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 a b s t r a c t

This work proposes a parameter identification framework for determining adsorption model parameters from 
given concentration curves. Therein, an inverse problem involving a coupled system of partial differential equa-
tions is solved numerically by combining lattice Boltzmann methods and gradient-based optimization. The frame-
work is validated for a constructed benchmark case where the concentration data for a batch reactor is obtained 
via the analytical solution or through simulations. Utilizing the benchmark case, we demonstrate the grid inde-
pendence of the optimization problem when using simulation data and second order convergence of the identified 
parameters when the analytical solution is used as the input. From simulation data, the framework recovered the 
isotherm constant with an initial relative error from 67% to machine precision accuracy in 13 optimization steps. 
When artificial noise signals are imposed onto the input data with an intensity of SNR = 2, the final relative 
error regarding the parameters yields 2%.

1.  Introduction

Adsorption processes are present in various applications, for instance 
in wastewater treatment (Berg et al., 2005). Here activated carbon is 
used to remove dissolved organic matter and organic micro-pollutants 
and phosphate is removed by either aluminium oxide or iron hydroxide 
(Worch, 2021). The amount of adsorbed substances thereby depends on 
various parameters such as the concentration of the different substances, 
temperature, the adsorbent, its properties, and on the general transport 
phenomena, such as the convective flow velocity. A crucial state of the 
process is the equilibrium state at which the maximal possible amount 
is adsorbed. The parameterized relation describing the respective equi-
librium relation, considered at constant temperature, is referred to as 
the adsorption isotherm and is therefore essential for understanding the 
adsorption process. However, obtaining information on the equilibrium 
state can be challenging as several experiments with expert knowledge 
might be required and have to be predicted (Worch, 2021). There exists 
several models approximating the adsorption isotherm by a parameter-
ized expression ranging from linear models regarding the solute concen-
tration, such as the Henry-isotherm, to more complex non-linear mod-
els such as the Langmuir or Freundlich isotherm (Glueckauf and Coates, 
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1947). An overview for further adsorption models is given in Worch 
(2021) for interested readers.

Due to advancements in computational methods, numerical ap-
proaches are utilized to address adsorption processes as an alternative 
to experimental studies (Bukreev et al., 2023; Worch, 2012; Bonvin, 
1998; Grigoriev et al., 2020). The lattice Boltzmann method (LBM) 
originating from the kinetic theory has been proven to be a popular
approach to solve complex coupled systems of macroscopic transport 
equations (Krause et al., 2021; Bukreev et al., 2023; Ito et al., 2024). 
Furthermore, the discrete formulation of the solved equation shows high 
suitability towards massive parallelization on high performance com-
puting systems making LBM an efficient method for numerical stud-
ies (Simonis, 2023; Krause et al., 2021). However, the set up of a suc-
cessful simulation still requires model parameters to conduct the study 
in the first place, such that the interest for an alternative approach to 
determine the model parameters remains.

A promising approach to identify adsorption model parameters is to 
formulate an inverse problem and solving it using optimization, as it 
has been successfully employed in previous works (Ito et al., 2024; Kle-
mens et al., 2018, 2020a,b; Krause et al., 2013). Therein, the model pa-
rameter are determined inversely from reference concentration data by 
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minimizing the deviation of the reference and simulated results where 
the reference data could be obtained experimentally. The success of the 
optimization problem is measured by the objective function which eval-
uates the distance between reference and simulation concentration data. 
Joshi et al. (2013) addressed parameter identification problems in virus
transport, based on adsorption mechanisms. Therein, a finite volume 
scheme is employed combined with the Levenberg-Marquardt algo-
rithm. In Ito et al. (2024), reaction kinetics parameters are success-
fully identified reversely from concentration distributions for a reac-
tive flow problem showing the promising possibilities of this approach. 
Recently, Grigoriev et al. (2020) investigate the parameter identifica-
tion approach for adsorption and desorption parameters for the Lang-
muir isotherm in the pore-scale by combining finite element methods 
and stochastic methods. However, the application of inverse problems 
for complex physical systems as it is often the case in adsorption pro-
cesses remains still rarity in the literature. One reason for this could be 
the challenge of solving efficiently the non-liner system of coupled par-
tial differential equations as optimization constraints. Further challenge 
presents the ill-posed problem formulation resulting in ambiguous solu-
tions of the inverse problem especially in the presence of noise signals 
in the input data.

