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Abstract Forming-induced residual stresses highly influence the performance of metallic engineering compo-
nents. They offer great potential particularly for increasing fatigue life by targeted introduction of compressive
residual stresses in failure-critical areas. However, this only holds true if one can understand and predict the
change of residual stresses under cyclic mechanical loading and thus ensure their stability. In the present paper,
we introduce a combined experimental and numerical approach for the investigation of residual stress evolu-
tion under cyclic mechanical loading. Therefore, a suitable experiment is conceptualized and realized using a
4-point bending setup. The initial plastic deformation of each specimen is followed by a certain number of load
cycles and experimental residual stress analyses. From this, a course of residual stresses over the fatigue life
is constructed. In order to simulate the determined change in residual stresses, a cyclic plasticity model is pro-
posed that takes into account the nonlinear kinematics due to the large deflection of the beam. A parametrization
algorithm is presented, which employs a global optimization strategy using uniaxial stress–strain data from
various parametrization experiments. The final comparison of experimental and numerical results shows a
qualitative agreement. Their stabilization level after a few thousand load cycles can be predicted.

Keywords Residual stress · Cyclic mechanical loading · Cyclic plasticity · Fatigue loading

1 Introduction

The fatigue life is of outstanding importance for the design and the dimensioning of technical components.
Understanding and especially improving the structural durability of such parts enable the construction of cost-
efficient and lightweight structures. Recently, for improving the properties and in particular the fatigue life of
metallic components manufactured by forming processes, the targeted use of residual stresses was subject of
extensive research [1–3]. Forming-induced residual stresses are equilibrium stress states that may originate
from the elastic–plastic forming history during the manufacturing process and remain in the material even
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after unloading the structure. This macroscopic definition of residual stresses used in the present contribution,
namely that residual stress is approximately homogeneous across several grains, corresponds to the type I
residual stresses definition [4,5]. Additionally, type II and type III residual stresses exist, which are assumed
to be homogeneous over smaller material length scales, i.e., a (partial) grain and atomic lattice spacing,
respectively [6,7]. A variety of factors, including crystallographic orientation, grain size, phase transformations,
and dislocation dynamics, critically influence the development of these stresses. In technical terms, the resulting
residual stress emerges from a complex superposition of all types of residual stresses at the different length
scales. However, given that our study is focused on the type I residual stress perspective in engineering
applications, a detailed analysis and modeling of type II and III residual stresses is beyond the scope of the
present work. For further details, the reader is referred to the literature, for example, [3,7,8].

Historically, industrial applications have predominantly used components in which the residual stresses
were largely reduced to a minimum, employing conventional practices like post-forming heat treatments for
residual stress reduction [2]. This stems from the widely accepted understanding that residual stresses, partic-
ularly tensile residual stresses, adversely affect performance, leading to issues such as component distortion
or decreased fatigue life, e.g., in welded joints. However, residual stresses do not always necessarily have
negative effects on part performance [8,9]. That especially the fatigue life can be increased by compressive
residual stresses is widely known [10,11]. This is due to the fact that compressive residual stresses in failure-
critical areas superimpose load-induced tensile stresses, resulting in a lower effective stresses, counteracting
the initiation and development of fatigue cracks. Exemplary, Kühne et al. [12] and Guilleaume et al. [13]
showed that the fatigue life of parts manufactured by cross-rolling can be improved by an adjusted rolling
path during the manufacturing process, which leads to compressive residual stresses in the process induced,
failure-critical notch. Seiler et al. [14] outlined the retarding effect of compressive residual stresses on fatigue
crack growth and a suitable modeling strategy using a phase-field model for fatigue fracture. More examples
for the beneficial use of residual stresses can be found in the literature, e.g., [3,8]. However, the positive effect
of forming-induced residual stresses requires that they are retained in the component during its service life.
Especially homogeneous plastic deformation after the forming process may result in the reduction of residual
stress due to stress redistribution and the resulting homogeneous stress and strain state [3]. Cyclic loading
beyond the yield strength of the material can therefore affect the residual stress state, so it is crucial to under-
stand the mechanisms and extent to which residual stresses change in situations involving plastic deformation.
In the context of fatigue, this understanding is decisive in order to assess whether the component can still
withstand the loads for which the induced residual stresses were originally designed. Consequently, there is
great practical importance to consider and investigate the combined formation of residual stresses during the
process and the subsequent change under cyclic mechanical loading, which is referred to below as residual
stress evolution.1

The investigation of formation and evolution of residual stresses can be carried out experimentally or
numerically, whereby the combined approach of numerical modeling with the finite element (FE) method and
experimental model validation in particular promises a valuable contribution with regard to the transferability
of the findings. For modeling, one has to consider that macroscopic formation of residual stresses directly
results from the quasi-static elastic–plastic loading, and that the evolution of residual stress is affected by
the material’s transient behavior, encompassing cyclic hardening or softening, and, more broadly, its cyclic
plasticity, incorporating phenomena such as ratcheting or mean stress relaxation. Hence, modeling the com-
bined formation and evolution of residual stresses requires a material model accounting for cyclic plasticity.
Numerous material models for cyclic plasticity exist. In particular, models employing nonlinear kinematic
hardening rules have demonstrated effectiveness in accurately predicting complex load scenarios, especially
under asymmetrical loading conditions, e.g., ratcheting or mean stress relaxation [16]. Beginning with the
classical model proposed by Chaboche [17,18], which is rooted in the concepts introduced by Armstrong
and Frederick [19], extensions have been developed by Ohno and Wang, encompassing their Model I and
II [20,21]. Additionally, contributions from Jiang and Sehitoglu [22,23], Abdel-Karim and Ohno [24], and
Döring et al. [25,26] have further enriched the understanding and modeling of the transient behavior of metals.
This outline is by no means complete, as numerous models exist and new ones are constantly being added.
A thorough review on the topic can be found in [26–28]. However, despite the vast array of different models,
they all share the aim of accurately reproducing material behavior under complex loading situations and many

1 Note that a specific method for mitigating residual stress involves the use of vibrations, commonly referred to as vibrational
stress relief (VSR) [15]. In the broadest sense, this approach can be viewed as inducing changes in residual stress through
cyclic loading. However, this high-cycle, low-load technique, whose mechanisms and effects are controversially discussed in the
literature, is beyond the scope of this study, which focuses on macroscopic plastic loading.
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thousands of load cycles to provide predictions for stresses and strains, e.g., for a fatigue life analysis using
the local strain approach [25]. It therefore seems reasonable that these models should also be able to predict
the development of residual stresses under cyclic loading.

The application of plasticity models for the prediction of forming induced macroscopic residual stress is
state of the art. With a properly parameterized process simulation and adequate material modeling researchers
have shown that the prediction of residual stresses is possible, e.g., for bulk forming [29,30] or sheet forming [31,
32]. Furthermore, several studies have predicted residual stresses at lower material scales, specifically type
II and type III residual stresses, e.g., Simon et al. [33], Behrens et al. [34], Uebing et al. [35], and Salvati
and Korsunsky [36]. However, loading situations that go beyond the initial phase of residual stress formation
have not yet been the subject of extensive research. The interaction of cyclic loading after the forming process
with the residual stresses is usually not taken into account. Exemplary, Dureau et al. [37] investigated residual
stresses induced by laser shock peening during a few load cycles in uniaxially loaded specimens. They used a
layer-wise calibrated Chaboche model to capture the depth-dependent change of the residual stress profile in
layers close to the surface. Franceschi et al. [38] investigated forming-induced residual stresses at high loads
for low numbers of cycles using two separate material models for the formation and evolution of residual
stresses. McClung [39] presented a comprehensive literature review on the stability and evolution of residual
stresses under fatigue loading, which is mainly based on experimental data. In this context, different materials
are examined, with particular attention given to near-surface residual stress fields resulting from processes such
as surface treatments, welding, or machining. Xie et al. [40] and Wang and Qian [41] analyzed the residual
stress evolution in welded joints using experimental and numerical methods. The analysis of residual stresses in
mooring chains has been conducted in Zarandi and Skallerud [42]. Therein, the simulation of the residual stress
in the vicinity of a corrosion pit using a Chaboche-type cyclic plasticity model revealed that cyclic plasticity
may lead to residual stress change especially in the early stages of cyclic loading. Further investigations on
incremental sheet forming processes, representing cyclic loading situations in the broadest sense, have been
conducted, e.g., in studies such as [31,32].

