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Abstract

This study explores the potential and opportunities for load-specific
optimization of porous structures, with a focus on phase-field-based
optimization. Both simulation and experimental analysis are con-
ducted to evaluate this approach. The study primarily concentrates
on triply periodic minimal surfaces (TPMS), which are complex,
mathematically definable cellular structures used across various ap-
plication and research fields. Due to their versatility and potential
for performance enhancement, these structures are primarily opti-
mized for specific loading cases.
The first part of the investigation examines TPMS structures with
varying porosity gradients. Building on this, a detailed shape op-
timization is carried out, utilizing a modified phase-field approach
tailored to specific loading scenarios. In the subsequent part, a sheet-
based gyroid structure is subjected to structural optimization. Fol-
lowing this, a 3D lattice structure undergoes similar optimization
and is compared to TPMS structures. In the final part, the load-
specific TPMS structures are experimentally investigated, with a
focus on validating the phase-field based optimization.
Overall, this work demonstrates the potential and capabilities of
phase-field based optimization for complex structures. It has been
shown that load-specific phase-field optimization, not only preserves
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characteristic properties but also enhances stiffness in the respective
loading directions.
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Kurzfassung

Diese Arbeit untersucht das Potenzial und die Möglichkeiten der
belastungsspezifischen Optimierung zur Verbesserung der mechanis-
chen Eigenschaften poröser Strukturen, wobei der Schwerpunkt auf
einer phasenfeldbasierten Optimierung liegt. Zur Bewertung dieses
Ansatzes werden sowohl numerische Simulationen als auch experi-
mentelle Untersuchungen durchgeführt.
Diese Studie konzentriert sich hauptsächlich auf dreifach periodische
Minimalflächen (TPMS), welche komplexe, mathematisch definier-
bare Zellstrukturen sind, die in verschiedenen Anwendungs- und
Forschungsbereichen verwendet werden. Aufgrund ihrer Vielseit-
igkeit und ihres Potenzials zur Leistungssteigerung werden diese
Strukturen für verschiedene Belastungsszenarien optimiert.
Im ersten Teil der Untersuchung werden TPMS-Strukturen mit vari-
ierenden Porositätsgradienten analysiert. Anschließend folgt eine
detaillierte Formoptimierung, die auf einem modifizierten Phasen-
feldansatz basiert. Der darauffolgende Teil widmet sich der struk-
turellen Optimierung verschiedener Zellstrukturen mittels der Phasen-
feldmethode. Dabei werden Gyroid-Strukturen sowie 3D- Gitter-
strukturen optimiert und anschließend mit den TPMS-Strukturen
verglichen. Im letzten Abschnitt werden die belastungsspezifisch
optimierten TPMS-Strukturen experimentell untersucht, wobei der
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Danksagung

Schwerpunkt auf der Validierung der phasenfeldbasierten Optimierung
liegt. Insgesamt demonstriert diese Arbeit das Potenzial und die
Leistungsfähigkeit der phasenfeldbasierten Optimierung für kom-
plexe poröse Strukturen. Es zeigt sich, dass die belastungsspezi-
fische Phasenfeldoptimierung durch gezielte Volumenumverteilung
nicht nur die charakteristischen Eigenschaften erhält, sondern auch
die Steifigkeit in den jeweiligen Belastungsrichtungen erhöht.
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1 Introduction

Sections of this chapter are based on the following publica-
tions: [1–7]

In engineering applications, lattice structures are often used to ob-
tain lighter and high-strength materials. These structures are often
copied from nature, which has produced efficient cell structures that
are characterized by high stiffness and strength, such as the bones,
woods, or teeth. These structures are also known as natural en-
ergy absorbers. A characteristic property of natural structures is
the fact that they often have a complex shape with a density gra-
dient [1, 2, 8, 9]. An example of a complex structures, that can be
found in nature, are triply periodic minimal surfaces (TPMS).
TPMS-structures are three-dimensional cells that occur in nature in
many forms, for example in butterfly wings [10] or on the skeletal
plate of a sea urchin [11]. There are a variety of different structures,
for example gyroid, Schwarz diamond and Schwarz primitive struc-
tures [12], which are defined by a mathematical periodic function and
whose surfaces have a mean curvature of zero [2]. The mathematical
formability of the structures allows for a high degree of flexibility
in generating the digital model. Thus, it is possible to individually
adjust the porosity or a porosity distribution through the structure,
as well as the domain size and cell repetitions of a period cell [3].

1



1 Introduction

The structures employed in this study are a single-cell sheet-based
Schwarz diamond structure (hereinafter referred to as ’diamond’),
a sheet-based gyroid structure (hereinafter referred to as ’gyroid’),
and a sheet-based Schwarz primitive structure (hereinafter referred
to as ’primitive’), see Figure 1.1 [3].

Figure 1.1: Examples of TPMS unit cells: a. Diamond; b. Gyroid; c. Primi-
tive [3]

The corresponding formulas, as referenced in equations 1.1- 1.3, are
as follows. The abbreviations x̃ “ x{Lx, ỹ “ y{Ly, and z̃ “ z{Lz

are used for the normalized coordinates, with respect to the unit cell
lengths tLx, Ly, Lzu [13].

0 “

”

sinp2πx̃q sinp2πỹq sinp2πz̃q ` sinp2πx̃q cosp2πỹq cosp2πz̃q

` cosp2πx̃q sinp2πỹq cosp2πz̃q ` cosp2πx̃q cosp2πỹq sinp2πz̃q

ı2
´ δ2

(1.1)

0 “

”

sinp2πx̃q cosp2πỹq ` sinp2πỹq cosp2πz̃q ` cosp2πx̃q sinp2πz̃q

ı2
´ δ2

(1.2)
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1 Introduction

0 “

”

cosp2πx̃q ` cosp2πỹq ` cosp2πz̃q

ı2
´ δ2. (1.3)

As mentioned before, the cell structure is characterized by the num-
ber of cell repetitions in the x´, y´, and z´direction and by the
size of the unit cells tLx, Ly, Lzu [14]. In addition, the parameter δ

controls the wall thickness of the structure [3, 15]. Thus, δ has an
effect on the volume fraction (v˚) of the lattice structure [16]. Ac-
cording to [17, 18], the volume fraction (v˚) and the closely related
parameter porosity Φ are defined in equation 1.4.

Φ “ p1 ´ v˚q ¨ 100r%s (1.4)

with
v˚ “

v

vs
, (1.5)

where v and vs denote the volume of the pore structure and the vol-
ume of the solid structure, respectively [17, 18]. In the literature, v˚

is also referred to as ’relative density’ [18, 19]. As can be seen from
equation (1.4), the higher the porosity, the thinner the cell walls [1].
In addition to their lightweight potential, these cell structures are
characterized by unique properties and shapes that make them at-
tractive for a wide range of engineering applications. For example,
the high surface-to-volume ratio and the two-phase system are very
preferable properties for the development of heat exchangers [20–22].
In particular, the work by Weihong Li et al. [21] has shown that a
comparison between a printed circuit heat exchanger (PCHE) and
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1 Introduction

a heat exchanger with TPMS structures (Schwarz diamond and gy-
roid) shows both a higher thermal performance and a higher Nusselt
number [21]. Furthermore, TPMS structures are of great interest
in the field of tissue engineering, as their topological structure is
similar to that of trabecular bone [2, 23].
Due to the promising and diverse applications of TPMS structures,
various methods of structural optimization approaches are presented
in the literature in order to further enhance specific material proper-
ties. The optimization is usually divided into three categories: size,
shape, and topology [5, 24].
Shape optimization alters the geometry of the structure, whereas its
topological characteristics remain unchanged. In contrast, topology
optimization does also consider topological changes of the struc-
ture [25]. Thus, the resulting structure for topology optimization is
independent of the initial structure, which is not the case for shape
optimization [26]. However, some methods employed for topology
optimization can also be used for shape optimization if the algorithm
is stopped when topological changes start.
There are various objectives in optimization approaches, such as
increasing the effective stiffness [27]. According to Gibson and
Ashby [28], the mechanical properties of porous structures of the
same topology are directly influenced by their porosity. They pro-
pose a correlation between the effective Young modulus and the rel-
ative density, which is known as Gibson-Ashby correlation. Besides
the porosity, the mechanical properties are also strongly influenced
by the topology of the structure [1, 14, 29].
Since the shape and topology play a crucial role in the stiffness, this
work aims to optimize various cellular structures, with a particular
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focus on the previously mentioned TPMS structures, using three dif-
ferent structural optimization approaches tailored to specific loading
cases. The goal is to increase the stiffness of the structures in their
respective loading directions. Particular emphasis is placed on the
previously underexplored optimization of complex porous structures
using a modified phase-field method. Subsequently, some of the op-
timized structures will be experimentally validated. The process is
illustrated in Figure 1.2.

Figure 1.2: Outlined summary of the approach: 1. Structure generation, 2.
Structural optimization, 3. Experimental validation.

The results are based on previously published works [1–7].
In the following sections, the phase-field method, which serves as
the foundation for shape optimization, is introduced in detail. Sub-
sequently, two methods used to physically fabricate and test the
simulated samples are described.
For structural optimization, three different approaches are exam-
ined in detail. The last two approaches are based on the previously
introduced modified phase-field method.
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1 Introduction

1. Manual Shape Optimization (Chapter 4): In this ap-
proach, the porosity of the base structure is adjusted in such a
way that both its distribution and, consequently, the loading
profile are altered [2].

2. Shape Optimization (Chapter 5): In this method, the topol-
ogy of the initial structure is preserved while performing shape
optimization under specific load cases [3, 5].

3. Structure Optimization (Chapter 6): In this approach, the
topology of the initial structure is first specifically adjusted
according to the load requirements, followed by subsequent
shape optimization [6, 7].

After the numerical analysis of the simulated structures, a selection
of the structures is experimentally validated in Chapter 7 [1, 4, 6].
The primary objective of this experimental validation is to verify the
efficacy of the relatively underexplored phase-field based optimiza-
tion methods.
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2 Methodology

The structure generation and the optimization procedure are based,
unless otherwise specified, on the phase-field method and are im-
plemented in the in-house software framework “Parallel Algorithms
for Crystal Evolution in 3D” (Pace3D) [30], which is developed at
the Institute for Digital Materials Science (IDM) of the Karlsruhe
University of Applied Sciences, Germany and Institute for Applied
Materials - Microstructure Modelling and Simulation (IAM-MMS)
of Karlsruhe Institute of Technology (KIT).
As described in [2–7], the objective of Pace3D is to provide a pack-
age for large-scale multiphysics simulations, to solve coupled prob-
lems such as solidification, grain growth, mass and heat transport,
fluid flow and mechanical forces (elasticity, plasticity), to name a
few.
The use of dimensionless quantities enables a scale-independent rep-
resentation of the results, so that the simulations are performed with
a non-dimensionalization. With the help of a conversion table, phys-
ical quantities can be obtained from the results.
For the structural optimization of the structures, the framework for
structural-mechanical simulations is employed for a given loading
scenario, in which the geometry is varied to minimize or maximize
the stored elastic energy. The phase-field based formulation depends
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on its boundary conditions, as explained in more detail below. De-
pending on the boundary conditions, an increase in stiffness results
in either energy minimization or maximization.
Accordingly, the subsequent section offers a general description of
the phase-field method, followed by an analysis of the influence of
the boundary conditions considered in this work on the objective
function of the phase-field method. Therefore, the following sub-
chapters are based on the methodological descriptions from the pub-
lications [3–7].

2.1 Phase-field (general)

As described in [2–7], the structural optimization is based on the
phase-field method, which is a proven tool for problems such as
phase transformations [31, 32] or structural mechanics in multigrain
systems [33, 34] as well as porous structures [35]. For a problem with
N phases, the geometry is described by the tuple ϕ “ tϕ1, . . . , ϕNu

of phase variables ϕαpx, tq. These phase variables indicate whether
phase α is present at a point x or not, corresponding to values of 1
or 0.
Instead of a sharp dividing surface between different phases, a
smooth transition region is employed, resulting in a diffuse inter-
face with finite thickness, where ϕα exhibits values between 0 and
1. Therefore, the phase variable ϕα can be regarded as the local
volume fraction of phase α. This allows for the application of in-
terpolation techniques at the diffuse interface, avoiding the need for
body-fitted meshes in the numerical solution process [36]. The evo-
lution of the phase-field is typically derived from a minimization of a

8



2.1 Phase-field (general)

Ginzburg-Landau free energy density functional, which depends on
the phase-field tuple and the corresponding gradients [37]. Typically,
the free energy functional Fpϕ,∇ϕq “ Fintpϕ,∇ϕq `Fbulkpϕ, . . . q is
additively split into an interfacial contribution Fint and a contribu-
tion of the bulk regions Fbulk [38, eq. (1)]. The latter contribution
may arise from the mechanical strain energy, cf. [39]. If the elastic
energy is the only bulk contribution, like it is the case for the present
work, it is written as

Fbulk “ Felpϕ, u⃗q “

ż

Ω
felpϕ, u⃗q dV “ V f̄elpϕ, u⃗q (2.1)

The interfacial contribution is expressed as

Fintpϕ, u⃗q “

ż

Ω
fgradpϕ,∇ϕq ` fpotpϕq dV (2.2)

comprising a gradient energy density fgrad and a potential energy
fpot. Accordingly, the energy functional for the subsequent analysis
is given by:

Fpϕ, u⃗q “ Fintpϕ,∇ϕq ` Felpϕ, u⃗q ` Fvolpϕq (2.3)

An additional positive contribution Fvol is incorporated which en-
sures the volume preservation. The free energy minimization re-
quires the variation of F to vanish, thus δF “ 0. Variational calculus
can be used to obtain governing equations for all occurring solution
variables. With respect to the phase-field, an additional ansatz re-
garding the relaxation to equilibrium allows obtaining phase-field
evolution equations. Thereby, one way to derive evolution equations
is to use an Allen-Cahn approach [40] which can be formulated with
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a constraint of volume preservation of phases [41].
An Allen-Cahn type phase-field method is employed in this work,
unless otherwise specified.

2.2 Modified phase-field method for structural
optimization

As previously described, for the phase-field based load-specific op-
timization, the objective of the functional is not only to minimize
the phase-field energy Fint but also to account for the strain energy
Fstrain. The strain energy Fstrain is defined as follows:

Felpϕ, upϕqq :“ Fstrainpϕ, upϕqq “

ż

Ω

1

2
Cpϕqrϵpupϕqqs ¨ ϵpupϕqqdx

(2.4)

The stress contribution u and strain ϵ are dependent on the solu-
tion of the elasticity equation with respect to ϕ. Consequently, the
choice of loading cases is crucial for the energy development. In the
following, the different loading cases considered in this study are
distinguished. In the first case, the structure loses its periodicity
in the loading direction. In the other two cases, the periodicity in
the loading directions is maintained. Both boundary conditions of
average strain ϵ̄ and average stress σ̄ are considered for each case.

10



2.2 Modified phase-field method for structural optimization

2.2.1 Boundary condition: non-periodic in all direcitons

In the loading case depicted in Figure 2.1 and discussed in 5.1 (based
on publication [3]), a stress σ ¨n “ t is applied to the upper boundary
in one direction, and a displacement of u “ 0 is set on the lower
boundary. The side boundaries have periodic boundary conditions.

Figure 2.1: Representation of the stress boundary condition, according to the
publication [3]

Based on the previously stated assumptions, the following stress
equilibrium conditions (Eqc) are derived:

Eqc “

$

’

’

’

’

&

’

’

’

’

%

´∇ ¨ pCpϕqrϵsq “ 0 weight force vector

u⃗ “ 0
displacement on the lower
boundary Γu

Cpϕqrϵs ¨ n “ t
stress on the upper
boundary t “ σ ¨ n

(2.5)

The first condition specifies that the elastic stress depends on the
phase-field variable ϕ. Additionally, the adjustment of the phase

11



2 Methodology

ϕ, as carried out within the optimization process, must be in equi-
librium with the elastic tensor. This equilibrium condition applies
similarly to the subsequent two boundary conditions in subchap-
ter 2.2.2 and 2.2.3.
For the following analysis, it is necessary to consider the directional
derivative of the objective function 2.3 with respect to changes in δϕ.
This consideration must also be included in the equilibrium condi-
tion, such that δu “ δupϕq and δϵ “ ϵpδϕq “ ϵpupδϕqq hold. The
corresponding derivative of the local equilibrium condition for the
force vector is given by:

δGgw “

$

’

’

’

&

’

’

’

%

´∇ ¨ ppC 1pϕqδϕqrϵs ` Cpϕqrδϵsq “ 0 weight force vector

δu⃗ “ 0 on the boundary Γu

pC 1pϕqδϕqrϵs ¨ n ` Cpϕqrδϵs ¨ n “ 0
under constant
boundary stress

(2.6)

Similarly, the change in u and ϵ with respect to ϕ from Fstrain 2.4
must be examined. By differentiating, we obtain:

δFstrain “

ż

Ω

1

2
pC 1pϕqδϕq rϵs ¨ ϵdx `

ż

Ω
Cpϕq rϵs ¨ δϵdx, (2.7)

While the first term of Equation 2.7 represents the driving force for
elasticity, the second term, with its dependencies, presents a chal-
lenge.

12



2.2 Modified phase-field method for structural optimization

This challenge is addressed by considering the first equilibrium con-
dition in Equation 2.6 and multiplying it by the displacement field
u

0 “

ż

Ω
r´∇ ¨ ppC 1pϕqδϕqrϵs ` Cpϕqrδϵsqs ¨ udx (2.8)

The subsequent partial integration results in:

0 “
ż

Ω
ppC 1pϕqδϕqrϵs ` Cpϕqrδϵsq ¨ ϵpuqdx´

ż

δΩ
rpC 1pϕqδϕrϵs ` Cpϕqrδϵs ¨ ns ¨ uds

(2.9)

The boundary integral
ş

δΩ at the lower boundary is zero due to
the previously specified boundary condition that the displacement is
zero there. The integral at the lateral boundaries also vanishes due
to periodicity. At the upper boundary, the prefactor of u vanishes
by the third equation in 2.6. Exploiting the symmetry, this allows
the following transformation:
ż

Ω
Cpϕqrϵs¨δϵdx “

ż

Ω
Cpϕqrδϵs¨ϵdx “ ´

ż

Ω
pC 1pϕqδϕqrϵs¨ϵdx (2.10)

Back to the derivation problem of the strain energy in equation 2.7:
here it is now recognizable from the equation just transformed that
the unpleasant 2nd term can be eliminated by using the equation
2.10.

13



2 Methodology

δFstrain “

ż

Ω

1

2
pC 1pϕqδϕq rϵs ¨ ϵdx ´

ż

Ω
pC 1pϕqδϕqrϵs ¨ ϵdx, (2.11)

“ ´

ż

Ω

1

2
pC 1pϕqδϕq rϵs ¨ ϵdx, (2.12)

This transformation shows that the optimization with the previously
described boundary conditions corresponds to the driving force of the
phase-field method with sign change.

