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Abstract

The perfectly matched layer method (PML method) is a truncation technique well
known for the numerical treatment of wave scattering problems in unbounded domains.
In this paper, we study the convergence of the PML method for the wave scattering
from an open waveguide in Ri = {x € R? : x; > 0}, where the refractive index is
assumed to be a local perturbation of a function which is periodic with respect to x|
and equal to one above a finite height. The problem is challenging from the theoretical,
and also from the numerical, point of view due to the existence of guided waves. A
typical way to deal with this difficulty is to apply the limiting absorption principle.
Based on the Floquet-Bloch transform and a curve deformation theory, the solution,
derived from the limiting absorption principle, is rewritten as the line integral (with
respect to the Floquet-Bloch parameter) of the solution of a system of quasi-periodic
problems. By comparing the Dirichlet-to-Neumann maps on a straight line above the
locally perturbed periodic layer, we finally show that the PML method converges
exponentially with respect to the PML parameter. Finally, some numerical examples
are shown to illustrate the theoretical results.

Mathematics Subject Classification 35P25 - 35A35 - 65M60

1 Introduction

Let k > 0 be the wavenumber which is fixed throughout the paper and n € L™ (Ri)
be 2 —periodic with respect to x; and equals one for xo > ho for some 4y > 0. By
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REL we denote the half plane Ri := {x € R? : x» > 0}. Furthermore, letg € LOO(Ri)
and [ € LZ(REL) have compact supports in Q := (0,2m) x (0, hg). Then we will
solve the following equations

Au+ kK (n+qu = —f inRE, u=0forx, =0, (1)

complemented by a suitable radiating condition stated below.
The solution of (1) is understood in the variational sense; that is,

/[V:pva—kz(n—i—q)uW] dx = /fadx 2)
0

2
R+

for all ¥ € HO1 (Ri) with compact support. By standard regularity theorems it is
known that for x, > h the solution u is a classical solution of the Helmholtz equation
and thus analytic.

As mentioned above, a further condition is needed to assure uniqueness. Similar to
[1], we will derive a radiation condition by the limiting absorption principle; that is, the
solution u should be the limit (as ¢ > 0 tends to zero) of the solutions u, € H' (Ri)
corresponding to wavenumbers k + i¢ instead of k.

The investigation of wave propagation problems in closed wave guides, i.e. where
Rﬁ_ is replaced by R x (0, /) with some hp > 0 and (1) is complemented by some
boundary condition at the line xo = hg, has a long history. For a classical approach
we refer to [2] and the references therein. A different approach based on a singular
perturbation theory has been proposed in [3]. Both of the approaches are based on the
Floquet-Bloch theory which transforms the problem set up in the unbounded domain
Rx (0, ho) to afamily of problems set up in the bounded domain (0, 277) x (0, hg) (if 27
is the periodicity) with additional quasi-periodicity boundary conditions at the vertical
boundaries. For closed semi-waveguides (0, co) x (0, k) the limiting absorption
principle has been shown in [4]. The spectral decomposition of the propagating waves
in closed periodic waveguides is investigated in [5, 6]. Numerical methods are also
developed based on the limiting absorption principle. Since even for closed waveguides
the domain R x (0, k) is still unbounded one option is to approximate the Dirichlet-
to-Neumann map on the periodicity boundaries by solving certain cell problems. A
Riccati-equation based method was proposed for the first time in [7] and then applied
to other cases in [8§—10]. Also, a doubling recursive process was proposed in [11] and
further investigated in [12-14].

Open waveguide problems are unbounded with respect to both of the directions
x1 and x3. The Floquet-Bloch transform transforms the problem in Ri to a family
of quasi-periodic problems in (0, 27) x (0, co) which is still unbounded. Since the
solution is quasi-periodic with respect to x; it allows a Rayleigh expansion (i.e. Fourier
expansion with respect to x1) for xo > hg. In contrast to the case of closed waveguide
problems where the Floquet-Bloch transformed problems are singular at certain values
of the Floquet-Bloch parameter (which we call quasi-momentums, see Definition 1 (b))
open waveguide problems are more complicated because of the additional existence
of so-called cutoff values (also called the Rayleigh anomalies, see Definition 1 (a))
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which appear in the Rayleigh expansion and destroy the analytic dependence of the
solution on the Floquet-Bloch parameter. The existence of quasi-momentums leads
to the existence of propagative or guided modes (in the sense of Definition 1 (b))
which are quasi-periodic solutions of (1) for ¢ = f = 0 and, thus, do not decay as
x1 — =Fo00. The functional analytic approach using a singular perturbation theory as
in [3] can also be applied to the case of open waveguides, see [1, 15-18].

For some related radiation problems as, for example, wave scattering by periodic
surfaces of special types, guided waves do not exist, and the situation is simpler. For
example, when the surface is a graph of a bounded function and the boundary condition
is Dirichlet, see [19]. With the help of the Floquet-Bloch transform, these problems are
again reduced to families of coupled quasi-periodic problems which are now regular
for all Floquet-Bloch parameters, see [20, 21] for absorbing backgrounds and [22, 23]
for non-absorbing cases.

The Floquet-Bloch transform is not only useful for theoretical investigations but
also for the design of numerical solvers. In [24-27], the authors developed a series of
(higher order) numerical methods to solve these problems based on the Floquet-Bloch
transform. For more detailed explanations on the radiation conditions for this kind of
problem see [28] and for the related boundary integral equation method see [29].

One of the most difficult tasks in simulating wave scattering from locally perturbed
periodic layers comes from the domain which is unbounded in two dimensions. It
is easier to deal with unboundedness in the x; direction due to the periodicity; for
the x, direction, an efficient truncation method is necessary to reduce the problem
to a closed waveguide as a precursor to discretisation by a finite element or other
volume discretisation method. In [24-26], the exact but non-local transparent boundary
condition was adopted, and in [27, 29] the PML method was applied. The PML method,
which was proposed by J.-P. Berenger in 1994 in [30], is well known for its simplicity
with respect to numerical implementation. However, as it is not exact, convergence
as a function of the PML parameters has to be shown. For periodic surface scattering
problems, exponential convergence for quasi-periodic problems has been proved in
[31]. For general rough surface scattering problems, we refer to [32] where algebraic
convergence has been shown. The authors in [32] raised the question whether or not
exponential convergence on compact subsets could be expected. In [27], this question
was positively answered for periodic structures and wavenumbers 2k ¢ N. High-order
algebraic convergence was proved for all positive wavenumbers in [33].

In this paper, we will apply the PML method with respect to the variable x, to
approximate the open waveguide problem by a closed waveguide problem and study
its convergence rate, following the technique introduced in [27]. Compared to a direct
implementation of the (non-local) radiation condition proposed in [1], the PML method
benefits from a local boundary condition, which is easily implemented in a finite ele-
ment method. In a first step we will adopt the curve deformation technique (i.e., replace
integration on a real interval by integration along a carefully designed complex curve)
in the inverse Floquet-Bloch transform, developed in [34, 35] for closed waveguide
problems, to handle the case of guided modes. As a side product, the radiation condi-
tion, proposed in [1], can easily be derived from this form of the inverse Floquet-Bloch
transform. Compared to the representations that follow from the well-posedness results
in [17, 36], the new formulation is easier to be implemented numerically.
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For unperturbed periodic problems the family of Floquet-Bloch transformed prob-
lems are uncoupled with respect to the Floquet-Bloch parameter. For perturbed
problems, however, they are coupled and have to be solved simultaneously. We show
uniqueness and existence of this system.

Then, in a second step, we apply the PML method to truncate the problem into a
closed waveguide problem and derive the system of (coupled) problems on a bounded
domain. By comparing the quasi-periodic Dirichlet-to-Neumann maps for the open
waveguide and the closed one arising from the PML approximation we finally prove
the exponential convergence of the PML method.

The paper is organised as follows. In Sect. 2, we recall the definitions and properties
of guided (or propagating) modes. In Sect. 3, the curve deformation technique for the
inverse Floquet-Bloch transform is applied to reformulate the scattering problems,
and this approach is extended to locally perturbed cases in Sect.4. In Sect.5, the
convergence analysis of the PML method is studied. In the final Sect.6 a numerical
example is presented.

