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ABSTRACT

This paper presents an efficient pre-calibration method for combustion engine controls. In particular, it focuses
on the initial shaping of multiple Lookup Tables (LUTs) within LUT-based Multiple-Input Single-Output (MISO)
engine control systems. The approach addresses the increasing complexity of engine software, the rising number
of calibration variables, and the time pressures prevalent in automotive development. Employing a white-box
Model-in-the-Loop (MiL) optimization reduces the demands on hardware reliance and optimization time com-
pared to conventional engine calibration techniques. The white-box model enables the pre-calibration of LUTs
using known system inputs, expected system outputs, and the control system model structure. To optimize the
white-box control system model, LUTs are parametrized through Rational Bézier Regression (RBR), facilitating
Sequential Quadratic Programming (SQP) for optimization. RBR, which includes both Rational Bézier Curve
Regression (RBCR) and Rational Bézier Surface Regression (RBSR), allows for flexible and smooth shaping of 1D
and 2D LUTs with a unified and few number of parameters. The pre-calibration process is further improved using
historical calibration data from various vehicle variants stored in a relational database. This ensures that the final
outputs of the LUT-based MISO control system closely approximate the expected target outputs with high shape
similarity. The proposed method is exemplified using an oil temperature control model from a state-of-the-art
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hybrid powertrain with an internal combustion engine. The results demonstrate Pearson Correlation Coefficients
(PCCs) exceeding 0.8 between target and pre-calibrated LUTs, indicative of high shape similarity. Additionally,
the system outputs of pre-calibrated control system models closely match expected system outputs with an R?
value of 0.9385. This underscores the practical applicability of the proposed pre-calibration method for internal

combustion engine controls.

Definitions and Acronyms

B Bernstein Polynomial

C Control Point of RBR

dy Iterative Step of SQP

f(x) Target Optimization Function

g (x) Active Sets

H, Hessian Matrix of Target Optimization Function
J Cost Function

k Dimensions of RBR Input Vector of X-Axis
L Lagrangian Function

L RBR Lower Bound Vector

m Dimensions of RBR Input Vector of Y-Axis
m% Margins of RBR Initial Setups

M Dimensions of RBR Parameter Vector

n RBR Degree/Bernstein Polynomial Degree
0o Expected ECU Output

o Simulated ECU Output

p RBR Parameter

p* Optimal RBR Parameter Vector

Q Park Transformation

U RBR Upper Bound Vector

w Weight of RBR

X Iteration Point Vector of X-Axis

X Iteration Point for SQP

x*, y* Rotational X-Axis, Y-Axis

X Input for Global Normalization

X* Globally Normalized Input

Z RBR Vector

z Z-Axis of RBR

Z Target Value of Rational Bézier Regression
z* Globally Normalized Output

€ Rotational Degree of Freedom for RBSR

u Mean Value

c Standard Deviation

v Gradient of Selected Function
DoE Design of Experiment

ECU Engine Control Unit

EiL Engine-in-the-Loop

ERD Entity Relationship Diagram
ICE Internal Combustion Engine
P Inner Point

KKT Karush-Kuhn-Tucker
LUT Lookup Table

MAE Maximum Absolute Error
MBC Model-Based Calibration
MiL Model-in-the-Loop

MISO Multiple-Input Single-Output

MLP Multilayer Perceptron
MOO Multi-Objective Optimization

NLCP Non-Linearly Constrained Problem

nRBSR  Normal Rational Bézier Surface Regression
OP Optimization Procedure

PCC Pearson Correlation Coefficient

PK Primary Key

PSO Particle Swarm Optimization

QP Quadratic Programming

qRBCR  Quadratic Rational Bézier Curve Regression
qRBSR  Quadratic Rational Bézier Surface Regression
RBC Rational Bézier Curve

RBCR  Rational Bézier Curve Regression

RBR Rational Bézier Regression

RBS Rational Bézier Surface

RBSR Rational Bézier Surface Regression

RMSE Root Mean Square Error

rRBSR  Rotational Rational Bézier Surface Regression

SQL Structured Query Language
SQP Sequential Quadratic Programming

1. Introduction

Internal Combustion Engine (ICE) calibration is the process of op-
timizing engine performance to meet engineering targets by adjusting
calibration data within engine control systems. The ICE calibration tar-
gets are driven by compliance with emission standards. For this, it is
crucial to operate the engine near optimal operating points, particu-
larly with regard to fuel consumption. Today’s engine control systems
are integrated into the Engine Control Unit (ECU), where calibration is
achieved by tuning the calibration data within the ECU software. Among
the most critical calibration data are the 1D and 2D Lookup Tables
(LUTS), referred to as Curves and Maps. In some engine control systems,
multiple Curves or Maps are interdependent, meaning that a change in
one LUT’s data can affect the inputs and outputs of others, potentially im-
pacting the overall performance of the engine control system. Therefore,
efficiently and accurately calibrating multiple LUTs simultaneously is a
complex challenge.

Traditionally, experienced calibration engineers calibrate LUT data
points requiring extensive measurements from test bench-based Engine-
in-the-Loop (EiL) processes or real driving scenarios [1,2]. This process

is often labor- and time-intensive. With increasing pressure to reduce
time-to-market and the need to calibrate an increasing number of en-
gine variants, the limitations of hardware-based calibration methods,
such as EiL and real driving, have become more apparent. Consequently,
virtual calibration methods, such as Model-Based Calibration (MBC),
are increasingly being adopted to reduce reliance on physical hardware
[3]. MBC enables rapid execution of numerous tests through simulation
models and allows performance optimization in a virtual environment,
significantly shortening development cycles [4].

MBC can be implemented using black-box surrogate models of the en-
gine control system. For instance, the development of a surrogate model
for the engine control system using a Multilayer Perceptron (MLP) offers
satisfactory speed and accuracy [5]. However, MLP is only applicable to
steady-state control systems, which can be modeled using discrete sys-
tem inputs and outputs. If a white-box model, such as a corresponding
Simulink model, is available instead, MBC can be applied. This paper
explores the application of the white-box engine control system’s model
in MBC.

To more efficiently calibrate multiple LUTs simultaneously, several
calibration methods combining the Design of Experiments (DoE) with
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Model-Based Calibration (MBC) have been proposed [6]. DoE selects
representative experimental points that cover a broad range of en-
gine operating conditions while minimizing the number of experiments,
thus accelerating the calibration process [7]. Afterward, Multi-Objective
Optimization (MOO) techniques, such as the Pareto front, are used to op-
timize the discrete data points within multiple LUTs [8]. However, DoE
requires calibration engineers to have an in-depth understanding of the
engine control system’s mechanisms, such as physical principles and en-
gineering constraints [9]. Inappropriate selection of experimental points
may negatively affect the final calibration outcome or lead to excessive
testing.

