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Abstract

We study Maxwell’s equations with periodic coefficients in a closed waveg-
uide. A functional analytic approach is used to formulate and to solve the radiation
problem. Furthermore, we characterize the set of all bounded solutions to the ho-
mogeneous problem. The case of a compact perturbation of the medium is included,
and the scattering problem and the limiting absorption principle are discussed.

Mathematics Subject Classification: 35Q61

1. Introduction

Maxwell’s equations describe electromagnetic waves with the two unknown
fields E and H . When the frequency ω > 0 is prescribed, one can use the time-
harmonic equations. With two coefficients μ = μ(x) (permeability) and ε = ε(x)

(permittivity), both depending on the spatial position x ∈ R
3, the system reads as

curl E = iωμ H + fh ,

curl H = −iωε E + fe .
(1.1)

Here, fe = fe(x) models prescribed external currents and fh = fh(x) a right-hand
side in the E-equation. We include fh for mathematical completeness and allow
div fh �= 0 in our mathematical analysis below. This will be technically helpful at
a later point in the proofs. The inhomogeneities create the fields E = E(x) and
H = H(x). We are interested in a waveguide geometry and treat the equations on
a domain � = R × S ⊂ R

3, where S ⊂ R
2 is a bounded Lipschitz domain. We

assume that ε, μ ∈ L∞(�,R) are bounded from below by some constant c0 > 0
and that ε and μ are 2π -periodic with respect to x1. Along the exterior boundary,
we consider a perfect conductor: ν × E = 0 on ∂� for the exterior unit normal
vector ν = ν(x).
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1.1. Literature

Electromagnetic waves are described by Maxwell’s equations; we refer to [14]
for background and an overview over mathematical methods. In applications, one
can often assume that the temporal frequency of solutions is fixed and uses the
ansatz u(x, t) = u(x)e−iωt . This ansatz leads from Maxwell’s equations to the
time-harmonic Maxwell system (1.1), just as it leads from the wave equation to
the Helmholtz equation. Solutions of both, the time-harmonic Maxwell system
and the Helmholtz equation, describe waves in a medium. When the underlying
domain in unbounded, one typically has to complement the system with a radiation
condition. The physically relevant condition is, loosely speaking, that energy should
be transported to infinity.

The Helmholtz equation is, in some particular situation, a special case of the
Maxwell system. It is therefore not surprising that the appearing phenomena and
the analytical methods are very similar.

Of particular interest are waveguides with periodic coefficients. An analysis of
the corresponding Helmholtz problem, along with the adequate radiation condi-
tions, is given in [10]. We note that a more functional analytic approach for the
same problem was developed in [15,16], simplified proofs and strengthened results
can be found in [17]. These approaches are all containing also results on a limiting
absorption principle. Even though the constructions are different, the approaches
are all based on the Floquet-Bloch transform, we refer to [18,21] for more material
on this technique.

Some closely related publications, still for the Helmholtz equation, are the
following: a semi-infinite waveguide is treated in [13], once more, alongside a
limiting absorption principle. An existence result that does not use the Floquet-
Bloch transform is given in [25] without limiting absorption principle. Another
form of the radiation condition in terms of Bloch waves is developed in [20]. A
related approach is studied in [7]. In periodic media, domain truncation can be used
to derive an equivalent formulation of the problem on a bounded domain, by using
Dirichlet-to-Neumann boundary conditions; for this powerful method we mention
[9,11] and refer to references therein.

Regarding the Maxwell system, we are not aware of investigations of the ra-
diation problem in waveguides with periodic media. One subject of research are
scattering problems in the time-harmonic setting, see [3,6], or [2] for a study with
Bloch waves. Another subject are numerical methods in waveguide geometries,
e.g., in [12]. A nonlinear material (the material cannot be given simply by factors
ε and μ) is studied in a geometry (0, h) × R

2 in [27].
Another topic about the Maxwell system is the regularity of solutions, we refer

to [1,8] for related results. We mention that such topics are closely related to
compactness issues, which are very important in our approach.

Finally, there is the large topic of homogenization. In this context, one studies
periodic media in the limit that the periodicity length converges to zero. This is an
interesting limit which leads to effective theories which can have very surprising
features such as negative index materials [4,19,22]. A related topic is the question
whether or not waves, described by Maxwell’s equations, can pass through thin
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layers of material with small holes, see [5,26]. We note that these works study
either bounded domains or assume boundedness of the solution sequence; in this
sense, the results at hand can help to find homogenization limits in more general
situations.

Outline of this article

We will show the existence and uniqueness of solutions to (1.1). Our results
are based on Assumption 3.1, a non-degeneracy assumption on the frequency;
such an assumption is standard in the study of radiation problems. The Maxwell
system is written in a weak form, then re-written with the help of the Floquet-
Bloch transformation and finally written as an abstract equation in Banach spaces,
see (2.10). The latter equation is solved with a functional analytic result of [17],
see Theorem 3.3. This abstract theorem can be applied directly to find bounded
solutions to (1.1) when the right-hand side satisfies an orthogonality condition,
see Theorem 3.5. To solve the problem for general right-hand sides, one has to
introduce a radiation condition, which is done in Definition 3.7. The radiation
problem is solved in Theorem 3.9 as a quite direct consequence of Theorem 3.5.

Other results are the characterization of bounded solutions to the homogeneous
problem, see Theorem 4.1, and the solution of the problem with locally perturbed
periodic media, see Theorem 5.2.

1.2. Variational Formulation of the Problem

Let us first make clear how we understand system (1.1). We search for E, H ∈
L2

loc(�,C3) such that the distributional rotation of H satisfies curl H ∈ L2
loc(�,C3).

We interpret the first equation of (1.1) in the distributional sense and demand that
∫

�

E · curl ψ =
∫

�

[iωμ H + fh] · ψ for every ψ ∈ C1
c (�̄,C3) . (1.2)

The space of test-functions demands that ψ has compact support. This implies, on
the one hand, that ψ is supported on a set �R := (−R, R) × S for some R > 0.
On the other hand, the values on lateral boundaries are free, formula (1.2) therefore
encodes also the boundary condition E × ν = 0 on ∂�.

The second equation of (1.1) is interpreted as an equality of L2
loc-functions. In

order to illustrate the symmetry in the equations, we note that it is equivalent to
∫

�

curl H · ψ =
∫

�

[−iωε E + fe] · ψ for every ψ ∈ C0
c (�̄,C3) . (1.3)

In contrast to (1.2), the rotation in (1.3) does not act on the test-function; this means
that no boundary condition for H is explicitly encoded. Nevertheless, we will see
below that the coupled system contains an implicit boundary condition for H .

The unknown E can be eliminated from the equations to obtain a single equation
for the only unknown u := H . For an arbitrary function φ ∈ C1

c (�̄,C3), we use
ψ := ε−1 curl φ̄ in (1.3); here and in the following, the bar over a function denotes
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complex conjugation. We remark that ψ does not necessarily have the demanded
regularity C0

c (�̄,C3), but a density argument provides that (1.3) remains valid for
compactly supported functions that are essentially bounded. Replacing the integral
over −iωE ·curl φ̄ with the help of (1.2), we obtain the weak formulation of system
(1.1)

∫
�

{
1

ε
curl u · curl φ̄ − ω2μ u φ̄

}
=
∫

�

{
1

ε
fe curl φ̄ − iω fh φ̄

}
, (1.4)

for every test-function φ ∈ C1
c (�̄,C3). We note that we (1.4) holds and both u

and curl u are of class L2
loc(�,C3), by the density of the smooth functions, relation

(1.4) holds also when φ and curl φ are of class L2(�,C3) and have a bounded
support.

1.3. Function Spaces

In what follow, we will assume that fe and fh are vector fields with good decay
properties, more precisely,

fe, fh ∈ L2∗(�,C3) :=
{

f ∈ L2(�,C3)

∣∣∣
∫

�

(1 + x2
1 )2 | f (x)|2dx < ∞

}
.

(1.5)
When we are interested in solutions to (1.4) with a decay for |x1| → ∞, we look
for

u ∈ H(curl,�) :=
{

u ∈ L2(�,C3)

∣∣∣ curl u ∈ L2(�,C3)
}

, (1.6)

and demand that (1.4) holds for all φ in the same space. When we are interested in
radiating solutions, we look for u in the space

Hloc(curl,�) :=
{

u : � → C
3
∣∣∣ ∀R > 0 : u|�R ∈ H(curl,�R)

}
, (1.7)

where again we used �R = (−R, R) × S. In this setting, we demand (1.4) for all
φ ∈ H(curl,�) with compact support in �̄. The remainder of this text is devoted
to these two variants of the variational problem (1.4).

1.4. Comments on the System

The reader might be more familiar with the strong form of system (1.1), which
can be read off from (1.4):

curl

(
1

ε
curl H

)
− ω2μ H = curl

(
1

ε
fe

)
− iω fh . (1.8)

We include a comment on the implicit boundary conditions for H . Let us assume
that the right-hand side fh is L2-orthogonal to all gradients; this encodes div fh = 0
and the boundary condition fh · ν = 0 on ∂�. In this situation, using a gradient
φ = ∇ p as test-function in (1.4), we find that also the function μu = μH is
orthogonal to gradients. This encodes div(μH) = 0 in the domain and μH · ν = 0
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on the boundary. In particular: solving the equations with fh = 0 and a positive
scalar field μ, the solution satisfies automatically the boundary condition H ·ν = 0
on ∂�.

On the equivalence of the two descriptions, we have shown that every solu-
tion of the original problem solves the variational problem (1.4). Vice versa, let
H = u ∈ Hloc(curl,�) be a solution to (1.4). We define the electric field by
E := i(curl H − fe)/(ωε); with this definition, (1.3) is satisfied. We note that
E ∈ L2

loc(�,C3) is satisfied and hence the definition of E together with (1.4) im-
plies (1.2). Additionally, because of iωμ H + fh ∈ L2

loc(�,C3), (1.2) also yields
curl E ∈ L2

loc(�,C3) and we conclude that (1.1) is also solved strongly, i.e., as
two equalities in L2

loc(�,C3). We note that this implies also that system (1.1) is
satisfied pointwise almost everywhere.

It is sometimes convenient to have the boundary condition for E encoded in the
function space. We use1

H0(curl, �) :=
{

E ∈ H(curl,�)

∣∣∣∣
∫
�

E · curl ψ =
∫
�

curl E · ψ ∀ψ ∈ H(curl,�)

}

Relation (1.2) is equivalent to the fact that there holds E ∈ H0(curl,�) and the
first equation of (1.1) is satisfied.

Our main results regard existence and uniqueness of solutions to (1.4). Our
approach is quite similar to the one in [17], where we treated the Helmholtz equation.
Since that article is quite detailed and contains proofs of all relevant tools (in
particular Floquet-Bloch transformations and the fundamental functional analysis
result), we focus here on those aspects of the analysis that are different for Maxwell’s
equations.

In general, the solution to the radiation problem will not be of class L2(�).
It is therefore not clear how the Floquet-Bloch transform can be helpful in the
construction of solutions. However, it can be helpful in a two-step construction of
solutions. Step 1: In a special case (orthogonality condition for the right-hand side),
bounded solutions are found in Theorem 3.5; the solutions are bounded in the sense
that they lie in the function space H(curl,�), they are therefore decaying in space.
Step 2: The general radiation problem is solved in Theorem 3.9 by decomposing the
solution; choosing the right parameters for the propagating part, the orthogonality
condition is satisfied for the radiating part.

2. The Floquet-Bloch Transformed Equation

2.1. Application of the Floquet-Bloch Transform

We use the Floquet-Bloch transformation in the x1-variable. It transforms a
function u = u(x), x ∈ R × S into a function û. The transformed function has
two arguments, û = û(x, α), where x ranges in the periodicity cell, x ∈ W :=

1 When no confusion with the space of (α = 0)-quasiperiodic functions is possible.
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(0, 2π) × S, and α ranges in a unit interval, α ∈ I := [−1/2, 1/2]. The two
arguments are related by the fact that, for every α ∈ I , the map W 
 x �→ û(x, α)

is an α-quasiperiodic function (the definition is given below).
The transformation is a bounded linear map

FFB : L2(�) → L2(W × I
)
, u �→ û . (2.1)

For smooth functions u with compact support, writing x = (x1, x̃) for the sale of
argument, the transformation is defined by the formula

û((x1, x̃), α) :=
∑
�∈Z

u((x1 + 2π�, x̃)) e−i�2πα . (2.2)

The operator FFB is a unitary operator. We recall that [17] contains more details of
the construction and proofs.

We have to introduce function spaces that are adapted to Maxwell’s equations.
We need spaces of periodic and of α-quasiperiodic functions. In order to formulate
periodicity on W , we start from

Hper,loc(curl,�) :=
{

u : � → C
3
∣∣∣ u is 2π -periodic in x1 ,

∀R > 0 : u|�R ∈ H(curl,�R)
}

.
(2.3)

This space allows as to introduce periodic functions on W ,

Hper(curl, W ) :=
{

u|W
∣∣∣ u ∈ Hper,loc(curl,�)

}
, (2.4)

and the space of α-quasiperiodic functions

Hα(curl, W ) :=
{

u|W
∣∣∣ [x �→ u(x)e−iαx1 ] ∈ Hper,loc(curl,�)

}
. (2.5)

We equip the space Hα(curl, W ) with the inner product

〈u, φ〉Hα(curl,W ) :=
〈

1

ε
curl u, curl φ

〉
L2(W )

+ 〈μu, φ〉L2(W ) . (2.6)

The Floquet-Bloch transform is an isomorphism from H(curl,�) to a space
that we write as L2(I, Hα(curl, W )), elements of the latter are maps w : I →
H(curl, W ) with w(α) ∈ Hα(curl, W ) for almost every α ∈ I .