To address this issue, we propose a combined framwork of LBM and 
gradient-based optimization where the objective sensitivities are ob-
tained by forward mode of automatic differentiation. Iterative parame-
ter adjustment is performed by the framework performing LBM simula-
tions for each function and gradient evaluation. Compared to Grigoriev 
et al. (2020), a quasi-Newton algorithm is used to automatize the pro-
cess of converging effectively towards the desired model parameters. 
The choice of LBM combined with a gradient-based approach is mainly 
motivated by the computational efficiency of the LBM algorithm and 
the relatively less performed function evaluations compared to heuris-
tic optimization approaches. Here, LBFGS (Liu and Nocedal, 1989; Byrd 
et al., 1995) is employed as the optimization algorithm where the whole 
framework is realized by in the open source library OpenLB (Krause 
et al., 2021; Kummerländer et al., 2024). For the adsorption model, the 
linear Henry-isotherm model is applied for the batch reactor set up intro-
duced by Bukreev et al. (2023) where the current manuscript documents 
its follow-up work. We constructed a benchmark validation case for the 
model parameter identification problem in adsorption processes for the 
batch reactor case to validate our framework. Any isotherm model can 
be replaced for the Henry-isotherm model as well as any adsorption or 
transport model can be applied such that there is no loss of generality 
in the presented benchmark case. Furthermore, the presented method 
is analyzed regarding accuracy of the recovered parameters, influence 
of the grid resolution, robustness of the inverse problem by testing var-
ious initial guesses, and the presence of noise signals. The current work 
differs from the work of Grigoriev et al. (2020) in terms of the chosen ad-
sorption model as ours is acting on the macroscopic scale and in the for-
mulation of the objective functional by encouraging spatially distributed 
input data for the inverse problem to counteract the ill-posedness of the 
problem (Ito et al., 2024).

The presented manuscript is structured as below. In Section 2 the 
inverse determination of adsorption model parameters is formulated as 
an optimization problem. The LBM used to obtain the concentration 
curve by approximating the coupled system of conservation equations 
as optimization constraints as well as the optimization algorithms are 
explained. Section 3 introduces the employed quality measures used for 
analysis of the followed numerical experiments wherein the framework 
is investigated regarding the above mentioned aspects by conducting the 
corresponding numerical tests. Finally, a short summary and conclusion 
is given in Section 4.

2.  Methodology

This chapter is dedicated to formulate the inverse problem which we 
aim to solve as well as the methods we use to solve the problem numer-

ically. In Section 2.1 the inverse problem is formulated as an optimiza-
tion problem introducing the applied objective and constraint functions. 
Next, Section 2.2 describes the LBM to approximate the constraint func-
tion together with the modelling of the adsorption processes. Finally, 
Section 2.3 introduces the implemented gradient-based optimization 
framework with the entire workflow for the parameter identification 
of adsorption model parameters.

2.1.  Problem formulation

The inverse problem in this work can be formulated as an optimiza-
tion problem where parameters of the adsorption isotherm function are 
obtained from reference solute concentration curves 𝑐∗𝑠 ∶ Ω × 𝐼 → ℝ. In 
the most simple adsorption model, the solute concentration curve de-
pends solely on the Henry-isotherm 𝐾𝐻  (Hashimoto and Miura, 1976; 
Worch, 2008, 2021), i.e., 𝑐𝑠 ∶ Ω△𝑥 × 𝐼△𝑡 → ℝ with 𝑐𝑠 = 𝑓 (𝐾𝐻 ). The 
flow domain and the corresponding discretized domain is denoted by 
Ω and Ω△𝑥, as well as the time domains by 𝐼 and 𝐼△𝑡, respectively. 
Note, that the spatial positions of the measurement data x∗ ∈ Ω do not 
necessarily correlate to the grid positions x ∈ Ω△𝑥 in the simulation 
such that interpolation can be required to evaluate the deviation. The 
objective function of the current optimization problem can be written as

min
𝜶

𝐽 (𝑐𝑠,𝜶) = ∫𝐼 ∫Ω∗
(𝑐∗𝑠 − 𝑐𝑠(𝜶))2dx∗d𝑡, (1)

where 𝜶 is the control vector holding the adsorption model parameters 
which are to be determined, e.g., the Henry-isotherm 𝐾𝐻 . In order to 
get the solute concentration from the set adsorption parameters, the 
adsorption model of Bukreev et al. (2023) is used. That is, a coupled 
system of partial differential equations (PDE) is solved, given as

G(𝑓,𝜶) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝛁xu,
𝜌𝜕𝑡u + 𝜌u ⋅ 𝛁xu − 𝜈𝚫xu + 1

𝜌𝛁x𝑝,
𝜕𝑡𝑐𝑠 + u𝛁x ⋅ 𝑐𝑠 −𝐷𝑠𝚫x𝑐𝑠 − 𝑆ads(𝜶),
𝜕𝑡𝑐𝑝 + u𝛁x ⋅ 𝑐𝑝 −𝐷𝑝𝚫x𝑐𝑝,
𝜕𝑡𝑐𝑞 + u𝛁x ⋅ 𝑐𝑞 −𝐷𝑞𝚫x𝑐𝑞 − 𝑆ads(𝜶),

(2)

where the first two lines are the Navier-Stokes equation (NSE) for the 
fluid flow and the following three lines advection-diffusion equations 
(ADE) for modelling the passive scalar transport of solute, adsorbent par-
ticles, and particle loading, translated into a concentration via 𝑐𝑞 = 𝑐𝑝𝑞
(Bukreev et al., 2023). For choosing a sufficiently small diffusion con-
stant 𝐷𝑞 , the loading 𝑞 is transported equally as the particle concentra-
tion 𝑐𝑝 due to the identical advection velocity obtained from the NSE. 
Introducing a diffusion term in the transport of particle loading, enables 
the inclusion of different contributions such as diffusion or mixing and 
allow the efficient discretization of the ADE via a LBM. The sink term 
𝑆ads in the transport equation of the solute incorporate the mass transfer 
due to adsorption from the dispersed state and adds its contribution to 
the transport equation of the particle loading concentration as shown 
in (2). That is, the adsorbent particles are resolved on sub-grid scale 
and the entities such as particle loading are volume-averaged over a 
numerical grid cell. Analogously to the prior work, we assume that all 
modeled particles are identical, have the same structure and simulate 
homogeneous adsorption in the dispersed phase. Furthermore, homoge-
neous diffusion is assumed by scalar diffusion coefficients. The reader is 
advised to refer to Bukreev et al. (2023) for a more detailed description 
of the coupled system of the governing equations.

