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Abstract

Truck-trailer systems, the backbone of long-haul freight transport, are
currently grappling with significant challenges. These include safety
risks, driver shortages, and environmental concerns. This thesis is a
response to these pressing issues, offering optimal trajectory planning,
optimization, and control strategies for fully automated truck-trailer sys-
tems. The focus is on trajectory planning and stabilization, particularly
for one-trailer configurations, with an extension to n-trailer systems.

This research aims to enhance truck-trailer systems’ stability, perfor-
mance, and safety through innovative approaches. The system formu-
lation leverages partial differential flatness to handle the inherent in-
stability of truck-trailer systems. This new system modelling ensures
stable motion, expanding the scope of model-based optimal trajectory
planning and control.

Given the challenges in the real-time application of model-based op-
timal control for nonlinear systems, this work introduces the Nomi-
nally Guided MPC (NGMPC) framework. Based on this framework,
three optimal trajectory control algorithms are developed: Model Pre-
dictive Control (MPC), Virtual Model Predictive Control (VMPC), and
Flatness-Based Model Predictive Control (FMPC). VMPC utilizes a vir-
tual system model with a virtual input, and FMPC utilizes a system
model derived using partial flatness. These algorithms were tested and
evaluated on actual prototypes.

Finding optimal and collision-free trajectories for truck-trailer systems is
another significant challenge. Existing methods often rely on sampling-
based path planning and model-based optimal trajectory stabilization



Abstract

and handle instability by defining system dynamics around a nominal
trajectory or using symmetry for reverse driving. This work utilizes the
same numerically stable model used for Flatness-Based Model Predictive
Control (FMPC) and extends the application to trajectory planning and
optimization. This work formulates the trajectory planning problem as
nonlinear programming subject to collision and system constraints.

Finally, this work presents a trajectory optimization algorithm that gen-
erates feasible and drive-able G* continuous trajectories near the planned
reference. The optimization, coupled with sample-based planners, is
computationally suitable for real-time applications. Additionally, the
optimization generates sparse trajectories, simplifying the planning and
storing of offline trajectories for logistics hubs or terminals.

This research significantly advances the state-of-the-art autonomous
truck-trailer systems, providing robust trajectory planning and control
approaches.
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Kurzfassung

Lkw-Anhénger-Systeme, das Riickgrat des Giiterfernverkehrs, stehen
derzeit vor erheblichen Herausforderungen. Dazu gehoren Sicherheitsri-
siken, Fahrermangel und Umweltprobleme. Diese Dissertation reagiert
auf diese dringenden Probleme und bietet optimale Strategien zur Tra-
jektorienplanung, -optimierung und -steuerung fir vollautomatisierte
Lkw-Anhénger-Systeme. Der Schwerpunkt liegt auf der Trajektorienver-
folgung und Stabilisierung, insbesondere fiir Konfigurationen mit einem
Anhénger, mit einer Erweiterung auf n-Anhénger-Systeme.

Diese Forschung zielt darauf ab, die Stabilitéit, Leistung und Sicherheit
von Lkw-Anhénger-Systemen durch innovative Ansétze zu verbessern.
Die Systemformulierung nutzt partielle differentielle Flachheit, um die
inhédrente Instabilitdt von Lkw-Anhénger-Systemen zu bewéltigen. Die-
se neue Systemmodellierung gewéhrleistet eine stabile Bewegung und
erweitert den Anwendungsbereich der modellbasierten optimalen Tra-
jektorienplanung und -steuerung.

Angesichts der Herausforderungen bei der FEchtzeitanwendung von
modellbasierten optimalen Steuerungen fiir nichtlineare Systeme wird
in dieser Arbeit das Nominally Guided MPC (NGMPC)-Rahmenwerk
eingefithrt. Basierend auf diesem Rahmenwerk werden drei optimale
Trajektoriensteuerungsalgorithmen entwickelt: Model Predictive Control
(MPC), Virtual Model Predictive Control (VMPC) und Flatness-Based
Model Predictive Control (FMPC). VMPC nutzt ein virtuelles Sys-
temmodell mit einer virtuellen Eingabe, und FMPC verwendet ein
Systemmodell, das mithilfe von partieller Flachheit abgeleitet wurde.
Diese Algorithmen wurden an realen Prototypen getestet und evaluiert.
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Kurzfassung

Die Suche nach optimalen und kollisionsfreien Trajektorien fiir Lkw-
Anhénger-Systeme stellt eine weitere grofie Herausforderung dar. Be-
stehende Methoden verlassen sich oft auf stichprobenbasierte Pfadpla-
nung und modellbasierte optimale Trajektorienstabilisierung und bewél-
tigen Instabilitét, indem sie die Systemdynamik um eine nominale Tra-
jektorie definieren oder Symmetrie fiir das Riickwértsfahren nutzen. Die-
se Arbeit verwendet dasselbe numerisch stabile Modell, das auch fiir
FMPC verwendet wird, und erweitert die Anwendung auf Trajektorien-
planung und -optimierung. Das Problem der Trajektorienplanung wird
in dieser Arbeit als nichtlineare Programmierung formuliert, die Kolli-
sionen und Systembeschriankungen unterliegt.

Schlieflich wird in dieser Arbeit ein Trajektorienoptimierungsalgorith-
mus vorgestellt, der machbare und fahrbare G* kontinuierliche Trajek-
torien in der Ndhe der geplanten Referenz erzeugt. Die Optimierung, ge-
koppelt mit stichprobenbasierten Planern, ist rechnerisch fiir Echtzeitan-
wendungen geeignet. Dariiber hinaus erzeugt die Optimierung spérliche
Trajektorien, was die Planung und Speicherung von Offline-Trajektorien
fir Logistikhubs oder Terminals vereinfacht.

Diese Forschung stellt einen bedeutenden Fortschritt fiir autonome Lkw-
Anhénger-Systeme dar und bietet robuste Losungen fiir die Trajektori-
enplanung und -steuerung.

iv
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Notation

This chapter introduces the notation and symbols which are used in

this thesis.

General Notation

Scalars

Scalar Parameters
Sets

Vectors

Matrices

State spaces

Trajectory

Equivalent system
matrices for
trajectories

Scalar valued
function

Vector function

Matrix-valued
function

italic Roman and Greek lowercase letters =z, «

Roman and Greek lowercase letters X
Greek uppercase letters (C]
bold Roman lowercase letters X
Roman uppercase letters A

bold calligraphic Roman uppercase letters X

calligraphic Roman lowercase letters with @
bold italic vector

calligraphic Roman uppercase letters A

italic Roman uppercase letter

bold Roman lowercase letter

bold Roman uppercase letter

Xi



Notation

Numbers and indexing

Mathematical Notations

N
No

R
k.t,i, f
n7j7t’v7h

natural numbers

natural numbers including zero (non-negative
integers)

real numbers

discrete points in time

indexing for objects, measurements, and points

Geometry (coordinates, vehicle)

G' continuity
G? continuity
G? continuity

G* continuity

world coordinates

velocity

acceleration

steering angle

hitch angle

first-order geometric continuity
second-order geometric continuity
third-order geometric continuity

fourth-order geometric continuity

One-General Trailer Notations

xii

trailer’s x-coordinate

trailer’s y-coordinate



Notation

heading angle of trailer
heading angle of truck
steering angle

hitch angle

rate of change of hitch angle
off-axle hitching distance
truck’s wheelbase

trailer’s length
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DGNSS Differential Global Navigation Satellite System
FMPC Flatness-Based Model Predictive Control

LC Lyapunov Control

LQ-MPC Linear Quadratic Model Predictive Control
LQR Linear Quadratic Regulator

MPC Model Predictive Control

NGMPC Nominally Guided MPC

n-GT n-General Trailer

NMPC Non-Linear Model Predictive Control
n-ST n-Standard Trailer

one-GT One-General Trailer

one-ST One-Standard Trailer

PPC-LC Cascade Control consisting of a High-Level Pure Pursuit
Control and a Low-Level Lyapunov Control
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QP
RHC
SC

SLC

TS
two-GT

VMPC

Quadratic Programming
Receding Horizon Control
Sharpness Continuous
Simiplified Lyapunov Control
Truck-Semitrailer
Two-General Trailer

Virtual Model Predictive Control
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1. Introduction

Logistics and transportation are critical components of modern com-
merce and industry, facilitating the movement of goods from produc-
ers to consumers. The global transportation network comprises various
modes, including rail, road, and waterways, each playing a distinct role
in the supply chain.

Railroads are the backbone of freight transportation, particularly for
long-haul routes. They offer efficient, high-capacity movement of bulk
goods, such as coal, minerals, and agricultural products, over land. Rail
terminals with extensive infrastructure serve as critical nodes in the lo-
gistics network where goods are loaded, unloaded, and transferred to
other transport modes.

Waterways encompassing maritime and inland navigation are integral
for international trade and the movement of large cargo volumes. Ports,
acting as maritime hubs, facilitate the transfer of goods between ships
and other transportation modes, such as rail and road. Waterway trans-
portation is exceptionally cost-effective for heavy and non-perishable
goods over long distances.

Road transport is a crucial and widely used mode of transport connect-
ing various modes to ensure goods reach their final destinations. It is
essential for last-mile delivery and connecting different logistics hubs.
Truck-trailer systems are vital for long-haul transportation in the EU
and the US, often serving as the most practical solution [Ink20]. They
support the distribution of goods to various destinations, including ur-
ban centers and remote areas.
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A logistics hub, or terminal, is a central point where goods are received,
sorted, and dispatched to their next destination. These hubs can be part
of a port, a railway terminal, or a dedicated shipping center. They play a
pivotal role in ensuring the efficient flow of goods within the supply chain.

Within logistics hubs, trucks navigate complex environments to load
and unload goods. This task requires precise maneuvering, adherence to
safety protocols, and efficient coordination to minimize delays. Drivers
must be skilled in handling tight spaces and high-traffic conditions typ-
ical of busy terminals.

Once loaded, trucks transition from the hub to the highway, which in-
volves navigating urban or suburban roads, adhering to traffic regula-
tions, and ensuring the load’s stability. The ability to efficiently merge
onto highways is crucial for maintaining delivery schedules.

On the highway, trucks travel long distances to reach destination logistics
hub. This phase demands sustained attention to driving conditions,
fuel management, and compliance with long-haul driving regulations.
The focus is maintaining steady speeds, ensuring driver rest breaks, and
optimizing route efficiency.

As trucks approach the destination hub, they must exit the highway
and navigate local roads again. This phase involves re-entering complex
environments similar to the departure hub, requiring careful driving to
ensure safe and timely delivery of goods.

Efficient management of driving tasks within and between logistics hubs
is crucial for optimizing the supply chain. By understanding the unique
challenges and requirements of each driving phase, from terminals to
highways, the logistics industry can enhance the reliability and efficiency
of freight movement. Such as, introducing driver-less haul trucks in Aus-
tralian surface mining. BELLAMY ET AL. assessed the impact of these
autonomous trucks in surface mining operations, focusing on efficiency,
safety, and overall implications of implementing such technology in the
mining sector [Belll].
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Environmental considerations also play a significant role in shaping the
discourse around truck-trailer systems. The transportation sector is a
major contributor to greenhouse gas emissions, with heavy-duty vehicles,
including trucks and trailers, accounting for approximately twenty five
percent of carbon emissions from road transport in the EU [Gan18]. Im-
proving the efficiency of truck-trailer systems is crucial for reducing their
environmental impact and aligning with sustainability goals. Addition-
ally, efforts to enhance the efficiency and sustainability of truck-trailer
systems include aerodynamic improvements to reduce energy consump-
tion [Zah23, Sha23] and investigating the impact of automation on long-
haul trucking operator-hours [Moh22].

Research has also focused on optimizing urban logistics facility locations
to reduce truck-related greenhouse gas emissions [Ganl8] and designing
regional logistics networks to mitigate congestion caused by truck flow
[Gan20]. The importance of truck drivers in sustainable transportation
and logistics within the supply chain has also been emphasized [Moc23].

Safety is one of the primary concerns driving research in autonomous
driving. These systems are susceptible to accidents such as jackknifing,
where the trailer swings out of alignment with the truck, potentially
leading to severe crashes [Ink20]. The Federal Motor Carrier Safety Ad-
ministration (FMCSA) reported over 500,000 truck accidents in the US
in 2019, with a notable portion involving articulated vehicles, emphasiz-
ing the need for enhanced safety measures [Moh22].

Moreover, the logistics industry is grappling with a shortage of skilled
drivers, exacerbated by the demanding nature of long-haul driving and
hazardous working conditions. This shortage is particularly acute in
the EU, where the International Road Transport Union (IRU) noted
that twenty percent of truck driver positions remained unfilled in 2019
[Sha23]. To address these challenges, automation and advanced control
systems are being explored as solutions to reduce reliance on human
drivers, enhance safety, and improve operational efficiency.



1. Introduction

The evolution of the transportation and logistics industry has led to
increasing demands for efficiency, safety, and automation. Advanced
control strategies for articulated vehicles, such as truck-trailer systems,
have garnered significant attention due to their importance in transport-
ing goods over long distances and through intricate urban environments.
However, controlling these systems poses unique challenges due to their
non-linear dynamics and potential for instability [Gan20].

In conclusion, truck-trailer systems are indispensable for the efficient
movement of goods in the logistics sector. Despite their significance,
truck-trailer systems encounter challenges requiring advanced trajectory
control and planning strategies to ensure safety, efficiency, and reliabil-
ity. Addressing the challenges faced by these systems through advanced
control strategies is crucial to ensuring safety, efficiency, and reliability in
transportation operations. By leveraging automation, enhancing safety
measures, and improving environmental sustainability, the industry can
navigate the complexities of modern logistics and meet the evolving de-
mands of global supply chains.

1.1. Motivation

The evolution of the transportation and logistics industry is increas-
ingly leaning towards automation to enhance efficiency, safety, and re-
liability. Due to various advancements, the development of autonomous
truck-trailer systems has gained significant attention. These systems are
crucial for transporting goods long distances, particularly in hub-to-hub
logistics operations.
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Figure 1.1.: MAN Truck & Trailer Prototype for Hamburg Truck Pilot Project

The Hamburg TruckPilot project, a prime example of pioneering work
in this domain, serves as an inspiration. MAN Truck & Bus and Ham-
burger Hafen und Logistik AG completed this project, which focused on
developing and practically testing autonomous trucks in container han-
dling at the HHLA Container Terminal Altenwerder (CTA). During the
project, trucks autonomously navigated terminal areas, demonstrating
the feasibility and efficiency of self-driving technology in logistics pro-
cesses. These autonomous trucks drove to their destinations within the
terminal and maneuvered themselves with high precision into parking
positions, highlighting the potential of autonomous systems in complex
environments.

The primary objective of this work was to deliver a robust trajectory
control algorithm for truck-trailer systems, a crucial step for the appli-
cations in the Hamburg TruckPilot project. The research focuses on
optimal trajectory planning and control within terminal environments,
encompassing forward and reverse driving.

Current control methods often need help with the inherent complexities
of truck-trailer dynamics, leading to suboptimal performance and safety
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concerns. Traditional methods may not effectively address issues such
as jackknifing, which can result in severe accidents or the precise maneu-
vering required in confined terminal spaces. Furthermore, these systems
must handle truck-trailer configurations’ nonlinear dynamics and poten-
tial instability, particularly during reverse maneuvers.

This thesis aims to bridge the gap by developing advanced control and
planning strategies to handle truck-trailer systems’ dynamics and non-
linear nature.

1.2. Problem Statement

Despite the progress in trajectory planning and control strategies for
truck-trailer systems, several key issues still need to be solved. The
primary problems addressed in this thesis are:

1. Stabilization of Hitch Angle: The hitch angle between the truck
and trailer must remain within safe limits to prevent jackknifing and
improve maneuverability. Current methods often fail to provide robust
performance under varying conditions.

2. Numerical Stability: The presence of numerical instability in the
mathematical truck-trailer systems can significantly affect the effective-
ness of control algorithms. Even a steady-state integration of the model
can eventually lead to instability. Therefore, developing a method that
can effectively mitigate this instability is crucial for ensuring the relia-
bility of simulations and the successful application of control strategies
in real-world scenarios.

3. Trajectory Planning: The task of finding feasible trajectories for
truck-trailer systems in logistics hubs and terminals is a complex and
challenging one. This complexity is primarily due to the large dimen-
sions of the vehicles and the need to avoid collisions. While initial route
finding is less of an issue in these structured environments, the planning
of trajectories that account for the physical constraints of the truck and
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trailer is a significant challenge. Moreover, the need for optimal trajec-
tory planning is further compounded by the instability during backward
driving and the requirement to park in narrow spaces.

4. Trajectory Tracking and Optimization: Precise trajectory track-
ing while optimizing the path for efficiency and safety remains a signifi-
cant challenge. Traditional control methods may not adequately address
truck-trailer systems’ nonlinear dynamics and constraints.

5. Real-World Validation: Theoretical and simulation-based vali-
dations are essential. However, demonstrating the practical feasibility
and effectiveness of the proposed control strategies through real-world
experiments is crucial for their adoption in the industry.

The research presented in this thesis aims to tackle these problems by
developing and validating trajectory planning and control strategies that
improve truck-trailer systems’ stability, performance, and safety.

1.3. Contributions

This thesis presents several significant contributions to truck-trailer sys-
tems’ control strategies and trajectory planning. The main focus areas
include one-trailer systems and extending developed methods to n-trailer
systems. The key contributions are as follows:

Derivation of Partial Flat Truck-Trailer System Dynamics: This
research provides a detailed analysis and application of partial differen-
tial flatness to handle the numerical instability of the general one-trailer
system. This work enhanced control and trajectory planning capabilities
by utilizing the model derived using partial differential flatness.

Hitch Angle Stabilization Control of One-General Trailer (one-
GT): This thesis introduces and implements the Lyapunov-based con-
trol law to stabilize the hitch angle in one-trailer systems. Simulation
studies demonstrated the effectiveness of developed control laws under
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various input conditions, including step, ramp, and sinusoidal inputs,
highlighting its robust performance.

Nominally Guided MPC (NGMPC) Framework: The research
introduces NGMPC as a practical trajectory tracking approach for real-
time optimal control formulation of nonlinear systems. The framework
can efficiently formulate a quadratic programming (QP) problem for
controlling nonlinear systems, enhancing real-time capabilities while en-
suring accuracy.

Optimal Trajectory Stabilization Control for one-GT: Build-
ing on the NGMPC, the study developed and analyzed three control
methods for truck-trailer systems: Model Predictive Control (MPC),
Virtual Model Predictive Control (VMPC), and Flatness-Based Model
Predictive Control (FMPC). VMPC incorporates an integrated control
law within the prediction model definition to address instability, while
FMPC utilizes a flat model as the prediction model.

Optimal Trajectory Planning Algorithm for one-GT: This thesis
addresses the problem of finding feasible and collision-free trajectories
for truck-trailer systems in structured environments like logistics hubs
and terminals. By considering the physical constraints of the vehicles,
the study develops trajectory planning algorithms that account for the
large dimensions of the trucks and trailers, ensuring safe and efficient
navigation. Efficient collision constraints between the truck-trailer and
other parked vehicles and obstacles and a method to map logistics hubs
and parking lots are proposed to ensure safe and efficient planning.

Trajectory Optimization Ensuring Feasibility and Drivability:
This contribution focuses on optimizing paths for both standard and
general one-trailer models to ensure they are drivable and efficient. The
research involved a comparative analysis of different optimization tech-
niques to identify the most effective approach for the given system,
thereby enhancing the practical applicability of the control strategies.

Extension of Partial Flatness to n-Trailer Systems: The the-
sis extends the developed control methods from one-trailer systems to
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n-trailer configurations. A specific case study on a two-trailer system en-
compassed mathematical modeling, stability analysis, and experimental
validation. This extension demonstrates the versatility and scalability
of the proposed control strategies.

Experimental Validation of Trajectory Stabilization: Finally, the
developed NGMPC based control strategies were validated on a real
truck and trailer system, demonstrating their practical feasibility, effec-
tiveness, and real-time capabilities. This real-world validation under-
scores the potential of the proposed methods for industrial adoption and
their contribution to advancing autonomous vehicle technology.

As part of the Hamburg TruckPilot project, the developed motion control
strategies are tested and validated on real prototype.

1.4. Outline

The outline of this work is as follows:

Chapter 1 introduces the problem statement and the contributions of
this research and provides an outline of the thesis.

Chapter 2 presents the fundamentals and related work. It includes
discussions on differential flat systems, stability criteria, optimal control,
and related work in feedback control and model predictive control (MPC)
for articulated vehicles.

Chapter 3 details the system modeling of the n-trailer system, includ-
ing the general one-trailer model, and using the differential and partial
differential flatness, it conceptualizes the flat model of One-Standard
Trailer (one-ST) and One-General Trailer (one-GT) systerms.

Chapter 4 focuses on the stabilization of the hitch angle of the one-
GT. It discusses Lyapunov Control (LC) and Linear Quadratic Regulator
(LQR) for hitch angle stabilization and presents simulation results and
discussions, including step, ramp, and sinusoidal input responses.
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Chapter 5 introduces Nominally Guided MPC (NGMPC) for truck-
trailer trajectory tracking. It covers the linearization of system dynam-
ics, formulation of the objective function, and derivation of quadratic
optimization problems for Nominally Guided MPC (NGMPC). This
chapter also discusses Virtual Model Predictive Control (VMPC) and
Flatness-Based Model Predictive Control (FMPC) for the one-GT sys-
tem and provides experimental results and validation.

Chapter 6 explores trajectory planning for the truck-trailer system in
logistic terminals and parking lots. It presents the results of trajectory
planning for various parking scenarios. Then, it explains trajectory op-
timization to enhance drivability and feasibility validation for the truck-
trailer system, including the results.

Chapter 7 generalizes the concept of partial flatness to n-General
Trailer (n-GT) systems. Based on this, it extends the Lyapunov Control
(LC) and trajectory planning to Two-General Trailer (two-GT). Then,
it presents the results and discussion of the LC and trajectory planning
for a two-GT system.

Chapter 8 concludes the thesis with a summary of contributions and
discusses future outlooks for further research in this area.

10



2. Fundamentals and Related Work

Optimal trajectory planning and control of articulated vehicles have been
subjects of extensive research. The truck trailers have complex dynamics
and practical significance in various applications. Researchers explored
several approaches to enhance these systems’ stability and trajectory
control. This chapter provides a comprehensive overview of the funda-
mental concepts necessary to understand articulated vehicle trajectory
optimization and control. The chapter concludes with a review of pre-
vious research and studies on the control of articulated vehicles, high-
lighting key findings and approaches.

2.1. Fundamentals

This section presents the fundamental concepts and principles necessary
to understand trajectory optimization and control of articulated vehi-
cles. Basic theoretical concepts of Differential Flat Systems and Partial
Differential Flat Systems are introduced. The concepts of a differen-
tial flat system, a class of dynamical systems characterized by flatness,
and the requirements a system must satisfy to be classified as flat are
described. An example of a cart-pole system is discussed to help con-
vey the idea of differential flatness. The concept of a flat output and
its usage in describing desired outputs and their derivatives are covered.
Partial differential flat systems in which flatness properties are exhibited
only on a subset of the state space are introduced.

11
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Next, the section discusses the Stability Criteria and Analysis, explain-
ing the concept of stability in control theory and briefing the stabil-
ity criteria: Lyapunov Stability, Asymptotic Stability, and Exponential
Stability. Lyapunov Control is formulated using the Lyapunov Direct
Method, a mathematical technique used to prove the equilibrium stabil-
ity of nonlinear dynamical systems.

The section then summarizes optimal control methodologies, including
the Linear Quadratic Regulator (LQR), Linear Quadratic Model Predic-
tive Control (MPC), Nonlinear Model Predictive Control (NMPC).

Finally, various Optimization Methods are briefly introduced, including
norm minimization, quadratic programming (QP), nonlinear program-
ming (NLP), and Differential Dynamic Programming (DDP).

2.1.1. Differential Flat System

Control theory introduces a differential flat system, a specialized class
of dynamical systems characterized by a certain property known as flat-
ness [Rou93, F1i95, Mar01, Rou93].

Consider a system with state, x € R" and control input, u € R™. The
dynamics of the system are described by:

x(t) = f(x(t),u(t)), (2.1)

where at ¢ = 0, Xy = X;,;; and Rank (%ﬁu)) = m.

The system is flat if there exists an output, y(t) = [y, (£),...,y,,(t)]"
which satisfies the following criteria:

e 7y;, 1 = 0...m should be expressible as functions of state x and
input u and a finite number of derivatives of the input.

o It should be possible to define states x; and inputs u; as functions
of the output y; and its finite number of derivatives.

e The components of y(¢) should be differentially independent.

12



2.1. Fundamentals

A characteristic feature of flat systems is a flat output, z, constructed
from the system states and inputs. This output and its derivatives can
represent the desired outputs and their respective derivatives:

z = h(x,u). (2:2)

Flat systems can be derived from the method known as flat output
parameterization. By systematically manipulating the systems dyan-
mics, relationships between system input u and flat output z can be
established. This methodology aids in designing control laws capable of
tracking desired system trajectories.

An illustrative example explains the differential flatness. This example,
cited from [F1i95], is drawn from the field of control systems and pertains
to a crane system depicted in fig. 2.1.

Figure 2.1.: Illustration of a cart-pole system with a pendulum.

To describe the load’s behavior, a dynamic model is established through
a set of differential and algebraic equations, which can be summarized
as follows:

mi = —Tsinf, Z= —T cosf+ mg,
r=I1sinf+d, z=Icosb.

13



2. Fundamentals and Related Work

Here x = [2,2,0,T]" and u = [I,d]", where 2 and z denote the coordi-
nates of the load, T represents the tension in the rope, 6 is the angular
displacement, d is the trolley’s position and [ is the length of the rope.

Consider z = [z, 2] as the system flat output, the elements of the state
and input as derived in [F1i95] can be expressed as the function of this
flat output and its finite derivatives as detailed below:

smp= 2" pomo=?
l z
Tz iz \2
d=xz— -, l2:z?+(l. )
Z—=9g 2=g

In summary, differential flatness is widely used in motion control and
planning because it simplifies control synthesis and trajectory generation,
as flat outputs enable planning and control in the flat output space.
The entire system state and input is a function of the flat output and a
finite number of its derivatives. The advantage of this approach is most
apparent when the system has fewer flat outputs than states and inputs,
significantly reducing computational effort by eliminating the need to
solve sensitivity differential equations in nonlinear programming (NLP).
Some notable applications include:

¢ Robotics: Differential flatness in the control of robotic systems,
such as manipulators, quadcopters, and mobile robots [Spo20,
Nie98, Murl7], enables complex tasks like trajectory tracking,
obstacle avoidance, and motion coordination.

e Aerospace Systems: Differential Flatness finds a significant ap-
plication in aerospace systems, including aircraft and spacecraft
[Bry18], aiding in control strategies for various flight phases while
satisfying constraints and performance requirements.

e Autonomous Vehicles: Differential flatness plays a crucial role
in autonomous vehicles, including self-driving cars and UAVs

14
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[Pad16, Hao05]. It facilitates safe and smooth trajectory genera-
tion, obstacle avoidance, and cooperative behavior among multiple
vehicles, underscoring its importance in this rapidly evolving field.

