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Posterior Concentration Rates for Bayesian
Penalized Splines

Paul Bach* and Nadja Klein'

Abstract. Despite their widespread use in practice, the asymptotic properties of
Bayesian penalized splines have not been investigated so far. We close this gap and
study posterior concentration rates for Bayesian penalized splines in a Gaussian
nonparametric regression model. A key feature of the approach is the hyperprior
on the smoothing variance, which allows for a data-driven amount of smoothing
but complicates the theoretical analysis considerably as it destroys conjugacy and
precludes analytic expressions for the posterior moments. To derive our theoret-
ical results, we rely on several new concepts including a carefully defined proper
version of the partially improper penalized splines prior as well as an innovative
spline estimator that projects the observations onto the first basis functions of
a Demmler-Reinsch basis. Our results show that posterior concentration at near
optimal rate can be achieved if the order of the penalty matches the regularity of
the unknown function and if the hyperprior on the smoothing variance strikes a
fine balance between oversmoothing and undersmoothing, which can for instance
be met by a Weibull hyperprior with shape parameter 1/2. We complement our
theoretical results with empirical evidence demonstrating the overall competitive
performance of Bayesian penalized splines in practice.

Keywords: Bayesian smoothing, Demmler-Reinsch, Kullback-Leibler and testing,
nonparametric regression, posterior contraction.

1 Introduction

Bayesian penalized splines are highly popular in applied regression modeling: Since
their introduction in the early 2000’s by Berry et al. (2002); Lang and Brezger (2004),
they have been applied in numerous settings ranging from nonparametric and additive
regression over generalized additive models, additive survival analysis and multivariate
response models to structured additive distributional and quantile regression (e.g., Lang
and Brezger, 2004; Brezger and Lang, 2006; Hennerfeind et al., 2006; Lang et al., 2003;
Klein et al., 2015; Waldmann et al., 2013, amongst many others). Further applications
include measurement error models and transformation models (Berry et al., 2002; Song
and Lu, 2012); see also Harezlak et al. (2018); Fahrmeir et al. (2021) for an overview
and real data examples.

The basic idea of the approach is to expand the unknown function to be estimated
in a rich spline basis with a large number of knots and to place a smoothness prior on
the coefficients to prevent overfitting. The overall amount of regularization is controlled
in a data-driven manner through a hyperprior p(7) on the smoothing variance 7.
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1472 Bayesian Penalized Splines

Despite its overwhelming success in applied statistics, the theoretical understand-
ing of the approach is lagging far behind. In particular, the asymptotic properties of
Bayesian penalized splines have not been investigated so far. In this paper, we make
an important step to close this gap in the literature and study posterior concentration
rates for Bayesian penalized splines in a Gaussian nonparametric regression model.

The derivation of posterior concentration rates for Bayesian penalized splines is
already for the Gaussian response model quite challenging. This is because of the hy-
perprior p(7) on the smoothing variance, which is a key feature of the approach and both
a blessing and a curse: From a practical perspective, the hyperprior is a blessing as it
allows for a data-driven amount of smoothing. From a theoretical perspective, however,
the hyperprior is a curse as it destroys conjugacy and precludes analytic expressions for
the posterior moments, which considerably complicates the asymptotic analysis.

The derivation of posterior concentration rates is generally much more involved if
analytic expressions for the posterior moments are unavailable (cf. Ghosal and van der
Vaart, 2017, Chapter 8). In this case one cannot use a “direct approach”, where one
shows that the posterior mean converges to the truth and that the posterior variance
vanishes sufficiently fast. To overcome this difficulty, we use the Kullback-Leibler (KL)
and testing strategy for the proof of our main posterior concentration result. This is a
general strategy to prove posterior concentration results that does not require analytic
expressions for the posterior moments (Schwartz, 1965; Ghosal and van der Vaart, 2007).
While the KL and testing strategy itself is well-established as a general proof technique,
we need to introduce several completely new tools when applying it in the present
context of Bayesian penalized splines.

First, the KL and testing strategy requires a proper prior but the penalized splines
prior is partially improper. Previous definitions of a proper prior in the literature are
based on a spectral decomposition of the roughness penalty matrix (Wand and Ormerod,
2008), but these are not well suited for the derivation of posterior concentration rates.
Therefore, we introduce a new definition of a proper prior that includes an additional
penalty matrix based on empirical projections, which allows us to use the KL and testing
strategy in the present setting.

Second, the KL and testing strategy requires the existence of a suitable test. To
this end, one can either verify a metric entropy condition or explicitly construct a
test, which is sometimes more convenient (Ghosal and van der Vaart, 2007). Given
the close relation of Bayesian penalized splines and frequentist penalized splines, it
seems natural to construct a test on the basis of the frequentist penalized splines es-
timator. This estimator was introduced by O’Sullivan (1986) and its asymptotic be-
havior has been studied extensively (Claeskens et al., 2009; Kauermann et al., 2009;
Xiao, 2019; Huang and Su, 2021). However, the test based on the frequentist penal-
ized splines estimator is not well suited for the asymptotic analysis of Bayesian pe-
nalized splines because the type II error probability of this test is very difficult to
control. Therefore, our test relies on a new spline estimator, which we refer to as
truncated DR estimator. This estimator projects the observations onto the first ba-
sis functions of a Demmler-Reinsch (DR) basis, which is a special orthonormal basis
of the splines. As a byproduct of our posterior concentration results, we establish that
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the truncated DR estimator is able to achieve the optimal rate of convergence (Stone,
1982).