For the adsorption, the linear driving force (LDF) model (Glueckauf 
and Coates, 1947) described by the previous work (Bukreev et al., 2023) 
is used where the following set of equations are solved

𝑐𝑝𝜕𝑡𝑞 = −𝜕𝑡𝑐𝑠, (3)

𝜕𝑡𝑞 = 𝑘∗𝑠
(

𝑞eq − 𝑞
)

, (4)

𝑞eq = 𝐾𝐻 𝑐eq𝑠 , (5)

𝑞(𝑡 = 0) = 0, 𝑐𝑠(𝑡 = 0) = 𝑐𝑠,0, (6)
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Fig. 1. Schematic view of the 𝐷3𝑄19 (left) and 𝐷3𝑄7 (right) discrete velocity set. The discrete velocities are depicted as arrows.

where 𝑘∗𝑠 is the surface mass transfer coefficient, 𝑞eq the surface equilib-
rium loading, and 𝑐𝑠,0 the initial solute concentration. The surface mass 
transfer coefficient 𝑘∗𝑠 is related to the adsorbent particle radius 𝑟𝑝 over 
𝑘∗𝑠 = 15𝐷eq

𝑠 ∕𝑟𝑝2 where 𝐷eq
𝑠  is the surface diffusion constant. The Eq. (3) 

gives the solute mass balance at the adsorbent surface, (4) the parti-
cle internal mass transport of the adsorbed solute, (5) the linear Henry 
isotherm model, and (6) the initial conditions. If film diffusion should 
be considered, the LDF model can be extended by replacing (5) by
𝑐𝑝𝑘𝑠(𝑞eq − 𝑞) = 𝑘𝑓 (𝑐𝑠 − 𝑐eq𝑠 ), (7)

where 𝑘𝑠 and 𝑘𝑓  are surface and film transport coefficient, respectively. 
For simplicity, in this work film diffusion is neglected and (5) is used. 
Inserting all equations above into the mass balance (3) and by setting 
𝑆ads = −d𝑐𝑠∕d𝑡 yields

𝑆ads =
15𝐷eq

𝑠

𝑟𝑝2
𝑐𝑝
(

𝐾𝐻 𝑐eq𝑠 − 𝑞
)

. (8)

Note, the appearance of the isotherm coefficient in (8) which is the con-
trol variable in the optimization problem. For more detailed informa-
tion about the adsorption model, the authors refer to our previous work 
(Bukreev et al., 2023) as well as further works as (Hashimoto and Miura, 
1976; Worch, 2008, 2021).

Finally, by minimizing (1) while fulfilling G = 0 by solving the sys-
tem of PDEs in (2), the isotherm coefficient can be determined inversely 
from reference solute concentration curves. In future works, the refer-
ence curves are obtained from experimental measurements. However, 
as a proof of concept of our numerical framework, in this preliminary 
work the reference curve is given by an analytical solution in the batch 
reactor case or simulated data is used.

2.2.  Lattice Boltzmann method

The constraint functions in (2) are solved using a LBM with the multi-
distribution function approach (Guo et al., 2002). That is, all equations 
are sharing the same grid positions x ∈ Ω△𝑥 on a homogeneous lattice 
with the stencil width of △𝑥. For the NSE the lattice BGK-Boltzmann 
equation is solved on each grid position, given as (Krause et al., 2021)

𝑓𝑖(x + 𝝃𝑖 △ 𝑡, 𝑡 +△𝑡) = 𝑓𝑖(x, 𝑡) −
△𝑡
𝜏

(𝑓𝑖(x, 𝑡) − 𝑓 eq
𝑖 (x, 𝑡)), (9)

where 𝑓𝑖 is the particle distribution function, 𝝃𝑖 the discrete particle ve-
locity, 𝜏 the relaxation time, and 𝑓 eq

𝑖  the equilibrium distribution func-
tion. For the ADEs, analogously lattice BGK-Boltzmann equations are 
solved with an additional source term, given as (Bhatnagar et al., 1954)

𝑔𝑖(x + 𝝃𝑖 △ 𝑡, 𝑡 +△𝑡) = 𝑔𝑖(x, 𝑡) −
△𝑡
𝜏𝑔

(𝑔𝑖(x, 𝑡) − 𝑔eq𝑖 (x, 𝑡)) +△𝑡𝑆𝑖. (10)

where 𝑔𝑖 is the particle distribution function, 𝜏𝑔 the relaxation time, and 
𝑔eq𝑖  the equilibrium distribution function for the ADE. The subscript 𝑖

Table 1 
Lattice discretization parameters.
 Directions 𝑖  Discrete particle velocity ξ𝑖  Weights 𝑤𝑖