It seems that the formation and evolution of residual stresses have so far mainly been described by two
separate models, cf. [37,38,40,41]. This leads to the disadvantage that a transfer of the forming simulation
results to the cyclic simulation is needed, which may be associated with a certain error, e.g., regarding the
used FE mesh or the initial conditions for internal variables. There are also studies, e.g. [42], in which a single
model is used. However, in [42] a rather complex stress–strain state is analyzed, which limits the transferability
of the studies to a certain extent. Hence, the simulation part of this paper attempts to capture both phenomena
of residual stress generation and evolution under cyclic loading in a single model for a reference stress–strain
state, which is easy to analyze experimentally and numerically.

In the following, we present an approach to investigate the combined buildup of forming-induced residual
stresses and their evolution under cyclic mechanical loading experimentally and numerically in a simple test
setup. We focus on a 4-point bending test, since a pure bending state is the easiest way to induce residual
stresses by forming. The residual stresses are determined experimentally using the incremental hole drilling
method and their development over fatigue life is investigated. For simulation, a cyclic plasticity model is
employed, which closely follows the work of Jiang and Sehitoglu [22,23] and Döring et al. [25,26]. Due to
the high deflection of the specimens observed during experiments, we have extended this material model to
take into account the resulting nonlinear kinematics. The subsequent parametrization of the material model
is carried out using an optimization scheme for uniaxial loading. The parametrized model’s performance in
comparison with the experiment is evaluated, and arising challenges are discussed. In order to follow the
idea of a benchmark experiment, all experimental data generated in the following is published as open access
repository in Schneider at al. [43] to allow the community to compare their own models for residual stress
prediction.

The present paper is structured as follows: In Sect. 2, the designed experiment is presented, and the
test setup is described. Also, gained results of the experimental residual stress analysis are discussed. In
Sect. 3 the material model, which is used afterward for the numerical simulation, is outlined. Additionally,
the parametrization of the model is presented. With this model, numerically gained results are revealed and
compared to the experiments in Sect. 4. Lastly, the overall procedure and findings are summarized in Sect. 5.

2 Experimental investigation

The subsequent sections provide a detailed account of the experimental investigation. Section 2.1 describes
the experimental setup, while Sect. 2.2 outlines the adopted loading procedure. The effects of both initial
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Fig. 1 Schematic setup of the setup (left) and the employed two-stage loading procedure (right) for generation and evolution of
residual stresses. Dimensions in mm. The gray box shows the qualitative stress curve resulting from the constant bending moment
Mb between the inner supports after a loading 1 and unloading process 2 . The used support structures are steel cylinders with
ø20mm. The specimen is loaded by an initial load ( ), which is followed by cyclic loading ( ) of the structure using a load
ratio of Rσ = 0.1. After residual stress generation during the first load cycle N = 0.5, the tests are stopped at various load cycle
numbers Ni for experimental residual stress analysis

and cyclic loading on the development and evolution of residual stresses are presented in Sects. 2.3 and 2.4,
respectively. Finally, Sect. 2.5 discusses the outcomes of the experimental residual stress analysis.

2.1 Experimental setup

The design and construction of an experimental setup for the investigation of residual stress generation and
evolution under cyclic mechanical loading was a major task of the present contribution, since forming-induced
residual stresses can occur in various spatial distributions and result from arbitrarily complex loading situations.
In order to facilitate the evaluation for the present investigation, a generalized test setup needed to be designed.
This setup was developed such that it fulfills the following requirements:

• A general two-stage procedure: First, the residual stresses need to be induced by forming in a suitable way.
Second, the specimen should be loaded cyclically in order to investigate the changes of the initial residual
stresses.

• An approach which is as simple as possible for the general setup, the experimental residual stress analysis,
the specimen geometry, the loading situation and also the resulting stress–strain field.

• A load level that leads to macroscopic plastic deformation in order to evaluate the effect of cyclic plasticity
on residual stresses.

These specifications for the setup development aim to streamline the evaluation of subsequent experimental
results and to establish a foundation for potential comparisons among various numerical modeling strategies
that may be utilized by the mechanics community. The initially induced residual stresses as well as their
evolution under the subsequent cyclic mechanical loading can be determined experimentally and may be used
to evaluate the prediction quality of macroscopic numerical models for residual stresses under cyclic loading.

Applying the requirements, we constructed a 4-point bending setup with the geometric specifications
depicted in Fig. 1. Similar setups are presented in the literature [38,41,44]. The 4-point bending test is par-
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Fig. 2 Photograph of the realization with the hydraulic cylinder located below the experimental setup

ticularly suitable for the investigations since it results in a large domain of the beam with constant bending
moment. Additionally, due to the flat specimen surface, the experimental residual stress analysis is simplified.
The constant bending moment leads to a linearly distributed strain profile across the thickness of the beam.
Due to plastic deformation in layers close to the surface, the typical nonlinear stress profile emerges, see 1
in Fig. 1. After unloading, see 2 in Fig. 1, the typical double s-shaped residual stress profile can be observed.
Tensile residual stresses result on the compression side of the beam, while compressive residual stresses prevail
on the tension side of the beam. Following the conduction of pre-tests, simple cuboid specimen with dimen-
sions 8 × 35 × 270 mm3 was determined for further testing. A high-strength steel 42CrMo4+QT (1.7225 or
SAE4140) in quenched and tempered condition is used. The specimens are machined out of 8 mm flat steel
whereby the surface was fine ground and edges were polished by hand in order to avoid surface effects on
the fatigue life. The support structures are ø20mm steel cylinders on both sides of the beam. Aligners that
are coated on the inside with Teflon strips prevent the beam from accidentally slipping off the supports. An
uniaxial servo hydraulic cylinder is used to load the bending specimen. During the tests, the test rig operates in
force control and has a force sensor with a load capacity of 40 kN. By default, the force signal and the position
signal of the cylinder are recorded during the tests.

2.2 Loading procedure

In the setup, forming-induced residual stresses are generated by initial bending of the specimens with
Fmax = 15 kN. Following ideas of Kühne et al. [12], this first bending is termed as first load cycle. Directly
after the initial loading, the cyclic loading begins, see F (t) plot in Fig. 1. The cyclic loading situation was
chosen to be a constant amplitude loading with a load ratio of Rσ = 0.1, loading frequency of 1 Hz and a
maximum force of Fmax = 15 kN. The imposed mean load prevents relative motion between the beam and
its supports, which might otherwise occur under the influence of alternating loads. For the investigation of
the residual stresses and their evolution under cyclic loading, the cyclic tests need to be stopped after various
defined numbers of load cycles before fatigue failure. After the test stopped for a specimen, it undergoes
experimental residual stress analysis using the common hole drilling method, see later Sect. 2.5. This approach
has the advantage that for comparison of experimentally determined residual stresses and simulated results not
only data point from the very surface are considered, but a residual stress depth distribution with a rather large
depths range up to about a millimeter. By this mean, the comparison between experiment and simulation is
statistically much better supported. Combining results from all specimens, a σres −N plot can be created which
shows the evolution of the residual stresses under cyclic loading. Since hole drilling is a destructive analysis
method, each load cycle number at which the test is stopped requires a separate specimen. It is assumed that
the results obtained for different samples are comparable since they were made from the same sheet metal. To
simplify the interaction with the provided experimental data, specimen numbers are introduced in the format:
#... . They correspond to the data set published as open access repository in [43] and are assigned a load cycle
number in later Table 1 (Fig. 3).
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Fig. 3 Screenshot of the ARAMIS definition for the bending test of the first load cycle. The area of evaluation was chosen such
that it is located within the inner supports. Also visible are the supports used and the aligners, which are coated with Teflon on
the inside

