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1. Introduction

Random geometric systems have been explored in euclidean space both from an applied and a theoretical point of view (see,
e.g., the monographs [3,4,13,14,20,21,40,41,51,65,70-72,771). Recently, the investigation of random structures in hyperbolic space
and other non-euclidean spaces has come into focus. In particular, random graphs [19,28,46,76], percolation theory [5,7,42,43],
random polytopes and geometric probabilities [8-10,10,60,78], random tessellations [6,22,30,52,61], random systems of hyper-
planes [11,45,58,59,62] and Boolean models [48,79-81] have been considered. In the present work, we continue the exploration of
the asymptotic fluctuations related to functionals of isometry invariant Poisson processes of k-flats (k-dimensional totally geodesic
submanifolds) in d-dimensional hyperbolic space, which was initiated in [45].

To be more specific, take k € {1,...,d — 1} and m € N so that d — m(d — k) > 0 and let 5 denote a stationary Poisson process of
k-flats in hyperbolic space H“. We consider the intersection process of order m of the original Poisson process 7, which consists of all
intersections of distinct k-flats E, ..., E,, € n with dim(E|Nn...nE,,) = d —m(d —k). For this process, the total (d —m(d —k))-dimensional
volume F™ of the process in a ball B, of radius r > 0 is studied. We also investigate the asymptotic covariance matrix of the random
vector FI" := (F, ... F"™T,

In euclidean space, after standardization, the analogous functionals F,(f;') all converge in law, as r — oo, to a unit normal
distribution (see [44,68], [51, Chap. 9], and the literature cited there). In hyperbolic space a completely different picture gradually
emerged: The problem was first treated for hyperplanes (i.e., for k = d — 1) in [45]. There it is shown that F,(’") satisfies a standard
CLT for d = 2,3, as r — oo. In this case, rates of convergence are established which turn out to depend on the dimension d and
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on the number of intersections m. In addition, it is proven that F,('") cannot be asymptotically normally distributed when d > 4 and
m =1 or for d > 7 and general m. If not stated otherwise, here and in the following asymptotic results always refer to the scenario
where the space dimension d is general but fixed and r — 0. In [45] it is also shown that the asymptotic covariance matrix of the
random vector F/¥) has rank two for d = 2 and rank one for d > 3. The paper [45] develops various auxiliary results that proved to
be crucial for subsequent investigations, including the present work.

In [59], the asymptotic distribution of F,(I) was finally determined explicitly for hyperplanes (that is, for k = d — 1). In this
case, the limit law is infinitely divisible and has no Gaussian component. The paper [11] investigates the behavior of intersection
processes for general k-flats. Among other results, it is shown that a standard CLT holds when 2k < d + 1, and convergence rates are
provided in these cases. It is noteworthy that the convergence rate becomes slower, the closer 2k is to d + 1 (cf. [11, Thm. 1.2]).
Based on the analysis of the case k = d — 1 in [59], the asymptotic distribution of F{" was determined for 2k > d + 1. It is again
infinitely divisible without Gaussian component. For 2k > d + 1 and m > 2, the limit distribution has so far remained unknown and
in fact, it was not even known whether such a limit distribution exists at all, although, as pointed out above, it has been shown for
certain d and k that it cannot be a normal distribution.

In the present work, we determine the limit distribution for all remaining values of d, k,m. To state the result, take 2k > d + 1
and let ¢ be an inhomogeneous Poisson process on [0, co) with intensity function given by s —» w,_, cosh¥(s) sinh?*~1(s). Here, for
jEN, w; = 27//2/I'(j/2) denotes the surface measure of the euclidean unit sphere of dimension j — 1. Let Z be the infinitely
divisible, centered random variable given by

Z = lim Z cosh™ D) = wd—i sinhd_k(T)), (1.1)

T=oo X efmor d

where the convergence is both in L? and a.s. (compare [11, Rem. 1.5]). We show in Proposition 2 that

F™ —E[F™] b Wy
—— Cd, k,m)————Z,
er(k=1) (k — 1)2k—1

as r — oo, where the constant C(d, k, m) is given by (2.3) below and—D> denotes convergence in distribution. This confirms a
conjecture from [11] stating that F,('") does not satisfy a standard CLT when 2k > d + 1. We also give explicit rates of convergence in
the Kolmogorov distance. Theorem 11 is the general result and Corollary 12 a simpler version, while Theorem 3 treats the special
case m = 1.

We further show in Proposition 15 that the covariance matrix of an appropriately scaled F™ has full rank when 2k < d + 1 and
rank one otherwise. In the former case, we determine the covariance matrix, which is given by (7.1) below.

All results in this work are ultimately based on a careful analysis of the Wiener-It6 chaos decomposition of Ffm). The crucial
observation is the identity (3.2) that allows us to write

F™ —E[F™] = C(d, k,m)(FD —E[FV]) + W,

where the term W, is asymptotically negligible as r — oo when 2k > d + 1. This reduces the problem of finding the asymptotic
distribution of F,('") to the case m = 1, which has already been resolved in [59] for k =d — 1 and in [11] for general k.

From the above identity it also follows that for m > 2 the asymptotic covariance matrix of FI""! has rank one if and only if W, is
of lower order than F,“), which is the case precisely when 2k > d + 1.

For the convergence rates, we use an inequality of Berry—Esseen type to relate closeness of the characteristic functions to closeness
in Kolmogorov distance. The inequalities needed for the characteristic functions are obtained by means of basic calculus and involve
an elementary optimization problem.

The paper is structured as follows. In Section 2, the main objects of interest are defined and some notation is introduced. We
also collect auxiliary results that will be needed later on.

In Section 3, we compare the euclidean and the hyperbolic setting and explain some of the underlying reasons for the different
behavior observed in non-euclidean space.

The following three sections deal with the case 2k > d+1, where F,('") is not asymptotically normally distributed. In Section 4, the
limit distribution is determined, then convergence rates are established in Section 5. In Section 6, the density of the limit distribution
is approximated numerically and the asymptotic dependence of the cumulants of the standardized limit distribution Z;"',k on the
dimension d of the space and the dimension k of the flats is analyzed. The section ends with an open question concerning the
high-dimensional asymptotics of Z}, when k = k(d).

Finally, we investigate the behavior of the asymptotic covariance matrices in Section 7.

2. Preliminaries

In this section, we recall some notation and provide background information from [11] relevant for the present purpose. For
further details we refer to [45] and the literature cited there.

