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Abstract

INAR (integer-valued autoregressive) and INGARCH
(integer-valued GARCH) models are among the most
commonly employed approaches for count time series
modeling, but have been studied in largely distinct
strands of literature. In this paper, a new class of gen-
eralized integer-valued ARMA (GINARMA) models is
introduced which unifies a large number of compound
Poisson INAR and INGARCH processes. Its stochastic
properties, including stationarity and geometric ergodic-
ity, are studied. Particular attention is given to a general-
ization of the INAR(p) model which parallels the exten-
sion of the INARCH(p) to the INGARCH(p, ¢q) model.
For inference, we consider maximum likelihood, Gaus-
sian quasi-likelihood, and moment-based approaches,
along with likelihood ratio tests to distinguish between
selected instances of our class. Models from the pro-
posed class have a natural interpretation as stochastic
epidemic processes, which throughout the article is used
to illustrate our arguments. In a case study, different
instances, including both established and newly intro-
duced models, are applied to weekly case numbers of
measles and mumps in Bavaria, Germany.
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1 | INTRODUCTION

Count time series arise in many contexts from hydrology (McKenzie, 1985) to criminology and
traffic studies (Scotto et al., 2015). Numerous modeling approaches for such data exist, including,
for example, hidden Markov (Zucchini & MacDonald, 2009), generalized linear ARMA (Ben-
jamin et al., 2003) and latent Gaussian models (Jia et al., 2023). This diversity led a recent
review to conclude that “the field developed without a unifying theory” (Davis et al., 2021). In
the present paper, we aim to provide an overarching framework for two particularly influential
model classes, namely the INAR (integer-valued autoregressive) and INGARCH (integer-valued
GARCH) classes. These have been highlighted as “probably the most widely used approaches for
stationary count time series” (Weif3, 2021). While INAR models employ thinning operations and
resemble branching processes (Dion et al., 1995), INGARCH models take their starting point in
generalized linear regression. Despite some known links between the two (Lu, 2021; Weif3, 2015),
they have been treated in largely distinct strands of literature. Recently, various model classes
have been suggested which combine elements of INGARCH and INAR models (Aknouche &
Scotto, 2024; Weif3 & Zhu, 2024), but these always contain at most one of the two as a special case.
Our contributions to bridging this gap are the following:

+ Building on generalized INAR models (Latour, 1998), we define a broad model class comprising
many well-known INAR and INGARCH processes. As it is inspired by a state-space represen-
tation of the continuous-valued ARMA model and shares some of its properties, we refer to it
as the generalized INARMA class.

« As an important special case, we study a generalization of the INAR(p) model which parallels
the extension of the INARCH(p) to the INGARCH(p, q).

+ Properties of the new class are studied with a focus on compound Poisson (CP) formulations,
and various inference schemes are proposed.

The practical benefit of the generalized INARMA class is that it provides a unified and mod-
ular framework covering many established models. These are characterized by their lag orders
and a set of distributional assumptions. As different applications may suggest other types of dis-
tributions, this can guide model choice. In many cases, relevant models can even be nested into
suitable sub-classes of the GINARMA framework, meaning that hypothesis tests can be conceived
to select appropriate specifications.

To strengthen the intuition for the “mechanics” of the new class, we propose an interpretation
as a stochastic epidemic process. Indeed, both INAR (Cardinal et al., 1999; Pedeli et al., 2015) and
INGARCH (Bracher & Held, 2021; Ferland et al., 2006) models are commonly applied to infectious
disease counts, though often without discussion of the implied assumptions on disease spread
(see Bauer & Wakefield, 2018 for an exception). Building on these arguments, we will conclude
with a case study on measles and mumps in the German state of Bavaria. Similarly to Kucharski
et al. (2014), we will estimate local effective reproductive numbers and the fraction of imported
cases.

The article is structured as follows. In Section 2, we provide some background on CP-INAR
and INGARCH models. In Section 3, we introduce our general model class, before turning to an
extension of the INAR class in Section 4. Sections 5 and 6 are concerned with inference and sim-
ulation studies, respectively. In Section 7, the real-data application is presented before Section 8
concludes with a discussion.
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2 | PRELIMINARIES

We start by reviewing relevant fundamentals of (generalized) INAR and INGARCH models.

2.1 | Poisson (G)INAR(1) and INGARCH(1,1) models
The generalized INAR(1) model (Latour, 1998), or GINAR(1), is defined as {X;,t € Z} with
Xt = .X[_l + & (1)

and a > 0. The innovations {¢,} are independent and identically distributed (i.i.d.) count random
variables with mean v > 0 and variance 62 < oo, while e is the generalized thinning operator. With
N e Npand a > 0itisdefinedasa e N =0if N = 0 and

N
aeN = ZZi (2
i=1

otherwise. The counting series Z,..., Zy consists of i.i.d. draws from an integer-valued distribution
with mean a > 0 and variance 2. Borrowing terminology from branching process theory, we will
refer to this distribution as the offspring distribution. All thinnings in Equation (1) are performed
independently of each other, the innovations {¢;} and the past of the process {X;}, an assumption
we will make throughout the paper unless relaxed explicitly.

Model (1) can be read as an adaptation of the classic Gaussian AR(1) process with multipli-
cation replaced by generalized thinning. As GINAR(1) models are first-order conditionally linear
autoregressive models (CLAR; Grunwald et al., 2000), they preserve many stochastic properties
of their continuous counterpart. Two particularly influential instances of the class are the Poisson
INAR(1) (Al-Osh & Alzaid, 1987; McKenzie, 1985) and INARCH(1) (Ferland et al., 2006; Fokianos
et al., 2009) models (the naming of the latter being somewhat controversial, see Remark 4.1.2 in

Weif3, 2018). While in both models we assume eti'i&d “Pois(v), the offspring distributions differ. In
the INAR(1), given by

Xy = aoXi1 + €, (3)

binomial thinning o is used, which results from Zl-i'i~'d ‘Bern(a) (Steutel & van Harn, 1979). For the
INARCH(1), Poisson thinning * with Zl-l'Ld ‘Pois(a) is assumed instead.

Remark 1. GINAR(1) models can be thought of as simple epidemic processes (Car-
dinal et al., 1999). Each of X; infectives present in a population at time ¢ causes on
average a new infectives (“offspring”) at t+ 1 and then recovers. Outside sources
cause infections at a rate v. As will be seen in Section 3.2, similar interpretations apply
to extended models.

