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Abstract. In this series of studies, we establish homogenized lattice Boltzmann methods (HLBM) for
simulating fluid flow through porous media. Our contributions in part I are twofold. First, we assemble
the targeted partial differential equation system by formally unifying the governing equations for non-
stationary fluid flow in porous media. A matrix of regularly arranged, equally sized obstacles is placed
into the fluid domain to model fluid flow through porous structures governed by the incompressible
nonstationary Navier—Stokes equations (NSE). Depending on the ratio of geometric parameters in the
solid matrix arrangement, several homogenized equations are obtained. We review existing methods
for homogenizing the nonstationary NSE for specific porosities and discuss the applicability of the
resulting model equations. Consequently, the homogenized NSE are expressed as targeted partial dif-
ferential equations that jointly incorporate the derived aspects. Second, we propose a kinetic model,
the homogenized Bhatnagar—Gross—Krook Boltzmann equation, which approximates the homogenized
nonstationary NSE. We formally prove that the zeroth and first order moments of the kinetic model
provide solutions to the mass and momentum balance variables of the macroscopic model up to spe-
cific orders in the scaling parameter. Based on the present contributions, in the sequel (part II), the
homogenized NSE are consistently approximated by deriving a limit consistent HLBM discretization
of the homogenized Bhatnagar—Gross—Krook Boltzmann equation.
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LLIST OF SYMBOLS

Expression Meaning

NSE Navier—Stokes equations

LBM Lattice Boltzmann method

BGK Bhatnagar—Gross—Krook

HNSE Homogenized Navier—Stokes equations

HLBM Homogenized lattice Boltzmann method

Q Domain of the porous media including solid and fluid regions
Q. Fluid void filling the porous media structure

o0 Boundary of 2

d Dimension, Q2 € R?

Ye 1th cell in porous structure

Yo Yi, ith spherical obstacle where 1 < i < N(e); and é-th fluid void cell
N(e) Number of solid obstacles in the porous structure

HY(X) Sobolev space H*(X) = W*2(X), where k = 1

H}(X) Functions f € H'(X) with vanishing trace flopx =0

H} (X) Divergence-free functions f € H'(X)

H;E (X) X-periodic functions in H*(X)

€ Side length of geometric porous media cell containing one obstacle
Qe Size or diameter of solid obstacle

acrit Critical obstacle size

O Ratio function of cell side length and obstacle size

Ue, Pe Fluid velocity and pressure on cell scale (nonhomogenized)

U, De Extension of the solution u., pe

F Given force field

v Kinematic viscosity

Cs Control volume containing Y§

M Porosity matrix

e kth unit basis vector of R

L Linear homeomorphism, mapping each cell to the unit cell
W, Gk Fluid velocity and pressure in kth stationary local model problem
A Permeability tensor

Vi, Dk Fluid velocity and pressure in kth stationary unit cell problem
Y Unit cell

Ys, Yr Solid part and fluid part of unit cell

Yar Model obstacle in the model problem

1) Scaling prefactor for the case a. = de

n Outward pointing normal vector

w’ | 7l Fluid velocity and pressure in jth nonstationary unit cell problem
A(t) Time-dependent permeability tensor

C Scaling constant for the cases a. = Ce”, where n € N

o Constant limit value of ratio o in case of a, = O(e?)

© Porosity

A Eigenvalue of isotropic permeability tensor

f Particle density function

1th discrete velocity
ith prefactored discrete velocity
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1. INTRODUCTION

The governing equations for fluid flow in porous media typically consist of modified versions of the Navier—
Stokes equations (NSE). Several mathematical models exist, depending on the type of application. Depending
on the context of porous media flows, most models can be categorized as either mathematically motivated, or
application-related.

For mathematical modeling of fluid flow through porous media, the incompressible NSE can be modified to
include the effects of the solid matrix on the fluid flow in the void. Various different mathematical models exist
(see [32,48], and references therein). Here, we recall the rigorous construction of porous media flow models
formulated in Allaire’s seminal works, see e.g. [1-8]. Therein, the geometric definition of porous media as sets of
equidistant obstacles in the flow domains is considered to construct model equations via homogenization. As a
result, several homogenization limits are derived, whereby the homogenized equations depend on the geometric
configuration. We distinguish between three classical cases of homogenization limits:

— incompressible NSE,
— Brinkman law,
— Darcy’s law.

The respective limits in this categorization were rigorously proved for the stationary [7] and nonstationary
Stokes regime [6], as well as for the stationary NSE [5] as starting points. Although suggested by Allaire,
to the knowledge of the authors, the validity of the stationary categorization of homogenization limits is not
completely proven for the nonstationary NSE. Nevertheless, the works of Mikeli¢ [44,45] and Feireisl et al. [20]
cover the homogenization limit toward the Brinkman law and Darcy’s law in the non-stationary case in a
different framework. Other contributions also used this structural categorization, see e.g. [26,34,42]. Although
these models are likely to be interconnected, rigorous proofs of the underlying relations are rare and limited to
linear and stationary settings. For instance, Allaire [2] proved the compliance of a formally derived Darcy’s law
and the Darcy’s law derived via homogenization (low volume fraction limit). Feppon [21] and Feppon et al. [22]
proved high-order homogenization limits for the Stokes equations in a unified procedure. To the knowledge of
the authors, the latter is the first and only derivation covering all three classical cases together with the low
volume fraction limit at once. However, it should be noted that these unified studies have not been conducted
for homogenizing the nonstationary NSE, yet.

Besides the mathematically rigorous model derivation, application-based model construction has been found
to be suitable for fluid flow in porous media [27,49,67]. Typically, empirical observations and matching terms are
used to introduce model systems akin to Brinkman [13], Forchheimer [23], Darcy [17], or mixed-type equations
[48]. Depending on the characteristic scales of porosity in the application in question, the heuristically derived
models can correctly recover flow physics or are severely in disagreement with experiments [48]. However, due
to the large variation of involved spatial scales, the model equations are often solved numerically with highly
parallelizable methods. For example, Spaid and Phelan [67] proposed a lattice Boltzmann method (LBM)
for approximating Stokes and Stokes—Brinkman equations as target models. The latter only apply to large
obstacles in the porous matrix and solely recover stationary flows. The LBM meanwhile is an established
numerical technique for the approximate solution of various transport problems. An extensive introduction to
LBM can be found, for example, in the review by Lallemand et al. [41] and references therein. Conceptually,
LBMs approximating macroscopic fluid flow models, such as the NSE, can be derived by discretizing mesoscopic
Boltzmann-like equations with simplified collision operators. In this case, the discretization has to be derived
such that the desired limit of moments of the particle distribution functions towards solutions of the macroscopic
equations is preserved [28]. This can be ensured, for example, with a limit consistent discretization [56,58]. The
classical discretizations, leading e.g. to second order consistency in space and first order in time to the NSE,
result in an explicit scheme that is based on a theoretically embarrassingly parallelizable evolution equation for
the discrete particle distribution functions. Providing distinct advantages in terms of parallelizability, the LBM
is well suited for computational fluid dynamics and multiphysics simulations where good scalability on high-
performance computing (HPC) facilities is crucial [14,16,29,30,37,46,56,57,59-63,65,66,69]. Even standard LBM
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formulations offer an easy to implement and mostly second order accurate, intrinsically matrix-free algorithm
in space-time. Those are well-suited for approximating nonstationary and nonlinear problems and, if optimized
properly, also capable of saturating modern-day HPC machinery [38,39].

