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ABSTRACT

Engineering materials are polycrystalline in nature, consisting of numerous single crystals interconnected through a three-dimensional
interfacial network known as grain boundaries. Often essential in defining the performance and durability of materials, grain boundaries
attract considerable attention during alloy development. Initially, we employ a multi-phase-field model and validate the phenomenon of
grain-boundary grooving under isotropic energy conditions, with bulk diffusion as the dominant mass transport mechanism.
Subsequently, we investigate the effects of interfacial surface anisotropy and crystal misorientation on groove formation. This present
study focuses on the effects of interfacial surface anisotropy and crystal misorientation and, thus, allows us to draw comparisons
between the effects of different physical phenomena on the grain-boundary behavior. It is observed that the groove kinetics accelerate as
a result of fourfold anisotropy, with groove root deepening proportional to the imposed anisotropic strength. Furthermore, the phase-
field results presented here align well with theoretical predictions. In addition, we briefly study on the effect of solid–solid anisotropy on
the groove root position. We anticipate that the simulated liquid groove and its precise measurement will serve as important tools for
studying the relative energies of grain boundaries.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0260488

I. INTRODUCTION

Grain-boundary instabilities driven by mass transport mech-
anisms are crucial for interpreting various processes, such as the
sintering of crystalline powders,1 the motion and coalescence of
precipitate particles in alloys,2 and the formation of “island”
structures in thin films.3 Understanding one such instability,
grain-boundary grooving, is often crucial for studying self-similar
growth and determining the relative energies of grain boundaries.4 In
groove dynamics, self-similarity often refers to the evolution of the
groove shape over time while preserving its fundamental shape when
scaled by its analytically derived power laws. Liquid grooving at grain
boundaries occurs whenever a solid–solid phase boundary meets the

surface in a polycrystal. Both from a theoretical and experimental
perspective, the seminal concept of grain-boundary grooving was
elucidated in detail by Mullins.5,6 It was concluded that the groove
develops in a self-similar pattern as a result of competing effects of
curvature driven gradients and force balance at the triple junction.
Depending on the mass transport mechanism, analytical solutions
were provided to describe the groove kinetics.

Over the past few years, Mullins’s seminal theory5,6 has been
extended in several directions7–10 to provide a thorough under-
standing of liquid grooving. For example, Mclean and Hondros8

studied experimentally the role of grain-boundary grooving on
spheroidization and particle coarsening. It was concluded that the
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equilibrium shape of the grooves was in conjunction with zero
creep studies, and the growth rate of the liquid grooves confirmed
the presence of volume diffusion as the dominating mass diffusion
mechanism. Similarly, Genin et al.10 theoretically studied the effect
of stress on grain-boundary grooving under the influence of
various transport mechanisms. It was shown that the groove kinet-
ics accelerated as a result of imposed tensile stress.

The development of novel microstructures can be effectively
managed through understanding the fundamental forces that lead to
pattern formation. Among various physical principles, surface anisot-
ropy of crystal-melt interfacial free energy significantly impacts the
dynamics and the behavior of microstructures. Dendrites stand
as classical examples that are a result of the force balance between
bulk and interfacial contributions of a system.11 In microstructural
evolution, interfacial anisotropy, influenced by the orientation of the
planar interface relative to the crystal structure, plays a decisive role
in pattern selection during solidification. In addition, it is commonly
observed that a small change in anisotropy can profoundly alter the
dendrite growth velocity and direction. As such, there is a pressing
need for precise data on the solid–liquid interfacial anisotropy,
especially for metals and alloys that are significant for industrial
applications.

