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Abstract

This thesis investigates the performance of the Gauss-Newton (GN) method in Full-
waveform inversion (FWI) in acoustic media in the time domain. FWI aims to estimate
subsurface properties by iteratively minimizing the misfit between observed and synthetic
seismic data. While the Steepest-descent (SD) method is commonly used in FWI, this study
demonstrates that the GN method offers superior performance, achieving higher resolution
and faster convergence. However, the GN method requires significant computational
resources due to the calculation of the Jacobian matrix. To address these challenges, we
calculate the partial derivative field for the Jacobian matrix using virtual sources and the
reciprocity principle. These wavefields are explicitly obtained by convolving the forward
propagated wavefields from each source with the reciprocal wavefields from each receiver.
Then the Jacobian matrix is used to calculate the approximate Hessian matrix and the
gradient used in the GN method. Numerical experiments reveal that the GN method
outperforms the SD method across various geometries with different numbers of receivers
and sources, delivering significantly higher resolution and faster convergence rates.
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Chapter 1

List of Acronyms

FWI Full-waveform inversion
SD Steepest-descent
GN Gauss-Newton
FN Full Newton
PML Perfectly matched layer
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Chapter 2

Introduction

2.1 Full-waveform inversion

Full-waveform inversion (FWI) is an efficient geophysical tool for seismic inversion, designed
to estimate subsurface properties with high resolution. Its main challenges are the inherent
non-linearities of most inversion problems. This nonlinearity arises because model responses
are nonlinear functions of the model parameters, it requires an iterative process to minimize
the misfit between the model response and observed data. Addressing these challenges
requires advanced algorithms, careful optimization, and robust techniques to mitigate issues
such as cycle skipping. In a seismic non-linear inversion, geophysicists commonly minimize
the least squares residual using methods such as the Steepest-descent (SD), Gauss-Newton
(GN), and Full Newton (FN) methods.

In a seminal development, Lailly (1983) and Tarantola (1984) introduced the SD method
in FWI for acoustic, isotropic, elastic, and viscoelastic problems. This method avoids the
need for explicit gradient computation by employing the adjoint-state technique and Born
approximation. It significantly reduces computational and memory costs, making seismic
waveform inversion more feasible. Subsequent developments extended this method, with
numerical examples provided by Kolb et al. (1986), Gauthier et al. (1986), Mora (1987),
and Pica et al. (1990), all of which were applied in the time domain. Later, Pratt et al.
(1998) introduced its application in the frequency domain for acoustic and elastic wave
equations. Despite its efficiency in avoiding the explicit computation of gradient direction,
the SD method has notable limitations, including slow convergence rates and challenges in
resolving the background velocity. These issues become particularly significant given the
typically large number of model parameters in seismic inversion problems.

As forward simulation techniques advanced, researchers explored the FN and GN methods
to address the limitations of the SD method. The FN method has been explored for its
potential to enhance inversion accuracy in small-scale 1D problems (Santosa and Symes
(1986)), it requires explicit computation and inversion of the full Hessian matrix. This
makes it computationally prohibitive for large-scale seismic problems. In contrast, the GN
method approximates the Hessian matrix, which strikes a balance between accuracy and
computational feasibility. Initially, the GN method introduced by Tarantola (1984) was
impractical at the time due to limited computational resources. However, recent advances
in computational power have developed its effective application. The GN method relies on
the explicit calculation of the Jacobian matrix, which represents the partial derivatives
of the wavefield with respect to model parameters. This matrix captures the sensitivity
of observed seismic data to small perturbations in subsurface properties, such as velocity
and impedance, and plays a central role in iteratively updating the model parameters to
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minimize the misfit in FWI. Explicitly calculating the Jacobian requires for each iteration
as many forward simulations as there are grid points in the model. To reduce these
computational demands, Rodi (1976) demonstrated that partial derivative wavefields can
be obtained by solving forward problems with virtual sources placed at the perturbation
locations. Pratt et al. (1998) applied this principle using virtual sources to compute partial
derivative wavefields efficiently, achieving high-resolution imaging of subsurface structures.
Further, Shin et al. (2001) proposed utilizing the source-receiver reciprocity principle
to reduce memory requirements. This principle allows the interchange of virtual source
and receiver positions (Aki and Richards (2002)), effectively shifting the computational
dependency from the number of model parameters to the number of shots and receivers.
Building on these innovations, the GN method has been applied in the frequency domain,
using the simultaneous inversion of selected frequencies to reduce computational costs.
However, the success of this approach depends heavily on the careful selection of frequencies.
In contrast, Sheen (2004 and 2006) extended these ideas to the time domain. By using
the full waveform information across multiple frequencies simultaneously, the time domain
approach makes the GN method more robust than the discrete frequency domain approach.
In this thesis, we employ the GN method in FWI, addressing the limitations of SD and
avoiding the computational challenges of FN.

2.2 Main objectives
The primary objectives of this thesis are to evaluate and compare the performance of FWI
using the SD method and the GN method for acoustic media in the time domain. To achieve
these objectives, synthetic experiments are conducted to demonstrate the application and
effectiveness of both methods. The inversion process is based on a 2D finite-difference
solution of the acoustic wave equation with constant density. In the SD method, the
gradient direction is implicitly derived using the adjoint-state method, avoiding the need
for explicit computation. In contrast, the GN method explicitly calculates the Jacobian
matrix through the use of virtual sources and the reciprocity principle. The Jacobian
matrix is then used to compute the approximate Hessian matrix and gradient direction.

2.3 Thesis structure
This thesis is organized into four main chapters:

Chapter 3 provides the theory used in this thesis. It begins with an introduction to the
wave equation for acoustic media and describes the finite-difference method employed for
numerical simulations. This is followed by an introduction of the general inverse problem
and the methods utilized in FWI, including the SD, FN, and GN methods.

Chapter 4 focuses on the implementation and computation of the GN method. It details
how these computations utilize the Jacobian matrix for calculations of the approximate Hes-
sian matrix and the gradient direction. This chapter aims to understand the computational
challenges involved in the GN method thoroughly.

Chapter 5 presents synthetic tests conducted to analyze and compare the performance of
the SD method and the GN method. These tests evaluate factors such as resolution and
convergence, offering valuable insight into the efficiency and effectiveness of each method.

Finally, Chapter 6 concludes the thesis by summarizing the results of synthetic experiments
and discussing their implications.
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Chapter 3

Methodology

This chapter provides an overview of the basic theory used in this thesis. It begins with
an introduction to the wave equation for acoustic media, followed by a description of
its numerical implementation using the time-domain finite-difference method. Next, the
general framework of the inverse problem in FWI is discussed. Finally, different approaches
to solving the inversion problem are presented, including the SD, FN, and GN methods.

3.1 Acoustic wave equation
The general wave equation is derived by combining two fundamental equations in an
arbitrary medium: (i) the stress-strain relation, and (ii) the equation of motion. The
acoustic wave equation describes the wave propagation in acoustic media, which represents
the propagation of pressure disturbances in gases or liquids. This section focuses on the
derivation of the acoustic wave equation. Note that all equations use the Einstein notation.

3.1.1 The stress-strain relation

In the generalized relation between the stress p and the strain ϵ, Hooke’s law connects both
physical quantities in elastic media via the elasticity tensor cijkl (Lay and Wallace, 1995):

pij = cijklϵkl (3.1)

where the strain ϵkl is a second-order symmetric tensor with the displacement of a particle
uk and ul representing the l-th and k-th components, which is given by

ϵkl = 1
2

(
∂uk

∂xl
+ ∂ul

∂xk

)
(3.2)

For a special case of isotropy, the stiffness tensor, cijkl, can be simplified to:

cijkl = λδijδkl + µ(δilδjk + δikδjl) (3.3)

where δij the Kronecker delta:

δij =
{

1 if i = j
0 if i ̸= j

(3.4)

and the two Lamé parameters λ and µ are used, both of them are time-invariant. These
two Lamé parameters are sufficient to describe the material properties of an isotropic and
elastic medium. The stress-strain relations equation (3.1) can be simplified to:

pij = λθδij + 2µϵij (3.5)
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where cubic dilatation θ, i.e., the divergence of u⃗, is defined as θ = ϵ11 + ϵ22 + ϵ33.

3.1.2 Equation of motion

Next, we consider the equation of motion, which is derived from Newton’s second law.
This law establishes a relationship between the forces acting within a medium and the
resulting measurable displacements. The equation of motion is expressed as:

ρ
∂vi

∂t
= ∂pij

∂xj
+ fi (3.6)

where ρ represents the mass density, vi the particle velocity, t the time, x the vector in
space, and fi the external body forces.

