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Abstract: Terrestrial Laser Scanning (TLS) has proven to

be an advanced method for areal deformation analysis,

offering high-resolution, contactless data acquisition by cap-

turing millions of data points on a structure’s surface.

To deterministically model deformations based on subse-

quently acquired point clouds, corresponding data points

are usually required. In order to avoid the cumbersome con-

struction of these corresponding points, this paper aims to

enhance TLS-based deformation analysis by further devel-

oping a stochastic modeling approach. The main concept

of the approach is to model the measured object by means

of three components using a collocation-based approach:

trend (undistorted object), signal (deformation), and noise

(measurement noise). To demonstrate the ability of stochas-

tic relationships to describe deformations, typical tempo-

ral deterministic deformation processes, like step, impulse,

linear, and periodic responses are simulated by means of

non-stationary stochastic processes in this contribution. To

accurately model deformation patterns, different types of

non-stationary Gaussian temporal processes such as locally

stationary, piecewise stationary, and modulated stochas-

tic processes are investigated with respect to their ability

to represent typical deformation patterns. When modeling

deformations in TLS point clouds as correlated stochastic

processes, it is essential to distinguish the correlated defor-

mation signal from the correlated measurement noise. Fil-

tering techniques are employed to separate correlated noise

from thedeformation signal. Although the proposedmethod

effectively separates signal and noise, the filtering results

greatly influence the deformation model results. Future

research will focus on alternative solutions for seperat-

ing correlated signal and noise and extending the method-

ology to spatio-temporal point clouds, enabling a more
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comprehensive analysis of deformations in complex struc-

tures across both temporal and spatial dimensions.
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1 Introduction

The investigations conducted in this paper are part of the

research unit “Deformation analysis based on terrestrial

laser scannermeasurements” (TLS-Defo) funded by the Ger-

man Research Foundation (DFG). It aims at addressing the

challenges of terrestrial laser scanning (TLS) based moni-

toring of infrastructure in distinguishing actual geometric

changes fromuncertainties introduced by themeasurement

procedure and data processing methods.

TLS has emerged as an essential tool for assessing sur-

face deformation, providing high-resolution, non-invasive

data acquisition that captures millions of 3D points from

a structure’s surface. This capability allows TLS to detect

small deformations, which contributes to its extensive use

in monitoring structural health [1], identifying landslides

[2], and in the field of geotechnical engineering [3]. How-

ever, the need for accurate point correspondences between

sequential point clouds from different scanning epochs and

the analysis of TLS data poses various difficulties, particu-

larly in utilizing TLS for deformation analysis [4].

Despite of the challenges, there are various solutions

to use TLS for deformation monitoring, as highlighted

in the literature. These include parameter-based compar-

isons of approximating surfaces, e.g., for the detection of

temperature-induced deformation of masonry structures

[5]. Aichinger and Schwieger [6] proposed using B-splines

to detect small deformations from TLS data across epochs

based on curvature parameters, while also highlighting the

critical role of scanning parameters like distance and the

need for stochastic models to improve accuracy. Yang et al.

[7] addressed challenges in 3D point cloud registration for

deformation monitoring, introducing efficient methods like

piecewise-ICP for targetless registration, super voxel-based

segmentation, and identification of stable areas for accurate

alignment and deformation detection in complex scenarios.

As can be seen from the state of the art, usually func-

tional descriptions are used to model the deformation.
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As an alternative approach, this paper investigates the

capabilities of stochastic modeling to describe deforma-

tion patterns found in TLS point clouds. The fundamen-

tal idea behind this approach is to model the acquired

point clouds with a least squares collocation (LSC)-like

approach through three superimposing parts: trend (which

represents the undistorted object), signal (which captures

the deformation), and noise (resulting from measurement

uncertainties) [8].