While the GINAR(1) representation of the Poisson INARCH(1) is well-known (e.g.,
Weif3, 2018, p. 56), the model is more commonly defined in terms of a conditional generalized
linear regression model (GLM). It then becomes {X;,t € N} with

Xi|Xi-1,..., X0, Ao ~ Pois(4;) 4
A =v+aXi (5)
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and fixed starting values Ao, Xo. This formulation is attractive as it can be extended to the Poisson
INGARCH(1, 1) model (Ferland et al., 2006), where (5) becomes

A=v+aXi1+ A (6)

with 0 < . The feedback term pA,_; here leads to an ARMA(1, 1) autocorrelation function.

2.2 | Compound Poisson distributions

To handle overdispersion in a flexible way, Poisson (G)INAR and INGARCH models are com-
monly extended using compound Poisson (CP) distributions. A random variable Y is said to
follow a CP distribution (Feller, 1968, Chapter 3) if it can be written as a randomly stopped sum

Y = ZfiIZi, where N is Poisson distributed and Z;,..., ZNM&d ‘G(#) independently of N. We assume
throughout that the cluster distribution G(6) has a single parameter 6 and support {1,...,r}, where
r is the order of the CP distribution and r = oo is allowed. For simplicity we identify 6 with the
mean of G and in analogy to (2) use the shorthand

N ..
0xN=Y 2. Zi...Zy~G@O). (7)

i=1

We assume 0 < 6 < co and denote the variance of G(0) by a; < o0. Setting N ~ Pois(u/6), we
obtain a CP distribution with mean [E(Y) = u and variance Var(Y) = u X (aj /6 +0).

Remark 2. We use the term “cluster distribution” as in disease modeling and ecology,
CP distributions are often applied to phenomena that occur in clusters. The number
N of clusters is then Poissonian, while the number of units per cluster follows G(0).
Note that other authors like Weif3 (2018) use “compounding distribution” instead.

Two popular CP distributions are the Hermite and negative binomial. A random variable Y
is Hermite distributed if it can be written as Y = A; + 24, where independently A; ~ Pois(4,),
A, ~ Pois(4,). In slight variation of Gupta and Jain (1974) we parameterize the distribution by
itsmean u = A; + 24, and a dispersion parameter y = 24,/(41 + 24,) € [0, 1], implying Var(Y) =
(1 + y)u. The probability mass function is then

vl 1y/2] o
Pr(Y =y) = exp [u(-1+ %) W@ —w)y]; 5

W = y)(y - 24!

y=0,1,2,...

where [y/2] is the integer part of y/2. The Hermite is a CP distribution of order r = 2, see
Supporting Information A.1.1.

For the negative binomial distribution, we likewise use a parameterization via its mean y and
a dispersion parameter y > 0, given by

_ L _Ta/w+y (1w ”‘”( ! >y
=D = ) <1/w+#> Vw+nu)

while Var(Y) = (1 + wu)u. The negative binomial distribution is a CP distribution with a loga-
rithmic cluster distribution (Weif3, 2018) and hence r = o, see Supporting Information A.2.1.

85U801 SUOWILLIOD 9A11E81D 3[gedl|dde ay) Aq pausenob a1e sa e O ‘8sn Jo'sa|nl 1oy Ariqi8uljuO A3[IA UO (SUONIPUOD-pUe-SULIBY WY AB | 1M AleIq Ul |Uo//:Sdil) SUONIPUOD pue SWie | 8U) 88S *[S202/50/.0] U0 Akl 8ulluO ASIM ‘¥822T SO/ TTTT 0T/I0p/W0d A8 1M Aleiq i pui|uo//:sdny Wouy pspeojumod ‘0 ‘6976.97T



BRACHER and NEMCOVA

5
Scandinavian Journal of Statistics—l—

2.3 | CP-(G)INAR(p) and INGARCH(p, q) models

In the (generalized) INAR framework, the extension of the model (1) to the CP case (Schweer &
Weif3, 2014) is straightforward as only the innovation distribution is replaced by a CP with mean v
and variance ¢2. Hermite and negative binomial innovations have been considered, for example,
by Fernandez- Fontelo et al. (2017) and Pedeli et al. (2015). A higher-order GINAR(p) model is
obtained by setting (Dion et al., 1995)

p
X = Zai o Xt 8

i=1

Slightly generalizing Latour (1998), we allow for dependent offspring (a; ¢ X;,..., a, ¢ X;), see
Definition 1 in the next section for details. This is because we will extend the INAR(p) by Alzaid
and Al-Osh (1990), where

p
X = Zaion—i + & ©)

=1
with ay,...,ap > 0,0 < Y7 a; < 1is combined with multinomial thinnings,
(a10Xs,..., @poXy) ~ Mult(X;, ay,..., ap). (10)

We note that an equally well-known INAR(p) model with independent thinning operations has
been proposed by Du and Li (1991), but it is less fruitful within our framework.
The GINAR(p) model can be generalized further to the GINARMApgL(p, q), given by

p q
Xt = Zai .Xt—i + Z(SJ ® & + &, (11)

i=1 j=1

where all thinnings e are performed independently of each other. We here add the initials of its
authors - Dion, Gauthier and Latour - to the notation to distinguish this GINARMA model from
our suggestion presented later on.

To extend (6) to a CP-INGARCH(p, q) model we adopt notation from Weif} et al. (2017). The
model is then defined as {X;, t € N} with

Ni | X1 X1 p, Ay A1_q ~ POIS(4;/6) (12)
N, 4
Xi =) Z; where Z,....Zin, ~ G(O) (13)
i=1
p q
A=v+ Y aXei+ Y fid. (14)
i=1 j=1

Here, Ai—g,..., 40 > 0 and Xi_p,..., Xy € Ny are again fixed and we assume ay,...,ap, f1,..., fig =
0, Zleai > 0. Given the past, X; then follows a CP distribution with mean A; and variance
A X (ag /0 + 6). This is more restrictive than in Gongalves et al. (2015a) where 6 is a function
of A;. It nonetheless contains, for example, the negative binomial (Weif3, 2018; Xu et al., 2012),
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generalized Poisson (Xu et al., 2012; Zhu, 2012) and Neyman Type A (Gongalves et al., 2015b)
INGARCH models. For the Hermite and negative binomial cases we provide details in Sup-
porting Information A.1.2 and A.2.2. We note that despite its name, the INGARCH(p, q) has an
ARMA(max[p, q], p)-like correlation structure (Ferland et al., 2006, section 2.7); nonetheless it
behaves quite differently than the GINARMApgL(p, q), see Section 4.2.1.