3.1.3 Acoustic wave equation

Acoustic waves arise from localized pressure disturbances within a system. Similar to elastic
waves, they are characterized by the velocity of pressure particles and their displacement
from the equilibrium pressure. The velocity of pressure particles determines the kinetic
energy and the displacement represents the potential energy. The key parameters in
acoustic wave equation are pressure p, velocity v, and density ρ (Sahin et al., 2023).

Because of the acoustic wave propagated in a gas or liquid, the shear modulus in the
stress-strain relation is zero, i.e., µ = 0, and only hydrostatic pressure is left. The stress
tensor pij simplifies to

p =

−p 0 0
0 −p 0
0 0 −p

 (3.7)

This means that seismic waves will propagate through acoustic media without a specified
orientation, i.e., no anisotropy. Thus the stress-strain relation for the acoustic wave equation
reduces to:

−p = λdiv(u⃗) (3.8)
Consequently, the external body forces in the equation of motion represented by fi in
equation (3.6) can be obsoleted, i.e., fi = 0. The equation of motion in the acoustic media
is given by:

∂vi

∂t
= −1

ρ

∂p

∂xi
(3.9)

By the stress-strain relation taking the derivative with respect to time, the first-order
acoustic wave equations can be derived by equation (3.8) and (3.9). This is the so-called
velocity-stress formulation of the acoustic wave equation:

−∂p

∂t
= λdiv(v⃗) (3.10a)

∂vi

∂t
= −1

ρ

∂p

∂xi
(3.10b)

For the second-order acoustic wave equation, the stress-strain relation is once more derived
with respect to time. Then, the equation of motion is inserted on the right side:

−∂2p

∂t2 = λ

(
∂

∂x1

∂v1
∂t

+ ∂

∂x2

∂v2
∂t

+ ∂

∂x3

∂v3
∂t

)
(3.11)

= λ

(
∂

∂x1
(−1

ρ

∂p

∂x1
) + ∂

∂x2
(−1

ρ

∂p

∂x2
) + ∂

∂x3
(−1

ρ

∂p

∂x3
)
)

(3.12)

= λ
i=1∑

3

∂

∂xi

(
−1

ρ

∂p

∂xi

)
(3.13)
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This can be simplified by assuming the density as constant and defining the compressional
velocity c =

√
λ
ρ , the second-order acoustic wave equation reads:

∂2p

∂t2 = c2∇2p (3.14)

The equation (3.14) can also be written as:(
1
c2

∂2

∂t2 − ∆
)

p = 0 (3.15)

3.2 Forward modeling
The implementation of forward and inverse problems constitutes the foundation of the FWI
technique. In forward modeling, the objective is to simulate wave propagation through
a medium by approximating the wavefield at discrete points in time and space, thereby
capturing the full seismic wavefield. Among the various numerical methods available, the
finite-difference method is the most widely used and computationally efficient approach
for discretizing the wave equation. This method utilizes finite-difference operators to
approximate the spatial and temporal derivatives of the wave equation (Operto et al.,
2007).

3.2.1 Discretization

In the finite-difference method, the wave propagation is approximated by finite-difference
operators. This process involves discretizing the wave equation in both space and time on
a cartesian coordinate system, where the computational discretization is divided into a
finite-difference grid (Pontius, 2016; Igel, 2017).

A common and straightforward approach for discretization is to use a rectangular grid
with uniform spacing, denoted as ∆h. For a 2D finite-different method, the continuous
spatial coordinates x and z are replaced by their discrete counterparts, expressed as:

xi = i∆h and zj = j∆h (3.16)

where i and j refer to the grid points in the x and z directions, respectively. The time step
∆t refers to the time sampling interval in the approximation:

tn = n∆t (3.17)

where n refers to a specific time step.
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Figure 3.1: A figure showing finite-difference grid points for pressure parameters in
space domain. The space update scheme is represented by the x and z axes, which are the
horizontal and vertical directions, respectively.

Figure 3.1 shows the locations of wavefield parameters: the pressure components pij are
distributed at full grid positions in the s and z directions in space. The acoustic wave
equation can be both discretized on such a grid in space and time. Consequently, equation
(3.14) is discretized as:

∂2
t p(x, z, t) = c2

[
∂2

xp(x, z, t) + ∂2
z p(x, z, t)

]
(3.18)

The second-order derivatives in space and time of the pressure wavefield can be approximated
by using a central difference scheme in second-order accuracy:

∂2
t p(x, z, t) ≈

pn−1
i,j − 2pn

i,j + pn+1
i,j

∆t2 (3.19a)

∂2
xp(x, z, t) ≈

pn
i−1,j − 2pn

i,j + pn
i+1,j

∆x2 (3.19b)

∂2
z p(x, z, t) ≈

pn
i,j−1 − 2pn

i,j + pn
i,j+1

∆z2 (3.19c)

where pn represents the pressure wavefield at the current time step, pn−1 and pn+1 are
the wavefields at the one step before and one step after n. pi,j is the wavefield at the grid
point (i, j), and ∆x and ∆z are the grid spacings in the horizontal and vertical directions.
In case of uniform spacing, it is, ∆x = ∆z = ∆h. To ensure high accuracy, the spatial
derivatives with respect to x or z can be discretized using a finite difference scheme of
fourth-order accuracy:

∂2
xp(x, z, t) ≈

−pn
i−2,j + 16pn

i−1,j − 30pn
i,j + 16pn

i+1,j − pn
i+2,j

12∆x2 (3.20a)

∂2
z p(x, z, t) ≈

−pn
i−2,j + 16pn

i,j−1 − 30pn
i,j + 16pn

i+1,j − pn
i+2,j

12∆z2 (3.20b)

In this thesis, the acoustic wave equation (3.18) is solved by substituting the discrete
approximations using a fourth-order spatial discretization and a second-order temporal
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discretization scheme. Within this scheme, the pressure at time step n + 1 at grid point
i, j is:

pn+1
i,j = 2pn

i,j − pn−1
i,j + c2∆t2(

−pn
i−2,j + 16pn

i−1,j − 30pn
i,j + 16pn

i+1,j − pn
i+2,j

12∆x2

+
−pn

i−2,j + 16pn
i,j−1 − 30pn

i,j + 16pn
i+1,j − pn

i+2,j

12∆z2 )
(3.21)

3.2.2 Boundary conditions

Boundary conditions are crucial in finite-difference simulations of wave propagation to
ensure the stability and accuracy of the solution. These conditions define the behavior
of waves at the edges of the computational domain, ensuring the suppression of artificial
reflections and preventing numerical instabilities.

3.2.2.1 Initial conditions

The initial conditions define the values of the wavefield and its time derivatives at the
initial time, t = 0. At this moment, the medium is assumed to be at rest, with no external
forces applied. Both the pressure wavefield and its time derivatives are zero across all
spatial locations (Virieux, 1986). Thus, the initial conditions for the pressure wavefield at
every spatial location are given as:

p(x, z, t = 0) = 0, ṗij(x, t = 0) = 0, p̈ij(x, t = 0) = 0 (3.22)

3.2.2.2 Perfectly matched layer boundary condition

Figure 3.2: Schematic diagram of the Perfectly Matched Layer (PML) region. The total
computational domain consists of a rectangular model, with an additional PML region
surrounding the model to prevent artificial reflections at the boundaries.

Numerical simulations of wave propagation based on partial differential equations require
truncating the computational domain to ensure efficient forward modeling. However, as
seismic waves propagate, they eventually reach the model boundaries, where truncation can
cause artificial reflections that overlap the solution and dominate the numerical error. To
address this issue, it is essential to implement a boundary layer that effectively suppresses
such artificial reflections. A highly efficient technique for this purpose was introduced by
Berenger (1994), who proposed modifying the wave equation within a perfectly matched



10 Chapter 3: Methodology

layer (PML). This approach ensures that wave solutions decay exponentially without
generating reflections at the interface between the regular medium and the PML. In this
thesis, the PML implementation is based on the method described by Ma et al. (2014).
The PML is applied to the vertical boundaries of the computational domain, as well as to
the top and bottom boundaries of the model shown in Figure 3.2.

3.3 Full-Waveform Inversion
The inversion process of FWI is to estimate subsurface properties by an iteratively updating
the model parameters. FWI makes use of the complete seismic waveforms, incorporating
all available information, such as wave amplitude and phase, to derive an optimal model.
This model is refined by minimizing the misfit between the synthetic data and the observed
data. As such, the inversion problem aims to minimize the misfit, where the synthetic data
is obtained through forward simulation. In this section, we introduce the SD, FN, and GN
methods for solving the inversion problem.

3.3.1 Inversion problem

In general, synthetic model responses dsyn including the amplitude and phase information
represented by model parameters m can be modeled and measured at receivers. The
relationship can be expressed with the non-linear forward operator F :

dsyn = F (m) (3.23)

The residual error ∆d is defined as the difference at the receiver positions between the
model responses dsyn and the observed data dobs for each source-receiver pair of a seismic
survey:

∆d = dsyn − dobs (3.24)
= F (m) − dobs (3.25)

where dobs is the observed data. The data residual vector depends on the model parameter,
∆d = (∆d1, ∆d2, · · · , ∆dNM )T , with number of the model parameters NM .