With the stochastic signal representing the deforma-

tion, two research questions arise:

1) Which types of stochastic processes are usable to pur-

sue the approach? To answer this question, typical

deformation patterns are simulated by means of dif-

ferent types of stochastic processes. The investiga-

tion regarding the potential of stochastic processes to

model deformations is restricted to the example of

1D time series in this paper, but will be extended to

the spatio-temporal domain to improve the deforma-

tion model proposed by Harmening and Neuner [8] in

future.

2) How can the two stochastic parts, the signal and

the noise, be separated, especially in case both parts

are correlated? For this purpose, different low-pass

filters are investigated with respect to their abil-

ity to separate the two stochastic quantities. The

approaches are evaluated by means of simulated

data.

The paper is structured as follows: Section 2 covers the

mathematical foundations essential for the development

of the proposed approach. In Section 3, the investigation

of stochastic processes for deformation modeling is pre-

sented, where different types of deformation are ana-

lyzed. Further, Section 4 focuses on the development and

application of a strategy to separate signal and noise,

specifically addressing the separation of correlated noise

from the correlated signal. Finally, Section 5 concludes

the paper and provides an outlook for future research

directions.

2 Mathematical basics

2.1 Deterministic deformation processes

A change in the acting forces causing deformation is typ-

ically categorized into four main types: (a) step (abrupt)

(b) impulse (c) periodic or (d) linear changes. The system’s

response to these forces can be described as the solu-

tion of a first-order differential equation, capturing the

temporal relationship between the acting forces x(t) and the

resulting deformation y(t). These responses are mathemati-

cally modeled as follows [9–11]:

Δy(t) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

H∞

(
1− e−
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T

)
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(
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T

)
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(
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𝜔
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T

)
Δx(t0 ) (d)

(1)

where:

H∞: system-specific constant represents the steady-

state gain of the system,

T: time constant,

Δx(t0): change in the acting force x2 − x1 at time t0,

A: amplitude of periodic force,

𝜔: angular frequency of periodic variation,

Φ: phase shift due to inertia, determined by the time

constant T and the forcing 𝜔.

Figure 1 illustrates how the system adapts over time

to different force types. A step response (equation (1a)),

represented by the blue curve, occurs when the force

abruptly changes [9]. Impulse response (equation (1b)) as

shown in red, describes a sharp, brief force applied at a

singlemoment, causing a deformation [9]. Periodic response

(equation (1c)) illustrated by the green curve, results from

forces that repeat over time, causing oscillations in defor-

mation, typical in cyclic loading systems ([10]; p. 18 ff.). Lin-

ear response (equation (1d)) depicted by the purple curve,

corresponds to forces that change gradually over time, such

as temperature variations or smooth load increases [11].

Figure 1: System responses corresponding to different acting forces.
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These responses help engineers to predict the behavior of

structures under varying loads, stresses, and environmental

conditions.

2.2 Gaussian stochastic processes

A temporal stochastic process is a collection of random

variables Z(t), where each realization represents a possi-

ble outcome of the studied phenomenon ([12]; p. 110). A

Gaussian stochastic process is completely defined by its first

two statistical moments: its expectation value 𝜇(t) and its

covariance function C(t1, t2) ([13], p. 95 ff.):

𝜇(t) = 𝔼[Z(t)] (2)

C(t1, t2 ) = 𝔼[(Z(t1 )− 𝜇(t1 ))(Z(t2 )− 𝜇(t2 ))] (3)

where:

(t1, t2): points in the temporal domain,

𝔼[ ]: the expectation value.

The covariance function in equation (3) is a generaliza-

tion of the process variance ([14]; p. 343):

C(t, t) = Var{Z(t)} = 𝜎
2(t). (4)

The autocorrelation function, using variances at t1 and

t2, is ([13], p. 95 ff.):

𝜌(t1, t2 ) =
C(t1, t2 )√
𝜎
2(t1 )𝜎

2(t2 )

(5)

Gaussian stochastic processes are non-stationary, when

their moments vary with time and stationary, when

their statistical properties are constant over time (𝜇(t) =
𝜇, 𝜎

2(t) = 𝜎
2). For stationary processes, the covariance

depends only on the time lag 𝜏 = t2 − t1: C(t1, t2) = C(𝜏).