For functions with decay, this allows an equivalent formulation of the variational
problem. A function u ∈ H(curl,�) solves (1.4) if, and only if, its transformation
satisfies û ∈ L2(I, Hα(curl, W )) and

∫
W

{
1

ε
curl û(·, α) · curl φ̄ − ω2μ û(·, α) · φ̄

}

=
∫

W

{
1

ε
(FFB fe)(·, α) · curl φ̄ − iω(FFB fh)(·, α) · φ̄

} (2.7)

holds for every φ ∈ Hα(curl, W ) and for almost every α ∈ I . The proof is as that of
Lemma 2.1 in [17]. Let us indicate the relevant calculation with the first term, where
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we use, in the first equality, the unitarity of FFB and, in the second equality, that
multiplication with a 2π -periodic function can be taken out of the Floquet-Bloch
transformation (compare the definition in (2.2)), and that differential operators (such
as curl) commute with the Floquet-Bloch transformation (here, we write φ̌ for the
test function on � and set φ = FFB(φ̌)):〈

1

ε
curl u, curl φ̌

〉
L2(�)

=
∫

I

〈
FFB(ε−1 curl u)(·, α),FFB(curl φ̌)(·, α)

〉
L2(W )

dα

=
∫

I

〈
ε−1(·) curl û(·, α), curl φ(·, α)

〉
L2(W )

dα .

Since the test-function φ(·, α) can be chosen arbitrarily, repeating the calculation
for the other terms of (1.4), we arrive at (2.7) for almost every α.

2.2. Re-writing the Equation with a Family of Operators

We want to write the variational problem (2.7) with the help of operators. Since
we want to construct operators that are defined on an α-independent function space,
we transform all equations to the space of periodic functions (which is the space
corresponding to α = 0). We use X := Hper(curl, W ) with the inner product of
(2.6).

We note that a function x �→ U (x) is α-quasiperiodic in x1 if, and only if, the
function x �→ U (x)e−iαx1 is periodic in x1. Instead of using û(·, α) ∈ Hα(curl, W )

as an unknown, we seek for v(·) := û(·, α)e−iαx1 ∈ X .
For a given v ∈ X , the left-hand side of (2.7) (with the replacements û(·, α) =

v(·)eiαx1 and φ(·, α) = ϕ(·)eiαx1 ) defines an anti-linear form in ϕ, a map X → C.
By the Riesz theorem on Hilbert spaces, this form can be represented by an element
Lαv via the scalar product in X . We obtain a bounded linear operator Lα : X → X ,
defined by the relation

〈Lαv, ϕ〉X =
∫

W

{
1

ε
curl(veiαx1) · curl (ϕeiαx1) − ω2μv · ϕ̄

}
(2.8)

for all v, ϕ ∈ X . Similarly, we represent the right-hand side of (2.7) with an element
yα ∈ X ,

〈yα, ϕ〉X =
∫

W

{
1

ε
(FFB fe)(·, α) · curl (ϕeiαx1) − iω(FFB fh)(·, α) · (ϕeiαx1)

}
.

(2.9)
With these representations, the original problem (1.4) is solved in H(curl,�) when
we find, for almost every α ∈ I , a solution v(·, α) ∈ X of

Lαv(·, α) = yα , (2.10)

and if this family of solution satisfies v ∈ L2(I, X). This concludes the transfor-
mation of the equation, we arrived at a representation as in (2.14) of [17].

So far, we have introduced the Floquet-Bloch transform and the abstract formu-
lation of the system, in the next section we will derive existence results. In order to
make clear that we indeed construct solutions to the Maxwell system, let us outline
the overall procedure of the existence proof:
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• Solve the abstract problem (2.10) for almost every α ∈ I . This yields periodic
functions v = v(·, α). They are found with abstract functional analysis in
Sect. 3.

• Construct from v the α-quasiperiodic counterparts û(·, α). By construction of
(2.10), these counterparts solve (2.7).

• The (inverse) Floquet-Bloch transformation of û(·, α) provides the solution u
to (1.4), see the text after (2.7).

Our next aim is to analyze the properties of the operator Lα . Later on, the
dependence on α will be crucial. By contrast, in this section, we study, for a fixed
α ∈ I , the operator Lα . The main result will be that Lα is a self-adjoint Fredholm
operator with index 0. We recall that ε and μ are also fixed, real, and of class
L∞(W ) with a positive lower bound.

Two equivalent operators The space of periodic functions is X and the operator on
this space is Lα . The space of α-quasiperiodic functions is X̃α := Hα(curl, W ),
defined in (2.5). Every periodic function u ∈ X can be transformed to an α-
quasiperiodic function ũ ∈ X̃α , defined as ũ(x) := u(x)eiαx1 . This transformation
defines an isomorphism between X and X̃α .

We must check the properties of the operator Lα : X → X of (2.8). For
fixed α, it is actually easier to perform proofs in the space of α-quasiperiodic
functions. Indeed, we recall that the operator Lα was actually defined through the
transformation of a problem in the space of α-quasiperiodic functions, compare
(2.7). The variational problem 〈Lαu, ϕ〉X = ∫W f · ϕ̄ is identical to 〈L̃α ũ, ϕ̃〉X̃α

=∫
W f̃ · ϕ̃ with the functions ũ(x) = u(x)eiαx1 and f̃ (x) = f (x)eiαx1 for the

operator L̃α : X̃α → X̃α defined by

〈L̃α ũ, ϕ̃〉X̃α
=
∫

W

{
1

ε
curl ũ · curl ϕ̃ − ω2μ ũ · ϕ̃

}
(2.11)

for all ũ, ϕ̃ ∈ X̃α .

We claim that the operator Lα is a Fredholm operator if, and only if, L̃α is
Fredholm, and that the index of the two operators coincides. Indeed, when the
kernel of Lα is spanned by u1, . . . , uM , then the transformed functions defined
as ũm(x) := um(x)eiαx1 span the kernel of L̃α , and vice versa. Similarly, when
u1, . . . , uM span a complement of Lα(X), then the transformed functions span a
complement of L̃α(X̃α).

Lemma B.1 of “Appendix B” analyzes the operator L̃α of (2.11) and provides
the following result:

Proposition 2.1. (Properties of Lα) Let ε, μ : � → R be as described after (1.1).
For α ∈ I = [−1/2, 1/2] we consider, on the space X = Hper(curl, W ), the
operator Lα : X → X of (2.8). Then Lα is a self-adjoint Fredholm operator with
index 0.
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3. Existence of Solutions to the Maxwell Radiation Problem

From now on and until the start of Sect. 3.6, we consider the homogeneous
equations, i.e., fe = fh = 0. We recall that ε and μ are real and have a positive
lower bound.

3.1. Physical Conservation Laws: Poynting Vector and Energy Flux

We provide a sloppy exposition of physical background. We emphasize that
our mathematical analysis is independent of physical arguments. The mathematics
is based on an integration by parts which yields that the flux quantity in (3.3) is
independent of η.

Physically, for a solution (E, H) of the Maxwell system, the Poynting vector
P := 1

2 E × H̄ describes the flow of energy. More precisely, through a cross-
section �r := {r} × S of the waveguide with normal vector e1 = (1, 0, 0) ∈ R

3,
the quantity 1

2 Re
∫
�r

(E × H̄) · e1 is the energy flux through �r . This motivates to
study, for a position r ∈ R and a solution H , the real-valued flux quantity

Fr := −2 Im
∫

�r

1

ε
(curl H × H̄) · e1 . (3.1)

Conservation of energy is reflected by the fact that the flux Fr is independent of
the position r .

Let us sketch the argument for smooth coefficients μ and ε and a classical
solution H of the Maxwell system (1.4) (below, we provide rigorous derivations
for weak solutions): For two positions −∞ < s < r < ∞ and the domain �s,r :=
(s, r) × S with characteristic function χ we use the test-function φ = u χ in (1.4).
Assuming that s and r are chosen so that fe and fh vanish in �s,r , the right-hand side
vanishes. On the left-hand side we integrate by parts and take the imaginary part.
The bulk term is real because of the strong equation curl(ε−1 curl H)−ω2μH = 0,
whence the imaginary part of this term vanishes. There remain only boundary terms,
they coincide with Fr −Fs . The result of this calculation is that Fr is independent
of r .

Our next aim is to prove this fact in a generalized setting for weak solutions.

3.2. Generalization and Weak Description

We consider two weak solutions u and v to the homogeneous problem, i.e., both
u and v solve
∫

�

{
1

ε
curl u · curl φ̄ − ω2μ u φ̄

}
= 0 for every φ ∈ C1

c (�̄,C3) . (3.2)

We note that this equality remains valid for test-functions φ of class H(curl,�)

with bounded support (by density). Let η : R → R be an arbitrary weight function,
bounded, with compact support and normalized by

∫
R

η = 1. We interpret η also
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as a function on � by setting η(x) := η(x1). The function η allows as to introduce
the weighted average of the complex flux,

Fu,v := i
∫

�

η
1

ε
[(curl u × v̄) − (curl v̄ × u)] · e1 . (3.3)

Conservation of energy is reflected by the fact that the expression Fu,v is indepen-
dent of the weight η.

Let us prove this important observation by considering two weight functions
η1 and η2 as above. The difference η1 − η2 satisfies

∫
R
(η1 − η2) = 0; this property

allows to introduce the primitive of the difference, ϑ(t) := ∫ t
−∞(η1 − η2)(s) ds,

which is a Lipschitz function with compact support. Once more, we interpret ϑ

also as a function on � by setting ϑ(x) := ϑ(x1).
For the solution u of (3.2), we use the test-function φ = vϑ ; the result is of the

form Iu = 0 for some integral Iu that contains u (and v and ϑ). Independently, we
consider the solution v of (3.2) and use the test-function φ = uϑ . The result is of
the form Iv = 0 for some other integral Iv that contains v (and u and ϑ). Up to a
complex conjugation, the equation of interest is obtained by taking the difference,
Iu − Īv = 0.

In the expression Iu − Īv all terms without derivatives of ϑ cancel. There remain
only terms that contain a derivative of ϑ(x), which is ∇ϑ(x) = (η1 − η2)(x) e1.
The result is that the expression of (3.3) vanishes when η is replaced by η1 − η2.
This proves that Fu,v is indeed independent of η.

Motivated by this calculation, we introduce two sesquilinear forms on functions
u, φ ∈ H(curl, W ) for W = (0, 2π) × S:

Q(u, φ) := i
∫

W

1

ε

[
(curl u × φ̄) − (curl φ̄ × u)

] · e1 . (3.4)

The form Q is hermitian, since ε is real. We emphasize that the arguments of Q are
not necessarily periodic functions; indeed, we will typically use α-quasiperiodic
functions as arguments. Solutions u, v of (3.2) satisfy

Q(u, v) = 2πFu,v . (3.5)

3.3. Non-Degeneracy of Q

We will impose the following physically meaningful assumption. For arbitrary
α ∈ I = [−1/2, 1/2], we define the space of α-quasiperiodic solutions to the
homogeneous problem as

Y α := {φ ∈ Hα(curl, W ) | φ satisfies (1.4) for fh = fe = 0} . (3.6)

We emphasize that every element in φ ∈ Hα(curl, W ) can be extended to an α-
quasiperiodic function on � by demanding, for every x1 ∈ (0, 2π) and every
k ∈ 2πZ that φ(x1 + k, x2, x3) = φ(x1, x2, x3) eiαk . This was actually the basis of
the definition in (2.5). We will oftentimes identify a function in Hα(curl, W ) with
its quasiperiodic extension to �. The relation between Y α and the operator Lα of
(2.8) is given by Y α = {v eiαx1 | v ∈ ker(Lα)}.
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Of special interest are those numbers α ∈ I (quasimomenta) that are related
to non-trivial quasiperiodic solutions to the homogeneous Maxwell problem on �.
We collect these critical values of α in the set

A := {α ∈ [−1/2, 1/2] | Y α �= {0} } . (3.7)

Assumption 3.1. (Energy transport of quasiperiodic solutions) We assume that,
for every α ∈ A and every 0 �= φ ∈ Y α , the map Q(·, φ) : Y α → C does not
vanish identically.

To clarify the requirement, we demand that, for every α ∈ A and every non-
vanishing φ ∈ Y α , there exists ψ ∈ Y α such that Q(ψ, φ) �= 0. The assumption
is satisfied when every (non-trivial) quasiperiodic homogeneous solution to the
Maxwell system is transporting energy, either to the left or to the right.

Comments on Assumption 3.1. We say that a frequency ω is an exceptional
frequency when Assumption 3.1 is not satisfied for ω. We conjecture that the set
of exceptional frequencies is a countable set. When ω is an exceptional frequency,
our methods do not work. In fact, we expect that no existence result can be shown
in this case, see the simple scalar example of “Appendix D”.

By the definition of Lα if holds that v ∈ ker Lα implies v̄ ∈ ker L−α . In
particular, the following symmetry holds: When α is a critical value, also −α is a
critical value.

The value α = 1/2 is special for the function spaces Hα := Hα(curl, W ): A
function U in Hα = H1/2 is antisymmetric in the sense that U |x1=2π = −U |x1=0.
For α = 1/2, the two spaces Hα and H−α coincide, ker L̃α and ker L̃−α represent
the same space of antisymmetric solutions. In order not to count these solutions
twice, we introduce the (possibly) reduced set

A∗ := A ∩ (−1/2, 1/2] . (3.8)

3.4. The Derivative of Lα

For the space X = Hper(curl, W ) and Lα : X → X of (2.8) we can compute
the derivative of Lα with respect to α.

