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ABSTRACT

The multipole expansion is a powerful framework for analyzing how subwavelength-size objects scatter waves in optics or acoustics. The cal-
culation of multipole moments traditionally uses the scatterer’s center of mass as the reference point. The theoretical foundation of this heu-
ristic convention remains an open question. Here, we challenge this convention by demonstrating that a different, optimal multipole center
(OMC) can yield superior results. The optimal center is crucial—it allows us to accurately express the scattering response while retaining a
minimum number of multipole moments. Our analytical technique for finding the optimal multipole centers of individual scatterers, both in
isolation and within finite arrays, is validated through numerical simulations. Our findings reveal that such an optimized positioning signifi-
cantly reduces quadrupole contributions, enabling more accurate monopole–dipole approximations in acoustic calculations. Our approach
also improves the computational efficiency of the T-matrix method, offering practical benefits for metamaterial design and analysis.

VC 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (https://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0257760

The efficient modeling of sound scattering by finite heteroge-
neous arrays of compact objects (scatterers) varying in shape and
material properties represents a fundamental challenge in acous-
tics. This problem has gained renewed attention with the advent of
modern high-performance computing, which has enabled the prac-
tical implementation of transition matrix (T-matrix) schemes.1–7

Contemporary T-matrix frameworks can accurately capture com-
plex interactions among arrayed scatterers, even when the individ-
ual scatterers exhibit structural and material diversity. This
capability becomes particularly critical in the emerging field of
inverse-designed metamaterials8–17 and their physics-based opti-
mization algorithms using T-matrix solvers.18–22 The classical23–26

and more recent studies28–36 on multipole expansion, a versatile
method for modeling scattering by subwavelength scatterers in
optics and acoustics, form the basis of these approaches.

In the T-matrix method, the incident and scattered fields for any
compact scatterer are expressed as a truncated multipole expansion.
The selection of the spatial coordinate relative to which these fields are
expanded is critical to the accuracy of the method. Frequently, the
multipoles are positioned at the scatterer’s center of mass.37 However,

the multipole moments induced in a scatterer by incident fields depend
on the chosen expansion center, and generally, no unique choice
exists.37,38 An arbitrary coordinate center can be selected as the expan-
sion center, but it requires retaining an increasing number of multi-
poles in the expansion to express the scattering response accurately.
Computationally, this quickly becomes extremely demanding, if not
impossible. Therefore, identifying an optimal center is critical to mini-
mize the number of multipole terms retained in the expansion.

Our study addresses this challenge in acoustics by seeking to min-
imize the number of multipoles retained in the expansion when
describing the acoustic scattering response from either scatterers or
finite arrays thereof. Through both analytical and numerical
approaches, we examine the scattering of acoustic pressure waves by
subwavelength scatterers to determine the location of the optimal mul-
tipole center (OMC). We demonstrate that selecting this optimal cen-
ter minimizes the quadrupole contribution, creating ideal conditions
for applying the monopole–dipole approximation (MDA) in acoustics
widely used in the literature.39–43 This approach can be applied to both
isolated scatterers and compact arrays where simple multipole sources
interact at short distances.
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We begin with a mathematical formulation of our problem. The
scattered pressure pscaðk; rÞ of an acoustic scatterer can be expressed as
a truncated expansion in scalar spherical waves (multipoles) weighted
by multipole moments,44

pscaðk; rÞ ¼
X‘max

‘¼0

X‘

m¼�‘

p‘;mðk; dÞwð3Þ
‘;mðk; r� dÞ; (1)

where ‘ and m are the degree and order of the singular multipole

wð3Þ
‘;mðk; r� dÞ (see Sec. S1 A in the supplementary material for its defi-

nition). r 6¼ d and k ¼ x=c0 is the wavenumber in the surrounding
medium. d is an offset of the multipole center relative to the scatterer’s
center of mass defined as rCM ¼ 0 [point O in Fig. 1(a)]. For Eq. (1) to
be valid, the coordinate r must belong to the space region outside a
sphere circumscribing the scatterer.45 We aim to choose the optimal
dopt that simultaneously provides the best precision in calculating
physical quantities and the lowest maximal multipole degree ‘max in
the expansion. In this work, we assume that the offset d is subwave-
length, that is, kjdj � 1.