Letd > 2 and k € {0,...,d — 1}. We denote the space of k-flats in HY and RY by A,(d, k) and A.(d, k) respectively. For more
information on these spaces we refer the reader to [11]. General information on hyperbolic geometry can be found in [75]. Since
our main focus is on hyperbolic space, we introduce the convention A(d, k) := A(d, k). From here on, we will use this convention
for any object we define in both hyperbolic and euclidean space and only explicitly use the index ‘h’ in order to emphasize that we
are working in H.
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For « € {h,e}, let y;, denote the isometry invariant measure on A,(d, k), normalized as in [11]. We assume that the intensity
parameter ¢ used in [11] is equal to 1. A Poisson process on A,(d, k) with intensity measure y, will be denoted by 7. For m € N with
d —m(d — k) >0 and r > 0 we study the functional

=L Y HEMPE NN E, 0 B)L{dm(E, n...NE,)=d —m(d - k)},

rme |
(Epoeen BN
where H! is the i-dimensional Hausdorff measure, B, is a ball of radius r with some arbitrary center in H?/R? and the sum extends
over all m-tuples of distinct k-flats E,, ..., E,, € n. Hence F,(’T) is the total (d — m(d — k))-volume of the mth order intersection process
of # in a ball of radius r. Clearly, for each r > 0 the functional F,(f’) is a Poisson U -statistic of order m.
With the definition

FU(Ey, ..., Ey) = HET"E 0 ... N E, n B)I{dim(E, N ...NE,) =d — m(d - k)},

for E,,..., E,, € A.(d, k), we have

(m — 1 (
F = — Y SUE,..E,).
(B Ep)en)

As in [11, Eq. (2.3)] we get the Wiener-Itd chaos decomposition (see, e.g., [67, Prop. 12.11] or [51, Thm. (17.1.10)])
EM™ = BIF™1+ L) + o+ Ly (fm), @1

where the functions ™, i

riie?

=1,...,m, are defined by

m\ 1 i
f,(ziz(Els---sEi) = <i>mA(dk)m—l fr(f:l)(E1’~~~,Ei,Ei+1,---,Em)ll,': "d(Eiy1s-., E)s

for E|,...,E; € A,(d,k) (see, e.g., [67, Egs. (17.10) and (17.11)] or [51, Egs. (12.20) and (12.21)]) and I; refers to the ith order
compensated Wiener-Ito integral (see, e.g., [67, Eq. (12.9)]). Since IE[I,(fr(fIT’))] =0 (see, e.g., [67, Eq. (12.10)] or [51, Eq. (17.5)])
and by the isometry property of the Wiener-It6 integral (see, e.g., [67, Eq. (12.19)] or [51, Eq. (17.9)]), it follows that the summands
on the right-hand side of (2.1) are uncorrelated and
V() = it / (FUE, ... ED? Hi(d(Ey, ... . Ep) = it - A,
h Ad k)T h
for i = 1,...,m. This implies (see, e.g., [67, Eq. 12.24)] or [51, Eq. (17.12)])

m

VE) = Y V() = Y itA,
i=1

i i=1

which is precisely the statement of [11, Eq. (2.8)].
By [11, Eq. (2.10)] it holds that

-1
m\ 1 (@i \"" @Caom@d-i+1 4 g
f,("f).(E)=< >—,< . ) ————— M O(ENB,)
i L) m! \ oy, Bd—(d—k)+1 2.2)

=C(d, k,myH*(En B,),

for E € A.(d, k), where
1) m=1 ¢ —m(d—
cWd, k,m) = _ <ﬂ> Zd—m@d-+1 2.3)
(m = D!\ @y D41

Using (2.2) and by the definition of I, and FY we obtain

L) = Cd. kom) (F,{{) - E[Fr{?]) . 2.4)

The following statement appears as Lemma 2.5 in [11]. We include it here for easier reference and comparison. The notation
A, =< B, is to be understood as ¢ - B, < A, < C - B, for all r > 1 and some positive constants ¢, C. Similarly, we adopt the notation
A, S B, (A, 2 B)when A, <C-B, (A, >C-B,) for all r > 1 and some positive constant C. Unless explicitly stated otherwise, the
constants ¢, C may depend on d, k.

Lemmal. Ifr>1, ke {0,....d—1}andi € {l,...,m}, then

@D D 2id—k)y>d -1,
A < Jrer@h D2id—k)y=d -1,
erd=id=k=b  2j(d — k) <d - 1.
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3. Comparison with the euclidean case

The euclidean analogue of Lemma 1 is
(m) _  2d-i(d—k)
Arf'i"e = ! . (3.1
To prove this, use [11, Eq. (2.9)] together with the fact that
/ HYE N B w (dE) = / HE(L +x)n B HE ™ (dx) v (dL)
o(d k) Go(ddy J Lt
=/ HEr - L+r-2ynr- B r'* 1 (dz) v, (dL)
Ge(d.k)
= d—k+kl / HY(E 0 B)) jy(dE) = AHk(=1)
o(dk)

for 0 < k < d -1 and I € N. This is the euclidean analogue of [45, Lem. 8]. In the derivation we used a special case of [77,
Thm. 4.4.1] (see also [53, Thm. 5.5]), allowing us to decompose the integration over A,(d, k) with respect to , into an integration
over the linear Grassmannian G,(d, k) of k-dimensional linear subspaces L of R? with respect to the rotation invariant probability
measure v, and an integration over the orthogonal complement L*, for a chosen subspace L, with respect to the (d — k)-dimensional
Hausdorff measure. In the inner integral, the transformation formula and the homogeneity of the Hausdorff measure (in euclidean
space) can then be applied.

Using the chaos decomposition (2.1) and (2.4), we obtain

m
F™ —E[F™] = C(d. k,m)(F) —E[F) + Y L,(f") (3.2)
i=2
for « € {e,h}. For « = e, it follows from (3.1) that the first term in this decomposition has variance of order ?+*, while the remaining

terms have variance of order at most r¢*¥=(@=%)_ Hence, V(F,(’Z')) = rd*k and we can write

F™ _ B[] FO _E[FY)
= = k" W,

\/pd+k \/pd+k
P
with W,— 0 as r — oo (note that V(W,) < r~@~R), From these facts we can draw two conclusions: Firstly, if X is a random variable
with
1 1
F —EIF1 »
_
N
then (by Slutzky’s lemma)
F™ _E[F™] >
\/pd+k
Secondly, the asymptotic covariance matrix

(FL)
i (C(d, k,a)C(d, k, b)>a.b=l

— C(d, k,mX.

