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Kurzfassung

Die genaueAbstimmung der Produkteigenschaften von Polyolefinen hinsichtlich ihrer Anwen-

dungseigenschaften, welche durch die Produktion eingestellt werden, ist eine zentraleHeraus-

forderung in der Verfahrenstechnik. Sowohl die Anwendungseigenschaften als auch die für die

Produktion notwendigen physikalischen Größen hängen in komplexerWeise von denmoleku-

laren Parametern (Molmasse und Verzweigung) ab. Dies sei am Beispiel der Gaslöslichkeit in

Polyolefinen erläutert. Einerseits hängt die Gaslöslichkeit stark von der Semikristallinität ab,

die wiederum durch die Verzweigung beeinflusst wird. Anderseits bestimmt die Gaslöslichkeit

die Verfahrensparameter bei der Produktion und bei der Einstellung der Anwendungseigen-

schaften.

Diese Arbeit widmet sich der Frage, wie die Gaslöslichkeit von reinen Gasen und Gasmi-

schungen in Polyolefinen in Abhängigkeit der oben genannten molekularen Parameter mit

einem physikalischen Modell berechnet werden kann. Die erste Herausforderung ist die Be-

rechnung der Semikristallinität als Funktion der molekularen Parameter und der Temperatur.

Die grundlegende Idee besteht in der Übertragung des sogenannten statistischen Car-Parking

Problems (CPP), welches auf der Vorstellung von zufällig geparkten Autos auf einem langen

Parkstreifen basiert, auf Polyolefine. Diese Idee berücksichtigt jedoch die Verzweigung nicht.

Demzufolge wird in dieser Arbeit das CPP mit dem Flory-Ansatz für die Beschreibung der Kri-

stallinität von statistischen Copolymeren (FCA), der die Verzweigung explizit berücksichtigt,

kombiniert. Somit ist es möglich, die Semikristallinität in guter Übereinstimmung mit experi-

mentellen Daten aus den molekularen Parametern und der Temperatur vorherzusagen.

Die Berücksichtigung der Semikristallinität in den thermodynamischenGleichungen gelingt

durch die Kombination mit der Kontinuumsmechanik. Die kristallinen Anteile verursachen

einen Eigendruck, der mit kontinuumsmechanischen Ansätzen aus experimentell zugängli-

chen mechanischen Größen vorhergesagt werden kann.

Mittels des bestimmten Eigendruckes kann durch die Verwendung der Lattice-Cluster Theo-

rie (LCT) die Gaslöslichkeit von reinen Gasen und Gasmischungen berechnet werden. Die LCT

berücksichtigt die Molmasse und die Verzweigung direkt in der Helmholtzenergie. Die Rein-

stoffparameter können für Polyethylen anhand von PVT-Daten aus der Literatur bestimmtwer-

den, wobei dieser Parametersatz unabhängig von den molekularen Parametern gilt. Die Be-

schreibung vonMischungen erfordert einen linear temperaturabhängigen binären Parameter,

der an Löslichkeitsdaten im amorphen Zustand angepasst wird. Durch die Kombination mit

dem Eigendruck, der wiederrum von den molekularen Parametern abhängt, kann die Gaslös-

lichkeit in semikristallinen Polyolefinen in sehr guter Übereinstimmung mit experimentellen

Daten aus der Literatur vorhergesagt werden. Somit ist es erstmalig gelungen, den Einfluss der

Verzweigung auf die Gaslöslichkeit theoretisch zu erfassen.
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Abstract

Tailoring product properties of polyolefins regarding their application properties, which are

adjusted during production, is one key challenge in chemical engineering. Both the applica-

tion properties and the physical properties required for the production depend in a complex

way onmolecular parameters (molecular weight and branching). This is outlined using the ex-

ample of the gas solubility in polyolefins. On the one hand, the gas solubility strongly depends

on the semi-crystallinity, which in turn is influenced by the branching. On the other hand,

the gas solubility predefines operational parameters during production and the adjustment of

application properties.

This work addresses the question of how the gas solubility of pure gases and gas mixtures in

polyolefins can be calculated as a function of the abovementionedmolecular parameters using

a physical model. The first challenge is the calculation of the semi-crystallinity as a function of

themolecular parameters and the temperature. The basic idea is to transfer the so-called statis-

tical car-parking-problem (CPP), which is based on the figurative problem of randomly parked

cars on a long parking lot, to polyolefins. However, this concept does not consider branching.

Consequently, in this work the CPP is coupled with the Flory approach for the description of

the semi-crystallinity of statistical co-polymers (FCA), which explicitly considers branching.

Through this, it was possible to predict the semi-crystallinity in good agreement with experi-

mental data from the molecular parameters and the temperature.

The consideration of the semi-crystallinity in the thermodynamic equations is achieved by

the combination with continuum mechanics. The crystalline domains create an eigen pres-

sure, which is predicted from experimental accessible mechanical properties using a contin-

uummechanic approach.

With the help of the determined eigen pressure and the application of the Lattice-Cluster-

Theory (LCT), gas solubilities of pure gases and gas mixtures can be calculated. The LCT con-

siders themolecular weight and the branching directly in the Helmholtz energy. The pure sub-

stance parameters of polyethylene are determined using PVT-data from the literature, whereby

this parameter set is valid independently of the molecular parameters. The description of the

mixture requires a linear temperature-dependent binary parameter which is adjusted to solu-

bility data in the amorphous state. By combining this with the eigen pressure, which in turn

depends on the molecular parameters, the gas solubility in semi-crystalline polyolefins can be

predicted in very good agreementwith experimental data from the literature. Thus, for the first

time, it is possible to theoretically characterize the influence of branching on the gas solubility.
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C - Car-Parking constant

Cabc Ja Extended mean-field-contribution

D - Nucleation constant

F J Free energy

G J Free enthalpy

G Pa Shear modulus

h Jmol−1 Molar enthalpy

j - Number of crystalline sequences

K Pa Compression modulus

kb J K−1 Boltzmann constant

kij - Binary interaction parameter

M - Segment number

MN gmol−1 Number average molecular weight

MW gmol−1 Weight average molecular weight

N - Architecture coefficient

N - Permutation

XI



Symbols

NAv mol−1 Avogadro constant

Nl - Number of lattice sites

n mol Amount of molecules

nbr - Number of units in the branch

p Pa Pressure

p
c
, p

eigen Pa Constraint/eigen pressure

P - Probability

r - Variable chain unit

R Jmol−1 K−1 Universal gas constant

S J/K Entropy

T K Temperature

V m3 Volume

V - Number of neighbours

W - Partition function

W - Wasted space

w - Weight fraction

v m3mol−1 Molar volume

xi - Mole fraction of component i

x - Interval length

z - Lattice coordination number

XII



α, η, κ, λ,
µ, π, τ , ω

- Counting indices

α wt% Crystallinity

β - Lattice site vector

∆ - Difference

δ - Kronecker delta function

ϵ J Dispersion energy

ζ - Crystalline sequence length

ζ
∗ - Critical crystalline sequence length for linear chains

µi Jmol−1 Chemical potential of component i

ρ - Crystalline sequences in cross section

σ - Length of a cubic lattice cell

σe Jm−2 Surface energy

Φ - Segment fraction without consideration of void segments

ϕ - Segment fraction with consideration of void segments

χ - Flory-Huggins parameter

Subscript Description

i Component index

j Component index

k Type of architecture coefficient

m Melting

occ Occupied

v Void

cr Critical

XIII



Symbols

Superscript Description

AmPol Reference to amorphous domains

ath Athermal limit

G Gas phase

L Liquid (polymer) phase

lin Linear chain

MF Mean-field

Accent Description

x̃ Reduced quantity

x̄ Mean quantity

Abbreviation Description

CPP Car-Parking-Problem

EoS Equation of state

DSC Differential scanning calorimetry

FH Flory-Huggins

FCA Flory-Copolymer-Approach

HDPE High-density-polyethylene

LCB Long chain branching

LCT Lattice-Cluster-Theory

LDPE Low-density-polyethylene

LLDPE Linear low-density-polyethylene

PE Polyethylene

VLE Vapour-liquid-equilibrium

SCB Short chain branching

SL Sanchez-Lacombe

XIV



List of Figures

1.1 Schematic representation of dependencies between molecular structure, crys-

tallinity and application properties. . . . . . . . . . . . . . . . . . . . . . . . . . 4

2.1 Exemplary arrangement of n-butane (grey) and polyethylene (black) in a lattice

according to Flory’s lattice theory . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2.2 Schematic illustration of the LCT . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2.3 Relationshipbetween synthesis conditions, architecture andproperties of polyethy-

lene. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.4 Volume-temperature relationship for polyethylene at 1 bar. . . . . . . . . . . . . 14

2.5 Semi-crystalline scheme . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

3.1 Electronic microbalance, adopted from [130]. . . . . . . . . . . . . . . . . . . . . 25

3.2 Pressure decay method with 2 sorption cells, adopted from [132]. . . . . . . . . . 27

3.3 Overviewof experimental data concerning the crystallinity of low-density polyethy-

lene. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

3.4 Experimental data considering saturated liquid volumes of 1-butene. . . . . . . . 30

3.5 Experimental data considering vapour pressure of 1-hexene. . . . . . . . . . . . 31

3.6 Solubility of ethylene in molten polyethylene at different temperatures. . . . . . 36

3.7 Solubility of 1-butene in molten polyethylene at different temperatures. . . . . . 37

3.8 Solubility of carbon dioxide in molten polyethylene at different temperatures. . . 38

3.9 Solubility of nitrogen in molten polyethylene at different temperatures. . . . . . 39

3.10 Solubility of methane in molten polyethylene at different temperatures. . . . . . 40

3.11 Solubility of n-hexane in molten polyethylene at different temperatures. . . . . . 42

4.1 a) Model concept of the CPP. b) Application to crystallization of a polymer chain. 53

4.2 Probability of filling two two-segment sequences into a compartment of six seg-

ments. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

XV



List of Figures

4.3 Model concept of Flory’s copolymer approach (FCA) having crystallizable units A

as well as non-crystallizable units Co using the example of an ethylene-hexene-

copolymer. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

4.4 Numeric procedure for prediction of gas solubilities in semi-crystalline systems . 60

4.5 Numeric procedure for the determination of the branching degree. . . . . . . . . 61

4.6 Numeric procedure for prediction of ternary system. . . . . . . . . . . . . . . . 62

5.1 Plot of ζ∗ as a function ofM , calculated with eq. (4.55) for different temperatures. 63

5.2 Wasted space as a functionof the crystallinityα for different crystalline sequence

lengths ζ at a constant chain length of M=1 ⋅ 105. . . . . . . . . . . . . . . . . . . 64

5.3 Maximal crystallinity as a function of ζ for a polymer chain consisting ofM =

1 ⋅ 105 segments by purely statistical treatment. . . . . . . . . . . . . . . . . . . . 65

5.4 Maximal crystallinity as a function of ζ for a polymer chain consisting ofM =

1 ⋅ 105 segments by continuous treatment. . . . . . . . . . . . . . . . . . . . . . 66

5.5 Prediction of the crystallinity of linear polyethylene as a function of the segment

numberM for different temperatures. . . . . . . . . . . . . . . . . . . . . . . . 67

5.6 Model predictions for the crystallinity of branched polyethylene and its depen-

dence on the counting method for the car-parking-problem. . . . . . . . . . . . 68

5.7 Model predictions for the crystallinity of branched polyethylene and its depen-

dence on the target temperature. . . . . . . . . . . . . . . . . . . . . . . . . . . 69

5.8 Model predictions for the crystallinity of branched polyethylene and its depen-

dence on the molecular weight. . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

5.9 Model predictions for the crystallinity of branched polyethylene and its depen-

dence on the type of branching. . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

5.10 Predicted crystallinity of two slowly cooled sets of polyethylene samples each

having ethyl and hexyl branches. . . . . . . . . . . . . . . . . . . . . . . . . . . 71

5.11 Predicted crystallinity of four quenched sets of polyethylene samples each hav-

ing ethyl, propyl, butyl and hexyl branches. . . . . . . . . . . . . . . . . . . . . . 71

5.12 Predicted crystallinity of two slowly cooled sets of polyethylene samples having

different temperatures. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

5.13 Temperature dependence of the crystallinity of polyethylene. . . . . . . . . . . . 73

5.14 Vapour pressure of parametrized n-alkanes. . . . . . . . . . . . . . . . . . . . . 75

5.15 Vapour pressure of parametrized small gases. . . . . . . . . . . . . . . . . . . . 76

5.16 Vapour pressure of parametrized 1-alkenes. . . . . . . . . . . . . . . . . . . . . . 76

XVI



List of Figures

5.17 Saturated volumes of n-alkanes. . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

5.18 Saturated volumes of small gases. . . . . . . . . . . . . . . . . . . . . . . . . . . 77

5.19 Saturated volumes of 1-alkenes. . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

5.20 Length of one cell over the segment number. . . . . . . . . . . . . . . . . . . . . 79

5.21 Dispersion energy of a molecule. . . . . . . . . . . . . . . . . . . . . . . . . . . 79

5.22 Liquid volumes of polyethylene. . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

5.23 Solubility of ethylene in molten polyethylene at different temperatures. . . . . . 82

5.24 Solubility of 1-propylene in molten polyethylene at different temperatures. . . . . 83

5.25 Solubility of 1-butene in molten polyethylene at different temperatures. . . . . . 83

5.26 Solubility of 1-hexene in molten polyethylene at 423.15K . . . . . . . . . . . . . . 84

5.27 Solubility of carbon dioxide in molten polyethylene at different temperatures. . . 85

5.28 Solubility of nitrogen in molten polyethylene at different temperatures. . . . . . 85

5.29 Solubility of methane in molten polyethylene at different temperatures. . . . . . 86

5.30 Solubility of n-butane in molten polyethylene at different temperatures. . . . . . 87

5.31 Solubility of n-pentane in molten polyethylene at different temperatures. . . . . 87

5.32 Solubility of n-hexane in molten polyethylene at different temperatures. . . . . . 88

5.33 Solubility of n-heptane in molten polyethylene at different temperatures. . . . . 88

5.34 Gas solubility of methane and nitrogen at 1 bar and 100 bar over the temperature. 89

5.35 Influence of branching on solubility of ethylene in polyethylene. . . . . . . . . . 90

5.36 Influence of branching on the gas solubility in the melt. . . . . . . . . . . . . . . 92

5.37 Influence of branching on volume of pure polyethylene. . . . . . . . . . . . . . . 93

5.38 Gas Solubility of 1-hexene in polyethylene. . . . . . . . . . . . . . . . . . . . . . 93

5.39 Influence of molar mass on the gas solubility in the melt. . . . . . . . . . . . . . 94

5.40 Influence of molar mass on the gas solubility in the melt. . . . . . . . . . . . . . 95

5.41 Predicted solubility of ethylene in semi-crystalline PE at 353.15K. . . . . . . . . . 97

5.42 Predicted solubility of ethylene in semi-crystalline PE at 358.15K. . . . . . . . . . 97

5.43 Predicted solubility of ethylene in semi-crystalline PE at different temperatures. 98

5.44 Predicted solubility of 1-butene in semi-crystalline PE at 358.15K. . . . . . . . . . 99

5.45 Predicted solubility of 1-hexene in semi-crystalline PE at different temperatures. 100

5.46 Predicted solubility of 1-hexene in semi-crystalline PE at 423.15K. . . . . . . . . . 101

5.47 Predicted solubility of carbon dioxide in semi-crystalline PE at 353.15K. . . . . . 102

5.48 Predicted solubility of carbon dioxide in semi-crystalline PE at 1 atm. . . . . . . . 103

5.49 Predicted solubility of nitrogen in semi-crystalline PE at 1 atm. . . . . . . . . . . 104

XVII



List of Figures

5.50 Predicted solubility of methane in semi-crystalline PE at 1 atm. . . . . . . . . . . 105

5.51 Predicted solubility of n-hexane in semi-crystalline PE at different temperatures. 106

5.52 Predicted solubility of n-butane in semi-crystalline PE at different temperatures. 107

5.53 Predicted solubility of n-pentane in semi-crystalline PE at different temperatures. 108

5.54 Predicted solubility of n-heptane in semi-crystalline PE at different temperatures. 109

5.55 Vapour liquid equilibrium of ethylene and 1-propene at different temperatures. . 110

5.56 Partial Solubility of ethylene in a ternary systemwith 1-hexeneandmoltenpolyethy-

lene at 423.15K. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

5.57 Partial Solubility of 1-hexene in a ternary systemwith ethylene andmoltenpolyethy-

lene at 423.15K. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

5.58 Simultaneous solubility of ethylene and 1-hexene in a ternary systemwithmolten

polyethylene at 423.15K. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

5.59 Solubility of ethylene and 1-butene in molten polyethylene at 443.15K and 50 bar. 114

5.60 Partial solubility of ethylene in a ternary systemwith 1-butene and polyethylene

at 443.15K and 50 bar. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

5.61 Simultaneous solubility of ethylene and 1-hexene in a ternary system with semi-

crystalline polyethylene at 342.15K. . . . . . . . . . . . . . . . . . . . . . . . . . 116

5.62 Simultaneous solubility of ethylene and 1-propylene in a ternary system with

polyethylene at different temperatures. . . . . . . . . . . . . . . . . . . . . . . . 117

XVIII



List of Tables

2.1 Architecture coefficients of the LCT . . . . . . . . . . . . . . . . . . . . . . . . . 9

3.1 Experimental data of binary and ternary gas solubility in amorphous and semi-

crystalline PE. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

4.1 Parameters used for the model predictions in eqn. 4.55 and 4.77. . . . . . . . . . 52

5.1 Pure component parameters for the LCT with z = 12. . . . . . . . . . . . . . . . 74

5.2 Coefficients for the binary interaction parameter in eq. 4.35. . . . . . . . . . . . 81

XIX





1Introduction

"Polyethylene can be thought of as being a schizophrenic polymer. One of its personalities is reflected by

its simplicity. It is composed of only carbon andhydrogen. While the other personality is reflected by the

diversity of ways these simple atoms can be combined to produce unique mixtures of macromolecules.

It is this same complexity along with its semicrystalline nature that make it so difficult to characterize

for the modern polymer chemist." A. Willem deGroot [1]

In the last decades, polymers have found their way into almost all aspects of our everyday

life such as packaging, medicine, clothing, constructions and many other applications. One

reason for the wide applicability of polymers is their flexibility in tailoring product proper-

ties for specific purposes. Even polyolefins, containing just carbon and hydrogen atoms, show

various properties which can be adjusted by the architecture, e.g. the molecular structure in

terms of chain length and side chain distribution. Affected by the molecular structure, poly-

olefins exhibit a complex crystallization behaviour, which is also a function of the pathway of

crystallization, such as the heating rate and the thermal history of the sample.

In gas phase polymerization, for example, ethylene and longer α-olefinmonomers are poly-

merizedby anadequate catalyst andprocess conditions to achieve a specific architecture,which

leads to a specific degree of crystallinity. However, some monomers remain unreacted in the

environment and start to instantly penetrate the freshly produced polyolefin. These sorbed gas

molecules change the product properties, leading to a melting point depression and softening

of the polyolefin. This requires detailed knowledge of the competitive sorption behaviour of

gases. When continuing to the processing of polyolefins, often high pressure and temperatures

are applied, followed by an extrusion into ambient pressure. These heavily changing condi-

tions affect the semi-crystallinity and the gas solubility. Degassing of gaseous componentsmay

lead to undesired product properties.
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1 Introduction

The semi-crystalline nature of polymers is a complex phenomenon affected by both equi-

librium conditions and kinetics [2, 3]. Furthermore, the polyolefin’s architecture including

branches and chain length has a huge impact. Flory [4] was the first to develop a physical

relationship (FCA) between the branching degree, the temperature and the crystalline degree

of polymers. He considered a branched polyolefin as a co-polymer, only one type of monomer

being crystallizable. While capturing the general dependencies of decreasing crystallinity with

increasing branching degree, the main drawback is the description of the linear unbranched

polymer, since Flory’s theory gives 100% for the limiting crystallinity. However, experiments

have shown that unbranched polyolefins in fact do not crystallize completely [5, 6].

There are mainly two reasons for reduced crystallinity of linear polymers. A polymer melt

consists of twisted, looped and knotted chains. These entanglements do not suddenly detangle

shortly before crystallization and instead remain in the amorphous phase as uncrystallisable

units, hence lowering the overall crystallinity [3]. Second, as crystallization progresses, cer-

tain sequences of the polymer chain become isolated and are then too short to build a stable

crystallite, being forced to remain amorphous as well [3]. While chain entanglement is an is-

sue widely discussed in literature [7–13], only a few have dealt with the issue of isolated, hence

wasted space, during crystallization [14–17].

One way to determine the wasted space that emerges as crystallization progresses, is based

on the figurative problem of cars being randomly placed along a curb without overlapping,

also known as the Car-Parking-Problem (CPP) [18]. While this approach was applied success-

fully in the field of adsorption [19–21], it found barely attention in the field of crystallization.

Gornick & Jackson [15] transferred the CPP to the crystallinity of polymer chains by calculating

the wasted space that evolves between two sequences that have already crystallized but are too

short to form another stable crystallite. Maltz &Mola [16, 22] introduced another point of view

by considering the crystallization as a continuous process in which the sequences crystallize

one after another resulting in different probabilities for different configurations. Independent

fromMaltz & Mola’s extension [16, 22], Gornick & Freedman [23] derived the same relations 10

years later. Yet, both the statistical and the continuous approach were introduced at a merely

academic level and, according to my knowledge, have not been further investigated.

When considering molten polyethylene, no crystallinity occurs. However, the polymer’s ar-

chitecture may affect the gas solubility directly. The influence of chain length has been inves-

tigated thoroughly [24–29]. Due to the increasing asymmetry between gas and polymer, the

solubility decreases with increasing chain length [25, 26]. Yet, contradictory statements ex-
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ist for the impact of the branching degree on the gas solubility in molten polyolefins [30–37],

whereby more experiments are necessary in order to clarify this issue.

Various models have been used in the recent decades to describe gas solubilities in poly-

olefins. On the one hand, equations of state (EoS) from the SAFT-family (Statistical Associating

Fluid Theory), such as the PC-SAFT (Perturbed Chain-SAFT) [38], are frequently used [25, 29,

39–41]. On the other hand, lattice theories, such as the Flory-Huggins (FH) theory [42, 43] and

the Sanchez-Lacombe (SL) EoS [44] proved themselves as a useful tool for the calculation of

gas solubilities in amorphous polyethylene [45–47]. Unfortunately, all these theories cannot be

used for differently branched systems. Every polyethylene sample, eachwith its ownunique ar-

chitecture, would require a separate set of parameters for modeling. This drawback applies to

my knowledge to all EoS, except for the Lattice-Cluster-Theory (LCT) [48, 49]. Here, the molec-

ular structure is incorporated into themodel a priori. The LCTwas already applied successfully

to solid-liquid-equilibria (SLE) and liquid-liquid-equilibria (LLE) of branched polymers [50–54]

and vapour-liquid-equilibria (VLE) of small hydrocarbons [49]. The gas solubility in polymers

and especially its dependence on branching had not been investigated so far.

When it comes to semi-crystalline gas solubilities, it could be shown that the sorption solely

takes place in the amorphous domains of a semi-crystalline polyolefin [46, 47]. However, the

solubility in the amorphous domains is strongly influenced by the surrounding crystalline do-

mains by a constraining intrinsic stress. Different approaches exist to account for the altered

solubility in the semi-crystalline state. Elastic approaches introduce a parameter denoting the

fraction of tie chains that apply an elastic force and constrain the swelling of the polymer

[55]. The non-equilibrium lattice fluid (NELF) approach regards the semi-crystalline state as

a pseudo-glas-state, where the density of the amorphous state is in non-equilibrium and can

be regarded as new parameter or calculated from corresponding swelling experiments [56].

Intrinsic pressure approaches introduce a constraint pressure, that is added to the equilibrium

pressure and denotes the isotropic stress, acting from the crystalline on to the amorphous do-

mains [47]. This constraint pressure was first used as an adjustable parameter. However, by

coupling the constraint pressure approach with continuum mechanic, it could be predicted,

using solely mechanical arguments from the polymer and the degree of crystallinity [46].

All thesementioned approaches regarding the altered solubility in the semi-crystalline state

require the degree of crystallinity as input variable, which is often measured along the experi-

mental gas solubilities. However, the crystallinity is a function of the temperature. When using

the measured crystallinity, often measured at room temperature, and calculate phase equilib-
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1 Introduction

ria at the specified temperature of the sorption experiment, an error is introduced in themodel

that can lead to large deviation from the experimental data. To overcome this deficiency, the

main aimof this work is the development of a consistent predictive framework, which is shown

in figure 1.1.

•

•

•

•

•

•

•

•

•

•

•

Figure 1.1: Schematic representationof dependencies betweenmolecular structure, crystallinity andap-
plication properties.

Accordingly, three question will be addressed in the course of this work:

• Howdoes themolecular structure (molecularweight andbranching) affect the

gas solubility in amorphous polyethylene?

• Howdoes themolecular structure determine the crystallinity of polyethylene?

• How can a predictive framework be built that accounts for all these relation-

ships between structure, crystallinity and experimental conditions?

The work is structured as follows: First, the challenges of classifying polyethylene and the

modeling of polymer systems are outlined in chapter 2. Subsequently, approaches for con-

sidering the semi-crystalline state for gas solubility calculations are investigated in chapter 3.

Withal, experimental methods are described to interpret experimental data, which is given af-

terwards. The theoretical approach, including the coupled CPP/FCA, the LCT and numerical

implementations are given in chapter 4. Chapter 5 presents results regarding the calculated

crystallinities. Finally, binary and ternary systems of gas solubilities in amorphous and semi-

crystalline branched polyolefins are shown, discussed and compared with experimental data.
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2Background

In the following chapter, basic thermodynamic terminologies and physical relationships are

explained, that are essential for further considerations and calculations throughout this work.

Lattice theories in general and the Lattice-Cluster-Theory (LCT) in particular for modelling

polymer systems are introduced. Further, polyethylene as divers macromolecule is character-

ized and the semi-crystalline state is introduced. Finally, basic physical relations of gas solu-

bilities are described.

2.1 Phase equilibria for polymer systems

In order to describe macroscopic physical processes such as solubilities, the system has to

be characterized thermodynamically. Of great importance here is the phase, a mechanical

separated region, in which physical quantities exhibit no jump, i.e. homogeneous behaviour.

Withal, one phase can be composed of several components. In case, a phase is in contact

with an adjacent phase, i.e. connected by a phase boundary, a constant mass as well as en-

ergy transfer takes place. Driving force for these transfers and simultaneously definition for

the thermodynamic equilibrium are the equilibrium conditions. These demand a mechanical

equilibrium, i.e. uniform pressure p in all phases (eq. 2.1) as well as a thermal equilibrium,

i.e. uniform temperature T in all phases (eq. 2.2). Moreover, a material equilibrium ensures

uniform chemical potential µi in all phases for one component i each (eq. 2.3 - 2.4):

p
α
= p

β
= ... = p

π (2.1)

T
α
= T

β
= ... = T

π (2.2)

µ
α
1 = µ

β
1 = ... = µ

π
1 (2.3)

⋮

µ
α
i = µ

β
i = ... = µ

π
i (2.4)
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The chemical potential is obtained by derivating the Helmholtz free energy F with respect

to the amount of moles ni of component i:

µi = (∂F (T, V,N)
∂ni

)
T,V,nj≠ni

(2.5)

When calculating vapour liquid equilibria such as gas solubilities in polymers, it is assumed

that the polymer is only present in the liquid phase. Therefore, the material equilibrium con-

dition (eq. 2.3) is only formulated for the gaseous component(s):

µ
G
i (T, p,ΦG

i ) = µ
L
i (T, p,ΦL

i ) (2.6)

where µG
i and µ

L
i are the chemical potential of component i in the gas phase and liquid (poly-

mer) phase respectively. T is the system temperature while Φ is the segment fraction. For a

single gas solubility system, ΦG
i turns 1.