2.1.2. Partial Differential Flat Systems

Partial differential flat systems extend the concept of differential flatness
to systems where only a subset of the state space exhibits flatness prop-
erties [Ram14]. This concept is particularly relevant in control systems
where complete differential flatness is unattainable, yet a subset of the
system’s states is flat.

Partial differential flatness is similar to the relative flatness described in
[Sil01], where subsystems exhibit differential flatness. Contrary to rela-
tive flatness, partial differential flatness allows for calculating all control
inputs directly from the flat outputs and their higher-order derivatives.
If the system’s flat production and the initial condition of its non-flat
component at time ¢, are known, the entire system state and control
can be computed.

A system described by the state vector x € R® and control input u € R™
is said to be partially differentially flat if there exists a subset of the
state space such that

=[5

with s € RX and r € R*%. Here, s represents the flat states, and r
represents the non-flat states.

The output y € R™ of the form y = y(s,u,q,...,uP), such that the
state-partition s and input u can be expressed as s = s(y,y,...,y9),
u = u(y,y,...,y?) respectively, where p,q are finite integers, and the
r-state dynamics are that of one or more chains of integrators.
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If k = n, the partial flatness is equivalent to differential flatness and the
discussed system represents a specific type of nonlinear system with a
defect equivalent to the dimension of r as discussed in [F1i95].

To explore the concept of a partial differential flat system, consider the
example of the cart-pole system, as depicted in fig. 2.2 and discussed
in [Raml4].

. m
|
|
' 0
|
|
|
|
l
F
M E———
=z

Figure 2.2.: Illustration of a cart-pole system with an inverse pendulum.

The dynamics of the cart-pole system are captured by the following
equations of motion.

(M +m) —mlcosf)] [i N mlf? sin 0 0 _[F (2.4)
—ml cos 6 mi? 0 0 —mlgsinf| — [0]’ ‘7

where M is the mass of the cart, m the mass of the pendulum bob,
the angle displacement of the pole from the vertical, F' the force applied
to the cart, x the horizontal displacement of the cart, [ the length of the
pole, and g the gravitational acceleration.

Considering z = 6 as the flat output, manipulation of the equations of
motion yields:

F=(M+m) (lé—gsin@) cos 6 — mif cos 6 + mil6? sin 6,
T = (lé—gsin@) cos .

16



2.1. Fundamentals

From eq. (2.5), it is found that the control input F' and the s-states
[0,0] are functions of the flat output and its higher-order derivatives.
Moreover, with the cart acceleration & known from eq. (2.5) and given
the initial conditions of the r-states, [x(0),%(0)], integration of eq. (2.5)
allows for the determination of all system states.

This example demonstrates the application of partial differential flat-
ness in computing the control input through the flat outputs and their
derivatives.

Partial differential flat systems offer significant advantages and a wide
range of applications in control systems and trajectory planning. They
enable the separation of control design into flat and non-flat components,
making control strategies more manageable, particularly for complex or
high-dimensional systems. This decoupling leads to enhanced flexibility
in control design and more efficient trajectory planning, as it obviates
the need for integrating the system’s dynamics for the flat part of the
system. Such an approach is not only computationally efficient but also
extends the applicability of flatness-based methods to a broader class of
systems, including those that are not fully differentially flat [Ram14].

Moreover, partial differential flat systems are particularly relevant for
under-actuated systems, where the number of control inputs is less than
the number of states. By focusing on the flat components, the control
of these systems is simplified, enhancing tractability.

Furthermore, integration can be avoided in numerical trajectory op-
timization by planning trajectories for flat and non-flat states. This
method allows for obtaining control inputs and related functions di-
rectly from the state derivatives, facilitating the generation of optimized
trajectories and imposing equality constraints on the system dynamics
without the need for integration.
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2.1.3. Stability Criteria and Analysis

Control theory defines stability as the property where any slight devia-
tion or disturbance in the system’s initial state results in bounded and
manageable responses over time.

In mathematical terms, a system is stable if, for any given initial state
x, and control input u(¢), the state x(¢) remains bounded and con-
verges to a specified equilibrium point or trajectory as time ¢ progresses
to infinity [Slo91, Lya92]. The following section explains three primary
stability criteria: Lyapunov Stability, Asymptotic Stability, and Expo-
nential Stability.

Lyapunov Stability

Lyapunov stability is a fundamental concept in control theory that con-
cerns the behavior of a system’s state in the vicinity of an equilibrium
point. An equilibrium point x, is said to be Lyapunov stable if, for every
small positive number ¢, there exists a corresponding positive number &
such that if the initial state x(0) is within a distance § from x,, the state
x(t) remains within a distance € from x, for all future times ¢ > 0. In
other words, small perturbations in the initial state do not cause the sys-
tem’s state to deviate significantly from the equilibrium point, ensuring
that the system remains stable over time.

Asymptotic Stability

Asymptotic stability builds upon Lyapunov stability by ensuring that
solutions that begin close enough to an equilibrium point remain close
and converge toward the equilibrium as time progresses.

An equilibrium point is asymptotically stable if it’s Lyapunov stable
and if a region of initial states exists within a distance § > 0 from the
equilibrium. When the system initiates within this region, the solutions
will ultimately converge to equilibrium as time approaches infinity.
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Exponential Stability

Exponential stability takes stability a step further by guaranteeing con-
vergence at an exponential rate. An equilibrium point is exponentially
stable if asymptotically stable and positive constants «, 5, and ¢ exist.
These constants ensure that if the system starts within a distance § > 0
from the equilibrium, the solutions converge to the equilibrium point
with a decay rate faster than or equal to allz(0) — z,|e~?* for all ¢ > 0.

Lyapunov Control

The Direct Method of Lyapunov is a mathematical technique used to
prove the equilibrium stability of nonlinear dynamical systems. A phys-
ical system whose total energy decreases will eventually reach an equi-
librium point [Kha02, Lya92].

Consider a system represented as x = f(x) with an equilibrium point x,,
the Direct Method states the stability of x, if there exists a continuously
differentiable energy function V(x) : D — R within a region D C R™ that
satisfies the following conditions:

e V(x,)=0.
e V(x)>0in D\{x,}.
e V(x)<0inD.

Additionally, V(x) < 0 in D must be satisfied for all x € D # x, for
asymptotic stability.

Lyapunov Control (LC) is an application of the Direct Method for control
design of systems of the form x = f(x,u). Its objective is to determine
a stabilizing feedback control law u = ¢(x). The design challenge lies
in selecting the state feedback in a way that allows the existence of a
Lyapunov function satisfying the stability conditions mentioned above.
The choice of an appropriate Lyapunov function and control law depends
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on the specific system’s structure, complexity, and dynamics, making it
highly individualized.

2.1.4. Optimal Control

Optimal control theory is a mathematical framework for determining an
optimal control action over time for a given system. With its applications
spanning aerospace engineering to economics, this theory has proven
invaluable due to the inherent complexities of dynamical systems and
the diverse objectives they encompass [Ber95].

Optimal control theory is fundamentally a concept of optimizing a de-
signed performance measure. Mathematically, the objective is to opti-
mize a function over a defined period. This mathematical function is
commonly referred to as the cost or objective function [Ste94]. The aim
is to determine the control action that either minimizes or maximizes
this integral, depending on the specific optimization goal subjective to
the system dynamics and constraints.

The general form of an optimal control problem is:

milllli(rtr)lize [ L(x(t),u(t),t)dt
. . (2.7)
subject to  x(t) = f(x(¢t),u(t),t),

X(tO) = Xp»

where x(t) is the state of the system, wu(t) is the control input,
L(x(t),u(t),t) is the running cost, L(x(t;),u(ts),t;) is the terminal
cost and f(x(t),u(t),t) represents the system dynamics, and x, is
the initial state.

In optimal control, the terminal cost L(x(¢;),u(t;),t;) plays a crucial
role in guiding the system toward a desired final state while ensuring
stability. For example, setting the terminal cost as a quadratic penalty
on the deviation from the goal state can drive the system to a stable
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equilibrium.

L(x(tg), u(ty), tg) = (x(tg) = Xgou1) ' Q(X(tr) — Xgoa1),

where (), is a positive definite matrix that penalizes deviations from
the desired final state x,,,. Additionally, in Receding Horizon Control
(RHC) such as Model Predictive Control (MPC), a well-designed termi-
nal cost, combined with a terminal constraint, can guarantee closed-loop
stability by enforcing the Lyapunov stability conditions.

One foundational tool in optimal control theory is the Hamiltonian
method, which offers a systematic approach to solving general optimiza-
tion problems. The Hamiltonian function:

H(x(t),u(t), \(t),t) = L(x(t),u(t), t) + A(t)" f(x(t),u(t),t). (2.8)

where A(t) represents the costate vector. By applying Pontryagin’s Prin-
ciple, which provides necessary conditions for optimality [Pon62], the
Hamiltonian function is optimized to compute an optimal control u*.
For a detailed explanation of this method, refer [F5188].

In optimal control theory, the complexity inherent in system dynamics,
cost functions, and constraints leads to various optimal control method-
ologies emerging from the general optimal control problem. A prime
example is the Linear Quadratic Regulator (LQR), which optimizes a
quadratic objective function across an infinite horizon assuming linear
system dynamics. This section will delve into crucial control method-
ologies pivotal to this work, including the Linear Quadratic Regulator,
Linear Quadratic Model Predictive Control (MPC), Nonlinear Model
Predictive Control (NMPC), and Differential Dynamic Programming
(DDP).
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Linear Quadratic Regulator

The Linear Quadratic Regulator (LQR) [Kha02] is a control design tech-
nique for linear time-invariant systems described by the state-space rep-
resentation X = Ax + Bu. It aims to compute a control law u = —Kx
that minimizes the following cost function:

J:/ (x Qx + u Ru)dt,
0

where x is the state vector, u is the control input, Q is a positive semi-
definite matrix which defines the weights for the state, R is the control
input weighting matrix which is a positive definite matrix, and K is the
feedback gain matrix.

The goal of the Linear Quadratic Regulator (LQR) is to determine the
control law u*(t) = —Kx(t) to regulate the state deviation from zero
optimally. This feedback gain matrix K is computed by solving the
Algebraic Riccati Equation (ARE) of the form:

PA+A"P—PBR'B'P+Q=0,

where P is a constant, time-invariant matrix. Solving this equation yields
the matrix P, which is then used to compute the feedback gain matrix
K in the control law. The control law can be expressed as follows:

u*(t) = —Kx(t), where K = const. (2.9a)
=—R'BTPx, where P = const. (2.9b)

The choice of R and Q matrices in the ARE is crucial and can signif-
icantly affect the control performance. Detailed derivations, documen-
tation, and methods for solving the ARE for time-invariant and time-
variant LQR can be found in [F6188].
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Model Predictive Control (MPC)

Model Predictive Control (MPC) represents an optimal control strat-
egy utilized across diverse sectors such as chemical processing, automo-
tive, aerospace, and energy systems. MPC leverages a predictive system
model to predict the behavior over a specified time horizon [Raw09,
May00]. This predictive capability enables MPC to calculate optimal
control actions by solving an optimization problem that minimizes a
cost function subjective to system dynamics under system constraints,
thereby facilitating proactive decision-making for optimized performance
and safety.

MPC is a Receding Horizon Control (RHC), which iteratively solves
an optimization problem at each control step to determine a sequence
of future control actions, executing only the first control action. The
receding horizon control scheme allows MPC to adjust to updated mea-
surements and disturbances dynamically, resulting in better constraints
handling and increased robustness against prediction inaccuracies and
system uncertainties.

MPC offers a distinct advantage over traditional control methods, such
as the Hamiltonian approach, by enabling optimization over a finite pre-
diction horizon without necessitating the solution of differential equa-
tions. This optimization of input variables simplifies the incorporation
of state and input constraints, allowing the constrained solution to be ef-
ficiently determined using numerical optimization techniques, including
quadratic and nonlinear programming.

The goal of MPC is to identify a sequence of control inputs u =
[w,...,u +1\171]T that minimizes a specified cost function. The generic

iy oo
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optimization framework for MPC is outlined as follows:

i+N-1
minimize J =1;(x;;n) + Z I(x;,u;)
=i
subject to  x;,., = f(x;,u;), (2.10)
x; €X,
u; €U,

where x; € R" represents the state vector and u; € R™ the control input
vector at any arbitrary time step j. The function f : R® x R™ — R*
is a nonlinear mapping of the system dynamics. Here, [ f() denotes the
terminal cost function, I(-,-) the running cost function, X" € R® the set
of feasible states, and I € R™ the set of feasible control inputs. This
inherently nonlinear problem can be solved using nonlinear program-
ming solvers.

Linear Quadratic Model Predictive Control (LQ-MPC), often synony-
mous with MPC due to its widespread adoption, simplifies the generic
optimization problem by assuming linear system dynamics, given by the
following Linear Time-Varying (LTV) system:
Xjp1 = ijj + Bju;, (2.11)
y; =C;x;+Dju,,
In LQ-MPC, the optimization objective is a quadratic cost function usu-
ally aimed at minimizing energy deviations from desired state xj and
control input u} trajectories over the prediction horizon N. An example
of the cost function is given as:

J = i“il <(Xj —x)"Qx; = X)) + (u; — wj) " R(u; — uj))

j=i

+ (%48 — X ) TP (Xn — X )
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LQ-MPC formulates the optimization problem as a quadratic program-
ming problem that mandates the constraints to be linear, thereby align-
ing with the linear nature of the system model.

Model Predictive Control (MPC) delineates two principal objectives:
state regulation and reference tracking. Each strategy optimizes the
control inputs to achieve specific system behavior, yet they are funda-
mentally distinct in their goals and the design of their cost functions.

State Regulation

State regulation focuses on guiding the system to a minimum energy
state, often the origin. The aim is to minimize the deviation of system
states from zero, effectively stabilizing the system at the origin. This
approach is crucial for processes requiring stabilization or return to a
steady state following disturbances.

The cost function for state regulation is typically formulated as:

i+N—-1

J = Z Z(Xj7uj>+lf(xi+N)a
j=i

where J represents the total cost, l(xj7 uj) denotes the running cost at
step j, incorporating the cost associated with the state x; and control
input u;, and l;(x;,y) is the terminal cost, related to the final state
Xi,n- A common expression for the cost function used in LQ-MPC is:

l(xj,u;) = X;QX]- + uJT.Ruj,

with Q and R being the weighting matrices that prioritize state mini-
mization and control effort, respectively.

Reference Tracking

Reference tracking aims to minimize the deviation of the system output
from a given desired reference trajectory. The cost function for reference
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tracking is given by:

i+N-1
J = Z (y;— I‘j)TQ(Yj —r;)+ U;Ruj

i

T
+ (Yien —Tian) Qe(Yign — rign),

where y; and r; represent the system output and the reference state at
step j, respectively. Here, Q and R are weighting matrices that bal-
ance the importance of accurate reference tracking against the control
input costs.

The optimization problem formulation for MPC exhibits significant vari-
ability, depending on the application, the selection of performance cri-
teria, and system modeling approaches. This section provided a foun-
dational overview of MPC, highlighting Non-Linear Model Predictive
Control (NMPC) and LQ-MPC. The formulation of MPC employed in
this research, including the detailed application context, chosen perfor-
mance criteria, and system modeling, is conceptualized in chapter 5.

2.1.5. Optimization Methods

Optimization methods are essential for solving specific problem types in
various disciplines. This section briefly introduces norm minimization,
quadratic programming (QP), nonlinear programming (NLP), and Dif-
ferential Dynamic Programming (DDP), focusing on their application
through available solvers rather than detailed exploration.

Norm Minimization

Norm minimization seeks to minimize the norm of a vector, typically
representing errors or deviations. It is formulated as:

min [x — b, (2.12)
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where |||, denotes the L, norm. Common choices include the L, norm,
which promotes sparsity; the L; norm, which minimizes a vector’s abso-
lute value; and the L, norm, which is used in the least squares minimiza-
tion. Applications range from regression analysis to signal processing.

Quadratic Programming (QP)

Quadratic Programming involves minimizing a quadratic objective func-
tion subjective to linear constraints:

1
min ixTHx +g'x st Ax<b, (2.13)

where H is a symmetric positive semi-definite matrix. Quadratic Pro-
gramming (QP) problems can be efficiently solved using a variety of
solvers, including Matlab’s quadprog, CVXGEN, Qpoases CVXOPT,
and OSQP for open-source options, and commercial solvers like Gurobi
and MOSEK. Each offers unique strengths, from handling large-scale
problems to providing high-speed and accurate solutions, catering to a
wide range of optimization needs.

Nonlinear Programming (NLP)

Nonlinear Programming addresses problems with nonlinear objectives
or constraints:

min f(x) s.t. g;(x) <0, h;j(x)=0. (2.14)

NLP’s broad applications include optimal control, energy optimization,
and model parameter estimation. Solution methods vary from Sequen-
tial Quadratic Programming and Interior Point Methods to Gradient
Descent techniques.
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Differential Dynamic Programming (DDP)

The principle of optimality, central to Differential Dynamic Program-
ming (DDP) and many other dynamic optimization methods, was for-
malized by Richard Bellman in the 1950s [Bel57, Jac70]. This principle
is defined by Bellman’s equation, which serves as the foundation for
dynamic programming. Bellman’s equation provides a recursive decom-
position strategy for solving optimization problems by breaking them
into smaller, simpler subproblems.

The principle states that an optimal policy has the property that, re-
gardless of the initial state and initial decision, the remaining decisions
must constitute an optimal policy about the state resulting from the
first decision. This recursive nature allows for the efficient computation
of optimal strategies across various problems, from resource allocation
to the control of dynamic systems. Bellman’s work on the principle of
optimality has profoundly influenced the optimization field, contributing
to the development of algorithms like DDP capable of tackling complex
problems in high-dimensional spaces and nonlinear dynamics.

2.2. Related Work

Stabilizing trailer trajectory, especially during reverse driving or finding
an optimal trajectory of trailers, has been a longstanding research topic.
Numerous researchers have contributed to this field, exploring various
methods and approaches to enhance control and optimization of trailer
systems. With advancements in modern computing, Model Predictive
Control (MPC) has found significant applications in this area. This sec-
tion reviews state-of-the-art studies and methodologies related to trailer
control, focusing on feedback control techniques and the application of
MPC. The discussion highlights the evolution of control strategies, the
impact of computational advancements, and the current state-of-the-art
in trailer trajectory optimization.
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2.2.1. Feedback Control of Articulated Vehicles

Feedback Linearization

This section explores feedback linearization methods focused on two
main objectives: asymptotic curvature stabilization and effective path
tracking, as discussed in [Wer14]. Maneuvering a trailer system in reverse
poses significant challenges due to its nonholonomic constraints, compli-
cating the application of conventional control techniques. Feedback lin-
earization addresses these challenges by transforming nonlinear system
dynamics into a linear form, simplifying the control problem [Kha02].
For reversing a one-trailer system, this method calculates control inputs
that negate the nonlinear behavior induced by the trailer’s kinematics,
resulting in a more manageable linear system model.

A critical aspect of reversing a trailer system is stabilizing its curvature
to ensure it can follow a desired path without deviation. Asymptotic cur-
vature stabilization achieves this by adjusting the steering inputs so that
the trailer’s curvature approaches the desired curvature over time. This
ensures the trailer’s trajectory converges to the planned path, enhancing
the accuracy and reliability of reverse maneuvers.

Path tracking in reverse operations of a one-trailer system concerns the
vehicle’s ability to follow a predetermined path accurately. By lever-
aging the linearized system model from feedback linearization, control
algorithms minimize deviations from the desired path, accounting for dy-
namic constraints and external disturbances. WERLING ET AL. [Werl4]
demonstrate the effectiveness of feedback linearization for asymptotic
curvature stabilization and path tracking based on experimental results.

However, ASTOLFI ET AL. [Ast01] discuss the limitations of input-output
linearization for tracking the trailer’s lateral offset. They observed that
the stability of the resulting zero-dynamics is guaranteed when the guide
point is appropriately selected. Notably, as indicated in [DeS98], this
stability does not hold when the hitching point between the tractor and
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trailer is in front of the tractor’s rear axle, resulting in a negative off-
axle distance. Furthermore, the stability property is local, meaning con-
vergence is assured only when the initial vehicle configuration closely
approximates the desired one.

Linear Quadratic Regulator

This section examines the application of Linear Quadratic Regulator
(LQR) controllers for hitch angle stabilization and feedback control in
multi-trailer systems.

EVESTEDT ET AL. [Evel6] present a cascaded control approach for path
tracking and stabilization of a reversing general 2-trailer configuration
with off-axle hitching. This methodology integrates a low-level LQR
controller for stabilizing internal angles and a high-level pure pursuit
path tracking controller. The LQR controller, designed using a linearized
model of the 2-trailer system, aims to stabilize trailer angles around an
equilibrium point. In contrast, the pure pursuit controller adjusts the
hitch angle based on a look-ahead distance to maintain the reference
path. Simulation and experimental results demonstrate the effectiveness
of this approach, exhibiting minimal tracking errors validated using a
small-scale test platform.

In another work, LIJUNGQVIST ET AL. [Ljul6, Ljulb] propose an LQR
controller for stabilizing a 2-trailer system with off-axle hitching, en-
abling the system to follow planned paths during reverse motion. Utiliz-
ing a kinematic model, the controller ensures closed-loop stability around
predefined paths. A linearized model in the Frenet frame describes track-
ing error dynamics. The LQR controller stabilizes the system around a
nominal path, with feedback gain independent of velocity, ensuring con-
sistent performance in both forward and reverse motions.
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Simulations validate the controller’s performance and its capability to
handle disturbances effectively. The proposed controller successfully sta-
bilizes the system around any precalculated path. However, experimen-
tal validation is missing.

2.2.2. Trajectory Planning and Control of
Articulated Vehicle

Trajectory optimization techniques for nonholonomic systems address
challenges in highly constrained environments [Lam03]. Researchers
have explored various methodologies to address the complexities of tra-
jectory planning [Hao05, Zha24b, Sal23, Nat23].

Trajectory planning for the truck trailer system is even more complex.
Obstacle avoidance, a critical and integral aspect of trajectory planning,
is addressed through sample-based planning methods such as lattice-
based planners and RRT. Model-based trajectory optimization tech-
niques often stabilize a vehicle on a planned reference through sample-
based planners, while a high-level planer handles collision avoidance.
The numerical instability of the system limits the application of model-
based approaches for trajectory planning and collision avoidance. This
section details various model-based approaches for truck-trailer systems.

LJUNGQVIST ET AL. [Lju20] propose a model predictive path-following
controller for low-speed backward maneuvers of multi-steered articulated
vehicles comprising a car-like tractor with a steerable front wheel and
N trailers. The controller aims to follow nominal paths while satisfying
physical constraints, thus preventing undesirable states such as jack-
knifing. The path-following error model is defined similarly to their
previous work [Ljul9]. However, instead of formulating the problem
as a Linear Quadratic Regulator (LQR), it is approached as a Model
Predictive Control (MPC) problem. This formulation allows for applying
constraints on the system inputs and states to enhance stability.
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The proposed solution employs a nominal reference trajectory from a
motion planner that adheres to state and control input constraints. Al-
though the paper does not detail the computation of the nominal tra-
jectory, it assumes the trajectory includes the entire state and control-
input information, inferred to generate feasible paths by considering the
vehicle’s dynamics and constraints. The system model is computed by
linearizing the lateral deviations and orientation errors around the ref-
erence path. Constraints on control inputs and hitch angles are incorpo-
rated, and the cost function penalizes path-following errors and control
effort. Soft constraints for hitch-angle limits ensure robustness against
modeling approximations.

Simulation results demonstrate the controller’s effectiveness in tracking
straight and figure-eight nominal paths, outperforming an LQ controller
developed in [Ljul9]. A lattice-based trajectory planning framework
generates kinematically feasible and collision-free paths, coupled with a
controller to stabilize lateral and angular errors during execution [Ljul9].

BERGMAN ET AL. [Ber20] addressed the challenge of trajectory planning
in unstructured, cluttered environments with an optimization-based re-
ceding horizon algorithm.

The optimal motion planning problem involves finding a feasible,
collision-free trajectory while minimizing a performance measure. Due
to the problem’s nonconvex nature, approximate methods, such as
sampling-based planners, are commonly used. Popular methods in-
clude random sampling-based planners like RRT star and deterministic
sampling-based planners like lattice-based motion planners. While
these methods can compute feasible solutions, they often require
post-optimization steps to improve solution quality.

BERGMAN ET AL. similar to [Ljul9] integrates motion planning and op-
timization, significantly enhancing solution quality and reliability. The
proposed receding horizon trajectory planning approach reduces compu-
tation time, enabling faster execution. The approach addresses motion
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planning for continuous-time nonlinear systems with constraints and ob-
stacle avoidance, formulated as a continuous-time optimal control prob-
lem (OCP) with constraints on state and control signals. Considering
environmental obstacles, it starts by using a motion planner to compute
a nominal trajectory from the initial state to the desired terminal state.

The optimization-based receding horizon planner optimizes the nominal
trajectory using an iterative approach. The planner solves a nonlinear
optimal control problem over a sliding time window, ensuring a feasible
trajectory beyond the planning horizon. This iterative process guar-
antees recursive feasibility, meaning a feasible solution exists at each
iteration. The total objective function value is non-increasing, ensuring
convergence towards the terminal state. The algorithm can handle piece-
wise continuous nominal control trajectories by adjusting the problem
formulation.

The proposed approach is evaluated in challenging parking scenarios
for a truck and trailer system. The nominal trajectories are computed
using a lattice-based motion planning algorithm. The system is mod-
eled as a 2-trailer with a car-like truck, with control signal and state
constraints. The cost function in the optimization-based receding hori-
zon planning (RHP) approach optimizes various parameters, resulting
in significant improvements in objective function value and total time
compared to the nominal solution. These improvements are particularly
notable in parallel parking scenarios, with planning horizons of 60-80
seconds yielding the best results.

The two-step trajectory planning algorithm combines search-based mo-
tion and optimization-based receding horizon planning. This algorithm
provides theoretical guarantees on recursive feasibility, non-increasing
objective function value, and convergence to the terminal state. The
approach is suitable for challenging trajectory planning problems for a
truck and trailer system. However, the algorithm needs modification to
ensure real-time performance using fast MPC for dynamic environments.
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Wu AND HUNG (2017) also developed a model predictive controller
(MPCQC) for a tractor-trailer system, focusing on minimizing tracking er-
rors and ensuring stable performance in both forward and backward
motions.

The proposed controller [Wul7] is designed to solve the path tracking
problem by minimizing the trailer tracking error. The system uses a kine-
matic model with control delay, and the error state is defined based on
the curvature of the reference path. The error state vector x is defined as:

T = [e%,em,eyt,eg],

where e, is the error in the trailer heading angle, e, 1is the error in
the tractor heading angle, e, is the error in the lateral position of the
trailer, and e; is the error in the tractor steering angle.