1.1 Related Literature

Several papers have derived posterior concentration rates for related Bayesian spline
regression approaches: In Section 7.7 of their seminal paper on posterior concentra-
tion rates for non-iid observations, Ghosal and van der Vaart (2007) consider a Gaus-
sian nonparametric regression model and expand the unknown function in a relatively
small B-spline basis with iid standard Gaussian priors on the coefficients. The work of
de Jonge and van Zanten (2012) extends this approach to multivariate functions using
tensor product B-splines. A similar approach is used by Yoo and Ghosal (2016), who
additionally consider contraction with respect to the uniform norm. Yoo and Ghosal
(2016) use a Normal-Inverse-Gamma prior, which allows them to exploit conjugacy
for their derivation of posterior concentration rates. Similarly, Serra and Krivobokova
(2017) exploit conjugacy for their investigation of empirical Bayesian smoothing splines.

Due to the hyperprior p(r) on the smoothing variance, we cannot exploit conju-
gacy for our derivation of posterior concentration rates and the formal structure of the
problem that we face shows parallels to that of shrinkage priors in high-dimensional
linear regression models. Asymptotic results for shrinkage priors have been established
by Armagan et al. (2013); Song and Liang (2023), both papers using the KL and test-
ing strategy. Wei et al. (2020) and Bai et al. (2022) build upon this work and establish
posterior concentration results for splines in sparse additive models. However, none of
the cited papers has studied Bayesian penalized splines with a roughness penalty and a
hyperprior on the smoothing variance.

The main practical advantage of Bayesian penalized splines is that we do not need
to choose the “right” number of spline knots to obtain good results in practice. We
simply choose a sufficiently large number of knots and let the penalized splines prior
with roughness penalty and hyperprior on the smoothing variance prevent overfitting.

A closely related Bayesian strategy is to place a hyperprior on the number of spline
knots and optionally also on their locations. This approach has been investigated the-
oretically by de Jonge and van Zanten (2012); Belitser and Serra (2014) where it was
shown that the approach even yields rate-adaptive posterior concentration. A very gen-
eral rate-adaptive posterior concentration result was established by Shen and Ghosal
(2015). These authors study random series priors with a random number of basis func-
tions and their results cover in particular Gaussian nonparametric regression with B-
splines and a hyperprior on the number of knots.

However, Bayesian penalized splines have been shown to be competitive to splines
with a hyperprior on the knots in simulations (Lang and Brezger, 2004) and they are
also more tractable from a computational point of view, especially for non-Gaussian
response models. Thanks to the continuous nature of all parameters, Bayesian penalized
splines are also compatible with Stan (Carpenter et al., 2017) making the approach very
accessible to practitioners.
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1.2 Main Contributions

e We close a gap in the literature and study posterior concentration rates for
Bayesian penalized splines. This contribution is of high practical relevance as
Bayesian penalized splines are widely used in modern statistical analyses. In our
main theorem, Theorem 3.1, we establish sufficient conditions for posterior con-
centration at near optimal rate.

e Based on our theoretical results we can identify specific hyperpriors p(7) for the
smoothing variance that lead to posterior concentration at near optimal rate. To
the best of our knowledge, these are the first theoretical guarantees in the literature
ensuring optimal asymptotic performance for Bayesian penalized splines.

e Our theoretical results rely on several new concepts, namely a novel proper version
of the partially improper penalized splines prior based on empirical projections as
well as an innovative spline estimator. We prove that this truncated DR estimator
achieves the optimal rate of convergence.

e To define the truncated DR estimator, we establish the concept of DR bases for
penalized splines in a rigorous manner. Similar concepts are scattered throughout
the literature (Nychka and Cummins, 1996; Ruppert et al., 2003; Claeskens et al.,
2009), but a comprehensive introduction has been missing so far.

o We complement our theoretical results with empirical evidence demonstrating the
competitive performance of Bayesian penalized splines in practice. Thereby, we
use the “scale-dependent” Weibull hyperprior with shape 1/2 suggested by Klein
and Kneib (2016a).

1.3 Outline

This paper is structured as follows: In Section 2 we formally introduce Bayesian pe-
nalized splines. Our main posterior concentration result, Theorem 3.1, is contained in
the subsequent Section 3. Section 4 describes how our results can be extended to cover
an unknown residual variance and multivariate function estimation. Section 5 presents
the results of a simulation study, which demonstrates the competitive performance of
Bayesian penalized splines in practice. The final Section 6 concludes with a discussion.
The Supplement (Bach and Klein, 2025) contains proofs for our theoretical results and
several auxiliary results.