2 Propagating modes

First we recall some definitions. A function ¢ is @ —quasi-periodic (for some o € R)
if ¢(x1 + 27) = €2 P (x1) for all x;. We define the layer W;, := R x (0, h),
the space HJ’O(Wh) = {u € Hlloc(Wh) cu = Oforxo, = 0, u(-,xp)isa —
quasi-periodic for all x;} of quasi-periodic functions, and the corresponding local
space H, o, (RD) = {u : ulw, € H, o(W,) forall h > 0}.

Definition 1 (a) o € R is called a cut-off value if there exists £ € Z with |£ + «a| = k.
(b) @ € R is called a quasi-momentum (or Floquet spectral value) if there exists a
non-trivial ¢ € Hoi,O,loc(R?&-) such that

Ap+k*ng =0 inRE (3)
satisfying the Rayleigh expansion

d(x) = ZW(hO) o U)X+ K= (U+a)2 (x2=ho)  fo - Xy > ho. (4)

LeZ

Here, ¢ (ho) = % 02” O (x1, ho)e ! HO¥1gdx, are the Fourier coefficients of
o, ho)e i1 The convergence is uniform for x, > ho + & for all § > 0. The
functions ¢ are called propagating (or guided) modes. The branch of the square

root is taken such that the square root is holomorphic in C \ iR<o and such that
72> 0forz > 0.

If we decompose k into k = {4« withé € NU {0} and k € (—1/2,1/2] we
observe that the cut-off values are given by +« + ¢ for any £ € Z.

Since with « also o + ¢ for every £ € Z is a quasi-momentum we can restrict
ourselves to quasi-momentums in (—1/2, 1/2].
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We define the spaces of periodic functions with boundary conditions for x, = 0
by H), o(Q) = (¥ € HY(Q) : ¢y = Oforxa = 0, yis2r — periodic
with respect to x1} and, analogously, leer’O(Q‘X’) for Q% := (0, 27) x (0, 00).

For the proof that there exists at most a finite number of quasi-momentums we need
the following result.

Lemma 2 (a) (Part (a) in Theorem 3.1, [1]) Let u € H;,O,luc(Ri) be a a—quasi-
periodic solution of Au +k2nu = —f in Rf_ satisfying the Rayleigh expansion
(4). Then i(x) := e "*"u(x) forx € Q isin H;er’O(Q) and satisfies

/[va-vw—ziaalﬁw— (k*n —az)ﬁﬂ dx
0

— i Y VK2 = (+ @)2iig(ho) Ye(ho)
Lel
= /e*"‘”l f) Y x)dx forally e H,l,e,,O(Q). 5)
0

(b) (Part (b) in Theorem 3.1, [1]) If u € H;er,o(Q) solves (5) then u(x) = e"**1{i(x)

for x € Q and its extension by the Rayleigh expansion (4) is in HJ’OJOC (Ri) and
satisfies (1).
(c) The variational equation (5) can be written as (I — Ky )it = 1y in H;er,O(Q)

wherery € H[ler,O(Q) and Ky o is a compact operator from H;er,O(Q) into itself.
The operator depends continuously on o € [—1/2,1/2] and k > 0. Furthermore,
for every k>0andé& € [— 1/2, 1/2] which is not a cut-off value with respect to
k there exist neighborhoods U,V C C of k and &, respectively, such that K g
depends analytically on (k, @) € U x V. Finally, ro depends analyticallyono € C.

Proof For the proof for the parts (a) and (b) we refer to [1]. For (c) we choose

(u,v)y = /[VM-VU—i-ui]dx + Y 1lue(ho) ve(ho) (6)
0 e

as the inner product in H ;er,O(Q)’ The Theorem of Riesz implies the existence of
re H;er,O(Q) and an operator Ky o from H;er,O(Q) into itself that (5) can be writ-

ten as (I — Ky o) = ry. The compact imbedding of H;er,O(Q) in LZ(Q) and the

boundedness of v/k2 — (£ + «)? — |£] yield compactness of K 4.
The fact that & is not a cutoff value implies the existence of ¢ > 0 with

‘122 -+ &)2‘ > c for all £ € Z. We show that there exists c; > 0 and § > 0 such

that also |Re [k2 — +a)2]| > cyforall £ € Z and all k, « € C with )k — 12‘ <34

and |a — &] < §. We consider three cases:
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Q) €] > k+2. Then Re[(£4a)? —k?] = ({+Re@)? — (Ima)? — (Re k) +(Im k)* >
(€|— 12— (Rek)?—(Ima)? > (k+1)>—(Rek)>— (Im)? > ¢; for sufficiently
small ‘Rek _ k) and | Tm a/.

(ii) €] <k+2andk?— (£+&)? > c. Then Re[k? — (L +a)?] = (Re k) — (Im k)% —
(t+Rea)?+(Ima)? > c+[(Rek)?—k2]— Imk) 2 +[((+&)? — (¢ +Rew)?] >
c+[(Rek)? — k% — (Imk)? — |& —Re ar| - 2(k +2)|& + Re a| > ¢ for sufficiently
small |k — k| and |& — «|.

(iii) €| < k+2and (¢4+&)2—k% > c. ThenRe[(¢+a)>—k%] = (¢+Re a)>—(Im a)?—
(Rek)? + (Imk)? > ¢ + [k2 — (Re k)*] — (Im ) + [(£ + Re &) — (£ + &)%] >
c+[k?—(Rek)?]—(Ima)?—|&d —Rea|-2(k+2)|& +Rea| > c; for sufficiently
small [k — k| and |& — /.

Recalling our choice of the branch of the square root function we observe that the
square roots in (5) are holomorphic with respect to k and « and their derivatives with
respect to k or « are bounded with respect to £. Therefore, the operator K , depends
analytically on k and « in neighborhoods U, V C C of k and &, respectively. O

Under the following assumption it can easily be shown as in, e.g., [1] that every
propagating mode ¢ corresponding to some quasi-momentum « is evanescent; that is,
¢e(E£ho) = 0 for all |£ + «| < k; that is, there exist ¢, § > 0 with |¢(x)| < ce %2
for all xo > hyg.

Assumption 3 Let |£ + «| # k for all quasi-momentums « and all £ € Z; that is, the
cut-off values are not quasi-momentums.

Lemma4 Under Assumption 3 there exists at most a finite number of quasi-
momentums in [—1/2, 1/2]. Furthermore, if a is a quasi-momentum with mode ¢
then —a is a quasi-momentum with mode ¢. Therefore, we can numerate the quasi-
momentums in [—1/2, 1/2] such they are given by {&j : j € J} where J C Z is
symmetric with respect to 0 and &_; = —Q; for j € J. Furthermore, it is known that
every eigenspace

Xj = {6 € H, 1,.(RY) : ¢ satisfies (3) and (4)) @

is finite dimensional with some dimension m; > 0.

Proof We recall that £« are the cut-off values in [—1/2, 1/2]. We can cover the set
[—1/2,1/2] \ {«x, —«} by at most three open sets U; C C such that the operator
K, depends analytically on « € U;U;. Assume that there exists an infinite number
of quasi-momentums in [—1/2, 1/2]. Then a subsequence converges to some o €
[—1/2,1/2] and, without loss of generality, this subsequence lies in one of the U;.
By the analytic Fredholm theory (see, e.g. [37]) either every point of U; is a quasi-
momentum or the discrete set of quasi-momentums has no limits point in U j; that is,
a € [—1/2,1/2] N dU; which implies that & coincides with k or —«. In any case, by
a perturbation argument, « is a quasi-momentum which contradics Assumption 3. O
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In [1] it is shown that a suitable basis of X ;j 1s given by the eigenfunctions {qag, i

£ =1,...,mj} of the following selfadjoint generalised eigenvalue problem
—2i/$31¢3@,,-dx = A@,,-zk/n@,ﬁdx, Ve X, (8a)
o> o®
for £ =1, ..., m; with normalization
2k f nejde jdx = See (8b)
QOO

3 The limiting absorption solution for the unperturbed case

First we study the unperturbed problem with a wavenumber k + ie for some & > 0
and ¢ > 0. Then the Theorem of Lax-Milgram implies that the problem Au, + (k +
ie)u, = — f has a unique solution u, € H! (Ri) with u, = 0 for x, = 0. We apply
the (periodic) Floquet-Bloch transform to u.. Therefore,

i(x,e,a) = Z ug(x1 +2ml, x3) e T2 O
Lel

is in HIIW’O(QOO) and is the unique periodic (wrt xj) solution of Au(-, &, ) +

2ia dyii(- &, @) +[(k+ie)* —a?li(, e, a) = —f(;, ) in Q% withii(-, &, ) = 0 for
x3 = 0. We note that the function f has the form f(x, o) = e™'*"! f(x) because the
support of f isin Q. By the analog of Lemma 2 (equation (5)) the function # satisfies

/[va VY = 2ia iy — ((k+ie)n —az)fﬁ] dx

—i Y ke +ie)> = €+ a)?iie(ho) Ve (ho)

LeZ

=/f(x)e*"°‘x1 V() dx forally € H,, 0(0). )
0

We write this in the form

(I — Keo)ii(e,a) = Ry f inH,, ((Q) (10)

where

(I = Keo)v. V), = /[Vv VY =2y — ((k+ie)’n —a?) vﬂ dx
0
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— i Y Nk +ie)2 — (€ +a)2 v (ho) Y (ho), (11a)
LET
(Roeg. V), = / g(x) e Y (x) dx (11b)
9]

forall v, Y € H;er,O(Q) and g € LZ(Q), where (-, -), is given by (6).