2.2.2 Boundary condition: macro_strain

In contrast to the previous subchapter, a strain is specified for the
load case considered here, which leads to an increase in elastic energy
if the stiffness is increased as desired. Furthermore, the periodicity
keeps constant in all room directions. The loading case considered
and described here is based on the publication [5] and is practically
illustrated in Chapter 5.2 using porous structures. This corresponds
to a minimization of ´Fstrain, accordingly the energy functional
changes as follows:

Fpϕ, upϕqq “ Fintpϕ, upϕqq ´ Fstrainpϕ, upϕqq ` Fvolpϕq (2.13)

As before, the gradient of Fpϕ, upϕqq with respect to changes in ϕ

is sought. In this case of load optimization, the boundary condi-
tion periodic_macro is considered. The idea behind this is that the

14



2.2 Modified phase-field method for structural optimization

periodicity is maintained despite an imposed macroscopic average
strain. This corresponds to the following equilibrium conditions:

$

&

%

´∇ ¨ Cpϕqrϵs “ 0 in Ω

uupper “ ulower ` ϵ̄ ¨ x on δΩ
(2.14)

Here, uupper and ulower correspond to the respective opposite edges/sides,
and ϵ̄ represents the mean prescribed strain that is applied.
To resolve the issue that periodicity is theoretically lost due to the
application of a macroscopic strain ϵ̄ ¨ x, ru “ u ´ ϵ̄ ¨ x is intro-
duced. As a result, the boundary condition ruupper “ ru ´ ϵ̄ ¨ x “

pulower ` ϵ̄ ¨ xq ´ ϵ̄ ¨ x “ ulower becomes truly periodic. Additionally,
the following relationship applies accordingly:

ϵpuq “ ϵpruq
loomoon

:“rϵ

`ϵ̄ (2.15)

After substituting ru and the corresponding relationship from Equa-
tion 2.15 into the equilibrium condition 2.14, the following result is
obtained:

$

&

%

´∇ ¨ Cpϕqrϵpruq ` ϵ̄s “ ´∇ ¨ Cpϕqrrϵ ` ϵ̄s “ 0 on Ω

ru periodic on δΩ
(2.16)
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2 Methodology

Accordingly, by substituting into the strain energy 2.4, the following
strain energy rFstrain is obtained for the problem under consideration:

rFstrainpϕ, rupϕq, ϵ̄q “

ż

Ω

1

2
pCpϕqrϵprupϕqq ` ϵ̄s ¨ pϵprupϕqq ` ϵ̄qdx

(2.17)

In this case, one has the following relation of the solution ru with the
objective function:

ru “ rupϕq P argminv,periodic rFstrainpϕ, vq “

argminv,periodic

ż

Ω

1

2
pCpϕqrϵpvq ` ϵ̄s ¨ pϵpvq ` ϵ̄qdx

(2.18)

This follows by differentiating rFstrain with respect to ru and an in-
tegration by parts. When considering the equilibrium condition of
the system, taking into account the elastic deformations and an ex-
ternally applied macroscopic strain,

ż

Ω
Cpϕqrϵpruq ` ϵ̄s ¨ ϵpδruqdx “

(2.19)
ż

Ω
p´∇ ¨ Cpϕqrϵpruq ` ϵ̄sq ¨ δrudx `

ż

δΩ
pCpϕqrϵpruq ` ϵ̄s ¨ nq ¨ δruds “ 0

(2.20)
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2.2 Modified phase-field method for structural optimization

where the boundary integral
ş

δΩpσ ¨ nq ¨ δruds vanishes due to peri-
odicity, leading to the term being simplified as follows:

ż

Ω
Cpϕqrϵpruq ` ϵ̄s ¨ ϵpδruqdx “

ż

Ω
p´∇ ¨ Cpϕqrϵpruq ` ϵ̄sq ¨ δrudx “ 0

(2.21)

Since the derivative F̃strain vanishes in all directions for all periodic
δũ and the change δũpδϕq is necessarily periodic due to the imposed
boundary conditions, the directional derivative of δũpδϕq disappears.

It follows that

d

dϕ
Fstrainpϕ, upϕqq “

δ

δϕ
Fstrainpϕ, upϕqq (2.22)

This results in a correspondence between the total and partial deriva-
tives.

d

dϕ
Fpϕ, upϕqq “

d

dϕ
Fintpϕ, upϕqq ´

δ

δϕ
Fstrainpϕ, upϕqq ` F 1

volpϕq “

d

dϕ
Fintpϕ, upϕqq ´

1

2
C 1pϕqrϵs ¨ ϵ ` F 1

volpϕq

(2.23)

From this derivation, it becomes clear that, unlike in the previous
section, differentiating the function does not result in a sign change
due to the boundary conditions chosen here. Therefore, the same
driving force can be used for both cases, even though in the former
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2 Methodology

one, the strain energy is minimized due to the sign change in the
derivative, while in our current case, the strain energy is maximized
since there is no sign change in the differentiation process.
In the following subsection, the mean stress is specified instead of the
mean strain, while maintaining periodicity in all spatial directions.

2.2.3 Boundary condition: macro_stress

The stress boundary condition considered here applies the mean
stress instead of the mean strain. This subsection is based on the
publications [6, 7]. Accordingly, a displacement field u and a stress
field σ are generated, which should satisfy the condition of period-
icity and, additionally, for a given σ̄, the following holds:

1

|Ω|

ż

Ω
σpϕ, upϕqqdx “ σ̄ (2.24)

In this approach, the mean stress is generated indirectly through
the selection of the mean strain via the displacement boundary con-
ditions. This is done by iteratively solving the elastic equilibrium
for a given ϵ̄pnq and then updating it for the next time step pn ` 1q

according to:

ϵ̄pn`1q “ ϵ̄pnq ` pC̄pϕqq´1 ¨ pσ̄ ´
1

|Ω|

ż

Ω

σpϕ, upn`1qqdxq (2.25)
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2.2 Modified phase-field method for structural optimization

until the resulting mean stress has converged to the desired value.

ϵ̄pnq is initially initialized from the initial value of pC̄pϕqq´1σ̄.
Since the mean stress is determined by choosing the mean strain, as
described in the previous chapter, the driving force is selected as the
elastic energy contribution F̃strain. To account for the new depen-
dencies, the displacement field is decomposed into ũ and ϵ̄ ¨x for the
further analysis, leading to the functional from equation 2.17 now de-
pending additionally on ϵ̄ with respect to ϕ, as F̃strainpϕ, ũpϕq, ϵ̄pϕqq:

F̃strainpϕ, ũpϕq, ϵ̄pϕqq “ (2.26)
1

2
Cpϕqrϵpũpϕq ` ϵ̄pϕqs ¨ pϵpũpϕqq ` ϵ̄pϕqqdx (2.27)

The total derivative of F̃strain depends first on the partial derivative
with respect to ϕ , which — as in the previous case — leads to the
standard phase-field term, the local density 1

2C
1pϕqrϵs ¨ ϵ.

The second dependency, through ũ “ ũpϕq and ϵ̄ “ ϵ̄pϕq, leads to the
term

ş

ΩCpϕqrϵpũq ` ϵ̄s ¨ pϵpδũq ` δϵ̄qdx. In contrast to the previous
case, this term does not vanish, but instead results in a sign reversal.
This can be explained as follows:

By differentiating with respect to the parameters ϕ, ũ and ϵ̄ in the
equilibrium condition ´∇ ¨ pCpϕqrϵpũq ` ϵ̄sq “ 0, the following ex-
pression is obtained:
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´∇ ¨ pCpϕqrϵpδũq ` δϵ̄sq ´ ∇ ¨ ppC 1pϕqδϕqrϵpũq ` ϵ̄sq “ 0 (2.28)

By multiplying with ũ and subsequently integrating, the following
results:

ż

Ω
Cpϕqrϵpδũq ` δϵ̄s ¨ ϵpũqdx “ ´

ż

Ω
pC 1pϕqδϕqrϵpũq ` ϵ̄s ¨ ϵpũqdx

(2.29)

as the boundary terms disappear during partial integration due to
periodicity.
Furthermore, differentiating the condition in equation 2.24 yields:

ż

Ω
Cpϕqrϵpδũq ` δϵ̄sq ` pC 1pϕqδϕqrϵpũq ` ϵ̄sdx “ 0 (2.30)

By subsequently multiplying with the constant ϵ̄, it follows that:

ż

Ω
Cpϕqrϵpδũq ` δϵ̄s ¨ ϵ̄dx “ ´

ż

Ω
pC 1pϕqδϕqrϵpũq ` ϵ̄s ¨ ϵ̄dx (2.31)
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2.2 Modified phase-field method for structural optimization

To obtain the expression for the driving force, one can first make use
of the symmetry properties of Cpϕq to express the contributions of
the changes in ũpδϕq and ϵ̄pδϕq to the strain energy as
ż

Ω
Cpϕqrϵpũq` ϵ̄sq¨pϵpδũq`δϵ̄qdx “

ż

Ω
pCpϕqrϵpδũq`δϵ̄s¨pϵpũq` ϵ̄qdx.

(2.32)
In a second step, one can then eliminate the contributions due to
Cpϕqrϵpδũq ` δϵ̄s ¨ ϵpũq and Cpϕqrϵpδũq ` δϵ̄s ¨ ϵ̄ from the expression
in equations 2.29 and 2.31, leading to

ż

Ω
Cpϕqrϵpδũq ` δϵ̄sq ¨ ϵpũqdx `

ż

Ω
pCpϕqrϵpδũq ` δϵ̄s ¨ ϵ̄qdx “

´

ż

Ω
pC 1pϕqδϕqrϵpũq ` ϵ̄s ¨ ϵpũq ¨ ϵ̄dx ´

ż

Ω
pC 1pϕqδϕqrϵpũq ` ϵ̄s ¨ ϵpũqdx “

´

ż

Ω
pC 1pϕqδϕqrϵpũq ` ϵ̄s ¨ pϵpũq ` ϵ̄qdx

(2.33)

Consequently, the second part of the differentiation problem results
in a factor of ´2 of the contribution from the partial derivative,
leading to the conclusion that, as in the first considered cases, the
total derivative is given by the negative of the partial derivative:

d

dϕ
F̃strainpϕ, ũpϕq, ϵ̄pϕqq “ ´

δ

δϕ
F̃strainpϕ, ũpϕq, ϵ̄pϕqq (2.34)

This leads, after returning to the original unknown u, to:
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d

dϕ
F̃strainpϕ, upϕqq “ ´

d

dϕ
F̃strainpϕ, upϕqq “ ´

1

2
C 1pϕqrϵpuqs ¨ ϵpuq.

(2.35)

For the structural optimization process, the boundary condition
"macro_stress" described herein is integrated with the "hole nucle-
ation" approach presented in Chapter 6.

2.2.4 Hole Nucleation

The process of "hole nucleation" is used for targeted, load-specific
topology modification, as described in publications [6, 7]. Here is
the idea to remove material from less stresses regions. For the stress-
specific volume reduction, material is removed from regions where
the von Mises stress, σvM, of the loaded initial lattice structure falls
below a certain percentage value ρNuc. Firstly, the initial structure
is discretized using a Cartesian grid and linear elastic simulations
to mechanical equilibrium are performed under the considered load-
ing conditions and thus the stress field is obtained. The maximum
maxpσvMq of the von Mises stress across the entire simulation do-
main of the initial structure is determined. Nucleation is considered
if

vM ă ρNucmaxpvMq (2.36)

holds. Thus in cells of the computational grid, where the von Mises
stress is below the threshold value ρNucmaxpvMq the porous phase
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2.3 Experimental validation

is assigned by setting the phase-field values ϕp “ 0 and ϕs “ 1.
The topology adjustment of the structure is carried out in a single
step. Since volume preservation is not enforced in this step, a stress-
specific volume reduction of the structure occurs.

The phase-field based optimization approaches described above are
also experimentally validated. The results of the experimental vali-
dation are summarized in the separate chapter 7.

2.3 Experimental validation

For the experimental validation compression tests are conducted.
The "Inspekt 200" machine from Hegewald & Peschke is used for
this purpose. The testing speeds and the dimensions of the test
specimens comply with international standards and vary depending
on the material of the manufactured samples. In this study, both
porous test specimens made of metal and plastic are used.
For the metallic porous structures discussed in Chapter 7.1.1, the
sample dimensions and test conditions follow the ISO 13314:2011
standard [42]. For the components made of plastic, the interna-
tional ASTM D1621 standard [43] is used as a reference. Detailed
information on the sample sizes and test settings used is provided in
the relevant chapters.

Before the structures can be experimentally validated, the fabri-
cation of the specimens is essential. The investigations into the
fabrication methods employed in this study are described in detail
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2 Methodology

in the following chapter, where two distinct methods are introduced,
varying according to the selected material.
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3 Structure manufacturing

The structure generation for the experimental validation of the struc-
turally optimized samples was conducted using either a metallic ma-
terial or a polymer. Depending on the material, the manufacturing
process and the corresponding standard for sample testing are dif-
ferent.
For the manufacturing of polymer-based samples, the stereolithog-
raphy (SL) process was used, while the microcasting process was
employed for the metallic samples. The individual processes will be
discussed in more detail below.

3.1 Stereolithography Apparatus

Stereolithography Apparatus (SLA) is an additive manufacturing
process that was patented by Charles Hull in 1984. In the stere-
olithography (SL) process, a part is created by computer-controlled
laser curing of a resin, with layer thicknesses typically ranging be-
tween 25-100µm.
Generally, a CAD file is used for stereolithography, which is then
sliced into virtual layers that can be used in the fabrication process
and transmitted to the stereolithography apparatus (SLA). The fi-
nal part creation is based on the curing of a liquid resin (see figure
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3 Structure manufacturing

3.1.3) through photo-initiated polymerization. This polymerization
is triggered by a computer-controlled laser beam (see figure 3.1.2)
and mirrors (see figure 3.1.1), or a digital light projector with a
computer-driven build platform. The corresponding layer is pro-
jected onto the surface of the resin. Subsequently, the platform (see
figure 3.1.4) is moved upwards by the thickness of the cured layer.
This cycle is repeated numerous times until the desired object is
formed. A simplified diagram of a stereolithography apparatus is
shown in Figure 3.1 [44, 45].

Figure 3.1: Schematic representation of stereolithography apparatus (SLA),
based on a gyroid structure: 1. Mirror; 2. Laser; 3. Resin; 3.
Inverted Bed

For the production of metallic samples, the microgravity technique
was employed.
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3.2 Microcast processing

3.2 Microcast processing

This chapter is based on the publication: [1]

In addition to additive manufacturing processes such as selective
laser melting (SLM) or selective laser sintering (SLS), generative
microcast processing can also be used to manufacture complex com-
ponents. This method offers the possibility to produce primitive
and very complex structures, such as TPMS structures, with a wall
thickness of at least 0.12mm in large quantities, in a weight range
between 0.01 g to approximately 30 g. Furthermore, it is suitable for
the development and prototype phase of a product, as different ge-
ometry, design and material variants of a product can be produced
in one manufacturing step. The special feature is that the original
metal alloy such as copper-based, aluminum and zinc alloys or steels
are used for the cast processing. The manufacturing steps of the
cast processing are shown in Figure 3.2, using a gyroid structure.

Figure 3.2: Schematic representation of microcast processing, based on a gy-
roid structure [1]
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3 Structure manufacturing

First, wax models are produced, using a 3D printing process, which
are then attached to a casting tree. In the further manufacturing
process, the casting tree with the added components serves as a lost
model, in which the structures are embedded in a ceramic mass (in
our case gypsum) and burnt out. Then, molten metal is poured
into the negative molds, created by the firing process. After the de-
struction of the ceramic mold, the metal parts can be removed. To
achieve complete removal of the investment material in the narrow
corridors of the TPMS structure, the structure is first blasted with
water. Then the parts are placed in an ultrasonic bath. These two
steps are repeated until no investment material is left.

This manufacturing process is utilized throughout the study to
produce the test specimens for the experimental validation of the
manually shape-optimized gyroid structures with gradients. The
procedure for manual shape optimization is elaborated upon in the
subsequent Chapter 4.
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4 Manual Shape Optimization

For the manual shape optimization, gyroid structures are adjusted
by modifying parameters such as cell size and porosity during the
generation phase. In this context, we specifically focus on adjusting
the porosity distribution.

4.1 Computational design and
characterisation of gyroid structures with
different gradient functions for porosity
adjustment

This chapter is based on the publication: [2]

4.1.1 Computational design

Before mechanical simulations of the structures can be performed,
the digital structures are created on the basis of a spatial algorithm.
For the structure creation, a MatLab [46] source was programmed,
which enables the creation of TPMS structures with and without
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Figure 4.1: Schematic representation of the computational design of the struc-
tures. Generation of the gyroid structures in the MatLab pro-
gram (left) and the workflow for the mechanical simulations with
Pace3D (right).

gradients. The aim of the MatLab program is to create gyroid struc-
tures with adjustable porosities and definable porosity gradients, us-
ing mathematical functions. The TPMS structures are stored in vtk
files, while the further preprocessing of the structures as well as the
simulations are realized with the simulation framework Pace3D [30],
which is presented in Chapter 2.
The corresponding flowchart from the creation of the structures in
the MatLab program to the mechanical simulation is summarized in
Figure 4.1.
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4.1.2 Structure generation

The input parameters used for structure generation, along with the
corresponding algorithm, will be examined separately in the follow-
ing sections.

4.1.2.1 Input parameters

The MatLab program offers the possibility to create structures with
constant and graded porosity. Table 4.1 lists and briefly describes
the required input parameters for the structure generation, while
the individual parameters and their influence are discussed more
specifically in the following.
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4 Manual Shape Optimization

Table 4.1: Input parameters of the MatLab program and their function for the
creation of a gyroid structure.

Input parameter Function

numx Number of unit cells to be
repeated in

numy the x-, y- and z-direction

numz

unitCellSize Size of the unit cells (in mm)

nsteps Resolution of the unit cell

Φmax Maximum and minimum
porosity of

Φmin the cell

func Gradient function

grad With/without gradient
function (1,0)

delta Tolerance range

The input parameters numx, numy and numz specify the number
of unit cells to be repeated in the corresponding direction, while the
parameter unitCellSize defines the physical dimension of the cre-
ated gyroid unit cell. By multiplying unitCellSize with the input
parameters numx, numy and numz, the quantities Lx, Ly and Lz of
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equation (1.2) are obtained, which also represent the total domain
size of the resulting structure in physical dimensions. The parame-
ter nsteps defines the number of voxels that are used to discretize the
gyroid in all directions of one spatial unit cell.
With Φmin and Φmax, the range of the minimum and maximum
porosity is defined. In the MatLab program, the porosity is speci-
fied in the range between [0;1], which represents the more commonly
used expression of 0% and 100% for the porosity. When creating
a gyroid structure with a constant overall porosity, the value from
Φmax is used. The porosity function is defined with the parameter
func. The polynomial degree of the gradient function can be se-
lected between 0 and 2, corresponding to a constant (0), a linear (1)
and a quadratic (2) representation. The input parameter grad de-
termines whether the gyroid structure is generated with or without
gradient by the integer values 1 and 0, respectively. Per default, the
gradient occurs in z-direction.
The parameter delta is mainly responsible for the iterative adjust-
ment of the actual porosity to the target porosity. A tolerance range
is defined that describes the maximum permissible deviation between
the actual porosity of the current layer and the target porosity. For
instance, if the parameter is set to a value of 0.02, this corresponds
to a deviation of the actual data of 2%, compared to the target
porosity function. The smaller the number of this parameter, the
more accurate and longer the program takes to calculate. The tar-
get porosity per cell layer is calculated by the gradient function.
Figure 4.2 shows four different gyroid unit cell structures with a
cell size of 2.5mm, which is generated with 200 steps and a delta

parameter of 0.02. Figures 4.2.a and 4.2.d illustrate a gyroid unit
cell with a constant porosity of 0.8 (a) and 0.4 (d). By looking at
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the two structures, the influence of the porosity on the cell thick-
ness becomes evident. The higher the porosity, the thinner the wall
thickness. The structures 4.2.b and 4.2.c refer to different gradient
functions: linear (b) and quadratic (c) functions. The structures are
in a porosity interval between 0.4 and 0.8.

Figure 4.2: Unit cell of the gyroid structure; gradient with (a) constant func-
tion, with a porosity of 0.8; (b) linear function, with a porosity
from 0.4 to 0.8; (c) quadratic function, with a porosity from 0.4 to
0.8; (d) constant function, with a porosity of 0.4.

4.1.2.2 Algorithm

In the algorithm, the porosity is adjusted step by step. First, the
total volume of an initially generated cell structure is calculated
as a starting point, while the discrete voxel values in the domain
vary between -1 and 1, according to equation 1.2. Once the gradi-
ent function is selected, the superimposition begins in an iterative
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process. Three encapsulated for-loops are used to iterate over the
spatial domain, and a while-loop is responsible for adjusting the
porosity to the target porosity. The adjustment is made by applying
a threshold with values between -1 and 1, which divides the domain
into structure space and tunnels. The specified tolerance limits are
used as the termination criterion of the while loop. In this way, the
target porosity for each 2D layer of the 3D structure can be adjusted
according to the gradient function. If no gradient is selected, the
porosity adjustment is not applied per layer but to the entire cell
structure. For the definition of the gradient function (Φtarget), a
choice between the following three functions is possible so far:

Constant function:
Φtarget “ Φmax (4.1)

Linear function:

Φtarget “ ´
Φmax ´ Φmin

nstepsz

¨ q ` Φmax (4.2)

Quadratic function:

Φtarget “ ´
Φmax ´ Φmin

pnstepsz ´ 3q2
¨ pq ´ 2q2 ` Φmax (4.3)

The constant function calculates a structure with a constant poros-
ity along each spatial direction. For the linear cell gradient, a linear
function with the usual linear structure y “ a ˚ x ` b is used. The
first part of the equation calculates the stepwise increase of the cell
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volume in each cell level (or the decrease of the porosity). Here,
the calculation depends on the number of discrete points (nsteps) in
whose direction the gradient is imposed. In this case, the gradient
extends into the z-direction. The second part of the formula is used
to determine the initial porosity Φmax. In the first layer, the struc-
ture has the porosity of Φmax, which is gradually decreased until
the final porosity Φmin is reached. q is the index parameter for the
outermost for-loop and at the same time the spatial position of the
current 2D layer.
For the quadratic cell gradient, a quadratic function of the structure
y “ a ˚ x2 ` b ˚ x ` c is used with pb “ 0q. As with the linear
function, a stepwise decrease in the porosity (increase of the cell vol-
ume) is determined at each cell level, except that the decrease should
be quadratic. Since the quadratic gradient is defined as an inverted
parabola with an offset on the y-axis, at the level of maximum poros-
ity, the gyroid structure with a quadratic gradient is thickened more
slowly than those with a thickening linear structure, as can be seen
in Figure 4.3.
In Figure 4.3, the three different gradients (constant, linear and
quadratic) are compared with their target and actual values of a
single-cell gyroid structure. In each case, 50 actual and 50 target val-
ues per porosity function (input parameter: nsteps “ 50) are mapped
over ’Cell size’ [5mm], in the z-direction [x-axis], and ’Porosity’ [y-
axis]. The maximum porosity is 0.6 and the minimum porosity is
0.4. The actual values are an approximation of the target values. As
already mentioned, the fit of the objective function mainly depends
on the delta parameter.
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Figure 4.3: Porosity function of the constant, linear and quadratic function.