To determine dopt, we need to know the dependence of the multi-
pole moments on d. Using the translation coefficients of spherical
waves að1Þ

‘m‘0m0 ðk; dÞ (sec. S1 C in the supplementary material),46 we
link the multipole moments obtained for an expansion center shifted
to d to the multipole moments obtained at the center of mass, i.e., at
d ¼ 0 (see Sec. S1 D in the supplementary material),

p‘;mðk; dÞ ¼
X‘max

‘0¼0

X‘0
m0¼�‘0

að1Þ
‘m‘0m0 ðk; dÞp‘0;m0 ðk; 0Þ; (2)

where p‘0;m0 ðk; 0Þ can be computed using, e.g., the acoustic T-matrix of
the scatterer47,48 (see Sec. S6 in the supplementary material) or upon
post-processing simulations from a full-wave solver (see, e.g.,
Appendix B in Refs. 49 and 50). Equation (2) is of significant practical
importance—it shows that to obtain the entire dependence of the

multipole moments on d, we can calculate the multipole moments only
once, if the chosen ‘max is sufficient.

Furthermore, we verify our semi-analytical approach in two
examples. As a first example, we find the OMC for a cone-shaped scat-
terer with cylindrical symmetry along the z-axis [see Fig. 1(a)]. The
symmetry is conserved for a plane wave excitation along the z-axis,
and only the zonal multipoles (withm ¼ 0) are excited. Moreover, the
offset along the z-axis d ¼ dẑ affects only the zonal multipole content
of the scatterer because the shifted system remains axisymmetric.
Furthermore, we consider a spectral range where the first three multi-
poles sufficiently approximate the scattering for all d we examine, i.e.,
‘max ¼ 2 can be held. In this case, the scattering cross section of the

cone is rtotðkÞ ¼ k�2 P‘max
‘¼0 jp‘;0ðk; dÞj2. Here, we consider the offsets

d that are sufficiently small to make rtotðkÞ almost independent of d,
while its MDA rmdðk; dÞ ¼ k�2 P1

‘¼0 jp‘;0ðk; dÞj2 still depends on d.
Therefore, we define dopt as mindjp2;0ðk; dÞj2 for a given k to reduce
error jrmdðk; dÞ � rtotðkÞj. We then compute dopt from equation

$djp2;0ðk; dÞj2 ¼ 0.
Although standard numerical methods51 can be used to find dopt,

we solve this problem analytically. We start by adapting Eq. (2) to the
considered case and write the off-origin quadrupole moment as a func-
tion of a normalized offset ðkdÞ. For all zonal multipole coefficients,
we make substitutions p2ðkdÞ � p2;0ðk; dẑÞ and p‘ � p‘;0ðk; 0Þ for
brevity and then arrive at the following compact equation:

p2ðkdÞ ¼ p2 þ A2ðkdÞ � p; (3)

with p ¼ ½p0; p1; p2�T, A2ðkdÞ ¼ ½a0ðkdÞ; a1ðkdÞ; a2ðkdÞ�T, and

a‘0 ðkdÞ � að1Þ20‘00ðk; dẑÞ � d2;‘0 . The long-wavelength approximation
(LWA) kd � 1 of the spherical Bessel functions (see Sec. S1 B in the
supplementary material) gives an approximate separation vector
~A2ðkdÞ ¼ ½~a0ðkdÞ; ~a1ðkdÞ; ~a2ðkdÞ�T,

