction as well as the camera model are omitted for easier visualiza-
tion.
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A Appendix: Glare-point shadowgraphy

Figure A.1: Ellipsoidal droplet projected in its rotation plane with red and green light beams, primary axes aj
and ag, and rotation angle . Figure adopted from [DKS24].

The reflection condition — i.e. the angle of incidence equals the angle of reflection — can be written
as

dc,() ‘Nes = _dc,l ‘e

~ Nes - (dc71 + dc,O) = 0, (AG)

since d.; and the normal vector on the ellipsoid n. ¢ (which corresponds to the point pg ) all have
unit length.

Furthermore, the light direction vectors d.; and the normal vector of the reflection plane must all
lie in one plane, and therefore the conditions

dc,O . (dc,l X ne,s) =0 (A?)

must hold.

Solving the nonlinear system of equations formed by Equation (A.6) and Equation (A.7) yields the
angular coordinates o and 8 of the point ps . on the ellipsoid surface that reflects the light with
the given initial direction into the aperture without crossing the ellipsoid. Since the ellipsoid is a
convex body, the solution is unique.

Subsequently, the intersection between the linear equation
X = Pa + kde (A.8)

and the image plane is given by
ne; - (pi —x) =0, (A.9)

where p; is an arbitrary point on the image plane, yields the position p; . of the glare-point imprint
on the camera sensor.

For a given aspect ratio A, and droplet rotation ¢, this set of equations can be numerically solved
to reproduce the results from the renderings shown in Figure 4.15. The analytical results using
the full set of parameters, as also used in the rendering setup, are shown in Figure A.2 for the red
glare point.

When the pixel positions of the glare points on the sensor Ar and Ag are known, the system
can be solved numerically for the aspect ratio A, and the rotation angle ¢, yielding information
about the droplet shape for a known optical setup. Since the position of a single glare point is
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A.2 Time series of RGB images

Figure A.2: Red glare-point positions on ellipsoidal droplets calculated using the set of equations derived above.
Figure adopted from [DKS24].

enough to close the nonlinear system of equations, the addition of a second glare point allows for

an estimation of measurement errors and consequentially presents a measure for the validity of the
chosen assumptions.” from [DBB'23, Appendix A

A.2 Time series of RGB images

“Comparison of the full series of RGB-frames shortly before and after the drop impact between
the raw images (Figure A.3) and the color-corrected images that result from the processing of the
raw images with the ISC function [see 4.2]|(Figure A.4).” from [DBB*23, Appendix C]|
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Figure A.3: Time series of an impinging water droplet onto a substrate with SiOx-coating; (a) RGB snap shots,
captured with a Photron Fastcam Nova R2 at 7,500 fps; separated (b) blue, (c) green and (d) red
raw channels of (a). Figure adopted from [DBB*23].
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A.2 Time series of RGB images
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Figure A.4: Time series of an impinging water droplet onto a substrate with SiOx-coating; (a) RGB snap shots,
captured with a Photron Fastcam Nova R2 at 7,500 fps; separated (b) blue, (c) green and (d) red
color-corrected channels of (a). Figure adopted from [DBBT23].
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B Appendix: Synthetic image rendering

B.1 Capability of the rendering setup as a digital twin of the
experiment

The rendering setup developed for synthetic data generation in this work accurately reproduces the
system behavior of the optical setup in the experiments as demonstrated in Section 5.3 and, thereby,
serves as a digital twin for the real experiments. The predictive capabilities of this digital twin allow
for the testing of different experimental setups in a virtual environment before the construction
of a physical test rig, thereby saving time and resources. In this capacity, the rendering setup
was employed during the development of the experimental setup for the investigations involving
adhering droplets subjected to external shear flows. The wind tunnel necessary to generate the
channel flow, in which the droplet was placed, was modeled in the rendering setup to accurately
reproduce the dimensions and optical properties of its real counterpart in the experiments. The
wind tunnel consisted of acrylic glass (PMMA), which was modeled in the rendering setup as a
transparent medium with a constant index of refraction n, = 1.459. The modified rendering setup
with the included channel is illustrated in Figure B.1.

Figure B.1: Modified rendering setup including the channel employed in the experiments involving adhering
droplets in external shear flows.