To measure the fit of the synthetic data to the observed data for non-linear inversion, we use
the least-squares L2-norm of the data residual which is easy to manipulate mathematically:

E(m) = 1
2 ∥∆d∥2 = 1

2∆dT ∆d (3.26)

where E(m) is the data misfit function or objective function. The factor 1
2 allows subsequent

simplifications, and the superscript T represents the matrix transpose. In the time domain,
the misfit function represents the summation of data residuals over the number of source-
receiver pairs and the number of time samples in the seismograms. The inversion problem
thus involves the iterative minimization of the misfit function E(m) to obtain a subsurface
model that best explains the observed data.

The minimum of the misfit function E(m) is sought in the vicinity of the initial model, m0.
FWI is essentially a local optimization problem, where the choice of the initial model is
crucial, as it serves as the starting point for the iterative model update process. Based on
the Born approximation, we assume that the updated model m can be expressed as the
sum of the initial model m0 and a perturbation model ∆m:

m = m0 + ∆m (3.27)
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We consider adding this model update into the development of the misfit function by a
second-order Taylor expansion:

E(m0 +∆m) = E(m0)+∆m

(
∂E(m0)

∂m

)
+ 1

2∆m

(
∂E(m0)2

∂m2

)
∆mT +O

(
∥∆m∥3

)
(3.28)

Note that the rest of the term including the error term O(∥∆m∥3) in equation (3.28) can
be neglected when the misfit function is quadratic. To find a minimum of this misfit
function in the vicinity of the initial model, the gradient, which is the first derivative of
the misfit function, is required to vanish:

∂E(m)
∂m

= ∂E(m0)
∂m

+ ∆m

(
∂2E(m0)

∂m2

)
!= 0 (3.29)

then the perturbation model vector ∆m is given by:

∆m = −
(

∂2E(m0)
∂m2

)−1
∂E(m0)

∂m
= −H−1∇mE(m0) (3.30)

where the Hessian matrix H is the second-order derivative of the misfit function, which is
the curvature of the misfit function m0. The Hessian matrix reads:

H = ∂2E(m0)
∂m2 (3.31)

Thus, the perturbation model is searched in the opposite direction of the steepest descent or
gradient of the misfit function at the initial model m0. The minimum of the misfit function
in a single iteration can be determined using equations (3.27) and (3.30). Consequently,
the inversion can converge towards the minimum after K iterations:

mK+1 = mK + ∆mK (3.32)
= mK − H−1

K ∇mE(mK) (3.33)

The gradient is obtained by taking partial derivatives of the misfit function in equation
(3.26) with respect to model parameters m:

∇mE = 1
2∇m

[
(dsyn − dobs)T (dsyn − dobs)

]
(3.34)

= 1
2∇m

[
dsyn

T dsyn − 2dsyn
T dobs − dobs

T dobs

]
(3.35)

= 1
2
[
∇m(dsyn

T dsyn) − 2∇m(dsyn
T dobs)

]
(3.36)

= 1
2

[
2∂dsyn

T

∂m
dsyn − 2∂dsyn

T

∂m
dobs

]
(3.37)

= (∂dsyn

∂m
)T (dsyn − dobs) (3.38)

where the partial derivative wavefield, ∂dsyn

∂m , is called the Frechét derivative or Jacobian
matrix J . Therefore, the gradient part can be simplified as:

∇mE = JT ∆d (3.39)
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where JT is a transpose of the Jacobian matrix. The Jacobian depends on the number of
sources, receivers, model parameters, and time steps. Since the number of model parameters
is typically large in FWI, directly computing the Jacobian can be computationally expensive.

This method above is known as the FN method, as it incorporates the Hessian matrix
(Nocedal and Wright, 2006). However, the SD method is not necessary to explicitly compute
the Jacobian and avoids also the Hessian matrix calculation. The SD method only requires
several forward simulations to determine the gradient direction, which is efficiently obtained
using the adjoint-state method. The details will be discussed in Section 3.3.2.

3.3.2 Steepest descent method

As outlined in the previous section, minimizing the misfit function requires the calculation
of both the gradient and the Hessian matrix. To address these challenges, Tarantola (1984)
and Mora (1987) introduced the SD method. This approach allows for model updates in
FWI without the need for extensive matrix computations.

3.3.2.1 Model updating for Steepest descent method

The SD method minimizes the misfit function E(m) by updating the model parameters in
the opposite direction of the gradient of the misfit function iteratively:

mn+1 = mn + ∆mn (3.40)
= mn − αn∇mE(mn) (3.41)

where the subscripts represent iteration numbers. The step length α is in scalar value instead
of the Hessian matrix, the SD method therefore neglects Hessian matrix computations.
The gradient calculation in the SD method is using the adjoint-state method discussed as
following to avoid additional calculation of the Jacobian matrix.

3.3.2.2 Adjoint-State method

In this thesis, the unknown model parameter vector m for the acoustic wave equation can
be represented by the square of the slowness vi at each grid point i:

m =
(

1
v2

1
,

1
v2

2
, · · · ,

1
v2

NM

)T

(3.42)

Thus, the second-order acoustic wave equation can be rewritten as:(
1
c2

∂2

∂t2 − ∆
)

p = f ⇒
(

m
∂2

∂t2 − ∆
)

p = f (3.43)

where f is the source function. Due to the Born approximation, we assume that the model
and data can be rewritten by the background information plus the perturbation, again the
equation (3.26) and the data can be split up to:

m = m0 + ∆m1 (3.44a)

u = u0 + usc (3.44b)

where u represents pressure p in acoustic media. The background wavefields u0 describe
the wavefield propagating with the model m0, and the scattered wavefields usc propagating
with the perturabetion ∆m1. This leads to two wave equations:

m0
∂2u0
∂t2 − ∆u0 = f (3.45a)
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m
∂2u

∂t2 − ∆u = f (3.45b)

where equation (3.45a) describes the background wavefield and equation (3.45b) the total
wavefield including scattered wavefield. The scattered wavefield can be obtained by
subtracting these two wave equations:

m0
∂2usc

∂t2 − ∆usc = −∆m1
∂2u

∂t2 (3.46)

where the term of the right-hand side, −∆m1
∂2u
∂t2 , represents the virtual source. We can

solve for the scattered wavefield usc by using the Green’s function:

usc(x, t) =
∫ t

0

∫
R3

G0(x, y, t − s)(−∆m1
∂2u

∂t2 (y, s))dyds (3.47)

= −∆Ĝ0m1
∂2u

∂t2 (3.48)

where Ĝ0 the short notation involves the space integral and convolution. We can rewrite
the data formula by equations (3.44b) and (3.47) :

u = u0 − ∆Ĝ0m1
∂2u

∂t2 (3.49)

we can re-arrange again by using the identity matrix I:[
Î − ∆Ĝ0m1

∂2u

∂t2

]
u = u0 (3.50)

u =
[
Î − ∆Ĝ0m1

∂2u

∂t2

]−1

u0 (3.51)

where the inverse term represents the scattering operator. To evaluate this formula, we
can utilize the Neumann formula Â = ∆Ĝ0m1

∂2u
∂t2 :[

Î + Â
]−1

= Î − Â + Â2 − Â3 + · · · (3.52)

which leads to the Born series in the data formula:

u = u0 −
(

∆Ĝ0m1
∂2u

∂t2

)
u0 +

(
∆Ĝ0m1

∂2u

∂t2

)(
∆Ĝ0m1

∂2u

∂t2

)
u0 + · · · (3.53)

= u0 + ∆u1 + ∆2u2 + · · · (3.54)

The first-order term u1 represents the single scattering and the second-order term u2 the
double scattering. The Born approximation only considers the single scattering and omits
the higher-order terms. We can rewrite the equation (3.44b) with the single scattering
equal to usc and neglection of the higher-order term:

m0
∂2u1
∂t2 − ∆u1 = −∆m1

∂2u0
∂t2 (3.55)

This is the wave equation for the single scattered wavefield, which can be described by the
background wavefield scattered at the model perturbation m1, solved by:

u1 = −Ĝ0(xr, y, t)m1
∂2u0
∂t2 (3.56)

= −m1Ĝ0(xr, y, t) ∂2

∂t2

(
Ĝ0(y, xs, t)f

)
(3.57)
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Since the solution describes the linear relation between the scattered wavefield u1 and
model perturbation m1, the partial derivative wavefield can be derived as:

∂u1
∂m1

= −Ĝ
′
0(xr, y, t) ∂2

∂t2

(
Ĝ0(y, xs, t)f

)
(3.58)

= −Ĝ
′
0

∂2

∂t2

(
Ĝ0f

)
(3.59)

where the partial derivative wavefield, ∂u
∂m , the same as in equation (3.34), is so-called the

Frechét derivative or Jacobian matrix. Therefore, the partial derivative wavefield with
respect to the model parameter m1 can be interpreted as the wavefield emitted by the
seismic source f at the source position and scattered by a point diffractor located at m1.