~A2ðkdÞ ¼ 1

3
ffiffiffi
5

p ðkdÞ2;� 2ffiffiffiffiffi
15

p ðkdÞ;� 11
42

ðkdÞ2
� �T

; (4)

where the tilde is used to distinguish the accurate values of translation
coefficients a‘0 from their LWA ~a‘0. After substituting Eq. (4) into Eq.
(3), we arrive at a quadratic approximation of jp2ðkdÞj2,

j~p2ðkdÞj2 ¼ f0;k þ f1;kðkdÞ þ f2;kðkdÞ2; (5)

where f0;k ¼ jp2j2, f1;k ¼ � 4ffiffiffiffi
15

p R½p�1p2�, and f2;k ¼ 4
15 jp1j2 � 11

21 jp2j2
þ 2

3
ffiffi
5

p R½p�0p2� with a real k (for a complex k, we refer to Sec. S2 C in

the supplementary material) and p‘ ¼ p‘ðkÞ, calculated for d ¼ 0. The
accuracy of Eqs. (3) and (5) in the considered spectral range is con-
firmed in Sec. S2 A in the supplementary material. Similar interpola-
tions can be derived for the coefficients p0ðkdÞ and p1ðkdÞ (see Sec. S2
B in the supplementary material) as well as for high-degree terms. The
main outcome of (5) is an analytical formula for the optimal offset
being a solution to the equation @ðkdÞj~p2ðkdÞj2 ¼ 0 (k is fixed) that
provides dopt ¼ �f1;k=ð2kf2;kÞ or

dopt ¼
ffiffiffi
3

p

k
R½p�1p2�

2ffiffiffi
5

p jp1j2 � 11
ffiffiffi
5

p

14
jp2j2 þR½p�0p2�

; (6)

FIG. 1. Sketch of the considered problem. (a) A cone of height h under insonifica-
tion of an acoustic plane wave propagating along the z-axis. The center of the multi-
pole expansion (green point) is offset from the center of mass (pink point O, z ¼ 0)
by a distance d. (b) Squared amplitudes of first three multipole moments of the
cone vs d at a fixed frequency. The quadrupole moment exhibits a minimum,
whereas the sum of the monopole and dipole moments has a maximum, manifest-
ing the optimal multipole center’s position z ¼ dopt.
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where the sign of second derivative f2;k > 0 and k 6¼ 0 has been
implied. Thus, once the multipole moments at d ¼ 0 are known, the
OMC’s position is directly given by Eq. (6). Moreover, Eq. (6) can be
used even if the initial multipole center is at an arbitrary point d ¼ d0.
Then, a translation ðdopt þ d0Þ gives the OMC.

To increase the accuracy, one can extend expansion (5) up to the
next even power of ðkdÞ,

jp^2ðkdÞj2 ¼
X4
n¼0

fn;kðkdÞn; (7)

where f3;k and f4;k are given in Sec. S2 C in the supplementary material.
In this case, an optimal offset is calculated as a pure real solution to the
cubic equation @ðkdÞjp^2ðkdÞj2 ¼ 0 being

f1;k þ 2f2;kðkdÞ þ 3f3;kðkdÞ2 þ 4f4;kðkdÞ3 ¼ 0: (8)

To validate the analytical results, we perform a numerical simula-
tion of the scattering of a plane wave by a cone of height h ¼ 1 cm and
radius of h=2. The cone is made of a material with the speed of sound
c1 and mass density q1. It is placed in a medium with c0=c1 ¼

ffiffiffiffiffi
21

p
and q0=q1 ¼ 1=7 [see Fig. 1(a)]. We use our in-house T-matrix-based
code acoustotreams,52 which is an adaptation of the electromagnetic
scattering code treams for acoustic scattering.53 The acoustic T-matrix
of the cone was calculated for d ¼ 0 in a spectral range between 5 and
25.5 kHz with a step of 0.1 kHz using the finite-element method
(Pressure Acoustics interface in COMSOL MULTIPHYSICS, v. 6.2).54 The
acoustic T-matrix was then exported to acoustotreams to calculate the
offset multipole moments (2) with ‘max ¼ 5 (full-wave model).