Additionally, while the data points in the LUTs can be optimized in
a discrete form, if there are too many data points in the LUTs, the op-
timization process can become significantly slower [10]. The varying
number of data points across different LUTs can also complicate the in-
tegration of these discrete data points into the engine control system
model.

Existing methodologies do not efficiently leverage historical calibra-
tion data to guide LUT parameter initialization and constraint definition.
This gap in the literature motivates the need for a more data-driven, au-
tomated approach that seamlessly integrates historical calibration data
into the LUT optimization workflow. Instead of relying solely on DoE
for the same engine control system [11], historical calibration data from
previous powertrain calibration projects can be utilized. This approach
reduces the need for calibration engineers to have an in-depth under-
standing of the engine control system’s internal mechanisms. It supports
the calibration of new LUTS, as these historical data are based on simi-
lar operational mechanisms and have already been validated. This paper
will first establish a database to store these historical calibration data. By
applying a data-driven approach with the historical calibration data, the
range of new LUT values can be appropriately scaled, improving overall
calibration efficiency. Additionally, RBR has not been previously applied
in the context of white box LUT-based ICE calibration.

Moreover, as Curves and Maps are essentially one-dimensional vec-
tors and two-dimensional matrices, they can be modeled using paramet-
ric curves or surfaces [5]. For the simultaneous calibration of LUTS, it is
highly advantageous to conduct a pre-calibration. This step ensures near-
optimal initial LUT shapes, thereby minimizing the need for extensive
hardware-based calibration in later stages.

This paper will adopt a novel parameterization method called
Rational Bézier Regression (RBR), which models Curves or Maps us-
ing a unified set of parameters. RBR is based on rational Bézier curves
or surfaces and can be divided into two sub-functions: Rational Bézier
Curve Regression (RBCR) for fitting Curves and Rational Bézier Surface
Regression (RBSR) for fitting Maps.

Subsequently, the selected LUTs within the engine control system
will be parameterized using RBR, and the parameters controlling the
shapes of these LUTs will be concatenated into one parameter vector.
This approach simplifies the multi-objective optimization problem for
MBC into a single-objective problem. The parameter vector that concate-
nates the parameterized LUTs becomes the new target for optimization,
replacing the fully vectored entries. By combining efficient optimization
methods and leveraging the historical calibration data from the database
to optimize constraints, MBC can be performed in a Model-in-the-Loop
(MiL) virtual environment for pre-calibration.

A typical LUT-based Multiple-Input Single-Output (MISO) engine
control system will be used to validate the pre-calibration methodology.
During the optimization process, only the system’s inputs and outputs
will be known. The pre-calibrated LUTs are obtained after optimiza-
tion by computing the pre-calibrated parameter vectors back into LUTs
using RBR.

The following sections are organized as follows. Section 2 presents
the theories required for pre-calibration, including the database, RBR,
and the applied optimization methods. Section 3 introduces a method-
ology for optimizing the constraints of the optimization problem using
the calibration database. Section 4 describes the experimental setups and
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the core process of MBC based on MiL. The results of the pre-calibration
are presented in Section 5. Finally, Section 6 concludes the paper.

2. Theories

This paper explores key theories relevant to the research. It begins
with an analysis of ECU calibration data, demonstrating the efficiency
of a relational database structure for data querying and manipulation. It
introduces a parametric modeling approach, Rational Bézier Regression
(RBR), which includes Rational Bézier Curve Regression (RBCR) and
Rational Bézier Surface Regression (RBSR), detailing their formulas
and characteristics. Furthermore, the paper discusses the Sequential
Quadratic Programming (SQP) algorithm for solving the Non-Linearly
Constrained Problem (NLCP).

2.1. Relational database for ECU calibration data

This section will use ECU calibration data as examples to design the
structure of a relational database based on datasets from various existing
production vehicles with internal combustion engines. Within the engine
control software, there are five main data types, which are:

* Curve: 1D-LUT (LUT with one input and one output)
* Map: 2D-LUT (LUT with two inputs and one output)
* Value: numerical constant

* ValueBlock: string characters

« AxisPts: fixed axis points for Curves or Maps

The relational database is based on the relational model [12]. Like
Excel worksheets, it uses two-dimensional tables of rows and columns
to store and manage data. Each row of the data represents a “Tuple”,
a single item of the dataset; Each column of the data represents an
“Attribute”, a feature that every tuple in the dataset has; both columns
and rows are organized in a table, which is called “Relation”.

Each set of attributes within a table is made selectable with a unique
Primary Key (PK). These PKs can connect the tables in the database.
With Structured Query Language (SQL), all datasets in different tables
can be queried and manipulated [13].

To explain the relationship and structure of the tables in the
relational database for ECU calibration data intuitively, the Entity
Relationship Diagram (ERD) is used [14]. There are three types of
relationships among tables: “One-to-One”, “One-to-Many”, and “Many-
to-Many”.

Fig. 1 shows the ERD that is employed for the structure of the re-
lational database in this paper. Due to the different data types of ECU
datasets, it is not possible to store various types of data in just one table.
In addition, it is suggested that the small data queries and storage can
improve the efficiency of the queries [15]. Therefore, it can be seen that
for each data type, multiple tables are required for storage. To avoid re-
dundancy, the common features of each calibration data are stored in a
central feature table manual, such as the technical specifications of the
vehicles, the production information, etc. Whereas the data content of
maps, curves AxisPoints, Values, and ValueBlocks are stored in individ-
ual tables, containing the data points with units, the limitations of axes,
etc. It is recommended that the number of tables for all data types be
consistent, which can help reduce the amount of code when querying
data.

2.2. Rational Bézier regression

Rational Bézier Regression (RBR) is a unified parametric regression
approach that includes Rational Bézier Curve Regression (RBCR) for
one-dimensional curve fitting and Rational Bézier Surface Regression
(RBSR) for two-dimensional surface fitting. For LUT fitting in the ECU,
RBCR, also known as the shape-based algorithm, has been shown to out-
perform small neural networks and polynomials [5]. However, due to
the limitation of RBCR requiring a perfect initial shape for surface fit-
ting, the RBSR proposed in this paper will overcome this drawback.