2 Bayesian Penalized Spline Regression

Throughout, we consider the Gaussian nonparametric regression model

}/i:f()(xi)'f'gia Ei iile1<0,0’8), 1=1,...,n, (1)
with deterministic design points z1,...,z, € [0,1], where the aim is to estimate the

unknown regression function fj : [0,1] — R.
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In the frequentist context, Xiao (2019) distinguishes three types of penalized splines:
T-splines (Ruppert, 2002) use the truncated power series basis and a ridge penalty, while
O-splines (O’Sullivan, 1986; Wand and Ormerod, 2008) use B-splines and the integrated
squared gth derivative as penalty. P-splines (Eilers and Marx, 1996) are closely related
to O-splines and use the sum of squared finite differences of adjacent B-spline coefficients
as roughness penalty. This distinction is also valid in the Bayesian context, where we
have Bayesian O-splines (Wand and Ormerod, 2008; Harezlak et al., 2018), Bayesian
P-splines (Lang and Brezger, 2004) and Bayesian T-splines (Berry et al., 2002). We
focus on Bayesian O-splines throughout, but our results can easily be carried over to
Bayesian P-splines and Bayesian T-splines.

2.1 Preliminaries

To estimate fy, we use the splines S(m, ¢), where m € IN is the order and & € [0, 1]¥+2
is the vector of knots with entries 0 = &y < & < -+ < & < &ky1 = 1. Splines are
piecewise polynomials that are smoothly connected at the knots, i.e., for order m > 2,
which we assume throughout, the splines are defined as

Sm, &) ={feC™20,1]:Vj=0,....k: flig, £;.1) € Pm—1},

where P,,_1 is the space of polynomials of degree m — 1 or less. It is well-known that
the splines form a vector space of dimension d = m + k and a convenient basis are the
B-splines, which we denote by {Bi, ..., Bg}.! The B-splines allow us to expand any
spline f € S(m, &) uniquely in the form f = 2?21 B;Bj, where 5 € R? is the B-spline
coefficient vector.

The splines S(m, &) form a d-dimensional subspace of the Banach space of con-
tinuous functions (C[0,1],] - ||s) whose associated Borel o-algebra we denote by Bc.
We denote the vector of function evaluations of a continuous function f € C[0, 1] by
= (f(z1),..., f(zn))" € R™ and the empirical bilinear form of two continuous func-
tions f,g € C[0,1] by (f,g)n = n~2 X0, [(@:)g(w:) = (/",g")/n, where (,-) is the
Euclidean scalar product. The empirical bilinear form induces the empirical semi-norm
Il = ((fy £))Y2 = |f™|l2/+/n, where || - |2 is the Euclidean norm. The restriction of
the empirical bilinear form to the splines S(m,¢) is an inner product if and only if the
Gramian matric Gg = ((Bj, Bk)n)jk=1,...,a in terms of the B-splines {Bi,...,Bq} is
positive definite. With the B-spline design matrix B = (B}, ..., Bj) of size n X d, the
Gramian matrix is equal to Gg = B B/n.

For all ¢ € {1,...,m — 1} we define the differential bilinear form of order q on the
space of splines S(m, &) by (D1f, Dlg) 2 = fol Dif(z) D%g(x)dx, where D?f denotes
the gth derivative of a spline f € S(m,&). The differential bilinear forms induce the
differential semi-norms |Dif||z2 = ((Dif, DIf) )2, ¢ € {1,...,m — 1}, which we
use to quantify the roughness of a spline.

ITo avoid ambiguity, we always refer to the normalized B-splines that arise by repeating the bound-
ary knots m times (see, e.g., Xiao, 2019, Section 2.1, for a precise definition).
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We write Rg) = ((D9B;,DiBy)2)jk=1,..4 for the roughness penalty matriz of
order ¢ in terms of the B-splines {B;, ..., Bq}. The matrix Rg) plays an important role
as it allows us to express the roughness of a spline f = ijl B;B; in the form

1
1D f|2, = / (D*f(2))’de = 3T R B.

Finally, we write Y™ = (Y3,...,Y,)" for the vector of observations from model (1),
2" = (x1,...,1,) " for the vector of design points and X, for the n x ¢ design matrix of
the monomials {1, x,...,297!} evaluated at the design points. We assume that X, has

full rank and write H(@ = X(A,(X;'—Xq)*lX;r for the corresponding projection matrix.

2.2 The Bayesian Penalized Splines Prior

The key idea of Bayesian penalized splines is to combine a relatively large number of
spline knots & (in practice often 20-40) with a smoothness prior on the coefficients in
order to prevent overfitting. In what follows, we provide a rigorous definition of the
Bayesian penalized splines prior II.