3 | ANEW GINARMA (p,q) MODEL
3.1 | Model definition

We now propose an alternative GINARMA extension of the model (8), which as we shall see
subsumes all INAR and INGARCH models from Section 2. Rather than directly replacing the
multiplications in the Gaussian ARMA(p, qg) model

P q
iid.
Xi= Y aXii+ Y oej+v+e, & ~NQO,0?) (15)
i=1 j=1
by thinnings as in Equation (11), we start by re-formulating it as follows. Setting

_ a; + 51' ﬂ 5. 7 Y
= —q’ )j = — s = —q,
I+ Zj:léj 1+ 2j=16}'

i

with §; = 0 for j > g, an equivalent of (15) is (see Supporting Information F.1)

q
Xt=<1—2ﬂj>xEt+r+£t. (16)

J=1

Here, {E,} is an auxiliary process defined as
q P
E = Zﬂj X E_j + in X Xi_i. (17)
j=1 i=1

This is a state-space representation of the ARMA(p,q), see also Remark 3. We are not
aware of any previous use of this exact form, but similar ones can be found, for example,
in de Jong and Penzer (2004). Based on the above, we define our model as follows. Note
that we add a compounding step that serves to accommodate CP-INGARCH models in
the class.

Definition 1. The GINARMA(p, q) model is a stochastic process {X;, t € N} with

q
X, =0x l<1—2ﬂj> oE[+£,] (18)

=1

q p
E = ) pjoE,j+ Zrci e X, ; (19)
Jj=1 i=1
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and &, f; > 0;0 < YP x;:0 < 2}1:1 B; < 1. Specifically, the following is assumed.

i. Thesequence {¢;} consists of i.i.d. realizations from an integer-valued innovation
distribution with mean 0 < 7 < oo and variance 62 < co.

ii. The offspring (x; ® X,...,x, ® X;) result from a generalized thinning opera-
tion e and can be dependent. Specifically, we assume (k; ® X,...,k, ® X;) =
Z;)+---+Z.x, where, independently of X;, the vectors Z;; are i.i.d. on
Nb with E(Z)) = (x1,..., k) and finite variances a,%l,...,a,%p. To avoid deal-
ing with, for example, purely even-valued offspring distributions we assume
Prob(k;e1=1) > 0if x; > 0.

iii. The thinnings of E; are coupled via

q q
[ﬁloEt,...,ﬁqut, (1 - Z,@) oEt] |E[ ~ Mult(Et;ﬁl,...,ﬁq, 1- Z@) (20)
j=1 j=1

iv. Asin Equation (7), 6 * denotes a compounding step with a clustering distribution
G. Its mean and variance are 0 < 6 < oo and ag < o0, respectively.

v. Apart from the dependencies between different thinnings of the same X, or E,
introduced in (ii) and (iii), all thinnings and compoundings are performed inde-
pendently of each other, the past of the process and the innovation sequence
{e:}.

vi. Unless stated otherwise, the values Xi_,,...,Xo, Ei_g,..., Eo are fixed. In some
instances, we will initialize them with the respective stationary distributions
instead.

GINARMA models are thus characterized by the orders p and q along with an innovation, an
offspring, and a compounding distribution. As detailed in Section 3.3, many INGARCH models
can be obtained via Poisson offspring (setting e to Poisson thinning x). Bernoulli offspring, on the
other hand, yield an extension of the INAR class; see Section 4. We note that assumption (iii) may
seem arbitrary at first sight, but is central to obtaining appealing stochastic properties. Notably,
it ensures that the model reduces to the GINAR(p) if the compounding step € * is omitted and

Pr=--=py=0.

Remark 3. From Equation (18), it is clear that given E;, X; is independent of
Ei,...,E;and Xi,..., X;_1. We are thus dealing with a (generalized) state-space model
(Brockwell & Davis, 2016, Chapter 9.8; Weif3, 2018, Remark 5.2.1), with {E;} the state
variable. However, using terminology from these references, the model in its gen-
eral form is neither purely parameter-driven nor observation-driven. While {X;} has
no Markov property unless g = 0, {E;} is a max(p, q)-th order Markov process, as is
{(E:, X;)}; see Corollaries 1 and 3.

3.2 | Interpretation as a stochastic epidemic process

Formulation (18) to (20) can be interpreted as a discrete-time model for the spread of an infectious
disease, which provides a useful language and intuition for the following. We first illustrate this
for p = g = 1 and omitting the compounding step, that is, we consider

Xt =01 —p)oE;+&; E;=poE 1+KkeX; . (21)
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A graphical display of the following interpretation is provided in the top panel of Figure 1.

1. X, is the number of infectious individuals at time ¢t. These stay infectious for one time period
and independently cause new infections with mean x and variance 2.

2. Individuals newly infected at time ¢ do not necessarily become infectious already at ¢ + 1.
Instead, they enter into an “exposed pool” E;,;. Following common disease modeling termi-
nology, exposed individuals are already infected, but not yet infectious.

3. Ateach time ¢, each of the E; exposed individuals can either remain in the exposed pool (with
probability #) or advance to infectiousness (with probability 1 — g).

4. An exposed individual from E; advancing to infectiousness becomes part of X;.

5. Ateach time t, & individuals get infectious due to external sources.

The effective reproductive number, that is, the mean number of new infections caused by one
infected is R, = k. The latent period, defined as the number of time points an infected spends
in the exposed pool, is geometrically distributed with mean 1/(1 — ). The same holds for the
generation time, that is, the time between the start of infectiousness of one individual and that of
a second individual infected by the first.

When allowing p, q > 1, X; can be seen as the number of individuals becoming newly infec-
tious at time ¢. These are contagious over p time steps, with (ki,..., k,) the infectivity profile. In
the exposed pool, individuals can “move forward” up to g time periods at once, leading to more
complex latent period distributions; see Figure 1, middle panel.

When adding the compounding step 8 = from Equation (18) to (21), E; and &, can be thought
of as clusters of exposed individuals, each containing a G(0)-distributed number of members (see
Remark 2). All members of a cluster turn infectious simultaneously. The effective reproductive
number then becomes R, = «0; see Figure 1, bottom panel.

The above mechanisms resemble classic epidemic models like the SEIR (susceptible-
exposed-infectious-removed), with the difference that immunity due to infection is ignored. See
Bauer and Wakefield (2018) for a similar argument on the INARCH(1) and Bjernstad et al. (2002)
for a related model accounting for immunity. Ignoring immunity due to infection is appropriate,
for example, for vaccine-preventable diseases with high, but not complete vaccination levels in
a population (De Serres et al., 2000). In this situation, only minor outbreaks seeded by imported
cases occur, which do not meaningfully reduce the number of remaining susceptibles. We will
return to such a setting in our case study in Section 7.

