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Abstract
The pursuit of ground state cooling a mechanical mode has been of significant interest for its
fundamental relevance to numerous quantum science and technology applications. In recent
years, optomechanical backaction cooling protocols have successfully achieved the motional
quantum ground state of a mechanical oscillator in the resolved sideband regime, i.e. when the
mechanical resonance frequency is significantly larger than the cavity decay rate [1]. However,
as the size of these mechanical systems increases, their natural frequency generally decreases,
pushing them into the unresolved sideband regime. Backaction cooling becomes less effective
in this regime, limiting the ability to cool the mechanical mode to its ground state.

In this thesis, we theoretically study a novel optomechanical setup, where a nonlinear
cavity and a mechanical cantilever are inductively coupled. Despite being initially proposed
to achieve single-photon coupling strengths [2], this system has the particularity of being able
to more efficiently backaction cool a mechanical mode in the unresolved sideband regime.
We will demonstrate that the intrinsic nonlinearity of the cavity results in an enhancement
of the cooling capabilities in the sideband unresolved regime as experimentally shown in [3].
The above arises due to the increased asymmetry between the cooling and heating processes,
thereby improving the cooling efficiency.
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Chapter 1

Introduction

In my early years as a physics student, the idea of studying quantum mechanics seemed
slightly absurd. At the time several quotes from renowned physicists came to my mind:
If you are not confused by quantum physics then you haven’t really understood it as Niels
Bohr said. Even Richard Feynmann remarked: I think I can safely say nobody understands
quantum mechanics. It appeared natural to fear a field that appeared both inaccessible and
yet somehow provided the most accurate description of our universe.

The fear of quantum mechanics often arises not only from its complex mathematical
description but also from a more fundamental aspect: its counter-intuitiveness, as applying
classical concepts to quantum theory typically leads to paradoxes [4]. For instance, the state
of a particle at a given time is entirely characterized by its position and its momentum, which
both define a point in a six-dimensional phase-space. In quantum mechanics, however, the
state of such a system is completely described by the wave function, ψ(r), which is a complex
function that lives in a Hilbert space1. In addition, the quantum state’s momentum and
position cannot be simultaneously measured with arbitrary precision due to the Heisenberg’s
uncertainty principle [5].

As in classical physics, the evolution of a quantum system can be studied within a deter-
ministic framework, in this case using the time-dependent Schrödinger equation. Contrary to
classical physics, the linearity of this equation allows a physical system to exist in a superpo-
sition state2 [5]. It is then upon measurement3 that the wave function undergoes a collapse
into one of its possible states. In addition, one of the most striking manifestations of quantum
mechanics is entanglement4. In particular, entangled states exhibit correlations that persist
over large distances, leading to the appearance of instantaneous influence when one part of
the system is measured. This spooky action at a distance [7], does not transmit information
faster than light, but instead reveals pre-existing correlations established when the entangled
state was created. With no classical equivalent, entanglement represents the embodiment of
quantum mechanics.

With Planck’s seminal work [8], the pursuit to describe the behaviour of physical systems
at the microscopic level led to the rise of quantum mechanics. In recent years and alongside the
development in experimental physics, the quantum theory has been pushed to larger scales,
aiming to demonstrate quantum effects in the macroscopic world [9]. However, preparing and
controlling quantum features, such as superposition or entangled states, in large-scale systems
is particularly difficult, since such systems are more vulnerable to decoherence5. Beyond
enabling us to explore fundamental aspects of quantum mechanics [10, 11], extending these
boundaries has important technological applications in, for example, quantum information
theory and quantum metrology.

1In fact, to represent a physical state the wave function has to be normalized, such that their collection
constitutes the Hilbert space of square-integrable functions, which is equipped with an inner product and
usually known as L2. Nevertheless, for simplicity, it is often referred to only as Hilbert space.

2If ψ1 and ψ2 are solutions of the Schrödinger equation, then the superposition ψ̃ = αψ1 + βψ2, where
α, β ∈ C is also a solution.

3The theory of quantum measurement is a field of research on its own [6] and a consistent measurement-
based interpretation of quantum mechanics led to the measurement problem [4].

4For instance, bi-partite pure entanglement can be defined by exclusion: all pure quantum states on a
Hilbert space H = H1 ⊗H2 that are not product states of the form ψ = ψ1 ⊗ ψ2 are called entangled states.

5Since in reality such perfectly isolated systems do not exist, all systems have to be considered as open,
and the larger the system, the more important is the interaction with its environment, leading to a faster
decoherence. Such an interaction therefore converts a quantum superposition into a classical mixture.
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Figure 1.1: Sketch of an
optomechanical system

Overcoming these difficulties has led to new fabrication tech-
niques to create macroscopic systems that exhibit quantum be-
haviour, often referred to as engineered quantum systems. Among
the most relevant examples are optomechanical systems, in which
light interacts with a mechanical system through radiation pres-
sure [1]. One of the main abilities of quantum optomechanics is to
coherently control mechanical objects in a wide range of scales,
which combined with its extremely high sensitivity to external
forces and fields made them ideal for sensing applications [12].
Beyond this, optomechanical systems have shown great promise
in preparing nonclassical quantum states [13–16], which further
enhances their sensing capabilities [17]. This suggests that optomechanics could help explore
fundamental questions in quantum mechanics at a macroscopic mass scale, where gravity may
influence quantum behaviour [18].

Nevertheless, such promising features of optomechanics come at the expense of very chal-
lenging experimental requirements, which include, for instance, strong optomechanical cou-
pling to observe quantum effects [19]. As a result, new ways of coupling and controlling
mechanical systems have been examined in recent decades, such as superconducting circuits
[20]. These platforms offer extremely high tunability and large coupling strengths, enabling
the exploration of otherwise inaccessible parameter regimes.

Despite its name, the field of optomechanics is not limited to the optical domain but
can be realized also in the microwave regime by capacitive [21] or inductive [22] coupling
of a mechanical system to a superconducting microwave circuit. The prominent progress
in such electromechanical platforms has succeeded in achieving strong-single-photon coupling
strengths [23], a regime where the intrinsic nonlinear nature of the optomechanical interaction
leads to the creation of mechanical non-Gaussian states [24].

Due to the difficulties of reaching the strong coupling regime, the majority of the optome-
chanical experiments to date operate in a regime where the optomechanical interaction is
small compared to both the mechanical frequency and the cavity loss rate. To compensate
for this drawback, the cavity is externally driven to enhance the interaction. This is the
so-called weak-coupling regime, where many of the radiation-pressure effects have been ob-
served, such as optomechanical amplification [1], optomechanically induced transparency [25]
and red-sideband cooling [26].

In the classical limit, systems operate in a regime where thermal fluctuations6 overcome
quantum effects. In an optomechanical system, this implies that Brownian motion defines
the position of the mechanical resonator. As the resonator’s displacement decreases with
temperature, approaching the quantum limit means nearing its lowest energy state, or its
ground state. However, even at this state, quantum fluctuations cause the oscillator to retain
some residual motion, referred to as zero-point motion, consistent with the Heisenberg uncer-
tainty principle [27]. Achieving precise quantum control of the mechanical oscillator therefore
requires cooling it to its ground state.

Figure 1.2: Magnetomechani-
cal platform used in [3].

Even at cryogenic temperatures, low-frequency mechani-
cal systems require additional cooling due to their high ther-
mal occupation. Over the past decades, feedback cooling [28]
and dynamical backaction cooling [21, 29] have successfully
achieved ground state cooling. However, as the size of these
mechanical systems increases, their natural frequency gen-
erally decreases, pushing them into the unresolved sideband
regime. In this regime, sideband cooling becomes less effec-
tive, limiting the ability to cool the mechanical mode to its
ground state.

To address the limitations of sideband cooling in the un-
resolved sideband regime, various approaches have been pro-
posed, including the use of squeezed light [30–32] and dual-
cavity modes [33, 34]. This work focuses on analyzing an alternative proposal that leverages
intrinsic cavity nonlinearities to enhance the cooling performance of optomechanical systems

6This term indicates a stochastic process, normally related to the interaction between a system and its
environment.
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in the unresolved sideband regime. Despite being experimentally realized using a SQUID
cavity inductively coupled to a cantilever with a magnetic tip, this analysis can be applied to
nonlinear optomechanical systems in general. This work was carried out under the supervi-
sion of Anja Metelmann (KIT) and in collaboration with the experimental group of Gerhard
Kirchmair (Universität Innsbruck, IQOQI), particularly with David Zoepfl and Lukas Deeg.
This work resulted in the development of three articles [3, 35, 36].

D. Zoepfl, M. L. Juan, N. Diaz-Naufal, C. M. F. Schneider, L. F. Deeg, A. Sharafiev, A.
Metelmann, and G. Kirchmair, “Kerr enhanced backaction cooling in magnetomechan-
ics,” Phys. Rev. Lett., Jan 2023

N. Diaz-Naufal, L. Deeg, D. Zoepfl, C. M. F. Schneider, M. L. Juan, G. Kirchmair
and A. Metelmann, “Kerr enhanced optomechanical cooling in the unresolved sideband
regime,” 2024, arXiv:2410.15435

L. F. Deeg, D. Zoepfl, N. Diaz-Naufal, M. L. Juan, A. Metelmann, and G. Kirchmair,
“Optomechanical backaction in the bistable regime,” 2024, Phys. Rev. Applied 23,
014082

1.1 Structure of the thesis
This thesis aims to highlight the advantages of two seemingly undesirable features: combining
an optomechanical system in the unresolved sideband regime with an intrinsically nonlinear
cavity. In the spirit of completeness, the thesis begins in Chapter 2 with a brief introduction
to open quantum systems to provide the required machinery to address the fundamentals of
optomechanical systems presented in Chapter 3.

In Chapter 3 we start with a brief introduction to the field of optomechanics and introduce
the quantum noise approach, which will be essential throughout the whole thesis. In Chapter
3, we also present the Hamiltonian formulation of an optomechanical system and analyze the
dynamical backaction effects of the radiation pressure interaction as well as its application in
mechanical motion detection.

In Chapter 4, we show how the Hamiltonian description of an LC circuit with a Josephson
junction is equivalent to that of a Duffing oscillator. Here, we analyze the dynamics of
the nonlinear cavity and study its inherent properties, which exhibit promising features for
optomechanical sideband cooling.

Chapter 5 consists of the theoretical description of the experimental work of D. Zoepfl
et al. [3], in which we show the backaction cooling advantages arising from the interaction
of a Kerr-cavity with a low-frequency mechanical mode. In Chapter 6 we loosen up the
constraints imposed by the experimental setup and we follow M. Asjad et al. work [31],
where squeezed vacuum is injected into the nonlinear cavity for improved optomechanical
cooling in the unresolved sideband regime.

Finally, in Chapter 7 we study the quadratic photon-pressure interaction between two
superconducting LC circuits of different frequencies that lead to both sideband cooling and
OMIT via two-photon processes.

https://link.aps.org/doi/10.1103/PhysRevLett.130.033601
https://doi.org/10.48550/arXiv.2410.15435
https://doi.org/10.1103/PhysRevApplied.23.014082
https://doi.org/10.1103/PhysRevApplied.23.014082
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Chapter 2

Open Quantum Systems

In optomechanics, for instance, terms like quantum fluctuations and quantum noise commonly
appear when we analyze the system’s dynamics. Since the Schrödinger equation is purely
deterministic, new methods emerged to address fluctuations and, more importantly, to handle
dissipation in quantum mechanical systems. This led to the development of a theory that
describes the evolution of an open quantum system (OQS) that is inevitably coupled to a
much larger second system, normally referred to as a bath, reservoir or environment1.

As with every other system, quantum mechanical systems can not be treated as completely
isolated entities, since they are irremediably subjected to the non-negligible influence of the
environment. Thus, the theory of OQS arises due to the need to describe these effects and
obtain a more realistic understanding of the dynamics of quantum mechanical systems. Con-
trary to a closed system, OQS can no longer be described by a unitary time evolution. The
formulation of a quantum dissipative theory will allow us to explain the effects that appear
when the quantum system is in contact with its environment. Unfortunately, the coupling of
the quantum system to its surroundings results in a loss of information causing an irreversible
process, which is commonly known as decoherence.

In this Chapter, we examine the dynamics of an OQS following standard literature [37–39]
as well as the introductory chapter of my master’s thesis [40]. While this material may appear
repetitive, its inclusion ensures completeness. The purpose of this Chapter is to equip the
reader with the necessary theoretical tools for the subsequent analysis. Therefore, experienced
readers may choose to skip this section. First, we will introduce the density operator, enabling
us to perform an adequate statistical analysis of the open system. Next, we will analyze the
dynamics of the OQS within the master equation framework. In addition to the master
equation approach which treats the environment as a thermal bath, in the last section, we
will introduce the input-output theory. The latter theory considers the environment as an
external field to which the quantum system is coupled.

Figure 2.1: Diagram of an OQS, where HS and ρ̂S are the Hilbert space and the density operator
of the system, respectively; while the respective environment’s counterparts are denoted by HE

and ρ̂E. The composite Hilbert space is given by H = HS ⊗HB with its density operator ρ̂.

1These terms are often used interchangeably, but there can be subtle differences in their usage and impli-
cations. The term environment is the most general and encloses all other terms and refers to systems with
a larger number of degrees of freedom compared to the OQS. Typically bath is used when the environment
is in thermal equilibrium at a well-defined temperature. Conversely, reservoir not always imply thermal
equilibrium
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2.1 Density operator formalism
The formulation of quantum mechanics is typically expressed in the language of state vectors.
However, a more general description that encodes all the statistical properties of quantum
systems, whose state is not completely known, is given using the so-called density operator or
density matrix. Introduced by John von Neumann in 1927 [41], the density operator formalism
arises due to the need to describe the outcome of measurement upon a quantum system.

Given a physical system, there is a state vector |ψ⟩, that contains all possible information
about the system. Unfortunately, in many cases, we do not know |ψ⟩, but only that the system
is in a state |ψα⟩ taken from an ensemble {|ψ1⟩, |ψ2⟩, . . . |ψl⟩}, whose associated probabilities
are {p1, p2, . . . pl} satisfying the condition of unit total probability

∑
i pi = 1. This indicates

that we have a statistical mixture of the states |ψα⟩ weighted by the probability pα. However,
every single state |ψα⟩ is what we know as a pure state.

Consequently, the average of an arbitrary observable (Hermitian operator) Ô is given by

⟨Ô⟩ =
∑
α

pα⟨ψα|Ô|ψα⟩. (2.1)

Here, pα characterizes the individual probabilities of the state |ψα⟩. The factor ⟨ψα|Ô|ψα⟩
indicates the probability of measuring the observable Ô. If we define the density operator ρ̂
by

ρ̂ ≡
∑
α

pα|ψα⟩⟨ψα|, (2.2)

then Eq. (2.1) can be rewritten as

⟨Ô⟩ = Tr
{
Ôρ̂
}
. (2.3)

In this way, the density operator in Eq. (2.2) contains both the statistical and quantum
mechanical information about the system given by the probability pα and the state vector
|ψα⟩, respectively.

Based on the representation of Eq. (2.2), we find the following properties of the density
operator. We have that for Tr {ρ̂} = 1 the following is satisfied

Tr {ρ̂} =
∑
α

pα⟨ψα|ψα⟩ =
∑
α

pα = 1. (2.4)

Furthermore, if all pα are zero except for the one corresponding to the state |ψ0⟩, then

ρ̂ = |ψ0⟩⟨ψ0|,

which is called a pure state and, from the conservation of probability, it follows that Tr {ρ̂} = 1.
On the other hand, for any state |ϕ⟩ we have

⟨ϕ|ρ̂|ϕ⟩ =
∑
α

pα|⟨ϕ|ψα⟩|2 ≥ 0,

i.e. ρ̂ is positive semidefinite.
While state vectors can only describe pure states, the density operator can describe mixed

states. It is known as a mixed state a collection of pure states |ψα⟩ with probability pα, where
pα ∈ [0, 1] and

∑
α pα = 1 and it can be proven that

Tr
{
ρ̂2
}
≤ 1

with equality only for a pure state. The above can then be easily summarized as follows:

Pure State ⇐⇒ Tr
{
ρ̂2
}
= 1,

Mixed State ⇐⇒ Tr
{
ρ̂2
}
< 1.
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The dynamics of the density operator can be derived from the Schrördinger equation,

d

dt
|ψ⟩ = − i

ℏ
Ĥ|ψ⟩, (2.5)

where Ĥ is the time-independent Hamiltonian of the system. The time derivative of ρ̂ in Eq.
(2.2) yields

d

dt
ρ̂ =

∑
α

pα

(
d|ψα⟩
dt

⟨ψα|+ |ψα⟩
d⟨ψα|
dt

)
,

where we assume that the probability pα is time-independent. By inputting the Schrördinger
Eq. (2.5) into the last equation we find

d

dt
ρ̂ = − i

ℏ

[
Ĥ, ρ̂

]
, (2.6)

whose formal solution reads

ρ̂(t) = exp

{
− i

ℏ
Ĥt

}
ρ̂(0) exp

{
i

ℏ
Ĥt

}
. (2.7)

Eq. (2.6) is the so-called Liouville or Von Neumann equation of motion for the density oper-
ator, which can also be written as

d

dt
ρ̂ = L̂(t)ρ̂, (2.8)

where L̂ is known as the Liouville superoperator and is given by L̂ = − i
ℏ

[
Ĥ, •

]
with • a

placeholder. It is regarded as a superoperator since it acts on an operator to yield another
operator.

On the other hand, in the Heisenberg picture, the equation of motion for a dynamical
operator differs in sign from Eq. (2.6) and reads

d

dt
Ô =

i

ℏ

[
Ĥ, Ô

]
. (2.9)

So far, we described the dynamics in the Schrödinger and Heisenberg picture, Eqs. (2.6)
and (2.9), respectively. However, throughout this work, we will usually move to an the
interaction frame, where the Hamiltonian of the system can be regarded as a sum of two
parts

Ĥ = Ĥ0 + ĤI. (2.10)

The first term, Ĥ0, generally represents the sum of the energies of the systems without
concerning their interaction, usually called the free or bare Hamiltonian. The second term on
the right, ĤI, describes the interaction between the systems and is known as the interaction
Hamiltonian. To transform Eq. (2.6) into the interaction frame we need to separate the rapid
motion associated with the free Hamiltonian, Ĥ0, from the slow dynamics of the interaction,
ĤI . We now define the interaction frame density operator as

ρ̂′(t) ≡ e
i
ℏ Ĥ0tρ̂(t)e−

i
ℏ Ĥ0t, (2.11)

and from Eq. (2.6), we obtain the corresponding von Neumann’s equation in the interaction
frame

d

dt
ρ̂′(t) = − i

ℏ

[
Ĥ ′

I(t), ρ̂
′
I(t)
]
. (2.12)
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After formally integrating this equation we find

ρ̂′(t) = ρ̂(0)− i

ℏ

∫ t

0

dτ
[
Ĥ ′

I(τ), ρ̂
′
I(τ)

]
, (2.13)

where, from now on, the tilde indicates the interaction frame. Furthermore, note that ĤI(t)
is explicitly time-dependent, namely,

Ĥ ′
I(t) ≡ e

i
ℏ Ĥ0tĤIe

− i
ℏ Ĥ0t. (2.14)

One of the key aspects of an OQS is its irreversibility, which is caused by the system’s
coupling to a larger complex system (see Fig. 2.1): its environment. In this way, the dynamics
of the system can not be described by the unitary evolution of the state vector, but rather
in terms of an equation of motion for its density operator, i.e. the so-called quantum master
equation, which we will study in the next section.

2.2 Master equation approach
There are various methods analyzing the dynamics of OQS, with the most effective being
the system-bath theory [37, 39, 42]. Essentially it means that, when the bath acts as a
larger system in thermal equilibrium, it generates fluctuations in the system it’s connected
to, leading to energy exchange.

The decomposition of the whole ensemble into a system plus environment allows to write
the composite Hilbert space as a tensor product:

Htotal = HS ⊗HB, (2.15)

where HS and HB are the system and environment individual Hilbert spaces, respectively.
Recalling Eq. (2.10), the composite Hamiltonian is then given by

Ĥ = ĤS ⊗ IB + IS ⊗ ĤB + ĤSB, (2.16)

where the first term constitutes the free Hamiltonian Ĥ0, which consists of the system and
bath individual energies. On the other hand, the last Hamiltonian describes the interac-
tion between them. The study of time-dependent Hamiltonians, which requires additional
techniques, are beyond the scope of this work.

Using the composite Hamiltonian, we have, in the Schrödinger picture as in Eq. (2.5), the
following equation of motion for the density operator (ℏ = 1 onwards)

d

dt
ρ̂(t) = −i

[
ĤS + ĤB + ĤSB, ρ̂(t)

]
(2.17)

with ρ̂(t) ∈ HS⊗HB. Our primary aim is to characterize the effective dynamics of the system.
Hence, we introduce the reduced density operator

ρ̂S(t) ≡ TrB {ρ̂(t)} , (2.18)

which describes the system’s dynamics by tracing out the reservoir’s degrees of freedom.
Likewise, for an arbitrary operator Ô ∈ HS, we have that its expectation reads

⟨Ô⟩ = Trtotal
{
Ô ρ̂(t)

}
= TrS

{
ÔTrB {ρ̂(t)}

}
= TrS

{
Ô ρ̂S(t)

}
. (2.19)

We aim to obtain an expression for ρ̂S(t), which includes the information of its coupling
to the bath. First, we move to the interaction frame as in Eq. (2.11), which implies doing

ρ̂′(t) = ei(ĤS+ĤB)tρ̂(t)e−i(ĤS+ĤB)t. (2.20)
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Therefore, following Eq. (2.12), using Eqs. (2.17) and (2.20), we find

d

dt
ρ̂′(t) = −i[Ĥ ′

SB(t), ρ̂
′(t)] (2.21)

and consequently

ρ̂′(t) = ρ̂(0)− i

∫ t

t0

dτ
[
Ĥ ′

SB(τ), ρ̂
′(τ)

]
. (2.22)

So far, this derivation has been equivalent to the one yielding Eq. (2.13), but with Eq. (2.16).
Thus, Ĥ ′

SB(t) is given by Eq. (2.14) with Ĥ0 = ĤS + ĤB.
We can now substitute Eq. (2.22) into Eq. (2.21), which leads us to the exact equation

d

dt
ρ̂′(t) = −i

[
Ĥ ′

SB , ρ̂(0)
]
−
∫ t

0

dτ
[
Ĥ ′

SB(t),
[
Ĥ ′

SB(τ), ρ̂
′(τ)

] ]
, (2.23)

This integro-differential equation is the starting point for a series of approximations that we
will explain below.

2.2.1 Initial Conditions
In the study of OQSs, a crucial consideration is the initial state of the composite system,
comprising both the system and its bath. The formulation of this initial composite density
operator plays a fundamental role in determining the system’s evolution and the validity of
various approximations.

We will assume that no correlation exists between the system and the bath at the initial
time t = 0. That means ρ̂(0) = ρ̂′(0) can be factorized as

ρ̂(0) = ρ̂S(0)⊗ ρ̂B(0) (2.24)

with ρ̂B(0) = TrS {ρ̂(0)} the initial bath density operator, and ρ̂S(0) = TrB {ρ̂(0)} the initial
system density operator.

2.2.2 Weak Coupling
We will now assume the bath is sufficiently large, and its coupling to the system weak enough
to neglect the system’s backaction on the bath. Consequently, the statistical properties of the
bath remain unaffected by the weak coupling, thus

ρ̂′(t) ≈ ρ̂′S(t)⊗ ρ̂B, t > 0 (2.25)

with ρ̂B ≡ ρ̂B(0). The last assumption supposes that the total density operator remains a
product of the initial bath state density operator and ρ̂′S(t).

Up to this point, we have first assumed that there are no correlations between the system
and bath as in Eq. (2.24) at t = 0. Additionally, we have presumed that the bath density
operator remains relatively unchanged by the weak interaction, in contrast to the system’s
density operator. This is due to the system’s smaller size compared to the bath, resulting in
stronger fractional effects of the interaction on the system.

Hence assuming Eq. (2.24) and Eq. (2.25) are valid, Eq. (2.23) allows us to describe the
dynamics of the quantum system by

d

dt
ρ̂′S(t) = −iTrB

{
[Ĥ ′

SB , ρ̂S(0)⊗ ρ̂B]
}
−
∫ t

0

dτ TrB
{
[Ĥ ′

SB(t), [Ĥ
′
SB(τ), ρ̂

′
S(τ)⊗ ρ̂B] ]

}
,

(2.26)
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where the first term can be set to zero – an assumption that can always be fulfilled with a
properly shifted system Hamiltonian [38]. Hence, we have

d

dt
ρ̂′S(t) = −

∫ t

0

dτ TrB
{
[Ĥ ′

SB(t), [Ĥ
′
SB(τ), ρ̂

′
S(τ)⊗ ρ̂B] ]

}
. (2.27)

We now continue denoting the system operators by Ŝk and the bath operators by B̂k, such
that the most general form of ĤSB reads

ĤSB =
∑
k

Ŝk ⊗ B̂k. (2.28)

Since Ŝk ∈ HS and B̂k ∈ HB in the interaction frame we have Ĥ ′
SB =

∑
k Ŝ

′
k ⊗ B̂′

k . The
substitution of Ĥ ′

SB into Eq. (2.27) results in

d

dt
ρ̂′S(t) = −

∫ t

0

dτ
∑
kl

TrB
{[
Ŝ′
k(t)⊗ B̂′

k(t), [Ŝl(τ)⊗ B̂′
l(τ), ρ̂

′
S(τ)⊗ ρ̂B

]}
,

which can be rewritten as

d

dt
ρ̂′S(t) =−

∑
kl

∫
dτ Ckl(t, τ)

[
Ŝ′
k(t)Ŝ

′
l(τ)ρ̂

′
S(τ)− Ŝ′

l(τ)ρ̂
′
S(τ)Ŝ

′
k(t)

]
−
∑
kl

∫
dτ Clk(τ, t)

[
ρ̂′S(τ)Ŝ

′
l(τ)Ŝ

′
k(t)− Ŝ′

k(t)ρ̂
′
S(τ)Ŝ

′
l(τ)

]
,

where we used the cyclic property of the trace and we have introduced the correlation function

Ckl(t, t
′) ≡ TrB

{
B̂′

k(t)B̂
′
l(τ)ρ̂B

}
= ⟨B̂′

k(t)B̂
′
l(τ)⟩, (2.29)

that describes the properties of the reservoir.
To obtain Eq. (2.27) we dropped the first term in Eq. (2.26), which can also be done

by assuming that the bath is in thermal equilibrium, i.e.
[
ρ̂B, ĤB

]
= 0 and consequently

writing Ckl(t, τ) ≡ Ckl(t − τ) with Ckl(t, τ) given by Eq. (2.29). Using these results, Eq.
(2.27) becomes

d

dt
ρ̂′S(t) =−

∫ t

0

dτ
∑
kl

(
Ckl(t− τ)

{
Ŝ′
k(t)Ŝ

′
l(τ)ρ̂

′
S(τ)− Ŝ′

l(τ)ρ̂
′
S(τ)Ŝ

′
k(t)

})
−
∫ t

0

dτ
∑
kl

(
Clk(τ − t)

{
ρ̂′S(τ)Ŝ

′
l(τ)Ŝ

′
k(t)− Ŝ′

k(t)ρ̂
′
S(τ)Ŝ

′
l(τ)

})
.

(2.30)

The next approximation arises from the distinct time scales corresponding to the bath
correlations and the time needed for the system to change.

2.2.3 Markov Approximation
This assumption is crucial as it implies a clear separation between the time-scale evolution
of the system and the bath in the interaction picture. Indeed, the bath correlation functions
are generally characterized by a correlation time, which is typically shorter than the time
constant associated with the system’s density operator. Consequently, the system’s density
operator changes almost insignificantly over the time it takes for the correlation function
given in Eq. (2.30) to vanish. Thus, in the interaction and under this approximation, the
replacement of ρ̂′(τ) → ρ̂′(t) is valid since we can take Ckl(t − τ) ∝ δ(t − τ) suggesting the
existence of these two widely separated times scales. This has also a deeper implication: we
are neglecting the reservoir’s memory because we are unable to resolve its effects. Hence,
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under this approximation, Eq. (2.30) reads

d

dt
ρ̂′S(t) =−

∫ t

0

dτ
∑
kl

(
Ckl(t− τ)

{
Ŝ′
k(t)Ŝ

′
l(τ)ρ̂

′(t)− Ŝ′
l(τ)ρ̂

′(t)Ŝ′
k(t)

})
−
∫ t

0

dτ
∑
kl

(
Clk(τ − t)

{
ρ̂′(t)Ŝ′

l(τ)Ŝ
′
k(t)− Ŝ′

k(t)ρ̂
′(t)Ŝ′

l(τ)
})

.

The transformation of the last equation back into the Schrödinger picture yields

d

dt
ρ̂S(t) = −i[ĤS , ρ̂S(t)]

−
∫ t

0

dτ
∑
kl

Ckl(t− τ)
{
ŜkŜ

′
l(τ − t)ρ̂S(t)− Ŝ′

l(τ − t)ρ̂S(t)Ŝk

}
−
∫ t

0

dτ
∑
lk

Clk(τ − t)
{
ρ̂S(t)Ŝ

′
l(τ − t)Ŝk − Ŝkρ̂S(t)Ŝ

′
l(τ − t)

}
.

(2.31)

The integral over τ can be carried out in the limit of t→ ∞ and defining

D̂k := lim
t→∞

∫ t

0

dτ
∑
l

Ckl(τ)Ŝ
′
l(−τ),

Êk := lim
t→∞

∫ t

0

dτ
∑
l

Clk(−τ)Ŝ′
l(−τ)

(2.32)

we finally find

d

dt
ρ̂S(t) = −i[ĤS , ρ̂(t)]−

∑
k

[
ŜkD̂kρ̂(t)− D̂kρ̂(t)Ŝk + ρ̂(t)ÊkŜk − Ŝkρ̂(t)Êk

]
. (2.33)

From the derivation leading to Eq. (2.33), it follows (see [39, 42]) that the master equation
for a Markovian system can be expressed in the Lindblad form [43]:

d

dt
ρ̂S(t) = −i[Ĥ, ρ̂S(t)] +

∑
j

γj

[
L̂j ρ̂S(t)L̂

†
j −

1

2

{
L̂†
jL̂j , ρ̂S(t)

}]
, (2.34)

where Ĥ is the system’s Hamiltonian. Here, γj is a decay rate, and L̂j is a Lindblad operator,
representing the dissipation channels through which energy can either enter into or leak out
of the system to its environment. It describes the nature of the energy loss or decoherence
process. Without the second term on the right, Eq.(2.34) would be the von Neumann Eq.
(2.6) describing the system’s unitary dynamics. The second term to the right corresponds
then to the dissipative processes causing the dynamics to be irreversible. Lastly, often Eq.
(2.34) is found as

d

dt
ρ̂S(t) = −i

[
Ĥ, ρ̂S(t)

]
+
∑
j

γjD[L̂j ] ρ̂S(t),

where the dissipative term, also known as dissipator or jump operator is usually written in
superoperator form:

D[ô] • ≡ ô • ô† − 1

2

{
ô†ô, •

}
. (2.35)

Here, in general, the Hamiltonian Ĥ does not necessarily refer to the system’s free Hamilto-
nian, since it might contain additional terms induced by the coupling to the bath.

Let us now consider the composite system S ⊗ B of a damped harmonic oscillator. This
example is particularly important since many physical systems, such as an optical cavity or a
mechanical oscillator, can be modelled as quantum harmonic oscillators. The Hamiltonian of
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a harmonic oscillator is ĤS = ω0â
†â with ω0 its frequency and where â and â† are the creation

and annihilation operators of the bosonic mode, respectively. The system is in contact with
a thermal bath modelled as a collection of harmonic oscillators, whose Hamiltonian reads

ĤB =
∑
j

ωj b̂
†
j b̂j , (2.36)

with frequencies ωj and associated annihilation and creation operators b̂†j and b̂j , respectively.
In addition, the system-bath interaction is given by

ĤSB =
∑
j

(
κj âb̂

†
j + κ∗j â

†b̂j

)
(2.37)

with coupling constants kj in the RWA. Hence, the master equation of a damped harmonic
oscillator reads (see derivation in [42])

d

dt
ρ̂ = −iω′

0

[
â†â, ρ̂

]
+ γ

(
n̄T + 1

)
D[â]ρ̂+ n̄TD[â†]ρ̂ (2.38)

where γ is the decay rate, ω′
0 = ω0+∆ and n̄T = [exp{ω0/kBT}−1]−1 with kB the Boltzmann

constant. This equation will be fundamental throughout this work. Nevertheless, the deriva-
tion yielding Eq. (2.38) is valid within the RWA, but for low-frequency oscillators (strong
damping γ ∼ ω0) this approximation is no longer valid. The frequency shift2, ∆, is small and
usually neglected.

So far, we have presented the formulation of OQSs in the Schrödinger picture using the
master equation formalism. In the next section, we will introduce the input-output formal-
ism, developed by Gardiner and Collett [44]. This approach, within the Heisenberg picture,
employs quantum stochastic differential equations to describe the reservoir theory. Within
this theory, the environment dictates the system’s dynamics through input fields and output
fields as we will see below.

2.3 Input-output theory
In the preceding section, we employed the quantum master equation approach to analyze the
dynamics of a dissipative system in the Schrödinger picture. This approach treats the field,
to which the system is weakly coupled, as the environment. In the context of quantum optics,
this environment refers to a field surrounding the open system, typically considered a passive
system assumed to be in equilibrium. In contrast, in this section, the environment is viewed
as an external field coupled to the system. This approach enables the assessment of how the
input field influences the system dynamics, subsequently impacting the quantum statistics of
the output field. Thus, in this section, we will discuss Gardiner’s and Collett’s seminal work
[44] and introduce the so-called input-output formalism which analyzes the system dynamics
in the Heisenberg picture.

Similarly, as in Sec. 2.2, we will consider the system-bath model with a composite Hamil-
tonian as in Eq. (2.16). In the frequency domain, this Hamiltonian is given by

ĤB =

∫ ∞

−∞
dω ω b̂†[ω]b̂[ω],

ĤSB = i

∫ ∞

−∞
dω k[ω]

(
âb̂†[ω]− â†b̂[ω]

)
,

where b̂[ω] are the bath’s bosonic annihilation operators, which satisfy [b̂[ω], b̂†[ω′]] = δ[ω−ω′].
On the other hand, â is a system’s operator and k[ω] is a frequency-dependent coupling. Here,
the RWA is again valid since we are once more assuming a weak coupling between the system
and the large environment.

2For the case of a damped two-level atom this frequency shift is known as the Lamb shift and is particularly
important [37].
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To derive the quantum Langevin equations we start with the Heisenberg equation of motion
given in Eq. (2.9) for the b-mode that reads

d

dt
b̂[ω] = −iωb̂[ω] + k[ω]â (2.39)

and analogously for the a-mode

d

dt
â(t) = −i

[
â, ĤS

]
−
∫ ∞

−∞
dω k[ω]b̂[ω]. (2.40)

To solve equations as Eq. (2.39), we will use the method of variation of constants, which we
will explain below.

Variation of constants: Let us first consider an equation of the form

db

dx
= ab(x) + ξ(x).

Here, using the Ansatz b(x) = eaxv(x), we get

d

dx
b = aeaxv(x) + eaxv′(x)

!
= av(x) + ξ(x).

The last equality results in

dv(x)

dx
= e−axξ(x),

whose solution is

v(x) = v(0) +

∫ x

x0

dx′e−ax′
ξ(x′).

If we multiply the last equation from both sides by eax we finally obtain

b(x) = eaxv(0) +

∫ x

x0

dx′e−a(x′+x)ξ(x′). (2.41)

We can now associate Eq. (2.41) with Eq. (2.39) and

b[ω] = e−iω(t−t0)b0[ω] + κ[ω]

∫ t

t0

dt′e−iω(t−t′)â(t′), (2.42)

where b̂0[ω] is the value of the operator b̂[ω] at an initial time t = t0 and has the same com-
mutation relations as b̂[ω]. Here, the first term has the information of the initial conditions,
whereas the second is a memory term, which can be seen from the integration limits. The
substitution of this result into Eq. (2.40) gives

d

dt
â(t) = −i

[
â(t), ĤS

]
−
∫ ∞

−∞
dω k[ω]e−iω(t−t0)b0[ω]

−
∫ ∞

−∞
dω

∫ t

t0

dt′ k2[ω]e−iω(t−t′)â(t′).

(2.43)

Now, similar to what we did in Sec. 2.2, we make the first Markov approximation:

κ[ω] =

√
γ

2π
, . (2.44)

As discussed in Sec. 2.2.3, Markovian processes are defined by the absence of memory effects,
meaning that the future state of the system depends only on its current state, not its past.
In the context of OQS, the Markovian approximation assumes the environment relaxes much
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faster than the system dynamics. This is reflected in the last equation by assuming a constant
coupling to the environment, implying that the environment lacks memory and responds
instantaneously to the system. Note, due to the last expression, Eq. (2.43) has the form of a
damping equation. Since the following relation

1

2π

∫ ∞

−∞
dω e−iω(t−t′) = δ(t− t′) (2.45)

is achieved as the limit of an integral of a function going smoothly to zero at ±∞, then the
following result is also valid ∫ t

t0

dt′ â(t′)δ(t− t′) =
1

2
â(t). (2.46)

We now define the in-field by

âin(t) ≡
1√
2π

∫
dω e−iω(t−t0)b̂0[ω], (2.47)

which satisfies the bosonic commutation relations and finally, using Eqs. (2.44-2.47) in Eq.
(2.43), we find

d

dt
â(t) = −i

[
â(t), ĤS

]
− γ

2
â(t)−√

γâin(t), (2.48)

which is a quantum stochastic differential equation (QSDE) for the intracavity field â(t). Note,
if γ = 0, we would recover the Heisenberg equation of motion given in Eq. (2.9). As expected,
when γ ̸= 0, the interaction with the bath introduces a damping term proportional to γ

2 â(t),
that has no particular specification of the state of the reservoir. Moreover, from Eq. (2.44),
this damping term depends only on the system operators at time t and does not take into
account previous times. On the other hand, the quantum noise term enters as the input field
to the cavity given in Eq. (2.47).

Analogously, we can obtain the time-reversed QSDE as

d

dt
â(t) = −i

[
â(t), ĤS

]
+
γ

2
â(t)−√

γâout(t),

with

âout(t) =
1√
2π

∫
dω e−iω(t−t′)b̂1[ω]. (2.49)

The definition of the input and output fields are related by the input-output relation

âout(t)− âin(t) =
√
γa(t). (2.50)

This relation describes how the system alters the incoming field, generating an outgoing field
that encodes information about the system’s current state.

As discussed in this Chapter, the Heisenberg equations of motion in Eq. (2.9) play a central
role in deriving the quantum Langevin equations. In these equations, the evolution of the
system’s operator experiences dissipation at a rate γ/2, where γ represents the decay constant.
Simultaneously, quantum fluctuations are reintroduced by the quantum noise entering the
system from different ports. Therefore, the quantum Langevin equation essentially constitutes
a formulation of reservoir theory within the Heisenberg picture.

Throughout this chapter, we introduced the necessary tools to handle OQSs using the
system-plus-reservoir approach, which leads to the master equation. Additionally, we dis-
cussed input-output theory, which models the environment as an external field coupled to
the cavity. In the next Chapter, we will apply this theory to explore the fundamentals of
optomechanical systems.
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Chapter 3

Fundamentals of Optomechanical
Systems

In the 17th century, Kepler recognized that light carries momentum which led to the concept
of radiation pressure force [45]. Centuries later, in 1909, Einstein analyzed the statistics of
these radiation pressure force fluctuations acting on a movable mirror [46]. It was through the
mediation of the radiation pressure force that the interaction between two seemingly distinct
yet scientifically rich subjects, namely optical cavities [47] and mechanical resonators [48],
established the foundations of the field of optomechanics.

One of the fundamental consequences of the quantum fluctuations of the radiation pressure
force is that they impose a limit on the accuracy of position measurement, which gives rise
to the standard quantum limit (SQL) [49, 50], crucial for gravitational wave detectors such
as LIGO [51] or VIRGO [52]. Additionally, the pioneering works of V.B. Braginsky and A.B.
Manukin [53, 54] revealed that the retarded nature of the radiation pressure of light confined
in a cavity or resonator leads to the effect of dynamical backaction. This effect provides
damping or anti-damping to the mechanical mode, resulting in optomechanical backaction
cooling and mechanical amplification (parametric instability), respectively. Moreover, it has
also been shown that the radiation pressure force results in the modification of the mechanical
oscillator stiffness, a phenomenon called optical spring effect [55].

The theoretical development in the field of optomechanics goes hand in hand with the
improvement in the realization of optical cavities and mechanical resonators. Experimen-
tally, radiation pressure in the microwave domain dates back to Braginsy’s work in 1977 [54].
Years later, in 1983 Dorsel et al. observed the bistability of the radiation pressure force on a
macroscopic end-mirror [56], being the first experiment in the optical regime. Although the
dynamical backaction effects of the radiation pressure force were among the first phenomena
predicted in optomechanics, it was only recently that these dynamical effects were experi-
mentally observed in micro- and nano-mechanical systems. Interestingly, although dynamical
backaction was motivated by the position measurement of gravitational waves using large
masses, it was first observed in a completely different size scale using microtoroid cavities
[57–59]. This is an example of parametric amplification induced by the optomechanical inter-
action. Contrary, the opposite effect has been used to backaction cool, for instance, cantilevers
[60, 61], microtoroids [62], macroscopic mirror modes [63] and mechanical nano-membranes
[64].

The rapid development of optomechanics lies not only in the construction of accurate posi-
tion detectors but also in the possibility of being used as a light-mechanics interface due to the
controllable interaction between light and mechanics. Thus, optomechanics is a fundamental
resource to realize hybrid quantum devices of otherwise incompatible degrees of freedom for
numerous applications in quantum technologies [65]. For these reasons, optomechanics has
also been able to shine a light on the quantum-to-classical transition [66]. Nevertheless, a
deeper understanding of the quantum nature of macroscopic mechanical systems is hindered
by the difficulty of cooling a mechanical mode to its quantum ground state [67]. The fab-
rication improvement in recent years has also enabled the possibility to backaction cool a
mechanical mode to the ground state [29, 68]. These achievements using dynamical backac-
tion cooling have been realized in the so-called resolved sideband or good cavity regime, where
the mechanical resonant frequency (ωm) exceeds the cavity decay rate (κ), i.e. when ωm ≫ κ.
However, as mechanical systems increase in size, their frequency naturally decreases which
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brings them into the unresolved sideband or bad cavity regime (ωm ≪ κ). In this regime, dy-
namical backaction cooling is less effective, and other protocols, such as measurement feedback
cooling have proven to be a more successful strategy [69].