We now delve into a range of theoretical, numerical, and
experimental studies that examine how surface anisotropy affects
the development of grain-boundary grooves in bicrystals. First,
Boiling and Tiller12 and Nash and Glicksman13 provided theoreti-
cal perspectives for grain-boundary grooves in the presence of
crystal-melt surface tension. In addition, Klinger and Rabkin9

modeled faceted grooves and calculated the groove shapes for a
wide range of energies and diffusivities. A stability diagram was
proposed where it was shown that for large values of grain-
boundary energy and high surface energies, the faceted grooves
favored for a small inclination of singular surface. Zhang and
Gladwell14 investigated the role of surface anisotropy on grain-
boundary grooves driven by surface diffusion. It was showcased
that the groove kinetics modified proportionally to the imposed
anisotropic strength. For example, in the presence of mild anisotropy,
the obtained profiles were self-similar, for critical anisotropy, the
grooves were faceted, and for severe anisotropies, the obtained
surface was coarsened during the temporal evolution of the grooves.
Subsequently, Min and Wong15 studied the phenomenon of grain-
boundary grooving by the inclusion of capillarity-driven surface
diffusion with asymmetric and strongly anisotropic surface ener-
gies. It was found that the self-similar groove profile was faceted
and asymmetric for most bicrystals. However, for some cases, the
development of smooth and symmetric grooves as well as the for-
mation of ridges was noticed.

Over the past two decades, the phase-field approach has
become increasingly popular for modeling complex microstructures
in solidification,16 grain-boundary grooves,17 and flow effects.18,19

Several studies have extensively investigated the phenomenon of
grain-boundary grooving using the diffuse-interface method.17,20–22

For example, Yeh et al.21 explored the grooving phenomenon for
isotropic and anisotropic phase boundaries via focusing on the
hump formation on either side of the solid–solid grain boundary.
Likewise, Moelans et al.20 implemented a phase-field model, which
included the orientation of the interfacial energy and thereby

studied the thermal grooving for thin films. Depending upon the
mode of diffusion mechanism, the GB grooving was shown in
agreement with existing analytical theories. Recently, in our previ-
ous work,17 we explored the presence of an additional convective
transport mechanism in the liquid phase and depicted the develop-
ment of asymmetric groove profiles. After comparing with the
sharp-interface theory, it was confirmed that the groove kinetics as
well as the grain-boundary grooving mechanism is proportional
to the magnitude of convective forces in the bulk liquid phase.
Likewise, in a recent investigation, Verma and Mukherjee22

employed a three-dimensional phase-field model and explored the
mechanism of corner instability during capillary-driven hole
growth in thin films. The effect of various parameters was studied
in detail, and it was revealed that the instability observed during
hole growth resulted from the saturation of the rim height at the
hole’s corner, which was linked to the corner’s arc length and
surface energy anisotropy.

Mukherjee et al.23,24 employed phase-field simulations to inves-
tigate electromigration damage in polycrystalline interconnects, dem-
onstrating how the interplay between surface and grain-boundary
diffusion influences the progression of damage through surface drift
or intergranular slit formation. Recently, Hoffrogge et al.25 extended
a grand potential based multiphase-field model to include surface
diffusion by elevating diffusion in the interface through a scalar
degenerate term, circumventing difficulties in restricting diffusion
solely to the interface by combining an Allen–Cahn-type equation
with an obstacle-type potential and a conservative diffusion equation.

Most of the aforementioned studies on grain-boundary groov-
ing have primarily focused on the effects of surface diffusion, faceted
anisotropy, or convection in the bulk liquid phase. Nonetheless, the
existing literature also reveal that a significant gap, i.e., the effect of
non-faceted interfacial surface anisotropy during bulk diffusion,
remains largely unexplored. The striking morphological and dynami-
cal variations often observed in microstructures suggest that the role
and impact of interfacial surface anisotropy are substantial and
cannot be neglected. Recognizing this, and based on our earlier work
on diffusive-convective transport mechanisms,17 this work investi-
gates the critical yet unexplored role of interfacial surface anisotropy
in grain-boundary grooving and provides a comprehensive study on
the role of fourfold interfacial anisotropy. By systematically analyzing
the influence of solid–liquid and solid–solid anisotropies, we reveal
novel insights into groove root positioning and solutal field modifica-
tions. The analytical relationships and theoretical comparisons pre-
sented here not only extend our understanding of grain-boundary
phenomena but also offer a more nuanced perspective on how inter-
facial energy variations can significantly impact microstructural evo-
lution in polycrystalline materials.