2.2.1 Types of non-stationary Gaussian processes

A process is locally stationary if its covariance function

C(t1, t2) can be expressed as the product of time-dependent

variances and a correlation function depending on the tem-

poral distance 𝜏 [15]:

C(t1, t2 ) = 𝜎
𝜇
(t1 )𝜎𝜇(t2 )𝜌Δ(𝜏 ). (6)

A modulated stationary process, as a special case of

locally stationary processes, introduces non-stationarity by

modulating a stationary correlation function 𝜌(𝜏) with a

deterministic function q(t) [16]:

C(t1, t2 ) = q(t)𝜌(𝜏 ). (7)

For processes exhibiting complex behavior, piecewise

stationary processes simplify analysis by treating the pro-

cess as stationary within small intervals [ti, ti+1] ⊆ T [17]:

C(t1, t2 ) = C(𝜏 ), t1, t2 ∈ [ti, ti+1] (8)

𝜇(t) = 𝜇, t ∈ [ti, ti+1]. (9)

2.2.2 Simulating observations as a realization of a

stochastic process

When stochastically simulating observations as a realiza-

tion of a stochastic process, the starting point is a time

series vectorZ = (Z(t1 ),… , Z(tn ))
T of uncorrelated random

variables Z ∼  (0, I). A positive semidefinite covariance

function C(𝜏) forms the covariance matrix 𝚺:

𝚺 =

⎡⎢⎢⎢⎢⎢⎣

C(t1, t1 ) C(t1, t2 ) … C(t1, tn )

C(t2, t1 ) C(t2, t2 ) … C(t2, tn )

...
... ⋱

...

C(tn, t1 ) C(tn, t2 ) … C(tn, tn )

⎤⎥⎥⎥⎥⎥⎦
. (10)

To generate a correlated time series X, the Cholesky

decomposition 𝚺 = R
T
R is used to transform the random

variable Z into a normally distributed and correlated ran-

dom variable X ∼  (𝝁,𝚺) as follows ([18], p. 167):

X = R
T
Z+ 𝝁. (11)

2.3 A collocation-based deformation model
for laser scanning point clouds

The deformation model applied in this publication builds

upon [8] and is based on the ideas of a least squares col-

location (LSC) ([19]; p. 99 ff.). Thus, the observations l are

represented as the sum of the deterministic trendAx, which

provides a rough approximation of the observations, the

stochastic signal s, which carries the phenomenon’s infor-

mation through stochastic relationships, and the measure-

ment noise 𝜺, which accounts for the uncertainty inherent

in the measurement process [8]:

l = Ax+ s+ 𝜺. (12)

Both, the signal and the noise are assumed to fol-

low normal distributions with an expectation value of

zero and covariance matrices of signal 𝚺
ss
= 𝜎

2
0
Q
ss
and

noise 𝚺𝜺𝜺 = 𝜎
2
0
Q
𝜺𝜺
, respectively. Additionally, it is assumed

that there are no correlations between the signal and the

noise ([14]; p. 206). Following the basic model of LSC in

equation (12), in the deformation model, the trend repre-
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sents the object’s initial and undistorted shape, which is

captured during the first measurement epoch. Hence, the

trend is estimated once and then subtracted from the orig-

inal data. That means that any deformation is described

by the stochastic signal only. In the original model [8], the

signal is assumed to be a realization of a locally stationary

process (cf. Section 2.2.2). The estimation of the signal, there-

fore, requires the following steps: (1) trend estimation and

subtraction, (2) detection of distorted regions, (3) clustering

and normalization to establish stationarity, (4) estimating of

covariance functions to establish 𝚺
ss
, (5) estimation of the

signal.