Before dynamical backaction, optomechanical feedback cooling was already proposed. Such
protocols use the high sensitivity of the cavity readout to measure the oscillator’s position via
a phase-sensitive detection of the classical cavity’s output signal. This information is then
turned into negative feedback on the oscillator, i.e. a force proportional to the time derivative
of the output signal. The above finally translates into enhancing the mechanical damping rate
without increasing the thermal noise (cold damping). This constitutes what is known as active
feedback cooling. Experimentally, it is precisely the radiation pressure force that is used as
the feedback force in optomechanical devices [70, 71]. Due to its nature, the cooling efficiency
in such protocols is limited by the imprecision of the readout, whereas their quantum limits
have been discussed in [72, 73]. However, in quantum physics, any measurement not only
reads out the system’s state but also irreversibly modifies it. Contrary to active feedback,
coherent feedback protocols avoid this problem by coherently processing quantum signals,
without measuring the system, and then feeding them back. In this way, coherent feedback
would enable the preparation of nonclassical states [74] and facilitate cooling of the mechanics
close to its ground state even in the unresolved sideband regime. While J. Guo et al. [75]
theoretically propose a scheme to achieve ground state cooling in this regime, M. Ernzer et
al. [76] provide experimental evidence demonstrating significant cooling improvements.

Figure 3.1: Some examples of electromechanical and optomechanical devices. Electrome-
chanical devices Left & middle: aluminium drum mechanical resonator coupled to a su-
perconducting lumped element microwave resonator [68]. Right : nanomechanical beam coupled
to a superconducting single-electron transistor [77]. Optomechanical devices Clockwise from
top left : microscale end-mirror from a Fabry-Pérot cavity optomechanical system [19], silicon
nitride membrane used in membrane-in-the-middle type system [64], microtoroidal integrated
cavity optomechanical system [78], phononic-photonic crystal integrated optomechanical system
[29], trampoline microscale end-mirror from a Fabry-Pérot cavity optomechanical system [79].
Figure taken from [80].

The theoretical and experimental progress in the field of optomechanics led to many
achievements, such as the detection of displacements below the SQL [81], which enabled the
detection of gravitational waves [82, 83]; the demonstration of nonclassical states of motion
[84, 85] as well as the development of novel protocols for their generation [86], and the
demonstration of strong optomechanical coupling in both the microwave and optical regimes
[23, 68, 87]. Additionally, it has also been demonstrated that the radiation pressure interaction
enables the entanglement of macroscopic oscillators [88–90]. Furthermore, optomechanics
plays also a singular role in studying fundamental aspects of quantum mechanics, such as
testing local realism [91].
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The rapid advancements in optical cavity and mechanical resonator technologies have also
driven growing interest in cavity optomechanics. Such improvement has made it possible to
operate in a regime in which optical forces are dominant [60–63]. For this regime to hold,
considerable progress has been made in the manufacturing of mechanical devices as illustrated
in Fig 3.1. Nevertheless, optomechanical interaction is not only limited to the optical regime.
In the microwave regime, the realization of optomechanical coupling has also been possible
with microfabricated superconducting resonators, by inserting a nanomechanical beam inside
a superconducting transmission line microwave cavity [92]. Moreover, it has been proposed
that the inductive coupling between a superconducting microcantilever and a flux-dependent
microwave quantum circuit can reach the strong coupling regime [93–96]. On the other hand,
in acoustic devices strong coupling has been shown [97]. Alternatively, single-photon strong
coupling has also been realized by incorporating a flexible aluminium membrane into a lumped
element superconducting resonator [68] and proposed in circuit optomechanical devices [98].
These advancements demonstrate the integration of electrical and non-optical techniques in
optomechanical systems, enabling the coupling of mechanical oscillators to single-electron
transistors [77, 99] or quantum point contacts [100]. Such electromechanical devices provide
also the ability to realize hybrid quantum devices [20, 101] when they are coupled to two-level
quantum systems [102–104].

To understand the components of the optomechanical coupling it is convenient to study
the basic geometry depicted in Fig. 3.2, which has been used to describe the vast majority
of the experiments to date. Here, we have an optomechanical system composed of a Fabry-
Pérot optical cavity with a movable mirror that also serves as a mass-on-a-spring. The optical
cavity, with resonant frequency ωc, is populated with photons injected by an external driving
field at frequency ωp. This high circulating intracavity photon number exerts a force upon the
movable mass-spring mirror, thereby displacing it. This movement gives rise to a parametric
interaction, where the motion of the mechanical mode modifies the cavity resonance.

Since a thorough review of optomechanics is beyond the scope of this work, the reader is
referred to the numerous reviews published in recent years on cavity optomechanics, which
offer a broader picture of this interesting and growing field [1, 27, 105–107]. In this chapter,
we will first discuss optical cavities and mechanical oscillators. We will then use the methods
introduced in Chapter 2 and derive the basic dynamical consequences of this interaction
and present the quantum theory of optomechanical cooling. Next, using a quantum noise
approach, we will study how an optomechanical system can be used for position detection.
Finally, we will present the theory of optomechanically induced transparency.

Figure 3.2: Diagram of an optomechanical system. Here, we depict a driven optical cavity
with resonant frequency ωc with a movable mirror that acts as a mass-on-a-spring. The driving
(at frequency ωp) populates the cavity with photons that circulate and impinge on the mirror,
thereby exerting a force on it and ultimately displacing it. This movement also modifies the cavity
resonance yielding a parametric interaction between the modes.

3.1 Optical resonators
To begin, let’s briefly introduce the concept of an optical and a mechanical resonator. The
optical resonator is typically depicted as a Fabry-Pérot resonator as illustrated in Fig. 3.2.
At the two ends of the optical cavity, two highly reflective mirrors separated by a distance
L are located. It is precisely this separation that determines the cavity resonant frequencies
given by ωn ≈ nπc/L, where n represents the integer mode number and c denotes the speed
of light in vacuum. Although there are multiple optical modes, we will primarily focus on
a single mode, commonly denoted by ωc. This single-mode approximation is particularly
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valid for high-finesse cavities, where the large spectral separation between modes, compared
to their individual linewidths, ensures that each mode is well-resolved. Due to construction
imperfection, both the mirror transparencies and the internal absorption or photon leakage
out of the cavity result in a finite photon cavity decay rate denoted κ. Another useful value is
the optical finesse, F , which quantifies the average number of round-trips of a photon before
leaving the cavity: F ≡ ωn/κ. Additionally, the quality factor is given by Qopt = ωcτ with
τ = κ−1 the photon lifetime.

Usually, the cavity decay rate is composed of two components

κ = κext + κint, (3.1)

where κext is related to the loss rate associated with the input coupling and κint to the
remaining internal losses. If the external coupling κext dominates the cavity losses then the
cavity is considered overcoupled resulting in pump photons emerging from the cavity without
being absorbed or lost via internal losses.

Since our focus lies in the light field emitted by and reflected from the cavity, it is natural
to adopt the input-output formalism outlined in Chapter 2. This theory offers the advantage
of modelling quantum fluctuations introduced from any coupling channel into the cavity, as
well as the presence of any coherent laser drive. Thus, derived from Eq. (2.48), we obtain the
following equation of motion for the field amplitude â inside the cavity:

d

dt
â = i∆â− κ

2
â−√

κâin, (3.2)

where â is the bosonic annihilation operator of the optical mode, κ is the decay rate of the
cavity and âin the input field. The latter should be regarded as a stochastic quantum field,
typically representing the fluctuating vacuum electric field coupling to the cavity at time t
along with an additional laser drive. Here, we have assumed that the cavity is coherently
populated through a driving field at frequency ωp and we have chosen a frame rotating with
the drive’s frequency, such that ∆ = ωp − ωc. Moreover, the total cavity loss rate given in
Eq. (3.1) results in the following decomposition

√
κâin → √

κintf̂in +
√
κextâin, where the f̂in

represents the unwanted stochastic quantum field associated with internal cavity losses. This
detrimental loss port for an optical cavity at room temperature can be approximated as a
vacuum state resulting in ⟨f̂in⟩ = 0.

The dynamics of â are described by Eq. (3.2), which shows its decay at a rate κ/2, but
simultaneously driven by the quantum noise entering through various cavity input ports.
Moreover, the Fourier transform of Eq. (3.2) yields an expression linking both the input and
intracavity fields, which is known as the cavity susceptibility

Xc[ω] =
1

−i (ω +∆) + κ
2

. (3.3)

The susceptibility then quantifies the system’s response to external drives as a function of
frequency.
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Figure 3.3: Reflection’s probability as a
function of the cavity detuning for κint/κext =
[10−4, 10].

Leaving aside the quantum dynamics for now
and focusing entirely on the classical average
quantities, we find from Eq. (3.2) that the av-
erage steady state is given by

⟨â⟩ = −
√
κext⟨âin⟩
−i∆+ κ

2

. (3.4)

The last equation together with the input-output
relation given in Eq. (2.50) allows us to introduce
the reflection amplitude which reads

R ≡ ⟨âout⟩
⟨âin⟩

=
(κint − κext)/2− i∆

(κint + κext)/2− i∆
. (3.5)

The probability of reflection from the cavity is
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then given by |R|2, from which also the trans-
mission probability can be obtained. The last
expression allows us to distinguish different regimes which we show in Fig. 3.3. If the external
coupling dominates the cavity losses (κext ≈ κ ≫ κint) then the cavity is said to be overcou-
pled (|R|2 ≈ 1), which results in pumped photons emerging from the cavity without being
absorbed or lost through the second mirror. If κext = κint then it is in the critical coupling
regime, such that for ∆ = 0 we find R = 0. Hence, the input power is fully dissipated within
the resonator or completely transmitted through the second mirror. Finally, undercoupled
refers to internal losses dominating κext ≪ κint, which leads to an unwanted information loss.

The multiplication of Eq. (3.4) by its complex conjugate yields the number of photons
circulating in the cavity

n̄c = |⟨â⟩|2 =
κext

∆2 + κ2

4

P

ωp
, (3.6)

where P is the power injected into the cavity.
One of the key advantages of optical cavities is that the thermal equilibrium bath for the

field at room temperature is nearly in the vacuum state, owing to the high frequency of the op-
tical fields. Furthermore, since the optical wavelength is approximately 1µm, optical cavities
can be fabricated within the micrometer or nanometer scales, enabling stronger optomechan-
ical coupling strengths. Optical cavities have proven to be highly efficient for constructing
detectors that operate across a wide range of intensities, from watts to single-photon levels.

3.2 Microwave resonators

Figure 3.4: LC cir-
cuit with inductance
L and capacitance C

As discussed before, quantum optomechanics is not exclusively limited
to the optical domain, but also to the microwave domain as shown
in Fig. 3.1. For optomechanical systems in this regime, the optical
cavity is replaced by a microwave resonator, which can be described
by LC circuits consisting of an inductance L and a capacitance C,
as illustrated in Fig. 3.4. The capacitance represents the ability of a
circuit element to store energy in the form of an electric field when
voltage is applied across it. The inductance, on the other hand, rep-
resents the ability of a circuit element to store energy in a magnetic
field when current flows through it and to generate voltage when this
current changes. Thus, in an LC circuit we have two different kind of
energy: electrical energy in the capacitor C and magnetic energy in
the inductor L.

Mathematically, the inductivity, L, is related the voltage, U(t), and
current, I(t), via

U(t) = Lİ. (3.7)

On the other hand, the capacitor stores its energy in the electric field between two conductive
plates separated by an insulating material. The charge on a capacitor, Q is given by Q = CU ,
where C is the capacitance. Taking the time derivative it yields

Q̇(t) = I(t) = CU̇(t). (3.8)

Using Eqs. (3.7) and (3.8) with Kichhoff’s laws [108] we find

CÜ = − 1

LU
. (3.9)

This equation can be solved using an Ansatz of the form A = U sin(ωct) yielding the resonance
frequency of the resonator

ωc =

√
1

LC
, (3.10)
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which was constructed by placing a capacitance and an inductance in parallel. In typical
realization, a resonator for electromagnetic radiation can be build in the microwave regime,
that is ωc/2π ≈ GHz.

Now, we will briefly derive the Hamiltonian of such resonators following [109–112]. From
electrodynamics [108] the energy stored in the capacitor and inductor is given by

EC =
Q2

2C
, (3.11)

EL =
Φ2

2L
, (3.12)

respectively. Thus, the corresponding Hamiltonian for an LC circuit is then given by

HLC =
Q2

2C
+

Φ2

2L
, (3.13)

where Q is the charge at the capacitor and Φ is the magnetic flux at the inductor.
For a quantum description of such circuits, we must perform a quantization and replace

the classical variables with the corresponding quantum operators. Hence, we impose the com-
mutation relation [Φ̂, Q̂] = i and express Φ̂ and Q̂ using bosonic creation, â†, and annihilation,
â, operators [109]. Thus, we do

Φ̂ = Φzpf
(
â+ â†

)
, Φzpf ≡

√
Z0

2
,

Q̂ = iQzpf
(
â† − â

)
, Qzpf ≡

√
1

2Z0
,

(3.14)

with Φzpf and Qzpf the zero point fluctuations of flux and charge, respectively. In the last
equation, we have also introduced the impedance of the circuit Z0 =

√
L/C. Using these

operators it is straightforward to rewrite the Hamiltonian in Eq. (3.13) resulting in

Ĥ = ωc

(
â†â+

1

2

)
, (3.15)

where the constant factor of 1/2 is usually neglected. This equation describes the typical
Hamiltonian of a harmonic oscillator whose frequency is given by Eq. (3.10). Later, we
will show how the motion of a mechanical oscillator can be coupled capacitively to such LC
resonators resulting in a shift of capacitance and consequently of its resonant frequency. In
this way, we recover the standard radiation pressure interaction.

3.3 Mechanical resonator
Quantum mechanics offers a highly accurate description of very small physical systems. How-
ever, as they increase in size, the applicability of a quantum mechanical description has been
a persistent challenge. This arises since macroscopic physical systems often have stronger
damping rates and large masses, making the zero-point motion smaller. In addition, testing
the quantumness of such mechanical systems is hindered by the difficulty of cooling them
down to their ground state.

The application of a quantum theory to massive mechanical objects could explain, for
instance, why quantum superposition does not seem to occur in macroscopic objects [10]
or might shine a light on the long-standing challenge of the incompatibility between the
quantum theory and relativity. This highlights the importance of testing quantum mechanics
on macroscopic systems, but also the quest to achieve quantum control of such massive
systems.

A way to reach quantum control of macroscopic mechanical systems is through their
strong interaction with a second system, which can be well controlled in the quantum regime.
The field of optomechanics represents an attractive scheme that could offer such a strong
interaction between photons and mechanical motion.
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Due to the wide variety of optomechanical systems, this interaction can be established
not only in the optical but also in the microwave domain. The mechanical systems used
in experiments span from the meter scale, such as in gravitational wave detectors, to the
nanometer scale, including devices like single-electron transistors or SQUIDs [113]. In this
work, we will discuss the interaction of a cavity with an embedded SQUID that is sensitive
to magnetic fields and consequently coupled to a cantilever with an attached magnet on its
tip. Such cantilever (see Fig. 3.5) was proposed in [93] and realized in [3, 94].

magnet

L

w

t

Figure 3.5: Illustration of a cantilever of length L, width w and thickness t. Here, a magnetic
force leads to the vertical oscillation of the cantilever.

3.3.1 Cantilever
A cantilever (see Fig. 3.5) is a great example of a mechanical resonator that has been broadly
studied in the literature [113]. In recent years such mechanical devices have been inductively
coupled to microwave quantum circuits [94, 95, 114] to improve the resulting optomechanical
coupling strength [93].

A cantilever is a beam of length L clamped solely on one side and free on the other.
Depending on its material and boundary conditions, a cantilever has different torsional and
bending modes [113], but we will only focus on its first. Its geometry, however, characterizes
its resonance frequency given by

ωm = 1.02
t

L2

√
E

ρ
, (3.16)

where E is the Young’s modulus, ρ the material density, and t the thickness of the beam
as illustrated in Fig. 3.5. Assuming negligible contributions from higher-order modes, a
cantilever in the limit of small displacements can be approximated as a harmonic oscillator.

Hook’s law describes the restoring force, that exerts the motion of the cantilever and is
given by F = k∆z, with ∆z the displacement of the tip and

k =
Ewt3

4L3
(3.17)

is the constant that characterizes the stiffness of the beam. The motion of the cantilever-free
end can be then well-approximated by the EoM of a harmonic oscillator with ωm =

√
k/meff,

where the effective mass is defined by the material and geometric properties of the cantilever:
meff = ρLωt/4.

We are interested in the interaction of this cantilever with a magnetic field-sensitive cavity.
For this, the cantilever is equipped with a magnet on the tip of its free end as depicted in
Fig. 3.5. This additional weight modifies its resonance frequency

ω̃m = ωm

√
meff

meff +mmagnet
. (3.18)

Another important characteristic of the cantilever is its damping rate: γm. The quality factor
of the cantilever is then given by Qmech = ω̃m/γm.
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Lmicrowave drive
vibrating capacitor

Figure 3.6: Microwave resonator composed by an LC circuit inductively coupled to a driven
transmission line. A displacement in the vibrating capacitor modifies the circuit’s resonance
frequency, resulting in a dispersive interaction. A Taylor expansion of modulated resonance
frequency of the LC circuit leads to the usual optomechanical interaction with g0 = xzpf∂ωc/∂x̂.
Inspired by [1].

As we mentioned before, the inductive interaction between the cantilever and the cavity
with a SQUID appears due to the magnetic tip at the beam’s end. In this way, the motion of
the cantilever changes the magnetic flux through the SQUID loop, which is converted to a volt-
age [115]. An alternative method to achieve optomechanical interaction in superconducting
circuits is a displacement-sensitive capacitance, as illustrated in Fig. 3.6. In such experimen-
tal realizations, one plate of the capacitor is made to be a movable mechanical element, e.g.
a suspended mirror. The displacement of this plate translates to a change in capacitance,
resulting in a modification of the resonance frequency of the circuit. In the following, we will
discuss how such parametric interaction leads to an optomechanical interaction.

Quantum regime

In this work we will focus solely on a single vibrational mode of frequency ωm, which is valid
under the assumption of a sparse mode spectrum, avoiding any spectral overlap. Similarly
as Eq. (3.15), the quantum mechanical description of a mechanical resonator is characterized
by the following Hamiltonian

Ĥ = ωm

(
b̂†b̂+

1

2

)
, (3.19)

where the second term inside the brackets corresponds to the zero-point energy and is normally
neglected. The quantity n̂m = b̂†b̂ is the phonon number operator, whose average is denoted
by ⟨n̂m⟩. Here, we have also introduced the creation (b̂†) and annihilation (b̂) operators,
defined as

q̂ = xzpf

(
b̂+ b̂†

)
, (3.20)

p̂ = imeffωmxzpf

(
b̂† − b̂

)
, (3.21)

which fulfil the commutation relation [q̂, p̂] = i. Here, meff is the effective mass and

xzpf =

√
1

2meffωm
(3.22)

represents the zero-point fluctuation amplitude. The zero-point fluctuation is the quantum
uncertainty in the position (or any other observable) of a system in its ground state. For the
position coordinate, if |0⟩ represents the ground state, then the zero-point fluctuation is given
by:

⟨0|q̂2|0⟩ = x2zpf. (3.23)

Quantum control is achieved experimentally if coupling or detecting the zero-point fluctua-
tions is possible. For instance, for a cantilever, this value ranges from 10−5 to 10−14 m.

Furthermore, to analyze the average mechanical occupation it is convenient to recall Chap-
ter 2.2 and work within the master equation framework. If the mechanical oscillator is coupled
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to a bath, its Liouvillian reads

L̂m = −i
[
Ĥ, •

]
+ γm

(
n̄Tm + 1

)
D̂[b̂] •+γmn̄TmD̂[b̂†]•, (3.24)

where Ĥ is the mechanical Hamiltonian in Eq. (3.19) and γm denotes the mechanical decay
rate. There are numerous sources of mechanical dissipation which are extensively reviewed
in [116, 117], for instance, viscous damping [118] and clamping losses [119, 120]. Using the
last expression in Eq. (2.19) we can compute the dynamics of the average phonon number:

d

dt
⟨n̂m ⟩ = Tr

{
n̂m

dρ̂m
dt

}
= Tr

{
n̂m L̂m

}
(3.25)

with ρ̂m the mechanical density operator and n̄Tm is the average phonon number of the envi-
ronment. The substitution of Eq. (3.24) into Eq. (3.25) gives us the dynamics of the average
phonon number

d

dt
⟨n̂m⟩ = −γm⟨n̂m⟩+ γmn̄

T
m, (3.26)

where we used that Tr{b̂†b̂D[b̂]ρ̂m} = −⟨b̂†b̂⟩ and Tr{b̂†b̂D[b̂†]ρ̂m} = ⟨b̂†b̂⟩+1. If the oscillator
is initially in the ground state then we find ⟨n̂m⟩(t) = n̄Tm(1 − e−t/γ). Moreover, the rate at
which the oscillator heats from the ground state (t = 0) is called the thermal decoherence rate
and is given by

d

dt
⟨n̂m(0)⟩ = γmn̄

T
m ≈ kBT

Qm
, (3.27)

with kB, T and Qm = ωm/γm the Boltzmann constant, the bath’s temperature and the
mechanical quality factor, respectively. For high temperature, we find from the last expression
that the bath’s temperature becomes a function of the oscillator’s frequency: n̄Tm ≈ kBT/ωm.

3.3.2 Quantum noise spectra

area

Figure 3.7: Power spectrum
density of a damped harmonic
oscillator, indicating the rela-
tion of the area with the vari-
ance, which for weak damping
is set by the equipartition the-
orem ⟨x2⟩ ≈ kBT/meffω

2
m.

In addition to oscillating at its eigenfrequencies, the motion of a
harmonic oscillator in thermal equilibrium is also influenced by
damping and fluctuating thermal forces, leading to variations in
amplitude and phase. The relation between damping and noise
was already pointed out in 1905 by Einstein while studying
Brownian motion [121]. For stationary noise, the analysis of
the fluctuations is typically performed in the frequency domain.
For instance, let I(t) be a Gaussian random variable with zero
mean, then its Fourier transform is defined as

I[ω] =
1√
T

∫ T/2

−T/2

dt eiωtI(t), (3.28)

where T is the interval of integration and the prefactor ensures
a well-defined limiting value.

To measure the amount of noise at a given frequency, one
introduces the so-called spectral density of the noise or simply
power spectrum defined as

SII [ω] ≡ lim
T→∞

〈
|I[ω]|2

〉
= lim

T→∞
⟨I[ω]I[−ω]⟩ . (3.29)

In addition, the Wiener-Khinchin theorem relates this power spectrum to the Fourier trans-
form of the autocorrelation function [122]

SII [ω] =

∫ ∞

−∞
dteiωt⟨I(t)I(0)⟩. (3.30)
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These last two equations indicate that the area under the noise spectrum yields the variance of
the measured variable. As illustrated in Fig. 3.7, for the analysis of mechanical displacement
this would read ∫ ∞

−∞

dω

2π
Sxx[ω] = ⟨x2⟩. (3.31)

Classically the dynamics of a noise quantity, I, usually involves its spectral density SII [ω]
given in Eq. (3.30), which gives the intensity of the noise at a given frequency. Analogously, the
analysis of quantum noise is connected to the study of the quantum noise spectral densities,
which look like the classical case

S[ω] =

∫ ∞

−∞
dteiωt⟨x(t)x(0)⟩ −→︸︷︷︸

quantum

S[ω] =
∫ ∞

−∞
dteiωt⟨q̂(t)q̂(0)⟩. (3.32)

In this way, the quantum description of the noise spectra exchanges the classical variable,
x(t), by a quantum operator, q̂(t), whose noise we are interested in, and where the average is
obtained using the quantum density operator (see Chapter 2.1).

However, the seemingly straightforward translation of exchanging classical variables by
quantum operators leads to important differences. As a simple illustration, we will consider
the case of a harmonic oscillator with mass m and frequency Ω, which is in contact with a
reservoir at temperature T . In the classical case, we find

x(t) = x(0) cos(Ωt) +
p(0)

mΩ
sin(Ωt) −→ Gxx(t) = ⟨x(t)x(0)⟩ = kBT

mΩ2
cos(Ωt), (3.33)

where Gxx(t) is the autocorrelation function. To obtain the last result, we use the equipar-
tition theorem [123] and ⟨x(0)p(0)⟩ = 0. Conversely, in the quantum case, the canonical
commutation relation between the position and momentum operators applies leading to a
complex autocorrelation function

Gxx(t) = x2zpf
[
n̄T eiΩt +

(
n̄T + 1

)
e−iΩt

]
(3.34)

with xzpf defined in Eq. (3.22). Since the quantum autocorrelation function in Eq. (3.34) is
complex the spectral density is not symmetric in frequency, i.e.

Sxx[ω] = 2πx2zpf
[
n̄T δ[ω +Ω] +

(
n̄T + 1

)
δ[ω − Ω]

]
. (3.35)

A classical noise spectral density, being real-valued, is symmetric in frequency, in contrast
to its quantum counterpart, which exhibits asymmetry due to the fundamental differences in
how noise behaves at the quantum level. Nevertheless, in the high-temperature limit, where
kBT ≫ Ω and therefore n̄T ≈ n̄T + 1, Sxx[ω] becomes symmetric as in the classical regime.
The Bose-Einstein factors allow us to understand this asymmetry: the positive part is related
to the stimulated emission of energy into the oscillator, whereas the negative-frequency part
is linked to the ability of the oscillator to emit energy. Thus, the frequency-asymmetry of
the quantum noise spectra gives us the magnitude of the Fermi golden rule transition rates
for emission and absorption. This expression also shows that at zero temperature, emission
events are not possible. The latter becomes particularly important if we consider the noise
source as a force F̂ that is weakly coupled to a harmonic oscillator, as we will see below.

Let us consider a quantum harmonic oscillator coupled to a noise source, where the Hamil-
tonian describing such interaction is given by

Ĥint = −q̂F̂ (3.36)

with q̂ the position operator given in Eq. (3.20) and F̂ the operator describing the fluctuating
noise. Using the master equation framework (see Chapter 2), it can be shown that the
equation for the average energy ⟨E⟩ of the oscillator (see [122, 123]) reads

d

dt
⟨E⟩ = −γ⟨E⟩+ S̄FF [Ω]

2m
(3.37)
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with the force spectral density

SFF [ω] =

∫ ∞

−∞

dω′

2π
⟨F̂ [ω]F̂ [ω′]⟩. (3.38)

Here, we defined the symmetrized noise spectra

S̄FF [Ω] ≡ x2zpf (SFF [Ω] + SFF [−Ω]) (3.39)

which, as a classical noise spectrum, heats the oscillator. On the other hand,

γ = x2zpf (SFF [Ω]− SFF [−Ω]) (3.40)

is directly related to the damping rate. Due to the asymmetry of the noise spectral density,
such that the imbalance between the absorption and emission rates results in a net energy
exchange between the oscillator and the noise source.

From the definitions (3.39) and (3.40), we can derive the quantum version of the fluctuation-
dissipation theorem (FDT) [124, 125]:

S̄FF [Ω] = mγ[Ω]Ω coth

(
Ω

2kBT

)
= mγ[Ω]Ω

(
1 + 2n̄T [Ω]

)
, (3.41)

which for kBT ≫ Ω yields the classical limit S̄FF [Ω] = 2mγkBT . Furthermore, in thermal
equilibrium, the FDT can also be expressed in terms of the susceptibility (3.3)

SFF [ω] =
2kBT

ω
Im {XFF[ω]} , (3.42)

where XFF[ω] denotes the susceptibility.
Using the last expression, we can also define an effective temperature denoted Teff[Ω] given

by

kBTeff[Ω] ≡ Ω

[
ln

( SFF [Ω]

SFF [−Ω]

)]−1

, (3.43)

such that for non-equilibrium systems SFF [Ω] will be frequency dependent. For a system
with a very high-quality factor, only the noise at ±Ω is significant. This will be particularly
important later on when discussing backaction cooling techniques.

3.4 Hamiltonian formulation
The exchange of momentum between the cavity and mechanical modes is a fundamental aspect
of radiation pressure interaction. In quantum optomechanics, the parametric interaction
between the optical cavity or microwave resonator and mechanical motion arises from the
transfer of momentum carried by photons. One of the simplest examples of radiation-pressure
interaction is the momentum transfer through the reflection of photons in a Fabry-Pérot
cavity. A single intracavity photon transfers the momentum |∆p| = 2h/λ, with λ the photon
wavelength, and consequently the radiation pressure force reads

⟨F̂ ⟩ = G0⟨â†â⟩, G0 =
ω

L
. (3.44)

This represents the radiation pressure force caused by a single intracavity photon, where
G0 describes the modification of the cavity resonance frequency with position. Let us now
consider a Fabry-Pérot cavity of length L, where one of the mirrors is movable and connected
to a mechanical oscillator. If the mechanical oscillator undergoes a displacement q, it causes
a corresponding shift in the cavity’s length: L(q) = L − q. Thus, the cavity optical modes
are given as a function of this displacement as

λn(q) =
2L(q)

n
=

2(L− q)

n
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where n is the mode number. The corresponding mode frequencies are given by

ωn(q) =
2πc

λn
=

πcn

L− q
∼ ωn(0)(1 +

q

L
), (3.45)

where c is the speed of light, ωn(0) is the optical resonance frequency of the cavity and is
valid only if q ≪ L. Note that to first order the displacement of the mechanical oscillator
induces a linear shift of the optical resonance frequency.

In this work, we will restrict our attention to the optical mode closest to resonance with
the driving laser and consider a single mode of the mechanical resonator. The uncoupled
optical and mechanical system is described by the Hamiltonian of two harmonic oscillators

Ĥ0 = ωc â
†â+ ωmb̂

†b̂, (3.46)

with â (â†) and b̂ (b̂†) the cavity and mechanical annihilation (creation) operators, respectively.
Here, the resonance frequencies are given by ωc for the cavity and ωm for the mechanical
oscillator.

In a Fabry-Pérot cavity, the parametric interaction between the optical and mechanical
modes originates from the radiation pressure force displacing the end and movable cavity
mirror. Thus, the mechanical motion modulates the cavity resonance frequency. As mentioned
before, since the cavity has a movable end mirror, the coupling of both, optical and mechanical,
systems is parametric, because the mechanical amplitude modulates the cavity resonance
frequency (3.45). For this introductory section, we will assume weak coupling, such that it is
sufficient to consider up to the linear order to obtain

ωc(q) ≈ ωc +G0q +O(q2), (3.47)

with the optical frequency shift per displacement given by G0 = ∂ωc/∂q.
Hence, for the uncoupled system, from Eqs. (3.46) and (3.47), we find

Ĥ = (ωc +G0q̂) â
†â+ ωmb̂

†b̂

= ωcâ
†â+ ωmb̂

†b̂+ g0â
†â
(
b̂+ b̂†

)
, (3.48)

where we have defined the vacuum optomechanical coupling rate

g0 = G0xzpf. (3.49)

From the last equation into Eq. (3.44) we find that the radiation pressure force is given by

F̂ =
g0
xzpf

â†â. (3.50)

The vacuum optomechanical coupling strength, g0, is central in the study of such sys-
tems. From Eq. (3.20), it can be interpreted as the optical frequency shift induced by the
mechanical displacement, equal to the mechanical zero-point fluctuation. In essence, it quan-
tifies the interaction between single photons and phonons. Conversely, the radiation pressure
force from intracavity photons impinging on the end and movable cavity mirror displaces the
mechanical oscillator. Moreover, the last term in Eq. (3.48) indicates the nonlinear nature of
the optomechanical Hamiltonian [86, 126]. A detailed analysis of this aspect will be reserved
for the upcoming chapters.

3.4.1 Coherent Enhancement
Given that the coupling rate g0 is typically much smaller than the optical decay rate, an
external drive is necessary to enhance the interaction and yield observable effects. Hence, the
Hamiltonian description of a coherent drive coupled to the optomechanical system (3.48) is
given by

Ĥd = −i√κext
(
αine

−iωptâ† + α∗
ine

iωptâ
)
, (3.51)
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where ωp and αin are the drive frequency and classical driving amplitude, respectively. Con-
sequently, from Eq. (3.48), the driven optomechanical Hamiltonian becomes

Ĥ = ωcâ
†â+ ωmb̂

†b̂+ g0â
†â
(
b̂+ b̂†

)
+ Ĥd. (3.52)

Typically, the optical cavity’s resonance frequency, ωc, is larger compared with all other
system parameters. For this reason, it is convenient to change to a description in the frame
rotating with the laser frequency ωL. For this we use the Baker-Hausdorff formula [127] given
by

eÂB̂e−Â =

∞∑
n=0

1

n!

[
nÂ, B̂

]
,
[
nÂ, B̂

]
≡
[
Â, . . .

[
Â,
[
Â, B̂

]]
. . .
]

︸ ︷︷ ︸
n-times

(3.53)

which leads us to

Ĥ = Û†ĤÛ − Â, (3.54)

with Â = ωpâ
†â, Û = e−iÂt and Ĥ given by Eq. (3.52). Finally, the corresponding driven

optomechanical Hamiltonian in a frame rotating with the drive frequency reads

Ĥ = −∆â†â+ ωmb̂
†b̂+ g0â

†â
(
b̂+ b̂†

)
− i

√
κext

(
αinâ

† + α∗
inâ
)

(3.55)

with the detuning ∆ = ωp − ωc. In addition, the unitary transformation also makes the
driving terms time-independent. Usually, the last term associated with the drive is ignored
in the analysis of the system’s dynamics since it leads to constant terms.

3.4.2 Equations of motion
In this section, we will derive the dynamics of a dispersive optomechanical system using the
input-output formalism as discussed in Chapter 2. First, let us introduce the mechanical
position and momentum oeprators

q̂ =
b̂+ b̂†√

2
, p̂ =

i(b̂† − b̂)√
2

(3.56)

respectively. Using the Hamiltonian in Eq. (3.55) we find that the system’s dynamics are
given by

d

dt
â =

(
i
[
∆−

√
2g0q̂

]
− κ

2

)
â−√

κâin −√
κextαin, (3.57)

for the cavity. Here, the input field âin, is stochastic and represents the input noise associated
with external noise, the coherent drive or even intrinsic losses. In terms of the oscillator’s
operators given in Eq. (3.56), the dynamics of the mechanical mode read

d

dt
q̂ = ωmp̂−

γm
2
q̂ −√

γmq̂in, (3.58)

d

dt
p̂ = −ωmq̂ −

γm
2
p̂−

√
2g0â

†â−√
γmp̂in, (3.59)

where we have also introduced the mechanical decay rate γm. The vacuum noise operator âin
satisfies

⟨âin(t)â
†
in(t

′)⟩ = δ(t− t′),

⟨â†in(t)âin(t
′)⟩ = 0.

(3.60)

Here, we assumed that the cavity field has zero thermal occupation (kBT/ℏωc ≈ 0), valid
for optical fields at room temperatures. However, this approximation might only be valid for
microwave fields if the setup is sufficiently cooled down. Analogously, the noise operator b̂in
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describes coupling to a Markovian reservoir at temperature T , as represented by the following
correlators

⟨b̂in(t)b̂†in(t′)⟩ = (n̄Tm + 1)δ(t− t′)

⟨b̂†in(t)b̂in(t′)⟩ = n̄Tmδ(t− t′).
(3.61)

Furthermore, in the absence of any other coupling, the bath leads to the emergence of a
thermal state, characterized by a mean occupation number n̄Tm = [exp{ℏωm/kBT}− 1]−1 for
the mechanical oscillator. This means that the mechanical mode is coupled to a hot bath,
whose average number of quanta is described by the Boltzmann distribution and is generally
n̄Tm ≫ 1. The noise correlators given above with Eqs. (3.57) and (3.59) describe the evolution
of the cavity and mechanical mode.

In Eq. (3.57) it can be observed that the optomechanical interaction results in a modifica-
tion of the cavity detuning, whereas in Eq. (3.59) the interaction leads to a radiation pressure
force acting on the mechanical oscillator. However, note that these equations form a nonlinear
system of quantum differential equations, which typically cannot be solved analytically.

However, for sufficiently large intracavity photon number and phonon number, it is useful
to analyze the classical average of these equations within the semiclassical limit: α(t) = ⟨â(t)⟩
and q(t) = ⟨q̂(t)⟩. Hence, from Eqs. (3.57-3.59) the classical differential equations of motion
read:

d

dt
α =

(
i∆− κ

2

)
α− i

√
2g0qα−√

κextαin, (3.62)

and

d

dt
q = ωmp−

γm
2
q,

d

dt
p = −ωmq −

γm
2
p−

√
2g0|α|2,

(3.63)

respectively. Since the oscillation of the mechanical position is small enough to weakly mod-
ulate the cavity field, we solve Eq. (3.63) in the long time limit and find the steady state of
the mechanical position operator

q̂st = −
√
2g0ωm|α|2

ω2
m +

γ2
m

4

, (3.64)

which we insert into the equation for the classical cavity amplitude given by Eq. (3.62) and
obtain

d

dt
α =

(
i∆− κ

2

)
α+ iKmα|α|2 −

√
κextαin, (3.65)

where Km is an optomechanically-induced nonlinearity which we will denote mechanical Kerr
nonlinearity [128] and is given by

Km =
2g20ωm

ω2
m +

γ2
m

4

. (3.66)

The multiplication of the steady state solution of Eq. (3.65) with its complex conjugate yields
ultimately the average cavity photon number

n̄c

[
(∆ +Kmn̄c)

2
+
(κ
2

)2]
= κextn̄in (3.67)
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Figure 3.8: Intracavity photon number as a function of the optical detuning for increasing
drive strength. Blue lines show the number of photons for a driving strength approaching the
critical value n̄in = n̄in,bi. The orange line shows the result obtained slightly before the critical
input power: n̄in = 0.99n̄in,bi. Above this value, the system becomes bistable, where the middle
solution (dotted lines) is unstable and typically neglected. The vertical dashed line shows the
position of the critical detuning ∆bi, where the slope of the curve reaches a maximum. The grey
line results from assuming a Lorentzian distribution, regardless of the optomechanical interaction,
which is commonly assumed for weak input power n̄in ≪ n̄in,bi. For this plots g0/2π = 1.7 kHz,
ωm/κ = 0.1, γm/2π = 0.5 Hz and κ/2π = 3 MHz. These parameters are similar to those used in
[3].

with n̄in = |αin|2. The possible values of the intracavity photon number can be explicitly
calculated yielding

|α|21 =
1

3Km

{
−2∆− Σ+

Λ0

Σ

}
, (3.68)

|α|22,3 =
1

3Km

{
−2∆ + e∓iπ

3 Σ− e±iπ
3
Λ0

Σ

}
(3.69)

where we introduced the following definitions Σ = 3

√√
Λ3
0 + Λ2

1 + Λ1 with Λ0 = 3κ2

4 −∆2 and

Λ1 = −
(

9κ2

4 +∆2
)
∆− 27

2 κKmn̄in. The bifurcation line in the drive and detuning parameter
space that delineates between the single solution and bistable solution regions occur where
the first derivative with respect to n̄c diverges:

(∆ +Kmn̄c)
2
+
(κ
2

)2
+ 2Keff (∆ +Kmn̄c) n̄c = 0. (3.70)

If we further impose the condition that the transition between the two regions is continuous,
we get

2K2
mn̄c + 4Km (∆ +Kmn̄c) = 0, (3.71)

such that the imposition of the last two conditions yields

∆bi = −
√
3κ

2
, n̄bi =

κ√
3Km

, (3.72)

which correspond to the universal values at bifurcation. Upon substituting the aforementioned
relations into Eq. (3.67), the critical drive amplitude n̄in,bi at which bifurcation occurs can



30 Chapter 3. Fundamentals of Optomechanical Systems

be obtained:

n̄in,bi =
κ2

3
√
3Km

. (3.73)

The average number of photons circulating in the cavity is described by Eq. (3.67) and
illustrated in Fig. 3.8. Here, we show the cavity’s behaviour at different drive strengths. For
weak driving, a single real solution exists as depicted by the light-blue lines. However, for
stronger drive power (n̄in > n̄in,bi) a bifurcation occurs and a regime of bistability arises,
where two stable states appear within a certain range of detunings. Conversely, for drive
amplitudes slightly below the critical driving threshold, given by Eq. (3.73), the average
photon number exhibits a single-valued solution with respect to the cavity detuning, with a
significant gradient at ∆bi, as represented by Eq. (3.72) and illustrated in Fig. 3.8 by the
blue-dashed vertical line.

The cubic equation for the intracavity photon number, given in Eq. (3.67), highlights the
intrinsic nonlinearity of the optomechanical interaction. Nevertheless, for a high-Q oscillator,
the strength of the nonlinearity given in Eq. (3.66) can be approximated by Km ≈ 2g20/ωm

which is typically small. Consequently, entering the bistable regime generally requires either
very strong input power or a significant optomechanical coupling strength. Later, we will
show that this effect resembles intrinsic nonlinear optical behaviour, such as the Kerr effect.

In the next section, we will study how, when the coherent driving field is strong enough,
the system’s dynamics can be effectively described by linearizing around the semi-classical
steady-state solution. As we will see, this approach captures small quantum fluctuations of
the system around the classical steady-state, offering a simplified yet accurate description
under appropriate conditions.

3.4.3 Displacement transformation
As discussed in Sec. 3.4.1, the optomechanical coupling strength, g0, is typically significantly
smaller than the decay rate of the cavity. Therefore, coherent driving is necessary to enhance
the radiation pressure interaction yielding Eq. (3.52). We will now introduce the linearized
approximation of cavity optomechanics in which the cavity field is split into an average co-
herent amplitude given by the semiclassical solution ⟨â⟩ = α and a fluctuating term:

â = α+ d̂. (3.74)

The reason behind this approximation originates from the fact that due to the cavity driv-
ing, the cavity reaches an average value for the cavity field operator â. In addition, since
the average photon number is a static force acting on the mechanical oscillator, its equilib-
rium position through the radiation pressure interaction is also displaced. Consequently, a
displacement transformation is useful to separate the dynamics of the classical mean values
from the fluctuations around them. These fluctuations arise through the noise operators âin
and b̂in, which include both classical and quantum noise driving the system. In this way, the
operator d̂ is designed to capture only the fluctuations around the classical mean value α.
Since these fluctuations are random, their average value is zero, i.e. ⟨d̂⟩ = 0.