This paper is organized as follows: after the introduction,
we provide the phase-field model with the governing equations,
where the anisotropy function as well as all parameters required
to simulate the current set of simulations are provided. Next, we
present the phenomenon of grain-boundary grooving as a result
under isotropic energy conditions, with bulk diffusion as the
dominant mass transport mechanism, and we compare the
two-dimensional phase-field results with the seminal work of
Mullins.6 Afterward, we carry out and study the role of solid–liquid
interfacial anisotropy on groove kinetics. Additionally, we perform
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a direct comparison with grooves developed with inter-phase boun-
dary anisotropy. Finally, we conclude our manuscript with a brief
summary and outlook.

II. PHASE-FIELD MODEL

The phase-field approach has emerged as a preferred method
for modeling intricate microstructures and has steadily gained rec-
ognition for its computational effectiveness and versatility in cap-
turing the underlying physics. In the present work, the phase-field
model employed is based on the grand potential formulation by
Choudhury and Nestler.16,17,26 This formulation begins with the
grand potential functional, which is given as

Ω T , μ, fð Þ ¼
ð
Ω

Ψ T , μ, fð Þ þ εa f, ∇fð Þ þ 1
ε
ω fð Þ

� �� �
dΩ,

(1)

where T is the temperature in the domain, ε is an interface width
parameter, μ represents the chemical potential, and a f, ∇fð Þ and
ω fð Þ represent the gradient energy density contribution and double
obstacle potential density at the interface between two phases, respec-
tively. f ¼ {fα , fβ , . . . , fN } is order parameter vector containing
individual order parameters for N ¼ 3 phases in the domain
that represents solid 1, solid 2, and liquid. The grand chemical
potential Ψ T , μ, fð Þ is a vector containing the individual grand
potentials Ψα T , μð Þ of all phases interpolated with a function
hα(f) ¼ f2

α(3� 2fα) as

Ψ T , μ, fð Þ ¼
XN
α¼1

Ψα T , μð Þhα(f), (2)

Ψα T , μð Þ ¼ fα cα(μ, T)ð Þ � μ � cα μ, Tð Þ: (3)

The term fα cα(μ), Tð Þ is the bulk Gibbs energy of phase α, which
is taken as a simplified parabolic function for all the phases
(see Refs. 18 and 27 for more details). cα(μ) represents the com-
position of solute in phase α.

The evolution equation for fα is derived from the grand
potential functional using the variational calculus approach, which
is given as

τε
@fα

@t
¼ ε ∇ � @a(f, ∇f)

@∇fα
� @a(f, ∇f)

@fα

� �

� 1
ε

@ω(f)
@fα

� @Ψ(T , μ, f)
@fα

� λ, (4)

where τ is a relaxation coefficient at the interface taken as a
constant value given in Table I and λ is a Lagrange multiplier
incorporated such that the local constraint

PN
α¼1 fα ¼ 1 is fulfilled.

The expression for λ reads as

λ ¼ � 1
N

XN
β¼1

ε ∇ � @a(f
,

∇f)@∇fβ �
@a(f, ∇f)

@fβ

 !

� 1
ε

@ω(f)
@fβ

� @Ψ(T , μ, f)
@fβ

, (5)

where fβ denotes a phase in the domain other than fα which
already appeared in Eq. (4). In general, all bold quantities represent
vectors, i.e., f is a vector corresponding to non-conserved phase-
field order parameter containing the volume fractions of N ¼ 3
phases in the system.

ω(f) is the double obstacle potential density, which is given as

ω fð Þ ¼ 16
επ2

XN ,N

α,β¼1
(α,β)

γαβfαfβ þ
1
ε

XN ,N ,N

α,β¼1
(α,β,δ)

γαβδfαfβfδ , (6)