(m) Vi
res s Fre )= lim

r—oo p rooco p

lim — 2(F<”

has rank 1. For k = d — 1 this was shown in [44, Thm. 5.1(i)], although the above reasoning implies that this is true for any k < d.
It is well known that X follows a normal distribution, however this is not the point we want to make here.

The behavior described above is in contrast to the hyperbolic setting: There we have W,—P> 0 only in the case 2k > d+1 (compare
Lemma 1). For 2k < d + 1, the terms A("I)h, ,A:’Z’h are all of the same order ¢"“~1, hence all terms of the chaos decomposition
contribute to the asymptotic behavior.

This is reflected in the fact that for k = d — 1, the hyperbolic analogue of the asymptotic covariance matrix has full rank for
2k <d+1 (ie, d=2) and rank 1 for 2k > d + 1 (i.e., d > 3) which is shown in [45, Sec. 4.5]. We extend this result to all k <d —1
in Section 7.

The fact that the first term of the chaos expansion determines the asymptotic behavior for 2k > d + 1 allows us to reduce the
problem of finding the asymptotic distribution of F, ('") to the case m = 1. From (3.2) it follows almost immediately that for 2k > d +1
the limit distribution of e~"*~ 1>(F("') [F('")]) dlffers from the one of e~"*~ l)(F M E[F(l)]) only by a constant factor. The latter
distribution has been determined for k=d—1in [59] and for general k < d — 1 in [11]. Cunously, it is not a normal distribution.

In summary, one can say that in the hyperbolic setting there are two phenomena which lead to behavior that diverges from
what we know in the euclidean setting: Firstly, for 2k < d + 1, all terms of the chaos distribution have variance of the same order,
leading to a non-degenerate covariance matrix. Secondly, for 2k > d + 1, F, (” follows a nonstandard central limit theorem, leading
to nonstandard limits for the functionals of intersection processes F(”’) m> 2 Note that the second phenomenon has nothing to do
with intersection processes per se, since for m = 1 no intersections are considered.
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4. Determination of the limit distribution

We now determine the asymptotic distribution of F,("'), thus resolving in particular the conjecture stated in [11]. Note that the
following proposition is a purely qualitative statement, convergence rates will be derived in the next section.

Proposition 2. If2k>d+ 1 and d — m(d — k) > 0, then

EP-BIE™ D —
or(k=1) ( m)( — 1)2k-1
as r — oo, where Z is given by (1.1) and C(d, k, m) is given by (2.3).

Proof. Since 2k > d + 1, it follows from Lemma 1 that A(”;) = k=D and that A(”') is of lower order for i = 2,...,m,
ie., A(”’)/eZ’(k D -0, as r — co. This implies that V(I, (f('"))/e’(" D) goes to 0 for r — co and hence

Ii(f:T))/er(k_l)—> 0, i=2,...,m.
Using (3.2), we can write
BB g pm P B S 1" “.1)
ertk=1) (o) - o) L4 ol :
i=

The first term converges in distribution to C(d, k, m)mz by [11, Thm. 1.4] (note that the prefactor contains a typo which we
corrected here) and the second term converges to 0 in probability by the previous consideration. The result now follows by Slutsky’s
lemma. [

5. Convergence rates
Having established the limit distribution, we now work a bit harder to get bounds on the speed of convergence in the Kolmogorov

distance dy. Throughout this whole section, let 2k > d + 1 and d — m(d — k) > 0.
We start by treating the case m = 1. For this purpose, let

y oo BV -BEIR] - %
e er(k=1) > T (k — 1)2k-1
for r > 0.

Theorem 3. If2k>d+1 and
P 20k —d-1)
AT kv d+ 4
then there is a constant C > 0, depending only on d, k, such that
dg(Y,,Y) < C-exp (_ﬂd,k -r) s
for r>0and k > 4, and

)

dg(V Y)SC-(r+1)exp (—fy 7).

for r>0and k =3.

Remark 4. Note that the restrictions on k and d ensure that k is always at least 3 and that k = 3 is only possible when d = 4. Note
further that 0 < §,, < 1 for all admissible values of d, k. For fixed d, f,, increases for increasing admissible k. Roughly speaking,
it holds for large values of d that f,, ~ 0 when k ~ d/2 and §,, ~ 1 when k ~ d.

In the proof of Theorem 3 we will make use of the fact that for r > 0 the characteristic functions of Y and ¥, have been determined
in [11] as

@, (1) = @y () = exp <a)d_k/ (e"sr® — 1 - itgr(s))y(ds)> ,
0
mn:wm=m%w%/(ﬁ®4—wmmmﬁ,
0

for r € R, where g, g, : [0, ) — [0, ), for r > 0, are given by

cosh(r)
COSh( cosh(s) )

g () =1{s< r}wke_(k_l)r/ sinh*~' () du,
0

®
g(s) = m cosh™ =D g),
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for s > 0, and we use the abbreviation p(ds) = cosh¥(s)sinh?*~!(s)ds. For a fixed s > 0 it has already been established in [11,

Lem. 4.1] that g,(s) — g(s) as r - . Later we will quantify the convergence.
To transfer closeness of the characteristic functions to closeness of the distribution functions, we use the following inequality of

Berry—-Esseen type.

Theorem 5. Let F,G be distribution functions with characteristic functions ¢, ¢ respectively. If G admits a density that is bounded by
M > 0, then

T -
|F(x) — Gl < l/ ler® =060 , , 24m
7z J_r || =T

forxeRand T > 0.

This inequality is originally due to Esseen, it appears as Theorem II.2.a in [27], albeit in a slightly different form. The version
presented above can be found in [69, p. 285]. A less general version of the result is also contained in [26, Sec. 3.4.4].