Using Eq. (3.74), the interaction Hamiltonian Ĥint = g0â
†â
(
b̂+ b̂†

)
becomes

Ĥint = g0|α|2(b̂† + b̂)︸ ︷︷ ︸
F̄=G|α|2

+ g0(α
∗d̂+ αd̂†)(b̂† + b̂) + g0d̂

†d̂ (b̂† + b̂)︸ ︷︷ ︸
smaller by a factor of |α|

. (3.75)

The first term on the right implies the presence of an average radiation pressure force
F̄ = ℏG|α|2, which can be omitted after implementing an appropriate shift of the displace-
ment’s origin δq̄ = F̄ /meffω

2
m. The second-order nonlinear term is a quadrature-to-quadrature

interaction between the quadratures of the optical amplitude and the mechanical dimension-
less displacement, which is enhanced by the coherent amplitude of the cavity field. The last
term, on the other hand, keeps the third-order nonlinearity, but it is not amplified by the
coherent amplitude, thereby it is smaller by a factor of α and can be omitted. Hence, from
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this observation, we find that the linearized optomechanical Hamiltonian reads1

Ĥlin = −∆d̂†d̂+ ωmb̂
†b̂+G

(
d̂+ d̂†

)(
b̂+ b̂†

)
(3.76)

where the first two terms represent the free Hamiltonian. Here, we also introduced

G = g0
√
n̄c, (3.77)

often known as the linearized optomechanical coupling strength or the multiphoton optome-
chanical coupling strength with n̄c ∈ R given by Eq. (3.67) and where we assumed without
loss of generality that α =

√
n̄c ∈ R. Note that, the explicit solutions for n̄c in Eqs. (3.68)

and (3.69) suggest that if the input power is set according to the critical value in Eq. (3.73),
the multiphoton coupling strength G becomes independent of g0.

Alternatively, the derivation yielding Eq. (3.76) can be done more rigorously using the
master equation formalism. Recalling Chapter 2, we will consider the cavity as a reservoir re-
sponsible for inducing both heating and cooling processes in the mechanical mode, specifically
referred to as Stokes and anti-Stokes processes, respectively. The master equation reads

d

dt
ρ̂ = −i

[
Ĥ, ρ̂

]
+ κD̂ [â] ρ̂+ γm

(
n̄Tm + 1

)
D̂
[
b̂
]
ρ̂+ γmn̄

T
mD̂

[
b̂†
]
ρ̂, (3.78)

where ρ̂ ∈ Hc ⊗Hm is the density operator of the composite system with Hc(m) the Hilbert
space of the optical(mechanical) mode, Ĥ is the Hamiltonian in Eq. (3.55) and D̂[ô]• as in
Eq. (2.35).

To study both classical and quantum dynamics we introduce the displacement operator
D̂(η) = exp (ηô† − η∗ô) with η = ⟨ô⟩ an average amplitude and ô the fluctuations around it
[127], which allows transforming the dynamics given by Eq. (3.55) to a displaced frame of
the optical and mechanical mode. For the optical mode, for example, we have D̂†(α)D̂(α) =
D̂(−α)D̂(α) = 1. Furthermore, recalling the Baker-Hausdorff Eq. (3.53) and noting that[
α∗â− αâ†, â

]
= α we find the action of the displacement operator:

D̂†(α)âD̂(α) = α+ d̂ (3.79)

Here, the amplitude α is time-dependent and d̂ describes solely the vacuum fluctuations as in
Eq. (3.74). Similarly, we introduce the displacement operator for the mechanical D̂†(β), whose
action yields D̂†(β)b̂D̂(β) = β + b̂, with the time-dependent classical amplitude β = β(t) and
where, for simplicity, we kept the operator b̂ to describe the fluctuations in the mechanics.

We proceed transforming Eq. (3.78) to a displaced frame by doing ρ̂ → ρ̂′ = P̂ ρ̂P̂ † with
the unitary P̂ (t) = D̂†(α)D̂†(β) which results in

d

dt
ρ̂′ = −i

[
Ĥ′, ρ̂′

]
+ κD̂

[
α+ d̂

]
ρ̂′ + γm

(
n̄Tm + 1

)
D̂
[
β + b̂

]
ρ̂′ + γmn̄

T
mD̂

[
β∗ + b̂†

]
ρ̂′.

(3.80)

Similar to Eq. (3.54), the displacement transformation through P̂ induces a frame change
in the Hamiltonian. The transformed Hamiltonian in this new frame depends solely on the
unitary transformation and the original Hamiltonian. In the following, we will outline the
calculation of this transformed Hamiltonian for a general case.

1For simplicity and without loss of generality we will assume α =
√
n̄c ∈ R, which removes the phase-

dependence of the interaction.
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Derivation of Ĥ′ under a frame transformation: For completeness, we will stop for
a couple of lines and address the derivation of the Hamiltonian in Eq. (3.80). First, let us
recall the Schrödinger equation

d

dt
ψ = −iĤψ (3.81)

with ψ an arbitrary system’s wave function and Ĥ the time-dependent system’s Hamilto-
nian. Using an unitary operator Û , such that Û†Û = 1, we find

Û ψ̇ = −i
(
ÛĤÛ†

)
Ûψ. (3.82)

On the left-hand-side we can use the product rule, namely d
dt
(Ûψ) =

˙̂
Uψ+Û ψ̇, which leads

us to

Û ψ̇ =
d

dt

(
Ûψ

)
− U̇ Û†Ûψ. (3.83)

The combination of the last two equations results in

d

dt

(
Ûψ

)
= −i

[
ÛĤÛ† + iU̇ Û†

] (
Ûψ

)
, (3.84)

which multiplied by Û† from the right becomes

d

dt

(
ÛψÛ†

)
= −i

[
ÛĤÛ† + iU̇ Û†

] (
ÛψÛ†

)
. (3.85)

Expressing the last equation as

d

dt
ψ′ = −iĤ′ψ′, Ĥ′ = ÛĤÛ† + iU̇ Û† (3.86)

with ψ′ = ÛψÛ† and where Ĥ′ shows precisely the transformed Hamiltonian in Eq. (3.87).

Using the derivation yielding Eq. (3.86), the transformed Hamiltonian in Eq. (3.80) is given
by

Ĥ′ = P̂ (t)ĤP̂ †(t) + i
∂P̂ (t)

∂t
P̂ †(t), (3.87)

where the second term does not vanish due to the time dependence of the classical mode
amplitudes. Hence, using the product rule it follows that

i
∂P̂ (t)

∂t
P̂ †(t) = −i

[
∂α

∂t
d̂† − ∂α∗

∂t
d̂

]
− i

[
∂β

∂t
b̂† − ∂β∗

∂t
b̂

]
. (3.88)

These time derivatives are explicitly given by

i
∂D̂†(α)

∂t
D̂(α) = −i

[
∂α

∂t
d̂† − ∂α∗

∂t
d̂

]
D̂†(α)D̂(α) = −i

[
∂α

∂t
d̂† − ∂α∗

∂t
d̂

]
(3.89)

for the cavity mode and

i
∂D̂†(β)

∂t
D̂(β) = −i

[
∂β

∂t
b̂† − ∂β∗

∂t
b̂

]
(3.90)

for the mechanics. Note, that in these equations the analysis of the classical dynamics is
crucial. Thus, recalling the dynamical analysis of the classical equations of motion done
before in Eq. (3.62) we find that the cavity’s mode amplitude follows

d

dt
α =

(
i∆− κ

2

)
α− i

g0
xzpf

⟨q̂⟩α− iαp (3.91)
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with ⟨q̂⟩ = xzpf⟨b̂+ b̂†⟩. Analogously, for the mechanics we find

dβ

dt
= −

(
iωm +

γm
2

)
β − ig0|α|2. (3.92)

Using Eq. (3.91) into Eq. (3.89) we find

i
∂D̂†(α)

∂t
D̂(α) = −i

(
i∆− κ

2

)
αd̂† + i

(
−i∆− κ

2

)
α∗d̂

− g0
xzpf

⟨q̂⟩
[
α∗d̂+ αd̂†

]
−
(
α∗
pd̂+ αpd̂

†
) (3.93)

and similarly for the mechanics

i
∂D̂†(β)

∂t
D̂(β) = −i

[
−
(
iωm +

γm
2

)
β − ig0|α|2

]
b̂† + i

[
−
(
−iωm +

γm
2

)
β∗ + ig0|α|2

]
b̂.

(3.94)

We can now plug these results into Eq. (3.87) to find

Ĥ′ =−∆
[
|α|2 + α∗d̂+ αd̂† + d̂†d̂

]
+ ωm

[
|β|2 + β∗b̂+ βb̂† + b̂†b̂

]
+ α∗

p

(
α+ d̂

)
+ αp

(
α∗ + d̂†

)
+ g0

[
|α|2 [β + β∗] + |α|2

[
b̂+ b̂†

]
+
[
α∗d̂+ αd̂†

]
[β + β∗] +

[
α∗d̂+ αd̂†

] [
b̂+ b̂†

]
+ d̂†d̂ [β + β∗] + d̂†d̂

[
b̂+ b̂†

] ]
− i
(
i∆− κ

2

)
αd̂† + i

(
−i∆− κ

2

)
α∗d̂− g0

xzpf
⟨q̂⟩
[
α∗d̂+ αd̂†

]
−
(
α∗
pd̂+ αpd̂

†
)

− i
[
−
(
iωm +

γm
2

)
β−ig0|α|2

]
b̂† + i

[
−
(
−iωm +

γm
2

)
β∗+ig0|α|2

]
b̂.

(3.95)

Note that the blue terms involve only classical components, depending solely on the ampli-
tudes α and β, and represent the average energy of the system. These classical terms ensure
a correct value for the expectation value ⟨Ĥ ′⟩. In contrast, the last term in the third line
consists of a nonlinear (non-quadratic) component, which is normally neglected since it is
smaller by a factor of |α| (see Eq. (3.75)). The remaining orange terms, except for black,
will cancel out. Furthermore, since we are interested in the dynamics of the fluctuations, we
will neglect both the purely classical (blue) and nonlinear terms in this analysis. Thus, the
resulting Hamiltonian becomes

Ĥ =−∆d̂†d̂+ ωmb̂
†b̂+ g0

[
α∗d̂+ αd̂†

] [
b̂+ b̂†

]
+

g0
xzpf

⟨q̂⟩d̂†d̂

− i
κ

2

[
α∗d̂− αd̂

]
− i

γm
2

[
β∗b̂− βb̂

]
.

(3.96)

However, we can see that in the second line of the last equation the decay rates κ and γm
appear, which arises due to the differential Eqs. (3.91) and (3.92). To account for the dissi-
pation, the transformation of the dissipators D̂[ô]• given by (2.35) is still required. Following
the same approach we find

κD̂†(α)D̂[â] • D̂(α) = κD̂[α+ d̂]•
= κD̂[d̂] • −iκ

2

[
iα∗d̂− iαd̂†, •

] (3.97)

and similarly for the mechanics

γD̂[β + b̂]• = γmD̂[b̂] • −iγm
2

[
iβ∗b̂− iβb̂†, •

]
. (3.98)
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Note, the second term in Eqs. (3.97) and (3.98) can be written as −i
[
Ĥκ, •

]
, where Ĥκ

can then enter the Hamiltonian given in Eq. (3.96), yielding the effective Hamiltonian

Ĥeff =Ĥ+ Ĥκ = −
(
∆− g0

xzpf
⟨q̂⟩
)
d̂†d̂+ ωmb̂

†b̂+ g0

[
α∗d̂+ αd̂†

] [
b̂+ b̂†

]
. (3.99)

Since typically g0 is small then 1 ≫ g0⟨q̂⟩/xzpf and ⟨q̂⟩/xzpf can be neglected. Furthermore,
assuming that α =

√
n̄c, we find that the effective Hamiltonian obtained from the transfor-

mation of Eq. (3.78) is precisely the linearized Hamiltonian given in Eq. (3.76).
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Figure 3.9: Illustration of an optomechanical system’s different cavity driving schemes. In the
linearized regime, the choice of cavity detuning leads to distinct optomechanical effects due to the
resonant interactions. a) A red-detuned laser leads to an exchange of quanta between the cavity
and mechanical modes, ideal for sideband cooling. b) A blue-detuned laser results in a two-mode
squeezing Hamiltonian, which may lead to the observation of entanglement and self-sustained
optomechanical oscillations. c) At zero detuning the cavity experiences a shift proportional to
the displacement, which will be encoded in the transmitted/reflected cavity field that can be used
for mechanical motion detection. In this regime, the cavity effectively works as an interferometer.

3.5 Driving schemes
The term linearized Hamiltonian dues its name from the resulting linear equations of motion
within this approximation. It serves as the foundation for describing the majority of quantum
optomechanical experiments.

In the interaction frame for both the cavity and the mechanics, the Hamiltonian in Eq.
(3.76) reads

Ĥ′
int = G

(
d̂b̂eiδ−t + d̂†b̂†e−iδ−t

)
+G

(
d̂b̂†eiδ+t + d̂†b̂e−iδ+t

)
, (3.100)

where δ± ≡ ∆±ωm. This Hamiltonian gives rise to interesting optomechanical effects, which
are selected by the choice of the cavity detuning ∆ as illustrated in Fig. 3.9.
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If ∆ ≈ −ωm, one obtains two oscillators of similar frequency. Neglecting the fast rotating
terms in Eq. (3.100), i.e. applying the rotating wave approximation 2 (RWA), yields

ĤBS = G
(
d̂b̂† + d̂†b̂

)
, (3.101)

which is denoted as the beam-splitter interaction due to the exchange of quanta between the
mechanical and optical modes. Consequently, this interaction leads to the cooling effect of the
mechanical system, since the process excites photons by a Raman scattering process leading
to the absorption of phonons as we will later study.

For ∆ = ωm, within the RWA, the first term on the right of (3.100) survives:

ĤS = G
(
d̂b̂+ d̂†b̂†

)
. (3.102)

This type of Hamiltonian represents a two-mode squeezing interaction, central in the study
of parametric amplification. Neglecting dissipation, this interaction causes an exponential
accumulation of the energy in both, optical and mechanical, modes with high correlations
between them.

In the original frame, for ∆ = 0, the interaction can be written as

ĤQND = G
(
d̂+ d̂†

)(
b̂+ b̂†

)
, (3.103)

which can be regarded as the mechanical position q̂ ∝ b̂ + b̂† shifts the cavity phase. Later
in this Chapter, we will show that for zero detuning the cavity mode does not modify the
coherent dynamics of the mechanical mode, usually referred as dynamical backaction evasion.

3.6 Dynamical backaction effects
To study the implications of the optomechanical interaction, we will next analyze the dy-
namics of the fluctuations. We begin by deriving the dissipative dynamics of the fluctuations
described by the quantum Langevin equation from the linearized Hamiltonian given in Eq.
(3.76).

d

dt
⃗̂
A = M

⃗̂
A−KA⃗in, (3.104)

where we defined the vector containing all mode operators ⃗̂A = [d̂, d̂†, b̂, b̂†]T and the dynamical
matrix M as

M =


i∆− κ

2 0 −iG −iG
0 −i∆− κ

2 iG iG

−iG −iG −iωm − γm

2 0

iG iG 0 iωm − γm

2

 , (3.105)

with G given in Eq. (3.77). In Eq. (3.104), the vector A⃗in = [d̂in, d̂
†
in, b̂in, b̂

†
in]

T represents
the cavity and mechanical input noises. In contrast, the decay rates are encoded in the
diagonal matrix K = diag(

√
κ,

√
κ,

√
γm,

√
γm). Here, the input noise correlators for the

cavity fluctuation, d̂in, look like those given in Eq. (3.60). The mechanical correlators are
given in Eq. (3.61).

2In the resolved sideband regime (κ ≪ ωm) the intracavity photons remain longer than one period of the
mechanics. This leads to intracavity photons interacting equally with both quadratures of the mechanics.
Through the RWA we neglect the fast oscillating processes, i.e. âb̂ (â†b̂†), which for κ≪ ωm are off-resonance,
thereby suppressed. Contrary, in the sideband unresolved regime, the RWA fails to deliver an accurate
description of the dynamics.
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To solve the system of differential equations we move to the frequency domain by applying
the Fourier transform defined

Ô[ω] =

∫ ∞

−∞
dteiωtÔ(t), Ô†[ω] =

∫ ∞

−∞
dteiωtÔ†(t), (3.106)

such that Ô†[ω] = (Ô[−ω])†, where Ô is an arbitrary operator. This yields yielding

−iω ⃗̂A[ω] = M
⃗̂
A[ω]−KA⃗in[ω] (3.107)

with the vectors ⃗̂
A[ω] = [d̂[ω], d̂†[ω], b̂[ω], b̂†[ω]]T and ⃗̂

Ain[ω] = [d̂in[ω], d̂
†
in[ω], b̂in[ω], b̂

†
in[ω]]

T .
The last equation can be solved for b̂[ω] and b̂†[ω] to find the effective dynamics of the

mechanical modeX−1
m [ω]− iΣc[ω] −iΣc[ω]

iΣc[ω] X ∗−1
m [−ω] + iΣc[ω]

 b̂[ω]
b̂†[ω]

 = −√
γm

B̂in[ω]

B̂†
in[ω]

 (3.108)

with the modified mechanical noise is given by B̂in[ω] = b̂in[ω]−iG
√

κ
γm
F̂ [ω] with the radiation

pressure force noise given explicitly below

F̂ [ω] = Xc[ω]d̂in[ω] + X ∗
c [−ω]d̂†in[ω], (3.109)

where the cavity susceptibility given in Eq. (3.3).
In addition, as we see in Eq. (3.108), due to the optomechanical interaction, a modification

of the oscillator’s coherent dynamics arises through the cavity self-energy

Σc[ω] ≡
−2G2∆

(−iω + κ
2 )

2 +∆2
≡ −δωm[ω] + 2iΓ[ω], (3.110)

which acts as an additional force. In other words, the interaction with the cavity alters the
mechanical susceptibility via the cavity’s self-energy. This, in turn, affects how the mechanical
mode emits energy to and absorbs energy from the thermal bath.

Therefore, the real part of the self-energy introduces the frequency dependent mechanical
frequency shift

δωm[ω] = G2

(
∆+ ω

(∆ + ω)
2
+ κ2

4

+
∆− ω

(∆− ω)
2
+ κ2

4

)
, (3.111)

whereas the imaginary part the optomechanical damping given by

Γ[ω] = G2

(
κ

(∆ + ω)
2
+ κ2

4

− κ

(∆− ω)
2
+ κ2

4

)
. (3.112)

At strong enough coupling the frequency dependence of Σc[ω], which is generally described
by a non-Lorentzian lineshape for the susceptibility, will turn into a double-peak structure
[1]. For sufficient weak coupling (κ ≫ g0) and a high-Q mechanical oscillator, the cavity
self-energy can be evaluated at the mechanical resonance frequency, namely Σc[ω] ≈ Σc[ωm].
This leads to the so-called optical spring effect and the optomechanical damping rate.

The optical spring effect

The optical spring effect occurs when the frequency shift induced by the cavity for δωm[ω] is
evaluated at ωm:

δωm[ωm] = G2

(
∆+ ωm

(∆ + ωm)
2
+ κ2

4

+
∆− ωm

(∆− ωm)
2
+ κ2

4

)
. (3.113)
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This effect owns its name due to the modification of the resonance frequency of the mechanical
mode due to the interaction with the cavity, which can be thought of as modifying the
oscillator’s spring constant. Note, from Eq. (3.113), the vanishing frequency shift for ∆ = 0,
as depicted in Fig. 3.10. In addition, by evaluating the last equation at the mechanical
sidebands we find

δωm[∆ = ±ωm] = ± 2G2ωm

κ2

4 + 4ω2
m

. (3.114)

As depicted in Fig. 3.10 a) in the unresolved sideband regime (κ≫ ωm) this effect becomes

δωm[∆]|κ≫ωm
= G2 2∆

∆2 + κ2

4

. (3.115)

This implies that for a red-detuned laser (∆ < 0) the mechanical oscillator will be spring-
softened, resulting in a decrease of the mechanical frequency. Conversely, for a blue-detuned
laser (∆ > 0), there will be spring-hardened, leading to an increase in the mechanical fre-
quency.

However, in the resolved sideband regime (κ ≪ ωm) the effect is significantly distinct as
depicted in Fig. 3.10 c) and is effectively described by

δωm[∆]|κ≪ωm
= G2 2∆

(∆− ωm)(∆ + ωm)
, (3.116)

which vanishes for ∆ = 0. Conversely, for ∆ = ±ωm we have δωm[∆] → ∞, which leads
to unstable dynamics. In the unresolved sideband regime, the system becomes increasingly
sensitive to small perturbations when ∆ = ±ωm
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Figure 3.10: Mechanical frequency shift δωm[ωm] as a function of the optical detuning ∆/ωm

for different intracavity photon number. From left to right the sideband resolved parameter
is increased: ωm/κ = 0.1, ωm/κ = 1, ωm/κ = 10, respectively, setting the parameters from
the unresolved to the resolved sideband regime. For these plots we used: κ/2π = 1MHz and
g0/2π = 100Hz.

The optomechanical damping

On the other hand, the optical damping is defined as

Γopt ≡ Γ[ωm] = G2

(
κ

(∆ + ωm)
2
+ κ2

4

− κ

(∆− ωm)
2
+ κ2

4

)
, (3.117)

such that the full effective mechanical damping rate is given by

Γtot = γm + Γopt. (3.118)

From the last expression, we see that Γopt > 0 leads to an increase in the mechanical damp-
ing rate, whereas Γopt < 0 yields anti-damping. Extra damping results in cooling, while
amplification is a consequence of anti-damping. As illustrated in Fig. 3.11, depending on the
resolved sideband parameter, ωm/κ, the cavity backaction on the mechanics leads to distinct
features.

In the resolved sideband regime (ωm ≫ κ) the optical damping exhibits highly peaked
maxima and minima near the lower and upper sideband, i.e. at ∆ = ±ωm as shown in
Fig. 3.11 c). The maximum rate occurs for a red-detuned drive at ∆ = −ωm:

Γopt|κ≪ωm =
4G2

κ
. (3.119)

Recalling the intracavity photon number given by (3.67), note that for a weakly coupled cavity
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with Km ≈ 0 (see Eq. (3.66)), the photon number within the resolved sideband parameter is
given by

n̄c|κ≪ωm
=
κn̄in

ω2
m

(3.120)

with n̄in the input power. With this last equation substituted into Eq. (3.119) we find

Γopt|κ≪ωm =
4g20 n̄in

ω2
m

, (3.121)

which shows that the cooling rate in the sideband limit does not depend on the cavity
linewidth.

Contrary, in the unresolved sideband regime we find that the optomechanical damping
rate (3.117) becomes

Γopt[∆]|κ≫ωm =
−4G2∆κ(
∆2 + κ2

4

)2 , (3.122)

such that for ∆ = ±κ/2 we find

Γopt[∆ = ±κ
2
]|κ≫ωm

= ∓8G2ωm

κ2
, (3.123)

where the backaction effects are most relevant.
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Figure 3.11: Optomechanical damping rate Γopt[ωm] as a function of the optical detuning ∆/ωm

for different intracavity photon number. From left to right the sideband resolved parameter
is increased: ωm/κ = 0.1, ωm/κ = 1, ωm/κ = 10, respectively, setting the parameters from
the unresolved to the resolved sideband regime. For these plots we used: κ/2π = 1MHz and
g0/2π = 100Hz.
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3.7 Dynamical backaction cooling
The ability to prepare a system in a well-defined state is fundamental for quantum control.
In the case of a harmonic oscillator, this corresponds to preparing it in its ground state,
which is characterized by a minimal average number of excitations. However, mechanical
resonators often exhibit a large number of quanta, far away from that of the ground state
and therefore unsuitable for quantum control. In addition, typically mechanical resonators
have resonant frequencies between 1 − 100 MHz, and since these frequencies generally scale
inversely with the size of the oscillator, passive cooling (e.g. dilution refrigerator) methods
remain insufficient for macroscopic systems to achieve the ground state.

An alternative method to reach the ground state involves the interaction of the mechanical
oscillator with another system. Optical cavities are ideal candidates for backaction cooling
due to their negligible thermal occupation at room temperature and well-understood quantum
behaviour. The radiation pressure interaction between these resonators and an optical cavity
provides a method to approach the ground state and ultimately achieve quantum control
[30]. This technique employs an optical drive to induce transitions that absorb phonons
while generating photons in an optical or microwave cavity, resulting in irreversible energy
extraction from the mechanical mode. This process effectively cools the mechanical oscillator
towards its quantum ground state, representing a promising approach for precise quantum
manipulation of macroscopic objects.

In this section, we will study dynamical backaction cooling, which can be understood with
the help of Fig. 3.12. In the unresolved sideband regime, where the cavity decay rate far
exceeds the mechanical frequency (κ≫ ωm), the cavity field adapts almost instantaneously to
the oscillator’s position. However, when we consider the cavity’s finite response time, a phase
lag arises between the radiation pressure force and the mechanical motion. This retardation
effect causes the force to become out of sync with the oscillator’s displacement, resulting in
a net energy extraction from the mechanical mode [67].

Figure 3.12: Schematic diagram of the radiation pressure force against displacement, which
illustrates the work done during one cycle of oscillation. The work done is given by the finite area
(shaded area) swept, which is due to the retardation of the force (finite cavity decay rate). For a
red-detuned drive, this work is negative leading to energy extraction from the mechanical mode,
thereby cooling it. Contrary, for a blue-detuned drive, heating and amplification are the result of
positive work. Figure inspired by [129].

Within the weak-coupling limit (g ≪ κ) a perturbative treatment of the radiation-pressure
interaction is valid. In this regime, optomechanical sideband cooling, also known as backaction
cooling, can be better explained using a Raman-scattering picture. Here, photons from be-
low the cavity frequency (red-detuned) are preferentially scattered via the radiation-pressure
interaction to higher frequencies taking energy from the mechanical mode to reach the cavity
resonance. This is commonly known as the anti-Stokes process and describes the absorption
of one phonon from the mechanical mode via optomechanical interaction. Conversely, the
Stokes process describes the effect when blue-detuned photons via the optomechanical inter-
action add a phonon to the mechanical mode and return red-shifted. The upward transitions
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(absorption) described by the anti-Stokes process happen at a rate denoted ΓAS, whereas the
Stokes (emission) process occurs at a rate ΓS. Hence, the cooling of the mechanical mode can
be regarded to originate from the imbalance between the absorption and emission rates, such
that the net damping (cooling) rate is given by

Γopt = ΓAS − ΓS. (3.124)

Recalling the analysis of the quantum noise in Chapter 3.3.2, we know that the rates ΓAS,S
can be obtained using Fermi’s Golden Rule applied to the photon-pressure interaction between
the mechanical oscillator and the photonic cavity, namely Ĥint = F̂ q̂ with the radiation
pressure force F̂ = g0â

†â [122]. Hence, within the weak coupling limit, the Stokes and anti-
Stokes rates are given by

ΓS/AS = SFF [∓ωm] = g20Snn[∓ωm], (3.125)

with the photon number noise spectrum

Snn[ω] =

∫ ∞

−∞
dt eiωt⟨(â†â)(t)(â†â)(0)⟩. (3.126)

As discussed before, most of the optomechanical experiments can be explained in the lin-
earized regime (see Eq. (3.74)) with the associated Hamiltonian given in Eq. (3.76). Recalling
Eq. (3.104), we will only consider terms involving cavity fluctuations, whose dynamics read d̂[ω]

d̂†[ω]

 = −√
κ

Xc[ω] 0

0 X ∗
c [−ω]

d̂in[ω]

d̂†in[ω]

 (3.127)

As we did before, assuming delta correlated noise as in Eq. (3.60) we find that the only
non-zero contribution comes from the correlator ⟨d̂in[ω

′]d̂†in[ω]⟩, such that the spectrum of the
radiation pressure force reads

SFF [ω] = G2κ

∫
dω′

2π
Xc[ω]X ∗

c [−ω′]⟨d̂in[ω]d̂
†
in[Ω

′]⟩ = G2κ

(ω +∆)
2
+ κ2

4

. (3.128)

Finally, note that using the last result in Eq. (3.125) we recover exactly the optical damping
rate given in Eq. (3.117) obtained using the linearized equations of motion. This is precisely
the relation of the noise and the dissipative part of the linear response established by the
FDT in Eq. (3.42).

Similarly, as in Chapter 3.3, the average number of phonons, ⟨n̂m⟩, can be computed
within the master equation framework (see Eq. (3.24)). Given γm and ωm, the mechanical
loss rates and resonant frequency, respectively, if they satisfy γm ≪ g0 ≪ κ, ωm then the
dynamics of the mechanical mode can be approximated by truncating the cavity degrees of
freedom at the lowest relevant order in the coupling parameter g0. The resulting average
mechanical occupation is given

d

dt
⟨n̂m⟩ = − (γm + ΓAS − ΓS) ⟨n̂m⟩+ γmn̄

T
m + ΓS, (3.129)

where we have introduced the extra transition rates induced by the optomechanical coupling
strength. From this equation, we find the steady-state final phonon number which reads

⟨n̂m⟩ = γmn̄
T
m

γm + ΓAS − ΓS
+

ΓS

γm + ΓAS − ΓS
. (3.130)

Note that, in the absence of the radiation pressure interaction, the last equation yields ⟨n̂m⟩ =
n̄Tm. In this way, the first term can be understood as a modified thermal occupation due to
the optomechanical damping rate of Eq. (3.117) Γopt = ΓAS − ΓS. The second term, on the
other hand, represents the unwanted cavity backaction heating, such that the minimal phonon
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number (γm = 0) is

⟨n̂m⟩ = ΓS

ΓAS − ΓS
=

(
(ωm −∆)

2
+ κ2

4

(ωm +∆)
2
+ κ2

4

− 1

)−1

. (3.131)

From the denominator of Eq. (3.130) it is possible to notice that cooling is only possible if
Γopt > 0, thereby for large asymmetry between the Stokes and anti-Stokes processes. As
illustrated in Fig. 3.11 in the resolved sideband regime the optical damping is largest and
cooling is therefore more efficient. This is also consistent with the cooling limits shown in
Fig. 3.13 for different resolved sideband parameters and driving strengths.

Nevertheless, there is still one variable that we can experimentally vary to minimize this
expression: the optical detuning. The minima occupation occurs for optimal detuning, such
that the backaction (3.131) becomes

⟨n̂m⟩ = 1

2


√
ω2
m + κ2

4

ωm
− 1

 , ∆opt = −
√
ω2
m + κ2/4. (3.132)

This equation indicates that ground state cooling is only possible if κ/ωm < 4
√
2. In the

resolved sideband regime where ωm ≫ κ we find that ∆opt ≈ −ωm and therefore the minimum
photon number becomes

⟨n̂m⟩min =

(
κ

4ωm

)2

< 1, ωm ≫ κ, (3.133)

as shown in Fig. 3.13. The above means that in the resolved sideband equation backaction
cooling can lead to ground-state cooling of the mechanical mode as illustrated in Fig. 3.13.
However, in the opposite regime, ωm ≪ κ, we find

⟨n̂m⟩min =
κ

4ωm
≫ 1, ωm ≪ κ, (3.134)

for which the optimal detuning becomes ∆opt ≈ −κ/2. From the last equation, note that
ground state cooling is impossible in the unresolved sideband regime as depicted by the orange
line in the upper plot in Fig. 3.13.
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Figure 3.13: Phonon number as a function of the optical detuning. The upper plot shows the
average mechanical occupation for varying sideband parameter ωm/κ but fixed drive strength
n̄c = 5000. As ωm/κ increases the system approaches the resolved sideband regime, where
ground state cooling (blue-shaded area) for ∆ = −ωm is possible as depicted by the red and blue
lines. The lower plot shows the phonon number for increasing drive power. In this case, ground
state cooling is possible for higher drive strength resulting in increased optical damping (3.117).
However, in this plot, the same resolved parameter ωm/κ = 1, hence best cooling is found at the
same optical detuning. For both plots the dashed grey line shows the thermal occupation and the
following parameters were used: κ/2π = 1MHz, γm/2π = 0.5Hz, T = 0.1K and g0/2π = 100Hz.

So far our analysis of the mechanical occupation has been done using the quantum noise
spectral density of the radiation pressure force resulting in the derivation of the emission
and absorption rates given in Eq. (3.125). However, the analysis of the quantum Langevin
equations within the input-output formalism also enables the computation of the phonon
number. First, we defined the mechanical noise spectrum as

Sbb[ω] =

∫
dΩ

2π
⟨b̂†[Ω]b̂[ω]⟩, (3.135)

where the correlator can be obtained using the effective dynamics of the mechanical mode
given by (3.108), which here we will rewrite asX−1

m [ω]− iΣc[ω] −iΣc[ω]

iΣc[ω] X ∗−1
m [−ω] + iΣc[ω]

 b̂[ω]
b̂†[ω]

 = −√
γm

b̂in[ω]
b̂†in[ω]

+
i√
γm

F̂ [ω]
F̂ [ω]


(3.136)

with the radiation pressure force noise given in Eq. (3.109). Eq. (3.136) indicates that, besides
the intrinsic mechanical noise, there is additional noise, whose source is precisely the radiation
pressure force as indicated in the second term on the right-hand side.

At strong enough coupling the frequency dependence of Σc[ω], which is generally described
by a non-Lorentzian lineshape for the susceptibility, will turn into a double-peak structure
[1]. Yet, for sufficient weak coupling (κ≫ g0), the cavity self energy given in Eq. (3.110) can
be evaluated at the mechanical resonance frequency, namely Σc[ω] ≈ Σc[ωm]. Contrary, in
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the strong coupling regime (κ ∼ g0), the interaction hybridizes the mechanical and optical
modes, forming new normal modes (polaritons) [87]. As a consequence, the self energy be-
comes frequency-dependent leading to frequency-dependent optical backaction effects. Hence,
assuming a high-Q mechanical oscillator the mechanical noise spectrum takes the rather sim-
ple form

Sbb[ω] =
γm
∣∣X ∗−1

m [−ω] + iΣc[ωm]
∣∣2

|(ω − Ωm,+) (ω − Ωm,−)|2
n̄Tm +

γm |Σc[ωm]|2

|(ω − Ωm,+) (ω − Ωm,−)|2
(
n̄Tm + 1

)
+

∣∣X ∗−1
m [−ω]

∣∣2
|(ω − Ωm,+) (ω − Ωm,−)|2

ΓS,

(3.137)

with the poles Ωm,± = −iγm/2 ±
√
ω2
m − 2ωmΣc[ωm] and the Stokes rate given by (3.125).

The first two terms of the last expression are associated to the noise correlators of the mechan-
ical mode (3.61). Nevertheless, the contribution proportional to n̄Tm+1 arises exclusively due
to the optomechanical interaction yielding the squeezing of the mechanics. The last line, on
the other hand, exhibits the thermal occupation introduced uniquely by the cavity, namely
the so-called cavity backaction. Note that, even at a zero-temperature bath n̄Tm = 0, the
interaction with the cavity introduces unwanted heating.

Using the Wiener-Khinchin theorem [27], the occupation of the mechanical mode can be
obtained by calculating

⟨n̂m⟩ =
∫
dω

2π
Sbb[ω] (3.138)

with the noise spectrum given in Eq. (3.137). Furthermore, in the weak coupling regime
(g0 ≪ κ) we can Taylor expand mechanical noise spectra poles, i.e.

Ωm,± = −iγm
2

±
√
ω2
m − 2ωmΣc[ωm] ≈ −iγm

2
± ωm

(
1− Σc[ωm]

ωm

)
. (3.139)

This allows us to analytically perform Eq. (3.138), where we identified the following integrals

I1 =

∫ ∞

−∞

dω

2π

1

|(ω − Ω+) (ω − Ω−)|2
≈ Ceff

2ω2
mγm [C2

eff − 1]
,

I2 =

∫ ∞

−∞

dω

2π

ω

|(ω − Ω+) (ω − Ω−)|2
≈ 1

2ωmγm [1− C2
eff]
,

I3 =

∫ ∞

−∞

dω

2π

ω2

|(ω − Ω+) (ω − Ω−)|2
≈ Ceff

2γm [C2
eff − 1]

[
1−

(
γm
2ωm

)2
]
,

(3.140)

where we introduced the effective cooperativity Ceff = Γopt/γm with the imaginary part of the
susceptibility given in Eq. (3.110). Using these integrals it can be shown that the occupation
takes the rather simple form

⟨n̂m⟩ ≈ n̄Tm
1 + Ceff

+

( |Σc[ωm]|
ωm

)2 Ceff

[C2
eff − 1]

(
n̄Tm + 1

)
+

1/γm
1 + Ceff

ΓS. (3.141)

Furthermore, for sufficiently weak coupling g ≪ κ the term |Σc[ωm]|/ωm ≪ 1, such that we
can further simplify the last expression and neglect the term proportional to n̄Tm+1. Finally,
the mechanical occupation reads

⟨n̂m⟩ ≈ n̄Tm
1 + Ceff

+
1/γm
1 + Ceff

ΓS =
1

1 + Ceff

[
n̄Tm +

ΓS

γm

]
, (3.142)

which is equivalent to Eq. (3.130).
Throughout this section, we have computed the average mechanical occupation using

different approaches. First, we derived the radiation pressure force spectrum—closely related
to the photon number spectrum—to determine the Stokes and anti-Stokes rates. These rates
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describe the emission and absorption of phonons and characterize the effective damping of the
mechanical mode. To calculate the steady-state average mechanical occupation, we employed
the master equation framework (see Chapter 2), leading to the result shown in Eq. (3.130).

Alternatively, we derived the effective dynamics of the mechanics in Eq. (3.136) and com-
puted the mechanical noise spectrum Eq. (3.135). Finally, the integration of the power spec-
trum as in Eq. (3.138) results in the average mechanical occupation. Nevertheless, to arrive at
an analytical result we assumed the oscillator to be high-quality and weak enough coupling.
Since they scale as ∼ Σc[ωm], these approximations allowed us to neglect the parametric
coupling indicated by the off-diagonal elements of the Langevin matrix in Eq. (3.136). These
terms are responsible of unwanted heating associated to single-mode squeezing and leading
to the second term in Eq. (3.141). Hence, under these specific conditions, namely a high
mechanical quality factor and weak enough coupling strength, the analytical integration of
the mechanical noise spectrum leads also to Eq. (3.130).

In Fig. 3.14, we illustrate how, in the resolved sideband regime, the approximated result
no longer accurately captures the mechanical occupation as the optomechanical coupling
increases. This deviation arises because, with stronger interaction, the optomechanically
induced parametric coupling in the mechanical mode becomes more significant, leading to a
substantial contribution to the average mechanical occupation.

ground state

Figure 3.14: Average mechanical occupation as a function of the bare optomechanical coupling
strength. The solid orange line represents the exact result, obtained through the numerical inte-
gration of the mechanical power spectrum Sbb[ω]. In contrast, the dashed red line corresponds to
the approximate result from the calculation of the Stokes and anti-Stokes rates. For sufficiently
strong optomechanical coupling, off-resonant processes introduced by the radiation-pressure inter-
action—neglected in the approximate result—become more significant. For this plot: ωm/κ = 1,
∆ = −ωm, and n̄T

m ≈ 277.

3.8 Measuring the mechanical motion
In the field of optomechanics, the optical cavity functions as an interferometer, directly mea-
suring the motion of the mechanical oscillator through the phase shift in the transmitted
or reflected light field. The optomechanical interaction allows the optical field to acquire
information about the oscillator’s position, which can be extracted using linear detection
methods such as homodyne or heterodyne techniques, with a precision constrained by quan-
tum mechanics. In addition, since the radiation pressure interaction is linear in the oscillator’s
displacement, it allows to continuously measure the position of the mechanical mode. As a
result, mechanical motion readout has emerged as a primary application of cavity optome-
chanics.

The sensitivity of this measurement depends on how effectively the oscillator’s position
influences the optical field and how accurately that influence can be detected. Intuitively,
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one might think that stronger optomechanical coupling and lower optical readout noise would
lead to more precise position measurements. However, the fluctuating radiation pressure force
introduces an inevitable disturbance in the mechanical motion, since each photon delivers a
random push, whose overall effect scales with

√
n̄c, with n̄c being the number of photons

circulating in the cavity. This is known as backaction noise and counteracts the increased
precision in phase readout at higher photon numbers. However, by carefully selecting the
photon number, one can find a sweet spot where the combined effects of measurement precision
and backaction noise are minimized, leading to optimal detection.

Below we will analyze the imprecision and backaction noise contributions to the total
measurement error in terms of the noise spectra (see Chapter 3.3.2). The total noise registered
at the detector for an optomechanical system described by the Hamiltonian given in Eq. (3.76)
will have the following form [130]

S̄out
uu [ω] = S̄uu[ω] + |G[ω]|2

(
S̄0
xx[ω] + S̄BA[ω]

)
≡ |G[ω]|2

(
S̄0
xx[ω] + S̄add

uu [ω]
) (3.143)

with the oscillator’s spectral density, S̄0
xx[ω] and where we defined the measurement gain G[ω].

Here, we also introduced the total added noise given by

S̄add
uu [ω] = S̄BA[ω] + S̄ imp

uu [ω] ≡ S̄BA[ω] +
S̄uu[ω]

|G[ω]|2 . (3.144)

In Eq. (3.143) the cavity spectral density, S̄uu[ω], represents the intrinsic noise contribution of
the cavity, which when referred back to the oscillator leads to the imprecision noise, S̄ imp

uu [ω],
defined in Eq. (3.144). As its name suggests, this noise characterizes how precisely a measure-
ment can be done and arises from the fundamental fluctuations in the measurement device.
From its dependence on the measurement gain, below we will see that the reduction of the
imprecision noise is tied to an increase in the coupling (or the response) to the oscillator. This
arises since it allows for more efficient transduction of the mechanical motion into detectable
changes in the optical field.

The backaction noise contribution, S̄BA[ω], results from fluctuations in the cavity field
that probes the mechanical oscillator. These fluctuations induce additional motion in the
oscillator, beyond its intrinsic thermal and quantum fluctuations. We will show that the
backaction noise scales with the photon-enhanced optomechanical coupling strength, contrary
to the imprecision noise. This creates a trade-off between the two contributions: increasing the
measurement strength reduces imprecision noise, but simultaneously raises backaction noise.
Together, the imprecision and the backaction noises form what we denote as the total added
noise, S̄add

uu [ω], whose reduction is crucial for an accurate measurement. Without backaction
noise, a large optomechanical coupling strength would result in negligible imprecision noise.
However, due to the presence of backaction noise, the coupling strength must be carefully
adjusted to balance these two noise contributions.

To derive an expression for the SQL on position detection we will first define the spectral
density of the total measured noise referred back at the oscillator. From Eq. (3.143), this is
given by [130]

S̄tot[ω] ≡
S̄out
uu [ω]

|G[ω]|2
= S̄0

xx[ω] + S̄add
uu [ω],

(3.145)

where the last term is the added noise introduced in Eq. (3.144). The standard quantum
limit (SQL) occurs then at the point of optimal balance between imprecision and backaction
noises, i.e. where the added noise reaches a minimum. The quantum limit on continuous
position detection at each frequency must satisfy the following fundamental inequality

S̄add
uu [ω] ≥ S̄zdf

xx [ω] (3.146)



3.8. Measuring the mechanical motion 47

where S̄zdf
xx [ω] is the spectral density of mechanical zero-point fluctuations3. This implies that

the measurement process adds at least the zero-point noise on top of the intrinsic fluctuations,
thereby cannot be arbitrarily small. The SQL, however, only coincides with Eq. (3.146) at
ω = ωm, whereas for all distinct frequencies, it does not represent any quantum bound.
Different approaches have been done to surpass the SQL as a backaction-evading scheme
proposed by Tsang and Caves [131, 132] and the exploitation of squeezed light [133, 134].