M. Meli, Z. Wang, S. Sterlepper et al.

Applied Energy 392 (2025) 125893
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AxisPts / Value / ValueBlock A
1,..,N) Curve (1, ... ,N)
PK of three data types PK of Curve
(other attributes) (other attributes)

Fig. 1. The structure of the relational database for ECU calibration data.

RBCR and RBSR share the same mathematical foundation but differ
in their application and formulation: RBCR is tailored for 1D LUTs
(Curves), whereas RBSR extends this concept to 2D LUTs (Maps) with
additional degrees of freedom to control surface adaptation. Both RBCR
and RBSR maintain connectivity while distorting space, preserving the
monotonicity and smoothness of parametric surfaces and curves. They
offer sufficient degrees of freedom for effective shape adaptation with
minimal optimization parameters, reducing computational effort. These
parameters are well-defined, allowing easy setting of bounds to control
the transformation behavior. Additionally, RBR excels at fitting conic
sections.

Next, RBCR and RBSR will be introduced in detail, as well as their
characteristics.

2.2.1. Rational Bézier curve regression
Rational Bézier Curve Regression (RBCR) is a parametric regression
curve, which is based on rational Bézier curve. Bernstein polynomial is
the fundamental of rational Bézier curve. Let n,i € N, with i < n. The
ith Bernstein polynomial of degree n with the binomial coefficient <n>
]
is defined as below [16]:

%m@rzc>fu—m%f eh)

The Rational Bézier Curve (RBC) Zgpc(x) : [0,1] ~ [0, 1] is defined
by:

Zf:o B, ,()C;w;
— === - - 2
x = Zrpe(x) Y B, 000 (2)

where C; € [0, 1] are the control points and w; € R} denote the weights
associated with each control point. To simplify Eq. (2), the first control
point C, is set to 0, and the last control point C, is set to 1; similarly,
the weight of the first control point w,, and the weight of the last con-
trol point w, are all set to 1. For more intuitive representation, the
unknown control points C; and its weight w; can be replaced by pa-
rameters pp;_yy € [0,1] and Paiy € R*, where i € {1,2,...,n—1}. To
increase the flexibility of the parametric curve and its range, a scaling
parameter p,,_;, and a parameter for displacement in the direction of
the z-axis p(,, are added to RBCR. Thus, there are 2n parameters for
RBCR of degree n.

Then, the general RBCR Zzpcr(x) : [0, 1] » R can be written as:

-1
Yt B ()Pi—1Paiy + X"
1
A=x)"+ 27 B, ,(Opa;) + x"

x = Zrper(X) = Pan-1) + P2n) 3)

From Eq. (3), only four parameters are needed to control the shape
of the curve with a quadratic (n = 2) Rational Bézier Curve Regression
(qRBCR). This effect is shown in Fig. 2 with different values for param-
eters p; and p,. As p, increases, parts of the y-axis will be squeezed, and
the gradient of the parametric curve in the definition domain close to 1
will become larger. And as p, increases, the squeezed parts of the y-axis
will move towards the maximum value of the range. When p, = 0, no
matter how p; changes, the parametric curve will not change.

Algorithm A in Appendix A demonstrates Zgpcr € R¥ with in-
put vector X € R* and parameter vector P € R?", where k,n € N.
Algorithm B is from Eq. (1).

2.2.2. Rational Bézier surface regression

Similar to RBCR, Rational Bézier Surface Regression (RBSR) is a para-
metric regression surface based on the Rational Bézier Surface (RBS).
Bernstein polynomial is also the fundamental of RBS, which is defined
in Eq. (1).

Then, RBS Z zp¢(x, ) : [0,11X [0, 1] — [0, 1] with degree n is defined
by:

Z?:o Yo Bia(x)B;,()C;w;;

4
Z;-l:() Z?:o %i,n (x)%j,,,(y)wij

(x,y) > Zrps(x,y) =

where C;; € [0, 1] are the control points and w;; € Ry are the weights
of each control point. To simplify Eq. (4), the first control point Cy, is
set to 0 and the last control point C,, is set to 1; the weight of the first
control point w, and the weight of the last control point w,, are all set
to 1. Similar to RBCR, for a more intuitive representation, each control
point C;; € [0,1] and its weight w;; € R} of RBS with n degree can be
replaced with the parameters in Eq. (5):

(@,.)) & {(0,0), (n,m)}

P2j(n+1)+2i+1>

Gj=9 0 (i,))=(0,0) ,
1, @,j) = (n,n)

(5)
Prjiiy2iv2s () € {(0,0), (n,n)}
wy;; =4 1, @i,J)=(0,0)
1, (i,j) = (n,n)
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Fig. 2. The qRBCR with different p, and p,, where p; = 1 and p, = 0. The horizontal axis of each subplot represents x, and the vertical axis represents Z gpcg-

For the same purpose of RBCR parameters p,,_;, and p,,, a scal-
ing parameter p(,2,4,-1, and a displacement parameter in the z-axis
direction p,2, 4, are added to RBSR.

Adding the rotation degree of freedom can improve the performance
of the parametric surface fitting, as demonstrated in Section 5.1. In
the following pages, RBSR will represent rotational RBSR (rRBSR), the
RBSR with the rotation degree of freedom, to replace the previous nor-
mal RBSR (nRBSR), the RBSR without the rotation degree of freedom.
Consequently, an extra parameter e for rotational angle is added, which
is represented as the parameter p(,2, 4,41y for nth RBSR. Before applying
the input vectors X and Y into RBSR, X and Y are transformed with Park
transformation first [17]:

—sin(e) ] [ x: ]=Q(_€)[ X ]=Q—1(e)[ x ]
cos(€) y Y Y

©

cos(€)
sin(e)

N(e) =

Then, the rotational RBSR Z ppgr(x*,¥*) : [0,1] X [0,1] » R with
degree n with parameters using Park transformation in Eq. (6) can be
written as:

(" ¥") 2 ZrpsR(X", V") = Py yan-1yZ RBS (X5 V) + P 1an) )

where Z ppg(x*, y*) is the RBS in Eq. (4) with the parameters’ replace-
ment from Eq. (5). The parameters p,,2.,4,-1) and p,2 .4, determine the
range of RBSR.

According to Eq. (7), there are 17 parameters for quadratic RBSR
(gqRBSR). Fig. 3 demonstrates how control points’ positions and weights
form a qRBSR. In this example, the positions of control points C,, and
Cy, are both set to 0.6, yet their weights differ, thus affecting the edges of
the surface they control differently: the edge controlled by C,, displays
a convex shape, while the edge controlled by C,, takes on a wavy shape.
Similarly, the weights of control points C,; and C;, are the same, but
their positions are different. The position of C,, is higher, therefore it
controls a convex edge; the position of C|, is lower, hence it controls a
concave edge.