3 Investigation of stochastic

processes for deformation

modeling

To justify the use of a stochastic approach, initially, typical

deformation processes aremodeled stochastically, verifying

that – vice versa – deformation can be modeled by means

of stochastic relationships. Although laser scanning point

clouds are usually three-dimensional, these initial investiga-

tions conducted in this paper are restricted to 1D time series

and will be extended to 4D (space and time) data sets in the

future.

3.1 Theoretical considerations

Non-stationary stochastic processes are ideal for describ-

ing deformation, as they capture the high variability in

magnitude across deformed areas and observation periods.

However, estimating theirmoments poses a significant chal-

lenge in data modeling. By limiting non-stationarity within

well-structured frameworks – for example, piecewise or

smoothly modulated processes – it becomes possible to esti-

mate stochastic moments while maintaining the flexibility

of non-stationary processes.

Locally stationary processes, with their stationary cor-

relation structures and slowly varying variances, canmodel

continuous deformation patterns effectively while main-

taining computational efficiency [8]. This study extends

the foundation established by Harmening and Neuner [8]

by incorporating the piecewise and modulated stochas-

tic processes. These approaches address the shortcomings

of locally stationary models in representing discontinuous

deformation patterns and deformation patternswith chang-

ing characteristics. Piecewise processes, for example, allow

abrupt changes in deformation behavior, which makes

them especially well suited tomodeling transitions between

boundaries or regions with contrasting physical properties

[20]. On the other hand, modulated stochastic processes

allow to incorporate functional knowledge into the stochas-

tic description and, hence, represent a middle way between

a purely functional and a purely stochastic description of a

deformation pattern.

3.2 Simulation of temporal deformation
processes using stochastic relationships

In order to empirically support the considerations formu-

lated above, different types of stochastic processes are used

here to simulate the typical deformation patterns intro-

duced in Section 2.1. For this purpose, simulated correlated

time series of all four deformation processes are generated

as described in Section 2.2.2. Specifically, positive definite

exponential correlation functions of type:

C(𝜏 ) = e−b|𝜏|, b > 0 (13)

are used, where b determines the rate of exponential

decay and is associated with the correlation length. A

small value of b indicates a stronger correlation in the

signal, resulting in a less pronounced stochastic behavior

within the time series. As only large correlation lengths

can produce quasi-deterministic deformation patterns [8],

a small value b = 0.000005 is used for the following

investigations.

In order to receive a deformation pattern in the sim-

ulated time series, the stationary correlation function is

transformed into a non-stationary covariance function by

using temporally varying variances 𝜎(t)2. Among the four

deterministic processes discussed in Section 2.1, the step

response is used as an example to illustrate the evolu-

tion of deformation behavior under changing stochastic

conditions.

Figure 2 illustrates the stochastically simulated

system’s step response over time, presenting both the

uncorrelated Z (blue dots) and correlated data points X

(red line) in equation (11) with an expectation value of

zero. Initially, the deformation follows a stationary process

with constant variance. At t ≈ 500 s it transitions into

a modulated stochastic process (equation (7)). For the

modulation of the variance, the functional description

of the step response (equation 1(a)) is used. This causes

the variance to increase with time, reflecting external

influences on the system’s response. This modulation

introduces a time-varying variance, making the process

non-stationary. By the end, the deformation stabilizes, with
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Figure 2: Step response as a realization of different types of stochastic

processes (H∞ = 1, T = 1).

the variance becoming constant at t ≈ 3,100 s, indicating

adaptation to external forces. Due to the separation into

several intervals, the entire process is a piecewise (locally)

stationary process.

Themethodology for the step response can be extended

to other deformation processes, such as impulse, periodic,

and linear responses, as shown in Figure 3, by modu-

lating the variance with different deterministic functions

(equation (1)). The type of deformation is controlled by

Figure 3: Stochastic simulation of typical temporal deformation

processes.