We now calculate the standard quantum limit on mechanical position measurement in
optomechanics. Using the linearized Hamiltonian from Eq. (3.76), we consider an optical
cavity driven on resonance (∆ = 0), coupled to a mechanical oscillator via radiation pressure.
Under this driving scheme, the interaction is described by Eq. (3.103). From Eq. (3.104), the
dynamics of the cavity field fluctuations read

X−1
c [ω]d̂[ω] = −iGx̂m[ω]−√

κd̂in[ω] (3.147)

with the cavity susceptibility given in Eq. (3.3), x̂m ≡ b̂+ b̂† and where we will assume G ∈ R.
Next, we determine the detected power spectral density of the cavity’s output field. To

do this, we apply the input-output relation from Eq. (2.50), which gives

d̂out[ω] = (1− κXc[ω]) d̂in[ω]− i
√
κGXc[ω]x̂m[ω]. (3.148)

Through the interference of the detected field given by the last equation with a local oscillator
field of the same carrier frequency, homodyne detection provides a measurement of an arbi-
trary quadrature Ûout of the detected optical field (see [27] for the mathematical treatment).
Expressing the output field in the quadrature basis yields:

Ûout[ω] ≡
1√
2

(
d̂out[ω]e

−iθ + d̂†out[ω]e
iθ
)

(3.149)

= (1− κXc[ω]) Ûin[ω]−
√
2κGXc[ω] sin(θ)x̂m[ω], (3.150)

where we used that in the zero detuning case Xc[ω] = X ∗[−ω]. Here, we also introduced
the input noise quadratures

√
2Ûin[ω] = d̂in[ω]e

−iθ + d̂†in[ω]e
iθ and

√
2V̂in[ω] = i(d̂†in[ω]e

iθ −
d̂in[ω]e

−iθ), where θ is the quadrature angle. Note, for sin(θ) = 0 this quadrature decou-
ples from the mechanical mode, therefore the oscillator’s information will be encoded in its
orthogonal quadrature.

The frequency-symmetrized output noise spectral density is then defined as

S̄out[ω] =
1

2
(Sout[ω] + Sout[−ω]) , Sout[ω] =

∫
dω′

2π
⟨Ûout[ω]Ûout[ω

′]⟩, (3.151)

where, from Eq. (3.60), we find that the noise correlators are given by

⟨Ûin[ω]Ûin[ω
′]⟩ = ⟨V̂in[ω]V̂in[ω

′]⟩ = πδ[ω + ω′],

⟨Ûin[ω]V̂in[ω
′]⟩ = −⟨V̂in[ω]Ûin[ω

′]⟩ = iπδ[ω + ω′].
(3.152)

Hence, using Eq. (3.150) into Eq. (3.151), we get

Sout
uu [ω] = S11[ω] + 2κG2|Xc[ω]|2 sin2(θ)Sxx[ω], (3.153)

with the bare cavity’s response S̄11[ω] = 1/2 and where the last term in Eq. (3.153) is defined
by the oscillator’s position spectral density.

The oscillator’s position spectral density is defined by

Sxx[ω] =

∫ ∞

−∞

dω′

2π
⟨x̂m[ω]x̂m[ω′]⟩ (3.154)

3Here, following the derivation of Eq. (3.42), we used the FDT at T = 0 to introduce S̄zdf
xx [ω] =

|Im {Xxx[ω]} | with the oscillator’s susceptibility meffX−1
xx [ω] =

[
(ω2

m − ω2)− iγmω
]−1.
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Figure 3.15:
Oscillator’s position spectrum

and quantifies the oscillator’s ability to absorb and emit
phonons into its environment for different frequencies. For an
uncoupled oscillator (G = 0) in thermal equilibrium, the last
equation reads

S0
xx[ω] = γm

(
|Xm[ω]|2

(
n̄Tm + 1

)
+ |Xm[−ω]|2n̄Tm

)
. (3.155)

Moreover, for a high-quality mechanical oscillator (ωm ≫ γm)
coupled to a zero temperature bath n̄Tm = 0, the oscillator’s
spectrum becomes simply S0

xx[ωm] ≈ 2/γm.
From the quantum Langevin equations of motion given in

Eq. (3.104) we find the effective dynamics of the mechanical position operator

x̂m[ω] = −√
γm

(
Xm[ω]b̂in[ω] + X ∗

m[−ω]b̂†in[ω]
)
− Σm[ω]

|G|2 F̂ [ω], (3.156)

where we introduced the mechanical self-energy

Σm[ω] ≡ 2|G|2ωm

(−iω + γm

2 )2 + ω2
m

. (3.157)

The first term in Eq. (3.156) corresponds to the intrinsic noise contribution of the mechan-
ical mode, whereas the second term is the hermitian contribution of the cavity, where we
introduced the linearized force operator defined

F̂ ≡ G
(
d̂+ d̂†

)
. (3.158)

Under the zero detuning assumption the cavity self-energy given in Eq. (5.13) vanishes
and the force operator becomes

F̂ [ω] = −√
κXc[ω]

(
d̂in[ω] + d̂†in[ω]

)
, (3.159)

which features no dynamical backaction contribution from the mechanics. The oscillator’s
spectral density defined in Eq. (3.154) then reads

Sxx[ω] = S0
xx[ω] +

∣∣∣∣Σm[ω]

G2

∣∣∣∣2 SFF [ω] (3.160)

with the uncoupled oscillator’s spectrum given in Eq. (3.155) and the force noise spectral
density given by Eq. (3.128) for ∆ = 0.

Moreover, for a high-quality factor oscillator at n̄Tm = 0 we have that Σm[ωm]/G2 =
iS0

xx[ωm], such that Eq. (3.160) becomes

Sxx[ωm] = S0
xx[ωm] +

(
S0
xx[ω]

)2 SFF [ωm]. (3.161)

From Eqs. (3.153) and (3.161) we find the following expression

Sout
uu [ωm] = 2SFF [ωm] sin2(θ)

S0
xx[ωm] +

(
S0
xx[ω]

)2 SFF [ωm] + Simp[ωm]︸ ︷︷ ︸
added noise

 , (3.162)

where the added noise is given by the last two terms inside the parenthesis. For a quantum-
limited detector we have Simp[ωm]SFF [ωm] = 1/4, such that the added noise becomes [130]

Sadd[ωm] =
(
S0
xx[ω]

)2 SFF [ωm] +
1

4SFF [ωm]
. (3.163)

Hence, the backaction is proportional to the coupling of the oscillator to the detector and the
intensity of the drive on the cavity. The added noise given by the last equation is minimized
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when the drive is tuned such that the following is satisfied

Sopt
FF [ωm] =

(
2S0

xx[ωm]
)−1

. (3.164)

Under optimal driving conditions, the added noise is minimized, leading to Sopt
add[ωm] =

S0
xx[ωm], and consequently to Sout

uu [ωm] = 2 sin2(θ).
In Fig. 3.16 we show the imprecision and backaction noise contributions as a function of

the input power using a linear cavity operating at zero detuning. Under optimal conditions,
namely when Eq. (3.164) is satisfied, the added noise is minimized and the SQL on position
detection is reached as shown in Fig. 3.16.

SQL

Figure 3.16: The measured noise spectral density at the detector, evaluated at the mechanical
resonance frequency, is plotted as a function of the cavity’s input power. This spectral density
includes the intrinsic noise contribution of the linear cavity, along with the added noise due to
measurement imprecision (dashed-green) and backaction heating (dashed-red) of the oscillator.
For weak driving powers, imprecision noise dominates. Conversely, as driving power increases, the
imprecision noise decreases while backaction noise becomes more significant. The intersection of
these two contributions marks the point of minimum added noise, corresponding to the standard
quantum limit.

3.9 Optomechanically induced transparency (OMIT)
So far we have described optomechanical effects that occur when the cavity is driven coherently
by a single tone. Nevertheless, the use of multiple optical drives enables more complicated
phenomena, such as optomechanically induced transparency (OMIT) [25]. Similarly to elec-
tromagnetically induced transparency (EIT) [135, 136], in OMIT a cavity is simultaneously
driven by a weak probe field and a strong control field, where the former is set at a frequency
near the cavity resonance frequency and the latter is set at the lower mechanical sideband
as illustrated in Fig. 3.17. The field of OMIT has led to several applications such as slow
light [137, 138] and the enhancement of Kerr-nonlinearities [139]. As we will see later in
this work, recently OMIT has also been realized using photon-pressure interaction between
superconducting circuits to measure the single-photon coupling rate of the system [140].
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Figure 3.17: (left) Schematic for optomechanically induced transparency. A strong control field
on the red mechanical sideband (∆ = −ωm) drives the optomechanical system. Additionally, a
weak probe laser scans across the cavity’s resonant frequency and analyses the response (right)
of the driven system. The transparency window appears when the probe laser is tuned at the
cavity resonance, whose decay rate is κ = κext + κint.

Recalling the linearized optomechanical system described by the Hamiltonian given in Eq.
(3.76), we know from Section 3.5 that the resonant Hamiltonian for a red-detuned driven
optomechanical system within the resolved sideband regime is effectively given by

Ĥeff = −∆d̂†d̂+ ωmb̂
†b̂+G

(
d̂b̂† + d̂†b̂

)
. (3.165)

The quantum Langevin equations of motion of the cavity are given by

d

dt
d̂ =

(
i∆− κ

2

)
d̂− iGb̂−√

κηd̂in −
√
κ(1− η)ξin (3.166)

with the coupling parameter

η ≡ κext

κext + κint
, (3.167)

where κint and κext denote the intrinsic and external loss rates, respectively. Note that, due
to the two driving fields, here we are explicitly separating the decay rate into the internal
and external contributions as explained in Eq. (3.1). On the other hand, for the mechanics
we have

d

dt
b̂ = −

(
iωm +

γm
2

)
b̂− iGd̂−√

γmb̂in (3.168)

In the frequency domain, the equations of motion of the modes become

X−1
c [ω]d̂[ω] = −iGb̂[ω]−√

κηd̂in[ω]−
√
κ(1− η)ξin[ω], (3.169)

X−1
m [ω]b̂[ω] = −iGd̂[ω]−√

γmb̂in[ω], (3.170)

with the cavity susceptibility, Xc[ω], given in Eq. (3.3) and the mechanical susceptibility given
by X−1

m [ω] = −i(ω − ωm) + γm/2. This system of equations can be easily solved yielding

X−1
c [ω]d̂[ω] = −G2Xm[ω]d̂[ω] + iG

√
γmXm[ω]b̂in[ω]−

√
κηd̂in[ω]−

√
κ(1− η)ξin[ω], (3.171)

which can be rewritten as

d̂[ω] = Xaa[ω]d̂in[ω] + Xab[ω]b̂in[ω] + X int
aa [ω]ξin[ω] (3.172)

with

Xaa[ω] = −
√
κη

X−1
c [ω] +G2Xm[ω]

, Xab[ω] =
iG

√
γmXm[ω]

X−1
c [ω] +G2Xm[ω]

(3.173)
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and the internal-loss susceptibility

X int
aa [ω] = −

√
κ(1− η)

X−1
c [ω] +G2Xm[ω]

(3.174)

Here, Xaa[ω] is the cavity-to-cavity, whereas Xab[ω] corresponds to the cavity-to-oscillator
susceptibilities. Note that the full optical susceptibility leads no longer to the usual Lorentzian
describing a bare optical resonance, but is modified by the radiation pressure interaction with
the mechanical mode. Additionally, the optomechanical interaction introduces a second input
noise given by the second term in Eq. (3.172).

Finally, using the input-output relation given in Eq. (2.50) we find from Eq. (3.172)

d̂out[ω] = T [ω]d̂in[ω] + L[ω]b̂in[ω] (3.175)

with

T [ω] = 1−√
κηXaa[ω], L[ω] = −√

κηXab[ω], |T [ω]|2 + |L[ω]|2 = 1 (3.176)

where T [ω] is a complex, frequency-dependent transmission coefficient representing the por-
tion of the incident field that persists in the output field of the optomechanical system, and
L[ω] represents the fraction of the mechanical bath fluctuations that are transferred onto
the output field. Since ∆ = −ωm, the interaction is described by a beam-splitter type of
coupling, hence T [ω] and L[ω] can be considered as scattering amplitudes, with L[ω] not only
quantifying the level of mechanical fluctuations imprinted on the output field but also the
loss (or absorption) of the optical field by the mechanical bath [27].
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Figure 3.18: Optomechanically induced transparency. Transmissivity as a function of the driv-
ing frequency ω for different optomechanical coupling strengths. In the absence of optomechanical
coupling strength, the response of the cavity depicts the usual Lorentzian. However, turning on
the interaction leads to the emergence of the transparency window, which approaches the unity
as the coupling strength increases. For this plot: ωm/κ = 10, ωc/2π = 7 GHz, ∆ = −ωm,
κext/2π = 85 kHz and κint/2π = 265 kHz.

Explicitly the transmissivity is given by which for ∆ = −ωm it becomes

T [ω] = 1− κext

−i(ω − ωm) + κ
2 + G2

−i(ω−ωm)+ γm
2

, (3.177)

such that for ω = ωm it yields

T [ωm] = 1− κext
κ
2 + 2G2

γm

≡ 1− 2η

1 + C , (3.178)
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where we introduced η = κext/κ and the optomechanical cooperativity C = 4G2/κγm. Fur-
thermore, for the critical value η = 1/2 we find

|T [ωm]|2 =
C2

(1 + C)2
, (3.179)

such that for C → ∞ the on-resonance transmissivity approaches the unity, while for C = 1
the optomechanical system acts as a balanced but lossy beam-splitter since it changes the
transmission to 50%.

Additionally one can linearize the mechanical susceptibility around ∆′ = ω − ωm such
that the transmissivity in Eq. (3.177) becomes

T [ω] = 1− κη

−i∆′ + κ
2 + g2

−i∆′+ γ
2

, (3.180)

Again, for the critical coupling, η = 1/2, under the assumption that the optical losses are
stronger than the optomechanical coupling, one approximate −i∆′ + κ/2 ≈ κ/2, such that
the last equation yields

|T |2 =
16G4/κ2

4∆′2 + Γ2
omit

=
C2(

2∆′

γm

)2
+ (1 + C)2

(3.181)

with Γomit ≡ γm + 4G2/κ. The last equation describes the optomechanically induced trans-
parency window, which results in a Lorentzian with width given by Γomit and peak when
∆′ = 0 resulting in Eq. (3.179). Nevertheless, the underlying approximations leading to these
results require two coherent fields, which maintain their coherence for times longer than the
mechanical damping time.

The appearance of the transparency window illustrated in Fig. 3.18 for g0 ̸= 0 can be
understood in a sideband picture. In this case, the probe and control fields both generate
a radiation pressure oscillating at the frequency difference ω. If this driving force oscillates
near the mechanical resonance frequency ωm, then the mechanical mode starts to oscillate
coherently creating a sideband on the intracavity field. This leads to Stokes and anti-Stokes
scattering processes originating from the control field. Furthermore, if the system is deep
in the resolved sideband regime κ ≪ ωm then the Stokes scattering is suppressed due to
being far off-resonant with the cavity resonance. In contrast, the anti-Stokes process builds
up inside the cavity, since it is resonant and phase-coherent with the probe field. This leads
to destructive interference between these driving waves that cancel the intracavity field on
resonance, giving rise to the transparency window of width Γomit. Note that, at stronger
driving power this effect evolves into a normal mode splitting [1].

Furthermore, if we consider a field injected into the upper sideband (∆ = ωm) instead
of having a red-detuned control field, an additional optical signal in the probe field gets
amplified, resulting in the so-called optomechanically induced amplification [137, 138]. While
this is an interesting effect, it is beyond the scope of this work.

Throughout this Chapter, we have explored the fundamental aspects of optomechanical
interactions. We began by introducing optical, mechanical, and microwave resonators—key
components in the field of optomechanics. Additionally, with the advancements in optome-
chanics, we clarified that experiments are not limited to the optical regime but can also be
conducted in the microwave domain. We introduced the concept of quantum noise, essential
for characterizing systems through their signal’s power spectral density. Moving forward,
we outlined the Hamiltonian formulation of an optomechanical system, which serves as the
foundation for describing the interaction between a cavity and a vibrational mode. We de-
rived the system’s dynamics in a displaced frame, leading to the linearized Hamiltonian and
the corresponding linearized equations of motion for both modes. This linearized framework
allowed us to explore various driving schemes, resulting in different phenomena, including
optomechanical cooling, amplification, and quantum non-demolition measurements. Further-
more, by analyzing the mechanical mode dynamics, we introduced key effects mediated by
radiation pressure interactions: backaction cooling and the optical spring effect.
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In this chapter, we also reviewed one of the primary applications of optomechanical sys-
tems: their use as highly sensitive detectors. By employing a quantum noise approach, we an-
alyzed the various contributions to the measurement of mechanical motion and demonstrated
that, under optimal conditions, an optical cavity can reach the SQL in position detection.

Additionally, we studied sideband cooling, also known as dynamical backaction, which has
been employed to cool a mechanical mode to its ground state [141]. We reviewed two distinct
approaches to determine the average mechanical occupation. The first method used the
emission and absorption rates given in Eq. (3.125) within the master equation formalism. In
the second method, we used the input-output formalism to derive the mechanical occupation
through the effective dynamics of the mechanical mode. Both approaches concluded that
ground-state cooling is achievable only when the system is in the resolved sideband regime,
where κ/ωm < 4

√
2. This regime maximizes the asymmetry between the Stokes and anti-

Stokes rates, resulting in higher optical damping, Γopt > 0, as shown in Fig. 3.11.
We also clarified that the mechanical occupation given in Eq. (3.130) deviates from the

numerical solution of Eq. (3.138) at higher optomechanical coupling strengths. In such cases,
nonlinear effects of the radiation pressure interaction become significant, introducing addi-
tional heating into the mechanical mode, as illustrated in Fig. 3.14.

Last but not least, we introduced optomechanically induced transparency (OMIT), a
phenomenon that arises from the destructive interference of intracavity fields when both
strong control and weak probe fields are present.

Up to this point, we have concentrated solely on optomechanical systems with linear
cavities. However, in the next Chapter, we will shift our focus to nonlinear cavities and
explore how their intrinsic nonlinearity plays a crucial role in enhancing sideband cooling
protocols.
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Chapter 4

Nonlinear Kerr cavities

In Chapter 3 we introduced the basic aspects of optomechanics, where an optical cavity
interacts with a vibrational mode through radiation pressure. In that Chapter, we revisited
some dynamical effects that arise due to the optomechanical interaction, including dynamical
backaction cooling and the optical spring effect. Additionally, the optomechanical interaction
also gives rise to some static phenomena such as optical bistability [142]. This effect arises
from the nonlinear nature of the optomechanical interaction, where the radiation pressure
force displaces the mechanical element, shifting the cavity resonance, which in turn affects
the intracavity light intensity. In the presence of sufficiently strong enough driving, this
feedback loop triggers a nonlinear behaviour, which depending on the input power and optical
detuning, can result into two stable system configurations.

Under specific conditions, the radiation pressure interaction leads to nonlinear effects, this
is because the optomechanical interaction is inherently nonlinear. For sufficiently strong input
power and blue-detuned driving, it has been shown that optomechanics results, for instance,
into chaotic motion [143], multisability [144] and instability [60]. For a red-detuned drive,
however, this nonlinear nature leads to the emergence of a bistable regime in the circulating
photon number as shown in Fig. 3.8. Moreover, this effect is not limited to the optical domain
but has also been demonstrated in the microwave regime [145].

The steady-state solution of the average cavity amplitude led us to the cubic Eq. (3.67)
describing the average number of photons inside the cavity. This cubic equation also allows
us to compute the values at bifurcation analytically given in Eq. (3.72). In the early months
of 1994 both C. Fabre et. al. [146], and S. Mancini and P. Tombesi [147] showed that close to
these critical values, the squeezing of the cavity mode due to the optomechanical interaction
is maximized resulting in a significant reduction of quantum noise in one quadrature at
the expense of increased noise in the orthogonal quadrature. In addition, it has also been
demonstrated that near the bifurcation point entanglement is maximized [72, 148].

The emergence of two stable solutions in the intracavity photon number for specific input
powers and optical detuning, resulting from the optomechanical interaction, is analogous
to the behaviour of a Kerr medium, an equivalence that has already been studied [149].
The optical Kerr effect dates back to 1956 with the classical formulation in liquids done by
Buckingham [150]. A decade later, its quantum theory using the density matrix formalism
was presented [151]. Due to their application, for instance, in squeezing generation [152,
153], QND measurements [154] and photonic-based quantum technology [155, 156], devices
containing a Kerr medium have been extensively studied [157]. Moreover, Kerr-nonlinear
resonators have also been shown to be promising for quantum-limited amplification [158,
159] and in the creation of photonic cat states [160]. For the latter, the consideration of
higher-order anharmonicities as found in superconducting devices leads to shorter cat state
preparation time [161].

The Kerr effect is a nonlinear process involving the third-order nonlinear polarizability of
a medium. In such a nonlinear medium, the field undergoes a phase shift that depends on its
intensity. Consequently, the refractive index of the medium scales with the intensity of the
field. The Hamiltonian describing a Kerr nonlinear cavity is given by [162, 163]

Ĥ = ωcâ
†â− K

2
â†â†ââ, (4.1)

where ωc and K denote the cavity resonance frequency and the Kerr constant, respectively,
where the latter is typically considered to be K > 0. Here, â and â† are the cavity mode
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bosonic annihilation and creation operators.
As we discussed earlier, nonlinear optical phenomena, such as the Kerr effect, have a

wide range of applications. In optical cavities, the Kerr effect arises from the refractive
index’s dependence on the medium, while in optomechanics, bistability emerges due to the
optomechanical interaction. However, these nonlinear effects are not confined to the optical
domain; they also occur in the microwave domain, where the nonlinearity can be engineered
by incorporating superconducting devices, like a Josephson junction, into a circuit, as we will
explore below.

4.1 Superconducting nonlinear cavities
In Chapter 3, we demonstrated that an optomechanical system exhibits bistability at certain
drive powers. This is a nonlinear effect, as indicated by Eq. (3.67) and illustrated in Fig.
3.8, resembling the behaviour of an optical cavity with inherent nonlinearity, such as a Kerr
medium. Motivated by the applications of nonlinear optical phenomena discussed earlier, the
quest to engineer such anharmonicities has led researchers to explore various experimental
platforms. Next, we will show how quantum systems based on superconducting circuits enable
the possibility of engineering such nonlinearities for specific purposes.

As the name suggests, superconducting materials allow current to flow without resistance
by forming Cooper pairs. The formation of Cooper pairs creates an energy gap between the
ground state and the next available energy state. This gap inhibits small excitations and
electron scattering, which are the primary sources of electrical resistance in normal conduc-
tors. Furthermore, at low temperatures, Cooper pairs condense into the lowest energy state,
preventing scattering from lattice vibrations and significantly reducing resistance. The su-
perconductive state of Cooper pairs is linked to phenomena like Bose-Einstein condensation,
making it inherently quantum. Superconductivity is observed in certain materials when their
temperature drops below a critical threshold1.

Besides being perfect conductors, superconductors have also another property: their in-
ternal magnetic field vanishes. Superconductors act as perfect diamagnets because of the
Meissner-Ochsenfeld effect, which causes them to repel magnetic fields. Nevertheless, de-
pending on the material, superconductivity breaks down for certain critical magnetic fields
and temperatures. Furthermore, in a closed superconducting loop, the internal magnetic field
can be quantized via the flux quantum

Φ0 =
h

2e
, (4.2)

where e is the electron charge.
In Chapter 3, we showed that the Hamiltonian describing an LC circuit in Eq. 3.15 is

equivalent to that of a quantum harmonic oscillator with frequency ωc =
√

1/LC. Due to
their extremely high-quality factors and long coherence times, superconducting microwave
cavities represent a promising platform for quantum information applications [164]. However,
for quantum information processing, the equidistant energy levels of the quantum harmonic
oscillator pose a limitation in terms of frequency selectivity, as individual transitions cannot
be addressed separately. To overcome this, engineered nonlinearities are introduced into the
system, modifying the energy spacing for specific applications. In LC circuits a Josephson
junction is often employed to introduce nonlinearity into the system.

A Josephson junction is a device that is composed by a non-superconducting thin layer
placed between two superconductors as shown in Fig. 4.2. Below a specific critical tempera-
ture, Cooper pairs can tunnel across the barrier without resistance, leading to a supercurrent.
The first Josephson junction relation reads

I(t) = Ic sin(δ), (4.3)

where Ic is the critical current of the junction and δ is the phase difference across the junction.
The phase δ is often referred to as the reduced flux defined as δ = 2πΦ/Φ0, which represents

1In the experiments conducted by D. Zoepfl et al. [3] and L. Deeg et al. [35], niobium and aluminium were
commonly used, with critical temperatures of Tc = 9.25 K and Tc = 1.19 K, respectively.
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a good quantum number associated with quantum or thermal fluctuations in the magnetic
flux through the junction. The last equation describes the supercurrent that flows through
the junction, which indicates that the superconductivity in the junction breaks if the current
flowing across it surpasses the critical value Ic. The second Josephson relation characterises
the time evolution of its phase difference when a voltage is applied

d

dt
δ =

2π

Φ0
U, (4.4)

with U being the voltage across the junction. This equation will be fundamental to many
applications of Josephson junctions such as extremely sensitive magnetometers.

Recalling Eqs. (3.7) and (3.8), it is now possible to combine them with the Josephson
relations Eqs. (4.3) and (4.4) and obtain

U =
Lj0

cos(δ)
İ , (4.5)

where we introduced the Josephson inductance

Lj0 =
Φ0

2πIc
. (4.6)

As described by Eq. (4.5), the Josephson junction behaves like a nonlinear inductor, since
its inductance depends on the current that flows through it, unlike the linear ones whose
inductance is constant. Additionally, since it behaves like an inductor it consequently stores
energy, which is given by

Ej(δ) = −IcΦ0

2π
cos(δ) ≡ −Ej0 cos(δ). (4.7)

Furthermore, since δ is small, we can Taylor expand this potential yielding

Ej0 cos(δ) = 1− 1

2
Ej0δ

2 − 1

24
Ej0δ

4 +O
(
δ6
)
, (4.8)

where the first term is usually neglected as it represents a constant energy shift. Taking
only the quadratic term in the last equation would lead us to the Hamiltonian in Eq. (3.15)
of a harmonic oscillator. However, the quartic term given by the second term gives rise
to a modification of the energy structure of the harmonic oscillator, thereby represents the
nonlinearity in the system.

By replacing the linear inductor of the LC circuit with a Josephson junction, we can
ultimately make the microwave cavity effectively nonlinear. This replacement modifies the
Hamiltonian given in Eq. (3.15), which by including terms up to fourth order in Eq. (4.8)
becomes

Ĥ =
Q2

2C
− 1

2
Ej0δ

2 +
1

24
Ej0δ

4. (4.9)

Now, rescaling the operators introduced in Eq. (3.14) in terms of the reduced flux, δ, one find
that the Hamiltonian resembles that of a Duffing oscillator [110, 165]

Ĥ = ωcâ
†â+

K
2
â†â†ââ, (4.10)

where we have ignored fast-rotating terms and

K = −ωcZ0e
2

2

(
Lj

Ltot

)3

. (4.11)

With the Hamiltonian in Eq. (4.10), we have shown that a microwave resonator can be
made intrinsically nonlinear by replacing the linear inductor by a Josephson junction. Next,
we will present one of the main applications of Josephson junctions and how they can be used
as magnetic field detectors.
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Figure 4.1: Both a) and b) show an illustration of a SQUID. a) shows the two Josephson
junctions connected in parallel, which can be regarded as a single junction with a critical current
that depends on the magnetic field. b) illustrates how a SQUID is typically pictured in circuits.

4.1.1 SQUID and SQUID resonators
We will now consider a superconducting loop containing two Josephson junctions in parallel as
illustrated in Fig. 4.1. This architecture describes what is called a superconducting quantum
interference device (SQUID) [166]. Under the assumption that the critical currents for the
two junctions are equal, the use of Kirchhoff’s law allows us to calculate the total current as

I = I1 + I2 = 2Ic cos

(
δ1 − δ2

2

)
sin

(
δ1 + δ2

2

)
. (4.12)

Assuming that only an external flux Φext penetrates the loop, from the quantization of the
magnetic flux in Eq. (4.2), we obtain

δ2 − δ1 = 2π
Φext

Φ0
, (4.13)

such that the phase difference between the junctions has to be equal to the external flux.
Using this expression in Eq. (4.12) we find the critical current of the SQUID

ISQUID
c = 2Ic

∣∣∣∣cos(πΦext

Φ0

)∣∣∣∣ . (4.14)

This implies that the critical value can be adjusted by varying the external flux. The last
equation enables us to calculate the SQUID’s inductance. Using Eq. (4.6), we find that the
inductance is also dependent on the external flux, specifically:

LSQUID =
Lj0

2

∣∣∣∣cos(πΦext

Φ0

)∣∣∣∣−1

. (4.15)

So far we have conveniently assumed that the flux Φloop = Φext. However, generally, they
differ due to flux generated by currents flowing in the geometric inductance of the SQUID.
To account for these additional magnetic fields that penetrate the loop one has to consider
the so-called screening factor. Additional information about this can be found in [111, 112,
167].
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Figure 4.2: SQUID resonator composed by an LC circuit with a SQUID in series. This behaves
like a nonlinear resonator due to the nonlinear inductance of the SQUID. In the presence of the
SQUID, the resonance frequency is also flux-dependent.

Recalling our analysis in Chapter 3.2, the frequency of an LC resonator is described by
Eq. (3.10). Placing a SQUID in the LC resonator makes its resonance frequency tunable, due
to the SQUID’s flux dependence as we shown in Eq. (4.15). Hence, the resonance frequency
of an LC resonator with an embedded SQUID as illustrated in Fig. 4.2 is given by

ωc(Φ) =
1√

[L+ LSQUID(Φ)]C
(4.16)

with the SQUID inductance given in Eq. (4.15). Due to the flux dependence of the resonance
frequency, the SQUID can be used as a highly sensitive magnetic field sensor with important
applications in medicine.

To this point, we have discussed how the optomechanical interaction leads to bistability,
an optical nonlinear effect that resembles a cavity with a Kerr medium. As mentioned before,
such nonlinear effects have a wide range of applications, not only in the optical domain but
also in the microwave regime. In the latter, the ability to engineer the interaction in high-Q
microwave resonators enables its use in quantum information applications. Optomechanical
bistability, however, is a static optical phenomenon observed in the steady-state regime when
the system has settled into a stable configuration. In the next section, we will explore the
dynamics arising from the nonlinear Hamiltonian in Eq. (4.1), which describes a Duffing
oscillator.

4.2 Dynamics
The Hamiltonian describing a driven nonlinear cavity is given below

Ĥ = −∆â†â− K
2
â†â†ââ− i

√
κ
(
αinâ

† + α∗
inâ
)
, (4.17)

which is in a frame rotated with respect to the drive frequency, ωp, and where ∆ = ωp − ωc

denotes the cavity detuning. Similarly, as in Chapter 3.4.2, the dynamics of a nonlinear Kerr
cavity can be obtained using the input-output formalism (see Chapter 2.3) yielding

d

dt
â =

(
i∆− κ

2

)
â+ iKâ†ââ−√

κâin, (4.18)

where κ is the cavity decay rate comprising internal and external losses. To solve the equations
of motion of such a nonlinear system, we will coherently drive the system with an external
pump and linearize its dynamics, as we did in Chapter 3.

Assuming a strong coherent drive, we can proceed following Chapter 3, and derive the
equation of motion of the classical cavity amplitude

d

dt
α =

(
i∆− κ

2

)
α+ iKα|α|2 −√

καin. (4.19)

This equation is equivalent to the result obtained in Eq. (3.65) with the only distinction arising
from the origin of the Kerr nonlinearity. In Eq. (3.65), the Kerr nonlinearity emerges from
the optomechanical interaction. Contrary, in Eq. (4.19) it results from the intrinsic cavity



60 Chapter 4. Nonlinear Kerr cavities

nonlinearity. Proceeding similarly as in Chapter 3, we multiply the steady-state solution of
the last equation by its complex conjugate to obtain an equation describing the circulating
intracavity photon number. Hence, we find

n̄c

[
(∆ +Kn̄c)2 +

(κ
2

)2]
= κn̄in (4.20)

with n̄in = |αin|2, and which is equivalent to Eq. (3.67) for Km → K. The average photon num-
ber in the cavity described by the last equation is illustrated in Fig. 4.3.
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Figure 4.3: Intracavity photon
number as a function of the opti-
cal detuning. For strong enough
input power and certain detun-
ings, the system shows bistabil-
ity.

Comparing the results obtained in Chapter 3 with the
analysis leading to Eq. (4.20) demonstrates the equivalence
between an optomechanical system and a Kerr medium.
However, as mentioned also in Chapter 3, for a high-Q
oscillator, the optomechanically induced Kerr nonlinearity,
Km ≈ 2g20/ωm, is generally small. As a result, either a very
strong input power or a significant coupling strength is nec-
essary to observe substantial nonlinear effects. Otherwise,
the intracavity photon number can be approximated by a
Lorentzian distribution, as shown by the grey line in Fig.
4.3.

So far we studied the classical dynamics of a driven Kerr-
cavity described by the Hamiltonian in Eq. (4.17). How-
ever, to analyze the dynamics of the quantum fluctuations
we require to linearize the equations of motion using Eq.
(3.74). Therefore, if we now assume that the system is
strongly driven at frequency ωp, we can perform the displace-
ment transformation of the cavity field operators around the
steady state mean value.

Similarly as in Eq. (3.87), we find that under the displacement transformation given in
Eq. (3.74) the Hamiltonian in Eq. (4.17) becomes

Ĥeff = −
(
∆+ 2K|α|2

)
d̂†d̂− K

2

(
α2d̂2† + α∗2d̂2

)
+ ĤNL, (4.21)

where the last term includes all non-quadratic terms

ĤNL = −K
2
d̂2†d̂2 −K

[
α∗d̂†d̂d̂+ αd̂†d̂†d̂

]
. (4.22)

Finally, by keeping only quadratic terms in Eq. (4.21) we obtain the linearized Kerr-cavity
Hamiltonian given by

Ĥeff = −∆̃d̂†d̂− 1

2

(
Λd̂2† + Λ∗d̂2

)
, (4.23)

where we introduced the effective detuning ∆̃ = ∆ + 2|Λ| and the single-mode squeezing
strength Λ = Kn̄ce2iϕc . Here, the average coherent amplitude of the cavity field is given by
α =

√
n̄ce

iϕc with its phase ϕc and the intracavity photon number n̄c.
The linearized Hamiltonian in Eq. (4.23) describes a detuned degenerate parametric ampli-

fier (DPA), which is well-known to produce squeezed states [168, 169]. Furthermore, within
the input-output formalism, the dynamics of the fluctuations of a driven Kerr-cavity are
described by the following equations of motion

d

dt
ˆ⃗
R(t) = A ˆ⃗

R(t)−
√
κ
ˆ⃗
Rin(t) (4.24)

where we defined the vectors of the cavity operators R⃗ =
(
d̂, d̂†

)
and of the input noise

operators R⃗in, the diagonal matrix κ = diag(κ, κ) and A is a time independent dynamical
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matrix given by

A =

i∆̃− κ
2 iΛ

−iΛ∗ −i∆̃− κ
2

 . (4.25)

The eigenvalues of the dynamical matrix A are given by λ± = −κ/2 ±
√
|Λ|2 − ∆̃2 and

indicate the stability regime, i.e. as long as it is real part is negative. Nevertheless, an
analytical expression for the stability condition is not straightforward since the intracavity
photon number is also a function of the cavity’s bare detuning as shown in Eq. (4.20). Note
that the presence of the cavity nonlinearity introduces idler noise, which corresponds to the
off-diagonal elements of Eq. (4.25). Furthermore, the noise correlators satisfy Eq. (3.60).
⟨d̂in(t)d̂

†
in(t

′)⟩ = δ(t− t′) and ⟨d̂†in(t)d̂in(t
′)⟩ = 0.

The quantum Langevin equations of motion (3.104) can be solved in frequency space under
a Fourier transform. Thus, we find

−iω ˆ⃗
R[ω] = A ˆ⃗

R[ω]−
√
κ
ˆ⃗
Rin(t), (4.26)

which finally leads us to

d̂[ω] = −√
κXK[ω]

(
d̂in[ω] + iΛX ∗

c [−ω]d̂†in[ω]
)
, (4.27)

where we defined the driven Kerr cavity susceptibility as

XK[ω] =
Xc[ω]

1− |Λ|2 Xc[ω]X ∗
c [−ω]

, (4.28)

with X−1
c [ω] = −i(ω + ∆̃) + κ/2.

So far, we derived the Kerr cavity’s semiclassical dynamics, resulting in the cubic Eq.
(4.20), which describes the intracavity photon number (see Fig. 4.3). Subsequently, to fully
understand the implications of the Kerr nonlinearity we also analyzed the dynamics of the
fluctuations within the input-output formalism using the Hamiltonian in Eq. (4.23) yielding
Eq. (4.27). From the dynamics of the fluctuations, it is possible to note the importance of the
classical analysis that we carried out initially, given that the single-mode squeezing strength
is enhanced by the intracavity photon number, which also induces a frequency shift.

Next, we will see how the added idler noise and the modification of the cavity susceptibility
due to the cavity nonlinearity will result in an asymmetrical shape of the photon number
spectrum, which will be fundamental when the cavity is coupled to a mechanical mode.

4.3 Photon number spectrum
The dynamical analysis done in the last section, allows us to derive the photon number
spectrum defined in Eq. (3.126). Following the linearization yielding the effective Hamiltonian
Eq. (4.23), we find that the photon number spectrum of the corresponding Kerr cavity is
explicitly given by

Snn[ω] =

n̄cκ

([
−∆̃ + ω + |Λ|

]2
+ κ2

4

)
[
∆̃2 − ω2 + κ2

4 − |Λ|2
]2

+ κ2ω2

. (4.29)

Note that for K = 0 and therefore Λ = 0 we recover the results derived in Chapter 3.7.
Since the photon number spectrum given in Eq. (4.29) describes the system’s ability

to emit or absorb energy at various frequencies, analyzing its asymmetry is essential. This
asymmetry indicates whether emission or absorption is more favourable, which is critical when
the cavity couples to a vibrational mode, as it characterizes the cavity’s ability to backaction
cool the mechanical mode.
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In this section, we will examine how operating near the bifurcation point enhances the
asymmetry in the photon number spectrum. This enhancement will play a crucial role in
improving the backaction cooling of a mechanical oscillator through radiation pressure.

c)b)

a)

Figure 4.4: a) The imaginary (dashed) and real (solid) components of the poles of the driven
Kerr cavity are plotted as functions of detuning. The exceptional points (EPs) mark the bound-
aries between regions with two resonant frequencies and a single decay rate (green-shaded, b))
and region with distinct decay rates but a single resonant frequency (red-shaded, c)). b) In the
green-shaded region, the two resonant frequencies lead to a double-peak structure in the photon
number spectrum. c) In the red-shaded region, where the system has split decay rates, the max-
ima and minima of ℑ{Ω̃±} occur at the bifurcation detuning, ∆bi, indicated by the vertical blue
line. The dotted-vertical lines in the lower plots show the position of the mechanical sidebands.
For this plot κ/2π = 3.5 MHz, K/2π = 1.6 MHz and n̄in = 0.99n̄in,bi, which are similar parame-
ters to those in [3].

For convention, in this study, we will analyze the dynamics of the fluctuations in terms of
the poles2, or, in other words, the roots of the denominator of the photon number spectrum
[26] Eq. (4.29):

Ωc,± = −iκ
2
±
√
(∆ + 3|Λ|) (∆ + |Λ|). (4.30)

From these poles, we can extract information about the dynamical behaviour of the system.
Here, the real (imaginary) part of the poles is associated to the resonance frequencies (damping
rates) of the system. In Fig. 4.4 and Fig. 4.5 the poles are plotted as a function of the bare
detuning ∆, and two distinct regions can be identified.

For detunings ∆ < −3|Λ| and ∆ > −|Λ| (green shaded area), the system is characterized
by two resonant frequencies ℜ{Ω̃±} and a single decay rate, leading to the appearance of
two peaks in the photon number spectrum, as shown in the lower-left plots of Fig. 4.4 and
Fig. 4.5. Conversely, within the range −3|Λ| < ∆ < −|Λ| (red shaded area), the situation
reverses: the poles exhibit degenerate real parts and split dissipation rates ℑ{Ω̃±}, as seen in
the lower-right plots of Fig. 4.4 and Fig. 4.5. These two regions are separated by exceptional

2An equivalent description can be done using the cavity eigenvalues. These eigenvalues, denoted as λc,±,
can be computed using the dynamical matrix in Eq. (3.104), leading to the following relation with the poles:
λc,± = −iΩ±.
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points (EPs), which are characteristic degeneracies in open quantum systems [170]. At an EP
the system eigenvalues become degenerate and both eigenvectors coalesce due to the vanishing
square root of Eq. (4.30). These EP’s occur for the condition ∆± = −(2 ± 1)|Λ|, however,
the exact detuning points are not straightforwardly determined as |Λ| is also a function of
the average photon number in Eq. (4.20) which itself depends on the detuning.

Typically, for low input powers n̄in ≪ n̄in,bi the intracavity photon number is well de-
scribed by a Lorentzian distribution (see Fig. 4.3), since the asymmetric response caused by
the Kerr nonlinearity is weak. This behaviour is depicted by the vertical blue line in Fig. 4.3,
which shows that as the input power increases, the nonlinear response becomes more pro-
nounced. As the input power approaches the critical value n̄in ≈ n̄in,bi, the asymmetry in
the cavity response is more prominent. This results in a significant change in the photon
number with even small variations in cavity detuning, which will have a remarkable effect
in the asymmetry of the photon number spectrum, and consequently in the dynamics of the
cavity fluctuations.