The kinetic model derived in the present work can potentially recover several homogenization limit regimes
and thus stands out from previous models in the literature. For example, Padhy et al. [50] have proposed a
graded multiscale topology optimization, where the underlying Darcy model, though also including an inverse
permeability model, recovers low-Reynolds (stationary) incompressible (linear) Stokes flow only. Seta [55] pro-
posed an LBM that approximates a two-dimensional Brinkman equation based on an additional forcing term. In
contrast to that, we develop the model in three dimensions and modify the kinetic equilibrium function directly
to account for a permeability term in the macroscopic limit. Tanabe et al. [68] developed a density-based topol-
ogy optimization method for natural convection problems by extending the adjoint LBM proposed by Krause
et al. [36] combined with a forcing term accounting for an initially homogenized fluid-solid domain. Although
this model operates in two and three dimensions, the permeability terms are modeled by a force instead of
extending the equilibrium function as in the present work.

To the knowledge of the authors, an LBM based on modified equilibrium functions has not yet been used to
approximate the nonstationary homogenized NSE that governs time-dependent and nonlinear (possibly turbu-
lent) fluid flow through abstracted porous media.

Consequently, the overall aim of this series of works is to construct homogenized LBMs (HLBMSs) that
approximate the governing equations for homogenized nonstationary nonlinear fluid flow through porous media.

Our contributions in part I are twofold. First, we assemble the targeted partial differential equation (PDE)
system by formally unifying the governing equations for nonstationary fluid flow in homogenized porous media.
To this end, a matrix of regularly arranged obstacles of equal size is placed in the fluid domain to model fluid flow
through structures of different porosities governed by the incompressible nonstationary NSE. Depending on the
ratio of geometric parameters in the matrix arrangement, several cases of homogenized PDEs are obtained. We
review existing methods to homogenize the stationary NSE. From that we assemble a conjecture for the cases
of PDE models resulting from homogenization of the nonstationary NSE for specific porosities. Moreover, we
interpret connections between the resulting model equations from the perspective of applicability. Consequently,
the homogenized nonstationary NSE are formulated as unified targeted PDE system which jointly incorporates
the derived aspects. Second, we propose a kinetic model, named homogenized Bhatnagar—Gross—Krook (BGK)
Boltzmann equation, which approximates the homogenized nonstationary NSE in a diffusive scaling limit. We
formally prove that the zeroth and first order moments of the kinetic model provide solutions to the mass and
momentum balance variables of the macroscopic model up to specific orders in the scaling parameter.

Based on the present contributions, in the sequel (part II [64]) the homogenized NSE are consistently approx-
imated by deriving a HLBM discretization of the homogenized BGK Boltzmann equation (see Fig. 1). Therein,
a top-down derivation of HLBMs is provided, based on the limit consistent discretizations [58] of Boltzmann-like
equations with simplified collision. We thus construct homogenized lattice Boltzmann equations that are up to
second order consistent toward the pressure and the velocity of the HNSE, respectively. As the present case is
different from [58], but uses the same steps in the derivation of the lattice Boltzmann equation, we adopted
the abbreviations and extended them where necessary. Thus, we sketch the complete procedure to arrive at the
final homogenized lattice Boltzmann equation in Figure 1, although the present work (part I) considers only
parts of it.

This work is structured as follows. In Section 2, we summarize the geometric setup and the mathematical
model based on homogenization of the stationary and the nonstationary NSE. In addition, its physical inter-
pretation is discussed. In Section 3, the homogenized BGK Boltzmann equation is constructed as kinetic model
based on a porosity modified equilibrium. Convergence of the zeroth and first order moments towards variables
which obey the mass and momentum balance equations of the HNSE is formally proven. Finally, in Section 4
we critically assess the present work, suggest follow-up studies, and conclude the manuscript.
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FIGURE 1. Limit consistent derivation of HLBM to approximate the HNSE (35). Limits con-
sidered in the present work are drawn with solid lines. Derivations considered in the sequel [64]

are dashed.
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F1GURE 2. Illustrations of the geometric model of a porous structure in d = 3 dimensions. The
ith cell is denoted with Y;* containing a spherical matrix obstacle Y§ ; with radius a.. Each cell

is cubic with side length €. (a) Subvolume of the porous media. (b) The ith cell.

2. MATHEMATICAL MODEL

2.1. Geometric setup

Unless stated otherwise, C, C,, > 0 are constants, where n € Ny. We model geometrically the flow through
porous media via placing regularly arranged obstacles of equal size in the fluid domain [1,3,5,8]. Let the domain
Q C RY, d > 2 be defined as an open, bounded, and connected set. The boundary 952 is assumed to be smooth
of class C1. The domain € is covered with a regular mesh of period ¢ > 0 (see Fig. 2a), prescribing the cells
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Y = (0, )%, for 1 <i < N(e) (see Fig. 2b), where
N(e) = Qe (1 + 0O(1)) (1)

counts their number. Each cubical cell contains a solid spherical obstacle Y§ ; of diameter a. located in its center
and a complementary part filled with fluid

Yzf“,z’ = Yie \Y§,i- (2)
The overall fluid void is thus obtained via removal of the collective solid matrix, i.e.

N(e)

i=1

Further, we assume that all obstacles are similar to a model obstacle Y§" of size a..
Under the assumption that the obstacle diameter is much smaller than the cell length, i.e. ac < € or
equivalently

lim — =0, (4)

b (F) for d > 3,
2 ford=2.

Proposition 2.1. For a critical size a. = a®™", defined as

a

it [Coe™= for d >3,
e _%o
e 2 for d = 2,

with 0 < Cy < 00, the ratio o, reaches the nonnegative constant homogenization limit

lim o, = (Co)j ford >3, (7)
N0 (Co)2 for d = 2.

Proof. Substituting (6) into (5) completes the proof. O

Below in Section 2.2, it will be shown that, for € \, 0, large obstacles correspond to the limit o, — co, small
obstacles to the limit o, — 0, and critical obstacles to the limit o, with 0 < 0 < oc.