3.3 | GINARMA forms of GINAR and INGARCH models

We now describe how the various models laid out in Section 2.3 fit into the GINARMA framework.
As one would expect, the GINAR(p) is just a GINARMA(p, 0) model, further simplified by the
omission of the compounding step € *. As in this case (brushing over the abuse of notation) we

have 1 — Z]Q:l p; = 1, the model (18) and (19) collapses to

p
Xt = E[ + &, E[ = ZKi L X[_l‘. (22)
i=1

The term E; hence becomes a simple placeholder in the GINAR(p) structure.
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(a) GINARMAC(1, 1) model without compounding step:

exposed remain in exposed
pool with probability 8
BoEy BoEii1
Eq Ei+1
v

exposed advance to N

infectiousness with _ _-7 _ -
probability 1 — /3 (A=F) ok -7 (1= B)o Bt -7

@ PP ke X - re Xt
each infective causes

&¢ ~ Pois(r) : an expected s new infections e~ Pois(7)
| I

imported cases with mean 7

(b) GINARMA (2, 2) model without compounding step:

exposed advance by two .
steps with probability 82 B2 o Ey P20 Bt

exposed advance by one
step with probability 51

exposed advance to

infectiousness with B1o Ey B10oEit1 B1oE4i2 -7
probability 1 — 81 — 82 - B =T B
(1—=B1—p2)oEy Hl.Xj”/ X”l,f”/ -7 w1 e Xpyp -7 -7
- =" ==-" Ko e X0

E Ko e X »ﬁ -

@ o . -
— new contaminations one and —
! two steps ahead with [ERRN Pois(r)
I I

s . et ~ Pois(T)
means K1, kg per infective

g4 ~ Pois(T)

imported cases with mean 7

(¢) GINARMAC(1, 1) model with compounding step:

clusters remain in exposed
pool with probability 8

BoEy BoFEii1

clusters of exposed advance to 12 N Ett1 ;

infectiousness with probability 1 — 8 - -

T 0 1—j)oEt+1]I

0%[(1—8)o B we Xy

number of infectives per P

I
cluster follows G(6) new exposed clusters with
mean k per infective

0 0 x et
imported clusters @
with mean 7

FIGURE 1 Interpretation of GINARMA models as stochastic epidemic processes. (a) GINARMAC(1, 1)
without a compounding step, see Equation (21). (b) GINARMA(2, 2) without a compounding step. (c) Full
GINARMAC(1, 1) model including compounding step. Solid lines represent multinomial thinning; dashed lines
are generalized thinning or innovations, and double lines are thinning with a cluster distribution G(6). In the
bottom panel, the small circles represent the intermediate step (1 — f)oE,, which is then subject to compounding.

The link to INGARCH-type models is somewhat more intricate (see Supporting Information
F.4 for the derivations). We develop the correspondence step by step, starting with the Poisson
INGARCH(1, 1) model (6). If # < 1 it can be represented as

X =(1-p)oE +e, Ej=poEi+x*xXi1, &~ Pois(z) (23)

with 7 =v/(1 - f) and ¥ = a/(1 — ). The two thinnings of E; are coupled as in Equation (20)
while Ey ~ Pois(n),n = (4o — 7)/(1 — ). Note that while the equivalence even holds ifa + § > 1,
that is, if the process is not stationary, we will not deal with this case in the following as the
stochastic properties and inference would get considerably more involved. A technical condition
(that also applies in the following) is Ao > 7 so that # > 0. This, however, is natural as 4; > 7 also
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holds for all ¢ > 1if Ap > 7. The model structure corresponds to the top panel in Figure 1. We note
that am construction of the Poisson INGARCH(1, 1) using a “cascade of thinning operations” was
also introduced in Ferland et al. (2006), but is considerably more involved than our representation.

Remark 4. In epidemic modeling, Poisson offspring as in Equation (23) are widely
used (Farrington & Grant, 1999; Kucharski et al., 2014). They arise, for example, when
approximating a Reed-Frost chain binomial model for a large population (Bauer &
Wakefield, 2018).

Formulation (23) can be extended to the Poisson INGARCH(p, q) case by setting
q q p
X, =(1- 2/3,» oE;+¢&, E = ZﬁjoEt_j + in * X, (24)
j=1 j=1 i=1

with 7 =v/(1 - ;'1:1ﬂj)’ K =a;/(1— ]‘,Izlﬂj). For initialization we need to set Emlrf‘Pois(nm)
with #, = (A — 7)/(1 — Z;]:lﬂj), again assuming A, > r,m=1-gq,...,0 and Z;Izlﬁj < 1. This
corresponds to the structure shown in the middle row of Figure 1.
A CP-INGARCH(1, 1) model as in Equations (12) to (14) is obtained by extending
Equation (23) to
Xt =0 % [(1 — P)oE; + &, (25)

where s denotes thinning with the clustering distribution G as in Equation (7). Here, we need
toset 7 = (v/60)/(1 - ).,k = (a/0)/(1 — f) and n = (49/0 — 7)/(1 — p), assuming 4¢/6 > 7. This
extension corresponds to the bottom panel of Figure 1.

3.4 | Stochastic properties
For the case p = q = 1, various properties of the GINARMA model can be obtained by noting that
the process {E;} is a Galton-Watson branching process with immigration.

Lemma 1. The process {E;} from Equation (19) with p = q = 1 can be expressed as

E[71

E; =) Bix+e;. (26)
k=1

Herewe set € = k o (0 * £,_1) and independently for each k = 1,...,E;_,

1 with probabili
Biry = { probability / 27)

ke (f=x1) with probability 1 — f.

Corollary 1. While the process {X;} lacks a Markov property, both {E;} and the joint
process {(X;, E;)} are first-order Markov processes.

Corollary 2. If k0 < 1, the Markov chain {E,} is aperiodic and irreducible.

As we typically initialize our processes at fixed values Ey, Xp, they are not actually stationary.
However, under mild conditions, they have limiting distributions that are independent of the
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initialization and are also obviously stationary distributions. Following Pakes (1971), we will refer
to these distributions and associated properties as limiting-stationary.