Definition 2.1. To define II, we first fix a spline space S(m, ) and the corresponding
B-spline basis {Bj, ..., Bg}. With this, II is defined as the distribution of the random
spline function f = 2?21 B;f;, where the B-spline coefficient vector 3 € R? is endowed
with the hierarchical smoothness prior

817~ N (0. (R 4 BTHOB () ). @)

7~ p(T). (3)
Thereby, 7 > 0 is the smoothing variance and p(7) is a hyperprior yet to be specified.
Moreover, Tpo, > 0 is a positive constant.

Remark 2.2. Some remarks are in order.
e The Bayesian penalized splines prior II depends on many different quantities which
becomes evident by writing II = II(m, £, ¢, p(T), 2™, Tpory). Formally, we regard II
as a probability measure on the Borel sets B¢ of the continuous functions C10, 1].

This is justified as the B-spline expansion 5 Z?zl B;p; is Borel measurable.

e In practice, often a partially improper conditionally Gaussian prior of the form
p(B | 7) x exp(—BTRYB/(27)), B € RY, is used instead of (2). We include the
additional penalty matrix BT H(@ B/ (nTpoty) for the polynomials P,_; as this
yields a proper prior, which is required for the KL and testing strategy.

e The distributional family of the hyperprior p(7) is a controversial issue and differ-
ent families have been suggested, such as an Inverse Gamma family 7 ~ IG(a,b),
a Gamma family 7 ~ Ga(a,b), a Weibull family 7 ~ Weibull(k, A), a Uniform
family 7 ~ U(0,b) or a Scaled Beta Prime family 7 ~ SBP(a,b,c) (Lang and
Brezger, 2004; Klein and Kneib, 2016a; Harezlak et al., 2018). Figure 1 illustrates
II through prior function draws using a Weibull hyperprior for 7.
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Figure 1: Illustration of the Bayesian penalized splines prior II through prior function
draws. Shown are eight prior function draws from IT (bottom right). For comparison, we
also show eight prlor function draws from Gaussian random splines where iid standard
normal priors BJ i N;(0,1) are placed on the B-spline coefficients (top right). In both
cases, the same cubic B-spline basis with 20 equidistant interior knots was used (shown
on the left).

3 Posterior Concentration Rates

To investigate the asymptotic behavior of Bayesian penalized splines, we next construct
a sequence of priors II,,, n € N, which is supported on a sequence of spline spaces
S(m, &), n €N, of increasing dimension d,, — co. This is necessary to reduce approx-
imation bias as we will not assume that the unknown regression function fj is a spline
function.

Given observations Y € R" from model (1), we then obtain a sequence of posteriors
IT,(- | Y™), n € N, via Bayes’ rule

fA Y”f" )H(d)

AGBc,

where N,,(Y™; f*, 031,) denotes the density of an n-variate Gaussian distribution with
mean vector f" and covariance matrix o3I, evaluated at Y € R".

Ideally, this sequence of posteriors IT, (- | Y™), n € N, concentrates around fy in the
sense that shrinking neighborhoods of fj receive more and more posterior mass as the
sample size n grows. This idea is formalized by the notion of posterior concentration
rates (Ghosal and van der Vaart, 2007; Rousseau, 2016; Ghosal and van der Vaart, 2017).
Whether the posterior concentrates around f; depends crucially on our assumptions,
which we state next.
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3.1

Bayesian Penalized Splines

Assumptions

We make the following assumptions for the true model (1) and our sequence of priors

1, =

Al)

A2)

A3)

A4)

A5)

A6)

A7)

Hn(mafnv%pn(T)axnanoly)a n e N:

The true regression function fy is in C™°[0, 1] for some my € IN and the residual
variance of is equal to some positive constant (we treat the unknown residual

variance case in Section 4.1).

The order m of the spline spaces S(m,&,) is a constant integer and exceeds the
regularity of the unknown regression function fy, i.e., m > my.

The number of spline knots k, diverges at rate k,, ~ cxn’, where ¢;, > 0 is some
positive constant and 1/(2mg + 1) < § < 1. The spline knots &, are equidistant,
ie., & = jhy, for j =0,...,k, + 1, with mesh width h,, = 1/(k, + 1).

The order of the derivative ¢ in the roughness penalty is a constant integer and
matches the regularity of the unknown regression function fy, i.e., ¢ = my.

The smoothing variance 7 is equipped with a Lebesgue probability density function

pn(7), T > 0, that satisfies the following two conditions for 7 = n=1/(2m0+1) and
€n = n~m0/Cmotl)(Jog n)1/2;

a) Je; > 0 such that P(7 € [e17 /2, e17]) = fcllTTE/Q pn(T)dT > exp (—ne2) for

all sufficiently large n.

b) Jez > 0 such that P(r > co7)) = CO:T* pu(T)dT < exp(=5 ne2) for all
sufficiently large n. '

The parameter 7,0, that controls the strength of the penalty for the polynomial
part is equal to some positive constant or diverges to +oo at polynomial speed,
i.e., Tpoty = Cpotyn” for some cpory > 0 and 7 > 0.