The gradient energy term reads as

a(f, ∇f) ¼
XN ,N

α,β¼1

γαβ[ac(qαβ)]
2jqαβj2, (7)

where γαβ is the interfacial energy per unit area at the α=β inter-
face. For isotropic interfaces, our previous studies28,29 have explored
the evolution of isotropic microstructures by using the condition
(ac(qαβ) ¼ 1). For interfaces with finite interfacial anisotropy, an
underlying fourfold cubic symmetry is modeled by the expression

ac(qαβ) ¼ 1� δαβ 3� 4
jqαβ j44
jqαβ j4

 !
, (8)

where jqαβj44 ¼
Pd

i¼1

�
q4αβ,i

�
, jqαβ j4 ¼

�Pd
i¼1 (q

2
αβ,i)
	2
, and i denotes

the number of dimensions for which the formulation is used in a
simulation study. qαβ = fβ∇fα � fα∇fβ is the generalized gradient
normal vector. In the present model, since we can independently set
the anisotropic properties for each interface, the strength of the
anisotropy of the respective α=β interface is given by the parameter
δαβ . The anisotropic formulation ac(qαβ) is also the function of the
local misorientation of bicrystal rotated with respect to its reference
configuration given by an angle θαβ , which can be correlated with
the anisotropy function ac(qαβ). To show this relationship, we first
write the anisotropy function for 2D with components of qαβ ,

ac(qαβ) ¼ 1� δαβ 3� 4
qαβ,x

4 þ qαβ,y
4

qαβ,x4 þ qαβ,y4 þ 2qαβ,x2qαβ,y2

 !
, (9)

where qαβ,x and qαβ,y are x and y components of the gradient vector
qαβ , respectively. qαβ can be written in the vector form as

qαβ ¼
qαβ,x
qαβ,y

� �
:

TABLE I. Simulation parameters for the present study.

Description Value

Partition coefficient (k) 0.25
Diffusion coefficient (Dβ) 2 × 10−9 m2/s
Discretized grid space (Δx = Δy) 0.5 × 10−7 m
Interface width parameter (ε) 2.0 × 10−7 m
Relaxation coefficient (τ) 6 × 106 J/s m4

Surface energy (γαβ) 0.5 J/m2
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To consider the role of misorientation angle θαβ , we implement a
rotation matrix Rαβ for the interface between α and β,

Rαβ(θαβ) ¼ cos(θαβ) �sin(θαβ)
sin(θαβ) cos(θαβ)

� �
:

To obtain the rotated normal vector qαβ,rot , matrix multiplication
of transpose of rotation matrix with gradient normal vector, i.e.,
qrotαβ ¼ RT

αβ � qαβ is performed and the x, y components of the qαβ in
Eq. (9) are replaced with the rotated ones to modify the gradient
energy density as ac(qrotαβ (θαβ)). In addition, the dot product of the
transpose of Rαβ with the qαβ yields the resulting gradient energy
density rotated in the counterclockwise direction.

Moreover, since heat and mass transport occur at significantly
different time scales during phase transformation, for the present
study, the conduction of heat is treated as isothermal and the tem-
perature T in Eq. (4) is assumed constant throughout the system and
henceforth plays no role in our study. Now, the evolution equation
for the chemical potentials can be expressed as

@μ

@t
¼

XN
α¼1

hα(f)
@cα(μ)
@μ

" #�1

∇ � M(f)∇μ� Jatð Þ � cα(μ)
@hα(f)

@t


 �
:

(10)

where M(f) ¼PN
α¼1 Dα

@c
@μ gα(f) is the interface mobility, Dα is the

diffusivity matrix, and gα(f) is a higher order polynomial such that
it interpolates the mobilities across the solid–liquid interface. In addi-
tion, cα(μ) is the chemical potential dependent chemical composition
in phase α. In Eq. (10), the flux on the right-hand side has contribu-
tions from diffusion due to the gradient in chemical potentials and
interface mobility. The anti-trapping current Jat on the right-hand
side addresses the solute trapping effect due to an enlarged diffuse-
interface width in our model, which reads as

Jat ¼ � πε

4
gα(f)[1� hα(f)]ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

fα(1� fα)
p �

cβ(μ, T)� cα(μ, T)
	 @fα

@t
∇fα

j∇fαj
:

(11)

For the present study, the numerical parameters are provided
in Table I, while the model related information is discussed in
detail by Choudhury and Nestler.26,30 Last, while Eqs. (4) and (10)
are numerically solved in space via a finite difference discretization,
the time derivative follows an explicit Euler scheme. Finally, the
current numerical algorithm is parallelized via message passing
interface (MPI) to distribute the computing task on multicore high
performance architectures.