5.1. Bounds on g and g,
To prepare the proof of Theorem 3, we provide further auxiliary results. We start by rewriting the function g,.
Lemma 6. If r,s >0, then

g,(s) = 1{s < rlwye * " cosh~k=Dyy) / r(sinhz(u) - sinhz(s))% sinh(u) du. (5.1)

Proof. Note that the equality is clear for r < s. On {(r,s): 0 < s < r} an application of the chain rule yields

3 axcush(zgg—m) cosh)\\*! 9 cosh(r)
— sinhk’l(u) du = sinh <arcosh ( >> — arcosh < >

or Jo cosh(s) or cosh(s)
k—1 1
_ (coshz(r) _ 1>T <cosh2(r) B 1)’5 sinh(r)
cosh?(s) cosh?(s) cosh(s)
2 2, K2
_ (cosh”(r) — cosh”(s)) 2 sinh(r)
coshk_l(s)
(sinh?(r) — sinh®(s)) T
= sinh(r),
coshk_l(s)

where we have used the identity cosh?(x) — sinh?(x) = 1, x € R, repeatedly. Hence

cosh(r)

arcosh(( 2563 et " (sinh?(f) — sinh’(s)) T
/ sinh* ™ (u)du — 0 = / N sinh(t) dt,
0 s cosh*1(s)

which implies the assertion of the lemma. []

Next we show that g,.(s) approaches g(s) from below, for fixed s > 0, and derive a bound for the speed of convergence as r — co.

Lemma 7. Ifr,s >0, then
g (s) < g(s) (5.2)
and

r
g(s) —g.(s) < _kwkl e k=r 4 1(s < riog(k — 1)e~k=Dr=(k=3)s / k= gy (5.3)

s
Proof. Since the first inequality is clear for s > r, assume that s < r. From the identity (5.1) and the bound
(sinh?(u) — sinhz(s))% sinh(u) < sinh(u)¥! < 27 *=Dk=Du
for 0 < s < u, we see that

r
g(s) < a)ke_(k_l)’ Cosh_(k_l)(s)/ 2~ k=D) plk=Dut i3,
N

w
_ 21:1 o~ k=Dr cosh’("’”(s)ki l(e(k—l)r — olk=Dsy
Dk —(k=1)
<—*  cosh™¢ s
2k=1(k = 1) ©
= g(s),
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which proves (5.2).
For s > r, the second inequality holds since

g(s) — g.(s) = g(s) < g(r) = 1 ek=Dr,

where we used that 2 cosh(r) > e". Assume now that s < r. Using relation (5.1), g(s) — g.(s) > 0 (see (5.2)) and 2cosh(s) > e*, we
obtain

_ - @k ~(k=yr
g(s) — g,(s) (2cosh(s))k‘1e (

< @ e~ k=D <

ole=Dr
k-1

r k=2
- / 2%=1(sinh?(u) — sinh?(s)) 2 sinh(u)du)
s

elk=Ds

r k=2
— * / ek=Du _ 2k=1(sinh?(u) — sinh?(s)) 2 sinh(u)du)
- K

< wpe*- 1)(’“)( / (62”) 7 — (4sinh®(u) — 451nh2(s))% ) 5.4

Recall that k > 3. The mean value theorem yields

k=1 k—1 k=3

k—1
2 -x2 S (y—x) vy

y

for 0 < x < y. Applying this with y = ¢®* and x = 4 sinh?(u) — 4 sinh(s) and 0 < s < u then allows us to bound the integrand in (5.4)
from above by

(€™ — (4sinh?(u) — 4smh2(s))) L) = (@@ e — ekl 5 Lote=am

< (k _ 1)825e(k73)u.
Plugging this bound into (5.4), we arrive at
g(s) _gr(s) < coke_(k D(r+s) ( / (k l)eZV (k— 3)u )

— k_ *(k 1)r+w (k l)ef(kfl)rf(k73)s/ e(k73)u du,
- s

which concludes the proof. []

Lemma 8. There exists some constant C,; > 0 such that, for any sy.r >0,

/so |g(s) B g,(S)| u(ds) < Cd,k(e_(k_l)r+(d_])so + e—2r+(d—k+2)so)
0
when k > 4 and

/OSO |&(s) — g,(5)| u(ds) < Cy (e Drd=Dso g pp=2r+(d—kc+2)s0)
in the case k = 3 (and thus d = 4), as well as

/ &, )] + 1g(o)I? p(ds) < Cy e @=d=Ds0,

50

for any k,d.
Proof. For r > 0 we define h;(r) :=r and h,(r) := 1 when k > 4. Then
/re(/ﬁs)u di < hy (e
N

for all k > 3 and s, r > 0. Combining this with the fact that g(s) — g,(s) > 0 (see (5.2)), relation (5.3) and the bound u(ds) < e~ ds,
we get

S0 S0
/ |2(s) — g,(5)| u(ds) < /
0 0

@,

S50 5
= T—1 _k] e’(kfl)r/0 p(ds) + ay (k — l)efzrhk(r)/ o~ (k=3)s 4(ds)

D k-1 _1 od=Ds 2r d=k+2)s
<k 0 4w (k — e~ Ry (r) ———— 0,
k=1 a—1° @k = De™ () 7= k 2¢

,
—= e T b (k= e Dy () ()

from which the first two claims follow immediately.
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For the last bound, simply observe that (5.2) implies | g,(s)|2 < |g(s)]* and thus

o 3 2
/ le ) + 18I uds) <2 / (T2 @cosh(s)™ ") w(ds)
50

50
© 2
< 2/ (&e—(k—m) od=Ds g
W Vk—1

2
— 2a’k —(2k—d—1)sg
(k—1)2Qk—-d-1) ’

where we used again that 2 cosh(s) > e* and u(ds) < ¢®~D3ds in the second line. []
5.2. Proof of Theorem 3

In order to apply Theorem 5 to the random variables Y, and Y, we first need to establish that Y has bounded density.
Lemma 9. The distribution of Y has bounded density.

Proof. Note that Y is a multiple of Z, so it suffices to show that Z has a bounded density. The argument we use appears in [73],
we include it here since it does not take up a lot of lines and might offer the reader some insight. In [11, Rem. 1.5], it is established
that Z is infinitely divisible without Gaussian component and further that its Lévy measure v is concentrated on (0, 1) with Lebesgue
density

d—k

d+k=2 2 51
p(y) = :d'liy_ = (l—yﬁ) o y€ (0, 1).