It is the aim to apply the following abstract representation theorem. First, we intro-
duce the (punctured) cylinder Bs := {(¢,«) € [0,8) x C: |a| < §, ¢ + || > 0} C
R x C, which is an extension from the results in Sect.5 in [1].

Theorem5 Let 0 € V C C be an open set. Let K(e,a) : H — H be a family of
compact operators from a (complex) Hilbert space H into itself and r(e, ) € H
such that (¢, o) — K(e, @) and (e, @) — r(g, o) are continuously differentiable on
[0, e0] % Vfor some g9 > 0. Set L(¢, @) := I — K (¢, «) and assume the following:

(i) The null space N := N'(L(0, 0)) is not trivial and the Riesz number of of L(0, 0)
is one; that is, the algebraic and geometric multiplicities of the eigenvalue 1 of
K (0, 0) coincide. Let P : H — N C H be the projection operator onto N
corresponding to the direct decomposition H = N @ R(L(O, O)),

(ii) A = iP%L(O, 0)|n : N — N is selfadjoint and positive definite and B :=
—P%L(O, 0)|n : N — N is selfadjoint and one-to-one.

Let {kg, el =1,..., m} be an orthonormal eigensystem of the following gener-
alized selfadjoint problem in the m—dimensional space N :

— Bpy = A Agy in N with normalization (A¢g,¢g/)H = Sp. (12)

We set M := {(¢,a) € R x C: 0 Ima < 0} ifall A¢ have the same sign o € {+, —},
otherwise we set M := R x R. Then there exists § > 0 such that:

(a) For (e,a) € M N Bs the equation L(e, a)u(e, o) = r(e, o) has a unique solution
u(e,a) € H, and u(e, @) has the form

m

ule,a) = ub(s, o) — Z

" 4 for(s,a) e MNBs,  (13)
(07
=1

ie — Ag

where ry = (Pr(O, 0), ¢g)H are the expansion coefficients of A~LPr (0, 0) with
respect to the inner product (A-, )y, that is, Pr(0,0) = Z?:l re Agy. Further-
more, ub (e, a) depends continuously on (g, ) € M N By and there exists ¢ > 0
with |u® (e, )| a < clIrllcig;. gy for all (e, @) € M N Bs. 2

! Thatis, the partial derivatives with respect to the real variable ¢ and the complex variable « exist in (0, &9)
and V, respectively, and can be continued continuously into [0, £g] and V, respectively.

2 Here, Il gy = Swp Ir(e.&)llm+ sup 1076,y + sup [13ar(e. g
(e,8)€B;s (¢,8)€B;s (,8)€Bs
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(b) If all L¢ have the same sign o € {+, —) then u® (e, -) depends analytically® on
o€ {oz eC:la| <d, olma < O}foreverye € (0, 6).
(c) Fore = 0 the part u®(0, -) depends analytically on a € {a € C : |a| < 8).

Proof We project the equation u(e, ) — K(g, @)u(e,a) = r(e,a) onto N and
R = R((L(O, O)). Decomposing u(e, «) into u(e, o) = u™ (e, ) + uf (e, @) with
u (e, ) € N and uR (e, ) € R the equation is equivalent to the system

uN (e, a) — PK (e, a)[u (e, a) + uR(e, )] = Pr(e, o),
uRe, ) — OK (e, ) [uN (e, @) + u® (e, )] = Or(e, ).

The operator [I — QK (0,0)]|g : R — R is invertible. Therefore, there exists
81 > O such that [/ — QK (e, a)]|r : R — R is invertible for all (e, ®) € Bs. Set
T(e,a) :=[I — QK (e, oz)]|7_€1 : R — R. Then we solve the second equation for
u® (e, @) and substitute it into the first equation which gives

uN(s, o) —PK(e,a)[l + T(s,a)QK(s,a]uN(s,a) = Pr(e,a)
+PK(e,a)T (g, ) Qr(e, @)

in the finite dimensional space N. We abbreviate this as C(e, @)u® (s, 0) =
g(e,a). We note that C(0,0) = 0 and g(0,0) = Pr(0,0) and 9.C(0,0) =
—P03:K(0,0)|y = —iA and 0,C(0,0) = =Py, K (0,0)|nr = —B.

We compare the equation C (e, aul (e, ) = g (e, o) with the linearized equation

lieA + aBli(e,a) = —g(0,0) = —Pr(0,0) inN.

This equation is explicitly solved by

m m
e, a) = — Z i,s—r—z)»gam for all (¢, ) € M where Pr(0,0) = ng Ady.
=1 =1
Indeed, if M = R x R then |ie — rpa|? = 2 + A%az > y(e2 + a?) forall (e, o) €
M with y = min{l, A%, e Afn}. If all A, have the same sign ¢ € {4+, —} then
lie — et = &2 + 22a|* — 2er¢Ima > y (e + |]?) for all (s, ) € R x C with
olma <0.
Next we show the existence of ¢ > 1 such that

1
lvle < Ve + P |lieA+aBl '], < cllvlla (14)

forall v € N and (¢, ) € M. Indeed, letu = [ieA + aB]’lv. Then, as before, u =
Yo is_”ﬁqbg where vy are the coefficients in the expansion A~'v = 3" vy

3 Since the notions of a complex differentiable, a holomorphic, or an analytic function from a domain in
C into a Banach space coincide (see, e.g. []), we use the notion of analyticity in the following.
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By the orthonormality of {¢, : £ = 1,..., m} with respect to (Au, v)g we have

_ym Jve | 1 m 2_ 1 ~1
(A =241 o jpar = yiam 2= Vel = iz (0 A7 0)a- Also,

the norms +/(Av, v) gy and v/(u, A~'u) g are equivalent to ||v||y and ||u|| g, respec-
tively, which proves (14).
In particular we have that ||i(e, )| g < W We set Sg o :=[ieA + aB]™!

C

and note that (g, ) — Sg 4 is continuous on M and ||Seq| < «/ﬁ for all
&+

(e, ) € M. If all A, have the same sign then S , depends analytically on «.
Now we consider the difference v = @i (e, @) — u (¢, &) and have

[ieA+aBlu(e, @) = g(e,a) — g(0,0) + [C(e, @) +icA +aBlv(e, @)
— [C(e, ) + icA + aBli(e, @)

which we write in the form

(I — SealCle,a) +icA+ ocB])v(s, )
= Sealgle, @) —g(0,0)] — S:o[C(e,a) +icA + aBli(e, o)

From ||Se. || < and ||C (e, @) +ieA+aB| < c (¢2 + |a|?) we note that the

(4
e2+|a|?
operator on the left hand side is a small perturbation of the identity. Therefore, this
equation is uniquely solvable for all (¢, @) € M N B; for sufficiently small § > 0, and
the solution v depends continuously on (¢, ®) € M N Bs, and ||v||g < c||r||C1(Bf5,H)

for all (¢, ) € M N By because ||i(e, )|y < W and [|g(0,0) —g(e, ) ||lg <

cy/€2 + |a|2. This implies that u™ := i — v satisfies C (e, a)uV (e, @) = g(e, ).
Furthermore, in the case that all A, have the same sign o the function v(e, -) is analytic
inf{oe € C: |a| <4, olma < 0}. If ¢ = 0 then v(0, @) is analytic and uniformly
bounded in {a € C : |¢| < 8§, a # 0}. Finally, we have that

uB(e,0) = T(e,a) QK (e, )u" (e, ) + T(e, ) Or(e, )
=T(e,a) O(K(e, ) — K(0,0))u" (e, ) + T(e,a) Qr(e, a))

because QK (0, 0)u" (e, &) = Qu” (e, @) = 0. This shows continuity and bounded-
ness of u® (e, &) and ends the proof. O

Later we only need the following conclusions from the previous theorem.