Proposition 1. For p = q = 1, the processes {E;} and {X;} from Equations (18) and
(19) have unique limiting-stationary distributions if k0 < 1. The limiting-stationary
moments are finite up to order r if the same is true for the moments of {&;}, k ® 1 and
0 * 1.

Lemma 2. Given they exist, the limiting-stationary means and variances of {E;} and
{X:} in a GINARMA(1, 1) process are

_ kK76 _ 10
M= T _a—pwo "~ 1=xo
5 o207t + (oﬁr +0202)x k2 + up x (1 — f) X {f(1 — x0)> + 620 + 6;1(2}
op = ,

1-{p+Q-pxb6}?
ox = (1 = Pugo, + 0> — p){pug + 1 — P)og} + t0; + 670°.

The autocovariance functions of {E;} and {X;} are of AR(1) and ARMA(1, 1) type, as

ve(d) = {B+ (1 — Px0}? X 6%
rx(d) = {B+ Q= Pxo} ™ x (1 - p)0 x {0B(1 — p)(03 — up) + ko2 }.

Combining arguments from Pakes (1971) and Meitz and Saikkonen (2008), it can be shown
that {E;} is geometrically ergodic under mild conditions, which translates to {X;}.

Proposition 2. Forp = q = 1, thejoint process {(X;, E;)} from Equations (18) and (19)
is geometrically ergodic if k0 <1 and 02,0}, 0} < co. If the initial value E, is gener-
ated from its stationary distribution, the process is moreover ff-mixing with geometrically
decaying coefficients.

Proposition (2) notably implies geometric ergodicity of the process {X;} in CP-INGARCH(1,
1) models, a topic that has received much attention (e.g., Fokianos et al., 2009; Gongalves
et al., 2015a; Davis et al., 2021 and references therein). Typically, the employed arguments
are more sophisticated than what we use, the difficulty being that the state space of A;41|A;
in Equation (6) depends on A;. We circumvent this via a fully discrete display involving
{E;} rather than {4;}. A natural consequence of this approach, however, is that our argu-
ments do not imply ergodicity of the joint process {4;,X;}, as addressed, for example, by
Fokianos et al. (2009).

For the general case p,q > 1 we can only make a few statements on the overarching model
from Definition 1. As already discussed in Remark 3, both {E;} and {E,} are max(p,q)-th
order Markov processes. It is easily shown that for Zlerq < 1 a limiting-stationary mean exists
and is

T 9 Z‘?:l

= b ME:#XX *
1—0)(21;:11(1' 1- ;Izlﬁj

Ki
Hx

Stationary variances and covariances can be derived for specific instances of the class, but we
defer these to Section 4.3.
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4 | EXTENDING THE INAR CLASS
41 | AnewINARMA(p,q) model

Despite the parallels between the Poisson INAR(1) and INARCH(1) models seen in Section 2.1,
it is not obvious how the INGARCH(p, q) recursion (14) could be transposed to the INAR case.
In the thinning-based representation (24), however, we can simply swap all Poisson thinnings
for multinomial thinnings. This leads to a new extension of the INAR(p) model (9) and (10),
which as we shall see has attractive stochastic properties. Omitting the compounding step 6 *
from Definition (1), we define our INARMA(p, q) process as

q
X, = <1 - Zp,) oE, + &, (28)

J=1

q p
E, = ZﬂjOEt—j + ZKiOXH-. (29)
j=1 i=1

In addition to the constraints from Definition 1, we assume that Zlezq < 1 and set
(K10X1,..., kpoXy) | Xi ~ Mult(Xy; k1., kp), (30)
thus paralleling Equation (10). The innovations {¢;}, thinnings of E; and the initialization with

Xi_ps.., X0, Ei1_g,..., Eg are handled as in Definition 1.

Remark 5. In terms of the interpretation from Section 3.2, an infected can cause at
most one new infection in the INAR/INARMA model. This case is occasionally stud-
ied in theory, but corresponds to an unusual practical setting. As argued by Farrington
and Grant (1999), the disease would need to be of very modest infectivity (low «;),
or infectives would need to be isolated systematically after a first event of onward
transmission.

4.2 | Properties of the INARMA(1, 1) model
4.2.1 | General innovation distributions

Many statements from Section 3.4 simplify considerably for the INARMA(1, 1) model.

Lemma 3. Aswe assume k < 1, the limiting stationary mean, variance, and autocor-
relation function of an INARMA(1, 1) process {X;} are given by

T

Hx =7 (31)
— K
, _kA+p _k(1+p) o?
%= 73 *1-x T <1 1+¢ >X1—K (32)
2
d) = (1— d—1 kf(o; — 1) > 2
e e~ s rrrred R S
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Here, we use the shorthand

E=rx@)/rx()=p+1 - Px. (34)

If relative to a Poisson, the innovation distribution is overdispersed (¢2 > 7) or underdispersed
(62 < 1), respectively, the same thus holds for the marginal distribution of {X;}. Moreover, for
overdispersed (underdispersed) innovations, the autocorrelations will be stronger (weaker) than
for identical 7, §, ¥ and equidispersed innovations. It is easily shown that yx(2) > yx(1)? always
holds in Equation (33), with equality for f = 0. Like the INGARCH(1, 1), our INARMA(1, 1)
thus has a “longer memory” than an INAR(1), and there is no instance with an MA(1) structure.
These aspects differ from the INARMApgL(1, 1), thatis, model (11) with binomial thinning, which
generally displays marginal overdispersion even for equidispersed innovations, implies yx(2) >
yx(1)? and contains the INMA(1) as a special case.

Remark 6. In the INARMA(1, 1), {E;} is an INAR(1) process, while {X;} is an
INAR(o0) with geometrically decaying autoregressive parameters; see Supporting
Information Remark S1. Alternatively, the INARMA(1, 1) has an MA(oo) representa-
tion akin to arguments from Pei et al. (2024), see Supporting Information Remark S2.

4.2.2 | Poisson innovations

The Poisson INARMA(1, 1) model
iid. .
X, = (1= p)oE; +&, B =poE+xroXi, &~ Pois(r) (35)
has been discussed in Bracher (2019), but for completeness some results are repeated and

extended.

Lemma 4. If {X;} is a Poisson INARMA(1,1) process with E, ~ Pois[kt /(1 — £)],
then the process is strictly stationary with Poisson marginals. Expressions (31)—(33)
simplify to

ux =0k = 70— px(d) =1~ Pt (36)

Moreover, for t € N and d > 0 it holds that

(Xt, Xe4a) ~ BPois{ px(d)ux, [1 — px(D]px, [1 — px(D]px}, (37

with BPois the bivariate Poisson distribution as defined in Johnson et al. (1997).