4.1.3 Model and setup for mechanical simulations

For the mechanical simulations, the static momentum balance in the
small deformation regime is solved with a finite element discretiza-
tion. This is done using the Pace3D framework, which employs a
phase-field method for the geometry parametrization. Therefore, the
structures generated in the MatLab program (see chapter 4.1.2) are
discretized on a Cartesian grid and a diffuse interface is employed
between the metal and the surrounding air.
From the micromechanics-microstructure simulations, the stress ten-
sor σ and the strain tensor ϵ are obtained as full field information.
This gives rise to the normalized von Mises stresses σVM, whose max-
imum value determines the start of local plastification, if it reaches
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the yield strength of the materials. Through homogenization, an ef-
fective Young modulus can additionally be obtained from the stress
and strain field [47]. This is done using the volume-averaged stress
and strain over the whole computational domain and relating them
via the effective Young modulus.

Simulations of compression tests are performed with the specified
stress σBC, which is applied in the z-direction, as the boundary con-
dition on both sides of the simulation domain. All other boundaries
are set to be stress-free. The domain is discretized using a Carte-
sian grid with 200 ˆ 200 ˆ 200 elements. The air phase between the
structure is modelled with a stiffness of zero, while the solid phase
is considered to exhibit an isotropic elastic material behavior.

4.1.4 Results and discussion

Using the previously described algorithm, various gyroid structures
with and without porosity gradients are generated. The following
section provides a detailed examination and simulation analysis of
these structures.

4.1.4.1 Structure consideration

Table 4.2 lists all 13 gyroid unit cells created for the subsequent
investigation by mechanical simulations. Overall, the structures dif-
fer only in their porosity and gradient function. As can be seen
from Table 4.2, the structures range in porosity from 0.4 to 0.8.
For the structures with graded porosity (linear and quadratic), the
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thickening of the structures always ends at a porosity of 0.4. It
should be mentioned that, when the volume decreases, the influence
on the mechanical stability should be considered, to optimize the
lightweight potential. Since the porosity has a significant influence
on the surface-to-volume ratio, and thus on the mechanical stability,
it is also taken into account. The other input parameters that do not
change are listed in Table 4.3. Assuming that the gyroid structures
are characterized by the periodicity of their unit cell in all directions,
it should be possible to apply the results of the mechanical simula-
tion to multicell structures. In all three directions (x, y, z), the size
of the analyzed cell is set to 2.5mm. A unit cell is divided into 200
voxels per spatial direction (nsteps = 200). The possible deviation
from the target function is 2% (delta “ 0.02).

Table 4.2: Created gyroid structures: constant gradient - linear gradient -
quadratic gradient.

Constant gradient Linear gradient Quadratic gradient

0.4 - -

0.5 0.4 to 0.5 0.4 to 0.5

0.6 0.4 to 0.6 0.4 to 0.6

0.7 0.4 to 0.7 0.4 to 0.7

0.8 0.4 to 0.8 0.4 to 0.8
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Table 4.3: Non-varying input parameters across all structures.

Input parameter Value

numx 1

numy 1

numz 1

unitCellSizermms 2.5

nsteps 200

delta 0.02

4.1.4.2 Surface area-to-volume ratio

The surface area-to-volume (SA/V) ratio is an important technical
aspect. A high SA/V ratio, for example, favors more efficient heat
exchange [48], but usually has negative effects on the mechanical
properties, which is why the SA/V ratio of the gyroid cells is inves-
tigated. To calculate the surface area-to-volume ratio, the stl files
created in the MatLab program were imported into the Ansys work-
bench [49], where the volume and surface area of each structure were
output.
The bar chart 4.4 lists the SA/V ratio from the gyroid structures
in ascending order, with and without gradients. There, it can be
seen that a high porosity favors the ratio. For this reason, the gy-
roid cell with a constant porosity of 0.8 has the highest SA/V ratio
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of all structures. In contrast, the gyroid with a porosity of 0.4 has
the lowest ratio. The structures with a quadratic gradient have a
higher SA/V ratio than those with a linear gradient. This is due to
the fact that the structure with a quadratic gradient thickens more
slowly, as can be seen in Figure 4.3. Between the gyroid structures
with a constant porosity of 0.5 and 0.6, there are four structures
with gradients. In the further course of this work, a possible correla-
tion between the SA/V ratio and the mechanical properties will be
considered.

6 8 10 12 14

Constant: 0.8
Quadratic: 0.4 to 0.8

Constant: 0.7
Quadratic 0.4 to 0.7

Linear: 0.4 to 0.8
Constant: 0.6

Linear: 0.4 to 0.7
Quadratic: 0.4 to 0.6

Linear: 0.4 to 0.6
Quadratic: 0.4 to 0.5

Constant: 0.5
Linear: 0.4 to 0.5

Constant: 0.4

Figure 4.4: Surface [mm2] / volume [mm3] of gyroid structures in ascending
order

4.1.4.3 Mechanical simulation

Material-independent and relative statements depending on the
porosity type can be made about the structures with the same load

41



4 Manual Shape Optimization

scenario. For this reason, scaled data are used. For the analy-
sis of the structures, a steady-state case with an applied load of
σBC “ 400MPa is considered. Since the simulations are performed
within the linear-elastic regime, the results are independent of the
structure material and the characteristic length, due to the linear
scalability. The effective Young modulo as well as the maximum
and mean values of the von Mises stress are evaluated. The lat-
ter values respectively correspond to the volume average of the von
Mises equivalent stress field σ̄VM and its maximum value σVM,max

within the domain. Note that both quantities are given normal-
ized with the load σBC and can thus be interpreted as mean and
maximum values of a stress amplification factor. Dividing the yield
strength of the material under consideration (e.g. AlMg7Si0.6) by
this amplification factor gives the actual limit for local plastification
and thus an effective yield strength. The effective Young modu-
lus is given normalized with the one of the structure material. In
order to obtain physical quantities, a multiplication can be car-
ried out with the material value under consideration. For example,
ĒAlMg7Si0.6 “ EAlMg7Si0.6Ē, with EAlMg7Si0.6 “ 59GPa, if the
structure is made of the alloy AlMg7Si0.6. The use of these normal-
ized quantities allows a comparison between the structures, without
specifying the material or length scale.
Tables 4.4-4.6 represent the material-independent and scaled values
of the respective structures. For a better clarity and comprehen-
sibility of the results, they are also shown in the bar charts 4.5-
4.7. The structures in the charts are all labelled according to the
following pattern: ’Type of gradient function: Porosity interval ’.
’Quadratic: 0.4 to 0.8’, for example, means that a gyroid structure
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with a quadratic gradient function and a porosity interval between
0.4 and 0.8 is considered.

Table 4.4: Scaled results of the gyroid structure with a constant gradient [di-
mensionless] of the normalized effective Young modules Ē, a mean
von Mises stress σ̄VM and a maximum von Mises stress σVM,max,
which is given for different porosities.

Porosity Ē σ̄VM σVM,max

0.4 0.10 0.88 10.40

0.5 0.05 0.99 14.92

0.6 0.03 1.09 19.50

0.7 0.02 1.18 23.94

0.8 0.01 1.24 28.74
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Table 4.5: Scaled results of the gyroid structure with a linear gradient [dimen-
sionless] of the normalized effective Young modules Ē, a mean von
Mises stress σ̄VM and a maximum von Mises stress σVM,max, which
is given for different porosities.

Porosity Ē σ̄VM σVM,max

from 0.4
to

...0.5 0.06 0.97 14.99

...0.6 0.04 1.02 18.94

...0.7 0.03 1.07 22.82

...0.8 0.02 1.11 28.01
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Table 4.6: Scaled results of the gyroid structure with a quadratic gradient [di-
mensionless] of the normalized effective Young modules Ē, a mean
von Mises stress σ̄VM and a maximum von Mises stress σVM,max,
which is given for different porosities.

Porosity Ē σ̄VM σVM,max

from 0.4
to

...0.5 0.06 0.99 15.07

...0.6 0.04 1.05 18.75

...0.7 0.02 1.11 23.86

...0.8 0.02 1.16 29.64

In Figure 4.5, the blue bars represent the maximum normalized
stresses (σVM,max) of the gyroid structures, sorted in ascending or-
der. In addition, the corresponding SA/V ratio is shown in striped
bars.
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Figure 4.5: Dimensionless, scaled maximum normalised stress σVM,max [scaled]
of gyroid structures in ascending order, in comparison to the SA/V
ratio of the same structure.

The gyroid structures with a quadratic porosity have the highest
(quadratic: 0.4 to 0.8 ) and the gyroid structure with constant poros-
ity has the lowest (constant: 0.4 ) maximum stresses, respectively. In
addition, the bar graph illustrates that the linear gradient structures
have lower scaled normalized maximum stresses than the quadratic
gradient structures, but higher than the constant gradient struc-
tures. A structure with a linear porosity of 0.4 to 0.6 corresponds
to an average of a constant porosity of 0.5. Here it becomes clear
that by adjusting the gradient, a higher SA/V ratio is achieved, but
also higher maximum stresses. This observation also applies to the
structure with a linear porosity from 0.4 to 0.8, which corresponds
to an average porosity of 0.6.
As in Figure 4.5, the dimensionless, scaled and normalised stresses
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[σ̄VM] of the structures are also sorted in ascending order in Figure
4.6. This allows a faster comparison of the diagrams. The structural
arrangements of the two diagrams are not in the same order, since
there is a deviation between the highest and the lowest values of the
maximum normalized stress and the mean normalized stress.

0.85 0.9 0.95 1 1.05 1.1 1.15 1.2 1.25

Constant: 0.8
Constant: 0.7

Quadratic: 0.4 to 0.8
Quadratic 0.4 to 0.7
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Quadratic: 0.4 to 0.6

Linear: 0.4 to 0.6
Constant: 0.5

Quadratic: 0.4 to 0.5
Linear: 0.4 to 0.5

Constant: 0.4

Figure 4.6: Dimensionless, scaled mean normalised stress σ̄VM of gyroid struc-
tures in ascending order.

Compared to the structures with quadratic or linear porosity, the
structures with constant porosity have higher normalized stresses.
The higher the porosity level of the structures, the higher the nor-
malized stresses. This may indicate a more uniform stress distribu-
tion in the structures with gradients, or that the structure has more
unstressed regions. The gyroid structure ’quadratic: 0.4 to 0.8 ’, for
example, has a higher SA/V ratio than ’constant: 0.7 ’, but a lower
mean normalized stress.
The structures with a linear gradient generally exhibit the lowest
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mean stresses, compared to the other structures, which is also re-
flected in the scaled, dimensionless elastic modulus (see Figure 4.7).

0 2 ¨ 10´2 4 ¨ 10´2 6 ¨ 10´2 8 ¨ 10´2 0.1

Constant: 0.8
Quadratic: 0.4 to 0.8

Constant: 0.7
Linear: 0.4 to 0.8

Quadratic 0.4 to 0.7
Constant: 0.6

Linear: 0.4 to 0.7
Quadratic: 0.4 to 0.6

Linear: 0.4 to 0.6
Constant: 0.5

Quadratic: 0.4 to 0.5
Linear: 0.4 to 0.5

Constant: 0.4

Figure 4.7: Dimensionless, scaled effective Young modules Ē of gyroid struc-
tures in decreasing order.

The structures with a linear gradient have a higher effective Young
modulus [Ē] than the other structures in the same porosity range.
This can be partly explained by the fact that the linear gradient
structures are thickened more quickly and more evenly, which means
that the initiating force can be better distributed. The Figure 4.7
lists the scaled and dimensionless effective Young modulus of the
considered structures in decreasing order. It becomes clear that the
porosity has a high influence on the effective Young modulus. Be-
tween the structures ’constant: 0.4 ’ and ’constant: 0.8 ’, for example,
the effective Young modulus is reduced by a factor of about 11. In
contrast, the effective Young modulus for the structures ’quadratic:
0.4 to 0.5 ’ (’linear: 0.4 to 0.5 ’) and ’quadratic: 0.4 to 0.8 ’ (’linear:

48



4.1 Computational design and characterisation of gyroid structures with different
gradient functions for porosity adjustment

0.4 to 0.8 ’) decreases by a factor of 3.9 (quadratic) or 3.4 (linear). A
clear relationship between the SV/A ratio and the effective Young
modulus can be seen when comparing Figures 4.4 and 4.7. The
sorted effective Young modulus is almost in the same order as the
sorted SV/A ratio.
The evaluation of the von Mises stress field on the gyroid struc-
tures revealed that it is generally located at the rounded edges of
the structure. It was noticed that the stress peaks for the gyroid
structures with gradients are on the side with the highest porosity,
due to the difference in porosity, while the stress peaks for the struc-
tures with constant porosity are on both sides, which can be seen in
Figure 4.8. The stressed areas are marked in red and are located at
the rounded edges, as described previously. Accordingly, the loaded
edges are likely to fail first in compression tests. In addition, the
one-sided loading of the structures with gradients would explain the
higher stress distributions given in Figure 4.5.

von Mises stress

19.3

23.2

27.0

30.9

y

x

z

a. b.

Figure 4.8: Maximum stresses on the surface of the gyroid structure with (a) a
constant porosity of 0.8; (b) a quadratic porosity function between
0.4 and 0.8.
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The mechanical simulation has shown that the structures with gra-
dients enable new design and lightweight construction possibilities.
The structures with gradients can be better adapted to the required
properties. Depending on the choice of the new and the original
structure, one property can be specifically improved, while another
property can be reduced. In general, it can be said that the SA/V
ratio increases with increasing porosity, while the effective Young
modulus decreases. By choosing the structure ’linear: 0.4 to 0.5 ’,
for example, instead of ’constant: 0.5 ’, the effective Young modulus
increases by about 22% [quadratic gradient 16%], while the surface
to SA/V ratio and the mean normalized stress would decrease by
about 2% [quadratic about 0%].
If only the mechanical stability is of interest and not the lightweight
potential or the surface area-to-volume ratio, the gyroid with the
lowest porosity - in our case 0.4 - is still unbeatable.
Likewise, the gyroid with a constant porosity of 0.8 would be inter-
esting for applications where only the surface to volume-ratio is of
central importance, but not the mechanical properties.

4.1.5 Conclusions

In this study, gyroid structures, which are associated with the TPMS
family, were investigated. In addition to the used structures with
constant porosity, graded structures were produced. For the graded
structures, a distinction was made between structures with linear
and quadratic gradients. For the mechanical simulation, the created
structures were imported into Pace3D. The results were converted
into dimensionless, material-independent indices, so that a general
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statement can be made. In addition to the mechanical simulation,
the SV/A ratio was also analyzed.
The mechanical simulation shows that the introduction of the gra-
dient multiplies the range of engineering design possibilities. De-
pending on the desired property and application, it is worthwhile to
integrate a gradient into the structure. In general, it can be said
that the structures with gradients usually have higher stress peaks,
but lower mean normalized stresses.
In Chapter 7.1.1, different gradient patterns of 10x10x10-cell gyroid
structures are experimentally investigated.

The investigation into the behavior of TPMS structures within the
framework of load-specific phase-field based shape optimization is
addressed in Chapter 5, with a focus on optimization under various
loading scenarios.
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This chapter addresses the shape optimization of TPMS-structures
using the phase-field method. Various stress boundary conditions
applied to the structures are investigated.
In the first section, a stress boundary condition is considered where
the structures to be optimized lose their periodicity in the respec-
tive loading direction. In the subsequent section, the initial and
optimized structures are experimentally validated.
In the last of the three sections, a stress boundary condition is em-
ployed that maintains periodicity in all spatial directions during the
optimization process. These results are also experimentally validated
in Chapter 7.

5.1 Shape optimization of porous structures
by phase-field modelling with strain
energy density reduction

This chapter is based on the publication: [3]
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5.1.1 Setup for mechanical simulations

In order to optimize the shape, a unit cell sheet-based diamond-,
gyroid-, and primitive structure with a porosity of approximately
85% is utilized. The initial structure is then subjected to unilateral
compressive loading, resulting in an energetically optimized shape,
as illustrated in Figure 5.1.

Figure 5.1: Boundary conditions of the initial structure.

The load on the structure is applied in the y-direction, with a con-
stant stress of 400MPa, while periodic boundary conditions are
assumed in both x- and z-directions.
A pseudo-time records the process in which the structure geometry
changes successively toward the optimal shape.
According to equation (2.5), a stationary structure-mechanical solu-
tion is calculated for each time step. Subsequently, 200 × 200 × 200

grid cells are initialized for three-dimensional microstructure sim-
ulations, while the two-dimensional examples are discretized with
200 × 200 cells. Isotropically elastic behavior is assumed for the
structural material, while the pore phase is modeled with a residual
stiffness of one thousandth of the solid material.
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The TPMS structure is considered to consist of an isotropic material
with a mass density of 2680 kgmm´3, a Young’s modulus of 59GPa,
and the Poisson ratio 0.35. In addition, a homogenization is per-
formed, in which the effective stiffness of the structure is determined
from the stress and strain field [47, 50]. If the effective stress is con-
stant, as is the case in this work, structures that minimize the elastic
free energy yield a maximum effective stiffness. A homogenization
approach allows the transfer of results from the micro to the macro
level cf., e.g., [35].
The following mechanical analysis values, such as the effective Young’s
modulus, are accordingly given in dimensionless values.

5.1.2 Results and discussion

The computational optimization is based on the phase-field method,
which reduces the total energy density in the system by shifting
the interface to the energetically more favorable region. For further
details, please refer to Subchapter 2.2. Consequently, the initially
considered structures evolve over time into structures with a new
topology. The optimized structure no longer resembles the initial
structures.
Since we are interested in TPMS-like structures, the simulation is
terminated as soon as the topology of the initial structure is changed.
Figure 5.2 shows the shape-optimized structures of the last simula-
tion step, frame 10. Thus, one frame step corresponds to fifty time
steps.
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Figure 5.2: Shape-optimized structures - a. Diamond; b. Gyroid; c. Primitive.

When looking at the shape-optimized structures, it becomes evident
that a volume redistribution has taken place during the shape opti-
mization. As can be seen from the diagrams 5.3 - 5.5, volume was
added to highly energetic (and correspondingly loaded) areas, while
volume was subtracted from less stressed areas, resulting in energy
minimization in the overall system.

Figure 5.3: Energy (primary axis) and volume (secondary axis) distribution
of the diamond structure in the y-direction of the initial structure
(dashed line) and the optimized structure (solid line), as well as
the volume difference of the two structures.
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Figure 5.4: Energy (primary axis) and volume (secondary axis) distribution
of the gyroid structure in the y-direction of the initial structure
(dashed line) and the optimized structure (solid line), as well as
the volume difference of the two structures.

Figure 5.5: Energy (primary axis) and volume (secondary axis) distribution of
the primitive structure in the y-direction of the initial structure
(dashed line) and the optimized structure (solid line), as well as
the volume difference of the two structures.
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The energy is plotted on the primary x-axis, while the volume frac-
tion is plotted on the secondary x-axis, across the layers. The initial
structure is shown with a dotted line, while the optimized structure
is shown with a solid line. From the volume distribution of the initial
structure, the characteristic periodic shape, which progresses in the
y-direction, can be seen for all three structures. After shape opti-
mization, the volume fraction of the uppermost layers is increased for
all three structures in the y-direction, while it is removed from less
energetic regions. The temporal energy reduction, which takes place
for all three structures, is shown comparatively in the bar chart 5.6.