Corollary 6 Let the assumptions of part (b) of Theorem 5 hold. Then the following
holds.

(a) I — K(e, ) is an isomorphism from H onto itself for all (¢,a) € M N By =
{e,a) €[0,8) xC : |a| <8, olma <0, &+ |a| > 0}, and the mapping
(e,a) — (1 — K(e, oz))_1 is continuous from M N By into L(H, H).

(b) For fixed ¢ € (0,6) and r € H the mapping a +— (I — K (g, a))flr is analytic
on{a eC:|a| <8, olma < 0}.
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We want to apply Theorem 5 and Corollary 6 to the equation (10) in a neighborhood
V C C of some quasi-momentum ¢&; for some j € J where V is chosen such that
it does not contain a cut-off value. (This is possible by Assumption 3 and Lemma 2.)
Therefore, we set K (¢, o) := Kegjta and r(e, o) := R&jJraf and have to check
the assumptions of the previous theorem. The operator K and the right hand side r
are continuously differentiable with respect to (&, @) in a neighborhood of (0, 0). It
has been shown in [1] that the eigenvalue problem (12) is equivalent to the eigenvalue
problem (8a), (8b) and that all the other assumptions of the theorem are satisfied under
the following additional assumption.

Assumption7 A, ; #Oforall£=1,...,m;and j € J.

In [1] it has shown that the application of Theorem 5 allows us to take the limit
& — 0. The following result has been shown.

Theorem 8 The solution u. converges to some solution u of Au + k’nu = —f in
H'(K) for every K of the form K = (—R, R) x (0, H). Furthermore, u = 0 for
x3 = 0, and u satisfies the radiation condition of Definition 9 below for g = 0 with

: x1/2
t
) = 5 L2 / L IR

The coefficients ag_j in (16) are given by

ag,j

/f(X)¢e j)dx. 15)
I)» Jl

Definition 9 Let ¥ € C°°(R) be any pair of functions with ¢+ (x1) = 1+O(1/|x1])
as £x; — oo and Y+ (x1) = O(1/|x1|) as £x; — —o0.

A solution u of Au + k*nu = —f in Ri satisfies the open waveguide radiation
condition if u has a decomposition into u = uyqq + U prop Where:

(i) The propagating part has the form
Uprop(¥) = Y)Y D anjbe @) + Y)Y Y arde(x)

jEJ f:)\(__/>0 jEJ Z:AM<O
(16)

for some ay ; € C defined in equation (15).

(i) The radiating part satisfies u,,q € H Y(Wg) for all H > ho and its Fourier
transform (Fu,qq)(w, x2) with respect to x; satisfies the generalized Sommerfeld
radiation condition

]

2
[ i @.x - iVie = Fuao.x| do — 0. 52— .
—00

A7)

@ Springer



728 A.Kirsch, R. Zhang

—— N
—1/2 . 1/2 Rea

Fig.1 The set A (red), &; for j € J + (green), & j for j € J~ (blue) (color figure online)

Here we define the Fourier transform as
1 o
Fo)w) = — f 6()e 0 ds, weR.
V2
T —00

We note that we can replace = by any pair of functions ¥+ with ¢+ (x;) = 1 for
+x; > T + 1 (for some T > 2m) and tﬁi(xl) = 0 for +x; < T. This is because
the differences (wi — &i)ég, jarein H L(Wy) for all H and decay exponentially as
x3 — oo and thus can be subsumed into the radiating part. This representation give
rise to the open waveguide radiation condition (Fig. 1).

In this paper we do not repeat the proof of Theorem 8 but use Corollary 6 in a
different way. For the remaining part of the paper we make the following assumption.

Assumption 10 For every j € J all of the eigenvalues A1 j, ..., )Lm_l.,j have the same
signo; € {+, —}.

Then we group the quasi-momentum &; into right- and left going by defining
Jt={jel:o i = £}. Furthermore, we define the following sets

Aj ={aeC:la—aj| <5, £Ima <0} for j € JT (open half discs),
A=10 AN\ J@ -8.6;+9).

jeJ jedJ
M:={(,a)e[0,8] x A:e+|a—aj| > O0forall j € J}.

Application of Corollary 6 to the equation (10) yields the following result .

Lemma 11 Let Assumptions 3, 7, and 10 hold. Then there exists § > 0 such that the
operators I — K, o, defined in (11a), are isomorphisms from H ,1, er.0(Q) onto itself for
all (e, ) € M, and (g, a) +— (I—Kg,a)q is continuous on M. If C C M is compact

then H (I — Kw,)_1 ” is uniformly bounded with respect to (e, ) € K. Furthermore,
for every € € (0, ) the unique solution u(e, o) of (10) depends analytically on o €
Ujes Aj-

Formulated in terms of the variational problem (5) we have the following. For every
f € L*(Q) and (e, o) € M there exist a unique solution ii(-, €, @) € H;er,O(Q) of
(5) which depends continuously on (¢, @) € M; that is, u € C(M, H;er,O(Q))' For
every compact set K C M there exists ¢ > O with ||lu(-, &, &) | 1oy < cll fllp2g)for
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all (e, o) € K. Finally, for every ¢ € (0, §) the solution u(-, &, &) depends analytically
ona €J;c; Aj.

We recall that the original field u, is given by the inverse Floquet-Bloch transform;
that is,

1/2
ug(x) +2mp, x3) = / i(x,e,0)e TP doy x € Q, pe.
—1/2
Therefore, if it (x, €, @) is analytic in, say, {& € C : |0 — @] < §, Ima < 0} then we
can modify the path of integration in this integral from the segment (& ; —8/2, &;+68/2)

to FJT ={a € C:la—a;| =6/2, Ima < 0}. With the analogous change for j € J~
we define the global path

r=1u U ryu U F;“ where now

jeJt jeJ ™
I=1-1/2,1/21\ | J@; — 8/2.&; + 6/2)
jeJ

which connects —1/2 with 41/2. Application of the previous lemma yields the fol-
lowing form of the Limiting Absorption Principle.

Theorem 12 Let Assumptions 3, 7, and 10 hold. There exists § > O such that for all
fe LZ(Q) and ¢ € (0, 8), there is a unique solution u, € H(} (Rﬁ_) of (1) forqg =0
and wavenumber k + ie, given by

ue(x) + 2w p, x2) = /ﬁ(x,s, @) % TP oy x € 0, peZ,
r

where u(-, e, ) € H;er,O(Q) satisfies (5) for all « € T'. Furthermore, ug converges

to some solution u € H' ((—=R, R) x (0, hp)) of (1) for g = 0, for any R > 0. The
function u has the representation as

u(xy +2mwp, xp) = /ﬁ(x,O,oz) e TP gy x € Q, p €7,
r

where u(-,0, o) € H;zer,O(Q) is the solution of (5) fora € T" and ¢ = 0.

Proof This comes directly from the continuous dependence of i (-, €, &) on (¢, &) €
[0,8) x " c M. O

Remark Since forallw € I', I — Ko o is an isomorphism, the uniqueness of (9)-(10)
holds.
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4 The perturbed case

In this section, we move on to the case that n is locally perturbed by a function ¢, i.e.,
to studying the solution to Au 4 k*(n 4+ q)u = — f. According to [17], the radiation
condition given by Definition 9 guarantees the unique solvability of this problem. Now
we will focus on the new formulation in terms of complex contour integrals.

We recall the definition of the path I', observe that I' C A, and define the operator
P from C (A, H;er’O(Q)) into L2(Q) by

(Pg)(x) = / gx.pye?dp, xeQ, geC(A H,, Q).

r

Then it is easily seen that P is compact. Indeed, let g; € C (A, H;er,O(Q)) be
bounded; that is, supge 4 18, ¢, B)ll 1oy < ¢ forall j € N. Then ||Pgjlgig) <
c1 [ g G Bl ydB < ca for all j. The compactness of H;er,O(Q) in L2(Q)
yields compactness of P.