Hence there is a constant ¢ > 0 such that

S 5 2k—=d—1
/ yv(dy)2cs k1T 2cs (5.5)
0

for all s € (0,1/2).
By the Lévy—Khintchine formula, the characteristic function of Z satisfies

1
~loglg ()] = /0 (I—costy)vid). 1€

Using (5.5) and the inequality 1 — cos(x) > x?/4, x € [0, 1], we arrive at

1 1
T 1 2 [l 2 c
—loglez ()] = (1 = cos(ty)) v(dy) 2 7t Y v(dy) 2 ZIII,
0 0

for |t| > 2. Hence |@p,(1)| < exp(—§|t|) holds for # > 2 and by the inversion formula (see, e.g., [26, Thm. 3.3.14]) Z admits a bounded
probability density. []

We can now apply Theorem 5 and obtain that for any » > 0 and T > 0 it holds that

T _
dK(yr,Y)S% / le®—e0] | 24m .6)

T 7] T
where M > 0 is a constant that depends only on d, k.

To proceed, we derive bounds for the first term on the right-hand side of relation (5.6). First, we define g : R — C, x = ¢ —1—ix,
which allows us to express the characteristic functions as

@, (1) = exp <wd_k / q(tg,(s)) M(dS)), @(1) = exp <wd—k / q(tg(S))M(dS)>,
0 0

for r > 0. Note that Re(g(x)) < 0 for all x € R. For complex numbers z, w with real part < 0, it holds that

|ez—e”’| <lz-w]. (5.7)
(To see this, let y : [0,1] = C,t — exp(w + t(z — w)). Note that Re(w + t(z — w)) < 0 for all ¢ € [0, 1], hence the fundamental theorem
of calculus and the triangle inequality give |e* — e%| < [01 |Y' @] dt = /01 |(z — w)exp(w + t(z — w))| dt < |z — w|.) Applying this to the
characteristic functions and using the triangle inequality, we obtain

o, () = o] < wd_k/ |ate,(5)) — qlrg(s)| u(ds), (5.8)

0

for r > 0.

Lemma 10. If x,y € R, then |q(y) — g¢(x)| < 2|y — x| and |q(x)| < % x]2.

8



T. Biihler and D. Hug Stochastic Processes and their Applications 185 (2025) 104613
Proof. From (5.7) we get

lg(y) — ()| < |7 — ™| + liy—ix| 2]y - x|,
which proves the first assertion. The second inequality follows from [64, Lem. 6.15]. []

For an arbitrary s, > 0, combining (5.8) and Lemma 10 yields
) 1 co
o) = @] < 204 I1] / |8:(5) = 8] p(ds) + S0y It / l&, (I + 18I uds), (5.9)
0 S0

for r > 0.

For the sake of readability, we will from now on simply write C for a universal positive constant which may depend on d, k.
Constants may also change from line to line.

Using (5.9) and Lemma 8, the first term of (5.6) can be bounded for any s, > 0 and r > 0 by

1 /T o) — o(0)]

T S0 T o
di < C/ / |g(s) — g(s)| ﬂ(dS)df+C/ ltl/ |gr(5)|2 +1g()I* p(ds)dt
T Jor Il -t Jo T Jsy
%0 2 [T 2 2
< CT/ |g-(s) — g(s)| p(ds)+CT / |g-()|" + 1g(s)I* p(ds)
0 50

< CT(e*=Dr+@=Dso 4 p (p)e2r+(@=k+2s0) | 2= @k=d=Dso,

where h;(r) = r and h;(r) = 1 for k > 4 (as in the proof of Lemma 8). The Kolmogorov distance can thus be bounded from above by

de(Y,.Y) < CT(e~k=Dr+@=Ds0 4 (p)e=2r+d=ks2s0) 4 OT2=Ch=d=Dso 4 1 (5.10)

It remains to find suitable values for 7 and s, to balance out this expression.
We take the following approach: Let «, # > 0 be constants and set

5o = ar, T =¢"".
Plugging this into (5.10), we obtain

dK(Yr’ Y) < C(eﬂr—(k—l)r+(d—l)ar + hk(r)eﬂr—2r+(d—k+2)(tr) + CeZﬂr—(2k—d—1)(tr + Ce—ﬁr
— C(e[ﬂ—(k—])+(d—|)a]r 4 hk(r)e[ﬁ—2+(d—k+2)a]r + e[2ﬁ—(2k—d—])a]r + e—ﬁr).

To get an optimal rate of convergence, we solve the following minimization problem:

p +d=-Da —(k—=1),
. p o +d—k+2a -2,
a0 ™Y 28—k —d - 1)a,
-p

This problem can be transformed into a linear optimization problem, which can then be solved using standard procedures. The
crucial first step is to rewrite the problem as

t >p +d—-Da —(k-1)
o t 2P +(d -k +2a )
mint : I 32 —Qk—d-Da and «a,f >0,
t >-p

bringing this into standard form then is straightforward.

Since the problem is reasonably small, one can also solve it directly by hand. If one chooses this approach, it is helpful to ignore
the first term at the start. Only optimizing the last three leads to

wo 6 g _20k-d-D)
k+d+4 k+d+4

and an optimum of —p*. (At (¢*, f*), the three terms coincide. If one moves from (a*, #*) in any direction, then at least one of the
terms increases, hence this pair yields the optimum.) Plugging «* and g* into the first term gives a value < —p*, hence one has
obtained a solution of the full problem.

5.3. Convergence of intersection processes

For general m, we show the following bound:
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Theorem 11. Let d,k and m satisfy 2k > d + 1 and d — m(d — k) > 0. Take

e~ 3 ' 4k <3d+1,
20k—d—1)

1 2%kd-1,
rd+a and wd’k(r)= rie 3 D4k =3d+1,

2(d—k)
-=5=r

Bax=

e : 4k >3d+ 1.

Then the following holds: If k > 4, then

d wc(dkm)Lz <Coexp(=fy .- +C-w,  (r)
K o) , e T ok = PU=Pa k d k1)
for r > 1 and if k = 3, then
MC(dkm)LZ <Coroexp(=Py 1) +C-wy (r)
K o1 , e T ok = PPy k d k)

for r > 1, where C > 0 is some constant that depends only on d and k.

As a direct consequence we get the following more concise bound:
Corollary 12. In the situation of Theorem 11 it holds that

C-r-exp(=Byy-r) :d=4k=3,
Dy 2 . _
,C(d,k,m)m2>5 C-exp(—§~r) . dZ]Z,k—d—l,

C-exp(—fyy-1) : otherwise,

o [ E - ELE™
Kk or(k=1)

for r > 1, where C > 0 depends only on d and k.