Further particularities of the Poisson INARMA(1, 1) process include that it is time-reversible
and closed to binomial thinning. The latter means that if {X;} is a Poisson INARMA(1, 1), then so
is {X,} with X, = 70X, independently for each t; see Bracher (2019) and Supporting Information
Remark S3.

Remark 7. In terms of the thinning-based formulation (23), the limiting-stationary
second-order properties of the Poisson INGARCH(1, 1) model are ux = 7 /(1 — x) and

1 - prx? kp( - p) -
0')2(2 <1+1_—€2) X Ux, pX(d)z <1+ 1—§2+K‘2(1—ﬂ)2> X(l_ﬂ)’(éd 1'
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Poisson rather than binomial offspring thus lead to higher dispersion and stronger
autocorrelations than in the Poisson INARMAC(1, 1), but the ACFs are proportional.

4.2.3 | Compound Poisson innovations

As the class of CP distributions is closed to binomial thinning and summation, the marginal dis-
tributions of INAR(1) models with CP innovations are CP (Schweer & Weif}, 2014). Remark 6
thus implies that in the CP-INARMAC(1, 1) process, {E;} has CP marginals, and it is easy to
show that X; inherits this property. The order of the CP distribution, too, will be inherited (Weif3
& Puig, 2015), meaning that Hermite innovations lead to Hermite marginals; see Supporting
Information Remark S4.

A structural difference between CP-INARMA and CP-INGARCH models is that the latter fea-
tures a compounding step acting on the Poisson innovations and offspring, see Equation (25).
In CP-INARMA models, on the other hand, no compounding step is used, but the innovation
distribution becomes a CP. Overdispersion thus enters purely via innovations.

4.3 | Properties of the INARMA(p, q) model

For p, g > 1, the stationary moments can still be derived, but take somewhat more involved forms.
We start by establishing expressions for the Poisson case, which we can subsequently use as
building blocks for the more general case.

Proposition 3. The limiting-stationary mean of a Poisson INARMA(p,q)

process {X;} is .
Hx = 0% = —5— (38)
1= 2 ki

while the autocorrelation function can be computed recursively via

q d
p(0)=1 and px(d)= <1 - Z/ﬁ) x <2px(d ~i) xsi>,
j=1 i=1

min{i,p}
where s; = Z Kemiog fori=1,2,...
k=1
min{k,q}
mo=1, m = 2 P fork=1,2,... (39)

=1

Moreover, the bivariate Poisson property (37) from Lemma 4 still holds.

Corollary 3. In the Poisson INARMA(p,q) model, the process {E,} is a Poisson
INAR(max{p, q}) process as defined in Equations (9) and (10); see Lemma S1 in the
Supporting Information for details.

Corollary 4. In the INARMA(p, q) model with general innovation distribution, the
stationary mean is still given by expression (38). The stationary variance is given by

o0
0% = ux + (07 =) x Y oY),
i=0
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where © and o? are the innovation mean and variance, while pf(o is the autocorrelation
function of the Poisson INARMA(p, q) model from Equation (39). The autocovariance
function can be expressed as

7x(d) = px X pR(d) + (0% — 1) lZpE;’(i) X PO+ d)] .
i=0

As for p = ¢ = 1 (Lemma 2), overdispersed innovations with 62 > 7 are thus a necessary and
sufficient condition for marginal overdispersion 0)2( > ux. Moreover, it can be shown that with
the same parameters 7, f, k, overdispersed innovations again lead to stronger autocorrelations
compared to the Poisson case.

Remark 8. Following arguments from Alzaid and Al-Osh (1990), it can be
shown that the ACF of the INARMA(p,q) model with general innovation dis-
tribution bears resemblance with, but is not identical to that of a Gaussian
ARMA(max{p, q}, max{p, q}) model; see Supporting Information Remark S5.

Remark 9. The Poisson INGARCH(p, g) model, which as described in Section 2.1 is
a GINARMA(p, q) model with Poisson offspring, likewise has closed-form stationary
moments (Weif}, 2018, section 4.1). Unlike for p = ¢ = 1 (Remark 7), however, we are
not aware of any obvious parallels between the expressions for INARMA(p, g) and
INGARCH(p, q).

5 | INFERENCE
5.1 | Maximum likelihood inference inthecasep=q =1

For GINARMA models with Poisson innovation and offspring distributions, INGARCH-type rep-
resentations as in Section 3.3 exist, making likelihood evaluation straightforward. Whenever
no such display is available, as is the case for all INARMA models, computing the likelihood
gets tedious. This is because unless g = 0, no useful Markov properties can be exploited (see
Remark 3). In the following, we present an algorithm that can be applied to GINARMA(1, 1) mod-
els with arbitrary innovation and offspring distributions. For simplicity, we omit the compound-
ing step from Equation (18), but accommodating it would be straightforward. The procedure
represents an adaptation of the forward algorithm (Zucchini & MacDonald, 2009) and resembles
an existing approach for the INARMApgL(1, 1) model (Weif} et al., 2019). To facilitate notation
we introduce the shorthand A; = (1 — f)oE; which enables us to write

Xi= A +e, Ei=E_1-A1+keX .
—— ——

(1-p)oE; poE,_,
The substitution E;_; — A;—; = foE,_; results from point (iii) in Definition 1 which implies
(foEi—1,(1 = P)oE;1) |Erq ~ Mult[E;—1; 5, (1 — p)].

Now denote the sequence of observed values by {x,...,xr}, with T the length of the time series.
As a first step, a sufficiently large support €& = {0,1,..., M} needs to be chosen for {X;} and
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{E;}. In practice, we set M to the maximum of 1.2 X max(xy,...,x;) and the 0.999 quantiles of
the stationary distributions of E; and X; under the respective parameters. As E; > A;, £ implies
a support £* = {(0,0),(1,0),(1, 1),(2,0),...,(M,M — 1),(M, M)} for the tuple (E;, A;). Moreover
we introduce the following shorthands: Pr(Y =y | X;) is the probability that Y =y provided
that X; 1 = x¢—1, Xt—2 = X4—3,..., X1 = Xx1; for t = 1 this corresponds to the marginal distribution of
Y under some suitable initialization. Pr(Y =y | X,) is defined analogously, but X; = x; is also
included in the condition.

Algorithm 1. The algorithm is initialized by setting E; ~ Pois(), with n treated like
an extra parameter. Then the following steps are iterated fort = 1,..., T.