Lemma 3.2. (Derivative of Lα) The derivative ∂α Lα : X → X is given by Q in
the sense that

〈∂α Lαv, ϕ〉X = Q
(
v eiαx1 , ϕ eiαx1

)
(3.9)

for every v, ϕ ∈ X. In particular, when Assumption 3.1 holds, the derivative ∂α Lα

is non-degenerate on the kernel of Lα for every α ∈ A.



   25 Page 12 of 41 Arch. Rational Mech. Anal.          (2025) 249:25 

Proof. For arbitrary v, ϕ ∈ X we can calculate that

〈∂α Lαv, ϕ〉X = ∂α〈Lαv, ϕ〉X

= ∂α

∫
W

1

ε
curl(veiαx1) · curl (ϕeiαx1) − ω2μv · ϕ̄

= i
∫

W

1

ε

{
curl(v x1 eiαx1) · curl (ϕ eiαx1) − curl(v eiαx1) · curl (ϕ x1 eiαx1)

}

= i
∫

W

1

ε

{
(e1 × v eiαx1) · curl (ϕ eiαx1) − (e1 × ϕ eiαx1) · curl(v eiαx1)

}

= Q
(
v eiαx1 , ϕ eiαx1

)
.

This provides (3.9). ��

3.5. Functional Analysis

When Assumption 3.1 is satisfied, Proposition 2.1 provides a Fredholm prop-
erty of the family (Lα)α , and Lemma 3.2 implies the non-degeneracy of the α-
derivatives. These properties imply that the family (Lα)α is a regular C1-family
of operators in the sense of Definition 3.1 of [17]. For regular C1-families of op-
erators, the subsequent result was shown in [17]. We use the same notation, with
only one minimal change: We have to replace the variable ε > 0 by δ > 0, be-
cause in Maxwell’s equations, ε is the name of the permittivity. We therefore write
Iδ := (−1/2 − δ, 1/2 + δ) for the enlarged unit interval. Theorem 3.2 of [17]
provides

Theorem 3.3. (Functional analysis) Let Assumption 3.1 hold. The family Lα has
the following properties:

1. The set of critical numbers is finite: For a number J ∈ N (we allow J = 0 for
an empty set A∗) and values {α j | 0 < j ≤ J } holds

A∗ = {α ∈ (−1/2, 1/2] | ker(Lα) �= {0}} = {α j | 0 < j ≤ J } . (3.10)

2. For some δ > 0, let Iδ 
 α �→ yα be a C1-family of right-hand sides with the
property that yα ∈ Lα(X) holds for every α ∈ Iδ with ker(Lα) �= {0}. Then the
family of solutions

Iδ \ A 
 α �→ uα := (Lα)−1(yα)

can be continued to a C0-family on Iδ . For some constant C > 0, which is
independent of the family (yα)α , there holds

sup
α∈I

‖uα‖X ≤ C sup
α∈I

[‖yα‖X + ‖∂α yα‖X
]
. (3.11)

The theorem implies that there exists a finite number of quasimomenta (α j )1≤ j≤J ,
corresponding to propagative wave numbers. They are characterized by the fact that
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the kernel ker(Lα j ) = {ϕ | Lα j ϕ = 0} is not trivial. The kernels are finite dimen-
sional, since Lα j is a Fredholm operator. We introduce, for every 0 < j ≤ J , the
space of α j -quasiperiodic propagating modes

Y j := {
φ ∈ Hα j (curl, W ) | φ satisfies (1.4) for fh = fe = 0

}
. (3.12)

As explained after (3.6), we consider elements in Y j also as α j -quasiperiodic func-
tions on �. There holds ker(Lα j ) = {

φe−iα j x1 | φ ∈ Y j
}
, we denote the dimen-

sion by m j := dim Y j = dim ker(Lα j ). In every space Y j we choose a basis
{φ1, j , . . . , φm j , j } ⊂ Y j as follows: We fix an inner product 〈·, ·〉Y j and consider
the self-adjoint eigenvalue problem to find λ ∈ R and 0 �= φ ∈ Y j such that

Q(φ, ·) = λ 〈φ, ·〉Y j .

We denote the eigenvalues by λ�, j , � = 1, . . . , m j , and the eigenfunctions by φ�, j ,
� = 1, . . . , m j , normalized such that

〈φ�, j , φ�′, j 〉Y j = δ�,�′ , �, �′ = 1, . . . , m j .

The need lemma translates Lemma 3.4 of [17] to the Maxwell system. We recall
the short and simple proof.

Lemma 3.4. (Orthogonality) The spaces Y j are orthogonal with respect to the
form Q: There holds Q(u, v) = 0 for u ∈ Y j and v ∈ Y j ′ whenever j �= j ′.

Proof. We evaluate the expression Fu,v of (3.3) for two weights η1(·) = η(·) and
η2(·) = η(· + 2πe1). We evaluate Fu,v with the weight η2 by a substitution, using
that u isα j quasiperiodic andv isα j ′ quasiperiodic. The fact thatFu,v is independent
of the weight η implies Fu,v = e2π iα j e−2π iα j ′Fu,v . This implies Fu,v = 0 and
thus Q(u, v) = 0.

In order to shorten formulas in the subsequent text, we re-arrange the basis
functions into a set {φ� | � = 1, . . . , L} where L := ∑

j∈J m j . In the following,
when we write φ with a single index as in the expression “φ�”, we refer to one of
the above functions φk, j . With the corresponding eigenvalues λ� we can formulate:
Assumption 3.1 is satisfied if, and only if, Q(φ�, φ�) = λ� �= 0 for all � = 1, . . . , L .
Lemma 3.4 provides, in particular, that the family of functions (φ�)� is linearly
independent.

3.6. Solutions with Decay, u ∈ H(curl,�)

We can now formulate the existence and uniqueness result in H(curl,�). This
result gives the unique existence of a decaying solution for right-hand sides that
satisfy an orthogonality condition.
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Theorem 3.5. (Existence and uniqueness of H(curl,�)-solutions) Let S, ε, μ, ω

be as described after (1.1) and let Assumption 3.1 hold. We assume that the right-
hand side functions fe, fh ∈ L2∗(�,C3) are orthogonal to the propagating modes
(φ�)� in the following sense:∫

�

{
1

ε
fe · curl φ� − iω fh · φ�

}
= 0 for every � = 1, . . . , L . (3.13)

Then there exists a unique solution u ∈ H(curl,�) of (1.4). There exists a con-
stant C > 0, independent of fe and fh, such that ‖u‖H(curl,�) ≤ C (‖ fe‖L2∗(�) +
‖ fh‖L2∗(�)).

Proof. Step 1: Solvability. We use Lα of (2.8) and yα of (2.9). We solve, for α ∈ I ,
the family of equations Lαv(·, α) = yα of (2.10). This is done with Theorem 3.3,
Part 2., the only point that we have to verify is yα ∈ Lα(X). This is clear for
every α �∈ A since, in this case, Lα(X) = X . It remains to check it for the critical
values α j . Once this is checked, estimate (3.11) yields also that the solutions satisfy
v ∈ L2(I, X), even v ∈ L∞(I, X).

For fixed j ≤ J and fixed � ≤ m j , we consider the basis function ϕ�, j ∈
ker(Lα j ) and the α j -quasiperiodic function φ�, j (x) := ϕ�, j (x)eiα j x1 ∈ Y j . For
notational convenience, we perform the calculations for the case fh = 0. Starting
with the orthogonality information (3.13), we find that

0 =
∫

�

1

ε
fe · curl φ�, j

=
∑
m∈Z

∫
W

ε(x)−1 fe(x + 2πme1) curl φ�, j (x + 2πme1) dx

=
∑
m∈Z

∫
W

ε(x)−1 fe(x + 2πme1) e−i2πα j m curl φ�, j (x) dx

=
∫

W
ε(x)−1(FFB fe)(x, α j ) curl φ�, j (x) dx

= 〈yα j , ϕ�, j 〉X ,

where the last step uses the definition of yα j . The calculation provides that yα j is
orthogonal to the kernel of Lα j . Since Lα j is a self-adjoint Fredholm operator with
index 0 by Proposition 2.1, we conclude that yα j is in the range of Lα j (kernel and
range are orthogonal for self-adjoint operators, the vanishing index implies that
kernel and range span the entire space). This yields yα ∈ Lα(X).

The result yα ∈ Lα(X) for α = 1/2 implies the same result for α = −1/2,
because the operators Lα and the right-hand sides yα coincide. To have the family
yα defined for all α ∈ R, one can extend the family periodically outside I =
[−1/2, 1/2]. The calculations for fh �= 0 are completely analogous.

Step 2: Bounds on the solution. Theorem 3.3 implies a bound (uniform in α) for
vα := v(·, α), namely supα ‖vα‖X ≤ C supα [‖yα‖X + ‖∂α yα‖X ]. We note that

‖yα‖X = sup
{
〈yα, φ〉X

∣∣∣ ‖φ‖X = 1
}

≤ C
(‖(FFB fe)(·, α)‖L2(W ) + ‖(FFB fh)(·, α)‖L2(W )

)
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and

‖∂α yα‖X = sup

{
d

dα
〈yα, φ〉X

∣∣∣ ‖φ‖X = 1

}

≤ C
∑

#∈{e,h}

(
‖(FFB f#)(·, α)‖L2(W ) +

∥∥∥∥ ∂

∂α
(FFB f#)(·, α)

∥∥∥∥
L2(W )

)
.

As in [17], Theorem 3.8, these terms can be estimated by
∑

#∈{e,h} ‖ f#‖L2∗(�);
the argument for this fact exploits that good decay properties of f# imply good
regularity properties of FFB f#. We can therefore define u by the inverse Floquet-
Bloch transform

u(x + 2π�e1) :=
∫

I
v(x, α) ei(x1+2π�)α dα , x ∈ W , � ∈ Z .

As discussed above, u ∈ H(curl,�) is a solution of (1.4). Furthermore, since FFB
is an isometry,

‖u‖2
H(curl,�) = ‖v‖2

L2(I,X)
≤ sup

α
‖v(·, α)‖2

X ≤ C
(
‖ fe‖2

L2∗(�)
+ ‖ fh‖2

L2∗(�)

)
.

This provides the a priori estimate. ��

3.7. The Radiation Problem

In order to formulate the radiation problem, we introduce cut-off functions ρ+
and ρ−.

Definition 3.6. (Cut-off functions ρ±) We say that ρ+, ρ− : R → R are admissible
cut-off functions when they are Lipschitz-continuous, satisfy ρ±(x1) ∈ [0, 1] for
every x1 ∈ R, and the limiting behavior is

ρ+(x1) → 1 for x1 → ∞ , ρ+(x1) → 0 for x1 → −∞ ,

ρ−(x1) → 0 for x1 → ∞ , ρ−(x1) → 1 for x1 → −∞ .

Moreover, we demand specific decay properties: 1 − ρ+ ∈ L2(R>0) and ρ+ ∈
L2(R<0), and, analogously, 1 − ρ− ∈ L2(R<0) and ρ− ∈ L2(R>0). Additionally,
for the derivative, we demand ∂x1ρ± ∈ L2(R).

We fix admissible cut-off functions ρ± as in Definition 3.6. For every � ≤ L , we
say that the mode φ� is right-going when Q(φ�, φ�) > 0, we say that it is left-going
when Q(φ�, φ�) < 0. Note that, when Q is non-degenerate, these are the only
possible cases. Because of Q(v, v) = −Q(v̄, v̄), when v is a right-going wave, v̄ is
a left-going wave, and vice versa. This shows that the number of right-going waves
is therefore the same as the number of left-going waves.

For every � such that φ� is right-going, we set ρ� := ρ+, and for every � for
which φ� is left-going, we set ρ� := ρ−. As with other functions in one real variable,
we regard also ρ± as functions on � through ρ±(x) := ρ±(x1).
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Definition 3.7. (Propagating part and radiation condition) For fixed cut-off func-
tions ρ� as above, we introduce the following decomposition of solutions u:

(i) Propagating part. For complex coefficients (a�)1≤�≤L , we say that

uprop :=
L∑

�=1

a� ρ� φ� (3.14)

is the propagating wave function corresponding to a ∈ C
L .

(ii) Radiation condition. We say that a solution u ∈ Hloc(curl,�) of (1.4)
satisfies the radiation condition, when there exists a ∈ C

L such that, with the
corresponding propagating wave function uprop of (3.14), there holds

urad := u − uprop ∈ H(curl,�) . (3.15)

Some comments on the choice of the scalar product on Y j are appropriate at
this point. Recall that we chose an inner product on Y j after equation (3.12). The
basis functions (φ�)� and, hence, the radiation condition of Definition 3.7, depend
on the choice of this scalar product. In general, also the solution depends on the
scalar product; this is in agreement with physics since different limiting absorption
settings lead, in general, to different radiation conditions and different solutions.
This is discussed in the scalar case in [17]; see also Sect. 6.1.

Remark 3.8. (Choice of cut-off functions) Below we show, for fixed cut-off func-
tions ρ±, the existence and uniqueness of a radiating solution. Nevertheless, when
ρ± is replaced by another admissible pair ρ̃±, the coefficients (a�)� remain un-
changed as can be seen with formula (3.17).

For the two corresponding solutions u = urad + uprop and ũ = ũrad + ũprop,
the difference is a solution to the homogeneous problem and it satisfies u − ũ =
(urad−ũrad)+(uprop−ũprop) = (urad−ũrad)+∑L

�=1 a� (ρ�−ρ̃�) φ� ∈ H(curl,�).
We can therefore conclude u = ũ from Theorem 3.5.