Proof. Note that exp(—f,; - 1) S wy . (r) = exp(—%r) for d > 12 and k = d — 1 and that in all other cases w, () S exp(—f, - ). The
result then follows directly from Theorem 11. [J

We now prepare the proof of Theorem 11. Recall from (4.1) that

F™ _E[F™) _cdn )F,(”—IE[F,(”] m L)

er(k=1) - 2K, m er(k=1) &~ er(k=1)

i=
=C(d,k,m)Y, +W,, (5.11)
with

S LU

W, = erk=1)
1

i—

From Lemma 1, it follows that

) e@=h tAd-k)>d-1,
r2 - 1

< - .
MUOR Q2r(k=1) ~ p2r(k=1)

re@d=1 c4d—-k)=d -1,
e2rd=2d=k=1) - 4 — k)< d —1.

Further recall that I;( ffT)) is centered and hence E[W,] =0 and V(W,) = IE[WrZ]. Using this fact and the above bound, we obtain

emGk=d=Dbr 4k <3d +1,
E[W?2] S 4re~@k=d=r + 4) =34 +1, (5.12)
e 2=k D4k >3d+ 1.

To bound the contribution of W, to the Kolmogorov distance, we will use the following bound (for a related result, see [58,
Lem. 2.1]):

Lemma 13. Let X, W, Z be random variables. Assume that Z has bounded density f,. If € > 0, then

dx(X +W.,2) <dg(X, Z) +€||f 7] + PAW]| > ).

10
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IfE[W?] < oo, it holds that

de(X +W.Z) < d(X. Z)+ (| £ o + DEIW2]5.
Proof. For £ > 0 and ¢ € R, first observe that
PX+W <H=PX+W <t,|[W|<e)+PX+W <t,|W|>e¢)
<PX —-e<t)+P(|W|>e¢)
=Fx(t+e)+P(W]|>e),
hence

PX+W <0)—P(Z <1) < Fy(t+¢) = F,() + P(W| > ¢)
<|Fx(t+e)—Fz(t+e)|+|Fz(t+€) — F,0)| +P(W]| > ¢)
<dg(X, Z2) + €| f 7], + PUW | > ©).

lleo
The bound in the other direction is achieved similarly. First, arguing that
Fy(t—e)=P(X +e<1)
SPX+W Lt,|W|<Le)+P(W|>¢)
<SPX+WtH)+P(W]|>e),
it then follows that
P(Z<O)-PX+W <) <P(Z <1)— Fy(t—e) + P(W| > ¢)
S|Fz() = Fz(t — )| + |Fz(t —€) — Fx(t —&)| + P(W| > &)
<e|fzlle +dx X, Z)+ P(W| > &).
For the second statement, set ¢ := ]E[Wz]%. An application of the Markov inequality to the first bound gives

E(W?]
52

1
dyX +W.,Z) <dg(X. Z) +e||fz]o + =dg(X, Z)+ (| f2]| o + DEW?]3,
which proves the remaining assertion. []

We now have all prerequisites to prove the main theorem of this section.

Proof of Theorem 11. Note that C(d, k, m)
which yields

< F™ —E[F™
(E=EET

W‘f#z has bounded density by Lemma 9. We can thus apply Lemma 13 to (5.11),

Wy @ 24
[, S— < . S -E[W?]3
gy ,C(d,k,m)(k_l)zk_l Z) <dg (C(d,k,m) Y,,C(d,k,m)(k Z> +C-E[WS]3

— 1)2k-1

for some constant C > 0 that depends on d and k. (Technically, C depends on m as well, but we can get rid of this dependence
by taking the maximum over all admissible m.) Using the fact that dg(aU,aV) = dg(U,V), for any random variables U,V and any

.. _ Wy
constant a # 0, and writing Y = nFT Z, we get
(m) (m)
F™ —RE[F,"™] @y 2%
dg <—er(k_l) ,C(d,k,m)—(k T Z | <dg (Y,.Y) +C-E[W25.

The claim now follows from Theorem 3 and (5.12). [J
6. Numerical calculations

To better understand the limit distribution for 2k > d + 1, we would like to calculate its probability density. For this purpose,
write y, , for the characteristic function of Z = Z, , that is

Wy i) = exp <wd_k / ("™ — 1 — ith(s)) M(dS)> . 1ER,
0
where A(s) = cosh™*~D(s) for s € R.
From the characteristic function, we can determine the cumulants and thus the moments of Z,, , (see [11, Rem. 4.2]), in particular

we see that the mean is zero and that the variance is given by

[s+]
02 =V(Zy) = 04 / cosh?7¥(s) sinh® 1 (s)ds.
! ’ 0

11
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To compare the limit distributions for different values of d and k, it is useful to consider the standardized random variable
Z; . =Zax/0oax The corresponding characteristic function y, ; is given by

Yo i@ = vy (t/0,4), teR.

The density f,, of Z ; . can be obtained from the classical inversion formula (see [26, Thm. 3.3.14])

fax(0) = ﬁ/ TG (Ddt,  x ER. 6.1)

The integrability of the characteristic function and thus the applicability of the inversion formula was already established in Lemma
9. Since it does not seem to be possible to express this integral by elementary functions, we will approximate the right-hand side
of (6.1) numerically.

From the considerations in Lemma 9 it follows that iy, , decays exponentially in 7, so it makes sense to approximate the integral
on the right-hand side of (6.1) by integrating over a bounded interval:

1 T
fax(X) = 2—/ e, K (Ddr.
T J-T

To discretize the integral, we take M +1 € N, equidistant points 7; = (—1 + 12\4—’) T,j=0,...,M, and use the left point approximation
b
[, gt = (b— a)g(a):

L/ G0 = 2 / —nxl;dk(t)dIN — Z UG g k1)-

The evaluation of @, (1) comes w1th some dlfflcultles The characterlstlc function itself contains an integral that needs to be
numerically approximated first. In practice this turned out to be challenging for the computer, so we took a different approach.
To approximate

Wau () = exp <wd,k / ("hO/oak — 1 — ith(s)/cq ) u(ds)) ,
0

we expand the exponent and interchange summation and integration to get

th g U "
Wg_g / (l (S)/Ud V" u(ds) = wy_y / ZW+JC)COSh"‘”(“‘”(S)Sinhd_k_l(s)ds

(itfo ;)"
w,_ kz /“ / cosh*=1=1(5) sinh¥=*~1(s) ds

for the argument of the exponential function. The application of the dominated convergence theorem in the last equality is justified
since 2k > d + 1 implies

o0 [s+]
/ coshk_"(k_”(s) sinh? =% 1(s)ds < / (eS/Z)(kfn(kfl)) (ex/Z)(dfl“l) ds
0 0 .
< 2n(k—1)—d+l/ e S ds < (zk—l)"
0
for all n > 2.
As pointed out in [11, Rem. 4.2], for —a > b > —1 it holds that