2.1.1 Lattice theories

The ideal mixing law provides a simple relation for the description of mixtures. Eq. 2.7 equals

the ideal entropy of mixing, with kb being the Boltzmann constant and xi the mole fraction of

component i.

∆S
ideal

kb
= −∑

i

xi ln(xi) (2.7)

For the description of molecules having a similar size, the ideal mixing law provides an ad-

equate correlation even in the presence of strong interactions. However, when considering

polymer systems and in particular gas-polymer-systems, massive differences in the size of the

molecules occur, leading to a significant deviation from eq. 2.7. For that reason, Flory [42] de-

veloped an approach for the calculation of polymer solutions. For that to happen, molecules

are randomly placed in a perfect regular lattice consisting of identical sized lattice sites. Longer

molecules are distributed onto multiple lattice sites in such a way that a lattice site accommo-

dates similar sized parts of molecules (Fig. 2.1).

Hence, the mixing entropy of the athermal limits is written as [42]:

∆S
ath

Nlkb
= −∑

i

Φi

Mi
ln(Φi) (2.8)

6



2.1 Phase equilibria for polymer systems

Figure 2.1: Exemplary arrangement of n-butane (grey) and polyethylene (black) in a lattice according to
Flory’s lattice theory. Each segment contains one CHx-group.

with Nl being the overall number of lattice sites, Φi being the segment fraction andMi being

the number of segments of component i. The segment fraction Φi is calculated as follows:

Φi =
niMi

∑njMj
(2.9)

whereby ni is the amount of moles. Eq. 2.8 provides the basis for the Flory-Huggins-theory

(FH) [42, 43]:

∆G
FH

NlkbT
= ∑

i

Φi

Mi
ln(Φi) +∑

i

∑
j

χijΦiΦj (2.10)

With help of the FH-theory and the adjustable parameter χij, incompressible polymer sys-

tem can be calculated successfully. However, the FH-theory does not take into account any

architecture of the molecules; χij is used as a phenomenological empirical parameter, con-

taining all the real effects, which cannot be described by the FH-theory.

2.1.2 Lattice-Cluster-Theory

The Lattice-Cluster-Theory (LCT) was developed by Freed and co-workers [57–61] (with the cor-

rections from [62]) forming a consistent extension of the FH-theory. Starting from the mean-

field-limit the partition function is corrected in a power series around the inverse lattice coor-

dination number z−1 and the dispersion energy ϵijk
−1
b T

−1. Hence, the molecules architecture

can be incorporated into the model a priori. The introduction of void lattice sites, regarded

as one-segmented components without interactions, allows the description of compressible
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systems [48]. The partition function of a linear chain in the athermal limit is given as follows

[48]:

W
ath
lin =

k

∏
µ=1

1

Nµ!2
Nµ

∑
i
1
1,1 ≠ i

1
2,1 ...≠ i

1
M1,1

≠ i
1
1,2 ≠ i

1
2,2 ...≠ i

1
M1,2

⋮

≠i
1
1,N1

≠i
1
2,N1

...≠i
1
M1,N1

⋮

≠i
k
1,Nk

≠i
k
2,Nk

...≠i
k
M1,Nk

Nµ

∏
nµ=1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

Mµ−1

∏
mµ=1

z

∑
β
µ
m,n=1

δ (iµm,n, i
µ
m+1,n + β

µ
m,n)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
(2.11)

whereby every distinguishable segment mµ of a chain n of component µ occupies one lattice

site i
µ
m,n. The lattice site i

µ
m,n is connected by vectors β

µ
m,n to z adjacent neighbours. k gives

the number of components, M the number of segments and N the number of chains. The

Kronecker delta δa,b is given by:

δa,b =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

1 if a = b

0 if a ≠ b
(2.12)

From eq. 2.11, the partition function of the mean-field-limit is calculated. Subsequently,

the architecture of the considered molecules accompanied by excluded volume constraints as

well as attractive interactions are incorporated into the LCT as deviations from themean-field-

limit [48]. In order to implement the molecular structure, the molecules involved are divided

into united atom groups, being mostly CHx-groups (Fig. 2.2). Now, the united atom model is

represented by graphs involving the determination of the architecture coefficients (Table. 2.1).

Finally, by calculating the cumulant diagrams, an expression for the free energy F is obtained,

from which all thermodynamic quantities can be derived.

𝜙𝑣

𝜙2

𝜙1

Figure 2.2: Schematic illustration of the LCT.
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2.1 Phase equilibria for polymer systems

The original version of the LCT [48] requires nine architecture coefficientsNk alongside the

segment numberM , listed in Fig. 2.1. However, bymeans of graph invariants fromNemirovsky

et al. [63] in eqn. 2.13 and 2.14, the number of required architecture coefficients can be reduced

from nine to three, which areN1,N2 andN3.

N1 + 2N2 + 2N1,1 −N
2
1 = 0 (2.13)

2N2 + 2N3 + 3N⊥ +N1,2 −N1N2 = 0 (2.14)

Now, in terms of architecture, the free energy depends only on the number of one, two and

three consecutive bonds aswell as the number of segments. Since the LCTwas only rearranged

in an analytical way, the reduced version leads to the exact same result.

Table 2.1: Architecture coefficients used for the original versionof LCT [48] and their description. Circles
denote atom groups while lines are bonds between atom groups. Jagged lines stand for bonds
on the same molecule being not consecutive.

𝑀

𝑁1

𝑁2

𝑁3

𝑁⊥

𝑁⊥′

𝑁+

𝑁1,1

𝑁1,2

𝑁2,2
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2.2 Classification of polyethylene

Polyethylene is a rather collective term for a whole series of different molecules, varying in

architecture, e.g. molecularweight and branching. Every unique architecture leads to different

physical and chemical properties. This section first describes how the kind and conditions

of the synthesis predetermines the structure of polyethylene, namely the branching and the

molecular weight. Afterwards, the semi-crystalline nature of polyethylene is investigated.

2.2.1 Synthesis

The polymers architecture is predetermined by the conditions of the synthesis, namely the

polymerization type, the choice of catalysts and the composition of monomers, which can be

seen in figure 2.3.

𝛼

~1 3 1000𝐶−1

𝛼~60 80 𝑤𝑡%

~
𝛼~0 80 𝑤𝑡%

br~20 25 1000𝐶−1

𝛼~40 50 𝑤𝑡%

Figure 2.3: Relationship between synthesis conditions, architecture and properties of polyethylene. br
denotes the branching degree while α is the crystallinity.

The right side of figure 2.3 shows a common classification of polyethylene types into LDPE

(low density polyethylene), HPDE (high density polyethylene) and LLDPE (linear low density

polyethylene). LDPEhasboth longand short chainbranches resulting in amediumcrystallinity.

HDPE contains only few short branches resulting in a high crystallinity, whereas LLDPE has a

varying amount of short chain branches and therefore varying crystallinity. While this helps

as a rough categorization, for a detailed investigation on the polymers architecture, a more

substantiated classification is necessary.
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2.2 Classification of polyethylene

Polymerization

The polyethylene synthesis can be carried out either by a radical polymerization at high pres-

sure or via catalysts at low pressure [64]. The high-pressure process takes place at 1800 bar

to 3500 bar and temperatures between 180 °C and 350 °C. Ethylene is in the supercritical state

and reacts via a radical chain mechanism to LDPE [64]. Approx. 0.5 br 1000C–1 to 1 br 1000C–1

long chain branches originate from intermolecular chain transfers, while ca. 20 br 1000C–1

to 25 br 1000C–1 short chain branches emerge via intramolecular chain transfers. Short chain

branches include predominantly butyl branches, followed by ethyl branches [65]. Themolecu-

lar weight can be controlled by the polymerization conditions: High pressure and low temper-

ature leads to a higher molecular weight [66].

Low-pressure synthesis result in rather linearmolecules with almost exclusively short chain

branches (HDPE, LLDPE),which canbe carriedout in a slurryprocess, as gas phasepolymeriza-

tion and as solvent polymerization [64]. In the slurry process, ethylene is solved in a hydrocar-

bon solvent between70 °C and90 °C and7 bar to 30 bar. Thepolyethyleneparticles producedare

insoluble in the hydrocarbon solvent, and can be separated by filtration. In gas phase polymer-

ization, a fluidized bed, including the monomers and catalyst particles, react to polyethylene

between 85 °C and 100 °C and 20 bar to 30 bar. The heat of polymerization has to be dissipated

via condensable components. In case of solvent polymerization, the monomers are solved in

an appropriate solvent were the polyethylene produced is still in solution [64]. After adding

the catalyst, the reaction starts rapidly, which is why the vessel has to be cooled externally to

achieve a temperature between 140 °C and 150 °C and pressure between 7 bar to 70 bar. Solvent

polymerization results in polyethylene of rather low molecular weight [64].

Catalyst

Contrary to the radical polymerization, low-pressure synthesis requires an adequate catalyst in

which monomers coordinate at the surface of a transition metal [64]. First catalysts developed

were Ziegler-Natta catalysts, based on titanium tetrachloride alongside a co-catalyst, which is

mainly trialkylaluminum [65]. This results in highly linear chains (in case ethylene is the only

monomer) and high molecular weight [67]. Phillips catalysts include chromium compounds

impregnated on a silica-alumina support, leading to linear chains, having a broad molecular

weight distribution, and a considerable amount of long chain branches [65]. The third class of

catalysts aremetallocene complexes of a transitionmetal, alongside a co-catalyst, being either

an organoaluminium or methylalumoxane [65]. Metallocene catalysts allow to predetermine
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the molecular weight and the molecular weight distribution of polyethylene, so a very narrow

PDI (polydispersity index) can be obtained [65]. Also, the short-chain branching distribution is

very low when using metallocene catalysts, in case co-monomers are used [65].

(Co-)Monomers

Key properties of polyethylene such as the crystallinity can be varied by adding co-monomers

alongside ethylene during the polymerization process. This leads to the insertion of the co-

monomers in the ethylene backbone which results in short chain branches [64]. Typical co-

monomers are α-olefins such as 1-propene, 1-butene, 1-hexene and 1-octene corresponding to

methyl, ethyl, butyl and hexyl branches. When using different monomers, it should be noted

that the reactivity varies by orders of magnitude for different catalyst-monomer-pairs [64].

Additives

For fine-tuning the polymer for specific applications, additives such as degradation and stabi-

lization aids, fillers, processing aids, anti-fogging agents, flame retardants, blowing agents and

pigments are often used [68]. Production additives are usually added in a post-reaction step

before the extruder. Additives do not directly alter the structure, but can have an influence on

the phase equilibria such as the gas solubility. However, not only the consideration of these ad-

ditives in phase equilibrium calculations would considerably increase the models complexity,

but also the type and amount of additives that was admixed to the polymer is usually unknown.

2.2.2 Structure

The structure of polyolefins is defined by its branching degree andmolecular weight. Depend-

ing on the synthesis both properties are no uniform values but distributions. Themodel of this

work does not take into account the distributions of branching and molecular weight, hence

all systems are considered as monodisperse.

Branching

Branched polyethylene is often synthesized as copolymer from ethylene and longer alkenes

forming LLDPE. In this case the branching is usually expressed as the mole fraction of the co-

monomer xCo in the copolymer. From this the branching degree br per 1000 C-atoms can be

determined by the following conversion:
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br

1000C
= 1000

xCo

2 + nbrxCo
(2.15)

where nbr is the length of the branch (not the length of the co-monomer). In eq. 2.15, xCo refers

to ethylene as main monomer. Some refer the mole fraction of co-monomer to one carbon

group, for example the group aroundMandelkern [69]. If so, the 2 in the denominator becomes

1. The second term of the denominator comes from the fact that the branching degree refers to

all C-atoms including those being inside the branch. If the weight fraction of the co-monomer

wCo is given, the conversion is as follows:

br

1000C
= 1000

wCo

nbr + 2
(2.16)

Sometimes the branching degree is referred to 1000 backbone C-atoms brBB, which can be

converted by the following equation:

br

1000C
=

br
BB

1 + nbrbr
BB/1000

(2.17)

Molecular weight

The molecular weight of a polymer represents its chain length, whereby the segment number

can be determined by the following formula:

M =
MN

MCH2

(2.18)

wherebyMN is thenumber averagemolecularweight of the polymer andMCH2
is themolecular

weight of one segment, being a carbon atomwith bondedH-atoms. Since themolecular weight

is generally a distribution, polyethylene samples usually have a non-uniform polydispersity

index (PDI), which is given as follows:

PDI =
MW
MN

(2.19)

whereby MW is the weight average molecular weight.
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2.2.3 Crystallinity

The properties of polyolefins strongly depend on the crystallinity of the sample. Due to the

macroscopic nature of polymers, polyolefins never crystallize completely, it may vary from

almost zero to over 90% [5]. So almost every polyolefin lies somewhere between the limiting

amorphous and the limiting crystalline case. To investigate this semi-crystalline behaviour,

figure 2.4 shows the specific volume of polyethylene over the temperature.
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Figure 2.4: Volume-temperature relationship for polyethylene at 1 bar. TG denotes the glas transition
temperature while TM is the equilibrium melting temperature for linear polyethylene. Ex-
perimental data of two linear samples (squares [70], circles [71]) and two branched samples
(triangles up [71], triangles down [72]).

Let’s start on the very right side of the graph, were the polymer is completelymolten. By cool-

ing down the system, the specific volume decreases approximately linearly until the melting

temperature is reached. Here, smaller molecules would be in equilibrium with the solid, e.g.

crystal phase, and the volume would decrease sharply at the melting temperature. However,

polymers show a different behaviour. Depending on the architecture and the crystallization

conditions, an either more or less sharp drop is discerned at the melting point, but the volume

levels off and the pure crystal state is never reached. While in the molten state, different sam-

ples, varying in architecture, show very similar behaviour, they strongly differ in the amount of

crystallinity below the melting point. In fact, branched samples follow the approximately lin-

ear curve of the melt below the equilibriummelting temperature of linear polyethylene, being

a metastable liquid. Only below a significant lower temperature they show a soft decrease in

specific volume and stay at a low degree of crystallinity. This is why Flory introduces the term

melting transition instead of melting point [5].
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When decreasing the temperature even further, another change in specific volume occurs:

the glass transition. This is metastable thermodynamic state in which the polymer is in a ki-

netically locked state in contrast to the semi-crystalline state [73]. Yet, the glassy state is itself

a complex matter and will not be the focus of this work.

Another message can be discerned from figure 2.4: Both branched samples in figure 2.4 are

LDPE samples of comparable molecular weight, however, the crystallinity differs significantly.

It appears that the classification into LDPE, HDPE and LLDPE is not sufficient enough, a more

detailed look on the relationship between semi-crystallinity and architecture is necessary. For

this, figure 2.5 shows a schematic representation of semi-crystalline polyethylene.

Figure 2.5: Schematic representation of a semi-crystalline scheme polyethylene having crystalline and
amorphous domains. Blue boxes frame the crystalline domains.

The semi-crystalline state is divided into amorphous and crystalline domains, where the lat-

ter is usually shorter than the length of a polymer chain [5]. A polymer chain can exit one

crystalline domain, meander through the intermediate amorphous region and enter either the

same or another crystal. The question now arises as to what influences the degree of crys-

tallinity. Generally, irregularities are excluded from a crystal domain, which include branches

and chain ends. When talking about branches, it has to be distinguished between long-chain

branching and short-chain branching. There is no clear separation between both terms, how-

ever, commonly branches having up to ten C-atoms are called short-chain branches, while

long-chain branches can contain thousands of units [65]. The influence of long-chain branches

on the crystallinity is of minor importance, since their number is relatively small [74]. LDPE,

for example, usually has alongside approx. 20 br 1000C–1 to 25 br 1000C–1 short-chain branches

0.5 br 1000C–1 to 1 br 1000C–1 long-chain branches, HDPE and LLDPE even less [65]. Moreover,

due to their length they can be incorporated in the crystal domains. Short-chain branches on

the other side strongly decrease the crystallinity, as they would disrupt the aligned crystal state

of the polymer chains [75–82], with the result that a sample having about 80 br 1000C–1 is almost

15



2 Background

completely amorphous [82]. While branches are generally inhibited to be part of the crystal lat-

tice, methyl branches due to their size can be accommodated in the crystal domain to a certain

amount [81–86], whereby the amount of methyl branches in the lattice is estimated to approx.

20% to 30%.

The influence of the length of the short-chain branches on the crystallinity is of lesser impor-

tance compared to the degree of branching; however, longer branches appear to decrease the

crystallinity to a higher extend [75, 77, 87]. The distribution of branches on the carbon back-

bone, which depends on the catalyst, does not influence the crystallinity to a distinct amount,

an average branching degree appears to be an adequate factor [88].

2.3 Gas solubility

In this section, influencing parameters on the gas solubility in molten polyethylene will be

addressed such as pressure, temperature, the polymers architecture as well as co-/ and anti-

sorption effects. Subsequently, the solubility in semi-crystalline systems is outlined.

Molten polyethylene

The gas solubility inmolten polyethylene generally increases with increasing system pressure.

At very low solubilities, the relation between pressure and solubility is proportional and can

be approximated with the Henry-law. For higher solubilities this relationship is not valid any

more, resulting in a non-linear solubility. The isotherm eventually will pass into a liquid-liquid

demixing by condensation of the gas. Light gases, on the other hand, may be in a supercritical

state under the conditions of the experiment.

The influence of the temperature on the gas solubility is more complex. Most gas-polymer

system show a decreasing solubility with increasing temperature. However, there are cases

where theopposite is true,which is called inverse solubility [89]. This behaviourdependson the

type of gas and on the conditions, e.g. temperature and pressure. For gases having a low criti-

cal temperature [27, 45, 90], the inverse solubility behaviour can be found at temperatures and

pressure, where gas solubility plays a role. Nitrogen consistently shows an inverse solubility

behaviour [33, 45, 91–94], while some experimental data of methane show an inverse solubility

behaviour [32, 95] while others do not [33]. Experimental data of ethylene in polyethylene show

anormal behaviour, e.g. decreasing solubilitywith increasing temperature. However,Maloney

& Prausnitz [89], predicted with help of a free-volume theory a turnover point to inverse solu-

bility behaviour at approx. 500 bar inside a temperature range of 150 °C and 300 °C. With help of
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the Prigogine-Flory theory, Bogdanovic et al. [96] found out, that the turnover point to inverse

solubility behaviour shifts towards lower pressure when increasing the temperature.

The influence of the molecular weight, i.e. the length of the polymer chains, on the gas sol-

ubility was addressed by several publications [24–29]. Generally, the gas solubility decreases

with increasing molecular weight, which is due to the increasing asymmetry between the sol-

vent and solute [25, 26]. The effect is especially pronounced at low molecular weights. Heuer

et al. [24] studied the solubility of ethylene in polyethylenes and found significant differences

between samples having MN=0.476 kgmol
−1, 1.25 kgmol−1, 1.94 kgmol−1 and 19.5 kgmol−1. Gas

solubility measurements of ethylene from Kobyakov et al. [97] with polyethylene samples hav-

ingMN=3.65 kgmol
−1 and 4.95 kgmol−1 show a slightly higher solubility for the lowermolecular

weight. Meyer & Blanks [98] found no significant difference in the solubility of iso-butane in

polyethylene having MN=14 kgmol
−1 and MN=18 kgmol

−1. It is generally assumed, that the ef-

fect of themolecularweight is negligible fromca. 5 kgmol−1 [25, 99] to 10 kgmol−1 [27] onwards.

Literature regarding the branching influence on the gas solubility inmelt are scarce andhave

to be conducted carefully in order to exclude other effects, such as molecular weight distribu-

tion, additives or buoyancy correction. Newman & Prausnitz [100] and Schreiber et al. [30]

conducted gas-liquid chromatography experiments of hydrocarbons in different hydrocarbon-

polyethylene-copolymers and calculated interaction parameters, which were mainly indepen-

dent of the copolymer type and content. Banaszak et al. [101] carried out molecular simula-

tions of the system ethylene in polyethylene observing the same effect. Moreover, Novak et al.

[31] measured the solubility of ethylene and 1-hexene in molten polyethylene having different

branching degrees, finding no significant influence of branching on the solubility. Measure-

ments from Lundberg et al. [32, 33] of two different samples of unknown molar mass having

different branching degree, showed very similar methane solubilities. Zimmermann et al. [36]

measured the solubility of carbon dioxide in two different branchedmolten polyethylene sam-

ples finding no significant influence of chain branching. Furthermore, Cernia & Mancini [34]

and Ehrlich [35] investigated high pressure phase equilibria of polyethylene and ethylene and

stated that the effect of the polymers branching is negligible. On the contrary, Hasan et al. [37]

measured the solubility of CO2 in a branched and a linear polypropylene sample and claimed

a significant dependence of the solubility on the chain branching.

When addressing ternary systems containing two gases solved in polyethylene, more com-

plex relationships have to be considered. Measurements of these system consistently showed

co-/ and anti-solvent effects [31, 41, 102–109], e.g. larger gases appear to enhance the solubility
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of smaller gases, while at the same time, the smaller gases inhibit the sorption of bigger gases.

These two counteracting effects may not completely cancel each other out and lead to a lower

overall solubility compared to the sum of the pure cases [31, 109]. The experimental evidence

has been confirmed by molecular simulations [101] and PC-SAFT modeling [39].

Semi-crystalline polyethylene

Semi-crystalline systems in general have already been classified in section 2.2.3. In the course

of this, the influence of temperature and the polymers structure was addressed. Thus, when

discussing the influence of these variables on the gas solubility in semi-crystalline systems,

care must be taken as the relations interfere with each other. To give an example: The gas

solubility in molten polyethylene usually decreases with increasing temperature, i.e. for semi-

crystalline systems in the amorphous domains of the polymer. At the same time, the crys-

talline decreases with increasing temperature, which leads to an increasing gas solubility. So

two counteracting effects take placewhen increasing the temperature in a semi-crystalline sys-

tem.

Generally, the sorption takes place solely in the amorphous domains, since the crystalline

domains do not provide enough space for the gasmolecules to penetrate the defect free perfect

crystal [46, 47]. This is why the solubility of gases in the semi-crystalline polymers wScPol
Gas is

usually referred to the amorphous phase, which gives wAmPol
Gas [110]:

w
AmPol
Gas = w

ScPol
Gas ⋅ (1 − α) (2.20)

whereby α is the degree of crystallinity. Nevertheless, eq. (2.20) overestimates the solubility.

This is due to the fact that the crystallinity has a strong influence on the gas solubility in the

amorphous domains, by applying a stress on the amorphous domains [111, 112]. This leads to a

decreasing solubility with increasing crystallinity. Methods, how to address this phenomenon

are discussed in the following section.
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This chapter gives an overview of what has already been done in the literature. First, ap-

proaches for the description of gas solubilities in semi-crystalline polyolefins are introduced.

Afterwards experimental methods, that are essential for the interpretation of experimental

data are presented including the determination of the polyolefin’s structure, its crystallinity and

the gas solubility. Finally, experimental data is shown, startingwith the crystallinity. Pure com-

ponent data of gases are collected and discussed for the parametrization of LCT-parameters.

Subsequently, gas solubility data are given and especially the data inmolten polyethylene is dis-

cussed in detail, since appropriate measurements for the adjustment of the binary interaction

parameter have to be chosen.

3.1 Approaches for modelling gas solubilities

A number of approaches exist in literature considering the complex modelling of gas solubili-

ties in semi-crystalline polymers. Generally, the sorption takes place solely in the amorphous

domains, since the crystalline domains do not provide enough space for the gas molecules to

penetrate the defect free perfect crystal [46, 47]. However, evenwhen restricting gasmolecules

from the crystalline phase, models strongly overestimate the solubility in the amorphous do-

mains. This discrepancy is addressed by various approaches which can be categorized into

elastic, non-equilibrium and intrinsic pressure approaches.

3.1.1 Elastic approach

Michael & Hausslein [55] introduced an approach for the decrease of solubility in the semi-

crystalline state by adding an elastic term to the solvent activity:

ln(a1) = ln(v1) + v2 + X v
2
2 +

⟨a⟩20 fρv1v
1/2
2

Mc
(3.1)
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where the first three terms denote the activity of a solvent in an amorphous polymer accord-

ing to the FH-theory [42, 43], the last terms comes from the Flory-Rehner equation [113]. v1

and v2 are the volumes of the solvent respectively the polymer while X is the FH-parameter.

⟨a⟩20 denotes the mean end-to-end distance of the unrestricted polymer chain, ρ the unswollen
polymer density andMc the length of the elastic segments. The mass fraction of elastically ef-

fective chains is given by f , which can be adjusted to experimental data [55]. These elastically

affected tie segments apply an elastic force and therefore constrain the swelling of the amor-

phous domains of the semi-crystalline polymer. The original approachwas coupledwith group

contribution approaches [114], the PC-SAFT equation of state [101] and the Saku-Wu-Prausnitz-

EoS [108] and was able to describe the lowered solubility in semi-crystalline polyethylene. The

results showed that the parameter f was strongly influenced by the polymer type [114], but only

slightly by the type of solved gas [101, 108] and to a certain extend on the temperature [108].

The latter publication [108] was proceeded by an approach where themelting temperature was

fittedwhile assuming a fixed value for f [115]. With this, experimental could be described satis-

factorily. This again shows that the reduced solubility is mainly due to the polymer properties,

which likewise manifests itself in the melting temperature.

3.1.2 Non-equilibrium approach

Doghieri & Sarti [56] introduced the non-equilibrium lattice fluids (NELF) approach, originally

developed for glassy polymers, taking the expression for the Gibbs free energy from Sanchez

& Lacombe [44] as basis. However, the density of the polymer is an internal state variable,

which no longer depends on the EoS. The altered density therefore takes account for the con-

straints induced by the crystalline domains. Yet, the determination of this amorphous density

remains a challenging task, which is sometimes used as adjustable parameter. Bonavoglia et al.

[116] applied the NELF approach to semi-crystalline systems, whereby the amorphous density

was calculated from swelling measurements of the corresponding gas-polymer system. This

approach revealed high agreement with experimental sorption data. However, preliminary

experiments are necessary which are often not available.

3.1.3 Intrinsic pressure approach

Basedon theworks ofMemari et al. [117, 118],Minelli &DeAngelis [47] introduced anadditional

pressure representing the isotropic stress, which acts from the crystalline on the amorphous

domain. This constraint pressure pc is added to the equilibrium pressure p, which prevails in
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the gas phase, which alters eq. 2.6 as follows:

µ
G
i (T, p,ΦG

i ) = µ
L
i (T, p + p

c
,Φ

L
i ) (3.2)

Minelli & De Angelis [47] implemented the constraint pressure into the SL-EoS [44] and used

it as an adjustable parameter. The binary interaction parameter kij, accounting for the gas-

polymer interactionswas adjusted to the solubility of the corresponding gas inmoltenpolyethy-

lene. With this, they [47] were able to model gas solubilities successfully. The findings showed

that the constraint pressure is a function of the crystallinity: The higher the crystallinity, the

higher the isotropic stress onto the amorphous phase. With vanishing crystallinity, e.g. by in-

creasing the temperature, pc turns zero. At the same time the sort of solved gas appears to have

a moderate influence of the constraint pressure as well.