Figure 2 presents the results of the full-wave numerical simula-
tions, which are the cone scattering efficiency in (a), the normalized
quadrupole moment map in (b) with numerical values of dopt shown
by green markers, and the relative error for the MDA of the scattering
cross section in (c) calculated for the multipole center placed at the
center of mass and OMC (numerical values). Figure 2(b) also com-
pares the numerical values of dopt to the analytical values in the qua-
dratic (6) and quartic (8) approximations. Multiple observations can
be made.

First, the OMC converges to dopt ¼ �0:075 cm in a subwave-
length regime xh=c0 � 1 [see Fig. 2(b)]. Thus, the OMC is located
below the center of mass, similar to the magnetic multipole center of
electromagnetic scatterers.55 The OMCs predicted by all three models
coincide for xh=c0 < 2:75 except at the monopole resonance
xIh=c0 ¼ 1:68. At this frequency, the quartic approximation jp^ 2j2
fails near the actual minimum of jp2j2 taking nonphysical negative val-
ues. Therefore, the sextic approximation should be used. We do not
show it here for brevity, but it can be found in Sec. S2 C 4 in the
supplementary material. For optical scatterers, we have already dem-
onstrated that the optimal multipole center differs from the scatterer’s
center of mass and is, in fact, dispersive.55 In contrast, at dipole reso-
nance xIIh=c0 ¼ 2:4, all models predict the same OMC with a signifi-
cant suppression of the error [see the inset in Fig. 2(c)]. In Fig. 2(b), we
also see that the negative OMC turns into a large positive OMC
around xIIIh=c0 ’ 2:75 (the gray region in Fig. 2), and the second
derivatives of (5) and (7) become negative (see Sec. S3 in the
supplementary material). In this case, the monopole contribution
to the scattering is suppressed, while the quadrupole becomes substan-
tial. Figure 2(c) also confirms that neglecting the quadrupole around

x ’ xIII leads to an error larger than 40%. Hence, the OMC should
be redefined as a minimum of a higher-degree multipole moment.
Surprisingly, at the quadrupole resonance xIVh=c0 ¼ 3:24, the quad-
rupole moment can still be neglected with an error of 10% since the
monopole also exhibits a resonant-like response. Thus, a center for the
multipole expansion of the fields placed at the optimal point provides
the best conditions for the MDA. The error in the scattering cross sec-
tion is consistently smaller when the OMC is chosen for the expansion
compared to when the center of mass is chosen [see Fig. 2(c)]. At the
same time, one can use Eq. (6) to predict the positions of the OMC for
xh=c0 � 2:75 when f2;k > 0. For higher frequencies, Eq. (8) or the
higher approximations should be employed [see Fig. 2(b)].

In a further analysis, we demonstrate that the OMC can be found
not only for individual scatterers but also for finite arrangements
thereof. The framework of the T-matrix method can be efficiently
applied to acoustic multiple scattering problems,56–58 where one needs

FIG. 2. (a) Scattering efficiency rtotðkÞ=ð0:25ph2Þ of the cone, shown in the inset,
with its multipole decomposition for the multipole center at d ¼ 0. (b) Normalized
zonal quadrupole moment of the cone jp2ðk; dÞj2=

P
‘ 6¼2 jp‘ðk; dÞj2 for ‘max ¼ 5.

The green dots show the values of dopt ¼ mind jp2ðk; dÞj2, obtained directly from
the full-wave numerical simulations. The dashed blue and solid red lines show dopt
calculated with the quadratic [Eq. (6)] and quartic [Eq. (8)] approximations of
jp2ðk; dÞj2, respectively. (c) Error of the scattering cross section for ‘max ¼ 1 rela-
tive to that for ‘max ¼ 5 at d ¼ 0 (pink dashed) and d ¼ dopt, calculated in the full-
wave model (green solid). Inset: the same but on a logarithmic scale for
xh=c0 � 2:5.
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to distinguish a formulation in a local and global description of the
scattered fields of arrangements.59 In the local description (LD), the
fields are expanded at the N local positions of all N scatterers, ri with
i ¼ 1::N . The multiple scattering equation is solved to obtain the self-
consistent multipole moments that account for the interactions of the
scatterers with the incident field and with each other [see, e.g., Eq. (17)
in Ref. 53]. In the LD, the multipole moments are calculated when the
multipole centers coincide with the centers of mass of scatterers
located at ri. In the global description (GD), the fields are expanded
from all particles using a global expansion center at a single point d. In
this regard, the global multipole moments depend on d and the local
multipole moments as