We consider now the local perturbation of the periodic case; that is, we look at (1)
for arbitrary ¢ € L?(Q). We rewrite the equation for k + i instead of k as

Aug + (k+i8)2nu5 = —f — (k+i;3)2q(u.8 inRi_.
The (periodic) Floquet-Bloch transformed equation has the form

Adlp(, ) + 2iadii(a) + [(k+ie)*n —ali.(, @)
= —fe — (k+ie)quee
1/2
—feTN — (k+ie) g eion f (- p)e'Prdp in Q% (18)

—1/2

for @ € [—1/2, 1/2] and in variational form (compare with (9))

/[vag(., o) -V —2ia 0 ()Y — [(k+ie)’n —a’lie(, o) E] dx

0
—i Y ke +ie) = (€+a)iic o (ho, @) Ye(ho)
LeZ
1/2
=/fe—f‘“1de + (k+i8)2/ ge ¥y / (-, B) P dpdx  (19)
0 0 -1/2
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for all Y € H;er’O(Q). As in (9) we write this as

1/2
(I = Keo)iie(,@) = Rof + (k+ie)’ Ry | g f i (-, B) ePM1dp
—1/2
Now we observe that the operators K, , depend smoothly on o € A. Considering the

right hand side as a source and modifying the path of integration is the motivation to
study (for fixed & > 0) the equation

(I = Keo)ve() = Rof + (k+ie)* Ry(q Pve) inH,, o(Q)  (20)

for o € I where we recall the definitions of K, 4 : HIIW’O(Q) — Hllaer,O(Q) and Ry :
L*(Q) - H ,1, er0(Q) from (11a), (11b). The corresponding variational formulation
is (19) with f_lﬁz ve (-, B) €P*1 d B replaced by Pu,; that is,

/[Wg(., a) VY —2iadiv.(,a) ¥ — [(k+ie)>n — a?ve(-, &) ﬂ dx
0
—i Y Vk+ie)? = (€+ )2 v (ho. @) Y (ho)

LeZ

= /fe*f“x'wdx + (k—i—is)z/ qe*i"”“W/vs(-,ﬂ)eiﬂx1 dpBdx 1)
0 1] r

forall ¢ € H;er,O(Q) ando € T.

Lemma 13 Let Assumptions 3, 7 and 10 hold. Then there exists § > 0 such that for all
f e Lz(Q) and ¢ € (0, §) there exist a unique solution v, € C(F, leer,O(Q)) of (20)

and (21). The function (g, &) + ve(-, o) can be extended to v € C(./\/l, leer,O(Q))
and v(-, &, @) depends analytically on o € UJEJ A; for every g € (0, 8).

Furthermore, v(-, &, ) € H[ler’o(Q) is the unique solution of (18) for all (e, @) €
M.

Proof First we introduce the operator T : L2(Q) — C(F, H;er,O(Q)) as Tg = wy
where w, € C(F, H;er,O(Q)) is the unique solution of

(I = Keo)wg( @) = Ryg inH,, o(Q) foralla €T.

The existence and boundedness of T is assured by Lemma 11. Then we can write (20)
as the fixpoint equation

v =T(f+(k+ie)’qgPv) = Tf + (k+ie)>T(qg Pv) inC(T, H), (Q))
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which is of Fredholm type because of the compactness of P. Therefore, it suffices to
prove uniqueness. Let v € C(F, H;er,O(Q)) be a solution corresponding to f = 0.

Define w(-, «) € H!

per,0(Q) as the unique solution of

(I — Keo)w( o) = (k+ie)* Ry(q Pv) inH), ((Q) foralla € A.

Then w € C(A, H}m’O(Q)), again by Lemma 11. Furthermore, (I — Ks,a)(v(-, o) —

w(~,a)) = 0 for all « € T" which implies that v(-, @) = w(~,a)) for all « € T.
Therefore, Pv = Pw which shows that w satisfies

(I — Keo)w(- o) = (k+ie)* Ry(q Pw) in H),, ((Q) foralla € A. (22)

Since w depends analytically on o € | J jes A; we can change the path of integration
and have

172

(Pw)(x) = /w(x,ﬁ)eiﬁxl dB, xe€O0.

—1/2

Therefore, (22) implies that w(-, o) satisfies (19) for f = 0and alla € [—-1/2, 1/2].
Standard arguments (setting ¥» = w and taking the imaginary part) yields that w(-, «)
vanishes for all « € [—1/2, 1/2]. Therefore, Pw = 0 and w(-, ) satisfies (I —
K o)w(-, @) =0 forall « € A which implies again that w(-, &) vanishes in Q for all
aec A

So far, we kept ¢ > 0 fixed. However, the extension w = w(-, ¢, &) of v = v, (-, )
is in C(./\/l, H;er,O(Q)) which ends the proof. O

Since (e, ) — v(-, &, a) is continuous on [0, §) x I" we can let ¢ tend to zero
in (21). We have therefore shown the Limiting Absorption Principle in the following
form.

Theorem 14 Let Assumptions 3, 7 and 10. Then there exists § > 0 such that for all
f € L2(Q) and ¢ € (0, §) there exist a unique solution u, € HO1 (Ri) of (1) for k
replaced by k + ie, and u has the form

ug(x1,x2) = /ve(x,a)ei“x‘ da, x € Wy,
r

where vy (-, @) € H}m’o(Q) satisfies (21) for all « € T. Furthermore, ug converges

to some solution u € Hl]oc,O(WhO) of (1). The convergence is in H'(K) for every
K = (—R, R) x (0, hg). The function u has the representation as

u(xy, x3) = /vo(x,a) & da, x € Why, (23)
r
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where vo(-, ) € H;er’O(Q) is the solution of (21) for « € I" and ¢ = O, that is,
(I — Koo)vo(@) = Raf + K> Ralq Pvo) inH), o(Q), @ €T, (24)

or, in variational form,

/[wo(-, a) - VY — 2ia djv(-, @) ¥ — [k*n — a*] v -, aﬁ} dx

0
—i Y VK — (£ + @) v ¢(ho. &) Y (ho)
el
=ffe—"w‘1$dx + k2/ qe—"“"ﬁ/vo(-,ﬂ)efﬂﬂ dBdx (25)
o 0 r

for all € H;er.O(Q) and o € T. vy is continuous with respect to o and thus

v € C(T, H),, o(Q)).

Remark 1 (25) is the variational formulation of the following coupled system of
boundary value problems (formulated only for ¢ = 0) for vo(-, ) € H ; or0(Q):

Avg(-, @) + 2iadvo(-, @) + [k n —a*lv(, @)
= —fe ' — KPgeim /UO(-,ﬁ)e"ﬁx' dp in Q. (26a)

r
vo(-, ) =0 forxp, =0, (26b)
drv0,e(ho, &) = iV k> — (€ + a)? vo ¢ (ho, @), (26¢)

foralla € T".

Theorem 15 Let Assumptions 3, 7 and 10 hold. Let vg € C(F, H;er,O(Q)) be a solu-
tion of the system (25). Then the corresponding field u, defined in (23), has an extension
into Ri which satisfies (1) and the radiation condition of Definition 9.

Proof From (24) we conclude that (I — Ko 4)vo(at) = g in leer,O(Q) foralla € T
with gy := Ry f +k2R, (q on(a)). By Lemma 11 o — vg(«) is continuous in A and
can be extended analytically into U j¢ 7 A ;. We consider the parts Fj[ of the integration

curve in (23). Let, for example, j € JT. Then vg(x, «)e'**1 has the representation (cf
Theorem 5)

mj

. . 1 re N . AL
vo(x, @) elox vb(x, 0, ) LR _ Z »J ¢E,j(x) el(ot a;j)xi , x€0,
o—aj Ag,j :

27)
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for0 < | —@;| < 8. The part v? is analytic in {« € C : lo —é& | < 8} and vp analytic
in{fe € C:0 < |a—&;| < &}. Now we extend vo(-, o) into Q*°\ Q by

T T .
vo(x, o) = ZUO,Z el»,/k (l+a)=(xa—ho) etﬁ)q7 x2 > ho,

LeZ

forale € TU{x € C : 0 < |a —@j| < 8/2} where vo¢ = vo,e(ho, )
are the Fourier coefficients of vg(-, @) on (0,2m) x {ho}. We note that for [£| >
k + 1 we have that Re[k? — (£ + «)?] = k* — (£ + Rea)? + (Ima)? < 0O
for sufficiently small § > 0. Therefore, Im/k2 — (¢ + @)?> > 0, and the series

i 2_ 2 _ i . .
2 jezk41 Vo, e €Y k=t (a—ho) pitx1 decays exponentially as xo — co. The finite
i 2_ 2 — 1 .
sum Yy g1 Vo€V E=(t+a) (—ho) ¢itx1 can grow exponentially.