1. For each tuple (e;, a;) € £* compute
Pr(E; = e, A; =a; | Xop) = Pr(A; = a; | By = e) X Pr(E; = ¢; | Xy).
2. Compute and store

PrX, =x | Xa)= ), PrXi=x | B =e, A =a)

(e;.a,)EE*
X Pr(E, = ¢;,A; = a; | X&)
= Z Pr(e; = x; — a)) X Pr(E; = e, A; = a; | X<p).

(e, a,)e€*
3. For (er,a;) € £* compute

Pr(E; = e, Ar = ar, X; =X | X<p)

Pr(X; = x; | X<p)
_ Pr(E =e, Ay = a; | Xo) X Pr(e; = X — ay)
- Pr(X; = x; | X<) ’

Pr(E; = e, Ar=a; | Xg) =

4. Forl; € € compute

Pr(E - A=l |Xa)= ) PrEi=e A =a | X<).

(e;,a)€E* 1e,—a,=l,

5. For ey € € compute

Pr(Bi1 = €1 | Xei) = ) Pr(Brn = €1 | Br = Ar = 1, X<o)
Le&

XPr(E;— A =1 | X<)

= ) Pr(xox; = €1 — ) X Pr(E, — A; =1, | X<1).
Le&

The values stored in Step 2 of each iteration serve to evaluate the (conditional) likelihood of
the observed time series as

T
Pr(X; = x1,...,X; = xr) = Pr(X; = x1) X H Pr(X, = x | X<o).
t=2
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Maximization of the log-likelihood is done using the Nelder-Mead method as implemented in
the R function optim. Whenever available we use moment estimators (see next section) to
initialize the optimization. All parameters are handled on suitable transformed scales allow-
ing for unconstrained optimization. For parameters constrained to the unit interval, we use
logit transformations, for parameters that can take any positive value we use the natural loga-
rithm. Standard errors are estimated via the inverse observed Fisher information (obtained by
numerical differentiation) with subsequent application of the delta method. Fitted values and
Pearson residuals can be obtained using the probabilities Pr(X; = x; | X),x; € £. We note that
conceptually the algorithm could be extended to models with p, g > 1, but the size of the matri-
ces and arrays needed to keep track of all hidden states would quickly become too demanding
in practice.

The likelihood function can be evaluated with arbitrary precision, but is not available in
closed form. Establishing consistency or asymptotic normality of the estimators is thus not
straightforward (a typical proof strategy relying on threefold continuous differentiability of the
log-likelihood function, Fokianos et al., 2009). Indeed, results on the asymptotics of maxi-
mum likelihood estimators seem to be lacking even for INAR models with general innovation
distributions.

5.2 | Moment-based estimation

The suggested likelihood evaluation method can get slow even for moderately high count values.
As a computationally fast alternative in the case p = g = 1 we consider moment-based estimators,
see Supporting Information C.1. For Poisson innovations, consistency and asymptotic normality
of the estimators can be established. For general innovation distributions, they do not have a
closed form, but can be evaluated by solving a cubic equation numerically.

For p, g > 1, the moment-based approach lacks stability and it becomes challenging to handle
cases where no exact solution exists. A potential solution is the generalized method of moments
(GMM) as described for a related setting by Pei et al. (2024). In GMM, a larger number of moment
conditions can be used, and cases, where the empirical moments do not match those resulting
from any combination of parameters exactly, are handled more naturally. Relevant moment con-
ditions might be obtained along the lines of Lu (2021). Due to its technical complexity, however,
we defer this approach to future work.

5.3 | Gaussian quasi-likelihood inference

Lastly, we consider a Gaussian quasi-likelihood approach, which extends more easily to p,q > 1
than the previously discussed options. It is similar to approaches previously explored, for example,
by Cui and Lund (2009) and Armillotta and Gorgi (2024). To evaluate the quasi-likelihood of a
(generalized) INARMA(p, ¢) model with a given set of parameter values, we match it to a Gaus-
sian AR(p*) model with identical stationary mean, variance and autocovariance up to lag p* (in
practice we use p* = 2 X (number of fitted parameters + 1)). The quasi-likelihood for the param-
eters in question is then given by the (conditional) likelihood of said Gaussian AR(p*) model
(note that we lose p* — 1 likelihood contributions due to the use of p* lags). Optimization of the
quasi-likelihood is done numerically, and standard errors can be obtained via the inverse of the
quasi-Fisher information matrix.
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5.4 | Likelihood ratio testing of nested models

A benefit of an overarching class like GINARMA is that the nesting of different instances can be
used for testing purposes. We address this aspect in two examples centered around the Poisson
INARMAC(1, 1) from Equation (35). Firstly, we address the pair of hypotheses

Hy:p=0 vs. H : >0, (40)

that is, test whether the Poisson INAR(1) is sufficient or needs to be extended to the INARMA(1,
1) version. To this end, we apply a likelihood ratio test statistic given by

SUPgee, L£(6)

41
SUPgeg L(6) (41

A= —Zlog[

where 6 = (r, , k) is the parameter vector, © is the unconstrained parameter space and @ is the
parameter space under Hy, that is, under the constraint g = 0. As the null hypothesis is on the
boundary of the parameter space, the asymptotic distribution of A is not a y2(1) distribution as
general theory would suggest. While the lack of closed-form likelihood function prevents us from
establishing a formal result on the distribution of A, we can follow the heuristic argument from
Molenberghs and Verbeke (2007) which suggests an equal mixture of the y2(1) distribution and
a point mass at zero.

Secondly, we may be interested in choosing between the Poisson INARMA(1, 1) and
INGARCH(1, 1) models. To this end we nest both into an extended Poisson INARMA(1, 1) model,
which borrowing ideas from Weif3 (2015) we define as

Xi=(-poF+e. FE=pfoEr+xk® X1, & ~ Pois(r). (42)
Here, the thinning operator ®, is defined as
a@®: N=[ax(1—-¢{)]oN+ (af)* N. (43)

For ¢ = 0, the operator ®, reduces to binomial thinning, leading to a regular INARMA model.
For ¢ =1 we obtain Poisson thinning and thus an INGARCH model. We focus on testing the
appropriateness of the Poisson INARMAC(1, 1), that is, we consider

Ho:¢&=0 vs. Hy:¢>0. (44)

The likelihood ratio test statistic is defined in analogy to (41) and can be assumed to asymptotically
follow the same mixture distribution.