The design points z1,...,2, € [0,1] are distributed in a regular manner, i.e.,
there exists a fixed distribution function @ that is associated with a positive and
continuous design density p such that |Q, — Q|lec = o(k; 1), where Q,(z) =
nty 1{z,<zy, ® € [0,1], is the empirical cumulative distribution function of
the design points.

Similar assumptions as Al)-A4) and A7) have been used by Claeskens et al. (2009)
and Xiao (2019) for their analyses of the frequentist penalized splines estimator. As-
sumptions A5) and A6) are unique to the present Bayesian setting. Assumption A5)
refers to the hyperprior on the smoothing variance and is particularly interesting. In
Section 3.3 we investigate which of the hyperpriors p(7) suggested in the literature sat-
isfy Assumption A5). Before that, we state our main posterior concentration result for
Bayesian penalized splines, Theorem 3.1.
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3.2 Main Theorem

Theorem 3.1. Under Assumptions A1)-A7), the posterior I, (- | Y™) concentrates
around fo at rate e, = n~"0/Cmot) (logn)t/2 i.e., there exists a constant M > 0 such
that

EOHn(f € C[Ov 1] : ”f - fOHn > Me, | Y") = 0(1)7

where Eq is the expectation under the true model (1).

A proof of Theorem 3.1 is provided in Appendix D of the Supplement.

Remark 3.2. Under Assumption A1), the contraction rate e, =n~"0/(2mo+1) (Jog n)1/2
in Theorem 3.1 is near optimal in the sense that it is the minimax rate (Stone, 1982)
times a logarithmic factor.

3.3 Hyperpriors Leading to Near Optimal Rate

Theorem 3.1 shows that we can achieve posterior concentration at near optimal rate
for Bayesian penalized splines under certain conditions on the hyperprior p(7). In the
following Corollary 3.3 we investigate which of the hyperpriors p(7) for the smoothing
variance that were suggested in the literature (cf. Remark 2.2) satisfy Assumption A5)
and therefore lead to posterior concentration at near optimal rate.

Corollary 3.3. The following hyperpriors p,(7) satisfy Assumption A5).
1. Uniform: T ~ U(0, c1)t), where ¢ > 0 is some positive constant.

2. Gamma: T ~ Ga(a,b,) with constant shape parameter a € (0,1] and increasing
rate parameter b, = c, ne2 /7, where ¢, > 0 is some positive constant.

3. Weibull: T ~ Weibull(k, \,,) with constant shape parameter k € (0,1] and increas-
ing rate parameter N, = cy (ne2)Y/* /7% where ¢y > 0 is a positive constant.

The following hyperpriors p,(7) do not satisfy Assumption A5).

1. Inverse Gamma: T ~ IG(1,b,,) with scale parameter b, > 0.

2. Scaled Beta Prime: T ~ SBP(1,1,1/\,,) with rate parameter Ay, > 0.

A proof of Corollary 3.3 is provided in Appendix D of the Supplement.

Remark 3.4. The results of this section prove that we can achieve posterior concen-
tration at near optimal rate for Bayesian penalized splines. Assumption A3) shows that
we can use a faster rate for the number of spline knots k, than the slow regression
spline rate k, ~ cgn'/ (™01 which is commonly used for posterior concentration re-
sults in Bayesian spline regression (e.g. Ghosal and van der Vaart, 2007, Section 7.7).
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Intuitively, the roughness penalty || D9 f||%. in the prior IT drags the posterior mass away
from overly wiggly splines so that overfitting can be avoided.

From Assumption A5) it becomes clear that the hyperprior p,(7) on the smoothing
variance 7 needs to strike a fine balance to achieve posterior concentration at near
optimal rate. It needs to be sufficiently thick on [c17,5/2,¢17)] to avoid underfitting
(oversmoothing) but at the same time it needs to be sufficiently thin on [ca7F, 00) to
avoid overfitting (undersmoothing).

Corollary 3.3 shows that the Uniform, Gamma and Weibull hyperpriors satisfy As-
sumption A5) and therefore lead to posterior concentration at near optimal rate ac-
cording to Theorem 3.1. For those hyperpriors that do not satisfy Assumption A5), we
cannot make this conclusion. As the above conditions are only sufficient, we can, of
course, not completely rule the latter hyperpriors out. Nevertheless, it seems reasonable
to rather use a hyperprior for which optimal asymptotic performance is guaranteed.
Armagan et al. (2013) argue similarly for the screening of shrinkage priors in a high-
dimensional linear regression context.

Our results cover in particular a Weibull hyperprior with shape parameter 1/2. Klein
and Kneib (2016a) compared various different hyperprior families p(7) for the smoothing
variance in simulations and identified a Weibull hyperprior with shape parameter 1/2
as optimal default, which they referred to as scale-dependent hyperprior. Thus, our
theoretical results complement their recommendation based on simulations.