Since the functions 434, j are already solutions of the Helmholtz equation in all of
Ri we can take (27) as the definition of v’ (x, 0, @) for xa > hpand 0 < | —&j | < 6.
Then v? is still analyticin {o € C: 0 < |o — @;| < 8}. Therefore,

/vo(x,oz)eio‘x‘ do = /1,4b(x,0,ot)eio‘x1 dot—i—/ el @ daz Y q)g](x)
o—a; ¢,

r; r; r;
aj+5/2 | mj
_ b iox] iox] 5y
= / u’(x,0,a)e dot-i—/a da Z Y ¢£/(x)
a;—38/2 c-
forx € Q% where C™ :={a € C: || = §/2, Ima < 0}. We compute
/leiam do — d_a n fcos(axl) -1 da + i/ sin(oxy) do
o o o o
c- c- c- c-
8/2 8/2
cos —1 sin
=i+ / costr) =1 ) 4 / sin@x1) gy
o o
—8/2 —8/2

because the integrands of the second and third integrals are holomorphic. The second
integral vanishes because the integrand is an odd function. Substituting = «x in the
third integral yields

8x1/2
d int
@ it / Ll
o t

c- 0

Integration for j € J; that is, integration over F;“ is done analogously. Furthermore,
integration over the half circles with centers =« are reduced to the integrals over the
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segments (£k — §/2, £« + §/2). Therefore,

u(x) :fvo(x,a)ei“x‘da

r

/Uo(x a) e do + Z /vo(x a) e da + Z /vo(x @) e dy

JEJJr

1 jeJ— 1_,+
a]+8/2
fvo(x o) e da + Z / v (x,0, ) ¢ da
T J&l8, 25
B 8x1/2 .
1 1 sin ¢
+ 27i §+;/Tdt ZZ j(]ﬁg/(x)
| jerte=1 7%
5)61/2
1 1 s1nt
— 2mi 5—; / ZZ ¢Zj(x) XER?}'
| 0 _ jeJ— =1

With ¢+ (x1) = % + % f(fx‘/z S‘ti’ dt we have shown the decomposition of # into a
radiating part u,,4 and the propagating part u ., of the form (16). We have to show
part (ii) of the radiation condition of Definition 9.

We set
v(,a), ael,
Vraa (o) = {0P(,0,0), @ € Uje @) —8/2,a; +8/2), (28)
0, else.
Then vyqq € L*((—1/2,1/2), H;er o(@™)) forall H > ho where 0 = (0, 27) x

(0, H) and ttrqq(x) = [117) vraa(x, )¢’ dar. We conclude that u,aq € H'(Wp)
forall H < hg by the well known properties of the Floquet-Bloch transform. It remains
to show the generalized angular spectral radiation condition (17). First we note that,
withw = £ 4+ a where £ € Z and o € (—1/2, 1/2],

(Ftraq) (@, x2) = Urad (X1, X2) e dxy

7l

NG Upad (X1 + 271m, x7) e HEFOC+2mm) g
27_’: Z/ ra

meZ

Vrad (X1, X2, ) €~ "Mdx1 = vpaa,0(x2, o)

]
0
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which are the Fourier coefficients of x| — v,44(x, ). Therefore,

oo

2
[ et - iV = Furair (.30 o
oo

1/2
2
=Y [ [aFua e+ o) - i = € 0P Funsar e+ o) da
KGZ_1/2
12
2
=Y [ [vanctrn ) - iV = € @ v .|| de
lEZ,]/z

From the definition (28) of v,44 We observe that d2v,q4.¢(x2, @) — i/k? — (£ + )?
Vrad (X2, @) = dpv0,0(x2, ) — ik — (€ +a)?vpe(x2,) = O for @ € I and

x2 > ho. For |a — &;| < /2 with j € J* we change the path of integration into Cj;
and have from (27) that

2
Z/ ‘3202()«?2, 0, ) — ivk? — (£ + @) v’ (x2,0, a)‘ do

ZGZC;:
mj 5 )
<c Z Z |:‘32¢3E’,j,€()€2)‘ + Je]? ‘Qggf,jyg(xz)‘ }
(e v'=1
mj
= CZ/ |: 82¢€'j(x1’x2)‘ ‘31@3'1()61,)62)‘ } dxi
=iy

N 1 27 2 —i(l+é . .
where ¢y j ¢(x2) = Wirs fo dp,j(x1, x2)e i(6+@j)x1 g x| are the Fourier coefficients

of q@l/, j(x1, x2)e 1@%1 The exponential decay of q@l/, ;j and its derivatives yields that
this expression tends to zero as xp — 00. O

Theorem 16 In addition to Assumptions 3, 7 and 10 we assume that there are no
trapped modes of the perturbed problem, i.e. there are no non-trivial solutions u €
H (R ) of (1) for f = 0. Then, for every f € L*(Q) there exists a unique solution
vy € C(F Hler O(Q)) of (24) and (25). The mapping f + vq is bounded.

Proof As in the proof of Lemma 13 we introduce the operator Ty : L*(Q) —

C(F Hler 0(Q)) by Tog = w, where w, € C(F Hler O(Q)) is the unique solu-
tion of

(I — Koo)wg( @) = Ryg inH,, ((Q)foralle .
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The existence and boundedness of Tj is again assured by Lemma 11. Then we write
(24) as the fixpoint equation

vo = To(f +k°qPv) = Tof + kK*To(qPvo) inC(T, Hy,, 4(Q))

which is again of Fredholm type because of the compactness of P. Therefore, it suffices
to prove uniqueness. Letvg € C (F, H ; er,O(Q)) be a solution corresponding to f = 0.
Define u by (23) in Wj,,. Then u satisfies Au +k*nu = —k>qu and the open waveguide
radiation condition of Definition 9. A well known uniqueness result of Furuya ( [36])
yields that u vanishes identically. This implies that Pvy = u vanishes and thus vg = 0
by the injectivity of I — Ko 4. O

5 The PML-method

Before we go deep into the PML method, we have to furthermore modify the contour
I" (see [27]) in neighborhoods of the cut-off values because the square root function
in the definition (11a) of the operator K¢ , does not depend analytically on o. Let
k =40+ with€ e Z>o and k € (—1/2, 1/2]. We make the additional assumption.

Assumption 17 Assume that the wavenumber k > 0 satisfies 2k ¢ N.

With Assumption 17, 0 < |k| < 1/2 thus cut-off values are given by +«. We
show how to modify the path I" of integration in the neighborhoods of £« . Recall that

\/kz—(ﬂ—l—a)z=\/é+x—Z—ax/f—i—x—i—ﬁ—l—onedecompose

D VR = (L +a)?veho) Yelho) = Y VI — (€ + )2 ve(ho) Yre(ho)

e e£+L

+ Vi —a 20+ k +avpho) Yy(ho) + Vi + a2l +k —av_s(ho)Y_;(ho).

Since vk — & V20 + k + a is holomorphic in {& € C : |& — k| < 8, Ima < 0} for
sufficiently small 6 > 0 we modify I" and replace (k —§/2, k 4+ 5/2) by the half circle
{o € C: o —«| =6/2, Ima < 0} in the definition of I". Analogously, we replace
(=« —8/2, —k 4+ §/2) by the half circle {& € C : | 4+ «| = §/2, Ima > 0}. In the
same way we replace the set Aby AU{@ € C: o — k| <, Ima <0} U{x e C:
e + k| <8, Ima > 0}.