The error system model is linearized around the steady-state values of
the hitch angle (6,,) and the tractor steering angle (d,,) similar to the
modelling in [Ljul6].

The linearized model is utilized in the MPC to calculate the optimal
control effort based on the predicted states and desired outputs. The
proposed MPC significantly reduces tracking error at intersections of line
and arc segments, eliminating lateral error and controlling trailer head-
ing. Constraints on the hitch angle prevent the jackknife phenomenon,
ensuring stability during maneuvers.

Simulation results demonstrate the MPC’s satisfactory performance,
showing its capability to guide the forward and backward system.

The approach by Wu AND HUNG is similar to the one proposed by
LJUNGQVIST ET AL. (2020) [Lju20], which also employs a model predic-
tive path-following controller. However, LIUNGQVIST ET AL. focus on
a more complex system involving a multi-steered 2-trailer configuration,
whereas WU AND HUNG concentrate on a single trailer system. This
distinction highlights the adaptability of MPC strategies across different
articulated vehicle configurations.
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BOURELIUS [Bou22] addresses the implementation of real-time MPC for
an autonomous truck and trailer system, focusing on efficient quadratic
program (QP) solvers and reducing the computational complexity.

The thesis aims to implement MPC in real-time applications, requir-
ing efficient QP solvers to handle the optimization problem within the
constraints of available computational resources. The experimental plat-
form consists of a LEGO truck equipped with an onboard Raspberry Pi
(RPi) and LEGO EV3 for implementing MPC. Various QP solvers, in-
cluding DAQP, qpOASES, and the operator splitting method OSQP, are
utilized to solve the MPC problem. The certification framework ensures
the exact computational complexity of MPC using DAQP, allowing for
a comparison of solver performance and guaranteeing maximum com-
putational complexity.

The vehicle model consists of a car-like tractor, a dolly, and a semi-
trailer, with parameters describing the length of each component. The
kinematic model assumes low-speed maneuvers on a flat surface without
wheel slippage. The system’s stability varies with the direction of travel;
it is unstable when reversing and stable when moving forward. The
path-following controller aims to minimize the path-following error by
stabilizing the vehicle around the planned path. This is achieved using
a path-following error model, which describes deviations from the nom-
inal path through error states representing lateral distance, orientation
error, and joint angle errors.

The error states are linearized and discretized to form a linear system
for the MPC problem. Special cases, such as the straight-path configu-
ration, provide a simplified linear model with constant matrices, which
are recalculated at each time step based on the reference configuration.

Two linearized models, including the straight-path configuration, were
used in the MPC. Both models demonstrated similar path-following per-
formance; however, the straight-path model allowed for faster computa-
tion times. Initial experiments showed that the exact iteration complex-
ity could be determined by certifying every possible multi-parametric QP
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(mpQP). The maximum number of iterations increased linearly with the
MPC horizon when following a straight path.

This research highlights the practical application of MPC in real-time
systems, contributing to the development of efficient and reliable control
strategies for autonomous vehicles.

In conclusion, this section has explored MPC for path tracking and stabi-
lization of articulated vehicles and has demonstrated that MPC outper-
forms traditional feedback control techniques. Wu AND HUNG (2017)
developed an MPC for a tractor-trailer system, minimizing tracking er-
rors by linearizing the error system model around the steady-state val-
ues of the hitch angle (,,) and the tractor steering angle (d,,). This
approach, formulated as a Quadratic Programming (QP) problem, was
validated through simulations demonstrating satisfactory performance in
avoiding jack-knife phenomena [Wul7]. However, the model’s lineariza-
tion around the steady-state values may limit its performance during
transient maneuvers.

Similarly, LIUNGQVIST ET AL. proposed an MPC for multi-steered ar-
ticulated vehicles, linearizing the path-following error model and solving
the problem as a QP. Their simulations showed superior performance
compared to a Linear Quadratic (LQ) controller [Ljul9], particularly in
handling a multi-steered 2-trailer system [Lju20]. However, the complex-
ity of accurately modeling multi-steered systems may increase computa-
tional demands. Additionally, LJUNGQVIST ET AL. have not conducted
real-world experiments on a full-scale test vehicle, and the limitations
related to local stability and vehicle modeling inaccuracies still apply to
work presented in [Ljul9].

BOURELIUS (2022) focused on the real-time application of an MPC
for a truck and trailer system. This approach involved linearizing
path-following error states and employing QP solvers, including DAQP,
qpOASES, and OSQP. The author validated the method on a LEGO
truck with an onboard Raspberry Pi and LEGO EV3. It demonstrated
effective real-time performance and identified DAQP as the best solver
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due to its fast solution times and complexity certification [Bou22].
Despite its strengths, using a scaled-down LEGO truck limits the
generalizability of the results to full-scale systems.

These studies collectively illustrate the robustness and versatility of
MPC in handling path-following and stabilization tasks for articulated
vehicles. They highlight using linearized models, efficient QP solvers,
and validations through simulations and real-world applications. How-
ever, several challenges remain. Significant hurdles are ensuring robust-
ness in dynamic environments, managing computational complexity, and
generalizing findings to full-scale applications. Effectively tackling unsta-
ble dynamics is crucial, as the modeling heavily depends on the reference
or nominal planned trajectory. The requirement for all reference states
and inputs, the region of validity for the linearized model, and the im-
pact of disturbances further complicate the implementation. Addressing
these challenges is essential for advancing the practical application of
MPC in real-world articulated vehicle systems.
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Efficient trajectory planning and control for truck-trailer systems re-
quires a thorough understanding of their dynamics. Section 3.1 begins
with the modeling of the n-General Trailer (n-GT) system dynamics
in chain form. In Section 3.2, the system dynamics for a One-General
Trailer (one-GT) system are derived using the chain form of n-GT.

The concept of differential flatness is then explored in Section 3.3, high-
lighting its relevance and applicability to truck-trailer systems. This
section establishes differential flatness for the One-Standard Trailer (one-
ST) and the one-GT systems. A partial differential flatness is derived
for the one-GT system, and a flat model for one-GT is derived. Finally,
Section 3.5 presents a system analysis and comparison of the one-ST
and one-GT systems.

3.1. n-General Trailer (n-GT): Chain Form

The n-General Trailer (n-GT) system, consisting of articulated trailers
towed by a front wheel-steered vehicle is discussed in this section. The
kinematic complexity and control strategies of such systems are critically
dependent on the configuration of the hitching points, i.e., the locations
at which trailers are articulated to their predecessor. Two primary con-
figurations are recognized [Jea96, Lau93]:

1 n-General Trailer (n-GT): Trailers can be hitched at any arbi-
trary point along the length of a preceding trailer.
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2 n-Standard Trailer (n-ST): Involves hitching each trailer di-
rectly at the axle of its predecessor, thereby simplifying the dy-
namics of the model.

This section explores the n-GT system, highlighting that the n-ST sys-
tem is effectively a simplification of the n-GT model. The analysis as-
sumes that trailers are rigidly connected to their predecessors, allowing
only pivotal motion around the connecting joint without slippage. The
key parameters defining the system include:

Figure 3.1.: Geometric illustration of a n-GT system. The parameters 1, and 1,
represent the trailer’s lengths, and m, and m,_; denote the distances
between the axles of the trailers and their respective coupling points
of the n*? trailer and its predecessor.

e 1)y: Orientation of the truck.
« ¢;: Orientation of the j*® trailer, for j = 1,2,...,n.

o (zg,yp): Position of the rear axle of the truck.
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o (;,y;): Position of the j*™ trailer.
o 1;: Length of the it trailer.

o m;: Distance between the hitch point of the j*® trailer, and the

axle of its predecessor.

e §: Steering angle of the truck.

v: Velocity of the truck.

Figure 3.1 illustrates the n*® trailer and its predecessor and provides an
illustrative overview of the parameters.

The kinematic equations for the n-GT system [Alt98, Alt01, Alt02] can
be expressed as follows:
Ty = v oSy,

Yo = vsin g,

Yy = —tand
Iy
. (3.1)
Ty = v; cos Y,
yj = sin 0>

o COS(¢j—1 - 7/’j)7j}j—1-

; Vi1 .
7//j =0 Sln(¢j—1 - 1/5) )
j

]
The position and orientation of each trailer can be defined based on the
position and orientation of its predecessor, incorporating the trailer’s
length and the distance from its hitch point to the axle of its predecessor.

x; = w51 —ljcos P, —mycos ey,
Y; = Y1 — jsingy; —mysine;_y,

. vi_ m; .
Yy =—— Sm(ﬂ} 1 Y ) — 1 COS(¢j—1 - 7/’j>7/1j—1’
} j

vy = vy cos(¥hy — ¥y_1) +mysin(ey — ¢y )y
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The system is structured as a chain, allowing the computation of succes-
sor states using a trailer mechanism, similar to the methods described
in the works by [Sor93] and [Liz01].

3.2. One-General Trailer (one-GT): System
Dynamics

Building on the foundational concepts introduced in section 3.1, this
section is dedicated to the one-GT system dynamics, focusing on a con-
figuration where a truck is followed by a single trailer. By applying a
similar analytical approach, the equations of motion for a one-trailer
system are derived. The motion of an one-GT system can be described
by the following equations:

Figure 3.2.: Geometric Illustration of General one-Trailer: 1, 1, and 1}, are truck’s
wheelbase, the trailer’s length, and the distance between the rear axle
of the truck, and the coupling point of the trailer, respectively.
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&, = v, COS P, (3.3a)
Yy = vy sing, (3.3b)
p = % tand, (3.3¢)
T = v, cos, (3.3d)
U = v, sin, (3.3¢)

v, vl
Y= T sin(p — ¥) — L1 cos(p — 1) tan g, (3.3f)

t tov

leh

v =, cos(¢— ) + sin(p — ) tan 6, (3.3g)

v

where (z, y) denotes the position of the trailer’s axle, and (z,, y,) de-
notes the position of the truck’s rear axle. ¢, and 1 represent the ori-
entation of the truck and trailer, respectively. Additionally, 8 = ¢ — ¥
stands for the hitch angle between the truck and the trailer, and § repre-
sents the steering angle. Figure 3.2 demonstrates a one-GT model. This
work primarily focuses on a one-trailer system; therefore, for simplic-
ity, the parameters 1,, 1, and 1;, are introduced, representing the truck’s
wheelbase, the trailer’s length, and the distance between the rear axle
of the truck and the coupling point of the trailer, respectively.

3.2.1. System Dynamics: Trailer’s Frame

Stabilizing the trailer during parking maneuvers in narrow spaces is cru-
cial. Therefore, the equations of motion will be derived with respect to
the trailer’s motion to focus on the dynamics and stabilization of trailers,
specifically maintaining a trailer on a reference trajectory. Consequently,
the velocity of truck v, in equations for trailer’s motion eq. (3.3) are
substituted with the trailer’s velocity using eq. (3.3g). Drawing insights
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from [Werl4] revised system of equations are presented below:

A vl, cos

o 1, cos(p — ) + 1, sin(p — 9) tan d’ (3.4a)
_— vl sin ¢

%o = 1, cos(p — ) + 1, sin(p — ¢) tan 6’ (3.4b)
. vtan(d)

77 1 cos(p— ) + L sin(p — 9) tan(3)” (3.4¢)
& =vcosy, (3.4d)
U = vsin, (3.4e)
h=? (I, sin(p — ¢) — 1, cos(p — ) tan(4)) D

I; (I, cos(p — 9) + 1 sin(y — ¢) tan(0))”
The position of the truck can be directly mapped as an algebraic func-
tion of the trailer’s position, the trailer’s orientation, and the truck’s
orientation using eq. (3.2).

x, =+ 1, cosy 41, cos ¢,

Yy

(3.5)

y+ 1 siney + 1, sin .

Hence, solving all the differential equations in eq. (3.4) is not neces-
sary, and the entire state space can be computed using state vector
x = [x,y,%, ¢] and the algebraic equation presented in eq. (3.5).

To address the challenges of asymptotic stabilization due to the non-
holonomic nature at low speeds as highlighted in [Bro83], the system is
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transformed from temporal to a spatial domain as suggested by WER-
LING ET AL. [Werl4]. This transformation converts the system’s equa-
tions relative to the distance traveled by the trailer.

x’ = cos, (3.6a)

Y =sing, (3.6b)
,  Lysin(p —) — 1 cos (p — 1) tand

V= 1, (1, cos (p — 1) + 1, sin (p — ) tand)’ (3.6¢)

o tand (3.6

B 1, cos (¢ — 1) + 1}, sin (¢ — ¢p) tand

The system outlined in eq. (3.6) is characterized by the continuous non-
linear system x’ = f(x,u) with x,, = [z, y, 1, o]
0 serves as the input u of the system.

, and the steering angle

3.3. Differential Flatness of the
Truck-Trailer Systems

Differential flatness in a trailer system refers to a property where a set
of flat outputs can fully describe the system’s dynamics, typically the
position of the rear axle of the last trailer. This property simplifies tra-
jectory generation and control design for trailer systems. The kinematic
model of a car with trailers is differentially flat, making trajectory plan-
ning a straightforward task [Bul96, F1i95]. By leveraging the differential
flatness property of a truck-tractor-trailer system, trajectory planning
algorithms can ensure compliance with the kinematic constraints while
considering inter-vehicle collisions and path constraints [Hao05, Hao03].
Moreover, the differential flatness property enables the transformation
of a system into a chained form, simplifying control design and stabil-
ity analysis [Til95]. However, it is essential to note that not all trailer
systems are inherently differentially flat, as highlighted by the need for
specific assumptions and conditions for achieving differential flatness in
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N-trailer systems [Micl17]. The flatness property allows for the lineariza-
tion of the system’s dynamic model using dynamic feedback lineariza-
tion, a subset of differential flatness [Ryu08].

3.3.1. One-Standard Trailer (one-ST)

A One-Standard Trailer (one-ST) model refers to a configuration where
a single trailer is directly hitched to the rear axle of a truck. In this
model, the distance 1}, to the hitch point is zero, simplifying the system’s
dynamics.

The n-ST system exhibits differential flatness, a property that allows
its inputs and states to be expressed as functions of the flat outputs
and their derivatives, as detailed in [Rou93]. For one-ST system, the
flat output corresponds to the position of the trailer’s axle, enabling a
transformation of the state space x = [z, y,, ¥, T, ¥, w]T, and the input
u = [6,v,] to a flat state space x; = [z, ] -

The heading v, and curvature x of the trailer’s path is calculated as:

/ /4 ”, ./
TPy —x
1) = arctan y—f,, p——— — fy§ .
X 72 72\ 2
£ (@ + %)

The entire system state can be computed from the flat output, using
eq. (3.2) and eq. (3.3):

Z, ¢+ 1 cosy
| | wetlsing
¢ | | ¢+ arctan(l;k) (3.7)
0 arctan(l k)

The steering angle 6, and the trailer’s velocity are derived from the flat
state, ensuring that the model’s control inputs can be calculated directly
from the path’s curvature, and its rate of change as explained in [Rou93]
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and derived in [Kval9] :

b t L (+ L (3.8)
=arctan | ———— | K — =« s .
V14 12k2 1+ w2

where a = fl—’; represents the rate of change of curvature with respect

to arc length, and the trailer’s velocity is given by v = y/4@? + g2. The
truck’s velocity is similarly computed as [Rou93].

v, = \/1+1°K20. (3.9)

Equation (3.8) establishes an important requirement for the continuity of
the trailer’s path. To ensure a continuous steering wheel angle, the path
followed by the trailer must have at least G® continuity. G continuity
implies that the path’s curvature, its first and second derivatives are all
continuous.

Next, the system dynamics of an one-ST will be derived using differential
flatness. The flat point corresponds to the center of the trailer’s axle.
The motion of the flat point is defined using the equation of an Euler
spiral or clothoid, where the curvature changes linearly concerning the
distance covered. Assume « is the rate change of the curvature defined
as the sharpness w.r.t. distance. The equation of motion for the flat
point is given by

x’ = cos, (3.10a)
Yy’ = sin, (3.10b)
Y =k, (3.10¢)
K = (3.10d)

The state vector is augmented to include ¢ as an algebraic state, com-
puted using eq. (3.8), resulting in a new state vector:

X; =[5, Yir Vo K4, 65 - (3.11)

2771
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The hitch angle 6 is computed from the curvature x as:
0 = arctan(l, k), (3.12)

where 1, is the length of the trailer. The maximum curvature s,
can be derived using this equation, thereby incorporating hitch angle
constraints into the system. The trajectory planning and control for
one-ST is possible using the system defined in eq. (3.10).

3.3.2. One-General Trailer (one-GT)

Unlike the n-ST configurations where differential flatness applies, a n-
GT system is not inherently flat, as established in [Rou93]. However,
an exciting exception exists for the one-GT system. In scenarios where
the trailer is not directly attached to the center of the car’s rear axle,
the principle of flatness is applicable. The applicability of flatness to the
one-GT system is thoroughly examined by ROUCHON ET AL.. in [Rou93].

Figure 3.3.: Geometric Illustration of the Flat Point F' and its Geometry for one-
GT System
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Based on a similar methodology as explained by [Rou93], a potential
linearizing output is derived, denoted as y; = [z, 3T, defined by the
following relations:

I, siny + 1, sin ¢
V2 412+ 2, cosd

1, cosp +1; cos
\/1h2 +1,° + 21,1, cosf

xg =z, — 1, cosyp — L(0)

Yr =Yy — lysing + L(6)

where L(0) is expressed as:
—1l; sin@

\/1h2 +1,° + 21,1, cos§

L(9)

Here, (x4, y;) represent the Cartesian coordinates of point F', and the unit
tangent vector 7 at F' aligns with segment AB as shown in fig. 3.3. The
point R represents the instantaneous center of rotation for the line seg-
ment AB. L(0) represents the length of the segment DF'. The curvature
K is modeled as a function of 0 as:
h = K(0) = sin f '
cos 9\/1h2 +1,° + 21,1, cos @ — L() sin @

Consequently, the set (x,y, ¢, 1) is a function of (F, 7, k), and the steer-
ing angle § is dependent on x and its derivative with respect to the arc
length s along F.

The dependencies of 6 and § solely on (k, Z—';) emerge from the invariant
nature of the problem under planar Euclidean transformations, illus-
trating how such physical and geometric symmetries can simplify cal-
culations and aid in pinpointing the coordinates of the linearizing point
F [Rou93]. The proof of flatness is also valid for a T'S. By defining 1, as
negative, the same equations remain applicable.
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In contrast, the one-GT system exhibits a more complex relationship
between curvature x and hitch angle, making the derivation of analyti-
cal solutions for steering strategies significantly more challenging. This
complexity limits the applicability of the flat model for one-GT systems
in optimal control approaches such as MPC. The complexity is reduced
by defining the system as a partially differential flat model, enhancing
the applicability of optimization techniques and MPC.

3.4. Partial Differential Flatness: one-GT

The concept of partial differential flatness, as explored in section 2.1.2,
also finds application in the one-GT system. The dynamics of truck-
trailer systems, detailed in Section 3.2, are traditionally maneuvered by
the steering angle.

This subsection proposes a partially differential flat model for truck-
trailer configurations with off-axle hitching; this approach introduces
the flat state s = [H]T while designating the remaining system states as
the non-flat state r = [m,y]T.

Utilizing Eq. eq. (3.6) to substitute expressions for ¢ and ¢’, the rate
of change of the hitch angle, ~, is derived as follows:

_ lytand — 1 sin @ + 1} cos 6 tan &
1, (1, cos@ + 1, sin @ tan &)

/

= — (3.13)
By solving the equation above, the steering angle, §, can be formulated
as a function of the hitch angle rate, v = ¢’ — ', and the hitch angle,

0 = p—

l,sinf 41,1 0
6:u(S,S/)=arctan( v SO Ly €08 )

3.14
l, +1, cos — L1, ysind (3.14)
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The evolution of the non-flat state r, given by r’ = f(s,r), allows for the
determination of all r states through integration, provided that initial
conditions are known.

Next, the flat model for the one-GT can be derived as a differential-
algebraic system of equations and given as follows:

' = cosp,
y = sind,
, L sin(p — 1) — 1, cos(p — ) tand
~ 1,(1, cos(¢ — ) + 1y, sin(p — 1) tan )’ (3.15)

, tan o
v 1, cos(p — 1) + 1}, sin(p — ) tan §’

1, sin@ +1,1,vcosd
§ = arctan - .
l, + 1, cosf — L1, ysind

The state vector x and input u of the partial flat model are defined
as follows:

x = [z,y,1,¢,0] € R,

where x and y are the position coordinates, v is the heading angle, and
@ is the truck’s heading angle, § is the steering angle and computed
using an algebric equation.

The control input vector u is defined as:
u=[]eR,

where v is the hitch angle rate. The flat model can be effectively used
for trajectory planning and control. By leveraging partial differential
flatness, it mitigates the numerical instability inherent to the one-GT
system, ensuring more stable and reliable trajectory generation and ex-
ecution. The application of the flat model for trajectory planning and
control is presented in section 6.1 and section 5.2.3.
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3.5. System Analysis and Comparison

In this section, a detailed analysis of the motion primitives for a truck-
trailer system is conducted to traverse a lemniscate or figure-of-eight
trajectory. Two different trailer configurations are explored: a one-ST
configuration where the trailer is hitched directly at the rear axle, as
detailed in section 3.3.1, and a one-GT configuration as explained in
section 3.3.2. The model parameters are defined in table 3.1.

Table 3.1.: Parameters for the truck-semitrailer configuration.

Parameter Value
Wheelbase (1) 3.6 m
Trailer length (1,) | 7.7 m
Hitch Length (1) | -0.6 m

l,, being negative indicates that the trailer is attached in front of the
rear axle, defining the configuration as a Truck-Semitrailer (TS). The
concept of differential flatness, previously discussed, allows the system’s
state to be computed from the state of the flat point. This point’s
motion, which dictates system behavior, is defined by the trajectory
illustrated in section 3.5. Section 3.5 also demonstrates the orientation
of the path, the path’s curvature, and the rate of curvature change,
respectively. These figures demonstrate that the chosen path has at
least G continuity. Figure 3.5 illustrates the initial state and the truck
and trailer trajectory of the one-ST and one-GT system.
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Figure 3.4.: Illustration of a continuous flat point trajectory meeting the minimum
requirement of G® continuity. The figure includes all flat point states
and the curvature’s first derivative.

10

one-ST Truck

’ —— Flat Point

Figure 3.5.: Illustration highlighting the initial states of the system. The reverse
driving maneuver is chosen due to the unstable dynamics encountered
during reversing.
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3.5. System Analysis and Comparison

Figure 3.6 compares how each configuration, one-ST and one-GT, nav-
igates the same trajectory. The reverse driving maneuver is chosen due
to the unstable dynamics encountered during reversing. The analysis
demonstrates the differences in path navigation between the one-ST and
the one-GT configurations. For better visualization, the differences are
illustrated in fig. 3.7.
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Figure 3.6.: Comparative path analysis of different truck and trailer configurations,
illustrating how each configuration navigates the same flat point tra-
jectory.

In Figure 3.7a, the Euclidean distance between the axle of the trailer
of one-ST and one-GT and the distance between the truck’s rear axle
of the one-ST and one-GT configurations are illustrated. The distance
of the trailer decreases as the path curvature increases. This behavior
aligns with the flat model geometry illustrated in fig. 3.3.

If the one-GT is assumed to be a one-ST for simplicity, this difference
in heading angles could pose significant challenges for collision-free path
planning and effective control of the truck-trailer system. Additionally,
Figure 3.7b demonstrates the heading difference between the trailer and
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3. System Modeling

truck, as well as the hitch angle difference for one-ST and one-GT con-
figurations. It can be noted that the heading of the trailer varies signifi-
cantly from that of the flat point in the case of a one-GT configuration.
The hitch and heading differences increase with curvature, which again
can be deduced from the flat model geometry in fig. 3.3.

Distance [m)]
o o o
\} > (=]

[en]

I I
0 20 40
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Trailer - - - Truck

(a) Euclidean distance.

Figure 3.7.:

’ ----- Hitch Angle ‘

(b) Heading difference.

Comparative analysis of distance and angular differences for various
trailer configurations. The distance figure demonstrates the variation
between the rear axle of the trailer and truck for one-ST and one-GT
configurations. The angular differences figure highlights the heading
difference of the trailer and truck, as well as the hitch angle difference,

which increase with curvature.

Approximating one-GT for significant coupling length with one-ST may
simplify the initial design but can lead to inaccuracies during complex
maneuvers, potentially compromising safety and operational efficiency.
However, it is essential to note that the heading of the truck does not
demonstrate much deviation, which might suggest that the primary con-
trol challenges and safety concerns are more pronounced in managing
the trailer’s dynamics than the truck’s.

Figure 3.8a and fig. 3.8b provide further insights into the variations
of steer and hitch angles for different trailer configurations. Notably,
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3.5. System Analysis and Comparison

fig. 3.7b reveals a significant difference in hitch angles between the one-
ST and one-GT configurations. This difference in hitch angles is pri-
marily due to the difference in the trailer’s heading angle, as the truck’s
heading difference is not significant. The hitch angle difference will in-
crease if the coupling point moves further from the truck’s rear axle.

Figure 3.8b illustrates the effect of the hitching point on the required
hitch angle for different trailer configurations to trace the same reference.
The figure compares the hitch angle for a one-GT with a positive hitch
length, a one-ST with zero hitch length, and a semitrailer with a negative
hitch length.

It can be observed that the one-GT requires a higher hitch angle than
the one-ST configuration. Conversely, the semitrailer with a negative
hitch length requires a lower hitch angle than the one-ST.

T T
40 | |
20 |- |
=3 :
—20 .
—40 .
| |
0 20 40
s [m] s [m]
one-GT - - - one-ST ‘ - == Truck-Semitrailer (TS)
(a) Steer angle. (b) Hitch angle.

Figure 3.8.: Comparative analysis of steer angle and hitch angle differences for var-
ious trailer configurations. The steer angle figure demonstrates a slight
difference in slope between one-ST and one-GT configurations, while
the hitch angle figure highlights the differences between one-GT, one-
ST, and TS configurations.

These differences highlight the hitching point position’s significant im-
pact on the trailer systems’ articulation and maneuverability. A negative
hitch length in semitrailers enhances maneuverability by allowing tighter
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3. System Modeling

turns with smaller hitch angles, thereby reducing the risk of jack-knifing.
This makes controlling and navigating the trailer easier, especially in
confined spaces. In the analysis of the truck-trailer system navigating a
figure-of-eight trajectory, several key findings have been highlighted con-
cerning the relationship between the heading of the trailer, hitch angles,
and overall system behavior:

Difference in Heading and Hitch Angles: Despite notable differ-
ences in the heading of the trailer and hitch angles between configura-
tions, the overall system behavior remains consistent for both config-
urations.