“‘sss CUO =0.0 (wUU = 1)
g Cao = 0.5 (wyy = 1)
011 = 0.5 (’u)n = 1)

C02 =0.5 (U)m = 1)

022 =1.0 (’u)gg = 1)

CIO =0.6 (’u)m = 2)
C[n =0.6 (wm = 0)

RS

SRR
SRS
SRR
OORORPRIEAOXIEKE
S XY
RPIKER)
SRR

\‘ Co1 = 0.9 (wy; = 2)
¢ 012 =0.6 (’u)lg = 2)

Fig. 3. A qRBSR with control points and their weights.

Algorithm B in Appendix B demonstrates Z gz € R¥" with the first
input vector X € R, the second input vector Y € R”, and parameter
vector P € R +4+1 where k,m,n € N. Algorithm %3 is from Eq. (1) and
0 is from Eq. (6).

2.2.3. General initial setups of RBR

In this paper, the RBR is limited to the range of 0 to 1. To realize
this range and increase the flexibility of fitting, the general initial lower
bound L. and upper bound U, of RBCR are defined as:

1, a=2y-1
2, a=2y
Lo, =0,Up, =
Ca Ca 1, a=2n-1 (8)
1, a=2n

Ve € {1,2,...,2n)}, y € {1,2,...,(n=1)}
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Fig. 4. The process of the SQP algorithm.

Similarly, the general initial lower bound L and upper bound Ug of
RBSR are defined as:

1, a=2y—1
2, a=2y
Lg,=0,Ug, =1 1, a=2n"+4n-1
1, a=2n*+4n )
360°, a=2n*+4n+1

Vae{1,2,...,Q0° +4n+ D}, y € {1,2,...,(n"* + 2n = 1)}

The initial neutral value is defined as the mean value of the lower
and upper bounds.

2.3. Sequential quadratic programming

Sequential Quadratic Programming (SQP) is an efficient numerical
optimization solution for the Non-Linearly Constrained Problem (NLCP).
The NLCP is defined as [18]:
min f(x)

st h,xX)=0w=12,...,m)
g,x)<0(w=12,....,p

(10)

where f : R" » R, h : R" » R™, g : R" » RP. To solve such NLCP,
which means to find the optimal point x*, the Lagrange-Newton method
is often used [19]. First of all, the Lagrangian function is constructed,
which can convert the constrained problem to the unconstrained prob-
lem. The Lagrangian function is defined as [20]:

m P
L0 A1) = f0)+ AThe) + u' g () = 0+ Y A () + Y 1ygh (%)
u=1 v=1

1n
In Eq. (11), g*(x) is the active sets meeting the conditions [21]:
8u(x) 20, g5(x441) =0, keN (12)

The Newton method can be used to iteratively optimize the objective
function. Each iterative step d, with the Hessian matrix H ;(x) of f(x) is
defined as [21]:

dp = x4 — X, = —[H, (x )1V f(x;), k€N 13)
For the SQP algorithm, the NLCP is defined as:
‘ 1
min f(x;) + Vf(x) d) + EdkTHf(xk)dk
5.t h(x) + Vh(x) dy =0 a4

g () + Vg (x) d, <0

To solve the NLCP of SQP in Eq. (14), its Lagrangian function can be
constructed from Eq. (11). Using the Karush-Kuhn-Tucker (KKT) condi-
tions [22], the NLCP with the constructed Lagrangian function of SQP

can be transformed into a new unconstrained problem, which can be
simplified as:

H(xy) Vh(x) Vg'®x) dy —V£(xp)
Vh(x)" o) 0 2 =] —h(xp 15)
Vg (x)T o o U —g"(xp)

Fig. 4 demonstrates the process of the SQP algorithm [23]. The active
sets g*(x,) change with each iteration. The direction for the next itera-
tion is determined by solving the constrained Quadratic Programming
(QP) problem based on the current active sets as shown in Eq. (15). And
the next iteration point x,, is equal x; + d,. Iteration continues until
V f(x) = 0 or the norm ||x; —x,|| falls below a small positive constant e.

3. Data-driven RBR parameter estimation with SQP

The upper and lower bounds of RBR have been defined in Section 2.2.
As mentioned before, the neutral value is the mean value of the up-
per and lower bounds. However, if each RBR in the control system
uses this neutral value as an initial value for overall optimization, it
usually results in overfitting. Section 5.2 demonstrates the overfitting
phenomenon using the initial neutral value. Moreover, for complex con-
trol systems, due to the relatively large range of the initial value, the
optimization convergence process of the entire system can be slow.
Therefore, a method is needed to reduce the upper and lower bounds
to a suitable range, so as to improve the optimization efficiency and
accuracy.

Fig. 5 demonstrates an approach using the relational database intro-
duced in Section 2.1 to estimate the RBR parameters and redefine the
lower and upper bounds for the selected LUT. Since many vehicles in
the database have similar engine controls and are subject to the same
physical principles, there are a finite number of unique entries for each
LUT. Therefore, this approach first classifies each class of the selected
LUT in the database using SQL queries. Then it estimates the RBR fitting
parameters of the selected LUT’s every class using the SQP algorithm,
whose constrained conditions are the initial lower and upper bounds.
For the SQP algorithm, a quadratic derivable cost function is required
for optimization, which can be defined as [24]:
I =12 - Zrpr®I? (16)
where Z € RV*M is a matrix composed of the selected LUT’s data points,
Zgrar € RVM s a matrix composed of the RBR output values for the
corresponding inputs, and p is the parameter vector that controls RBR.
Thus, the optimal parameter vector p* is:
P = arglr)nin I a17)

Then, the RBR parameters of the selected LUT’s N classes are esti-
mated using this method. Subsequently, the maximum and minimum
values of each element from these parameter vectors are filtered to form
new upper and lower bounds, resulting in the new neutral value.
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Fig. 5. Process of the data-driven RBR parameter estimation with SQP algorithm.

Adding appropriate margins to the current upper and lower bounds
can improve the accuracy of optimization, as demonstrated by the results
in Section 5.3. The margins m% in Fig. 5 can be considered a hyperpa-
rameter. If the margins are too small, the optimization performance may
be suboptimal; if too large, overfitting may occur. Therefore, manual
adjustment of the margins is necessary to achieve the best optimization
effect. In addition, it is crucial to read the upper and lower limitations
of the selected LUT from the database, ensuring that the bounds with
margins fall within the permissible range of the LUT. The blue shaded
area in Fig. 5 represents the final effective margins area.