2.2. Homogenized stationary Navier—Stokes equations

In the case of independence from time, the incompressible fluid flow in €2, is modeled by the stationary
nonlinear NSE,
U - Vaue — vAzu. = F — Vipe in Q,
divgeu. =0 in Q, (8)
u. =0 on 0f),
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where u.: Q. — R denotes the velocity field, p.: Q. — R is the scalar-valued pressure, F' € LQ(Q)d defines a
given force, and v > 0 is a constant viscosity. Additionally, to comply with (3), we define the extension to 2 of
a pair of solutions (ue,p.) of (8) as

. (ueape) in QEa 9
(e, pe) = (0, ﬁ fC; De d:c) in each obstacle Y ,, )

where C denotes a control volume containing Y§ , [5]. Heuristically, this means setting inside the obstacle zero
velocity and the average value of the pressure field in its immediate proximity.

Based on the above definitions, Allaire [5] (see Cor. 1.4 therein) proved homogenization limits for different
obstacle sizes expressed in the ratio (5). The results of homogenizing (8) are summarized in the following
statements which are recalled without proof. Let the index -¢ of a function space denote the classical vanishing
trace operator, e.g. for X C R? let

Hy(X)={f e H(X)| flox =0} (10)
Theorem 2.2. According to the scaling of the obstacle size, we distinguish between three homogenization limits.
(i) If the obstacles are too small, i.e. lime oo = +00, then (G, p.) converges strongly in H} ()% x L2(Q)/R

to (u,p), a solution of the stationary nonlinear NSE

u-Veu—vAzu=F —Vzp in Q,
divpu =0 in Q, (11)
u=0 on 0f).

(ii) If the obstacles have a critical size, i.e. limego. = 0 > 0, then (Qe,pe) converges weakly in H&(Q)d X
L?(Q)/R to (u,p), a solution of the stationary nonlinear Brinkman law

u-Veu—vAgu+ 5Mu=F —Vgp in ()
divypu =0 in €, (12)
u=~0 on 0f.

(iii) If the obstacles are too big, i.e. limego. = 0, then the rescaled solution (%,]’56) converges strongly in

H&iV(Q)d x L*(Q)/R to (u,p), the unique solution of the Darcy’s law

u=1M"YF - Vgp) inQ,
diveu =0 in Q, (13)
u-n=0 on 012,

where n € R? is the outward pointing normal vector.

In the regimes (ii) and (iii), M is the same d x d symmetric matriz which depends only on the model obstacle
Y.
Proof. Proofs for all cases are provided in [5]. O

The porosity matrix M, which inversely represents a permeability tensor (see below Thm. 2.6), is computable
via a model problem defined locally around Y§" (see Prop. 1.2 in [5] and Prop. 1.3.2 in [8]). The following result,
obtained from merging Proposition 1.2 in [5] and Proposition 1.3.2 in [8], unfolds the computation of M.
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Proposition 2.3. Let {ey},.,, denote the unit basis of R?. Hence, the local model problem is defined for
each k as o

Vaqy — Agwy, =0 in RY\ Y2,

divgwy, =0 in R%\ Vg7,
w, =0 on 9Yg", (14)

— ey ford > 3
{N exlog(|xz|) for d =2 as |z /7 oo.
The matrix M is then assembled through
M — |:f]Rd\Ys Vawy - Vaw; d:c] Lcined for d > 3, (15)
471, for d = 2.

Remark 2.4. Note that the standard derivation of the Darcy’s law uses the assumption that the obstacle size
a. = O(e). Presently, so far we have assumed a smaller obstacle size. Hence, the typical permeability tensor
(often referred to as K) is computed from a different model problem as the local model problem (14). Allaire [2]
closely examines the relation of permeability tensors and porosity matrices, and states the following result.

Let the obstacle size be redefined as a. = de = O(e). Let «§ define a linear homeomorphism, mapping each
cell to the unit cell Y = (0, l)d and allocating solid and fluid parts therein, Yg = ¢f (Y§1) and Yp = (§ (Yﬁyi),
respectively. Hence, the unit cell Y now is split into a fluid part Y = Y \ Y5 and an obstacle Yg which is of
size § > 0 due to (§ resembling a rescaling with a homothety factor of ¢! [45]. The following theorem states
the outcome of the homogenization in this case.

Theorem 2.5. An extension (G, p.) of the solution (ue,pe) of (8) exists, such that @, converges weakly in
L? (Q)d to u, and p. converges strongly in Lq,(Q)/R to p, for any 1 < ¢’ < 3, where (u,p) is the unique solution
of the Darcy’s law

u=21A(F—-Vgp) inQ,

divyu =0 in Q, (16)

u-n=20 on 0f).

In the Darcy’s law (16), the porosity matriz A is defined by

A= [ Vi - Vv de , (17)
Yr

1<j4,k<d

where for the canonical basis vector e, 1 < k < d, of R%, vy, is the unique solution in H#(Yp)d of the unit cell
problem
Vmpk — Amvk = €L in YF,
divka =0 in YF, (18)
v, =0 on 0(Ys),

where H%E(YF) denotes the Sobolev space of Yr-periodic functions in H'(Yr).

Proof. The theorem is a special case of Theorem 1.2.5 in [8] which restates the rigorous result of Mikeli¢ [44].
Hence, we choose the specific constants in Theorem 1.2.5 from [8] as ¥ = 4 and § > 1 which completes the
proof. O

Further, the continuity in the low volume fraction limit (§ N\, 0) is verified through the following theorem,
which links the permeability tensor A (17) in the Darcy’s law (16) to the porosity matrix M (15) in the Darcy’s
law (13).



HLBM FOR FLUID FLOW THROUGH POROUS MEDIA — PART I 797

Theorem 2.6. Let (pi,vi) be the unique solution of the unit cell problem. Rescaling it, for * € 6~ (Y \ Ys),
we can define

v} () = 6" vy, (0m), (19)
ph(x) = 6% pi (o). (20)

Further, let (g;,w;) be the unique solution of the local model problem. Then (pi, v,‘z) converges weakly to

d
Z(G?M_lek)(qz',wi) (21)

i=1

in [leoc (Rd \ YS)/R] [ loc (Rd \ YS)]d. Additionally, the low volume fraction limit for the permeability tensor
is given as
lim §472A(5) =ML, ford >3,

A(§) =M1, ford=2. (22)

hm ! TToga] logé‘

Proof. The theorem is proven by Allaire [2] (see Thm. 3.1 therein). g

Remark 2.7. Thus, for the complete range a. < O(e), the homogenized stationary equations (11), (12), (13)
and (16) are obtained as limits of (8) and (9). Specifically, the case a. < O(¢) is covered in Theorem 2.2 via
(i-iii), and the complementary case (iv) a. = O(e), via Theorem 2.6.