Continuity of Curvature and Rate of Change: The curvature of
the path and the rate of change of curvature are both continuous. This
continuity is reflected in the behavior of both the hitch and steering
angles, which exhibit smooth transitions without abrupt changes. The
findings can be generalized for an n-GT: to have a continuous steering
angle, the curvature of the n®" trailer should be continuous up to the
n't degree [Rou93, F1i95].

In conclusion, whether a one-GT system can be approximated by a one-
ST model depends on the application’s precision requirements, the over-
all system architecture, and the dimensions of the system. While the
approximation offers computational advantages, making it beneficial for
general path-finding problems, there may be other options for achieving
smooth and precise path-tracking control. This topic will be explored in
detail further in the upcoming chapters.
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3.6. Summary

This chapter explored the dynamics and modeling techniques of truck-
trailer systems. It covered the modeling of n-GT systems, derived specific
dynamics for one-GT systems, and introduced the concept of differential
flatness, establishing its applicability to these systems. The chapter
culminated with a comparative analysis of one-ST and one-GT systems.

Key Contributions:

e Developed a flat model for the one-ST system based on differential
flatness.

e Derived a partial differential flatness for the one-GT system.

o Formulated a flat model for the one-GT system using partial dif-
ferential flatness.

The flat models offer numerical stability, making them better for repre-
senting the system in model-based optimization and planning methods.
The concept and the model derived in this section are utilized to for-
mulate the trajectory planning, control, and optimization in chapter 5
and chapter 6. The differential flat model for one-ST is less complex
than that for one-GT, and the same model can be extended to the n-ST
system. It makes it suitable for computing initial solutions in high-
dimensional, complex environments. The one-GT model can then be
used to optimize the solution locally. Although this work focuses on the
one-GT model and utilizes it directly, the one-ST model offers valuable
advantages in specific scenarios.
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4. Hitch Angle Stabilization for
one-GT

Stability of the hitch angle is crucial for maintaining truck-trailer ma-
neuverability, ensuring safety, and reducing the risk of jackknifing, espe-
cially during reverse maneuvers. This section provides further insights
into the truck and trailer system dynamics concerning the hitch angle
and stability.

Figure 4.1.: Geometric illustration of steady-state cornering of a one-GT system,
highlighting two equilibrium hitch angles, 6; and 0.

Consider a truck pulling a trailer; two equilibrium positions exist for the
hitch angle, i.e., the rate of change of hitch angle is zero for a given radius
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4. Hitch Angle Stabilization for one-GT

of rotation R of the truck. Figure 4.1 illustrates the two steady-state
configurations of hitch angle 6, in the green zone and 6, in the red zone
as shown in fig. 4.2. 6, is known as the jackknifing configuration[Jaz17].
Figure 4.2 depicts the case when the radius of rotation for the trailer
becomes zero; here, the instantaneous center of rotation lies on the center
of the axle.

Figure 4.2.: Geometric illustration of a one-GT system where the radius of rotation
for the trailer is zero, as the instantaneous center of rotation lies on the
center of the trailer’s axle. The hitch angle is divided into two zones:
green and red. For simplification, the figure does not demonstrate
right-hand turns, as they mirror the current figure.

In analyzing the stability of hitch angles during driving maneuvers, Ta-
ble 4.1 categorizes the stability zones for both forward and backward
driving scenarios. The table distinguishes between the Green and Red
Zones of the hitch angles as depicted in Figure 4.2, indicating their sta-
bility conditions.
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4. Hitch Angle Stabilization for one-GT

Table 4.1.: Hitch angle stability for forward and backward driving.

Hitch Angle | Forward Driving | Backward Driving
Green Zone Stable Unstable
Red Zone Unstable Stable

If the truck is moving forward and the truck-trailer combination is not
jackknifed initially, it will remain unjackknifed. If the truck is mov-
ing backward, the truck-trailer combination has an unstable equilibrium
point, i.e., the hitch angle lies in the green zone as shown in fig. 4.2,
and any small perturbation in the hitch angle will result in jackknifing
[Gon09]. Hence, for reversing a truck and trailer combination, trajectory
stabilization needs to be focused on the trailer and hitch angle [Zan18].
JAZAR provides an overview of trailer dynamics concerning hitch angle
and system stability in [Jazl7].

Asymptotic stabilization of the hitch angle around the unstable equi-
librium angle 6, is possible, as proven in [Jaz17, Lam03]. This chapter
focuses on the control and stabilization of the hitch angle, presenting two
control strategies for stabilizing the hitch angle around a reference angle,
J(t). Utilizing the principles of Lyapunov stability, a control scheme is
formulated based on the Lyapunov function named LC. The LC control
law is formulated using the concept of partial differential flatness, as
detailed in Section 3.3.2. Additionally, a Linear Quadratic Regulator
(LQR) control is presented for stabilizing the hitch angle around 9(¢).

In conclusion, simulation results are presented, highlighting the advan-
tages and drawbacks of all the developed controls to pinpoint the most
effective hitch angle stabilization strategy for truck-trailer systems.
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4.1. Lyapunov Control (LC)

The LC law has been extensively studied and applied in stabilizing the
hitch angle in one-GT systems [Pra08, Pra07, Pra07]. By implement-
ing an inner loop around the trailer hitch angle and treating the vehicle
as a virtual articulated system, stable algorithms have been devised for
trajectory stabilization [Pra08]. Moreover, feedback control strategies
utilizing the LC law can effectively prevent trailer oscillations and insta-
bility during challenging maneuvers, such as extreme cornering [Zan18].

Furthermore, studies have highlighted the efficacy of Lyapunov tech-
niques in stabilizing truck-trailer systems. For instance, research has
addressed the asymptotic stabilization of tractor-trailer systems dur-
ing various motions using Lyapunov methods [Ast04]. Additionally, the
stability of control loops in autonomous truck and trailer systems has
been validated through Lyapunov analysis, emphasizing the robustness
of Lyapunov-based approaches in ensuring system stability [Rig20].

This section outlines the LC law for stabilizing the hitch angle in the
one-GT system, as shown in fig. 3.2 and detailed in section 3.3.2.

Utilizing Lyapunov stability criteria as discussed in section 2.1.3, a Lya-
punov function, V(6) = 3(6—1)?, is introduced to assess stability. Here,
¥ represents the reference angle, and 6 signifies the hitch angle.

The system is stable within the region D = [0, ;.,,0,.x) € R I V(6) > 0
for 6 # ¥ and V(0) = 0 at the equilibrium point § = 9.

To achieve asymptotic stability within 2, the derivative of V(0), de-
noted as V’(6), must be negative for all § # ¥, resulting in the control
law for ¢’ as

0 =0 —K(0—1), (4.1)

where K is a positive proportional control gain. The resulting V'(0) =
—K (6 —9)? is always negative for all positive K and 6 # 9.
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4. Hitch Angle Stabilization for one-GT

By correlating the hitch angle rates in eq. (4.1) and eq. (3.13), the
steering angle input, 4, for the one-GT system is derived as follows:

(4.2)

& = arctan ( 1, sin @ + sign(v)y1, cos @ ) ’

1, +1;, cos 8 — sign(v)yL];, sin

with v = ¢ — K(6 — ¥9), the control strategy dynamically adjusts for
errors between the current and desired hitch angles. As the control error
(¢ — ¥) diminishes to zero, the control approach will track the hitch
angle rate. Equation (4.2) aligns with the formulation in eq. (3.14),
where the steering angle calculation leverages the partially differential
flat system, as detailed in section 3.4. The derived law represents a
feedback control on the hitch angle, i.e. the flat state of the partially
differential flat system.

In a previous study [Kum?22a], the control configuration is defined as
SLC by adopting ¢ = 0, similar to the assumption made in [Pra07].
A key difference is that the control was developed for spatial stabiliza-
tion of the hitch angle, whereas [Pra07] focused on stabilization in the
temporal domain.

Ysle = _K(e - 19)

This assumption simplifies the control strategy by considering the desired
hitch angle as constant, proving advantageous for tracking trajectories
where the hitch angle rate is either indeterminate or complex to compute.

4.2. Linear Quadratic Regulator (LQR)

This section introduces a Linear Quadratic Regulator (LQR) strategy
for aligning the hitch angle 6 with a desired reference 1}, as explored
in [Kum?20]. Building on the system model in fig. 3.2, the hitch angle’s
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dynamics are described by the following equation:

(4.3)

vtand vsinf 1l vtandcosé
1v lt 1vlt .
The steady-state relationship between steering angle J, and hitch an-
gle 0, is:

(4.4)

0, = arctan [ L sin b ] .

1, cos 8, + 1,

Linearizing hitch angle dynamics around steady-state cornering yields:

0=A(0—0,)+B(6—d,), (4.5)
with
A= —1 |cos 0, + 1 sin 0, tand, | , (4.6a)
t v
B= T 1+ 1 cos 0, (1 + tan”d,). (4.6b)
v t

Given the reverse-driving instability of truck-semitrailer systems, limit-
ing steering angles is crucial to prevent jack-knifing, with §,,,, delin-
eated as:

1
Omax = arctan | ———| . (4.7

ma
/1h2 + 1t2
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between the Equilibrium Steer the Linear Quadratic Regulator
Angle §,, Maximum Steer Angle (LQR) control gain K concerning
Omax against the Equilibrium the equilibrium hitch angle 6, for
Hitch Angle 6,. a range of hitch angles.

Figure 4.3.: Illustration of equilibrium steer angles and LQR control gain.

The LQR objective function, J, integrates deviations in 6 and § weighted
by matrices @ and R:

J= / (A0"QAD + A" RAS)dL, (4.8)
0

leading to a feedback control input, u,, = —K (0 — 0 ), that minimizes
J and stabilizes the hitch angle. K is the feedback gain matrix. K is
plotted for selected combination of Q and R vs desired 6, in fig. 4.3b.

The control input ¢ is the summation of the equilibrium steering wheel
angle J, and the feedback control input uy,:

u=194=0,+u, (4.9)

4.3. Simulation Results and Discussions

In this section, the simulation aims to compare the developed control
strategies: LQR, LC, and SLC. The focus is on assessing how each
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strategy responds to different reference hitch angle profiles, specifically
targeting hitch angle control. The simulation model is a simplified rep-
resentation, without the inclusion of measurement noise, to isolate and
evaluate the fundamental performance of each control method. The ex-
periment uses step, ramp, and sinusoidal inputs as the reference hitch
angle profiles. These profiles mimic real-world operational scenarios,
comprehensively evaluating each control method’s effectiveness under
diverse, dynamic conditions.

The simulation model extends the system defined in section 3.2 by in-
corporating steering angle dynamics modeled as a PT-1 system. The
steering angle d(t) is governed by the following equation:

dé(t)

T (1) = Ku(t) (4.10)

The continuous system is integrated with a small simulation step of
1ms using the Euler discretization method. The truck’s velocity is kept
constant at —1ms~!; negative velocity implies that the truck is driv-
ing in the reverse direction. The experimental design is structured to
methodically apply each control strategy to the one-GT system, evalu-
ating their performance across the three predefined input profiles. The
step input tests the system’s transient response and settling time, the
ramp input examines its ability to track a continuously varying hitch
angle, and the sinusoidal input assesses the control strategies’ handling
of dynamic, oscillatory inputs.

4.3.1. Step Input Response
Figure 4.4a illustrates the hitch angle response to a step change in the

reference hitch angle. The figure highlights the transient behavior and
settling time of the one-GT system under each control strategy.
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(a) Hitch angle 6 response to a step (b) Control input ( - - ) and steering
change in the reference hitch angle. angle ¢ following a step reference

hitch angle.

Figure 4.4.: Comparative analysis of hitch angle 6 response and control input u for
step reference hitch angle input under LQR ( — ), LC ( ), and
SLC ( — ) strategies in the one-GT system.

The LQR demonstrates a slower response than LC and SLC, with a no-
ticeable delay in achieving the desired hitch angle. The LC achieves the
fastest response, closely following the reference hitch angle with mini-
mal overshoot. The Simiplified Lyapunov Control (SLC) is a simplified
version of LC, where the rate of change of the reference hitch angle is
considered zero. Therefore, in the case of a step response, LC and SLC
perform identically.

4.3.2. Ramp Input Response

Figure 4.5a illustrates the hitch angle response to a ramp increase in
the reference hitch angle. The figure highlights how well each control
strategy tracks the changing reference.

The LQR has difficulty tracking the increasing reference hitch angle,
resulting in a significant lag. The LC maintains a closer adherence to
the reference hitch angle with minimal lag. SLC performs better than
LQR in tracking the ramp input but demonstrates a moderate lag com-
pared to LC.
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Figure 4.5.: Analysis of hitch angle response and control system behavior to ramp
reference input LQR ( — ), LC ( — ), and SLC ( — ) strategies in
the one-GT system.

4.3.3. Sinusoidal Input Response

Figure 4.6a compares the hitch angle response to a sinusoidal reference
hitch angle input
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(a) Hitch angle 6 response for a (b) Control input ( - - ) and
sinusoidal reference hitch angle corresponding steering angle § for a
input. sinusoidal reference hitch angle

input.

Figure 4.6.: Comparative analysis of hitch angle response and control input u for
sinusoidal reference hitch angle input under LQR ( — ), LC ( — ),
and SLC ( — ) strategies in the one-GT system.
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LQR fails to accurately follow the sinusoidal reference, exhibiting signif-
icant phase lag and amplitude error. LC accurately tracks the sinusoidal
reference with minimal phase lag and amplitude error, demonstrating
its proficiency in handling dynamic oscillatory inputs. SLC performs
better than LQR but not as well as LC, showing moderate phase lag
and amplitude error.

4.3.4. Evaluation of Lyapunov Control Performance

The system’s performance under LC is evaluated using different input
signals: step, ramp, and sinusoidal inputs with varying parameters. Each
type of input tests the system’s ability to maintain accurate hitch angle
tracking and stable control efforts under varying conditions.

Figure 4.7a and fig. 4.7b depict the hitch angle response and control ef-
forts for step inputs of varying heights. The results demonstrate the sys-
tem adapts well to different step heights, demonstrating accurate hitch
angle tracking and stable control efforts across all tested step inputs.
The zoomed-in steering angle fig. 4.7b illustrates the dynamic phase
from the initial condition where the steering angle is zero, providing a
clear view of the control response.

For ramp inputs, fig. 4.8a and fig. 4.8b illustrate the system’s response to
ramps with varying slopes. LC effectively manages the increasing ramp
rates, ensuring precise hitch angle tracking and stable control inputs.
From fig. 4.8b, it is evident that there is a sudden jump in the requested
steering wheel input when the hitch angle reaches a maximum ramp
height. This sudden increase is due to the discontinuity in the rate of
change of the hitch angle at this point, which also validates the findings
and observations in section 3.5. This discontinuity is not visible in the
step response request fig. 4.7b, as the rate of change of the hitch angle
is continuous.
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(a) Hitch angle responses to step (b) Control inputs and steering angle
inputs are depicted, where variations for step reference
( - - ) represents the reference inputs under LC.
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Figure 4.7.: Comparative analysis of the system’s hitch angle and control input
( - - ) responses to step inputs under LC. The figure illustrates the
performance at different step heights, from 10° ( — ), 30° ( — ) and
60° ( ) , demonstrating the system’s adaptability to sudden changes
in the reference hitch angle.

Finally, the response to sinusoidal inputs with varying frequencies is
shown in fig. 4.9a and fig. 4.9b. The control strategy demonstrates ro-
bustness in handling different frequencies, maintaining accurate hitch
angle tracking, and consistent control inputs. This robustness is cru-
cial for real-world applications where the system may encounter various
dynamic conditions.

The results demonstrate that the control can effectively handle steady-
state stabilization and dynamic trajectories where the hitch angle rate
continuously varies. The simulation results confirm the assumptions that
linearizing the system around the steady-state configuration for LQR
limits its performance in following dynamic trajectories, as discussed in
section 2.2 for the linearized system model in [Ljul6, Lju20, Wul7].
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Figure 4.8.:

System response to ramp inputs: hitch angle and control input behav-
ior under LC. Comparison of hitch angle responses to ramp inputs with
rates from 1°s™! ( — ), 5°s7! ( — ) and 10°s™! ( — ), demonstrat-
ing system responsiveness.
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4.4. Summary

4.4. Summary

From the simulation results, it is evident that Lyapunov Control (LC)
outperforms both the Linear Quadratic Regulator (LQR) and Simpli-
fied Lyapunov Control (SLC) in terms of response time, accuracy, and
stability across all input profiles. LC consistently achieves the quickest
response and shortest settling time for step inputs, the most effective
tracking for ramp inputs, and the most accurate following for sinusoidal
inputs with minimal phase lag and amplitude error. The findings make
LC the most suitable control strategy for the one-GT system under di-
verse dynamic conditions.

SLC performs better than LQR but is less effective than LC, showing
moderate stability and tracking ability. LQR, while functional, lags both
LC and SLC in terms of response speed and tracking accuracy, indicating
its limited applicability for scenarios requiring rapid and precise control
adjustments. The related work conclusion also discusses the inability
and limitation of the LQR to follow dynamic maneuvers.

Overall, the choice of control strategy should consider the specific re-
quirements of the operational scenario, with LC being the preferred op-
tion for dynamic and precise hitch angle control in the one-GT system.
This work focuses on developing an optimal trajectory tracking control
for truck and trailer system. It uses hitch angle stabilization to compute
the initial guess for the optimization problem and define a virtual system
model. LC lays the foundation for the upcoming chapters of this work.

Additionally, a cascade control law Cascade Control consisting of a High-
Level Pure Pursuit Control and a Low-Level Lyapunov Control (PPC-
LC) explained in appendix A.1l from [Kum22a], where Pure Pursuit
serves as the high-level control to compute the desired hitch angle and
SLC is employed as the low-level control, is evaluated experimentally for
trajectory tracking in section 5.4.
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one-GT

This chapter presents a Nominally Guided MPC (NGMPC) framework
approach for nonlinear systems. This framework addresses the chal-
lenges inherent in nonlinear systems and optimization by formulating an
efficient quadratic programming problem. One of the main objectives
of this chapter is to formulate an optimal trajectory stabilization con-
trol for the one-GT system. The Nominally Guided MPC (NGMPC)
framework is used for trajectory tracking control formulation of a one-
GT system. Trajectory stabilization control ensures that the one-GT
system accurately follows a predefined reference trajectory while main-
taining stability and maneuverability. This control approach seeks to
minimize deviations from the desired trajectory and to ensure smooth
and efficient motion.

It is essential to highlight the distinction between optimal trajectory
control and planning. Optimal trajectory control ensures the vehicle
follows a given trajectory as precisely and efficiently as possible, consid-
ering dynamic constraints and control objectives. It involves real-time
adjustments to the control inputs to minimize deviations from the de-
sired parameters and optimize performance metrics such as smoothness
and safety. Additionally, optimal trajectory control maintains the ve-
hicle within a defined tolerance band around the reference trajectory,
ensuring the system remains safe and stable despite minor deviations.

On the other hand, trajectory planning involves generating the desired
trajectory for the vehicle to follow, typically considering the environ-
ment, obstacles, and desired final position. While trajectory planning
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provides the reference trajectory, optimal trajectory control ensures that
the vehicle adheres to this trajectory effectively.

The problem addressed in this chapter involves the stabilization of the
system along the predefined trajectory. The state variables of the system,
including the positions and orientations of both the truck and trailer,
are assumed to remain within safe operational limits as long as they
stay within the defined safe zone. This safe zone is characterized by a
tolerance band around the reference trajectory, which accounts for minor
deviations while ensuring the vehicle remains stable and secure. The
control strategy keeps the vehicle’s state variables within this tolerance
band, maintaining safety and performance despite dynamic disturbances
and uncertainties.

This chapter further explores three developed approaches for trajectory
stabilization in one-GT systems:

o Model Predictive Control (MPC): This approach utilizes the
known dynamics of the one-GT system, based on the NGMPC
framework.

o Virtual Model Predictive Control (VMPC): This approach
employs the same NGMPC framework but defines the model dif-
ferently. VMPC uses a virtual model where the hitch angle is
considered a virtual input, simplifying the control strategy.

o Flatness-Based Model Predictive Control (FMPC): This
approach leverages the concept of partial differential flatness, uti-
lizing a partial flat model as the prediction model.

All approaches address the numerical instability of the one-GT system,
particularly during reverse driving maneuvers. When the truck moves
backward, it has an unstable equilibrium, and even a slight deviation
can lead to jackknifing. An open-loop integration of the model with
zero steering angle and zero hitch angle will inevitably result in jack-
knifing, even with minor numerical deviations. This inherent instabil-
ity renders numerical open-loop forward integration impractical. The
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NGMPC framework mitigates these issues by utilizing a nominal tra-
jectory to guide the one-GT system to follow a reference trajectory.
The nominal control strategies can effectively manage the inherent in-
stability, ensuring stable and accurate trajectory tracking and serving
as a linearization point for optimization problems. Additionally, Vir-
tual Model Predictive Control (VMPC) and FMPC prediction models
are inherently stable in both forward and reverse driving as compared
to the classical one-GT system.

5.1. Nominally Guided MPC (NGMPC)
Framework

This section presents the NGMPC framework formulated for the control
and optimization of discrete nonlinear dynamic systems. Consider a
discrete nonlinear system is given by the generic function f.

X1 = f(x;,u;). (5.1)

The function f is differentiable and lineariziable for all state x € R**!
and input u € R™*!, where n and m denote the number of state variables
and the number of control inputs, respectively.

Given the nonlinear system described in eq. (5.1), MPC can be for-
mulated as either a Quadratic Programming (QP) or a Nonlinear Pro-
gramming (NLP) problem. While QP solutions tend to be computation-
ally more efficient than their NLP counterparts, this efficiency makes
QP-MPC highly suitable for real-time applications requiring fast update
rates [Zeill, Aug09].

However, the QP approach within MPC is fundamentally designed for
linear systems. When addressing nonlinear systems, a prevalent method
is to use linearized versions of the system dynamics. This lineariza-
tion often remains accurate only near a specific operating point [Sim13].
Deviations from this point can introduce errors [Mor88]. Furthermore,
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linearizing nonlinear constraints might result in approximations caus-
ing infeasible solutions, underlining the difficulty of capturing complex
nonlinear system behaviors using this method [Parl6].

To overcome the inherent limitations of traditional QP-based MPC with
nonlinear systems [Sim13, Ali10], the concept of NGMPC is introduced.
Within the framework of NGMPC, several key components that form
the basis of the NGMPC framework are detailed.

» Reference State: At each time step ¢ € [0,N], where N € Z*
signifies the horizon length, the reference state r; signifies the sys-
tem’s target or desired state.

e« Nominal State, Input, and Trajectory: For each time step 4
in the prediction horizon i € [0,N], the nominal state x, and the
nominal input u; are established. These define the nominal tra-
jectory, representing the system’s expected progression. Starting
from the initial condition X, = x,, where x, represents the ob-
served state at ¢+ = 0, the subsequent nominal states and control
inputs are computed iteratively. This process involves integrating
the system model over the prediction horizon, while employing a
nominal control law to determine the nominal system inputs.

e Optimal State, Input, and Trajectory: For each time step
within the prediction horizon ¢ € [0,N], the optimal state x; and
optimal input u; are computed. They comprise the optimal tra-
jectory, reflecting the most cost-efficient trajectory for the system,
given specific state and input constraints.

One of the distinguishing features of the NGMPC framework is the in-
tegration of nominal control law based on classical control approaches
and modern MPC. This framework employs a nominal control law iter-
atively, in conjunction with the system’s nonlinear dynamics, to gener-
ate a nominal trajectory over the prediction horizon. Subsequently, the
optimization problem is formulated as a QP, subject to the linearized
system dynamics, with the generated nominal trajectory serving as the
operating point.
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5. Nominally Guided MPC for one-GT

This fusion of nominal control and MPC addresses many concerns of
utilizing QP for formulating MPC for nonlinear systems. In typical sce-
narios, the linearized system dynamics are valid only within a narrow
region around the operating point. However, the developed approach en-
sures that the nominal trajectory computed with nominal control acts as
a suboptimal trajectory, thereby keeping the nominal trajectory within
the vicinity of the optimal, allowing for a more accurate linearized model.
It, in turn, facilitates the computation of feasible QP solutions within a
limited number of iterations, rendering real-time implementation feasi-
ble. If the optimization fails to converge, the system will still nominally
track the reference.

A step-by-step exploration of the NGMPC framework will now be pre-
sented to provide a comprehensive understanding of its core algorithms.

5.1.1. Linearization of System Dynamics

A linear system model is essential to formulate the QP problem required
for NGMPC. Consequently, first-order Taylor approximation linearizes
eq. (5.1) around the nominal state X, and the nominal input u; V i €
[0,N), where N € Z* represents the prediction horizon of a RHC. The
linearized system is as follows:

X1 =X + A (% — %) + Bi(w; —wy), (5.2a)
=X, —AX; —B,u; + A;x; + Bju,, (5.2b)
< %, = Ajx; + B, + 1z, (5.2¢)

where I, is an identity matrix with n is the number of states and

Xi41 = f(x;,0;),

z; = X; 1 — Ax; — Bu,,
of _of
A= o Bi=au,
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A, € R™™ and B; € R™*™ are the Jacobian matrices w.r.t. x; and u,;
at x; and u,.

Equation (5.2) defines the linearized model for the dynamics of a nonlin-
ear system around a nominal trajectory. This linearized model is a valu-
able approximation that provides a highly accurate representation of the
system’s behavior in the vicinity of the nominal state and input [x;, u,].

5.1.2. Formulation of the Objective Function

The objective function in NGMPC addresses a primary challenge in con-
trol systems: guiding a dynamic system to follow a specified reference
trajectory. This function in NGMPC has three core aims:

1 Trajectory Tracking Precision: This is achieved by penalizing
deviations from the target reference states.

2 Control Smoothness: Emphasized by penalties on sudden or
abrupt changes between consecutive control inputs and deviations
from reference control inputs.

3 Prediction Model Accuracy: Assured by penalizing deviation
from nominal control sequences, ensuring the linearized model re-
mains near its operational point.

By penalizing deviations from the nominal trajectory, NGMPC ensures
that the system behavior remains near this trajectory. In doing so,
precision control is achieved by leveraging the nominal control law. Fur-
thermore, this strategy compels the system to operate within regions
where the linearized model remains valid, subsequently enhancing the
feasibility of the optimal trajectory.

After defining the goals and concepts of the NGMPC objective function,
it’s essential to detail its mathematical formulation to see how these
principles are applied.
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The objective function J is written as:

1 N1
J(x;u;) = ) ((Xi+1 - ri+1)TQi+1<Xi+1 —Ti)
1=0
+ (ul - ur,z)TRi(ui - ur,i)
+ (ui - ﬁz)TPi(uz uz)
= )8 0 - w), (53)
Where:

o 1; € RV € [0,N] are the target reference state.

e Q € R™™ is the cost matrix associated with deviations in state

variables.
e R € R™*™ penalizes deviations of control inputs from the reference.

e P € R™™ penalizes deviations of control inputs from their nominal

values.

e S € R™*™ penalizes differences between consecutive control actions
to ensure smoothness.