During the testing in the rendering setup, it was found that the lateral light sources needed to
be raised in order to illuminate the droplet at a steeper elevation angle of ® = 60° to ensure a
consistent glare-point signal during the dynamic deformation of the gas-liquid interface. With these
changes implemented, the testing of the modified experimental setup in the rendering environment
revealed, that the glare-point shadowgraphy technique was applicable to the experiments involving
adhering droplets. It was found that the transmission of light from the backlight and the lateral
light sources through the transparent walls of the wind tunnel influenced the intensity of the glare
points and the background in the shadowgraph, but not their respective locations. The two-fold
refraction of the light emitted by the lateral light sources during the first transmission through walls
of the channel at an angle of incidence (see Figure B.1), introduces astigmatism. Since the reflective
glare points are not dependent on the translation of the incident light distribution, as previously
elaborated in Section 5.2, only the shape of the glare points was influenced by this astigmatism, but
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B Appendix: Synthetic image rendering

not their location. The second transmission through the walls occurs at an approximately normal
incident angle, as the side walls of the wind tunnel are aligned parallel to the object plane, and thus
no additional astigmatism arises here. Therefore, the alignment of the wind tunnel and objective
lens in the experiments was determined as crucial for imaging with minimal optical aberration.
The most relevant effect of the channel was the reduction of the light intensity, which occurred due
to the reflection of the incident light at the walls of the channel, and to some minor degree due
to scratches and surface roughness. As the calculation of the light interaction with the channel
resulted in additional computational effort, instead the intensity of the light sources was modified
to reproduce the illumination observed in the experiments without explicitly representing the wind
tunnel in the rendering environment for the synthetic data generation. Thereby, the rendering time
was significantly reduced. Figure B.2 shows a synthetic image of an adhering droplet subjected
to external shear flow rendered on the basis of a gas-liquid interface geometry extracted from the

simulation of [DHK™25] in comparison to an image recorded in the experiments.

Figure B.2: Adhering droplet recorded in the experiments (left) and synthetically rendered image (right).
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C Appendix: Spatio-temporal reconstruction

C.1 Adhering droplets subjected to shear flows

(a) Experiment, ug = 5.85m/s (b) Experiment, ug = 7.58 m/s (c) Experiment, up = 8.32m/s
112 T T T T T T 172 T T T T T T
L,
B
g
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Figure C.1: Temporal evolution of the normalized integral volume of the reconstruction for adhering droplets in
external shear flows at different bulk velocities ug = 5.85m/s, up = 7.58 m/s, and ug = 8.32m/s.
Figure adopted from [DHK™*25].

“The temporal evolution of the normalized integral volume of the reconstructed droplet is presented
in Figure 6.23 for one representative experiment at each evaluated velocity up of the external
flow. These results are further detailed in Figure C.1, showing the evolution of the reconstructed
droplet volume for all cases at the respective velocities ug = 5.85m/s, ug = 7.58 m/s, and up =
8.32m/s. Figure C.2 shows the reconstructed phase distribution represented by the volume fraction
« in comparison to the ground truth data in three orthogonal cross-sections for one example of
the validation data with high errors. As can be seen, the out-of-plane reconstruction exhibits
significantly larger errors in comparison to the in-plane reconstruction, which falls in line with
the observations of the error distribution for a low error sample in Figure 6.9.” from [DHK™25,
Appendix|
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(a) In-plane cross-section
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(b) Out-of-plane cross-section
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(c) Wetted area
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Figure C.2: Cross-sections of the volume fraction «; prediction by the neural network (left), ground truth (middle),
and deviation of the prediction from the ground truth (right). In subfigures (a) and (c) the main flow
direction is from left to right and in subfigure (b) the main flow direction is aligned to the image plane.
Figure adopted from [DHK™T25].
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C.2 Droplet impingement on structured substrates

C.2 Droplet impingement on structured substrates

Y TR

Figure C.3: Photographs of the substrates with structured surface, 3D-printed polylactide (PLA) on the left and
Polydimethylsiloxane (PDMS) on the right. The detail (below) shows the side view on the substrate
at 0° observation angle. Figure adopted from [DKS24].

Table C.1: Contact angles of the PLA and PDMS-substrates in parallel and transversal direction. Table adopted
from [DKS24].

case Oadv Orec Ooq AO
PDMS 0° 115 88 107 27
PDMS 90°| 107 74 97 33
PLA 0° 113 59 76 54
PLA 90° 101 52 63 49

The properties of the substrates used for the droplet impingement experiments in Section 6.1.2 are
further detailed in the following. Figure C.3 shows photographs of the structured PLA and PDMS
substrate in the view from the top and the side, while Table C.1 details the measured contact
angles for these substrates.