Fig. 4 Experimental results from the DIC measurement of the first load cycle for specimen #0007. Depicted is the spatial
logarithmic strain εz . a strain state at Fmax and b strain state after unloading following the initial load cycle. The absolute position
of the coordinate system ỹDIC − z̃DIC was chosen automatically by the DIC system. In c and d the strain profile averaged over
the beam length of constant Mb is plotted over the beam height ỹB in (c) fully loaded and (d) unloaded state, respectively

2.3 Initial bending–experimental results

Following the above discussed procedure, see Fig. 1, the experimental results after the first load cycle, are
discussed. The results of cyclic bending can be found in the later Sect. 2.4. For analyzing the initial loading,
not only the default sensors of force and position are used. For two specimens, the initial deformation of the
first load cycle was analyzed with 3D digital image correlation (DIC) using a GOM® ARAMIS system and
the accompanying processing software. These specimens are used in Sect. 2.5 for the analysis of the residual
stresses after the initial load cycle. The DIC system was positioned such that it looked sideways at the specimen,
capturing the motion in the y−z-plane of Fig. 1. The processed results of a representative specimen are depicted
in Fig. 4. The contour plots of the logarithmic strain, automatically processed from the DIC displacement data,
in Fig. 4a and b clearly underline the constant Mb within the inner supports. Averaging the data over the beam
length yields an effective strain measure over beam height ỹB within the domain of constant Mb, see Fig. 4d.
This results in the expected linear strain profile over the beam height. At maximum force, the beam endures a
maximum strain of approx. 1.1 % at the outer surface. In the unloaded state, a residual strain of approx. 0.4 %
prevails in layers close to the surface.2

Following the DIC analysis, the deflection of the beam during the first load cycle is evaluated using the
position data. The resulting force–deflection curve is depicted in Fig. 5a. A maximum displacement of the
hydraulic cylinder uHC and thus of the lower supports of approx. 16 mm are reached. After unloading, the

2 Note that the residual strain detected via DIC has nothing in common with the experimentally determined residual stresses
using the incremental hole drilling method in Sect. 2.5. It is only an effective measure of the deformation, which is determined
from the lateral beam surface.
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Fig. 5 Experimental deformation behavior during the initial load cycle for specimen #0007. a force–displacement curve from the
recorded signals of the test rig. b the rotation of the four supports ϕs measured with the DIC system. The position of the supports
is given with respect to Fig. 1

structure shows a residual displacement of approx. 4 mm. Please note that this is not the displacement in the
x − y symmetry plane of the beam but the displacement of the lower support structures as underlined in
Fig. 1. For evaluation, one must consider that the support structures are not completely rigid. The lower steel
cylinders in Fig. 2 were fixed using elastic strips. The upper supports were fixed in the top end of the test rig
using elastically bedded bolts. Hence, the upper cylinders may rotate around their upper contact point with the
test rig, and the lower cylinders may rotate around their axis, respectively. This was done intentionally in the
design phase because otherwise constraint forces could occur that would disturb the pure bending state in the
specimen, especially regarding the high deflection of the beam in maximum loading states. The rotation of the
supports was additionally recorded during the first load cycle via the DIC system and is depicted in Fig. 5b.
Three points on each support cylinder were used to calculate its rotation with respect to the x axis.

The data underline a rotational motion of the supports during the loading process. In maximum loading
state, the absolute maximum angular deflection is lower than 3◦. Converted to a horizontal displacement of
the contact point between support and beam, a maximum of about 0.9 mm is obtained. As expected, the
supports follow the beam’s deflection toward the x − y symmetry plane of Fig. 1, respectively. The influence
on the comparison with numerical results especially in terms of the boundary conditions for the simulation is
discussed in Sect. 4.

2.4 Cyclic loading–experimental results

The initial loading of further specimens is directly followed by cyclic loading, as described in Sect. 2.1. In a
first step, the mean fatigue life of the specimens is determined experimentally in order to determine the load
cycles after which further experiments are stopped for experimental residual stress analysis. For this purpose,
5 specimens are cyclically loaded in the test setup until total failure. From their test results, the mean fatigue
life to crack initiation is determined. Therefore, fatigue crack initiation is assumed to take place at a relative
stiffness loss of 10 % compared to the stabilized state, which is evaluated via a linear regression in logarithmic
scale. The response of the specimens in terms of maximum uHC during each load cycle is depicted in Fig. 6. The
results show a continuous increase in the maximum deflection with accumulating number of load cycles. This
is due to the load ratio chosen and is a structural ratcheting phenomenon, which has to be taken into account
for the choice of material model in Sect. 3. A mean fatigue life to crack initiation of Nf = 16.091 × 103 is
found. The standard deviation of the logarithmic load cycle numbers is slogN = 0.039 leading to a spread range
of NPf =90%/NPf =10% = 1.26, which is defined as the ratio of the load cycle number for 90% probability of
failure to the load cycle number for 10% probability of failure. It is quite low compared to literature data [11].
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Fig. 6 Experimental result of cyclic bending test until specimen fracture. Depicted is the maximum displacement uHC during
each load cycle N

Table 1 Load cycles at which the tests are stopped

Load cycles N Damage D Specimen numbers #...

0.5 0 0007, 0008
100 0.006 0009, 0010
400 0.025 0011, 0012
800 0.05 0013, 0014
1600 0.099 0015, 0016
3200 0.199 0017, 0018
6400 0.398 0019, 0020
10 000 0.621 0021
12 000 0.746 0022
Tot. fracture – 0004, 0005, 0006, 0041, 0042

The damage Di is related to the fatigue life to crack initiation. The specimen numbers are related to the corresponding data set
available in [43]

The mean experimental fatigue life to crack initiation is used to divide the fatigue life into ranges separated
by discrete load cycle numbers at which the tests of further specimens are stopped for residual stress analysis.
The distribution of the discrete load cycles N until unloading is depicted in Table 1. Additionally, in Table 1 the
damage D = N/N f is provided. The nonlinear distribution over the fatigue life is motivated by the assumption
of an initial phase with strong residual stress change followed by a stabilization phase, as observed in [38,40].
The change in displacement over the load cycles in Fig. 6 backs this suggestion.

2.5 Experimental residual stress analysis

The analysis of residual stresses after cyclic loading of the specimen was carried out using the incremental hole
drilling method, initially proposed by Mathar [45]. Details on the operating principle of this method and general
information on experimental residual stress analysis are comprehensively presented in the literature [7,46]. For
residual stress analysis, a drilling device of type RS200, Vishay Measurements Group and for drilling a TiN-
coated end mill with a nominal diameter of ø1.6mm was applied. The strain relaxations during stepwise drilling
the blind hole were recorded by strain gauge rosettes of type EA-06-031RE-120 (Vishay Measurements Group),
which were interconnected in a Wheatestone half bridge with temperature compensation. A carrier frequency
amplifier of type PICAS 4K from Peekel Instruments was applied in this regard. Stress calculation was carried
out using the differential approach and elastic constants for steel, i.e., Young’s modulus E = 210 GPa and
Poisson’s ratio ν = 0.28. For smoothing of the measured strain relaxation distributions vs. drilling depth cubic
spline functions were applied. By this means, it is possible to analyze the macro-residual stress distribution up
to depths of about 1 mm to 1.2 mm. The experimental analyses were carried out in the symmetry plane on the
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original tension side of the beam specimen. Hence, compressive residual stresses in longitudinal direction are
determined. The results obtained are shown in Fig. 7.