5.1.3. Quadratic Optimization Problem

NGMPC aims to minimize the objective function (5.3), by adhering to
the system dynamics (5.2) and determining the optimal control sequence
u*. This section provides a comprehensive derivation of the quadratic
optimization problem, focusing on minimizing the objective function sub-
jective to the system’s dynamics and considering the state and input

constraints.

For all ¢ € [0,N), the system takes the following vector form:

= Axy+ Bu + &z, (5.4)
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where x, € R**! is the current measured system state.

The sequences for control input, state, and equivalent disturbance are
represented by the vectors u, x, and z, respectively:

e u € R™Y*1: The control input sequence, represented as

N . T ol
u=[ug,uy,..,uy_o,Ux_;

Il
o x € R™N*1: The state sequence, represented as

T =[x{,..., x4 xq)"

o z € R™N*1: The equivalent disturbance sequence, represented as

— [, T T T T
z=12g, 2N _9:ZN_1) -
The matrices A4 € R0 B ¢ RN and & € RPNON are state
matrices, input matrices, and disturbance matrices for the equivalent
linear system(5.4), respectively.

A = [Ao, AOAl’ oo 7AA();AI vee AN*ZANfl] 5 (5.5)
BO
AlBO Bl
B=| AAB,  AB, - 7 (5.6)
A Ay .. Ay By W Bu,
1
Al T
e— | AAL . (5.7)
AA, o Ag T T
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The objective function given by eq. (5.3), similar to the system dynamics,
can be expressed in its vector form as follows:

J(x,u)=(x—7) 9(x—r)

+ (’Ll. - ur)T‘%(u - ur)
+(u—u)"P(u—u)
+ (U D+ Dyu)"S(u_y D + Dyu). (5.8)

The various vectors in eq. (5.3) and their corresponding definitions are
given below:

e 7 € R*N*!: The desired reference state for the system over the
prediction horizon. It is represented as

T T T,T
r=[ry,...,'n_1,Ix] -

e u, € R®N*1: The reference control input indicating the ideal con-
trol action. It is represented as

u T]T

_ T T T
r [ur,O >ur,1 9 7ur,N72 7ur,N71
e u_; € R™*L: The current measured system input.

e u € R™N*1: The nominal input vector, computed using 1. It is
represented as

— T _T T T T
u = [Uy,Uy , ... ,Uy_g,UN_1q]
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The matrices 9, R, and § are the equivalent cost matrices for the vector

form:
Q= diag(Ql,Q27 7QN) c RHNXHN,
R = diag(RO,R RNfl) c [RmemN,
P = dlag(PO,P PN*I) c [RmNXmN,
S = diag(SO,Sl, .. SN 1) c IRmemN.

Additionally, the matrices D and 2, compute the control input deviation
from the subsequent step, are defined as follows:

D =[1,..1] 150, ..., 0] € RmNx1,
-1, 0 0 0
0o I, I, 0 .. O
D= oo : € RuNxmN,
0 0 =~ =~ 0
0 I, -1,

By substituting the state and input matrices eq. (5.4) into the cost func-
tion eq. (5.8), the expression becomes more concise in its quadratic form.

J(u) =u"Hu+ gu, (5.9)
where,

H =B'O0B+R+P+D{8D,
c |RmN><mN’
g=2(x0 A QB +2 & QB—7 0B —u, R+u D 8D))
€ RmNx1, (5.10)

The objective is to minimize the cost function J(w) while respecting
various constraints. By leveraging the objective function presented in
eq. (5.9) and the system equation expressed in vector form eq. (5.4),
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5. Nominally Guided MPC for one-GT

the generic quadratic programming (QP) problem for NGMPC can be
derived as follows:

u* = argmin J(u) + e, Qe (5.11)
u,e,

s.t. = Axy+ Bu+ &z, (5.12)
€min — .765 <zr—r< € max + ‘7657 (513)

Ymin < Cx < Ymax> (514>

Upin < U < Upay, (5.15)

Auy;, < Du_ g+ Dju < Auy,, (5.16)

where J = [[,......... L] € R°N [ s identity matrix.

The constraints described by Equation (5.13) ensure minimal system de-
viation from its reference. Integral to this is the slack vector e, € R™*1,
which provides flexibility, allowing for minor deviations in the face of
measurement inaccuracies, uncertainties, disturbances, or modeling in-
accuracies. The slack variables ensure the feasibility of the optimiza-
tion, acknowledging real-world complexities that might impede perfect
state tracking.

Output constraints are specified by eq. (5.14), with € as the output ma-
trix, while eq. (5.15) and eq. (5.16) represent the limits for the control
inputs. The optimization problem is solved using a Quadratic Program-
ming (QP) solver. The cvxgen tool was used to generate the quadratic
programming solvers for the developed approaches [Mat12].

In the subsequent sections, NGMPC framework will be employed to
develop optimal trajectory stabilization controls for a one-GT system.
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5.2. Optimal Trajectory Stabilization for
one-GT

Optimal trajectory stabilization for truck and trailer systems ensures
safe and efficient navigation, particularly in complex driving scenarios
such as reversing or maneuvering in tight spaces. Achieving this involves
accurately tracking a desired reference trajectory while maintaining sys-
tem stability and minimizing control efforts. The objective function
determines the system’s dynamic behavior in optimal trajectory control.
Considering control objectives and desired system responses directs the
optimization toward determining optimal control inputs. For instance,
emphasizing precision ensures precise tracking of a reference trajectory,
while prioritizing control smoothness can minimize actuation energy ex-
penditure, reduce abrupt changes, and provide system stability. A well-
formulated objective function must balance these performance metrics
to ensure optimal system performance.

Figure 5.1.: The figure depicts the nominal and the corresponding reference state
(z,y, 1, p) for an one-GT. The subscript , denotes the reference state.
The dotted green line depicts the reference trajectory, and the solid
green lines illustrate the reference configuration of the truck and trailer
system.
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Figure 5.1 provides a geometric illustration of the corresponding refer-
ence state for a system state in a one-GT. In this figure, z, y, ¥, ¢,
and ¢ denote the system states, while z,, y., ¥,, ¢,, and J, represent
the reference states. The dotted green line indicates the trajectory the
system aims to follow, and the solid green lines depict the reference
configuration of the truck and trailer. Here, the states z,y, v, @, 0 and §
represent the position, orientations of the trailer and truck, hitch angle,
and steering angle, respectively.

Trajectory tracking aims to ensure that the one-GT system follows
the desired reference trajectory and remains within an allowed region.
Hence, the precision metrics and the constraints to keep the tracking
errors within a defined tolerance band for the one-GT system are
formulated here:

1 Lateral Deviation (e,): It quantifies the orthogonal distance be-
tween the trailer’s position and the desired reference trajectory. It
is critical for avoiding off-track behaviors and ensuring safe navi-
gation. The coordinates z, and y, denote the intersection points
of the reference trajectory with the trailer’s lateral axis.

ey = V(@ =2, + (y —y,)?
st. z—xz, €le

e

X, min?’ x,max]7

Y=Y € [ey,mirn 6y,max]'

2 Trailer Heading Deviation (e,): It depicts the angular devia-
tion between the trailer’s heading and the desired reference head-
ing.

ey =% —1, st ey € [y mins €ypomax)-

3 Truck Heading Deviation (ew): It quantifies the angular dif-
ference between the truck’s heading and its target reference.

egp =@ —¢r s.t. egp € [ecp,mina eap,max]' (517)
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4 Steering Angle Deviation from Reference (6 —d,): It mea-
sures the difference between the actual steering angle and its ref-
erence, promoting alignment with the desired control actions.

€5 = §— 5r s.t. es € [eé,min7 e&,max}

5 Steering & Hitch Angle Constraints: These constraints are
crucial to maintain actuation limits and prevent jackknifing.

)
0elo

5max} ’

0

min»
min> max}'

There are three main approaches developed for trajectory stabilization
of one-GT: MPC, VMPC, and FMPC. MPC utilizes a classical system
model as the prediction model. The overall goal of all three controls re-
mains the same, as discussed in this section. While the precision metrics
are the same for all three developed approaches, the smoothness metrics
differ slightly in formulation but aim to achieve the same objective. All
three control approaches utilize the NGMPC framework established in
section 5.1.

5.2.1. Model Predictive Control (MPC)

This section explores the formulation of MPC for optimal trajectory
tracking of one-GT. MPC uses a classical one-GT system dynamic
model as the prediction model and trajectory tracking control utilizes
the NGMPC framework. The discrete spatial dynamics of the one-GT
system, derived from the continuous dynamics of the general one-trailer
system as detailed in eq. (3.6) from section 3.2, are obtained using the
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Euler discretization method:

Ty = 2, + dscosy, (5.18a)
Yrs1 = Yy + dssiny, (5.18b)
ds (1, sin 8, — 1, cos ;. tand,,)
= v 5.18
Vi1 = p ¥ 1, (1, cos 6, + 1, sin f, tandy,) ’ (5-18¢)
ds tand
Pri1 = P . (5.18d)

+ 1, cos 6, + 1, sin 6, tand,,

Section 3.2 also explains that the state space x = [z, y, ¥, ¢] is sufficient
to compute all the states of the truck and trailer. The system dynamics
in eq. (5.18) can be written as:

Xpop1 = (X ), (5.19)

where the state vector x, € ﬂ?i“ consists of [z, Yy, Un, 01) , and the
input vector u, € R™! is [5,] .

Although the Euler method is computationally efficient, it may introduce
discretization errors, especially for larger discrete steps, and sometimes
exhibit instability. To address this, the prediction model for the trailer’s
dynamics is based on a multi-step Euler integration method, where each
prediction step is divided into ng smaller steps to enhance accuracy and
stability. The distance traveled by the trailer between consecutive pre-
diction points, denoted as ds,,,, is given by ds,,,. = n4 - ds, with ny
representing the number of discretization steps between prediction steps
1 and ¢ + 1. Within each prediction step ¢, the system input u; = 9,

remains constant.

Starting from the current state x,, the model iteratively updates the
system state using the control input J; across the discretization steps,
resulting in the predicted state x,,,. This iterative process is encap-
sulated in the nonlinear function f,,, which defines the relationship

X1 = feq(Xi;1;). By utilizing smaller integration steps, the algorithm
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effectively reduces discretization errors commonly associated with larger
prediction intervals.

The equivalent function f,, are formulated using the Casadi tool-
box [And19]. This symbolic framework allows for efficient computation
of the function f,, and its derivatives with respect to x; and u,, enabling
fast and accurate analytical Jacobian calculations.

Nominal Trajectory Generation

The cascade control law presented in [Kum22a] is used as the nominal
control law, refer appendix A.l for detail. The algorithm for the nom-
inal trajectory generation is outlined in Algorithm 1. This algorithm
establishes the initial nominal state as the current state and iteratively
computes the desired curvature using a pure pursuit control law. The
desired hitch angle is calculated, followed by determining the desired
steering angle using a Simplified Lyapunov control function explained
in section 4.1. The reference state vector r, € R**! is composed of
(T3 05 Yips Yips npi,r]T. The nearest reference state is interpolated using the
reference trajectory, and the current nominal state and the next nominal
state are computed using system dynamics. The nominal state and in-
put trajectories are updated for each step of the prediction horizon. The
reference states are computed using a cubic interpolation of the near-
est reference points. The coordinate system is translated to the current
trailer frame at each control step to ensure the optimization problem
and reference matching are more feasible. The origin of the coordinate
system O is defined by the position of the trailer’s axle center, z and y,,
and rotated to align with the trailer’s longitudinal axis, denoted by the
heading angle 1),. This translation and rotation of the coordinate system
facilitate a more accurate and efficient reference state calculation.
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Algorithm 1: Nominal Trajectory Generation

Parameters:

e N: Prediction horizon

o 1.: Trailer length

o N,: Reference Horizon Length

Input:

® x,: Initial system state

° {rk}lljglz Reference trajectory with N, number of reference state
® fLyapunov: Lyapunov control function
Output:

o {x,}N: Nominal state trajectory

o {1, }N ! Nominal input trajectory
Initialization:

Xg X

ecurrent A 00

Begin Algorithm:

fori=0toN—-1do

Kdesired PurePursuitControl(rkS;I, X;)
adesired — aI‘Ctan(’{desiredlt)

6dcsircd — fLyapunov(gdcsircd7 ecurrcnt)

Xi11 ¢ Joq(Xi Odesirea)

T & MatchReferenceState({rk}E;l,)"(Hl)
ﬁi A 5dcsircd

ecurrent — g<iz+1)

Objective Function and Optimization Problem

Along with the performance metrics defined in section 5.2, additional
metrics focus on the continuity and consistency of control actions. It
ensures a control strategy that reduces abrupt changes and maintains
system stability. These additional metrics include:
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1 Steering Angle Deviation from Nominal (§—¢): Ensures the
actual steering angle remains close to a computed nominal value,
ensuring accurate linearized model behavior in the vicinity of the
nominal trajectory explained in section 5.1.

2 Steering Angle Rate (d, — J;_;): Captures changes in steering
angle over successive time steps, promoting smooth transitions and
avoiding abrupt maneuvers.

By balancing these precision and additional metrics, the MPC strat-
egy ensures optimal performance for the one-GT system across various
driving scenarios, aligning with both desired trajectories and ensuring
refined control actions.

The primary goal of this objective function is to minimize a weighted
sum of performance metrics over the prediction horizon. The specific
weighting factors reflect the trade-offs between tracking accuracy, control
effort, and system stability. The objective function is given by:

1 N=
J= 52 (w yeyHl + w, ewerl + we inrl
=0
+ws (8; = 6;,,)% +ws(; — 5;)% + was(6; — 5171)2) . (5.20)

Here, N represents the prediction horizon, and the weighting factors wy,
denote the weights for the respective states.

To find an optimal control sequence u* = [uy, ..., uNfl]T, the objective
function is minimized. The quadratic optimization problem for the MPC
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is given as:
1 N=1 i
u” = argmin 5 Z ((Xi+1 —Ti1) Qi1 (X1 — 1)
W,€51ack i=0
+ (u; — ur,i>TRi<ui —u, ;)
+ (u; — ﬁi)TPi(ui -u;)
+ (w4 — ui>TSi(uz;1 - ui)) + €Zack
(5.21a)
Stglack,i  Xip1 = A% + Byu; + Iz, (5.21Db)
€min — Ieslack,i <xX;—r; < eyt Ieslack,i’ (5210)
omin < Cxi < arnaxa (521d)
umin < uifl < umax7 (5216)
Aupy, < Au; < Auy,,,. (5.21f)

Here, the weighting matrices for states, input, input deviation from nom-
inal and input smoothness are Q,,, R;, S;, and P;, respectively. The
optimization problem is solved using the NGMPC framework.

5.2.2. Virtual Model Predictive Control (VMPC)

During reverse maneuvers, trailers exhibit inherent nonlinear dynamics
accompanied by marked instability. This nonlinear nature and instabil-
ity pose substantial challenges when applying model predictive control
and optimization techniques. Direct linearization is often either ineffec-
tive or outright unfeasible for such unstable systems. Moreover, deriving
an optimal control formulation based on these unstable dynamics usually
leads to non-convergent or non-robust solutions. This section introduces
a stable virtual model to address instability, providing a foundation for
more efficient formulation of optimal control strategies.
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In the standard dynamics of a one-GT system, the primary actuator
is the steering wheel, which allows the driver to maneuver the system.
Thus, the steering wheel angle is typically the primary input in the math-
ematical model. However, in the virtual model of the one-GT system,
the actuator directly sets a desired hitch angle 1), with an internal control
system adjusting the steering wheel accordingly.

The state vector for this virtual system is formalized as:

T
Xk = [mka yk7 /wkv (pk;a 6]@71] . (522)

The state steering angle 0,_; is an algebraic state, while the rest of the
system comprises differential states.

The virtual system’s input vector, centered around the desired hitch
angle, is described as:

Lyapunov’s control law, as explored in section 4.1, is integrated to stabi-

lize the desired hitch angle. Upon the integration of Lyapunov’s control
law for hitch angle stabilization, the relationship for ¢ is expressed as:

§ = arctan ( I, sinf — K (6 — 9)L1, cos ¥ ) .

1, +1, cosf + K(6 — )], sind

The virtual model guarantees stable control for forward and reverse one-
GT maneuvers. The virtual model system dynamics, using the discrete
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spatial vehicle dynamic equation in eq. (5.18), are derived as follows:

Ty = Ty, +dscos vy, (5.24)
Ypr1 = Yp + dssinay, (5.25)
bt =Vt T et T s 520
Phi1 = Pt 1, cos chff::iflkﬁk tan 8, (5:27)

o= et (o R gy ) - O

Expressing the virtual system as a generalized non linear function:

X1 = fv(xk70k>7 (529)

where u;, = [¥,], and ¥, is the desired hitch angle, which is the input
of the virtual system.

Based on the integrated system dynamics and control strategy, the vir-
tual system’s dynamics formulation is provided by eq. (5.29). Similar
to section 5.2.1, the equivalent prediction model f, ., (x;,u;) is derived
using multi-step Euler integration of the system defined in eq. (5.29).
The prediction model dynamics is given as:

Xit1 = fv,eq(xiv ui)v (530)
where ¢ is the prediction step.
Nominal Trajectory Generation
It is only necessary to compute ¢, the desired hitch angle for

the virtual model. The nominal control algorithm described ear-
lier will be simplified, as no cascade control is required. @ The
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details of this simplified algorithm are outlined in Algorithm 2.

Algorithm 2: Nominal Trajectory Generation Algorithm for VMPC
Parameters:

e N: Prediction horizon

e ].: Trailer length

e N,: Reference trajectory length

Input:

e x: Initial system state
. {rk}g;lz Reference state at each time step
Output:
o {%,}Y: Nominal state trajectory
o {9,}N 5! Desired hitch angle trajectory
Initialization:
Xg < Xg
ecurrcnt — 00
Begin Algorithm:
for i =0t N—1do
K desired PurePursuitControl({rk}g;l, X;)
191', — a’rCtan(HdeSiredlt)
Xii1 & X 0;)

ri g MatchReferenceState({rk}1,:;1 Xii1)

vc(
»eq

Objective Function and Optimization Problem for VMPC

Distinct from the metrics in section 5.2, the VMPC places greater em-
phasis on maintaining a consistent hitch angle rather than the steering
angle. The relevant hitch angle metrics for enhancing control precision
include:

1 Desired Hitch Angle Deviation from Reference (¥ — 4,):
Measures the difference between the actual and reference hitch
angles.
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2 Deviation from Nominal Hitch Angle (¢ — 9): Measure the
difference from the nominal hitch angle.

3 Hitch Angle Rate Deviation (¢, —¥,;_;): Prioritizes angle con-
sistency for a smoother control transition.

4 Steering Angle Deviation from Nominal (§ — ¢,): Ensures
proximity to the reference steering angle computed by the motion
planner.

While the majority of the constraints remain consistent with MPC for
the one-GT system as discussed in section 5.2, the distinct difference
in the VMPC context is the introduction of the desired hitch angle ()
constraints. This novel inclusion emphasizes managing the desired hitch
angle in the VMPC model, reflecting its importance in optimizing system
performance and safety.

Desired Hitch Angle Constraints:

v e [ﬂmirﬂ
AV € [AY

9

max}

A

min> max]

Stabilizing the hitch angle during reverse driving is essential for a truck-
semitrailer system to prevent jackknifing. By focusing on hitch angle
metrics aligned with the stable dynamics of the virtual model, precision
is enhanced, constraints are managed effectively, and operational hazards
are reduced.

The primary goal of this objective function is to minimize a weighted
sum of performance metrics over the prediction horizon. The specific
weighting factors reflect the trade-offs between tracking accuracy, control
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effort, and system stability. The objective function is given by:

1 N—
J 5 Z (w 63 i+1 + wezpe¢ i+1 + w egzo 1+1 + w6 (6z+1 61+1 r)2
=0

+wy (V; — 0, 4 wy(9; — D)2 + way(0; — 1911)2> .
(5.31)

Here, N represents the prediction horizon, and the weighting factors
W(keyword) denote the weights for the respective states.

To find an optimal control sequence u* = [ug,...,uy ;] , the objec-
tive function is minimized. The quadratic optimization problem for the
VMPC is given as:

N-1
. 1

. T
U’ = argmin ((Xi+1 —T1) Qi1 (X1 —Ti0q)
W,€51ack i=0

+ (u; — ur,i)TRi(ui —u, ;)
+ (u; — Ui>TP (w; —u;)

T
+ (1 — ;) S;(u; 4 — uz)) + €Zack

(5.32a)

StvienN  Xir1 = A% + By, + 1z, (5.32b)
€nin — leacr,s <X — T < e+ legaan s (5.32c)

9 < Cox; <O, (5.32d)

Omin < CsX; < o (5.32e)

Ui, < g < Uy, (5.32f)

Au,. < Au, < Au,,, (5.32g)

where Cy = [0,0,—1,1,0], C; = [0,0,0,0,1]. The parameters e,
and e, .. represent the permissible state deviations from the reference
trajectory.
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5.2.3. Flatness-Based Model Predictive Control
(FMPCQC)

In the context of one-GT systems, utilizing a flat model approach can
significantly enhance the efficiency and accuracy of the control strategy.
The concept of partial differential flatness transforms system dynamics
into a system that does not exhibit numerical instability.

This subsection introduces the Flatness-Based Model Predictive Control
(FMPC) for the one-GT system. Leveraging the partially flat model
derived in previous sections, FMPC aims to optimize the trajectory of the
truck-trailer system while respecting the system’s dynamic constraints
and ensuring collision-free trajectories.

The flat model system dynamics are defined by eq. (3.15) in section 2.1.2.
Here, the model will be discretized to facilitate the application of FMPC.
The subsequent states at index k& can be represented as:

T = 2, + dscosy, (5.33)
Yks1 = Yy + dssiny, (5.34)
ds(l, sin(py, — 1) — by cos(py, — ¢y) tan 6
ot = g+ B : , (535
b = L cos(ip, — )+ sy — G tand,) O
dstan
P =t - ; 5.36
R cos(iy — ) + Ly sin(py, — ¢y tan 5 (5.:36)
1, sinf, + 1,1 0
d, = arctan ,"SIEI kYOS Oy - . (5.37)
1, + sign(v)};, cos 8, — 1,1, ysin 4,

With the state vector expressed as:

T
X = [Ikaykmwkv@kaék—l] )

and the control vector depicted by:

w, = [,
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where v is the rate of change of the hitch angle with respect to the
traveled distance.

Similar to section 5.2.1, the equivalent prediction model fg,,(x;,u;)
is derived using multi-step Euler integration of the system defined in
eq. (5.33). The prediction model is given by the following equation:

Xit1 = fv,eq(xhui)’ (5.38)

where i is the prediction step.

Nominal Trajectory Generation for FMPC

The algorithm generates the nominal trajectory by iteratively comput-
ing v and updating the system states accordingly. The details of this
algorithm are outlined in Algorithm 3.

Objective Function and Optimization Problem for FMPC

The transition to using the rate of change of hitch angle, symbolized
by +, as the system input for the FMPC prediction model is rooted in
several critical considerations. Primarily, this shift ensures a continuous
hitch angle, which subsequently guarantees a smoother steering wheel
angle. Such smoothness is paramount for both vehicle safety and efficient
operation.
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Algorithm 3: Nominal Trajectory Generation Algorithm for FMPC

Parameters:
e N: Prediction horizon
e ], Trailer length
e N,: Reference trajectory length
Input:
o x,: Initial system state
° {rk}I;I;l: Reference state at each time step
Output:
e {x,}N : Nominal state trajectory
o {7,}N5!: Desired hitch angle trajectory
Initialization:
Xg X
gcurrent — 9()
Begin Algorithm:
fori=0t N—1do
K desired < Purelz’ursuitControl({rk}g;17 X;)
7 = —K (arotan (K geipeals) — 0)
Xit1 ¢ Jreq(Xis %)
Ty & MatchReferenceState({rk,}E;l,)_(Hl)

Key metrics for the FMPC are:

1 Rate of Change of Hitch Angle Deviation from Reference
(7 —7,): Measures the variance between the actual and the refer-
ence rate of change of hitch angles.

2 Deviation from Nominal Rate of Change of Hitch Angle
(7 — 7¥): Represents the optimal rate as proposed by the virtual
model.

3 Rate of Change of Hitch Angle Consistency (v;,—7;_;): Em-
phasizes the significance of maintaining a consistent rate of change
of hitch angle, facilitating seamless control transitions.
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5.2. Optimal Trajectory Stabilization for one-GT

4 Steering Angle Deviation from Nominal (§ — §,): Asserts
the importance of staying close to the reference steering angle, as
elaborated in preceding sections.

By focusing on the rate change of the hitch angle, the system ensures
continuity in both the hitch and steering angles. This smoothness in
control actions extends the vehicle’s lifespan by reducing wear and tear
and elevates the safety and predictability of the one-GT system.

The objective for FMPC is expressed below:

N—
E (w eyz+1 +we¢,ed)l+l + w, eapz-&-l
i=0

+ws (6,401 — Si10)? + w, (v; — Yei)?

l\DM—l

(5.39)
+ ws (y; — %) + waq (Y — 711)2)7

where N is the prediction horizon, and the weighting factors w(, denote
the weights for the respective states.

To obtain the optimal control sequence uw*, the FMPC minimizes an
objective function using a slack variable vector e € R°. The ensuing

quadratic optimization problem is:

slack

u* = argminJ(u) +e?, (5.40a)
U,€1ack
Stovien,Ny Xip1 = Ax; + B, +1z;, (5.40b)
€min — leacki <X; —T; < € T legae s, (5.40c)
Ymin < CoXi < Ymax: (5.40d)
Omin < CsX; < O pass (5.40e)
Ui, < W g < Uy, (5.40f)
Au;, < Au; < Au,, (5.40g)
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The parameters e, ;, and e outline allowable state deviations from

max
the reference. The matrices Cy, and €, and their specific forms, can
be cross-referenced with the VMPC section in section 5.2.2 for detailed
understanding. The optimization problem is solved using the NGMPC

framework.

5.3. System Architecture

This section describes the system architecture for experimentally validat-
ing the developed control algorithms. The system has advanced sensing
and control hardware to ensure precise and reliable operation during
testing and validation.

The truck and trailer have dual-antenna Differential Global Navigation
Satellite System (DGNSS) sensors, a hitch angle sensor, and a rapid pro-
totype controller with interfaces to control the actuators. The DGNSS
sensors provide critical information about the current state, including
the location of the truck and trailer, as well as the hitch angle. The
mounting positions of these sensors are depicted in fig. 5.2.