Fischlschweiger et al. [46] enhanced the proposed constraint model from Minelli & De An-

gelis [47] by coupling the SL-EoS with continuummechanics. With this, a constraint pressure,

a so-called eigen pressure can be predicted frommechanical arguments, namely the compres-

sion modulusK and the shear modulusG:

p
eigen

= [K (ϕ
L,0
v − ϕ

L
v

ϕ
L,0
v

) + 2.5G]α (3.3)

Eq. (3.3) is a modification of the original equation [46], which uses the SL-EoS. For using

the LCT, the corresponding quantities ϕL,0
v and ϕL

v are inserted, representing the void segment

fractions of the pure liquid phase and the liquid mixture respectively while α depicts the crys-

tallinity. The first term in eq. (3.3) represents the elastic mismatch coming from the isotropic

imbalance between the amorphous and the crystalline phase due to gas sorption. Since it in-

volves the void segment fraction of the liquid mixture, it depends on the amount and sort of

sorbed gas, which in turn is a function of the temperature. The second term in eq. (3.3) rep-

resents the initial formation of micro void expansion due to island like clusters formed when

first gas molecules enter the polymer matrix [46]. To account for the temperature dependence

of the eigen pressure, Zimmermann et al. [119] extended the prediction by use of temperature

dependent mechanical properties.
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3.2 Experimental techniques

This section covers experimentalmethods used for determining the polymers architecture, the

crystallinity and the gas solubility. The listing does not raise any claim to completeness, but is

intended to deliver an overview which is useful for discussions in the further work.

3.2.1 Structural Characterization

Although being at a first glance a very simple molecule, polyethylene shows various unique

architectures, which strongly affect its properties. This is why the characterization of the poly-

mers structure is of central importance. However, most detectors are not especially sensitive

to carbon and hydrogen atoms, which makes the characterization challenging [1]. Key param-

eters for the structural characterization of polyolefines are the molecular weight distribution,

short-chain branching (SCB) distribution and long-chain branching (LCB) [120].

In contrast to smaller molecules, polymers are generally not uniform in their length. This

is why the chain length or molecular mass is not a single value, but a distribution. The high

temperature gel permeation chromatography (GPC) or size exclusion chromatography is a use-

ful tool for the determination of the molecular weight distribution [1]. GPC is a liquid chro-

matography, where the column is packed with microporous gel particles, having small pores

through which the molecules have to pass. The separation takes place according to the hydro-

dynamic volume of themolecules in solution, which leads to a different elution time depending

on the size of themolecules [121]. Preliminary to the characterization, a calibrationwith known

standards have to be carried out, in order to relate the elution time with the molecular mass

[121]. Due to the polydisperse nature of polymers, a molecular weight distribution is obtained,

fromwhichmoments such as the number averagemolecular weightMN or the weight average

molecular weightMW can be deduced [1].

Themost widely used technique for the determination of SCB is nuclearmagnetic resonance

(NMR) spectroscopy. In 13C NMR, electromagnetic radiation interacts with the nuclear spin of

C-atoms, which give a specific resonance depending on the type of bonding [1]. A spectrum is

obtained, with peaks proportional to the number of contributing nuclei, which are assigned to

the groups -CH-, -CH2- and -CH3, for example [122]. With NMR, not just the SCB content but

also the length of side chains can be determined. Another possibility to access information

about SCB are crystallization-based techniques such as temperature rising elution fractiona-

tion (TREF), crystallization analysis fractionation (CRYSTAF) and crystallization elution frac-
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tionation (CEF). With these methods, the distribution, but not the length of side chains can be

deduced [1]. Long-chain branching (LCB) influences rheological properties such as the viscos-

ity and melt strength and can be detected for example by GPC combined with light scattering

[1]. However, since the relative number of LCB compared to SCB is negligible and the influence

of LCB on crystallinity and solubility is of minor importance [74], the focus is on SCB.

3.2.2 Crystallinity

The determination of the crystalline fraction of a semi-crystalline polymer can be accessed by

various methods, including differential scanning calorimetry, density differences, x-ray scat-

tering as well as raman, infrared and nuclear magnetic resonance spectroscopy [121], which

will be discussed briefly.

Differential scanning calorimetry

On of the most used technique for the determination of the crystalline content is differen-

tial scanning calorimetry (DSC), providing an effective technique, that requires only a small

amount of sample [123]. Here, the mass-based content of crystallinity is calculated via the ra-

tio of the samples heat of fusion and the heat of fusion of the purely crystalline polymer. By

analysing the area under the melting peak, the heat of fusion is obtained. One challenge is

the availability of the purely crystalline heat of fusion, often done by extrapolation [124]. Care

must be takenwhendrawing the baseline for determining the area so as to take into account the

change in heat capacity during melting [125]. For an accurate calculation of the crystallinity,

the temperature dependence of the purely crystalline heat of fusion has to be considered, es-

pecially for polymers where melting occurs over a wide temperature range [125].

Density difference

The determination of the crystallinity by density difference is based on the assumption of a two

phasemixture of amorphous and crystalline phases, eachwith its owndensity. With help of the

density of the completely amorphous and the completely crystal phase, the crystalline content

can be calculated by amass balance [125]. However, the distinction of these phases is challeng-

ing and especially the completely amorphous density varies with temperature and the thermo-

mechanical history of the sample [121]. Moreover, some loosely ordered non-crystalline areas

will have an impact on the degree on crystallinity which cannot be considered by this two-

phase-model [121].
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X-ray scattering

X-ray scattering is normally used to characterize the structure of a semi-crystalline sample. By

analyzing the intensity of the thin diffraction peaks, corresponding to crystals as well as the

very diffuse peak corresponding to the amorphous phase, the amount of crystallinity can be

determined [121]. However, the calculation of the crystallinity from x-ray scattering relies on a

number of assumptions, introducing inaccuracies, such as incoherent scattering and the crys-

talline disorder [126]. Moreover, the interpretation of the X-ray diffractogram is challenging

[126].

Spectroscopy

Spectroscopic methods rely on the absorption of electromagnetic radiation over various wave-

lengths, revealing the structure and morphology of the sample. Infrared spectroscopy and Ra-

man spectroscopy involves the excitation of bonds of specific atomic groupings, which differ,

if they are part of a crystal or part of the amorphous phase [125]. Nuclear magnetic resonance

spectroscopy, which is also used for the determination of chain branching, uses the fact, that

electromagnetic radiation interacts with the nuclear spin of atoms or isotopes. Different reso-

nances can be attributed to disordered amorphous carbon atoms or carbon atoms, which are

embedded in an ordered crystalline region [125]. Aswith X-ray-scattering, the exact attribution

of bands to crystalline and amorphous regions is challenging and leads to inaccuracies [127].

3.2.3 Gas solubility

In the last decades there have been evolvednumerousmethods for determining solvent solubil-

ities in polymers. The majority of those techniques can be grouped into four categories, based

on its measurement type: Gravimetric methods, piezoelectric methods, manometric methods

and chromatography.

Gravimetric

The gravimetric methods cover measurement techniques, were the amount of gas is deter-

mined by direct weighting of the sample. Oneway to achieve this, is by a quartz spring balance,

were the extension of a spring, proportional to the weight of load is measured by a cathetome-

ter. A preliminary calibration relates the elongation of the spring to the solubility usingHooke’s

Law. Since McBain [128] is one of the first, using this technique it is commonly referred as

McBain balance. The method is suitable for highly soluble gases. However, the sensitivity is
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low, which is why it is not applicable sorption of light gases [129]. Moreover, the temperature

dependence of the spring constant has to be addressed.

An electronic microbalance provides a method having a very high sensitivity, making it suit-

able for the sorption of light gases [129]. Since less amount of specimen has to be used, the

experiment time is considerably lower. Electronic microbalances, which are frequently used,

make use of a beam on which the polymer sample is placed, whereby its imbalance is moni-

tored either by a variable gain amplifier or by a current in a coil that changes while the beam is

within a permanent magnet field. Figure 3.1 shows a schematic electronic microbalance from

Cahn. Themeasurement is usually operated under constant temperature and pressure and the

gas is purified from any condensable component via columns of charcoal and silica gel [130].

Some electronic microbalances use a weight decay technique, were in a first step, polymer

sample and gas is put in the chamber until equilibrium is reached. Subsequently the chamber

is depressurized, the sample is placed in the microbalance and the weight loss is monitored

[131].

Figure 3.1: Electronic microbalance from Cahn, adopted from [130]: (A) pressure chamber containing
electronicmicrobalance, (B) thermostatically controlled air bath, (C) temperature controller,
(D) thermometer, (E) manometer, (F) safety valve, (G) flowmeter, (H) columns of active char-
coal and silica gel, (I) pressure regulator and (J) sample gas cylinder.

A magnetic suspension balance has similar advantages compared to electronic microbal-

ances such as high sensitivity and short experiment time but is more suitable to high pressure

and temperature areas due to a contactless weight measurement. For this, the sample holder

is attached to a free-floating suspension magnet, transmitting magnetic attraction force to the

electronic balance, which is isolated from the sorption chamber [131].

Gravimetric methods offer a high sensitivity for a broad range of gases and polymers. How-

ever, there is one problematic aspect of gravimetric methods, which needs to be considered:

25



3 State of the art

During the experiment, solved gas particles will result in a sample swelling, leading to a higher

volume. At the same time, a high pressure leads to a shrinkage effect of the sample. Therefore a

buoyancy correctionhas to be implemented, as the specific volumeof the sample increases and

the specific volume of the gas atmosphere decreases when elevating the pressure. A swelling

correction is often done by photometricmethods or by the use of an equation of state, whereby

the latter can lead to huge inaccuracies.

Piezoelectric

The quartz crystal microbalance uses the piezoelectric effect to measure gas solubilities. The

oscillation frequency of the vibration of a piezoelectric crystal, which is coated by a thin film

polymer is measured by electronic methods [129]. Preliminary calibration of uncoated and

coated piezoelectric crystal are required. Due to the small amount of sample, which is neces-

sary for the polymer film, this method requires short experiment time. Moreover very small

weight changes can be measured resulting in a high sensitivity. However, the preparation of

the thin polymer films on the crystal is challenging.

Manometric

Manometricmethods require themeasurement of the pressure or the volume of the gas sorbed

in the polymer film [129], while the temperature is predefined. A volume calibration of the

chamberhas tobe carriedout in advanceof the experiment. Once thepolymer is in equilibrium

with the gas, all the ambient gas has to be removed from the chamber, without withdrawing

sorbed gas from the polymer and the pressure or volume change is monitored [131].

Another frequently used manometric technique is the pressure decay method (figure 3.2).

In this method, the polymer sample is place into the chamber with predefined temperature

and volume. Afterwards, a preheated gas in introduced into the chamber while monitoring the

pressure change [132]. One challenge is the compensation of the polymer swelling due to gas

sorption. Furthermore, the pressure decay technique requires a longmeasurement time, since

a large amount of sample has to be used [131].

Chromatography

Apart from the static methods mentioned above, chromatography offers a dynamic measure-

ment technique. Here, the sample is not in a static equilibriumwith the gas, but the sorption of

a gas flow is measured. This is done bymeasuring the retention time of the mobile phase (gas)

over the static phase (polymer) and comparing it to the retention time of a carrier gas [129].

26



3.2 Experimental techniques

Figure 3.2: Pressure decaymethod with 2 sorption cells, adopted from [132]: VA and VB are two sorption
cells while VC is the reference reservoir. The pressure of each cell is measured by the trans-
ducers.

While the experiment time is shorter compared to static methods, the sorptionmeasurements

can be limited by diffusion [131]. Furthermore, the solubility of the carrier gas (mostly nitrogen

or helium) influences the solubility of the desired gas, which leads to inaccuracies.

Other methods

All the abovementionedmethods involve an in situmeasurement, e. g. the amount of dissolved

gas is directly or indirectly determined in the sorption chamber. Some experimenters rely on a

ex situ techniquewere the samplewith sorbedgas ismeasured externally either gravimetrically

or manometrically. This simplifies the measurement setup but introduces inaccuracies due to

a potential partial desorption while the sample is measured ex situ at ambient pressure [133].

Another possible way to access experimental solubility data is via diffusion measurements.

Here, the diffusion and permeation can bemeasured by a static flow of the desired gas through

a thin polymer membrane [131], which is then converted to the solubility.
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3.3 Experimental data

3.3.1 Crystallinity

Figure 3.3 shows an overview of the existing experimental data [31, 75, 77, 87, 134–153] regard-

ing the crystallinity of branched polyethylene measured by differential scanning calorimetry.

Experimental data involving other experimental methods were excluded, due to questionable

assumptions when determining the crystallinity and to keep the observations comparable.

The experimental data are underlying a clearly recognisable trend where the maximal crys-

tallinity of unbranched polyethylene lies around 60% to 70% while completely amorphous

polyethylene lies in the region of around 100 br 1000C–1 to 150 br 1000C–1. The measurements

maybedivided into twogroups: Slowly cooled samples having cooling rates between 20Kmin−1

and cooling in oil baths as well as quenched samples having maximal possible cooling rates.

Moreover, the target temperature at which the samples are cooled is an issue as well as the

heating rate of the DSC measurement. Furthermore, amount and type of branching as well as

molar mass, molar mass distribution and polymerizationmethod have to be considered. Since

information on the above-mentioned influencing variables is often lacking and, in addition, all

the variables are interrelated, it is difficult to extract clear dependencies from Figure 3.3.

No significant trend can be observed regarding the type of cooling, although the target tem-

perature of the quenched samples is mostly lower, which makes a comparison challenging. It

appears that the crystallinity decreases as the branch length increases, when comparing dif-

ferent samples [75, 77, 87, 141, 142, 151] with ethyl-, butyl- and hexyl branched polyethylene at

the same crystallization conditions. At the same time, Voigt-Martin et al. [140] measured no

significant difference between ethyl- and hexyl-branched samples.

Methyl-branches can be accommodated in the crystalline lattice up to a certain extend [81,

82, 85, 86, 154] which may explain why these systems [134–136] (black symbols in Figure 3.3)

exhibit a slightly higher crystallinity than the general trend.

The same superposition of influences appears when studying the effect of the target temper-

ature on crystallinity. There seems to be a trend of higher crystallinities at lower temperatures,

when considering experimental data having apart from that similar conditions. Androsch et al.

[148] measured the crystallinity of two hexyl-branched samples at −40 °C and 20 °C exhibiting a

significant higher crystallinity for the lower temperature. Alsomethyl-branched samples from

Han-Adebekun et al. [136] at 40 °C have a significantly lower crystallinity thanmethyl-branched

measurements from Ver Strate [135] at room temperature.
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Ref. T dT nbr MN

[°C] [Kmin−1] [-] [kgmol−1]
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[134] n/a n/a C1 200 (n/a)
[135] RT 10 C1 250 (n/a)
[136] 40 5 C1 n/a (n/a)
[134] n/a n/a C2 100 (1.32)
[137] n/a n/a C2 200 (12)
[138] -50 10 C2 500 (2.3)
[139] n/a 15 C2 150 (6)
[140] RT OB C2 100 (nrw)
[140] RT OB C2 100 (nrw)
[141] 10 10 C2 100 (n/a)
[142] 0 20 C2 100 (n/a)

⭑[87] 20 10 C2 n/a (n/a)
[143] 25 15 C2 8-30 (4-10)
[144] n/a n/a C4 150 (13)
[141] 10 10 C4 100 (n/a)
[142] 0 20 C4 100 (n/a)
[87] 20 10 C4 n/a (n/a)
[145] 30 4.8 C4 100 (2.2)
[146] 40 10 C4 n/a (2-3)
[147] 50 2 C4 10-40 (n/a)
[31] 40 n/a C4 n/a (n/a)
[148] -40 10 C6 n/a (n/a)
[148] 20 10 C6 n/a (n/a)
[140] RT OB C6 100 (nrw)
[141] 0 10 C6 100 (n/a)
[142] 0 20 C6 100 (n/a)
[87] 20 10 C6 n/a (n/a)

Q
ue
nc
he
d
[149] -130 C1 200 (n/a)
[150] 35 C2 100 (2)
[134] -130 C2 108 (1.32)
[75] -20 C2 n/a (n/a)
[137] -78 C2 125 (5)
[137] 40 C2 206 (5)
[137] 95 C2 108 (1.31)
[140] -78 C2 100 (nrw)
[151] 0 C2 n/a (n/a)

⭐[77] 0 C2 n/a (n/a)
[75] -20 C3 n/a (n/a)
[150] -35 C4 100 (2)
[75] -20 C4 n/a (n/a)
[152] -150 C4 150 (n/a)
[151] 0 C4 n/a (n/a)
[153] n/a C4 100 (2)
[150] -35 C6 0.83 (2)
[75] -20 C6 n/a (n/a)
[151] 0 C6 n/a (n/a)
[153] n/a C6 100 (2)
[77] 0 C6 20-70 (5)
[153] n/a C10 100 (2)

Figure 3.3: Experimental data concerning the crystallinity of polyethylene as a function of the branch-
ing degree br for slowly cooled and quenched samples. All experiments were conducted via
differential scanning calorimetry with a heating rate of 2Kmin−1 to 20Kmin−1. The colour of
the symbols denotes the type of branching. For slowly cooled samples the first temperature
indicates the target temperature (RT denotes room temperature) while the second one (dT) is
the cooling rate (OB denotes oil bath). For quenched samples, just the target temperature is
given. nbr represents the length of the branch, where C1 is methyl, C2 is ethyl, etc.MN indi-
cates themolarmass with amolecular weight distribution given in brackets where available.
nrw denotes a narrow distribution while n/a means not available.
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3 State of the art

On the other hand, quenched samples in figure 3.3 show no large scatter across the crys-

tallinity, although the range of target temperature (−130 °C to 95 °C) is much higher than for the

slowly cooled systems (−50 °C to 30 °C).

3.3.2 Pure component data of gases

For characterizing the gases with adjustable parameters, appropriate experimental data has to

be used. Wherever possible, experimental data from the Perry’s Chemical Engineers’ hand-

book [155] was used, due to the consistent quality and the wide temperature range of data,

which applied to n-butane, nitrogen, methane, carbon dioxide, ethylene and propylene. For n-

pentane and n-hexane, data from Young [156] respectively and Reynolds [157] were used, since

just these sets of data were available, covered a wide temperature range and were consistent.

For heptane, data from Reynolds [157] andMcMicking [158] was found. Since the data from the

latter scatters, especially the saturated volumes, and covers a smaller temperature range, data

from Reynolds [157] was used.
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Figure 3.4: Experimental data considering saturated liquid volumes of 1-butene from [159] (squares),
[160] (circles), [161] (triangles up), [162] (triangles down), [163] (diamonds). A magnification
shows the medium-temperature range in more detail.

Multiple experimental data sets exist for 1-butene [159–164]. For the vapour pressure, com-

bined data sets from Luo & Miller [163] and Ihmels et al. [164] are used in order to cover a

wide temperature range. Measurements of saturated liquid volumes from 1-butene, which are

shown in figure 3.4 are numerous, but cover just small temperature ranges and are partly in-

consistent. Data from Beattie & Marple [159] is significantly lower compared to the other data
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3.3 Experimental data

sets. Combined saturated liquid volume data from Wackher et al. [161] and Olds et al. [162]

are used, which are in agreement with other experimental data [160, 163] and cover a sufficient

temperature range.

For 1-hexene, plentymeasurements of both vapour pressure and saturated liquid density can

be found in literature [155, 165–171] (see Betken et al. [172] for an extensive research), whereby

the vapour pressure was mainly measured in the temperature range below 378K. Below this

temperature, there is a high consistency between sets of experimental data [166–169] except

those of Perry [155] (figure 3.5). Only Ma et al. [165] conducted measurements beyond 378K,

but the vapourpressure is significantly higherwhencomparing the trendof other experimental

data [166–169]. For comparison, an empirical regression from Perry [155] (with data compiled

from [171] and [173]) is included in figure 3.5, which is in perfect agreement with other sets of

experimental data [166–169], but is clearly below experimental data from Ma et al. [165]. For

this reason, combined vapour pressure data from Camin & Rossini [167] andMoodley [168] are

used, which are in agreement with other experimental data [166, 169] and cover a sufficient

temperature range. Saturated volume data were taken from Kireev [170] due to the wide tem-

perature range.
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Figure 3.5: Experimental data considering vapour pressure of 1-hexene from [155] (squares), [165] (cir-
cles), [166] (triangles up), [167] (triangles down), [168] (diamonds), [169] (triangles left). The
star denotes the critical point from [165], while the line is an empirical regression from [155].
A magnification shows the medium-temperature range in more detail.
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3.3.3 Gas solubility

In this subsection, an overview of gas solubility measurements in PE is given, including single-

and multi-gas systems. Subsequently, single gas solubility in amorphous PE is discussed in

more detail, since an adequate data set has to be chosen for the adjustment of the kij. Finally,

solubility data in semi-crystalline PE is discussed, which are used in the further work for the

comparison with the model results. Table 3.1 shows data, that is available in literature.

Table 3.1: Experimental data of binary and ternary gas solubility in amorphous and semi-crystalline PE.

Gas State MN br Method Ref.

[kgmol−1] [br 1000C–1]

Et
hy
le
ne

am 28 n/a c [34]

am 31.7 n/a b [92]

am 16.6 25.5 d [27, 89]

am 1.94 31.8 a [24]

am 100-140 n/a a [40]

am 2.2 n/a c [174]

am 3.65 n/a n/a [97]

am n/a n/a d [175]f

am 12.6/16.7 n/a a [176]

am 1.1 n/a c [177]

am 250 n/a c [178]

sc 11.5-40.4 n/a a [106]

sc n/a n/a c [179]

sc n/a n/a a [180]

sc n/a n/a a [102]

sc 24.6/27.2 n/a a [109]

sc 20-60 30-50 c [108, 115]

sc 34.3 n/a a [40]

sc n/a 0-20 a [31]

sc 12.6/16.7 n/a a [176]

sc 38/45 21/26 e [153]f

sc n/a n/a c [181]

sc 6.4-35.3 n/a a [182]

sc n/a n/a c [107]
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Gas State MN br Method Ref.

[kgmol−1] [br 1000C–1]

1-
pr
op
en
e am 1.94 31.8 a [24]

sc 15.8-27.5 n/a c [183]

sc n/a n/a c [184]
1-
bu
te
ne

am 1.94 31.8 a [24]

am 1.94 31.8 a [104]

sc 20-60 n/a c [108, 115]

sc n/a n/a a [185]

sc 18 n/a a [186]

1-
he
xe
ne

am n/a n/a a [101]f

am n/a n/a a [31]

am 10-50 n/a d [187]f

sc n/a n/a a [31]

sc 100 9-104 a [188]

sc 24.6/27.2 n/a a [109]

sc 10-35 n/a a [189]

sc 20-60 n/a c [108, 115]

sc n/a n/a a [185]

sc 11.5-40.4 n/a a [106]

sc 11.7-57.1 n/a a/c [114]

sc 6.4-35.3 n/a a [182]

sc 10-30 n/a a [190]

Ca
rb
on

di
ox
id
e

am 15.2 n/a a [191]

am 8.16 n/a c [45]

am n/a n/a c [94]

am n/a n/a c [192]f

am n/a n/a a [193]

am 11.3/4.5 22/5 a [36]

sc n/a n/a a [194]

sc n/a n/a d [195]

sc n/a n/a c [196]

sc n/a n/a a [197]
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Gas State MN br Method Ref.

[kgmol−1] [br 1000C–1]

Ca
rb
on

di
ox
id
e sc 38/45 21/26 e [153]f

sc n/a n/a a [198]

sc 26-400 1.5-300 e [111, 112]f

sc 15/33 2/16 e [199]f

sc 11.3/4.5 22/5 a [36]

N
itr
og
en

am n/a n/a c [32]

am 0.80 n/a a [91]

am 8.16 n/a c [45]

am 350 n/a a [200]

am n/a n/a a [93]

am 31.7 n/a b [92]

am n/a n/a c [94]

sc n/a n/a a [194]

sc n/a n/a a [102]

sc 15/33 2/16 e [199]f

sc 26-400 1.5-300 e [111, 112]f

sc n/a n/a c [196]

sc 38/45 21/26 e [153]f

M
et
ha
ne

am n/a n/a c [32]

am n/a n/a b [95]

am n/a n/a c [33]

sc n/a n/a d [195]

sc n/a n/a a [197]

sc n/a n/a a [102]

sc 38/45 21/26 e [153]f

sc 26-400 1.5-300 e [111, 112]f

n-
bu
ta
ne

am n/a n/a c [201]

sc 18.0 n/a a [186]

sc 24.9 n/a a [202]
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Gas State MN br Method Ref.

[kgmol−1] [br 1000C–1]

n-
pe
nt
an
e

am 76 n/a c [203]

sc 24.9 n/a a [202]
n-
he
xa
ne

am 16.6 n/a d [27]f

am 35.0 n/a d [100]f

am n/a n/a d [204]

sc n/a n/a c [181]

sc 20-60 30-50 c [108, 115]

sc 24.9 n/a a [202]

sc 26.4 n/a d [205]

n-
he
xa
ne sc n/a n/a a [206]

sc n/a n/a a [207]

sc n/a n/a c [107]

n-
he
pt
an
e am 10-50 n/a d [175]f

sc 24.9 n/a a [202]

sc 13.7 n/a a [208]

Ethylene
+

1-butene
am 1.94 31.8 a [24, 104]

Ethylene
+

1-propene sc n/a n/a a [209]

Ethylene
+

1-hexene

sc 25.6 n/a a [106]

sc 24.6 n/a a [109]

sc n/a 0-20 a [31]

a: gravimetric type, b: piezoelectric type, c: manometric type, d: chromatographic type,
e: indirect via diffusion and permeation measurement, f: Henry-coefficients at ambient pressure.
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3.3.3.1 Melt

Figure 3.6 shows experimental data considering the solubility of ethylene in molten polyethy-

lene at temperatures ranging from 393.15K to 573.15K. Although, a general trend can be ob-

served many of the experimental data sets are scattered and inconsistent.
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Figure 3.6: Solubility of ethylene in molten polyethylene at different temperatures. Experimental data
from [97] (squares), [27] (circles), [92] (triangles up), [174] (triangles down), [89] (diamonds),
[24] (triangles left), [176] (triangles right and hexagons), [40] (stars), [31] (pentagons), [178]
(spheres) and [177] (stars). A magnification shows the low-pressure range in more detail.