pðglobalÞ‘;m ðk; dÞ ¼
X‘max

‘0¼0

X‘0
m0¼�‘0

XN
i¼1

að1Þ
‘m‘0m0 ðk; d� riÞpðlocalÞ‘0 ;m0 ðk; riÞ: (9)

Equation (9) is similar to Eq. (2) for the single-particle case, but it
includes a sum over the scatterers. The other feature is more inconspic-
uous. The maximal multipole degree in the GD Lmax can be larger
than in the LD ‘max. Thus, a transition from the LD to the GD is rea-
sonable when the size of an arrangement T-matrix in the GD,
ðLmax þ 1Þ2, is smaller than the size of an arrangement T-matrix in
the LD, Nð‘max þ 1Þ2.

As an example, we consider a trimer of spherical particles shown
in Fig. 3(a). The spheres of radius R ¼ 0:5 cm are placed at the nodes
of an equilateral triangle of side a ¼ 3R. The material parameters
(mass density and speed of sound) of the scatterer material and the
background are the same as before. Hereafter, we can use the same for-
malism as before but in a multiple scattering scenario to find the min-
ima of the quadrupole moment in the GD

P2
m¼�2 jpðglobalÞ2;m ðk; dÞj2. An

interaction between the spheres can induce the multipoles withm 6¼ 0.
However, their contribution is smaller than that of zonal multipoles.
Therefore, we can apply Eqs. (6) and (8) to predict dopt. We assume
the range of frequencies 1–11 kHz where ‘max ¼ 1 and Lmax ¼ 2 are
sufficient. If we manage to find the OMC where even Lmax ¼ 1
provides good accuracy, then we will decrease the size of the trimer
T-matrix from 12 to 4, although one has to track doptðxÞ.

Figure 3 presents the same content as Fig. 2 but for the trimer.
The main difference lies in the behavior of dopt. In the static case, the
system is symmetric concerning the rotations by p=3 and 2p=3 in the
xz plane; hence, dopt ! 0 when xa0=c0 ! 0, i.e., the OMC coincides
with the center of mass of the trimer [see Fig. 3(b)]. Here, xa0=c0 is an
effective trimer size parameter with a0 ¼ aþ 2R. As xa0=c0 increases,
dopt also increases. From xa0=c0 ¼ 2:6, the OMC remains at the same
point dopt 	 0:35 cm close to the center of the upper sphere and pro-
vides a better accuracy of the MDA [see Fig. 3(c)]. Both quadratic and
quartic models predict dopt for xa0=c0 � 2:6 very well, although the
quadratic model fails for xa0=c0 > 2:6 due to the resonant response of
the trimer [see Fig. 3(a)]. In Sec. S4 in the supplementary material, we
also consider this trimer rotated by p=2 in the xz plane, for which dopt
is traced as a trajectory, with the initial point at dopt ¼ 0, as the fre-
quency increases.

In the end, we demonstrate that the OMC can improve the com-
putational efficiency of the acoustic T-matrix method in multiple scat-
tering problems. For that purpose, we consider a ring of N identical
cones (the same as those previously considered) placed at a distance
D ¼ 2:6 cm between the nearest neighbors. The acoustic T-matrix of

the individual cone is calculated at frequency xh=c0 ¼ 2:5 for the
multipole expansion center placed at d ¼ 0 with ‘max ¼ 2, and at
the OMC with ‘max ¼ 1 [see Fig. 2(b)]. An additional modification of
the OMCs due to the interaction between scatterers is neglected. Then,
we vary N from 80 to 380, estimate the time we need to solve the mul-
tiple scattering problem, compute the ring scattering cross section for
each N, average this time after 10 iterations, and normalize it by s.
Here, s is the average time to solve a linear system with a 1000
 1000
matrix and 1000
 1 right-hand side using the numpy.linalg.solve
function in Python 3.11.