If we first define the misfit function in the frequency domain for better explanation, in
which it simplifies the mathematical treatment and enhances the clarity of the process. In
that case, the misfit can be derived from the single scattered wavefield:

E = 1
2

∫
ω

|u1|2 dω (3.60)

then the gradient can be obtained by the partial derivative wavefilelds:
∂E

∂m
= 1

2
∂

∂m

∫
ω

|u1R + iu1I |2 dω (3.61)

where the partial derivative of the complex function can be expanded as:∫
ω

|u1R + iu1I |2 = ∂

∂m

(
u2

1R + u2
1I

)
(3.62)

= 2
(

u1R
∂u1R

∂m
+ u1I

∂u1I

∂m

)
(3.63)

= 2ℜ
[(

∂u1R

∂m
+ i

∂u1I

∂m

)
(u1R − iu1I)

]
(3.64)

= 2ℜ
[

∂u1
∂m

u∗
1

]
(3.65)

The gradient in the equation (3.61) can be rewritten as:

∂E

∂m
=
∫

ω

[
∂u1
∂m

u∗
1

]
dω (3.66)

where u∗
1 is the backpropagated wavefield. Combining these two equations (3.66) and

(3.58), the gradient can be re-arrange:

∂E

∂m
= −ω2

∫
ω

ℜ [Gf0Gu∗
1] dω (3.67)

where the Green’s function G represents the relationship between a source and the resulting
wavefield in the model. The forward propagated wavefield, i.e., Gf0 represents the forward
wavefield traveling from each source location to scattered points or grid points. The
backward wavefield, i.e., Gu∗

1 corresponds to the forward wavefield on the same model grid
points but with the source terms replaced by the conjugate (or time-reversed) residuals
propagated from all receiver positions. Therefore, in the frequency domain, the gradient is
obtained by multiplying the forward wavefields with the backward wavefields.

Similarly, in the time domain, the gradient can be computed through the zero-lag cross-
correlation between the forward propagated wavefields and the backpropagated wavefields:

∂E

∂m
=

∑
source

∫ t

0

∂2u0
∂t2 (x, t)

nr∑
r

[
−
∫ t

0
G0(xr, t′; x, t)u1(xr, t′)dt′

]
dt (3.68)
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where the backward (or adjoint) wavefield Ψ can be defined as:

Ψ(x, t) = −
nr∑
r

∫ t

0
G0(xr, t′; x, t)u1(xr, t′)dt′ (3.69)

Thus, the gradient represents the perturbation wavefields scattered by the missing het-
erogeneities in the starting model m0, and the perturbation wavefield is built by the
superposition of the wavefields scattered by each point diffractor (McMechan and Fuis,
1987; Pratt et al., 1998). This backpropagation technique in the SD method, as proposed
by Lailly (1983), called the adjoint-state method, is not necessary to compute the partial
derivative wavefield explicitly.

3.3.3 Full Newton method

In the SD method from section 3.3.2, the gradient part for model updating is determined
only from the first-order derivatives of the misfit function in each iteration. In contrast,
the FN method modifies the gradient direction by incorporating second-order derivatives
of the misfit function, which is the Hessian matrix as we discussed before.

For model updating iteratively in the FN method, this is given by:

mn+1 = mn − αnH−1∇mE(m) (3.70)

where the elements of the Hessian matrix H are given by:

Hij = ∂2E(m)
∂mi∂mj

, i = (1, 2, ..., m); j = (1, 2, ..., m) (3.71)

The Hessian matrix is of size M by M , where M represents the number of the model
parameters, which provides more accurate estimate by preconditioning or filtering the
gradient with the inverse Hessian in the FN method in equation (3.70) compared with
the SD method. If model updating is applied iteratively, the inverse Hessian is effectively
reconstructed during the iterative process.

Each element of the Hessian matrix can be explicitly expressed from equations (3.71) and
(3.39) in differential form:

Hij = ∂2E(m)
∂mi∂mj

= ∂

∂mi

[
JT ∆d

]
= JT J +

(
∂J

∂m

)T

∆d (3.72)

For simplification, the Hessian matrix reads:

H = Ha + R (3.73)

where Ha = JT J is the approximate Hessian matrix, and the second term is represented
by R =

(
∂J
∂m

)T
∆d. There are M column vectors in the second term, each equal to ∆d.

3.3.4 Gauss-Newton method

For the two terms of the Hessian matrix in the equation (3.73), the first term, the
approximate Hessian matrix Ha, is relatively simple to compute. In contrast, the second
term, R, is difficult to calculate. However, the second term is usually small and negligible,
as noted by Tarantola (1987). By neglecting the second term, we obtain the GN method:

mn+1 = mn − αnH−1
a ∇mE(m) (3.74)

= mn − αn[JT J ]−1∇mE(m) (3.75)
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where the approximate Hessian matrix Ha can be derived by the partial derivative wavefields.
These wavefields are generally correlated at adjacent grid points in the time domain, making
the approximate Hessian matrix diagonally dominant due to auto-correlation. Consequently,
the inverse of the approximate Hessian acts as a sharpening or focusing filter. The FN
method only differs from the GN method in including the second term of the Hessian
matrix (Levenberg, 1944; Marquardt, 1963).
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Chapter 4

Gauss-Newton Method

This chapter introduces the inversion problem using the GN algorithm. Unlike the SD
method, the GN method updates the model by applying the inverted approximate Hessian
to the gradient. To address the associated computational challenges, this chapter introduces
the use of a scaled Jacobian matrix, built by the partial derivative wavefield scaled by
the source wavelet used for the forward propagation. In order to compute the Jacobian
matrix, the reciprocity principle and virtual sources are employed to significantly reduce
the computational cost.

4.1 Model updating for the Gauss-Newton method
In this section, we explain form of model updates applied in the GN method. Compared
to the FN methods, the GN method explicitly computes the approximate Hessian matrix
while avoiding the need to calculate and invert the full Hessian matrix. The approximate
Hessian matrix for the acoustic case with constant density is diagonally dominant, resulting
from the auto-correlation of the partial derivative wavefields (or the matrix-production of
the Jacobian). The gradient term is also calculated using the Jacobian. The step length
is iteratively estimated using a linearized approach using a linearized approach (Sheen
(2004)).

As discussed in section 3.3.4, the GN method only inverts the first diagonal term of the
full Hessian matrix while neglecting the second, smaller term R. Consequently, the model
is updated as follows:

mn+1 = mn − αnH−1
a ∇mE(m) (4.1)

= mn − αn

[
JT J + λIT I

]−1
(JT ∆d) (4.2)

The parameters mn and mn+1 represent models at the current iteration (n) and subsequent
iteration (n + 1), respectively. The step length αn at the current iteration n is applied to
the model update in the GN method. To update the model, three components must be
calculated: (i) the approximate Hessian matrix, (ii) the gradient of the misfit function, and
(iii) the optimal step length.

4.2 Approximate Hessian matrix
In this section, we continue explaining the GN algorithm, focusing on the explicit calculation
of the approximate Hessian matrix. The approximate Hessian matrix, derived from the
equation (3.72), is calculated as the auto-correlation of the partial derivative wavefields,
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JT J , in which here Jacobian J includes the partial derivative wavefield ∂u
∂m . The most

computationally demanding part of the GN algorithm is the calculation of the derivative
wavefield or the Jacobian matrix.

4.2.1 Partial derivative wavefields

Unlike the implicit calculation in the SD method, the partial derivative wavefields in the
GN method are computed explicitly. To address the huge computational demands, we use
the approach combining the virtual sources with the reciprocity principle, which is given
by Sheen (2006). Figure 4.1 shows how the wave propagates through the model parameters
with the virtual sources and reciprocity principle in this thesis. The details are described
in the following.

Figure 4.1: Schematic diagram of the forward simulation for partial derivative wavefields.
The partial derivative wavefield generated from a model point is shown in (a), from a
reciprocal virtual source shown in (b), and from a reciprocal source shown in (c). The
symbols S, R, and M denote the indices for the source, receiver, and model parameters,
respectively. The vs is the virtual source, however, the S, shown in red, replaces the virtual
source and propagates from the receiver. F , D and R represent the forward wavefield from
the source, the differential wavefield from the virtual source, and the reciprocal wavefield
from the receiver, respectively.