All data sets show an increasing solubility with decreasing temperature except those of

Kobyakov et al. [97]. The original publication is not accessible and the data is obtained from

Wohlfahrts handbook [133], so the experimental method cannot be examined. Due to the con-

tradicting temperature influence, data from Kobyakov [97] is excluded from adjustment. Spahl

& Luft [177] conducted measurements using a manometric technique after sample-taking with

low molecular polyethylene having a molar mass of 1.1 kgmol−1. Due to the low molecular

weight and hence short chains (around 80) of this sample, these data points show significant

higher solubility compared to all other measurements. Low-pressure experiments from Jiang

et al. [176] using an electronic microbalance and Maloney & Prausnitz [27] using inverse chro-

matography were excluded as well, in order to cover a wide range of solubility. Since in the

further course of the work, predictions are made for significant lower temperatures, tempera-

ture dependent interaction parameters are used were possible. For this reason, experimental

data from Novak et al. [31] and Chmelar et al. [40], who used a magnetic suspension balance,

as well as data from Davis et al. [178], who used a dual chamber pressure decay technique, and
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Maloney & Prausnitz [89], measured by inverse chromatography, are excluded from the adjust-

ment, since they just measured a single isotherm. However, these data sets can be used for the

validation of other experimental data. While the experimentalmeasured solubility fromCheng

& Bonner [92] via a piezoelectric quartz crystal microbalance is significant lower compared to

other sets in the same pressure range, solubility data from Rousseaux et al. [174], measured

monometrically, is higher compared to other data sets. The measured solubility isotherms

from Heuer et al. [24], determined by averaged gravimetrical and manometrical means after

sample-taking, are mainly consistent with single isotherms from Novak et al [31], Chmelar et

al. [40] and Davis et al. [178]. Moreover, Heuer et el. [24] characterized the used polyethylene

in terms of molecular weight and branching, required as input variable for the LCT. For these

reasons, experimental data from Heuer et al. [24] are used for the adjustment of the binary

interaction parameter.

For the solubility of propylene in molten polyethylene, just data from Heuer et al. [24] were

found in literature. The data, including three isotherms were measured over a wide pressure

range, seems consistent. Additionally, the polyethylene samplewaswell characterized in terms

of branching and molar mass.

Heuer et al. [24] also conducted measurements of 1-butene in well characterized molten

polyethylene at three different temperatures by averaging gravimetric andmanometric means

after sample-taking (figure 3.7).

0 2 0 4 0 6 0 8 0 1 0 0
0 . 0 0

0 . 0 5

0 . 1 0

0 . 1 5

0 . 2 0

0 . 2 5

0 . 3 0

0 . 3 5

0 . 4 0

w
ei

gh
t r

at
io

 [g
ga

s/g
po

l]

P r e s s u r e  [ b a r ]

Figure 3.7: Solubility of 1-butene in molten polyethylene at 428.15K (dark blue), 438.15K, 468.15K and
493.15K. Experimental data from [24] (squares), [104] (circles), [133] (triangles up).
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The same working group around Wohlfahrt published in a proceeding publication a data

set at 493.15K [104]. Additionally, Wohlfahrt published another set of data at 493.15K in his

book [133], referring to his own publication [104]. Although the data at 493.15K is consistent,

it appears to be another set of experiments. The three lower isotherms seem consistent, with

the exception of two data points at high pressure (around 40 bar and 50 bar respectively), which

appear to have a lower solubility compared to the other isotherms. The three lower isotherms

are used for adjusting the binary interaction parameter while the single isotherms at 493.15K

from the other publications [104, 133] are just used for validation as it is not sure whether it is

the same polymer sample and the same measurement run.

Solubility experiments of 1-hexene in molten polyethylene are scarce. Only Novak et al. [31]

measured a single isotherm at 423.15K by a magnetic suspension balance. Although measure-

ments for the calculation of the Henry-coefficients were conducted at different temperatures

[101, 187], those measurements were carried out at very low-pressures below 1 bar. This is why

the data set from Novak et al. [31] is used for adjusting the binary interaction parameter.

Experimental data considering the solubility of carbon dioxide in molten polyethylene is

shown in figure 3.8. Data from Chaudhary & Johns [193], measured by a magnetic suspension

balance, is scattered and contradicts all other experimental data sets. Furthermore, extrapola-

tion of the isotherms to zero pressure does not go through the origin.
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Figure 3.8: Solubility of carbon dioxide in molten polyethylene at different temperatures. Experimental
data from [193] (squares), [191] (circles), [36] (triangles up), [45] (diamonds) and [94] (triangles
left).
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The solubility was also investigated by Areerat et al. [191] by a magnetic suspension balance

and Sato et al. [45] by the pressure decay technique, both measuring three isotherms over a

wide pressure range. Durrill & Griskey [94] measured a single isotherm in the low-pressure

area via the pressure decay technique. The data sets fromAreerat et al. [191] and Sato et al. [45]

are mainly consistent. However, the data from Sato et al. [45] is slightly scattered, while data

fromAreerat et al. [191] seems consistent and is inwell agreement with low-pressure data from

Durrill & Griskey [94]. Due to that reason, measurements from Areerat et al. [191] are used for

the adjustment of the binary interaction parameter.

Measurements of nitrogen in molten polyethylene are shown in figure 3.9. A consistent

inverse solubility over the whole pressure range of experiments can be observed, where the

solubility is increasing with increasing temperature. The only exception is the data from Az-

imi [200], which not only show an opposing temperature dependence, but also a significantly

higher solubility than all other measurements. The swelling correction was done by an equa-

tion of state, whichmay introduce inaccuracies [200]. Moreover, no experiment time is given in

the publication [200]. However, neither explains the large deviation and the inconsistent tem-

perature influence. Plenty of experiments were conducted in low-pressure area up to 150 bar,

whereby data fromLee&Flumerfelt [91], measured by chromatography, is considerable higher

compared to all other data, which is probably due to the low molecular weight of 0.8 kgmol−1.
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Figure 3.9: Solubility of nitrogen in molten polyethylene at different temperatures. Experimental data
from [91] (squares), [92] (circles), [33] (triangles up), [93] (triangles down), [45] (diamonds),
[94] (triangles left) and [200] (triangles right). A magnification shows the low-pressure range
in more detail.
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Experimental data fromCheng&Bonner [92],measured via a piezoelectric quartz crystalmi-

crobalance, as well as from Sato et al. [45] and Durrill & Griskey [94], measured by the pressure

decay technique, only cover the low-pressure range. The measurements from Lundberg [33],

determined by pressure decay technique cover a wide pressure range and are consistent with

data fromCheng&Bonner [92] and Sato et al. [45] in the low-pressure range aswell as Atkinson

[93] in themiddle pressure range. At pressures higher than 500 bar, solubilities fromLundberg

[33] are slightly higher compared to Atkinsons [93]. This could be due the reason that Atkinsons

[93] measured the gas solubility externally after sample-taking. In high-pressure experiments,

the subsequent pressure drop could lead to partial desorption before the exact amount of dis-

solved gas is determined. At the same time, data from Lundberg [33] show a slightly scattered

behaviour at higher pressure (>500 bar). This could be due to the novelty and experimental dif-

ficulties of themethod at that time. Furthermore, swellingbehaviour of the samplewas ignored

[32], which could introduce inaccuracies especially at high pressure. Nonetheless, Lundbergs

measurements [33] show high consistency over a wide pressure range, which is why this data

set until 500 bar is used for the parametrization.

The solubility of methane inmolten polyethylene, which is shown in figure 3.10, was investi-

gated by Lundberg et al. [32], Lundberg [33] and Bonner [95]. The different isotherms, covering

a temperature range from about 400K to 500K, lie very close to each other, which makes it dif-

ficult to observe a temperature dependence.
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Figure 3.10: Solubility of methane in molten polyethylene at different temperatures. Experimental data
from [32] (squares), [95] (circles) and [33] (triangles up).
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Lundberg et al. [32] conducted measurements via pressure decay technique mainly at high

pressures exhibiting an inverse solubility effect, e.g. an increasing solubility with rising tem-

perature [32]. Lundberg [33] published experimental data of another polyethylene sample in

the lower and medium pressure range being partly consistent with the data published in the

earlier work [32]. Here, the inverse solubility effect is discernible for the higher temperatures,

while the lowest isotherm (413.19K) still results in the highest solubility. Experimental data

fromBonner [95], measured via a piezoelectric quartz springmicrobalance in the low-pressure

area, revealed an inverse solubility effect as well. Considering all the experimental data sets,

there could be a point of change to inverse solubility behaviour in the range of experimental

data. Only one isotherm from Lundberg [33] shows normal solubility behaviour, which could

also be due to experimental uncertainty, since the isotherm lie very close to each other. Due to

the consistent data from Lundberg et al. [32], this data set is used for the adjustment of kij.

For the system n-butane in molten polyethylene, only measurements Wang et al. [201] via

pressure decay technique were found in literature. Four isotherms over a wide pressure were

published, providing a well data basis for the adjustment of the binary interaction parameter.

The solubility of n-pentane in molten polyethylene was only investigated by Surana et al. [203]

by the pressure decay technique, measuring two isotherms over a wide range of pressure.

Figure 3.11 shows experimental data considering the solubility of n-hexane in polyethylene.

Brockmeier et al. [204] conducted experiments up to a pressure of 5 bar using a chromato-

graphic technique. Measurements fromNewman [100] andMaloney [27] at 1 atm,measured by

chromatography as well and among themselves consistent, show significantly higher solubil-

ity. Additionally, the curvature of the isotherms from Brockmeier et al. [204] seem unlikely for

a gas having such a high critical point. The isotherms of n-pentane, 1-hexene and n-heptane

for example start to bend upwards significantly at around 5bar. Reasons for this could be the

novelty and experimental difficulties of themethod at that time, whichwas already pointed out

by Bonner et al. [210]. This is accompanied by the fact the gas chromatography measurement

is a dynamicmethod, were the system is not in a static equilibrium. Moreover, a carrier gas has

to be used, which is nitrogen in this case. Although the solubility of nitrogen is considerably

lower compared to n-hexane, nitrogen acts as a so-called anti-solvent lowering the solubility of

n-hexane, especially towards higher pressure, which may lead to the missing upwards bend.

For this reason, with the exception of the lowest temperature, the data set of Maloney [27] is

used for the adjustment of the binary interaction parameter. The data point at 397.15K is ex-

cluded, since at this temperature, partial crystallization cannot be ruled out. For the solubility
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of n-heptane in molten polyethylene, only data from Liu et al. [187] at 1 bar, measured by chro-

matography, was found in literature which is used for the adjustment of kij.
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Figure 3.11: Solubility of n-hexane in molten polyethylene at different temperatures. Experimental data
from [100] (squares), [27] (circles) and [204] (triangles up). A magnification shows the low-
pressure range in more detail.

Ternary systems, including the solubility of two gases in molten polyethylene, were investi-

gated by Wohlfahrt et al. [104] for ethylene and 1-butene, where a sample was withdrawn from

the reactor and the solubility was determined by gravimetrical and manometrical means. The

solubility of ethylene and 1-hexene was measured by Novak et al. [31] via magnetic suspension

balance.

3.3.3.2 Semi-crystalline

Experimental data considering the solubility of gases in semi-crystalline polyethylene are nu-

merous (table 3.1). Since information about the polymers architecture are necessary for both

the combined CPP/FCA approach and the LCT, experimental data with insufficient character-

ization in terms of branching are mainly excluded. The group around Greenhalgh [108] pub-

lished well characterized data including the solubility of ethylene, 1-butene, 1-hexene and n-

hexane [108, 115], measured by the pressure-decaymethod. The solubility of ethylene was also

investigated by Jiang et al. [176] via an electronic microbalance while Jin et al. [188] measured

the solubility of 1-hexene with help of a quartz spring balance. Measurements of Yao et al.

[183] via pressure-decay method and Castro et al. [202] via electronic microbalance are not

characterized in terms of the branching degree but provide information about the crystallinity
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3.3 Experimental data

and its measurement conditions, which can serve as indirect information about the polymers

architecture.

The solubility of small gases in differently branched polyethylene samples at ambient pres-

sure was investigated by Michaels & Bixler [111, 112] and Laguna et al. [153] for carbon dioxide,

nitrogen andmethane as well as for carbon dioxide and nitrogen by Pino et al. [199]. Here, the

solubility was indirectly determined by the measurement of the diffusion and permeation via

time-lag-method and subsequently converted to the solubility.

The ternary system of ethylene and 1-hexene in semi-crystalline polyethylene was investi-

gated both by Moore et al. [106] and by Sun et al. [109] via an electronic microbalance. Yoon

et al. [209] conducted measurements of ethylene and 1-propene in polyethylene via a quartz

spring balance.
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4Theoretical approach
In this chapter, the theoretical framework of this work is outlined. First, the Lattice-Cluster-

Theory as well as the Car-Parking-Problem and Flory’s co-polymer approach for branching are

presented. Finally, numerical implementations of this work will be given.

4.1 Lattice-Cluster-Theory

For the sake of lucidity, the free energy of mixing∆F is expressed following Langenbach et al.

[49] in form of a series expansion according to the lattice coordination number z, the segment

fraction of void lattice sites ϕv and the segment fraction of occupied lattice sites ϕocc:

−
∆F (Mi, Nk,i, z,Φi, ϕv, T, ϵij)

NlkbT
=
∆S

MF (Mi, z,Φi, ϕv)
Nlkb

+
2

∑
a=0

2

∑
b=0

6

∑
c=1

(kbT )−aza−2ϕb
vϕ

c
occCabc(Mi, Ñk,i,Φi, ϵij)

(4.1)

whereby the mean field contribution ∆S
MF is equivalent to Flory’s [11] entropy of mixing in

the athermal limit in eq. (2.8) and equals:

∆S
MF (Mi, z,Φi, ϕv)

Nlkb
= −ϕv ln(ϕv) −

n

∑
i≠v

ϕi

Mi
ln(ϕi) (4.2)

At that, Cabc are the extended mean field contributions, Φi is the segment fraction of com-

ponent i without consideration of void lattice sites, ϕi the segment fraction of component i

considering the void lattice sites and T is the temperature. Φi is calculated as follows:

Φi =
ϕi

1 − ϕv
(4.3)

while the reduced architecture coefficients Ñk,i read:

Ñk,i =
Nk,i

Mi
(4.4)
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The contributions to the athermal limit packing entropy of the C0bc arise due to excluded

volume constraints and are calculated for a n-component mixture as follows [48, 49]:

C001 =

n

∑
κ≠v

(−2Ñ1,κÑ3,κ − Ñ
2
2,κ − zÑ

2
1,κ −

2

3
Ñ

3
1,κ + 4Ñ

2
1,κÑ2,κ − 2Ñ

4
1,κ)Φκ (4.5)

C002 =

n

∑
κ≠v

n

∑
λ≠v

(2Ñ1,κÑ3,λ + 2Ñ2,κÑ2,λ + zÑ1,κÑ1,λ)ΦκΦλ (4.6)

C003 =

n

∑
κ≠v

n

∑
λ≠v

n

∑
µ≠v

(2
3
Ñ1,κÑ1,λÑ1,µ − 4Ñ2,κÑ1,λÑ1,µ)ΦκΦλΦµ (4.7)

C004 =

n

∑
κ≠v

n

∑
λ≠v

n

∑
µ≠v

n

∑
η≠v

(2Ñ1,κÑ1,λÑ1,µÑ1,η)ΦκΦλΦµΦη (4.8)

The energy contributions of first-order C1bc and second-order C2bc contain the dispersion

energies ϵii and∆ϵij taking account of the attracting interactions. For a n-component mixture,

C1bc reads [48, 49]:

C102 =

n

∑
κ≠v

n

∑
λ≠v

c
κλ
1 (2,−1, 0, 0, 2, 2,−1)∆ϵκλΦκΦλ (4.9)

C103 =

n

∑
κ≠v

n

∑
λ≠v

n

∑
µ≠v

c
κλ
1 (−2, 2,−1,−1,−1,−1, 0)Φκ∆ϵλµΦλΦµ (4.10)

C104 =

n

∑
κ≠v

n

∑
λ≠v

n

∑
µ≠v

n

∑
η≠v

c
κλ
1 (2,−1, 0, 2, 0, 0, 0)∆ϵµηΦκΦλΦµΦη (4.11)

C105 =

n

∑
κ≠v

n

∑
λ≠v

n

∑
µ≠v

n

∑
η≠v

n

∑
ω≠v

c
κλ
1 (0, 0, 0,−1, 0, 0, 0)∆ϵηωΦκΦλΦµΦηΦω (4.12)

C111 =

n

∑
κ≠v

c
κλ
1 (0, 0, 0, 0, 2, 2,−2)ϵκκΦκ (4.13)

C112 =

n

∑
κ≠v

n

∑
λ≠v

c
κλ
1 (−2, 2,−1, 0,−2,−2, 0)ϵκκΦκΦλ (4.14)

C113 =

n

∑
κ≠v

n

∑
λ≠v

n

∑
µ≠v

c
κλ
1 (4,−2, 0, 2, 0, 0, 0)ϵκκΦκΦλΦµ (4.15)

C114 =

n

∑
κ≠v

n

∑
λ≠v

n

∑
µ≠v

n

∑
η≠v

c
κλ
1 (0, 0, 0,−2, 0, 0, 0)ϵηηΦκΦλΦµΦη (4.16)

c
κλ
1 (a, b, c, d, e, f, g) = aÑ1,κÑ2,λ + bÑ1,κÑ1,λ + cÑ1,λÑ2,κ

+ dÑ1,κÑ1,λÑ1,µ + e
z

2
Ñ1,κ + f

1

2
Ñ3,κ + g

z
2

4

(4.17)
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The second-order energy contributions C2bc depend on the product of two dispersion ener-

gies and are calculated for a n-component mixture as follows [48, 49]:

C202 =

n

∑
κ≠v

n

∑
λ≠v

c
κλ
2 (1,−2, 1, 1)∆ϵ

2
κλΦκΦλ (4.18)

C203 =

n

∑
κ≠v

n

∑
λ≠v

n

∑
µ≠v

[cκλ2 (−4, 4,−2,−2)∆ϵκλ∆ϵλµ + c
κλ
2 (0, 1, 0, 0)∆ϵ

2
λµ

+ c
κ0
2 (−2, 0, 0, 0)∆ϵκµ∆ϵλµ + c

κ0
2 (0, 2,−1, 0)∆ϵκλ∆ϵκµ]ΦκΦλΦµ

(4.19)

C204 =

n

∑
κ≠v

n

∑
λ≠v

n

∑
µ≠v

n

∑
η≠v

[cκλ2 (2,−4, 2, 1)∆ϵκλ∆ϵµη + c
κλ
2 (4,−4, 1, 0)∆ϵλµ∆ϵµη

+ c
κλ
2 (2, 0, 0, 0∆ϵκµ∆ϵκη) + c

κλ
2 (4, 0, 0, 0)∆ϵκµ∆ϵλη]ΦκΦλΦµΦη

(4.20)

C205 =

n

∑
κ≠v

n

∑
λ≠v

n

∑
µ≠v

n

∑
η≠v

n

∑
ω≠v

[cκλ2 (−8, 3,−1, 0)∆ϵλµ∆ϵηω

+ c
κλ
2 (−2, 0, 0, 0)∆ϵµη∆ϵηω]ΦκΦλΦµΦηΦω

(4.21)

C206 =

n

∑
κ≠v

n

∑
λ≠v

n

∑
µ≠v

n

∑
η≠v

n

∑
ω≠v

n

∑
τ≠v

c
κλ
2 (3, 0, 0, 0)∆ϵµη∆ϵωτΦκΦλΦµΦηΦωΦτ (4.22)

C211 =

n

∑
κ≠v

c
κ0
2 (0,−2, 1, 2)ϵ2κκΦκ (4.23)

C212 =

n

∑
κ≠v

n

∑
λ≠v

[cκλ2 (−4, 4,−2,−2)ϵλλ∆ϵκλ + c
κ0
2 (0, 2, 0, 0)ϵ2λλ

+ c
κλ
2 (−2, 4,−2,−2)ϵκκϵλλ + ϵκκ∆ϵκλc

κλ
2 (0, 4,−2,−2)]ΦκΦλ

(4.24)

C213 =

n

∑
κ≠v

n

∑
λ≠v

n

∑
µ≠v

[cκλ2 (4,−8, 4, 2)ϵµµ∆ϵκλ

+ c
κλ
2 (4,−4, 1, 0)ϵλλϵµµ + c

κλ
2 (4,−4, 1, 0)ϵµµ∆ϵλµ

+ c
κλ
2 (4,−4, 1, 0)ϵλλ∆ϵλµ + c

κλ
2 (8,−4, 2, 2)ϵκκ∆ϵλµ]ΦκΦλΦµ

(4.25)

C214 =

n

∑
κ≠v

n

∑
λ≠v

n

∑
µ≠v

n

∑
η≠v

[cκλ2 (−16, 6,−2, 0)ϵηη∆ϵλµ + c
κλ
2 (−8, 6,−2, 0)ϵλλ∆ϵµη

+ c
κλ
2 (−4, 0, 0, 0)ϵηη∆ϵµη + c

κλ
2 (−2, 0, 0, 0)ϵµµϵηη]ΦκΦλΦµΦη

(4.26)

C215 =

n

∑
κ≠v

n

∑
λ≠v

n

∑
µ≠v

n

∑
η≠v

n

∑
ω≠v

(ϵµµ∆ϵηωc
κλ
2 (12, 0, 0, 0)ΦκΦλΦµΦηΦω (4.27)
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C221 =

n

∑
κ≠v

c
κ0
2 (0, 2,−1,−2)ϵ2κκΦκ (4.28)

C222 =

n

∑
κ≠v

n

∑
λ≠v

[cκλ2 (4,−8, 4, 4)ϵκκϵλλ + c
κλ
2 (2,−4, 1, 0)ϵ2λλ]ΦκΦλ (4.29)

C223 =

n

∑
κ≠v

n

∑
λ≠v

n

∑
µ≠v

[cκλ2 (−16,−12,−4, 0)ϵλλϵµµ + c
κλ
2 (−2, 0, 0, 0)ϵ2µµ]ΦκΦλΦµ (4.30)

C224 =

n

∑
κ≠v

n

∑
λ≠v

n

∑
µ≠v

n

∑
η≠v

c
κλ
2 (12, 0, 0, 0)ϵµµϵηηΦκΦλΦµΦη (4.31)

c
κλ
2 (a, b, c, d) = a

1

4
Ñ1,κÑ1,λ + b

1

4
Ñ1,κ + c

1

4
Ñ2,κ + d

1

16
z (4.32)

The dispersion energy is assumed to have a temperature dependence as follows:

ϵii(T ) = ϵ
(1)
ii +

ϵ
(1)
ii ϵ

(2)
ii

T
(4.33)

while the dispersion energy between unlikemolecules∆ϵij is assumed to obey the geometrical

mixing rule:

∆ϵij(T ) = ϵii + ϵjj − 2
√
ϵiiϵjj(1 − kij(T )) (4.34)

kij(T ) = aij + bij ⋅ T (4.35)

whereby kij is the binary interaction parameter whose coefficients aij and bij are adjusted to

experimental data.

The molar volume v of a mixture with same sized lattice sites equals:

v =
M̄v̄v
ϕocc

(4.36)

v̄v = ∑
i

Φivv,i (4.37)

vv,i = σ
3
iNAv (4.38)

M̄ = ϕocc (∑
i

ϕi

Mi
)
−1

(4.39)

with M̄ being the mean segment number, v̄v the mean lattice site volume of a mixture and vv,i

lattice site volume of the pure component i. NAv stands for the Avogadro-constant.
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4.1 Lattice-Cluster-Theory

The system pressure p becomes:

p =
RT
vv

{− ln(ϕv) − ϕocc +
ϕocc

M̄
+

4

∑
c=1

z
−2(1 − c)ϕc

occC00c

+
1

∑
b=0

4

∑
c=1

(zkbT )−1 [(1 − b − c)ϕb
vϕ

c
occ + bϕ

b−1
v ϕ

c
occ]C1bc

+
2

∑
b=0

6

∑
c=1

(kbT )−2 [(1 − b − c)ϕb
vϕ

c
occ + bϕ

b−1
v ϕ

c
occ]C2bc}

(4.40)

and chemical potential of the component i is calculated as:

−
µi

kbT
= −

1

kbT
( ∂∆F

∂niMi
)
T,V,njMj≠niMi

=
1

kb
(∂∆S

MF

∂niMi
)
T,V,njMj≠niMi

+
2

∑
a=0

2

∑
b=0

6

∑
c=1

(kbT )−aza−2{[(nv,i + 1)ϕb
vϕ

c
occ(1 − b − c) + bnv,iϕ

b−1
v ϕ

c
occ + cϕ

b
vϕ

c−1
occ ]Cabc

+ ϕ
b
vϕ

c−1
occ noccMocc (

∂Cabc

∂niMi
)
T,V,njMj≠niMi

}

(4.41)

with the derivatives of the mean field entropy and the amount of mole of component i being:

1

kb
(∂∆S

MF

∂niMi
)
T,V,njMj≠niMi

= −nv,i ln(ϕv + 1) − 1

Mi
ln(ϕi + 1) + (nv,i + 1) (ϕocc

M̄
+ ϕv)

(4.42)

nv,i = ( ∂nv

∂niMi
)
T,V,njMj≠niMi

=
1

ϕocc
(ϕv −

vv,i
v̄v

) (4.43)

When considering a pure component, nv,i turns -1. The derivatives of the extended mean-

field-contributions are calculated according to the following pattern:

( ∂Cabc

∂niMi
)
T,V,njMj≠niMi

= Cabc ∑
α∈κ,λ,µ,...

(
δα,i
Φα

− 1) (4.44)

where the number of counting indices α ∈ κ, λ, µ, ... depends on the number of sums in Cabc.

The Kronecker delta is defined according to eq. (2.12).
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Determination of architecture coefficients

Aspreviouslymentioned, for calculationswith theLCTusing the simplifications ofNemirovsky

et al. [63] in eqn. 2.13 and 2.14, just the three architecture coefficients N1, N2 and N3 are re-

quired instead of nine architecture coefficients from table 2.1. N1, the number of bonds is

simply calculated via the number of segments:

N1 = M − 1 (4.45)

For linear molecules, the determination ofN2 andN3 is straightforward:

N
lin
1 = M − 2 (4.46)

N
lin
2 = M − 3 (4.47)

Since the direct determination of N2 and N3, i.e. the number of two and three consecu-

tive bonds becomes quite complex for heavily branched molecules, these can be obtained by

an approach from Langenbach & Enders [211]. For this purpose, the number of neighbours

of second-order V2,m and third-order V3,m of each united atom group m is determined and

summed up over all segmentsM :

N2 =
1

2

M

∑
m

V2,m (4.48)

N3 =
1

2

M

∑
m

V3,m (4.49)

This method is applicable for smaller molecules, where the effort of counting every united

atom group and its neighbours is reasonable. When it comes to bigger molecules such as poly-

mers, this is not the case. At the same time, the exact molecular structure of polymers is often

not ascertainable. Usually, measurements of the molar mass are available, which can be used

to determine the number of united atom groups. The architecture of the polymers can be de-

termined by spectroscopic measurements, providing the branching degree, i.e. the number of

threefold and fourfold branching points per 1000 C-atoms br3 and br4 respectively. According

to Langenbach [212], the architecture coefficients can be extracted from this information as
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4.2 Car-parking-framework

follows:

N2 = M − 2 + br3 + 3br4 (4.50)

N3 = M − 3 + 2br3 + 6br4 (4.51)

Eq. (4.51) is only valid, if branching points are not directly adjacent to each other and if side

chains contain at least two segments. In case, such detailed information about the branching is

at hand, eq. (4.49) has to be used. Due to the fact, that polyethylene exhibits almost exclusively

threefold branching points, br4 is assumed to be negligible.