0 (0, 0) 1∕3
1, 2,… , 6 (±1, 0, 0), (0,±1, 0), (0, 0,±1) 1∕18
7, 8,… , 18 (±1,±1, 0), (±1, 0,±1), (0,±1,±1) 1∕36
0 (0, 0) 1∕4
1, 2,… , 6 (±1, 0, 0), (0,±1, 0), (0, 0,±1) 1∕8

refers to the discrete velocity directions according to the applied dis-
cretization model, where for the NSE the 𝐷3𝑄19 model and for the 
ADEs the 𝐷3𝑄7 model is used (Yoshida and Nagaoka, 2010), both de-
picted in the schematic in Fig. 1. Using the zeroth order moment (ADE) 
and zeroth and first order moments (NSE), the NSE and ADE are for-
mally recovered with second order consistency in the incompressible 
limit of a Chapman-Enskog expansion. Further, an estimation of the 
consistency order, e.g. by Taylor expansions of LBMs for the NSE and 
the ADE is provided in Simonis and Krause (2022) and Simonis (2023),
Simonis et al. (2023), respectively. Completing the convergence of the 
individual models, complementary stability analyses for LBMs approxi-
mating the NSE and ADE are provided in Simonis (2023), Simonis et al. 
(2020, 2021), Dapelo et al. (2021). Convergence up to second order of 
LBM specifically for RADEs has been numerically observed in Ito et al. 
(2024). Here, the NSE and ADE are coupled via the velocity and form 
the targeted PDE system. The contributions of the source term in the dis-
crete velocity directions equals to 𝑆𝑖 = (1 − 1∕2𝜏𝑔)𝑤𝑖𝑆ads (Yoshida and 
Nagaoka, 2010; Seta, 2013; Gruszczyński et al., 2023), where 𝑤𝑖 are the 
weighting terms of the applied velocity discretization model, given in 
Table 1. The equilibrium distribution in the collision operator in (9) is 
given as

𝑓 eq
𝑖 (x, 𝑡) = 𝑤𝑖𝜌

(

1 +
𝝃𝑖 ⋅ u
𝑐𝑠2

+
(u ⋅ 𝝃𝑖)2

2𝑐𝑠4
− u ⋅ u

2𝑐𝑠2

)

, (11)

and in (10) as

𝑔eq𝑖 (x, 𝑡) = 𝑤𝑖𝑐
(

1 +
𝝃𝑖 ⋅ u
𝑐𝑠2

)

, (12)

where the lattice speed of sound is 𝑐𝑠 = 1∕
√

3 as the stencil width and 
discrete time step is set to unity. The macroscopic entities of the NSE 
can be accessed via the statistic moments, given as

𝜌 =
19
∑

𝑖=0
𝑓𝑖, (13)

u = 1
𝜌

19
∑

𝑖=0
𝝃𝑖𝑓𝑖, (14)

△𝑝 = 𝑐𝑠
2 (𝜌 − 𝜌ref ). (15)
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Here, 𝜌ref  is a reference density of the fluid or a reference pressure level 
converted to the density. The transported macroscopic concentrations 
can be computed over

𝑐 =
6
∑

𝑖=0
𝑔𝑖 +

△𝑡
2

𝑆ads. (16)

Note, that computing 𝑆ads requires 𝑐𝑝 and 𝑐𝑞 for 𝑞 as shown in (8), which 
are calculated by using the uncorrected moment, i.e., 𝑐 = ∑6

𝑖=0 𝑔𝑖. By 
applying diffusive scaling, convergence orders up to two can be achieved 
this way as otherwise an implicit equation is required to solve for (16) as 
stated in Seta (2013), Gruszczyński et al. (2023). Thus, in all conducted 
numerical experiments, diffusive scaling is applied. The relaxation time 
is connected to the viscosity in (9) and to the diffusivity coefficient in
(10) over

𝜈 = 𝑐𝑠
2
(

𝜏 − △𝑡
2

)

, (17)

𝐷 = 𝑐𝑠
2
(

𝜏𝑔 −
△𝑡
2

)

. (18)

The LBM models in (9) and (10) are so called single-relaxation-time 
(SRT) models, where stability issues have been reported such as in Wang 
et al. (2015). However, the proposed framework is designed to be re-
placeable in terms of used LBM model and in the following numerical 
experiments no stability issues are observed which is why the SRT model 
has been applied due to its simplicity.

2.3.  Optimization framework

The previous section outlined how the coupled system of PDEs for the 
constraints is solved, only the utilized optimization algorithm is missing. 
In order to solve the optimization problem in (1) numerically, an itera-
tive gradient-based optimization algorithm is used. Algorithm 1 shows 
the performed steps by the implemented parameter identification frame-
work. First, the algorithm starts from an initial guess of the adsorption 
model parameters 𝜶0 and compute the solute concentration by the in-
troduced LBM, where 𝑚 corresponds to the 𝑚th optimization step. That 
is, (9) and (10) are solved yielding the solute concentration curve for the 
current 𝜶𝑚. Using this solution, the objective function can be computed 
in each iteration step explicitly by
𝐽𝑚(𝑐𝑠𝑚,𝜶𝑚) =

∑

𝑡∈𝐼△𝑡

∑

x∈Ω△𝑥

(

𝑐∗𝑠 (x, 𝑡) − 𝑐𝑠(x, 𝑡,𝜶𝑚)
)2. (19)