Without loss of generality we can therefore choose in the following ρ± such
that, for some R > 0, there holds ∂x1ρ±(x1) = 0 for |x1| > R.

Theorem 3.9. (Existence and uniqueness of solutions to the radiation problem)
Let S, ω, ε, μ be as described after (1.1) and let fe and fh be as in (1.5). Let
Assumption 3.1 be satisfied and let admissible cut-off functions (ρ�)� be chosen as
in Definition 3.6. Then (1.4) has a unique solution u ∈ Hloc(curl,�) satisfying the
radiation condition of Definition 3.7. For a positive constant C = C(S, ε, μ, ω, ρ±)

the solution components uprop, urad, and a ∈ C
L of the radiation condition satisfy

‖urad‖H(curl,�) + ‖uprop|W ‖H(curl,W ) + ‖a‖CL ≤ C
(
‖ fe‖L2∗(�) + ‖ fh‖L2∗(�)

)
.

(3.16)
The coefficients (a�)1≤�≤L are given by

a� = 2π i

|Q(φ�, φ�)|
(
〈ε−1 fe, curl φ�〉L2(�) − 〈iω fh, φ�〉L2(�)

)
. (3.17)
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Proof. The strategy of the proof is very direct: We want to apply Theorem 3.5 to find
urad as described in the radiation problem. In order to apply Theorem 3.5, we must
make sure that the right-hand side of the urad-problem satisfies the orthogonality
condition (3.13). As mentioned in Remark 3.8, we can assume that the cut-off
functions ρ± are chosen such that they are constant outside of some bounded
interval, i.e., the functions ρ′

� have compact support.
We want to find coefficients a = (a�)�, such that, with uprop defined by a, the

equation for urad has a right-hand side that satisfies the orthogonality condition. We
will see that the coefficients a of (3.17) have this property.

Step 1: Equation for urad. We derive, for fixed coefficients (a�)�, the equation
for urad = u−uprop = u−∑L

�=1 a� ρ� φ�. Equation (1.4) yields, for φ with compact
support, ∫

�

{
1

ε
curl urad · curl φ̄ − ω2μ urad · φ̄

}

= −
L∑

�=1

a�

∫
�

{
1

ε
curl(ρ� φ�) · curl φ̄ − ω2μρ� φ� · φ̄

}

+
∫

�

{
1

ε
fe · curl φ̄ − iω fh · φ̄

}
.

We next re-write the terms in the first integral on the right-hand side. We exploit the
homogeneous equation which is satisfied by φ�. With this aim, we calculate that∫

�

1

ε
curl(ρ� φ�) · curl φ̄ =

∫
�

1

ε
ρ� curl φ� · curl φ̄ +

∫
�

1

ε
ρ′

� (e1 × φ�) · curl φ̄

=
∫

�

1

ε
curl φ� · curl(ρ�φ̄) +

∫
�

1

ε
ρ′

� e1 · [φ� × curl φ̄ − φ̄ × curl φ�

]
.

We recall that φ� solves (1.4) with vanishing right-hand side; the test function is
the compactly supported function ρ�φ. This leads to the cancelling of lower order
terms and we arrive at the following equation for urad:∫

�

{
1

ε
curl urad · curl φ̄ − ω2μ urad · φ̄

}

= −
L∑

�=1

a�

∫
�

1

ε
ρ′

� e1 · [φ� × curl φ̄ − φ̄ × curl φ�

]

+
∫

�

{
1

ε
fe · curl φ̄ − iω fh · φ̄

}
. (3.18)

We note that the terms containing ρ′
� are compactly supported, accordingly, the

right-hand side of this equation has the property of fast decay that is required in
Theorem 3.5.2

2 The right-hand side in the equation for urad contains the curl of the test-function, but
it also contains the test-function itself. At this point we see that it was useful to include the
right-hand side fh in the original system.
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Step 2: Orthogonality condition. It remains to choose (a�)� such that the or-
thogonality condition (3.13) is satisfied. We have to study the right-hand side of
(3.18) when, for arbitrary k ≤ L , the function φ := φk is inserted. Using Fu,v of
(3.3), the integrals containing ρ′

� are equal to
∫

�

1

ε
ρ′

� e1 · [φ� × curl φ̄k − φ̄k × curl φ�

] = −i Fφ�,φk sign
∫
R

ρ′
�(x1) dx1

= − i

2π
|Q(φ�, φk)| ,

where we used (3.5) and
∫
R

ρ′
� = sign(Q(φ�, φ�)). The right-hand side of (3.18)

for φ := φk is therefore

L∑
�=1

a�

i

2π
|Q(φ�, φk)| +

∫
�

{
1

ε
fe · curl φ̄k − iω fh · φ̄k

}
.

Using finally |Q(φ�, φk)| = |Q(φk, φk)|δk,�, we conclude that, with (a�)� chosen
as in (3.17), the right-hand side of (3.18) vanishes for every φ := φk . We can apply
Theorem 3.5 to find urad. This yields a solution of the Maxwell radiation problem
together with the estimates of (3.16). ��

4. Two Spaces of Homogeneous Solutions

The space Y . Let us first recall the spaces that were used in the above constructions,
based on Assumption 3.1. The space Y j of (3.12) consists of α j -quasiperiodic
homogeneous solutions, we recall α j ∈ (−1/2, 1/2]. When we take the span of all
the Floquet modes, we obtain the space

Y :=
J⊕

j=1

Y j ⊂ H(curl, W ) , identified with Y ⊂ Hloc(curl,�) . (4.1)

The identification is done by considering every α j -quasiperiodic function on W also
as an α j -quasiperiodic function on �. The space Y has the basis {φ� | � = 1, . . . , L}
with the orthogonality property Q(φ�, φ�′) = 0 for � �= �′.

We observe that, by the orthogonality of Y j with Yi for i �= j (see Lemma 3.4)
and by the choice of a basis in each Y j , the functions φ� are linearly independent.
In particular, the dimension of the space Y is L ≥ 0.
The space B. Let us consider another space, the space B of bounded solutions. That
space was extensively used in [25] (where it was named X ). In order to impose a
boundedness property, we introduce the norm ‖U‖sL := supr∈2πZ ‖U |Wr ‖L2(Wr )

for functions U ∈ L2
loc(�), where Wr = (r, r + 2π) × S. The space of bounded

homogeneous solutions is defined as

B :=
{

U ∈ Hloc(curl,�)

∣∣∣U solves (1.4) for fe = fh = 0 , ‖U‖sL < ∞
}

.

(4.2)
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It is clear that every quasiperiodic homogeneous solution is a bounded homo-
geneous solution: Y ⊂ B. Our aim is to show that the spaces Y and B actually
coincide. When this is shown, we know that every bounded homogeneous solution
of Maxwell’s equations is a linear combination of Floquet modes.

Theorem 4.1. (Characterization of bounded homogeneous solutions) When As-
sumption 3.1 holds, the spaces Y of (4.1) and B of (4.2) coincide:

Y = B . (4.3)

Proof. Step 1: Preparations. The inclusion Y ⊂ B is clear, since every Floquet
mode has finite sL-norm. We know that Y has the dimension dim Y = L since Y
is spanned by (φ�)1≤�≤L . In order to show B = Y , it is therefore sufficient to show
dim B ≤ L .

In this proof, we use a solution to the Maxwell radiation problem. For an
arbitrary M > 0 we choose the cut-off functions ρ± so that the support of ρ′± is
contained in (−M, M). For arbitrary R > M , we furthermore use the piecewise
affine cut-off function ϑR : R → [0, 1] with ϑR(s) = 1 for every s ∈ [−R, R],
ϑR(s) = 0 for |s| ≥ R + 2π , and linearly affine on [−R − 2π,−R] and on
[R, R + 2π ]. We interpret ϑR also as a function on � by setting ϑR(x) := ϑR(x1).

Let us recall the statements of Theorem 3.9. The theorem provides, for fe and
fh in the space L2∗(�,C3) defined in (1.5), a solution u = uprop +urad, where uprop

is given by coefficients (a�)� that are determined in (3.17). The coefficients (a�)�
depend linearly and continuously on fe and fh . We will use these facts for f = fh

and fe = 0.
We consider an arbitrary element U ∈ B. Our aim is to show that U can be

written as a linear combination of the functions (φ�)1≤�≤L . When this is achieved,
we know dim B ≤ L and the proof of the theorem is complete.

Step 2: The scalar product of an element U ∈ B and a test-function f . We
choose a test-function f = fh ∈ L2∗(�) with compact support. This proof is based
on the evaluation of the L2(�)-scalar product 〈U, f 〉.

We use Theorem 3.9 and consider the solution u = uprop +urad of system (1.4),
the radiation condition introduces coefficients (a�)1≤�≤L . The right-hand side of
the system is fh = f and fe = 0. Using UϑR as a test-function in (1.4), we find
that

∫
�

{
1

ε
curl u · curl(ŪϑR) − ω2μ u · ŪϑR

}
= −iω

∫
�

f · ŪϑR = −iω
∫

�

f · Ū ,

(4.4)
where the last equality holds for R large enough such that the support of f is
contained in �R .

We now re-write the left-hand side of (4.4). We want to exploit that it coincides,
up to a complex conjugation and terms involving derivatives of ϑR , with the weak
equation for U (which has the right-hand side fe = fh = 0) for the test-function
uϑR . With a calculation as in the proof of Theorem 3.9, Step 1, we find that the



   25 Page 20 of 41 Arch. Rational Mech. Anal.          (2025) 249:25 

left-hand side of (4.4) coincides with

1

2π

∫
WR

1

ε

[
(curl u × U ) − (curl U × u)

] · e1

− 1

2π

∫
W−R−2π

1

ε

[
(curl u × U ) − (curl U × u)

] · e1 ,

where Wr = (r, r + 2π) × S.
We now use the decomposition u = uprop + urad. We write G(R) for all con-

tributions of urad. In the limit R → ∞ holds G(R) → 0, since contributions of
urad vanish by the decay of urad. The contributions of uprop = ∑L

�=1 a� ρ� φ� are
independent of R for R > M . The left-hand side of (4.4) reads as

G(R) +
L∑

�=1

a� sign Q(φ�, φ�)
1

2π

∫
W �(R)

1

ε

[
(curl φ� × U ) − (curl U × φ�)

] · e1 ,

where W �(R) = WR for � with λ� = Q(φ�, φ�) > 0, and W �(R) = W−R−2π for
� with λ� = Q(φ�, φ�) < 0. Altogether, we obtain from (4.4) the relation

G(R) +
L∑

�=1

cR
� a� = −iω 〈 f, U 〉L2(�) , (4.5)

where the complex numbers cR
� depend on U and R, but not on f . These numbers

are bounded by the boundedness property of U . We choose a subsequence R → ∞
such that all the coefficients cR

� converge along the subsequence, cR
� → c� for every

�. In the limit R → ∞, relation (4.5) yields that

〈 f, U 〉L2(�) = i

ω

L∑
�=1

c� a� . (4.6)

By inserting a� from (3.17), we obtain

〈 f, U 〉L2(�) =
L∑

�=1

c�

2π i

|Q(φ�, φ�)| 〈 f, φ�〉L2(�) . (4.7)

Since f was chosen arbitrarily, this relation determines U . We find that

U =
L∑

�=1

c�

2π i

|Q(φ�, φ�)|φ� . (4.8)

This shows that the arbitrarily chosen element U ∈ B can be written as a linear
combination of the functions (φ�)1≤�≤L and concludes the proof. ��
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5. A Compactly Perturbed Medium

This section is devoted to more complex media, we recall that a medium is
represented by the coefficients ε and μ. We assume that outside a compact subset of
�̄, the coefficients coincide with 2π -periodic functions (as considered above). But,
within a central region in �, the coefficients can be arbitrary positive functions. We
denote this situation as “a compactly perturbed medium”. Let us turn to the concise
mathematical description.

For some R0 > 0, we use the cylinder Z := �R0 = (−R0, R0)× S and assume

εpert = ε − qε , μpert = μ − qμ , supp(qε) , supp(qμ) ⊂ Z , (5.1)

where ε and μ have a positive upper and lower bound and are 2π -periodic. We
always demand that Assumption 3.1 holds for ε and μ. Regarding the perturbed
coefficients, we also assume that εpert and μpert are of class L∞(�) and have a
positive lower bound. System (1.1) with the coefficients εpert and μpert can be
written as

curl H + iωε E = iωqε E + fe ,

− curl E + iωμ H = iωqμ H − fh .
(5.2)

We look for solutions (E, H) of (5.2). Let us discuss the radiation condition
that accompanies this system. In Sect. 3, we imposed only a radiation condition
on H , see (3.15). In the formulation (5.2), one would rather expect a radiation
condition for both variables (as we formulate in (5.3) below). We claim that the
two radiation conditions are equivalent. Let us verify the slightly more interesting
implication, (3.15)⇒(5.3): The condition (3.15) on u = H quantifies the decay of
the difference urad = u − uprop = u −∑L

�=1 a� ρ� φH
� , more precisely: urad and

curl urad are L2(�)-functions. With H� := φH
� , this implies that H rad of (5.3) is

in L2(�). Furthermore, using E� := − curl φH
� /(iωε), this also implies that E rad

of (5.3) is in L2(�). The equations imply that the curls of the fields have the same
decay as the fields, we therefore obtain the radiation condition (5.3).