4.2 Car-parking-framework

For the general treatment of the crystallinity, polymer configurations are accommodated in a

lattice [213]. In this context, a crystalline region is characterized by ζ, the number of repeat-

ing structural units, which in case of polyolefins may be CH2-units. The crystallinity α of the

polyolefin is then defined as:

α =
jζ

M
(4.52)

where j is the number of crystalline sequences andM is the segment number of the entire

chain, whereby one segment is formed by a structuralCH2-unit. The segment number is given

directly by the molecular weight and the molar mass of a unit. However, ζ and j are unknown.

For this reason, the former considers the free energy change in forming a crystallite, while for

j, the Car-Parking-Problem is applied to polymer crystallization.

4.2.1 Crystalline sequence length

Based on the works of Flory [214], Mandelkern [215] found an implicit expression for the free

energy change ∆F in forming a crystallite, depending on the crystalline sequence length ζ,

the number of crystalline sequences in cross section ρ, the number of polymer molecules N ,

the chain length M , the system temperature T , the melting enthalpy of one segment ∆hm,

the melting temperature T 0
m, the surface energy σe and the cross-sectional area of the polymer

chain a0 [215]:

∆F = 2
√
πρζσu −RTρ ln(D) − ζρ

∆hm
2

T
0
m − T

T 0
m

−RT [N ln (1 − ζρ

NM
) + ρ ln (M − ζ + 1

M
)] (4.53)
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In the original publication [215], the second term of eq. (4.53) in squared brackets has a dif-

ferent sign. This was corrected after comparison with preceding publications [214, 216]. ∆hm

is divided by 2 as it refers to one ethylene-unit, which contains two segments. ln(D) is defined
as follows:

ln(D) = −2σea0
RT

(4.54)

whereby D is regarded by Flory [214] as nucleation constant. σu is the lateral interfacial free

energy of a molecule. With help of the first term of a Taylor series expansion, the first term of

eq. (4.53) in squared brackets N ln (1 − ζρ

NM
) can be written as −ζρ/M . Strictly speaking, this

is only valid at small crystallinities. However, the error should be minor compared to general

inaccuracies when dealing with crystallinities. ∆F does not exhibit a maximum or minimum,

but shows a saddle pointwhere the free energy derivatives (∂∆F
∂ζ

)
ρ
and (∂∆F

∂ρ
)
ζ
equal zero [215].

At this extremum, the critical properties ρ∗ and ζ
∗ are obtained. Combining both equation

leads to the critical crystalline sequence length ζ
∗:

ζ
∗

2
(∆hm

2

T
0
m − T

T 0
m

−
RT

M
+

RT

M − ζ∗ + 1
) +RT ln [D(M − ζ

∗ + 1)
M

] = 0 (4.55)

whereby σu vanishes. While∆hm and T
0
m are substance properties, which are directly experi-

mental accessible, σe is a property coming from crystallization growth kinetics, whose estima-

tionmaybe accompanied by large uncertainties. For lowermolecularweights there is probably

an effect of chain length on σe [217] which will be disregarded here for the sake of simplifica-

tion. Parameters for eq. (4.55) are given in table 4.1.

Table 4.1: Parameters used for the model predictions in eqn. 4.55 and 4.77.

Quantity Value Method Ref.

∆hm [kJ (molC2H4)
-1] 8.284 a) [218]

T
0
m [K] 414.6 b) [70]

a0 [m
2mol−1] 1.1 ⋅ 105 - [213]

σe [mJm
−2] 168 c) [81]

a): Differential Scanning Calorimetry with solution-grown crystals, b): extrapolation of linear chain
homologs, c): nucleation kinetics of polyethylene droplets
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4.2 Car-parking-framework

4.2.2 Car-Parking-Problem

The idea for the Car-Parking-Problem (CPP) was constructed by Renyi [18] in 1958. In this

1-dimensional random space filling problem, the following question was posted: Having a

given interval (0, x), how many unit segments, j, can be placed so that no points are overlap-

ping. The question is similar to the illustration of identical cars, randomly parked along a curb,

which is why the problem is known as the Car-Parking-Problem. Renyi [18] postulated the fol-

lowing continuous recursion for the number of units j, that can be placed on (0, x):

j(x) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

0 ifx < 1

1 +
2

x − 1
∫

x−1

0
j(y)dy ifx ⩾ 1

(4.56)

Forming the limit of the unit density j(x)/x for an infinite interval, one obtains the famous
Car-Parking-constant C:

C = lim
x→∞

j(x)
x = ∫

∞

0
exp(−2∫

t

0

1 − e
−u

u du) dt ≈ 0.7476 (4.57)

4.2.2.1 Statistical treatment

Figure 4.1: a) Model concept of the CPP. b) Application to crystallization of a polymer chain.

Gornick & Jackson [15] applied the CPP to the crystallization of polymers by considering a

polyolefin chain consisting of M segments in which j sequences of length ζ are crystallized

(figure 4.1b)). In this case, N(M, j, ζ) describes the number of possibilities, arranging those j
sequences in the polymer chain. In other words, N(M, j, ζ) is the number of permutations of
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j withM − jζ amorphous segments [15].

N(M, j, ζ) = (M − jζ + j)!
(M − jζ)!j! (4.58)

The probability P , that the first interval δ1 equals a value r, is [15]:

P (δ1 = r) = N(M − r − ζ, j − 1, ζ)
N(M, j, ζ) =

(M − jζ + j − r − 1)!
(M − jζ + j)!

(M − jζ)!
(M − jζ − r)!j (4.59)

Gornick & Jackson [15] simplified eq. (4.59) for M → ∞, j → ∞ and large ζ, in order to

solve the equation analytically. In this work, however, to study the influence of the segment

number and the crystalline sequence length, eq. (4.59) is solved without simplification. Since

the calculation of faculties for high segment numbers is extremely CPU-intensive, in this work,

eq. (4.59) is approximated with help of the Stirling’s formula with 3 terms.

n! ≃
√
2πn (ne )

n
(4.60)

P (r) = j

√
2nπ(M − jζ) (M−jζ

e
)M−jζ

√
2nπ(M − jζ − r) (M−jζ−r

e
)M−jζ−r

×

√
2nπ(M − jζ + j − r − 1) (M−jζ+j−r−1

e
)M−jζ+j−r−1

√
2nπ(M − jζ + j) (M−jζ+j

e
)M−jζ+j

(4.61)

= e

√
(M − jζ)(M − jζ + j − r − 1)
(M − jζ − r)(M − jζ + j) [ ζα − ζ + 1 −

r + 1

j
]
−1

[1 − r + 1

M − jζ + j
]
j

×
⎡⎢⎢⎢⎢⎢⎢⎢⎣
1 +

1
ζ

α
− ζ − r

j

−
1

M − jζ − r

⎤⎥⎥⎥⎥⎥⎥⎥⎦

M−jζ−r

[1 + 1

ζ
( α

1 − α
)]

−(M−jζ) (4.62)

= e

√
(M − jζ)(M − jζ + j − r − 1)
(M − jζ − r)(M − jζ + j) [ ζα − ζ + 1 −

r + 1

j
]
−1

[1 − r + 1

M − jζ + j
]
j

×
⎡⎢⎢⎢⎢⎢⎢⎢⎣
1 +

1
ζ

α
− ζ − r

j

−
1

M − jζ − r

⎤⎥⎥⎥⎥⎥⎥⎥⎦

−r ⎡⎢⎢⎢⎢⎢⎢⎢⎣

1 + 1
ζ/α−ζ−r/j −

1
M−jζ−r

1 + 1
ζ
( α
1−α

)

⎤⎥⎥⎥⎥⎥⎥⎥⎦

M−jζ (4.63)

For long polymer chains, depending on the configuration ofM, j, ζ and r, either eq. (4.62) or

eq. (4.63) is numerically favourable.

For intervals being too small in order to accommodate a crystalline sequence, one has r < ζ.

One obtains the segment fraction of wasted space W with the following expression, in case
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4.2 Car-parking-framework

enough amorphous segments remain for the accommodation of a further sequence [15]:

∀(M − jζ) ⩾ ζ ∶ W =
j + 1

M

ζ−1

∑
r=1

rP (r) (4.64)

The factor j + 1 results from the reference to the entire chain. Technically speaking, there

are configurations of P (r), where less intervals than j + 1 exist, due to crystalline sequences

placed directly adjacent to each other. However, for long chains this effect is negligible, which

can be explained phenomenologically: An elongating chain is considered as a constant chain

having shorter segments, i.e. the same chain is much more finely segmented. The shorter the

segments, the less likely crystalline sequences are to be adjacent to each other. Hence, one can

assume the number of intervals being j + 1.

The index of summation r of eq. (4.64), i.e. the length of the first interval, may go from 1 to

ζ−1. Thisworks, if an interval can reach the value ζ−1. In case of long crystalline sequences or

high crystallinities theremay be no space to accommodate another sequence. In these cases, r

goes from 1 toM − jζ − 1, i.e. the remaining segments not occupied by crystalline sequences.

For this consideration, in this work, another term is included:

∀(M − jζ) < ζ ∶ W =
j + 1

M

M−jζ−1

∑
r=1

rP (r) (4.65)

Another particular case arises, the moment r reachesM − jζ. This case corresponds to the

configuration,where all the remaining amorphous segments lie together formingonebig inter-

val, which cannot be calculated with eqn. 4.62 and 4.63 due to arising zero in the denominator.

Hence, in this work, the last addend in eq. (4.65) is calculated as follows:

W =
1

M
rP (δ1 = M − jζ) (4.66)

Since one big interval is considered, the factor j + 1 vanishes. The number of possibilities if

the first interval δ1 has the lengthM−jζ is just equal to 1, because all the remaining amorphous

segments are accommodated in this interval. One can see this as well by inserting r = M − jζ
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4 Theoretical approach

and j = 1 into eq. (4.59). With help of the Stirling formula (eq. (4.60)) it follows:

P (r = M − jζ) = 1

N(M, j, ζ) =
(M − jζ)!j!
(M − jζ + j)! (4.67)

=

√
2π (M − jζ) (M−jζ

e
)M−jζ √

2πj ( j
e
)j

√
2π (M − jζ + j) (M−jζ+j

e
)M−jζ+j

(4.68)

=

√
2πj (M − jζ)
(M − jζ + j) ( M − jζ

M − jζ + j
)
M−jζ

( j

M − jζ + j
)
j

(4.69)

=

√
2πj (M − jζ)
(M − jζ + j) [1 + 1

ζ
( α

1 − α
)]

−(M−jζ)
[ ζα − ζ + 1]

−j

(4.70)

Besides the limitation of crystallinity due the combinatorial reasons another limitation ap-

plies for long crystalline sequences: For ζ/M > 0.5, after placing a first sequence which now

covers more than half of the polymer chain, no further sequence can be accommodated in the

polymer. This natural limitation is:

αj=1 =
ζ

M
(4.71)

and equals therefore eq. (4.52) in case of j = 1. The wasted space of this limit is calculated

as follows:

Wj=1 = 1 − αj=1 = 1 −
ζ

M
(4.72)

4.2.2.2 Continuous treatment

While the approach of Gornick & Jackson [15] is a purely statistically consideration of the prob-

lem, Maltz & Mola [16, 22] introduced a continuous view on the problem. In this approach the

chronology of the crystalline sequences comes into play, which is elucidated in Fig. 4.2.

For the left-hand side in figure 4.2, eq. (4.58) can be applied, resulting in a probability 1/6
for one of the possible arrangements 1-6. For the calculation of the right-hand side, one has

to calculate the possibility of the black sequence to find its place in an empty compartment,

which is 1/5 in all configurations. The probability of introducing the grey sequence into 1a is
1/3, respectively 1/2 for 1b resulting in an overall probability of configuration 1 of P = 1/5 ⋅

1/3+ 1/5 ⋅ 1/2 = 1/6. The same accounts for configurations 2-4. However, configuration 5 and

6 equal a probability of 2/15 respectively 1/5. While the statistical treatment assigns the same
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4.2 Car-parking-framework

𝑷 =
𝟏

𝑵(𝑴, 𝒋, 𝜻)
=

𝑴− 𝒋𝜻 + 𝒋 !

𝑴 − 𝒋𝜻 ! 𝒋!

−𝟏

=
𝟏

𝟔

𝑷 =
𝟏

𝟔

𝑷 =
𝟏

𝟔

𝑷 =
𝟏

𝟓

𝑷 =
𝟐

𝟏𝟓

𝑷 =
𝟏

𝟔

𝑷 =
𝟏

𝟔

Figure 4.2: Probability of filling two two-segment sequences into a compartment of six segments. On the
left-hand side the purely statistical approach. On right-hand side the continuous treatment:
First, a black sequence is inserted, followed by a grey sequence. Adopted from [22].

probability to every configuration, the different configurations have different probabilities in

continuous treatment.

For the calculation of the wasted space two natural constraints have to be considered. If the

crystalline sequence length ζ is larger than the length of the polymer chain M , all space is

wasted. Secondly, if ζ equals the chain length, however improbable, the hole chain crystallizes

at ones, resulting in a wasted space of zero [16]:

∀(M < ζ) ∶ W (M, ζ) = 1 (4.73)

∀(M = ζ) ∶ W (M, ζ) = 0 (4.74)

The recursive formalism in case ζ is smaller thanM is as follows [16]:

∀(M > ζ) ∶ W (M, ζ) = M − ζ

M(M − ζ + 1) [(M − 1)W (M − 1, ζ) + 2W (M − ζ, ζ)] (4.75)

Freedman & Gornick [219] addressed the same issue 10 years later and reached the same

result (eqn. 4.73-4.75) independently of Maltz & Mola [16, 22].
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4.2.3 Flory-approach for branching

A fundamental predictive model for estimating the crystallinity α as function of the branching

degree brwas introduced by Flory [4]. As can be seen in figure 4.3, the polymer chain is divided

into units A (mainmonomer) andunits Co (co-monomer), with just A-units being crystallizable.

Figure 4.3: Model concept of Flory’s copolymer approach (FCA) having crystallizable units A as well as
non-crystallizable units Co using the example of an ethylene-hexene-copolymer (the side
chain would be butyl in this case).

The crystallinity of branched polyolefins is given by [4]:

α =

ϕA

p
(1 − p)2pζcr [ p

(1−p)2 − e
−θ

(1−e−θ)2 + ζcr ( 1
1−p

− 1
(1−e−θ))]

1 − ϕA

p
pζcr ( 1−p

1−e−θ
)2 [ζcr(1 − e−θ) + e−θ]

(4.76)

θ =
∆hm
R

( 1
T

−
1

T 0
m

) (4.77)

where ϕA is the volume fraction of A-units, which is used instead of the mole fraction xA,

since monomers A and Co do not have the same volume:

ϕA =
xA

(nbr+2
2

) (1 − xA) + xA
(4.78)

with nbr being the number of units in the branch. p in eq. (4.76) is the probability of a

monomer being an A unit and equals the mole fraction xA for random co-polymers:

p = xA = 1 −
2br

1000 − nbrbr
(4.79)

with br being the number of branches per 1000 C-atoms. A critical crystalline length ζcr is

calculated using eq. (4.80) which is a function of the temperature. Solely sequences composed
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4.2 Car-parking-framework

of A-units which are at least be equivalent to ζcr are able to crystallize.

ζcr =
−1

θ + ln(p) [ln (
DϕA

p ) + 2 ln ( 1 − p

1 − e−θ
)] (4.80)

where the nucleation constant D is given by eq. (4.54). ∆hm is the melting enthalpy of one

A-unit, T 0
m the melting temperature of the unbranched linear polymer. The same parameters

are used as for the calculation of the linear crystalline sequence length given in table 4.1. The

second term in the denominator of eq. (4.76) differs from Flory’s original approach [4]. This

correction was shown up by Kilian [220], Baur [221] and Wunderlich [222] and considers the

fact that just amorphous sequences are available for further crystallization.
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4.3 Numerical implementations

Parametrization

The pure component parameters of the LCT for polyethylene are fitted to experimental data

of the liquid volume, while parameters of gases are adjusted to experimental vapour pressure

and saturated liquid volume data. A parameter set θ is obtained by minimizing a least square

function:

min
Θ

F (Θ) = 1

Nv

Nv

∑
i=1

(v
exp
i − v

calc
i (Θ)

v
exp
i

)
2

+
1

Np

Np

∑
j=1

⎛
⎜
⎝
p
exp
j − p

calc
j (Θ)

p
exp
j

⎞
⎟
⎠

2

(4.81)

No weighting was introduced, the sum terms were normalized to the number of data points

available. For finding the optimum of eq. (4.81), a simplex method was used due to its robust-

ness, whereby the problem of local minima was solved by performing multiple minimizations

from different initial values.

Thermodynamic framework

Gas solubility calculations were carried according to figure 4.4. First, the limiting crystallinity

for a linear polyethylene chain is calculated with help of the temperature, the molar mass and

crystalline sequence length via the CPP (eqns. (4.64)-(4.66), (4.71) and eqns. (4.73)-(4.75)). This

is multiplied by the crystallinity of the branched chain via the FCA (eq. (4.76)) as a function of

temperature and the polymers architecture.

𝜇𝐿 = 𝜇𝑉

𝑝𝑐𝑎𝑙𝑐
𝑒𝑖𝑔

= 𝑝0
𝑒𝑖𝑔

𝛼𝑏𝑟𝛼𝑙𝑖𝑛

𝛼 = 𝛼𝑙𝑖𝑛 ∙ 𝛼𝑏𝑟 𝑝𝑐𝑎𝑙𝑐
𝑒𝑖𝑔

𝜙𝑣
𝑉𝜙𝑣

𝐿

𝑤𝐺+1

𝑝0, 𝑝0
𝑒𝑖𝑔𝑇,𝑤𝐺

∑𝑤𝑖 = 1

𝜁∗

Figure 4.4: Numeric procedure for prediction of gas solubilities in semi-crystalline systems. The left
side is the CPP/FCA for the determination of the crystallinity, while the ride side stands for
the phase equilibria calculations with the LCT. Blue are input variables, orange calculations.
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4.3 Numerical implementations

Subsequently, the thermodynamic phase equilibrium for binary systems is determined by

theLCT. The systempressure is iterated at a given temperature andweight fractionof the solved

gas in the liquid phase. A suitable value for the system pressure and for the eigen pressure has

to be guessed, whereby 2.5G suits as an initial value for peig. As the polymer has a negligi-

ble vapour pressure, the vapour consists of purely gas. The composition of the liquid phase is

determined by the summation condition, the void segment fraction of the gas phase ϕ
V
v and

liquid phase ϕL
v , resembling the respective volumes are iterated independently. Since this is an

one-dimensional root finding problem, a combined secant and bisectionmethods suits as a ro-

bust and fastmethod. The two-dimensional phase equilibrium condition is solved by aNewton

method. The eigen pressure depends on the crystallinity and the void segment fraction of the

liquid phase (eq. (3.3)). Hence, the predicted crystallinity of the CPP/FCA serves as variable, as

does the amount of solved gas in polymer, which influences the void segment fraction of the

liquid phase.

After a successful iteration, the new initial system pressure for a new weight fraction pw+1 is

approximated linearly via the current pressure pw and the previous pressure pw−1, in order to

enhance robustness of the numeric procedure:

pw+1 = 2 ⋅ pw − pw−1 (4.82)

A special treatment is applied when using experimental data with insufficient characteri-

zation in terms of the branching degree. To access information about the architecture, the

combined CPP and FCA is applied quasi reversed: The measured crystallinity at known tem-

perature,molarmass andbranching type are used to calculate the branching degree iteratively,

which is shown in figure 4.5.

𝛼𝑏𝑟𝛼𝑙𝑖𝑛

𝛼 = 𝛼𝑙𝑖𝑛 ∙ 𝛼𝑏𝑟

𝜁∗

Figure 4.5: Numeric procedure for the determination of the branching degree with help of the temper-
ature and the inverse CPP/FCA. Blue are input variables, orange calculations.
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In case of ternary system, the calculation of the phase equilibrium is extended by the chem-

ical potential of the second gas in the liquid and gas phase, whereby the latter is not pure any

more (figure 4.6). The determination of the crystallinity, which is required for the calculation

of the eigen pressure is analogous to the binary system (figure 4.4). In addition to the tempera-

ture and systempressure, the composition of the gas phase is given, while suitable initial values

for the gas content in the liquid have to be guessed. Here, the individual gas solubilities at the

corresponding partial pressure can serve as suitable initial values. Every successful iteration

gives the partial solubility of both gases in the polymer. For the overall solubility, these partial

solubilities must be added together.

𝛼

𝜇𝐺1
𝐿 = 𝜇𝐺1

𝑉

𝜇𝐺2
𝐿 = 𝜇𝐺2

𝑉

𝑝𝑐𝑎𝑙𝑐
𝑒𝑖𝑔

= 𝑝0
𝑒𝑖𝑔

𝑝𝑐𝑎𝑙𝑐
𝑒𝑖𝑔

𝜙𝑣
𝑉𝜙𝑣

𝐿

𝑝+1

𝑤𝐺1
𝐿 𝑤𝐺2

𝐿 𝑝0
𝑒𝑖𝑔𝑇, 𝑝, 𝑤𝐺1

𝑉

∑𝑤𝑖 = 1

Figure 4.6: Numeric procedure for prediction of ternary system including two gases and a polymer. The
left side including determination of the crystallinityα can be seen in figure 4.4. Blue are input
variables, orange calculations.

For the sake of comparison, the sumof the independent binary gas solubilities canbe formed

at the corresponding partial pressure of the single gas systems:

wSum(pi + pj) = wi,0(pi) + wj,0(pj) (4.83)

were wi,0(pi) denotes the solubility of the pure gas i in the polymer at the pressure pi. Eq.

(4.83) rests upon the assumptions, that the partial pressure can be added to form the system

pressure, which is the case for a mixture of ideal gases.
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5Results and discussion

In this chapter, results of the work are shown and discussed, starting with the prediction of

crystallinities with the combined CPP/FCA approach. Subsequently, results of the parametri-

sation of pure components and gas solubilities in the melt are shown, followed by predictions

of single- and multi-gas sorption in semi-crystalline polyethylene by the full framework.

5.1 Calculation of crystallinities

5.1.1 Linear polyethylene

Figure 5.1 shows both experimental data of electron microscope studies and predictions of ζ∗

as a function of the segment numberM for different temperatures.
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S e g m e n t  N u m b e r  M

Figure 5.1: Plot of ζ∗ as a function ofM , calculated with eq. (4.55) for different temperatures. Parame-
ters taken from table 4.1. Experimental data fromMandelkern (squares, [223]) and Anderson
(circles, [224]) for T = 393.15K (dark blue), T = 399.15K (light blue), T = 400.15K (light red),
T = 401.15K (red), T = 403.15K (dark red), where bars represent the range of the electron
microscope studies while the symbols depict the mean value.
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To calculate ζ∗, eq. (4.55) is used which depends on the temperature and the segment num-

ber. The prediction of ζ∗ runs exponential for low molecular weights independent of the tem-

perature. In this area ζ∗ corresponds roughly to the chain length. Forhighermolecularweights,

ζ
∗ levels off and is independent of the molecular weight which is given by

limM→∞ ζ
∗
= 8σeT

0
m/[∆hu(T 0

m − T )]. The calculations reproduce the experimental data qual-
itatively considering the range of the measurements and experimental inaccuracies.

Applying the purely statistical eqs. (4.64)-(4.66) and (4.72), one can calculate thewasted space

as a function of the crystallinity for different crystalline sequence lengths, which is shown in

figure 5.2.
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Figure 5.2: Wasted space as a function of the crystallinityα for different crystalline sequence lengths ζ at
a chain length of M=105. Solid line: ζ=2, dashed line: ζ = 5, dotted line: ζ=100, dash-dotted
line: ζ=10000, dashed double dotted line: ζ=20000, short dashed line: ζ=40000. Calculated
with eqs. (4.64)-(4.66). The blue line is the limit for one crystalline sequence (eq. (4.72)).

Coming from low crystallinities,W (α) increases slowly at first and drops after a maximum
for limα→1W to 0. Thewasted space cannot decreasewith increasing crystallinity, hence ∂W (α)

∂α

must be positive in the physically useful range. This is why the maximum inW (α) simultane-
ously represents the maximal accessible amount of crystallinity.

For high amounts of crystallinity, the crystallinity is no longer prescribed by the CPP, but by

the natural limitWj=1 (eq. (4.72)), which denotes the wasted space having just one crystalline

sequence and is represented by the blue line in figure 5.2. Since the interest lies in the esti-

mation of the maximal crystallinity for a given crystalline sequence length, the maximum in

figure 5.2 is of high relevance. Therefore in figure 5.3, the maximal crystallinity as a function

of the ζ is given together with the limits αj=1 (eq. (4.71)) andWj=1 (eq. (4.72)).
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Figure 5.3: Maximal crystallinity as a function of ζ for a polymer chain consisting ofM = 1⋅105 segments
by purely statistical treatment (straight line). The dotted line represents the crystallinity for
a chain having one crystalline sequence αj=1 (eq. (4.71)) while the dashed line is the wasted
space for one crystalline sequenceWj=1 (eq. (4.72)). A magnification is shown on the right-
hand side.

For the straight line coming from left side, e.g. low crystallinities, themaximumcrystallinity

initially decreases and temporarily reaches a limit before decreasing again and finally running

into the limitWj=1 at about ζ/M = 0.48. From ζ/M = 0.5 on, the crystallinity is prescribed by

the natural limit since only one crystalline sequence is present.

Figure 5.4 shows the maximal crystallinity when estimated by continuous treatment (eqs.

(4.73)-(4.75)) considering the chronology in which the sequences crystallize. The result resem-

bles qualitatively the route of the statistical treatment, which is depict as a blue curve. How-

ever, it gives higher crystallinities for ζ/M < 0.5. Furthermore, the crystallinity tends to be

asymptotic to Renyi’s constant (≈ 0.748) at intermediate lengths of the crystalline sequences

(1 ⋅ 10−3 ⩽ ζ/M ⩽ 1 ⋅ 10−2).

An interesting occurrence is the local maximum and minimum for 1/4 ⩽ ζ/M ⩽ 1/2. This
originates from the continuous counting method. Coming from the right side and considering

the interval 1/2 ⩽ ζ/M ⩽ 1, only one sequence can be accommodated in the polymer chain,

resulting in a monotonic curve. Between 1/3 ⩽ ζ/M ⩽ 1/2, either one or two sequences can
be accommodated according to the placement of the first sequence. While the incorporation

of two sequences results in a higher crystallinity, at the same time the probability of placing

two sequences decrease with increasing sequence length.
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Figure 5.4: Maximal crystallinity as a function of ζ for a polymer chain consisting ofM = 1⋅105 segments
by continuous treatment (black solid line). The blue solid line depicts the purely statistical
treatment for the sake of comparability. Renyi’s car parking constant (eq. (4.57)) in percent
is shown by the dashed grey line. A magnification is shown on the right-hand side.

These two effects occasion the local maximum. ζ/M = 1/3 represents the inflection point
of the curve leading to the next interval 1/4 ⩽ ζ/M ⩽ 1/3, where analogous can be applied,
resulting in the minimum. For ζ/M ⩾ 1/4, although different numbers of sequences can be
accommodated in one interval, the effect of different probabilities gets weaker and the curve

of crystallinity is monotonic again.