In the following, only the residual stress in longitudinal direction σz is discussed. Regarding the residual
stresses in transverse direction σx , no significant influence of the cyclic loading is observed. The state after
initial loading is marked with D = 0 and shows the residual stress distribution with an absolute maximum of
σz ≈ 260 MPa in longitudinal direction at the surface of the beam. With accumulating number of load cycles,
and hence with increasing D, one can observe an initial increase for this residual stress component. Following
this initial phase, the residual stress decreases again. When approaching D = 1, they remain constant. Figure 8
provides a summary of the development of residual stress at the beam surface. A stabilization phase is reached
quickly, which is in accordance with the findings for welded joints [40,41] and mooring chains [42] under
cyclic loading. The pronounced changes in early stages of fatigue life is attributed to the material’s transient
behavior under cyclic loading. Here, the cyclic softening of the material in particular influences the initial
change in residual stresses. For specimens close to their fatigue life of crack initiation and depending on the
position of the drilled hole, a drop in residual stresses may occur due to emerging fatigue cracks, which lead to
a local stress relaxation. Since only load cycle numbers clearly prior to the mean fatigue life were considered,
this was not observed in the present investigation.

Cyclic loading also affects the depth profile of residual stress. For D ≤ 0.05, one observes a higher slope
in the direct vicinity of the surface compared to larger material depth, which is in line with the theoretically
emerging double s-shaped profile from Fig. 1. The slope decreases with accumulating fatigue damage. After
stabilization, and despite some waviness due to the evaluation method, the profile qualitatively appears to
be linear. This is related to the high stresses and strains in layers close to the surface which influence the
profile there through cyclic softening. Extending the widely known fact that deformation-induced residual
stresses arise from inhomogeneous loading conditions, the observed results indicate that this also applies to
the residual stress change under cyclic loading, which is a local phenomenon and therefore depends on the
local stress–strain level and the inhomogeneity of the loading.

The scattering of the experimental results for most of the specimen is quite low. Larger differences between
the two specimens used for each load cycle3 are only visible for D = 0 and D = 0.099. It needs to be noted
that in principle, the incremental hole drilling method is inherently subject to a certain degree of uncertainty,
especially directly at the surface of the specimen, i.e., within the first ten micrometers [46]. In larger depth,
the accuracy of the method for residual stress analysis of steel samples is in the range of 20MPa to 30MPa.
Nevertheless, the in general good agreement between two specimens, each independently loaded for the same
number of load cycles, indicates a qualitative level of results sufficient for the purpose intended here.

3 Modeling of residual stress evolution

Numerical analysis of the developing residual stresses and their evolution under cyclic loading can accelerate
future design decisions regarding the influence of forming-induced residual stresses on engineering compo-
nents. Hence, in the following a numerical modeling approach using the FE method is outlined. In Sects. 3.1
and 3.2, the overall model choice is discussed, taking into account the experimentally observed large beam
deflections from Sect. 2.4. The model itself, its parameterization and gained numerical results when simulating
the bending experiment are provided in Sects. 3.3, 3.4.

3.1 General aspects

Up to now, to the best of the authors knowledge, and besides the simulations discussed in Sect. 1, no straight-
forward investigation was carried for the simulation of combined generation of residual stresses and their
evolution under cyclic mechanical loading within in one single model. In a first step, it is thus reasonable to
investigate which models are able to predict the residual stresses and their change during cyclic loading in
general. In the present paper, a first approach for modeling the residual stresses is discussed. Macroscopic
cyclic plasticity models are considered since they allow straightforward implementation with commercial FE
codes and can be used by the entire mechanics community. More complicated models incorporating damage
are out of scope for the time being. They may be deployed by readers which are interested in simulating the
experiment presented in Sect. 2.1. The experimental data is published in [43].

3 For D = 0.621 and D = 0.746 only one specimen were used, respectively. Due to the stabilization effect of the cyclic
loading, less influence of the specimen specific deviations was expected for higher load cycle numbers.
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Fig. 7 Experimentally determined residual stress depth profiles after unloading the specimen at various load cycle numbers using
the incremental hole drilling method. The colors represent the σres in different directions: ( ) σz and ( ) σx . The solid and
dashed lines indicate the results of two different specimens, respectively
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Fig. 8 Evolution of the residual stress σz at the surface under cyclic loading

3.2 Choice of model framework

With the aim of simulating the evolution of the residual stresses under cyclic mechanical loading using a
cyclic plasticity model, the high deflection of the beam specimen, observed in the experiments from Sect. 2.4,
needs to be taken into account for the analysis. Figure 6 clearly indicates a deflection of more than twice the
specimen height. For this reason, approaches, which only consider small rigid body motion, typically referred
to as small-strain plasticity, are ruled out. Instead, a so-called general finite strain setting is used for model
development and to account for the geometric nonlinearity of the experiment, which is manly due to large local
rotations. Note that the reason for choosing a general finite strain setting here is by no means that finite strains
occur. They are comparably small, see Fig. 4c. This is only needed due to the existing nonlinear kinematics.
Following these statements, two approaches are possible:

• plasticity models based on a hypoelastic stress relation for the elastic deformation part, which is usually
based on the constitutive assumption of an additive split of the rate of deformation, whereby co-rotational
modeling techniques are contained within this approach, and

• plasticity models based on a hyperelastic stress relation for the elastic deformation part, which commonly
rely upon the multiplicative decomposition of the deformation gradient.

The difference between both is that for the hypoelastic approach the stress is determined from an objective stress
rate, which is related to the elasticity tensor and the rate of elastic deformation, while for hyperelasticity the
stress follows as partial derivative of the free energy density with respect to an appropriate elastic deformation
measure. See the comprehensive paper of Brepols et al. [47] for details on implementation aspects and a
practical comparison of both approaches. It is widely known that the rate-based formulation does not a priori
guarantee a path-independent elastic response and thus may lead to artificial dissipation [47–49]. This is
due to unphysical hysteresis in the stress–strain relationship during cyclic loading. Additionally, for shear
loading with large strains, unexpected oscillating shear stress responses were observed when deploying the
Jaumann objective stress rate [49]. Despite this well-known shortcomings.4, the hypoelastic-based approach,
for example in conjunction with the Jaumann or the Green-Naghdi rate, remains part of commercial FE codes,
such as ABAQUS [51]. This is mainly due to their easy extensibility and the fact that they retain the structure of
the small-strain formulation for plasticity assuming small elastic strains, making the implementation modular
for both the case of small strains and the case of finite strains. The discussed error of the rate-based formulation is
usually negligible for typical loading situations with monotonic loading, e.g., for sheet forming [47]. However,
a test simulation of the present bending experiment using hypoelasticity with the Jaumann stress rate showed
a significant error under cyclic loading when more than 500 load cycles were simulated. This is attributed
to the known artificial dissipation of hypoelasticity-based models [48,49]. Since, according to Fig. 7, several
hundreds or thousands of load cycles need to be simulated, the hypoelastic approach is ruled out for the

4 Please note that the shortcomings were partially overcome by the introduction of the logarithmic stress rate It is not discussed
here because, as in the case of hyperelastic-based stress relations, it would lead to a separate implementation in the FE code,
making the automatically path-independent hyperelastic approaches more attractive. For more details, see, e.g., Xiao et al. [50].
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Fig. 9 Schematic representation of the configurations for nonlinear kinematics and the applied multiplicative decomposition of
the deformation gradient

present investigation. Accordingly, a hyperelastic-based implementation, which leads per definition to path-
independent elastic responses, is used in the following.

The choice of the actual cyclic plasticity model, operating in this framework, is motivated by the fact that
various effects may influence the obtained residual stresses. Hence, a model is chosen that is theoretically
capable to account for all aspects of cyclic plasticity, e.g., cyclic softening/hardening, mean stress relaxation
and ratcheting. We use the small-strain model of Döring et al. [25,26], which relies on works from Jiang and
Sehitoglu [22,23], as a basis. Other, even more complicated or simpler models for cyclic plasticity may be
deployed by the community. Subsequently, their prediction quality can be compared to the experiments from
Sect. 2.1 and to the performance of the herein chosen model.