As mentioned before, when the input power approaches n̄in ≈ n̄in,bi the nonlinearity
dominates the intracavity photon number given in Eq. (4.20), making it extremely steep
around the bifurcation point. To examine the effect of performing the semiclassical description
of the cavity dynamics, we can simply ignore the nonlinearity in Eq. (4.20) and model the
intracavity photon number as a Lorentzian distribution regardless of the input power. This
approach allows us to analyze the effects that emerge solely from the correct description of
the semiclassical dynamics resulting in the cubic equation given in Eq. (4.20). Keep in mind
that this is, by all means, a mathematical tool to highlight the effects of nonlinearity, as in
reality, we cannot simply decide to ignore certain aspects of the experiment.

c)b)

a)

Figure 4.5: A linear description of the photon number, modelled by a Lorentzian distribu-
tion, results in the distinct dynamical behaviour of the fluctuations, characterized by symmetric
broadening around the resonant frequency. This symmetry contrasts with the nonlinearity-driven
dynamics observed near the bifurcation point, where asymmetries play a more prominent role. a)
The imaginary (dashed) and real (solid) components of the poles of the driven Kerr cavity are plot-
ted as functions of detuning. The exceptional points (EPs) mark the boundaries between regions
with two resonant frequencies and a single decay rate (green-shaded, b)) and region with distinct
decay rates but a single resonant frequency (red-shaded, c)). For this plot κ/2π = 3.5 MHz,
K/2π = 1.6 MHz and n̄in = 0.99n̄in,bi.
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The nonlinear response of the cavity photon number leads to an overall frequency shift
of the poles Ωc,±, which can be deduced from a direct comparison of Fig. 4.4 and Fig. 4.5.
Nevertheless, in the red-shaded area, where the system has split decay rates, the presence of
the nonlinearity in the photon number leads to one imaginary part of the pole approaching
zero and the other to ω/κ→ −1. Interestingly this effect occurs at the critical detuning, which
is illustrated by the blue-dotted vertical line in Fig. 4.4. Note that, this asymmetry arises
due to the pronounced change in the photon number as we approach the critical detuning ∆bi
from the left. Conversely, approaching this critical value from the right does not lead to an
abrupt photon change, due to the positive skewness of the cavity response. Here, the decay
rate approaching zero leads to an enhancement in the lifetime of the cavity’s photon number,
which is normally referred to as cavity slow down. The reduced decay rate translates into a
narrowing of the photon number spectrum, reminiscent of the gain-bandwith limitation of a
parametric amplifier [122]. Performing an extrema analysis, we can find

d

dn̄c
ℑ
{
Ω̃±

}
= 0 ⇒ n̄c

∆
= − 2

3K , (4.31)

which is equivalent to n̄bi/∆bi given in Eq. (3.72) for Km → K. This indicates that, due to
the cavity nonlinearity, the decay rate reaches its extremum at the critical detuning, a result
of the sharp variation in photon number with detuning, as shown in Fig. 4.4.

If we assume instead that the cavity response is described by a Lorentzian distribution at
these input power levels, the characteristic asymmetry of the nonlinear system disappears.
This is prominent in the region where the decay rates split as depicted in Fig. 4.5. In this
region, we also observe that these decay rates no longer approach the values of 0 and -1, as
was noted in the purely nonlinear description, thus losing the effects that this entails.

In this section, we analyzed the photon number spectrum of a nonlinear cavity, as described
by Eq. (4.29). Specifically, we highlighted the influence of the average photon number, given
by the nonlinear expression in Eq. (4.20). We demonstrated that at the point of bifurcation,
marked by the critical detuning in Eq. (3.72), the nonlinearity results in a slowing down
of the cavity, which leads to longer coherence times. Additionally, we observed in the red-
shaded area of Fig. 4.4, where there is a single resonant frequency, that the system exhibits
asymmetrical behaviour. This asymmetry is directly linked to the nonlinear characteristics
of the circulating photon number shown in Fig. 4.3. In the next section, we will investigate
this asymmetry and explore its potential applications.

4.4 Asymmetrical behaviour
In the last section, we noticed that the system becomes asymmetric in the red-shaded area in
Fig. 4.4, an effect that is associated to the nonlinear behaviour of the average photon number.
In addition, we also demonstrated that this asymmetry is more prominent as the system
approaches the bifurcation point. Here, we will quantify this asymmetry by introducing the
skewness, a statistical measure typically used to describe the asymmetry of a probability
distribution.

The skewness quantifies how much a distribution deviates from symmetry around its
mean. A positive (negative) skewness indicates a longer or fatter tail on the right (left)
side as illustrated in Fig. 4.6. Thus, zero skewness suggests the distribution is symmetric
around its mean. As shown in the last section, the photon number spectrum resembles a
Lorentzian distribution for certain detuning (cf. Figs. 4.4 and 4.5). Nevertheless, since a
Lorentzian distribution doesn’t have finite moments of order one or higher, including the
mean and variance, then its skewness is not well defined. A way to overcome this limitation is
by truncating the distribution at its tails, which helps reduce the influence of extreme values
on the average. This truncated skewness is what we use to measure the asymmetry of the
photon number spectrum and what we denote the effective skweness.
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Definition of the effective skewness: To define γeff we numerically obtained the moment-
based skewness using the following function

γ1 =

∑n
i=1(xi − µ)3

nσ3
, (4.32)

positive skewness

symmetrical distribution

negative skewness

Figure 4.6: Skewness of a distribution

where x is an array of data points with length n
from the distribution, and µ and σ are the mean
and standard deviation of the distribution, respec-
tively. Furthermore, since the Lorentz distribu-
tion is heavy-tailed and therefore does not have
finite moments, i.e. well-defined mean and vari-
ance, here we calculated the truncated moment-
based skewness. This involves truncating the data
set to a finite interval, calculating the moments of
the truncated distribution, and then using these
moments to determine the skewness of the trun-
cated distribution. Using the description given
above, for a certain interval of detunings ∆, we
calculated the skewness of the photon number spectrum in Eq. (4.29) over a truncated set of
driving frequencies ω. That means, for a ∆/ωm ∈ [−12, 0] the array x is given by the set of
elements fulfilling x = {Snn[ω] | ω/κ ∈ [−10, 10]}. In addition, in Fig. 4.7 we show the effective
skewness, which results from subtracting the constant skewness obtained using a linear cav-
ity to the associated one of a nonlinear cavity, that is we do γeff(∆) = γK≠0

1 (∆) − γK=0
1 with

γK=0
1 = 3.48.

Using the effective skewness defined above, we calculate the asymmetry of the photon
number spectrum described by Eq. (4.29). In Fig. 4.7, we present the effective skewness as a
function of cavity detuning for a nonlinear cavity defined by the Hamiltonian in Eq. (4.23).
To illustrate how the intracavity photon number affects the asymmetry of cavity fluctuations,
we also analyzed the scenario where the nonlinearity in Eq. (3.67) is neglected. Operating
just below the threshold power, the photon number spectrum becomes highly asymmetrical
at the bifurcation point, as indicated by the orange line in Fig. 4.7. In contrast, when the
correct description of the intracavity photon number is ignored, and a simple Lorentzian is
assumed, the photon number spectrum shows considerably less asymmetry, as depicted by
the grey line in Fig. 4.7.
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Figure 4.7: Effective skewness of the photon number spectrum and effective cooperativity (see
inset) of a nonlinear cavity as a function of the cavity detuning. The orange line shows the
result obtained when the circulating photon number is treated fully nonlinear, i.e. using Eq.
(4.20). The grey line shows the result obtained when we measured this asymmetry with the
photon number described by a Lorentztian. When operating close to the power threshold, the full
nonlinear treatment (orange) shows maximum asymmetry when the cavity is located at ∆ = ∆bi

(vertical blue line). Thus, as the cavity is driven close to the critical detuning the photon number
spectrum becomes increasingly peaked and asymmetric. The asymmetry of the photon spectrum
is significantly reduced when assuming a linear description of the photon occupancy. This, in
turn, leads to a substantial decrease in the effective cooperativity and consequently weakens the
cooling capabilities, as shown in the inset. The parameters of these plots are given in Table 5.1.

The maximum asymmetry occurs exactly at the critical detuning ∆bi, where the largest
fluctuations are also expected due to the steep slope in the average photon number (cf.
Fig. 4.3). A positive skewness corresponds to a steeper decline in the photon number spectrum
for negative frequencies and an extended tail for positive frequencies. In other words, for
γeff > 0, we have Snn[Ω] > Snn[−Ω] with Ω > 0.

As we will explore later in this study, this effect is crucial for cooling a mechanical mode
when coupled via radiation pressure. The reason lies in the interpretation of the spectrum’s
positive and negative frequency components: the positive frequency part, Snn[+Ω], reflects
the system’s ability to absorb energy, while the negative frequency part, Snn[−Ω], represents
its tendency to emit energy [122]. This distinction between absorption and emission is key to
understanding the cooling dynamics in such systems.

For effective cooling, we want the cavity to absorb energy from the mechanical mode,
which is indicated by a positive skewness in the photon number spectrum. This positive
skewness reveals the detuning regime where cooling occurs. Specifically, we can identify the
necessary conditions for the nonlinear cavity to absorb energy as:

Snn[Ω]− Snn[−Ω] > 0 for ∆ < −|Λ|, (4.33)

In summary, the photon number spectrum Snn[ω] given in Eq. (4.29) deviates significantly
from the typical Lorentzian form of a linear cavity [1]. While a Lorentzian is completely
symmetric around its peak, the spectrum for a nonlinear cavity exhibits asymmetry, which
plays a crucial role in enabling efficient cooling of the mechanical system. In the following
Chapter, we will demonstrate how the cavity’s nonlinearity can enhance the cooling efficiency
of a mechanical resonator in the unresolved sideband regime by taking advantage of this
asymmetrical response.
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Chapter 5

Kerr-enhanced optomechanics in
the unresolved sideband regime

In Chapter 3 we studied how the radiation pressure interaction in optomechanical systems
enables dynamical backaction cooling of the mechanical mode. However, for systems at cryo-
genic temperatures, low-frequency mechanical systems require additional cooling due to their
high thermal occupation. Since dynamical backaction works best in the resolved sideband
regime (ωm ≫ κ), the above represents a limitation for sideband cooling protocols aiming to
bring large mechanical systems to their ground state. To overcome this limitation different
schemes have already been proposed, which include two cavity modes [33, 34], two mechan-
ical modes [171], or using squeezed light which can be generated either externally [31, 172]
or internally within the cavity [32, 173–175]. The advantages and disadvantages of these
approaches have been discussed in [176]. The latter strategies are very promising but require
fine-tuning of the squeezing parameters to suppress the Stokes scattering process and thus
enhance cooling.

Motivated by earlier work [177, 178], we will show how an intrinsic nonlinear cavity,
introduced in Chapter 4, can be beneficial for backaction cooling of a mechanical mode.
Hence, in this Chapter, we will use the theory of optomechanics presented in Chapter 3 but
extend it to the nonlinear case. Particularly, we will demonstrate how the Kerr-nonlinearity
allows for a significant improvement in the cooling efficiency deep in the unresolved sideband
regime. This Chapter stems from our work [36], where we presented a theoretical description
of our experimental collaboration on the enhancement of backaction cooling using a Kerr-
cavity in magnetomechanics [3, 35]. Our experimental work is based on a flux-mediated
optomechanical coupling scheme [94, 95, 114, 140, 179], where a mechanical oscillator is
coupled magnetically to microwave photons in a superconducting LC circuit. In such a setup,
the displacement of the mechanical oscillator is converted into a magnetic flux that changes a
superconducting quantum-interference device (SQUID), serving as flux-dependent inductance
[177, 180].

Crucially, besides being a magnetic field-sensitive element, the SQUID is also a nonlinear
element since its inductance depends on the number of photons circulating in the cavity,
resulting in a typically unwanted Kerr nonlinearity within the optomechanical system. First,
we will focus our analysis on the cooling below the driving power threshold, to prevent the
emergence of a bistable regime (see Chapter 4). Here, we will show how a nonlinear cavity
enables more efficient cooling than an identical linear system, particularly in the unresolved
sideband regime. Finally, we will loosen up the constraint imposed by the driving power
and discuss cooling above bistability, where our theory shows a great agreement with the
experimental data.

5.1 Kerr-cavity optomechanical system
So far, in Chapter 3, we reviewed key aspects of optomechanics, demonstrating how the op-
tomechanical interaction gives rise to static nonlinear effects in the intracavity photon number.
We also discussed the dynamical backaction effects of radiation-pressure interaction, such as
sideband cooling of the mechanical mode. Given the bistability phenomenon in cavity op-
tomechanics and its resemblance to an optical cavity with a Kerr medium, in Chapter 4, we
examined nonlinear cavities. Additionally, we showed that such cavities can be engineered in
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the microwave regime using superconducting circuits, which offer extremely high-Q factors,
making them promising for quantum information applications. Furthermore, we highlighted
how the characteristic asymmetry of nonlinear cavities has distinctive properties, with poten-
tial applications for backaction cooling of a mechanical mode in optomechanics.

In this section, we will introduce a novel optomechanical setup based on a theoretical pro-
posal to enhance the optomechanical coupling strength [93], which has recently been realized
experimentally [95, 179, 181]. In this setup displayed in Fig. 5.1, the interaction is achieved
inductively, making the cavity inherently nonlinear. This intrinsic nonlinearity leads to an
enhanced backaction cooling efficiency compared to traditional linear systems that rely on
capacitive couplings [35, 94].

The setup shown in Fig. 5.1 consists of a superconducting microstrip cavity coupled to
a single-clamped beam (a cantilever) with a magnetic tip [35, 94, 181]. To mediate the
optomechanical interaction, a SQUID (cf. Chapter 4) is integrated into the cavity, making
it effectively a microwave cavity sensitive to magnetic fields. In this architecture, the single-
photon coupling strength given in Eq. (3.49) reads

g0 =
∂ωc

∂x
xZPF =

∂ωc

∂ϕext
× ∂ϕext

∂x
xZPF, (5.1)

where ϕext is the external magnetic flux. Due to the inaccessibility of the ∂ωc/∂x, we expressed
the optomechanical coupling in terms of the external magnetic flux. In the last equality, the
first factor describes the cavity frequency dependence on the flux through the SQUID loop
(see Fig. 4.1), thereby providing the ability to control the coupling strength. On the other
hand, the second factor gives the flux change induced by a zero-point motion of the mechanical
cantilever.

Figure 5.1: a) Circuit diagram of the setup with the junction and cavity inductances, LJ and L,
respectively. The self, coupling and ground capacitances are given by C, Cc and Cg, respectively.
b) Picture of the sample: silicon substrate in gold, u-shaped cavity in silver, cantilever in grey
and magnet false coloured in purple. Both Figures were taken with permission from [3].

As shown in Fig. 5.1a), the device is mounted on the base plate of a dilution refrigerator,
which is kept at a temperature of 100 mK. Most of the experiments are performed at the
given temperature and when the system shows both stability and the mechanical mode is
well thermalized. The dependence of the cavity frequency on the magnetic field characterizes
the coupling strength. This setup allows for single-photon coupling strength of 7.4 kHz,
whereas the sensitivity of the cavity enables coupling exceeding 90 kHz [3]. However, excessive
flux noise due to mechanical vibrations does not allow for stable operations at such flux
sensitivities.

The motion of the cantilever is measured by taking the homodyne noise spectrum of
the probe tone, where the cantilever’s motion appears as an amplitude (phase) modulation
sideband. This sideband is then compared with the model of a damped harmonic oscillator
[182]. In addition, the backaction effects are studied by measuring the mechanical cantilever
for different detunings between the probe tone and the cavity resonance frequency. In this
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Parameter Value

Mechanical frequency ωm/2π = 0.3 MHz

Mechanical linewidth γm/2π = 0.5 Hz

Cavity linewidth κ/2π = 3 MHz

Kerr strength K/2π = 0.16 MHz/ photon

Optomechanical coupling g0/2π = 1.7 kHz

Drive amplitude n̄in,crit ≡ 0.9999999n̄in,bi

Table 5.1: Default values chosen for the parameters in the figures throughout the paper, if not
otherwise indicated. These values are similar to those used in our recent experimental work [3].

way, by taking such cooling traces for various input powers up to bistability, the cooling
enhancement due to the intrinsic nonlinearity of the cavity is revealed.

One of the most important aspects of this setup is the intrinsic nonlinearity of the SQUID
with respect to the input power since its inductance depends on the intracavity photon num-
ber. This implies that, as the number of photons injected into the cavity increases, the
frequency shifts to lower values consequently leading to the nonlinear response illustrated in
Fig. 4.3. As explained in Chapter 4, one of the crucial aspects of a nonlinear cavity is the
emergence of a bistable regime for a certain input power.

Throughout this chapter, we will use parameters similar to those employed in the experi-
mental work of D. Zoepfl et al. [3], as listed in Table 5.1. This parameter regime places the
optomechanical setup in the unresolved sideband regime, where sideband cooling is generally
less effective. However, we will demonstrate that a nonlinear cavity can achieve more efficient
cooling than an equivalent linear system, with the improvement being especially pronounced
in the unresolved sideband regime. Despite being based on the setup provided in the work
of D. Zoepfl et al. [3], our theoretical analysis is not limited to this system and can also be
extended to other configurations.

5.2 Hamiltonian formulation
We will start the analysis with the Hamiltonian describing a mechanical oscillator paramet-
rically coupled to a nonlinear Kerr-resonator (see Chapter 4), which can be driven into a
bistable regime as depicted in Fig. 5.2. The Hamiltonian associated with such a system reads
[177]:

Ĥtot = ωcâ
†â+ ωmb̂

†b̂− K
12

(
â+ â†

)4
+
g0
2

(
â+ â†

)2 (
b̂+ b̂†

)
+ Ĥd, (5.2)

where â(b̂) and â†(b̂†) are the bosonic annihilation and creation operators of the cavity (me-
chanical) mode, respectively. Here, we also introduced the resonance frequencies, ωc and
ωm, for the cavity and mechanical mode, respectively. Furthermore, the Kerr constant, K,
is generally1 assumed to be K > 0, and g0 = gxZPF denotes the bare optomechanical cou-
pling strength introduced in Chapter 3. In addition, we include an external drive associated
with the term Ĥd = αpe

−iωptâ† + h.c, where ωp is the drive frequency and αp the classical
amplitude. Moreover, if we assume that both the coupling g0 and nonlinearity K are weak
enough, we can simplify the system by neglecting counter-rotating terms resulting in the

1The sign depends on the architecture of the circuit [110].
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time-independent Hamiltonian 2

Ĥ = −∆â†â+ ωmb̂
†b̂− K

2
â†â†ââ+ g0â

†â
(
b̂+ b̂†

)
+ Ĥd, (5.3)

with the cavity mode rotated with respect to the drive frequency ωp, where ∆ = ωp − ωc

denotes the detuning and Ĥd = αpâ
† + h.c..

Figure 5.2: Dispersive optomechanical setup consisting of a driven Kerr-cavity at frequency ωp,
coupled via radiation pressure to a mechanical resonator. Due to the cavity’s nonlinearity, the
average photon number circulating in the cavity shows a notable asymmetry at specific driving
powers and cavity detunings. The cavity and mechanical loss rates are denoted by κ and γm,
respectively. The position-dependent cavity frequency is represented as ωc(x̂), while ωm is the
resonator’s resonant frequency.

As we did in Chapter 3, we will linearize Eq. (5.3) to study both classical and quantum
dynamics. Hence, under the assumption that the system is driven strongly at the drive’s
frequency ωp, its dynamics can be well studied as only small fluctuations in the vicinity of
the steady state mean values. Therefore, we introduce the displacement operator D̂(η) =
exp (ηÔ† − η∗Ô) with η = ⟨Ô⟩ as an average amplitude and Ô the fluctuations around it.
This allows us to transform the Hamiltonian in Eq. (5.3) to a displaced frame of the cavity
and mechanical mode. This results in an effective description of the coherent dynamics of the
fluctuations given by the Hamiltonian

Ĥeff = −∆̃d̂†d̂+ ωmb̂
†b̂− 1

2

[
Λd̂†d̂† + Λ∗d̂d̂

]
+
(
Gd̂† +G∗d̂

)(
b̂+ b̂†

)
, (5.4)

with the effective detuning ∆̃ = ∆+2|Λ|. This time-independent Hamiltonian is characterized
by the single-mode squeezing strength Λ = Kn̄ce2iϕc , and the photon enhanced optomechani-
cal coupling strength G = g0

√
n̄c e

iϕc with ϕc ∈ [0, 2π). Here, the average coherent amplitude
of the cavity field is given by α =

√
n̄ce

iϕc with its phase ϕc and the intracavity photon
number n̄c.

The first two terms in Ĥeff describe the effective free Hamiltonian, where the presence of
the Kerr nonlinearity introduces a photon-dependent frequency shift encoded in the effective
detuning. The third term describes a parametric amplification process induced by the Kerr
nonlinearity, which plays a crucial role in squeezing generation [183]. The final term describes
the usual linearized optomechanical interaction, which combines both the process of swapping
excitations and of two-mode squeezing between both modes. In the resolved sideband regime
it is possible to select either of these processes depending on the drive’s frequency. However,
in the unresolved regime, both processes contribute to our analysis, hence we account for
both of them. Furthermore, for a sufficiently weak Kerr nonlinearity, Λ < |∆|, the dynamics

2The Hamiltonian in Eq. (5.2) can be written as Ĥ = Ĥ0 + ĤK + Ĥom + Ĥd, where the explicit expression
of the Kerr-Hamiltonian reads

ĤK = −
K
12

(
â+ â†

)4
= −

K
12

(
â4 + â4†

)
−

K
2

(
â2 + â2†

)
−

K
3

[
â†â†â†â+ â†âââ

]
−

K
2
â†â†ââ−Kâ†â−

K
4

and the optomechanical interaction is described by

Ĥom =
g0

2

(
â2 + â2† + 2â†â+ 2

)(
b̂+ b̂†

)
.
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governed by Eq. (5.4) become equivalent to those of a standard optomechanical system driven
by a squeezed reservoir [32, 176]. This equivalence can be seen when the Hamiltonian of
the nonlinear cavity given in Eq. (4.23) is diagonalized via a Bogoliubov transformation, as
detailed in Appendix A.

In the following, we will analyze the system’s equations of motion, as governed by the
Hamiltonian in Eq. (5.4), to investigate the radiation-pressure-induced dynamical backaction
phenomena within this nonlinear optomechanical system.

5.3 System’s dynamics
To achieve a sufficiently large cooling rate, we are interested in driving strengths that lead
to a large average number of intracavity photons n̄c, but simultaneously do not result in
multistable solutions in the classical cavity dynamics [178]. Therefore, our first focus is on
understanding the classical dynamics of the system, as we will do below.

Figure 5.3: Average cavity photon number as a function of the detuning ∆ = ωp − ωc. The
orange solid line shows the intracavity photon number obtained using a nonlinear cavity (K ≠ 0)
near the point of bifurcation, namely at a drive amplitude of n̄in = n̄in,crit. In contrast, the grey-
dashed line results from the linear cavity setup (K = 0) at the same input power. The vertical
dotted line denotes the critical detuning ∆bi, where the system becomes bistable.

5.3.1 Semiclassical dynamics
For this we will start from the nonlinear Hamiltonian of Eq. (5.3) and assume that the cavity
is coupled to an external waveguide with rate κ. We use standard input-output theory [152] to
obtain the equation of motion for the average coherent cavity amplitude α. The steady-state
solution of this coherent amplitude allows us to deduce the average cavity photon number

n̄c

[
(∆ +Keffn̄c)

2
+
(κ
2

)2]
= κn̄in, (5.5)

with the effective Kerr constant

Keff ≡ K +
2g20ωm

ω2
m +

γ2
m

4

, (5.6)

and the input photon flux n̄in (in units of photons per second). Here, the cavity and mechani-
cal decay rates are labelled as κ and γm, respectively. Here, it is important to note that the ef-
fective Kerr in Eq. (5.6) includes both, the intrinsic cavity and optomechanically-induced non-
linearities [128, 142], respectively. From now on, we will refer to the latter as the mechanical
Kerr. Nevertheless, for the parameters given in Table 5.1, we have Km ≈ 2g20/ωm = 121 Hz,
which makes it way smaller than the intrinsic Kerr-nonlinearity of the cavity, such that
Keff ≈ K. This suggests that without the cavity nonlinearity and considering the small me-
chanical Kerr, the intracavity photon number would follow a Lorentzian distribution for low
input powers.

The average number of photons circulating in the cavity described by the cubic Eq. (5.5)
provides insight into the cavity’s behaviour. For low drive strengths, a single real solution
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exists. However, for increasing drive power a bifurcation occurs, thus a regime of bistability
arises, where two stable solutions (also called branches) appear within a certain range of
detunings.

The bifurcation takes place at a point in parameter space, where the first derivative of n̄c
with respect to ∆ diverges, which happens at a single point ∆ = ∆bi. By requiring continuity
in the transition between the two regions, we arrive at

∆bi = −
√
3κ

2
, n̄bi =

κ√
3Keff

, (5.7)

which correspond to the universal values at bifurcation. Upon substituting the aforementioned
relations into Eq. (5.5), we can derive the critical drive amplitude n̄in,bi at which bifurcation
occurs:

n̄in,bi =
κ2

3
√
3Keff

. (5.8)

Consequently, for drive amplitudes slightly below the critical driving threshold, given by
Eq. (5.8), the average photon number exhibits a single-valued solution with respect to the
cavity detuning, with a significant gradient at ∆bi, as represented by Eq. (5.7) and illustrated
in Fig. 5.3. Moreover, for the chosen parameters (see Table 5.1), an identical linear cavity
(K = 0) driven at the same input power would show the conventional Lorentzian distribution
for the average photon number, despite the presence of the mechanical Kerr given in Eq.
(5.6). Hence, for weak coupling strengths, the intrinsic nonlinearity of the cavity dominates
over the mechanical Kerr nonlinearity, as we see in Fig. 5.4.

Figure 5.4: The black solid line depicts the effective Kerr nonlinearity given in Eq. (5.6) nor-
malized by K as a function of the optomechanical coupling strength g0/2π. For given parameters
(see Table 5.1), the intrinsic cavity nonlinearity dominates for weak coupling strengths, and the
critical input power (red line) is dominated by K. As the coupling strength increases, the me-
chanical Kerr effect becomes significant, leading to a decrease in the critical input power as the
effective Kerr nonlinearity is enhanced. Dashed lines (color) correspond to the case without the
induced mechanical Kerr, i.e. g0 = 0.

5.3.2 Dynamics of the fluctuations
To fully understand the consequences of the interaction between the mechanical and cavity
modes, and to determine the cooling limit of the mechanical resonator, we will now analyze the
dynamics of the fluctuations. We begin with the effective Hamiltonian of Eq. (5.4) to derive
the dissipative dynamics of the fluctuations, which are described by the quantum Langevin
equation

d

dt
ˆ⃗
R = A ˆ⃗

R−K ˆ⃗
Rin, (5.9)
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where we defined the vector containing all mode operators R⃗ = [d̂, d̂†, b̂, b̂†]T and the dynamical
matrix A as

A =


i∆̃− κ

2 iΛ −iG −iG
−iΛ∗ −i∆̃− κ

2 iG∗ iG∗

−iG∗ −iG −iωm − γm

2 0

iG∗ iG 0 iωm − γm

2

 . (5.10)

In Eq. (5.9), the vector ˆ⃗
Rin = [d̂in, d̂

†
in, b̂in, b̂

†
in]

T represents the cavity and mechanical input
noises characterized by the noise correlators given in Eqs.(3.60) and (3.61). On the other
hand, the decay rates are included in the diagonal matrix K = diag(

√
κ,

√
κ,

√
γm,

√
γm).

As we did in Chapter 3, we will use the system’s equations of motion to analyze the
dynamical backaction effects arising from the radiation pressure interaction. In the following,
we will focus on the impact of the intrinsic nonlinearity of the cavity on these effects. Using
the parameters listed in Table 5.1, we will first discuss dynamical backaction cooling and
then explore how the nonlinearity influences the detection sensitivity of mechanical motion
in optomechanical systems.

5.4 Dynamical backaction cooling
In Chapter 3, we explored how radiation pressure interaction can be employed to cool a
mechanical mode via dynamical backaction cooling. We observed that in the weak-coupling
regime, a perturbative approach to the optomechanical interaction enables the derivation
of the Stokes (ΓS) and anti-Stokes (ΓAS) rates, representing the heating and cooling rates,
respectively, as given in Eq. (3.125). From this analysis, we concluded that cooling arises
from the asymmetry between these rates, with the total optomechanical damping being the
net downward rate, Γopt = ΓAS − ΓS.

In addition, in Chapter 4, we examined how the presence of Kerr nonlinearity in the cavity
leads to a pronounced asymmetry in the photon number spectrum, as described by Eq. (4.29)
and depicted in Fig. 4.7. In this section, we will demonstrate how this asymmetry results
in a substantial imbalance between the Stokes and anti-Stokes rates, thereby increasing the
effective cooperativity and ultimately enhancing the cooling performance of the system.

Despite providing valuable insights into the advantages of using a nonlinear cavity and
enabling a more straightforward derivation of the steady state phonon number in Eq. (3.130),
the perturbative method, as studied in Chapter 3, relies on several approximations. As a
result, it does not fully align with the complete numerical integration of the mechanical noise
spectra, as shown in Fig. 3.14.

Because of the above, we will make a thorough analysis of the effective dynamics of the
mechanical mode to explore the cooling limits of the system. We will demonstrate that
this nonlinear approach is particularly advantageous for backaction cooling in the unresolved
sideband regime, making it highly appealing for numerous applications involving massive
mechanical systems.

5.4.1 Radiation pressure force spectrum
In Chapter 3.7, we discussed how a phase lag emerges between the radiation pressure force and
the mechanical displacement due to the finite response time of the cavity. This out-of-phase
force consistently opposes the oscillator’s motion, acting as a damping force that extracts
energy with each cycle, as illustrated in Fig. 3.12. In the absence of this retardation, the force
would follow the oscillator’s motion instantaneously, and no net cooling would occur. This
explains why sideband cooling in the unresolved sideband regime is less effective.

In Chapter 4, we demonstrated that due to the intrinsic Kerr nonlinearity, the retardation
of the cavity becomes more pronounced in the region where the decay rate splits as depicted in
the red-shaded region in Fig. 4.4. As a result, the cavity ring-down time reaches its maximum
at the bifurcation point, ∆bi, leading to a longer coherence time of intracavity photons. The
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effective cavity linewidth narrows as the detuning approaches this critical value, pushing the
system into the resolved sideband regime.

Recalling the discussion in Chapter 3, the rates ΓAS,S can be obtained using Fermi’s
Golden Rule applied to the radiation-pressure interaction between the mechanical oscillator
and the cavity, namely Ĥint = F̂ x̂ with the radiation pressure force F̂ = g0â

†â [122]. Hence,
within the weak coupling limit, the Stokes and anti-Stokes rates are given by Eq. (3.125) with
the photon number spectrum given in Eq.(4.29). Hence, the optical damping introduced in
Eq. (3.124) for a nonlinear cavity becomes

Γopt =
4g20n̄cκ

(
|Λ| − ∆̃

)
ωm[

∆̃2 − ω2
m + κ2

4 − |Λ|2
]2

+ κ2ω2
m

. (5.11)

Optomechanical cooling is driven by the imbalance between the Stokes and anti-Stokes
scattering processes as we discussed in Chapter 3. This imbalance is closely tied to the
asymmetry of the photon number spectrum of the nonlinear cavity given in Eq. (4.29), which
we measured using the effective skewness, γeff, which we introduced in Chapter 4. When
we operate the nonlinear cavity close to the threshold power set by Eq. (5.8), maximum
asymmetry is obtained close to the bifurcation point, ∆bi, as shown in Fig. 4.7. Precisely under
these conditions we also find maximum net optomechanical damping, which we measured in
terms of the effective cooperativity Ceff = Γopt/γm as illustrated in Fig. 5.5. Experimentally,
this effect was also pointed out in the work of D. Zoepfl et al. [3].

In addition, we also showed that this increased asymmetry and overall damping is closely
tied to the asymmetrical shape of the intracavity photon number described by Eq. (4.20). By
ignoring the asymmetry in the semiclassical dynamics, we observe a substantial reduction of
the effective skewness, resulting in a decrease in optomechanical damping, as shown by the
grey lines in Fig. 4.7.

Figure 5.5: Effective cooperativity as a function of the optical detuning for a nonlinear (orange)
and linear (dashed grey) cavity. Here, the asymmetric shape of the photon spectrum (see Fig. 4.7)
caused by the presence of the Kerr nonlinearity results in the imbalance between the Stokes and
anti-Stokes rates increasing the cavity damping, primarily around the critical detuning. Inset
shows the average phonon number as a function of the cavity detuning, where the minimum
occupation occurs at the point of maximum induced damping. For the parameters given in Table
5.1, we find that the cooling capabilities of a nonlinear system outperform an equivalent but linear
system by more than an order of magnitude.

In the following, we will analyze the limits of cooling by deriving the effective dynamics
of the mechanical mode. As we demonstrated in Chapter 3, this approach provides a more
accurate description of the average mechanical occupation, which will be essential as we
explore optimal backaction cooling for larger optomechanical coupling strengths.

5.4.2 Cooling limits
To investigate the cooling limits, we will analyze how the nonlinear cavity influences the
dynamics of the mechanical mode by deriving the effective average mechanical occupation.
Revisiting our study of dynamical backaction cooling in Sec. 3.7, here we aim to derive the
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average mechanical occupation while considering the cavity’s nonlinearity. Similarly as in our
approach yielding Eq. (3.108), we start by transforming to frequency space the equation of
motion given in Eq. (5.9) and solving them for b̂[ω] and b̂†[ω]. This allows us to obtain an
effective dynamical description of the mechanical oscillator given by the following equations
of motion X−1

m,eff[ω] −iΣK
c [ω]

iΣK
c [ω] X ∗−1

m,eff[−ω]

 b̂[ω]
b̂†[ω]

 = −√
γm

B̂in[ω]

B̂†
in[ω]

 (5.12)

with the nonlinear cavity self-energy defined below

ΣK
c [ω] =

2|G|2
(
|Λ| − ∆̃

)
∆̃2 − |Λ|2 +

(
κ
2 − iω

)2 . (5.13)

Here, the modified mechanical noise is given by

Bin[ω] = b̂in[ω] + i
1√
γm

F̂in[ω] (5.14)

with

F̂in[ω] = η∗[−ω]d̂in[ω] + η[ω]d̂†in[ω], η[ω] = −
√
κ

N [ω]

(
GX−1

c [ω] + iG∗Λ
)
. (5.15)

with the denominator N [ω] = X ∗−1
c [−ω]X−1

c [ω]−|Λ|2. Unlike the approach in Lau and Clerk’s
work [32], our single-drive system cannot cancel the backaction noise terms and associated
unwanted heating, as we cannot leverage the interplay between two drives that would allow
independent squeezing transformations to annihilate each other. Additionally, the response
of the mechanical mode is encoded in the susceptibility matrix of the last equation with
the cavity self-energy described in Eq. (5.13). Due to the optomechanical interaction, the
effective susceptibility in Eq. (5.12) contains a modified mechanical frequency and damping
ωm − ℜ{Σc[ω]} and γm + 2ℑ{Σc[ω]}, respectively. The cavity also induces single-mode
squeezing in the mechanical oscillator. Unlike the linear case described in Eq. (3.110), the
dynamical modification due to the cavity interaction persists even on resonance (∆ = 0) due
to the presence of the cavity Kerr nonlinearity.

At sufficiently strong coupling, the cavity self-energy can be approximated as Σc[ω] ≈
Σc[ωm]. Consequently, for a high-Q mechanical oscillator, the mechanical noise spectrum
simplifies to the following form:

Sbb[ω] =
γm
∣∣X ∗−1

m [−ω] + iΣc[ωm]
∣∣2

|(ω − Ωm,+) (ω − Ωm,−)|2
n̄Tm

+
γm |Σc[ωm]|2

|(ω − Ωm,+) (ω − Ωm,−)|2
(
n̄Tm + 1

)
+

∣∣X ∗−1
m [−ω]

∣∣2
|(ω − Ωm,+) (ω − Ωm,−)|2

ΓS,

(5.16)

with the Stokes rate given in Eq. (3.125) and the poles

Ωm,± = −iγm
2

±
√
ω2
m − 2ωmΣc[ωm] = ± [WR − iZ±] , (5.17)

where we defined WR − iWI ≡
√
ω2
m − 2ωmΣc[ωm] and Z± ≡ ±γm/2 +WI .

In this expression, note that the first two terms arise due to the mechanical noise correla-
tors ⟨b̂†in(t)b̂in(t′)⟩ = n̄Tmδ(t− t′) and ⟨b̂†in(t)b̂in(t′)⟩ = (n̄Tm+1)δ(t− t′), respectively. The latter
is associated with the off-diagonal terms of the Langevin matrix in Eq. (5.12), thereby with
the induced single-mode squeezing. This implies that the term proportional to n̄Tm + 1 arises
solely from the optomechanical interaction. In contrast, the last line represents the thermal
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occupation introduced exclusively by the cavity backaction.
The poles of the mechanical noise spectra given in Eq. (5.17) are related to the effective

mechanical eigenvalues via λm,± = −iΩm,±. Thus, similarly as in Chapter 3.7, if we assume
that Σc[ω] ≈ Σc[ωm] and Taylor expand around Σc[ωm] we find the effective eigenvalues of
the mechanical mode

λm,± ≈ −i (ωm ∓ℜ{Σc[ωm})− 1

2
(γm ±ℑ{Σc[ωm}) , (5.18)

which agree with the modified frequency shift and damping, ωm[ωm] and γm[ωm].
The occupation of the mechanical mode can be obtained by following

⟨n̂m⟩ =
∫
dω

2π
Sbb[ω] (5.19)

with the noise spectrum given in Eq. (5.16). To perform the integration of Eq. (5.16) via the
Residue theorem [184], we have to first perform a stability analysis of the poles. Thus, we
have the following four scenarios

1. Z+ > 0, Z− > 0 : p1 = WR − iZ+, p2 = −WR − iZ−,

2. Z+ < 0, Z− < 0 : p∗1 = WR + iZ+, p∗2 = −WR + iZ−,

3. Z+ > 0, Z− < 0 : p1 = WR − iZ+, p∗2 = −WR + iZ−,

4. Z+ < 0, Z− > 0 : p∗1 = WR + iZ+, p2 = −WR − iZ−.

We can discard regime 4, since Z+ > Z− for all parameters. Furthermore, note that regime
2 is unstable due to positive damping leading to a divergent evolution. Regime 3 is stable
if −γ

2 < WI <
γ
2 , namely for small optical damping. Here, the only possible stable solution

arises when Z± > 0. Hence, based on this stability analysis and using the Residue theorem,
we find the following integrals

I1 =

∫ ∞

−∞

dω

2π

1

|(ω − Ω+) (ω − Ω−)|2
=

WI

[γ2 − 4W2
I ] [W2

R +W2
I ]
,

I2 =

∫ ∞

−∞

dω

2π

ω

|(ω − Ω+) (ω − Ω−)|2
=

γ
2WR

[γ2 − 4W2
I ] [W2

R +W2
I ]
,

I3 =

∫ ∞

−∞

dω

2π

ω2

|(ω − Ω+) (ω − Ω−)|2
=

WI

[
W2

R +W2
I −

(
γ
2

)2]
[γ2 − 4W2

I ] [W2
R +W2

I ]
.

(5.20)

These integrals can be further simplified using the same approximation yielding Eq. (5.18).
As a consequence, using this approximation on the second equality in Eq. (5.17), results in
WR = ωm − ℜ{Σc[ωm]} and WI = ℑ{Σc[ωm]}. Hence, considering that |Σc[ωm]/ωm|2 ≪ 1
the integrals in Eq. (5.20) become

I1 ≈ Ceff

2ω2
mγm [C2

eff − 1]
, I2 ≈ 1

2ωmγm [1− C2
eff]
, I3 ≈ Ceff

2γm [C2
eff − 1]

[
1−

(
γm
2ωm

)2
]
,

(5.21)

with the effective cooperativity defined as Ceff = −2ℑ{Σc[ωm]}/γm.
Following Eq. (3.138) with the mechanical spectra given by Eq. (5.16), we derive an

expression in terms of the simplified integrals mentioned above, which reads:

⟨n̂m⟩ ≈ γmω
2
m

{[(
γm
2ωm

)2

+ 1

]
I1 +

2

ωm
I2 +

(
1

ωm

)2

I3
}
n̄Tm + γm |Σc[ωm]|2

(
n̄Tm + 1

)
I1

+

(
ω2
m

[
1 +

(
γm
2ωm

)2
]
I1 + 2ωmI2 + I3

)
ΓS.

(5.22)
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Finally, we find that the substitution of Eq. (5.21) into Eq. (5.22) coincides with the result
obtained using (3.130) yielding

⟨n̂m⟩ ≈ n̄Tm
Ceff + 1

+
Ceff

Ceff + 1

(ωm −∆eff)
2
+ κ2

4

4ωm∆eff
(5.23)

with the effective detuning ∆eff ≡ |Λ| − ∆̃. In the last equation, as well as in Eq. (3.130), the
first term corresponds to a modified thermal occupation, while the second term arises from
unwanted cavity backaction heating, thereby imposing limits on cooling. Note that in the
absence of optomechanical interaction, the mechanical occupation is, on average, its thermal
occupation, denoted as n̄Tm. Note that, under the assumption that Σc[ωm]/ωm ≪ 1, the term
proportional to n̄Tm + 1 is negligible. The above implies that the off-diagonal elements in Eq.
(5.12) are disregarded, along with the induced squeezing described by non-resonant processes.

From Eq. (5.23), we observe that at high effective cooperativity, the phonon number is
primarily determined by the cavity backaction, which results in the following expression for
the occupation number:

n̄BA ≡ lim
Ceff→∞

n̄m =
(ωm −∆eff)

2
+ κ2

4

4ωm∆eff
, (5.24)

This result, under the replacement ∆eff → −∆, has an equivalent expression to the lowest
achievable phonon number for a linear cavity, demonstrating that cavity backaction ultimately
defines the cooling limits according to the standard framework of laser cooling [1].

However, we can still determine the optimal detuning for minimizing the backaction
phonon number in Eq. (5.24). This optimal detuning is given by: ∆eff →

√
κ2/4 + ω2

m.
Substituting this optimal detuning into the expression for the backaction phonon number
results in the minimum achievable backaction phonon number as:

n̄min
BA ≡ n̄BA|∆eff→

√
κ2/4+ω2

m
=

√
κ2

ω2
m

+ 4− 2

4
. (5.25)

Thus, ground state cooling, i.e. n̄min
BA < 1, is only possible when

ωm

κ
>

1

4
√
2
≈ 0.177, (5.26)

which coincides with the case of a linear cavity.
The experimental work by Zoepfl et al. [3] used similar parameters as those provided in

Table 5.1, and with ωm/κ = 0.1 places the system in the unresolved sideband regime. A high
effective cooperativity, Ceff, enables, in particular, the suppression of the thermal occupation
as we see in the first term of Eq. (5.23). From our analysis, we thus find that the corresponding
minimal value for the mechanical occupation is only reachable for high effective cooperativity
and thus strong enough driving. Operating below the bifurcation point of the cavity, the
driving strength is constrained, and with the given parameters, we can reach an effective
cooperativity of Ceff ≈ 264, as we show in Fig. 5.5. In contrast, for equivalent parameters and
driving strength, a linear cavity achieves an effective cooperativity of only Ceff ≈ 22. This
demonstrates that, from the first term in Eq. (5.23), under the given conditions, the use of the
nonlinearity in the cavity enables better cooling performance by one order of magnitude in
the minimum phonon occupation. To reach a comparable cooling limit, a linear cavity would
require nearly 12 times more input power. This is feasible because a linear system requires
a notoriously stronger input power to become bistable. Hence, it is not limited by the drive
power in the same way as a nonlinear cavity. Nevertheless, this highlights the superior cooling
efficiency of a nonlinear cavity compared to a linear cavity at low input powers.