Figure 5.6: Course of the decrease of the internal energy of the shape-optimized
TPMS.

The diagram shows that after each simulation step, the energy in
the system is reduced. The primitive structure has the highest ini-
tial energy, followed by the gyroid structure. The diamond structure
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has the lowest energy. In the case of the diamond structure, shape
optimization reduces the energy in the overall system by about 38%,
while for the gyroid structure, the energy is reduced by about 34%

and for the primitive structure by about 13%. As a result, the di-
amond structure has the highest energetic reduction in the overall
system.
Table 5.1 compares the development of the volume fraction, the
surface-to-volume ratio, and the effective Young’s modulus during
the shape optimization process of all three structures. Frame 0 rep-
resents the initial structure. Since the surface-to-volume ratio is
important in engineering applications, such as heat exchangers [51],
this property was selected.

Table 5.1: Development of the structural and mechanical properties of the ini-
tial structures (frame 0), up to the shape-optimized structure (frame
10).

Diamond Gyroid Primitive

Frame Volume
fraction

Surface/
volume
ratio

Young’s
modulus
(dim.less)

Volume
fraction

Surface/
volume
ratio

Young’s
modulus
(dim.less)

Volume
fraction

Surface/
volume
ratio

Young’s
modulus
(dim.less)

0 0.148 0.258 2.186 0.146 0.211 1.748 0.143 0.164 0.989
1 0.148 0.258 2.244 0.146 0.210 1.800 0.143 0.164 1.005
2 0.148 0.258 2.321 0.146 0.210 1.853 0.143 0.164 1.022
3 0.148 0.258 2.403 0.146 0.211 1.909 0.143 0.165 1.029
4 0.148 0.258 2.493 0.146 0.211 1.970 0.143 0.166 1.057
5 0.148 0.258 2.594 0.146 0.211 2.034 0.143 0.166 1.077
6 0.148 0.258 2.706 0.146 0.211 2.104 0.143 0.166 1.097
7 0.148 0.258 2.954 0.146 0.212 2.180 0.143 0.166 1.118
8 0.148 0.258 3.091 0.146 0.212 2.262 0.143 0.166 1.141
9 0.148 0.258 3.240 0.146 0.213 2.350 0.143 0.166 1.165
10 0.148 0.258 3.403 0.146 0.213 2.444 0.143 0.167 1.190

The volume fraction, which is about 85% in porosity for all struc-
tures, is kept constant during shape optimization. Between the
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structures, a porosity variation of about 4% can be observed.
Comparing the energy with the effective modulus of elasticity in
Table 5.1, the structure with the highest energy has the lowest ef-
fective Young’s modulus and vice versa. Accordingly, the diamond
cell has the highest effective Young’s modulus and the primitive cell
the lowest. In general, the effective Young’s modulus could be in-
creased from 20% (primitive) to 55% (diamond). The ranking of
the Young’s modulus of the initial structures can be confirmed by
various studies [52] [53]. In the publication by Naghavi et al. [53],
for example, the mechanical properties of gyroid and diamond struc-
tures of Ti6Al4V were compared for later use as bone implants. It
was discussed that the diamond structure also has a higher Young’s
modulus than the gyroid structure. This order is maintained during
shape optimization.
In general, the diamond cell has the highest surface-to-volume ratio,
followed by the gyroid structure and the primitive structure. For
both the diamond structure and the primitive structure, no reduc-
tion in the surface-to-volume ratio was observed during the shape
optimization process. For the primitive structure, a slight increase
from 0.164 to 0.167 was observed. At the beginning of the shape op-
timization process, the gyroid structure results in a slight decrease
in the surface-to-volume ratio. From frame 9, however, a slight in-
crease from 0.211 to 0.213 can be observed.
As a consequence, the TPMS structures lose their property of pe-
riodicity in all spatial directions. Due to the previously mentioned
"periodic" boundary condition in the x- and z-directions, the peri-
odicity in these directions could be preserved. This means that a
later multiplication in the respective spatial directions and a later
adaptation to the geometry would be possible for later applications.
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5.1.3 Conclusion

In this work, a shape optimization based on the phase-field method
is performed on TPMS structures. It is shown that while maintain-
ing the topology of the respective TPMS structures, their structure
could be shape-optimized by minimizing the energy in the system,
using the phase-field method. Overall, an increase of the effec-
tive Young’s modulus could be achieved by the interfacial displace-
ment, with the same volume and a simultaneous partial increase
in the surface-to-volume ratio. For all three structures, the effec-
tive Young’s modulus was increased by at least 20%. The largest
improvement is found for the diamond structure, which showed an
increase of 55%.
The characteristic property of the TPMS unit cell, which is periodic
in all spatial directions, is no longer preserved after the shape opti-
mization. This periodicity could only be maintained in the x´ and
z´directions. However, by preserving the shape, other characteris-
tics such as the high surface-to-volume ratio, which is of interest for
certain engineering applications, could be retained.
In general, these results open up new design possibilities, especially
in areas where stability and low weight are required. The structures
for sandwich cores, whose periodicity could be maintained in the x-
and z-direction, and the fact that an arbitrary duplication of the
optimized structures in the respective spatial directions is possible,
are very interesting for further research.
The corresponding experimental validation of the shape-optimized
structures presented here can be found in Chapter 7.2.1.

Building on previous discussions, Chapter 5.2 will also explore the
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shape optimization of TPMS structures. This time, the focus will
be on conducting both uni- and multi-loading-specific shape opti-
mization, while maintaining the periodicity of the structures in the
loading directions.

5.2 Phase-field based shape optimization of
uni- and multiaxially loaded
nature-inspired porous structures while
maintaining characteristic properties

This chapter is based on the publication: [5]

Within this work, single-cell gyroid structures with a porosity of
85%, 80% and 75% in a three-dimensional domain Ω are considered,
each with 200 cells in each spatial direction. Figure 5.7 illustrates
the sheet-based gyroid structure with three different porosities (ρ)
of 75%, 80%, and 85%, which will be the focus of this investigation.

(a) ρ “ 75% (b) ρ “ 80% (c) ρ “ 85%

Figure 5.7: Sheet-based gyroid structures with porosities ρ of a) 75%, b) 80%,
and c) 85%.
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With the modified phase-field method described in subsection 2.2.2,
gyroid unit cells are shape optimized while maintaining periodicity.
Initially, these cells are subjected to unidirectional loading, followed
by optimization under multidirectional loading conditions.
The goal is to enhance the stiffness for the given load case. The
process continues until the volume distribution results in a signifi-
cant topological change. The simplified sequence of this process is
illustrated in Figure 5.8.

5.2.1 Results and discussion

In the following, gyroid unit cells with a volume fraction of 0.25 r´s,
0.2 r´s, and 0.15 r´s are shape optimized under loading with a pre-
defined effective strain. This chapter is divided into two parts. The
first part addresses shape optimization of the structures under unidi-
rectional, the second part focuses on multidirectional load scenarios
and provides a discussion on the corresponding simulation results.
Moreover, Chapter 7.2.2 examines the experimental validation of the
original and optimized structures subjected to unidirectional load-
ing. The findings from simulations and experiments are then com-
pared.

5.2.1.1 Unidirectional loading

The structures resulting from the shape optimization for the respec-
tive volume fraction of 0.25 r´s, 0.2 r´s, and 0.15 r´s under a uniax-
ial load in x-direction can be found in Figure 5.9.
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Figure 5.8: Flow chart of the shape optimization process.
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(a) V ˚
“ 0.25 r´s (b) V ˚

“ 0.2 r´s

(c) V ˚
“ 0.15 r´s

Figure 5.9: Shape-optimized sheet-based gyroid structures with volume frac-
tions V ˚ of a) 0.25 r´s, b) 0.2 r´s, and c) 0.15 r´s.

According to the objective of shape optimization, the original form
of the unit cell is preserved. Moreover, the periodicity of the unit cell
is maintained, which allows for a later multiplication of the unit cells
in the respective spatial directions. During the optimization process,
among other things, the cross-braces in the x-direction have thinned,
which is highlighted in the marked area.

To analyze the volume distribution through the optimization pro-
cess in more detail, in the x-direction, the altered layer-wise volume
fraction from the initial structure (solid green line) compared to the
optimized structure (dotted grey line) is shown in Figures 5.10 - 5.12.
Additionally, the solid red line shows the difference in volume frac-
tion between the original structure and the optimized structure. In
this context, the black zero line separates the areas where a positive
difference is above, and a negative difference is below the line. A
positive difference indicates an increase in material addition, while
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Figure 5.10: Comparison of the plane-wise volume fraction (on the yz-axis)
along the x-direction between the initial (G75_ini, solid line) and
the optimized (G75_opt, dashed line) gyroid structure, illustrat-
ing the areas where material is added (light-green) and removed
(blue) during the optimization process.
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Figure 5.11: Comparison of the plane-wise volume fraction (on the y-axis)
along the x-direction between the initial (G80_ini, solid line)
and the optimized (G80_opt, dashed line) gyroid structure, along
with a representation of areas where material is added (green) or
removed (blue) during the optimization process, depicted by the
difference (red line).

a negative difference indicates a predominant removal of material.
The blue-marked areas below the difference line indicate the planes
where more material is removed compared to the original structure
due to the displacement of the interfaces. The green-marked area
above the difference line shows the planes where material is added.
The x-direction represents the normalized coordinate x{L.
When examining the difference curves of the structures, it becomes
clear that the material redistribution has taken place in the same
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Figure 5.12: Comparison of the plane-wise volume fraction (on the y-axis)
along the x-direction between the initial (G85_ini, solid line)
and the optimized (G85_opt, dashed line) gyroid structure, along
with a representation of areas where material is added (green) or
removed (blue) during the optimization process, depicted by the
difference (red line).

areas for all three structures, and the difference curve has a peri-
odic course. Comparing the three diagrams of the gyroidal unit cells
with a volume fraction of 0.25 r´s, 0.2 r´s, and 0.15 r´s shows that
the volume redistribution occurred in the same places. Due to the
larger initial volume, a higher volume change is observed in the gy-
roid structure, with a volume fraction of 0.25 r´s.
Therefore, this structure is chosen to illustrate the volume redistribu-
tion based on three different planes, which are shown in Figure 5.10
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in connection with the difference. Since continuous shape optimiza-
tion would lead to the complete removal of the webs, the simulation
process is terminated at this point. Cross-sectional image 1 of Fig-
ure 5.10 corresponds to an area between the maximum and minimum
difference. Here, it is evident that material is added at the branches
and material is removed from the cross-braces.
The displayed layers of the extreme points from the Figure 5.10 cor-
respond to where a lot of material has been added or removed. The
respective planes of the structure, where the global maximum and
minimum of the changed volume fraction from the gyroid structure
with a porosity of 75% in comparison with the initial structure, is
shown in cross-sectional images 2 and 3 in Figure 5.10. In image 3,
it is evident that the cross-braces in the non-loading direction are
reduced. This observation can also be made in the marked areas
of Figure 5.9. The previously presented load-specific changes lead
to structural and mechanical property changes, which are listed in
Table 5.2.

Generally, from the column for the volume fracion (V ˚), it is ob-
servable that the target volume fraction of 0.25 r´s, 0.2 r´s, and
0.15 r´s is not precisely achieved. The gyroid cell with a volume
fraction of 0.2 r´s deviates from its target volume fraction by about
2% the least, while the other two structures deviate by approxi-
mately 4% from the set target volume fraction. Increasing the cell
area, enhances the accuracy of the structuring, but requires signifi-
cantly larger computation times for the simulation. Additionally, it
is noticeable that structures with a higher volume fraction have a
smaller surface area. Through the shape optimization process, the
surface area decreases by about 1% for the unit cell with a volume
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Figure 5.13: Relationship between the energy evolution (dashed line) and the
modulus of elasticity (solid line) across the simulation of the three
considered gyroidal unit cells with a volume fraction of 0.25 r´s

(G75_opt), 0.2 r´s (G80_opt), and 0.15 r´s (G85_opt).

fraction of 0.2 r´s and 0.15 r´s. Only for the gyroid structure with
a volume fraction of 0.15 r´s a slight increase in surface area is ob-
served. Additionally, it is observable that an increase in the effective
dimensionless Young’s modulus is achieved through the interface dis-
placement for all three structures. For the structure with a volume
fraction of 0.25 r´s, the highest increase in the Young’s modulus of
about 45% is achieved. From the Figure 5.13, the relationship be-
tween the increase in energy (dashed line) and the resulting increase
in the effective Young’s modulus (solid line) throughout the entire
simulation process (number of time steps) is shown.
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The modulus of elasticity is given in dimensionless form by Ē{Es,
and similarly the dimensionless energy f̄el{Es is used. The transfor-
mation into dimensionless parameters enables material-independent
statements, which is possible due to linearity. As already explained
in Chapter 2.2.2, it is noticeable that the displacement of the inter-
faces results in an increase in energy, which simultaneously leads to
an increase in stiffness. Accordingly, an increase in stiffness could be
achieved for all three structures. Moreover, the diagram reveals that
the energy and the Young’s modulus have different slopes. This can
be attributed to the weighting during the simulation process. It is
also striking that, depending on the different porosities, the struc-
tures under consideration are characterized by different numbers of
iterations during the optimization process. Since the simulation is
terminated just before a topology change occurs due to interface
displacement, the largest amount of optimization iterations to reach
this point occurs for the gyroid structure with a volume fraction of
0.25 r´s is the longest. As a result, the highest energy change and
accordingly the highest increase in stiffness are achieved.
Following the demonstration that shape optimization of complex
porous structures while maintaining periodicity is feasible for uni-
directional loading cases, the focus now shifts to an examination of
the case for multidirectional loading scenarios.

5.2.1.2 Multidirectional loading

In practical applications, multiple loading conditions in different spa-
tial directions are often relevant [54]. In the following, gyroid unit
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cells with a volume fraction of 0.15% are subjected to multidirec-
tional loading and optimized for each loading case. Diverse opti-
mization possibilities are illustrated using the phase-field method.
Similar to the unidirectional case, the volume fraction is kept con-
stant, resulting in volume redistribution during the simulation. To
consider more complex loading scenarios, shear loading is prescribed
in addition to uni-axial strain. As in previous simulations, the sim-
ulation is terminated once the topology changes. Three different
combinations of loading cases are considered, applying the macro-
scopic strain ε “ 0.01 in different directions according to

ϵ̄case1 “

»

—

—

–

0 ´ε 0

´ε ´ε 0

0 0 ´ε

fi

ffi

ffi

fl

, ϵ̄case2 “

»

—

—

–

0 ´ε 0

´ε ´ε ´ε

0 ´ε 0

fi

ffi

ffi

fl

, ϵ̄case3 “

»

—

—

–

0 0 0

0 ´ε ´ε

0 ´ε 0

fi

ffi

ffi

fl

.

(5.1)

The respective shape-optimized structures corresponding to the load
cases depicted in Formula 5.1 are shown in Figure 5.14.

Similarly to the one-dimensional loading case, the topology is not
disrupted during the shape optimization process under multidirec-
tional loading.
Figure 5.15 illustrates the volume redistribution for the three con-
sidered cases along the x-direction.

The initial volume fraction distribution of the structure is included
in the diagram as reference data (solid black line). The diagram
reveals that the volume is redistributed differently depending on the
loading case, resulting in load-specific volume fraction profiles with
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(a) Case 1 (b) Case 2 (c) Case 3

Figure 5.14: Load-specific shape-optimized, sheet-based gyroid structures un-
der multidirectional loading with a volume fraction of 0.15 r´s,
based on the load cases Case 1 to Case 3 as presented in equation
5.1.

Figure 5.15: Volume fraction distribution in the x-direction of the initial struc-
ture and the shape-optimized structures under multi-axial loading
for three different cases: Case 1, Case 2 and Case 3.
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locally varying volume increases or decreases along the considered
x-direction.
While the redistribution of volume led to an increase in the stiffness
of the respective structures in the corresponding loading directions,
the periodicity of the unit cell could simultaneously be maintained.
Consequently, an increase in the effective modulus of elasticity is
achieved in all three structures, as indicated in Table 5.3.

When comparing the effective modulus of the initial structures, it
becomes evident that it lies within similar ranges for the three con-
sidered loading cases. The largest increases in the modulus of elas-
ticity are achieved through optimization in loading cases 1 and 3.
This is attributed to the need to terminate the simulation for case 2
prematurely to prevent a change in the structure’s topology. While
a percentage increase of the dimensionless effective modulus of elas-
ticity of up to approximately 60% (case 3) is achieved, there is a
slight reduction in surface area of up to 2.1%.
These three examples illustrate that the phase-field method is a
suitable approach for stress-specific optimization of complex porous
structures under multidirectional loading, while maintaining the vol-
ume and periodicity during the optimization process.

5.2.2 Conclusion

Under the constraints of constant volume fraction and preserving
periodicity of the structure, a modified phase-field method for the
shape optimization process is applied to computationally determine
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shape optimized complex porous structures. During the shape op-
timization process, volume redistribution occurs by shifting the in-
terface. In contrast to the conventional phase-field method, where
the goal is to minimize energy, the objective is to maximize energy
to achieve higher stiffness.
It is demonstrated that shape optimization of complex porous struc-
tures while maintaining characteristic properties such as periodicity
is feasible using a modified phase-field equation under both unidi-
rectional and multidirectional loading conditions.
The ability to perform optimization while retaining periodicity, even
in the direction of loading, opens up a wide range of applications,
such as the precise adjustment of mechanical properties for spe-
cific loading scenarios or the development of customized lightweight
structures with enhanced performance characteristics.
In Chapter 7.2.2, the unidirectionally loaded structures will be ex-
perimentally validated to confirm the efficiency and accuracy of the
simulation-based optimization.

The following chapter is dedicated to the targeted structural op-
timization of porous structures under load using the phase-field
method. In this process, the topology of the initial structures is
systematically modified in a way that ensures the periodicity of the
structures is preserved.
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6 Phase-Field Based Structural
Optimization

In the structural optimization considered here, structures are first
topologically modified under specific loading conditions and subse-
quently shape-optimized. This optimization method enables the de-
velopment of new periodic lightweight structures tailored to specific
load conditions.
In the first study 6.1, gyroid structures are structurally optimized
under unidirectional loading. In the following Chapter 6.2, a lat-
tice structure is optimized under uni- and multidimensional shear
loading, with the goal of generating new load-specific periodic cell
structures.
Both investigations employ the modified phase-field method, as in-
troduced in Subchapter 2.2.3. To achieve targeted topological mod-
ifications, the hole nucleation process described in Subchapter 2.2.4
is utilized.
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6.1 Phase-field based load-specific structural
optimization of sheet-based
gyroid-structures

This chapter is based on a manuscript that is currently under
review: [6].

6.1.1 Approach and method

The following compares a sheet-based gyroid structure with a poros-
ity of approximately 80% both through simulations and experimen-
tal analysis with two different load-modified gyroid structures.
In the first approach, a sheet-based gyroid structure with an initial
porosity of 75% is topologically modified under unidirectional load-
ing in the linear-elastic range through the hole nucleation process, as
described in the Subchapter 2.2.4. This modification is load-specific,
resulting in a final porosity of 80%.
In the second method, the comparison structure with a porosity of
80% is directly reduced in volume by approximately 5% through
the nucleation process under unidirectional loading. Subsequently,
a phase-field based shape optimization is carried out while main-
taining the periodicity of the structure. Since no volume-preserving
approach is applied during the shape optimization process, the vol-
ume increases. The optimization is terminated once the initial vol-
ume of the structure is restored. For the mathematical derivation of
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Figure 6.1: Illustration of the two load-specific structural modification ap-
proaches: 1. Topological modification of a gyroid structure with
an initial porosity of 75%; 2. Topological modification followed by
shape optimization of a gyroid structure with an initial porosity of
80%.

the phase-field based shape optimization, please refer to Subchap-
ter 2.2.3. These two approaches to load-specific structural modifica-
tion are summarized in Figure 6.1.

Subsequently, an experimental validation is conducted. The fabrica-
tion of the structures, testing, and evaluation are oriented according
to the ASTM D1621 standard. The results are presented in Chap-
ter 7.3.1.

6.1.2 Results and Discussion

Two gyroidal, topologically modified unit cells with a porosity of
approximately 80%, as shown in Figure 6.1, are compared both nu-
merically and experimentally with an initial gyroid structure, which
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also has a porosity of around 80%. All three structures are subjected
to a stress of σ “ ´7 in y´direction.