In the next step, the gradients of the objective function d𝐽𝑚∕d𝜶 are com-
puted using the forward mode of automatic differentiation (f-AD). The 
f-AD was successfully tested and applied in former studies (Ito et al., 

Algorithm 1 Gradient-based optimization algorithm with f-AD and step 
control.
1: procedure Minimize(𝐽 (𝑐𝑠,𝜶))
2:  Choose initial guess 𝛼0, maximal number iterations 𝑚max, 𝑘max, 
and convergence tolerance 𝜀

3:  repeat ⊳ For 𝑚 = 0, 1, 2,… , 𝑚max
4:  Solve G with LBM
5:  Compute gradients reg. controls with f-AD
6:  Compute d𝐽∕d𝛼 using results from step 4 and 5
7:  Compute descent direction via L-BFGS using result from step 6
8:  repeat ⊳ For 𝑘 = 0, 1, 2,… , 𝑘max
9:  Choose new step size 𝑠𝑚,𝑘
10:  Check if valid step for 𝛿𝜶𝑚,𝑘 = 𝑠𝑚,𝑘d𝑚

11:  until Valid step size found or 𝑘 = 𝑘max
12:  Update controls 𝜶𝑚+1 = 𝜶𝑚 + 𝛿𝜶𝑚

13:  until 𝐽 (𝑐𝑠𝑚,𝜶𝑚) < 𝜀 or (d𝐽∕d𝜶)(𝑐𝑠𝑚,𝜶𝑚) < 𝜀 or 𝑚 = 𝑚max ⊳
Terminating condition

14: end procedure

2024; Jeßberger et al., 2022; Krause and Heuveline, 2013). The inter-
ested reader, regarding AD in general or the internal implementation of 
AD in OpenLB used in this work, is referred to the concise introduction 
by Griewank and Walther (2009) or the works of Ito et al. (2024) or 
Jeßberger et al. (2022), respectively. The algorithm terminates when 
the value of the objective function or the 𝐿2-norm regarding its total 
derivative is lower than a user-specified threshold 𝜖 > 0. After obtaining 
the gradients, the control parameters are updated by the quasi-Newton 
method LBFGS (Liu and Nocedal, 1989) which approximates the second 
derivative and computes △𝜶𝑚 with
△𝜶𝑚 = 𝑠𝑚d𝑚, (20)

where 𝑠𝑚 is the step size and d𝑚 the descent direction of the current 
optimization step 𝑚. Armijo and Wolfe rules are applied to find appro-
priate step sizes 𝑠𝑚 balancing stability and convergence speed (Byrd 
et al., 1995). Therein, the appropriate step size is found by applying 
iterative changes, i.e., an additional inner loop performs several func-
tion or gradient evaluations performing LBM simulations. When both 
rules are satisfied, the adsorption model parameters 𝜶 are updated ac-
cording to 𝜶𝑚+1 = 𝜶𝑚 +△𝜶𝑚 and the current step is counted as a valid 
optimization step. After updating the control variables, the algorithm 
returns to step 3, repeating the steps until satisfying the termination
condition.

3.  Constructing a benchmark case: batch reactor

This chapter introduces a benchmark case which validates and 
demonstrates the capabilities of the presented framework for inverse 
determination of adsorption model parameters. The performance of our 
framework regarding number of parameters, type of input data, grid 
resolution, and presence of noise signals are investigated.

3.1.  Numerical set up

The batch reactor is implemented as a cube with periodic boundaries 
in all directions with neglected velocity distributions. That is, for the 
batch reactor, the constraint function in (2) can be reduced to the ADEs. 
However, to not lose generality, the constraint function in Section 2.1 
contains the NSE to allow the application of the proposed framework 
for further studies, such as fixed bed reactors. In this presented work, 
we focus on the construction of the benchmark case, i.e., the batch re-
actor. By assuming spatially uniform conditions, the spatial dimension 
can be omitted which further reduces the complexity, which suits the 
purpose of a simple validation case. For this case, an analytical solution 
for the solute concentration curve has been derived by Worch (2021). 
Following the LDF model, the transient change of the dimensionless con-
centration 𝑋 = 𝑐𝑠∕𝑐𝑠,0 can be written as

𝑋(𝑇 ) = 1
𝐷𝑏 + 1

+
𝐷𝑏

𝐷𝑏 + 1
𝑒(−(𝐷𝑏+1)𝑇 ), (21)

with the distribution factor 

𝐷𝑏 =
𝑐𝑝𝑞

eq
0

𝑐𝑠,0
, (22)

with 𝑞eq0 = 𝐾𝐻 𝑐𝑠,0 and the dimensionless time 
𝑇 = 𝑘∗𝑠 𝑡. (23)

The batch reactor is realized as a cube 0.1 × 0.1 × 0.1m as the side 
lengths resolved by 20 numerical cells each. In all simulations the re-
laxation time of all ADEs are set to 0.695 and a time span of 15s is com-
puted. Details on the effects of the relaxation time and the convergence 
of the adsorption model are provided in the previous work (Bukreev 
et al., 2023). The process parameters and material properties that were 
used in the simulations are listed in Table A.1. The simulation setup 
parameters are summarized in Table 2 and the simulation domain is il-
lustrated in Fig. 2. For the validation, a-priori chosen adsorption model
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Fig. 2. Simulation domain for the batch reactor.