4.2.1.1 Partial derivative wavefields from virtual sources

Figure 4.1 (a) shows that the wave is generated at the source location, recorded at the
receiver location, and interacts with a model parameter during its propagation. The virtual
sources are considered as sources representing scattering patterns of model perturbations.
The forward simulation consists of two steps: First, a forward simulation with a source
injected at the source position is conducted. This forward wavefield is then sampled at the
grid points and used to calculate the virtual sources. Those are then injected at the model
parameter positions to produce a second forward wavefield sampled at the receivers.

The virtual source is made up by the model perturbation multiplied with the partial
derivative of the wave equation. In this thesis, we consider a Ricker wavelet as the source
function. The wave equation is restated in equation (3.43), where the model parameter m
represents the squared slowness, as shown in equation (3.42).(

m
∂2

∂t2 − ∆
)

p = f (4.3)

By taking the partial derivative of this equation with respect to a specific model parameter
m1, the virtual source is derived as:

∂m

∂m1

∂2p

∂t2 + m
∂3p

∂t2∂m1
= ∂∆p

∂m1
(4.4)
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Rearranging terms gives:

m
∂3p

∂t2∂m1
− ∂∆p

∂m1
= − ∂m

∂m1

∂2p

∂t2 (4.5)

In this formulation, the term − ∂m
∂m1

∂2p
∂t2 represents the virtual source for the partial derivative

wavefield ∂2p
∂t2 . A wave propagates starting from the location of the specific model parameter

m1. It is noted that ∂m
∂m1

is equal to 1.0 at the location of parameter m1 and zeros for the
rest of media. In other words, the virtual source is equal to −∂2p

∂t2 .

Consequently, calculating the partial derivative wavefield using the virtual source requires
running forward simulations for each source location and for a perturbation in each model
parameter. Specifically, one forward simulation is needed for each actual source location
to obtain the virtual source at the parameter locations, and NM additional forward
simulations are required to propagate the virtual sources at the parameter locations to
generate responses at the receiver locations. This results in a total of (NS + NM) forward
simulations.

4.2.1.2 Reciprocity principle & convolution

Then, figure 4.1 (b) shows that the wave is generated by the virtual source with the
reciprocity principle. The reciprocity principle allows the source-receiver locations to
be interchanged. Thus, the same partial derivative wavefield at the virtual source can
be obtained by propagating it from the receiver location, with the forward wavefield F
recorded at the model parameter M . This is referred to as the reciprocal wavefield R. The
partial derivative wavefield can be calculated by convolution of the forward wavefield F
with the differential wavefield D with virtual source and also can be convolved by the
forward wavefield F with the reciprocal wavefield R:

∂u

∂m
= F m

s ∗ Dm
r = F m

s ∗ Rm
vs (4.6)

where ∗ means convolution. F m
s , Dm

r and Rm
vs are the forward wavefield from source

location recorded at M , the differential wavefield from M recorded at receiver location,
and the reciprocal wavefield with virtual source from receiver recorded at M , respectively.

However, it is still necessary to account for the virtual sources at each model parameter
propagating from each receiver location. To reduce the number of forward simulations
needed, we use source wavelets instead of virtual sources, combined with the reciprocity
principle, as shown in figure 4.1 (c). The partial derivative wavefield is computed as the
convolution of the virtual source, generated from the source location and recorded at the
model parameters, with the reciprocal wavefield, generated from the receiver location and
also recorded at the model parameters. However, the resulting partial derivative wavefield
is scaled by the source function, as it involves convolution with the source function at the
end. This approach significantly reduces the computational cost, requiring only (NS +NR)
simulations to calculate the partial derivative wavefield.

Finally, the partial derivative wavefield with respect to the model parameter for the sources
and receivers can be calculated as:

∂u

∂m
= F m

s ∗ Rm
s (4.7)

where F m
s represents the forward wavefield again, and Rm

s represents the reciprocal wavefield
but with source propagating from the receiver to M .
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The partial derivative wavefield used in this thesis is scaled by the source function, which
is modeled as a Ricker wavelet at both the source and receiver locations. Consequently,
the Jacobian matrix, rearranged from the partial derivative wavefield, is also scaled by the
source function.

4.2.2 Jacobian matrix

The Jacobian matrix is constructed by arranging the partial derivative wavefields. The
formula for the partial derivative is derived in equation (3.58) using the Green’s function:

J = ∂u

∂m
= −Ĝ

′
0(xr, y, t) ∂2

∂t2

(
Ĝ0(y, xs, t)f

)
(4.8)

where ∂2

∂t2

(
Ĝ0(y, xs, t)f

)
represents the virtual source though the forward simulation from

the sources corresponding to the identical model parameter. −Ĝ
′
0(xr, y, t) represents

another forward propagated wavefield from the receivers convolved with the virtual source.

Figure 4.2: A representation of the huge Jacobian matrix. The Jacobian matrix is a
N by M matrix. Here, N is equal to ns × nr × nt, where ns, nr, and nt represent the
number of sources, receivers, and time steps, respectively. M denotes the number of model
parameters.

The scaled Jacobian matrix Js used in this thesis can be regarded as the Jacobian matrix J
scaled by the source function s. Based on the formula for the Jacobian matrix, the scaled
Jacobian matrix is expressed as:

Js = ∂u

∂m
= −(G′

0(xr, y, t) ∗ s) ∂2

∂t2

(
Ĝ0(y, xs, t)f

)
(4.9)

where ∂2

∂t2

(
Ĝ0(y, xs, t)f

)
again represents the virtual source, but −(G′

0(xr, y, t) ∗ s) repre-
sents the reciprocal wavefield from receivers. This formula is consistent with the previous
equation (4.7). The scaled Jacobian matrix is derived still by the convolution of two wave-
fields: forward wavefield F m

s and reciprocal wavefield Rm
s . Based on the above derivation,
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a total of NS forward simulations are required to obtain the virtual sources at all model
parameters, where NS is the number of the sources, and NR reciprocal simulations are
needed to obtain the reciprocal wavefield at all model parameters, which NR is the number
of the receivers. In total, (NS + NR) simulations are required to compute the Jacobian
matrix. The resulting Jacobian matrix is a large a (NS · NR · NT ) by NM matrix, where
NT is the number of the time steps, as illustrated in figure 4.2.

4.2.3 Approximate Hessian matrix

The approximate Hessian matrix is a M by M matrix, based on the Jacobian matrix and
damping term used in this thesis. The formula for approximate Hessian is given as:

Ha = JT J + λIT I (4.10)

where λIT I is a damping term. It improves and stabilizes the GN method for non-
linear inversion problems. It is based on the damped least-squares method introduced by
Levenberg (1944) and Marquardt (1963), a small scalar regularization value λ provides a
trade-off. If stronger damping is applied (i.e., λ ≫ 0), the damping term dominates, causing
the GN method to approach the behavior of the SD method, which significantly reduces
the convergence rate. Conversely, a lower damping value provides a faster convergence
but increases the risk of converging to a saddle point rather than the local minimum in
the solution space. Based on several computations, this thesis uses a damping value of
λ = 0.001 times the maximum element of the approximate Hessian’s diagonal, equivalent
to 0.1 percent of the maximum diagonal element value.

Figure 4.3: The geometry of the true model for the approximate Hessian matrix which
is shown in Figure 4.4. The source is a Ricker wavelet with a center frequency of 12 Hz.
The approximate Hessian matrix corresponds to a 31 × 31 model, with 27 sources (marked
by stars) and 27 receivers (marked by triangles) positioned around the boundaries. One
velocity perturbation is located at the center of the model.

Thus, the approximate Hessian matrix is diagonally dominant, due to the auto-correlations
occurring on the main diagonal. Figure 4.4 shows the symmetric approximate Hessian
matrix computed using the true model in Figure 4.3. The structure of the matrix naturally
depends on the ordering used for the node points. The diagonal dominance of the matrix
with the off-diagonal bands is clear. Additionally, the source and receiver locations influence
the structure of the approximate Hessian matrix due to the geometrical spreading in the
amplitudes of the partial derivative wavefields.
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Figure 4.4: A representation of the approximate Hessian matrix. The 961 × 961 element
in the approximate Hessian matrix is primarily diagonal, but non-zero oscillatory behavior
is observed off the main diagonal. Each pixel in the matrix represents the correlation
between the partial derivative wavefields emerging from one node point and another.

The approximate Hessian shown in Figure 4.4 was computed with 27 sources and 27
receivers in the true model, distributed around the boundaries of the true model. A single
velocity perturbation with a value of 4300 m/s is positioned at the center of a homogeneous
background model with a velocity of 4100 m/s.