We define the PML-operator as in [27] by choosing a complex-valued function
§ € C'0, ho + 7] for some 7 > O (thickness of the PML-layer) such that §(x3) = 0
for xo < hg and Re§(x2) > 0 and Im §(x2) > O for xo € [ho, ho + T]. With such a
function § and parameter p > 0 we define the function s, by s,(x2) = 1+ p§(x2) for
x3 € [0, hg + 7]. In the following we choose the particular function

—h m
u) for xo € [ho, ho + ], sp(x2) = 1forxy < hy,

spn) = 1+ pef”/“( -
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where m > 1 is some integer and p > 0 is the PML-parameter which is assumed to
be large. With this function s, we define the operator A, by

A 9%u N 1 du /1 9
u = ——5= —_ | — ),
r dx? sy 9xp \ s, Ox2

and look at the boundary value problem to determine u = u, € HIIOC(W;,OH) with
Apu+ K> (n+qu = —fin Wygrr, u=0forx € IWpysr. (29)
Therefore, instead of (26a)—(26¢) we consider

Apu(.a. p) + 2iadv(. o, p) + [k n—a’lv(. . p)

= —fe i _ kzqe—“’”ﬂfu(.,,s,p)e"ﬁxl dB in (0,27) x (0, ho + 1),
r
(30a)

v(i,a,p) = 0 forx; =0o0rxp =ho+ 7, (30b)

for all @ € T". To compare it with the exact solution we transform this problem to a
problem on Q with the help of the Dirichlet to Neumann map. It is well known that

the Dirichlet to Neumann map Ay : H %f (y) > H [,_el/ 2(y) for the original problem
(where y = (0, 2m) x {ho}), defined as

(D) (1. ho) =i Y VKE = (€ + )2 (o) ', (31)

LeZ

is replaced by

(Mg p@)(x1, ho) =i Z k2 — (€ + a)? coth(—ivk2 — (€ + @)20,) pe(ho) €',
Lel

(32)

where 0, = hfg’ﬂ sp(t)dt =t + px with x = (1 + i)me. Therefore, (30a), (30b)

is equivalent to (compare with (26a)—(26c))

Av(,a, p) + 2iadiv(,a, p) + [K*n—a*1v(, a, p)
— —fei — [P geion f v, B.p) P dB inQ, (33a)

r
v(-,a,p) =0 forx; =0, (33b)
dve(ho, o, p) = ivVk> — (€ + )2 coth(—ivk? — (£ + a)?0,) ve(ho, @, p),

(33¢c)
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for all « € I'. Its variational form is given by

/|:Vv(-, o, p) -V —2ia dv(-, a, p) Y — [k>n — a?]v(-, &, p) Ej| dx
Q
— (Aapv(o . p). V)
= /fe*f‘”'%dx + k2/ qe*i‘”l%/v(-,ﬁ, p) e dp dx (34)
0 0 r

forall € H!

per,
Lemma 18 There exist ¢ > 0 and ;@ > 0 with

0(Q) and o € . First we show

[Ae.p — Aall g2y u-1/2¢y < ce”™ forallp >0anda €T. (35)
Proof We observe that the difference A, , — A, conatains
VK — (£ + a)? [coth(—ivk? — (£ + @)?0,) — 1]

YRR = ta)? 2Vk? — (€ + a)?
- e—2i«/k2—((f+a)20p -1 - e—Zi\/kz—(Z—Q—oc)z(r—i-px) _ 1.

Wesetw := {+a = w1 +iw; withw; € R forabbreviation and 1 (w) = 2Vk? — 0? =
t1(w) + itz (w) (with () € R) and note that, by the choice of I', there exists ¢; > 0
with ||a)| —k| >ciforallw :=€+«a,f € Z,a € T. Then, with x; = Rexy =
Im x = 505,

k2 — (£ 4+ a)? _ t(w)
e_2i\/m(r+p)() _1 - e—if(w)(f+ﬂX)

t(w)

e~ it pX1—02pX1) ep X1 (F1+12)+02T _ ]

and thus

2Vk2 — (L + «)? - |t(w)]

o= 22—+ (t+px) _ 1| ePx1ti+i)+nt _

provided t; + f» > 0. We consider two cases:

(a) || > k+cl.Thenw%+a)% > kz—i—c% and thus tlz—tzz =Re(t?) = 4Re(k*—w?) =
4[k* — w? + 3] < 4ws —4c? < —3c¢? =: —c; provided § (in the definition of I")
is small enough. Therefore, 7 > 0 (by the choice of the square root function) and
|t1| < tp — c3 where ¢3 > 0 is independent of w. Therefore,

It ()| It ()| _ )l oxier2
epxititn)+nt _ 1 = epxil—(n—c3)) — epx1cs —1 7 '
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(b) |w| < k+ci. Thenw?+w3 < k2—c£2 and thus 12— = Re(t?) = 4Re(k*—w?) =

4k — a)% + a)%] > 4a)% +4c% > 4cy =: c4. Therefore, 11 > 0 (again by the choice
of the square root function) and |t>| < #; — ¢5 where ¢5 > 0 is independent of w.

Therefore,
t(@)| _ [t (@)| _ @l e
epxi(tn)+nt _ 1 = epxi(ti—(ti—cs)+nt _ | ePxicst+nT 1 —

because t, = t>(w) is bounded in this case.

O

Comparing the forms (25) and (34) and using the previous estimate a perturbation
arguments in [27] yields the following result.

Theorem 19 Let all the assumptions in Theorem 16 and Assumption 17 hold. There
exists po > 0 such that (34) has a unique solution v(-, -, p) € C(F, H;er(Q))for all
p > po. Furthermore, there exist ¢, i > 0 with

Iortléll} v, a, p) = vo(, )l g1g) = ce ™ p>po. (36)

As a corollary we transform this result into the fields u. Let
u(xy, xp) = / vo(x, &) € da,  u(xi, x2, p) = / v(x, o, p) e da
r r
for x € Wy,. Then we have

Corollary 20 Let all the assumptions in Theorem 16 and Assumption 17 hold. There
exists po > 0 such that for all R > 0 there exist c = c(R) and u = u(R) > 0 such
that

luC, p) —ullpgige <ce ™, p=po. (37

Here, Qr = (—R, R) x (0, hyp).

6 Numerical implementation
6.1 A hybrid spectral-FD-method

We use a hybrid spectral-FD method for the approximation of the PML problem (30a),
(30b); that is, we expand v (-, ) into the form

o]

vixn i) = Y vl a) e
l=—00

@ Springer



The PML-method for a scattering... 741

We expand n(xi, x2) = Z;’f;,oo N (x2) €™ and f (x1, X2)f’.°fx' = 2
fe(xa, @) 1 and g (x1, xp)e @XM = 5% g (x2, @ — B) €™ we observe
that ve (x2, o) satisfies the following coupled system of ordinary differential equations

a(x2) vy (x2, @) + b(x2) vj(x2, &) — (€ + @) ve(x2, @)

K2 Y (2, @) ngp (x2)

m=—0oQ

m=—0oQ

= f@(x27a) - k2 Z /Um(va ,3)467m(x2,01_,3)d/37 X2 € (0’ h0+‘[)’
r

and vy (0, @) = ve(hg + 7,0) =0 forall £ € Z and o € I'. Here we have seta = Siz
and b = % (%)/

We restrict £ to £ € {—L, ..., L} for somes L € N, truncate the series to Z,ﬁ:_L,

and approximate the integral by a quadrature rule fr g(pdp =~ Z,A;I:o wy g(yy) for

some y, € I' and weights w,,. Setting & = y, and v¢(x2, y») = v, (x2) the system
now reduces to

L
ax2) vy ,(x2) + b(x2) vy, (x2) — (¢ + ) 2ve,w(x2) + k2 D vmw () g (x2)
m=—L
L M
= fe2 ) = K2 D> wuvmu(62) Gom (X2, v — Y)s X2 € (0,ho + 7).
m=—L nu=0

and v ,(0) = v y(ho+7)=0forall{ =—L,...,Landv=0,..., M.

This coupled system of boundary value problems for ordinary differential equations
is approximately solved by a finite difference method: Let ny € N and hy, = (ho +
7)/ny. Then vy, j & ve(jhy, yv) is determined by

a(jhy) b(jhy)
h2} [ve,u,j+1 + Ve, j-1 — 2ve,u,j] + 0 > [ve,u,j+1 - Ue,v,jfl]
y y
L
+ Y v ne-mGhy) — o+ 0% ven
m=—L

M L

= —fe(jhy ) = KD wu D qe-mGhy, o = V) Vmpj  (38)
n=0 m=—L

for =—L,...,Land j=1,...,ny—1landv=0,..., M.

If n and the perturbation g are separable; that is, of the forms n(x) =
nM(x)n® (x2) and ¢(x) = ¢V (x1)¢g® (x2), respectively, then the sum on the left
hand side is, for fixed v and j, just a matrix—vector multiplication of P := (n?jm)l{j el
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with (v, ;)% _ . Furthermore, we set

1
Qv (mp) = ng—)m(yv — VW) Wy and  Vonp) = Um,ju

for fixed j. Re-arranging the pairs (¢, v) and (m, p) into one index each the double
sum on the right hand side is just a matrix—vector multiplication. The matrices P and
Q can be computed beforehand.