4. Experimental setups and core processes of pre-calibration

In order to validate the methodologies of pre-calibration, a LUT-
based MISO engine control system is needed. In addition, a vehicle
measurement is necessary for the pre-calibration.

4.1. LUT-based MISO engine control system

The oil temperature control system in Fig. 6, which is a typical LUT-
based MISO engine control system, serves as an example to demonstrate
the results.

This system, characterized by diverse ECU calibration data, is
well-suited to demonstrate the effectiveness of the methodologies.
Furthermore, the model output of the oil temperature model is essential
for component protection. Excessively high model temperatures would
lead to an enrichment of the air-fuel ratio. This would lead to compro-
mised fuel consumption and emissions and must therefore be prevented
by precisely tuning the model. On the other hand, excessively low model
deviations might lead to increasing engine wear or catastrophic failure.
The oil temperature model is a sub-control system of the ECU used to
calculate the oil temperature (Ty; in °C) in the oil sump during the en-
gine’s warm state. The system first determines whether the vehicle is at
the lowest engine speed or in a coasting state. If either condition is met,

Sn,Engine,min ( 1 ) >=] AND
SCoasting @ S| J
TEngine ( 7 )
1-D T(w)
TAmbicnt —
Curve 1 1-D T(u) L » 1
1-D T(w) Toil
HEngine Curve 3
|
X
Curve 2 |
X
PR —|_,
M Air Flow ul (u)
VVehicle @—' u2
Map 1

Fig. 6. Control system model of the oil temperature in the oil sump at the warm state of the engines.
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Fig. 7. Process of the MiL optimization with the control system model.

Toj is set to the engine temperature Tgpgne; Otherwise, Ty is calculated
using a series of LUTs and constants. It has 7 inputs, which are:

* Sy Engine,min: Engine idle state (possible values: 0 or 1)

* Scoasting: Vehicle coasting state (possible values: 0 or 1)
* Tambient: Ambient temperature (unit: °C)

* Nngine: Engine speed (unit: min™")

* M plow: Air mass flow (unit: kg/h)

* Uyenicle: Vehicle speed (unit: km/h)

* Tgngine: Engine temperature (unit: °C)

This control system contains three Curves and one Map that need to
be calibrated:

* Curve 1: Influence factor of ambient air temperature fr appient

* Curve 2: Influence factor of engine speed fn,Engme

* Curve 3: Influence factor of engine temperature ST Engine

* Map 1: Influence factor of load and vehicle speed f, air Flows, Vehicle

4.2. Pre-calibration using model-in-the-loop optimization

Fig. 7 illustrates the core process of the Model-in-the-Loop (MiL) op-
timization with the white-box control system model from Fig. 6 [25].
This MiL optimization process relies on the control system’s white-box
model. However, the original LUT data points will first be parameterized
using RBR. The RBR implementation, including both RBCR and RBSR
subfunctions, was carried out in MATLAB [26].

As mentioned in Section 2.2.3, the RBR value range employed herein
is [0, 1], which may not necessarily align with the value range required
by LUTs. Similarly, the definition domain of each independent variable
of RBR must be [0, 1], which might not correspond to the actual input
range of LUTs. Ultimately, the control system does not require the RBR
models, but rather the discrete points derived from the RBR.

Therefore, a subsystem is required to process the data pre- and
post-RBR modeling, as shown in Fig. 8. The initial step involves normal-
izing all inputs to [0, 1]. The input X can be normalized using min-max
normalization as:

X — min(X)
P .global (18)
maX(X)globaI - mln(x)global

where max(X),op, and min(X)g,,,, are the global maximum and mini-
mum of the input X quried from databases with SQL. The input 1 and
2 in Fig. 8 are normalized with this method. In comparison, if RBCR
instead of RBSR is applied, then only input 1 is used. Next, these nor-
malized inputs are modeled by RBR with the RBR parameter vector for
Maps/Curves. After that, the scaling process for the RBR output Z can be
seen as the denormalization, which is defined as:

2" = Z - (max(2) g opgr — min(Z) g opar) + Min(Z)gropar (19)

where max(2),/,p, and min(Z),4p, are the global maximum and min-
imum of the RBR output Z from databases. Since the inputs of the
subsystem itself are discrete, the RBR output is discrete as well.

By applying the above subsystem process to all subsystems in this
example, the control system in Fig. 7 can be controlled by one RBSR pa-
rameter vector, and three RBCR parameter vectors. Concatenating these
parameter vectors into one, it can be regarded as the final optimiza-
tion target. In the same way, the upper and lower bounds corresponding
to each sub-parameter vector can also be summarized into one upper-
bound vector and one lower-bound vector, to obtain the constraints of
the NLCP.

The cost function defined in Eq. (16) can also be applied as the tar-
get optimization function for the MiL optimization problem of the engine
control system [24]. Thus, the parameter vector can be updated and op-
timized with the optimization method like SQP by changing Z in Eq. (16)
to the current system output O and Z to the expected system output O.
The optimization can be considered complete when the error between
the actual system output and the expected system output converges to a
suitable range or the optimization cannot be continued.

4.3. Vehicle measurement

As mentioned in Section 4.2, the defined expected system output
is the prerequisite for the MiL optimization. Thus, the engine control
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system outputs from a time series vehicle measurement are selected as
the expected system outputs for the pre-calibration. For this purpose, the
test vehicle was equipped with an application ECU. The measurement
computer was connected to the application ECU via an ES582 - USB
CAN FD interface from ETAS. The ETAS INCA software was utilized on
the measurement computer to establish a connection to the calibration
ECU via the CAN. By loading the program- and dataset files (.a2l and
.hex) into ETAS INCA the ECU values can be interpreted and selected.
This setup enabled real-time recording of the system output from the
oil temperature model. The measurement grid for the ECU values was
configured with a 100 ms time-synchronized interval to ensure high-
resolution data capture. To monitor the actual oil temperature of the
engine oil pan, an independent substitute temperature value is modeled
on the ECU in addition to the real sensor signal. The permissible devia-
tions for this substitute value are manufacturer-specific but are generally
required to remain below 20 °C for production applications. This ensures
reliable prevention of engine oil molecule cracking and potential engine
damage in the event of an oil sensor failure. Fig. 9 shows the engine
control system outputs from an exemplary Measurement A [26]. In or-
der to reproduce the same driving scenario in the MiL, the engine control
system inputs from Measurement A serve as the engine control system

inputs for pre-calibration. Table 1 displays the technical specifications
of the vehicle for measurement.