Table 2 
Simulation parameters for the batch reactor (Bukreev 
et al., 2023).
 Parameter  Value  Unit
 Simulation time 𝑡 15 𝑠
 Characteristic length 𝐿 0.1 𝑚
 Resolution of side length 𝑁 20
 Relaxation time 𝜏𝑔 0.695

parameters, hereafter referred to as the reference parameters 𝜶∗ are 
used to produce the input concentration curves for the optimization. 
That is, the optimization framework requires some reference concen-
tration curves 𝑐∗𝑠  which are obtained either via the analytical solution 
given in (21) or by using simulated concentration curves computed with 
the reference parameters. Both the analytical solution and the reference 
simulation are computed using the parameters shown in Table A.1. The 
goal is therefore to recover the originally set reference parameters from 
those input concentration curves. The minimized objective is equal to 
the 𝐿2-norm of the absolute error as shown in (1) and can be used as 
the quality measure for the identified parameters. For the terminating 
condition, a lower threshold is defined as 𝜖 = 10−10 for the 𝐿2-norm of 
the total derivative vector. In the following results, the Henry-isotherm 
constant and the particle radius is determined from the concentration 
curves, i.e.,
𝜶∗ = (𝐾𝐻 , 𝑟𝑝)T. (24)

If not stated differently, the initial guesses regarding the determined 
parameters are given as
𝜶0 = (15L∕g, 1.0 ⋅ 10−5m)T. (25)

Fig. 3. Development of the controls and objective function over the performed optimization steps. The reference concentration curve is produced by a reference 
simulation using the reference controls from Table A.1. 

The control parameter for the particle radius is constrained to be 𝑟𝑝 >
10−7m to prevent the optimization framework assigning values leading 
to instabilities in the simulations.

3.2.  Quality measures

In order to analyze the numerical results quantitatively, the follow-
ing quality measures are utilized in the validation process. The objec-
tive function in (19) gives a good indication of how close the computed 
concentration curve is to the reference curve. To make the objective 
comparable for different resolutions, the objective value obtained via
(19) is normed by the number of grid cells and discrete time steps, i.e., 
𝐽𝑚∕𝑁𝐼△𝑡

, where 𝑁𝐼△𝑡
 is the resolution of the time space. To assess the 

quality of a determined parameter, the relative error to the reference 
parameter can be computed by
|

|

|

△𝛼𝑚rel
|

|

|

=
|

|

|

|

𝛼∗ − 𝛼𝑚

𝛼∗
|

|

|

|

. (26)

When multiple parameters are identified, the norm the error vector is 
used, given as
|

|

|

|

|

|

△𝜶𝑚
rel
|

|

|

|

|

|𝐿2
=
|

|

|

|

|

|

|

|

𝜶∗ − 𝜶𝑚

𝜶∗
|

|

|

|

|

|

|

|𝐿2

, (27)

where the 𝐿2-norm is used.

3.3.  Results

This section shows the obtained results for the batch reactor case. 
Several aspects has been addressed such as grid influence, number of 
identified parameters, sensitivity regarding the initial guess, and the in-
troduction of noise signals in the reference data.

3.3.1.  Grid influence
We tested two approaches to obtain the input data for the opti-

mization framework. That is, either the analytical solution is used or 
a reference simulation is performed with the reference parameters 𝜶∗

to produce the reference concentration curve. For both cases, the influ-
ence of the numerical grid resolution is investigated for the resolutions 
𝑁 = {10, 20, 40, 80}, leading in halving the step size △𝑥 in each step. As 
diffusive scaling is applied, the relaxation time remains constant in all 
simulations. The grid convergence study for the batch reactor simulation 
has been done in the previous study (Bukreev et al., 2023) and showed 
second order convergence in the diffusive scaling. For both cases, the 
Henry-isotherm constant has been identified with the initial guess as 
given in (25) and the particle radius has not been changed from the 
reference value given in Table A.1.
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Fig. 4. Development of the controls and objective function over the performed optimization steps. The reference concentration curve is produced by the analytical 
solution from (21).

Fig. 5. Comparison of the experimental order of convergence regarding the final relative error of the determined parameters for using simulative and analytical 
solution as the input.

First, the reference concentration curve is produced by a reference 
simulation using the reference parameters. The grid resolution of the 
LBM simulation is set equally in the reference simulation and during 
the optimization. This way, we can neglect several error sources such as 
discretization errors, boundary influences, or interpolation errors and 
can purely focus on the performance of the optimization framework. 
In Fig. 3, the evolution of the recovered isotherm constant is illus-
trated over the optimization steps. Therein, the reference value for the 
isotherm is depicted by the black solid line and it is shown that for all 
resolutions the parameter converges towards the reference parameter. 
Fig. 3 shows the relative error regarding the parameters and it is success-
fully demonstrated that the error decreases from initial ≈ 60% to almost 
machine precision. Finally, Fig. 3 supports the findings by illustrating 
the decrease in the objective functional values over the conducted op-
timization steps. The perfect match of all curves in Fig. 3 demonstrates 
the grid independence of the optimization problem.