The first DGNSS sensor provides the position of the truck in UTM coor-
dinates along with the heading, while the second DGNSS sensor provides
the position of the trailer’s middle axle in UTM coordinates. Precise es-
timation of the hitch angle is crucial, especially during reversing maneu-
vers. Therefore, a hitch angle sensor measures the hitch angle directly.
A PT-1 filter computes the sensor bias during straight-line driving to
enhance the accuracy of the hitch measurement within +1°. This setup
is depicted in fig. 1.1, showcasing the MAN truck semi-trailer prototype
utilized for automated driving experiments.
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Figure 5.2.: Reduced system architecture for motion control testing and validation

This experimental prototype setup is critical for testing and validating
the developed control algorithms. The motion control algorithms are
tested and validated with a reference track logged using the DGNSS
sensor to eliminate reliance on additional autonomous driving modules,
such as motion planning and localization. As claimed by the manufac-
turer, the positional accuracy of the DGNSS sensors is 2 cm. This high
level of accuracy allows for precise localization of the truck semi-trailer
on the reference path without needing a separate localization module.

The control system operates on a rapid prototype controller, which in-
cludes all necessary software and hardware interfaces for validation. It
ensures that the control algorithms can be tested in a realistic environ-
ment, allowing for comprehensive evaluation and refinement. The over-
all system architecture, illustrated in fig. 5.2, provides a robust platform
for validating the efficacy of the motion control algorithms developed
in this research.
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5.4. Experimental Results and Validation

This section presents a detailed analysis of different control strategies
for maneuvering a trailer along a predefined DGNSS path. The focus
is on comparing the performance of the developed control strategies:
Cascade Control consisting of a High-Level Pure Pursuit Control and
a Low-Level Lyapunov Control (PPC-LC), Model Predictive Control
(MPC), Virtual Model Predictive Control (VMPC), and Flatness-Based
Model Predictive Control (FMPC), under various initial conditions. The
experiments presented in this section are carried out with HAAS during
his master thesis [Haa21].

Figure 5.3 illustrates the reference maneuver used in this analysis, com-
posed of a circular path followed by a sharp turn. This track has been
specifically chosen to challenge the control strategies in handling both
steady-state and dynamic conditions, making it an ideal test case for
evaluating the performance of the developed approaches.

Figure 5.3.: Reference Maneuver, composed of a circle and a sharp turn.
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Figure 5.4.: Negative initial deviation with PPC-LC. The trailer starts in the sec-
ond lane from the left while the reference is in the third lane in a
circular path. In the last frame, the vehicle jackknifes, indicating the
need for driver intervention.

Figure 5.4 demonstrates a scenario with a negative initial deviation using
PPC-LC. The trailer begins in the second lane from the left while the
reference path is in the third lane. As the sequence progresses, the PPC-
LC struggles to maintain the trailer’s alignment with the reference path,
resulting in a jackknife situation in the final frame, indicating the need for
driver intervention. In contrast, fig. 5.5 demonstrates a similar negative
initial deviation but with FMPC. Here, the trailer successfully converges
to the third lane without requiring driver intervention, showcasing the
robustness of FMPC in handling such deviations.

Figure 5.6 presents a scenario where the trailer starts with a positive
initial deviation using PPC-LC. The trailer begins in the fourth lane
while the reference is in the third lane. The images reveal that the
trailer fails to converge to the desired path, highlighting the limitations
of PPC-LC in correcting such deviations.
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Figure 5.5.: Negative initial deviation with FMPC. The trailer starts in the second
lane from the left while the reference is in the third lane in a circular
path. The trailer successfully converges to the third lane without driver
intervention.

Figure 5.6.: Positive initial deviation with PPC-LC. The trailer starts in the fourth
lane while the reference is in the third lane. The trailer fails to converge
to the reference lane, indicating that the PPC-LC could not bring the
system back to the desired trajectory.
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On the other hand, fig. 5.7 demonstrates the performance of FMPC
under similar conditions. The trailer successfully converges to the third
lane, demonstrating the superior convergence capabilities of FMPC in
this context.

Figure 5.7.: Positive initial deviation with FMPC. The trailer starts in the fourth
lane while the reference is in the third lane. The trailer successfully
converges to the third lane, showing the effectiveness of the FMPC in
correcting the trajectory.

Figure 5.8 illustrates a scenario with FMPC where the trailer starts with
a positive hitch angle deviation. The trailer begins in the third lane
with a positive misalignment of the hitch angle at the start position.
Despite this, the system successfully converges to the desired trajectory,
indicating the robustness of FMPC in handling initial misalignment.
Similarly, fig. 5.9 presents a case with FMPC where the trailer starts
with a negative hitch angle deviation. The trailer begins in the third
lane with a negative misalignment of the hitch. The system successfully
converges to the desired trajectory. This scenario is common, especially
when significant differences in hitch angle occur at points requiring a
switch from forward to backward motion.
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Figure 5.8.: FMPC with positive hitch angle deviation. The trailer starts in the
third lane with a slight misalignment at the start position. The system
successfully converges to the desired trajectory, indicating the robust-
ness of the FMPC in handling initial misalignment.

Figure 5.9.: FMPC with negative hitch angle deviation. The trailer starts in the
third lane with a slight misalignment at the start position. The system
successfully converges to the desired trajectory.
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To further illustrate the trailer’s behavior during sharp turns, figs. 5.10
to 5.12 present sequences from external and internal perspectives.

Figure 5.10 focuses on the external view from a camera positioned out-
side the curve, showing how the truck and trailer align as they navigate
the turn. Over a relatively short distance, the hitch angle changes signif-
icantly, as depicted in fig. 5.27, starting from a positive angle, transition-
ing to a negative angle, and finally returning to zero as the vehicle com-
pletes the turn. This sequence highlights the complexity of the trailer’s
motion and the dynamic adjustments required to maintain control.

Figure 5.10.: Truck and Trailer Maneuvering a Sharp Turn: Camera Positioned
Outside of the Curve
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Figure 5.11 shifts the perspective to an internal view from a camera
positioned inside the curve, allowing for a closer examination of how
the trailer follows the truck through the turn. This angle helps to vi-
sualize the spatial relationship between the truck and the trailer during
the maneuver, emphasizing the importance of precise steering and speed
control. The steering effort required to follow the curve is notably high,
reflecting the demands of maintaining the desired trajectory through
the turn.

Figure 5.11.: Truck and Trailer Maneuvering a Sharp Turn: Camera Positioned
Inside of the Curve

108



5.4. Experimental Results and Validation

Figure 5.12 provides a detailed look at the steering dynamics inside the
vehicle. By focusing on the steering wheel angle, these images reveal the
direct influence of the control system’s input on the vehicle’s trajectory
through the turn. The steering angle remains consistent during steady-
state driving before entering the curve, as seen in the initial frames and
depicted in fig. 5.27. However, from the sixth to the tenth frame, signifi-
cant changes in the steering angle are observed as the automated control
system adjusts to navigate the turn. After completing the maneuver, the
steering angle returns to zero, indicating the resumption of steady-state
driving. This sequence captures the complexity of the steering control
required by the autonomous system to maintain stability and direction
through a sharp turn.
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Figure 5.12.: Steering Angle and Vehicle Dynamics During a Sharp Turn

All three developed approaches (MPC, VMPC, and FMPC) are similar,
with some differences in errors, control effort smoothness, and hitch an-
gle dynamics. These differences are difficult to visualize in the video;
hence, the visual results presented here focus on FMPC. The follow-
ing section will present a comparative analysis of all the developed ap-
proaches using experimental results to provide a clearer understanding
of their performance.
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5.4.1. Experimental Results of PPC-LC

The PPC-LC strategy is tested under various conditions to evaluate
its stability and tracking performance. Generally, PPC-LC struggles
to converge from an initial lateral deviation, often becoming unstable
and requiring driver intervention. This strategy serves as the nominal
control law within the MPC framework, which includes MPC, VMPC,
and FMPC approaches.

In the MPC setup, PPC-LC is used to compute the desired hitch angle,
while the SLC method is applied to calculate the steering angle (4). For
VMPC, SLC is integrated directly within the system prediction model,
enhancing the stability of the prediction model. Similarly, FMPC em-
ploys LC to compute the steering angle, i.e., partial flat model of the
one-GT. This section demonstrates the nominal behavior of the system,
as the trajectory computed using PPC-LC serves as the linearizing point
for the developed NGMPC-based strategies.
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Figure 5.13.: Experimental results for PPC-LC. Maneuver: Reverse circular driv-
ing with positive initial lateral deviation.
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Figure 5.13 demonstrates the performance of PPC-LC during a reverse
circular driving maneuver with a positive initial lateral deviation. The
trailer begins in the fourth lane while the reference is in the third lane.
The figure illustrates that PPC-LC fails to bring the trailer back to the
reference path, leading to instability.

Figure 5.14 presents the results when PPC-LC is tested with a negative
initial lateral deviation. The trailer starts in the second lane while the
reference is in the third lane. PPC-LC struggles to maintain alignment,
resulting in jackknifing and requiring driver intervention.

30
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Figure 5.14.: Experimental results for PPC-LC. Maneuver: Reverse circular driv-
ing with negative initial lateral deviation.

In scenarios without significant initial deviations, Figure 5.15 demon-
strates that PPC-LC can track the trajectory with a maximum error of
around 0.6 m. However, the resulting hitch and steering angles exhibit
noticeable oscillations, indicating the control strategy’s limitations in
maintaining smooth and stable control.
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Figure 5.15.: Experimental results for PPC-LC. Maneuver: Reverse circular driv-
ing with a sharp turn near the end.

5.4.2. Experimental Results of MPC

The MPC strategy is capable of handling initial deviations from both
positive and negative values, as demonstrated in figs. 5.16 and 5.17.
However, MPC exhibits some oscillations during convergence, particu-
larly with sudden changes in the hitch and steering angle rates.

Figure 5.16 demonstrates the performance of MPC during a reverse cir-
cular driving maneuver with a positive initial lateral deviation. The
trailer starts with a deviation, but MPC can handle it, though some
oscillations are observed during the convergence.
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Figure 5.16.: Experimental results for MPC. Maneuver: Reverse circular driving
with positive initial lateral deviation.
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Figure 5.17.: Experimental results for MPC. Maneuver: Reverse circular driving
with negative initial lateral deviation.
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Figure 5.17 illustrates the scenario where MPC is tested with a negative
initial lateral deviation. The system demonstrates similar behavior with
oscillations during the convergence phase but maintains the trajectory.
Figures 5.18 and 5.19 depict MPC’s performance during more complex
maneuvers involving sharp turns with 0.5m and 0.3 m constraints. In
these figures, MPC demonstrates the ability to trace the trajectory al-
most within constraints, though with a slight overshoot of the tolerance.
The hitch and steering angles are smoother compared to PPC-LC, mak-
ing MPC a more reliable option for scenarios requiring steady control.

—60 | | | |
0 50 100 150 200 0 50 100 150 200

s [m] s [m]
10 ‘

50 100 150 200 0 50 100 150 200

s [m] s [m]

Figure 5.18.: Experimental results for MPC. Maneuver: Reverse circular driving
with a sharp turn near the end with 0.5 m constraint.
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Figure 5.19.: Experimental results for MPC. Maneuver: Reverse circular driving
with a sharp turn near the end with 0.3 m constraint.

5.4.3. Experimental Results of VMPC

The VMPC strategy improves upon MPC by ensuring continuous hitch
and steering angle rates, leading to smoother transitions during maneu-
vers. As shown in figs. 5.20 and 5.21, VMPC effectively handles both
positive and negative initial lateral deviations, maintaining the trajec-
tory within the specified tolerance.

Figure 5.20 demonstrates the performance of VMPC during a reverse cir-
cular driving maneuver with a positive initial lateral deviation. VMPC
successfully manages to bring the trailer back to the reference path,
demonstrating a smooth and stable convergence.

116



5.4. Experimental Results and Validation

Figure 5.20.: Experimental results for VMPC. Maneuver: Reverse circular driving
with positive initial lateral deviation.

30

Figure 5.21.: Experimental results for VMPC. Maneuver: Reverse circular driving
with negative initial lateral deviation.
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Figure 5.21 presents the performance of VMPC with a negative initial
lateral deviation. The trailer begins in the second lane while the refer-
ence is in the third lane. VMPC effectively handles the deviation and
maintains a smooth hitch angle throughout the maneuver. Figures 5.22
and 5.23 further illustrate VMPC’s performance during more complex
maneuvers involving sharp turns with 0.5m and 0.3 m constraints. The
hitch angle remains relatively steady, and the steering angle is smoother
compared to MPC, demonstrating the advantages of VMPC in achiev-
ing smoother control.

30 | | |
0 50 100 150 200 0 50 100 150 200

s [m] s [m]

Figure 5.22.: Experimental results for VMPC. Maneuver: Reverse circular driving
with a sharp turn near the end with 0.5 m constraint.
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Figure 5.23.: Experimental results for VMPC. Maneuver: Reverse circular driving
with a sharp turn near the end with 0.3 m constraint.

5.4.4. Experimental Results of FMPC

The FMPC strategy further enhances control smoothness by including
the second derivative of the hitch angle in its cost function, in addi-
tion to the hitch angle and its rate. This modification results in even
smoother steering and hitch angle dynamics, which are particularly no-
ticeable during convergence.

Figure 5.24 demonstrates the performance of FMPC during a reverse
circular driving maneuver with a positive initial lateral deviation. The
results demonstrate good convergence and smooth control dynamics, in-
dicating the effectiveness of FMPC in managing such scenarios.

119



5. Nominally Guided MPC for one-GT

10
= = i
= S
0 i B i
15 30 45 60
s [m]
T T T
10 | 42 |
= | 1 E |
2 =
~10 40
0
920 | | | I I I
15 30 45 60 15 30 45 60
s [m] s [m]
Figure 5.24.: Experimental results for FMPC. Maneuver: Reverse circular driving

with positive initial lateral deviation.

Figure 5.25 demonstrates the performance of FMPC during a reverse
circular driving maneuver with a negative initial lateral deviation. The
trailer starts in the second lane while the reference is in the third lane.
As shown, FMPC effectively handles the negative deviation, maintaining
smooth steering and hitch angles throughout the maneuver.
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Figure 5.25.: Experimental results for FMPC. Maneuver: Reverse circular driving
with negative initial lateral deviation.

Figure 5.26 highlights the performance of FMPC during a more com-
plex maneuver: reverse circular driving with a sharp turn near the end,
constrained to a 0.5m tolerance. The figure demonstrates that FMPC
manages this maneuver effectively, maintaining smooth control and ad-
hering to the constraints.
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Figure 5.26.: Experimental results for FMPC. Maneuver: Reverse circular driving
with a sharp turn near the end with 0.5 m constraint.
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Figure 5.27.: Experimental results for FMPC. Maneuver: Reverse circular driving
with a sharp turn near the end with 0.3 m constraint.
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Finally, fig. 5.27 depicts the same maneuver as fig. 5.26, but with a
tighter constraint of 0.3 m. Despite the increased difficulty, FMPC con-
tinues to perform well, showcasing its ability to handle strict constraints
while maintaining smooth control dynamics.

5.5. Summary

This chapter introduced the Nominally Guided MPC (NGMPC) frame-
work, a highly efficient tool for addressing the challenges inherent in non-
linear systems, with a primary focus on the one-GT. NGMPC framework
is designed to formulate a quadratic programming problem for nonlinear
systems efficiently, ensuring optimal trajectory stabilization control.

The chapter explored three developed approaches for trajectory stabi-
lization in one-GT systems:

o Model Predictive Control (MPC): Utilizes the known dynamics of
the one-GT system within the NGMPC framework.

o Virtual Model Predictive Control (VMPC): Employs a virtual
model where the hitch angle is considered a virtual input, sim-
plifying the control strategy while using the same NGMPC
framework.

o Flatness-Based Model Predictive Control (FMPC): Leverages the
concept of partial differential flatness, using a partial flat system
as the prediction model within the NGMPC framework.

Experimental validation has demonstrated that the system’s state vari-
ables, including positions and orientations, are maintained within a safe
operational zone with a tolerance band around the reference trajectory.
This approach accounts for minor deviations while ensuring the vehicle
remains stable and secure. Among the strategies, although some oscil-
lations were observed, MPC showed improved handling of initial devia-
tions compared to PPC-LC. VMPC further refined control smoothness
by ensuring continuous hitch and steering angle rates, leading to better
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stability. FMPC offered the most robust performance, effectively manag-
ing complex maneuvers with tight constraints, delivering the smoothest
and most stable control. Notably, the FMPC approach, which utilizes
a flat model, is not limited to control tasks but also finds applications
in trajectory planning and optimization. The next chapter will explore
these broader applications of FMPC.

The developed methods have proven highly effective in managing the
inherent instability of one-GT systems, particularly during reverse driv-
ing maneuvers. Additionally, the real-time capabilities of these methods
ensure that the control algorithms can make swift adjustments to main-
tain the desired trajectory, providing robust performance even in dy-
namic and uncertain environments. The experimental results highlight
the practical applicability and reliability of the NGMPC framework and
the developed predictive models, namely virtual and flat system mod-
els, establishing their value for real-world implementations in automated
driving systems.
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Optimization for one-GT

Trajectory planning for truck-trailer systems is particularly challenging
due to the complex dynamics and non-holonomic constraints inherent to
these systems [Ber19, Gua2l, Lef05]. The difficulty increases in narrow
environments, where optimal control approaches must be progressively
constrained to navigate tight spaces [Li20]. Achieving optimal trajectory
planning typically requires a good initial guess [Nat23, Zipl5]. The
initial trajectory guesses’ quality significantly influences the optimization
process’s success and the final trajectory’s quality.

Some researchers have utilized the model’s symmetry to address numer-
ical instability, which can make model-based optimization methods con-
servative. Nevertheless, utilizing symmetry in finding trajectories may
be ineffective in tight spaces where continuous directional changes are
needed to reach the goal. Another approach is to simplify the motion
planning process by approximating the one-GT as an one-ST. However,
as discussed in section 3.5, the validity of this approximation decreases
with increasing hitch length and the trailer’s curvature. Therefore, treat-
ing the one-GT as an one-ST may not always be feasible.

This chapter addresses trajectory planning and optimization of one-GT.
Trajectory planning for different trailer configurations will be compared,
and the impact of simplifying the one-GT as an one-ST will be discussed.
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6.1. Trajectory Planning: one-GT

Trajectory planning is formulated as a nonlinear programming problem
that leverages the concept of partial differential flatness for an one-GT.
This approach considers partial flat model dynamics, ensuring a stable
system model, particularly during reversing maneuvers. The objective is
to generate optimal trajectories that the truck-trailer system can accu-
rately follow. Trajectory planning aims to determine a feasible trajectory
that meets the system’s kinematic constraints, ensures smooth and effi-
cient motion, and is collision-free.

6.1.1. Collision Constraints

Extensive research has been conducted on collision constraints in trajec-
tory planning. Researchers have explored various geometrical objects,
such as circles, polygons, rectangles, ellipsoids, and sigmoid functions,
to formulate constraints for collision avoidance [Pau22, Plel7, Smil7,
Gerll, Bril9, Gutl7].

Several studies have focused on collision avoidance and optimal path
planning for vehicles with multiple trailers [Moh17, Guel9]. Various
approaches, including lattice-based frameworks and neural network al-
gorithms, have been developed to generate kinematically feasible and
collision-free paths for these vehicles [Ljul9, Qurl9].

[Lam03] presents a method for path optimization in highly constrained
environments, specifically for complex kinematic systems like trucks with
two trailers. Collision avoidance was managed by defining a potential
that increases as the distance from an obstacle decreases. Moreover,
[Bus95] introduces an obstacle avoidance algorithm for a car pulling
trailers, focusing on designing a collision-free path for a mobile robot
configured with trailers. By incorporating a trailer correction factor and
upper bounds on the off-tracking of the trailers, the algorithm aims to
ensure safe path planning by accounting for the unique dynamics of a
vehicle pulling trailers.
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6.1. Trajectory Planning: One-GT

Most works handle trajectory planning using sample-based planners, in-
corporating collision checks and stabilizing the system on the sample-
based trajectory. In this work, collision constraints are considered within
the nonlinear programming problem. The collision avoidance constraints
consist of two parts: defining the geometry of the truck and trailer and
defining the obstacles in the occupancy. This section begins by explor-
ing how the obstacles are formulated.

As illustrated in fig. 6.1, the plot demonstrates a typical parking lot
designed for truck-trailers. The figure showcases the layout and num-
bered parking locations, providing a visual representation of how such
a parking lot is structured.
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Figure 6.1.: The plot illustrates an example parking lot for truck-trailers.

Figure 6.2 converts the parking lot into constraints and obstacles for tra-
jectory planning. This figure details the geometrical constraints and the
obstacles within the parking area, which are essential for formulating col-
lision avoidance strategies and ensuring safe navigation for truck trailers.

In the figure, all the parking spaces, whether occupied or free, are repre-
sented by overlapping circles. These circles simplify the space taken up
by potential obstacles, making it easier to compute collision constraints.
Additionally, the parking lot boundary is discretized and sampled with
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6. Trajectory Planning and Optimization for one-GT

circles of a smaller radius. This approach ensures that no part of the
truck trailer collides with the boundary, as defining upper and lower
bounds alone would not be sufficient for large systems. Any occupied
grid cell or clusters of cells can be mapped as a cicles.
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Figure 6.2.: The plot illustrates the conversion of a parking lot layout into circular
obstacles for defining collision constraints for trajectory planning.

Figure 6.3 illustrates the selection of relevant circular obstacles within
the parking lot for trajectory planning. Rather than converting the
entire parking lot into circular obstacles, this figure highlights the spe-
cific circles crucial for the selected parking spot. This focused approach
ensures that only the pertinent obstacles are considered, reducing the
complexity within the trajectory planning problem and enhancing the
efficiency of collision avoidance strategies.
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Figure 6.3.: The plot illustrates selection of relevant obstacles for a specific parking
spot that must be considered to ensure collision-free navigation.

Figure 6.4.: The plot demonstrates the selected geometry for the truck and trailer
as super ellipses.

With the geometry of the objects within the environment defined, the
focus will now shift to how the system is geometrically defined.

Figure 6.4 demonstrates the selected geometry for the truck and trailer
as super ellipses and defines the collision-free criteria between the super
ellipse and a circle.

To ensure a collision-free trajectory, the following constraint must be
satisfied for all circular obstacles:
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6. Trajectory Planning and Optimization for one-GT

(L) 4 (L) >1, (6.1)
a+r+e b+r+e

where (z,,y,) are the coordinates of the circle center in the coordinate
system of the ellipse, and r is the radius of the circle. For the trailer,
a = lf“Tle and b = Tugie where | is the length of the trailer and
Wirailer 15 the width of the trailer. Similarly, for the truck, a = lt%k and
b= Tupck where | is the length of the truck and wy,, is the width
of the truck. The parameter € is a small positive value for safety margin.
This constraint ensures that the truck and trailer, modeled as super
ellipses, avoid all circular obstacles in the environment, maintaining a
safe and collision-free trajectory.

trailer

truck

6.1.2. Problem Formulation

This section focuses on the trajectory planning for the one-GT system.
The primary objective is to find an optimal path that navigates the
trailer from a given start position to a specified goal pose while avoid-
ing obstacles.

Trajectory planning considers circular obstacles defined in the map,
ensuring the planned path remains collision-free while respecting the
trailer’s kinematic constraints. This trajectory planning framework aims
to generate smooth, feasible paths that adhere to the physical constraints
of the one-GT system and navigate through complex environments with-
out collisions.

Consider, the state vector for the one-GT system as:
x; = |2, 9;,0;,0;,0;] € RS, (6.2)

where x; and y,; denote the position of the trailer at time step ¢, v, is
the heading angle, 6, is the hitch angle, and 9§, is the steering angle.
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6.1. Trajectory Planning: One-GT

The system input is:
u; = [v;,ds;] € R?, (6.3)

with 7, being the rate change of the hitch angle w.r.t. distance traveled
by trailer and ds; representing the distance traveled at time step 3.

The dynamics of the one-GT system were derived using the continuous
flat model defined by the eq. (3.15) in section 3.4 and discretized using
the fourth-order Runge-Kutta (RK4) integration method, resulting in
the following discrete-time equations:

Xit1 = f(x,u,), (6.4)

where f encapsulates the kinematic relationships between the truck and
the trailer.

The initial state x, € R® is given as:

x, = x(0). (6.5)

To guide the system to a desired final position and orientation, a goal
state x5 € R® is defined. The terminal cost J; for achieving this goal is:

Jf = (XN - xg)TQf(XN - Xg)’ (66)

where xy represents the state at the final time step N, x, € R® is the
goal state, and Q; € R>*® is a weight matrix that prioritizes accuracy
in reaching the goal state. To ensure proximity to the goal, a terminal
constraint is imposed:

ey — x| < e. (6.7)
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6. Trajectory Planning and Optimization for one-GT

The running cost, which penalizes deviations in the state and input
vectors over time, is given by:

Z
AN

J. = (Q962 + Qs62), (6.8)

7

Il
o

where Qg € R and Q; € R are weight coefficients for 6§, and §;, respec-
tively. Similarly, the running costs for the inputs J,, and the change
in inputs Jp, are:

N1
J, = u; R u, (6.9)
=0
N—
Z U — RAu( u; g — ), (6.10)
i=0

where R, € R?*? is the weight matrix for the control inputs, and R, €
R2*2 is the weight matrix for the changes in control inputs.

Input constraints ensure control inputs stay within feasible ranges
throughout the trajectory:

»<u;<u Uiy Uy € R (6.11)

max) min’ “'max

Additionally, a collision constraint ensures the system maintains a safe
distance from obstacles:

g9(x;) > 1, (6.12)

where g(x;) represents the distance to obstacles at time step .
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The complete Nonlinear Programming (NLP) problem is formulated as
follows:

min J=Jp+J +J, +Ja,

S.tovicion—1] X0 = Xx(0),
e — x4 <€,
Ui S W < Upys (6.13)
i < 0, < 0
Omin < 0; < Oppases
g(x;)>1, i=0,....N—1,

Xiy1 = f(x;,0;).

max?

Incorporating these elements ensures the one-GT system can effectively
navigate complex environments with smooth, collision-free trajectories,
adhering to all physical and operational constraints. The trajectory plan-
ning problem was formulated and solved using Casadi, a symbolic frame-
work for numerical optimization [And19].

6.2. Results and Discussions

The following section presents the results of the planned trajectories for
the one-GT under various parking maneuvers. This analysis demon-
strates the versatility and effectiveness of the developed trajectory plan-
ning algorithm, showcasing its applicability across different configura-
tions. The algorithm’s ability to plan paths requiring continuous ad-
justment in the direction of travel to reach the goal for various parking
maneuvers is discussed. The focus is on the area swept by the one-GT,
illustrating that the planned trajectories are collision-free. Addition-
ally, trajectories for the same maneuver across different configurations
are compared, providing insights into the hitch and steering angles and
their compliance with constraints. Each figure illustrates the area swept
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by the one-GT for different configurations of trailer connections: in front
of the rear axle (l;, = —1m), at the rear axle (I, = 0m), and behind the
rear axle (I, = 1m). The results for parallel, angled, and perpendicular
parking are presented.