2.3. Homogenized nonstationary Navier—Stokes equations

Let the domain be defined as above and d € {2,3}. The incompressible fluid flow, now being dependent on
time t € I = (0,T), is governed by the nonstationary nonlinear NSE,

Ot + €*ue - Vyu, — 2vAzu. =F — Vgpe in Q¢ x I,

divpu. =0 hl Qe x 1, (23)
ue|t:0 = UQ,e 1mn Qe,
u. =0 on 00 x I,

where u.: Q. xI — R denotes the velocity field, p.: QcxI — R is the scalar-valued pressure, F' € L?(I; L? (Qe)d)
defines a given force, v > 0 is a constant viscosity, and 0f) is supposed to be sufficiently regular.

Remark 2.8. Note that the individual terms of (23) are properly rescaled by prefactors of € to ensure a non-
vanishing limit velocity. In [8], it is stated that the very small viscosity balances the friction of the fluid on the
obstacles” boundaries. A more detailed explanation in terms of non-dimensional numbers is given in Section 1.1

of [45], Where the ratio of squared characteristic length L. and characteristic time 7T, is assumed to scale as
L2

V52 ~ Eﬁ, where V. denotes the characteristic velocity, § > 1 in
general and 8 =4 in the present setting. These two assumption lead to the specific scaling in the nonstatlonary
nonlinear NSE, (23) that we also adopt here. Interestingly, in [19] a different scaling, with a prefactor €2 in
front of the time derivative only, leads to a porous medium equation when homogenizing the complete Navier—
Stokes—Fourier system, which contrasts to the presently summarized results and indicates that the scaling of
the pore-level equation plays a crucial role in the homogenization process.

Further, following [20], let
ug € L2(Q0)°,
divgpuge =0 in €, (24)
ug,-n =0 on 0.
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In this configuration, at least one weak solution to (23) exists [20], which is obtained in u, € L?(I; H'(Q)%)
and p. € H™1(I; L%(€)), respectively [45]. To formulate the nonstationary version of Theorem 2.2, the works
of Feireisl et al. [20], Allaire [6], and Mikeli¢ [44] serve as a basis. Since only parts of the limit cases have been
proven yet, we formulate a conjecture for the nonstationary case below.

Definition 2.9. Let
Ow?! —vALw + Vi =0 in Yr x I,

diwaj = O, ?n Yr x I, (25)
w’ |t:0 = el in Yg,
wl =0 on (9Ys\9Y) x I

define a time-dependent unit cell problem [45], where w? is H'(Y)-periodic and n/ is L*(Y)-periodic, component-
wise. The matrix A(t) is then assembled through
1

Ai(t) = v )y

wj(y,t) dy, (26)

for 1 <i,5 <d.

Conjecture 2.10. Let (u.,p.) be a weak solution to (23). Assume that lim o ug . = ug weakly in L2(Q2)%.

According to the scaling regimes of the obstacle size, we distinguish between the following homogenization

limits.

(i) If the obstacles are too small, i.e. lime oo, = +o0o, then (u.,p.) converges to (u,p), a solution of the
nonstationary nonlinear NSE

Ou+u-Veu—vAzu=F —Vgp inQxI,

diveu =0 %n Qx1I, (27)
’u,|t:0 = Ug m Q,
u=20 on 00 x I.

(ii) If the obstacles have a critical size, i.e. limes g 0c = 0 > 0, then (ue,p.) converges in L?(2 x I) and weakly
in L?(I; WO1 2(Q)) to (u,p), respectively, a solution of the nonstationary nonlinear Brinkman law

du+u-Vyu—vAgu+ sMu=F —Vgp inQxI,

diveu =0 %n Qx1I, (28)
U= = Ug in €,
u=0 on 002 x I.

(iii) If the obstacles are smaller than O(€), but exceed the critical size, such that lime\ o o = 0, then a suitably
rescaled version of (u,p.) converges to (u,p), the unique solution of the time-dependent Darcy’s law

ou+vMu=F —Vgp inQxI,

divyu =0 inQx1I,

29
Uli=p = ug in Q, (29)
u-n=0 on 00 x I.

(iv) If the obstacles are of size O(e), then the rescaled solution (e?u., d;p.) converges in L?(I; Q)% and weakly in
H=Y(I; L3(Q)), respectively to (u,p), the unique solution of the Darcy’s law with memory

vu — A(t)ug = [} A(t — 5)[F(s) — Vgp(s)]ds in Qx 1,

divyu =0 inQxI, (30)
u-n=0 on 00 x I.
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Further, if the flow stabilizes after a finite period of time, the Darcy’s law with memory (30) contracts for
t /" oo to the classical Darcy’s law (16) with

Ay = /0 A0 dt, (31)

for 1 < i,j,<d.

In the regimes (i-iii), M is the same d x d symmetric matrix as in Proposition 2.3 and depends only on the

model obstacle Y&". In case of (iv), A(t) is constructed from Definition 2.9.

Proof of cases (ii) and (iv). In contrast to the stationary case (see Thms. 2.2, 2.5 and 2.6) only parts of the
homogenization limits in Conjecture 2.10 have been proven yet. In addition, to the knowledge of the authors,
none of the interconnections between individual cases (i-iv) have been established yet. Hence, we recall the
available proofs only. Feireisl et al. [20] proved case (ii), where obstacles of critical size smaller than O(e) are
considered. However, a different methodology from the one used by Allaire is applied to rigorously pass to the
limit equations. Using the techniques used in [20], the above assumptions on the shape and location of obstacles
can be loosened. The resulting homogenized equations, however, are a Brinkman law which is similar to the
one obtained in the framework introduced above. The case (iv) above is a special case of the derivations in
Mikeli¢ [45] (see Thm. 1.2 therein, with S = 4) and is thus rigorously proven. O

Remark 2.11. Cases (i) and (iii) are based on the conclusive evidence in the literature (see e.g. [3,20]) for
the resulting PDEs when homogenizing the nonlinear nonstationary NSE (23). For a rigorous proof, starting
from the homogenization limits of the nonstationary Stokes equations established in [6] could be promising,
since, as stated in [3], the inclusion of a nonlinear advective term to the Stokes equations resembles a compact
perturbation of the e-dependent stationary nonlinear NSE (8). It is also notable that for case (iii), a proof for
the homogenization of the nonstationary Stokes equations (without the nonlinear advective term) is given in
[6]. Concerning the low volume fraction limit which connects cases (iv) to (iii), the memory effective terms of
the Darcy’s law with memory (30) might induce the time-dependency in the time-dependent Darcy’s law (29).
Hence, an import of stationary effects and an additional solving for time-dependent eigenvalue problems in
respective cell spaces [2] might be insightful.

2.4. Applicability of the homogenized model

Assumption 2.12. To establish a connection to experimentally conforming model equations, we make the
following assumptions:

(1) According to [11,45], the stabilization of the Darcy’s law with memory (30) toward the classical Darcy’s
law (16) is understood to happen in a short period of time. Hence, we assume a stabilized flow in case
of obstacle sizes which obey Conjecture 2.10 case (iv), i.e. the homogenization limit is constituted by
an ordinary Darcy’s law. Similarly, we assume stabilization for case (iii). Typically this involves adding
Brinkman terms (diffusion) or other necessary features to the Darcy’s law (30) in case (iv). Though these
artificial features are effective in the void and within the porous—void interface, they are contracted to zero
within the porous media under the necessary local assumptions of highly viscous and stabilized (stationary)
flow.