Figure 5.5 shows the prediction of the crystallinity of linear polyethylene as a function of the

segment number for five different temperatures for both statistical approach (dashed line) and

the continuous treatment (straight line). Initially both curves run down from fully crystalline

to 50%, in this interval only one crystalline sequence exists and the crystallinity is predefined

by the length of this sequence. After that, the crystallinity of the statistical treatment increases

again due to the accommodation of more crystalline sequences in the polymer chain, levelling

off at a crystallinity of aboutα = 0.72. Meanwhile the continuous curve increases as well, but at

a higher level and shows the local maximum already discussed. Subsequently, the continuous

curve seems to run to an asymptotic limit close by the Renyi constant. However, the curve

does not converge and exceeds the Renyi constant in case of low temperatures (hence short

crystalline sequences) already in the range of reasonable change length. This exceeding of the

Renyi constant for low crystalline sequence length became already apparent in figure 5.4.
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Figure 5.5: Prediction of the crystallinity of linear polyethylene as a function of the segment numberM
for different temperatures 144.15K (blue lines), 296.15K (light blue lines), 373.15K (light red
lines) and 403.15K (red lines). The continuous treatment results in the straight line while the
statistical approach leads to the dashed line. The dotted line indicates the Renyi-Limit.

5.1.2 Branched polyethylene

Model calculation for estimating the crystallinity of branched polyethylene were carried out in

the following way: Via eq. (4.55) a crystalline sequence length ζ
∗ for the linear polyolefin was

estimated. Subsequently, with help of ζ∗ and the Car-Parking-Problem (eqs. (4.62)-(4.66) and

(4.71) respectively eqs. (4.73)-(4.75)), a maximal crystallinity is calculated. Finally, by incorpo-

rating eq. 4.76, the crystallinity of branched polyethylene is predicted.

Figure 5.6 shows the predicted crystallinity as a function of chain branching with the com-

bined CPP/FCA. The general trend the of experimental data is correctly reproduced by the

model. In particular, the limiting crystallinity for unbranched polyethylene with help of the

CPP between 70% and 75% is predicted accurately. Furthermore, figure 5.6 shows the depen-

dence on the treatment of the CPP. Choosing the continuous treatment results in a higher limit-

ing crystallinity for unbranched polyethylene compared to the statistical treatment. This effect

was already observed in figure 5.5. The choice of treatment for the calculation of crystallinities

and subsequently gas solubilities is far from trivial, as it is a choice of mathematical abstrac-

tion for a complex, multivariate physical behaviour. When considering a crystallization pro-

cess, it seems obvious that sequences do not crystallize at exactly the same time. Even when

considering quenched samples, there is probably a (very short) time lag between sequence

crystallization due to inhibited motion or temperature gradients in the polymer. In view of
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that, the continuous treatment seems to be the more accurate abstraction. Moreover, the con-

tinuous treatment results in the classic Renyi-limit for intermediate lengths of the crystalline

sequences (figure 5.4 and 5.5). Henceforward, the continuous treatment is chosen for all fur-

ther calculations.
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Figure 5.6: Model predictions for the crystallinity of branched polyethylene and its dependence on the
counting method for the CPP with the parameters given in table 4.1 and T = 273.15K,
MN = 100 kgmol−1 and the length of the branch nbr = 4. Straight line: Continuous treatment,
dashed line: Statistical treatment. Grey circles in the background represent the ensemble of
experimental data from figure 3.3.

The target temperature, whose influence on the crystallinity is depict in figure 5.7, enters

the predictive model as a variable in calculating ζ∗ in eq. (4.55). However, its main influence is

through incorporation of Flory’s approach for branched polyolefins in eq. (4.76). This results in

higher crystallinities for lower temperatures which reproduce the observation that was found

in figure 3.3 from experimental data. According to Flory [4], at lower temperatures shorter

crystallites can exist in equilibrium. Hence a rather short sequence that is enclosed between

two branches must stay amorphous at higher temperatures but may crystallize at lower tem-

peratures once this sequence is stable as a crystallite.

The influence of the molecular weight of polyethylene on the crystallinity which is shown in

figure 5.8, affects just the crystallinity of the linear polyolefin. There is a slightly higher crys-

tallinity for longer polyolefin chains. The exact limiting crystallinity can be discerned in figure

5.5. The type of branching nbr affects obviously only eq. 4.76 where branching is incorporated

into the model. According to figure 5.9, longer branches result in a higher crystallinity which

agrees with observations from figure 3.3.
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Figure 5.7: Model predictions for the crystallinity of branched polyethylene and its dependence on the
target temperature with the parameters given in table 4.1 and MN = 100 kgmol−1, nbr = 4
and continuous treatment. Straight line: T = 253.15K, dashed line: T = 273.15K, dotted line:
T = 293.15K. Grey circles in the background represent the ensemble of experimental data
from figure 3.3.
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Figure 5.8: Model predictions for the crystallinity of branched polyethylene and its dependence on the
molecular weight with the parameters given in table 4.1 and T = 273.15K, nbr = 4 and con-
tinuous treatment. Straight line: MN = 10 kgmol−1, dashed line: MN = 100 kgmol−1, dotted
line: MN = 1000 kgmol−1. Grey circles in the background represent the ensemble of experi-
mental data from figure 3.3.
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Figure 5.9: Model predictions for the crystallinity of branched polyethylene and its dependence on the
type of branching with the parameters given in table 4.1 and T = 273.15K,MN = 100 kgmol−1

and continuous treatment. Straight line: nbr = 2, dashed line: nbr = 4, dotted line: nbr = 6.
Grey circles in the background represent the ensemble of experimental data from figure 3.3.

In the next section, model predictions are compared with parts of the experimental data

[75, 87, 148, 225] from figure 3.3. Since crystallinity depends on a variety of input variables,

which have already been discussed, only measurements where sufficient input variables were

available (at least target temperature, molar mass and branch type) will be considered.

Figure 5.10 shows the crystallinity of slowly cooled ethyl- and hexyl-branched polyethylene

samples at T = 293.15K and MN = 78 kgmol−1 from [87]. The effect of lower crystallinity

with increasing branching length is clearly visible. The model predicts the experimental data

exceptional well, although there is a slight overestimation in the area of lower branching. The

authors [87] performed measurements with samples polymerized with different catalysts. In

figure 5.10 just experimental data with metallocene catalyst are included due to their narrow

branching distribution. Sampleswith a Ziegler-Natta type of catalyst were excluded due to their

broad branching distribution [87].

In figure 5.11, the influence of the side chain type on the crystallinity is depicted in form of

ethyl-, propyl-, butyl- and hexyl-branched polyethylene samples. The samples were quenched

at a temperature of T = 253.15K having a molar mass ofMN = 100 kgmol−1 [75]. The trend of

lower crystallinity with increasing branching length is observable again, but it is not as clearly

as in figure 5.10.
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Figure 5.10: Predicted crystallinity of two slowly cooled sets of polyethylene samples each having ethyl
(blue) and hexyl (red) branches with target temperature T = 293.15K andMN = 78 kgmol−1,
parameters are given in table 4.1. Experimental data taken from [87].
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Figure 5.11: Predicted crystallinity of four quenched sets of polyethylene samples each having ethyl
(blue), propyl (light blue), butyl (light red) and hexyl (red) branches with target tempera-
ture T = 253.15K andMN = 100 kgmol−1, parameters given in table 4.1. Experimental data
taken from [75].
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This might be due to the fact, that the samples were quenched directly to 253.15K instead

of cooling them down slowly, thus being further away from a hypothetical equilibrium state.

The combined CPP/FCA predicts the experimental data with very low deviations, especially in

the area of higher branching and in the linear limit. However, the model overestimates the

crystallinity in the area of lower branching. Reasons for this could be fact, that the samples

were quenched rather than slowly cooled, as well as entanglements of polyethylene chains in

the melt, inhibiting the crystallization process [3, 8–13, 138].

Figure 5.12 depicts the impact of the target temperature on a set of hexyl-branched polyethy-

lene samples having amolecular weight ofMN = 78 kgmol−1 with amolecular weight distribu-

tion of approx. 2.35 [148, 225]. The target temperatures were 233.15K and 293.15K respectively.

As the temperature increases, the crystallinity decreases, which is exceptional well reproduced

by the model prediction.
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Figure 5.12: Predicted crystallinity of two slowly cooled sets of polyethylene samples having tempera-
tures of T = 233.15K (blue) and T = 293.15K (red) with hexyl branches. No molecular
weight is specified in the publication, so MN=100 kgmol

−1 is assumed, while parameters are
given in table 4.1. Experimental data taken from [148, 225].

To investigate the temperature dependence of the crystallinity, figure 5.13 shows the crys-

tallinity for fixed branching degrees as a function of the temperature. Themodel correctly pre-

dicts the sigmoidal course of the temperature dependence. The slightly branched samples from

Kim et al. [226] are well reproduced by the combined CPP/FCA. However, the heavily branched

sample, having 43.6 br 1000C–1 is significantly underestimated. On the contrary, another sample

from Androsch & Wunderlich [227] having a similar branching degree (43.0 br 1000C–1) shows
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5.1 Calculation of crystallinities

lower crystallinities which is in high agreement with the model. Both publications ([226] and

[227]) use theheating run tomeasure the crystallinity having the sameheating rates (10Kmin−1).

Although the molecular weight differs from MN=23 kgmol
−1 [226] to MN=78 kgmol

−1 [227], the

influence in this range should be negligible (figure 5.8). The discrepancy between both exper-

imental data sets ([226] and [227]) is pronounced at lower temperature and almost vanishes

in the range of the melting temperature. Possible reasons for the discrepancy could be dif-

ferences in the production of the sample. Kim et al. [226] polymerized the samples in the

laboratory with a metallocene catalysts, which results in a narrow branching distribution [65].

Androsch&Wunderlich [227] used a commercial polyethylene samplewith unknownpolymer-

ization procedure. Moreover, additives may influence the crystallinity.
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Figure 5.13: Temperature dependence of the crystallinity of hexyl-branched polyethylene having
different branching degrees. Squares are from [226], having approx MN=23 kgmol

−1

and 9br 1000C–1 (dark blue), 15.8 br 1000C–1 (light blue), 26.1 br 1000C–1 (light red) and
43.6 br 1000C–1 (dark red). Circles are from [227] having MN=78 kgmol

−1 and 43.0 br 1000C–1.
Straight lines are predictions with the combined CPP/FCA with parameters given in table
4.1. The dashed line denotes the melting temperature of linear polyethylene (414.6K [70]).

The predicted melting point depression, i.e. the decrease of the melting point due to inclu-

sion of branches, of the highly branched samples are in very good agreement with experimen-

tal data [226, 227]. However, the melting point depression of the slightly branched samples are

smaller than the experiment [226].
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5 Results and discussion

5.2 Calculation of gas solubilities

In this chapter, the Lattice-Cluster-Theory is applied to gas solubility calculations. First, results

of the parametrization of gases and polyethylene are discussed and the influence of architec-

ture on the gas solubility in the polymer melt is investigated. Subsequently, the Car-Parking-

Problem as well as the eigen-pressure approach are combined with the LCT and applied to

binary calculations in semi-crystalline polyethylene. Finally, ternary systems are presented

having dissolved two gases in polyethylene, whereby co- anti-solvent effects are investigated.

5.2.1 Parametrization of pure components

For the calculation of binary gas-polymer-systems, pure component parameters have to be de-

termined. For the gases, namely the length of one cubic cell σi and the dispersion energy be-

tween two segments ϵii are fitted to experimental data of the vapour pressure and the saturated

liquid volumes [155–157, 161–165, 167, 170]. A range of 0.5 to 0.9 of the critical temperature Tc

was used where possible. For polyethylene, σi and a temperature independent ϵii are adjusted

to experimental data of liquid volumes [71].

Table 5.1: Pure component parameters for the LCT with z = 12.

Component Mi σi[Å] ϵ
(1)
ii [K] ϵ

(2)
ii [K] Used exp. data data source

Polyethylene a 2.9780 117.45 0 v
L(1 − 1000 bar) [71]

Ethylene 2 3.4746 62.902 102.10 p
LV , vL(0.5Tc − 0.9Tc) [155]

1-propylene 3 3.3508 74.574 89.839 p
LV , vL(0.5Tc − 0.9Tc) [155]

1-butene 4 3.2718 82.187 71.493 p
LV , vL(0.5Tc − 0.9Tc) [161–164]

1-hexene 6 3.1937 88.963 59.998 p
LV , vL(0.5Tc − 0.9Tc) [165, 167, 170]

Carbon dioxide 3 2.7097 53.549 131.72 p
LV , vL(0.7Tc − 0.9Tc) [155]

Nitrogen 2 3.0709 29.243 36.924 p
LV , vL(0.5Tc − 0.9Tc) [155]

Methane 1 4.0623 50.664 111.41 p
LV , vL(0.5Tc − 0.9Tc) [155]

n-butane 4 3.3515 83.071 74.252 p
LV , vL(0.5Tc − 0.9Tc) [155]

n-pentane 5 3.3022 87.632 64.160 p
LV , vL(0.6Tc − 0.9Tc) [156]

n-hexane 6 3.2436 92.862 50.237 p
LV , vL(0.5Tc − 0.9Tc) [157]

n-heptane 7 3.2151 95.314 44.823 p
LV , vL(0.6Tc − 0.9Tc) [157]

a:Mn/MEthylene
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5.2 Calculation of gas solubilities

ϵii is assumed to have a temperature dependence according to eq. 4.33. The coordination

number z is assumed to be 12 in all calculations. The two parameters for polyethylene as well

as the three parameters for each gas are listed in table 5.1.

Figures 5.14 - 5.16 show calculations of the vapour pressure with the LCT for the alkanes

n-butane, n-pentane, n-hexane and n-heptane; the small gases nitrogen, methane and carbon

dioxide; and the alkenes ethylene, 1-propylene, 1-butene and 1-hexene respectively. Also shown

is experimental data used for the parametrization and additional experimental data [155–157,

164, 165, 228]. The LCT is in strong agreement with experimental data over a wide temperature

and pressure range, although longer molecules are represented with lower deviations.
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Figure 5.14: Vapour pressure of parametrized n-alkanes. n-butane (straight line), n-pentane (dashed
line), n-hexane (dotted line) and n-heptane (dash-dotted line). Filled symbols denote exper-
imental data used for the parametrization [155–157], open symbols are other experimental
data [155–157], stars are experimental critical points [155, 156, 228].

Figures 5.17 - 5.19 show calculations of the saturated liquid as well as vapour volume with the

LCT for the same gases as in figure 5.14 - 5.16. There is a good agreement between the model

and experimental saturated volumes for longer alkanes and alkenes, whereas deviations are

higher for the smaller gases. The predictions for the saturated vapour volumes are in very

good agreement for the ideal gas limit and worse for lower volumes. The critical point was in

general overestimated by about 20K.
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Figure 5.15: Vapour pressure of parametrized small gases. Nitrogen (straight line), methane (dashed
line) and carbon dioxide (dotted line). Filled symbols denote experimental data used for the
parametrization [155], open symbols are other experimental data [155], stars are experimen-
tal critical points [155].
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Figure 5.16: Vapour pressure of parametrized 1-alkenes. Ethylene (straight line), 1-propylene (dashed
line), 1-butene (dotted line) and 1-hexene (dash-dotted line). Filled symbols denote experi-
mental data used for the parametrization [155, 163–165, 167], open symbols are other exper-
imental data [155, 164, 165], stars are experimental critical points [155, 164, 165].
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Figure 5.17: Saturated volumes of the parametrized n-alkanes. N-butane (straight line), n-pentane
(dashed line), n-hexane (dotted line) and n-heptane (dash-dotted line). Filled symbols de-
note experimental data used for the parametrization [155–157], open symbols are other ex-
perimental data [155–157], stars are experimental critical points [155, 156, 228].
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Figure 5.18: Saturated volumes of the parametrized small gases. Nitrogen (straight line), methane
(dashed line) and carbon dioxide (dotted line). Filled symbols denote experimental data
used for the parametrization [155], open symbols are other experimental data [155], stars
are experimental critical points [155].
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Figure 5.19: Saturated volumes of parametrized 1-alkenes. Ethylene (straight line), 1-propylene (dashed
line), 1-butene (dashed line) and 1-hexene (dash-dotted line). Filled symbols denote experi-
mental data used for the parametrization [155, 161, 162, 170], open symbols are other exper-
imental data [155, 161, 162, 170, 171], stars are experimental critical points [155, 162, 228].

In order to investigate the physical relevance of the parameters and the scalability in terms

of molar mass, the length of one cell over the segment numberM is presented in figure 5.20.

Included are alkanes and alkenes as well as a regression from Langenbach & Enders [211],

who parametrized the LCT in contrast to this work with two parameters. σi decreases with in-

creasing molar mass, which can be described by the fact, that shorter molecules have a higher

amount of CH3-groups occupying more space in comparison to CH2-groups. Methane, com-

posed of just oneCH4-group requiresmore than 4Å cell length. Alkenes follow the same trend

while having a slightly shorter cubic cell length compared to the corresponding alkane. This

can be explained by the fact that alkenes contain two H-atoms less compared to alkanes, re-

quiring less space. Moreover double bonds are shorter compared the single bonds [67]. Ad-

ditionally the parameters are in high agreement with the results from Langenbach & Enders

[211].

Figure 5.21 shows the dispersion forces per moleculeM ⋅ ϵ over the segment numberM for

alkanes, alkenes and a linear regression from the same set of parameters as mentioned above

[211]. Since Langenbach & Enders [211] used a temperature independent dispersion energy

parameter, an arbitrary temperature of 298.15K was taken for eq. 4.33, in order to compare

both sets of parameters. Clearly, the dispersive forces are proportional to the segment number

and show similar results for alkanes and alkenes, as expected.
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Figure 5.20: Length of one cell over the segment number. Squares are alkanes while circles are alkenes.
The line denotes a regression from LCT alkane parameters from Langenbach [211].
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Figure 5.21: Dispersion energy of a molecule per segment number for 298.15K. Squares are alkanes
while circles are alkenes. The line denotes a linear regression from LCT alkane parameters
from Langenbach & Enders [211].
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There is a consistent trend towards slightly lower dispersion energies for alkenes compared

to alkanes, which can be explained by the fact, that alkenes contain twoH-atoms less, resulting

in less dispersive forces between different molecules [67]. Furthermore the size of alkenes is

lower due to the twomissingH-atoms, since dispersive forces correlate with the surface, which

leads to a slightly lower dispersion energy as well [67]. Lower dispersion energies are also the

reason, why the boiling point of alkenes is always slightly lower than that of alkanes.

Figure 5.22 shows the adjusted liquid volumes of polyethylene between 1 bar and 1000 bar

resulting in the parameters of table 5.1. A temperature independent dispersion energy and

therefore only two parameters are used for polyethylene, since the representation of experi-

mental data is in very good agreement and another temperature dependent dispersion energy

parameter would be insignificant small and is therefore unnecessary.
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Figure 5.22: Liquid volumes of polyethylene used for parametrization at 1 bar (straight line), 100 bar
(dashed line), 200 bar (dotted line), 300 bar (dash-dotted line), 400 bar (dash-dash-dotted
line), 600 bar (short-dashed line), 800 bar (short-dotted line) and 1000 bar (short dash-dotted
line). Circles denote experimental data used for the parametrization [71]. Polyethylene has
a branching degree of 1.5 br 1000C–1 and a molar mass of 18 310 gmol−1.
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5.2.2 Binary systems

For the calculation of binary gas-polymer-systems, a temperature dependent binary interac-

tion parameter kij is fitted to gas solubilities in the melt, which corrects the dispersion energy

between unlike molecules∆ϵij (eqn. 4.34 and 4.35). The coefficients for the calculation of the

kij are listed in table 5.2. 1-hexene has no temperature dependence since only one isotherm in

molten polyethylene was found in literature.

Table 5.2: Coefficients for the binary interaction parameter in eq. 4.35.

Gas + PE aij ⋅ 10
3

bij ⋅ 10
3 K−1 data source

Ethylene -68.566 0.77660 [24]

1-propylene 82.997 0.072106 [24]

1-butene -80.851 0.35244 [24]

1-hexene 34.655 0 [31]

Carbon dioxide 97.306 0.021823 [191]

Nitrogen 86.519 0.74649 [92]

Methane -48.949 2.4810 [32]

n-butane 0.34275 0.19240 [201]

n-pentane 30.952 -0.0016420 [203]

n-hexane 0.17493 0.10327 [27]

n-heptane -30.300 0.18337 [187]

5.2.2.1 Solubility in molten polyethylene

In this subsection, the solubility of gases in molten polyethylene, e.g. above the melting tem-

perature, is investigated. First, the adjustment of the binary interactionparameter is discussed.

Afterwards, the influence of the branching and the molecular weight is investigated and com-

paredwith experimental data from the literature [24, 31]. Ethylene is chosen as amodel system,

due to its high relevance as monomer in the polymerization process. Furthermore, plenty of

experimental data considering this system can be found in literature [24, 31] and both the in-

fluence of branching and the molar mass can be evaluated quantitatively.

Figure 5.23 shows the calculated isothermswith the LCT at 413.15K, 443.15K and 473.15K and

kij according to table 5.2. There is a high agreement between the model and the experimental

data.
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Figure 5.23: Solubility of ethylene inmoltenpolyethylenehavingMN=1.94 kgmol
−1 at 413.15K (darkblue),

443.15K (light red) and 473.15K (dark red). Experimental data from [24] and lines are calcula-
tions with the LCT with kij according to table 5.2. Data points in brackets were not included
in the adjustment.

However, the data points of the highest pressure were excluded from the adjustment due to

questionable solubility values. This is probably due to the experimental difficulties of high-

pressure measurements at that time. At high pressure, beyond ca. 500 bar, the LCT predicts

a so-called inverse solubility behaviour. From this point on, the solubility increases with in-

creasing temperature. The prediction is in agreement with results from Maloney & Prausnitz

[89], who predicted a turnover point to inverse solubility behaviour at around 500 bar inside a

temperature range of 423.15K to 573.15K with help of a free-volume theory.

The solubility of 1-propylene is shown in figure 5.24, accompanied by calculations with the

LCT. Themeasurements are well described by the LCT, although the curvature at 413.15K does

not fit the experimental data exactly. This is due to the fact, that the critical point is calculated

by the LCT to 391.5 K, which explains the beginning sigmoidal bending of the isotherm. The

critical point, however, is overestimated by the LCT, which is why the experimental data do not

show a significant bending at this temperature.

Figure 5.25 shows experimental data of 1-butene in molten polyethylene and calculations

with the LCT. The data, which was used for the parametrization [24] is well described by the

LCT. Moreover, additional experimental data at 493.15K [104, 133] is predicted accurately. The

solubility of 1-hexene is show in figure 5.26, whereby only a single isotherm is available in lit-

erature. The LCT is in well agreement with experimental data.
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5.2 Calculation of gas solubilities
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Figure 5.24: Solubility of 1-propylene in molten polyethylene having MN=1.94 kgmol
−1 at 413.15K (dark

blue), 443.15K (light red) and 473.15K (dark red). Experimental data from [24] and lines are
calculations with the LCT with kij according to table 5.2.
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Figure 5.25: Solubility of 1-butene in molten polyethylene having MN=1.94 kgmol
−1 at 428.15K (dark

blue), 438.15K (light blue), 468.15K (light red) and 493.15K (dark red). Filled symbols denote
experimental data used for the parametrization (squares: [24]), open symbols are other ex-
perimental data (circles: [104], triangles up: [133]). Lines are calculations with the LCT with
kij according to table 5.2.
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5 Results and discussion

Only at high amounts of dissolved gas there are some deviations, which can be explained by

the fact, that in this area the overall pressure is close to the vapour pressure of 1-hexene, being

8.4 bar at 423.15K according to the LCT. However, reliable experimental vapour pressure data

is not available in this temperature range, and since the vapour pressure is strongly affecting

the solubility in this pressure range, a small overestimation of the vapour pressure at 423.15K

leads to a significant underestimation of the solubility in this area.
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Figure 5.26: Solubility of 1-hexene in molten polyethylene at 423.15K. No molecular weight was speci-
fied, hence MN=20 kgmol

−1 was assumed. Experimental data from [31] and lines are calcu-
lations with the LCT with kij according to table 5.2.

Figure 5.27 shows experimental data of carbon dioxide which was used for the adjustment

of kij [191], accompanied by LCT calculations. The model is able describe the three isotherms

precisely.

Figure 5.28 shows calculations of the solubility of nitrogen in polyethylene with the LCT

and experimental data which was used for the reparametrization [33]. The LCT is able to de-

scribe the measurements at the low and medium pressure successfully. At higher pressure

(>500 bar), the experimental data show more scattered behaviour which may be down to the

novelty and experimental difficulties of the used pressure decay method at that time. Further-

more, swelling behaviour of the sample was ignored [32], which introduces inaccuracies espe-

cially at high pressure.

The solubility of methane in molten polyethylene is shown in figure 5.29. The molecular

weight is not given in the publication [32]. However, the used polyethylene sample was charac-

terized elsewhere [229], resulting in MN=9 kgmol
−1.
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Figure 5.27: Solubility of carbon dioxide in molten polyethylene having MN=15.2 kgmol
−1 at 423.15K

(blue), 448.15K (light red) and 473.15K (dark red). Experimental data from [191] and lines
are calculations with the LCT with kij according to table 5.2.
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Figure 5.28: Solubility of nitrogen in molten polyethylene at 398.95K (dark blue), 428.55K (light blue),
431.4 K (light red) and 499.25K (dark red). No molecular weight was specified, hence
MN=20 kgmol

−1 was assumed. Experimental data from [33] and lines are calculations with
the LCT with kij according to table 5.2.
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Figure 5.29: Solubility of methane in molten polyethylene at different temperatures. Filled symbols de-
note experimental data used for the parametrization (squares: [32]), open symbols are other
experimental data (circles: [95], triangles up: [33]). No molecular weight was specified,
henceMN=20 kgmol

−1 was assumed. Lines are calculations with the LCTwith kij according
to table 5.2.

The results of the parametrization confirm the observation, that the isotherms lie close to

each other, especially in the low-pressure region below 250 bar. Moreover, the LCT calcula-

tions may explain the different temperature dependencies, observed in figure 3.10. The data

from Lundberg [32], used for parametrization show an inverse solubility behaviour mainly in

the high-pressure region, correctly described by the LCT. However, the LCT shows a point of

chance of the inverse solubility between 50 bar to 200 bar, depending on the temperature. The

higher the temperature, the lower the point of change. Below this point, a higher tempera-

ture results in a lower solubility, which is in agreement with the lowest isotherm at 413.19K

of Lundbergs second publication [33]. This could also explain, why Lundbergs first measure-

ments [32] at 140 bar show an inverse solubility behaviour considering the high temperatures

pairs 461.55K and 500.75K, but a normal solubility behaviour for the lower temperature pairs

428.55K and 461.55K, correctly described by the LCT. A detailed investigation of the tempera-

ture influence is shown later.