3.3 Cyclic plasticity model for nonlinear kinematics

The cyclic plasticity model described in the subsequent section is based on the work of Döring et al. [25,26],
which in turn is an extended version of Jiang and Sehitoglu’s [22] model. Herein, modifications are incorporated
in order to account for the geometric nonlinearities resulting from large deflections and thus large local
rotations of the bending specimen from Sect. 2.1. Since no effects resulting from non-proportional loading
and the sequence are expected for the present simulation, model components accounting for these influences
are neglected. We apply the following mathematical notation with respect to the standard basis �el in three-
dimensional Euclidean space R

3. Second-order tensors are denoted as bold letters, i.e., A = Ai j �ei ⊗ �e j . The
inner product with single tensor contraction of two second-order tensors is denoted as A · B = Ail Bl j , where
the Einstein summation convention is applied. Double tensor contraction is written as A : B = Ai j B ji . The

material time derivative is abbreviated as
.
A = dA

dt .
The proposed model relies upon the constitutive assumption of a multiplicative decomposition of the

deformation gradient [52,53]
F = Fe · Fp (1)

into elastic Fe and plastic Fp parts, following the discussion in Sect. 3.1. Therein, Fp can be considered
as local intermediate configuration, which is mapped to the current configuration by Fe. The procedure is
underlined by Fig. 9.

For Fe, the polar decomposition Fe = ve · Re can be applied, yielding the elastic left stretch tensor
ve and the elastic rotation tensor Re, respectively. The elastic logarithmic strain with respect to the current
configuration is defined as

εe = ln ve . (2)

Following Neto et al. [54], one can formulate a general hyperelastic and thus thermodynamically consistent
stress relation for the Kirchhoff stress

τ = ∂ψ

∂εe . (3)
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For the metallic material considered here, only small elastic strains arise [47,54], i.e., the free energy density
ψ is defined assuming small elastic strains. Hence, the elastic part of the energy density

ψe (
εe) = λ

2

(
tr εe)2 + μ εe : εe (4)

with the two Lamé parameters λ, μ is deployed. This can be interpreted as the extension of linear elasticity to
the finite rotations setting. The onset of yielding is modeled using a von Mises-type yield function

f = ||s − X||F − R (p) ≤ 0 . (5)

with the deviator of Kirchhoff stress s = τ − 1/3 tr τ I with respect to the current configuration and the
second-order identity tensor I . The Frobenius norm is denoted as || · ||F, X is the backstress tensor, describing
kinematic hardening, and R (p) is referred to as the yield stress5 depending on the accumulated effective
plastic strain p.

The plastic flow rule is defined for the plastic deformation rate dp = 1/2
(
lp + lpT

)
wherein the plastic

velocity gradient is defined as lp = .
F

p · Fp−1. This quantity of the intermediate configuration is pushed
forward to the current configuration and assigned the normality rule

Fe · dp · Fe−1 = .
p

∂ f

∂τ︸︷︷︸
n

(6)

whereas a vanishing plastic spin, and thus isotropy [55], is assumed and the normality tensor n is introduced.
One obtains the evolution equation

.
F

p · Fp−1 = .
p Fe−1 · ∂ f

∂τ
· Fe . (7)

This procedure closely follows the derivation of a general hyperelastic-based plasticity model outlined in Neto
et al. [54].

The evolution of the hardening variables is outlined in the following. Isotropic hardening is modeled by
the phenomenologically motivated dependency

.
R (p) = b (RT − R)

.
p (8)

with the target function [25]

RT = R0

[
1 + A1

(1 + b1 p)2

]
(9)

and A1 and b1 being material parameters [25]. Compared to [25] where three transient terms are used Eq. 9,
only one is considered here in order to reduce model complexity. This takes some flexibility from the modeling
of the material functions but significantly reduces later optimization cost.

Kinematic hardening is modeled by the backstress tensor X . Its evolution is defined in a phenomenological
manner using ideas of Döring et al. [25], whose model bases on the work of Jiang and Sehitoglu [22]. The
evolution is prescribed using the objective Oldroyd rate defined by

�
X= .

X − l · X − X · lT . (10)

With this definition at hand, the effective backstress tensor is decomposed in M individual backstresses

�
X=

M∑

i=1

�
X

(i)

(11)

5 It seems worth mentioning that this is not the yield limit in uniaxial tension. Due to the formulation of Eq. 5, the uniaxial

tensile yield stress max be computed via σy =
√

3
2 R.



  101 Page 14 of 27 T. Schneider et al.

with6

�
X

(i)

= c(i)

⎡

⎣r (i) n −
(

||X(i)||F
|r (i)|

)Q(i)

X(i)

⎤

⎦ .
p + X (i)

2 r (i)

.
r
(i)

(12)

and the evolution of the material functions

.
r
(i) = b

(
r (i)

T − r (i)
) .
p (13)

is described using the target functions [25]

r (i)
T = r (i)

0

[

1 + a(i)
1

(1 + b1 p)2

]

. (14)

Each backstress X (i) requires the assignment of the additional material parameters c(i), r (i)
0 , a(i)

1 and Q(i). As
with isotropic hardening, only one transient term is considered in Eq. 14 compared to [25] in order to reduce
model complexity. Since depending on the choice of c(i), a certain section of the monotonic stress–strain
curve is described, several backstresses are required for a sufficiently smooth modeling of this. According
to experience and [25], 5 backstresses, i.e., i ∈ {1, 2, 3, 4, 5}, should be used with the present model. The
thermodynamic consistency of the model is discussed in A.

Isotropic and kinematic hardening both contain material functions in Eq. 8 and Eq. 13 dependent on p,
which are defined as differential equations separately. This offers the possibility to chose initial values of the
parameter functions Rinit and r (i)

init independently from the further function course. Especially the modeling of
the initial material response and the initial stress–strain curve under monotonic loading can thus be improved.
A higher-level material parameter b determines how fast the material functions asymptotically approach the
target functions, respectively. The influence is depicted exemplary in the later Fig. 13.

The material model is implemented in ABAQUS/Standard [51] as UMAT user subroutine. Therefore, the
time discretization of the plastic flow Eq. 6 is carried out using an exponential map backward integrator.
It retains the form of a small-strain format algorithm when only small elastic strains are considered in the
presence of kinematic hardening, see [54]. The evolution Eqs. 8 and 13 of the material functions are integrated
using an Euler backward scheme. For the kinematic hardening relation in Eq. 12, the fully implicit objective
integration of the Oldroyd rate is deployed. The solution procedure of the resulting nonlinear equation system
is carried out using the successive substitution algorithm of Kobayashi and Ohno [56]. Finally, the overall
predictor–corrector scheme is implemented in the user subroutine using Mathematica [57] in conjunction with
the package AceGen [58,59].

3.4 Model parametrization

In order to provide a prediction of the residual stress evolution under cyclic loading in the bending specimen, a
suitable parametrization of the outlined material model for 42CrMo4+QT is needed. All specimens used in the
parametrization experiments conducted in the following were manufactured from the same material batch as
the bending specimen from Sect. 2.1 using the same manufacturing process and parameters. All parametriza-
tion data used can be found in [43].

The determination of the material parameters introduced in Sect. 3.3 is a non-trivial task, as their coupling
in the evolution equations makes it difficult to clearly separate the influences on material behavior in certain
loading situations. A simple determination from a few tests, e.g., quasi-static tensile tests, is hardly possible.
Rather, cyclic stress–strain paths must be considered in different variants in order to enable suitable predictions
for the cyclic material behavior. In Döring et al. [25], inspired by Jiang and Sehitoglu [23], a generic way is
presented, which yields most of the parameters in a straightforward manner without the application of an
inverse parametrization algorithm. In a first step, we use this procedure in order to determine an initial set of
parameters. However, some parameters are not determinable without the numerical application of the material

6 In [25,26], the last term in Eq. 12 was introduced without the factor 1/2. Since we were unable to prove thermodynamic
consistency for arbitrary loadings and parameters without the factor using the method of Appendix A, we included it in our model.
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Fig. 10 Overall parametrization procedure consting of initial value determination and a global optimization scheme with the aim
of minimizing the loss function. The procedure is implemented in Python using Mathematica and the package AceGen

Table 2 Material properties from the tensile test

E ν Rp0,2 Rm

204 401 MPa 0.253 1050 MPa 1133 MPa

model itself. Consequently, we use the initial parameter set as input for a subsequent global optimization
scheme in Sect. 3.4.2 to improve the parametrization and to determine the remaining unknown parameters.
The overall procedure is summarized in Fig. 10.