σ̄loadCase “

»

—

—

–

0 ´σ 0

´σ 0 0

0 0 0

fi

ffi

ffi

fl

(6.1)

For topology modification, material is removed from the structure
in less stressed areas according to the considered loading criteria.
The process of volume reduction is described as Hole Nucleation in
Chapter 2.2.4.

The gyroidal modified unit cells differ in their creation process. The
first structure, referred to as Gyroid75Nuc (Fig. 6.2(a)), is based
on a gyroidal unit cell with an initial porosity of approximately
75%. Through the previously described hole nucleation process,
the volume is reduced by 5% under unidirectional loading in the
y-direction, resulting in a final porosity of 80% after the modifica-
tion. The second modified unit cell, Gyroid80NucShape (Fig. 6.2(b)),
originates from a gyroidal reference structure with an initial porosity
of approximately 80%. Similar to the first structure, the volume is
initially reduced by 5% through the hole nucleation process. Subse-
quently, the volume-reduced structure undergoes shape optimization
under load in the y-direction. Since no volume-preserving method
is applied during this shape optimization, the process leads to an
increase in volume. The optimization is concluded once the initial
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porosity of around 80% is restored.
Figure 6.2 represents the two resulting modified structures.

(a) Gyroid75Nuc (b) Gyroid80NucShape

Figure 6.2: Representation of the modified structures with initial porosities of
a) 75% and b) 80%.

Although two different topology-modification approaches were used,
both structures exhibit remarkable similarities in the final outcome.
Since the differences between the modified gyroid structures are
barely noticeable, the volume fraction along the x-axis is plotted for
a clearer representation of the structural modifications. Figure 6.3
compares the Gyroid75Nuc and Gyroid80NucShape structures with the
unmodified gyroid unit cell.

In the diagram, the solid black line represents the gyroid unit cell
with a porosity of 80%, while the blue dashed line corresponds to
the Gyroid75Nuc structure, and the green dotted line represents the
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Gyroid	80
Gyroid	75Nuc
Gyroid	80NucShape
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Figure 6.3: Volume redistribution of the structure-modified Gyroid75Nuc and
Gyroid80NucShape compared to the gyroid unit cell (black solid
line).

Gyroid80NucShape structure. Upon analyzing the topologically modi-
fied structures, it becomes evident that the volume reduction in both
structures primarily occurs in the layers positioned along the x-axis
at approximately 50 and 150, which correspond to the locations of
the crossbars. This reduction in the crossbars is clearly observed in
Figure 6.2. For better visualization, the areas where material was
removed from the initial gyroid unit cell are highlighted in Figure 6.4.

Additionally, the volume distribution in Figure 6.2 shows that the
vertical columns, loaded in the y-direction, remain intact in the
Gyroid75Nuc structure and are reinforced in the Gyroid80NucShape
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Figure 6.4: Highlighted areas of a gyroid structure with 80% porosity where
material was removed during the topology modification process.

structure during the shape optimization process. Despite the sim-
ilarities in the volume distribution of both structures, slight differ-
ences in characteristic features are identified.
As shown in Table 6.1, the structures exhibit a volume fraction of
approximately 20%, corresponding to a porosity of around 80%.
This consistent porosity allows for a better comparison between the
structures.

Gyroid80 Gyroid75Nuc Gyroid80NucShape

Volume fraction 0.192 0.207 0.197
Surface Area 6.193 5.151 5.101

Table 6.1: Representation of the surface area and volume fraction of the re-
spective structures.
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In the comparative analysis of surface areas, it becomes evident
that the initial gyroid unit cell exhibits the largest surface area,
followed by the modified structure Gyroid75Nuc. This indicates that
the phase-field based, load-specific optimization leads to a reduction
in surface area.
Despite these differences in surface reduction, a similar increase in
the effective elastic modulus in the corresponding loading direction
(Eyy) is achieved, as shown in Table 6.2. For independent and
improved comparability, the simulation results are presented in a
non-dimensionalized form. The modulus of elasticity is given in di-
mensionless form by E{Es. In Table 6.2, the modulus of elasticity
in the main load direction is marked in bold. This highlights the
efficiency of phase-field based optimization in enhancing mechani-
cal properties, particularly the elastic modulus, even across different
topological structures.

Gyroid80 Gyroid75Nuc Gyroid80NucShape

Exx 0.067 0.023 0.022
Eyy 0.067 0.091 0.089
Ezz 0.067 0.022 0.020

Table 6.2: Comparison of the effective modulus of elasticity in the x´, y´ and
z´ directions.

By topologically modifying the gyroid unit cell with an original
porosity of 75% (Gyroid75Nuc), an increase in the effective modulus
of elasticity in the load direction (Eyy) of about 35% is achieved com-
pared to the unmodified gyroid unit cell of the same porosity. For
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the structure Gyroid80NucShape, which initially undergoes a volume
reduction of 5% due to the nucleation process and then a further
volume increase of 5% due to the shape optimization, the increase
in the effective modulus of elasticity of 32% is in a similar range to
the structure Gyroid80NucShape.
However, it is observed that the optimization process in the non-
loaded directions results in a significant reduction in the effective
modulus of elasticity, which is more than half of the original value.
This reduction is due to the previously described reduction of the
transverse beams in the non-loaded directions, which leads to a pro-
nounced anisotropic behavior of the cell. In comparison, the orig-
inal gyroidal unit cell exhibits almost isotropic behavior, with the
effective modulus of elasticity being in a similar range in all load
directions.
The next step is to validate the simulatively generated structures
and data experimentally, which can be found in Chapter 7.3.1.

6.1.3 Conclusion

Two alternative phase-field based approaches for modifying the
topology of complex porous structures under load were investigated.
While preserving the periodicity of the unit cells, both approaches
yielded similar volume fractions and resulted in an increase of the
effective Young’s modulus in the respective optimization direction
by approximately 32%. The topological modification led to a reduc-
tion in the surface area of the modified structures compared to the
initial geometry.
Experimental validation of the numerically optimized structures is
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detailed in Chapter 7.3.1.

In addition to the application of phase-field based structural op-
timization to TPMS structures, the next chapter aims to optimize
simple three-dimensional cross-lattice structures under various load-
ing conditions. The objective is to devise novel load-specific three-
dimensional periodic cell structures.

6.2 Phase-field based structural optimization
of 3D cross-lattice structure to lightweight
periodic lattice structures

This chapter is based on a manuscript that is currently under
review: [7]

6.2.1 Approach and Methode

In the following, the periodic cross-lattice structure with a volume
fraction of approximately 75%, shown in Figure 6.5, is structure
optimized for load specific shear cases.

Regarding the topology adjustment, the volume of the shear-loaded
structures are first reduced to a volume fraction of approximately
35% through a process called hole nucleation (see Subchapter 2.2.4).
Subsequently, the volume-reduced and topology-modified structure
is shape-optimized while maintaining its volume fraction.
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(a) ρ “ 75%

Figure 6.5: The periodic cross-lattice structure with a volume fraction of 75%
serves as the initial structure for the optimization process.

The goal of this optimization is to achieve load-specific periodic cell
structures while simultaneously increasing the shear modulus G for
each load case. Both the hole nucleation process and the subsequent
shape optimization are treated as a two-phase phase-field problem
with a solid phase (ϕs) and a porous phase (ϕp), to which a zero
stiffness is assigned. The porous phase represents the stress-free sur-
rounding structure. For the subsequent shape optimization process,
the approach described in Subchapter 2.2.2 will be used.

The cross-lattice structure to be optimized is considered in a three-
dimensional domain Ω with 200 cells in each spatial direction. The
simulation is conducted within the linear elastic range. Additionally,
isotropic material constants are assumed in the simulation process.
According to the theory of elasticity, it is sufficient to use two inde-
pendent constants to describe the stress-strain relationships [55].
In this study, the focus is on the variation of the shear modulus G

since the structures are optimized under pure shear loading (uni-
and multidirectional).

89



6 Phase-Field Based Structural Optimization

6.2.2 Results and Discussion

The initial cross-lattice structure, with a volume fraction of 75%, is
subjected to volume reduction under specific shear load criteria. Ma-
terial is removed from the less-loaded regions, so that the resulting
structure achieves a volume fraction of approximately 35%. Since
the structures are subjected to pure shear loading, the aim of the
present work is to maximize the effective shear modulus of structures
under the given load conditions. After that, a shape optimization of
the topology-modified structure takes place.

6.2.2.1 Structure optimization under shear loading scenarios

In order to optimize the structure under scenarios of shear load-
ing, the 3D lattice structures are initially modified exclusively in
terms of topology. Subsequently, an additional shape optimization
of these topological structures is performed, resulting in a two-stage
optimization process. Finally, the optimized cells are compared with
reference structures in order to evaluate the effectiveness of the struc-
tural optimization.

Topology-modified structures The cross-lattice structure is sub-
jected to three cases of uni- and multidirectional shear loads, defined
by the stress tensors in Eq. 6.2, and volume reduction is performed
according to the loading scenarios. A stress of σ “ ´7 is applied in
each respective loading direction.
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σ̄case1 “

»

—

—

–

0 ´σ 0

´σ 0 0

0 0 0

fi

ffi

ffi

fl

, σ̄case2 “

»

—

—

–

0 ´σ ´σ

´σ 0 0

´σ 0 0

fi

ffi

ffi

fl

, σ̄case3 “

»

—

—

–

0 ´σ ´σ

´σ 0 ´σ

´σ ´σ 0

fi

ffi

ffi

fl

(6.2)

For volume reduction, material was removed from the cross-lattice
structure at less stressed areas according to the three considered
loading criteria. The resulting structures are depicted from various
perspectives in Figure 6.6.

(a) Case 1: Unidi-
rectional shear
loading in the
x-direction.

(b) Case 2: Mul-
tidirectional
shear loading
in the x- and
y-directions.

(c) Case 3: Mul-
tidirectional
shear loading
in the x-,y- and
z-directions.

Figure 6.6: Volume-reduced and topologically modified cross structure under
different shear loading criteria (xyz- and xz-view).
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The volume reduction step leads to periodic and symmetrical struc-
tures for the three considered load cases. It is evident that the
volume is reduced according to the loading orientation. As can be
seen from the topology-modified structure under shear loading con-
ditions of case 1, a more pronounced anisotropic geometry is present
and remains at a later stage. In contrast, the multi-directional shear
load case 3 results in a curved lattice structure that bears certain
similarities to triply periodic minimal surfaces. The structure in case
2 can be identified as an intermediate structure between case 1 and
case 3.
These observations highlight the strong dependence of the geometry
of the porous structures on the specific loading orientation. In uni-
directional loading applications as case 1, where the load is applied
in a single direction, the structures tend to develop anisotropic ma-
terial behavior. This occurs because material is primarily removed
from areas not exposed to the main loading direction, leading to
an uneven distribution of porosity. In contrast, three-dimensional
loading as in case 3, where the load is applied simultaneously in
multiple directions, result in a more uniform and symmetric pore
structure. These structures often resemble triply periodic minimal
surfaces structures, known for their beneficial mechanical properties
and even material distribution.
The loading case 2, representing a combination of unidirectional and
multidirectional loading, results in an intermediate structure. This
structure exhibits characteristics of both unidirectional and three-
dimensional loading cases, providing insights into the transitional
mechanisms between different loading scenarios.
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All structures have a volume fraction of 36%. The corresponding ini-
tial surface areas of the structures are computationally determined
and listed in Table 6.3.

Table 6.3: Volume fraction of the porous structures and their corresponding
surface area.

Modified structure type
-

Volume fraction Surface area

Unidirectional 0.36 2.77
Bidirectional 0.36 3.54
Tridirectional 0.36 3.70

The modified structure type of ’unidirectional’ represents the unidi-
rectionally load-modified structure, which is shown in Figure 6.6.a.
Similarly, ’bidirectional’ corresponds to the bidirectionally load-
modified structure (see 6.6.b), and ’tridirectional’ describes the mod-
ified structure subjected to loading in all directions (see 6.6.c). This
labeling will be consistently maintained throughout the following
sections.
While the volume fraction of the three structures remains constant,
there is a significant difference in the surface area. The resulting
porous structure from the unidirectional loading case has the small-
est surface area. In contrast, the structure subjected to shear loading
from all directions shows approximately a 33% larger surface area.
The value of the surface area determined for case 2 lies between the
other two cases.
Following [35], the subsequent results are given in normalized man-
ner. Thereby, the effective shear modulus is normalized by its Voigt
bound which represents an upper limit for the effective stiffness in
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composite materials [56] and is given by the arithmetic mean of
the shear moduli of the involved phases with respect to the corre-
sponding volume fraction (Ḡ “ G{p5480 ˚ 0.35q). Table 6.4 lists
the normalized effective shear modulus Ḡ of the structures for the
respective loading cases and their average ḠAv.

Table 6.4: Behavior of the normalized effective shear modulus Ḡ of load-
modified cross-lattice structures under different loading conditions
and the average (av) of all three cases.

Modified structure type
Shear type Uni-

directional
Bi-

directional
Tri-

directional Av

Unidirectional 0.19 0.0098 0.0085 0.069
Bidirectional 0.05 0.06 0.07 0.06
Tridirectional 0.1 0.13 0.22 0.15

Thereby, the modified structure types of the specific loading cases
are subjected to all three loads (uni-, bi- and tridirectional) to inves-
tigate the influence of the modification regarding one load case on
the effective stiffness for other load cases. The adjusted structures
for case 1 and case 3 exhibit the highest Ḡ of 0.19 r´s (Unidirec-
tional) (case 1), Unidirectional) and 0.22 r´s (tridirectional (case 3),
tridirectional) for their respective loading conditions compared to
the other structures.
The orientation of the volume in response to the specific loading
scenario is most clearly demonstrated by case 1. For the adjusted
loading case, the normalized effective shear modulus Ḡ is 0.19 r´s

(unidirectional (case 1), Unidirectional), whereas it is significantly
lower for multidirectional loading cases, with values of 0.0098 r´s

(unidirectional (case 1), bidirectional) and 0.0085 r´s (unidirectional
(case 1), tridirectional). Interestingly, the structure modified for the
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two-dimensional shear loading case exhibits a higher modulus for
the three-dimensional case of Ḡ “ 0.07 than for the optimized two-
dimensional shear loading case of Ḡ “ 0.06. Among the structures
analyzed, the structure modified for case 2 exhibits the smallest devi-
ations in the normalized effective shear modulus Ḡ across the various
load cases considered. This suggests that this structure demonstrates
the best isotropic behavior, as it provides the most uniform mechan-
ical response under different loading scenarios.
The structure from case 3 with shear moduli of Ḡ = 0.1, 0.13, 0.22
shows the best performance over all three loading scenarios. It has
still a relatively high shear modulus for the loads, it was not modified
for, and an approximately double as high normalized effective shear
modulus in the case 3. This observation is confirmed by the average
value (ḠAv) across all three loading cases. Overall, the structure
modified for case 3 shows the highest mean value. Although the
shear modulus for case 1 is relatively high in the modified loading
direction, the values in the other loading directions are significantly
lower, which explains the correspondingly lower average value.
In the following subsection, the topologically adapted structures will
be shape optimized for the respective modified loading directions.

Shape optimization The previously topology-altered structures
are now shape-optimized under specific shear loading conditions.
The shape optimization process is terminated once the change in
the objective function after each simulation step is reduced to less
than the fifth decimal place after the decimal point.
The phase-field based shape optimization process aims to further
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optimize the structures according to the respective loading direc-
tions. During this process, the volumes of the structure keep con-
stant while redistributing the volume. Volume is removed from less-
loaded regions and added to more heavily loaded areas. Neverthe-
less, the structure’s periodicity is maintained. In Figure 6.7, the
shape-optimized cell structures are shown in their shape-optimized
state.

(a) Case 1: Unidi-
rectional shear
loading in the
x-direction.

(b) Case 2: Mul-
tidirectional
shear loading
in the x- and
y-directions.

(c) Case 3: Multidi-
rectional shear
loading in the x-,y-
and z-directions.

Figure 6.7: Shape optimization of topologically modified cross structure under
different shear loading criteria (xyz-view).

Since the volume redistribution is not fully recognizable in Fig-
ure 6.7, the volume fraction along the x-axis of the respective struc-
tures is presented in more detail in the following Figures 6.8-6.10.

This detailed representation allows for a more precise analysis of the
volume distribution within the structures, which has corresponding
impacts on the mechanical properties of the structures.
The red dashed line represents the initial topology-adjusted struc-
ture, while the subsequent shape-optimized structure is indicated by
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Figure 6.8: Volume redistribution through the shape optimization process of
the optimized structure for case 1.

a solid black line. The difference in volume redistribution is illus-
trated by the bar chart. It is evident that for the structure optimized
for the one-dimensional shear loading case (case 1), the volume re-
distribution due to the optimization process is minimal, whereas the
most significant redistribution is observed in case 2. This also ex-
plains why the largest percentage change in surface area of about
22%, from the initial 3.54 (see Tab 6.3) 4.33 (see Tab 6.5), is ob-
served in this case. The table also reveals that the shape-optimized
structure for case 2 has the largest surface among the three struc-
tures considered.

Upon revisiting the normalized G-modulus from Table 6.4 for the
topologically altered structures, it is evident that the topologically
altered structure in case 3 exhibits a higher normalized G-modulus
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Figure 6.9: Volume redistribution through the shape optimization process of
the optimized structure for case 2.

Table 6.5: Volume fraction of the shape optimized porous structures, as well as
their corresponding surface area.

Shape modified structure type
-

Volume fraction Surface area

Unidirectional 0.36 3.01
Bidirectional 0.36 4.33
Tridirectional 0.36 3.96

for the loading scenario in case 2 than the structure specifically op-
timized for this loading case. The subsequent shape optimization
process enabled all structures to be brought into a more energet-
ically favorable state. Consequently, after the shape optimization
process, all three structures represent the most favorable design for
their respective optimized loading conditions. The corresponding
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Figure 6.10: Volume redistribution through the shape optimization process of
the optimized structure for case 3.

G-modulus for each of the shape-optimized structures and their cor-
responding loading conditions can be found in Table 6.6.

Table 6.6: Behavior of the normalized shear modulus Ḡ of the load-altered and
subsequently shape-optimized cross-lattice structures under various
loading conditions and the average (Av) of all three cases.

Shape modified structure type
Shear type Uni-

directional
Bi-

directional
Tri-

directional Av

Case 1 (Unidirectional) 0.22 0.008 0.007 0.078
Case 2 (Bidirectional) 0.07 0.22 0.09 0.126
Case 3 (Tridirectional) 0.11 0.14 0.26 0.17

Although the volume redistribution is partly relatively minor, an in-
crease in the shear modulus Ḡ was achieved compared to the topo-
logically altered structure for the respective optimized loading case.
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In the structure optimized for the unidirectional loading scenario
(case 1), the volume redistribution leads to an increase in the Ḡ-
modulus, from 0.19 r´s (see Tab. 6.4; (Unidirectional (case 1), Uni-
directional) to 0.22 r´s (see Tab. 6.6; Unidirectional (case 1), Unidi-
rectional), representing an approximate 15% increase in the direc-
tion of optimization. However, this also results in a decrease in the
effective shear modulus for multidirectional loading orientations. In
contrast, for the other two structures, the volume redistribution re-
sults in an enhancement of the shear modulus across all considered
shear loading scenarios compared to the load-specific topologically
altered baseline structure.
The highest increase was observed in case 2, where the volume re-
distribution leads to an increase in the shear modulus of more than
200%.
In the structure optimized for the unidirectional loading scenario
(case 1), the volume redistribution leads, on one hand, to an in-
crease in the Ḡ-modulus, but on the other hand, also results in a
decrease in the effective shear modulus for multidirectional loading
orientations. In contrast, for the other two structures, the volume
redistribution results in an enhancement of the shear modulus across
all considered shear loading scenarios compared to the load-specific
topologically altered baseline structure.
The highest increase was observed in case 2, where the volume re-
distribution leads to an increase in the shear modulus of more than
200%.
In case 3, shape optimization achieved an additional increase in the
modulus of approximately 18% in the direction of the applied load.
As can be seen from the average value, the shape-optimized struc-
ture for loading case 3 still demonstrates the overall most beneficial
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behavior across the considered load cases.
From these observations, it can be concluded that topology modifi-
cation is a promising tool for developing new, load-specific founda-
tional structures. The subsequent shape optimization process serves,
depending on the efficiency of the previously determined topology,
either for fine-tuning for the specific loading case or for further opti-
mization of the structure. In addition, in the cases considered, shape
optimization results in an increase in the surface area, although the
surface area is not part of the optimization process.
Besides the optimized lattice structures for pure shear loading cases,
it is also important to analyze comparative structures for the previ-
ously considered loading scenarios. This allows for a comprehensive
assessment of the performance and efficiency of the load-specific,
newly generated lattice structures through the relatively unexplored
phase-field based structural optimization for lattice structures.
In the next step, these optimized cells will be compared with other
structures.