The solubility of n-butane inmolten polyethylene is shown in figure 5.30. Since the polyethy-

lene was not characterized in terms of themolecular weight, a value of MN=20 kgmol
−1 was as-

sumed, since at this magnitude, there is no significant influence of the molecular weight. Fig-

ure 5.31 shows the solubility of n-pentane inmolten polyethylene having amolecular weight of

MN=76 kgmol
−1. The binary interaction of n-hexanewas adjusted to solubility data at 1 bar with
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5.2 Calculation of gas solubilities

a polyethylene sample having MN=16.6 kgmol
−1, as shown in figure 5.32. The lowest isotherm

was excluded from parametrization, since at 397.15K, partial crystallization cannot be ruled

out. Figure 5.33 shows the solubility of n-heptane in polyethylene having a molecular weight

of MN=13.7 kgmol
−1, precisely described by the LCT.
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Figure 5.30: Solubility of n-butane in molten polyethylene at 383.15K (dark blue), 413.15K (light blue),
443.15K (light red) and 473.15K (dark red). No molecular weight was specified, hence
MN=20 kgmol

−1 was assumed. Experimental data from [201] and lines are calculations with
the LCT with kij according to table 5.2.
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Figure 5.31: Solubility of n-pentane inmolten polyethylene havingMN=76 kgmol
−1 at 423.65K (blue) and

474.15K (red). Experimental data from [203] and lines are calculations with the LCT with kij
according to table 5.2.
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Figure 5.32: Solubility of n-hexane in molten polyethylene having MN=16.6 kgmol
−1 at 397.15K (dark

blue), 423.15K (light blue), 473.15K (light red), 523.15K (red) and 573.15K (dark red). Exper-
imental data from [27]; filled symbols denote experimental data used for the parametriza-
tion, open symbols are other experimental data. Lines are calculations with the LCT with
kij according to table 5.2.
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Figure 5.33: Solubility of n-heptane in molten polyethylene having molecular weights ranging from
MN=10 kgmol

−1 toMN=50 kgmol
−1 at 443.15K (dark blue), 463.15K (light blue), 483.15K (light

red) and 503.15K (dark red) havingMN=13.7 kgmol
−1. Experimental data from [187] and lines

are calculations with the LCT with kij according to table 5.2.
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5.2 Calculation of gas solubilities

Influence of temperature

Although, the gas solubility mainly decreases with increasing temperature, there are cases

where the opposite is true, which is called inverse solubility. This behaviour depends on the

type of gas and on the conditions, e.g. temperature and pressure. For gases having a low criti-

cal temperature [27, 45, 90], the inverse solubility behaviour can be found at temperatures and

pressure, where gas solubility plays a role.

This applies for example to methane and nitrogen, whose solubility is shown over the tem-

perature at a fixed pressure of 1 bar and 100 bar respectively in figure 5.34. A normal solubility

behaviour, which can be found for bigger gases having a higher critical temperature, applies

for low temperatures, while inverse solubility behaviour can be found for higher temperatures.

The higher the pressure themore theminimum of solubility is shifted towards lower tempera-

tures. It has to bementioned that the solubility in figure 5.34 is calculated ignoring all effects of

crystallinity. For a system below approx. 400K, a significant lower solubility may be observed,

depending on the branching degree. However, figure 5.34 is not just a hypothetical case, since

for highly branched polyethylene, the sample would be completely amorphous, leading to the

prescribed solubility.
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Figure 5.34: Gas solubility calculationswith theLCTofmethane (straight line) andnitrogen (dashed line)
at 1 bar (blue lines) and 100 bar (red lines) over the temperature.

It now appears that the solubility ofmethane has aminimumof solubility between 400K and

500K for 100 bar, which is the range where the binary interaction parameter is adjusted (figure

5.29). This clarifies, why the experimental data concerning the solubility of methane inmolten
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5 Results and discussion

polyethylene (figure 3.10) lie very close to each and show no clear temperature dependence,

while the LCT shows intersecting isotherms below 200 bar (figure 5.29). Nitrogen, on the other

hand, shows a weak inverse solubility behaviour between 400K and 500K for 100 bar, e.g. a

slight increase of solubility with temperature, which is why experimental data concerning the

solubility of nitrogen in molten polyethylene (figure 3.9) show isotherms lying close to each

other, but still show a mainly consistent inverse solubility behaviour.

Influence of branching

After successfully describing the solubility in molten polyethylene, the influence of branch-

ing is investigated. Figure 5.35 shows three differently branched samples having a branching

degree of 0 br 1000C–1, 19.4 br 1000C–1 and 23.8 br 1000C–1 from Novak et al. [31], not used for

adjustment of kij, and the corresponding predictions with the LCT.
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Figure 5.35: Influence of branching on solubility of ethylene in polyethylene melt at 423.15K. Lin-
ear polyethylene with a branching degree of 0 br 1000C–1 (squares, straight line) as well as
branched polyethylene with 19.4 br 1000C–1 (circles, dashed line) and 23.8 br 1000C–1 (trian-
gles, dotted line). A molecular weight of 20 kgmol−1 was assumed, experimental data from
[31].

A slight overprediction of the solubility may be ascribed to the fact, that the polyethylene

samples are not characterized in terms of molar mass and molar mass distribution, so a molar

mass of 20 kgmol−1 was assumed, since at this magnitude, there is no significant influence of

themolecular weight (the influence of themolecular weight is investigated in the next section).

Furthermore, additives canmanipulate the solubility, especially because the polyethylene sam-

ple from the parametrization [24] was received from industry (VEB Leuna-Werke), while the
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5.2 Calculation of gas solubilities

investigated sample in figure 5.35 was polymerized in the laboratory.

Themodel predicts, that there is no significant influence of chain branching on the gas solu-

bility in the melt, which is in perfect agreement with the experimental data. This is an impor-

tant and fundamental observation, as there is not much literature that has investigated the in-

fluence of chain branching individually while keeping other effects, such as molar mass distri-

bution, different additives or experimental setups, unchanged. Themodel results are in agree-

ment with findings from Newman & Prausnitz [100] and Schreiber et al. [30], who calculated

interaction parameters from sorption experiments with different hydrocarbon-polyethylene-

copolymers, which were mainly independent of the branching. Sorption experiments from

Lundberg et al. [32, 33], high-pressure experiments from Cernia & Mancini [34] and Ehrlich

[35] as well as molecular simulations from Banaszak et al. [101] reach the same result. Zim-

mermann et al. [36] measured the solubility of carbon dioxide in polyethylene having differ-

ent branching degrees, finding no significant difference in the solubility. However, data from

Hasan et al. [37], who measured the solubility of CO2 in a branched and a linear polypropy-

lene sample, show a significant difference between those two samples. Despite the fact, that

this is of course another polymer, in the publication, two different fabricates of polymers of

unknown molar mass, molecular weight distribution, tacticity and quantitive branching de-

gree were compared, which is why the effect of varying gas solubility can be ascribed to any of

these unknown input variables, whereby the tacticity is most likely the source of the varying

solubility.

Figure 5.36depicts the effect of thebranchingon the solubility of ethylene inmoltenpolyethy-

lene having a fixed molar mass of 20 kgmol−1 at 423.15K. Besides the fact that the influence

is very small, it can be seen, that the solubility generally decreases with increasing branch-

ing degree. From about 150 bar on, however, there is an initial increase in the solubility at

low branching degrees, which decreases after a maximum. This maximum is shifted towards

higher branching degrees for higher pressures. Although, the quantitative effect is small, it

is of interest, to outline the qualitative influence of the chain branching in molten polyethy-

lene. An explanation for the general decrease of solubility with increasing branching could

be chain entanglements, which can increase the tension when elongating a polymer [230, 231].

Thus, polymer swelling which occurs when solving a gas in the polymermatrix is constraint by

entangled chains. The general decrease in solubility with increasing branching degree might

therefore be down to the fact, that more branching leads to a higher probability of chain en-

tanglements inhibiting the polymer swelling, which reduces the solubility of gas molecules.
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Figure 5.36: Gas solubility of ethylene in molten polyethylene at 423.15K as a function of the branching
degree at 75 bar (straight line), 150 bar (dashed line) and 300 bar (dotted line) and amolecular
weight of 20 kgmol−1.

However, this does not explain the initial increase in solubility and following maximum at

high pressures. The reason for this might be a counter current effect caused by the volume of

the pure polymer. As shown in figure 5.37, the polymers pure volume increases with increas-

ing branching degree. A higher volume results in more space for gas molecules to penetrate

the polymer matrix, provided that the pressure is high enough for a sufficient amount of gas

molecules dissolving in order to make this effect significant. The increase of solubility due to

this effect plays a role at low branching degrees because in this range there is a considerable in-

crease of the pure polymer volume (figure 5.37), while at larger branching degrees the increase

in volume levels off, and the effect of inhibited swelling dominates.

The system 1-hexene in polyethylene is another systemwhose influence onbranching degree

was investigated by Novak et al [31]. Figure 5.38 shows experimental data of a linear sample,

which was used for adjusting the binary interaction parameter kij (table 5.2) and two branched

polyethylene samples. The solubility differs by orders of magnitude compared to ethylene,

also the curvature is as distinguished from ethylene. The calculations with the LCT are in good

agreement with experimental data. Again, the LCT predicts correctly, that there is no signifi-

cant influence of chain branching on the gas solubility.
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Figure 5.37: Volume of pure polyethylene at 423.15K as a function of the branching degree at 75 bar
(straight line), 150 bar (dashed line) and 300 bar (dotted line) and a molecular weight of
20 kgmol−1.
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Figure 5.38: Gas Solubility of 1-hexene in polyethylene melt having different branching degrees at
423.15K. Linear polyethylene (black squares, straight line) was used for adjusting kij (ta-
ble 5.2), polyethylene with a branching degree of 19.4 br 1000C–1 (white circles, dashed line)
and 23.8 br 1000C–1 (white triangles, dotted line) was predicted. A molecular weight of
20 kgmol−1 was assumed, experimental data from [31].
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5 Results and discussion

It is of course a challenging task to measure such small variations of solved gas in polyethy-

lene melt as shown in figure 5.36, hence LCT predictions cannot yet be proven by experi-

ments. Still, it is to my knowledge for the first time, that the actual influence of branching

in the polyethylene melt, however small, is predicted. Nevertheless, it has to be clarified that

the figures shown above and the associated considerations are for a constant molar mass of

20 kgmol−1. A different polyethylene sample having a different branching degree probably

has a different molecular weight distribution as well, potentially outweighing the influence

of branching. For this reason, the next section investigates the influence of the molar mass on

the gas solubility in molten polyethylene.

Influence of molecular weight

Figure 5.39 shows the influence of the molecular weight ranging from 1 kgmol−1 to 20 kgmol−1

on the solubility of 1-hexene inmolten linear polyethylene. The gas solubility decreaseswith in-

creasingmolecular weight, whereby the effect becomes almost invisible at approx. 10 kgmol−1.

This upper limit where an effect ofmolecular weight in the solubility is discernible is in perfect

agreementwith experimental data, locating this limit at around 5 kgmol−1 [25, 99] to 10 kgmol−1

[27].
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Figure 5.39: Gas Solubility of 1-hexene in polyethylene melt having different molar masses at 423.15K
and branching degree of 0 br 1000C–1. Molar masses are 1 kgmol−1 (straight line), 2 kgmol−1

(dashed line), 5 kgmol−1 (dotted line), 10 kgmol−1 (dash-dotted line) and 20 kgmol−1 (dash-
dash-dotted line).
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Figure 5.40: Gas Solubility of ethylene in polyethylenemelt having differentmolarmasses at 473.15K and
branching degree of 31.8 br 1000C–1. Molarmasses are 0.476 kgmol−1 (squares, straight line),
1.25 kgmol−1 (circles, dashed line), 1.94 kgmol−1 (triangles up, dotted line) and 19.5 kgmol−1

(triangles down, dash-dotted line). Filled symbols were used for the parametrization, open
symbols are predictions. Experimental data from [24] and calculation with the LCT.

To quantitatively evaluate the predicted influence of the molecular weight on the gas sol-

ubility, figure 5.40 shows the solubility of ethylene in molten polyethylene having molecular

weights ranging from 0.476 kgmol−1 to 19.5 kgmol−1. The branching degree was determined to

be 31.8 br 1000C–1 [24], which however has minor influence on themolten system, as explained

above. The polyethylene sample having MN=1.94 kgmol
−1 was used for the adjustment of the

binary interaction parameter, all other systemare predictions. Although the solubility is orders

of magnitude lower compared to the solubility of 1-hexene and curvature differs significantly,

the effect of the molecular weight is the same: The lower the molecular weight the higher the

gas solubility, which is in well agreement with data shown [24]. The effect of the molecular

weight predicted by the LCT, however, is less pronounced compared to the experimental data.

Nevertheless, the samples that were predicted are unspecified in the publication except for the

molecular weight. A different molecular weight distribution, a strongly deviating branching

degree or samples from different manufactures with different additives can result in experi-

mental inaccuracies.
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5.2.2.2 Solubility in semi-crystalline polyethylene

In this section, all the preliminary findings are combined to a framework, that is able to predict

the gas solubility in semi-crystalline branched systems: After parametrizing the pure compo-

nent parameters and the binary interaction parameters with the LCT, the crystallinity is pre-

dictedby the combinedCPP/FCAdepending on thepolymers architecture and the temperature.

Finally, the impact of the crystallinity upon the gas solubility is accounted by the eigen pressure

(eq. (3.3)), weremechanical arguments were taken from the literature [232]. In all calculations,

the compression modulusK is 66.6MPa and the shear modulusG is 11.3MPa [232].

Firstly, the influence of temperature, pressure and the polymers architecture on the gas sol-

ubility of four alkenes ethylene, 1-propene, 1-butene and 1-hexene are discussed, followed by a

detailed study of branching on the solubility of methane, nitrogen and carbon dioxide at atmo-

spheric pressure. Lastly, an approach for the prediction of gas solubilities without information

of the polymers architecture is presented with n-butane, n-pentane, n-hexane and n-heptane.

Ethylene

Figure 5.41 shows the solubility of ethylene in semi-crystalline polyethylene at 353.15K. The

dashed line is a calculation with the LCT, standing for the amorphous limit disregarding the ef-

fects of the crystallinity on the gas solubility. Here, no intrinsic stress is considered and hence

no eigen pressure acts on the amorphous domains of the semi-crystalline polymer. Three dif-

ferently branched samples of polyethylene are shown as well having butyl as branches [108].

The straight lines of the LCT account for the semi-crystalline calculations according to the

branching degree. A decreasing branching degree results in a higher crystallinity, which in

turn lowers the solubility by applying the eigen pressure to the phase equilibrium.

The combined framework is able to predict the gas solubility with high accuracy, especially

the lowest and highest branched sample. The intermediate sample having a branching degree

of 23.3 br 1000C–1 is slightly overestimated. Besides the measurement uncertainty, this may be

due to the molecular weight distribution, which is not specified for this sample. Although the

molecular weight of this middle sample is lower compared to the two others (32 kgmol−1 in-

stead of 40 kgmol−1 and 43 kgmol−1), the effect of the molecular weight both directly on the

gas solubility and on the crystallinity should be negligible in this area. Only entanglements of

polymer chains, inhibiting crystallization, which are neglected in the model, could be a rea-

son. Since the molecular weight is smaller, fewer entanglements would occur, increasing the

crystallinity and hence lowering the solubility.
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T br MN(PDI) α

[K] [1000C–1] [kgmol−1] [wt%]

353.15 16.7 43 (2.8) 32.8
353.15 23.3 32 (n/a) 18.5
353.15 26.7 40 (n/a) 13.0

Figure 5.41: Predicted solubility of ethylene in semi-crystalline polyethylene at 353.15K. Polyethylene
has butyl branches with varying architecture, given in the legend: Branching degree and
molecular weight are properties measured, the crystallinity is determined by CCP/FCA. Ex-
perimental data from [108]. Lines are the corresponding predictions with the LCT and the
dashed line is the amorphous limit disregarding the crystallinity.
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T br MN(PDI) α

[K] [1000C–1] [kgmol−1] [wt%]

358.15 3.3 24 (n/a) 67.9
358.15 11.7 43 (2.6) 44.2
358.15 18.3 21 (2.9) 25.4

Figure 5.42: Predicted solubility of ethylene in semi-crystalline polyethylene at 358.15K. Polyethylene
has butyl branches with varying architecture, given in the legend: Branching degree and
molecular weight are properties measured, the crystallinity is determined by CCP/FCA. Ex-
perimental data from [108]. Lines are the corresponding predictions with the LCT and the
dashed line is the amorphous limit disregarding the crystallinity.
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5 Results and discussion

Figure 5.42 shows the same system at a temperature of at 358.15K. Experimental data from

the same author [108] is used, although the branching degree differs: Besides the amorphous

limit, shown as dashed line, experimental data points with branching degrees ranging from

3.3 br 1000C–1 to 18.3 br 1000C–1 are shown. The branching degrees are lower compared to figure

5.41, which is why the crystallinity is higher, leading to a higher eigen pressure and hence lower

gas solubilities. Moreover, the temperature is higher, resulting in a lower gas solubility as well.
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Figure 5.43: Predicted solubility of ethylene in semi-crystalline polyethylene, having a branching degree
of 13 br 1000C–1 and a molecular weight of MN=12.6 kgmol

−1 (PDI=4.74). The crystallinity is
calculated by the CCP/FCA. Experimental data from [176] and lines are the corresponding
predictions with the LCT.

In order to study the influence of the temperature in more detail, figure 5.43 shows experi-

mental data points of a single polyethylene sample having a branching degree of 13 br 1000C–1

and a molar mass of MN=12.6 kgmol
−1 (PDI=4.74) [176]. Here, two counteracting effects come

into play: The gas solubility of ethylene in polyethylene generally decreases with increasing

temperature, which can be seen for an amorphous state in figure 5.23. At the same time, a

higher temperature results in a lower crystallinity, i.e. a lower eigen pressure and hence a

higher gas solubility. However, the effect of decreasing solubility due to the shifted phase equi-

librium prevails over the effect of lower crystallinity. This behaviour is predicted with high

accuracy by the combined CCP/FCA and LCT framework.
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5.2 Calculation of gas solubilities

1-butene

The solubility of 1-butene in semi-crystalline ethyl-branched polyethylene is shown in figure

5.44. Only one isotherm at 358.15Kwasmeasured via pressure decaymethod [108] covering the

pressure region until the vapour pressure of 1-butene. The prediction shows high agreement

with experimental data except in the area near the vapour pressure of 1-butene, where the LCT

predicts a lower solubility leading to a calculationbeyond the vapour pressure. Here, a 1-butene

rich phase with solved polyethylene emerges, building a liquid-liquid demixing. A reason for

the discrepancy may be the calculation. Since lattice theories like the LCT underestimate the

compressibility of gases, this could lead to inaccuracies in the high pressure region.
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Figure 5.44: Predicted solubility of 1-butene in semi-crystalline ethyl-branched polyethylene at 358.15K,
having 20.0 br 1000C–1 and MN=23 kgmol

−1 (PDI=n/a) [108]. The straight line is the corre-
sponding prediction with the LCT and the short dashed line is the amorphous limit dis-
regarding the crystallinity. The dashed line denotes the experimental vapour pressure of
1-butene at 358.15K while the dotted line is the prediction beyond the vapour pressure.

On theotherhand, experimental inaccuraciesmaybe a reason for thediscrepancy: Thepres-

sure decay method requires long experimental time, since a large amount of sample is needed

(30 g in this case [108]). Moreover, especially at high amounts of solved gas, a precise swelling

correction is necessary for the volume calculation. Since the swelling correction matters par-

ticularly at high solubilities, the low soluble system ethylene-PE from the same publication

[108] in figure 5.41 and 5.42 is still in very good agreement, although the swelling correction

may be insufficient. However, for the system 1-butene in polyethylene, a swelling correction is

crucial. Yet, information about the swelling correction is not given in the paper [108].
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5 Results and discussion

1-hexene

Another system which was measured by the same author [108] is 1-hexene in polyethylene,

shown in figure 5.45. Even though the qualitative course is correct, discrepancies between the

experimental data and the prediction become apparent. Although, the swelling correctionmay

introduce inaccuracies, already explained at the example of 1-butene, here, the disagreement

is larger and manifests already in the low pressure area, where the effect of the swelling cor-

rection is small. There are two possible reasons for this: Due to scarce experimental data, only

one single isothermat 423.15Kwas used for the adjustment of the binary interaction parameter

in molten polyethylene (figure 5.26).
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Figure 5.45: Predicted solubility of 1-hexene in semi-crystalline polyethylene at different temperatures
from 323.15K to 358.15K. Experimental data points with hexyl branched polyethylene, with
a branching degree varying from 11.7 br 1000C–1 to 18.3 br 1000C–1 are from [108]. The lines
(the dashed one belongs to the triangles) are corresponding predictions with the combined
LCT and CCP/FCA framework.

As a result of this, kij is not depending on the temperature, which may lead to inaccuracies

when predicting a significantly lower temperature. On the other hand, in the publication [108]

the methodology for determining the solubility of 1-hexene differs from that of 1-butene and

ethylene. While the vapour and liquid density of ethylene and 1-butene, which are necessary

for the determination of solubilities via pressure decay method, was determined by a highly

accurate equation of state [233], they used in case of 1-hexene the ideal gas law for the vapour

phase and estimations fromsaturated liquid density for the liquid density [108]. This can lead to

deviations in the calculated solubility, especiallywhenapproaching the vapourpressure (which
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5.2 Calculation of gas solubilities

all measurements do), where the ideal gas law is a precarious assumptions.

Despite the discrepancies between experimental data and calculations, the counteracting

effects of the temperature, already investigated in figure 5.43, are in well agreement. The ex-

perimental data show almost the same solubility for 353.15K and 16.7 br 1000C–1 and for 358.15K

and 18.3 br 1000C–1. This is due the fact, that on the one hand, increasing temperature generally

lowers the solubility of 1-hexene in polyethylene, but on the same time, an increase in tempera-

ture leads to a lower crystallinity and hence a higher solubility. In this case, both effects nearly

cancel each other. This is exactly described by combined LCT and CPP/FCA framework. In

order to investigate these discrepancies, observed in figure 5.45, another set of experimental

data is shown in figure 5.46.
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Figure 5.46: Predicted solubility of 1-hexene in semi-crystalline polyethylene at 423.15K. Experimen-
tal data points with butyl branched polyethylene, with a branching degree varying from
8.7 br 1000C–1 to 73.4 br 1000C–1, are from [188] (circles) and from [108] (squares). The lines
are corresponding predictions with the combined LCT and CPP/FCA framework.

The solubility of 1-hexene in butyl-branched polyethylene was measured at 323.15K via a

quartz spring balance by Jin et al. [188]. Also included is the single measurement of figure 5.45

at 323.15K [108], which is significantly higher compared to measurements of Jin et al. having a

similar branching degree, confirming the above mentioned conjecture, that the experimental

procedure in case of 1-hexene is questionable. Having said that, it has to bementioned that the

molecular weight between those two measurements differs by orders of magnitude. However,

in this high molecular weight area, that does not explain the big discrepancies between those

two measurements.
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5 Results and discussion

Carbon dioxide

Figure 5.47 shows the solubility of carbon dioxide in semi-crystalline polyethylene, alongside

experimental data fromZimmermann et al. [36],measured at 353.15K viamagnetic suspension

balance. Polyethylene has different branching degrees being 22 br 1000C–1 and 5 br 1000C–1.
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Figure 5.47: Predicted solubility of carbon dioxide in semi-crystalline PE at 353.15K. Experimental data
from [36] while the lines are the corresponding predictions with the CPP/FCA and LCT
framework.

According to figure 5.47, the combined CPP/FCA and LCT framework is in high agreement

with the experimental data [36]. Especially at low pressure and for the sparsely branched sam-

ple. The high pressure data point of the more branched sample is slightly underestimated by

the model. One reason for the discrepancy could experimental difficulties at high pressure.

However, the adjustment of the binary interaction parameter could be a source of error as

well, as the solubility data in molten polyethylene scatter strongly in some cases (figure 3.8).

The next investigation on the solubility of carbon dioxide as well as the two following gas-

polymer-systems including nitrogen and methane cover a detailed consideration of the influ-

ence of branching on the gas solubility in semi-crystalline polyethylene. Therefore, in the fol-

lowing figures (5.48-5.52), the solubility is plotted isobaric over the branching degree.

Figure 5.48 shows the solubility of carbon dioxide in polyethylene over the branching degree

at 1 atm. Experimental data [111, 112, 153, 199] show an increasing solubility with rising branch-

ing degree, although the exact course of the data is not discernible due to scattering data. This

could be down to the fact, that the solubility of carbon dioxide is very low, making reliable

measurements difficult.
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5.2 Calculation of gas solubilities
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Figure 5.48: Predicted solubility of carbon dioxide in semi-crystalline polyethylene at 1 atm. Experimen-
tal data points from [111] (squares) [112] (circles), [199] (triangles down), [153] (triangles up).
The lines are corresponding predictions with the combined LCT and CPP/FCA framework.

Furthermore, all the experiments were measurements of the diffusion and permeability via

time-lag method, which were afterwards converted to the solubility. This may introduce inac-

curacies due to kinetic effects during the experiment. The scattering of data from Pino et al.

[199] (triangles down) is potentially due to the high polydispersity of the samples.

The branching degree has only minor influence on the solubility in amorphous PE, as was

shown in the preceding section. Hence, solubility is only affected by the alteration of the

crystallinity due to the branching degree. At 300K, this mainly happens in the range up to

100 br 1000C–1, whereby at low branching degrees, a highly crystalline state is present which

becomes completely amorphous at ca. 100 br 1000C–1, as can be seen in figure 5.7. For this

reason, the solubility is just affected significantly up to ca. 100 br 1000C–1. For higher branch-

ing degrees, the influence of branching on the solubility, prescribed by the LCT is much lower,

which can be seen in figure 5.36. The length of the branches nbr also influences the crystallinity

(figure 5.9). Longer branches result in a lower crystallinity, leading to a higher gas solubility.

According to figure 5.48, the prediction of the combined LCT and CPP/FCA framework is in

well agreement with experimental data, especially the data from Laguna et al. [153] at 303.15K.

Data from Michaels & Bixler [111, 112] is well reproduced in the high branching are, but over-

estimated in the area of lower branching. A strong temperature influence leads to a significant

lower solubility at 303.15K compared to 298.15K, even if the crystallinity is considerable low-

ered by longer side chains between 20 br 1000C–1 and 50 br 1000C–1.
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5 Results and discussion

Nitrogen

Figure 5.49 shows the solubility of nitrogen at 1 atmover the branching degree. The experimen-

tal data sets [111, 112, 153, 199] are slightly scattered. The temperature has onlyminor influence

on the solubility in the considered small range. This is due to the fact, that the LCT predicts a

point of change to inverse solubility at 302.9K (figure 5.34). Close to this minimum, the slope

is very low, leading to a small temperature influence on the solubility. The increased solubility

at 303.15K is due to the fact, that the polyethylene sample has longer side chains, leading to a

lower crystallinity and hence a higher solubility.
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Figure 5.49: Predicted solubility of nitrogen in semi-crystalline polyethylene at 1 atm. Experimental data
points from [111] (squares) [112] (circles), [199] (triangles down), [153] (triangles up). The
lines are corresponding predictions with the combined LCT and CPP/FCA framework.

Methane

The solubility of methane in polyethylene is shown in figure 5.50. The experimental data show

similar behaviour compared to nitrogen in polyethylene. An increase in solubility until ap-

prox. 100 br 1000C–1 which is well reproduced by the theory. Here, the temperature influence

is stronger at the considered conditions compared to nitrogen in polyethylene (figure 5.34). A

higher temperature leads to a lower solubility, except between 20 br 1000C–1 and 50 br 1000C–1,

were the influence of the longer side chain on the crystallinity is pronounced and leads to a

notable higher solubility.