3.4.1 Initial model parametrization

For the initial parametrization, the elastic properties, the yield strength Rp0.2 as well as the tensile strength
Rm are determined. They result from a tensile test following DIN EN ISO 6892-1 with a specimen geometry
according to DIN 50125-E 8 × 8 × 46. For the evaluation, the DIC system ARAMIS is used. The results are
summarized in Table 2.

In the next step, the material parameters mainly responsible for the cyclic transient behavior under sym-
metric strain-controlled loading are determined. For this purpose, strain-controlled constant amplitude fatigue
tests with a load ratio Rσ = −1 using material specimens were carried out. The specimen geometry and the
obtained results are depicted in Fig. 11. They indicate a cyclic softening behavior of the material. Closely
following [25], one can construct stress–strain curves depending on N from Fig. 11b and transform them into
a dependency on p. Hence, stress–strain curves for discrete p values are obtained. Equation 12 may then
be reformulated for the uniaxial loading case, from which the values for r (i) and R can be calculated for
each discrete stress–strain curve. Thereby, the parameter c(i) determines the plastic strain range on which the
backstress i is active. Hence, the c(i) are chosen such that a smooth stress strain curve is achieved for the
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Table 3 Initial values for further optimization based on a fit to constant strain amplitude data of a single specimen

(a) Isotropic hardening

R0/MPa b1 A1
425.2 2.86 0.2

(b) Kinematic hardening

r (i)
0 /MPa c(i) a(i)

1
56.4 816.5 0.17
70.4 326.6 0.14
93.9 163.3 0.09
184 40.8 0.04
377.9 8.2 0

Fig. 11 Cyclic transient material behavior. a geometry of the specimen used throughout the whole cyclic characterization.
Dimensions in mm. b experimental results from constant strain amplitude fatigue tests. The results are depicted until total
specimen fracture

herein relevant strain ranges. Subsequently, the fit of material target functions RT (p) and r (i)
T (p) is carried

out, yielding the corresponding parameters in Table 37. Note that this is only the initial parametrization. Thus,
for the sake of brevity, see [23,25] for more information on this parametrization procedure.

3.4.2 Global parameter optimization

A global optimization scheme is implemented using the initial parameters from Sect. 3.4.1 as start values.
Additional experiments complement the tests already used for the initial parameterization and enable an
inverse parameterization through the use of Python and a uniaxial implementation of the material model. The
experimentally obtained σ (t) or ε (t) courses from the uniaxial tests are prescribed in the simulation, depending
on the type of experiment. After the simulation, the difference between the simulated stress or strain curve
and the experimental curve is used to formulate the loss function. In this way, an improved parameter set is
achieved by applying an iterative minimization strategy. See Fig. 10 for the overall procedure.

The initial transient material behavior is accounted for by low-cycle uniaxial experiments under strain
control. For this type of experiment, two variants are used in the following. The first is the monotonic tensile test,

7 A single-parameter set could be determined for each material specimen, respectively, or for all specimens together using the
discrete p data with the corresponding σa-εa values. It appears as Döring et al. [25] followed the latter approach. Since it was
found that for the present material the single specimen procedure yields smoother parameter curves due to more data points for
the regression of the stress–strain curves, it was used for the initial value determination. The data of the best-fitting parameter set
were used for the subsequent optimization.
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Table 4 Obtained material parameters from the parametrization algorithm and used settings for the optimization. The model
parameter b = 200 was chosen in accordance with Döring et al. [25]

(a) Isotropic hardening
R0/MPa Rinit/MPa b b1 A1

541.28 815.4 200 5.48 0.07

(b) Kinematic hardening

r (i)
0 /MPa r (i)

init/MPa c(i) Q(i) a(i)
1

58.7 50.46 816.5 1.5 0.06
43.7 17.71 326.6 1.5 0
111.2 184.61 163.3 2.13 −0.07
211.2 110.6 40.8 2.08 −0.08
188.9 179.39 8.2 5.76 0

(c) Parametrization settings

nit wLCs nLCs wCAs nCAs wrat nrat
30 1 3 1 1 1.1 5

already used in Sect. 3.4.1. The latter denotes experiments with stepwise defined and continuously increasing
strain amplitude, see Fig. 10. Several specimens were tested under these conditions and evaluated using the
DIC system ARAMIS. For optimization, the root-mean-square error is calculated for the simulations with
respect to the experimental data. Due to the swelling load acting on the bending beam, ratcheting occurs,
which is underlined by Fig. 6. Accordingly, as depicted in Fig. 10, and in order to put special emphasis on
this phenomenon, uniaxial ratcheting tests are carried out and used for the material model parametrization.
Multiple load levels are considered and simulated during optimization. Again, the root-mean-square error is
used and formulated for the maximum strain during each simulated load cycle. The third type of experiment
considered for optimization are the constant strain amplitude tests already used in Sect. 3.4.1 and depicted in
Fig. 11b. Their simulated and experimentally measured stress amplitude σa over fatigue life is used to formulate
the loss function.

The three types of experiments are used for the formulation of the general loss function:

Lgen = wLCs
LLCs

nLCs
+ wCAs

LCAs

nCAs
+ wrat

Lrat

nrat
. (15)

The loss is normalized by the number of simulated specimens nLCs, nCAs and nrat and scaled by the
weighting parameters wLCs, wCAs and wrat, respectively. Several optimization runs with different settings
were carried out whereby the global optimization algorithm Basin Hopping [60] was found to be the most
promising global optimizer for the case at hand. For its application the parameter number of global iterations
nit needs to be chosen by the user. Each global iteration contains a local minimization procedure with the L-
BFGS-B algorithm [61]. After the final global iteration is carried out, a last gradient-based local minimization
is performed in order to further improve the result.

The result of the parameterized material model with respect to the experiments is depicted in Fig. 12 while
the used parametrization settings and the resulting parameters are included in Table 4. The parametrization
result yields a good accordance with the initial monotonic loading curve in Fig. 12. This is important since
the absolute values of resulting residual stresses strongly depend on the initial loading curve. For subsequent
loading, the behavior under cyclic loading gains relevance. The low-cyclic loading with increasing strain
amplitude shows a good quantitative result, especially for the strain range from 0.5 % to 2 %, see Fig. 12b,
which represents the relevant strain range for the cyclic bending under consideration, see Fig. 4c. Lastly, the
result of the ratcheting simulations indicate a good agreement for multiple load levels, cf. Figure 12d. Slight
deviations observed may be attributed to the diverse parametrization tests and some scatter in the experiments.
The resulting material functions R (p) , r (i) (p) and their target functions are compared in Fig. 13. Starting
from the found values for r (i)

init at p = 0 in Fig. 13b, one observes a pronounced evolution of r (i)
T for small p.

Subsequent changes for larger p are comparably small and a stabilization level is reached. For parametrizing
the case at hand, nearly constant r (i)

T can be observed. This indicates that the material can be described by
constant material functions for the kinematic hardening in Eq. 12 right after the very initial transient behavior,
i.e., p > 1 × 10−2. This does not hold true for the evolution of R (p) in Fig. 13a. First, the same initial



  101 Page 18 of 27 T. Schneider et al.

Fig. 12 Result of the material model parametrization using the proposed optimization scheme. For each type of loading, multiple
single specimen data was used for the parametrization. Exemplary are shown here: a, b and c strain-controlled low-cyclic loading
with experimental and simulative results. d result of ratcheting experiments ( ) compared to the simulations ( )

asymptotic approach to the target function can be observed for R (p). However, for increasing p even after
the very initial behavior, a decrease in R (p) is observed. This can be interpreted as cyclic softening, already
indicated by Fig. 11b.