Given the sensitivity of the cost function in Eq. (16) to extreme val-
ues [27], it is crucial to eliminate values with excessive deviation from
the mean value. In order to reduce the risk of overfitting and enhance
the accuracy and robustness of the model, Six Sigma (60) processing is
applied to the time series of the expected model outputs. This process in-
volves selecting data points within three standard deviations ¢ from the
mean u of the measurement [28]. The measurement used in subsequent
pre-calibration will directly employ Measurement A processed by 6o.

4.4. Evaluation metrics

To quantitatively assess the accuracy of the pre-calibrated LUTs and
the optimized system outputs, multiple evaluation metrics are employed.
The Pearson Correlation Coefficient (PCC), Root Mean Square Error
(RMSE), and Mean Absolute Error (MAE) are used to evaluate how well
the pre-calibrated LUTs match the target LUTs. Meanwhile, the RMSE,
MAE, and Coefficient of Determination (R2) are used to assess the accu-
racy of the optimized system outputs, verifying how closely they align
with expected system behavior [29].

Measurement A =, £ 30
150 ' ' | —Measurement A (60) == p
>
~
:
=
btk f L
g T
=
S
50 1 1 1 1 | 1 1
0 200 400 600 800 1000 1200 1400
Time / s

Fig. 9. Original and 6¢ processed Measurement A.
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Table 1

Technical specifications of the test vehicle.

Technical specifications

Engine type: Turbocharged four-stroke ~ Engine displacement (cc): 2998
inline-six gasoline engine
Transmission: Automatic (8AT) Max. engine output (kW): 210
Powertrain: Hybrid (PHEV) Max. engine torque (Nm): 450
Drivetrain: Rear-Wheel Drive (RWD) Max. electric motor power 83
(kW):
Cooling circuit  Integrated water to oil Max. electric motor torque 265

cooler (Nm):

In the following formulas, y; and j; denote the target values and
actual values, respectively. For PCC, these correspond to the target and
pre-calibrated LUT values. Additionally, 7 and j represent the means of
the target and actual values. N is the number of data points.

The Pearson Correlation Coefficient (PCC) evaluates the shape sim-
ilarity between pre-calibrated LUTs and target LUTs [30]. It measures
the linear relationship between the two sets of values and is computed
as:

DIANETRE) 6]

VEL - EY, G- 3

PCC = (20)

The absolute PCC value ranges from O to 1, where a value close to 1
signifies a high correlation between the datasets and a value near 0 im-
plies a low correlation. A large PCC value between two curves or surfaces
indicates that they have high shape similarity.

The Root Mean Square Error (RMSE) quantifies the magnitude of
deviations between pre-calibrated and target LUT values, or between
optimized and expected system outputs. It provides a measure of over-
all accuracy by considering the squared differences between target and
actual values. RMSE is defined as:

RMSE =/« ¥ 0= 307
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A lower RMSE indicates that the actual values are closer to the tar-
gets, reflecting better performance of the pre-calibration or optimization
process.

The Mean Absolute Error (MAE) provides an alternative error mea-
sure that assigns equal weight to all deviations. It is defined as:

MAE == 3 1y~ 3] (22)
A lower MAE indicates higher accuracy, meaning the pre-calibrated
LUTs follow the target LUTs closely and the optimized system outputs
align well with expected values.
The Coefficient of Determination (R?) assesses how well the opti-
mized system outputs fit the expected outputs by comparing the total
variance explained by the model:

Z,-]il (S JA’i)Z

(23)
>N -9

R:=1-

A value close to 1 indicates that the optimized system accurately
replicates the expected behavior, validating the effectiveness of the
optimization process.

5. Results and analysis

Next, the results of the pre-calibration will be evaluated to demon-
strate how various setups influence the outcomes of the pre-calibration
process. The oil temperature control system described in Section 4.1 will
be applied for validation.

5.1. Comparison of rotational and normal RBSR

As described in Section 2.2.2, to enhance the fitting capacity of RBSR
for Maps, a coordinate rotation for transformation is applied before
RBSR. Consequently, the forthcoming results will compare the outcomes
of normal RBSR (nRBSR) without a coordinate rotation, and rotational
RBSR (rRBSR) with a coordinate rotation.

The comparison focuses on the fitting results for the target Map 1
of the oil temperature control system applied to Measurement A [26].
Fig. 10(a) presents the results of the comparison between rRBSR and

250
#
‘%
!
200 e
~ 150 :
o=
=i
ek}
® 100
K Measurement A ‘
50
L
0 Liz
0 200 400 600 800
MAir Flow/
(kg/h)
(b)

Fig. 10. Results for the rotational or normal RBSR. (a) Comparison between the rRBSR or nRBSR and the target Map 1. (b) Distribution of m,; g, and vy in

Measurement A.
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Table 2
Metrics table of differences between Maps fitted by rRBSR or
nRBSR and the target Map 1.

Model PCC RMSE/— MAE/-
rRBSR 0.9098 0.1952 0.4668
nRBSR 0.7516 0.4388 1.0703

nRBSR in fitting the target Map 1. Both rRBSR and nRBSR are trained
using Measurement A defined in Fig. 9 and are based on qRBSR, whose
parameters are fitted by SQP.

As shown in Fig. 10(a) and Table 2, after incorporating additional
rotational degrees of freedom, rRBSR significantly outperforms nRBSR
in pre-calibrating target Map 1. The PCC of rRBSR’s pre-calibrated
Map relative to target Map 1 reaches 0.9098, markedly higher than
nRBSR’s 0.7516, which indicates higher shape similarity. Additionally,
both rRBSR’s RMSE and MAE are lower as well.

However, its fitting in regions with higher air mass flow m; goy
and lower vehicle speed vy, iS Not strong. As the scatter plot of the
sample points from Fig. 10(b) indicates, the measurement data in these
specific regions of Measurement A used for pre-calibration are sparse,
aligning with physical principles where typically high air mass flow
is not associated with low vehicle speed. This may lead to discrepan-
cies in pre-calibration in these areas due to the lack of data points.
Nonetheless, rRBSR demonstrates superior pre-calibration capabilities
compared to nRBSR, underscoring the necessity of applying a rotational
transformation to the inputs of the Map before using RBSR.

5.2. The overfitting phenomenon using general RBR initial setups

Next, the results of pre-calibration using the general RBR initial
setups introduced in Section 2.2.3 will be presented. Fig. 11 demon-
strates the comparative performance between the simulated outputs of
the white-box model and the final optimized system outputs using the
general RBR initial setups, labeled as “General Setups” in the figure, on
the original Measurement A.