Next, the reference concentration curve is produced by the analyti-
cal solution given in (21). Thus, we now introduce discretization errors 
into the optimization problem. Fig. 4a shows that for increasing grid 
resolution the recovered isotherm parameter approaches the reference 
parameter. This is as expected as the discretization error is compensated 
by the reconstructed control parameter by the optimization framework. 
Analogously, we observe decreasing relative errors and objective values 
for increasing grid resolution in Fig. 4b and Fig. 4c.

In the previous work (Bukreev et al., 2023), the second order of 
convergence is demonstrated for this batch reactor case. Thus, the ex-
perimental order of convergence regarding the recovered parameters is 
computed, i.e., the relative error regarding the recovered parameters in 

the final optimization step is compared. Fig. 5a shows the results ob-
tained where simulated reference curve is used. As shown above, there 
is no dependency between the grid resolution and the accuracy of the 
identified parameters observable in this case. However, Fig. 5b shows 
second order convergence of the relative error regarding the parame-
ters meaning that in this case the same order of convergence is obtained 
as the simulated solute concentration curve compared to its analytical 
solution. As mentioned above, the results obtained by using simulated 
input data do not contain any influences of error sources besides the 
error introduced by the optimization algorithm. Thus, we use this input 
data for all further investigations to focus solely on the performance of 
the optimization framework.

3.3.2.  Identification of multiple parameters
Next, the capability of determining more than a single parameter 

is investigated by adding the particle radius as an additional degree of 
freedom in our optimization problem. As the initial guess, the values 
from (25) are used. Fig. 6 shows the results for the simultaneous identi-
fication of the isotherm constant and the particle radius. Both, parame-
ters are successfully recovered as shown for the actual control parameter 
values in Fig. 6a and by the decreasing relative error over the optimiza-
tion steps in Fig. 6b. The development of the objective function supports 
the found results, given in Fig. 6c. Compared to the obtained results 
where only the isotherm constant is recovered, the number of required
optimization steps to reach the same accuracy has been increased. How-
ever, the initial relative error of 67% and 90% for the isotherm and ra-
dius are reduced to almost machine precision.
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Fig. 6. Simultaneous identification of the isotherm constant and the particle radius.

Fig. 7. Investigation of various initial guesses for the optimization problem. 20 × 20 simulations are performed for 𝑟𝑝 ∈ [10−5, 10−2] and 𝐾𝐻 ∈ [1, 102] to produce the 
objective map on the left. Therein, the curves show the evolution of the recovered parameters over the optimization steps. The reference parameter set is highlighted 
by the green cross. On the right, the corresponding distance to the reference parameters from the current parameter over the optimization steps are plotted.

3.3.3.  Variation of the initial guess
As a gradient-based approach is utilized in this work, the influence of 

the initial guess regarding the control parameters is a necessary aspect 
to be investigated. Therefore, three different initial guesses are tested if 
the reference parameters can be recovered which are given as

𝜶0
I =

15
1.0 × 10−5

, 𝜶0
II =

2
1.0 × 10−3

, 𝜶0
III =

70
2.0 × 10−5

. (28)
( ) ( ) ( )

To gain further insights into the optimization problem, the objective 
function is evaluated on 20 × 20 points for various control parameter to 
illustrate the objective domain of the current adsorption problem. That 
is, 20 evenly distributed points on the logarithmic scale are computed 
for the isotherm constant and radius resulting in a total of 400 simu-
lations. Therein, the developments of the recovered parameters for the 
different initial guess from (28) are depicted, all leading to the reference 
parameters, highlighted by the green mark in Fig. 7a. It can be seen, that 
for steep gradients large step sizes are computed showing the success-
ful employment of the quasi-Newton method and the step size control. 
The results in Fig. 7b supports the findings by showing the distance to 
the reference parameters over the optimization steps and show that for 
various initial guesses the optimization framework can recover the ref-
erence parameters. In practical applications, the initial guess should be 
chosen by referring to existing literature to have a good estimate to start 
with.

3.3.4.  Influence of noise signals
The long term goal is to apply this method on experimentally ob-

tained concentration curves obtained by measurements. Therein, the 
presence of noise signals is unavoidable. Thus, the influence of different 
noise signal intensities on the input data is important to investigate. On 
the input concentration curve, artificially created Gaussian-distributed 
noise signals are added in each discrete time step. That is, the signal in-
tensity is computed relative to the current solute concentration in each 
discrete time point. The noise intensity is given by the signal-to-noise 
ratio (SNR) given here as SNR = 1∕𝑝 where 𝑝 is the percentage of the 
maximal possible noise signal amplitude. Fig. 8a depicts exemplary the 
noisy concentration curve with SNR = 1 together with the noise-free 
curve. Using this curve as the input, the isotherm constant is recovered 
by the optimization framework.

Fig. 8b shows the evolution of the relative error regarding the recov-
ered parameters over the optimization steps. Therein, the final accuracy 
of the determined isotherm constant depends on the applied intensity of 
the noise signals. Even for a SNR = 1, the initial relative error of 67% is 
reduced to 12% which equals to a 5.6 times reduction of the initial error. 
For higher SNR such as SNR = 5, the final relative error contains only 
2% showing strong capabilities of the presented method. As a demon-
stration, the recovered solute concentration curve is illustrated in Fig. 8a 
for visual comparison with the noise-free and noisy concentration curve 
which has been used as the input data for the framework.
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Fig. 8. ParamId simData twoParams.