Finally, we conjecture that Assumption A1), which refers to the regularity of the
unknown regression function fy, can be relaxed to Sobolev regularity of integer or-
der, ie., fo € W™[0,1] = {f € C™~1[0,1] : D™ ~1f is absolutely continuous and
fol (D™ f(z))%dx < oo}. This is plausible in the light of the results of Huang and Su
(2021) for frequentist penalized splines. Extending our results to Holder classes with
a continuous regularity parameter, however, does not seem to be straightforward. The
main technical obstacle in this context seems to be the discrete nature of the roughness
penalty order g € {1,...,m — 1}.

4 Extensions of Posterior Concentration Results

In this section we explain how the posterior concentration results of the previous sec-
tion can be extended to cover an unknown residual variance and multivariate function
estimation.

4.1 Unknown Residual Variance

In the case where o3 is unknown, we endow the B-spline coefficients 3 € R? with the

same prior as before and the residual variance o2 with an independent Inverse Gamma
prior 02 ~ IG(ac,b,).

To establish posterior concentration results in the unknown of case, we first need to

define a suitable notion of joint posterior concentration. We say that the joint posterior
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concentrates at rate €, around the truth (fo,03), if the expected posterior probability
of neighborhoods of the form

{(f,0%) € C[0,1] x (0,00) : |[f = folln < Mey Ao /of — 1] < Men} (4)

converges to 1. Joint posterior concentration in this or a comparable sense has been
studied by Choi and Schervish (2007); Wei et al. (2020); Bai et al. (2022). However,
none of these papers has considered Bayesian penalized splines with a roughness penalty.

To prove joint posterior concentration in the sense of (4), we can again use the KL
and testing strategy. The KL condition can be verified by introducing rectangles that
are contained in the resulting KL type neighborhoods. Furthermore, the test

¢n :]l{Hﬁ_fO”n ZM/2 €n V

;?/0(2)—1‘ > M/2 en},

can be used for the testing condition. Thereby, ﬁ is a truncated DR estimator as in the

proof of Theorem 3.1 and o2 = ||[Y™ — f'||2/(n — t) is the corresponding estimator of
the residual variance.

With this, we find that the joint posterior concentrates at near optimal rate around
the truth (fo,03) in the sense of (4) under almost the same assumptions as before if we
use an independent Inverse Gamma prior 02 ~ IG(a., bc) with constant shape a. € (0, 1]
and constant scale b, > 0 on the residual variance o2. We only get the restriction mg > 2
for the regularity of the unknown regression function f, € C"°[0,1]. To cover the case
mg = 1, the prior on ¢ needs to have even less prior mass close to the origin compared
to an Inverse Gamma distribution. The square root of an Inverse Gamma distribution,
for instance, works well.

4.2 Multivariate Function Estimation

By combining our results with those from Huang and Su (2021) in the frequentist con-
text, we can also extend our posterior concentration results to the multivariate setting
where a multivariate function fo : [0,1]? — R with p > 2 is to be estimated. To this

end, we first introduce a suitable prior I for multivariate functions.

A multivariate prior To construct a suitable prior II for multivariate functions, we
combine a relatively large number of tensor product B-splines with a smoothness prior
on the basis coefficients. We assume that the p > 2 marginal spline spaces have the
same order m > 2 and the same vector of knots & € [0,1]**2. We thus consider the
tensor product spline space S(m, £)®P of dimension d = (m + k)P. A convenient basis
of this function space are the tensor product B-splines {Eh ey B 7}, which are simply
products of the marginal B-spline basis functions (see, e.g., de Boor, 2001, for details).

Following Huang and Su (2021), a suitable measure of the roughness of a tensor
product spline f € S(m, £)®P is the thin plate penalty functional. For p = 2 covariates
and penalty order ¢ = 2, we obtain the expression

| ett@ydo sz [ (oof@paes [ (8@
[0,1]2 [0,1]2 [0,1]2

) 5
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where 0; and O are the partial derivatives with respect to x; and . For general
p>2andq € {l,...,m—1}, the corresponding differential bilinear form on the tensor
product spline space is

ALy o) de o e\ep
Z }q/[0,1]p(D f( ))(D g( ))d , f,gGS( ,5) ’

ae{l,....p

where D is the g-tuple of partial derivatives Oy, ... 0a,. Denoting the resulting dxd

roughness penalty matrix in terms of the tensor product B-splines by Eg), a suitable

prior ﬁNfor multivariate functions is the distribution of the random tensor product spline

f= ijl Ej Bj, where the tensor product B-spline coefficient vector 5 € R? is endowed
with the hierarchical smoothness prior

- _ e 1
BlT~Nz (O, (Rg)/r—l—BTH(q)B/(nTpoly)) ) with 7 ~ p(7).

Thereby, B is the n x d tensor product B-spline design matrix and H (Q)Nis the projection

matrix onto the p-variate polynomials of degree g—1 or less. The prior II can be regarded
as a natural multivariate extension of the prior II introduced in Section 2.2.

Posterior concentration rates To achieve posterior concentration in the multivariate
setting, we make the following assumptions.