We follow the procedure of Definition 3.7 and adopt some notation. We use
the cut-off functions ρ� of Definition 3.6 and assume that the support of ∂x1ρ±
is contained in Z (see Remark 3.8). Here, regarding the equation as a system,
the propagating solutions to the homogeneous system with periodic coefficients
are denoted as φ� = (E�, H�). The radiation condition demands that, for some
coefficients (a�)1≤�≤L ∈ C

L , the solution (E, H) has the form

(E, H) = (E rad, H rad) +
L∑

�=1

a� ρ� (E�, H�) , (5.3)

and that the first part satisfies (E rad, H rad) ∈ H0(curl,�) × H(curl,�).
Our first aim is to write this system in a compact form. In this section, we use

the notations X := H0(curl,�) × H(curl,�) and Y := L2(�,C3) × L2(�,C3)

and

urad := (E rad, H rad) ∈ X , f := ( fe,− fh) ∈ Y , φ� := (E�, H�) .
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We introduce the operators D : X → Y and ξ,Q : Y → Y :

D :=
(

0 curl
− curl 0

)
, ξ :=

(
ε 0
0 μ

)
, Q :=

(
qε 0
0 qμ

)
.

With this notation, equation (5.2) takes the form

(D + iω ξ)u = iωQu + f . (5.4)

The propagating waves are solutions to the homogeneous system; in the new nota-
tion, this condition reads (D + iω ξ)φ� = 0 for every � ≤ L .

With the decomposition (5.3) of u, we can write the differential equation (5.4)
in terms of the unknown urad. Using the abbreviation ϕ� := (D + iω ξ)(ρ�φ�), the
equation takes the form

(D + iω ξ)urad +
L∑

�=1

a� ϕ� = iωQurad + iω
L∑

�=1

a� Q(ρ�φ�) + f . (5.5)

We note that the functions Qurad and Q(ρ�φ�) are supported in Z = �R0 since the
application of Q is a multiplication with a function with that support. Furthermore,
ϕ� has support in Z since φ� is a solution and ∇ρ� has support in Z . On f we
assume the fast decay fe, fh ∈ L2∗(�,C3).

It is our first aim to show a Fredholm property: if (5.5) posesses no nontrivial
solution (urad, a) for f = 0, then (5.5) posesses a unique solution (urad, a) ∈
X × C

L for every right-hand side f ∈ L2∗(�,C3) × L2∗(�,C3). Since (5.5) is
equivalent to (5.2), this shows also the Fredholm property for the original Maxwell
system in a perturbed medium.

We recall from Theorem 3.9 that, in the unperturbed case Q = 0, system (5.5)
has a unique solution pair (urad, a).

5.1. Helmholtz Decompositions and Reformulation

We use several Helmholtz decompositions. In “Appendix A”, the decompo-
sitions H0(curl,�) = D(E) ⊕ G(E) for the electric field, and H(curl,�) =
D(H) ⊕ G(H) for the magnetic field are given; they differ in the weight (ε and
μ, respectively) and in the boundary condition for the potential. When we apply
these decompositions to the product space X = H0(curl,�)× H(curl,�), we find
the decomposition

X = X D ⊕ XG :=
(

D(E) × D(H)
)

⊕
(

G(E) × G(H)
)

. (5.6)

Accordingly, an element urad ∈ X is written as urad = urad
D + urad

G . An element
urad

G ∈ XG is of the form urad
G = (∇ψE ,∇ψH ) with ψE ∈ H1

0 (�) and ψH ∈
Ḣ1(�) where we refer to “Appendix A” for the definition of the space Ḣ1(�).

Regarding right-hand sides and the space Y , we need another decomposition.
Below, we introduce a decomposition Y = YD ⊕ YG and write that

f = ( fe,− fh) ∈ Y := L2(�,C3)2 = YD ⊕ YG . (5.7)
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Accordingly, we write an element f ∈ Y as f = f D + f G . On Y , we use the scalar
product defined by 〈 f, g〉 = 〈( fe,− fh), (ge,−gh)〉 = ∫

�
ε−1 fe ḡe + μ−1 fh ḡh .

The subspace YG is defined as a space of gradients; more precisely, an element
f G ∈ YG has the form f G = (ε∇ψE , μ∇ψH ) with ψE ∈ H1

0 (�) and ψH ∈
Ḣ1(�). The subspace YD is the orthogonal complement of YG in Y . In particular,
f D ∈ YD has the property that its components satisfy

∫
�

f D
e · ∇ψE = 0 and∫

�
f D
h · ∇ψH = 0 for all ψE ∈ H1

0 (�) and ψH ∈ Ḣ1(�).
In Eq. (5.5), we write urad = urad

D + urad
G for the unknown. Furthermore, we

project the equation to the two subspaces YD (with projection πY
D) and YG (with

projection πY
G ). We find the following system, equivalent to (5.5):

πY
D(D + iω ξ)urad

D + πY
D(D + iω ξ)urad

G +
L∑

�=1

a� πY
Dϕ�

= iω πY
DQ(urad

D + urad
G ) + iω

L∑
�=1

a� πY
DQ(ρ�φ�) + πY

D f ,

(5.8)

πY
G (D + iω ξ)urad

D + πY
G (D + iω ξ)urad

G +
L∑

�=1

a� πY
Gϕ�

= iω πY
GQ(urad

D + urad
G ) + iω

L∑
�=1

a� πY
GQ(ρ�φ�) + πY

G f .

(5.9)

These equations simplify considerably when we use the following facts: (i)
Durad

G = 0, since the curl of a gradient vanishes. (ii)πY
D(ξurad

G ) = 0 andπY
G (ξurad

G ) =
ξurad

G , because of ξurad
G ∈ YG . (iii) πY

D(ξurad
D ) = ξurad

D and πY
G (ξurad

D ) = 0 be-
cause of ξurad

D ∈ YD . (iv) πY
D Durad

D = Durad
D and πY

G Durad
D = 0 since every curl

is L2-orthogonal to gradients. In this last point, one has to be careful: The first
entry is of the form 〈curl H rad, ε∇ψE 〉1/ε = 〈curl H rad,∇ψE 〉L2 = 0 because
of ψE ∈ H1

0 (�). The second entry is of the form 〈− curl E rad, μ∇ψH 〉1/μ =
〈− curl E rad,∇ψH 〉L2 = 0 because of the boundary condition E rad × ν = 0,
encoded in E rad ∈ H0(curl,�).

Omitting the corresponding terms, system (5.8)–(5.9) takes the equivalent form

(D + iω ξ)urad
D +

L∑
�=1

a� πY
Dϕ�

= iω πY
DQurad

D + iω πY
DQurad

G + iω
L∑

�=1

a� πY
DQ(ρ�φ�) + πY

D f ,

(5.10)

iω πY
G (ξurad

G ) +
L∑

�=1

a� πY
Gϕ�

= iω πY
GQurad

G + iω πY
GQurad

D + iω
L∑

�=1

a� πY
GQ(ρ�φ�) + πY

G f .

(5.11)
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We will see that (5.10) is a Maxwell system, while (5.11) is a Poisson problem.

5.2. Solution of (5.11)

Our aim is to solve the second equation for urad
G , assuming that urad

D and (a�)�
are given. We have to study the problem

iω πY
G ((ξ − Q)urad

G ) = g ∈ YG ⊂ L2(�,C3)2 . (5.12)

Solving (5.12) means that we want to achieve that the YG -part of the function
iω (ξ − Q)urad

G − g vanishes. This is the case if, and only if, iω (ξ − Q)urad
G − g

is Y -orthogonal to the subspace YG . Equation (5.12) is therefore identical to
∫

�

(iω(ξ − Q)urad
G ) · (∇ϕE ,∇ϕH ) =

∫
�

g · (∇ϕE ,∇ϕH ) (5.13)

for all (ϕE , ϕH ) ∈ H1
0 (�) × Ḣ1(�). Recalling urad

G = (∇ψE ,∇ψH ) shows that
this is a Poisson problem for (ψE , ψH ), which is uniquely solvable because of strict
positivity of ξ − Q, see Lemma C.1. Note that we impose a Dirichlet boundary
condition for ψE , while we impose no boundary condition for ψH (leading to a
Neumann boundary condition).

The construction provides a solution operator for equation (5.12),

G : YG 
 g �→ urad
G = (∇ψE ,∇ψH ) ∈ XG . (5.14)

This operator is linear and bounded.

5.3. Solution of (5.10)

We know that the solution of (5.11) is given by

urad
G = G

(
iω πY

GQurad
D + iω

L∑
�=1

a� πY
GQ(ρ�φ�) + πY

G f −
L∑

�=1

a� πY
Gϕ�

)
,

and can insert this expression into (5.10). Writing now ũ D for the unknown, the
remaining equation reads as

(D + iω ξ)ũ D +
L∑

�=1

a� πY
Dϕ� = iω πY

DQũ D + iω
L∑

�=1

a� πY
DQ(ρ�φ�) + πY

D f

+ iω πY
DQG

(
iω πY

GQũ D + iω
L∑

�=1

a� πY
GQ(ρ�φ�) + πY

G f −
L∑

�=1

a� πY
Gϕ�

)
.

(5.15)
Our next aim is to construct a map that is closely related to this equation. We

want to map a pair (uold
D , aold) ∈ L2(Z ,C3)2 × C

L to a new pair (unew
D , anew) ∈
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L2(Z ,C3)2 × C
L . Let us give the construction of the map. In a first step we seek

for (ũnew
D , anew) ∈ X D × C

L that solves

(D + iωξ)ũnew
D +

L∑
�=1

anew
� πY

Dϕ� = f̃ (5.16)

in �, where the right-hand side is defined as

f̃ := iω πY
DQuold

D − ω2 πY
DQGπY

GQuold
D + iω

L∑
�=1

aold
� πY

DQ(ρ�φ�)

+ iω πY
DQG

(
iω

L∑
�=1

aold
� πY

GQ(ρ�φ�) −
L∑

�=1

aold
� πY

Gϕ�

)
.

(5.17)

We claim that the existence and uniqueness result of Theorem 3.9 allows to solve
equation (5.16). Theorem 3.9 provides a solution ũ = ũrad + ũprop of (D+iωξ)ũ =
f̃ (we show below that f̃ ∈ L2∗(�,C3)2 is satisfied). Then (D + iωξ)ũprop =∑L

�=1 anew
� ϕ� for some coefficients anew

� . Decomposing ũrad = ũ D + ũG , the pair
(ũ D, anew

� ) solves (5.16). Indeed, (D + iωξ)ũG ∈ YG , since the curl of a gradient
vanishes and ξ maps from XG to YG . Therefore, (D+iωξ)ũ D = πY

D(D+iωξ)ũ D =
πY

D(D + iωξ)ũrad = πY
D f̃ −πY

D(D + iωξ)ũprop = f̃ −πY
D(D + iωξ)ũprop, which

shows that (ũ D, anew
� ) solves (5.16).

The comparison of (5.16) with (5.15) shows that we added the superscripts
“new” on the left-hand side and the superscripts “old” on the right-hand side.
Furthermore, we have omitted the terms containing f in the definition of f̃ . The
function unew

D ∈ L2(Z ,C3) is defined as the restriction of ũnew
D to Z ,

unew
D := ũnew

D |Z .

This concludes the construction of the iteration operator

T : L2(Z ,C3)2×C
L 
 (uold

D , aold) �→ (unew
D , anew) ∈ L2(Z ,C3)2×C

L . (5.18)

Below, we will show that T is compact. While such a property is not unusual for
solution maps, it can only be expected when the underlying domain is bounded.
This is why the restriction to the bounded set Z is crucial in our construction.

We note that the definition of f̃ in (5.17) uses the input variable uold
D only with

a factor Q. This shows that the restriction of the unknown to the domain Z is not
related to a loss of relevant information for the iteration.

Lemma 5.1. (The iteration operator) We assume, as before, that ε and μ are real,
of class L∞(W ), with a positive lower bound. Then the operator T of (5.18) is
well-defined and compact.

Proof. The fact that T is well-defined relies on a property of πY
D . In the definition

of f̃ we have to evaluate the projection πY
D for an argument that is a compactly

supported function. When we identify a function that is supported on Z with its
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trivial extension, we can regard L2(Z ,C3)2 as a subspace of L2(�,C3)2. With this
convention, we claim that

πY
D : L2(Z ,C3)2 → L2∗(�,C3)2 (5.19)

is a bounded linear operator. Once this is shown, by definition of f̃ in (5.17), it is
clear that T is well-defined.

In order to show (5.19), we have to recall the construction of πY
D . The projection

acts on a function f = ( fe, fh), and the two components are treated independently
of each other. Regarding the first component, we want to find, for fe ∈ L2(Z ,C3)

with support in Z , the projection onto D(E). This projection is given by fe − ε∇ψ ,
where ψ ∈ H1

0 (�,C) solves the problem∫
�

ε ∇ψ · ∇φ̄ =
∫

�

fe · ∇φ̄ for all φ ∈ H1
0 (�) .

Solutions ψ of this equation have exponential decay of ∇ψ for |x1| → ∞, which is
shown in Lemma C.1 of “Appendix C”. In that lemma, also the Neumann problem
is treated and, hence, an analogous result holds for the projection of fh . These two
facts provide (5.19).