Figure 4 illustrates the results, demonstrating that the OMC
reduces computational time by a factor of six, as we reduce the size of

FIG. 3. The same as in Fig. 2 but for a trimer of spherical scatterers [see the inset
of panel (a)] using the global description (9) of the trimer acoustic response. (a) The
scattering efficiency is rtotðkÞ=ð0:25p½a0�2Þ where a0 ¼ aþ 2R. The pink dot indi-
cates the center of mass. (b) Normalized global quadrupole moment of the trimerP

m jpðglobalÞ2;m ðk; dÞj2=P‘ 6¼2;m jpðglobalÞ‘;m ðk; dÞj2 for ‘max ¼ 2 and Lmax ¼ 4. The

green dots show the values of dopt ¼ mind
P

m jpðglobalÞ2;m ðk; dÞj2, obtained directly
from the full-wave numerical simulations. The dashed blue and solid red lines show
dopt calculated with the quadratic [Eq. (6)] and quartic [Eq. (8)] approximations of

the zonal term jpðglobalÞ2;0 ðk; dÞj2, respectively. (c) Error of the scattering cross section
for Lmax ¼ 1 relative to that for Lmax ¼ 4 at d ¼ 0 (pink dashed) and d ¼ dopt, cal-
culated in the full-wave model (green solid). Inset: the same but on a logarithmic
scale for xa0=c0 � 2:5.
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the isolated-cone T-matrix from 9 for ‘max ¼ 2 to 4 for ‘max ¼ 1, while
the error in the calculation of the ring scattering cross section remains
comparable. Moreover, using the MDA but placing the multipole center
at the center of mass increases the average error from 1.42% to 4%.
Thus, the OMC remarkably reduces the computational time within the
T-matrix and multipole methods for simulating the acoustic response of
discrete scatterers while maintaining a reasonable error.

As drawbacks of the OMC approach, we have to mention first
that an offset d of the multipole expansion center effectively increases
the radius of a sphere circumscribing the scatterer from Rc to
ðRc þ dÞ. Expansion (1) becomes then valid outside a larger circum-
scribing sphere,45 which may lead to larger minimal spacings between
the scatterers in their arrangements. Moreover, the OMC, as discussed
here, has been found for a particular incidence of the external wave
along the z-axis. As discussed in Ref. 55, a different illumination direc-
tion leads to different OMCs, making the OMC both frequency- and
angular-dispersive (see Sec. S5 in the supplementary material).

In conclusion, we address the problem of determining the optimal
point to place the multipole expansion center in acoustic scattering. We
consider individual scatterers and multi-particle structures without
reflection symmetry along the z-axis and trace the OMC position along
the axis when the scatterers are insonified by a plane wave. Our compre-
hensive acoustic scattering model reveals that similar to electromagnetic
scattering,55 an optimal solution minimizes the multipole content to
produce the most efficient descriptor while retaining only a few terms of
the lowest degree. We showcase the advantages of using low-degree
multipoles (monopole and dipole) at this OMC, demonstrating substan-
tial computational efficiency gains achieved in T-matrix calculations.
Our approach can be extended beyond the systems described within the
monopole–dipole–quadrupole approximation to systems of arbitrary
geometry that require optimizing their multipole descriptions up to arbi-
trary multipole degrees and orders.

See the supplementary material for the definition of scalar spheri-
cal waves (multipoles), the addition theorem and translation coeffi-
cients, the derivation of Eqs. (3)–(8), the analysis of the error of
approximations (3), (4), and (7), the calculation of an optimal multi-
pole center trajectory for the rotated trimer, the calculation of an opti-
mal multipole center for the isolated cone as a function of the angle of

incidence, and the details on the computation of the acoustic T-
matrices of axisymmetric objects in COMSOLMultiphysics.
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