Based on the experimental realization in [3]. To avoid undesirable high thermal occupation
of the cavity and ensure it operates in a superconducting state, the experiment is housed
in a dilution refrigerator, allowing the samples to be cooled down to T ≈ 40 mK. For the
parameters given in Table 5.1 this implies the mechanical mode to be in a thermal occupation
of n̄Tm = kBT/ωm ≈ 2778.

Using Eq. (5.23) with the parameters given in Table 5.1, it can be seen that the mechanical
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occupation can be suppressed from 2778 thermal phonons down to n̄m = 12.66, which is
about 220 times lower than the thermal occupation. This result agrees with the cooling
performance demonstrated experimentally in [3] and is shown in Fig. 5.5. According to Eq.
(5.23), this occupation arises from the modified thermal and the backaction contributions,
with the latter accounting for ∼ 3 phonons. The above also indicates that for the parameters
given in Table 5.1 we are still not limited by the cavity backaction. On the other hand,
with the same parameters and identical input power, a linear cavity achieves a cooling limit
of ∼ 123 phonons. This demonstrates that, under the given conditions, a nonlinear cavity
improves cooling performance by nearly an order of magnitude as depicted in the inset of Fig.
5.5.

Figure 5.6: Lowest phonon number reached as a function of the optomechanical coupling
strength always using the optimal input power (red dotted plot) up to bistability for the nonlinear
setup (orange). The use of a nonlinear cavity outperforms an identical but linear (grey dashed)
setup even for weaker coupling strengths. For each value of coupling strength, we have used the
optimal input power below bifurcation (red/grey dotted line for K ≠ 0/K = 0). The grey-shaded
region shows the phonon occupation below the linear limit. Note, that the optimal input power
decreases for larger coupling strengths to minimize the backaction contribution. The remaining
parameters are given in Table 5.1.

To further illustrate the efficiency of a nonlinear cavity in the unresolved sideband regime,
consider the cooling limit of n̄m = 12.66 phonons. Achieving this level of cooling with a
nonlinear cavity requires only 9.26 intracavity photons. In contrast, a linear cavity, under
equivalent conditions, would necessitate approximately 144 photons to reach the same cooling
performance. This difference highlights the enhanced efficiency of a nonlinear cavity, which
allows for more effective cooling with significantly fewer photons.

not optimized
not optimized

Figure 5.7: Lowest phonon number reached as a function of the optomechanical coupling
strength obtained for a nonlinear cavity for optimized (orange) and not optimized (red-dotted)
input power. For strong enough interaction strengths, the optimization of the driving strength
results in a reduction of the detrimental backaction contribution (blue-shaded area with not op-
timized power), which for g0/2π = 23.28 kHz set the cooling limits.

We now relax the constraints imposed by the parameters listed in Table 5.1 and investigate
the lowest phonon occupation achievable as the optomechanical coupling strength increases
as shown in Fig. 5.6. Here, the minimum phonon number is achieved by optimizing the
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input power for each optomechanical coupling strength, under the condition that the system
remains in the monostable regime. This means that we allow the optimal input power to
only take values within the range set by the bifurcation threshold given by Eq. (5.8) i.e.
n̄in/n̄in,bi ∈ [0, 0.99]. The optimal input power is then shown by the red dots for a nonlinear
cavity in Fig. 5.6. The lowest phonon number obtained for a nonlinear cavity under these
conditions is depicted by the solid-orange curve in Fig. 5.6. In contrast, the solid-grey curve
represents the limits obtained with a linear cavity using equivalent parameters and with the
optimized power also within the range n̄in/n̄in,bi ∈ [0, 0.99]. Here, we show that the nonlinear
setup allows cooling down to n̄m = 2.26 for a coupling strength of g0/2π = 23.28 kHz when
driven at n̄in = 0.99n̄in,bi, where all other parameters are given in Table 5.1. This represents
a 26% improvement compared to the linear setup, which under identical parameters yields
n̄m = 3.06, since the power is not optimized. Moreover, linear cooling requires a larger
optomechanical coupling strength or a stronger input power to achieve the best cooling of
2.41 phonons for ωm/κ = 0.1 as we see in Fig. 5.6. In contrast, the nonlinear setup provides
at lower g0 a more efficient cooling even surpassing this value.

In Fig. 5.7 we compare the optimal result discussed above with the lowest phonon number
obtained when the system is not operated at optimized input power, but instead at n̄in =
n̄in,crit across all coupling strengths. Recalling Eq. (5.23), we observe that for sufficiently
strong coupling strengths, the thermal contribution is almost completely suppressed (see Fig.
5.8), leaving the backaction contribution as the limiting factor for cooling. In the nonlinear
system, with sufficiently strong interaction, the optimized input power effectively minimizes
this backaction contribution. This is illustrated in Fig. 5.7, where the optimized result,
represented by the orange-solid curve (see also Fig. 5.6), shows improved cooling for g0/2π >
26.1 kHz compared to the red-dotted curve, where the input power is kept at n̄in = n̄in,crit.
Since a linear cavity demands either higher coupling strengths or increased input powers to
reach the cooling limits of a nonlinear cavity, under equivalent conditions as the nonlinear
system, the improvement achieved through optimized power becomes significant for g0/2π >
60 kHz.

Figure 5.8: Modified thermal occupation as a function of the optomechanical coupling strength
for optimized input power. For n̄T

m = 2778, the high effective cooperativity of the nonlinear
cavity suppresses the thermal contribution at lower optomechanical coupling strength compared
to a linear cavity (see inset) under similar conditions and optimized power. At large coupling
strengths, the reduction of the input power (see Fig. 5.6) leads to the minimization of the unwanted
backaction contribution, a the expense of a slight increase of the thermal contribution. This occurs
since the backaction contribution sets the cooling limits at strong coupling strengths.

As shown in Fig. 5.5, the cavity’s nonlinearity increases the effective cooperativity, re-
sulting in a more efficient suppression of thermal occupation compared to a linear cavity.
Recalling Eq. (5.23), increasing the optomechanical coupling strength raises the effective co-
operativity, leading to n̄Tm(Ceff + 1)−1 → 0. This is illustrated in Fig. 5.8, where the cavity
nonlinearity enables a suppression of the thermal contribution at weaker coupling strengths
than in a linear cavity under similar conditions.

However, as the optomechanical coupling increases, the backaction contribution becomes
the limiting factor for cooling, as it scales with Ceff(Ceff + 1)−1. Hence for such coupling
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strengths, the optimization of the input power becomes critical since the effective cooperativ-
ity depends on the intracavity photon number: Ceff ∼ g20n̄c. Therefore, a weaker input power
permits reducing the backaction contribution (see blue-shaded area in Fig. 5.7). This explains
the decrease of the optimal input power shown in Figs. 5.6 and 5.7 for larger optomechanical
coupling strength.

To further explore the advantages of the nonlinear setup, we analyzed the lowest mechan-
ical occupation achieved as a function of the resolved parameter, ωm/κ, as shown in Fig. 5.9.
This comparison includes the cooling performance of the nonlinear system (orange) and the
conventional linear system (dashed grey) for a fixed g0/2π = 15 kHz, with both systems driven
equally at n̄in = n̄in,crit. Notably, for a given optomechanical coupling strength, the lowest
mechanical occupation achieved with the nonlinear cavity closely approaches the minimum
phonon number imposed by the cavity backaction (blue-shaded area). Our findings reveal
that the more unresolved the system is, the greater the improvement with the nonlinear cav-
ity. Conversely, as we approach the resolved sideband regime, the advantage of the nonlinear
setup diminishes, yielding results similar to the linear system. For ωm/κ > 1, we observe
an increase in temperature since the driving power is not optimized. Unlike the nonlinear
system, the linear system is not backaction limited for the given input power in this regime.
Hence, for a linear optomechanical system to reach its backaction limit we would require a
substantially higher input power.

Figure 5.9: Lowest phonon occupation reached as a function of the resolved sideband parameter
ωm/κ. In the unresolved sideband regime, a nonlinear cavity (orange) outperforms an identical but
linear cavity (dashed grey) at the same input power. For given parameters with an optomechanical
coupling strength of g0/2π = 15 kHz the mechanical occupation is limited by the cavity unwanted
backaction heating (blue area). With increasing mechanical frequency, this improvement becomes
smaller showing equivalent results to the linear setup. In the resolved sideband regime the thermal
occupation of the bath overcomes the cooling capabilities in both setups at the given input power.
For ωm/κ > 1 we observe a temperature increase since the driving power is not optimized in the
linear regime, while for the nonlinear case it is always close to the critical input power, n̄in = n̄crit.

As illustrated in Fig. 5.9, the use of a nonlinear cavity allows for ground state cooling at
a coupling strength of g0/2π = 15 kHz for a resolved sideband parameter ωm/κ = 0.21. In
contrast, achieving the same cooling limit with a linear cavity requires ωm/κ = 0.27. This
observation demonstrates that, within the unresolved sideband regime, a nonlinear cavity
driven close to its critical input power set by Eq. (5.8) is more efficient for cooling compared
to a linear cavity.
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Figure 5.10: Average phonon number as a function of the optomechanical coupling strength
g0/κ and resolved sideband parameter ωm/κ using a nonlinear a) and linear system b). The solid
orange and dashed grey lines show the values for which the ground state is achieved in a nonlinear
and linear setup, respectively. Ground state cooling can be obtained using a nonlinear cavity
(orange) both at lower coupling strength and smaller mechanical frequency as for an equivalent
linear system as shown in c). All other parameters are given in Table 5.1.

In Fig. 5.10, we illustrate the conditions under which ground state cooling is achieved
as a function of the resolved sideband parameter ωm/κ for a given optomechanical coupling
strength g0/κ. Specifically, at g0/κ = 0.85× 10−3, the nonlinear cavity (depicted in orange)
is capable of reaching ground state cooling at ωm/κ = 0.189. In contrast, achieving the same
level of cooling in a linear system requires a significantly higher coupling strength of g0/κ =
1.79 × 10−3 and a slightly larger mechanical frequency of ωm/κ = 0.192. Furthermore, as
the mechanical frequency increases, the advantages of employing a nonlinear cavity diminish,
resulting in comparable cooling performance to that of the linear system. This observation
confirms that, within the unresolved sideband regime, a nonlinear cavity enables ground state
cooling at lower coupling strengths compared to a linear cavity.
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Figure 5.11: Required input power for optimal cooling as a function of the resolved sideband
parameter, ωm/κ. A linear cavity (grey) operating in the monostable requires substantially more
input power to reach the backaction limit compared to a nonlinear system (orange). The dashed
vertical line represents experimental parameters, while the dotted vertical line marks the resolved
sideband parameter from which ground state cooling becomes feasible. For a high-Q mechanical
oscillator, the input power exhibits a linear dependence. Inset shows the required input power
for optimal cooling as a function of the optomechanical coupling strength for different resolved
sideband parameters. For the parameters given in Table 5.1, with an optomechanical coupling
strength of g0/2π = 15 kHz.

Thus far, we have constrained the input power to the critical value given in Eq. (5.8). This
threshold arises from the monostable condition we have implemented for the nonlinear cavity.
In contrast, the critical input power for a linear optomechanical system is significantly higher,
determined by the optomechanically induced Kerr as shown by Eq. (3.73). This suggests that
driving the linear system harder would eventually cause it to approach the backaction limit,
as illustrated in Fig. 5.9.

Restricting the linear cavity to the monostable regime, i.e., to powers below the bistable
regime induced by the mechanical Kerr, we find that the optimal input power is at n̄in =
0.99n̄K=0

in,bi and with Eq. (3.73) we obtain

n̄in

n̄in,bi
≈
n̄K=0

in,bi

n̄in,bi
= 1 +

K
Km

≈ 1 +
Kωm

2g20
, (5.27)

where we used the definition of the mechanical Kerr in Eq. (5.6) in the last step. In Fig. 5.11,
we plot the last equation as a function of the resolved sideband parameter. For the nonlinear
cavity, this corresponds to driving at n̄in = n̄in,crit, as shown by the orange line. In contrast,
for a high-Q mechanical oscillator, a linear system requires substantially stronger driving
—scaling linearly— to reach the backaction limit, particularly in the unresolved sideband
regime. Using experimental parameters, at ωm/κ = 0.1 (dashed vertical line), a linear system
requires approximately 107 times more input power than a nonlinear system. This highlights
the improved cooling efficiency of our nonlinear setup in the unresolved sideband regime.
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Figure 5.12: Experimental results obtained at g0/2π = 201 ± 3 Hz for K/2π = 12.2 ±
0.1 kHz/photon. a) Shows the mechanical occupation as a function of the cavity detuning for high
and low powers. b) and c) present the modification of the mechanical linewidth and frequency,
respectively, against detuning. d) presents the lowest phonon number for different input power.
Before bistability (red-shaded region), the cooling is limited by flux noise. The errors shown are
the standard errors. Plots taken with permission from D. Zoepfl [3].

Finally, in Fig. 5.12, we present the experimental results obtained at g0/2π = 201± 3 Hz,
chosen to minimize limiting effects from flux noise, as reported by D. Zoepfl et al. [3]. At low
power, the cavity behaves effectively as a linear system, as shown in Fig. 5.12a). However,
at high power, near the onset of bistability, the cooling trace in Fig. 5.12a) exhibits excellent
agreement with our nonlinear theory for K/2π = 12.2±0.1 kHz/photon. Furthermore, at high
power, a purely linear cavity model—assuming identical parameters—predicts both weaker
cooling and greater heating than that observed experimentally. Fig. 5.12b) and c) show
the measured changes in mechanical linewidth and frequency at high power, respectively,
again demonstrating strong agreement with the nonlinear theory. Fig. 5.12d) presents the
lowest phonon number measured for each cooling trace as a function of input power, where
increasing drive power leads to a significant enhancement in cooling. Notably, our nonlinear
model accurately predicts these cooling limits, revealing an improvement of one order of
magnitude over a conventional linear system. To account for flux noise at high input power,
a Gaussian distribution for the detuning is incorporated [3].

So far, we have limited our analysis to the regime just before the bifurcation threshold,
ensuring n̄c given by Eq. (5.5) is a single-valued function. Nevertheless, in the next section,
we will loosen this constraint and study cooling above bistability as done in the work of L.
Deeg et al. [35].
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5.4.3 Backaction cooling in the bistable regime
Throughout this section, we have studied dynamical backaction cooling in an optomechanical
system using a nonlinear cavity, slightly below the bifurcation threshold set by Eq.(5.8).
Here, we will relax this condition and analyze cooling above bistability. We will show that
the theory derived in the last section also describes backaction cooling beyond the bifurcation
point as demonstrated in recent work [35].

Figure 5.13: Intracavity photon number as a function of the optical detuning for different
driving strengths. For driving powers above threshold (n̄in,bi) as illustrated by the red line, n̄c

becomes a multivalued function for certain detunings. This gives rise to a high and low photon
branch, depicted in green and red, respectively. Around those detunings for which n̄c switches
branches, the optical damping increases and the best cooling arises.

Recalling the cubic equation describing the intracavity photon number given in Eq. (5.5).
If the drive strength exceeds the critical input power in Eq. (5.8), for certain driving frequen-
cies the cavity photon number n̄c splits into a high and a low photon number solution. This
is depicted in Fig. 5.13, where the high and low photon branches are illustrated in green and
red, respectively.

Similarly as in the case before bistability, at high driving strengths, the photon number
spectrum deviates from a typical Lorentzian distribution and becomes highly asymmetric as
a function of the detuning with a pronounced slope. As shown in Sec. 5.4.1, this occurs at
the critical detuning given in Eq. (5.7) (see Fig. 4.7), but also for detunings where the photon
number jumps from one branch to the other as illustrated in Fig. 5.13. Around these points,
the asymmetry of the photon number spectrum rises resulting in an increased imbalance
between the Stokes and anti-Stokes rates. As studied in Sec. 5.4.1, a larger imbalance enhances
the cooling capabilities as illustrated in Fig. 5.14. This enhanced imbalance leads to improved
cooling around these detunings as we can observe in the inset in Fig. 5.14, where the lowest
phonon occupation is obtained for the low photon-number branch. Note, the lowest phonon
number achieved for n̄in = 1.5n̄in,bi is given by approximately 9 phonons, whereas for an
input power below bifurcation, n̄in = n̄in,crit, is around 13 phonons.
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cooling

heating

Figure 5.14: Effective cooperativity Ceff = Γopt/γm as a function of the cavity detuning for
different driving strengths. The inset shows the corresponding average mechanical occupation
as a function of the cavity detuning. The nonlinear cavity exhibits maximum cooperativity at
the borders of the bistable interval (shaded-grey). At these points, the asymmetry of the photon
number spectrum reaches its maximum, which happens where the branch switching occurs (see
Fig. 5.13). The low-photon branch (red) shows the highest cooperativity and correspondingly
best cooling limit (see inset).

Nevertheless, to observe backaction above bistability it is vital to be sufficiently close to
these switching detunings. As we see in Fig. 5.13, a slight change in these detunings leads to
an abrupt modification of the photon number spectrum and consequently of its asymmetry.
Due to this high sensitivity, cooling above bistability becomes experimentally challenging,
since it requires a well-isolated setup from external noise sources, like flux or vibrational
noise.

To experimentally study the mechanics, we measure the homodyne noise spectrum of a
probe tone applied to the cavity. As a result of the optomechanical interaction, this probe
tone experiences an effective amplitude (phase) modulation at the mechanical frequency ωm

passing through the system [94]. To extract the phonon number, mechanical frequency and
damping, we fit a model of a damped harmonic oscillator to the resulting sidebands. The
calibration of the signal is performed following [182]. To select the high and low photon
number branches, the drive resonance is slowly tuned in resonance from distinct directions.
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Figure 5.15: Phonon number ⟨n̂m⟩ (a and d), mechanical linewidth Γm/2π (b and e) and
frequency shift δωm/2π (c and f) as a function of the cavity detuning. In a) and d) the grey-
dotted line depicts the bath temperature at T = 267 mK, whereas for b) and e) the grey line
illustrates the uncoupled mechanical linewidth γm/2π = 0.4 Hz. In a-c we show the data and
theoretical predictions obtained for n̄in = n̄in,bi and for d-f n̄in = 1.2n̄in,bi. Green and red
depict the high and low photon branches, respectively. Cooling traces at g0/2π = (99 ± 1) Hz,
K/2π = (14± 1) Hz, ωm/2π = 287.3 kHz and κ/2π = 2.8 MHz.

The cooling traces obtained for n̄in = n̄in,bi and n̄in = 1.2n̄in,bi are shown in Fig. 5.15.
Due to the driving power above the bifurcation threshold, for certain detuning these curves
feature two distinct solutions as we see in Fig. 5.13. The solid lines in Fig. 5.15 correspond to
the theoretical predictions, which show great agreement with the experimental data (circles).
The agreement is also consistent with the selection of the photon branch, accurately showing
the detuning for which a branch switching occurs. In Fig. 5.15 e), in a certain interval
of detunings, the high photon branch (green) results in heating of the mechanics, before
switching to the lower branch. This arises from the very narrow optical cooling feature from
the higher photon branch, which is experimentally not accessible. The difficulty in accessing
the cooling feature of the high-photon branch is also evident in the numerical analysis, where
even a slight variation in the optical detuning causes a significant change in the phonon
number as shown in Fig. 5.16.
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Figure 5.16: Lowest phonon number as a function of the input power. For input powers
above the bifurcation threshold, the intracavity photon number exhibits a high (green) and low
(red) photon number branch. Consistent with experimental observations, within the high-photon
branch, a slight change in the cavity detuning leads to a large modification of the phonon number,
due to the very narrow cooling feature of this solution. In contrast, for the parameters given
in Table 5.1 the low-photon branch reaches the backaction limit. For this plot, we used the
parameters provided in Table 5.1.

Throughout this chapter, we explored the benefits of using a nonlinear optomechanical
setup for backaction cooling of a mechanical mode. As explained in Chapter 3, cooling arises
from the imbalance between the Stokes and anti-Stokes scattering rates. Increasing the asym-
metry between these rates can lead to higher optomechanical damping, Γopt, and consequently
to a more effective cooling of the mechanical mode. In Chapter 4, we demonstrated that the
photon number spectrum Snn[ω] of a nonlinear cavity, as described by Eq. (4.29), is asym-
metric and exhibits non-Lorentzian behaviour. We also showed that the highest asymmetry,
indicated by the maximum effective skewness (see Fig. 4.7), occurs where dn̄c/d∆ has the
steepest slope, specifically at the critical detuning ∆bi for driving strengths just below the
bifurcation threshold. The significant asymmetry in the photon number spectrum results in a
nonlinear optomechanical setup exhibiting a higher optomechanical damping rate compared
to an equivalent linear system. Before bifurcation, this is illustrated in Fig. 5.5, where the
maximum effective cooperativity is located at the bifurcation detuning, ∆bi, aligning with
the position of the lowest phonon number. For the parameters provided in Table 5.1, this
translates to an order of magnitude improvement in cooling capabilities over an identical
linear system. Moreover, for driving strengths above the bifurcation threshold, this is shown
in Fig. 5.14. The large sensitivity of the high-photon branch to driving frequencies leads to
a very narrow cooling feature, which makes it experimentally inaccessible. This sensitivity of
the high-photon branch can also be observed numerically in Fig. 5.16.

Furthermore, we showed that the nonlinear setup achieves more efficient cooling compared
to a linear system at lower optomechanical coupling strengths, as illustrated in Fig. 5.6.
Additionally, Fig. 5.9 demonstrates that the nonlinear cavity performs significantly better
in the unresolved regime. In contrast, as we approach the resolved sideband regime, the
cooling limits converge with those of the linear setup. Finally, Fig. 5.10 shows the average
phonon number as a function of the resolved parameter and optomechanical coupling strength,
highlighting the advantages of the nonlinear configuration over the conventional linear system
in cooling performance.

Figure 5.10 illustrates that far in the unresolved sideband regime we can not overcome the
cavity backaction. Hence, to surpass this limitation alternative protocols are required, which
implement feedback techniques or employ squeezing. In the next chapter, we will explore a
pathway to achieving the ground state by injecting a squeezed vacuum into our nonlinear
setup, based on the protocol developed by Asjad et al. [185].

So far we have focused our study on understanding the influence of the nonlinearity for
backaction cooling a low-frequency mechanical oscillator. In the next section, inspired by
the work of C. Laflamme and A. A. Clerk [178], we will analyze the effect that the intrinsic
nonlinearity has on position detection.
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5.5 Effective cavity dynamics: behaviour near bifurcation
In the last section, we derived the effective dynamics of the mechanics yielding Eq. (5.12).
Here, we will follow the same steps and transform Eq. (5.9) into the frequency domain and
solve the system of equations for the cavity operators. This results into a reduced systemX−1

c,eff[ω] −iΛeff

iΛ∗
eff X−1∗

c,eff [−ω]

 d̂[ω]
d̂†[ω]

 = −√
κ

D̂in[ω]

D̂†
in[ω]

 . (5.28)

where we introduced the effective cavity susceptibility X−1
c,eff[ω] = X−1

c [ω] − iΣm[ω] with the
mechanical self-energy given in Eq. (3.157). Similarly, as for the mechanical case analyzed in
Chapter 3, the induced dynamics are encoded in the effective susceptibility:

X−1
c,eff[ω] = −i (ω +∆[ω]) +

κ[ω]

2
, (5.29)

with the frequency-dependent detuning and damping

∆eff[ω] ≡ ∆̃ + ℜ{Σm[ω]}, κeff[ω] ≡ κ+ 2ℑ{Σm[ω]}, (5.30)

respectively. We will recall that Σm[ω] = Σ∗
m[−ω] and to simplify notation we will omit the

frequency dependency on ∆eff[ω] and κeff. In the off-diagonal entries of the susceptibility
matrix in Eq. (5.28) the presence of the optomechanical interaction also leads to a modified
frequency dependent squeezing strength defined as Λeff = (|Λ|+Σm[ω]) e+2iϕc .

The dynamics described by Eq. (5.28) resemble those associated with a degenerate para-
metric amplifier driven by a nonresonant pump [183] as we described in Chapter 4 with the
particularity of having the modification due to the optomechanical interaction. This modi-
fication can also be observed in the cavity input noise, which now contains the mechanical
noise contribution D̂in[ω]

D̂†
in[ω]

 =

d̂in[ω]

d̂†in[ω]

− i|G|
√

2

κ
X̂0

m[ω]

 eiϕc

−e−iϕc

 (5.31)

with the oscillator’s position quadrature

X̂0
m[ω] = −

√
γm
2

(
Xm[ω]b̂in[ω] + X ∗

m[−ω]b̂†in[ω]
)
. (5.32)

It is now convenient to derive the equations of motion in the quadrature basis using the
following transformationÛ

V̂

 = T

 d̂
d̂†

 , T ≡ 1√
2

 e−iθ eiθ

−ie−iθ ieiθ

 . (5.33)

Using this transformation, we find then that the effective input noise given in Eq. (5.31) in
the quadrature basis becomesÛeff,in[ω]

V̂eff,in[ω]

 =

Ûin[ω]

V̂in[ω]

+
2|G|√
κ
X̂0

m[ω]

 sin(ϑ)

− cos(ϑ)

 , (5.34)

with the relative phase ϑ ≡ ϕc − θ between the driving phase and the quadrature’s angle.
Note, for ϑ = 0, the effective noises reduces to

Ûeff,in[ω] = Ûin[ω], V̂eff,in[ω] = V̂in[ω]−
2|G|√
κ
X̂0

m[ω], (5.35)

with a vanishing mechanical noise contribution in one of the quadratures. This feature is
particularly important in sensing applications, as we will see in the next section.
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Hence, the dynamics described by Eq. (5.28) under the transformation given in Eq. (5.33)
take the form Û [ω]

V̂ [ω]

 = −√
κ χeff[ω]

Ûeff,in[ω]

V̂eff,in[ω]

 , (5.36)

with the diagonal matrix

χ−1
eff [ω] =

χ−1
1 [ω] 0

0 χ−1
2 [ω]

 , χ−1
1,2[ω] = −iω +

κeff

2
∓
√
|Λeff|2 −∆2

eff. (5.37)

This equation indicates that the system has a parametric threshold when

|Λeff| →
√
κ2eff
4

+ ∆2
eff. (5.38)

This results into

Û [ω] = −χ1[ω]
[√

κÛin[ω] + 2|G| sin(ϑ)X̂0
m[ω]

]
,

V̂ [ω] = −χ2[ω]
[√

κV̂in[ω]− 2|G| cos(ϑ)X̂0
m[ω]

]
.

(5.39)

Note that in the absence of optomechanical interaction and for a resonant pump ∆̃ = 0,
these equations describe the usual dynamics of a DPA: if |Λ| → κ/2 then κχ1[0] → ∞, while
κχ2[0] → 1, such that Û becomes amplified, while V̂ squeezed.

Figure 5.17: Parametric amplification coefficient at zero frequency as a function of the cavity
detuning for different driving powers. Dashed lines illustrate the result of an uncoupled nonlinear
cavity. Solid lines show the effective cavity dynamics of a nonlinear cavity coupled via radiation
pressure to a mechanical mode. Operating slightly below the threshold power, the system exhibits
maximum amplification near the bifurcation points. The interaction with the mechanics reduces
the amplification efficiency and narrows the detuning range where amplification occurs. For this
plot g0/2π = 30 kHz and the parameters given in Table 5.1. For A[0] = 0 there is no amplification.
Inset shows the maximum gain obtained operating at the bifurcation threshold as a function of
the resolved parameter for different optomechanical coupling strengths.

Using the input-output relation in Eq. (2.50), we can describe the output field leaving the
cavity from Eq. (5.39). For the Û quadrature it reads

Ûout[ω] = (1− κχ1[ω]) Ûin[ω]− 2|G|√κχ1[ω] sin(ϑ)X̂
0
m[ω]. (5.40)
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Using the last equation we can calculate the output noise spectrum using Eqs. (3.151) and
(3.152) resulting in

Sout
uu [ω] =

1

2
A[ω] + 4|G|2κ|χ1[ω]|2 sin2(ϑ)S0

xx[ω] (5.41)

where we introduced the quadrature’s parametric amplification coefficient3

A[ω] = |1− κχ1[ω]|2 (5.42)

and the oscillator’s position spectrum is given in Eq. (3.155).
As pointed out by C. Laflamme and A. A. Clerk [178], the measurement capabilities of

a bare nonlinear cavity are strongly tied to its amplification properties, especially near its
bifurcation point. As we illustrate in Fig. 5.17, for zero frequency and near the bifurcation
point, the amplification coefficient satisfies A[0] ≫ 1, which is associated with prominent
amplification capabilities.

Here, we demonstrate that the optomechanical interaction of the nonlinear cavity with a
mechanical oscillator reduces its amplification limits, particularly in the unresolved sideband
regime. As depicted in the inset in Fig. 5.17, for a nonlinear cavity operating near bifurcation,
the amplification coefficient, A[0], is strongly reduced when it is coupled to a low-frequency
mechanical oscillator via radiation pressure. Conversely, in the resolved sideband regime, the
amplification resembles that of an uncoupled nonlinear cavity.

Additionally, in Fig. 5.17, we show that the coupled system exhibits amplification over a
narrow detuning range, making it more sensitive to small changes. However, as we approach
the resolved sideband regime, these detrimental mechanical effects diminish. In Fig. 5.18, we
compare the amplification coefficient as a function of frequency for a bare nonlinear cavity
operating near bifurcation (dashed line) and a nonlinear cavity also near bifurcation but
coupled to a low-frequency resonator via radiation pressure (solid line). As shown in Fig. 5.17,
the maximum amplification occurs at zero frequency, where the interaction with the mechanics
significantly reduces its efficiency. For non-zero frequencies, the uncoupled nonlinear cavity
displays a symmetric amplification curve around the peak. However, when coupled to the
oscillator, the amplification profile becomes asymmetrical around ω = 0.

In the next section, we will extend this analysis and study the sensing properties of a
nonlinear cavity coupled via radiation radiation-pressure force to a mechanical oscillator.
Recalling our analysis in Chapter 3, we will explore how the nonlinearity in the cavity mod-
ifies both the imprecision and backaction noise contribution and show that under specific
conditions the SQL in position detection can be reached.

3It is also frequently denoted as the gain.
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Figure 5.18: The parametric amplification coefficient is plotted as a function of the driving
frequency while operating at the bifurcation threshold. The dashed line represents the outcome
of an uncoupled degenerate parametric amplifier (DPA), whereas the solid line illustrates the
effect when the DPA is optomechanically coupled to a mechanical oscillator. This comparison
highlights the reduction in amplification efficiency around ω = 0 due to the interaction with the
mechanical mode, especially near the bifurcation point. For this plot, we used the parameters
found in Table 5.1.

5.6 Sensing and standard quantum limit
In the last section, we analyzed the effective cavity dynamics and demonstrated that a nonlin-
ear cavity near its bifurcation point can lead to significant amplification [178]. In Sec. 3.8, we
briefly examined one of the most critical applications of an optomechanical system: sensing
mechanical motion with quantum-limited precision. That analysis, based on the system’s
Hamiltonian from Eq. (3.76), focused on a linear cavity at zero detuning (∆ = 0), resulting
in dynamical backaction evasion.

In this section, we will investigate how the cavity nonlinearity affects the position detection
of a mechanical oscillator via radiation pressure. We will show that the minimum added noise
achieves similar limits to those of a linear cavity under optimal conditions.

Recalling the system’s dynamics Eq. (5.9), we find that

X−1
K [ω]d̂[ω] = −i

√
2GKX̂m[ω]−√

κξ̂K[ω], (5.43)

with
√
2X̂m = b̂ + b̂† the oscillator’s position quadrature and the Kerr-cavity susceptibility

defined in Eq. (4.28). In Eq. (5.43), due to the presence of the nonlinearity, the cavity
couples to the mechanical mode with an effective coupling strength GK = G (1− i|Λ|X ∗

c [−ω]).
In addition, the cavity’s input noise becomes, due to the intrinsic nonlinearity, ξ̂K[ω] ≡
d̂in[ω] + iΛX ∗

c [−ω]d̂†in[ω].
To analyze the total noise, we recall the input-output relation in Eq. (2.50) yielding the

following expression for the cavity output operator

d̂out[ω] = (1− κXK[ω]) d̂in[ω]− iκΛXK[ω]X ∗
c [−ω]d̂†in[ω]− i

√
2κGKXK[ω]X̂m[ω]. (5.44)

We will now express the last equation in the quadrature basis using Eq. (3.149). Hence, we
find

Ûout[ω] = Ac,ϑ[ω]d̂in[ω] + A∗
c,ϑ[−ω]d̂†in[ω] + Am,ϑ[ω]X̂m[ω] (5.45)
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with the coefficients

Ac,ϑ[ω] =
e−iϕc

√
2

[
(1− κXK[ω]) e

+iϑ +
iκ|Λ|e−iϑ

∆̃2 − |Λ|2 +
[
κ
2 − iω

]2
]
, (5.46)

Am,ϑ[ω] = 2
√
κ|G|

[
∆̃− |Λ|

]
cos(ϑ) +

[
κ
2 − iω

]
sin(ϑ)

∆̃2 − |Λ|2 +
[
κ
2 − iω

]2 . (5.47)

Note that these coefficients depend on the relative phase ϑ = ϕc−θ between the driving phase
and the measurement quadrature angle. The first two terms in Eq. (5.45) only involve the
input noises of the cavity, whereas the last term results from the optomechanical interaction.
Later, we will show that this term includes a noise contribution of both mechanical and cavity
modes, whereas the latter will give rise to the backaction noise.

The spectral density of the output operator in Eq. (5.45) is given by

Sout
uu [ω] = |Ac,ϑ[ω]|2 + |Am,ϑ[ω]|2Sxx[ω], (5.48)

with the oscillator’s position spectral density given by Eq. (3.154). This mechanical noise
spectral density gives the position spectrum of the mechanical vibration via xzpfSxx[ω]. Such
measure quantifies the ability of the mechanical mode to absorb or emit phonons to the
environment as explained in Chapter 3.

Recalling the dynamics given in Eq. (5.9), we find that the dynamics of the position
quadrature read

X̂m[ω] = X̂0
m[ω]− Σm[ω]√

2|G|2
F̂K[ω], (5.49)

where the first term represents the uncoupled oscillator’s dynamics given in Eq. (5.32). Here,
the last term arises due to the radiation pressure interaction, where the linearized force
operator reads

F̂K[ω] = |G|
(
e−iϕc d̂[ω] + e+iϕc d̂†[ω]

)
(5.50)

and the mechanical self energy given in Eq. (3.157). Using Eq. (5.43) it can be shown that
the linearized force operator can be written as

F̂K[ω] = F̂in[ω] +
√
2ΣK

c [ω]X̂m[ω] (5.51)

with F̂in[ω] introduced in Eq. (5.15). The last term in Eq. (5.51) represents the dynamical
backaction on the oscillator’s dynamics which is proportional to the nonlinear cavity self-
energy defined in Eq. (5.13). From the last equation, it can be seen that dynamical backaction
can be evaded when the cavity is located at the EP (∆̃ = |Λ|). Equivalently, dynamical
backaction evasion (DBAE) can be achieved for a linear cavity on resonance. This implies
that the second term in Eq. (5.51) vanishes and the force operator is solely characterized by
intrinsic cavity input noise.

Eq. (5.51) can now be substituted into the equations of motion for the mechanical position
quadrature given in Eq. (5.49) yielding

X−1
xx [ω]X̂m[ω] = X̂0

m[ω]− Σm[ω]√
2|G|2

F̂ 0
K[ω], (5.52)

where we introduced the susceptibility

X−1
xx [ω] ≡ 1 +

Σm[ω]ΣK
c [ω]

|G|2 , (5.53)
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which under a DBAE scheme becomes unity. We are now able to obtain an expression of the
mechanical oscillator’s position spectral density given in Eq. (5.52), which reads

Sxx[ω] =
1

2
|Xxx[ω]|2

(
S0
xx[ω] +

∣∣∣∣Σm[ω]

G2

∣∣∣∣2 SK
FF [ω]

)
(5.54)

with S0
xx[ω] given in Eq. (3.155).

The last term in Eq. (5.54) corresponds to the backaction in the form of the radiation
pressure force spectrum

SK
FF [ω] = g20SK

nn[ω] (5.55)

with the photon number spectrum given in Eq. (4.29), which we analyzed in detail in Chapter
4.

Finally, combining Eqs. (5.48) and (5.54) yields the total noise measured at the detector:

S̄out
uu [ω] = S̄K

uu[ω] + |G[ω]|2
(
S̄0
xx[ω] +

∣∣∣∣Σm[ω]

G2

∣∣∣∣2 S̄K
FF [ω]

)
, (5.56)

with

S̄K
uu[ω] =

1

2

{
|Ac,ϑ[ω]|2 + |Ac,ϑ[−ω]|2

}
, (5.57)

and where the gain is defined as
√
2G[ω] = Am,ϑ[ω]Xxx[ω]. (5.58)

For further insight, the expression for the total noise derived above can be recast into the
form presented in Eq. (3.143), where the imprecision and backaction noises of the nonlinear
cavity are given by:

S̄ imp
uu [ω] =

S̄K
uu[ω]

|G[ω]|2 (5.59)

and

S̄BA[ω] =

∣∣∣∣Σm[ω]

G2

∣∣∣∣2 S̄K
FF [ω], (5.60)

respectively, whose sum yields the total added noise as in Eq. (3.144).
So far we have shown that the total output noise of a nonlinear optomechanical system

yields Eq. (5.56), where both gain and added noise are modified due to the nonlinearity in
the cavity. As a consequence of the Kerr nonlinearity, the additional input noise in Eq. (5.43)
increases the imprecision noise compared to an equivalent linear system.

5.6.1 Dynamical backaction evasion scheme
An increase in our system’s sensing capabilities is directly related to the gain strength in Eq.
(5.58), which becomes larger when the DBAE condition is satisfied. For a nonlinear setup,
this implies the cavity to be located at the EP, ∆̃ = |Λ|. In contrast, for a linear cavity, this
is satisfied on resonance ∆ = 0, leading to an equivalent expression for the gain:

G[ω]|∆̃=|Λ| =

√
2κ|G| sin(ϑ)

κ
2 − iω

. (5.61)

The only distinction of a linear or nonlinear cavity is imprinted in the multiphoton coupling
strength G = g0

√
n̄c since the latter would be described by Eq. (5.5). The last expression

reveals that the maximum gain occurs when ϑ = π/2. For the case where ϕc = 0, this implies
that to optimally measure the mechanical oscillator’s position, we should focus on measuring
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the V̂ quadrature of the output field, in which the resonator’s position is encoded, which agrees
with the result obtained in Eq. (5.31). Notably, the enhancement in measurement sensitivity
compared to a linear cavity is primarily determined by the intracavity photon number. In
Fig. 5.19 we compare the intracavity photon number corresponding to a nonlinear and linear
cavity as a function of the optical detuning. Due to the nonlinearity, as we approach the
bifurcation point ∆bi from the right (blue vertical line), the number of circulating photons
in the nonlinear cavity becomes significantly larger than in a linear cavity. As we approach
the resonance condition ∆ = 0, this effect is reversed, although the nonlinear cavity becomes
unstable. Hence, the most significant enhancement in measurement gain compared to a linear
cavity can be achieved by operating near the critical detuning of the nonlinear optomechanical
system.

Figure 5.19: Photon number comparison as a function of the cavity detuning for different driving
strengths. Here, we calculate the ratio between the circulating photon number of a nonlinear
and linear cavity at the same input power as we vary the cavity detuning. As we also see in
Fig. 5.3, as we approach the critical detuning ∆bi this difference becomes significantly larger.
Since this occurs due to the Kerr nonlinearity positively skewing the photon number distribution,
the strongest effect is found when the system is driven slightly below the critical input power.
Inset shows this comparison as a function of the input power for ∆ = ∆bi (dashed-dotted blue)
and ∆/κ = −0.5 (dashed-dotted green).

As indicated by the final expression, an increased optomechanical coupling strength results
in higher gain and to a reduction in imprecision noise, as shown in Eq. (5.57). However,
as discussed in Chapter 3, a stronger optomechanical interaction simultaneously leads to a
significant increase in backaction noise.

The DBAE condition has also an impact on the backaction noise contribution, since at
the EP the backaction noise spectrum given in Eq. (5.60) becomes

S̄BA[ω]|∆̃=|Λ| =

∣∣∣∣Σm[ω]

G2

∣∣∣∣2 S0
FF [ω] (5.62)

with the force spectral density of a linear cavity on resonance given by

S0
FF [ω] =

G2 κ

ω2 + κ2

4

. (5.63)

As demonstrated in Eq. (5.62), under the DBAE condition, both the gain and the backaction
noise spectrum of a nonlinear cavity resemble those of a linear cavity on resonance. The
primary difference then lies in the distinct descriptions of the average cavity photon number.

Recalling that, for a high-quality factor mechanical oscillator ωm ≫ γm the symmetrized
noise spectral density of the mechanical mode at zero temperature given in Eq. (3.155)
becomes S̄0

xx[ωm] ≈ 2/γm. Similarly the mechanical susceptibility can be then written as
Σm[ωm]/G2 ≈ iS̄0

xx[ωm]. Therefore, assuming a high-Q mechanical oscillator, we find that
the total added noise given in Eq. (5.56) under the DBAE condition at ω = ωm reads

S̄out
uu [ωm]∆̃=|Λ| ≈ S̄K

uu[ωm]|∆̃=|Λ| +
4

γm
S0
FF [ωm] sin2(ϑ)

(
1 +

2

γm
S0
FF [ωm]

)
(5.64)
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with the symmetrized spectral density of the nonlinear cavity located at the EP

S̄K
uu[ωm]|∆̃=|Λ| =

1

2
− κ|Λ| sin(2ϑ)

ω2
m + κ2

4

+

(√
2κ|Λ| sin(ϑ)
ω2
m + κ2

4

)2

, (5.65)

which becomes S̄uu[ωm]|∆=0 = 1/2 for a linear cavity on resonance. As the last equation
shows, even when operating at the EP, the noise spectrum of the nonlinear cavity exhibits
additional noise contributions compared to a linear system on resonance. In contrast to Eq.
(3.144), the added noise associated with the nonlinear optomechanical system reads

S̄add
uu [ωm] = S̄BA[ωm] +

S̄K
uu[ωm]|∆̃=|Λ|

|G[ωm]|2 . (5.66)

Figure 5.20: Backaction (blue) and imprecision (green) spectral noise densities evaluated at
the mechanical resonance frequency as a function of the cavity’s driving power. We compare the
results obtained using a nonlinear at ∆ = ∆bi against a linear cavity at ∆ = 0 optomechanical
system under DBAE conditions by dividing the former over the latter. For n̄in < n̄in,bi and
operating at the critical detuning, the imprecision noise corresponding to the nonlinear cavity even
doubles that of a linear cavity at zero detuning. For increasing driving strength the imprecision
noise becomes similar. This behaviour is reversed for the backaction noise contribution. For this
plot the parameters given in Table 5.1 were used.