Figure 4: Several realizations of a periodic response (blue curves) and

the ensemble average (black), indicating an expectation value of zero.

the variance level’s behavior. While only the exponen-

tial correlation function (equation (13)) is used in this

study, further investigations regarding the influence of

the type of correlation function will be done in the

future.

In the context of the stochastic deformation model

introduced in Section 2.3, a stationary expectation value

of zero is a prerequisite for the validity of the respec-

tive formulas. This assumption indicates that, on aver-

age, no deformation occurs, which is consistent with the

null hypothesis of the congruency model ([14]; p. 252). For

each realization, a deformation may occur, but over multi-

ple realizations, the mean value is zero. Figure 4 visually

illustrates this principle for a periodic response, showing

how multiple realizations aggregate to an overall mean

of zero and, hence, highlighting the expectation value of

zero.

4 Investigations regarding the

separation of signal and noise

When modeling deformations as a realization of a stochas-

tic process as described in Section 2.2.2, a crucial step

is the separation of the two stochastic parts, the noise

(=measurement noise) and the signal (=deformation).
This study begins with the premise that noise typi-

cally exhibits higher frequencies compared to the under-

lying signal, a reasonable assumption for most struc-

tures, including dams and bridges [21], acquired by means

of a TLS.
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Hence, low-pass filters are investigated with respect

to their ability to separate noise and signal. The step

response is used as an example to demonstrate the opera-

tion of the filters and the deformation model. The research

is conducted for both white noise and correlated noise,

but the results of correlated noise are presented here, as

the results are comparable. Figure 5 illustrates the simu-

lated input data, comprising a stochastic signal with a step

response (equation (1a)) and correlated noise. The param-

eter b of the autocorrelation function (equation (13)) gov-

erns the behavior of the signal and noise. A weakly cor-

related noise with a correlation length of t ≈ 5 s and b =
0.5 is chosen, representing high-frequency components.

In contrast, the signal is modeled with a large correla-

tion length >200 s and a small value of b = 0.0000005,

reflecting a highly correlated, low-frequency deformation

pattern.

Four different filters are applied as shown in Figure 6:

the Butterworth filter [22], the median filter [23], the

Savitzky-Golay (linear) filter [24] and the moving average

filter [25]. Assuming that thenoise characteristics are known

due to an appropriate stochastic model, the filter parame-

ters are selected based on the noise’s correlation length to

effectively suppress the weakly correlated, high-frequency

noise.

The filtering results illustrate the ability of the different

techniques to reduce noise while preserving the underlying

deformation. As shown in Figure 6, the Butterworth filter

provides a smooth signal but introduces oscillations due to

its frequency-domain characteristics and the effects of the

finite signal length, particularly near the boundaries. The

median filter effectively removes noise, but it also intro-

duces oscillations which are similar to those caused by the

Figure 5: Simulated data.

Figure 6: Results of the four filtering approaches for correlated noise

using a cutoff frequency of 1/39 Hz or a window size of 39 s, respectively.

Butterworth filter. The Savitzky-Golay filter preserves the

signalwhile smoothing fluctuations,making itmost suitable

for this application. The moving average filter exhibits a

similar smoothing effect but with larger deviation at the

beginning and end of the time series.

Table 1 quantitatively compares the averaged absolute

discrepancy (AAD) with respect to the known signal for

all four filters using forward and forward-backward filter-

ing with three filter lengths. AAD highlights that forward-

backward implementations generally improve the filters’

accuracy. Among the tested filters, the Savitzky-Golay fil-

ter with a window size of 25 s (equaling two times the

noise’s correlation length) achieves the lowest AAD, indi-

cating the best performance among all investigated filters

and successfully separatingmost parts of the noise from the

signal.

The filtered measurements are subsequently used to

estimate the signal’s covariance structure, forming the basis

of the deformation model described in Section 2.3. This

process begins with k-means clustering of the time series

to identify locally stationary regions. A local variance is

estimated using the 3-sigma rule for each cluster. The time

series normalized by the variance enables the estimation

of the stationary correlation structure. For this purpose,

initially, empirical correlograms are estimated. From the

correlograms, the autocorrelation function is derived (see

[8] for further details).