Compactness. In order to show the compactness of T , we have to recall the
last step in the construction of T : A function uold

D ∈ L2(Z ,C3) is, in the main
part of the construction, mapped to a function ũnew

D ∈ Hloc(curl,�), which is the
solution of a radiation problem. When we restrict ũnew

D to any bounded subdomain
�R = (−R, R) × S, then the map L2(Z ,C3) 
 uold

D �→ ũnew
D |�R ∈ H(curl,�R)

is bounded.
We choose R large such that Z̄ is contained in �R , and a cut-off function

η ∈ C2(�) depending only on x1 such that η(x) = 1 for x ∈ Z and η(x) = 0 for
x ∈ � \ �R . With this construction, the map

T ′ : L2(Z ,C3) 
 uold
D �→ ũnew

D η ∈ L2(�R,C3)

is bounded. Furthermore, for bounded arguments uold
D , both, the curl of the right-

hand side ũnew
D η and the divergence of ξ ũnew

D η are bounded in L2(�R). This follows
from the facts that the divergence of ξ ũnew

D vanishes and that the curl of ũnew
D (that

is, Dũnew
D ) is bounded in L2. The first component of ũnew

D η satisfies a (tangential)
Dirichlet condition on all boundaries of �R , the second component satisfies a Neu-
mann condition. Lemma A.2 can be used to obtain compactness of the second (the
magnetic) component of u, Lemma A.2 with the spaces of (c) yields compactness
of the first (the electric) component. We note that the lemma remains valid when
W = (0, 2π)× S is replaced by �R . This yields the compactness of T ′, and hence
also the compactness of T , which is given by the further restriction of the function
to Z . ��

In order to include the given right-hand side f of (5.7) into the equation, we
finally define (ũ◦

D, a◦) ∈ X × C
L as the unique solution of

(D + iωξ)ũ◦
D +

L∑
�=1

a◦
� πY

Dϕ� = πY
D f + iω πY

DQGπY
G f (5.20)
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on �. We refer to the discussion after (5.16) for the fact that the existence and
uniqueness Theorem 3.9 provides a solution to this equation. We set u◦

D := ũ◦
D|Z .

Let us not forget that we are interested in the Maxwell equations in a locally
perturbed periodic medium, i.e., in (5.2). The first part of this section was devoted to
an equivalent re-formulation of this system. The result was that (5.2) is equivalent
to equation (5.15). We now claim that (5.15) is equivalent to the following problem
for (u D, a) ∈ L2(Z ,C3)2 × C

L :

(u D, a) = (u◦
D, a◦) + T (u D, a) . (5.21)

Let us verify this claim. To this end, we first consider a solution (u D, a) to
(5.21). We use (ũ◦

D, a◦) as constructed in (5.20) and the function (ũnew
D , anew) from

the definition of T (u D, a) for (uold
D , aold) := (u D, a). We claim that (ũ D, a) :=

(ũ◦
D + ũnew

D , a◦ + anew) is a solution of (5.15).
In the subsequent calculation, we use the definition of (ũ D, a) in the first equa-

tion, the definition of (ũ◦
D, a◦) and (5.16) in the second equation, and the definition

of f̃ in the last equation. We obtain

(D + iωξ)ũ D +
L∑

�=1

a� πY
Dϕ� = (D + iωξ)(ũnew

D + ũ◦
D) +

L∑
�=1

(anew
� + a◦

� ) πY
Dϕ�

= f̃ + πY
D f + iω πY

DQGπY
G f

= iω πY
DQuold

D + ω2 πY
DQGπY

GQuold
D + iω

L∑
�=1

aold
� πY

DQ(ρ�φ�)

− iω πY
DQ

L∑
�=1

aold
� G

(
iω πY

GQ(ρ�φ�) − πY
Gϕ�

)
+ πY

D f + iω πY
DQGπY

G f .

From (5.21) we find uold
D = ũnew

D |Z + ũ◦
D|Z = ũ D|Z and aold

� = anew
� + b◦

� = a�.
This shows that (ũ D, a) is a solution of (5.15).

Vice versa, let (ũ D, a) be a solution of (5.15). By the definition of T , it is clear
that (u D, a) with u D := ũ D|Z is a solution of (5.21).

We have shown that the system with a locally perturbed medium is equivalent
to (5.21), which is of Fredholm type: The operator that acts on the unknown (u D, a)

is of the form id − T (identity plus compact) by Lemma 5.1. We therefore obtain
Fredholm’s alternative for equation (5.5), and thus for (5.2). In particular, there
holds: If the homogeneous system admits only the trivial solution (urad, a) = (0, 0),
then system (5.2) has a unique solution (urad, a) ∈ X × C

L for every right-hand
side.

In the proof of the subsequent theorem, we show that any solution (urad, a) ∈
X ×C

L of the homogeneous system (5.2) is necessarily radiating, i.e. a = 0. This
property implies that Fredholm’s alternative can be formulated in a strengthened
way: If the homogeneous system admits only the trivial solution in L2-spaces, then
system (5.2) has a unique solution (urad, a) ∈ X × C

L for every right-hand side.

Theorem 5.2. (Fredholm alternative for perturbed media) Let S ⊂ R
2 be a bounded

Lipschitz domain and let ω > 0. Let the coefficients μ, ε ∈ L∞(�) have positive
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lower bounds and let them be given as compact perturbations of periodic functions
with positive lower bounds. We demand that Assumption 3.1 is satisfied for the
periodic medium. Furthermore, let the homogeneous perturbed system, i.e. (5.2)
for fe = fh = 0, admit only the trivial solution in H0(curl,�) × H(curl,�). (In
other words: Let ω2 be not in the point spectrum of μ−1

pert curl(ε−1
pert curl).) Then there

exists a unique radiating solution to (5.2) for every ( fe, fh) as in Theorem 3.9.

Proof. We consider a solution (urad, a) ∈ X × C
L of the homogeneous system

(5.2) and want to prove a = 0. In this proof, we will work again with the magnetic
field only. To avoid confusion with the pair u = (E, H), we set vrad = H rad and
vprop =∑L

�=1 a�ρ� φ�. It is our aim to show that vprop vanishes.
The form Q was defined in (3.4), we modify this definition and set

Q̃r (u, w) := i
∫

Wr

1

εpert
[(curl u × w̄) − (curl w̄ × u)] · e1 ,

where Wr = (r, r +2π)× S. Note that we made the position r variable and that we
replaced the periodic coefficient ε by the perturbed coefficient εpert. As in (3.3) for
the periodic case, one shows that Q̃r (u, w) is independent of r ∈ R for solutions u
and w of curl(ε−1

pert curl u) − ω2μpertu = 0.

We insert v = vrad + vprop in Q̃r (v, v). Because of vrad ∈ H(curl,�) and the
uniform (with respect to r ) boundedness of ‖vprop‖H(curl,Wr ) we conclude that

Q̃r (v, v) − Q̃r (v
prop, vprop) = i

∫
Wr

1

εpert

[
(curl vrad × vrad) − (curl vrad × vrad)

+ (curl vrad × vprop) − (curl vprop × vrad)

+ (curl vprop × vrad) − (curl vrad × vprop)
] · e1

tends to zero as |r | → ∞. We consider r ≥ R such that εpert coincides with ε in
Wr . From

Q̃r (φ�, j , φ�′, j ′) = ei2πr(α j −α j ′ ) Q(φ�, j , φ�′, j ′) = δ j, j ′ δ�,�′ Q(φ�, j , φ�, j )

follows

Q̃r (v
prop, vprop) =

J∑
j=1

∑
�:λ�, j >0

|a�, j |2 Q(φ�, j , φ�, j ) ≥ 0 .

In the same way, for r ≤ −R − 2π , we have Q̃r (v
prop, vprop) ≤ 0. Since Q̃r (v, v)

is constant with respect to r , we conclude that Q̃r (v, v) has to vanish. This also
implies a�, j = 0 for all �, j and hence vprop = 0. ��
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6. Concluding Remarks

6.1. Limiting Absorption Principle

In a limiting absorption principle, one studies the original problem, in our
case (1.1) with real coefficients ε and μ, and adds a term that introduces physical
absorption of energy. In our setting, a natural choice is to replace ε by the complex
(still x-dependent and 2π -periodic) parameter ε + iησ/ω, where η > 0 is a small
real number and σ ∈ L∞(�) is a positive 2π -periodic function describing the
conductivity of the medium. With this choice, η is a parameter for (small) ohmic
losses in the system.

The new system is solvable with the Lax-Milgram lemma, the new sesquilinear
form is coercive for positive η. Denoting the corresponding solutions by Eη and Hη,
the relevant questions are: (i) Are the fields Eη and Hη in every compact subset
of �̄ bounded in L2? (ii) Are all weak limits E and H solutions to the original
problem (1.1) and do they satisfy the radiation condition? We say that a limiting
absorption principle holds, when both questions can be answered in an affermative
sense.

For the Helmholtz equation in the waveguide geometry, a limiting absorption
principle has been derived in several works, we mention once more [10], [13], and
[17]. We note that [17] provides also the following fact: the form of the radiation
condition and also the solution can depend on the choice of σ . In view of these
results for the Helmholtz equation and, moreover, the method of proof in [17], we
expect that it is not difficult to show that the limiting absorption principle holds
also in the above sense for the Maxwell system (1.1). It is interesting to note that in
this case the inner product 〈·, ·〉Y j used in the construction of the orthogonal basis
{φ�, j | � = 1, . . . , m j } in Y j is given by

〈u, v〉Y j = 1

ω

∫
W

σ

ε2 curl u · curl v̄ .

In particular, this inner product—and thus the radiation condition—depends on the
conductivity σ .

6.2. Scattering Problem

Based on the results of Sect. 5, one can also study a scattering problem. Given
a mode (E inc, H inc) = (E�, j , H�, j ), which is interpreted as an incoming field,
one is interested in a corresponding solution in the perturbed medium, which is
given by εpert and μpert. The problem is to determine the total field (E tot, H tot) =
(E inc, H inc) + (Es, Hs) which satisfies (5.2) for ( fe, fh) = (0, 0) such that the
scattered field (Es, Hs) satisfies the radiation condition. We observe that (Es, Hs)

solves (5.2) for the (compactly supported) right-hand side

( fe, fh) := (iωqε E inc,−iωqμ H inc) .

Theorem 5.2 can be applied and provides the solution (Es, Hs).
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We furthermore observe that also the situation of Sect. 4 can be considered
for the perturbed system (5.2). By almost the same arguments as in the proof of
Theorem 4.1, one can show that the space

{
(E, H) ∈ H0,loc(curl,�) × Hloc(curl,�) | (E, H) solves (5.2) for

( fe, fh) = (0, 0) , ‖E‖sL + ‖H‖sL < ∞}

of bounded solutions coincides with the space spanned by the total fields (E tot
�, j , H tot

�, j )

of the above remark.
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Appendix A. Helmholtz Decompositions and Compactness

A.1. The Unbounded Domain �

In this part we investigate Helmholtz decompositions in H(curl, �) and H0(curl, �). The
letter “D” is used for the space with a condition on the divergence, the letter “G” is used for
the space that is related to gradients. For the field E , we introduce

D(E) :=
{

E ∈ H0(curl,�)

∣∣∣
∫
�

ε E · ∇ψ = 0 for all ψ ∈ H1
0 (�)

}
,

G(E) :=
{

E ∈ H0(curl, �)

∣∣∣ ∃ψ ∈ H1
0 (�) : E = ∇ψ

}
.

In contrast to the use of the letter ψ in the main part of this article, we now use the letter for
scalar functions, ψ : � → C. The above definitions are such that the spaces are orthogonal in
the space L2(�,C3) with the weighted scalar product 〈u, v〉 = ∫� ε u ·v̄. Furthermore, since
the (distributional) curl of a gradient always vanishes, curl(∇ψ) = 0, the two subspaces are
also orthogonal in H(curl, �) with the scalar product 〈u, v〉 = ∫� ε u · v̄ + curl u · curl v̄. By

construction, D(E) is the H(curl, �)-orthogonal complement of G(E), we therefore have
an orthogonal decomposition H0(curl, �) = D(E) ⊕ G(E).

http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
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The decomposition implies the following for solutions (E, H) of (1.3): Let fe ∈ L2(�)

satisfy
∫
� fe · ∇ψ = 0 for every ψ ∈ H1

0 (�,C). In this case, since the left-hand side of

(1.3) vanishes for φ = ∇ψ ∈ G(E), we find E ∈ D(E).
An analogous decomposition can be made for the magnetic field. We must be very careful
in the definition of G(H) since the space of gradients of H1(�)-potentials is not closed
in H(curl, �). Loosely speaking, every limit of gradients is again (locally) a gradient, but
its potential may fail to be in the space L2(�). We therefore work with the Hilbert space
where integrability is demanded only for the derivatives, Ḣ1(�) := {v ∈ L2

loc(�,C)|∇v ∈
L2(�)}, equipped with the inner product 〈u, v〉 := 〈u, v〉L2(W ) + 〈∇u, ∇v〉L2(�). We use
the closed subspaces

D(H) :=
{

H ∈ H(curl, �)

∣∣∣
∫
�

μ H · ∇ψ = 0 for all ψ ∈ Ḣ1(�)

}
,

G(H) :=
{

H ∈ H(curl, �)

∣∣∣ ∃ψ ∈ Ḣ1(�) : H = ∇ψ
}

.

In the above definition, it is important to use Ḣ1(�) in order to achieve that G(H) is a closed
subspace. Let us verify that, indeed, G(H) is closed. With this aim, we consider a sequence
(ψ j ) j with ψ j ∈ Ḣ1(�) such that (∇ψ j ) j is convergent in H(curl, �). Upon subtracting
a constant c j ∈ C and using the sequence ψ j − c j , we can assume the normalization∫

W ψ j = 0. For this sequence and for arbitrary R > 0, the restrictions ψ j |�R are a Cauchy

sequence in H1(�R) by Poincaré’s inequality. This implies that (ψ j ) j converges to some

ψ ∈ H1
loc(�) locally. Since (∇ψ j ) converges in L2(�,C3) to some F , if holds that F = ∇ψ

and ψ ∈ Ḣ1(�). We conclude that G(H) is closed as a subspace of H(curl, �) and of
L2(�,C3).