III. RESULTS AND DISCUSSION

A. Isotropic liquid groove

In this section, we examine the role of bulk diffusion, where
diffusion occurs through the movement of atoms at their respective
lattice sites at the atomic level, often driven by concentration
gradients in the liquid phase. We first benchmark our initial condi-
tions considering a numerical domain of 750 � 200 cells and
Δx ¼ Δy ¼ 0:5� 10�7 m, with the ratio Δx

ε ¼ 0:25 [see Fig. 1(a)].

In total, the three non-conserved order parameters, i.e., fα1, fα2,
and fβ correspond to the three phases, i.e., solid 1, solid 2, and
liquid, respectively, as shown in Fig. 1(a). Here, Δx is the discretized
unit cell along the x-direction and ε is the width of the diffuse inter-
face. The independence of the initial solid and liquid thicknesses in
the simulation domain is verified prior to the simulation study, as
detailed in Appendix A. Furthermore, Neumann boundary condi-
tions are applied on the lateral sides via setting the directional deriva-
tives normal to the domain boundaries to zero. Figures 1(a) and 1(b)
depict the temporal evolution of the grain-boundary groove, where
the symmetric groove evolves as a result of force balance and curva-
ture dependent chemical potentials near the solid–liquid interface.
Initialized with a dihedral angle of 180� at the triple junction, the
solute atoms tend to leave the curved surface and consequently
force the groove to deepen with time. As the mass transport near
the solid–liquid interface is driven by bulk diffusion, we notice the
symmetric nature of the V-shaped groove through the f ¼ 0:5 iso-
lines in Fig. 2. We now calculate the groove depth (dg þ dh) from
the ridge height for each timestep, and Fig. 3 demonstrates its
relation with simulation time. The analytical fit (dg þ dh)/ tn

gives us an exponent n ¼ 0:334, an excellent agreement with
Mullins’s theory for bulk diffusion.6 Details on the calculation of
the doubling of the groove depth (dg þ dh) when the time is
increased by a factor of eight are provided in Appendix B.
In essence, this quantitative agreement illustrates that the groove
profile doubles its size, i.e., groove depth (dg þ dh) whenever we
increase the time by a factor of eight.

To further validate our two-dimensional simulation, we inves-
tigate the role of surface energies. We systematically decrease the
ratio R0, where R0 is the ratio between the grain-boundary energy
γα1α2

to the solid–liquid interfacial energy γαβ. For a solid–solid
grain boundary, which is normal to the free surface, we consider
the relation between the equilibrium dihedral angle Φ at the triple
junction, and the surface energies, given by R0 ¼ γα1α2

γαβ
¼ 2 cos Φ

2

� �
,

where γα1α2
is referred as grain-boundary energy, and γαβ is the

FIG. 1. (a) and (b) Two-dimensional phase-field simulation of grain-boundary
grooving in a semi-infinite bicrystal system containing three phases, i.e., liquid,
solid 1, and solid 2. Initialized with a dihedral angle Φ of 180�, the groove
develops as a result of force balance at the triple junction.
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interfacial energy of the solid–liquid interface. Furthermore, the
slope m at the root position with respect of the initial flat interface
is given as m ¼ cot Φ

2

� �
. Combining the two,

m ¼ cot
Φ

2

� �
(12)

and

m ¼ cos Φ
2

� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� cos2 Φ

2

� �q , (13)

we get

m ¼ R0ffiffiffiffiffiffiffiffiffiffiffiffiffi
4� R2

0

p : (14)

Here, R0 ¼ γα1α2
γαβ

. The above relation is validated in Fig. 4,
where an excellent agreement with the calculated groove root
slopes for various two-dimensional simulations is observed. As the
ratio

γα1α2
γαβ

varies from 0 to 2, we discern that the slope m varies
from 0 to infinity (see Fig. 4). With R0 ¼ 1 for the present study,
the calculated slope m ¼ 0:556 correspondingly agrees well with
the typical values recorded in experimental studies.31 Finally, we
have confirmed that the selected numerical parameters are well
within the limit and the phase-field results become virtually inde-
pendent of the diffuse-interface width. With our parameters
benchmarked for the bulk diffusion, we now proceed to examine
the role of interfacial surface anisotropy on liquid grooving in
Secs. III B–III D.