4.3 Gradient calculation

The explicit calculation of the gradient requires to know the Jacobian as discussed in Section
3.3.1 and shown in equation (3.39). Compared to the SD method, which avoids the explicit
computation of a large Jacobian matrix by calculation of the adjoint wavefield, the Jacobian
matrix in GN method is explicitly computed. This introduces higher computational costs
but also improves the accuracy of the model update. In this section, we discuss the
gradient, which is computed by multiplying the transpose of the Jacobian matrix with
the data residual. Since the scaled Jacobian is used in this thesis, the gradient is also
scaled by the source function, distinguishing it from the gradient obtained using the SD
method. We compare the two types of gradients across these methods, emphasizing their
significantly different formulas and simulation requirements. Finally, we summarize the
complete workflow of the methods: the GN method involves model updates using the
approximate Hessian matrix and the scaled gradient, while the SD method achieves gradient
computation without the explicit calculation of the Jacobian.

4.3.1 Gradient & Scaled gradient

The calculation of the gradient of the misfit function has been discussed in section 3.3.2
using the SD method. This calculation can be simplified, as shown in Equation (3.67):

g = ∂E

∂m
= −ω2

∫
ω

ℜ [Gf0Gu∗
1] dω (4.11)

Here, the gradient is derived from the multiplication of the forward-propagated wavefield
with the source function and the backward-propagated wavefield with the data residuals
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in the frequency domain, where f0 represents the source function, which is the same as s
described in the previous section, and u1 represents the data residual. The superscript ∗
indicates time reversal.

Figure 4.5: An explanation for the gradient calculation in the SD method. s represents
sources and r represents receivers. The schematic diagrams illustrate wave propagation
with the data residual ∆d. The gradient in the SD method is derived from both the forward
and backward simulations. The forward simulation depends on each individual source, while
the backward simulation is based on the data residual from all receivers. The total number
of simulations required is 2NS, where NS is the number of sources.

A visualized explanation of the gradient in the SD method is shown in Figure 4.5. In this
method, if we consider the wave propagation for each source in a synthetic simulation:
the wave forward-propagates from the first source, generating data residuals from the
difference between the synthetic data recorded at all receivers at once and the observed
data. The partial derivative wavefield at the model parameter is obtained by multiplying
two wavefields in the frequency domain or by convolving them in the time domain. Next,
the partial derivative wavefield is calculated for the second source, and the results from
all sources are summed up. The gradient in the SD method depends on the number of
sources, denoted as NS. The total number of simulations required is 2NS.

Finally the gradient can be calculated by considering the contributions from all sources as
follows:

g =
∑

source

(
−ω2 ∑

receiver

∫
ω

ℜ [Gf0Gu∗
1] dω

)
(4.12)

The gradient for the GN method is derived by the multiplication of transpose of the
Jacobian matrix and data residual, the formula is shown in equation (3.39):

g = JT ∆d (4.13)

Since the Jacobian matrix is scaled by the source function in the GN method, the data
residual must also be scaled by the source function. Consequently, the scaled gradient of
the misfit function is expressed as:

gs = JT
s (∆d ∗ s) (4.14)

A visualized explanation of the scaled gradient in the GN method is shown in Figure
4.6. In this method, wave propagation for each source and each receiver is considered
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Figure 4.6: An explanation for the gradient calculation in the GN method. The same
as Figure 4.5, s represents sources and r represents receivers. The gradient in the GN
method is derived from both the forward and reciprocal simulations. The forward simulation
depends on each individual source, while the reciprocal simulation depends on each individual
receiver. The total number of simulations required is (NS + NR), where NS and NR
represent the number of sources and receivers, respectively.

as a matrix-vector multiplication with the scaled Jacobian matrix and the data residual,
which is also scaled by the source function. The total number of simulations for the scaled
gradient in the GN method is (NS + NR).

In this method, the scaled gradient can be calculated by considering the contributions from
all sources and receivers as follows:

gs =
∑

source

( ∑
receiver

JT
s (∆d ∗ s)

)
(4.15)

4.3.2 Workflow for gradient calculation

In the GN method, the procedure for computing the Jacobian matrix, the approximate
Hessian matrix, and the gradient direction for multiple sources and receivers is summarized
as follows:

1. Simulate all forward wave propagations from the sources to the receivers to obtain
the estimated data and sample the virtual sources at the model parameters m.

2. Compute the data residuals by subtracting the estimated data obtained in step (1)
from the observed data. Convolve the data residuals with the source function.

3. Simulate scaled reciprocal wave propagations from each receiver. Sample the recipro-
cal wavefields at the model parameter m.

4. Construct the scaled Jacobian matrix using the partial derivative wavefields obtained
by convolving the virtual sources from step (1) and the reciprocal wavefields from
step (3).

5. Calculate the approximate Hessian matrix through the matrix-production of the
scaled Jacobian matrix obtained in step (4).

6. Compute the scaled gradient direction by multiplying the scaled Jacobian matrix
from step (4) with the data residuals from step (2).
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The SD method updated by the adjoint-state method without the explicit calculation of
partial derivative wavefields for multiple sources and receivers is summarized as follows:

1. Simulate all forward wave propagations from the sources to the receivers to obtain
the estimated data.

2. Compute the data residuals by subtracting the estimated data obtained in step (1)
from the observed data.

3. Simulate backward wave propagations from all receivers. The backward source is the
data residuals from step (2).

4. Construct the gradient obtained by convolving the wavefields from steps (1) and (3).

4.4 Optimal step length
The simplest way to choose the step length is to use a small constant throughout all
iterations, determined by trial and error. However, in this work, an optimal step length is
determined using a linearized approach based on the methods of Gauthier et al. (1986)
and Pica et al. (1990). This linearized approach involves three steps:

1. Initial trial step length
We assume a trial step length ε with a sufficiently small value for each iteration. If
the maximum element of the gradient term g, i.e., H−1

a ∇mE(m), exceeds 1 percent
of the maximum model value during the current iteration n, the trial step length is
set to ε = 0.5. Otherwise, it is set to ε = 1. Using this trial step length, the trial
model dtrial can be updated using the non-linear forward operator F , as described in
section 3.3.1.

dtrial = F (mn − εgn) (4.16)

2. Calculation of trial residual
The difference between the trial and estimated data is used to calculate the optimal
step length for iteration n. The trial residual ∆dtrial which describes this difference,
is scaled by the factor 1

ε :

∆dtrial = 1
ε

(dtrial − dsyn) = 1
ε

[F (mn − εgn) − F (mn)] (4.17)

3. Optimal step length
The optimal step length αn is defined using the trial residual and the data residual,
which represents the difference between the observed and estimated data for iteration
n:

αn = (∆dtrial)T (dsyn − dobs)
(∆dtrial)T ∆dtrial

(4.18)

The optimal step length in this thesis based on the linearized approach is iteratively
updated to adapt to the model and data characteristics. This approach enhances inversion
efficiency and accuracy, ensuring the updated model converges steadily toward the desired
solution over iterations.
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Chapter 5

Methods Comparison

This chapter presents synthetic tests to investigate the properties of the SD method and
the GN method for acoustic full-waveform inversion. In all examples, the sources, receivers,
and perturbations are assumed to be known. The inversion results are compared to evaluate
the resolution capabilities and efficiency of the two methods.

The chapter is organized as follows: First, we compare the gradients of the two methods,
followed by an evaluation of reconstruction results based on their respective gradients.
Next, we assess inversion performance for different acquisition geometries: (i) a reflection
case and (ii) a transmission case. We also compare the two methods regarding the required
number of sources for efficient resolution. Finally, we explore further tests of the GN
method, focusing on the influence of receiver configurations.

5.1 Model setup

True model

10 20 30 40 50 60 70 80

x

10

20

30

40

50

60

70

80

z

1600

1620

1640

1660

1680

1700

1720

1740

1760

1780

1800

Figure 5.1: The geometry of the true model. The source is a Ricker wavelet with a center
frequency of 12 Hz. The true model has dimensions of 88 × 84 grid points (ns × nz), with
a single source (indicated by a star) located at the surface and 21 receivers (indicated by
triangles) positioned along the surface. A single velocity perturbation is located at the center
of the model.

The true model consists of 88×84 grid points (ns×nz), defining a rectangular computational
domain, as shown in Figure 5.1. The velocity model features a homogeneous background
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with a velocity of 1600 m/s, within which a single high-velocity anomaly is embedded as a
perturbation. This perturbation, with a velocity of 1800 m/s, is located centrally in the
model. The initial velocity model is identical to the homogeneous background, ensuring the
inversion begins from a simple and unbiased assumption. A single seismic shot is positioned
near the surface, accompanied by 21 symmetrically distributed receivers arranged along
the surface around the source. The maximum offset between the source and the farthest
receiver is 176 m. The synthetic data is generated using a Ricker wavelet with a dominant
frequency of 12 Hz, with the source placed just below the surface. For wave propagation
simulations, the grid spacing is set to 4 m, and the time step is 0.5 ms, ensuring sufficient
spatial and temporal resolution for accurate modeling.
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Figure 5.2: A simple example of gradient comparison. The gradient and scaled gradient
after one iteration, were computed using the SD method and the GN method, respectively.
The upper panels display the comparison in smooth mode, while the lower panels present
the comparison in contour mode.