Overall, one has to admit that the simulation of several experiments with up to N = 5000 is a time
intensive task leading to a necessary priorization in the choice of the parametrization settings. In conjunction
with limited available computation time, this may result in a lack of generality of the procedure in terms of
a real global minimum of the loss function. Additionally, the different experiments and the usual deviations
for different specimen being tested leads to uncertainties, which is not accounted for in the parametrization.
Nevertheless, the quality of the overall parametrization appears sufficient for the subsequent simulation of the
bending experiments.
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Fig. 13 Material functions and their targets. a isotropic hardening and b kinematic hardening. The curves correspond to the
material parameters determined by the parametrization algorithm

Fig. 14 Setup of the cyclic FE model for the simulations of residual stress evolution under cyclic loading. A quarter model with
node-fixed boundary conditions is used. Dimensions in mm

4 Numerical results

In the next step, the experimental data gained in Sect. 2 and simulation results of the cyclic bending experiment
using the proposed and parameterized material model from Sect. 3 are compared. The description of the
residual stress evolution is followed by a discussion on the modeling of the initial load cycle. Afterward,
general comments are made regarding the obtained numerical results.

4.1 Simulation of residual stress evolution

A FE model is set up for the simulation of the cyclic experiments from Sect. 2.5 using the parameterized material
model from Sect. 3.3 in the commercial software ABAQUS/Standard [51]. Due to symmetry, the bending beam
is modeled as a quarter model using 3D continuum elements with second-order ansatz functions. The mesh
is chosen to be uniform over the domain of constant bending moment whereby 16 hexahedron elements were
used over the beam’s thickness. The boundary conditions are applied as node-fixed line-loads over the width
of the beam and depicted in Fig. 14.

The load level is chosen as in the experiment. In order to determine the evolution of residual stresses from
the model, multiple simulations are carried out. Each simulation considers a certain number of load cycles
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Fig. 15 Simulation results for the cyclic model. Depicted is the residual stress evolution at the surface of the bending specimen.
The evaluation point is located in x − y plane on the beam’s tension side leading to compressive residual stresses

Fig. 16 Simulated residual stress profile ( ) over the distance to the beam’s tension side surface at various load cycles compared
to the experimental ones ( )

after which the beam is unloaded, respectively. Therefore, the load cycles are simulated explicitly. It is ensured
that the reversal points of each load cycle are considered correctly. The remaining stress after unloading is
declared as simulated residual stress.

The residual stress at the surface of the beam is plotted over N in Fig. 15.
The comparison of the simulation results with the experimentally determined residual stresses on the surface

generally shows a qualitative agreement of the functional curves. Initial loading of the beam induces an initial
residual stress at N = 0.5. Subsequently, a slight relaxation is observed, leading to a decrease in the residual
stress level and a stabilization phase. The simulations are carried out up to a maximum number of load cycles
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Fig. 17 Result of the simulation of the first load cycle. a the force–displacement curve of the hydraulic cylinder during the initial
load cycle for experiment and the two different boundary conditions and b the residual stress and residual strain after the initial
loading at N = 0.5 using the contact model

of Nmax = 1.6 × 103. Due to the computational effort involving approx. 4 d using 8 CPUs, it is not possible to
consider more load cycles while maintaining reasonable runtimes. Quantitatively, the residual stresses stabilize
at a level consistent with the experimental results. However, there are deviations in the amount of residual
stress change in early stages of fatigue life between experiment and simulation. The simulations show less
pronounced residual stress evolution compared to the experimental findings, see Fig. 15 for N < 500. Similar
results are found for the simulated residual stress profiles, which are plotted over the beam thickness and for
different load cycle numbers in Fig. 16. Mainly, the stresses close to the surface are influenced by the cyclic
loading, while the overall profile in total remains almost unchanged, valid for both simulation and experiment.
In comparison of simulation and experiment a different slope of the residual stress profiles is found directly at
the surface, for ỹ → 0 in Fig. 16.

A possible reason for the discrepancies between simulation and experiment may be the material’s
microstructure, which influences residual stress formation and evolution, especially at small length scales,
but is not taken into account in the present macroscopic model. Beltrami et al. [62] showed, for the example
of additively manufactured stainless steel, that the microstructure has significant influence of the resulting
residual stress evolution under cyclic loading. Differences in the near-surface slope of the profile shown in
Fig. 16 can be influenced by the experimental analysis method used, the incremental hole drilling method,
which has the greatest uncertainties directly at the surface. Additionally, a good overall stability of the residual
stresses is observed for the investigated loading case, which is in line with the high yield strength of the high-
strength steel, offering a large range of purely elastic deformation. This could also explain the low residual
stress evolution observed in the simulation. General comments in this regard are provided in the later Sect. 4.3.

4.2 Simulation of the first load cycle

Using the same model as in Sect. 4.1, further results may be discussed with respect to Fig. 17a, in which the
simulated deflection of the beam’s support structure is compared to the experimentally determined deflection
curve for the first load cycle. For comparison, the model from Sect. 4.1 is referred to as cyclic model. Obviously,
for the cyclic model, the simulated deflection does not match the experimental one and is predicted to be too
high. The reason for this is to be found in the simplified boundary conditions of the simulation. Given the real
geometry of the support structures and the fact that they allow slight beam sliding, a better prediction would
require modeling that takes into account the complex kinematics, i.e., the actual frictional contact of the beam
with the supports.
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In order to prove this assumption, a contact model is set up. The only difference to the cyclic model are
the prescribed boundary conditions. The supports are modeled as rigid body cylinders, and the contact is
discretized with ABAQUS surface-to-surface contact pairs [63] using Coulomb’s friction model. The constant
friction coefficient is assumed as steel-steel contact typical to μ0 = 0.15 [64]. A simulation of the first load
cycle is carried out. When comparing the displacement of the beam support structures depicted in Fig. 17a, the
same amount of deflection is found in both experiment and simulation for the contact model. This also applies
to the resulting strain profile from the simulation and the experiment, cf. Figures 4c and 17b. The prediction
of the residual stress after initial loading is also improved. While from the experiment σ res

z = −290 MPa is
determined at the tension side of the beam, ≈ −360 MPa results from the simulation at the same evaluation
point. This discrepancy may be explained again by the uncertainty of the experimental residual stress analysis
in layers close to the surface when deploying the incremental hole drilling method, which is mainly due to
microstructure inhomogeneities which are not considered in the simulations. Furthermore, a better prediction
could be achieved with additional experimental data regarding the contact properties. The same holds true for
Fig. 5b observed rotations of the support structures in the experiment, which could be modeled with additional
torsional springs between the supports and the ground. However, such a more detailed modeling of the initial
loading is beyond the scope of this paper.

Although it provides good results for the first load cycle, the modeling of the frictional contact is not
considered useful for the simulation of cyclic loading and is therefore not dealt with here. The reason for this,
in addition to the enormous computing times that would result and the generally decreasing robustness of the
simulation, is the contact stabilization. Pre-tests showed that an activated numerical stabilization leads to an
unknown and accumulating influence of numerical damping over fatigue life. Disabling the stabilization makes
the simulation unstable and non-convergent. Nevertheless, since this only occurred during cyclic loading, the
initial load cycle can be simulated using the contact formulation.