6.2.2.2 Comparative structures

For the comparison of the newly generated periodic structures, which
were specifically optimized for various shear loading conditions, two
triply periodic minimal surfaces (TPMS) are selected: the sheet-
based gyroid (see Fig. 6.11.a) and the sheet-based primitive structure
(see Fig. 6.11.b). This selection is based on the observed similarity of
the optimized structure with the minimal surfaces case 3. Addition-
ally, a structure derived from the topology-change cross-lattice struc-
ture, but optimized for the hydrostatic loading case (see Fig. 6.11.c),
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(a) Primitiv-
Structure

(b) Gyroid-
Structure

(c) Loading case:
Hydrostatic
loading sce-
nario

Figure 6.11: Comparison structures with a volume fraction of about 35%

is included in the analysis. This structure also exhibits similarities
to triply periodic minimal surface structures. The finding that op-
timization under uniform loading conditions results in TPMS-like
structures is supported by the results of [57]. In this study, a hollow
tetrahedral cell structure was optimized with respect to its isotropic
effective stiffness, further confirming the similarity of the resulting
structure to TPMS structures.

All three structures have a volume fraction of about 35%, similar
to the previously generated structures. However, the surface area of
these three structures is higher than that of the structures specifically
optimized for shear loading cases, as can be seen from Table 6.7 with
the gyroid structure having the largest surface area of 6.16.

The normalized effective Ḡ-moduli of the comparison structures for
the uni- and multidirectional shear loading cases applied to the cross-
lattice structure are listed in Table 6.8.

In the mechanical analysis of the shear modulus Ḡ of the compar-
ative structures, it is observed that the primitive structure exhibits
the highest values under both, unidirectional and multidirectional
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Table 6.7: Volume fraction of the porous comparison structures, as well as their
respective surface area.

Comparison structure
-

Volume fraction Surface area

Primitive 0.34 4.60
Gyroid 0.34 6.16
Hydrostatic 0.34 4.42

Table 6.8: Normalized effective shear modulus Ḡ of comparison structures and
the average (Av) of all three cases.

Comparison structure
Shear type Uni-

directional
Bi-

directional
Tri-

directional Av

Primitive 0.22 0.22 0.21 0.21
Gyroid 0.17 0.17 0.17 0.17
Hydriostatic 0.15 0.15 0.15 0.15

shear loads compared to the other two examined structures. How-
ever, when comparing the primitive structure with the newly gener-
ated structures, it becomes evident that the Ḡ-moduli for the newly
generated structures in load cases 1 and 2 are in a similar range.
This indicates that the new structures perform comparably to the
primitive structure in these load cases, and the mechanical proper-
ties compete well with already established structures.
Notably, the newly generated and shape-optimized structure for the
three-dimensional loading scenario (case 3) can exhibit an effective
Ḡ-modulus that is up to 23% higher. This shows, that the tar-
geted optimization for a specific loading case can achieve the stiff-
ness. However, it must be noted that the shear modulus for other
loading cases of the modified structure in case 3 is nearly halved.
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Nevertheless, if only the specified loading case is of relevance, this
load-specific optimization may still prove advantageous.
When examining the other comparative structures: Gyroid and hy-
drostatically modified structure are detected no significant fluctua-
tions in the Ḡ-moduli across the different loading cases. Although
the structure optimized for case 3 also features a uniformly periodic
arrangement, the effective Ḡ-modulus has nearly halved between the
optimized loading case (case 3) and the non-optimized loading cases.
To sum up, the phase-field based load-specific optimization enables
the generation and optimization of new structures. The superior per-
formance of this newly generated structure under multidimensional
loading conditions underscores the potential of phase-field based op-
timization for developing more efficient structures with improved
mechanical performance. While the initial load-specific topology
modification creates the base structure, the subsequent shape opti-
mization process refines the structure.
This highlights the potential of the structural optimization process
using phase-field based optimization and demonstrates the capabil-
ity to computationally develop new, load-specifically designed struc-
tures. In particular, it underscores the ability of phase-field based
optimization to create structures tailored to specific loading require-
ments.

6.2.3 Conclusion

In the first part of this study, a three-dimensional lattice cross-
structure with a volume fraction of about 75% was both topology-
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and shape-optimized for various shear loading cases. Initially, mate-
rial was removed from the less-stressed areas of the original structure
under uni- and multidirectional shear loads, resulting in a new, pe-
riodic, and topologically altered structure with a volume fraction of
approximately 35%. Analysis of the shear modulus for the different
loading directions revealed that the shear modulus was not optimally
aligned for some structures. The subsequent phase-field based shape
optimization process led to a stress-specific volume redistribution,
resulting in an increased shear modulus for each structure tailored
to its respective loading case.
In the second part of the study, two well-established TPMS (Triply
Periodic Minimal Surface) structures from the scientific literature,
namely the sheet-based gyroid and the primitive structure, as well as
a hydrostatically topology-altered lattice cross-structure, were used
as comparative structures. It was observed that the primitive struc-
ture exhibited the highest shear modulus under one-dimensional
and two-dimensional shear loading cases. In contrast, the shape-
and topology-optimized structure achieved the highest shear modu-
lus under three-dimensional shear loading conditions.
These results highlight that the combination of phase-field based
topology and shape optimization represents a promising approach
for creating new mechanical periodic structures tailored to specific
loading conditions.
The study effectively demonstrated the approach, concept, and po-
tential for generating stress-specific periodic porous structures using
a phase-field based structural optimization process.

To ensure the reliability and effectiveness of phase-field based shape
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and structural optimization methods, experimental validation is es-
sential. Therefore, an experimental validation of phase-field based
shape and structure optimization is performed in the following chap-
ter.
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In the following chapter, the TPMS-structures that were created and
optimized through simulations in chapters 4 to 6 will be fabricated
and experimentally examined.
This study focuses on phase-field based, load-specific structures,
with a comparison between simulation-based and experimental data.
Initially, the manually optimized structures will be considered, fol-
lowed by the validation of the phase-field based shape-optimized
structures and finally the structure-optimized structures.

7.1 Experimental validation of manual shape
optimized structures

The following experimental validation is motivated by the simula-
tion study of the manually optimized gyroid structures presented in
Chapter 4.
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7.1.1 Energy absorption capability of graded and
non-graded sheet-based gyroid structures
fabricated by microcast processing

This chapter is based on the publication: [1]

7.1.1.1 Structure generation

This chapter experimentally investigates 10x10x10-cell gyroid struc-
tures that have been modified through porosity gradients. The gy-
roid cells to be examined here are generated using the MATLAB
code presented in Chapter 4. As described before, for structures
with gradients, a maximum (starting) porosity and a minimum (tar-
get) porosity are specified. Starting from the maximum porosity,
the structure is thickened in either a linear or quadratic progression.
The quadratic progression represents a quasi inverted parabola (see
Figure 7.1).

The diagram shows the target and actual function of the structure,
with a linear and quadratic porosity gradient over the cell size (x-
axis) and the porosity (y-axis). Here, the actual and target porosity
deviate slightly from each other. The course of the function shows
that the structure with the quadratic gradient is thickened more
slowly than the structure with the linear gradient. The thickening
of the structures takes place in the z-direction. The specimens have
a size of 25 x 25 x 25 mm3, with 10 cells per spatial direction.
For the following analysis, the sample dimensions and test method
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Figure 7.1: Function curve of gyroid structures with a linear and quadratic
porosity of the actual (points) and target porosity function (line).

are based on the international standard ISO 13314:2011 [42]. Sam-
ples with porosities from 40% to 80%, with a quadratic and linear
gradient, and with a constant porosity of 40%, 60% and 80% are
generated. Table 7.1 shows the calculated porosity from the stl files.
Formula 1.4 is used to calculate the porosity.

Table 7.1: Theoretical porosity of the samples.

Sample
type

Calculated
average

porosity [%]

Constant 40 42

Linear 40-80 56

Constant 60 57

Quadratic 40-80 63

Constant 80 76

109



7 Experimental Consideration

As shown in Table 7.1, three samples within a similar porosity range
(linear 40-80, quadratic 40-80 and constant 60) are compared. The
structures with a constant porosity of 60% and the structures with
linear porosities from 40% to 80% theoretically have an average
equal porosity of 60%. The average porosity of the structures with
a quadratic gradient is slightly higher than 60%, which is due to
the fact that the structures with a quadratic gradient thicken more
slowly, as shown by the quadratic gradient function in Figure 7.1.
In general, the porosity calculated from the stl files deviates from
the theoretical porosity by up to 4 percentage points. On the one
hand, this is caused by the slight deviation that occurred during the
generation of the structures and, on the other hand, by the tessella-
tion of the stl files, which affects the accuracy [58]. In addition, the
two extreme values ’constant 40’ and ’constant 80’ are considered.

7.1.1.2 Structure manufacturing

The gyroid structures are manufactured using the microcasting pro-
cess as described in Chapter 3.2 by the company Nonnenmacher
GmbH, Ölbronn Dürrn, Germany and are made of the aluminum
alloy AlSi7Mg0.6 (ρ = 2.68 g{cm3, E = 59GPa). Figure 7.2 shows
the surface of the computer-generated model of the gyroid structure
with a linear gradient and porosities from 80% to 40%, compared
to the corresponding cast model. This shows that the cast is so
accurate that the model and the cast can merge seamlessly.

Each casting structure has sprue points from the connection to the
casting tree, which are marked in the casting gyroid cube with a
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Figure 7.2: Computer-based model compared to the cast model of a gyroid
structure, with a linear porosity from 80% to 40%.

linear gradient, shown in Figure 7.3. These casting points must be
taken into account during the subsequent component inspection.

Figure 7.3: Gyroid casting structure with marked sprue points from the casting
tree.

The presence of the sprue points partially explains why some sam-
ples are slightly heavier than the theoretically calculated weight,
as shown in Table 7.2. Table 7.2 shows the theoretical and actual
weights of the samples and the weight deviation in percent. Here,
the actual weight of the samples either deviates positively, if the
sample is heavier than the theoretical weight, or negatively, if the
actual weight is lighter than the theoretical weight.
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Table 7.2: Theoretical and actual weight of the samples.

Sample
type

Sample
number

Theoretical
weight rgs

Actual
weight rgs

Deviation
r%s

C
on

st
an

t
40

P1 24.03 24.71 2.82

P2 24.03 24.78 3.12

P3 24.03 24.87 3.50

P4 24.03 24.95 3.83

P5 24.03 25.49 6.08

Li
ne

ar
40

-8
0

P1 18.42 17.52 -4,89

P2 18.42 18.70 1.52

P3 18.42 17.72 -3.80

P4 18.42 17.74 -3.69

P5 18.42 17.92 -2.71

C
on

st
an

t
60

P1 17.77 16.89 -5,21

P2 17.77 17.74 -0,17

P3 17.77 17.77 0.00

P4 17.77 17.05 -4,22

P5 17.77 17.80 0.17

Q
ua

dr
.

40
-8

0 P1 15.45 16.10 4.21

P2 15.45 14.47 -6.77

P3 15.45 15.30 -0.98

P4 15.45 15.91 2.98

P5 15.45 15.68 1.49

C
on

st
an

t
80

P1 9.91 9.28 -6.79

P2 9.91 8.17 -21.30

P3 9.91 9.13 -8.54

P4 9.91 8.83 -12.23

P5 9.91 7.81 -26.88
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When considering the theoretical and actual weight of the samples,
the largest percentage difference of about (-) 28% is found at the
constant porosity of 80%. However, since these samples are also
in the low weight range, a percentage deviation of 28% means an
absolute value of 2.1 g. Taking these values into account, the manu-
facturing process provides test samples with a good quality. For the
gyroid structures with a constant porosity of 80%, the samples all
deviate negatively from the theoretical weight. This is due to the
fact that, because of their filigree structure, the edges and corners
have already broken off before the test (see Fig. 7.4).

Figure 7.4: Missing mass substance of the gyroid structure with a constant
porosity of 80%.

In contrast, a positive deviation is consistently observed for the gy-
roid structure with a constant porosity of 40%, which means that
the specimens are heavier than their theoretical value. This may be
due to the sprue points, as the visual inspection did not reveal any
significant gypsum residues in the structure. The uniform structure
with a porosity of 60% shows the least variation. For the struc-
tures with a linear and a quadratic porosity, the deviations from the
theoretical values are sometimes negative and sometimes positive.
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7.1.1.3 Testing

To investigate the energy absorption capacity, compression tests
were carried out with the machine ’inspekt 200 ’, from the company
’Hegewald & Peschke’. For all specimens, the crosshead speed was
0.025mm{s (initial length (25mm) * compression speed (10´3s´1)).
Five gyroid structures of each type were tested. The specimens were
placed on the lower pressure plate, so that the sprue points were
rested vertically on the plate. The compression tests of the struc-
tures with a constant porosity of 40% had to be stopped prema-
turely, because the punch of the machine got into a one-sided oblique
position and wedged. Therefore, it was not possible to calculate the
energy absorption capacity of these samples. The wedging during
the compression test is shown in Figure 7.5.

Figure 7.5: Course of the compression test (gyroid; constant 40%): 1. Initial
state; 2. Unilateral fracture; 3. Wedging

7.1.1.4 Results and discussion

The results of the compression test of the stress-strain diagram are
shown in Figure 7.6. The figure shows five samples for each gyroid
type (see Table 7.2).
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Figure 7.6: Stress-strain diagram of tested structures.

As mentioned above, no statement about the energy absorption ca-
pacity could be made for the structures with a low porosity (40%),
because the mechanical tests had to be stopped before reaching the
first peak, due to a one-sided failure of the samples. However, state-
ments can be made about the layer collapse in the stress-strain dia-
grams. Compared to the other structures, the layer collapse occurred
more frequently and in a more intense form, even before reaching the
first peak of 50%, which is shown in the stress-strain curve, by the
sudden drop in stress. In the other structures, the layer collapsed
after this peak. In the gyroid structures with constant porosities of
80% and 60%, minor cell collapses are regularly observed on the

115



7 Experimental Consideration

plateau. Minor stress drops are also evident in the gradient struc-
tures. In Figure 7.7, a structure of each gyroid type is shown for
better clarity and the layer collapse is marked.

Figure 7.7: Stress-strain diagram - Layer collapse

Ashby’s [59] observation that the initial loading curve is not linear
can be shared for all samples. This is due to the fact that some
cells already fail at low loads. In addition, Ashby describes that an
ideal energy absorber is characterized by its long plateau (a long,
flat stress-strain curve). In use cases, the plateau stress should be
less than the stress of the object being protected [59]. According to
the ISO 13314:2011 standard [42], the energy absorption per unit is
calculated from the area under the curve up to a strain of 50%, as
shown in the following equation 7.1:
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W “

ż ϵp50%q

ϵ“0
σpϵqdϵ rMJ{m3s (7.1)

The cumulative energy absorption per unit volume, W , is composed
of the strain ϵ r%s and the corresponding stress σ rMPas during the
compression test.
According to Ashby, the samples with a constant porosity of 80%
and 60% show the ideal course of an energy absorber. The function
curve of gyroid structures with a quadratic and linear plateau is
not as clearly visible, but has a higher energy absorption potential.
Table 7.3 shows the calculated energy absorption per unit volume. In
addition, the mean value of the total samples is given. It is noticeable
that there is an outlier upwards, in the value of the energy absorption
of each of the 5 samples, which is written in bold in Table 7.3.
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Table 7.3: Theoretical and actual weight of the samples.

Sample
type

Sample
number

Energy
absorption [MJ/m3]

C
on

st
an

t
80

P1 309.1

P2 116.1

P3 256.4

P4 155.2

P5 150.2

av. 197.4

C
on

st
an

t
60

P1 560.4

P2 951.9

P3 745.0

P4 648.1

P5 760.7

av. 733.22

Li
ne

ar
40

-8
0

P1 2554.7

P2 2593.8

P3 3086.8

P4 3037.5

P5 2879.4

av. 2830.44

Q
ua
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7.1 Experimental validation of manual shape optimized structures

The samples with a constant porosity of 80% show the lowest energy
potential capacity, followed by the samples with a porosity of 60%.
The samples with a quadratic and linear curve have the highest en-
ergy absorption capacity of the samples listed. When considering
the average values, the linear sample has a 40% higher energy ab-
sorption capacity, compared to the quadratic sample. However, it
should be noted that the quadratic sample has a higher porosity, see
Table 7.1.
The most meaningful comparison is made between the uniform gy-
roids ’constant 60’ and the linear gyroids, since these lie in the same
porosity range. When considering the average values, the energy ab-
sorption capacity at a strain of 50% is more than three times lower
for the uniform gyroids ’constant 60’ than for the linear gyroids.
The different curves of the energy absorption capacity can be found
in Figure 7.8, which plots the cumulative energy absorption per unit
volume, W, versus strain. Furthermore, the graph is divided into 4
regions. In the respective strain range, each region is dominated by
the energy absorption capacity of a different structure.

It can be observed that area I [from 0% to approx. 12%] shows
the highest energy absorption of the uniform gyroids ’constant 60’,
while interval II [from approx. 12% to 20%] shows a dominant linear
structure, which is followed by the quadratic structure. In the last
interval IV [from 35% to 50%], the linear structure dominates again.
The good energy absorption in the lower strain range of the con-
stant structure can be explained by its rapid plateau increase in the
stress-strain diagram 7.6. All samples initially have a flat, almost
linear region. The linear region of the quadratic and linear samples
ends after reaching a compressive load of about 5%, while the linear
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Figure 7.8: Cumulative energy absorption per unit and strain [%]

region of the samples with a constant porosity of 80% is longer. In
the work of Dawei Li [60], it was also found that the linear region of
the samples with linear gradients is hardly present. This is due to
the more pronounced plateau of the samples with a constant poros-
ity of 80%, shown in the stress-strain diagram 7.6. When looking
at the curves of ’quadratic 40-80’ and ’linear 40-80’, it can be seen
that they are very similar. However, from the beginning of the re-
gion IV, the energy absorption of the linear sample increases more
rapidly. This can be explained by the fact that the linear sample
thickens faster, compared to the quadratic sample, which leads to
more stability earlier.
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7.1 Experimental validation of manual shape optimized structures

The failure modes of the structures are compared in Figure 7.9. The
structures with a constant porosity show a different failure pattern
than the structures with gradients.

Figure 7.9: Failure modes of gyroid structures - (a) constant 80% and (b) con-
stant 60%: diagonal shear failure; (c) linear gradient 40- 80% and
(d) quadratic gradient 40- 80%: compression in higher porosity
area.

For the gyroid structures with a constant porosity of 80%, diagonal
shear is a failure mode, as shown in Figure 7.9. This observation has
also been made by Maskery [14] and by Chenxi Lu [61]. They have
investigated (sheet-based) gyroid structures made of an aluminum
alloy (Al-Si10-Mg), produced by selective laser sintering (SLS).
In the linear (c) and quadratic (d) gyroid structures of Figure 7.9,
the layered planes with the higher porosity are compressed like an
accordion, while the cells in the lower part of the low porosity sam-
ples appear to be unaffected by the forces. This type of failure can
be confirmed by the simulation results of the study, which is pre-
sented in Chapter 4 [2]. The simulations were performed in the
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linear deformation domain, using the simulation software Pace3D.
The gyroid structures with linear and quadratic gradients are unit
cell structures. It was shown that the stress occurs on the side with
the highest porosity, while the structures with a constant porosity
show similarly distributed stresses on both sides. In addition, the
simulations showed that the ’linear 40-80’ and ’quadratic 40-80’ gy-
roid structures have a higher maximum von Mises equivalent stress
than the ’constant 60’ structures. However, the ’constant 60’ struc-
tures have a higher normalized von Mises stress than the structures
with a gradient. Since the lower part of the structures with gradients
was not destroyed (see Figure 7.9 c, d), it can be concluded from the
visual observation of the samples and the simulation results that the
structure has more unstressed areas in the parts where the poros-
ity is lower. These overlapping results confirm that simulations in
the linear deformation domain can show a trend towards a unit cell
structure, which allows making a basic statement about the failure
of the multicellular structure.