The spaces D(H) and G(H) are orthogonal in L2(�,C3) with the weighted scalar product
〈u, v〉 = ∫� μ u · v̄ and in H(curl, �) with the scalar product 〈u, v〉 = ∫� μ u · v̄ + curl u ·
curl v̄.
Let fh ∈ L2(�) satisfy

∫
� fh · ∇ψ = 0 for all ψ ∈ Ḣ1(�,C); this is encoding that fh

is divergence-free with ν · fh = 0 on ∂�. Since the left-hand side of (1.2) vanishes for
φ = ∇ψ ∈ G(H), we find H ∈ D(H).

The condition H ∈ D(H) includes a boundary condition for H . The fact that μH is L2-
orthogonal to gradients (without condition on the boundary values of the potential) is the
weak form of ∇ · (μH) = 0 and ν · (μH) = 0 on ∂�. Since μ is a scalar, we find ν · H = 0
on ∂�.

A.2. The Dounded Domain W

We study now Helmholtz decompositions for the bounded domain W = (0, 2π)× S, noting
that all results remain valid for domains of the form W = (r1, r2)×S. Here, we are interested
in different boundary conditions. In particular, we have to investigate the boundary condition
of α-quasiperiodicity.
For fixedα ∈ R, we use the spaces Hα(curl, W ) and H0,α(curl, W ) := {u ∈ Hα(curl, W ) | ν×
u = 0 on (0, 2π) × ∂S}. We are interested in different pairs of function spaces (X, Y ).
The four choices of interest are (a)

(
H(curl, W ), H1(W )

)
, (b)

(
H0(curl, W ), H1

0 (W )
)
, (c)(

H0,α(curl, W ), H1
0,α(W )

)
or (d)

(
Hα(curl, W ),

H1
α(W )

)
. In the following, the weight function ρ is either ε or μ. In all these cases, we
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have the decomposition X = D ⊕ G with

D :=
{

u ∈ X
∣∣∣
∫

W
ρ u · ∇ψ = 0 for all ψ ∈ Y

}
,

G :=
{

u ∈ X
∣∣∣ ∃ψ ∈ Y : u = ∇ψ

}
.

(A.1)

The decomposition is orthogonal with respect to the scalar products 〈u, v〉 = ∫
W ρ u · v̄ in

L2(W,C3) and 〈u, v〉 = ∫W ρ u · v̄ + curl u · curl v̄ in H(curl, W ). In the following, our aim
is to show that, in any of these cases, the space D is compactly imbedded in L2(W,C3).
We start by showing compactness in Case (a). The following lemma and its proof are almost
identical to Theorem 4.7 in [23], a small difference concerns the spaces X and X0 in [23]
which contain more information on the boundary data. We include the proof for convenience
and also since we expand the result afterwards.

Lemma A.1. (Compactness) Let ρ ∈ L∞(W ) be bounded below by some positive constant.
Then the space

D =
{

u ∈ H(curl, W )

∣∣∣
∫

W
ρ u · ∇ψ = 0 for all ψ ∈ H1(W )

}

is compactly imbedded in L2(W,C3).

Proof. Step 1: The case ρ ≡ 1. We first treat the special case ρ ≡ 1, in which the space of
interest is D = D1 with

D1 :=
{

u ∈ H(curl, W )

∣∣∣
∫

W
u · ∇ψ = 0 for all ψ ∈ H1(W )

}
.

Compactness of D1 can be derived from classical results. Let (u j ) j∈N be a bounded sequence
in H(curl, W ) with u j ∈ D1 for every j ∈ N. In particular, the sequence curl u j is bounded

in L2(W,C3). Because of u j ∈ D1, there also holds that div u j = 0 in W and ν · u j = 0
on ∂W . The control of curl u j and div u j together with the boundary conditions imply

compactness of the sequence u j in L2(W,C3) by Theorem 3.47 of [23]. Compare also
Theorem 3.1 of [24]. This shows compactness of D1 in H(curl, W ).

Step 2: The general case. We now consider a general coefficient ρ ∈ L∞(W ) and use
further Helmholtz decompositions. Just as D and G are defined as subspaces of X , we can
analogously define subspaces in L2(W,C3),

DL2 :=
{

u ∈ L2(W,C3)

∣∣∣
∫

W
ρ u · ∇ψ = 0 for all ψ ∈ H1(W )

}
,

GL2 :=
{
v ∈ L2(W,C3)

∣∣∣ ∃ψ ∈ H1(W ) : v = ∇ψ
}

.

These are closed subspaces of L2(W,C3). We observe that DL2 is the orthogonal comple-
ment of GL2 with respect to the (ρ-dependent) inner product 〈ρu, v〉L2(W ) in L2(W,C3).

It is important to observe that the ρ-dependent norms in Hα(curl, W ) and L2(W,C3) are
equivalent to the norms for ρ ≡ 1.
We will use the two different decompositions as orthogonal direct sums: X = D ⊕ G for
the space of functions with a curl, and, for L2-functions,

L2(W,C3) = DL2 ⊕ GL2 .
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All corresponding projections are bounded; the boundedness of a projection is independent
of the choice of the scalar product (with or without the factor ρ).
In order to show compactness, we consider once more a bounded sequence (u j ) j∈N in
H(curl, W ) with u j ∈ D for every j ∈ N. We decompose u j with respect to the decompo-
sition that corresponds to ρ = 1, that is, using H(curl, W ) = D1 ⊕ G1, where H(curl, W )
is equipped with the scalar product related to ρ = 1:

u j = v j + ∇ψ j with v j ∈ D1 and ψ j ∈ H1(W,C) .

Since u j is bounded in H(curl, W ) and since projections are bounded, the sequence v j ∈ D1
is bounded in H(curl, W ). Step 1 yields that there exists a subsequence, again denoted
by v j , which converges in L2(W,C3). With this knowledge, we now read the previous
decomposition in the form

v j = u j − ∇ψ j ,

and note that this is a decomposition of v j in L2(W,C3) = DL2 ⊕ GL2 ; we exploit here

that D is contained in DL2 . Since v j converges in L2(W,C3) and since the projection onto

DL2 is bounded in the space L2(W,C3), we conclude that u j converges in L2(W,C3). This
concludes the proof. ��
The choice of function spaces that was given as (b) can be treated with exactly the same
arguments. We obtain that the space

{
u ∈ H0(curl, W )

∣∣∣
∫

W
ρ u · ∇ψ = 0 for all ψ ∈ H1

0 (W )

}

is compactly imbedded in L2(W,C3).

Our next aim is to generalize these result. Instead of demanding that div(ρu) = 0, we want
to impose only a boundedness property.

Lemma A.2. (Improved compactness) Let ρ ∈ L∞(W ) be real with positive lower bound.
Let (u j ) j be a bounded sequence in X = H(curl, W ) such that, for a sequence ( f j ) j that

is bounded in L2(W ), if holds that
∫

W
ρ u j · ∇ϕ =

∫
W

f j ϕ (A.2)

for every ϕ ∈ Y = H1(W ). Then there exists a subsequence j → ∞ and a limit function u
such that u j → u in L2(W,C3).

The result remains valid for other pairs (X, Y ), e.g.: (b)
(
H0(curl, W ), H1

0 (W )
)
, (c)

(
H0,α

(curl, W ), H1
0,α(W )

)
, (d)

(
Hα(curl, W ), H1

α(W )
)
.

Proof. On the two spaces H(curl, W ) and L2(W,C3) we define again inner products∫
W curl u·curl v̄+ρ u·v̄ and

∫
W ρ u·v̄, respectively. We use the decomposition H(curl, W ) =

D ⊕ G with D as in Lemma A.1 (that is: (A.1) for the choice (a)). We decompose u j as

u j = v j + ∇ψ j with v j ∈ D and ψ j ∈ H1(W ) .

Since v j is obtained as a projection of u j , the sequence v j is bounded in H(curl, W ).
Additionally, the sequence lies in D. Lemma A.1 provided the compactness of the subspace
D, hence we find a subsequence j → ∞ and a limit function v such that v j → v in

L2(W,C3).
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The functions ψ j ∈ H1(W ) solve the problem

∫
W

ρ ∇ψ j · ∇ϕ =
∫

W
ρ (u j − v j ) · ∇ϕ =

∫
W

f j ϕ for all ϕ ∈ H1(W ) .

We consider the solution operator f j �→ ∇ψ j of this problem. By the Lax-Milgram

lemma, the solution operator is a bounded operator
(
H1(W )

)′ → L2(W,C3) on the dual

space
(
H1(W )

)′ of H1(W ). As H1(W ) is compactly imbedded in L2(W ), the embedding

L2(W ) → (
H1(W )

)′ is also compact. This compactness allows to choose a subsequence
j → ∞ and a limit function f ∈ L2(W,C3) such that f j → f is a strong convergence in(
H1(W )

)′. The corresponding solutions ∇ψ j are then strongly convergent in L2(W,C3).
The strong convergences of v j and ∇ψ j imply the strong convergence of u j . This concludes

the proof in the case (X, Y ) = (H(curl, W ), H1(W,C)).

Case (b) with the pair (X, Y ) = (H0(curl, W ), H1
0 (W )

)
can be shown with exactly the same

arguments, compare the remark after the proof of Lemma A.1.
We now turn to the cases (c) and (d) which involve functions with quasiperiodic boundary
conditions at the flat boundaries {0}×S and {2π}×S. We start by choosing a cut-off function
η ∈ C∞(R) with η(x1) = 1 for x1 ∈ [0, 2π ] and η(x1) = 0 for x1 /∈ [−1, 2π + 1]. Let
now u j be a bounded sequence in X as demanded in the lemma. We identify u j and f j
with their quasiperiodic extensions to R× S. We consider the truncated sequence ũ j (x) :=
η(x1) u j (x). This truncated sequence satisfies homogeneous Dirichlet conditions on the

boundaries {x | x1 = −2π} and {x | x1 = 4π} of the cylinder W̃ := (−2π, 4π) × S. For the
truncated sequence we observe, for an arbitrary α-quasiperiodic test-function ϕ,

∫
W̃

ρ ũ j · ∇ϕ =
∫

W̃
ρ u j · ∇(η ϕ) −

∫
W̃

ρ u j · ∇η ϕ =
∫

W̃
f j η ϕ −

∫
W̃

ρ u j · ∇η ϕ

=
∫

W̃

[
f j − ρ u j · ∇η

]
ϕ .

The sequence f̃ j := f j − ρ u j · ∇η is bounded in L2(W̃ ). We can therefore apply the com-

pactness result for case (b) with the domain W̃ and obtain the convergence of a subsequence
ũ j in L2(W̃ ). This implies, along this subsequence, also the convergence of u j in L2(W ).
��
For use in “Appendix B”, we formulate the following special case of our results:

Corollary A.3. Let μ ∈ L∞(W ) be bounded below by some positive constant and let
α ∈ [−1/2, 1/2] be a quasimoment. Then the space

{
u ∈ Hα(curl, W )

∣∣∣
∫

W
μ u · ∇ψ = 0 for all ψ ∈ H1

α(W )

}

is compactly imbedded in L2(W,C3).

Appendix B. Properties of the Operator curl curl

In this appendix, we study an operator on a space of α-quasiperiodic functions. The pa-
rameter α ∈ I is fixed throughout this appendix and any dependence on α is suppressed.
Correspondingly, for notational convenience, we suppress the tilde that was used in (2.11)
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and write L instead of L̃α . In this appendix, we study the space Hα(curl, W ), equipped with
the scalar product

〈u, ϕ〉H(curl,W ) =
∫

W

{
1

ε
curl u · curl ϕ̄ + μ u · ϕ̄

}
(B.1)

and the operator L : Hα(curl, W ) → Hα(curl, W ), defined by

〈Lu, ϕ〉H(curl,W ) =
∫

W

{
1

ε
curl u · curl ϕ̄ − ω2μ u · ϕ̄

}
(B.2)

for all u, ϕ ∈ Hα(curl, W ). As above, W = (0, 2π) × S and ε, μ ∈ L∞(�) are real valued
and have a positive lower bound.
The previous subsection provides with case (d) the Helmholtz decomposition Hα

(curl, W ) = D ⊕ G with

D =
{

u ∈ Hα(curl, W )

∣∣∣
∫

W
μ u · ∇ψ = 0 for all ψ ∈ H1

α(W )

}
,

G =
{
v ∈ Hα(curl, W )

∣∣∣ ∃ψ ∈ H1
α(W ) : v = ∇ψ

}
.

The subspace D is the H(curl, W )-orthogonal complement of G.

Lemma B.1. (Fredholm property) The operator L is a self-adjoint Fredholm operator with
index 0.

Proof. The definition of the bounded operator L in (B.2) is symmetric, this implies that L
is self-adjoint.
Step 1: Expressing L in the decomposition Hα(curl, W ) = D ⊕ G. We claim that Lu ∈ D
holds for every u ∈ D. This follows when we show that Lu is orthogonal to G. Let therefore
v = ∇ψ ∈ G be arbitrary. We calculate that

〈Lu, v〉H(curl,W ) = 〈Lu, ∇ψ〉H(curl,W ) = −ω2〈μu, ∇ψ〉L2(W ) = 0 ,

using the definition of D. This shows L|D : D → D. The same calculation can be performed
for G: Let v ∈ G be arbitrary, we consider Lv ∈ X and a test-function u ∈ D to calculate
that

〈Lv, u〉H(curl,W ) = −ω2〈μv, u〉L2(W ) = −ω2〈v, μu〉L2(W ) = 0 ,

where we exploited that μ is real. This shows L|G : G → G. We can therefore write L on
the space Hα(curl, W ) = D ⊕ G in the form

L =
(

L|D 0
0 L|G

)
. (B.3)

Step 2: Fredholm property of L|D. We claim that L|D : D → D is a Fredholm operator
with index 0. To prove this, we show a stronger property, namely that K := L − id is a
compact operator D → D. The equation K u = F is equivalent to Lu = u + F , which can
be written as

〈Lu, ϕ〉H(curl,W ) = 〈u, ϕ〉H(curl,W ) + 〈F, ϕ〉H(curl,W ) for all ϕ ∈ Hα(curl, W ) .