Table C.2: Displacement Ag of the droplet during impingement on the gradiented patterned substrates and stan-
dard deviation of the displacement os. The droplet position was calculated as the mean of the left and
right contact line locations detected in the side view shadowgraph.

substrate | Ay [mm] oy [mm]| samples
SMG0 1.165 0.069 6
SMG1 0.588 0.166
SMG2 1.845  0.169
SMG3 1.183 0.142
SMG -0.028  0.043

RN RN |

Figure C.4 shows examples of the patterned substrates with gradients in wettability imaged by
confocal microscopy. The main feature of these substrates is the obvious gradient in the surface
patterning, which consists of densely packed hemispheres with around d;, = 10 pm diameter tran-
sitioning into a flat surface. Further images of the patterned substrates with different lengths of
gradients and details on the manufacturing of these substrates can be found in [50]. Table C.2
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Figure C.4: Confocal microscopy images of the patterned PDMS substrates with gradients in wettability (SMG).

presents the measured horizontal displacement Ay of impinging droplets on these substrates. The
displacement of the droplets from the point of impact to the resting position at equilibrium was
measured from the detected contours in the side view shadowgraph.

Table C.3: Uncertainty oy and bias error dy of the reconstructed integral volume for DFS-GP and DFS in
percent of the ground truth volume for droplet impingement on different substrates. Table adopted

from [DKS24].

case DFS-GP  DFS

oy, oy (in %) | oy Oy oy Oy
flat 3.5 47 51 6.2
PLA 0° 70 99 79 11.7
PLA 45° 29 03 32 6.3
PLA 90° 72 4.5 6.8 6.1
PDMS 0° 9.3 5.1 95 6.9
PDMS 45° 39 7829 93
PDMS 90° 3.7 7.2 43 10.0

In extension to the results presented in Sections 6.3.2 and 6.3.3, the accuracy of the reconstructed
droplet interfaces during impingement on the polylactide (PLA) and Polydimethylsiloxane (PDMS)
substrates on the basis of images recorded at different observation angles is detailed in Table C.3.
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Table C.4: Uncertainty oy of the reconstructed integral volume for DFS2024D, DSFSH2024D, and DSH2024D in
percent of the ground truth volume for droplet impingement on different substrates.

case | DFS2024D DSFSH2024D DSH2024D
SMGO0 6.6 7.5 25.2
SMG1 5.3 5.9 24.8
SMG2 10.5 11.5 43.3
SMG3 8.6 10.2 26.5
SMGY4 9.7 12.3 23.9
avg. 8.1 9.5 28.7

Table C.5: Bias error dy of the reconstructed integral volume for DFS2024D, DSFSH2024D, and DSH2024D in
percent of the ground truth volume for droplet impingement on different substrates.

case | DFS2024D DSFSH2024D DSH2024D
SMG0 2.5 1.0 0.1
SMG1 19.0 22.0 37.0
SMG2 17.6 6.3 19.6
SMGS 4.6 3.4 0.4
SMGY, 17.6 25.5 26.5
avg. 12.3 11.6 16.7

The accuracy of the reconstructed droplet interfaces during impingement on the patterned sub-
strates with gradients in wettability is outlined in Tables C.4 and C.5, which detail the uncertainty
and bias error, respectively, supplementing the presented results in Section 6.3.6.
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C.3 Physics-informed neural networks

Table C.6: Absolute and relative Lj and Lg errors of the predicted flow quantities u,v,w and p by VoF-PINNs.
Table adopted from [DKK™T24].

quantity abs. L abs. Lo rel. Ly rel. Lo

w[m/s|/[%] | 0.0187 0.0500 3.44  7.43
v [m/s]/[%] | 0.0229 0.0403 326 5.43
w [m/s|/|%]| 0.0240 0.0539 4.64 8.71
p [Pa]/[%] 12.81 19.179 458  6.77

Table C.7: Absolute and relative L; and Lg errors of the predicted flow quantities u,v,w and p by PF-PINNs-v2.
Table adopted from [DKK*24].

quantity abs. L abs. Lo rel. L rel. Lo

w[m/s|/[%] | 0.0242 0.0548 5.0 9.19
v [m/s|/|[%] | 0.0344 0.0511 501 7.15
w [m/s]/[%]| 0.0376 0.0711 7.53 12.39
p [Pal/[%] | 20.095 27.700 7.48 10.12