, 1 TSI

I(a,b) :=/ cosh?(s) sinh”(s)ds = 1—
0 2 sy

With this identity and the definition of 6, ,, we can rewrite the above expression as

Wyt Z; %(wd_kI(Z—k,d—k— D) 20k —n(k = 1).d — k- 1)

n

iy 1o 1r(2k—d—1)r(ﬂ) 2 lr(n(k—|2)+1—d)r(ﬂ)
k

[~

_ Z ® 1 2 2 1 2
d— — —
= 2 =S 2 12)+1 k)
2k— d 1 % (k—=D+1-d

_i(”)n(ll—'<d— w 1—7 F( [‘('l > )
- 5 d— k — —

& on! \2 2 F(W)

¥ () résh 2r<—"<" 3
= — a )
& n! F(Zkzd N 1;+1 k)

We then approximate this sum by the Nth partial sum for some integer N > 2. Note that for higher values of  one might have to
choose N larger to get a sufficient accuracy.

12
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From the above calculation it also follows that for n > 2 the cumulants of Z7;, can be expressed as

1t F(%) 2 F(n(k—l;rl—d)
cum,(Z k)—( D" _IOgW‘i*"(r)‘,zo = (71- 2 ) r(zk—d—l) F(n(k—1)+1—k)’ (6.2)
2 2

which will be useful later.

There are three constants that need to be chosen for the approximation, namely 7, M and N. Finding appropriate values can be
achieved by a trial and error approach. We only calculated characteristic functions and densities for d < 15, since after that point
the calculations could not be carried out accurately enough by the computer anymore. For those values of d (and % <k<d-1)
the choices T'= 10, M =200 and N = 26 have proven to be appropriate.

The illustrations in Fig. 1 might lead one to the following conjecture: If one lets d go to infinity and takes k ~ d/2, then the
distribution will converge to a standard normal distribution, while for k ~ d, it will diverge. The behavior of the cumulants, on the
other hand, does not seem to support this hypothesis. It is easy to see that the first cumulant is 0 and since Z, , /o, has variance 1,
the second cumulant is equal to 1, so the first two cumulants always agree with the ones of a standard normal distribution. However,
for n > 3, the nth cumulant of a standard normal distribution is zero, while the ones of Z, /5, turn out to diverge as d approaches
infinity, independently of how k is chosen.

Proposition 14. Let (d)), (k;) be sequences of integers that satisfy 0 < k; <d; — 1, 2k; > d; + 1 and d; — oo, j — oo. It then holds that
as j — oo,
cum,,(Z;j_k/) - 0o,
for all n > 3.
Proof. Fix n > 3. For the sake of notational convenience we will sometimes drop the index j.

If d; — k; = 2c is constant, we can use the fact that I'(x + y)/I'(x) ~ x” for fixed y > 0 and x — oo (see, e.g., [54, p. 938]) and
(6.2) to conclude that as j — co

F(Zk d— 1+ ) r(n(k—1;+1—d)

F(2k2d l) F(n(k—l;Ll—d +¢)

_n
2

1
cum (de)_( di>
()1 (e e

d—4c-1 i
2

(n(d—Zc—l)+1—d ) ’
2

= (7[6)1_%

which diverges since n > 3 and d; — 0. In particular, this proves the assertion if d; — k; € {1,...,5}. In the following we can
therefore assume that d; — k; > 6.

The Gamma function satisfies I'(x + 1) = xI'(x) for x > 0 and is increasing on [2, o). We can thus bound the cumulants given in
(6.2) from below by

_% I—(Zk—zd—l + L%J) % F(n(k—1;+l—d)

d=k \ |
cum,(Z;,) > (27 )
n\ L, I—-(zk—zd—l) r(n(k—])+l—d+[%])

L

S 4511

S ()

d=k_y [ 2k—d=1 , .\2
. l_ﬂlle(—k;1+1)2 |
> (;:T : . (6.3)
0 n(k—1)+1—d +j (n(k—12)+l—k)

[NIE

2

0 (rt(k D+1-d +j)

For k; %d- and d; > 4 we can then plug the bound

d=k_y ([ 2k—d—1 , . 3 14k o1 [ 2k=d=1 n\[5E) R d—k
() e ()T (g ey
= (n(k—l)+1—d +j) =0 (n(k D+1 k) | nd -

2 2

n 1
into (6.3) and use di'>d7 to get

1\ 5 11 INF e
cum,(Z* ) > ”1_g_d2 R A N d: T2
n d.k n n B
; 83n ((n—l)(k—l)) 83n nd

2
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Fig. 1. Left: Real part (red) and imaginary part (blue) of i,,. The dotted line is the (entirely real) characteristic function of a standard normal distribution.

Right: Density of Z;, (red) and density of a standard normal distribution (dotted).
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which goes to infinity as d; — oo since Ldz;kj > 3.
For k; < 3d. and d ; > 16, we use (6.3) to derive the lower bound

J = 47J
d=k_y 1 . %
= (34) 1
1 n(k—1)+1—k n(k—1)+1—k
i=0 2 2
1 d—k g
( d—k)l—% (z (154 1-1))

d—k
((n—l)(k—l) ) L5 1+1
2

< |4k >([dzkjl);
d—k\1-3 e

(nd)t%ﬁ'l

d—k
NGt

k13
cum(Zj,) > (n’ 2 )

\%
—
3

:
~—
o

™
wis

v
N
ST

where we used the fact that m! > (m/e)” for m € N in the third line. For sufficiently large d;, the above expression is lower bounded

by
1\ L1
( A-d2 ) B
42
with some constants A, B > 0 (depending on ). The latter expression goes to infinity as d; — co. []

Of course, this does not yet prove that z;, does not converge in distribution to a normal distribution (or at all). It is indeed
possible for a sequence of functions to converge even though, when written as a power series, all of the coefficients diverge (except
for the coefficient of x°). This is the case, e.g., for f,,(x) = sin(n?x)/n+cos(n’x)/n, x € R. Unfortunately, we were not able to determine
whether the characteristic functions converge or not and leave this question as an open problem.