B. Role of solid–liquid interfacial anisotropy

It is well known that the imposed solid–liquid interfacial anisot-
ropy plays a pivotal role in crystal shape evolution. For example,
depending upon the type of anisotropy, i.e., fourfold or sixfold, and
the anisotropic strength, the interface evolves in a pattern-like struc-
ture along a specific direction.

In this section, we exemplarily illustrate the role of fourfold
interfacial anisotropy on the kinetics of liquid grooving. Herein, we
limit ourselves to anisotropy strengths such that the interface stiff-
ness remains positive and the anisotropic strength is less than
1/15.32 Moreover, we know that the surface stiffness33 is defined
as, ac(qαβ(θαβ))þ a00c (qαβ(θαβ)) � 0, where ac(qαβ(θαβ)) is misori-
entation dependent gradient energy. The interface stiffness at any
misorientation angle θαβ must yield the anisotropic strength δαβ
to be non-negative and less than 1/15 for the interface to be stable.

FIG. 2. Isolines depicting the temporal evolution of isotropic grain-boundary
grooves. Symmetric groove profiles develop as a result of bulk diffusion in the
liquid phase. Various dashed lines represent phase-field isolines from different
timesteps.

FIG. 3. Groove depth (dg þ dh) as a function of simulation time. A non-linear
analytical fit in excellent agreement with Mullins’s power law.

FIG. 4. Groove root slope m as a function of R0, where R0 is the ratio between
the solid–solid interfacial energy (γα1α2

) to the solid–liquid interfacial energy
(γαβ ). Obtained slopes from various simulations agree well with Eq. (14).
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The parameter δαβ influences the morphology and growth patterns
of solidifying interfaces. Figure 5 describes the evolution of the
groove profiles at various δαβ , where we observe that apart from
the groove ridge positions, there is no significant morphological
difference in the morphologies when compared with the isotropic
groove, as illustrated in the earlier section. However, a closer look
depicts that the width of the groove pit region decreases with the
decrease in the anisotropic strength. This morphological feature is
depicted through the pit region in Fig. 6, where the isolines
appear to be widening at weaker anisotropies.

In general, the curvature of the groove profile varies from
point to point and causes a difference in chemical potential of
atoms along the solid–liquid interface. These curvature driven gra-
dients developed near the pit region in turn govern the groove
kinetics. On the other hand, at higher δαβ , the contribution from
the anisotropy in the interfacial energy dominates, and, therefore,
the root position responds to the modification of solutal fields and
evolves toward the steepest chemical gradient in the liquid phase.
The solid–liquid interfacial energy and the chemical potentials in
the groove pit region dynamically compete with each other and
determine the groove kinetics at the grain boundary.

This behavior is similar to an experimental observation from
Gladwell and co-workers,34 albeit for surface diffusion, where the
groove morphology remained unchanged for various anisotropic
strengths δαβ , 0:06. In addition, other numerical studies35,36 have
also observed minimal variation in profile shapes, especially for weak
anisotropies. However, in contrast to a previous study,37 we have
implemented non-faceted interfacial anisotropy, and as a result
the non-faceted growth of the diffuse interface is preserved during
the temporal evolution of liquid grooves.

We now calculate the groove depth for each case and compare
directly with the isotropic groove kinetics. From Fig. 7, we notice
that the evolution of the groove depth, and, consequently, the power
law differs significantly with the increase in the anisotropic
strength δαβ . Likewise, from a non-linear analytical fit in Fig. 7,
we find a significant deviation of the exponent n . 0:33 from
Mullins’s classical law.

C. Role of crystal misorientation

In Sec. III B, we have observed that the interfacial anisotropy plays
a crucial role at the triple junctions and accordingly acts as an impor-
tant parameter to determine the self-similar growth of liquid grooves.