B1) Similar to de Jonge and van Zanten (2012) we assume that fo € C™°[0,1]?,
which means that all partial derivatives of order mg exist and are continuous, i.e.,
Do fy € C[0,1]P for o € {1,...,p}™o.

B2) We use splines of order m > my for the p marginal spline spaces.

B3) We use k,, equidistant interior knots for the marginal spline spaces and for k,, — oo
we assume k, ~ ¢;n%, where ¢ > 0 and 1/(2mg +p) < < 1/p.

B4) For the order of the thin plate roughness penalty we assume g = my.

B5) For the hyperprior p,(7) on the smoothing variance 7 we assume with 7% =
n~P/(motp) and €, = n~"mo/2motP) (Jlogn)1/2:

a) Je; >0 fccl:;tp pn(T)dT > exp(—ne2) for all sufficiently large n.

1

b) Jex >0: ch;T* pn(7)dT < exp(—5 ne2) for all sufficiently large n.

B6) The additional penalty parameter 7,4, is either positive or diverges to +oo at
polynomial speed as in Assumption AG).
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B7) The design points z; € [0,1]7, ¢ = 1,...,n are sufficiently regular, i.e., |Q, —
Qlloo = o(k,,7), where Q,, is the p-variate empirical cumulative distribution func-
tion of the z; and @ is a fixed p-variate distribution function associated with a
positive continuous design density on [0, 1]7.

Theorem 4.1. Under Assumptions B1)-B7), the posterior IL,,(- | Y™) concentrates
around fo at near optimal rate, i.e., there exists a constant M > 0 such that

EoIL,(f € C[0,1]7 : || f — folln > Me, | Y™) = o(1),

where €, = n~"0/2motP) (log n)/2,

The proof of Theorem 4.1 follows by very similar arguments as the proof of Theo-
rem 3.1 and is omitted for brevity.

Remark 4.2. The rate ¢, in Theorem 4.1 is again near optimal in the sense that
it is the minimax rate times a logarithmic factor. Furthermore, Corollary 3.3 directly
carries over for the corresponding choices of 7, and ¢,. In conclusion, Bayesian penalized
splines can also achieve posterior concentration at near optimal rate for multivariate
functions.

5 Simulation Study

In this section we conduct a simulation where we benchmark Bayesian penalized splines
against competing Bayesian methods from the literature. We focus on the univariate
setting and the comparison with the closely related Bayesian spline regression approach
where one places a hyperprior on the spline knots, which we refer to as “Bayesian model
selection” following Kang and Jeong (2024). However, we also include Gaussian process
regression to obtain a more complete picture.

Simulation design We follow Smith and Kohn (1996) and consider three test functions:
(i) the linear function f; = 2z — 1, (ii) the sine function fo = sin(107x) and (iii) the
mixture of Gaussian densities

1 1
f3(z) = Z1\11(;c;().15,().05>2) + ZNl(x;O.6,0.22), x € [0,1].
We use n € {100, 250,500} observations with regular design points z; = i/n, i =
1,...,n, and set g € {1/8,1/4,1/2} times the observed range of the test function f.

This yields signal-to-noise ratios (SNRs) of 8, 4 and 2, respectively, which we refer to
as high, medium and low.

Estimation methods We consider the following three methods for estimation.

1. Bayesian penalized splines (BPS): We use cubic Bayesian penalized splines with
k = 20 equidistant interior knots, a second order derivative penalty (¢ = 2)
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and a Weibull hyperprior with shape parameter 1/2 for the smoothing variance
7. For the rate parameter we use A = 1/500, which ensures that prior draws
have an appropriate scale. For 02 we use an independent Inverse Gamma, prior
0% ~ IG(1/1000,1/1000).

For posterior sampling we use a Metropolis-within-Gibbs sampler. More specif-
ically, we use Gibbs steps for 4 and o2 and Metropolis-Hastings steps with it-
eratively weighted least squares proposals as in Klein and Kneib (2016a) for 7.
To reduce the computational cost of the Gibbs steps for 3, we solve the gen-
eralized eigenvalue problem (Parlett, 1998, Chapter 15) for the pair of matrices

(Rg), Rg) + BT B) before posterior sampling. Thereby, we obtain a fixed regular

d X d matrix A that simultaneously diagonalizes Rg) and B' B via congruence.

Exploiting this matrix A, we then only need to invert a diagonal matrix in every
iteration of the sampler.

2. Bayesian model selection (BMS): As a first competitor to Bayesian penalized
splines we consider Bayesian model selection. This is a Bayesian spline regression
approach that uses a hyperprior on the number of spline knots and optionally
also on their location. We use the recent R package gambms (Kang and Jeong,
2024), which offers a flexible and numerically stable implementation. We use a
maximum of 20 equidistant knots and an intrinsic prior, which is a special mix-
ture of g-priors, on the spline coefficients (see Kang and Jeong, 2024, for de-
tails).