Question. Let (d;), (k;) be sequences of integers satisfying 0 < k; < d; — 1, 2k; > d; + 1 and d; — o0, j — co. What is the asymptotic
behavior of Z , as j — co? In particular, are there any conditions on d; and k; (such as k;/d; — 1/2) which ensure that Z7

v J
converges in dljstribution, and if so, is the limit distribution Gaussian?

High-dimensional limits of functionals of random geometric structures, possibly depending on various additional parameters,
have been intensively studied in the last decade. Apart from being of intrinsic mathematical interest (as in the context of the
resolution of Bourgain’s slicing conjecture [12,35,66]), applications to compressed sensing, image analysis, complexity theory or
machine learning provide additional motivation (see [74] for explicit references). For a selection of contributions, see [1,2,15-18,
23-25,29,31-34,36-39,47,49,50,55-59,62,63] and [51, Chap. 16].

7. Asymptotic covariance matrix

Consider the random vector FI™ := (F,“), s F,('"))T. In this section we study the asymptotic covariance matrix X" of F™,
which we define as

lim
r—oo gr(d=1)

(M), lim

[m] :
_}wrer(d_l)Z(Fr ), lim

[m]
r—o0 e2r(k—1) Z(Fr )’

for 2k <d +1,2k=d + 1 and 2k > d + 1, respectively.
Proposition 15. For m > 2 the following holds: If 2k > d + 1, then X!™) has rank one, while it has full rank when 2k < d + 1.

Remark 16. Note that m must satisfy the condition d — m(d — k) > 0. One easily checks that the only combinations for m,d, k that
satisfy this condition as well as m > 2 and 2k < d + 1 are those where m =2 and d = 2k.

In the remainder of this section we prove Proposition 15 and derive X! for 2k < d + 1. For 2k > d + 1, note that by (4.1)
F™ —E[F™] = C(d, k,m) - (F" — E[F"]) + lower order term,

hence we can argue as in Section 3 that the asymptotic covariance matrix has rank one. This proves the first part of Proposition 15.
Let us from now on assume that 2k < d + 1. By the above remark, we can assume that m = 2 and d = 2k. We exclude k = 1 in the
derivation below, since this case has already been treated in [45, Sec. 4.5.1]. From the Wiener-It6 chaos decomposition and (2.2)
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it follows that
FV =EIFO1+ ().
FO = E[FP) + Cd.k.2) - () + L),

Since the first and second chaos term are uncorrelated, the covariance matrix X(F") takes the form
2 () = 2 (Lu)c@ k2 1uD) + 2 (0.002)

(1) 1 C(d,k,2) (2) 0 0
= VL, <C(d k.2) C(d, k,2)? VL, 1)
Note that, by definition, V(I,( f, ('))) = A(U and V(I,( f, (2>)) = 2A(2) Using the representation [11, Eq. (2.9)] and writing the
involved integral as in [45, Lem. 8 and (19)], we arrive at

2

sinh* Y (wdu | ds,

cosh(r) )

| | r arcosh( “osh(s)
AW = M coshk(s) sinhd_l_k(s)
r1 d.k 0 0

.
@ _ @ s ond—1
Ar’2 = Cd"k/o sinh®™ " (s)ds,

(1) (2) _ 0104Pgy1
= —5.
dor

After substltutlng t=r—s, we get that

with constants CGr= co and ¢,

r k - rd—1-k arcosh( <20 )
cosh”(r — 1) sinh' r—t (cosh(r—t)
e—(d—l)rA(rl)=c(1)/ r-n (r=1 /

0

- k=1
ok =i sinh® ™" (w)du | dt

To bound the integrand, first note that

cosh*(r — ) sinh® 1% (r — 1) ed-Di-1) = o1y

eld=Dr = eld=Dr
and since
cosh(r) 1+ e
cosh(r — 1) 1 4 e2-2r —

and exp(arcosh(y)) < 2y for y > 1, we can bound

cosh(r)

arcosh( x ) arcosh(e’)
(r—1) . _
/ T Sinh ! (uydu < / k=D gy
0 0

T i . (exp(arcosh(e)*! - 1)

k-1
<27 -
T k-1

The (non-negative) integrand can thus be bounded uniformly in r from above by

N N2
(@1 2k-1 Q211 _ 2k-1 e,
k-1 k-1

where we used that 2k = d. We can thus apply the dominated convergence theorem and obtain

2
© _(d-1)t arcosh(e’)
lim ¢=@=Dr 40 — (D ¢ sinh* Yw)du | dr
r—o rl dk 0 2d-1 0

After substituting u = arcosh(y), the inner integral becomes

et
) k=2
/ O =12 dy,
1

the substitution x = ¢’ then turns the outer integral into

/1 2d1</(y—1)2dy> ,

so that

[eY] 2
C o X
. d-Dr 4 _ “dk —d 2 _ 52
Jlim ¢~ A= 21, x : O =D2dy) dx
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(We excluded k£ = 1 for convenience, but one can check that the final result is also valid in this case.) The second term is much
easier. One again substitutes ¢ = r — s, checks that the dominated convergence theorem applies and obtains

O e
N d.k - d.k
lim e—@-Dr 4@ — _4k o@Dy Ak
r>00 r2  pd-1 0 (d - 1)24-1
In summary, we arrive at
D) D +]
3 2
@ © X k=2 Cr 0 0
S(FPy= £ [ xd -7 dy) dx T2+ 2000001 ). (7.1)
2d-1 | 1 @141 (wlwcm) (d-1)29?
w? P k+1
k+1 k+1

From this representation the second part of Proposition 15 follows immediately.

Remark 17. The integral in (7.1) can be explicitly calculated when k is even, since the inner integrand is then only a polynomial.
For odd k this is in general much harder. In [45, Rem. 11] it has been shown that for k = 1,d = 2 this integral is equal to « = 4G,
where G ~ 0.915965594 is Catalan’s constant. The covariance matrix they arrive at is

4a 24

50 Ba+l)
compare [45, Eq. (20)] (we set the intensity parameter 7 to one and switched the order of the rows and columns to conform to our
setting and notation). Plugging the values k = 1,d = 2 into our representation (7.1) we arrive at

4a ’% a
Ly l—ga +1
T b2

The discrepancy is resolved by inserting a missing factor r in front of the integral on page 925, line -8, in [45] (w, was used instead

of the correct factor w,).
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