However, an optimal phase ϑ can be determined to minimize the added noise. Hence,
by performing an extrema analysis of the added noise expression in Eq. (5.66) under DBAE
conditions, we can identify the following optimal value

tan(ϑ) =
κ2

4 + ω2
m

2κ|Λ| . (5.67)

In contrast, a similar analysis for a linear cavity leads to the value ϑ = π/2, which is also
associated with maximum gain as we can see in Eq. (5.58). Since the RHS of Eq. (5.67) is non-
zero, by choosing this optimal value, the quadratures might become non-orthogonal, leading
to possible measurement complications and to a substantial influence on the noise properties
[178]. The optimal phase above is chosen to minimize the added noise in the measurement
process. However, this optimization can lead to a reduction in gain, which is disadvantageous
for measurement sensitivity.
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For the optimal value given in Eq. (5.67), the imprecision associated with a nonlinear
cavity mimics the noise contribution of an empty cavity on resonance, which reads

S imp
uu [ωm] =

κ2

4 + ω2
m

4|G|2κ . (5.68)

If, on the other hand, we choose the phase that maximizes the measurement gain (ϑ = π/2),
the imprecision noise of a nonlinear cavity will have additional noise contributions, as we can
see in the expression below

S imp
uu [ωm] =

κ2

4 + ω2
m

4|G|2κ +
κ|Λ|2

G2
[
κ2

4 + ω2
m

] . (5.69)

This again shows the trade-off between maximizing measurement sensitivity at the expense
of increased imprecision noise even under DBAE conditions for a nonlinear cavity.

Thus, for a high-Q oscillator, ωm ≫ γ, optimizing the relative phase as in Eq. (5.67) leads
to the minimum added noise given by

Sadd
uu [ωm]|∆̃=|Λ| =

κ2

4 + ω2
m

4|G|2κ +
4|G|2κ

γ2
(
κ2

4 + ω2
m

) , (5.70)

where the second term corresponds to the backaction contribution within the DBAE scheme.
The equation above is equivalent to the expression for the added noise of an empty cavity
at resonance when ϑ = π/2. Additionally, if we parameterize this expression in terms of
the cooperativity, C = 4G2/κγm, and assume ωm ≪ κ we find that the optimal coupling
required to reach the quantum limit on resonance becomes C = 1/4, which results into
Sadd
uu [ωm]|∆̃=|Λ| = S̄0

xx[ωm] = 2/γm.

SQL

Figure 5.21: Comparison of the measured noise spectral density at the detector, evaluated at
the mechanical resonance frequency, as a function of the cavity’s input power using a nonlinear
(orange) and linear (grey) optomechanical system. These spectral densities include the cavity’s
intrinsic noise contribution and the added noise due to measurement imprecision and backaction
of the oscillator. As in Fig. 3.16, we illustrate the trade-off between imprecision and backaction
noise as the driving power increases. Within the DBAE scheme, a nonlinear cavity (orange)
reaches equivalent results as a linear cavity at zero detuning but requires stronger driving. For a
nonlinear cavity, the imprecision and backaction contributions are depicted by the green and blue
dashed lines, respectively. Notably, the backaction contribution is reduced allowing for stronger
driving powers. For this plot we used n̄T

m = 0 and the parameters given in Table 5.1.

As in the work of C. Laflamme and A. A. Clerk [32], in Sec. 5.5 we observed that a nonlinear
cavity near bifurcation enables strong amplification, particularly at zero frequency (A[0] ≫ 1),
as shown in Fig. 5.18. However, when the cavity interacts with a low-frequency mechanical
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oscillator via radiation pressure, the amplification limit is reduced at zero frequency and
becomes more sensitive to detuning variations, as depicted in Fig. 5.17.

In this section, we analyzed the sensing capabilities of a nonlinear cavity in position
detection via the radiation pressure of a low-frequency mechanical oscillator. We showed
that, due to the intrinsic nonlinearity, the cavity possesses larger imprecision noise compared
to a linear system. Optimal sensitivity is achieved under a DBAE scheme, similar to the result
analyzed in Sec. 3.8 for a linear cavity at zero detuning. For a nonlinear cavity setup, DBAE
implies operating at one of the system’s EPs, ensuring zero cavity self-energy, introduced in
Eq. (5.13).

In Fig. 5.21 we show that SQL in position detection can be realized with a nonlinear cavity
within a DBAE at the expense of higher input powers even beyond the high amplification
regime. While being constraint by the SQL, the nonlinear setup exhibits increased impre-
cision noise compared to a linear cavity. Notably, we demonstrate that a nonlinear system,
leads to lower backaction noise, enabling stronger driving. As indicated in [32], the use of
the correlations between backaction and imprecision noise could be beneficial, which will be
explored in future work.

In Sec. 5.4, we demonstrated that backaction cooling in optomechanics using a nonlinear
cavity enables more efficient cooling, particularly in the unresolved sideband regime, compared
to conventional linear systems. However, in the unresolved sideband regime, cooling to the
ground state is still hindered by cavity backaction. In the next chapter, we will explore
the cooling performance of a nonlinear optomechanical system when a squeezed vacuum is
injected into the cavity. We will show that this method can suppress the unwanted Stokes
process, thus overcoming the backaction limit.
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Chapter 6

Kerr-enhanced optomechanical
cooling: towards the ground state

In Chapter 5, we showed that in the unresolved sideband regime a nonlinear cavity outper-
forms a linear system. However, despite this improvement, cooling to the ground state is
still constrained by the cavity backaction as shown in Fig. 5.9. To surpass the cavity back-
action many approaches have been considered, including the use of optomechanical induced
transparency [171], pulsed cooling schemes [186], quantum control schemes [187] and cavity
sideband-cooling [188] among others.

Alternatively, the application of squeezed light, whether generated within or external to
the cavity, has been investigated as a means to enhance cooling performance in optomechanical
systems [172, 185, 189–191]. In Chapter 3, we saw that the average mechanical occupation
is composed by the modified thermal occupation and the cavity backaction, where the latter
can be conveniently written in terms of the scattering rates as

n̄BA =
ΓS

ΓAS − ΓS
. (6.1)

The denominator of the last equation already indicates that the imbalance between the Stokes
and anti-Stokes processes originates the cooling when Γopt = ΓAS − ΓS > 0. In Chapter 5 we
showed that a nonlinear cavity increases the asymmetry between these processes ultimately
improving the cooling performance over a linear setup. However, from Eq. (6.1), the un-
wanted heating process, ΓS, sets the limits to cooling as we saw in Fig. 5.9. In laser cooling
the Stokes scattering is reduced using a smaller cavity linewidth, much smaller than the me-
chanical resonant frequency, and consequently entering the resolved sideband regime, where
the minimum average occupation is given by Eq. (3.133).

In this Chapter, we will first study the intracavity squeezing in an uncoupled driven Kerr-
cavity described by the Hamiltonian in Eq. (4.23). Next, following M. Asjad et al. [31], we
will explore a method that completely suppresses the Stokes process, providing significant
advantages, especially in the unresolved sideband regime. Since an introduction to squeezing
is beyond the scope of this work, we refer the reader to comprehensive reviews that provide
valuable insights into the topic [127, 169, 192].

6.1 Intracavity squeezing
Squeezed states of light have a wide range of applications, including their use in optical
communication due to an improved signal-to-noise ratio [193] and in laser interferometry for
gravitational wave detection [49]. Additionally, squeezed light has been shown to enhance
optomechanical cooling [31, 32, 173, 176], with the squeezing generated either externally
or within the cavity. Given these and many other applications, the generation of squeezed
light has been a prolific field of research [194]. The Hamiltonian of our nonlinear cavity,
presented in Eq. (4.23), is equivalent to that of a detuned DPA, which has been shown to
produce squeezed states [183, 195]. In this section, we will focus on the intracavity squeezing
generated by our nonlinear cavity, particularly when the cavity operates near the bifurcation
point.

To analyze the internal squeezing of the bare cavity, we use the dynamics of cavity fluc-
tuations described by the quantum Langevin equations in Eq. (4.24). These dynamics are
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governed by the quadratic Hamiltonian in Eq. (4.23) and can also be explored through the
master equation formalism (see Chapter 2). Additionally, given Gaussian initial conditions,
the time evolution remains confined to Gaussian states [196, 197]. One way to characterize
a Gaussian state is by calculating its covariance matrix, σ, which provides insight into the
internal correlations within the mode1. The maximal observable squeezing, namely the min-
imal quadrature variance, is measured by the smallest eigenvalue of the covariance matrix,
which we denote λ = min[eig(σ)] [199].

Given the system’s dynamics in Eq. (4.24), the system’s state is fully characterized by
the first and second moments, ⟨Ôi⟩ and ⟨ÔiÔj⟩, of the quadrature operators defined in Eq.
(5.33). To quantify the correlations between the quadratures, these moments are typically
arranged into a covariance matrix, defined as follows:

σ =

 ⟨δÛ2⟩ 1
2 ⟨{δÛ , δV̂ }⟩

1
2 ⟨{δÛ , δV̂ }⟩ ⟨δV̂ 2⟩

 , (6.2)

with δô = ô− ⟨ô⟩.
In the absence of optomechanical interaction (g0 = 0), it can be shown that the dynamics

of the covariance matrix given in Eq. (6.2) obey the Lyapunov equation [168, 200]

d

dt
σ = Aσ + σA† + 2D, (6.3)

where A = TAT−1 is the so-called drift matrix of the quadratures with A the dynamical
matrix given in Eq. (4.25) and T is the transformation matrix from Eq. (5.33). Furthermore,
the last term in Eq. (6.3) is the diffusion matrix

D = κ

1 0

0 1

 (6.4)

which corresponds to the noise correlations.
If the dynamics described by Eq. (4.24) are stable, then the covariance matrix reaches a

unique steady state σ̇ = 0, which leads us to the following equation

Aσ + σA† + 2D = 0, (6.5)

whose solution reads

σ =
1/2

∆̃2 + κ2

4
− |Λ|2

∆̃2 + κ2

4
− |Λ|

(
∆̃ cos(ς)− κ

2
sin(ς)

)
|Λ|

(
κ
2
cos(ς) + ∆̃ sin(ς)

)
|Λ|

(
κ
2
cos(ς)− ∆̃ sin(ς)

)
∆̃2 + κ2

4
+ |Λ|

(
∆̃ cos(ς)− κ

2
sin(ς)

)
 (6.6)

with the short notation ς ≡ 2θ − ϕc and where we used Λ = |Λ|eiϕc with ϕc the drive
amplitude’s phase. From the last expression, we find that in the absence of the nonlinearity,
the covariance matrix becomes

σ =
1

2

1 0

0 1

 , (6.7)

as expected for a vacuum state.
1Two-mode entanglement for two-mode Gaussian states can also be calculated using the covariance matrix.

By diagonalizing the covariance matrix, one obtains a pair of symplectic eigenvalues, µ±. A sufficient condition
for two-mode entanglement is met if the smaller eigenvalue, µ−, satisfies µ− < 1/2 [80, 198].
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squeezed vacuum state displaced squeezed vacuum

displaced vacuum statevacuum state

Figure 6.1: (clockwise from top left) Error ellipses for a vacuum, displaced vacuum, displaced
squeezed and squeezed vacuum states. In the ellipses below, squeezing is in the X̂ quadrature.
In this example, λ± = e∓r/2 are the eigenvalues that define the amount of squeezing and ampli-
fication, while θ is the squeezing angle.

A state ρ̂ is said to be squeezed if the minimal eigenvalue, λmin, of its covariance matrix
satisfies the condition λmin < 1/2. Hence, from the covariance matrix in Eq. (6.6) we can
determine the maximal observable squeezingby computing its eigenvalues, which read

λ± =
1

2 (1±R)
, R =

|Λ|√
∆̃2 + κ2

4

, (6.8)

where the parameter R ∈ [0, 1] characterizes the amount of squeezing produced by the Kerr-
cavity. It follows that if λmin = λ+ < 1/2 one of the quadratures has a variance smaller than
that of the ground state of a harmonic oscillator, hence it is squeezed. From Eq. (6.8), the
amount of internal squeezing is photon-dependant since the single-mode squeezing strength
is enhanced by the number of photons circulating in the cavity.

As discussed in Chapter 5, at low input powers, the average photon number described
by Eq. (5.5) exhibits Lorentzian behaviour. This results in a low photon number away from
resonance (∆ = 0) and consequently a smaller value of R due to its photon dependence.
Fig. 6.2a) illustrates this, showing the parameter R from Eq. (6.8) as a function of the
optical detuning and input power. However, due to the nonlinear shape of the intracavity
photon number distribution, increasing the input power leads to larger values of R away from
resonance. The maximum value of R occurs at the bifurcation point, where the slope dn̄c/d∆
is maximal.

Moreover, the intracavity squeezing strength obtained from Eq. (6.8) is illustrated in Fig.
6.2b) as a function of optical detuning and input power. Characterized by the parameter
R, the squeezing strength exhibits behaviour similar to that shown in Fig. 6.2a). Maximum
squeezing occurs precisely at the parametric threshold condition given by Eq. (5.38), which
coincides with the bifurcation condition. Near this point, the nonlinear cavity fluctuations
increase, resulting in a maximum squeezing strength of approximately 3 dB, as shown in Fig.
6.2b). This result aligns with the limit of quadrature squeezing under resonant parametric
driving [201, 202]. This also agrees with the analysis of Chapter 5, where we show that the
cavity features maximum parametric amplification near the bifurcation point as shown in
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Fig. 5.17. All this suggests that operating near this point could be particularly advantageous
for sensing applications, as small perturbations can result in significant changes in the cavity
state as indicated in the work of C. Laflamme and A. A. Clerk [178].

a)

b)

c)

Figure 6.2: a) Parameter R, b) squeezing strength (in dB), and c) purity, as functions of input
power and cavity detuning. In a), as the system approaches the parametric threshold (marked by
a star in all plots), R → 1, indicating maximum squeezing strength in b) and correspondingly the
lowest purity in c). These phenomena coincide with the bifurcation condition, where the cavity
operates near the critical input power, n̄in,bi, and at the bifurcation point, ∆bi.

One of the main objectives of a quantum measurement is to enhance resolution without
introducing additional noise to the system being measured. Therefore, aside from the degree
of squeezing, the purity of the state is an essential figure of merit. For single-mode Gaussian
states, the purity is defined as P = [2

√
det(σ)]−1, where P ∈ [0, 1]. In Gaussian states,

purity is related to the average thermal excitation number via P = [2n̄ + 1]−1 [203]. As a
result, the purity reflects the degree of mixedness of the quantum state. A higher purity
corresponds to a lower thermal occupation number, which is essential for achieving quantum-
limited amplification and minimizing the influence of unwanted thermal effects. From the
covariance matrix in Eq. (6.6), we derive the purity of the nonlinear cavity which reads

P =
√
1−R2 (6.9)

with the parameter R defined in Eq. (6.8). This equation suggests that as R → 1, the purity
of the nonlinear cavity approaches zero. This is illustrated in Fig. 6.2c), where we show the
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purity as a function of the optical detuning and input power. Thus, near the bifurcation
point, the purity tends to zero, which is related to a perfect single mode squeezer.

As discussed in Sec. 5.4, the best cooling in the unresolved sideband regime occurs near
the cavity’s bifurcation point, where the asymmetry between the Stokes and anti-Stokes rates
is maximized, leading to increased optomechanical damping. In Sec. 5.5, we examined the
cavity’s amplification properties, which also demonstrated a maximal amplification near the
bifurcation point. This happens as the cavity approaches the parametric threshold described
by Eq. (5.38). For a bare nonlinear cavity, nearing this threshold corresponds to the condition
R → 1.

In the following section, we will use the parameters from Sec. 5.4 and extend our analysis
by exploring a different cooling protocol. Specifically, we will analyze sideband cooling in
the unresolved sideband regime with a nonlinear cavity and injected squeezed vacuum. This
approach leverages the cooling advantages of a nonlinear cavity, as discussed in Chapter 5,
while significantly reducing the unwanted cavity backaction, as highlighted in [31].

6.2 Driving with squeezed light
Advances in the generation of squeezed light have been driven by its wide range of applications
in quantum information and metrology [204–207], and it has been proposed for the creation
of non-classical mechanical states [208].

Formally, pure squeezed states arise through the action of the squeezing operator Ŝ(r) =
exp

[
reiθâ2/2 + h.c

]
onto the vacuum state of a bosonic mode â, where r ∈ [0,∞) and θ ∈

[0, 2π] denote the squeezing strength and angle, respectively. Experimentally, as discussed in
Sec. 6.1, squeezing can be produced using a DPA [183], whose output field can then be injected
into another system’s input port, as illustrated in Fig. 6.3. This process is mathematically
described using the framework of cascaded open quantum systems [209]. Here, we will employ
the input-output formalism introduced in Sec. 2.3, and follow the work of J. Monsel et al.
[191].

cooling pump

mechanical
resonator

nonlinear cavity

DPA

Figure 6.3: Graphic description of the optomechanical system with a driven nonlinear cavity.
Via the output port of a degenerate parametric amplifier (DPA), squeezed vacuum is injected
into the system.

Within the input-output formalism, the dynamics of the DPA are given by the quantum
Langevin equations given below

d

dt

 ĉ
ĉ†

 = MDPA

 ĉ
ĉ†

−
√
ζ

ĉin
ĉ†in

 , MDPA =

− ζ
2 χ

χ∗ − ζ
2

 , (6.10)

where ĉ (ĉ†) are the creation (annihilation) operator, and where we assumed that the DPA
is resonant with the cavity’s pump frequency, such that it is set at ωDPA = 2ωp. Here, the
input field is given by

√
ζĉin =

√
ζsĉin,s +

√
ζvĉin,v, where ζ = ζs + ζv is the total decay rate.

In the off-diagonal entries of the dynamical matrix MDPA we find the squeezing parameter
χ = |χ|e−2iφ with φ the squeezing angle. Here, the input vacuum noise, ĉin,v, corresponds to
the inherent losses of the DPA, whose corresponding coupling is given by ζv. On the other
hand, ĉin,s is related to the external modes of the electromagnetic field, that are controlled
and used to drive the optomechanical system.
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Here, we are using the DPA as an auxiliary system that generates squeezing. The gen-
erated squeezing leaves the DPA from the output port, which subsequently can be used as
the input field of a secondary system. For convenience, we will assume that the secondary
system is a cavity represented by the mode d. This implies that the input field of the cavity
will be composed of the output field of the DPA and its intrinsic uncontrolled losses, which
is described by the following equation:

√
κd̂in =

√
κsĉout +

√
κvd̂in,v. (6.11)

Here, κ = κs + κv is the cavity’s total loss rate, where κs describes the photon exchange rate
with the squeezed bath, d̂in,v is related to the uncontrolled losses of the cavity at rate κv, and
ĉout =

√
ζsĉ+ ĉin,s describes the output operator of the DPA.

The Fourier transform of Eq. (6.10) and Eq. (6.11) yield the equation of motion of the
output field in frequency space ĉout[ω]

ĉ†out[ω]

 = SDPA[ω]

ĉin[ω]
ĉ†in[ω]

 (6.12)

with the scattering matrix given by

SDPA[ω] = 1− ζ(
ζ
2 − iω

)2
− |χ|2

 ζ
2 − iω χ

χ∗ ζ
2 − iω

 . (6.13)

With the last equation, we can now write the explicit expression of the output field operator

ĉout[ω] = XDPA[ω]

[(
ζ2

4
+ |χ|2 + ω2

)
ĉin[ω]− ζχ ĉ†in[ω]

]
, X−1

DPA[ω] =

(
ζ

2
− iω

)2

− |χ|2.
(6.14)

Furthermore, assuming that the DPA’s bath only non-zero noise correlator is ⟨ĉin[ω]ĉ†in[ω′]⟩ =
2πδ[ω + ω′], then from Eq. (6.14) it yields

⟨ĉ†out[ω]ĉout[ω
′]⟩ =ζ|χ|

2

 1(
ζ
2 − |χ|

)2
+ ω2

− 1(
ζ
2 + |χ|

)2
+ ω2

 2πδ[ω + ω′]

⟨ĉout[ω]ĉout[ω
′]⟩,=ζ|χ|e

−2iφ

2

 1(
ζ
2 − |χ|

)2
+ ω2

+
1(

ζ
2 + |χ|

)2
+ ω2

 2πδ[ω + ω′].

(6.15)

To proceed with the analysis, we will treat the noise correlators given above within the
white noise approximation [39]. For this, we will transform Eq. (6.15) into the time domain,
by applying an inverse Fourier transform. Recall the characteristic function of a Cauchy
distribution ∫ ∞

−∞
dx

eitx

(x− α)
2
+ β2

=
π

β
eiαte−β|t|, t, α, β ∈ R, (6.16)

allows us to write the noise correlators given in Eq. (6.15) as

⟨ĉ†out(t)ĉout(t
′)⟩ = ζ |χ|

2

[
e−κ−(t−t′)

κ−
− e−κ+(t−t′)

κ+

]
,

⟨ĉout(t)ĉout(t
′)⟩ = ζ |χ|e−2iφ

2

[
e−κ−(t−t′)

κ−
+
e−κ+(t−t′)

κ+

]
,

(6.17)
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where we introduced κ± = ζ/2 ± |χ| and assumed that ζ/2 > |χ|. Here, κ+ and κ− corre-
spond to the decay rates of the squeezed and anti-squeezed quadratures of the output field.
Furthermore, within the white noise approximation the correlation functions in Eq. (6.17)
can be further simplified. For this we take the limit κ± → ∞ in Eq. 6.17 and obtain

⟨ĉ†out(t)ĉout(t
′)⟩ = ξNsδ(t− t′), ⟨ĉout(t)ĉout(t

′)⟩ = ξMse
−2iφδ(t− t′) (6.18)

with

Ns =

(
κ2+ − κ2−

)2
4κ2+κ

2
−

, Ms =
κ4+ − κ4−
4κ2+κ

2
−
, M2

s = Ns(Ns + 1). (6.19)

Here, we introduced a scaling parameter ξ = κsζs/κζ ∈ [0, 1] which accounts for intrinsic losses
in the system, this parameter quantifies how effectively the squeezed vacuum is produced and
routed towards the nonlinear cavity. We refer to this parameter as the purity of the squeezing.
For ξ = 1 we have pure squeezing and ξ = 0 implies having vacuum noise only. From the last
result and recalling Eq. (6.11), we find that the squeezed input noise operators of the cavity
satisfy

⟨d̂in(t)d̂
†
in(t

′)⟩ = (ξNs + 1)δ(t− t′), ⟨d̂in(t)d̂in(t
′)⟩ = ξMsδ(t− t′). (6.20)

In addition, we can quantify the amount of squeezing using the squeezing factor r, which
is related to the noise correlators in Eq. (6.20) through the following relation [39]

Ns =
1

ξ
sinh2(r), Ms =

1

ξ
sinh(r) cosh(r). (6.21)

So far in this section, we have demonstrated how a DPA provides squeezing through its
output field, with its noise characterized by the correlators in Eq. (6.18). In the next section,
we will use the output field of the DPA as the input field for the nonlinear cavity. We will
show that injecting a squeezed vacuum into the nonlinear cavity offers a way to mitigate
unwanted cavity backaction, thereby improving the cooling performance.

6.3 Scattering behaviour: radiation pressure force spec-
trum

In Chapter 3, we demonstrated that the Stokes and anti-Stokes processes are described by
Eq. (3.125), which are governed by the radiation pressure force spectrum given in Eq. (3.38).
Up to this point, we derived the force spectrum assuming only vacuum noise entering the
nonlinear cavity, with its noise correlators defined in Eq. (3.60).

In this chapter, however, we will inject a squeezed vacuum generated externally from a
DPA. As a result, the input noise correlators are now described by Eq. (6.20). Referring
back to the expression for the linearized force spectrum in Eq. (5.15), we obtain the following
correlator:

〈
F̂ [ω]F̂ [ω′]

〉
= 2π

(
η∗[−ω]η[ω′] (ξNs + 1) + η[ω]η∗[−ω′]ξNS

)
δ[ω + ω′]

+ 2π
(
η[ω]η[ω′]ξMSe

−2iφ + η∗[−ω]η∗[−ω′]ξMSe
+2iφ

)
δ[ω + ω′],

(6.22)
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where we have Fourier transformed the noise correlators given in Eq. (6.20). This result can
then be substituted into Eq. (3.38) yielding the radiation pressure force spectrum given below

Ss
FF [ω] = SFF [ω]

{
1 +

[
1 +

[ω −∆eff]
2
+ κ2

4

[ω +∆eff]
2
+ κ2

4

]
ξNs

}

−
2ξMs

{(
∆2

eff − ω2 − κ2

4

)
cos(2φ)−∆effκ sin(2φ)

}
[
∆̃2 − ω2 + κ2

4 − |Λ|2
]2

+ κ2ω2

(6.23)

with the effective detuning ∆eff = |Λ| − ∆̃. Note that, in the absence of squeezing, namely
setting ξ = 0 in the expression given above, we recover SFF [ω] = g20Snn[ω] with the photon
number spectrum given by Eq. (4.29). Thus, the squeezed input noise, through the new
noise correlators from Eq. (6.20), modifies the radiation pressure force spectrum, as can be
observed in Eq. (6.23). Furthermore, it can be shown that, for a linear cavity (K = 0) the
last expression agrees with the result derived in [185].

In Chapter 5, we demonstrated that the asymmetry caused by the cavity’s nonlinearity
enhances cooling efficiency in the unresolved sideband regime. At this point, it is natural to
ask whether injecting squeezed light could further improve optomechanical damping. How-
ever, the total damping remains unchanged when coherent light is replaced with a squeezed
vacuum, i.e. it yields Eq. (5.11). Thus, squeezed light cannot directly enhance the optome-
chanical damping. Still, as we will show below, it can minimize the Stokes process, effectively
reducing unwanted cavity backaction.

First, to minimize the Stokes process, an extrema analysis was conducted to determine
the optimal squeezing phase, which is expressed as follows

d

dφ
Ss

FF[−ωm] = 0 ⇒ φ =
1

2
arctan

(
κ∆eff

ω2
m −∆2

eff + κ2

4

)
+ kπ (6.24)

with k ∈ Z. We can now use this condition in Eq. (6.23) and find an expression for the
minimized Stokes rate

ΓS

g20n̄cκ
=

[∆eff − ωm]
2
+ κ2

4

P [ωm]

{
1 +

[
1 +

[∆eff + ωm]
2
+ κ2

4

[∆eff − ωm]
2
+ κ2

4

]
ξNs

− 2ξMs

√√√√ [∆eff + ωm]
2
+ κ2

4

[∆eff − ωm]
2
+ κ2

4

}
,

(6.25)

where we defined the pole

P [ω] =

[
∆̃2 − ω2 +

κ2

4
− |Λ|2

]2
+ κ2ω2. (6.26)

Similarly, the anti-Stokes process can be derived by noticing that the optimal squeezing phase
is symmetrical in ωm, such that we arrived at

ΓAS

g20n̄cκ
=

[∆eff + ωm]
2
+ κ2

4

P [ωm]

{
1 +

[
1 +

[∆eff − ωm]
2
+ κ2

4

[∆eff + ωm]
2
+ κ2

4

]
ξNs

− 2ξMs

√√√√ [∆eff − ωm]
2
+ κ2

4

[∆eff + ωm]
2
+ κ2

4

}
.

(6.27)

Thus far, we have minimized the unwanted Stokes scattering process by finding an optimal
squeezing phase. This led to the condition outlined in Eq. (6.24) and ultimately to the
minimized Stokes rates given in Eq. (6.25). Below, we will utilize these results to overcome
the cavity backaction limit defined by Eq. (5.24).
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6.4 Surpassing the backaction limit
We are now in the position to use Eqs. (6.25) and (6.27) associated to the minimized Stokes
and anti-Stokes rates, respectively. Using these results in Eq. (6.1), we find that the cavity
backaction limit becomes

n̄s
BA = n̄BA

{
1 +

[
1 +

1

℘2

]
ξNs −

2ξMs

℘

}
, (6.28)

with n̄BA given by Eq. (5.24) and where we defined

℘2 =
[∆eff − ωm]

2
+ κ2

4

[∆eff + ωm]
2
+ κ2

4

. (6.29)

For ξ = 0 in Eq. (6.28) we recover n̄BA, which is the backaction corresponding to a cavity
driven with solely input vacuum noise. We can further minimize the backaction limit given
in Eq. (6.28) over the properties of the squeezed input light and find that it has to fulfill

℘ =
Ns

Ms
=

√
Ns

Ns + 1
, (6.30)

where in the second equality we used that M2
s = Ns(Ns + 1). For this condition to hold we

solve the last equation for Ns and find it has to satisfy

Ns =
℘2

1− ℘2
≥ 0 ⇒ ℘ < 1. (6.31)

Finally, plugging these conditions into Eq. (6.28) we find

n̄s
BA = n̄BA (1− ξ) . (6.32)

As expected, in the absence of squeezing we recover Eq. (5.24), but for ξ = 1 we can fully
suppress the quantum backaction limit. Additionally, using Eq. (6.21) together with Eq.
(6.30), we find that the squeezing factor can be expressed in the following way2

sinh2(r) =
ξ℘2

1− ℘2
≥ 0 (6.34)

with ℘ given in Eq. (6.29).
In Chapter 5, we concluded that the lowest mechanical occupation was constrained by the

cavity backaction limit, as shown in Fig. 5.10. However, with Eq. (6.32), we have demon-
strated that the cavity backaction can be fully suppressed when only squeezed vacuum (ξ = 1)
is introduced into the nonlinear system from the DPA. This approach allows for improved
cooling and effectively overcomes the detrimental effects of cavity backaction.

2To express the squeezing strength in units of dB we use the following formula

ϱ = −10 log10
(
e−2r

)
. (6.33)
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Figure 6.4: Lowest phonon occupation as a function of the resolved sideband parameter ωm/κ
at g0/2π = 15 kHz. A nonlinear cavity driven with only vacuum noise (dashed-orange) is limited
by the unwanted cavity backaction, which can be suppressed when squeezed input light enters
the cavity (solid-orange) yielding lower cooling limits. The suppression of the cavity backaction
using squeezed light also improves the cooling limits achieved using an equivalent linear cavity
(solid-grey). In the unresolved sideband regime a nonlinear cavity outperforms an equivalent
linear system, but this improvement decreases as ωm increases.

Fig. 6.4 shows the optimal cooling achieved as a function of the resolved sideband param-
eter (ωm/κ) for both a linear (grey) and a nonlinear (orange) cavity when driven by squeezed
vacuum, which enables the suppression of cavity backaction as shown in Eq. (6.32). The
nonlinear cavity again exhibits superior cooling performance, particularly in the deep unre-
solved sideband regime, compared to an equivalent linear system under the same conditions.
Moreover, the nonlinear cavity with injected squeezed vacuum substantially outperforms the
cooling limits achieved without it. Using the squeezing protocol and an optomechanical
coupling strength of g0/2π = 15kHz, a nonlinear cavity enables ground state cooling at
ωm/κ = 0.03, whereas a linear cavity requires ωm/κ = 0.144 to achieve the same result. This
further highlights the advantages of a nonlinear cavity in the unresolved sideband regime.

For the parameters given in Table 5.1, the cooling limits of the linear cavity are not con-
strained by backaction effects. Consequently, even with high-purity squeezing (ξ = 0.99),
which almost entirely suppresses unwanted cavity backaction, the linear cavity can only
achieve ground state cooling at ωm/κ = 0.13. In contrast, at such a value, a nonlinear
cavity reaches the ground state with a lower purity of ξ = 0.44. This indicates that the non-
linear cavity requires a smaller squeezing strength of ϱ = 6.48 dB compared to ϱ = 10.15 dB
for the linear cavity, as shown in Fig. 6.5.

As discussed in Chapter 5, the cooling advantages of the nonlinear cavity diminish as we
approach the resolved sideband regime. Additionally, for ωm/κ > 1, the driving power is
no longer optimized (see Fig. 5.6), resulting in increased phonon occupation as the thermal
bath’s contribution surpasses the system’s cooling capability at the given input power. In
the resolved sideband regime, optimal cooling occurs when the cavity is driven at ∆ = −ωm.
From Eq. (6.29), we observe that for ωm/κ > 1, optimal cooling corresponds to ℘2 → 0 (as
∆eff → ωm), which leads to a squeezing strength that approaches zero, as shown in Fig. 6.5.
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Figure 6.5: Squeezing for optimal cooling as a function of the resolved sideband parameter.
The orange line depicts the associated squeezing strength of a nonlinear cavity with a purity
of ξ = 0.44, which reaches ground state cooling at ωm/κ = 0.13 for ϱ = 6.48 dB. Conversely,
a linear cavity (grey) needs higher purity (ξ = 0.99), which consequently translates into more
squeezing strength (ϱ = 10.15 dB), to achieve ground state cooling for a similar resolved sideband
parameter. Inset shows the minimum phonon number as a function of the resolved parameter for
a linear (grey) and nonlinear (orange) cavity using a purity of ξ = 0.99 and ξ = 0.44, respectively.
Here, ground state cooling is obtained at ωm/κ = 0.13, where both lines intersect. For this plot
we used g0/2π = 15 kHz and all other parameters given by Table 5.1.

Throughout this chapter, we demonstrated that maximum intracavity squeezing occurs
near the bifurcation point as illustrated in Fig. 6.2b). However, as shown in Fig. 6.2c), as we
approach this point, the system’s low purity (P) indicates a high level of thermal occupation.
In addition, we investigated the cooling improvements achieved when the cavity is driven
with a squeezed vacuum, as outlined by M. Asjad et al. [185]. Injecting a squeezed vacuum
allows for the suppression of the Stokes process, eliminating unwanted cavity backaction and
ultimately enhancing the cooling performance. Fig. 6.4 shows that with squeezed vacuum,
a nonlinear cavity achieves ground state cooling of the mechanical oscillator deep in the
unresolved sideband regime, surpassing the limit given by Eq. (5.26) when driven by vacuum
noise. Moreover, as depicted in Fig. 6.5, the nonlinear cavity not only requires less purity (ξ)
but also lower squeezing strength to reach the ground state compared to a linear cavity under
equivalent conditions.

In the last two chapters, we demonstrated that the nonlinear nature of the cavity plays
a key role in describing optomechanical backaction. Understanding the classical dynamics is
essential, as the strongest cooling occurs at the bifurcation point of the classical cavity dy-
namics. We demonstrated, that this enhanced cooling performance arises from the distinctive
asymmetric photon number spectral density of the nonlinear cavity. Additionally, we showed
that the bifurcation point aligns with both the parametric threshold condition and the point
of maximum intracavity squeezing.

We further found that the limits for dynamical backaction cooling are the same for both
linear and nonlinear systems. However, when driven with squeezed vacuum to counteract
unwanted backaction heating, the nonlinear cavity again shows superior cooling efficiency.
Under identical parameters, ground state cooling with a nonlinear cavity requires significantly
less squeezing strength than with a linear system.

Although typically viewed individually as unwanted features, combining an optomechan-
ical system in the unresolved sideband regime with an intrinsically nonlinear cavity signif-
icantly improves the cooling performance. This makes the nonlinear cavity an appealing
candidate for applications involving large, low-frequency mechanical systems.
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Chapter 7

Quadratic optomechanics via
photon pressure interaction

Throughout this work, we first explored the fundamentals of optomechanics and, in Chapter
5, specifically analyzed a novel nonlinear optomechanical setup in which a SQUID cavity
is inductively coupled to a cantilever with a magnetic tip [3]. We demonstrated that the
intrinsic nonlinearity of the cavity enhances backaction cooling, particularly in the unresolved
sideband regime. In this chapter, we will investigate how such cavity nonlinearities also impact
optomechanical effects, specifically OMIT (see Sec. 3.9). However, we will examine these
effects in an artificial optomechanical system, where the interaction occurs solely between
photons, in the absence of a mechanical element.

CRF

CcRRF

white noise

HF

CcH

C

C

L

RF circuit HF circuit
SQUID cavity

Figure 7.1: Illustration of the two-mode superconducting LC circuit with tunable photon-
pressure coupling. Depicted in blue and red are the RF and HF circuits, respectively, both
composed by inductors and capacitors. The RF contains an inductor wire that forms the loop
of the SQUID, which is embedded in the HF circuit. As shown in the middle schematic, the
circulating current in the RF’s inductor introduces additional flux to the SQUID loop, thereby
modulating the frequency of HF mode.

Recently, the radiation-pressure interaction between off-resonant photons, also known as
photon pressure coupling, has gained significant attention due to its potential for achieving
quantum control in the radio-frequency (RF) regime [96, 210–212]. This interaction can be
realized using two superconducting LC circuits, a promising platform for exploring commonly
inaccessible parameter regimes.

Photon pressure devices have been realized in the classical regime, at the expense of large
thermal occupation, showing strong interaction strengths, thereby providing a pathway to ex-
plore optomechanical effects in a different platform [211, 212]. However, as in optomechanics,
photon-pressure-based devices equally suffer from the presence of high thermal occupations,
limiting the possibility of testing fundamental effects in the quantum regime. Recently, side-
band cooling using photon pressure has been realized demonstrating the reduction of the
thermal occupation by 75% [96].

The device sketched in Fig. 7.1 integrates a superconducting RF mode coupled via photon
pressure to a superconducting high-frequency (HF) cavity mode within a galvanic coupling
architecture, similar to the work by Rodrigues et al. [96, 140]. The RF superconducting LC
circuit, in addition to its large parallel-plate capacitor, includes a short inductor wire forming
the loop of the SQUID, as shown in blue in Fig. 7.1. The SQUID facilitates the interaction,
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via the inductor wire, of the RF mode and the HF circuit. The HF mode, depicted in red
in Fig. 7.1, consists of two integrated capacitors, C, and a linear inductor, L. These modes
are then coupled individually to coplanar waveguide feedlines for driving and readout. The
chip is mounted onto a circuit board with connected microwave input and output ports, and
placed inside a copper housing. Additionally, a superconducting magnet is attached to this
housing to apply an external out-of-plane magnetic field. Finally, the device is placed inside
a cryoperm magnetic shielding and mounted to the mixing chamber of a dilution refrigerator
with a base temperature of T ∼ 15mK.

Moreover, this setup allows the introduction of noise into the RF mode. The signal from
the vector network analyzer (VNA) is attenuated and combined with a noise signal via a
directional coupler. The noise is generated by mixing a coherent signal with white noise from
a DC source. The resulting combined signal, containing both the VNA’s controlled input and
the generated noise, is filtered and fed into the RF circuit. This configuration enables testing
of the RF mode under controlled conditions, with the ability to independently adjust both
the VNA signal and the noise, facilitating various test scenarios for analyzing the RF mode’s
response in noisy environments.

In this chapter, we will first present the Hamiltonian formulation of the setup, which
reveals a quadratic optomechanical-like interaction. Next, we will examine the dynamics of
the fluctuations, demonstrating how this interaction enables cooling of the RF mode through
a two-photon process. Finally, we will show that the resulting quadratic interaction leads to
OMIT and investigate the effects of noise injection into the RF mode on this phenomenon.

7.1 Hamiltonian formulation
In Chapter 3 we showed that a superconducting LC circuit can be described by the Hamil-
tonian of a quantum harmonic oscillator with frequency given by Eq. (3.10). Hence, the
uncoupled Hamiltonian describing the HF and RF modes can be written as

Ĥ0 = ω0â
†â+Ω0b̂

†b̂, (7.1)

with â† (â) and b̂† (b̂) the creation (annihilation) operators of the HF and RF modes, respec-
tively. Here, ω0 is the resonant frequency of the HF modes, while Ω0 denotes the resonant
frequencies of the low-frequency oscillator.

HF

CcH

C

C

CRF

CcRRF

L

Lj

Lj
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L0

LI

15 mK

Figure 7.2: Schematic of
the whole circuit.

In Chapter 4, we explained that when magnetic flux, Φ, is
applied through the SQUID (see Fig. 7.2), for instance, by the
external coil as illustrated in Fig. 7.1, the resulting circulating
current modifies the inductance of the Josephson junctions and
consequently modifies the resonance frequency of the HF mode.
Therefore, any circulating current in the RF’s inductor intro-
duces additional flux to the SQUID loop leading to a paramet-
ric interaction between the modes. Due to the photon pressure
interaction between these modes, the HF resonant frequency is
modulated through variations in the magnetic flux resulting in

ω0(Φ) ≈ ω0 +Φzpf
∂ω0

∂Φ
x̂+

Φ2
zpf

2

∂2ω0

∂2Φ
x̂2 + . . . . (7.2)

Here, ∂ω0/∂Φ is the flux responsivity of the HF mode resonance
frequency with Φzpf the zero-point flux Φzpf ≈ 635µΦ0, and
x̂ = Φ̂/Φzpf is the RF-induced flux threading the SQUID. Us-
ing Eq. (7.2) into Eq. (7.1), we find that the Hamiltonian describing the photon pressure
interaction between the HF and RF modes is given by

Ĥ = Ĥ0 + g0â
†â
(
b̂+ b̂†

)
+ g2â

†â
(
b̂+ b̂†

)2
+ Ĥd(t), (7.3)

where Ĥd = αpe
−iωptâ† + h.c corresponds to the time-dependent driving. Here, we also

introduced the first and second-order photon pressure single-photon coupling strength given
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by

g0 ≡ ∂ω0

∂Φ
Φzpf, g2 ≡ 1

2

∂2ω0

∂2Φ
Φ2

zpf. (7.4)

The resemblance of the Hamiltonian in Eq. (7.3) to the radiation pressure interaction in
optomechanics justifies referring to this setup as an artificial optomechanical system. In this
case, the RF circuit replaces the mechanical mode, with its displacement modulating the
resonant frequency of the HF mode. Due to the strong single-photon coupling achievable via
photon pressure interaction, the interaction is accurately described up to second order. As a
result, the flux-mediated coupling through the SQUID leads to a x̂2 coupling.

In Chapter 4, we demonstrated that the Hamiltonian describing a superconducting LC
circuit with a Josephson junction resembles that of a Duffing oscillator. However, since the
experiments conducted with this setup operate in the low-power regime, both circuits behave
as harmonic oscillators, allowing us to neglect their nonlinearities [96].

As discussed in Chapter 3, the radiation pressure interaction in optomechanics is inherently
nonlinear. Considering position-squared coupling in optomechanics has been proposed for
applications such as QND measurements of phonon number [64], detecting phonon shot noise
[130], and for cooling and squeezing mechanical motion [213, 214]. Quadratic interactions can
be realized in systems like the membrane-in-the-middle architecture, where the membrane is
positioned at a node or antinode of the cavity mode [64, 215]. However, despite efforts to
enhance this interaction [216], the x̂2 coupling remains typically too weak to observe as it
scales with ∼ x2zpf.

Due to their high tunability and large coupling strength, photon pressure devices allow for
testing optomechanical effects in a different platform, enabling the exploration of otherwise
inaccessible parameter regimes.