FIG. 5. Groove profiles at various anisotropic strengths δαβ . An increase in the
anisotropic strength proportionately deepens the groove root position.

FIG. 6. Groove pit region at various anisotropic strengths. The width of the pit
region narrows as the anisotropic strength is increased.

FIG. 7. Groove depth from the ridge height (dg þ dh) as a function of simula-
tion time. With an increase in the anisotropic strength, the groove root deepens
at a faster rate, deviating significantly from Mullins’s theory (solid line) for an iso-
tropic grain-boundary groove. For isotropic grain boundaries, excellent agree-
ment with Mullins’s theory is observed (black squares).
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In general, self-similarity of liquid grooves refers to the preservation
of geometric or kinematic properties across different time and
length scales. Persisting across varying diffusion mechanisms, such
a time-independent behavior provides us with insight into the
fundamental physics of liquid grooving and allows for more gener-
alized predictions of groove behavior. In addition, modifying the
misorientation angle θαβ between the crystalline axis and the
growth direction y in turn modifies the anisotropy function operat-
ing in the growth plane. The crystallographic misorientation of
the growing phase is taken into account with the help of the
normal vector to the interface. Finally, the gradient energy density
ac(qαβ(θαβ)) accounts for the local misorientation of the growing
phase. For example, competition between different orientations has
been studied to shed some light on the development of a preferred
crystallographic direction during dendritic solidification.16,38

In Fig. 8, we demonstrate the groove profiles for δαβ ¼ 0:04,
where we notice that the groove pit morphology as well as the
groove root position is modified as a result of the imposed misori-
entation angle. Here, the reference configuration θαβ ¼ 0 indicates
that the orientation of minimal interfacial energy is aligned with
the growth direction. During liquid grooving, the system evolves
in order to reduce its overall free energy; however, if the interfa-
cial energy varies with local orientation, which is characteristic of
crystalline materials, preference is given to surfaces of low energy
with the resulting equilibrium shape being non-spherical or poly-
hedral. As a result, the groove morphology changes as we change
the misorientation angle, as shown in Fig. 8.

Voorhees et al.39 studied the role of interfacial surface anisot-
ropy and calculated the relation between surface tension anisotropy
and the depth of the groove. Using γαβ ¼ 1þ δαβcos(4θ þ θαβ))
for a fourfold anisotropy, the groove depth was calculated as

dg ¼ 2[1þ δαβ(�4 sin 4θαβ þ cos 4θαβ)]
1=2: (15)

Here, δαβ is the strength of the anisotropy and θαβ is the misorien-
tation angle. As shown in the relationship as well in our numerical
results, θαβ clearly modifies the position of the groove root and
thus the magnitude of the groove depth as a result of modifying the
position of extremas in the surface stiffness relative to the growth
direction. By and large, the significant differences in these groove
profiles in Fig. 8 emphasize the necessity of considering the crystal
orientation relative to the growth direction, as well as the magni-
tude of the interfacial surface anisotropy. Such a combined under-
standing is, therefore, crucial in order to fully comprehend the
resulting grain-boundary groove morphology.

D. Role of solid–solid anisotropy

As a common material application, eutectic solidification micro-
structures are a classic example where grain-boundary grooving is of
great relevance. In general, regular eutectics feature solid–liquid inter-
faces that are atomically rough and exhibit minimal anisotropy.
In contrast, solid–solid interfaces are typically highly aniso-
tropic, often resulting in distinctive morphological features in
three phase systems.40 In this regard, we qualitatively illustrate
and compare the groove profiles for solid–solid and solid–liquid
anisotropy. For the sake of clarity, we emphasize that, in
Secs. III A–III C, the solid–solid interface anisotropy was zero,
i.e., δα1α2 ¼ 0. Herein, we impose the solid–solid anisotropy
with δα1α2 ¼ 0:04, where α1α2 represents the interface boundary
between the two solid phases. In Fig. 9, we observe that when
compared with the anisotropy in the solid–liquid interface
δαβ ¼ 0:04, the grooves with inter-phase boundary are shallower.
The grain-boundary groove developed as a result of solid–solid
anisotropy restricts the formation of deeper groove pits as a result of
increased surface stiffness along the solid–solid grain boundary.
Likewise, grooves influenced by solid–liquid anisotropy exhibit
higher ridge heights on either side of the pit region. Nevertheless,
upon closer examination, it is also evident that the groove width is
greater in the case of solid–solid anisotropy.