(2) The porosity, defined as ¢ = |Q,|/|€?|, is assumed to be constant in Q7.

(3) The medium is isotropic, which results in regular symmetric, hence diagonal or diagonalizable matrices M
and A. Further, we may thus reduce the matrix A or M~! to its only eigenvalue, which yields a scalar
multiplication. Below we assume this simplification and unless stated otherwise, denote the single eigenvalue
of A with A.

Remark 2.13. Assumption 2.12 supports the commonly formulated Brinkman equation [32,48], which is con-
stituted by a classical Darcy’s law plus a diffusion term. Neglecting the time-dependency in the Brinkman law
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O(e*), NSE (27)
O(€?), nonstationary nonlinear BL (28) | |
= O(€?), time-dependent DL (29)

| | | | |
OO 01 02 03 04 05 06 07 08 09 1

€

FIGURE 3. Graph of ratio o.(¢) (32) for d =3 and C = 1.

derived above as well as its inertial terms, results in a simplified equation which solely respects diffusion. To
match the porous—void interface, Spaid and Phelan [67] used such a Brinkman equation as a stationary limit for
their simulations. A note in [67] additionally states that far from the interface, and within the porous domain
region, the governing equation reduces again, to the classical Darcy’s law [67]. It should however be noted
that along the stationary limit, the nonstationary solution to the method in [67] is rather a Brinkman law as
presently formulated, which was not further examined therein.

For d = 3 (see Fig. 2b), 0. describes the square root of the ratio of the cell volume to the obstacle diameter

oo () g (2)

We use the classical notion of porosity [32] to assess the above framework in terms of applicability.

Proposition 2.14. For Conjecture 2.10(iv) we obtain the minimal porosity of ¢ ~ 0.4764.

Proof. We limit our analysis to polynomial ansatz up to degree 4. Recalling Conjecture 2.10, the size a. of the
obstacles for d = 3 can be distinguished in the order of € as follows. Let 0 < C' < € be a constant prefactor.
(i) Let a. = Ce* =

€*). Then o, =

O(e*). (

(i) Let a. = Ce® = (’)(63 . Then o, = (%)% = li{rtl)a6 =0 >0.
O(e?). (&)
O(e).

(iii) Let a. = Ce? = O(€?). Then o, = &) = el{[{l) Oc =
1
. 2\ 2 ,
(iv) Let a. = Cet = O(e!). Then o, = (%) = 2{% o.=0.

For the purpose of illustration, the limits of o, for the cases (i-iv) are plotted in Figure 3 with a fixed constant
C = 1. Subsequent to forming the porosity parameter ¢ as the ratio of void and full domain, the injection of
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the magnitude approximation for a. yields

N(e) N(e) 1— %% in case (i),
Q- YS§. YS§
Q| 191 S ZL:J1 Sit na? 1-— %66 in case (ii), (33)
Y= = = — =1 — —

€2 €2 €2 Ge? 1-— %63 in case (iii),

- % in case (iv)
1 . in cases .(17111), (34)

N0 — % in case (iv),

where | - | denotes the Lebesgue measure of the standard Euclidean space. The claim follows from setting C' = 1
in (34). |

Remark 2.15. Proposition 2.14 frames the modeling possibilities of the presented approach, since the minimal
attainable porosity is similar to a square sphere packing [24,48]. The formal computations above thus imply
physical reasoning for the theoretical homogenization limit equations in Conjecture 2.10. The fact that nonuni-
form porosity can only be reached in the limit equations of case (iv) has, to the knowledge of the authors, not
been explicitly stated before.

Remark 2.16. A lower porosity could be obtained e.g. by considering flow through two-dimensional porous
media in three dimensions, or by choosing three-dimensional obstacles in different arrangements [15,48]. Whereas
the former becomes reasonable when modeling for example fibers as obstacles with a circular cross-section [10]
and repeating above calculations for d = 2, the latter renders rather complicated, due to the necessity of proving
Conjecture 2.10 under loosened initial topological assumptions on the obstacles [20]. The question if all four
cases would be retained under a differentiability-breaking change of shape or cell-crossing shifts in location,
remains to be answered.

Remark 2.17. Under Assumption 2.12 we formulate a unified Brinkman law for case Conjecture 2.10(ii) below
(Def. 2.18), which depends on ¢ and formally limits

— either to the nonstationary nonlinear NSE in case (i) for o /" oo
— or (via rescaling the solution to @/c?) to the stabilized Darcy’s law in case (iii) and (iv) for o \, 0.

Further, since the continuity in the low volume fraction limit [2] implies that M~! is the limit of A, we use A
in the modified Brinkman law and, due to Assumption 2.12(3), reduce it to its single eigenvalue A. In summary,
the resulting model equation is assumed to be valid for all herein considered porosities and permeabilities. We
additionally motivate the procedure of emulating all four regimes by recent observations that turbulence prevails
for porosity values approaching unity in aligned arrays of spheres [53].

Definition 2.18. Based on Conjecture 2.10, Assumption 2.12, Proposition 2.14 and Remark 2.17, we construct
a unified nonstationary nonlinear Brinkman law

du+u-Vou—vAzgu+ LA 'u=F - Vap inQxI,

diveu =0 %n Qx 1, (35)
u|t:0 = U m Q,
u=0 on 0N x I,

which is used as a target PDE system for the kinetic model derivation below in Section 3, and is to be approxi-
mated with LBMs in the sequel [64]. Due to the unified perspective, the PDE system (35) is now referred to as
homogenized NSE (HNSE) (35).
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3. KINETIC MODEL DERIVATION

The overall goal of this series of works is to derive consistently a homogenized lattice Boltzmann equation
for approximating the HNSE (35), which then forms the centerpiece of the final LBM algorithm. Conforming to
the discretization approach of LBM, we couple one or more scaling parameters (e.g. € > 0) of a Boltzmann-like
equation to an artificially injected grid parameter h € R+ (. Toward this aim, in the present work we construct
this kinetic equation in nondiscretized form which approximates the HNSE (35) in a (continuous) diffusive limit.
The aim of the sequel (part II [64]) is then, to discretize the kinetic model while retaining the kinetic limit (see
Fig. 1). The discretization is thus required to be limit consistent in the sense of [56,58]. Since we aim for formal
convergence of the final LBM only, the notion of limit consistency requires formal convergence of the kinetic
model as well which is proven below.

3.1. Preliminaries

Let Q C R? with d = 3 be a volume of rarefied gas which comprises many interacting particles. Via equalizing
the mass m € R+, we interpret the particles as point masses. The state of a one-particle system is assumed to
depend on position & € Q and velocity v € = at time ¢t € I = [tg,t;] C R with T > t; >ty > 0, where Q C R?
denotes the positional space, & = R? is the velocity space, p := Q x E is the phase space, and the crossing
R = Q x =2 x I defines the phase-time tuple.