It can be seen from Fig. 11 and Table 3 that the outputs from the
“General Setups” are relatively close to the original system outputs.
However, its pre-calibrated LUTs do not match well with the shapes from
the calibration that was used to record Measurement A on the vehicle.

Applied Energy 392 (2025) 125893

Table 3

Metrics for the performance of white-box model’s simulated out-
puts and the final optimized system outputs using the general RBR
initial setups.

Model RMSE/°C MAE/°C R*/-
White-Box Model 1.1 12.1 0.9965
General Setups 4.6 24.8 0.6941

As shown in Fig. 12, when visualizing its pre-calibrated LUTSs, Curve 1
and Curve 2 lack distinct shapes. This may be attributed to the opti-
mization process focusing excessively on optimizing the system outputs,
leading to a loss of LUT shapes and resulting in overfitting. The fun-
damental cause of overfitting might be the overly broad scope of the
general RBR initial setups. Therefore, there is a need for new approaches
to scale down the RBR initial setups to appropriate intervals, such as the
approach mentioned in Section 3.

5.3. Performance of optimization procedures

As shown in Table 4, various Optimization Procedures (OPs) are
compared together [26]. First of all, SQP is compared with the other
two optimization methods, namely the Inner Point (IP) method and the
Particle Swarm Optimization (PSO) method [31,32]. The PSO method
underperforms compared to SQP and is the most time-consuming of the
three optimization methods. For the IP method, it outperforms both the
PSO and SQP algorithms at the quadratic RBR and 0 % margins (OP 3
compared to OP 1, OP 2). However, when applied to cubic RBR and 75 %
margins, the R? for IP is significantly lower compared to SQP and PSO
(OP 9 compared to OP 7, OP 8). This indicates a lack of stability in the
IP method for this case. Thus, while the SQP may not excel in all scenar-
ios, it offers a more stable and efficient performance compared to the
performance of IP and PSO.

An increase in the RBR degree or the margins m% enhances the final
optimized system outputs. As shown in Fig. 13, at margins of 100 %
(OP 10), the overfitting phenomenon appears again in Curve 2, despite
OP 10 performs better than OP 7 on final optimized system outputs. As
such, this study identifies a margin of 75 % as the optimal value for the
hyperparameter m%. Then, the best results are achieved in OP 12 with
6th RBR degree.

150 }— White-Box Model Measurement A
©
~ 100 &
H
50 | | | | | | |
0 200 400 600 800 1000 1200 1400
Time / s
150 }— General Setups Measurement A
S
~ 100 [
=
50 | | | | | | |
0 200 400 600 800 1000 1200 1400
Time / s

Fig. 11. Final optimized system outputs with the general RBR initial setups.
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Fig. 12. Final pre-calibrated LUTs using the general RBR initial setups.

Table 4

The performance of optimization procedures (OPs).
OoP RBR degree Optimization Margins Time/s RMSE/°C R/~
OP1 2 SQP 0% 5630 5.5 0.5872
OP 2 2 PSO 0% 84,767 5.5 0.4899
OP 3 2 1P 0% 6278 3.8 0.7964
OP 4 2 SQP 25 % 3144 4.8 0.4579
OP 5 2 SQP 50 % 7454 4.5 0.5504
OP 6 2 SQP 75 % 6470 3.4 0.8493
OP7 3 SQP 75 % 4589 2.6 0.8987
OP8 3 PSO 75 % 55,580 4.6 0.7881
OP9 3 1P 75 % 7471 4.3 0.3606
OP 10 3 SQP 100 % 9282 2.4 0.9006
OP11 4 SQP 75 % 7826 2.5 0.9119
OP 12 6 SQP 75 % 29,456 1.9 0.9385

Although achieving the best OP requires experimenting with var-
ious setups of hyperparameters, which can be time-consuming - for
example, attempts from OP 1 to OP 12 in this paper take about 60 h
— this method is still more efficient than traditional manual calibration.
This is because the computer program will complete the pre-calibration
tasks for each OP with a single setup of the hyperparameters. In contrast,
manual calibration requires the continuous involvement of engineers.
Moreover, in calibration tasks, acquiring vehicle measurements is more
time-consuming than the calibration itself. The pre-calibration approach
in this paper can complete the pre-calibration with just one vehicle mea-
surement, thus helping to save overall time and enhance efficiency in the
calibration process.

5.4. Evaluation of OP 12

Fig. 14 and Table 5 display the results of the final optimized system
outputs for pre-calibration using OP 12 from Table 4.

As shown in Fig. 14 and Table 5, the final optimized system outputs
from the pre-calibration using initial setups generated by OP 12 closely
align with the original system outputs. Their accuracy nearly matches
that of the simulated system outputs from the white-box model using
target LUTs, as shown in Fig. 11.

An inspection of Fig. 15 reveals that the four LUTs pre-calibrated by
OP 12 bear a strong resemblance to the target LUTSs. The high similarity
of shapes can be further validated by the high PCC values of the four
LUTs listed in Table 6, all exceeding 0.8 and approaching 1.

However, the pre-calibrated Curve 2 no longer shows a broken line
with a steep slope in the engine speed r,,,;,. range of 680 to 1000 min~!
due to measurement constraints. Since the test vehicle’s ng,;,. cannot
drop below 1000 min~!, this data gap prevents the final optimization
from fully replicating the target Curve 2 and affects the optimization of
other LUTs.

Considering the high similarity of shapes between the pre-calibrated
LUTs and the targets, it can be concluded that pre-calibration using

12



M. Meli, Z. Wang, S. Sterlepper et al.

Applied Energy 392 (2025) 125893

1.2 1.2 —
-+ Curve 2
| & RBCR
> 1 ~ 1.1
g E
£ :
< A
& 0.8 £ 1
0.6 0.9
-50 0 50 0 2000 4000 6000 8000
TAmbient / °C N Engine / min_l
1o ||®Curve 3 ‘ ~ 2,
- 7| |mRBCR i
3 = 1.5 1
£ )
o £ 14 =Map 1
= : =RBSR
£ 0.5
w3
1000
200 100 55 500
80 100 120 Vehicle | M AirFlow |
TEngine / °C (km/h) (kg/h)
Fig. 13. Final pre-calibrated LUTs of OP 10.
150 ‘ } — OP 12 Measurement A
S
~ 100 i
=
50 | | | | | | |
0 200 400 600 800 1000 1200 1400
Time / s

Fig. 14. Final optimized system outputs with OP 12.