Figure 5.2 presents a comparison of the gradients obtained using the SD and GN methods.
As discussed in Section 4.3.1, the gradient in the SD method is computed implicitly using
the adjoint-state method, whereas, in the GN method, the gradient is scaled explicitly by
the source function. The figure compares the two gradients in two modes: the upper two
panels display the gradients in smooth mode, while the lower two panels use contour mode.
To illustrate the difference, the scaled gradient is shown with a distinct colorbar scale
compared to the gradient. Notably, the scaled gradient from the GN method exhibits more
intricate artifacts, particularly around the source, receiver, and perturbation locations.

Based on the gradient calculations, the reconstructions obtained using the SD and GN
methods are shown in Figure 5.3. Both methods are evaluated after only five iterations
of FWI. The reconstruction from the GN method already demonstrates a distinct ability
to capture the velocity perturbation’s structure and trend. In contrast, the SD method
exhibits a significantly limited capability in resolving the perturbation within the same
number of iterations. This comparison highlights a critical advantage of the GN method: it
requires significantly fewer iterations than the SD method to achieve similar or better results.
To further explore this advantage, subsequent comparisons will evaluate 20 iterations in
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the Gn method and 50 iterations in the SD method.
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5th iteration in Steepest-descent method
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Figure 5.3: Comparison of model updates after gradient calculation. The FWI results are
obtained using the SD method (middle) and the GN method (right) compared with the true
model (left) after 5 iterations.

5.2 Multi-source test comparison
After the initial simple comparison, we focus on examining the influence of source con-
figurations on the inversion process. Specifically, we compare two distinct scenarios: the
reflection case and the transmission case. In the reflection case, both the source and
receiver are positioned near the surface, with the wavefield primarily propagating in the
vertical direction, reflecting off subsurface structures. In contrast, in the transmission case,
the source is positioned at a deeper depth within the medium, and the seismic waves travel
through the entire model.

5.2.1 Reflection case

In the reflection case, we compare the reconstructions with one, two, three, and five sources.
Figure 5.4 presents comparisons of model reconstruction using the SD method and the
GN method, with an increasing number of sources. The source configurations vary across
the figures: one source in figure 5.4 (a), two in Figure 5.4 (b), three in figure 5.4 (c), and
five in figure 5.4 (c) in figure 5.4. The SD method produces broad reconstructions of
the anomaly, exhibiting limited accuracy and resolution across all cases. In contrast, the
GN method consistently demonstrates better reconstruction performance. With a limited
number of sources, the GN results reveal a faint yet localized anomaly centered near the
true location, although the resolution remains relatively low. As the number of sources
increases to three and five, the reconstructions become progressively sharper and more
concentrated around the true anomaly. Although the SD method shows slight improvement
with more sources, its resolution remains significantly lower than that of the GN method.
The velocity profiles corresponding to these results are depicted in figure 5.5. The true
model, represented by the dotted line, highlights the high-velocity perturbation. In the
velocity profile comparisons, the GN method demonstrates significant improvement as the
number of sources increases compared with the SD method. Especially as the number of
sources increases to five, the GN method shows a closer alignment with the true model,
accurately capturing the location of the perturbation.
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50th iteration in Steepest-descent method
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(a) Comparison of model updates with one source.
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(b) Comparison of model updates with two sources.
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(c) Comparison of model updates with three sources.

True model

0 10 20 30 40 50 60 70 80

x

0

10

20

30

40

50

60

70

80

z

1600

1620

1640

1660

1680

1700

1720

1740

1760

1780

1800

50th iteration in Steepest-descent method

0 10 20 30 40 50 60 70 80

x

0

10

20

30

40

50

60

70

80

z

1600

1620

1640

1660

1680

1700

1720

1740

1760

1780

1800

20th iteration in Gauss-Newton method

0 10 20 30 40 50 60 70 80

x

0

10

20

30

40

50

60

70

80

z

1600

1620

1640

1660

1680

1700

1720

1740

1760

1780

1800

(d) Comparison of model updates with five sources.

Figure 5.4: Comparison of model updates in reflection case. The FWI results were
obtained using the SD method after 50 iterations (middle) and the GN method after 20
iterations (right), compared to each true model (left).
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(a) Velocity profile with one source.
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(b) Velocity profile with two sources.
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(c) Velocity profile with three sources.
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(d) Velocity profile with five sources.

Figure 5.5: The vertical velocity profiles in reflection case. The FWI results are produced
using the SD method and the GN method, compared to the true model.

2 4 6 8 10 12 14 16 18 20

Iteration number

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

D
a
ta

 m
is

fi
t

Steepest-descent method

Gauss-Newton method

(a) Date misfit with one source.
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(b) Date misfit with two sources.
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(c) Date misfit with three sources.
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(d) Date misfit with five sources.

Figure 5.6: Comparison of data misfit over iteration number in reflection cases. The
data misfit illustrates the convergence behavior.
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After the reconstruction comparison, figures 5.6 and 5.7 show the comparison based on
the data misfit, over with the iterations and forward simulations, respectively. The data
misfit provides a quantitative measure of how well the predicted data matches the observed
data during the inversion process. By analyzing the misfit, we can further evaluate the
convergence behavior and efficiency of the GN and SD methods. Figure 5.6 presents a
comparison of data misfit over iteration numbers for different multi-source configurations
in reflection case. The GN method demonstrates a rapid decrease in data misfit within
the first few iterations and converges to a minimal value significantly faster than the SD
method in all cases. In contrast, the SD method exhibits a slower reduction in data misfit,
exhibiting its less efficient convergence behavior. Note that the iterations are limited to 20,
which corresponds to the maximum number of iterations used for the GN method.

However, the GN method consumes more computational time compared to the SD method.
This is primarily due to the explicit calculations involved in the GN method, including
the Jacobian matrix or approximate Hessian matrix. the number of forward simulations
shows the computational cost for each method in figure 5.7. The two methods differ in
the number of simulations required to compute their respective gradient. As discussed
in Section 4.3.1, the number of forward simulations in the GN method is (NS + NR) in
each iteration, whereas the SD method requires 2NS. Therefore, after 20 iterations for the
GN method and 50 iterations for the SD method, the total number of simulations with
a single source case amounts to 440 and 100, respectively. For the two-source case, the
GN method requires a total of 460 simulations, compared to 200 simulations for the SD
method. Similarly, for the three-source and five-source cases, the GN method requires 480
and 520 simulations, whereas the SD method requires 300 and 500 simulations, respectively.
These comparisons show that, while the GN method exhibits a more rapid convergence
rate than the SD method, it requires significantly more simulations in each iteration. Note
that the number of simulations in this study is limited by the SD method.
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(a) Date misfit with one source.
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(b) Date misfit with two sources.
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(c) Date misfit with three sources.
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(d) Date misfit with three sources.

Figure 5.7: Comparison of data misfit over the number of forward simulations. The
data misfit illustrates the convergence behavior, while the number of forward simulations
represents the computational cost for each method.
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True model with 5 sources
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0 10 20 30 40 50 60 70 80

x

0

10

20

30

40

50

60

70

80

z

1400

1450

1500

1550

1600

1650

1700

1750

1800

Figure 5.8: Comparison of model updates using different source configurations with the
high-velocity (yellow) and low-velocity (blue) perturbations. The SD method with nine
sources after 50 iterations (upper right) is compared to the GN method with three sources
after 20 iterations (lower right). The true model, featuring both high-velocity and low-
velocity perturbations, is shown on the left.

Figure 5.8 compares model updates for the two methods under different source config-
urations, incorporating both high-velocity and low-velocity perturbations. To achieve
comparable reconstructions, the SD method uses nine sources, while the GN method
requires only three sources. In the SD method, the reconstructed model exhibits significant
limitations, with the two perturbations appearing blurred and surrounded by artifacts, indi-
cating poor resolution and precision. In contrast, the GN method achieves a markedly more
accurate reconstruction. The high-velocity and low-velocity anomalies are well-resolved,
with sharper boundaries that closely match the true model. Corresponding velocity profiles
and data misfit results are presented in figure 5.9, further supporting these observations.
The comparison in velocity profiles and data misfit shows that the SD method exhibits
limited accuracy and slower convergence compared with the GN method.