Table 6.1.: Model parameters and dimensions for one-GT

Parameter | Description Value (m)
1, Wheelbase of the Truck 3.6

1, Length of the Trailer 8

1, Hitch Length for Trailer -1,0,1

L railer Trailer’s Geometric Length 12

| Truck’s Geometric Length )

Lear t Trailer’s Rear Overhang 3.1
rear,v Truck’s Rear Overhang 0.7

w Width of Truck 2.5

6.2.1. Parallel Parking

In parallel parking maneuvers, the one-GT is required to park paral-
lel to the curb, which involves a combination of forward and backward
movements to align the vehicle within the parking space.

Trailer Connected in Front of the Rear Axle (1, = —1m): The area swept
by the one-GT during parallel parking with the trailer connected in front
of the rear axle is illustrated in fig. 6.5. This configuration results in a
specific trajectory pattern that must be followed to successfully park
the vehicle.
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Figure 6.5.: The figure illustrates the area swept by the one-GT for parallel parking
and the trailer connected in front of the rear axle (I}, = —1m).

Trailer Connected at the Rear Axle (l;, = Om): The area swept by the
one-GT during parallel parking with the trailer connected at the rear
axle is shown in fig. 6.6. This setup showcases a different trajectory due
to the altered pivot point of the trailer connection.

Figure 6.6.: The figure illustrates the area swept by the one-GT for parallel parking
and the trailer connected at the rear axle (1;, = Om).

Trailer Connected Behind the Rear Axle (1, = 1m): Figure 6.7 demon-
strates the area swept by the one-GT during parallel parking with the
trailer connected behind the rear axle. This configuration results in yet
another unique trajectory, reflecting the extended pivot point.
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Figure 6.7.: The figure illustrates the area swept by the one-GT for parallel parking
and the trailer connected behind the rear axle (l;, = 1 m).
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Figure 6.8.: The figure illustrates the trajectories planned for one-GT for parallel
parking with different trailer connections: in front of the rear axle
(I, = —1m), at the rear axle (I, = Om), and behind the rear axle
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Figure 6.9.: The figures demonstrate the hitch angle 6 and steering angle § vs.
distance s for parallel parking with different trailer connections: in
front of the rear axle (l;, = —1m), at the rear axle (l, = Om), and
behind the rear axle (1}, = 1m).

6.2.2. Angled Parking

Angled parking requires the one-GT to enter the parking spot at an an-
gle, typically around 45 degrees. This maneuver can be more challenging
due to the increased complexity of the trajectory.

Trailer Connected in Front of the Rear Axle (I, = —1m): The area
swept by the one-GT during angled parking with the trailer connected
in front of the rear axle is depicted in fig. 6.10.

136



6.2. Results and Discussions

o o o
© - A= © ©

0 10 20 30 40

Figure 6.10.: The figure illustrates the area swept by the one-GT for angled parking
and the trailer connected in front of the rear axle (l;, = —1m).

Trailer Connected at the Rear Axle (1, = Om): fig. 6.11 demonstrates
the area swept by the one-GT during angled parking with the trailer
connected at the rear axle.
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Figure 6.11.: The figure illustrates the area swept by the one-GT for angled parking
and the trailer connected at the rear axle (l;, = Om).
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Trailer Connected Behind the Rear Axle (l;, = 1m): 6.12 demonstrates
the area swept by the one-GT during angled parking with the trailer
connected behind the rear axle.
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Figure 6.12.: The figure illustrates the area swept by the one-GT for angled parking
and the trailer connected behind the rear axle (1, = 1m).
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Figure 6.13.: The figure illustrates the area swept by the one-GT for angled parking
with different trailer connections: in front of the rear axle (1, = —1m),
at the rear axle (I, = Om), and behind the rear axle (l;, = 1m).
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Figure 6.14.: The figures demonstrate the hitch angle § and steering angle § vs.
distance s for angled parking with different trailer connections: in
front of the rear axle (I, = —1m), at the rear axle (I, = Om), and
behind the rear axle (1}, = 1m).
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6.2.3. Perpendicular Parking

Perpendicular parking involves positioning the vehicle at a right angle
to the parking space, requiring precise maneuvering.

Trailer Connected in Front of the Rear Axle (I, = —1m): The area swept
by the one-GT during perpendicular parking with the trailer connected
in front of the rear axle is illustrated in fig. 6.15.
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Figure 6.15.: The figure illustrates the area swept by the one-GT for perpendicular
parking and the trailer connected in front of the rear axle (1, = —1m).

Trailer Connected at the Rear Axle (I, = Om): fig. 6.16 demonstrates
the area swept by the one-GT during perpendicular parking with the
trailer connected at the rear axle.
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Figure 6.16.: The figure illustrates the area swept by the one-GT for perpendicular
parking and the trailer connected at the rear axle (1, = Om).

Trailer Connected Behind the Rear Axle (1, = 1m): Figure 6.17 demon-
strates the area swept by the one-GT during perpendicular parking with
the trailer connected behind the rear axle.
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Figure 6.17.: The figure illustrates the area swept by the one-GT for perpendicular
parking and the trailer connected behind the rear axle (I, = 1m).
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Figure 6.18.: The figure illustrates the area swept by the one-GT for perpendicular
parking with different trailer connections: in front of the rear axle
(I, = —1m), at the rear axle (I, = Om), and behind the rear axle
(I = 1m).

Figure 6.19.: The figures demonstrate the hitch angle 6 and steering angle ¢ vs.
distance s for perpendicular parking with different trailer connections:
in front of the rear axle (I, = —1m), at the rear axle (I, = 0m), and
behind the rear axle (l;, = 1 m).
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Figure 6.20.: The figure illustrates the planned trajectory for perpendicular parking
for the one-GT system. The dashed trajectory denotes the reverse
maneuver, while the solid trajectory indicates the forward maneuver.

Figure 6.20 illustrates the planned trajectory for perpendicular parking
using the one-GT system. In the figure, the dashed trajectory denotes
the reverse maneuver, while the solid trajectory indicates the forward
maneuver.

This figure highlights the effectiveness of the trajectory planning algo-
rithm in managing complex parking maneuvers that require continuous
direction changes. By seamlessly transitioning between forward and re-
verse movements, the algorithm ensures that the truck and trailer navi-
gate efficiently into the parking space without collisions. This capability
is crucial for practical applications where space constraints necessitate
precise and adaptive maneuvering. The ability to plan trajectories that
incorporate continuous direction changes demonstrates the robustness
and versatility of the planning algorithm in handling real-world park-
ing scenarios.

Despite the optimality of planned trajectories, they can sometimes ex-
hibit high jerks and may not be feasible due to significant discretization
steps and model linearizations. To address these issues, the second part
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of this chapter focuses on trajectory optimization. The goals of trajec-
tory optimization are twofold:

1. Drivability: The trajectory optimization aims to achieve a high-order
continuity for the trajectory. For a non-holonomic system such as a
truck trailer, achieving minimum G2 continuity is essential for effectively
navigating the path even with an infinite steering rate.

2. Feasibility Check: The developed trajectory optimization algorithm
can ensure feasibility for a given trajectory.

6.3. Trajectory Optimization

Dubins and Reeds-Shepp paths are known for creating minimal-length
steering paths for nonholonomic vehicles by combining arc-shaped turns
and straight line segments [Gim22]. These paths are designed to be
continuously differentiable (G') and typically consist of no more than
three segments between positions [Dial9]. Dubins paths, for example,
are made up of three trajectory segments, which can be either circular
arcs or straight lines [Lugl4]. While these paths offer the shortest travel
distance, they lack curvature continuity, leading to abrupt changes in
trajectory curvature at the transition points between arcs and straight
segments [Nua).

Clothoid paths create curvature continuous paths but do not achieve G
continuity [Gim22]. As shown by FRAICHARD AND SCHEUER, curvature
continuous paths approximate Reeds-Shepp paths, which are known to
be the shortest for connecting points with heading continuity [Lam21].
LiMA ET AL. developed an optimization algorithm to compute sparse,
curvature continuous trajectories by maximizing the zeros in the sec-
ond derivative of the curvature vector. OLIVEIRA ET AL. introduced
a method for maintaining sharpness continuity using cubic curvature
paths, which respect steering limitations for articulated vehicles. Still,
their approach is limited to connecting only two arbitrary positions.
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In Section 3.5, the relationship between steering and hitch angle con-
tinuity and the flat point was examined, concluding that for a truck-
trailer system to maintain continuity, the trajectory should be at least
G? continuous. This section presents an optimization method designed
to generate more feasible driving paths.

Inspired by the findings, this section presents an optimization method
that generates paths that are not only feasible but also optimally sharp
and continuous. Inspired by the work of OLIVEIRA ET AL. [Olil§]
and LIMA ET AL. [Lim15, Lim16, Lim17], this method aims to ensure
G* continuity, thereby enhancing the feasibility and smoothness of the
truck-trailer system’s motion.

The optimization presented here extends our previous work detailed in
[Kum22b]. In that study, the focus was on vehicle dynamics without
trailers, utilizing clothoids to define system dynamics and sharpness as
the rate of change of curvature. Here, this approach is extended to
optimize paths for a vehicle with a trailer.

Two models are utilized to optimize the trajectory: one-ST, defined by
eq. (3.10) in section 3.3.1, and one-GT, defined in section 3.4. The
continuous spatial models are discretized using the fourth-order Runge-
Kutta (RK4) integration method.

The first model is an extension of the clothoid model from [Kum22b],
which computes the steering and hitch angles for an one-ST using the
system’s differential flatness.

The second model is based on partial flatness, as described by eq. (3.15)
in section 3.4. Here, sharpness is defined by the rate of change of the
hitch angle (v) instead of curvature. This model aims to find a trajectory
where the hitch angle is continuous up to the second derivative. This
approach ensures smoother transitions and enhances the overall stability
of the truck-trailer system during maneuvers.
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The state vector for both models is x = [z, y, ¥, k, 0, d] consisting of the
trailer’s position (z,y), heading (¢), curvature (x), hitch angle (), and
steering angle (9).

In a nutshell, objective aims to minimize the [, norm of the third deriva-
tive of the system input u = [ug7 uf, e u;q];n where N is the num-
ber of reference waypoints.

The optimization problem seeks to find an optimal SC trajectory
near a known reference path, consisting of N waypoints defined by
[@refs Yrets Yrets Frers S3] V4 € [0,N]. The optimization is subject to con-
straints ensuring the system states (x,y,1) stay within a tolerance
band around the reference trajectory and the hitch and steering angles
remain within valid regions.

min | Dul,

Stovien,N) X1 = f(x5,15),

|xi - ‘Tr,i| < S

1Y — Uil < ey,

|v; — 1/’r,z‘| < ey, (6.14)
10;] < Ormascs

10:] < O

105] < Gfnases

|u;| < max.

The constraints on the steering angle ¢ and its rate of change ¢’ collec-
tively handle the actuation constraints and vehicle dynamics, ensuring
that both the steering angle and the steering angle rate remain within
their respective limits. Additionally, the constraint on the hitch angle 8
ensures that it stays within its maximum allowable range.

The distance between consecutive waypoints is defined by the vector

1= 1[Iy, 1y, Iy ] (6.15)
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Suppose F(1) is a matrix-valued function that maps 1 € RN to RN-DxN

and is defined as:

F(l) = . (6.16)
1 1
Ino1 Ino1

The matrix operators for the first, second, and third derivatives are then
constructed using F(1):

271 = F(Dv

Dy = F(ll)F(1)7

Dy = F(12>F(11)F(1)a
where

ST 5
L — {lo +20 +1 20+ In3+2x o+ In :
T 4 ’ 4 4

. {l0+ll b+ Ly zN_2+zN_1]T
1= )

The objective is now transformed to ||lw; © Djul|;. The constraints
need to be linearized to solve the /; norm optimization. Following the
approach defined in section 5.1.1, the model is linearized around the
nominal state and input paths [&, u], serving as the initial guess.

When using a sample-based planner, the curvature or hitch angle of the
reference trajectory might not be accurate. In some cases, this infor-
mation may not be available. Trying to fit piece-wise curvature to the
trajectory can also lead to inaccuracies. In such cases, the nominal state
and control input can be computed as defined in section 5.1. It aids in
improving convergence by ensuring that the optimization starts in the
vicinity of the reference, thereby providing a more reliable initial guess
and enhancing the overall stability of the optimization process.
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The linearized equation for the state vector x = [XT, . x;] as a function
of the input vector w is given by eq. (5.4) and is written as follows:

x = Axy+ Bu + €z, (6.17)

where * and u are the nominal state and input vectors.

The linearized optimization problem is given as follows:

min - [fw; © Dyull; + [lell (6.18a)

st. x=Ax,+ Bu+ &z, (6.18b)

|Cx —r| <e—+ ¢, (6.18c¢)

1Csx| < dpaxes (6.18d)

|D16] < 0] axs (6.18e)

ICox| < 0,0, (6.18f)

| < Uy (6.18g)

where € = [e],...,ex] and g; = [ax,sy,%]T, r = [r,..,ry] and
r, = ['Tref,iv Yret,is 1/)ref7i]T~

Cs and Cy map the steering and hitch angles from the state vector,
respectively, while € maps the state to the desired output [z, y, 1]

6.3.1. Sparsification of the Optimized Path

Assume u* is the optimal input vector. Consider a vector p representing
the weighted third-order derivative of u, defined as follows:

T
B = [/1'07 ,/~LN73} ’

"|

p = |lw; D3u

Kink points are identified as the points where the elements of p exceed
a threshold e. Once the N, kink points are selected, the optimized
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trajectory is constructed using Ny — 1 cubic segments of input. Each
section of the trajectory is defined by the states

[Ik7yk7¢k7Rk70k75k7uk7u;g]szo (6.19)

and input uy, with the length of the section s, where k indicates the seg-
ment. The optimized trajectory for a section of the sparsified trajectory
is calculated iteratively using the following discrete system of equations:

u;yy = uj + ujds, (6.20a)
1

iy = u; s + juds?, (6.20D)

Xi1 = f(x5,0), (6.20c)

where Js is the discretization step, and u is the system input determined
using the relation u” = Dyu* for the kink points.

6.3.2. Applications and Outlook

The system dynamics model for one-ST is defined for the trailer using
the clothoid equations of motion, with the steering angle and hitch an-
gle calculated using differential flatness. If steering and hitch angles are
not considered, the optimization method can still efficiently compute a
clothoid trajectory or a higher-order continuous trajectory by adjusting
the optimization objective in eq. (6.21), as explained in [Kum22b]. Un-
like iterative methods that fit G! splines between consecutive points, this
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algorithm solves the problem for the entire horizon as a single optimiza-
tion problem. The optimization problem is defined by:

m&n B3l Dsullg + Bo| Doull + B112ulg

StvienN X1 = f(x5,0),

|lz; — $m'| < ey

ly; — yr,i| < ey, (6.21)
s — byl < ey,

k| < K

max?

|ai| S Omax-

where x = [z, v, 1, /{]T and u = q, i.e., sharpness of the trajectory and
f defines the system dynamics of a clothoid.

Table 6.2.: Type of continuity achieved by adjusting objective

B1 | By | Bs | Trajectory Type

0] 0 1 | Cubic Curvature G*

0 1 0 | Quadratic Curvature G*
1 0 | 0 | Clothoid Trajectory G?

As per the table 6.2, the method finds various applications beyond tra-
jectory optimization for truck-trailer systems. Sparsified trajectories can
help efficiently store offline computed trajectories and facilitate com-
munication between trajectory planning and control modules. It was
demonstrated in [Kum22b] that a relatively large DGNSS trajectory can
be effectively represented with a compact number of waypoints without
losing details. Additionally, this method has practical applications in
compactly storing road information for autonomous driving. By effi-
ciently computing and representing paths, it is possible to create high-
definition (HD) maps that store extensive road network data in a more
manageable format. This compact representation aids in efficient data
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6.3. Trajectory Optimization

storage and communication between modules in autonomous driving sys-
tems.

[Gal22] used a piece-wise clothoid fit for road line markings, demon-
strating the utility of clothoidal mapping for HD maps. However, the
developed method in this work offers the advantage of solving the entire
trajectory optimization as a single problem, avoiding the limitation of
piece-wise fitting approaches.

[Zha24a] employed a linearized clothoid model to map the roads as
clothoid segments and used the system model derived in [Lim17]. The
approximation error in such linearized representations can be significant.
This work has demonstrated the method’s effectiveness in reducing this
error, showing that the approximated model is precise and that the devi-
ation between the approximated and actual models converges [Kum22b].
The results presented in the next section highlight this modeling accu-
racy even for a complex truck-trailer system.

6.3.3. Results and Discussions

This section presents a comprehensive analysis of the optimization re-
sults for the one-ST system, focusing on various aspects of the trajectory
optimization process. First, the optimization of a G figure-of-eight tra-
jectory for an one-ST system is examined. This reference trajectory is
meticulously selected, with a figure-of-eight pattern chosen for its con-
tinuous heading and discontinuous curvature. The trajectory mimics a
Dubins path, consisting of two straight lines and two circular arcs, pro-
viding a challenging test case for the optimization method. This refer-
ence highlights the optimizations’ ability to handle paths with significant
curvature changes and transitions between trajectory segments.
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Figure 6.21.: Original vs Optimized Trajectory. The figure demonstrates the ref-
erence trajectory and the optimized trajectory to illustrate the im-
provement.

Next, the influence of the optimized hitch angle for an one-ST system on
the behavior of the one-GT system is explored. This analysis highlights
the necessity of optimizing paths specifically for the one-GT system to
ensure stable and accurate trajectory tracking. The trajectory optimiza-
tion results for the one-GT system are then presented, demonstrating
the effectiveness of the optimization method in producing feasible and
smooth paths for complex one-GT systems.

Furthermore, the impact of varying steering angles and their rate con-
straints on the optimization results is investigated. This analysis pro-
vides insights into how different constraints affect trajectory feasibility
and system performance.

Finally, results for optimizing a trajectory computed by a planner, which
consists of both forward and reverse maneuvers, are provided. These re-
sults demonstrate the versatility of the optimization method in handling
different driving scenarios.
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6.3. Trajectory Optimization

Trajectory Optimization for one-ST

Figure 6.21 illustrates the original reference trajectory and the optimized
trajectory. The optimization process results in a trajectory that main-
tains the state deviations in the allowed tolerance from the reference but
also ensures a smoother transition, making it more feasible. Figure 6.22
illustrate the deviations in the (z,y) coordinates. These figures highlight
the actual and approximated deviation in optimization between the refer-
ence and optimized trajectories, demonstrating that both remain within
the defined tolerance.
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Figure 6.22.: This figure highlights the actual and approximated deviation in the
(x,y) coordinates for optimization of one-ST.

The similarity between the approximated deviations obtained during
the optimization process and the actual deviations observed validates
the convergence and effectiveness of the algorithm. This close match
indicates that the optimization method reliably produces accurate and
feasible paths that adhere to the specified constraints and objectives.
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Figure 6.23.: The figure compares the reference, initial guess, and optimized for
curvature, and rate change of curvature.

Figure 6.23 compares the reference, initial, and optimized curvature ().
This analysis helps to understand the changes made during the optimiza-
tion to achieve a smoother path. Figure 6.23 demonstrates the compari-
son between the initial and optimized sharpness, while Figure 6.24 illus-
trate the first and second derivatives of the optimized sharpness. These
figures provide insights into resulting trajectory smoothness.
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Figure 6.24.: This figure demonstrates the first and second derivatives of the opti-
mized alpha values.

Figure 6.25 illustrates the hitch and steering angles in degrees. The
figure highlights the continuity of the resulting steering wheel angle.
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Figure 6.25.: The figure demonstrates the optimized hitch(6) and steering(d) angle
in degrees for one-ST.

Finally, Figure 6.26 illustrates the reference, optimized, and truck tra-
jectories.

20 |-

Reference = = = Optimized - - - Truck

Figure 6.26.: The figure demonstrates reference trajectory, optimized trailer’s, and
the truck’s trajectory for a one-ST.

The results presented in this section demonstrate the effectiveness of
the optimization algorithm for one-ST. The optimization improved the
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6. Trajectory Planning and Optimization for one-GT

feasibility and drivability of the trajectory for a one-ST by keeping the
vehicle actuation constraints within the permissible operational range.

Trajectory Optimization for one-GT

The section first compares the one-GT and one-ST systems. A common
assumption in path planning and optimization for the one-GT system
is that the trailer connects at the truck’s rear axle, i.e., as an one-ST
system. The states of the one-GT system are examined as it follows
the optimized hitch path for an one-ST system. The following figures
illustrate the optimized trajectory for an one-ST system followed by
different configurations of the one-GT system. Figure 6.27 demonstrates
the trajectories for various configurations of the one-GT.

20
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— 1, =—0.6 m l, =0.0m
—— 1}, =0.6 m ===~ Reference

Figure 6.27.: Trajectories of one-GT for different configurations. The figure demon-
strates how the flatness-based trajectory is followed by different con-
figurations of one-GT.
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6.3. Trajectory Optimization

The trajectory varies significantly even for small hitch distances, such as
0.6 meters, for negative and positive off-axle hitches. Although stabiliza-
tion of the one-GT on the optimized path for an one-ST is possible using
trajectory tracking control, the hitch and steering constraints might not
be satisfied. Therefore, trajectory optimization for the one-GT system
improves feasibility and drivability. Next, the results for trajectory op-
timization of the one-GT system will be presented.

Figure 6.28 illustrates the original reference trajectory, the optimized
trajectory, and the initial guess. The optimization can converge to an
optimal solution even if the initial guess is far from the reference tra-
jectory. The introduction of slack variables in the optimization problem
handles the initial deviation and iteratively converges to optimal zero.
Without the slack variables, the initial guess influences the optimiza-
tion’s success.
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Figure 6.28.: The figure illustrates reference, optimized trajectory, and initial guess
for one-GT.

Figure 6.29 illustrates the deviations in the (z,y) coordinates. The de-
viations within the allowed tolerance affirm the optimization’s ability
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6. Trajectory Planning and Optimization for one-GT

to converge to an optimal solution. While a good initial guess speeds
up the optimization process, the algorithm is robust enough to handle
a poor initial guess.
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Figure 6.29.: The figure highlights the actual and approximated deviations in the
x,y coordinates for one-GT.

Figure 6.30 demonstrates how the rate change of hitch v changes from
their initial state to their optimized state and it’s first derivative. These
figures provide insights into the optimization process and the resulting
trajectory smoothness. The rate change of hitch ~ is crucial as it influ-
ences the vehicle’s steering behavior. The optimized  values result in
a smoother and more accurate path, indicating the effectiveness of the
optimization process. A continuous first derivative implies less abrupt
changes in steering, contributing to a more stable and controlled vehicle
trajectory.
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Figure 6.30.: The figure illustrates the initial and optimized rate change of hitch
angle v and the difference in the rate change of the hitch angle be-
tween two consecutive steps for one-GT.

Figure 6.31 illustrates the initial and optimized hitch and steering angles
in degrees.
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Figure 6.31.: The figures illustrate the reference and optimized hitch(f) and
steering(d) angles in degrees for one-GT
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Figure 6.32.: The figure illustrates the initial and optimized second derivative of
the hitch angle rate « for one-GT.

Figure 6.32 illustrates the initial and optimized second derivative of the
hitch angle rate v for the one-GT, as well as the difference in the second
derivative between two consecutive steps.

The figure demonstrates a profile similar to a bar diagram, where each
bar represents a trajectory section. The corners of these bars, known as
kink points. Each bar’s width corresponds to the trajectory length that
can be defined as one segment. It implies that the trajectory between
two kink points can be represented as a single section, simplifying the
trajectory representation.

The results presented in this section demonstrate the effectiveness of
the optimization algorithm in improving the feasibility of trajectory for
one-GT.

Trajectory Optimization with Varying Constraints

The optimization process effectively manages varying constraints, as
demonstrated in Figure 6.33. This figure highlights the deviations in
the  and y coordinates for two optimizations with different steering an-
gle constraints for the one-GT. The figures illustrate how the optimized
trajectory closely follows the reference path, ensuring minimal deviations
and high accuracy in trajectory planning.
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6.3. Trajectory Optimization

Figure 6.34 and Figure 6.35 illustrate the reference and optimized hitch
0 and steering J angles, as well as their rates, for the one-GT. The figures
represent the results of two optimization scenarios with different steering
constraints: 30° and 40°. These figures demonstrate how the optimiza-
tion process adapts to different constraints, optimizing the trajectory
while respecting the given limits.

The results highlight the algorithm’s capability to manage varying steer-
ing constraints, maintaining smooth and feasible trajectories. By com-
paring the reference and optimized angles, the optimization’s adjust-
ments to achieve the best possible trajectory within the specified con-
straints can be observed. This flexibility is crucial for practical applica-
tions where different vehicles and scenarios may impose varying limi-
tations.

In conclusion, the optimization effectively handles different steering con-
straints, ensuring accurate and feasible trajectories for the one-GT. This
adaptability demonstrates the robustness of the trajectory optimization,
making it suitable for a wide range of practical applications.
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Figure 6.33.: The figure highlights the actual and approximated deviations in the
x,y coordinates for one-GT.
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Figure 6.34.: The figures illustrate the reference and optimized hitch 6 and steering
6 angles in degrees for one-GT.
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Figure 6.35.: The figures illustrate the reference and optimized steering ¢ angles
and their rates in degrees for one-GT.
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Optimization of Planned Trajectory

0 10 20 30 40

Figure 6.36.: The figure illustrates the optimized trajectory for the one-GT during
an angled parking maneuver. The area swept by the optimized tra-
jectory is also shown, highlighting that the trajectory is collision-free
in the vicinity of the original reference.
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Figure 6.37.: The figure highlights the actual and approximated deviations in the
x,y coordinates between the optimized and original reference for one-

GT.
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Figure 6.38.: The figures illustrate the planned and optimized hitch () and steering
() angles in degrees for one-GT.

The figures in this section demonstrate the results of optimizing a
planned trajectory using the trajectory planner described in this work.
Figure 6.36 illustrates the optimized trajectory for the one-GT during an
angled parking maneuver. The area swept by the optimized trajectory
is shown, highlighting that the trajectory remains collision-free near
the original reference. The trajectory includes forward and reverse
driving maneuvers, demonstrating optimization robustness in handling
complex parking scenarios.

Figure 6.37 highlights the actual and approximated deviations in the z,y
coordinates between the optimized and original reference trajectories for
the one-GT. These figures demonstrate the ability of the optimization
process to maintain the trajectory within a narrow tolerance around the
planned path, ensuring collision avoidance.

Figure 6.38 illustrates the planned and optimized hitch () and steering
(6) angles in degrees for the one-GT. The optimization improves the
overall feasibility and smoothness of the path, adjusting the hitch and
steering angles to create a more practical and navigable trajectory.

In conclusion, trajectory optimization significantly enhances the feasibil-
ity and smoothness of the path while ensuring it remains collision-free.
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6.4. Summary

The optimization process improves path quality by maintaining the tra-
jectory within a narrow tolerance around the planned path. However,
conducting an additional collision check after optimization can further
enhance safety by addressing any potential local collisions that may arise
during the optimization process.