7.1.1.5 Conclusions

In this investigation, gyroid structures with different gradient profiles
(constant, linear and quadratic) were considered and their energy
absorption capacity was analyzed. For this purpose, the structures
were manufactured from an aluminum alloy, using microcast pro-
cessing, which represents an alternative manufacturing option for
complex structures. Compression tests were performed and evalu-
ated to investigate the energy absorption capacity. With regard to
the energy absorption capacity, the following could be shown:
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I: The gyroid structures with a constant porosity of 80% and 60%

have a more significant plateau, but the energy absorption capacity
is significantly lower than that of the linear and quadratic gradient
structures.
II: Overall, the samples with a linear gradient performed best, in
terms of energy absorption. These samples were found to have three
times the energy absorption capacity, compared to the samples with
a constant porosity of 60%.
III: The samples with a constant porosity of 60% show the best
energy absorption potential in the lower strain range [0% - 12%].
IV: The samples with a quadratic gradient have good energy ab-
sorption in the medium strain range [20% - 35%].
V: After the compression tests, the individual cells of the constant
samples were visibly more damaged than those of the samples with
a linear and quadratic gradient.
VI: In the range of linear deformation, simulations of a unit cell
structure can show a trend for a fundamental statement about the
failure of a multicellular structure.

These results indicate the high potential of structures with gra-
dients and open up the possibility of achieving the desired energy
absorption capacity in the future, by optimizing the shape of the
gyroid structure. Adaptation to the energy absorption capacity is a
central issue in vehicle safety. The gradient structure creates a new
lightweight construction and design option with new potential. In
addition, the gradient makes it possible to adapt a porous structure
to its environment. This is interesting in the field of tissue engi-
neering, when a porous structure needs to be adapted to the bone
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structure.

Experimental studies of the behavior of phase-field based shape and
structure optimization are discussed in detail in the next chapter.

7.2 Experimental validation of phase-field
based shape optimization

In this section, the previously presented phase-field based shape opti-
mization methods of Chapter 5 are experimentally validated. In the
first investigation, various TPMS structures were optimized under
unidirectional loading, resulting in a loss of periodicity in all spatial
directions (see Chapter 5.1). In the second variant, TPMS structures
were also optimized, but their periodicity was maintained through-
out the optimization process (see Chapter 5.2). Subsequently, the
simulation-based and experimental data will be compared.

7.2.1 Experimental evaluation of phase-field based
load-specific shape optimization of
nature-inspired porous structure

This chapter is based on the publication: [4]

This subsection experimentally validates the initial and phase-field
based shape-optimized structures described in Chapter 5.1. For this
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7.2 Experimental validation of phase-field based shape optimization

purpose, the unit cells are duplicated in the x´ and z´ directions,
as explained in the subsequent sections.

7.2.1.1 Experimental Validation

The experimental validation of the phase-field based shape optimiza-
tion will be performed according to the ASTM D1621 standard,
“Standard Test Method for Compressive Properties of Rigid Cellu-
lar Plastics” [43]. The test specimen dimensions, the test procedure,
and the subsequent evaluation of the results are adapted to this
standard.

Manufacture of Structures The initial and optimized structures
were produced using the stereolithography (SL) 3D printer ELEGOO
MARS 2. The printing material used was the Standard Photopolymer
Resin (Elegoo Inc) in white color. The single-cell structures were
duplicated with a cell size of 30mm in the x´ and z´directions.
Each specimen has dimensions of 60mm ˆ 30mm ˆ 60mm (in the
x, y, and z directions). Five samples were tested for each specimen.
Figure 7.10 illustrates a representative candidate of each type of the
printed structures.

The theoretically calculated weight for the printed diamond struc-
ture with a density of 1.2 g{cm3, as specified in Table 5.1, is 19.18 g.
Accordingly, the weights of the gyroid and primitive structure are
18.92 g and 18.53 g, respectively.
The average values ( sm) of the printed samples and their standard
deviations ( rm) are listed in Table 7.4.
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Figure 7.10: Printed Structures: Top the original TPMS-structures; bottom:
The optimized TPMS-structures.

Table 7.4: Average weight ( sm) and standard deviation ( rm) of the printed struc-
tures.

Diamond Gyroid Primitive

initial optimized initial optimized initial optimized

sm [g] 19.281 19.018 18.917 18.889 18.572 18.530

rm [g] 0.108 0.420 0.056 0.123 0.085 0.016

Overall, the mean value for each sample deviates from the theoreti-
cally calculated sample weight by less than 1%. As can be seen from
the standard deviation, the samples show only minimal variations.
It can be observed that the primitive samples show the smallest de-
viations in both the optimized and non-optimized cases. In contrast,
the optimized diamond structure has the highest variation at 0.47 g.
One possible reason for these weight fluctuations could be the pres-
ence of excess material residues that remained attached to the sur-
face of the samples, despite subsequent acetone treatment. Since the
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diamond and gyroid structures have the highest surface-to-volume
ratios, as shown in Table 5.1, this could explain why the primitive
structure has the least weight variation among the structures.

Mechanical Testing and Evaluation For the experiments, the in-
spekt 200 machine from Hegewald & Peschke is used. The compres-
sion is initiated with a pressure of 0.03 kPa, and the testing speed is
set to 2.95mm{min. The test is terminated as soon as approximately
13% of the original thickness is reached. For subsequent evaluations,
the values are zeroed from a force load of 10N. The Table 7.11 il-
lustrates at the example of the diamond structure the development
of the initial state and the linear-elastic and plastic ranges. At the
beginning of the structural collapse, i.e., the failure in the plastic
range, the data were truncated for better comparability.

Figure 7.11: The diamond structure (top) and the shape-optimized diamond
structure (bottom): Representation of the initial structure, as well
as the structure in the linear-elastic and plastic range during the
compression test.
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The determination of the effective modulus of elasticity is based on
the ASTM D1621 standard. The modulus of elasticity was calculated
as follows:

E “
WH

AD
, (7.2)

with the load W rNs, the initial specimen height H rms, the initial
horizontal cross-sectional area in A rm2s, and the deformation D rms.
For the determination of D and W , two localized areas of the sample
from the linear-elastic range were chosen. However, it should be
noted that there are no specific guidelines for the selection of these
locations. The local area of each sample at which the strain is at
0.1% was chosen to determine the value D. To obtain a consistent
determination of the quantity W, the respective values at which the
strain is 30% of the difference between the strain at 0.1% and the
strain at the maximum stress were considered. Furthermore, it must
be emphasized that for the horizontal cross-sectional area in A rm2s,
the area of the samples was treated as if it were a solid material.

7.2.1.2 Results and discussion

The following section compares the simulation-based data with the
experimental results, followed by an examination in the plastic
regime. Volume conservation during the optimization process en-
sures that the volume of the initial and optimized structures remains
the same, which guarantees a better comparability of the structures.
Overall, the experimental validation of the phase-field based shape-
optimized TPMS structures demonstrates that the optimization has
improved the linear-elastic range and change in the plastic regime.
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7.2 Experimental validation of phase-field based shape optimization

In Figure 7.12, the load-displacement curves are recorded, and for
each cell type ("Type = D": Diamond; "Type = G": Gyroid; "Type
= P": Primitive), the respective samples have been averaged. Ad-
ditionally, their standard deviation is shown in the diagram, where
the orange line represents the optimized shape, and the blue line
represents the original shape.
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Figure 7.12: Load-Displacement Curve: Average values of compression test for
diamond (D), gyroid (G), and primitve (P).

Validation of the phase-field shape optimization model Purely
linear-elastic behavior cannot be achieved in porous structures [1,
62–64]. However, Figure 7.12 clearly visualizes the quasi-elastic
range. In [64], CuCrMo structures with gyroid, diamond, and primi-
tive topology and different volume fractions (ranging from 0.2 to 0.4)
perform elastic behavior at low strain, followed by a sudden collapse.
The diamond structures exhibit the highest load-bearing capacity,
followed by the gyroid structures, and, finally, the primitive struc-
tures [64]. Our shape-optimized structures reveal improvements in
the linear-elastic and plastic ranges, compared to the original struc-
tures. By design, shape optimization reduces stress concentrations,
producing more uniform stress distributions in the component and
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reducing material failure.
For the experiments, the average elastic modulus sE and the stan-
dard derivation rE can be found in the top two rows of Table 7.5.
These values were determined from the experimental results using
equation 7.2, described in Chapter 7.2.1.1.
When considering the standard deviation, the optimized diamond
structures have the highest variance, while the optimized primitive
structures have the lowest variance.
With 57.377%, the optimization of the diamond structure achieves
the highest increase in the effective modulus of elasticity in the lin-
ear elastic range, followed by the gyroid structure with 23.04%. For
the primitive structure, this increase averages 13.37%. To establish
comparability between the simulation-based dimensionless modulus
(ESim) and the experimental data, the dimensionless modulus is con-
verted into a corresponding dimensional modulus ESimDim [MPa], by
calculating the effective unit stress for each sample. The density of
the material [kg{m3] and the cross-sectional area [m2] of each sample
are physically predetermined. Consequently, the time [s] represents
the adjustable characteristic parameter to be determined based on
the experimental data. In the present case, the characteristic time
is about 0.915 s, which yields a unit stress of 14.32MPa. The bot-
tom rows of Table 7.5 compare the dimensionless moduli of elasticity
ESim and the dimensionalized moduli of elasticity ESimDim with the
average experimental moduli of elasticity for each topology and op-
timization state.
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7.2 Experimental validation of phase-field based shape optimization

Table 7.5: Comparison of the effective modulus of elasticity from the experi-
ments (mean: sE, standard deviation: rE) and simulations (dimen-
sionless: ESim, dimensionalized: ESimDim).

Diamond Gyroid Primitive

initial optimized initial optimized initial optimized

sE [MPa] 33.369 52.515 27.491 33.826 14.470 16.404

rE [MPa] 4.664 7.142 4.753 4.881 2.531 1.710

ESim [-] 2.186 3.403 1.748 2.444 0.989 1.190

ESimDim [MPa] 31.314 48.748 25.040 35.010 14.164 17.047

For better comparability, the determined values of Young’s modulus,
belonging to the respective samples from the experimental assess-
ment, are presented in a box plot, and the dimensionalized simulated
data are marked in red within the respective box plots Figure ??.
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Figure 7.13: Diamond structure: Comparison of the experimental data with
the dimensionalized (red dashed line) simulated data. Represen-
tation of the experimental data in a box plot: With upper and
lower quantile and median, with the standard deviation labeled
by the whiskers. The mean value of the experimental data is in-
dicated by a cross and the outliers by circles.
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Gyroid opt Gyroid

E-
M

od
ul

e 
[M

Pa
]

0

10

20

30

40

50

60

Figure 7.14: Gyroid structure: Comparison of the experimental data with the
dimensionalized (red dashed line) simulated data. Representation
of the experimental data in a box plot: With upper and lower
quantile and median, with the standard deviation labeled by the
whiskers. The mean value of the experimental data is indicated
by a cross and the outliers by circles.
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Figure 7.15: Primitive structure: Comparison of the experimental data with
the dimensionalized (red dashed line) simulated data. Represen-
tation of the experimental data in a box plot: With upper and
lower quantile and median, with the standard deviation labeled
by the whiskers. The mean value of the experimental data is in-
dicated by a cross and the outliers by circles.
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The arithmetic mean of the experimental data is indicated by a black
bold cross, while the outliers of the samples are marked by a black
circle. It is evident that there is at least one outlier in the exper-
imental data. The whiskers represent the standard deviation from
the mean value. The dimensionalized simulated data are represented
by a red dashed line in each box plot. The box plots show that the
simulated values lie within the standard deviation of the experimen-
tal values. In some cases, this value is also within the quartiles and
close to the mean value (black cross) of the experimental data. The
dimensionalized Young modulus of the optimized diamond structure
is farthest from the mean value of the experimental data, while that
of the primitive structure is almost the same. The box plots show
that scaling establishes a clear correlation between the simulation
and the experimental data.
The ability to convert dimensionless data into dimensional data is
crucial for future research. It is also important to emphasize that the
conversion can be applied even if the simulation data relate to differ-
ent material properties and cell dimensions (see [3]). This underlines
that a load-specific shape optimization of complex cell structures is
possible by using dimensionless data with the phase-field method.
In the field of linear elasticity, shape optimization leads to a struc-
ture that is independent of material properties and dimensions. This
can also be confirmed if a different base material is used for dimen-
sionalization. For example, this investigation considered polylactide
(PLA) under equal load conditions.
Table 7.6 lists the simulated effective modulus of PLA which can
also be scaled to the experimental modulus by a constant material-
specific factor. Furthermore, a comparison of the two dimension-
less parameters (modulus calculated from the aluminum alloy and
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modulus based on PLA) is also possible. These parameters can be
converted into each other with a factor of 0.1. This suggests that
the simulation is in this case independent of the material. This ob-
servation is consistent with previous results of 2D studies.

Table 7.6: Comparison of the originally simulated effective modulus of elasticity
(ESim) and the experimentally determined modulus of elasticity ( sE)
with modified simulative material properties (ESim_PLA).

Diamond Gyroid Primitive

initial optimized initial optimized initial optimized

ESim_PLA [MPa] 0.315 0.521 0.255 0.380 0.147 0.188

ESim_PLA{ESim [-] 0.01 0.01 0.01 0.01 0.01 0.01

sE{ESim_PLA [-] 105.93 100.797 107.808 89.016 98.435 87.255

Overall, it is demonstrated that shape optimization in the linear-
elastic range is accompanied by an increase in the effective modulus
of elasticity (Young’s modulus) and, consequently, an increase in
stiffness. This result has been presented with convincing agreement
in both simulations and experiments.

Influence on Plastic Deformation Apart from the linear-elastic
range, the plastic range is considered. In addition to the increase
in the effective elastic modulus of elasticity, a change in the plastic
deformation range can be observed. This aspect becomes apparent
from the analysis of the load-displacement curves (Figure 7.12) and
the average maximum stress values (µstressrMPas) in Table 7.7. An
increase in the effective modulus of elasticity consequently leads to
a shift in the plastic deformation range.
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Table 7.7: Average maximum stress (sσmax) and standard deviation (rσmax) of
TPMS structures in MPa.

Diamond Gyroid Primitive

initial optimized initial optimized initial optimized

sσmax [MPa] 12.732 13.488 11.38 12.326 5.636 6.558

rσmax [MPa] 0.779 1.264 0.492 0.846 0.412 0.226

It can be observed that the optimization of the primitive structure
in the linear-elastic range has the greatest effect on the maximum
stress by about 16.40%, despite the smallest increase in the effective
modulus of elasticity by 13.37%. While the increase in the effective
modulus of elasticity has a direct effect on the overall stiffness of the
structures, changes in the maximum stress can be attributed to the
volume redistribution during the shape optimization process. Sim-
ilar to the standard deviation of the effective Young modulus from
Table 7.5, the standard deviation of the maximum stress has the
highest value for the diamond structure, while the standard devia-
tion of the optimized primitive structure shows the lowest variation
between the samples.
Furthermore, the individual shape-optimized structures exhibit fewer
sudden failure patterns than the non-optimized structures. In con-
junction with the shift in the plastic deformation range, this results
in a higher energy absorption capacity of the optimized structure,
making it more suitable for additional applications such as crash
structures. The improved mechanical performance of the optimized
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structures makes them particularly promising for deployment in var-
ious engineering applications where energy absorption and resistance
to plastic deformation are crucial factors.

7.2.1.3 Conclusion

This work has focused on the experimental validation of load-specific
shape-optimized TPMS unit cells. In previous work, TPMS unit cells
were shape-optimized under unilateral compression, using a novel
phase-field method integrated with shape optimization scheme. The
present experimental validation reveals a correlation between the
simulation and experimental data. To achieve this, the original and
optimized individual TPMS unit cell structures were replicated in
the x- and z-directions and manufactured using SLA 3D printing.
Compression tests showed that the simulation results match well
with the order of magnitude of the experimental data. As a result,
shape optimization leads to an increase in the effective modulus
of elasticity, on average, compared to the original structure. For
better comparability, the dimensionless data were scaled between
simulation-based dimensionless data and experimental data. This
scaling results in a correspondence between the simulated scaled
effective modulus and the calculated modulus, with a maximum de-
viation of 6%. Furthermore, it is discussed that optimization in the
linear elastic regime shifts the plastic range. Despite the smallest
increase in the effective modulus of elasticity observed when optimiz-
ing the primitive structure, this type of structure exhibits the high-
est percentage increase in maximum stress. In addition, the load-
displacement curves illustrate that the shape-optimized structures
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collapse less abruptly, which leads to a longer plateau in the plastic
range and thus to a greater energy absorption capacity. In summary,
the matching comparison presented between experimental and simu-
lated data confirms evidence that the computational shape optimiza-
tion based in a phase-field approach is a valuable and reliable tool
to optimize the morphology of porous structures under mechanical
loading. This provides a resource-efficient method for virtual ma-
terials design with a versatile and extensive application potential.
Despite the use of dimensionless data for the simulation with differ-
ent material parameters and structure sizes, the subsequent scaling
reveals a correlation between the experimental and simulation-based
data. Using dimensionless data in a single phase material simula-
tion resulting in material- and dimension-independent load-specific
shape optimization, while maintaining the volume, is achievable.
These results underline the potential of the phase-field method as
a promising tool for load-specific optimization of complex porous
structures. The optimization of multicellular structures or under
different load conditions is also possible. This novel design approach
is important in various fields, such as bone scaffold design, where
shape optimization maintains a high surface-to-volume ratio and a
curved surface that is favorable for bone growth, while introducing
load-specific gradients that improve mechanical properties. Further-
more, these structures are promising in crash applications, as the
shape optimization extends the plastic plateau and enables higher
energy absorption.

The following chapter 7.2.2 presents the experimental validation
of the gyroid structures optimized in Chapter 5.2 under unidirec-
tional loading. It has been ensured that the periodicity in all spatial
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directions is maintained throughout the optimization process of the
structures.

7.2.2 Experimental validation of shape-optimized
gyroid structures while maintaining periodicity

This chapter is based on the publication: [5]

The following section will experimentally validate the unidirection-
ally shape-optimized structures under unidirectional loading.
The main objective of the experimental validation is to confirm, that
the computed candidates are indeed structurally optimized for the
imposed mechanical loading treatments.
For the experimental validation, the unidirectionally shape-optimized
gyroid structures of Chapter 5.2 are used. Therefore, the initial
structures and the unidirectionally loaded, shape-optimized gyroid
structures are manufactured using additive manufacturing and sub-
sequently tested by applying mechanical loads.

7.2.2.1 Structure manufacturing

The original and optimized unit cells are replicated four times in each
of the three dimensions (x, y, and z- direction) for experimental
validation, resulting in a total size of 4x4x4 cells. The specimen
size of about 50.8mm in each spatial direction meets the minimum
requirements of the standard presented in Subsection 7.2.2.2.
The test specimens are manufactured using Standard Photopolymer
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(a) Ini. structure: V ˚
“

0.25 r´s

(b) Opt. structure: V ˚
“

0.25 r´s

Figure 7.16: xz-plane of the initial (a) and optimized (b) printed sheet-based
gyroid structure with a volume fraction of V ˚

“ 0.25 r´s.

Resin (Elegoo Inc) in white color on the Stereolithography (SL) 3D
printer ELEGOO MARS 2. For slicing the structures, the software
Chitubox Version 1.9.5 was used. Each test specimen is printed five
times and subsequently tested. Figure 7.16 illustrates the initial
and optimized gyroid structure with a volume fraction of 0.15 r´s,
serving as an exemplary case for the other test specimens.

The xz-plane of the printed test specimens is shown to illustrate
the geometric changes resulting from the shape optimization pro-
cess. Upon examining the xz-plane with the highlighted region, it
becomes evident that the original structure exhibits regular wave-
like struts with consistent thickness in the x-direction, whereas the
strut thickness in the x-direction is reduced after the shape optimiza-
tion process, as depicted in Figure 5.9. This geometric alteration is
observed in all three structures. The reason for this lies in the fact
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that the transverse struts in the x-direction are minimally stressed
at these points due to the specified deformation, resulting in a re-
duction in volume.
Furthermore, it is noteworthy that manufacturing the optimized
structures posed a challenge at times, as the walls of the shape-
optimized gyroid structures became very thin and fragile in certain
areas due to the optimization process. Therefore, a loss of accuracy
in replicating the digital structures by 3D printing is introduced.

7.2.2.2 Mechanical Testing Condition

The experimental validation of the unidirectional shape-optimized
gyroidal unit cells based on the phase-field method is conducted ac-
cording to the ASTM D1621 standard, "Standard Test Method for
Compressive Properties of Rigid Cellular Plastics" [43]. Accordingly,
the sizing of the samples, as well as the testing conditions and eval-
uations, are based on the standard. For conducting the compression
tests, the inspekt 200 machine from Hegewald & Peschke is utilized.
The testing is initiated with compression at a pressure of 0.03 kPa
and is conducted at a testing speed of 2.95mm{min. The test is ter-
minated upon reaching approximately 13% of the original thickness.
For subsequent evaluations, the values are zeroed from a force load
of 10N.