Remark 2 Usually, the PML method is used to replace the non-local boundary con-
dition dou = A, u with the Dirichlet-to-Neumann map A, on (0, 27) x {ho + t} by
local conditions in the PML-layer (0, 27r) x (ho, ho + t). For the spectral method —
which is already non-local with respect to x| — the condition du = Ayu is local and
given by

O, Um(ho + 7, @) = ivVk? — (m + )2 vy (ho + 7, @).

Therefore, we set a = 1 and b = 0 in (38) and discretize the Rayleigh condition as

1 /
%[ Cvny — Ui,v,ny—2] = Jk% — €+ Vv)2 Ve,v,ny—1-

We express v¢,y,n, by V¢,v,n,—1 and vg,y, ,,—2 and substitute this into equation (38) for
J = ny — 1. This yields again a system of n, — 1 unknowns v, j, j = 1,...,ny, —1.

Remark 3 Normally, the PML method is combined with the finite element method due
to the convenience from local boundary conditions. The truncation by the Dirichlet-to-
Neumann map A, which is a non-local boundary condition, is extremely complicated
when implemented by the finite element method. However, in this section we use
the hybrid spectral-FD-method instead of the finite element method due to its high
convergence rate. Using this method, we can clearly see the convergence rate in Fig. 4,
as is proved in Corollary 20, without extra pollution from the computational errors
like in [27]. But we would like to draw to the reader’s attention that the spectral-FD-
method is only convenient when n and ¢ are separable. Thus as a universal tool for
general n and ¢, the finite element method is more powerful and the advantage of the
PML method becomes clear.

6.2 A particular example

We consider a simple example of the scattering of a mode corresponding to a constant
refractive index n > 1inthelayer R x (0, 1) by alocal perturbation g. The propagating
modes ¢ are assumed to be quasi-periodic solutions of A¢+k?n¢ = 0inR x (0, 1),
A¢p + k*¢ = 0 for x, > 1, satisfy homogeneous boundary conditions for x; = 0
and the Rayleigh expansion for x; > 1 and continuity conditions for ¢ and d,¢ for
xp = 1. They are of the form

sinVnk? — @2 e Ve -k =Dy o
sin(vnk? — @2 x,), 0<x < 1.

¢:|:(x) — e:tiwxl
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Fig.2 The real part of the mode ¢ (left) and the curve I (right)

Here, € (k, «/nk) is a quasi-momentum if k, n, and w satisfy the equation

Vo? — k2 sin(vVnk? — @?) + Vnk? — o2 cos(\/nk2 —w?) = 0.

We choose the wavenumber k& > 0 and frequency w > k arbitrarily and determine the
constant n such that vA2n — w2 cot Vk2n — w? = —+/@? — k2. Therefore, we first
determine z € (7/2, 7) such that z cotz = —+/w? — k? and then determine n from
7 = Vk?n — w?; thatis, n = 22;:2‘”2. We consider the particular example k = 0.8 and
® = 1.4. Then n ~ 9.8. We observe that & = 0.4 and ¥ = —0.2 for this example. ¢
is right-going, ¢~ is left-going. The real part of ¢ is shown in Fig. 2 (left).

We choose hp = 2.5 and the curve I' a bit different than in the paper. The half
circle {z € C : |z —a|] = 5, £Imz < 0} for a € R is replaced by the curve
{tFiy(t)eC:t e (a—38,a+8)} where

- . T(t—
y(t) = es1n”|:5< 8a +1>:|, a—8<t<a+sé.
For our example we take n = 3 and ¢ = § = 0.1. This leads to a global parame-
terization « = y(t),t € (0, T), of I'. For the numerical integration of 7 —periodic
functions on I we use the trapezoidal rule; that is, fr gl@)da =~ Zﬁ/lzo wy, g(yy) with
Yu=yuT/M)forp=0,....,Mand w, = Ly'(uT/M)forp=1,...,.M — 1
and wy = wy = ﬁy’(O) = %

The curve I" is shown in Fig. 2 (right).

We consider the scattering of the mode ¢ by a local perturbation ¢ = ¢(x). The
total field u'°" = u 4 ¢ as the sum of the incident field u'"¢ = ¢, and the scattered
field u satisfies Au'®" + k%(n + q)u'® = 0. Therefore, the scattered field u satisfies
Au+k*(n+q)u = —k>q ¢ and the radiation condition of Definition 9. In this case
the source is given by f = k%q ¢*. Writing the previous equation as

Au+ kKPnu = —kzq ot — kzq u
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we can —under a smallness assumption on k>¢ —iterate this fixpoint equation for . The
first iteration is the Born approximation u?, defined as the solution of Au® +k%nu®? =
—k?>q ¢T. As a particular example for the perturbation ¢ we choose ¢ (x1, x2) =
q0 sin2(2a)x1) for (x1,x2) € (0, m/w) x (0.2,0.7) and zero else. Here, go > 0 is a
parameter. This perturbation has the property that

/ f) ¢~ (x)dx =k / g(x) ¢ (x) ¢~ (x) dx
0

0
T/w 0.7
_ 12 .2 Qiwx ) _
=k“qo / sin“(2wxp) e dxy /sm (zxp)dxy = 0 and
0 0.2
/f(X)¢+(X)dx =k2/61(X) IpT(0)*dx > 0. (39)
0 0

From (15) we observe that the Born approximation x? has a right-going mode but no
left-going mode.

We choose the parameter gg = n/2; that is, the perturbation is (in the co—norm)
of order 50%. For constant n we rewrite the iterative scheme of (38) as

a(ihy) o @1y (t+1) (t+1) bGhy) 1) (t+1)
02 [vev i1 FViv o1 =200 ] 2, [ves. o1 = Ve 1]

(t+1)
v, j

+ [kn — (o + O v

M L
=—fe(ihy 7o) = K> wu Y qemGihy vo — Vi) vl
n=0 m=—L

(40)

ford =—L,...,Landj=1,...,ny—landv=0,...,M,and? =0,1,.....
Setting v,(: )M = 0 we obtain v’;l’)ﬂ jas the Born approximation. The field u® is then

computed as the integral

L
u®(x1, x2) = Z /vét)(xz,(x)ei(e"'“)x‘da
r
{=—L

L M

= Z Z Uét)(X2’ )/M) wM ei(f+yﬂ)xl )

{=—L nu=0

As a comparison with the PML-method for different parameters p we first use the
Dirichlet-to-Neumann map as a boundary condition at x; = hy + 7 as explained in
Remark 2. We computed the relative error ¢, := [[u*t) — u®|/[[u+V | on
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Fig.3 Real parts of u® (i.e. Born), u(2), u(s), and u®

(—4m, 6m) x (0, 4) between consecutive iterates fort =1, ..., 8 as

t: 1 2 3 4 5 6 7 8
e; : 0.2276 0.0674 0.0205 0.0048 0.0017 0.0005 0.0001 0.0000

and show the iterations (real parts) u® (i.e.Born), u®,u®, and u® on (-4, 67) x
(0, 4) for the Dirichlet-to-Neumann map in Fig. 3.

We clearly observe that the Born approximation; that is, the first iteration, has no
left going mode because f is orthogonal to ¢, see (39). The further iterations produce
right hand sides which are not orthogonal to ¢~ anymore and, therefore, left going
modes of small amplitudes appear.

Next, we implemented the PML-method of (40) to show the dependence of the
result with respect to the parameter p.. We iterated this system and compared the 4th
iteration of the PML-method for parameter p = 2,4, 6. .., 20 with the 4th iteration
of the system with Dirichlet-to-Neumann boundary condition. The (semi-logarithmic)
plot of the relative errors

max{|u®PFPME (x) — u®P2N (x)| : x € [—4n, 6] x [0,0.9 % 2.51} / lu PPN | o

of the 4th iterations is shown in Fig. 4. One clearly observes the exponential decay.
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Fig.4 Error as a function of p 107
between the 4th iterates of the
PML-method and the
D2N-boundary condition
102
10
10
10%
2 4 6 8 10 12 14 16 18 20

Finally, we summarize the settings of the parameters in our simulations:

k (wavenumber): 0.8
 (quasi-momentum): 1.4

n (refractive index, determined from k and w) : ~ 9.8

ho (height of domain without PML-layer): 2.5

T (height of PML-layer): 1.5

s, (PML-function): 1+ pe™4(xy — ho)3 /3
ny (number of discretization points in (0, kg + 7)) : 512

L (summation bound for spectral representation): 7

M (number of discretization/integration points on I') : 101

We observed that the results do not depend crucially on the values of ny, L, or M, or
the parameters of s,.
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