Definition 3.1. The probability density function
f: i)t{_>]R>0> (a:,v,t) Hf(w7v7t) (36)

for the particles’ positions & € 2 and velocities v € = at time ¢ € I defines the state of the dynamical system
which is governed by the Boltzmann equation (BE)

(&g—l—'u-Vm%-i-Vv)f:J(ﬁf) in R, (37)
where

f|t:0 =fo inP (38)

supplements a suitable initial condition. The operator
D= [ o-wli@v 0w - feo.0f@w.0)dN dw (39)
R3 J 52

models the collision, where dN is the normalized surface integral with the unit vector N € S% and (v/,w’)” =
Tn (v, w)" result from the transformation Ty that models hard sphere collision [9).

Definition 3.2. Let f be given in the sense of (36). Then, via prefactored integration over = = R%, we define
the moments

. QXI*)R>O, (40)
) (@) - np(m,t) : = [pa f(z,v,1) dv,
AxI— ]:R>07
: 41
b1 {(m,t) — pr(x,t) = mnys(x,t), (41)

QxI—RY (42)
ur:
T @ 1) = ugp(a,t) = oy Joa vf (@, 0,1) do,
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Q x I — Réxd

/ {(m,t) = Py(x,t) =m [pi[v —up(z, )] @ [v—up(x,t) f(z,v,t) dv, (43)
QxI— R>0,

Pyt (44)

(x,t) — prz,t) = % i(Pf)m.(a:,t),

respectively as particle density, mass density, velocity, stress tensor, and pressure. Here and below, the moments
of f are indexed with -¢.
Notably, the absolute temperature 6 is determined implicitly by an ideal gas assumption

pr = nfRG, (45)

where R > 0 is the universal gas constant. To a dedicated order of magnitude in characteristic scales, the above
moments approximate the macroscopic quantities conserved by the incompressible NSE [25]. Equilibrium states
f¢4, defined by

J(fe9, e =0 in R, (46)

exist [25]. Via the gas constant R = kg/m € R (where kg € Ry is the Boltzmann constant) and 6 € R+,
ny as well as uy, the equilibrium state is found to be of Maxwellian form

R — R,

feUx,v,t): (@,0,1) —

ny (@) () ) , (47)
(2rRO) S eXp( 2R0

Remark 3.3. We identify f°?/n; as d-dimensional normal distribution for v € R? with expectation u ¢ and
covariance R61,. In this regard, the arguments of f°9 regularly appear in terms of moments f*4(ny, uy,0) (see
e.g. [31,33,35,40]).

Lemma 3.4. The moments pf, us and py are conserved by collision.
Proof. From f°1/ny being a density function, we find

pfea @, Yz, v, t)dv =mny = py, (48)
Rd

/ vf(x,v,t)dv = uy. (49)
R4

The covariance matrix of f°4/ny for a perfect gas (45), verifies the conservation of pressure

1
Pfea @ 7m (v — upea)” fx, v, 1) dv
Rd

= 1m/ (v —uf)zfeq(a:,v,t) dv
d Jpa

d
1
= Emnf ;RH

= pf. (50)
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Definition 3.5. According to the Bhatnagar—Gross—Krook (BGK) model [12], we simplify the collision operator
J in (37) to

QU) = —(F = M) %, (51)

where 7 > (0 denotes the relaxation time between collisions, and M;q = f*Yx,v,t) is a formal particular
Maxwellian determined by n; and wuy.

Remark 3.6. The essential benefit of (51) is to maintain the conservation of the moments py and uy while
drastically reducing the complexity of the operator J defined in (39). Whereas the former ensures that the
kinetic model has a macroscopic interpretation in terms of moments, the latter is specifically important for the
purpose of discretization. In fact, the conservation of both p; and wy, respectively (48) and (49), is upheld,
since In(M}?) is a collision invariant of @ (cf. Thm. 1.5 in [35]), d.e. [p, In(M;*)Q(f) dv = 0.

Definition 3.7. With @ from (51) implanted in (37), the BGK Boltzmann equation (BGKBE) reads

(at+vvw+ivv>f:Q(f) in fR, (52)

o

where D/(Dt) is referred to as material derivative, and f(-,-,0) = fo sets a suitable initial condition. Here and
below, the variable f is renamed to obey (52) instead of (37).

Remark 3.8. Mostly under strict assumptions, several existence and uniqueness results for solutions to (52)
have been proven in the past. The global existence of solutions to the BGK Boltzmann equation (52) has been
rigorously proven in [51]. Weighted L bounds and uniqueness have later been established on bounded domains
[52] and in R [47]. Moreover, the hydrodynamic scaling limits of moments p; and wus toward Leray’s weak
solutions of the incompressible NSE [43] have been rigorously proven by Saint-Raymond [54]. Below, we will
refer to this type of scaling limit as diffusive instead, due to the presence of diffusion terms in the macroscopic
limit.

3.2. Homogenized BGK Boltzmann collision

As common to classical derivations in LBMs, we start with the mesoscopic viewpoint to formally assess the
continuum limit toward the macroscopic target equation. Apart from the procedure itself being classical, to the
knowledge of the authors, the results below are novel. Let K denote the single eigenvalue of the permeability
tensor A according to the Definition 2.18. All other definitions follow the notation in [56, 58].

Definition 3.9. Based on (47), the homogenized Maxwellian for the BGK collision (51) is defined as
Myt = fUny,wuy, T) (53)
with an additional prefactor called porosity control
w=1-vrK! (54)
in the velocity argument. For @ = 1, the collision reduces to the classical BGK operator (51).

For any p¢, us, T and w we obtain the zeroth, first and second order balance laws

pM;q :m/ M;ﬁqdv:m feq(nf;wufaT) d’U:pf, (55)
Rd R
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1 1
Upoa = vMAdv=— | vf*ns,wuy,T)dv=wuy, (56)
f N JRa nfg Jra
2
Pagea = m (v—’u,Meq) M{tdv = m (v—wuf)2feq(nf,wuf,T) dv = py, (57)
f d Rd f d Rd

respectively. Notably, the hydrodynamic first order moment of M in (56) differs from that of f°¢ due to the
prefactored porosity control .

Definition 3.10. With the homogenized M;q from (53) implanted in (51), the homogenized BGK Boltzmann
equation reads

D .
i/ = @) m N (58)

Remark 3.11. In the present mesoscopic framework, the term homogenized refers to generalizing the BGK
Boltzmann equation as a special case for w = 1 (via K " c0) to a broader validity where w # 1. Below, we
formally indicate that for @ < 1 the homogenized Maxwellian (53) leads to imposing a nonstandard hydrody-
namic similarity of the homogenized BGK Boltzmann equation (58) to the HNSE (35) in the broadest sense of
Hilbert’s sixth problem. The artificial case of @ > 1 is neglected hereafter.