Table 5
Metrics for the performance of white-box model’s simulated out-

puts and the final optimized system outputs using OP 12.

Model RMSE/°C MAE/°C R?/-

oP 12 1.9 18.8 0.9385

OP 12 achieves near-perfect initial shapes for LUTs, which fulfill the
pre-calibration target.

5.5. Applicability and limitations of the pre-calibration approach

This study focuses on an oil temperature model, it demonstrates
an approach that can be adapted to other temperature-related models
(e.g. intake, exhaust, or turbine temperatures) or to physical control
models that exhibit similar behavior across vehicles and rely on regres-
sion for calibration, such as air or fuel path systems. The optimization
method is versatile, requiring only a measurable or modellable target

13

specification, which can originate from sensors, ECU-modeled values,
or co-simulations.

The method is particularly valuable during early development stages,
where physical measurements are limited, enabling pre-calibration us-
ing simulations or preliminary models. This accelerates development
timelines while maintaining accuracy. Unlike traditional methods, it
evaluates the calibration process against target specifications, whether
derived from real data or simulations.

While the proposed calibration approach leveraging Sequential
Quadratic Programming (SQP) has demonstrated effectiveness in the
context of engine control systems, we acknowledge that its perfor-
mance may vary depending on the specific problem and the underlying
nonlinearities. The stability and efficiency of SQP are often problem-
dependent, particularly in cases where the nonlinearities exhibit be-
haviors different from those typically encountered in engine control
subsystems. The oil temperature model used in this work is primarily
governed by physical laws and represents a linearized version of the
practical implementation, which facilitates the applicability of SQP in
this context. Furthermore, leveraging historical data from the database
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Fig. 15. Final pre-calibrated LUTs of OP 12.

Table 6

Metrics of pre-calibrated LUTs with OP 12.
LUT PCC RMSE/- MAE/-
Curve 1 0.9778 0.1959 0.4531
Curve 2 0.8456 0.3561 0.3695
Curve 3 0.9983 0.2216 0.4844
Map 1 0.9168 0.2322 0.7114

to set boundary conditions and margins contributes to the stabilization
of the SQP approach. However, for problems involving highly complex
nonlinearities — such as those arising in co-simulation models of physi-
cal surrogate systems or in tasks lacking a well-founded database — SQP
may require modifications to ensure robustness.

Furthermore, this methodology is suitable for calibrating engine con-
trol systems that are identical or just slightly modified in comparison to
the LUT software revisions from the database. The verification must be
ensured before using this method, otherwise the result could be strongly
biased. For example, if a four-cylinder engine and a six-cylinder en-
gine share the same control system and the four-cylinder engine has
already been calibrated, its historical calibration data can be used to
guide the six-cylinder engine’s calibration, utilizing the pre-calibration
methodology in this paper.

However, significant structural or functional changes to the engine
control system, such as a change in ECU software supplier, may render
this methodology inapplicable, often restricting its use to engine families
with the same or similar suppliers.

6. Conclusions and future perspectives

In this paper, historical calibration data, supported by relational
database technology, effectively optimizes the constraints of the NLCP

problem during pre-calibration. This data-driven approach reduces the
need for calibration engineers to have an in-depth understanding of the
engine control system’s mechanisms. It scales the LUT values to ap-
propriate ranges. At the same time, the RBR parameterization of LUTs
proves effective. It not only provides smooth modeling using a unified
set of parameters but also enables parametric optimization with fewer
optimization points than the original discrete LUT data points.

By correctly setting hyperparameters, such as margins, optimiza-
tion methods, and RBR degrees, overfitting during pre-calibration is
successfully mitigated. In the MiL optimization process using a white-
box surrogate model of the MISO oil temperature control system, the
key prerequisite is that the simulated system outputs closely match the
expected system outputs (i.e. those from vehicle measurements). The
R? value between the simulated and expected system outputs reaches
0.9385, with a low RMSE of 1.9 °C, indicating that the white-box en-
gine control system with the pre-calibrated LUTs meets the prerequisite
of pre-calibration. Visualizations of the pre-calibrated LUTs show strong
similarity to the target LUTs, with PCC values exceeding 0.8, fulfilling
the pre-calibration target of generating near-perfect initial shapes for
multiple LUTs in the engine control system. This paper’s pre-calibration
methodology enhances calibration efficiency and reduces reliance on
hardware.

Additionally, the MiL-based pre-calibration framework presented in
this paper is versatile and can be adapted for LUTs with no specific re-
quirements. For cases where specific requirements exist-such as the need
for strict integer LUT values or the inclusion of physical formulas-custom
modifications can be made within the proposed framework.

There are areas for further improvement. For example, if the hy-
perparameters of the proposed pre-calibration are automatically and
optimally set, the efficiency of the virtual calibration can be further im-
proved. In addition, exploring additional optimization methods based on
the complexity of the search space of the specific engine control system
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may yield better results. In scenarios where a white-box model is un-
available, black-box surrogate models, such as deep-learning models,
could serve as alternatives for system modeling.
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Appendix A. Pseudocode for RBCR

Algorithm 1 RBCR.

Input: X € R¥,P € R
Output: Z € R¥
1: fori=1to k do
20 t< X
3: me B, 1,0 < By, 1) +B,,0
4: forj=1to(n—1)do
5 mem+Po,; )% Poj #B;,(0,n < n+ Py +B;,(t)
6: end for
7.
8
9

t Z; <Py, x(m/n)+Ppy,
: end for
: return Z

Appendix B. Pseudocode for RBSR

Algorithm 2 RBSR.

Input: X € R¥,Y € R", P € R +4n+]
Output: Z € R*™
1: € < Popiansny

9 [ é ] - Q"(e)[ § ] {Park transformation}

3 A<[01,...,n0,1,...,n,..,0,1,...,n]" {[0,1,...,n]" repeats (n+ 1) times}
4: B < [0,0,...,0,1,...,1,...,n,...,n]" {Each number repeats (n + 1) times}
St A < Agigaian B < Bogain

6: fori=1to k do

7: u<X
8: forj=1tomdo
9: vey;
10: m <« ‘B, () * B, (v),n < B,, @) *B,,(V)+B,,@) B, (V)
11: fort=1to(n*+2n—-1)do
12: m<—m+P,_jy # Py By (W) # By ,(vV),n «n+Py,) = By ,(w)*
%B,.n(v)
13: end for
14: Z;; < Ppopygy gy * (m/m) + Py,
15:  end for
16: end for

17: return Z
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