3. Gaussian processes (GPs): As a second competitor to Bayesian penalized splines
we consider Gaussian process regression (Rasmussen and Williams, 2006). We use
the R package kernlab (Karatzoglou et al., 2004), which offers a fast and sta-
ble implementation based on incomplete Cholesky decompositions of the kernel
matrix, for which we use the popular squared exponential kernel.

Results Figure 2 shows boxplots of the root mean squared error (RMSE), defined as
(1/n Z:l:l(f(xz) — f(2:))?)'/2, across R = 50 replicate data sets. Altogether, Bayesian
penalized splines perform slightly worse than Bayesian model selection but better than
Gaussian processes in terms of RMSE. However, Bayesian penalized splines perform
significantly worse than both competitors for the sine function f and a low SNR.
In this case, Bayesian penalized splines lead to severe oversmoothing (see Figure 3).
The oversmoothing disappears for the larger sample sizes n = 250 and n = 500 for
which Bayesian penalized splines lead to comparable performance (see Figures 2-3).
Interestingly, Bayesian model selection occasionally seems to oversmooth for the larger
sample sizes (see Figure 3).
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Figure 2: RMSEs. Shown are boxplots of the root mean squared error across R =
50 replicate data sets of sizes n € {100,250,500}. The rows show the results for the
different test functions (f1/f2/f3), while the columns show the results for different SNRs
(high/medium/low). Thereby, BPS refers to Bayesian penalized splines, BMS refers to
Bayesian model selection and GPs refers to Gaussian processes.
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Figure 3: Function estimates for fy and low SNR. Shown are function estimates f (gray)
of the sine function f; (dashed blue) for a low SNR across R = 50 replicate data sets. The
rows show the function estimates for the different sample sizes (n = 100/250/500), while
the columns show the estimates for the different methods (BPS/BMS/GPs). Thereby,
BPS refers to Bayesian penalized splines, BMS refers to Bayesian model selection and
GPs refers to Gaussian processes.
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6 Discussion

Bayesian penalized splines are widely used in applied regression modeling but their
theoretical understanding is lagging far behind. In this paper, we make an important step
to close this gap in the literature and study posterior concentration rates for Bayesian
penalized splines in a Gaussian nonparametric regression model.

We first consider univariate function estimation with known residual variance be-
fore explaining how our posterior concentration results can be extended to cover an
unknown residual variance as well as multivariate function estimation using tensor
product splines. Our results rely on innovative tools such as the truncated Demmler-
Reinsch basis estimator and we show that Bayesian penalized splines can achieve the
optimal rate of concentration up to a logarithmic factor, justifying their use as a de-
fault prior from a Bayesian nonparametric perspective (Ghosal and van der Vaart,
2017).

However, our results also reveal a theoretical limitation of Bayesian penalized splines.
In contrast to Bayesian model selection, where one places a hyperprior on the spline
knots, Bayesian penalized splines do not yield rate-adaptive posterior concentration.
This is because the order of the roughness penalty ¢ needs to match the regularity mg of
the unknown regression function fy exactly to achieve the optimal rate of concentration.
Hence, one needs to know mg to achieve the optimal rate for Bayesian penalized splines,
which seems rather restrictive from a theoretical perspective.

To assess the practical consequences of the lack of rate-adaptivity for Bayesian pe-
nalized splines compared to Bayesian model selection, we have conducted a simulation
study. Our results indicate that Bayesian penalized splines are actually slightly inferior
to Bayesian model selection in terms of mean squared error, but overall the differences
are minor. In addition, we find that Bayesian penalized splines still perform better
than the popular Gaussian processes with a squared exponential kernel. This is in line
with previous simulation studies showing that Bayesian penalized splines generally yield
satisfactory estimation performance.

A practical advantage of Bayesian penalized splines compared to Bayesian model
selection is that it is easier to set up a Markov chain Monte Carlo sampler for Bayesian
penalized splines, in particular for non-Gaussian response models. The relative ease of
posterior sampling has led Bayesian penalized splines to be used also for more sophisti-
cated regression models, such as distributional or multivariate copula regression models
(Klein et al., 2015; Klein and Kneib, 2016b).

In conclusion, we see three promising directions for future research: First, given the
wide range of models where Bayesian penalized splines are routinely used in practice, it
seems desirable to extend our concentration results to further models such as generalized
additive or multivariate response regression models. A second, more computationally
oriented direction is to implement Bayesian model selection for distributional or copula
regression models where Bayesian penalized splines are already well-established. A third
direction for future research is to devise a rate-adaptive version of Bayesian penalized
splines, which ideally maintains the computational simplicity of the commonly used
non-adaptive approach.
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In recent work, Lim and Jeong (2023) suggest a hybrid spline that combines features
from Bayesian penalized splines and Bayesian model selection, and they show that this
approach leads to rate-adaptive posterior concentration. However, this hybrid spline
is computationally more intensive and further strategies to achieve rate-adaptivity for
Bayesian penalized splines are conceivable.
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