This, by definition of L , is equivalent to
∫

W

1

ε
curl u · curl ϕ̄ − ω2μ u · ϕ̄ =

∫
W

1

ε
curl u · curl ϕ̄ + μ u · ϕ̄ + 〈F, ϕ〉H(curl,W )
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for all ϕ ∈ Hα(curl, W ), and hence also equivalent to∫
W

μ (1 + ω2) u · ϕ̄ = −〈F, ϕ〉H(curl,W ) for all ϕ ∈ Hα(curl, W ) . (B.4)

In order to show compactness of K , we consider a bounded sequence u j ∈ D and the

images Fj := K u j . Corollary A.3 provides compactness of D in L2(W,C3), hence, up to

the choice of a subsequence (not relabeled), we can assume u j → u in L2(W,C3). Because

of (B.4), the sequence Fj consists of the Riesz representations of 〈−μ(1 + ω2) u j , ·〉L2(W )

in H(curl, W ). This implies the convergence Fj → F in H(curl, W ). Since we have found
a convergent subsequence of the images Fj , we have verified the compactness of K .
Step 3: Fredholm property of L|G. Let us investigate the action of L on the subspace G. We
consider Lu = F with u ∈ G and, hence, F ∈ G. The equation is reads 〈Lu, ϕ〉H(curl,W ) =
〈F, ϕ〉H(curl,W ) for every ϕ ∈ Hα(W ). By definition of L and by definition of the scalar
product on H(curl, W ), this is equivalent to − ∫W ω2μ u · ϕ̄ = ∫

W μ F · ϕ̄. We find that,
on G, the operator L is nothing but the multiplication u �→ −ω2 u. This operator has a
continuous inverse and is therefore a Fredholm operator with index 0.
Step 2 and Step 3 imply that L is Fredholm with index 0. ��

Appendix C. Decay of Solutions to Poisson Problems

The subsequent lemma is a very general statement about solutions of Poisson problems
in unbounded cylindrical domains. In this appendix, we only assume the following: The
dimension is d ≥ 2, the set S ⊂ R

d−1 is a bounded Lipschitz domain, the unbounded
domain is � = R × S, the coefficient is a map ρ : � → R of class L∞(�) with a positive
lower bound. In particular, we do not assume that ρ is periodic in direction x1.
In our results on compactly perturbed media, we use the lemma with the coefficient function
ρ being the permittivity ε or the permeability μ. For shorter formulas, we use here segments
of unit length instead of segments of length 2π .

Lemma C.1. (Decay of Poisson solutions) Let ρ : � → R be of class L∞(�) with a
positive lower bound. Let R > 0 be fixed, we consider right-hand sides g that are supported
in �R = (−R, R) × S. For arbitrary r > 0 let Wr be the segment Wr = (r, r + 1) × S.
Then there exists a constant C = C(ρ, R) and a decay rate δ = δ(ρ, R) such that the
following holds: For every function g : � → C that is supported in �R, the two Poisson
problems below have solutions which decay exponentially. The Dirichlet problem has a
unique solution, the solution to the Neumann problem is unique up to additive constants.
Regarding the exponential decay, we have the

Dirichlet problem: Every solution v ∈ H1
0 (�,C) of

∫
�

ρ ∇v · ∇ϕ̄ =
∫
�

g · ∇ϕ̄ ∀ ϕ ∈ H1
0 (�) (C.1)

satisfies the exponential decay estimate∫
Wr

|∇v|2 ≤ C‖g‖2
L2(�R)

e−δ|r | ∀r ∈ R . (C.2)

Neumann problem: Every solution v ∈ Ḣ1(�) := {v ∈ L2
loc(�)|∇v ∈ L2(�)} of the

Neumann problem ∫
�

ρ ∇v · ∇ϕ̄ =
∫
�

g · ∇ϕ̄ ∀ ϕ ∈ Ḣ1(�) (C.3)

satisfies the exponential decay estimate (C.2).
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Proof. Step 1: Existence of solutions. The Dirichlet problem can be solved in standard
function spaces with the Lax-Milgram lemma. On the space H1

0 (�) we use the sesquilinear

form b(v, ϕ) := ∫
� ρ∇v · ∇ϕ̄. This form is coercive since H1

0 (�) permits a Poincaré

inequality
∫
� |v|2 ≤ CP

∫
� |∇v|2. The right-hand side of (C.1) defines a linear form on

ϕ ∈ H1
0 (�). We find existence and uniqueness of solutions v ∈ H1

0 (�,C) together with an
estimate ‖v‖H1(�) ≤ C‖g‖L2(�R).
For the Neumann problem (C.3) one has to modify the function space. We use the space
Ḣ1(�) := {v ∈ L2

loc(�,C)|∇v ∈ L2(�)} with the squared norm ‖v‖2 := ∫
�R

|v|2 +∫
� |∇v|2, and consider once more the sesquilinear form b(v, ϕ) := ∫� ρ∇v · ∇ϕ̄. In order

to find a solution v, we restrict b to a closed subspace of Ḣ1(�), namely to Ḣ1∗ (�) :={
v ∈ Ḣ1(�)

∣∣∣ ∫�R
v = 0

}
. The Poincaré inequality on �R for vanishing averages of u

implies that b is coercive on Ḣ1∗ (�); the Lax-Milgram lemma yields a solution v ∈ Ḣ1∗ (�)
of

b(v, ψ) =
∫
�

g · ∇ψ for all ψ ∈ Ḣ1∗ (�) . (C.4)

An arbitrary function ϕ ∈ Ḣ1(�) can be decomposed, for some constant c ∈ C, as ϕ = c+ψ

with ψ ∈ Ḣ1∗ (�). This allows as to check (C.3). For arbitrary ϕ = c + ψ ∈ Ḣ1(�) with
ψ ∈ Ḣ1∗ (�), if holds that

∫
�

ρ ∇v · ∇ϕ =
∫
�

ρ ∇v · ∇ψ = b(v, ψ) =
∫
�

g · ∇ψ̄ =
∫
�

g · ∇ϕ̄ .

Lax-Milgram yields also the uniqueness of ∇v and, hence, uniqueness up to constants of v.
We emphasize that, in general, v will not be of class L2(�), for any choice of the constant.

Step 2: Exponential decay for the Dirichlet problem. We consider a solution v ∈ H1
0 (�)

of (C.1). All constants in this proof will be independent of v and g, they depend on ρ only
through the upper and lower bounds of ρ.
For arbitrary r > 0, we use the domain �r := (r,∞) × S ⊂ �. We perform all arguments
for r > 0, the arguments for r < 0 are analogous.
We note that the test-function ϕ = v leads to the equality

∫
� ρ|∇v|2 = ∫� g · ∇v̄. We now

modify the test-function and construct ϕ as follows: ϕ(x) := v(x) for x1 < r , ϕ(x) :=
v(x)(r + 1 − x1) for r ≤ x1 ≤ r + 1, ϕ(x) := 0 for x1 > r + 1. The definition implies
ϕ ∈ H1

0 (�), hence ϕ is an admissible test-function. For r > R we find, using the fat that
the support of g is contained in �R , that

∫
�

ρ |∇v|2 =
∫
�

g · ∇v̄ =
∫
�

g · ∇ϕ̄ =
∫
�

ρ ∇v · ∇ϕ̄

=
∫
�\�r

ρ |∇v|2 +
∫

Wr

ρ ∇v · [(∇v̄)(r + 1 − x1) − v̄ e1] .

Subtracting the first term of the right-hand side, and using a Poincaré inequality for the last
integral, we find that ∫

�r

ρ|∇v|2 ≤ C
∫

Wr

ρ|∇v|2 . (C.5)

The constant C > 1 is independent of r , it is a consequence of the Poincaré inequality
‖v‖L2(Wr )

≤ CP‖∇v‖L2(Wr )
for all v ∈ H1

0 (�). Inequality (C.5) allows as to calculate

∫
�r+1

ρ|∇v|2 =
∫
�r

ρ|∇v|2 −
∫

Wr

ρ|∇v|2 ≤
(

1 − 1

C

)∫
�r

ρ|∇v|2 . (C.6)

This implies, in particular, the exponential decay (C.2).
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Step 3: Exponential decay for the Neumann problem. We follow the ideas of Step 2 and
consider the solution v ∈ Ḣ1(�) of (C.3). Without loss of generality, subtracting a constant,
we can assume v ∈ Ḣ1∗ (�); this means that we work with the solution v that was found by
solving (C.4).
For r > R, we consider the average cr := 1

|Wr |
∫

Wr
v of the function v in Wr and define

ϕ(x) :=

⎧⎪⎨
⎪⎩

v(x) for x1 ≤ r ,

cr + (v(x) − cr )(r + 1 − x1) for r ≤ x1 ≤ r + 1 ,

cr for x1 > r + 1 .

We note that, for x1 = r , the expression in the middle coincides with v, while, for x1 = r +1,
the expression in the middle coincides with cr . In particular, if holds that ϕ ∈ Ḣ1(�).
Repeating the first calculation of Step 2 yields that

∫
�r

ρ |∇v|2 =
∫

Wr

ρ ∇v · [(∇v̄)(r + 1 − x1) − (v̄ − c̄r ) e1] .

The constant cr is chosen such that
∫

Wr
(v−cr ) = 0. This allows to use a Poincaré inequality

on Wr : There exists CP > 0 with ‖ṽ‖L2(Wr )
≤ CP‖∇ṽ‖L2(W0)

for all ṽ ∈ H1(Wr ) with∫
Wr

ṽ = 0, the constant CP is independent of r . Using this inequality for ṽ = v − cr , we
obtain ∫

�r

ρ |∇v|2 ≤ C
∫

Wr

ρ |∇v|2

with C independent of g, v, and r . We have thus obtained (C.5) also in the Neumann case
and the exponential decay follows as in Step 2. ��

Appendix D. An Example Regarding the Non-degeneracy Assumption

We include an example that illustrates the non-degeneracy assumption on the frequency,
introduced in Assumption 3.1. Our claim is that, when the frequency is degenerate, one
cannot expect the existence of bounded solutions; in this case, the limiting absorption method
does not provide a bounded solution sequence.
We consider the following very elementary setting. Let the domain be � = R × S ⊂ R

2

with S = (0, π), we treat the Helmholtz equation in a very special periodic medium, namely
one with the constant coefficient 1. We study �u + u = f in � with the boundary condition
u = 0 on ∂� and think of a smooth right-hand side f with bounded support.
The system can be solved ad a Fourier expansion in the second variable: The right-hand side
is expanded, for the solution we choose the same ansatz:

f (x1, x2) =
∑
k∈N

fk(x1) sin(kx2) , u(x1, x2) =
∑
k∈N

uk(x1) sin(kx2) . (D.1)

This transforms the equation, for every k ∈ N, into

(∂2
x1

− k2 + 1)uk = fk on R .

For a vanishing right-hand side and k �= 1, the solutions uk of this ordinary differential
equation are unbounded; this means that there are no propagating modes for k �= 1. For the
value k = 1, a non-trivial solution is u1(x1) = 1 for every x1 ∈ R, hence u(x) = sin(kx2)
for every x = (x1, x2) ∈ �. The multiples of this function are the only bounded solutions to
the homogeneous equation. They are independent of x1, hence periodic in x1, and therefore
quasiperiodic with α = 0. The set of quasimoments with propagating modes is A = {0}.
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Let us check if α = 0 is degenerate. We calculate the flux sesquilinear form with the argument
u (the counterpart of Q of this work was the form E in [17]),

E(u, u) = i
∫

W

u ∂1ū − ū ∂1u = 0 ,

which follows from ∂1u ≡ 0. The non-degeneracy assumption is not satisfied.
We now check existence of a solution to f �= 0. For f1 with compact support and with∫
R

f1 �= 0, we claim that the equation for u1 is not solvable. Indeed, every solution u1 of
∂2

x1
u1 = f1 is affine outside the support of f1. Every bounded solution must be constant

outside the support of f1 and this requires 0 = ∂x1 u1(R) − ∂x1 u1(−R) = ∫
R

f1.
We finally study a sequence of limiting absorption solutions. For a small parameter δ > 0
we study

�uδ + (1 + iδ)uδ = f in � .

Expanding the right-hand side and the solution as in (D.1), we obtain for uδ
1 the equation

(∂2
x1

+ iδ)uδ
1 = f1 on R . (D.2)

For f1 with support in (−R, R), for |x1| > R, solutions are in the span of the two functions
e±λx1 for λ ∈ C satisfying λ2 + iδ = 0. We choose λ = √−iδ = √

δ/2(1− i). In particular,
bounded solutions are exponentially decaying for |x1| → ∞.
The fundamental solution for the operator ∂2

x1
+ iδ on R is given by Ae−λ|x1| with A =

1/(−2λ). In the sense of distributions holds (∂2
x1

+ iδ)e−λ|x1| = δ0, where δ0 is the Dirac
distribution in x1 = 0. Testing (D.2) with the fundamental solution in the point y1 provides
the explicit formula

uδ
1(y1) = A

∫ R

−R
f1(x1) e−λ|x1−y1| dx1 . (D.3)

With these explicit formulas we can now check the behavior for δ → 0. There holds λ =√
δ/2(1 − i) → 0 and |A| = 1/|2λ| → ∞. This shows |uδ

1(y1)| → ∞ as δ → 0 for every
point y1 ∈ R. The limiting absorption sequence diverges.
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