6.4. Summary

This chapter addressed the challenges of trajectory planning and opti-
mization for truck-trailer systems, focusing on one-GT. It presented a
comprehensive approach to trajectory planning, incorporating the com-
plexities of truck-trailer dynamics, non-holonomic constraints, and col-
lision constraints. The chapter further introduced a trajectory opti-
mization method aimed at achieving high-order continuity (G*) for the
planned paths, ensuring smooth and feasible trajectories.

The key contributions of this chapter are:

o Application of partial differential flat model for trajectory planning
and optimization of one-GT.

e Optimal trajectory planning framework for one-GT systems.

« Trajectory optimization method achieving G* continuity for
smooth and feasible paths.
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7. Generalization for n-General
Trailer (n-GT)

In this work, the development of trajectory tracking planning and con-
trol methods has primarily focused on One-General Trailer (one-GT)
configurations. However, many practical applications, particularly lo-
gistics and transportation, involve complex n-GT systems. The ability
to generalize control and planning strategies to n-General Trailer (n-
GT) systems would significantly enhance the utility and flexibility of
the developed methods, enabling their application to a broader range
of real-world scenarios.

The primary objective of this chapter is to generalize the concept of
partial differential flatness and the stable flat model developed for a
one-GT to the n-General Trailer (n-GT). Then, the chapter would like
to extend the Lyapunov Control (LC) and trajectory optimization based
on a partial flat model of two-GT. After the Truck Semitrailer, the Two-
General Trailer (two-GT) system, commonly known as the Truck-Dolly-
Trailer, is a widely used configuration in logistics. In this setup, the
dolly is connected off-axle to the truck, and the trailer is connected to
the dolly. In the mathematical modeling, the dolly represents the first
trailer and the system is represented by a two-GT.
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7.1. Partial Flatness for n-GT

The n-General Trailer (n-GT) is inherently not differentially flat. The
concept of partial differential flatness was explored in section 2.1.2 and
proven to be applicable in section 3.4 for a one-GT.

The concept of partial differential flatness, as explored in section 2.1.2,
also finds application in the n-General Trailer (n-GT) system. This
subsection proposes a partially differential flat model for n-GT; this ap-
proach introduces the flat state s = [0;,6y,05,...,0,] , where ¢; repre-
sents the hitch angle between the j-th and (j+1)-th trailers. The remain-
ing system states are designated as the non-flat state r = [z, y,,, wn]T
where x,, and y,, denote the position coordinates of the n-th trailer, and

1, represents its heading angle.

)

The evolution of the non-flat state r, given by r’ = f(s, r), allows for the
determination of all r states through integration, provided that initial
conditions are known. As an example, this work will now derive a flat
model and extend the trajectory planning for two-GT systems.

7.2. Two-General Trailer (two-GT): System
Modeling

In this section, the Truck-Dolly-Trailer system, a type of Two-General
Trailer (two-GT) system as illustrated in fig. 7.1, will be discussed. The
state vector is defined as x =[5, Yy, Vg, 11, ), with the input u = 4.
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Figure 7.1.: Geometric illustration of a Two-General Trailer (two-GT). The param-
eters 1, and 1; represent the lengths of the trailers, while m; denote
the distances between the axle of the dolly and its respective coupling
points.

In this context, the state vector x = [Z4,Ys, Vs, ¥1, 1] represents the
following components:

e 24 The z-coordinate of the trailer.
e yy: The y-coordinate of the trailer.
e ,: The orientation of the trailer.
e 1;: The orientation of the dolly.

e 1. The orientation of the truck.

Here, the subscript , denotes variables associated with the trailer, ; de-
notes variables associated with the dolly, and ; denotes variables associ-
ated with the truck. In the truck-dolly-trailer configuration, the trailer
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7.2. Two-General Trailer: System Modeling

is connected to the dolly’s axle; if the trailer is hitched off the axle, the
equation will be more complex, but the partial flatness will remain valid.

The input u = § represents the steer angle §, which is the control input
for the system.

The hitch angles is given as follows:

91 :¢0_¢17
92 :¢1 _¢2~

—~
~N
[N

= —

Here, 6, is the hitch angle between the truck and the dolly, and 6, is the
hitch angle between the dolly and the trailer.

The velocities’ relationship can be established using the chain form
eq. (3.2). The truck and dolly velocities have been derived as functions
of the trailer velocity:

vyly
_ 7.3
Y07 Cos 6, (1, cos b, +m, tandsinb, )’ (7.3)
()
= . 7.4
1 cosf, (7.4)

Finally, the spatial system dynamics x’ is derived using eq. (3.1), and
is given by:

2 cos
7 sin ¢,
, y% tan 6,
X = 2| = Iy (75)
/ lgsinf; —m, tand cos 0,
/1 1, cosOy(lgcosf;+m, tandsinb,)
0 tan

cos 0y (lgcosf,+m, tandsinf, )"
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7.3. Partial Flatness: two-GT

The concept of partial differential flatness, as explored in section 7.1, is
applicable for n-GT system. This subsection derives a partially differ-
ential flat model for truck-dolly-trailer configurations.

The system state are divide as the flat state s = [0, 6,]" while designat-
ing the remaining system states as the non-flat state r = [x4, Yo, 1/12]T.

Utilizing eq. (7.5) to substitute expressions for ] and v, the rate of
change of the hitch angle, 6,, is derived as follows:

0y = 0 — 5. (7.6)

The derivative of the hitch angle, v,, is given by:

lysin#; —m, tand cos 6, tan 0,

Y2 (7.7)

B 1; cos 0, (1 cos 0, + m, tandsinb;) 1y

The steering angle, d, can then be formulated as a function of the hitch
angle rates, vy, and the hitch angles, 6, and 0,:

J = arctan ( ly (I sinfy —1; cosfy sinby — 7,1, 1, cosby cosby) > .

my (1 cosf; +1; sinf; sinfy + 751, 15 cos by sinb,)
(7.8)

The evolution of the non-flat state r, given by r’ = f(s,r), allows for the
determination of all r states through integration, provided that initial
conditions are known. The flat model of the system can be derived using
the eq. (7.5) and substituting steering angle ¢ using the relation derived
in eq. (7.8). The flat model states is defined as x = [xq, Yy, Vs, U1, U]
and input as u = 7,.
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7.4. Lyapunov Control Law: two-GT

Utilizing Lyapunov stability criteria as discussed in section 2.1.3, a Lya-
punov function, V() = %(6, — 9)?, is introduced to assess stability
similar to two-GT discussed in section 4.1.

Here, 9 represents the reference angle, and 6, signifies the hitch angle
between dolly and trailer.

The system is stable within the region D = [0, ;,,,0,ax) € R if V(6,) >0
for 65 # ¥ and V(0,) = 0 at the equilibrium point 6, = 9.

To achieve asymptotic stability within D, the derivative of V(6,), de-
noted as V’(6,), must be negative for all 6, # 9, resulting in the control
law for 67 as:

0, =9 — K(6,—9), (7.9)

where K is a positive proportional control gain. The resulting V' (6,) =
—K (6, —9)? is always negative for all positive K and 6 # 9.

The steering angle input, ¢, for the Two-General Trailer (two-GT) system
is given in eq. (7.8) as:

5 — arctan ( ly (Iysin@, — 1y cos 0, sin B, — v,1;15 cos 0, cosb,) )

my (o cos Oy + 1 sin 6y sin Oy + 7,115 cos O, sin ;)
(7.10)

with 75 = ¥ — K(6, — ). The control strategy dynamically adjusts
for errors between the current and desired hitch angles. The control
approach will track the hitch angle rate as the control error (6, — ¢)
diminishes to zero.

7.4.1. Experimental Setup and Results

Similarly to section 4.1, the concept of Lyapunov control is extended
to the Truck-Dolly-Trailer system. The simulation setup is similar to
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section 4.3 for the Truck-Dolly-Trailer system. The control has been
validated for step, ramp, and sinusoidal inputs.
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(a) Hitch angles 0,, 0. (b) Control input and steering angle §.

Figure 7.2.: Comparative analysis of hitch angles 6, and 6, response and control
input u for step reference hitch angle input in the Truck-Dolly-Trailer
system.

The figures illustrate the response of a Truck-Dolly-Trailer system to
various reference hitch angle inputs and the corresponding control efforts.
Figure 7.2 demonstrates the system’s response to a step change in the
reference hitch angle 6. Figure 7.2a depicts the hitch angle of the dolly
and trailer, demonstrating how closely the actual angles follow the step
input. Figure 7.2b presents the combined control input effort and the
steering angle §, highlighting the system’s adjustments to maintain the
desired hitch angle.
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Figure 7.3.: Comparative analysis of hitch angles 6, and 6, response and control
input w for ramp reference hitch angle input in the Truck-Dolly-Trailer
system.

Similarly, Figure 7.3 presents the system’s response to a ramp change
in the reference hitch angle. Figure 7.3a demonstrates the hitch angles
for both the dolly and the trailer, while Figure 7.3b displays the control
input and steering angle required to track the ramp input. These results
illustrate the system’s ability to handle gradually increasing reference

angles.
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Figure 7.4.: Comparative analysis of hitch angles 6, and 6; response and control
input w for sinusoidal reference hitch angle input in the Truck-Dolly-
Trailer system.

Finally, Figure 7.4 illustrates the system’s response to a sinusoidal refer-
ence hitch angle input. Figure 7.4a figures the hitch angles, demonstrat-
ing the system’s capacity to follow a continuously varying reference.
Figure 7.4b demonstrates the control inputs and steering angles used
to achieve this tracking. These figures collectively demonstrate the ef-
fectiveness of the control strategies in maintaining desired hitch angles
under different input conditions in the Truck-Dolly-Trailer system.

7.5. Trajectory Planning: two-GT

Trajectory planning for the two general trailers (two-GT) system is for-
mulated similarly to the one-trailer (one-GT) system, as described in
section 6.1. Most of the optimization problem remains the same, with
some additional costs and constraints to account for the dolly. The
dolly is modeled as a superellipse, and collision constraints are applied
accordingly.
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The state vector for the two-GT system is defined as:

X; = [, Y905 Unir 024,01 4,0;] € RS, (7.11)

where ¥, ; and y, ; represent the position of the n-th trailer at time step
i, ¥, ,; is the heading angle, 0, , and 6, ; are the hitch angles for the
second and first trailers, respectively, and ¢, is the steering angle.

The inputs to the system are:
u; =[5, ds,,] € R?, (7.12)

where 7, ; is the control input rate change of hitch angle for the second
trailer and ds, ; denotes the distance traveled by the second trailer at
time step 3.

The dynamics of the two-GT system were derived using the continu-
ous flat model defined in section 7.3 and discretized using the fourth-
order Runge-Kutta (RK4) integration method, resulting in the following
discrete-time equations:

X1 = f(x;,0), (7.13)

where f represents the system’s dynamic equations of the flat model of
the truck, dolly, and trailer system.

The initial state x, € R is defined as the starting position of the system:

x, = x(0). (7.14)

To ensure that the system reaches a goal position and orientation, the
goal state xy € R® is defined. To achieve this, a terminal cost J; is
introduced:

Jp = (xn — Xg)TQf(XN - Xg)? (7.15)

175



7. Generalization for n-GT

where xy is the state of the system at the final time step N, x, € RS is the
goal state, and @Q; € R6*6 is a weight matrix that defines the importance
of reaching the goal state accurately. In addition to the terminal cost,
a terminal constraint is imposed to ensure that the final state of the
system is at the goal state or within an acceptable tolerance range:

[xn — x4l < e (7.16)
The running cost penalizes deviations in the system’s state and inputs

at each time step, ensuring smooth transitions and avoiding large devi-
ations. The running cost for the states J, is defined as:

Z
AN

\ (Qeleuweze +Q502) (7.17)
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where Qy, € R, Qp, € R, and Q5 € R are weight coefficients for 0, ;, 6, ;,
and d,, respectively. Similarly, the running cost for the inputs J, and
the difference in the inputs J,, are defined as:

N-1
Ju = u, R,u, (7.18)
=0
N—
Z Wy — RAu( u; g — ), (7.19)
i=0

where R, € R?*? is the weight matrix for the control input, and R, €
R2*2 is the weight matrix for the change in control input.

The input constraints ensure that the control inputs remain within their
feasible ranges throughout the trajectory:

<u <u Ui, Wy € R2 (7.20)

Unin max’ min’ “max
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7.5. Trajectory Planning: Two-GT

Additionally, the collision constraint ensures that the system avoids ob-
stacles by maintaining a safe distance from them. This constraint is
represented by a function g(x;) > 1, indicating that the system is out-
side the collision region:

g(x;) > 1, (7.21)

where g(x;) is a function that represents the normalized distance to
obstacles at the i-th time step.

The trajectory planning problem is formulated as Nonlinear Program-
ming (NLP) problem and is summarized as follows:

min J=Jp+J +J, + I,

x,u
S.tevicion-1] X0 = Xx(0),
len — %, < e,

U nin S u; S u

al,min

02,min S 92,1' S 92,maxa

5. <8, <6

min —

max?

1,max>

max?

g(x;)>1, i=0,...,.N—1

Xit1 = f(x,u;).

The trajectory planning problem was formulated and solved using
Casadi, a symbolic framework for numerical optimization [And19].

177



7. Generalization for n-GT

7.6. Results and Discussions

This section presents the results for the planned trajectories of the two-
GT system during diverse parking maneuvers; parallel, perpendicular,
and angled parking. The results highlight the area swept to demonstrate
that the planned trajectories are collision-free. Additionally, the angles
0., 0,5, 0, and vy, are examined to ensure that the trajectory planner
respects all constraints. Finally, it is demonstrated that the trajectory
planner can continuously adjust direction when required, showcasing its
ability to navigate tight spaces efficiently.

The model parameters and dimensions used in this study are summarized
in table 7.1. It is assumed that the front and rear overhangs are equal.
Equal overhangs on both sides are assumed, which can be adapted with
actual values as they do not significantly affect optimization.

Table 7.1.: Model parameters and dimensions for Truck-Dolly-Trailer

Parameter | Description Value (m)
1o Wheelbase of the Truck 4.6
1y Length of the Dolly 3.8
1y Length of the Trailer 7.6
m, Hitch Length for Dolly 0.8
L railer Trailer’s Geometric Length 9.0
L ruck Truck’s Geometric Length 6.2
Liony Dolly’s Geometric Length 3.8
w Width of Truck 2.5

Table 7.2 summarizes the constraints for the angles 6, 65, 0, and 7,
used in the optimization process. These angles are chosen to be within
the permissible range for safe and efficient maneuvering of the two-GT
system. Specifically, the steering angle constraint of +42° is deduced
from the truck’s curvature constraint of 0.2m!.
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Table 7.2.: Constraints for 6, 65, J, and ~,

Parameter Constraint

0, [—40°,40°]

0, [—40°,40°]

) [—42°,42°]

Yo [—2.86°m™1, 2.86°m 1]

7.6.1. Parallel Parking

0 10 20 30 40 50 60 70

Figure 7.5.: The figure illustrates the area swept by the two-GT system for parallel
parking.

In fig. 7.5, the two-GT system successfully optimizes and finds a parallel
parking trajectory. The figure demonstrates that the planned reference
trajectory is free of collisions, ensuring the trailers navigate into the
parking space without any obstacles. The trajectory is optimized to
minimizes the angles [0,, 6, 8, 75| while maintaining a collision-free path.
Figure 7.6 further confirms that the angles 6, 6, d, and -, remain within
the specified constraints during the maneuver.
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Figure 7.6.: The figure illustrates the angles 6, 6,, é, and -y, for parallel parking,
showing that all values remain within constraints.

7.6.2. Angled Parking

Figure 7.7 illustrates the two-GT system performing an angled parking
maneuver.

Figure 7.7.: The figure illustrates the area swept by the two-GT system for angled
parking.
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Figure 7.8.: The figure illustrates the angles 6, 65, §, and =y, for angled parking,
showing that all values remain within constraints.

The swept area and the planned reference trajectory indicate that the
system effectively manages the spatial constraints of angled parking,
ensuring a collision-free maneuver. The trajectory planning accounts for
the unique challenges the angle poses, successfully positioning the trailers
within the designated space. As shown in fig. 7.8, the angles 6, 05, 6,
and 7, remain within constraints, validating the maneuver’s feasibility.

7.6.3. Perpendicular Parking

Figure 7.9 demonstrates the area swept by the two-GT system during a
perpendicular parking maneuver. The planned trajectory ensures that
the trailers are guided precisely into the parking spot. The trajectory
planning avoids potential collisions, proving the system’s robustness in
navigating tight spaces typical of perpendicular parking. Figure 7.10
illustrates that the angles 6,, 05, 6, and v, remain within the constraints.
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Figure 7.9.: The figure illustrates the area swept by the two-GT system for perpen-
dicular parking.

Figure 7.10.: The figure illustrates the angles 0, 6,, d, and ~, for perpendicular
parking, showing that all values remain within constraints.
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Figure 7.11.: The figure illustrates the optimized trajectory with different line styles
for reverse and forward maneuvers during perpendicular parking. The
dashed trajectory denotes the reverse maneuver, and the solid trajec-
tory indicates the forward maneuver.

Additionally, fig. 7.11 highlights the optimized trajectory using different
line styles for reverse and forward maneuvers, demonstrating the sys-
tem’s ability to adjust direction to navigate tight spaces. This maneuver
is a perfect example of how optimization effectively manages direction
changes near the entrance to the parking spot. Initially, the trailer moves
backward; it then changes direction to move forward and subsequently
reverses to manage collision constraints effectively.

Overall, the results provide clear visual evidence that the planned refer-
ence trajectories for the two-GT system are effective in various parking
scenarios. The system demonstrates high accuracy and reliability, en-
suring that the parking maneuvers are free from collisions. The angles
0, 05, 0, and v, remain within their respective constraints, further val-
idating the feasibility and safety of the maneuvers. This capability is
critical for practical applications where precise and safe maneuvering of
trailers is essential.
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7.7. Summary

This chapter generalized the concept of partial differential flatness to
n-General Trailer (n-GT). It then derived a partially flat model for the
Two-General Trailer (two-GT) system. The chapter extended the Lya-
punov Control (LC) and trajectory planning to the two-GT configura-
tion, utilizing a partial flat two-GT model. Finally, the effectiveness
of these methods in handling the complexities associated with multi-
trailer systems was demonstrated, showcasing their ability to perform
various parking maneuvers while respecting all constraints and main-
taining collision-free trajectories.

The key contributions of this chapter are:
o Generalization of partial differential flatness to n-GT systems.
e Derivation of a partially flat model for the two-GT system.

 Extension of Lyapunov Control (LC) and trajectory optimization
methods to the two-GT configuration.

e Demonstration of the effectiveness of these methods through simu-
lation results, highlighting the system’s capability to manage com-
plex maneuvers and ensure collision-free trajectories.
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This work explored optimal trajectory planning and control strategies for
truck-trailer systems, focusing on One-General Trailer (one-GT) systems
and extending these methods to n-General Trailer (n-GT) configurations.
The research began by examining the concept of differential flatness,
a widely used approach for developing trajectory control and planning
methods. Tt was identified that while n-Standard Trailer (n-ST) systems
are differentially flat, n-General Trailer (n-GT) systems generally are not,
except the one-GT system, which exhibits differential flatness. However,
the resulting model for one-GT is complex and unsuited for model-based
trajectory optimization and control. To address these limitations, the
concept of partial differential flatness was introduced.

Building on this foundation, a partial differential flat model was derived
and it was first utilized for Lyapunov Control (LC). The model was later
integrated into model-based planning and control, enhancing the sys-
tem’s capability to handle complex maneuvers and optimize trajectories.
Lyapunov Control (LC) and Linear Quadratic Regulator (LQR) strate-
gies were formulated for hitch angle stabilization and validated through
simulations under various input conditions, including step, ramp, and
sinusoidal responses.

Nonlinear Model Predictive Control (NMPC) poses significant challenges
for real-time applications, as it requires solving complex and computa-
tionally intensive optimization problems. Additionally, quadratic pro-
gramming (QP) solvers typically require a linear system model, which
limits the direct application of LQ-MPC for controlling nonlinear sys-
tems like truck trailers. The NGMPC framework was formulated to
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overcome these challenges, enabling precise trajectory tracking while
maintaining computational efficiency.

Within the NGMPC framework, two novel prediction models were devel-
oped to address the trajectory stabilization problem for one-GT: Virtual
Model Predictive Control (VMPC) and Flat Model Predictive Control
(FMPC). The Virtual Model assumes a virtual input, precisely the hitch
angle, rather than the steering angle, with a control law integrated within
the prediction model. In contrast, the Flat Model was derived using par-
tial differential flatness, where the rate of change of the hitch angle serves
as the system input. Both models are designed to be stable against the
inherent numerical instability of truck-trailer systems, providing robust
solutions for trajectory tracking in complex, dynamic environments.

The developed control methods were experimentally validated, and the
results were presented. Practical applicability was a key consideration
throughout the research. The motion control algorithms developed here
were applied within the Hamburg TruckPilot project, where they were
tested in experimental setups. These strategies proved robust and ef-
fective, highlighting their potential for real-world deployment in au-
tonomous truck-trailer systems.

Traditionally, optimization-based methods for truck-trailer systems were
primarily confined to trajectory stabilization due to the numerical in-
stability inherent in these systems. Researchers have often employed
symmetry in trajectory planning, where the reverse motion is treated
as equivalent to forward motion, effectively planning trajectories from
the goal to the start point in forward motion. Model-based approaches
typically linearize the system around a reference trajectory generated
through sampling-based planning methods to mitigate numerical insta-
bility; however, this often results in an inaccurate representation of the
system.

In addressing these limitations, this work employed a partially differen-
tial flat model for trajectory planning. This model facilitated the gen-
eration of complex maneuvers requiring continuous direction changes,
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ensuring that the generated paths were feasible and drivable. The tra-
jectory planning algorithm was validated through parallel, angled, and
perpendicular parking maneuvers where collision and confined space con-
straints were meticulously formulated and tested.

The extension of the partially flat model to n-GT systems with an ex-
ample of two-GT systems marked a significant advancement. This work
expanded the trajectory planning framework to address the complexities
of two-GT configurations, including increased non linearity and the chal-
lenges of hitch angle stabilization. The framework effectively managed
dynamic interactions between multiple trailers by integrating partial dif-
ferential flatness with trajectory planning formulated as NMPC.

The two-trailer system case study highlighted the framework’s ability
to navigate constrained environments, execute precise maneuvers, and
maintain stability across all trailers. The results demonstrated the ro-
bustness and practical applicability of the developed methods in real-
world logistics and transportation.

This extension lays the groundwork for future research on even more
complex two-GT configurations. The developed framework has signifi-
cant potential to enhance the efficiency, safety, and reliability of n-GT
systems in industries such as freight transport and automated logistics.

8.1. Outlook

Automating truck-trailer systems within logistics hubs will require signif-
icant infrastructure adaptations, including installing sensors, V2X com-
munications, and efficient layouts to facilitate autonomous navigation.
This thesis presented an approach to address static obstacles within the
trajectory planning problem. In structured environments, where dy-
namic planning needs are limited, trucks can wait until the routes are
clear if a dynamic obstacle appears. V2X communication can provide
crucial information about other participants in occluded areas, enhanc-
ing safety and efficiency.
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Trajectory stabilization and planning can be further simplified by em-
ploying a high-level mission planner in combination with the proposed
methods. Initial trajectories could be computed offline and stored as map
data, guiding trucks from entry points to designated parking spots. The
mission planner would break down the overall journey into a sequence of
goal poses, significantly reducing the complexity of local planning and
stabilization tasks. For instance, parking maneuvers could be divided
into three distinct missions:

1 Navigating from the entry point to a location near the parking
spot.

2 Moving from the initial parking pose to a forward position in prepa-
ration for reversing.

3 Executing the reverse maneuver into the parking spot.

This approach simplifies the planning problem by considering only one
direction at a time, reducing the need for excessive sensors and compu-
tational power, and making it an economically viable solution for the
price-sensitive logistics industry.

Looking ahead, this research identifies several areas for further explo-
ration. While the NGMPC framework and developed control strategies
offer significant improvements, challenges remain. Future work could en-
hance these strategies through adaptive and learning-based approaches,
such as Reinforcement Learning (RL), which has shown promise in dy-
namically tuning Model Predictive Controllers (MPC) to adapt to chang-
ing conditions. RL could further improve the adaptability and robust-
ness of the control strategies developed in this research, ensuring effec-
tiveness across a broader range of scenarios.

Moreover, while the control strategies were validated on prototypes, real-
world implementation will require further investigation into the impact
of varying system parameters and environmental conditions. Weight
distribution, center of gravity, and sensor accuracy can significantly in-
fluence system performance. Addressing these variables by integrating
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real-time estimation and adaptive control methods will ensure the relia-
bility and safety of autonomous truck-trailer operations.

In conclusion, integrating the developed planning and control strate-
gies with advanced perception systems and communication technologies
offers significant benefits. In highly structured environments like lo-
gistics hubs, automation can significantly benefit from enhanced V2X
communication and sensor fusion, which enable more precise and effi-
cient navigation. Additionally, employing high-level mission planners
to simplify local trajectory planning, combined with the optimization
methods developed in this work, could reduce computational demands,
making autonomous systems more accessible and cost-effective for the
logistics industry.

This research has substantially contributed to trajectory planning and
control for truck-trailer systems, addressing theoretical and practical
challenges. The methods developed here provide a solid foundation for
future advancements, potentially impacting autonomous logistics sys-
tems’ efficiency, safety, and reliability.
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The plot illustrates an example parking lot for
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The figure illustrates the area swept by the one-GT for
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axle (1, = 0m).

The figure illustrates the area swept by the one- GT for

parallel parking and the trailer connected behind the
rear axle (1, = 1m). .
The figure illustrates the trajectories planned for
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A. Appendix

A.1. Cascade Control PPC-LC

This section elaborates the developed cascade control for trajectory
tracking control of a truck-trailer. The cascade control uses bi-level
stabilization: a high-level control computes the desired hitch angle and
a low-level control stabilizes the system at the desired hitch angle.

This section presents the high-level control for the trailer. The trailer
is assumed as a Virtual Vehicle with hitch angle 6 as virtual steering
input, depicted in fig. A.1.

Figure A.l.: Geometric Illustration of Pure Pursuit Control for Desired Hitch Angle
Calculation in Trailer Tracking
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A.1. Cascade Control PPC-LC

Due to its straightforward application, pure pursuit control is adopted for
high-level reference tracking. The desired steering angle is computed by
assuming that the vehicle moves along an arc of constant curvature. This
arc extends from the current position to the look-ahead point, defined
as the intersection of the reference path with the look-ahead circle. The
desired curvature x can be derived from the geometry shown in Fig.
A.1 as follows:

2y
K= E (A1)
where 7| is the radius of the look-ahead circle and y is the coordinate of
of point P, in vehicle coordinate frame originated P;.
Assuming the on axle hitching as depicted in fig. A.1 and using the
standard 1-trailer system as discussed in section 3.3.1, the desired hitch
angle can be computed as:

0 = arctanl k. (A.2)

The hitch angle is stabilized using the Simiplified Lyapunov Control
(SLC) explained in chapter 4.
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