7.1.1 Displacement transformation
Similar to the approach in Chapter 3, we will analyze the system’s dynamics described by Eq.
(7.3) within the linearized approximation. This requires the introduction of a displacement
operator for each mode. For the HF mode, we apply D̂†(α)âD̂(α) = α + d̂, where α = ⟨â⟩
represents the average amplitude and d̂ the fluctuations. Similarly, for the RF mode, we
use D̂†(β)b̂D̂(β) = β + b̂, with β = ⟨b̂⟩, keeping b̂ to describe the RF mode fluctuations
for convenience. Following the approach outlined in Sec. 3.4.3, we find that the linearized
Hamiltonian is given by

Ĥlin = Ĥ′
0 + Ĥ(1)

lin + Ĥ(2)
lin (7.5)

where Ĥ′
0 = −∆d̂†d̂+Ω0b̂

†b̂ is the free Hamiltonian with ∆ = ωp − ω0. In Eq. (7.5), the last
two terms emerge from the first and second-order interactions, respectively. Similarly, as in
the usual linearized optomechanical interaction given in Eq. (3.75), the following Hamiltonian
results from the first-order coupling

Ĥ
(1)
lin = g0⟨x̂⟩d̂†d̂︸ ︷︷ ︸

induced frequency shift

+ g0

[
α∗d̂+ αd̂†

] [
b̂+ b̂†

]
︸ ︷︷ ︸

quadrature-to-quadrature coupling

+ g0d̂
†d̂
[
b̂+ b̂†

]
︸ ︷︷ ︸

smaller by a factor of α

. (7.6)

On the other hand, the second-order interaction, which originates from the quadratic coupling,
leads to the following Hamiltonian

Ĥ(2)
lin = g2

[
1 + ⟨x̂⟩2

]
d̂†d̂+ 2g2|α|2b̂†b̂

+ 2g2⟨x̂⟩
(
α∗d̂+ αd̂†

)(
b̂+ b̂†

)
+ 2g2⟨x̂⟩d̂†d̂

(
b̂+ b̂†

)
+ g2|α|2

(
b̂2 + b̂†2

)
+ g2

(
α∗d̂+ αd̂†

)(
b̂2 + b̂†2

)
+ g2d̂

†d̂
(
b̂2 + b̂†2

)
+ 2g2b̂

†b̂
(
α∗d̂+ αd̂†

)
+ 2g2d̂

†d̂b̂†b̂+ g2

(
α∗d̂+ αd̂†

)
(7.7)
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The first line corresponds to the induced frequency shifts of both modes. The second line
represents a quadrature-to-quadrature interaction along with a nonlinear term in the fluctu-
ations, which is typically neglected due to its smallness. The third line describes two-photon
processes: the first term is linked to single-mode squeezing of the RF mode, the second
involves interaction with the HF quadrature, and the last term represents a nonlinear fluctu-
ation term. The final line includes a nonlinear fluctuation term, a cross-Kerr interaction, and
a constant term.

In Sec. 3.5, we demonstrated that the drive frequency determines the dominant resonant
processes. Next, we will analyze the effective dynamics that emerge when the HF mode is
driven on the second lower red sideband.

7.1.2 Resonant dynamics
To analyze the resonant interactions, we move to a rotating frame with respect to the free
Hamiltonian given in Eq. (7.1), namely we do

H′
lin = Û†ĤlinÛ − Ĥ′

0 (7.8)

where the unitary is given by Û = e−iĤ′
0t and with Ĥlin is the Hamiltonian derived above in

Eq. (7.5).
The device operates in the resolved sideband and is operated with the pump tone set to

the second lower sideband, i.e., ∆ = −2Ω0. Under these specific conditions, we can apply the
RWA to the Hamiltonian in Eq. (7.8), yielding the effective Hamiltonian that describes the
resonant processes (in the original frame)

Ĥlin = −∆̃d̂†d̂+ Ω̃b̂†b̂+G2

(
d̂b̂†2 + d̂†b̂2

)
+ 2g2d̂

†d̂b̂†b̂. (7.9)

Here, we define the multiphoton coupling strength as G2 = g2α, the modified detuning as
∆̃ = ∆ − g0⟨x̂⟩ − g2

[
1 + ⟨x̂⟩2

]
and RF frequency as Ω̃0 = Ω0 + 2g2|α|2. Assuming these

frequency shifts are small, i.e. ∆̃ ≈ ∆ and Ω̃ ≈ Ω0, and that the cross-term is negligible by a
factor of α, the effective system Hamiltonian becomes

Ĥeff = −∆d̂†d̂+Ω0b̂
†b̂+G2

(
d̂b̂†2 + d̂†b̂2

)
. (7.10)

This Hamiltonian describes a pump-tunable beam-splitter-like interaction between two
low-frequency photons and a single excitation of the HF mode. In the following section, we
will explore the dynamics that result from this effective Hamiltonian.

7.2 Dynamics
We will examine the dynamics of the fluctuations using the input-output formalism introduced
in Chapter 2. This approach provides a clear framework for analyzing the fields entering and
exiting the system, which will be particularly useful in the forthcoming analysis. The quantum
Langevin equations for the HF mode read

d

dt
d̂ =

(
i∆− κ

2

)
d̂− iG2b̂

2 −√
κd̂in, (7.11)

d

dt
n̂HF = −iG2

(
d̂†b̂2 − d̂b̂†2

)
− κn̂HF −√

κ
(
d̂†ind̂+ d̂†d̂in

)
(7.12)

with n̂HF = d̂†d̂ as the photon number operator of the HF mode, and κ representing the
cavity loss rate. The last terms correspond to the cavity input noise operators. Since the
HF mode has zero thermal occupation, n̄THF ≈ 0, these operators follow the noise correlators
outlined in Eq. (3.60).
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On the other hand, the equations of motion of the RF mode are given by

d

dt
b̂ = −

(
iΩ0 +

Γ

2

)
b̂− 2iG2d̂b̂

† −
√
Γb̂in, (7.13)

d

dt
b̂2 = −2

(
iΩ0 +

Γ

2

)
b̂2 − 4iG2d̂

(
n̂RF +

1

2

)
− 2

√
Γb̂b̂in, (7.14)

d

dt
n̂RF = −2iG2

(
d̂b̂2† − d̂†b̂2

)
− Γn̂RF −

√
Γ
(
b̂†b̂in + b̂†inb̂

)
. (7.15)

with the associated photon number operator n̂RF = b̂†b̂ and where Γ denotes the decay rate
of the mode. The noise operators of the RF mode satisfy Eq. (3.61) with the average thermal
occupation given by n̄TRF.

Using the equations of motion derived in this section, we will now demonstrate sideband
cooling of the RF mode through a two-photon mechanism.

7.3 Two-photon cooling
One of the main achievements in optomechanics is the ground state cooling of a mechanical
mode. Similarly, in photon pressure-based systems, thermal decoherence poses a significant
challenge to accessing the full quantum behaviour of photons with sub-gigahertz frequen-
cies. Nonetheless, sideband cooling of a thermally excited RF circuit has been successfully
demonstrated using a microwave cavity [96].

Assuming a drive detuning set to the second lower sideband, we derived the Hamilto-
nian in Eq. (7.10), which captures the resonant interaction governing the dynamics of the
fluctuations. This interaction describes how photons from the pump upward-scatter to the
resonance frequency of the HF circuit, ω0, while removing two photons from the RF circuit.
This energy extraction results in backaction cooling of the low-frequency mode through a
two-photon mechanism such as described for an optomechanical system in the work by A.
Nunnenkamp et al. [213].

Finding the average occupation of the RF requires solving terms involving two operators,
such as d̂b̂†, as we see in Eq. (7.15). Due to the non-quadratic Hamiltonian and therefore
nonlinear dynamics as shown in the last section, the treatment of the equations of motion
of terms involving two or more operators requires special attention. The above is because
the commutativity of the operators does not ensure equivalent equations of motion of their
product in systems with nonlinear interactions1. This arises from the interaction Hamiltonian,
which despite the commutation relation of the operators in question, can lead to distinct
evolution. Hence, to guarantee a correct treatment of their dynamics, it is fundamental to
respect the right ordering of the operators in the Langevin equation.

To derive the average occupation of the RF mode, we use the equation of motion given
by Eqs. (7.11)-(7.15). We will first calculate the dynamics of the induced processes in Eq.
(7.15). Hence, using the product rule, we find

d

dt
d̂b̂2† =

[
i (∆ + 2ωm)− 1

2
(κ+ 2γ)

]
d̂b̂2† − iG2b̂

†b̂†b̂b̂

+ 4iG2n̂HF

[
n̂RF +

1

2

]
−√

κd̂inb̂
†b̂† − 2

√
γd̂b̂†inb̂

†.

(7.17)

Given the high decay rate of the HF mode, we can approximate Eq. (7.12) by its steady state
solution, which is expressed as follows:

n̂HF = − iG2

κ

(
d̂†b̂2 − d̂b̂†2

)
−

√
κ

κ

(
d̂†ind̂+ d̂†d̂in

)
, (7.18)

1Mathematically this can be summarized as given two arbitrary bosonic operators û and v̂

[û, v̂] = 0 ≠⇒
d

dt
ûv̂ =

d

dt
v̂û ∧

[
ûv̂, Ĥ

]
=

[
v̂û, Ĥ

]
(7.16)

for a nonlinear Hamiltonian Ĥ.
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and similarly for the RF mode

n̂RF =
2iG2

Γ

(
d̂†b̂2 − d̂b̂†2

)
−

√
Γ

Γ

(
b̂†inb̂+ b̂†b̂in

)
. (7.19)

These equations can be combined, allowing us to express Eq. (7.18) in terms of n̂RF, namely

n̂HF = − 1

2κ

(
Γn̂RF +

√
Γ
[
b̂†inb̂+ b̂†b̂in

])
− 1√

κ

(
d̂†ind̂+ d̂†d̂in

)
. (7.20)

Our goal is to find the average occupation of the RF mode, which we will onwards denote
as ⟨n̂RF⟩ ≡ ncool

RF . For this, we must calculate the expectation value of Eq. (7.17). However,
due to the nonlinearity of the system dynamics, the analysis of the evolution of terms like
⟨d̂b̂2†⟩ demands knowledge of higher order moments such as ⟨b̂2†b̂2⟩ as we see in Eq. (7.17),
leading to an infinite hierarchy of equations. Therefore, to enable a manageable analytical
study, we truncate these equations in an appropriate order. For this we assume the state
remains Gaussian at all times and apply the Gaussian state approximation (GSA), allowing
all higher-order moments to factorize into products of first- and second-order moments [217–
219]. Given an initial Gaussian state, this approximation holds since g2 ≪ κ and n̄THF ≈ 0,
ensuring the Gaussianity of the state even though the Hamiltonian in Eq. (7.3) governing the
dynamics is non-quadratic. Hence, within the GSA and using Wick’s theorem [220] we find
that higher moments factorize accordingly to, for instance

⟨b̂2†b̂2⟩ ≈ ⟨b̂2†⟩⟨b̂2⟩+ 2(ncool
RF )2, ⟨n̂2RF⟩ ≈ 2(ncool

RF )2 + ncool
RF + ⟨b̂2†⟩⟨b̂2⟩. (7.21)

Notably, the expectation value ⟨b̂2†b̂2⟩ is proportional to the second-order correlation function
g(2)(0) = ⟨b̂2†b̂2⟩/⟨b̂†b̂⟩2, which is fundamental for the characterization of the system’s state
[192]. It allows therefore to distinguish between classical and quantum states in the following
way: g(2)(0) = 1, g(2)(0) > 1 or g(2)(0) < 1 are associated to coherent, thermal or non-classical
states, respectively.

The multiplication of Eq. (7.20) from the right by n̂RF gives us precisely the third term
in Eq. (7.17), which reads

⟨n̂HFn̂RF⟩ = − 1

2κ

(
Γ⟨n̂2RF⟩+

√
Γ
〈(
b̂†inb̂+ b̂†b̂in

)
n̂RF

〉)
− 1√

κ

〈(
d̂†ind̂+ d̂†d̂in

)
n̂RF

〉
.

(7.22)

To proceed we need to find an expression for ⟨n̂2RF⟩, which appears on the last equation.
Using the relations obtained in Eq. (7.21) and recalling that the variance of a thermal state
satisfies

⟨n̂2RF⟩ − ⟨n̂RF⟩2 = ncool
RF +

(
ncool

RF
)2
, (7.23)

this term can be expressed as follows

⟨n̂2RF⟩ = 2
(
ncool

RF
)2

+ ncool
RF . (7.24)

In addition, the expectation value of the last terms in Eq. (7.22) can be calculated within
the input-output formalism [39, 44]. Noticing that the last term is zero, since we are assuming
zero thermal occupation for the HF mode, n̄THF ≈ 0, then the only terms remaining are those
involving the RF mode noise operators:

√
Γ⟨
[
b̂†inb̂+ b̂†b̂in

]
n̂RF⟩ = −2Γ

[
ncool

RF n̄
T
RF +

1

4

(
ncool

RF + n̄TRF
)]
. (7.25)

Using these results into Eq. (7.22), we find

⟨n̂HFn̂RF⟩ =
Γ

2κ

(
2

[
ncool

RF n̄
T
RF +

1

4

(
ncool

RF + n̄TRF
)]

−
[
2
(
ncool

RF
)2

+ ncool
RF

])
, (7.26)



7.3. Two-photon cooling 117

which combined with Eq. (7.20) leads to

⟨n̂HFn̂RF⟩+
1

2
⟨n̂HF⟩ = − Γ

2κ

[
ncool

RF − n̄TRF
] [
2ncool

RF + 1
]
. (7.27)

From Eq. (7.15), we observe that in the absence of the photon pressure interaction (G2 =
0), the average occupation of the RF mode would simply correspond to its thermal occupation,
ncool

RF ≈ n̄TRF. Up to this point, the GSA has allowed us to obtain a closed system of equations,
enabling us to study the dynamics of Eq. (7.17), which are crucial for understanding the
cooling of the RF mode as we will see below.

The substitution of Eq. (7.27) let us find the the steady state solution of Eq. (7.17), namely

⟨d̂b̂2†⟩ = −2iG2Γ

κ
Xq[0]

{
2
[
1 +

κ

2Γ

]
(ncool

RF )2 +
[
1− 2n̄TRF

]
ncool

RF − nTRF

}
, (7.28)

where we used Eq. (7.21) and introduced the susceptibility X−1
q [0] = −i (∆ + 2Ω0)+(κ+ 2Γ) /2.

Finally, this result can be plugged into the steady-state solution of Eq. (7.15), which reads

−2iG2

(
⟨d̂†b̂2⟩ − ⟨d̂b̂2†⟩

)
+ Γncool

RF − Γn̄TRF = 0, (7.29)

allowing us to find the following quadratic equation for the average occupation of the RF
mode

Γq

{
2
[
1 +

κ

2Γ

]
(ncool

RF )2 +
[
1− 2n̄TRF

]
ncool

RF − nTRF

}
+ κncool

RF − κn̄TRF = 0. (7.30)

with the induced damping rate given by Γq ≡ 4G2
2

(
Xq[0] + X ∗

q [0]
)
.

In this section, we have used the equation of motion derived in Sec. 7.2 to obtain an
analytical expression describing the average occupation of the low-frequency circuit. To ac-
complish this we employed the GSA which allowed us to truncate the nonlinear equations
of motion, resulting in a closed system described by second-order moments. Finally, solving
the system of equations led us to the steady state solution given in Eq. (7.30), where the
photon-pressure-induced damping for ∆ = −2Ω0 reads Γq = 4G2

2(κ + 2Γ)−1. Fig. 7.3 shows
a great agreement of the analytical results with the numerical simulation using Qutip [221]
for the low-frequency mode initially at n̄TRF = 5.

Figure 7.3: Two-photon cooling of the RF mode as a function of the multiphoton coupling
strength. The solid line depicts the numerical simulation using Qutip [221]. The circles show the
analytical solution obtained within the GSA using Eq. (7.30). For this plot Ω0/2π = 450.6 MHz,
Γ/2π = 30 kHz, κ/2π = 400 kHz, g2/2π = 3.6 kHz and n̄T

RF = 5.

In the next section, we will demonstrate that the system described by the Hamiltonian in
Eq. (7.10) leads to OMIT through a two-photon process.
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7.4 Optomechanically induced transparency
In Sec. 3.9, we introduced OMIT, an effect analogous to EIT, observed in optomechanical
systems. OMIT describes the emergence of a transparency window in the probe field resulting
from the interaction between the optical and mechanical modes via radiation pressure in the
presence of a strong control field. This phenomenon occurs when a control optical beam,
tuned to a sideband transition of the optomechanical system, interferes destructively with
the intracavity probe field, reducing or canceling the intensity of the probe, as shown in Fig.
7.4.

OMIT has also been shown to arise through a two-photon process in quadratically cou-
pled systems [222], such as in membrane-in-the-middle configurations. In such systems, the
anti-Stokes process describes the upward scattering of two phonons, whereas the mean dis-
placement and momentum of the mechanical mode are both zero due to the symmetry of the
intracavity field. Thus, the modulation of the cavity field arises from ⟨x̂2⟩.

Recently, OMIT experiments have been conducted in photon pressure-based optomechan-
ical systems to extract the single-photon coupling rate [140]. In this section, we will demon-
strate the appearance of a transparency window resulting from the photon pressure interaction
described by the Hamiltonian in Eq. (7.10). This setup provides a fully superconducting and
highly tunable platform to study OMIT through two-photon processes. Furthermore, it en-
ables the analysis of the RF mode’s response to injected noise while performing the OMIT
measurement.

probe laser

co
nt

ro
l l

as
er

HF mode

Figure 7.4: Schematic of the two-photon OMIT-like experiment via a photon-pressure-based
interaction. A strong control field drives the HF mode at the second lower sideband. A second
weak probe tone scans around the cavity’s resonant frequency. The resulting destructive inter-
ference of the second sideband with the probe field leads to the emergence of the transparency
window.

As shown in Fig. 7.4, the HF mode is driven by the probe tone, whose Hamiltonian reads

Ĥprobe = −i√ηκ
(
αpâ

†e−iωpt − α∗
pâe

+iωpt
)
, (7.31)

where αp = eiϕp
√
Pprobe/ωp is the normalized amplitude with Pprobe, ωp and ϕp the probe’s

power, frequency and phase, respectively. Here, the total loss rate consist of κ = κint + κext,
where κint is related to the internal losses, whereas κext determines the coupling to the
external port. Ultimately, η = κext/κ is a dimensionless coupling parameter which can be
experimentally tuned. Similarly, the strong control field will be characterized by

Ĥcontrol = −i√ηκ
(
αcâ

†e−iωct − α∗
c âe

+iωct
)

(7.32)

with αp = eiϕc
√
Pcontrol/ωc. Considering these two tones, the total drive in Eq. (7.3) will be

described by the sum of the probe and control fields, i.e. Ĥd = Ĥprobe + Ĥcontrol.
Since the probe field is much weaker than the control, it is the control field that provides

the steady state solution ⟨â⟩ of the system. In contrast, the probe field can be treated as
the perturbation around the steady state solution. Thus, in the presence of both control and
probe fields, the dynamics of the HF mode in Eq. (7.11) become

d

dt
d̂ =

(
i∆− κ

2

)
d̂− iG2b̂

2 −√
ηκαpe

−iδt, (7.33)

with the detuning ∆ = ωc − ω0 and δ = ωp − ωc.
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The solution of Eq. (7.33) and therefore the analysis of the HF circuit’s response, requires
the knowledge of the dynamics of b̂2, given in Eq. (7.14). This consists of a nonlinear system
of equations, such that its analytical solution demands an approximation.

As mentioned above, the probe field can be thought of as a perturbation around the steady
state related to the strong control field. Therefore, the presence of the probe field leads to
non-zero average fluctuations, i.e. ⟨d̂⟩ ≠ 0. Therefore, we find

d

dt
⟨d̂⟩ =

(
i∆− κ

2

)
⟨d̂⟩ − iG2⟨b̂2⟩ −

√
ηκαpe

−iδt, (7.34)

which is coupled to the equation of motion of the expectation value of Eq. (7.14):

d

dt
⟨b̂2⟩ = −2

(
iΩ0 +

Γ

2

)
⟨b̂2⟩ − 4iG2⟨d̂

(
n̂RF +

1

2

)
⟩, (7.35)

where we used that ⟨b̂b̂in⟩ ≈ 0 for a weak enough coupling. This is true for the parameter
regime in which the experiment is conducted with g2/κ ≈ 0.008. The last term of Eq.
(7.35) leads to an infinite number of coupled equations. Below, we will take two different
approaches to derive an analytical expression of the transmission of the probe, that are linked
to the assumption of the system’s correlations.

7.4.1 Semiclassical approach: mean field approximation
The semiclassical, also known as the mean-field approximation, is a widely used technique in
quantum optics and many-body physics. It involves decoupling correlations between observ-
ables, approximating the expectation value of a product of operators as the product of their
individual expectation values, i.e. ⟨ÂB̂⟩ ≈ ⟨Â⟩⟨B̂⟩. To illustrate this, we assume that these
operators can be expressed as Ô = ⟨Ô⟩+ δÔ for Ô = Â, B̂, where the first term is a classical
component and the second represents the fluctuations around it. Hence, we can write

⟨ÂB̂⟩ = ⟨
[
⟨Â⟩+ δÂ

] [
⟨B̂⟩+ δB̂

]
⟩ =

〈
⟨Â⟩⟨B̂⟩+ ⟨Â⟩ δB̂ + δÂ⟨B̂⟩+ δÂδB̂︸ ︷︷ ︸

fluctuations

〉
≈ ⟨Â⟩⟨B̂⟩, (7.36)

where the approximation results from assuming the fluctuations to be small compared to the
classical components. In optomechanics, this assumption is generally valid for strongly driven
systems operating far from instability, where fluctuations can be enhanced [80].

Using the approximation given in Eq. (7.36) we write ⟨d̂n̂RF⟩ ≈ ⟨d̂⟩ncool
RF , with ncool

RF given
by the analytical solution in Eq. (7.30). This allows us to express Eq. (7.35) as

d

dt
⟨b̂2⟩ ≈ −2

(
iΩ0 +

Γ

2

)
⟨b̂2⟩ − 2iG2⟨d̂⟩

(
2n̄cool

RF + 1
)
, (7.37)

where we neglected higher-order processes based on the weak coupling assumption. This
equation can be transformed into frequency space using the Fourier transform defined in Eq.
(3.106) resulting in

⟨b̂2[ω]⟩ = −4iG2Xbb[ω]

(
n̄TRF +

1

2

)
⟨d̂[ω]⟩ (7.38)

where we introduced the susceptibility X−1
bb [ω] = −i (ω − 2Ω0) + Γ.

With the solution given in Eq. (7.38) we are finally in a position to find an expression for
the effective dynamics of ⟨d̂⟩. Taking the expectation value of Eq. (7.11) and moving to the
Fourier space we find ⟨d̂[ω]⟩ = −√

ηκX sc
c [ω]αpe

−iδt, where the modified cavity susceptibility
is given by

X sc
c [ω] =

1

−i (ω +∆) + κ
2 + 4G2

2Xbb[ω]
(
n̄TRF + 1

2

) (7.39)

with the susceptibility introduced for Eq. (7.38). Due to the dependence on the thermal



120 Chapter 7. Quadratic optomechanics via photon pressure interaction

occupation of the RF mode, this equation indicates the ability to introduce noise to the low-
frequency circuit, which will lead to a modification of the HF circuit response to the probe
field.

So far, the derivation of the last equation is based on the semiclassical approximation
Eq. (7.36), which discards possible correlations between the modes by assuming small fluctu-
ations.

Next, we will take a different approach starting with Eq. (7.14), in which we do consider
possible correlations, which might be encoded in the effective dynamics of ⟨d̂n̂RF⟩.

7.4.2 Beyond the semiclassical approximation
To arrive at the result given in Eq. (7.39) we assumed small fluctuations under the so-called
mean-field approximation in Eq. (7.36). Additionally, within the weak coupling assumption,
we also neglected higher-order terms resulting in Eq. (7.37).

Solving Eq. (7.35) is fundamental to understanding the cavity response. In contrast to the
analysis done in Sec. 7.4.1, in this section, we will not employ the semiclassical approximation
given in Eq. (7.36), but consider the dynamics of the product ⟨d̂n̂RF⟩. This translates into
the consideration of possible correlations within the system. The quantum Langevin equation
describing the dynamics of the product of these operators read

d

dt
⟨d̂n̂RF⟩ =

(
i∆− κ+ 2Γ

2

)
⟨d̂n̂RF⟩ − iG2

〈
b̂†b̂3 + 2d̂2b̂2† − 2d̂†d̂b̂2

〉
︸ ︷︷ ︸

higher-order moments

−√
κext⟨d̂in⟩ncool

RF + Γn̄TRF⟨d̂⟩.

(7.40)

In Sec. 7.3, we used the GSA to truncate the equations of motion, assuming the system’s
state remains Gaussian throughout its evolution. However, in this case, the introduction of
the probe field could result in non-Gaussian dynamics and correlations between the modes
due to the nonlinear interaction. Nevertheless, the higher-order terms in the final equation,
being proportional to G2, will scale as G3

2 in the dynamics of ⟨d̂⟩. Therefore, under the weak
coupling assumption, these terms can be neglected, leading to the following equation:

d

dt
⟨d̂n̂RF⟩ ≈

(
i∆− κ+ 2Γ

2

)
⟨d̂n̂RF⟩ −

√
κext⟨d̂in⟩ncool

RF + Γn̄TRF⟨d̂⟩. (7.41)

The last result allows us to solve the system of Eqs. (7.34), (7.35) and (7.41) in the
frequency domain, yielding ⟨d̂[ω]⟩ = −√

ηκX cr
c [ω]αpe

−iδt with the effective susceptibility

X cr
c [ω] =

1− 4G2
2Xbb[ω]Xd,rf[ω]n

cool
RF

−i(ω +∆) + κ
2 + 4G2

2Xbb[ω]
(
Xd,rf[ω] Γn̄TRF + 1

2

) , (7.42)

with X−1
d,rf[ω] = −i(ω +∆) + (κ+ 2Γ)/2.

Finally, in the next section, we will compare these two approaches and study the cavity
response under certain parameters.

7.4.3 Cavity response
Up to this point, we have used two approaches to analyze the cavity’s response. First, we
employed the semiclassical approximation given in Eq. (7.36), neglecting possible system
correlations. This initial method led us to the effective susceptibility given in Eq. (7.39).
Contrary, our second approach did indeed consider possible correlations, thereby analyzing
the equations of motion of the average of two operators, yielding the effective susceptibility
given in Eq. (7.42).

To analyze the response of the cavity to the probe tone we use the input-output relation
given in Eq. (2.50), which results in an expression that describes the linearized cavity response
given below

S11[ω] = 1− κextX̃c[ω], (7.43)
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with the modified susceptibility X̃c[ω], which could be either X sc
c [ω] or X cr

c [ω] given by Eq.
(7.39) or Eq. (7.42), respectively.

Two-photon induced OMIT has been already demonstrated within experimentally feasi-
ble coupling strengths in the standard optomechanical Hamiltonian given in Eq. (3.52) [223].
Here, we show, in a superconducting-based platform, that the two-photon resonance processes
arise from the quadratic interaction when the system is strongly driven at the second lower
sideband. Fig. 7.5 illustrates the cavity response as a function of probe detuning for different
coupling strengths. Based on similar parameters as those used in [223], our semiclassical
result, characterized by the cavity susceptibility in Eq. (7.39), shows great agreement with
numerical simulations. Notably, even at a strong coupling strength of g2/κ = 0.5, the semi-
classical approach accurately captures the system’s behaviour. In contrast, for g2/κ > 0.24,
we show that the first-order optomechanical interaction (see [223]) fails to match the numerical
results, particularly when the probe is at the cavity frequency (∆probe = 0). This illustrates
that for ∆ = −2Ω0 and at high coupling strengths, nonlinear effects arise predominantly from
the second-order interaction terms and not solely from the usually neglected nonlinear term
given by the last term in Eq. (3.75).

Figure 7.5: HF cavity response as a function of the probe detuning for different photon-pressure
coupling strengths. The transparency window is marked by the grey-shaded area in the upper
plot and shown in the lower plot for probe frequencies close to resonance. The circles in the lower
plot show the numerical simulation using Qutip, solid lines show the result using the semiclassical
approximation and the crosses the theory derived in K. Børkje et al. [223]. Contrary to the
model used in [223], our semiclassical solution agrees well even for larger coupling strength with
the numerical simulation. For this result we use n̄T

RF = 0.16, ωm/2π = 1 MHz, κ = 0.1ωm and
Γ = 0.66 Hz.

As shown in Fig. 7.5, the discrepancy between the results obtained using the Hamilto-
nian in Eq. (3.48) and the simulation becomes more pronounced near the resonant condition.
This suggests an enhancement of nonlinear effects when the probe is resonant with the cav-
ity. Therefore, in Fig. 7.6, we analyze the influence of these effects by comparing two ap-
proaches: the semiclassical result from Eq. (7.39) and the correlation-based result described
by Eq. (7.42). We show that the amplitude of the transparency window is better captured
by the correlation-inclusive result. This demonstrates that under resonant conditions, non-
linear effects are amplified, leading to larger fluctuations, which are better described by the
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correlation-based approach in Eq. (7.42).

Figure 7.6: HF cavity response as a function of the probe detuning for different multiphoton
coupling strengths G2 = g2

√
n̄c. The dashed lines show the result obtained using the semiclas-

sical approximation, while solid lines describe the solution that considers possible correlations.
These results are compared with the numerical simulation shown in circles. When the cavity is
on resonance with the cavity (∆ = 0) nonlinear effects are more pronounced, which are better
captured beyond the semiclassical approximation. This effect is more significant as the effec-
tive coupling strength increases. Further away from the resonance condition, the semiclassical
accurately describes the numerical results. For this plot Ω0/2π = 450.6 MHz, Γ/2π = 30 kHz,
κ/2π = 400 kHz, g2/2π = 0.01 kHz and n̄T

RF = 1.

Moreover, in Fig. 7.7, we present the effect of noise injection, i.e. larger n̄TRF, through
the RF circuit on the HF cavity’s response as a function of probe detuning. For a fixed
photon-pressure coupling strength of G2/κ = 0.09, the semiclassical solution shows better
agreement with the results than Eq. (7.42), particularly as more noise is introduced into
the system. This holds even at zero detuning, where one would typically expect enhanced
nonlinear effects due to the resonance condition. This suggests that at the given coupling
strength, increased thermal noise diminishes quantum fluctuations.
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(a) For n̄T
RF = 0.5, the correlation-based solution (solid red) does not match the numerical results. The inset

highlights the great agreement of the semiclassical solution for lower noise injection n̄T
RF = 0.1.

(b) Increased noise injection leads to a worsening of the analytical results, especially around the cavity
resonance.

Figure 7.7: Effect of noise injection on the HF cavity response as a function of probe detuning
for fixed coupling strength G2/κ = 0.09. Circles represent the numerical simulation, while the
solid lines correspond to the semiclassical approximation. Under noisy conditions and at this
weak coupling strength, the semiclassical solution provides a more accurate approach. For this
plot Ω0/2π = 450.6 MHz, Γ/2π = 30 kHz, κ/2π = 400 kHz.

In this chapter, we studied the quadratic coupling in an artificial optomechanical system
that consists of a fully superconducting-based platform, describing the photon-pressure inter-
action between high- and low-frequency LC circuits. When the HF circuit is driven on the
second lower sideband (∆ = −2Ω0), we demonstrated that this interaction leads to a reso-
nant two-photon cooling process, as described by the effective Hamiltonian in Eq. (7.10). By
assuming that the system’s state remains Gaussian at all times for weak coupling strengths,
we derived an analytical expression for the average occupation of the RF mode. Within the
resolved sideband regime, our result shows strong agreement with numerical simulations, even
for multiphoton coupling G2 ∼ κ, as shown in Fig. 7.3.

Next, we demonstrated that the system leads to two-photon OMIT when a strong control
field is applied at ∆ = −2Ω0 and a weak probe tone scans around the cavity’s frequency. In
Sec. 7.4, we analyzed the HF cavity’s response to the weak probe tone using both semiclas-
sical and correlation-based approaches. For weak coupling, the semiclassical solution showed
strong agreement with numerical simulations, as depicted in Fig. 7.5. However, we noted
that when the probe is resonant with the cavity frequency, nonlinear effects are enhanced,
leading to increased fluctuations that the semiclassical description does not capture. In Fig.
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7.6, we showed that the correlation-based result accurately describes the amplitude of the
transparency window, even with increased thermal occupation and coupling strength. Lastly,
in Fig. 7.7, we explored the impact of noise injection into the RF mode. The correlation-based
solution failed to match the numerical simulations for higher noise and weak coupling, while
the semiclassical solution correctly captured the system’s behaviour, even under increased
thermal occupation.
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Chapter 8

Conclusions and outlook

In this work, we demonstrated that a nonlinear cavity dispersively coupled to a low-frequency
mechanical oscillator leads to more efficient and enhanced dynamical backaction cooling com-
pared to an equivalent linear system. Our results show that such an optomechanical system
leverages its intrinsic cavity nonlinearity to significantly boost the optomechanical coupling,
without requiring strong coupling strength or high driving power. This theoretical analysis
builds on the novel experimental platform developed by D. Zoepfl et al. [3], which induc-
tively couples a mechanical cantilever with a magnetic tip to a SQUID cavity. With recent
advancements in magnetically coupled mechanical oscillators and superconducting circuits
[22, 35, 115, 140, 179], this platform shows great promise for advancing quantum control of
mechanical systems. Along with the ability to cool in the unresolved sideband regime, these
systems are particularly relevant for applications involving large-scale mechanical systems,
where achieving efficient cooling and precise control is critical for exploring quantum effects
at macroscopic scales.

In Chapter 4, we demonstrated that embedding a SQUID into a microwave cavity makes
the system sensitive to magnetic fields, which is essential for inductive coupling to a me-
chanical mode. Additionally, we showed that the Hamiltonian describing a superconducting
circuit with a Josephson junction is equivalent to that of a Duffing oscillator. This Hamil-
tonian served as the foundation for analyzing a key feature of Kerr cavities: bistability. We
emphasized the impact of the intracavity photon number on the dynamics of cavity fluctua-
tions when operating near the bifurcation point. At this point, the nonlinearity induces both
a slowing down of the cavity response and an enhanced asymmetry in the photon number
spectrum. Finally, we highlighted how these properties make such a nonlinear cavity an ideal
candidate for optomechanical cooling.

In Chapter 5, we examined the experimental setup developed by Zoepfl et al. [3], focusing
on the enhanced backaction cooling capabilities of a SQUID cavity inductively coupled to
a cantilever with a magnet on its tip. We demonstrated that this improved cooling perfor-
mance stems from the asymmetric photon number spectrum characteristic of the nonlinear
cavity. Consequently, the system profits from the intrinsic cavity nonlinearity to cool the
low-frequency mechanical oscillator via sideband cooling, achieving more than an order of
magnitude improvement over an equivalent linear system.

Furthermore, we showed that optimal cooling occurs when the cavity operates near the
bifurcation point, where not only is cooling more effective, but it also requires approximately
12 times less input power than a linear setup. Additionally, in the unresolved sideband
regime, the nonlinear system requires less optomechanical coupling strength to surpass the
best cooling achieved by a linear cavity under the same input power conditions. Moreover,
the nonlinear system outperforms the linear one in both cooling efficiency and capability,
especially deeper into the unresolved sideband regime. Finally, we found that while the
fundamental limits for dynamical backaction cooling are the same for both systems, the
nonlinear setup reaches these limits with a drive amplitude two orders of magnitude weaker.

Loosening the experimental parameter constraints, we explored a squeezed-based protocol
aimed at surpassing the cavity backaction limit, following the approach of [214]. In Chapter
6, we demonstrated that driving the nonlinear cavity with a squeezed vacuum can effectively
mitigate unwanted backaction heating, allowing us to surpass the cavity backaction limit. We
showed that the advantages of the nonlinear cavity lead to improved cooling performance.
For the same parameters, achieving ground state cooling with a nonlinear cavity requires sig-
nificantly less squeezing strength compared to a linear system, which is particularly promising
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from an experimental standpoint.
Although traditionally viewed as separate challenges, we demonstrated that combining

an optomechanical system in the unresolved sideband regime with an intrinsically nonlinear
cavity results in superior cooling performance. This makes the nonlinear cavity an attractive
platform for applications involving large, low-frequency mechanical systems.

Finally, in Chapter 7 we explored optomechanical effects in an entirely superconducting-
based platform, where the absence of a mechanical element makes us refer to it as an artificial
optomechanical system. Throughout this chapter, we studied the photon pressure interaction
between high- and low-frequency circuits, effectively modelled by a quadratic optomechanical-
like Hamiltonian. We demonstrated that, when the system is driven at the second lower
sideband, this interaction enables a two-photon cooling process of the low-frequency circuit.
Likewise, we derived an analytical expression that closely aligns with numerical simulations,
even approaching the strong multiphoton coupling regime.

We further showed that this platform exhibits OMIT via a two-photon mechanism. Our
study also revealed increased fluctuations when the probe is resonant with the cavity, a
phenomenon well described by our correlation-based model. Additionally, we noted that
for weak coupling and low noise injection into the low-frequency mode, the semiclassical
approximation closely matches the numerical simulations. These results are significant since
such platforms allow the exploration of optomechanical effects in otherwise incompatible
parameter regimes.

Throughout this work, we primarily studied optomechanical systems based on supercon-
ducting quantum circuits, which due to their versatility and tunability offer great promise
for quantum control of mechanical systems. Such a goal demands larger coupling strengths,
which can be realized using inductively-based interactions. While we demonstrated cooling
to about 200 times below the thermal occupation with our nonlinear system, the ultimate
aim remains ground state cooling. Due to the limitations imposed by cavity backaction,
our recent efforts explore the use of an auxiliary red-driven cavity coupled to the nonlinear
optomechanical system. Alternatively, driving the nonlinear optomechanical setup with an
additional second pump tone could disentangle the squeezing and cooling processes. Recent
advances in coherent feedback protocols [75, 76], make it a possible alternative to boost our
cooling limits and eventually reach the ground state.
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Appendix A

Kerr-cavity in a squeezed basis

As explained in Chapter 6, if the cavity nonlinearity is not too strong Λ < |∆| the dynamics
of the nonlinear cavity given in Eq. (4.24) are equivalent to a those of linear cavity driven by
a squeezed reservoir. Below, we use the Bogoliubov transformation to diagonalize the system
and derive the spectral density of the force.

The drift matrix given in Eq. (4.25) can be diagonalized using the so-called Bogoliubov
transformation. To diagonalize the system’s Hamiltonian given in Eq. (4.1) we first introduce
the squeeze operator [127, 224]

Ŝ(η) ≡ exp

(
1

2
η∗d̂2 − 1

2
ηd̂2†

)
, η = reiζ , tanh (2r) =

|Λ|
∆̃

(A.1)

and transform the bosonic operators of the optical mode into a squeezed frame using the
Baker-Hausdorff formula in Eq. (3.53). It then follows

d̂s = Ŝ†(r) d̂ Ŝ(r) =

∞∑
n=0

r2n

(2n)!
d̂−

∞∑
n=0

r(2n+1)

(2n+ 1)!
d̂† = cosh(r) d̂− eiζ sinh(r) d̂†, (A.2)

where d̂s is now an operator in the squeezed frame. The last relation leads to the following
transformation d̂s

d̂†s

 = S(r)

 d̂
d̂†

 , S(r) =

 cosh(r) −eiζ sinh(r)
−e−iζ sinh(r) cosh(r)

 (A.3)

Using the last expression we find the Hamiltonian of a driven Kerr-cavity in a squeezed frame

Ĥs = Ŝ†ĤŜ = −∆sd̂
†
s d̂s (A.4)

with the modified cavity frequency ∆s =
√
∆̃2 − |Λ|2.

As shown in the work of Asjad et al. [176], if the nonlinearity is not too strong |Λ| < |∆|,
the system described by Eq. (4.1) is equivalent to that of linear cavity driven by a squeezed
reservoir as in the work of H. Lau and A. A. Clerk [32]. This indicates that, in the squeezed
basis, the cavity noise correlators given in Eq. (3.60) become

⟨d̂s†
in(t)d̂

s
in(t

′)⟩ = nsδ(t− t′), ⟨d̂s
in(t)d̂

s
in(t

′)⟩ = mse
−iζδ(t− t′) (A.5)

with ns = sinh2(r) and ms = cosh(r) sinh(r) =
√
ns(ns + 1). In this new frame, the dynamics

are characterized by the squeezed fluctuations, whose noise correlators are defined by the
coefficients ns and ms, which determine the number of excitations and the strength of the
correlations of the input squeezed fields. Furthermore, from the definition in Eq. (A.1) and
the explicit expression of the coefficients given in Eq. (A.5) we find that cosh(2r) = 2ns + 1,
which allow us to obtain the following relation

∆̃ = ∆s (2ns + 1) . (A.6)

Since we aim to obtain the Stokes and anti-Stokes rates via the force spectrum given
in Eq. (3.125), we need to analyze how the radiation-pressure coupling is modified in the
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squeezed frame. For this, we notice that under the Bogoliubov transformation (A.3) and a
strong enough squeezing parameter, the linearized radiation pressure operator becomes

F̂s ≈ |G|e+r
(
e−i ζ

2 d̂s + e+i ζ
2 d̂†s

)
cos

(
ζ − 2ϕc

2

)
. (A.7)

From Eq. (A.5) we can rewrite the exponential as er =
√
ns +

√
ns + 1, such that in the last

equation we can identify the following relation

Gs = |G|ei ζ
2

(√
ns +

√
ns + 1

)
. (A.8)

Using the last equation and taking ζ = 2ϕc then Eq. (A.7) becomes

F̂s ≈
(
G∗

s d̂s +Gsd̂
†
s

)
, Gs = G

(√
ns +

√
ns + 1

)
, (A.9)

which has the same structure as Eq. (5.50).
From Eq. (A.4), we can deduce that the dynamics of the cavity in the squeezed frame

resemble those of an empty cavity, namely

d̂s[ω] = −√
κXs[ω]d̂

s
in[ω], (A.10)

with the susceptibility X−1
s [ω] = −i(ω + ∆s) + κ/2 and the noise correlators given in Eq.

(A.5). Similarly as in Eq. (6.22), with the results given above, we can compute the spectral
density of the force

Ss
FF [ω] =

ns

(ω −∆s) +
κ2

4

+
ns + 1

(ω +∆s) +
κ2

4

− 2ms

[
∆2

s − κ2

4 − ω2
]
cos(4ϕc)−∆sκ sin(4ϕc)[

κ2

4 + (ω −∆s)
2
] [

κ2

4 + (ω +∆s)
2
] .

(A.11)

Recalling the Stokes and anti-Stokes rates given in Eq. (3.125), we can use the force spec-
trum derived in the last equation and suppress the Stokes heating process, i.e. Ss

FF [−ωm] = 0
for a given optimal squeezing phase [31, 176]. This is done in Chapter 6 when squeezing is
externally generated and injected into the cavity.
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