FIG. 8. Groove isolines for different orientation angles. The groove pit region
changes as a result of the orientation of the crystal to the growth direction.

FIG. 9. Grain-boundary groove profiles with solid–solid and solid–liquid anisot-
ropy. The presence of solid–solid anisotropy restricts groove root deepening.
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IV. SUMMARY AND OUTLOOK

In conclusion, we utilized a multi-phase-field method to explore
the influence of interfacial surface anisotropy on grain-boundary
grooving. Initially, we validated the phenomenon of grain-boundary
grooving by considering bulk diffusion in the liquid phase as the
mass transport mechanism. Following this, we examined the effect
of fourfold interfacial surface anisotropy on the groove kinetics.
Our observations revealed that the solid–liquid anisotropy acceler-
ates groove dynamics as a result of altering the solutal fields near
the groove pit region. We have also provided a direct comparison
with theoretical predictions, highlighting the influence of misorienta-
tion angle on the groove root position, and presented an analytical
relationship. Additionally, we investigated the role of solid–solid
anisotropy on the groove root position and noticed that the root
position is shallower in contrast to the groove root for solid–liquid
anisotropy.

As a topic of future interest, we plan to study the combined
effects of stress in the presence of different transport mechanisms,
such as surface diffusion and bulk diffusion. Further possible exten-
sion toward three-dimensional thin films is planned to provide a
comprehensive understanding of grain-boundary grooving in poly-
crystalline thin films. Last, a study on the interplay between corro-
sion and grain-boundary grooving, particularly under the influence
of grain-boundary diffusion, promises to uncover vital insights into
material degradation processes.
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APPENDIX A: INFLUENCE OF INITIAL SOLID AND
LIQUID THICKNESSES IN SIMULATION DOMAIN

The influence of initial solid thickness on the liquid
groove profile was investigated in this section. Herein, we
perform four different simulations with varying initial solid
phase thicknesses (50, 75, 100, and 125 numerical cells), as illus-
trated in Figs. 10(a)–10(d).

To quantitatively validate the evolution of the groove across
different cases, we calculate the groove depth (dg þ dh) as a func-
tion of simulation time. The results demonstrate that the groove
profile evolves identically across all examined cases, indicating that

FIG. 10. (a)–(d) Two-dimensional domain with changing initially considered
solid phase thickness from 50 to 125.

Journal of
Applied Physics

ARTICLE pubs.aip.org/aip/jap

J. Appl. Phys. 137, 114901 (2025); doi: 10.1063/5.0260488 137, 114901-8

© Author(s) 2025

 10 April 2025 10:34:40

https://pubs.aip.org/aip/jap


the groove dynamics is independent of the initial solid thicknesses
(see Fig. 11).

APPENDIX B: RELATION BETWEEN GROOVE
DIMENSIONS AND TIME

In bulk diffusion-driven grain-boundary grooving, the groove
dimensions (i.e., the combined groove depth dg þ dh) double in
size whenever the time increases by a factor of eight. We know
that the relationship between the groove depth and time is given
by the equation

dg(t)þ dh(t) ¼ k � t1=3:

Now, let us express the combined groove depth d0g þ d0h for a time
t0 ¼ 8t, such that

d0g(t
0)þ d0h(t

0) ¼ k � (8t)1=3 ¼ k � 81=3 � t1=3,

d0g(t
0)þ d0h(t

0) ¼ 2 � k � t1=3:

Comparing this with the original equation, we see that

d0g(t
0)þ d0h(t

0) ¼ 2 � �dg(t)þ dh(t)
�
:

Henceforth, when time increases by a factor of eight, groove
depth dg þ dh doubles.
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