Notably, while the previous cases required more forward simulations for the GN method
due to its computational demands, this case demonstrates that the SD method (900) is
reliance on a higher number of sources and iterations results in far more forward simulations
overall than the GN method (480). This indicates that the number of forward simulations
is highly dependent on the specific case and configuration. Ultimately, from the results, the
GN method demonstrates its ability to achieve superior resolution and accuracy, making it
more efficient and reliable in this scenario.
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Figure 5.9: Comparison of the horizontal velocity profiles (left) and of the data misfit
(right) in different source case. The data misfit over iteration numbers shown in the upper
right and over number of the forward simulations in the lower right.

5.2.2 Transmission case

In the transmission case, the receivers are positioned near the surface, while the sources are
strategically placed at a deeper depth beneath the velocity perturbations. This configuration
allows the transmitted waves to travel directly through the subsurface anomalies, providing
critical information about the internal velocity structure. Similar to the reflection case, we
compare the reconstruction with increasing the source numbers. The source configurations
include one source in figure 5.10 (a) two in figure 5.10 (b), three in figure 5.10 (c), and
five in figure 5.10 (d). As the number of sources increases, the GN method consistently
provides more precise and sharper reconstructions than the SD method. However, unlike
the reflection case, the reconstructions for both methods in the transmission case exhibit
more artifacts, likely caused by the placement of sources below the perturbations and
the propagation dynamics of transmitted waves. The corresponding velocity profiles
in figure 5.11 confirm these observations, demonstrating that the GN method achieves
more accurate reconstructions than the SD method, even in the presence of transmission-
specific artifacts. When the number of sources increases to five in the GN method, the
reconstruction accurately identifies the perturbation’s location. However, this improvement
is accompanied by a significant increase in artifacts throughout the results, particularly
around the source and receiver positions.

The data misfit in the transmission case is compared in terms of both iterations and forward
simulations, as shown in figures 5.12 and 5.13, respectively. The GN method demonstrates
faster convergence in both comparisons, with a rapid reduction in data misfit during the
initial iterations than the SD method. However, due to the presence of artifacts, the final
data misfit achieved by the SD method is slightly better than that of the GN method.
Nevertheless, combining both the reconstruction and data misfit comparisons, the inversion
results from the GN method are closer to the true model.
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(a) Comparison of model updates with one source.
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(b) Comparison of model updates with two sources.
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(c) Comparison of model updates with three sources.
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(d) Comparison of model updates with five sources.

Figure 5.10: Comparison of model updates in transmission case.
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(b) Velocity profile with two sources.
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(c) Velocity profile with three sources.
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(d) Velocity profile with five sources.

Figure 5.11: The vertical velocity profiles in transmission case.
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(a) Data misfit with one source.
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(b) Data misfit with two sources.
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(c) Data misfit with three sources.
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(d) Data misfit with five sources.

Figure 5.12: Comparison of data misfit over iteration number in transmission case.
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(b) Data misfit with two sources.
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(c) Data misfit with three sources.
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(d) Data misfit with five sources.

Figure 5.13: Comparison of data misfit over the number of forward simulations in
transmission case.
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Figure 5.14: Comparison of model updates using different source configurations.
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Figure 5.14 compares the model updates for the two methods, considering both high-velocity
and low-velocity perturbations. The SD method uses nine sources, while the GN method
uses only five. The corresponding velocity profiles and data misfit are shown in Figure 5.15.
These results indicate that while the GN method exhibits a higher data misfit compared
to the SD method, this is mainly due to the artifacts. In terms of reconstruction and
velocity profiles, the GN method provides a clearer and more accurate result, particularly in
regions with high-velocity anomalies, where the resolution is notably superior. However, in
contrast, the low-velocity regions are significantly affected by artifacts, which diminish the
overall accuracy in these areas. As observed in the reflection case, the SD method requires
more forward simulations due to its higher number of sources and iterations, whereas the
GN method converges faster. This demonstrates that the GN method achieves higher
resolution and faster convergence, though at the cost of increased artifacts.
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Figure 5.15: Comparison of the horizontal velocity profiles (left) and of the data misfit
(right) in different source case. The data misfit over iteration numbers shown in the upper
right and over number of the forward simulations in the lower right.
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5.2.3 Discussion

The GN method achieves accurate model reconstructions with significantly fewer iterations
and sources compared to the SD method. Specifically, the GN method converges in just
20 iterations, while the SD method requires 50 iterations to reach comparable results. In
different source cases, the SD method needs nine sources to produce results similar to those
obtained with only three or five sources in the GN method. Despite the presence of more
artifacts in the transmission case compared to the reflection case, the GN method still
demonstrates a clear advantage in terms of reconstruction quality. This indicates that the
GN method delivers higher accuracy and is better suited to capturing subsurface features.

In terms of data misfit over iterations, the GN method exhibits a faster convergence
rate, achieving substantial reductions in data misfit within the initial iterations. When
considering the total number of forward simulations, the GN method’s gradient calculation
is based on (NS + NR), while the SD method is based on 2NS. As a result, the GN
method requires more forward simulations than the SD method. However, in order to
obtain similar inversion results in two methods, the SD method typically uses more sources
and iteration numbers, leading to a significantly higher number of forward simulations
compared to the GN method.

5.3 Further Gauss-Newton test

Finally, we conduct additional tests for the GN method, focusing on the influence of receiver
configurations on the inversion results. This is because the gradient calculation in the GN
method depends not only on the number of sources but also on the number of receivers.
To evaluate this effect, we compare the inversion results using the same simple true model
as in the multi-source case, but with varying numbers of receivers: 3, 6, 9, 11, 21, and 41.

5.3.1 Receiver test
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Figure 5.16: Comparison of model updates using three sources and varying numbers of
receivers.

Figure 5.16 displays reconstructions after 20 iterations, using three sources and varying
numbers of receivers. The true model contains a single high-velocity perturbation at the
center shown in figure 5.1. Figure 5.17 further illustrates the velocity profiles at the model’s
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center, providing a detailed comparison of the reconstructions.
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Figure 5.17: Comparison of velocity profiles for different receiver configurations.

Both the model updates and velocity profiles show that increasing the number of receivers
enhances the accuracy and resolution of the reconstructed model. For configurations with
fewer receivers (e.g., three and six), the reconstruction has low resolution and inaccurately
represents the high-velocity anomaly. With nine receivers, the reconstruction improves
significantly, capturing the anomaly’s shape and position more accurately, though it still
falls short of the resolution achieved with 21 receivers, as shown in the velocity profiles.
Increasing the number of receivers to 41 yields only a slight resolution improvement over
the 21-receiver case. Thus, using 11 or 21 receivers strikes a good balance between accuracy
and computational efficiency, providing a well-resolved and accurate reconstruction of the
high-velocity perturbation.

5.3.2 Discussion

Receiver configuration is crucial in the GN method for obtaining accurate inversion results,
as the gradient calculation depends not only on the number of sources but also on the number
of receivers. As shown in the receiver tests, increasing the number of receivers enhances the
resolution and accuracy of the reconstructed model. However, a balance between accuracy
and computational cost is necessary. In the simple model test, 21 receivers provided
an optimal trade-off, delivering sufficient accuracy and resolution without unnecessary
computational overhead.
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Conclusion

This study has successfully achieved the objectives by analyzing and comparing the
performance of the SD method and the GN method for FWI. Using a 2D finite-difference
forward simulation, we explored acoustic wave propagation in a medium with constant
density to investigate the higher resolution and faster convergence rates of the GN method
in inversion results compared to the SD method.

The GN method requires the explicit computation of the Jacobian matrix, followed by the
derivation of the approximate Hessian matrix and gradient calculation. To address the
computational burden, we utilized virtual sources with the reciprocity principle to obtain
the scaled gradient. While the SD method avoids extensive matrix calculations, it offers
limited resolution.

Through synthetic examples, the GN method consistently demonstrated superior perfor-
mance over the SD method in both reflection and transmission scenarios. It achieved higher
resolution with fewer iterations for the GN method (20) compared to the SD method (50).
Moreover, the GN method exhibited a significantly faster convergence rate, reducing data
misfit substantially during initial iterations. However, this advantage involves increased
computational costs, particularly influenced by the number of forward simulations per
iteration. For the GN method, this number is proportional to both the number of sources
and receivers, whereas for the SD method, it depends only on the sources. However, to
achieve similar inversion results, the SD method typically requires a greater number of
sources and iterations, resulting in a higher total number of forward simulations than the
GN method. A receiver configuration test identified that 11 or 21 receivers achieved a good
trade-off in this synthetic case, offering adequate accuracy and resolution, while additional
receivers yielded diminishing returns.

In conclusion, while the gradient method is commonly employed in FWI, the GN method
showed superior performance by providing higher resolution and faster convergence. How-
ever, the significant computational memory and processing demands associated with the
computation of the Jacobian and approximate Hessian limit its primary advantage to
acoustic media and simple synthetic models. Future research should consider extending the
GN method to more complex and realistic media, such as elastic and viscoelastic models,
to expand its applicability and impact in practical scenarios.
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