7.2.2.3 Results and discussion

In comparison to homogeneous materials, local stress peaks are more
pronounced in porous structures, leading to a relatively small range
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of linear elastic behavior due to local plastification being established
at relatively small macroscopic strains. This can also be seen from
the stress-strain diagram in Figure 7.17 of the three considered struc-
ture types. In the stress-strain diagram, the average measurement
curves with their respective standard deviations are depicted. The
dashed blue lines refer to the initial structures (I), while the solid
green lines represent the shape-optimized (O) structures.

n
Figure 7.17: Stress-strain curve of averaged experimental data including stan-

dard deviation for the initial and optimized gyroid structures with
porosities of 75% (G75), 80% (G80), and 85% (G85).

From the stress-strain diagram, it is evident that the average mea-
surement curve of the optimized structures lies above the course
of the initial sample types. This clearly shows that the shape opti-
mization results in increased stiffness within the linear elastic regime.
Furthermore, also in the plastic range, improvements are observed
compared to the original structures. Therefore, improvements from
the elastic optimization can also be transferred to plastic properties.
The gyroid structure with a volume fraction of 0.25 r´s (G75) records
the highest load capacity, followed by the structure with a porosity of
volume fraction of 0.20 r´s (G80) and 0.15 r´s (G85). The greatest
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optimization success is clearly achieved with the G75 structure. This
is because the largest volume redistribution occurred in the struc-
ture with a porosity of 75%. From the respective force-displacement
diagrams, the Young’s moduli for each individual sample are deter-
mined using the formula suggested in the ASTM D1621 standard.
The modulus of elasticity (E) is calculated as

E “
WH

AD
, (7.3)

where W rNs is the load, H rms the height of the undeformed sam-
ple, A rm2s, the horizontal cross-sectional area, and D rms denotes
the deformation. For the determination of D and W , two localized
areas of the sample from the linear-elastic range are selected. Since
the guideline does not provide specific details about the choice of
points, the local area of each sample where the strain is 0.1% is
selected. To ensure a consistent determination of the W size, the re-
spective values at which the strain is 30% of the difference between
the strain at 0.1% and the strain at maximum stress are considered.
As these are porous specimens, the horizontal cross-sectional area in
A rm2s, the area of the samples is treated as if it was a solid material.
In Table 7.8 the average calculated effective Young’s modulus from
the experimental data sE, as well as their standard deviation rE, are
listed. For a better overview and comparison between the experi-
mental and simulation data, the dimensionless Young’s moduli from
Table 5.2 are dimensionalized and also listed (ĒSim).

When examining the average Young’s modulus, it is clear that the
optimized structures all exhibit a higher Young’s modulus compared
to their original structures. The highest variations in the calculated
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Young’s modulus are seen in the initial structures of 75%, while
its optimized counterpart with a deviation of 2.750MPa shows a
minor deviation. On average, the effective Young’s modulus could
be increased by about 40%. For the gyroid structure with a porosity
of 80%, the optimization process achieved an increase of 9.8% and
the structure with the highest porosity of 85% achieved the smallest
increase in the effective Young’s modulus with an increase of 2.4%.
For further comparison, the values are illustrated in box plots in
Figures 7.18-7.20. The red, thick bar symbolizes the dimensionalized
Young’s modulus. The cross marks the mean, and the round dots
denote the outliers of the respective sample series. Additionally, the
whiskers indicate the standard deviation. When comparing the box
plots between samples with different porosities, attention should be
paid to the scaling of the y-axis.

Figure 7.18: Comparison of simulated and experimentally determined elastic
moduli from compression tests of the gyroid structure with a vol-
ume fraction of 0.25 r´s. The solid red bar represents the di-
mensionalized Young’s modulus obtained from simulation, while
the cross denotes the mean of the experimentally obtained data.
Whiskers indicate the standard deviation, and outliers are marked
by points.
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7.2 Experimental validation of phase-field based shape optimization

Figure 7.19: Comparison of simulated and experimentally determined elastic
moduli from compression tests of the gyroid structure with a vol-
ume fraction of 0.20 r´s. The solid red bar represents the di-
mensionalized Young’s modulus obtained from simulation, while
the cross denotes the mean of the experimentally obtained data.
Whiskers indicate the standard deviation, and outliers are marked
by points.

Figure 7.20: Comparison of simulated and experimentally determined elastic
moduli from compression tests of the gyroid structure with a vol-
ume fraction of 0.15 r´s. The solid red bar represents the di-
mensionalized Young’s modulus obtained from simulation, while
the cross denotes the mean of the experimentally obtained data.
Whiskers indicate the standard deviation, and outliers are marked
by points.
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When examining the box plots, it is noticeable that the experimen-
tal and simulation data of the gyroid structure with volume fraction
of 0.25 r´s match the best, while the simulation data for the gyroid
structures with volume fractions of 0.2 r´s and 0.15 r´s do not al-
ways fall within the experimentally determined data ranges. The
highest deviation is observed in the samples with a volume frac-
tion of 0.2 r´s and optimized structures with a volume fraction of
0.15 r´s, with an average deviation of approximately 15%. The sam-
ples with higher volume fraction (G75) show the smallest deviation
from the simulation results, possibly due to challenging manufactur-
ing quality caused by thin walls and small cell size. Nonetheless, the
experimental validation confirmed that a load-specific optimization
using the phase-field method while maintaining the periodicity of
complex porous structures is successfully feasible. This confirma-
tion not only opens up the possibility to optimize gyroid structures
but also other complex structures. Thanks to the successful mainte-
nance of periodicity in all spatial directions during the optimization
process, there is the option to optimize unit cells and then multiply
them accordingly in the respective directions. This opens up a mul-
titude of design possibilities for various industrial applications where
stability and low weight are important.

7.2.2.4 Conclusion

After demonstrating the feasibility of load-specific phase-field based
shape optimization simulations in Chapter 5.2, the unidirection-
ally loaded shape-optimized structures are experimentally validated.
Experimental validation followed the ASTM D1621 standard. The
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7.3 Experimental validation of phase-field based structural optimization

evaluation of the test specimens shows that, on average, the shape-
optimized structures exhibit higher stiffness in the respective loading
directions. The optimization of the structures influence both the lin-
ear elastic and plastic range. As evident from the simulations, the
optimized gyroid structure with a porosity of 75% achieves an av-
erage increase in the effective modulus of elasticity of 40%.
Overall, the load-specific shape optimization based on the phase-field
approach offers promising prospects for various applications across
different industries. By preserving key structural characteristics such
as periodicity throughout the optimization process, complex struc-
tures can be tailored to specific loading scenarios. This capability
holds immense potential for developing efficient and customized so-
lutions in fields such as medical engineering.

The final subsection of the experimental validation is the exper-
imental investigation of the phase-field based, structure-modified
gyroid structures presented in Chapter 7.3.1.

7.3 Experimental validation of phase-field
based structural optimization

Previous investigations have shown that numerical simulations of
shape-optimized structures accurately reflect experimental results.
To examine the transfer ability of this correlation to more complex
optimization strategies, topology-optimized structures will be con-
sidered in the following. The aim is to determine whether the sim-
ulations can also reliably predict the experimental results in this
case.
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7.3.1 Experimental validation of phase-field-based
load-specific structural optimization of
sheet-based gyroid-structures

This chapter is based on a manuscript that is currently under
review.

In the following, topology optimized gyroid structures with a fi-
nal porosity of 80% are compared to an unmodified gyroid refer-
ence structure. The structure modification was performed using the
phase-field method with the aim of maximizing stiffness in a specific
loading direction. The results of the numerical simulations, includ-
ing the generated structures and their mechanical characterization,
are summarized in subchapter 6.1.
For the experimental validation of the topologically modified unit
cells described above, they are multiplied four times in the respective
spatial directions and printed out. The unmodified gyroid structure
with a porosity of 80% is used as the reference structure. As a result,
all three structures have a volume fraction of approximate 20%.
The production of the samples and their subsequent testing are based
on the ASTM D1621 standard "Standard Test Method for Compres-
sive Properties Of Rigid Cellular Plastics" [43].

7.3.1.1 Structure manufacturing

The previously considered unit cells are multiplied 4 times in each
spatial direction for the experimental validation, so that the test
specimens have a required minimum side length of 25.4mm.
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7.3 Experimental validation of phase-field based structural optimization

For each sample type, 5 samples are printed using the steriolithogra-
phy (SL) process. The SL printer from Elegoo Mars 2 and the white
standard photopolymer from Elegoo are used for this purpose.
In Figure 7.21, one sample type is shown as a representative of the
other samples.

(a) Gyroid80 (b) Gyroid75Nuc (c) Gyroid80NucShape

Figure 7.21: Planar representation of a) the unmodified gyroid structure of
porosity 80%, the modified structures with the initial porosity of
b) 75% and c) 80%.

Similar to the topology-modified unit cells shown, the difference be-
tween the multiplied and printed Gyroid75Nuc and Gyroid80NucShape

is barely recognizable. The planar xy´direction shows the previ-
ously described reduction of the crossbars due to the modification
process.
The weight of the respective test specimens, their average weight
and the theoretically calculated weight ḡ with the volume fractions
determined from Table 6.1 are listed in Table 7.9.

The table shows that the test specimens exhibit slight weight fluc-
tuations. When comparing the average values (Av) with the theo-
retically calculated weight values (ḡ), it becomes clear that they are
in a similar range.
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S1 S2 S3 S4 S5 Av ḡ

Gyroid80 31.312 31.616 32.019 31.771 30.836 31.5108 31.09
Gyroid75Nuc 33.201 33.299 32.515 33.384 33.074 33.0946 33.52
Gyroid80NucShape 30.869 31.847 31.915 31.807 31.994 31.6864 31.90

Table 7.9: Weight of the printed samples, their average value (Av) and the
theoretically calculated weight value ḡ.

7.3.1.2 Mechanical Testing Condition

The Inspekt 200 machine from Hegewald & Peschke is used to carry
out the compression tests for the experimental validation of the uni-
directional topology-modified gyroid structures and their reference
structure. The initial pressure load starts at 0.03 kPa and is applied
at a test rate of 2.95mm{min. When about 13% of the original thick-
ness is reached, which corresponds to a distance of about 6.60mm,
the test is terminated. For standardized data evaluation, the values
are zeroed from a force load of 10N.
The calculation of the effective modulus of elasticity (E) from the ex-
perimental data is also based on the ASTM D1621 standard, which
is calculated as follows:

E “
WH

AD
, (7.4)

where W rNs is the load, Hrms is the height of the undeformed sam-
ple, and Drms is the deformation. Arm2s denotes the horizontal
cross-sectional area. Since the samples are porous, the horizontal
cross-sectional area in Arm2s, i.e. the area of the samples, is treated
as if it were a solid material. The points D and W indicate two
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7.3 Experimental validation of phase-field based structural optimization

points from the linear-elastic range. Since the guideline does not
provide specific details on the selection of the points, the local area
of each sample is selected where the strain is 0.1%. To determine
the value W , the point at 30% of the maximum stress is selected.
In the following section, the effective modulus of elasticity of the
structures will first be determined experimentally from equation 7.4
and then compared with the simulation data obtained in Chap-
ter 6.1.

7.3.1.3 Results and discussion

First, the elastic moduli will be determined based on the experimen-
tally obtained load-displacement curves, and then compared with
the data derived from simulations.

Experimental result The load-displacement curves of the five dif-
ferent samples per specimen type resulting from the compression
tests are shown side by side in Figure 7.22.

Each sample type is represented by one line type:
Gyroid80NucShape (black solid line), Gyroid75Nuc (blue dashed
line) and Gyroid80NucShape (green dotted line) structure. For bet-
ter comparability, the curves of the individual samples are overlaid.
It can be seen from the diagrams that the comparative structure
(black solid line) shows the smallest increase in the linear elastic
range compared to the optimized structures, which is reflected ac-
cordingly in the effective modulus of elasticity. It is also recognizable
that the maximum load is also lower on average. However, the curve
after the load peak is flat and more controlled. Table 7.10 presents
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Figure 7.22: Load-displacement curves for the five tested samples of the un-
modified gyroid structure with a porosity of 80% (black solid line)
compared to the modified structures with the initial porosity of
75% (blue dashed line) and 80% (green dotted line).

the mean value of the effective E-moduli (Ē) of the tested samples
calculated according to Equation 7.4 and standard deviation (σ).

Gyroid80 [MPa] Gyroid75Nuc [MPa] Gyroid80NucShape [MPa]

Ē 47.950 67.695 66.809
σ 6.929 9.673 12.937

Table 7.10: Calculated mean value of the effective moduli of elasticity (Ē) and
standard deviation (σ) of the specimens.

The increase in the load-displacement curves of the modified struc-
tures (Figure 7.22), compared to the unmodified gyroid structure,
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7.3 Experimental validation of phase-field based structural optimization

already indicates a higher average modulus of elasticity (Ē). This
is further confirmed by the calculation of the effective modulus of
elasticity in Table 7.10, where the average modulus for the modi-
fied gyroid structures is approximately 20MPa higher than that of
the unmodified structure. Additionally, the two modified structures
exhibit similar modulus values, but the table also reveals that the
modified structures have higher standard deviation. The reasons for
the increased standard deviation of the samples must be further val-
idated in future investigations.
The following chapter compares the experimental and simulative
data.

Experimental and simulative comparison The previous simula-
tive (Eyy in Tab 6.2) and experimental (Ē in Tab 7.10) investiga-
tions of the effective modulus of elasticity show that a phase-field-
based topology change and optimization in the linear-elastic range
leads to an increase in the effective modulus of elasticity. Conse-
quently, the moduli of elasticity for the structures Gyroid75Nuc and
Gyroid80NucShape are, on average, higher than that of the reference
structure Gyroid80. Furthermore, the experimental results also con-
firmed the previous simulation observation that the effective modu-
lus of elasticity of the structure Gyroid75Nuc is, on average, slightly
higher compared to Gyroid80NucShape.
To facilitate a better comparison between the experimentally and
numerically determined effective moduli of elasticity, the data for
each sample type are presented in a box plot Figure 7.23. In the
box plot, the cross marks the mean value, and the round dots indi-
cate the outliers of the respective sample series. Additionally, the
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whiskers represent the standard deviation. The red bar indicates the
dimensionally simulated modulus of elasticity.
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Figure 7.23: Comparison of the simulatively (red bar) and experimentally (box
plot) determined effective moduli of elasticity of a) unmodified
gyroid structure with a porosity of 80%, the modified structures
with the initial porosity of b)75% and c) 80%.

Accordingly, the dimensionalized moduli of elasticity from the sim-
ulation (red bar) and the experimental data are in a similar range.
However, it should be noted that the lowest scatter is observed in
the comparative structure, as can also be seen from the standard
deviation (σ) in Table 7.10. Consequently, no outliers are present
in the box plot in Figure 7.23a. Additionally, the determined data
range for Gyroid80 aligns with the simulated effective modulus of
elasticity calculated by another study [5] for the gyroid structure
with a porosity of 80%.
Overall, it is demonstrated that optimization in the linear elastic
range results in noticeable changes in both, the linear elastic and
plastic ranges. A pure topology change leads to an increase in the
modulus of elasticity, which has been confirmed both numerically
and experimentally.
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7.3.1.4 Conclusion

In this study, two gyroid structures with a final porosity of 80%,
which were topology-modified based on the phase-field method, were
investigated simulatively and experimentally. An unmodified gyroid
structure with a porosity of 80% also served as a comparative struc-
ture.
In the first method, a gyroid structure with an initial porosity of
75% was reduced by approx. 5% through targeted volume reduc-
tion. In the second method, the gyroid structure has an initial
porosity of 80%, after a volume reduction of also approx. 5%, a
phase-field based shape optimization was then carried out until the
initial porosity of 80% was reached.
It could be shown both simulatively and experimentally that the
structural modification in both variants leads to an increase in the
effective modulus by 32%.
The experimental validation also showed that the optimization in the
linear elastic range also led on average to an increase in the max-
imum load, and it was also observed that the structures exhibited
a change in the curve in the plastic range. Overall, it was shown
that the phase-field method is a promising optimization method for
complex three-dimensional structures. The study highlights the sig-
nificant impact of topology modification and optimization on the
mechanical properties of gyroid structures. The observed increase
in the modulus of elasticity due to phase-field based modifications
underscores the potential of this approach for developing advanced
materials with tailored properties.
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8 Conclusion

In this work, cellular structures, particularly TPMS structures, were
optimized under mechanical loading to improve their stiffness and
specific properties. Three different optimization approaches were
investigated for this purpose.

First, the manual optimization process was examined. Various
porosity gradients were introduced, allowing the porosity to be selec-
tively varied across the structure. This resulted in structures with
different porosity distributions. The experimental results showed
that structures with quadratic and linear gradients have higher en-
ergy absorption capacity compared to structures with constant gra-
dients. Additionally, a correlation between the experimentally deter-
mined and simulation-based results was established. These findings
demonstrate that a targeted adjustment of porosity can already lead
to improvements in mechanical properties.

In the following chapter, a novel approach for load-specific opti-
mization was introduced. The phase-field method provides a way to
precisely optimize structures through interface displacement. The
TPMS structures were shape-optimized using a modified phase-field
method (PFM) under volume conservation, specifically for differ-
ent loading conditions. Various load-specific boundary conditions
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were considered in the simulations to ensure optimal adaptation of
the structures to the respective load cases. The initial and shape-
optimized structures were experimentally validated. Here, again, a
correlation between the experimentally determined and simulation-
based data was established, confirming the validity and reliability
of the phase-field based optimization. The experimental validations
showed that the phase-field based optimizations led to an improve-
ment in mechanical properties.

In the third optimization method, structural optimization, two dif-
ferent cell structures – the gyroid structure and a lattice structure
– were optimized under load. The process began with a topological
modification of the structures under specific loading conditions. Ma-
terial was removed from less stressed areas, while the periodicity of
the structures was maintained. This approach led to a novel, load-
oriented structure with reduced volume. Subsequently, the topolog-
ically modified structures underwent shape optimization.
The investigations in both cases showed that the topological modifi-
cation resulted in a specific load-adapted structure, while the shape
optimization allowed for further adjustments to improve load dis-
tribution. This approach ultimately led to the development of new
periodic lightweight structures. Furthermore, the structurally opti-
mized and modified gyroid unit cells were experimentally validated.
Similar to the previously conducted phase-field based shape opti-
mization, the experimental results confirmed that a correlation be-
tween the experimentally and numerically obtained data could be
established. Among other things, it was shown that the optimiza-
tion led to an increase in the effective modulus in the respective
optimization direction.
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8 Conclusion

Overall, the diverse possibilities of phase-field based structural op-
timization were comprehensively examined and demonstrated. It
was shown that the phase-field based optimization approach is a
promising method both for shape optimization and for the creation
of new structures. The experimental validations confirmed the im-
provement of the properties.
The corresponding perspectives and further research approaches are
detailed in the following chapter.
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9 Outlook

The phase-field based, load-specific structural optimization offers a
valid and versatile method in both industry and research, applica-
ble to the creation of new structures as well as the optimization of
existing ones. This method enables the adaptation and application
of structures in various fields, such as crash structures and bone
support structures.

In this work, different loading scenarios, both in single and multi-
dimensional loading cases, were investigated and analyzed. These
scenarios were experimentally validated, considering various stress
boundary conditions. Despite these comprehensive studies and suc-
cessful validations, there are still numerous opportunities for further
development of the method.

One such opportunity is to extend the load-specific phase-field method
to develop new structures while considering manufacturing con-
straints, particularly for additive manufacturing. This could, for
example, involve designing structures in such a way that support
structures are not necessary. Such an adaptation would make the
phase-field method even more attractive for industrial applications.
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Another potential lies in adapting the phase-field method to multi-
phase systems. So far, two-phase systems have been mainly con-
sidered. By extending to multi-phase systems, additional optimiza-
tions, such as in material distribution or the combination of different
materials, could be explored.

An equally important point of research and development would be
the optimization of simulation speed. Faster simulations would not
only increase the efficiency of the optimization processes, but also
further promote the application of the phase-field method in indus-
try. More efficient algorithms and advanced computational methods
could lead to significant improvements in this area.

Overall, it is evident that the phase-field based structural optimiza-
tion already offers great potential for future developments and ap-
plications in various technical and industrial fields. The further de-
velopment of the method, especially regarding manufacturing con-
straints, multi-phase systems, and simulation speed, could lead to
further breakthroughs and increase the method’s attractiveness.
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