4.  Conclusion

In the presented manuscript, a numerical framework is proposed 
combining LBM simulations with gradient-based optimization algo-
rithms to solve the parameter identification problem for adsorption 
models, e.g., adsorption isotherm constant and particle radius. This 
work is build on the previous results from Bukreev et al. (2023) and 
a benchmark case for the optimization problem is constructed for the 
batch reactor case. Therein, several aspects has been addressed such as 
the accuracy of the recovered parameters, robustness of the algorithm 
regarding different initial guesses and noise signals. The influence of 
the spatial resolution in the simulation for various input data sets is also 
analyzed where second order convergence is obtained for the identified 
parameters when using analytical solute concentration curve as the in-
put. When simulated input data is used, the relative error is reduced to 
machine precision in 13 optimization steps for recovering one param-
eter and 26 optimization steps for two parameters simultaneously. The 
framework demonstrated reliability to determine the reference param-
eters when varying the initial guesses, where comprehensive investiga-
tions has been performed by mapping the objective functional for a wide 
range of control parameters. Finally, great results are achieved regard-
ing the adaptivity of the algorithm on noise signals in the input data. 
That is, for a SNR = 2, the relative error regarding the isotherm constant 
is reduced from initial 67% to 2%. Similar results were obtained as in 
the work of Grigoriev et al. (2020) where conventional physical mod-
els have been applied, showing that the choice of the present models 
are capable of archiving accurate results in the parameter identification 
problem.

Supported by those results, we think the proposed framework is ca-
pable to determine model parameters when applied on real measure-
ment data which will be the scope in future works. The constructed 
benchmark case is suited to address several aspects in the parameter 
identification problem with great flexibility for further more specific 
investigations. The framework is easily extendable for more complex 
adsorption processes as the whole algorithm is designed to work with 
different adsorption models or macroscopic target equations. All applied 
methods are implemented and all presented results are produced with 
the open source library OpenLB.

Data availability

Data will be made available on request.

Declaration of competing interest

The authors declare that they have no known competing financial 
interests or personal relationships that could have appeared to influence 
the work reported in this paper. 

CRediT authorship contribution statement

Shota Ito: Writing – original draft, Validation, Methodology, Investi-
gation, Formal analysis, Data curation, Conceptualization; Simon Groß-
mann: Writing – review & editing, Validation, Methodology, Investiga-
tion, Formal analysis; Fedor Bukreev: Writing – review & editing, For-
mal analysis; Julius Jeßberger: Writing – review & editing, Software;
Mathias J. Krause: Writing – review & editing, Resources, Funding ac-
quisition

List of symbols

𝑐𝑠  Simulated solute concentration
𝑐∗𝑠  Reference solute concentration
𝑐𝑠,0  Initial condition reg. solute concentrtaion
𝑐𝑝  Simulated particle concentration
𝑐𝑞  Simulated loading concentration
Ω  Spatial flow domain
Ω△𝑥  Spatially discretized flow domain
x  Grid node position
x∗  Reference data position
△𝑥  Grid step size
𝐼  Time space
𝐼△𝑡  Discretized time space
𝑡  Time
△𝑡  Time step
𝐽  Optimization objective
G  Optimization constraint
𝜶  Vector of controls
𝜶∗  Vector of reference parameters
𝛼  Control parameter
𝛼∗  Reference parameter
𝛼0  Initial guess reg. controls
|

|

|

△𝛼𝑚rel
|

|

|

 Rel. error reg. control
|

|

|

|

|

|

△𝜶𝑚
rel
|

|

|

|

|

|𝐿2
 Rel. error reg. controls

u  Fluid velocity
𝜌  Fluid density
𝜈  Kinematic fluid viscosity
𝑝  Pressure
𝑆ads  Source term modelling adsorption
𝐷  Diffusivity constant
𝑋  Dimensionless concentration
𝑟𝑝  Particle radius
𝐾𝐻  Henry-isotherm constant
𝑞  Particle loading
𝑞eq  Equilibrium loading
𝐷eq

𝑠  Surface diffusion constant
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𝑘𝑓  Film transport coefficient
𝑘𝑠  Surface transport coefficient
𝑇  Dimensionless time
𝑓𝑖  Particle distribution function for NSE
𝑔𝑖  Particle distribution function for ADE
𝑓 eq
𝑖  Quadratic equilibrium distribution

𝑔eq𝑖  Linear equilibrium distribution
𝑤𝑖  Discretization weights
𝑐𝑠  Speed of sound
𝜏  Relaxation time
𝐷𝑏  Distribution factor
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Appendix A.  Simulation and material parameters

Table A.1 
Process parameters for the batch reactor case.
 Parameter  Value  Unit
 Isotherm parameter 𝐾𝐻 45 𝐿∕𝑔
 Initial concentration 𝑐0 1 𝑚𝑔∕𝐿
 Particle concentration 𝑐𝑝 0.94 𝑘𝑔∕𝑚3

 Column length 𝐿 0.1 𝑚
 Particle radius 𝑟𝑝 1.5 ⋅ 10−4 𝑚
 Surface diffusion coefficient 𝐷eq

𝑠 5 ⋅ 10−11 𝑚2∕𝑠2
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