3.3. Homogenized diffusive limit

Analogously to the derivation in [58], we relate the homogenized BGK Boltzmann equation (58) to the
HNSE (35) by diffusive limiting. To this end, we formally verify that the assumed to be well-defined moments
in Definition 3.2 obey the balance equations of the HNSE (35). The derivation is done in three steps (see [58]).
The first step consists of a moment integration of the BGK Boltzmann equation (52) up to the order of the
macroscopic moments py and uy. Whereas the moments p, u, and p are approximated moment integrals on f
in the final LBM, and serve as conserved variables for the macroscopic fluid model, the pressure tensor from
the moment integration has no macroscopic meaning yet (it has to be derived or imposed). The second step
introduces an expansion that allows to derive the expression of the pressure tensor moment in terms of the
macroscopically conserved moments up to a specific order in the expansion parameter. The third step then
finally uses the expansion from Step 2 to compute this formulation of the pressure tensor that is needed to
complete Step 1. Indeed the expression is nothing else but Newton’s hypothesis, recovered up to order two in
the expansion parameter.

3.8.1. Step 1: Mass conservation and momentum balance

Let f* be a solution to the homogenized BGK Boltzmann equation (58). Multiplying (58) by m and integrating
over the velocity space = = R? yields the solenoidal constraint in (35) after division by the constant p #+, Where
the force term vanishes when applying Corollary 5.2 from [35] with ¢ = 1 and @ = F in the respective notation.
To balance momentum, we integrate mwvx (58) over the = = R? and obtain in Q7 that

1
8t(pf*uf*) —+ Vm . Pf* “+ (pf*uf* . Vm)Uf* —|—F = —;(pf*'ll/f* — wpf*uf*)
= *Z/Kilpf*u]f*. (59)

Besides the homogenization term on the right hand side, the derivation of (59) closely follows the procedure in
[56,58]. In the end, via (59)/ps+ we recover a balance law of momentum in conservative form where the additional
term —vK 'uy. is induced by the homogenization controlled equilibrium and corresponds to —(v/(c?))A" u
under the assumptions on the porous structure made above. Hence, with a suitably defined P s« conforming
to the assumptions of incompressible Newtonian flow, the HNSE (35) is reached in the diffusive limit. This
incompressible limit regime of the homogenized BGK Boltzmann equation (58) arises from parameter alignment
to diffusion terms. We thus extend the derivation given in [35,58] for the classical BGK Boltzmann equation to
the homogenized BGK Boltzmann equation (58).
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3.8.2. Step 2: Incompressible limit

We recall the definitions and assignments made in [58], i.e. the incompressible limit regime of the BGK
Boltzmann equation (52) is obtained wvia aligning parameters to the diffusion terms [35,58]. Based on that, we
perform the same assignments here to obtain the homogenized BGK Boltzmann equation (58) in the diffusive
limit. Let I be the mean free path, ¢ the mean absolute thermal velocity, and v > 0 a kinematic viscosity.
Assuming that a characteristic length L and a characteristic velocity U are given, we define the Knudsen
number, the Mach number and the Reynolds number, respectively

Kn = — 60
ni=1, (60)
U
Ma = — 61
wi= (61)
UL
Re = —. 62
: (62)
These nondimensional numbers relate as
l¢Cs Ma 24 Ma
Re=-—""—=4/>="7— 63
v Kn © Kn’ (63)

via defining v := 7el; /8 and the isothermal speed of sound & := V3R0 (see also [54] and references therein).

Definition 3.12. To link the mesoscopic distributions with the macroscopic continuum we inversely substitute
Cs with an artificial parameter € € R+ through

1

Here and below, the symbol « denotes the assignment operator.

In the limit € ™\, 0, the incompressible continuum is reached, since Kn and Ma tend to zero while Re remains

constant [54]. Based on that, we assign

_ 8k 81
_ /81 65
¢ mr  V3re (65)

24
l A — 66
£ pn ve (66)
l

T = %f — 3vel. (67)

and (65) unfold the relaxation time

Definition 3.13. We reassign the so called porosity controller
w1 -3 2K = w,, (68)

where € > 0 is a scaling parameter, and define the e-parametrized homogenized BGK Boltzmann equation,
similarly to the e-parametrized BGK Boltzmann equation in [58], as

D 1
ﬁf T 3pe2

where the homogenized Maxwellian distribution evaluated at (nf, w.us) now reads

( f M;q) in R, (69)

ed 3
M = 2 (e - meuge?) mom (70)
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The e-parametrized homogenized BGK Boltzmann equation (69) is accordingly transformed to
eq 2 D :
f=M"-3ve"—f inR (71)

Repeating the material derivative through (D/(Dt)) (71) yields

. D\, .
7f_ ]\4q 35<Dt>f in ‘R. (72)

The expression (72) serves to substitute (D/(Dt))f in (71) which gives

2
— et 3,2 D gpea 2 D :
f=M:"—3ve Dth + [ 3ve Di f infA. (73)

Repeating the above subsequently produces higher order terms and substitutions. The evolving family unfolds
the power series

f= Z( 3ve? >iM]?q in 9R. (74)

Remark 3.14. As already noted in [58], we can derive an expansion expression for f as a power series that
can be used to approximate the pressure tensor in the following step. Up to lower order, the expansion series
can also be obtained via Maxwell iteration based on an initial Taylor expansion of the material derivative or
by a classical Chapman—Enskog expansion. However, it is to be noted that the present derivation starts with
repeated application of the material derivative which is, to the knowledge of the authors, not the case for the
Maxwell iteration procedure.

3.83.3. Step 3: Newton’s hypothesis

To complete the macroscopic limit the stress tensor Py« in (59) has to be matched to (35), which for a
solution f* to the homogenized BGK Boltzmann equation (58) yields

Pf* = —pf*I + 21/pr* + O(Eb) n QT (75)

up to an order b > 0. Using (74), an approximation ansatz of the form
ff=M5 -3 2D preq R (76)
= Mj. - 3ve" 5 Myl in

is chosen. As before, this choice is based upon the assumption that higher order terms are sufficiently small for
€ \\ 0 such that the order b in turn is large enough. To verify (75), we compute the stress tensor according to its
definition (43). In the following, f-indices at physical moment expressions are omitted for the sake of simplicity.
At first, we substitute the material derivative and use the mass conservation to obtain

D 1D D 3e2¢
oagea _ (22 S w eq
el < D A e - F)Mf
3 2 vl (&
- {p(3t+v~Vm)p+362wscw~(8t+v~Vm)u £e - F qu

2
3eCcy

1
= L}(—u “Vap—pVa -u+v-Vup) +3w.ce - (0 +v-Vi)u — - F Mf'301

m
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3’y e
= |~ Vo u+ts Vapt3Pwee, - Qu+37mecn - (v- Va)u— =2 . F| M (77)

~—— P m .