To establish the stochastic model of the signal, the

empirical correlations are approximated using an ana-

lytical exponential correlation function (equation (13)),

which ensures positive semi-definiteness of the resulting

covariance matrix. This function is used to generate the



S. Sadiq and C. Harmening: Stochastic relationships to model deformations — 7

Table 1: Comparison of different filtering techniques.

Forward filters Forward-backward filters

Filter type Parameter AAD (mm) Filter type Parameter AAD (mm)

Butterworth

Cutoff freq.= 1/13 Hz 1.7349

Butterworth

Cutoff freq.= 1/13 Hz 1.4897

Cutoff freq.= 1/25 Hz 1.6077 Cutoff freq.= 1/25 Hz 0.98763

Cutoff freq.= 1/39 Hz 1.8863 Cutoff freq.= 1/39 Hz 0.65949

Median

Window size= 13 s 1.1462

Median

Window size= 13 s 1.0556

Window size= 25 s 0.78232 Window size= 25 s 0.73099

Window size= 39 s 0.71568 Window size= 39 s 0.67588

Savitzky-Golay

Window size= 13 s 1.0188

Savitzky-Golay

Window size= 13 s 0.79116

Window size= 25 s 0.59132 Window size= 25 s 0.43474

Window size= 39 s 0.46263 Window size= 39 s 0.47569

Moving average

Window size= 13 s 0.97668

Moving average

Window size= 13 s 0.78279

Window size= 25 s 0.60048 Window size= 25 s 0.52291

Window size= 39 s 0.55229 Window size= 39 s 0.76181

correlation matrix, which is subsequently converted into

the covariance matrix 𝚺
ss
by incorporating the locally sta-

tionary variances.

Finally, the collocation approach, detailed in Section 2.3,

is applied to estimate the signal, andhence, the deformation.

Figure 7 illustrates the deviations of filtering (using a cutoff

frequency of 1/39 s or a window size of 39 s, respectively)

and the subsequently performed LSC results from the true

deformation signal for all four filters.

Comparing the deviations resulting from the filtering

and from LSC, the strong influence of the filtering result on

the LSC results becomes obvious: The patterns which are

recognizable in the filtering results directly trace into the

results of LSC. Particularly striking are the discontinuities

that occur in the results of LSC: Here, the effect of the

Figure 7: Deviations w.r.t the true signal after filtering (top) and after

applying the deformation model (bottom).

discrete clustering when determining the local variances is

clearly visible, making investigations about smooth transi-

tions between the clusters necessary.

Comparing the different filtering approaches, the But-

terworth and median filter lead to larger deviations in both

filtering and LSC results. Savitzky-Golay and moving aver-

age filters provide smaller deviations, making them more

suitable for this analysis. The LSC results clearly reduce the

noise, as the presented deviations are considerably smaller

than 1 mm.

5 Conclusion and outlook

This paper demonstrates the potential of stochastic mod-

eling for capturing deformation patterns in time series.

The investigations in this paper reveal that typical defor-

mation patterns like step, impulse, periodic, and linear

responses can be described as realizations of non-stationary

stochastic Gaussian processes. Yet, as the investigations are

currently restricted to the temporal domain, an extension

to spatio-temporal point clouds has to be realized in the

future.

The proposed approach of separating a correlated sig-

nal from correlated noise in time series by using low-

pass filtering techniques separates the major part of the

noise from the signal. However, as the filtering’s results

strongly influence the result of the deformation model,

it needs refinement. Future work will focus on investi-

gating alternative solutions for signal and noise separa-

tion and extending the approach from temporal to spatio-

temporal models, enabling a more comprehensive analysis

of deformations in complex structures over both time and

space.
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