4.3 General remarks on the numerical results

As a result of the investigation using the proposed modeling strategy to simulate the combined residual stress
generation and evolution under cyclic loading within a single model, and with respect to the numerical results
of Sects. 4.1 and 4.2, the following statements are made. First, the presented model can consider multiple
thousands of load cycles explicitly in computational times of approx. 4 d using 8 CPUs on a high performance
cluster. Despite an already quite complex material model, achieving more accurate quantitative statements
and improved predictions would require a more complex modeling approach leading to larger models, e.g.,
to account for complex boundary conditions or to consider damage and microstructure. This, in turn, would
demand exponentially increasing computational efforts for both parameterization and validation. Second, for
the special case at hand, the simulation of residual stress evolution during cyclic loading is possible in principle
using cyclic plasticity models. For cyclic bending, the stabilization level of residual stress can be predicted after
approximately two thousand load cycles, and an improved prediction for the first load cycle can be achieved
if the actual contact between the beam and the supports is considered in the model. However, in the presented
setup, the experimentally determined change of residual stresses under the cyclic loading was quite low which
was already attributed to the large yield strength, cf. Figure 12a and Table 2, and therefore good residual stress
stability for the case at hand. As a result, the simulation only shows small changes in residual stress, since
the used macroscopic yield stress of the model is only slightly exceeded. Better simulative predictions may
be possible when considering higher load levels with more pronounced residual stress evolution or a different
material [39]. Since increasing load would exponentially decrease the fatigue life of the specimens, this was
not intended here. Finally, it seems worth noting that the nevertheless relatively high load level and the fact,
that no reverse loading was considered, hardly allow any conclusions on the general stability of the residual
stresses under arbitrary conditions. Such statements would always be tied to a specific test setup and a specific
load level, as the change in residual stress is very sensitive in this respect due to its local character, which is
caused by the strong inhomogeneity of residual stress profiles.

5 Conclusion

In the present manuscript, an experimental and numerical approach for the investigation of the residual stress
evolution under cyclic mechanical loading is presented. In the 4-point bending test, specimens are loaded
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cyclically in the tensile swelling regime. The bending specimens subsequently undergo experimental residual
stress analysis on the tension side using the incremental hole drilling method in order to investigate the
residual stress evolution during the cyclic loading. The results for the load case under consideration show
an initial phase of residual stress change followed by a stabilization phase, after which the residual stress
change is comparatively small. The results obtained are used for comparison with a numerical prediction
using a cyclic plasticity model that accounts for the large deflections with a parameterization using uniaxial
material data. For predicting the cyclic change of residual stresses, a FE model accounting for the symmetry
of the setup is deployed. The simulated residual stress evolution over the accumulating load cycle number
matches the experimental results qualitatively. The stabilization level of residual stresses after approximately
two thousand load cycles can be predicted in principle, making the approach particularly suitable for low-cycle
fatigue. Improving prediction for the initial load cycle is achieved by incorporating frictional contact modeling
between the beam and its supports. The high-strength steel under consideration shows only moderate change
of residual stress under cyclic loading, which is also apparent in the simulation.

The investigation shows that the simulation of the combined formation and evolution of residual stresses
with a single model is a non-trivial task. While the simulation of the initial loading can be carried out with
reasonable effort, the cyclic prediction is coupled to a certain computational and temporal expense. This
arises from two issues: First, to capture the cyclic transient material behavior, a cyclic plasticity model is
needed, which in turn requires a suitable and costly parametrization. Second, during simulation, an extensive
parallelization of the FE model on a high-performance cluster is only useful to a limited extent, since the main
cost results from the huge number of increments to simulate. In addition, due to the highly inhomogeneous
residual stress profiles, the consideration of the microstructure appears necessary for an improved prediction,
which in turn influences the required computing power and time. This issues need to be addressed in future
work. The approach of two-stage modeling, as pursued for example in [37,38], with a process model for the
generation of residual stresses and a separate and perhaps less complex material model for the cyclic loading
appears to be an alternative in this context.
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Appendix A Proof of consistency for small strains

For infinitesimal strain ε, we want to proof thermodynamic consistency of the model elements from the present paper. For this
purpose, the same kinematic hardening rule as in the main part of the paper, which is the most critical part of the plasticity model
regarding proof of consistency, is applied. A general form of isotropic hardening is considered, which includes the special case
used in this work. The model under consideration relies on the additive split of strain

ε = εe + εp , (A1)

into elastic and plastic parts, the normality flow rule

.
ε

p = .
p

∂ f

∂σ︸︷︷︸
n

, (A2)

and the kinematic hardening rule to be proofed for consistency

.
X

(i) = c(i)
[
r (i) n −

( ||X(i)||F
|r (i)|

)Q(i)

X (i)
] .
p + X(i)

2 r (i)

.
r

(i)
. (A3)

The yield function
f = ||s − X||F − R̃ , (A4)

and the KKT conditions .
p ≥ 0, f ≤ 0,

.
p f = 0 (A5)

are employed. An ansatz for the backstress

X(i) := h(i)
[
εp − ξ (i)

]
(A6)

and the general isotropic hardening with its initial value R̃init

R̃ := R̃init + g (A7)

is defined. Therein, we introduce the strain-like internal variables ξ (i) for kinematic hardening and a stress-like variable g for
isotropic hardening. For the case at hand, one may formulate the free energy density

ψ
(
εe, εp, p, ξ (i)

)
= ψe (

εe) +
∫ p

0
g ( p̃) d p̃ +

N∑

i=1

1

2
h(i)

(
r (i) (p)

)
||εp − ξ (i)||2F , (A8)

whereinh(i) are scalar functions that are implicitly derived from p via the material functions r (i) (p) ≥ 0. To ensure thermodynamic
consistency under isothermal conditions, the model must meet the following Clausius–Duhem inequality

σ : .
ε − .

ψ ≥ 0 . (A9)

Inserting the derivatives leads to

σ :
( .
ε

e + .
ε

p
)

− ∂ψe

∂εe

.
ε

e − g
.
p −

N∑

i=1

h(i)
(
εp − ξ (i)

)
:
( .

ε
p − .

ξ
(i)

)
−

N∑

i=1

||εp − ξ (i)||2F
2

dh(i)

dr (i)

.
r

(i) ≥ 0 , (A10)

from which the definition of the stress

σ = ∂ψe

∂εe (A11)

directly follows. Equation A4, Ineq. A5 and the flow rule from Eq. A2 are used to provide the identity

σ : .
ε

p − g
.
p = R̃init

.
p + X : .

ε
p

. (A12)

With the definitions at hand, Eq. A10 is rewritten as

R̃init
.
p + X : .

ε
p −

N∑

i=1

h(i)
(
εp − ξ (i)

)
:
( .

ε
p − .

ξ
(i)

)
−

N∑

i=1

||εp − ξ (i)||2F
2

dh(i)

dr (i)

.
r

(i) ≥ 0 . (A13)

Taking Eq. A6 and its time derivative

.
ε

p − .
ξ

(i) = 1

h(i)

[ .
X

(i) − X (i) dh(i)

dr (i)

.
r

(i)

h(i)

]

(A14)
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into account and inserting them into Eq. A13 yields a general possibility to prove the consistency via

R̃init
.
p

︸ ︷︷ ︸

A

+
N∑

i=1

X (i)

h(i)

[

h(i) .
ε

p − .
X

(i) + 1

2

X(i)

h(i)

dh(i)

dr (i)

.
r

(i)

]

︸ ︷︷ ︸

B

≥ 0 . (A15)

It is A ≥ 0, since Ineq. A5 applies and R̃init > 0 is chosen in a physically meaningful way. Finally, the requirement of B ≥ 0
leads to a general form of the consistent evolution equation

.
X

(i) = h(i) .
ε

p + 1

2

X(i)

h(i)

dh(i)

dr (i)

.
r

(i) − f (i)
(
X(i), r (i)

)
X (i) .

p (A16)

with f (i) being additional positive scalar functions. Choosing h(i) = c(i) r (i) with c(i) > 0 and

f (i) = c(i)

(
||X (i)||F

|r (i)|

)Q(i)

(A17)

yields the proposed evolution equation

.
X

(i) = c(i)

⎡

⎣r (i) n −
(

||X (i)||F
|r (i)|

)Q(i)

X (i)

⎤

⎦ .
p + X(i)

2 r (i)

.
r

(i)
. (A18)
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