“The results [for the extension of the reconstruction framework by physics-informed neural net-
works| presented in Section 7.3 are further elaborated in the following. Figure C.5b shows the
out-of-plane pressure and velocity fields in the center plane of the droplet predicted by VoF-PINNs
(left) in comparison to the ground truth (right) for one snapshot of the synthetic validation dataset
displayed in Figure C.5a. Tables C.6 and C.7 detail the relative and absolute L; and Ly errors for
the prediction of the velocity and pressure distributions, averaged over the validation dataset for
VoF-PINNs and PF-PINNs-v2, respectively. The evolution of the relative and absolute errors for

prediction ground truth

02 04 06 038

X X
[ |
—150 0 150 300 450 600 —150 O 150 300 450 600
p[Pa] p[Pa]
(a) Synthetic input image rendered (b) Predicted velocity vector field and pressure contours along the center plane
from a simulated droplet during of the droplet in the out-of-plane direction (left) in comparison to the ground
impingement. truth simulation data (right). The contour of the gas-liquid interface is indi-

cated by the black solid line.

Figure C.5: Snapshot from the validation data set (a) and respective out-of-plane reconstruction (b) by VoF-
PINNs. Figure adapted from [DKK™T24].
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Figure C.6: Relative Lj (dashed lines) and Lo (solid lines) errors of the predicted velocity and pressure fields.
Figure adopted from [DKK™24].
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Figure C.7: Absolute L; (dashed lines) and La (solid lines) errors of the predicted velocity and pressure fields.
Figure adopted from [DKK*24].

VoF-PINNs on the subset of the validation data that features droplet impingement on a structured
surface are plotted in Figures C.6 and C.7, respectively.

The results regarding the accuracy of the reconstruction for droplet impingement experiments
with VoF-PINNs are detailed in Table C.8. The images recorded in experiments involving the
impingement of droplets on the structured PLA and PDMS substrates at different observation
angles with respect to the orientation of the surface structure are reconstructed by VoF-PINNs
and the uncertainty, as well as bias errors of the integral reconstructed volume are compared to
the results by [...] [DFS-GP].” from [DKK*24, Appendix]
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Table C.8: Uncertainty oy and bias error dy of the reconstructed integral volume for DFS-GP and VoF-PINNs in
percent of ground truth volume for droplet impingement on different substrates. Table adopted from

[DKK*24].
case DFS-GP VoF-PINNs
avy, 5\/ (in %) [eAVs 5\/ ay 5\/
PLA 0° 7.0 99 2.3 5.1
PLA 45° 29 03 14 1.1
PLA 90° 7.2 4.5 2.2 0.2

PDMS 0° 9.3 5.1 33 3.0
PDMS 45° 39 78 1.3 3.7
PDMS 90° 3.7 7.2 18 0.01
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All data and code that support the findings of this thesis have been made publicly available. This
includes the raw and processed image files from the experiments and the respective code for image
processing, code for the generation of synthetic training data, code related to the training, as
well as the deployment of the neural networks for interface reconstruction, and the weights of the
trained neural networks. In the following chapter, the data and code repositories related to the
individual components of the developed reconstruction framework in this thesis are specified.

The raw and processed image data from the glare-point shadowgraphy experiments involving the
impingement of liquid droplets on structured polylactide (PLA) and Polydimethylsiloxane (PDMS)
substrates used in Section 6.3 are published on KITopen [286]. The image data from droplet im-
pingement experiments on patterned substrates with gradients in wettability are published on KI-
Topen [283], and the image data recorded in the experiments involving adhering droplets subjected
to external shear flows are published on KITopen [284]. The processed image files of the aforemen-
tioned experiments are provided in a format that can directly be inputted to the trained neural
networks to obtain the frame-wise reconstruction of the gas-liquid interface. The code for pro-
cessing raw recordings from glare-point shadowgraphy experiments, including the color-correction
techniques developed in Chapter 4, is published on GitHub [281].

The code for the generation of synthetic training data replicating the recordings from glare-point
shadowgraphy experiments by means of physics-based rendering, utilized in Chapter 5, is published
on GitHub [282]. The related Blender file, containing the modeled rendering setup, is published
on KITopen [281].

The code for the training, deployment, and evaluation of the PIFu neural network, used for the
reconstruction of the gas-liquid interface from glare-point shadowgraphy images in Chapter 6, is
published on GitHub [280]. The code for the training and evaluation of the physics-informed neural
networks (PINNs), developed in Chapter 7, is published on GitHub [285]. Both code repositories
include documentation detailing the requirements and the setup of runtime environments, as well
as the execution of the codes. The weights of the neural networks and PINNs trained on the
different synthetic datasets are published on KITopen [283].
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