104



5.2 Calculation of gas solubilities

1 1 0 1 0 0
0 . 0

0 . 5

1 . 0

1 . 5

2 . 0

2 . 5

3 . 0

w
ei

gh
t r

at
io

 [g
ga

s/g
Am

Po
l] 

� 10
4

B r a n c h i n g  d e g r e e  [ 1 / 1 0 0 0 C ]

T nbr MN(PDI)
[K] [-] [kgmol−1]

298.15 2 40-400 (n/a)
298.15 2 40-400 (n/a)
303.15 4/6 38/45 (2.5)

Figure 5.50: Predicted solubility of methane in semi-crystalline polyethylene at 1 atm. Experimental
data points from [111] (squares) [112] (circles) and [153] (triangles up). The lines are cor-
responding predictions with the combined LCT and CPP/FCA framework.

n-hexane

In this last section of binary systems, solubility of the alkanes n-butane, n-pentane, n-hexane

and n-heptane in semi-crystalline polyethylene is investigated and compared with experimen-

tal data fromCastro et al. [202],measured gravimetrical by an electronicmicrobalance. Predic-

tion of these systems require a special treatment, since no information about the architecture

of the polymer on terms of branching degree were available in the publication [202]. With-

out information about the branching degree, the crystallinity cannot be determined as in the

preceding gas-polymer-systems.

One first approach is to use the crystallinity, which was eventually measured and published

alongside the solubility measurements. With this, the solubility without the CPP/FCA, only

with the LCT and the eigen pressure approach can be predicted, which is shown in figure 5.51

as straight lines. The crystallinity was determined at 303.15K via DSC [202]. This procedure

yields already good results, which shows again the high predictive capability of the LCT and the

eigen pressure approach. It becomes apparent that especially the isothermat 303.15K is in high

agreement with experimental data. The lower isotherms are rather overpredicted while the

higher isotherms are slightly underprecited. This is due to fact, that for the calculation of these

isotherms, a crystallinity was used, which was not determined at this particular temperature.

Since the temperature has a significant effect on the crystallinity (figure 5.7), especially for

branched polyethylene samples, this introduces inaccuracies.
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Figure 5.51: Predicted solubility of n-hexane in semi-crystalline polyethylene at different temperatures.
The polyethylenesmolecular weight isMN=24.9 kgmol

−1 (PDI=n/a). Straight lines denote the
procedure with measured crystallinity. Dashed lines stand for predictions with the inverse
CPP/FCA, resulting in 22.0 br 1000C–1. Experimental data from [202].

To overcome this inability to successfully predict isotherms whose crystallinity has not been

determined, the CPP/FCA can be used in an inverse manner according to the scheme in figure

4.5: With information of the crystallinity at one temperature and the molecular weight, the

branching is determined iteratively via the inverse CPP/FCA. A branching length of 4 (butyl

branches) is assumed, as butyl branching is the most abundant type of branching in LDPE [65]

and at the same time represent a reasonable average value for the remaining branching of

LDPE. Although, the influence of the branching length on the crystallinity is moderate (figure

5.9) and has a minor influence on the result. In this case, this leads to a branching degree

of 22.0 br 1000C–1 which is within the expected range for LDPE, being between 20 br 1000C–1

and 25 br 1000C–1 [65]. The branching degree is a material property, only depending on the

production condition and not on the temperature, in contrast to the crystallinity, which is a

function of the temperature. The dependence of the temperature on the crystallinity can be

seen in figure 5.12. Now, with help of the PCC/FCA and the iterated branching, the temperature

dependent crystallinity can be predicted for different temperatures, as in the previous systems.

This leads to an altered crystallinity according to the temperature, which can be seen in the

legend of figure 5.51. A lower temperature results in a higher crystallinity and vice versa. Also

shown are the predicted solubilities with the determined branching degree of 22.0 br 1000C–1

as dashed lines. The isotherm of 303.15K does not change due to the different procedure, since
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5.2 Calculation of gas solubilities

the crystallinity of this isothermwas used for the determination of the branching degree. For a

lower isotherm and a correspondingly higher crystallinity, a lower solubility is predicted due to

the higher eigen pressure, while the opposite is the case higher temperatures, which now is in

excellent agreement with experimental data. This approach extends the predictive capability

of the combinedCPP/FCAandLCT to systems,whereno information concerning the branching

degree of the polyethylene sample is available.

n-butane

After successfully characterizing the polyethylene sample via the inverse CPP/FCA, other sys-

tems including the same sample can be investigated. This applies to the solubility of n-butane

which is shown in figure 5.52.
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Figure 5.52: Predicted solubility of n-butane in semi-crystalline polyethylene at different temperatures.
Polyethylene has a molecular weight of MN=24.9 kgmol

−1 (PDI=n/a) and a branching degree
of 22.0 br 1000C–1, determined by the inverse CPP/FCA. Lines are predictions with the LCT,
experimental data is from [202].

Applying the determined branching degree of 22.0 br 1000C–1, the solubility can be predicted

by the combined CPP/FCA and the LCT. The influence of temperature is described qualitatively

correctly by the model, which again shows that the CPP/FCA and LCT framework correctly ac-

counts for two counteracting effects of higher crystallinity and hence lower solubility as well

as higher solubility due to the phase equilibrium with an increase the temperature. However,

the experimental data [202] are slightly overpredicted with an offset. Reasons for this could

lie in the indirect characterization of the sample. Due to the determination of the branching
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degree via inverse CPP/FCA, error sources could already lie in the measurement of the crys-

tallinity. Moreover, the adjustment of the binary interaction parameter in the melt introduces

inaccuracies. In case of n-butane, the polyethylene sample was not characterized in terms of

themolecular weight, so a value ofMN=20 kgmol
−1 was assumed. A different molecular weight

may change the adjusted kij, leading to different results for the solubility in semi-crystalline

systems.

n-pentane

The solubility of n-pentane in semi-crystalline polyethylene is shown in figure 5.53. Again,

the branching degree of 22.0 br 1000C–1, determined by the inverse CPP/FCA is used for the

predictions.
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Figure 5.53: Predicted solubility of n-pentane in semi-crystalline polyethylene at different temperatures.
Polyethylene has a molecular weight of MN=24.9 kgmol

−1 (PDI=n/a) and a branching degree
of 22.0 br 1000C–1, determined by the inverse CPP/FCA. Lines are predictions with the LCT,
experimental data is from [202].

As was already for the system of n-butane, the solubility is overpredicted by an offset when

comparing to experimental data [202]. Since n-hexane is predicted with higher accuracy com-

pared to n-butane and n-pentane, the chain length of the gases may be introduced as a reason,

because the LCT as a lattice theory generally has its strengths with long chains. However, other

gases of comparable size or are even smaller are still described by very well by the LCT, as the

preceding results show (figures 5.41-5.43 and 5.47).
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5.2 Calculation of gas solubilities

n-heptane

Lastly, the systemof n-heptane and semi-crystalline polyethylene is shown in figure 5.54. Here,

a very good agreement between experimental data [202] and the combined CPP/FCA and LCT

framework is achieved by using the determined branching degree of 22.0 br 1000C–1. Especially

the higher isotherms show excellent agreement. A slight overestimation can be seen for lower

isotherm, whichmay be a result of the larger temperature difference between the parametriza-

tion in molten polyethylene and the prediction in semi-crystalline polyethylene.

0 . 0 0 0 . 0 1 0 . 0 2 0 . 0 3 0 . 0 4 0 . 0 5 0 . 0 6
0 . 0 0

0 . 0 2

0 . 0 4

0 . 0 6

0 . 0 8

0 . 1 0

w
ei

gh
t r

at
io

 [g
ga

s/g
Am

Po
l]

P r e s s u r e  [ b a r ]

T α

[K] [wt%]

288.15 46.9
293.15 45.7
298.15 44.4
303.15 43.0
308.15 41.6
313.15 39.9
318.15 38.2

Figure 5.54: Predicted solubility of n-heptane in semi-crystalline polyethylene at different temperatures.
Polyethylene has a molecular weight of MN=24.9 kgmol

−1 (PDI=n/a) and a branching degree
of 22.0 br 1000C–1, determined by the inverse CPP/FCA. Lines are predictions with the LCT,
experimental data is from [202].
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5.2.3 Ternary Systems

In this section, ternary systems are investigated which include two gases, solved in polyethy-

lene. Generally, all phase equilibria are predicted with the binary interaction parameters in

table 5.2, no additional parameters are introduced. Moreover, the interactions between the

solved gases are assumed to obey the geometrical mixing rule (eq. (4.34)) with of kij(T )=0.
To first demonstrate whether the latter assumption holds true, figure 5.55 shows a vapour-

liquid-equilibrium of the two gases ethylene and 1-propene between 233.15K and 283.15K. To-

gether with LCT calculations and experimental data [234–237], PC-SAFT [38] results are shown

for comparison, whereby for both equations, kij is zero. According to figure 5.55, the idealmix-

ing behaviour does represent the experimental data verywell. At 283.15K, ethylene is already in

the supercritical state, and at 263.15K and 273.15K in the critical area. Since the LCT as a lattice

theory generally overestimates the vapour pressure of pure ethylene, the phase equilibrium is

slightly underestimated in the critical region of ethylene.
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Figure 5.55: Vapour liquid equilibrium of ethylene and 1-propene at 233.15K (dark blue), 263.15K (light
blue), 273.15K (light red) and 283.15K (dark red). Experimental data from Qian et al. [234]
(squares), Bae et al. [235] (circles), Ohgaki et al. [236] (triangles up) and Kubota et al. [237]
(triangles down). Straight lines denoteLCT-while dashed lines arePC-SAFT [38] calculations
for comparison. In both cases, kij is 0.

After successfully evaluating the geometrical mixing rule (eq. (4.34)) between the gases, a

ternary system in investigated in figures 5.56 and 5.57. Here, ethylene and 1-hexene is solved

in molten polyethylene at 423.15K, whereby the sample has a molecular weight of 20 kgmol−1

and a branching degree of 0 br 1000C–1 (the influence of architecture on the binary cases is
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Figure 5.56: Partial Solubility of ethylene in a ternary systemwith 1-hexene and polyethylene at 423.15K,
having MN=20 kgmol

−1 and br = 0 br 1000C–1. The straight line denotes the limiting binary
case, while dashed line is 5%, dotted line is 10%, dash-dotted line is 20% and dash-double-
dotted line is 50% of the 1-hexene in the gas phase.
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Figure 5.57: Partial Solubility of 1-hexene in a ternary systemwith ethylene and polyethylene at 423.15K,
having MN=20 kgmol

−1 and br = 0 br 1000C–1. The straight line denotes the limiting binary
case, while dashed line is 5%, dotted line is 10%, dash-dotted line is 20% and dash-double-
dotted line is 50% of the ethylene in the gas phase.
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discussed in section 5.2.2.1). To study co- and anti-solvent effects, the solubility of a single gas

in ternarymixture is plotted over the partial pressure of that gas: Figure 5.56 shows the change

of ethylene solubility by adding 1-hexene to the gas phase, figure 5.57 shows the opposite case.

While the straight lines denote the limiting binary cases, the other lines stand for the partial

solubility after adding a specific amount of the other gas to the system. Obviously, the presence

of the other gas alters the solubility, which is not just decreases proportional to the decrease in

partial pressure. In this case all lines would coincide with the limiting binary case (figures 5.56

and 5.57).

There are co-solvent and anti-solvent effects, coming from gas-gas interactions while solved

in the polymer. According to figures 5.56 and 5.57 the solubility of ethylene in polyethylene

is increased by the presence of 1-hexene, while the solubility of 1-hexene is decreased by the

presence of ethylene. The more of the other gas is solved, the stronger the co- and anti-solvent

effects become. This can be explained phenomenologically as follows: In case of ethylene, the

bigger 1-hexenemolecules are enlarging the polymermatrix, leading to polymer swelling. This

enables the smaller ethylene molecules to find more space to dissolve. On the other hand, in

case of 1-hexene, the smaller ethylenemolecules occupy space in the polymermatrix, which is

now not accessible for 1-hexene. To forge a bridge back to parking cars, that can be illustrated

by a small car, occupying a much larger parking lot, on which a larger car that would fit can no

longer be accommodated. The reason for the co- and anti-solvent effects are therefore mainly

of entropic nature. Steric hindrance of interacting gas molecules in the polymer matrix lead

to the altered solubility. Hence, the stronger the difference in size between the gas molecules,

the stronger the co- and anti-solvent effects become.

Although, the partials solubilities may vary strongly depending on the presence of another,

one question remains: How is the overall solubility affected by the simultaneous acting of co-

and anti-solvent effects. This question is especially interesting, since in most cases, just the

overall solubility is measured and not the partial solubility of the single gases. The latter would

require further downstreammeasurements to characterize the single gases. Figure 5.58 shows

the overall solubility of a ternary system containing ethylene, 1-hexene and molten polyethy-

lene at 423.15K, whereby the ethylene weight content in the gas phase is 10%. Alongside the

limiting binary cases of ethylene and 1-hexene, the sum of binary cases at its corresponding

partial pressure is plotted as well. The latter denotes the totalized independent solubilities of

both gases at their corresponding partial pressure according to eq. (4.83), which excludes all

co- and anti-solvent effects.
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5.2 Calculation of gas solubilities

The ternary prediction in figure 5.58 includes therefore both the co-solvent effect acting from

1-hexene to ethylene and the anti-solvent effect acting from ethylene to 1-hexene. However, the

anti-solvent appears to be stronger, which reduces the ternary solubility in comparison to the

sum of the limiting binary cases.
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Figure 5.58: Simultaneous solubility of ethylene and 1-hexene in a ternary systemwithmolten polyethy-
lene at 423.15K, having MN=20 kgmol

−1 and br = 0 br 1000C–1. The fraction of 1-hexene in
the gas phase is 10wt%. The straight lines denote the limiting binary cases of ethylene and
1-hexene, the dashed line is the ternary system and the dotted line is the sum of the inde-
pendent binary cases according to eq.(4.83).

In order to compare these model results with experimental data, a ternary system is re-

quired, where on the one hand the polymer sample is well characterized in terms of archi-

tecture, and on the other hand, measurements of the partial solubility of a single gas were car-

ried out. While ternary solubility measurements not only include weighting of the gas loaded

polymer sample, the determination of the partial solubility requires laborious downstream

measurements of the gas composition. The group around Wohlfahrt [24] conducted exper-

iments of the ternary system ethylene and 1-butene in molten polyethylene at 443.15K and

50 bar. Polyethylene has a molecular weight of 1.94 kgmol−1 (PDI=n/a) and a branching degree

of 31.8 br 1000C–1. Figure 5.59 shows the experimental results accompanied by LCT predictions.

The bottom axis in figure 5.59 is the gas phase, while the binodal in the upper corner denotes

the solubility of ethylene and 1-butene inpolyethylene at different gas phase compositions. This

system is above themelting temperature of polyethylene, e.g. completely amorphous. The LCT

is able to predict the experimental data in very good agreement.

113



5 Results and discussion

0 . 0 0

0 . 2 5

0 . 5 0

0 . 7 5

1 . 0 0

0 . 0 00 . 2 50 . 5 00 . 7 51 . 0 0
0 . 0 0

0 . 2 5

0 . 5 0

0 . 7 5

1 . 0 0

1 - b u t e n e

P o
l y

e t
h y

l e
n e E t h y l e n e

Figure 5.59: Solubility of ethylene and 1-butene in molten polyethylene at 443.15K and 50 bar. Polyethy-
lene has a molecular weight of 1.94 kgmol−1 (PDI=n/a) and a branching degree of
31.8 br 1000C–1. Circles are experimental data [24] accompanied by dashed lines as tie lines.
The straight line is the predicted binodal and the dotted lines are predicted tie lines with
the LCT.

The ternary plot can be transformed into a partial solubility of one gas as a function of the

partial pressure, which is shown in figure 5.60 for the case of ethylene. The illustrations in fig-

ure 5.60 include the calculation of the limiting binary case of pure ethylene. By introducing

1-butene into the gas atmosphere, the partial pressure drops up to approx. 30 bar. Due to the

co-solvent effect, acting from 1-hexene onto ethylene, the solubility of ethylene is significantly

higher compared the binary limiting case at the corresponding pressure. Both, the experimen-

tal data and the LCT show this behaviour in high agreement.

The experimental blue points in figure 5.60, corresponding to an ethylene weight fraction

in the gas phase of 78.1%, appear questionable since, according to the table in the publication

[24], a higher ethylene content in the gas phase leads to a lower ethylene content solved in

polyethylene.

After successfully evaluating co- and anti-solvent effects in ternary amorphous systems, in

this last section, all the above observed and evaluated effects are combined, leading to ternary

system of two gases, being solved in semi-crystalline polyethylene. Moore et al. [106] mea-

sured the simultaneous solubility of ethylene and 1-hexene in semi-crystalline polyethylene at

342.15K. The weight fraction of ethylene in the gas phase is 85.9%, while polyethylene has a

molecular weight of 25.96 kgmol−1 and 1-butene as a co-monomer, leading to ethyl-branches.
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Figure 5.60: Partial Solubility of ethylene in a ternary system with 1-butene and polyethylene at 443.15K
and 50 bar. Polyethylene has a molecular weight of 1.94 kgmol−1 (PDI=n/a) and a branching
degree of 31.8 br 1000C–1. The black line denotes pure ethylene, blue is 78.1% ethylene, light
red is 67.5% ethylene and red denotes 43.5% ethylene in the gas phase. Circles represent
experimental data [24] and lines are predictions with the LCT.

Unfortunately, the sample was not characterized in terms of the branching degree. For a start,

a range of branching degree can be assumed, were LDPEwith ethyl-branches is expected to lie.

Therefore, figure 5.61 shows the simultaneous solubility of ethylene and 1-hexene for polyethy-

lene between 15 br 1000C–1 and 30 br 1000C–1, leading to a crystallinity of 43.1% and 13.9%,

marked by the grey areas. Alongside the ternary system, the limiting binary cases of ethylene

and 1-hexene are plotted as well as the sum of the limiting binary cases at the corresponding

partial pressure according to eq. (4.83).

The solubility of the ternary case appears to be significant lower compared to the sum of bi-

nary systems, especially for higher pressure. Hence the anti-solvent effect, which lowers the

solubility of 1-hexene outweighs the co-solvent effect. A typical value for the branching de-

gree of low density polyethylene is 22.5 br 1000C–1 [65], being the mean value of the grey area.

When comparing the predicted results for 22.5 br 1000C–1 via the combined CPP/FCA and LCT

framework with experimental data [106], there seems to be a high agreement. Two experi-

mental points are almost exactly reproduced by the isotherm having a branching degree of

22.5 br 1000C–1, while the third point is slightly higher than the predicted results.

Further proof for the plausibility of a branching degree of 22.5 br 1000C–1 provides the mea-

sured crystallinity of the publication [106], which was determined via DSC to be 47.0%.
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Figure 5.61: Simultaneous solubility of ethylene and 1-hexene in a ternary system with semi-crystalline
polyethylene, having a molecular weight of 25.9 kgmol−1 at 342.15K, while the ethylene
weight fraction in the gas phase is 85.9%. Triangles are the ternary experiments, the limit-
ing binary case of ethylene are squares, while circles denote 1-hexene. Experimental data
are from Moore et al. [106], while lines are calculations with the combined CPP/FCA and
LCT framework at different branching degrees.

Unfortunately, the temperature, at which the crystallinity was determined, is not specified,

so that the method of the inverse CPP/FCA according to figure 4.5 cannot be applied. How-

ever, at a temperature of 298.15K, the assumed branching degree of 22.5 br 1000C–1 results via

the CPP/FCA in a crystallinity of 47.4%. Since the crystallinity is usually determined between

293.15 °C and 303.15 °C, often at room temperature, the assumed branching degree appears to

be reasonable.

Yoon et al. [209] measured the simultaneous solubility of ethylene and 1-propene in highly

branched polyethylene, having a branching degree of 206 br 1000C–1, which leads to a fully

amorphous sample according to the CPP/FCA.However, nomolecularweight is specified in the

publication [209]. Figure 5.62 shows measurements with temperatures ranging from 323.15K

to 363.15K and partial pressures of 1-propene, ranging from 0.1 atm to 0.3 atm. A higher partial

pressure of 1-propene at a constant mole fraction of ethylene increases the pressure, which in-

creases the overall solubility. At the same time, an increase in temperature leads to decreasing

solubility, which can be seen independently for ethylene and 1-propene in figures 5.23 and 5.24.

Both experimental behaviours are in well agreement with the model (figure 5.62), although

there appears to be a slight overprediction, especially at low temperatures and high partial

pressures of 1-propene. One reason for the discrepancy could lie in the insufficient character-
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5.2 Calculation of gas solubilities

ization of the polyethylene sample in terms of the molecular weight, as MN=20 kgmol
−1 was

assumed for the calculation. Moreover, lower temperatures show a higher deviation between

experimental data and themodel results, which could be a result from the adjustment of the bi-

nary interaction in themelt: The higher the temperature span between adjustment and predic-

tion, the more noticeable inaccuracies of molten data or its adjustment become. One problem

may be the fact, the polymer sample is a copolymer consisting of ethylene and 1-propene units,

whereby the 1-propene units introduce the methyl-branches. These short branches can be ac-

commodated to a certain amount in the crystal lattice, which is not included in the CPP/FCA. A

small crystalline fraction due to the methyl-branches would then introduce an eigen pressure,

which in turn slightly decreases the solubility. Since the crystallinity increases with decreasing

temperature, the effect of lowered solubility would be larger for lower temperatures.
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Figure 5.62: Simultaneous solubility of ethylene and 1-propylene in a ternary systemwithpolyethylene at
different temperatures. The branching degree is 206 br 1000C–1, while no molecular weight
is specified. Experimental data are from Yoon et al. [209]. The colour denotes constant
partial pressure of 1-propene (blue: 0.1 atm, light red: 0.2 atm, red: 0.3 atm), while the shape
of the line denotes the temperature (squares/straight lines: 323.15K, circles/dashed lines:
343.15K, triangles/dotted lines: 363.15K).

Lastly, it appears that authors of the publication [209] did not account for the swelling of the

polymer sample, which has already been contributed by Podivinska et al. [182]. Due to the neg-

ligence of the polymers swelling, the values of the experimental solubility appear lower than

they actually are. Hence, accounting for the swelling of the polymer would increase the exper-

imental solubility, especially for the higher partial pressures of 1-propene, where the swelling

is more pronounced.
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6Conclusion and outlook

The aimof thisworkwas the development of a framework, that is able to predict gas solubilities

in semi-crystalline polyethylene taking into account the polymers architecture.

Thiswas achievedby investigating the influenceof themolecular structure (molecularweight

and branching) on both the gas solubility and the crystallinity of polyolefins. The latter was

modelled using a co-polymer approach from Flory (FCA) that accounts for the lowered crys-

tallinity when increasing the amount of branches. The challenge of linear chains that do not

show a fully crystalline behaviour, was successfully addressed by the incorporation of the Car-

Parking-Problem (CPP), whereby isolated amorphous sequences, that are too short to build a

stable crystallite are excluded from crystallization, analogous to the illustration of cars being

parked randomly on a parking lot. The combination of both approaches revealed high agree-

ment with experimental data, considering the influence of chain length, branching degree,

branching type and temperature.

The Lattice-Cluster-Theory (LCT) was introduced due to its ability to directly account for the

polymers architecture. First pure compound parameters of the ethylene, 1-propene, 1-butene,

1-hexene, nitrogen, methane carbon dioxide, n-butane, n-pentane, n-hexane and n-pentane as

well as polyethylene were adjusted to experimental data. Subsequently, temperature depen-

dent binary interaction parameters between the gases and polyethylene were adjusted to gas

solubilities in molten polyethylene.

With this, the LCT revealed the influence of the architecture on the gas solubility. Of central

importance was the knowledge, that the influence of chain branching is insignificant small,

when keeping other impacts such as the chain length constant. This result confirms and ex-

plains experiments that have indicated this finding. With help of the LCT, the divers influence

of chain branching on the solubility, however small, was investigated and discussed. Complex

relations were revealed, where the influence of branching depends on the both pressure and

the type of solved gas.
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Subsequently, both approaches were combined to build a predictive framework for the cal-

culation of gas solubilities in semi-crystalline systems. An eigen pressure was introduced, that

accounts for the isotropic stress acting from the crystalline domains on the amorphous do-

mains. The crystallinity, which is required for this, was directly predicted via the CPP and FCA

as a function of the molecular structure and the temperature. Together with the LCT, the sol-

ubility of ethylene, 1-propene, 1-butene and 1-hexene in polyethylene was predicted in high

agreement with experimental data over a wide pressure range. The influence of branching on

the solubility of nitrogen, methane and carbon dioxide were investigated in detail at atmos-

pheric pressure. Additionally, an approach was presented, to predict gas solubilities without

information of branching degree of the polyethylene sample. This was achieved by using the

CPP/FCA quasi inversewith help of the crystallinity at given temperature. Thismade it possible

to calculate the branching degree, which is a material property and therefore does not depend

on conditions such as the temperature. As a result, the crystallinity as a function of the tem-

perature and hence gas solubilities can be predicted. Very good results were achievedwith this

method at the example of n-butane, n-pentane, n-hexane and n-heptane.

Finally, ternary systems were investigated, where two gases are simultaneously solved in

poly-ethylene. Co-/ and anti-solvent effects were ascertained, whereby the smaller gas en-

hances the solubility of bigger gas and vice versa. The LCT,whichhadno additional parameters

for the ternary systems, predicted gas solubilities in both amorphous and semi-crystalline sys-

tems, which were in high agreement with experimental findings.

In the course of this work, a few assumption were made, that could be a reason for devia-

tions that were discerned between themodel and experimental data. The crystallinity appears

to depend on kinetic effects such as the cooling rate, e.g. quenched samples should have an-

other crystallinity than slowly cooled samples, which is disregarded in the model. This may

be the reason why the crystallinity of quenched samples is rather overpredicted by the model.

The kinetic effects of the cooling rate could be related to entanglements which can decrease

the crystallinity to a certain extend. In order to take kinetic effects such as the cooling rate into

account, an additional kinetic approach would be necessary, as only the equilibrium state can

be described with the current theory. Entanglements may be described by rheological models

such as the reptation model which considers the polymer chain confined in virtual tubes be-

ing restrained in movement [238] or the application of the statistical knot theory to polymers

[239]. A further assumption that was made, is that side chains are generally inhibited from

being inside a crystal, which is true for most of the side chain. Methyl-chains, however, can be
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incorporated into the crystal lattice to a certain amountwhichwould lead to an increase of crys-

tallinity for these systems. Furthermore, most polyolefins do not show a uniform architecture

in terms of molecular weight and branching degree but a distribution, which is disregarded in

this work by assuming a monodispers distribution. In order to account for the polydispers na-

ture of polyolefins in terms ofmolarmass and chain branching, methods of continuos thermo-

dynamics [240] may be introduced. Another assumption that has been made is that dissolved

gas molecules do not affect the crystallinity of the polyethylene sample, which may not be the

case [241]. When investigating gas crystallinity dependencies, the model has to be extended

since the phase equilibrium calculation of the model considers the semi-crystalline state as

a liquid with eigen pressure. However, care must be taken when investigating this effect, as

sorption experiments often involve temperature changes that also affect the crystallinity.
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