=:aj T =: ¢y —d; ?ef_/
= f .
in R, where

c=v—u, (78)
Cw =V — WU, (79)

are relative velocities, i.e. the deviation of the particle velocities v from the local mean u. Inserting the derivative
(77) in (76) yields

f= M1 =3%v(—as +bs +cp+df +e5)] inR. (80)
Secondly, we evaluate the velocity space integrals of the individual terms ay, b, ..., er. To this end, we use the
symmetric properties of M;? and the fact that M /n is a normal distribution with covariance matrix 1/(3¢2)1,.
In Qr and for any 4,4, k,1 € {1,2,...,d} we verify that

m/ cici My dv = m/ Co,iCo My dv —m [ (1 — @ )u;[2v; — (1 + @e)uy| M dv
R4 RY

Rd
p
= 322%; —p(1 - @) uiu,
= pdij + O(e*), (81)
as well as
m/ cicjckM;q dv = m/ cw’icw’jcw’kM;q dv
Rd Rd
=0

1 2

+ (w: — 1)pu; [352(5jk — (1 —we) ujuk}
1 2

+ (we — 1)pu; [352§ik —(1—we) uiuk}
1 2

+ (ws — 1)puk |:352($” — (]. — ws) Uin:|

1 2
= Z (@ — 1)pua @65’7 — (1 — @) uguy
aBy €
{ijk,jik kij}
= 0(1), (82)
and

e 1
m/ C,'Cjcw7klefq dv = p{94(6ij5kl + 5ik5jl + 5il5jk)
Rd 13
1
+ (we — 1)2uiuj [3525;@1 - (1= wg)Qukul}
+ (we — 1)w5uiul |:

1
@(%'k — (1 — wE)Qujuk}

1
+ (we — 1)wou [36251% -(1- w€)2uiuk] },
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_ é(dij&d + 6ikb + dudjr) + O(1). (83)

The order estimates hold since, by construction w. — 1 € O(g?). Hence, we obtain

m/ cl-cjan;‘fqu = <m/ cich;qdv>3mkuk
Rd Rd

= (3—2 +0() O un

= Bxkuk + 0(eh), (84)

1
m/ czc]be dv = clc]ckM d’v> Oz, P
P

2

T 3e2
(1) (85)
m/ clc]ch dv = ( czc]ckM qdv) 3e2w, Oy,

) (86)

m/ cicjdfM;qd czcjcw oM qdv) 3e2 WOy, g,
]Rd

3 wsamluk[ 0t (0301 + G051 + 6adjn) + 0(1)}

38
@ axluké(aijakl 4 G+ Sudin) + O(1), (87)

m/ cicjefM;q dv = p(we — 1) Fu;di
Rd

=0(g?). (88)
Third and finally, each P-component P;; for 4,5 € {1,2,...,d} is computable in fR. Via reordering terms, we
obtain

o= m/ cic;[1—3ve?(—ay + by + ¢y +dy +ep) | M dv
Rd

= pdi; — 3ve? [—é@xkuk + &cluk%(&ﬂkz + 0ikdj1 + 0adjx) + 0(1)}
= pdij + vp[0i;Op, ur — Op, ke (8;50k1 + 0ikdji + 0:10,k)] + (9(62)
= pbij — vp(Op,uj + Oz, u;) + O(€7) (89)
and thus equivalently
P =pl; —2vpD + O(¢®) in Qr, (90)

which formally proves the approximate recovery of the HNSE (35) in the hydrodynamic limit.
To summarize the contribution of Section 3, we state the following main results.

Theorem 3.15. Lete > 0 and f* denote a solution of the e-parametrized homogenized BGK Boltzmann equa-
tion (69). In the diffusive limit (Kn \, 0 and Ma \, 0 with constant Re), the velocity moment ws« (41) satisfies
the HNSE (35) up to the order O(g?).

Proof. As carried out above, deriving the velocity moment equation (59) in Step 1 and computing the pres-
sure tensor approximation (90) in Step 3 by using the power series expansion (74) from Step 2 complete the
proof. O
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Remark 3.16. The diffusive limit in Theorem 3.15 forms the basis for the limit consistent discretization in the
sequel (part IT [64]). As illustrated in Figure 1, a discretization of velocity and space-time with mapping of the
grid parameters to a function of € will lead to a homogenized lattice Boltzmann equation that approximates
solutions to the HNSE (35) as moments of f.

4. CONCLUSION

The overall aim of this series of works is to construct HLBMs that approximate the governing equations for
homogenized nonstationary nonlinear fluid flow through porous media.

Summarizing the present work (part I), we make two contributions. At first, we recall the existing frame-
work of Allaire for homogenizing the NSE with specific geometric configurations. We gather proven results
towards a unified homogenization of incompressible nonstationary NSE in the framework of porous media as
abstracted periodically arranged obstacles. We restate the stationary simplification and subsequently include
time-dependency. In the latter case, we form Conjecture 2.10 that consists of four cases as the result of homog-
enization depending on the size of the obstacles: (i) nonstationary NSE, (ii) nonstationary Brinkman law, (iii)
time-dependent Darcy’s law, and (iv) Darcy’s law with memory. We isolate the missing proofs and review exist-
ing results. In addition, an application-oriented rationale is presented that determines the porosity range that
is recoverable by the mathematical model. Based on that, we formulate a modified nonstationary Brinkman
law which is termed HNSE (35) and serves as a unified targeted PDE system for the HLBM to be proposed in
the sequel (part IT [64]). Second, as a first step toward the HLBM, we propose a kinetic model, the homoge-
nized BGK Boltzmann equation (58), which approximates the non-stationary HNSE (35) in a diffusive scaling
limit. We formally prove that the zeroth and first order moments of the kinetic model provide solutions to the
mass and momentum balance variables of the macroscopic model up to certain orders in the scaling parameter.
Specifically, the stress tensor is approximated with O(g?) in the diffusive limit.

Future studies with respect to mathematical and kinetic model extensions should involve mixed boundary
conditions at the porous matrix [18], porous—void interface conditions [26], porosity gradients in the solid matrix
[15] or investigating modeling possibilities of anisotropic permeability tensors [10,55].

In the sequel of this work (part II [64]), we construct and validate HLBMs to approximate the HNSE (35)
for porous media flow (see Fig. 1) within the limit consistency framework introduced in [58]. Therein, the limit
consistency at most of the order of two of the moments of a solution to the homogenized lattice Boltzmann
equation toward the pressure and velocity, respectively, of the HNSE (35) is formally proven. The derivation is
based on determining the truncation errors of the governing families of equations at each discretization level of
the homogenized BGK Boltzmann equation (58). In addition, HLBM simulations in various parameter regimes
are conducted, numerically validating the present theoretical predictions.
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