Our simulation studies in Section 6.3 indicate that the assumed mixture distribution works
well for the testing problem (40). For problem (44), however, the resulting test is rather conser-
vative. This parallels evidence from Vu and Maller (1996) who find a similar bias towards the
binomial rather than Poisson distribution in an i.i.d testing setting. Unfortunately, their sugges-
tion to obtain the reference distribution by simulation is not computationally feasible in our case.
We therefore suggest a heuristic approach, employing a computationally efficient simulation step
to adjust the proposed mixture distribution in a parametric manner; see details in Supporting
Information Section C.2.
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6 | SIMULATION STUDY
6.1 | Parameter estimation in the INARMA(1, 1) model
To assess our estimators in the case p = g = 1 we specify three simulation scenarios:

1. Scenariol:7 =1, = 0.5, k = 0.5. In the Poisson case this implies ux = 0)2( =2, px(d) =0.25 %
0.75%1, In the negative binomial / Hermite cases we set y = 0.5, resulting in ux = 2; a)2< =
2.57; px(d) = 0.26 x 0.7591,

2. Scenario 2: 7 =1, =0.2,xk = 0.6. In the Poisson case this implies uyx = 0')2( =2.5; px(d) =
0.48 x 0.68%71. In the negative binomial / Hermite cases we set y = 0.7, resulting in ux
2.5;02 = 3.5; px(d) = 0.5 % 0.68" .

3. Scenario3:7 =1, = 0.1, k = 0.8. In the Poisson case this implies px = 0)2{ = 5; px(d) = 0.72 X
0.82¢71, In the negative binomial / Hermite cases we set y = 0.9, resulting in ux = 5; 0)2( =
7.32; px(d) = 0.74 x 0.8241,

As we chose 7 = 1 in all settings we get the same second-order properties for the same values
of y in the Hermite and the negative binomial versions. Note however that this is not generally
the case. We simulated 1000 time series for each scenario and different lengths of time series
T € {250, 500,1000}. The results for maximum-likelihood estimation are presented in Table 1.
Results for moment-based and Gaussian quasi-likelihood estimators are available in Supporting
Information Tables S1 and S2, respectively.

All three fitting procedures yield approximately unbiased estimates for z, #, and «, with some
small-sample biases. The dispersion parameters y are subject to some biases, and their esti-
mation can become unstable if 7 is small. The maximum-likelihood estimators have smaller
standard errors than the two other methods. Both in the maximum likelihood and the Gaussian
quasi-likelihood schemes, the estimated standard errors are mostly in good agreement with the
observed standard errors, but in some instances biased downwards.

6.2 | Parameter estimation in the INARMA(2, 1) model

As stated in Section 5.3, the Gaussian quasi-likelihood approach extends to higher-order models.
We illustrate this with two additional scenarios on the INARMA(2, 1) model:

1. Scenario 4: 7 =2, = 0.15,k; = 0.2, k; = 0.6. In the Poisson case, this implies ux = 5}2( =10,
while the first five values of the autocorrelation function are 0.17,0.56,0.27,0.37,0.26. In the
negative binomial and Hermite cases we set y = 0.7.

2. Scenario 5: 7 = 1.5, = 0.35, k3 = 0.45, k, = 0.25. In the Poisson case, this implies px = 0')2( =
5, while the first five values of the autocorrelation function are 0.29,0.35,0.27,0.23,0.19. In

the negative binomial and Hermite cases we set y = 0.5.

Table 2 summarizes the results. For length T =250, some noteworthy biases occur; see,
for example, the estimates ¢ and &, in the Hermite and negative binomial cases. These, how-
ever, decrease for longer time series and become negligible for T = 2000. The average estimated
standard errors are overall well-aligned with the observed standard errors.
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We note that we chose settings with slightly higher average counts here than in Scenarios 1-3.
In exploratory analyses, we found that in very low-count settings like Scenario 1, higher-order
lags were often not well identified.

6.3 | Likelihood ratio testing

Lastly, we present a simulation study on the proposed likelihood ratio tests. For the testing
problem (40), that is, Poisson INAR(1) vs. Poisson INARMA(1, 1), we consider again Scenarios
1-3. In each of them, we generate 1000 time series of lengths T = 250, 500, 1000 to assess the
power of the test. We then generate the same amount of data with § set to zero to assess the
size. Table 3 summarizes the results for significance level « = 0.05 (see Supporting Information
Table S3 for @ = 0.10). The size of the tests is close to the nominal levels, and the power is overall
high. Somewhat surprisingly, it is highest in Scenario 3, even though the true value of f is only
0.1. However, this is plausible in light of the results from Table 1, where the ratio of 5/ se(f) is
largest for Scenario 3. This is likely because the average counts are highest in Scenario 3, leading
to less sparse and, hence, more informative data.

For the second testing problem (44), that is, Poisson INARMAC(1, 1) vs. the extended version
(42), we use Scenarios 1-3 to generate data under the null ({ = 0) and assess the size of the test.
To evaluate the power, we generate data using { = 0.5 and ¢ = 1, the latter corresponding to a
Poisson INGARCH(1, 1). Results for significance level « = 0.05 are shown in Table 4 (see Sup-
porting Information Table S4 for a« = 0.1). When using the asymptotic distribution, that is, an
equal mixture of a y%(1) and a point mass at zero, the test is quite conservative (columns labeled
“Asym.”). The simulation-based correction of the asymptotic distribution yields sizes closer to the
nominal level (columns “Corr.”), but in Scenario 1 the test remains conservative. In Scenarios 2
and 3 the test is well-behaved after the correction. The power is rather modest in Scenario 1, but

TABLE 3 Simulation results for the testing problem Poisson INAR(1) vs.
Poisson INARMAC(1, 1) as given in Equation (40).

Rejection rates by true value of

Scenario T p Size i} Power
1 250 0.00 4.70 0.50 80.00
1 500 5.00 95.40
1 1000 5.00 99.80
2 250 0.00 4.40 0.20 70.00
2 500 4.30 90.50
2 1000 4.60 99.10
3 250 0.00 4.20 0.10 84.10
3 500 4.10 98.50
3 1000 5.20 100.00

Note: The null hypothesis corresponds to § = 0. Results are presented for Scenarios 1-3 with
T € {250, 500,1000} and based on 1000 runs. The size and power are reported as percentage
values for significance level @ = 5.0%. Results for & = 10.0% are provided in Supporting
Information Table S3.
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TABLE 4 Simulation results for the testing problem (44), that is, Poisson INARMA(1, 1) vs. the extension
(42). The null hypothesis corresponds to ¢ = 0.

Rejection rates by true value of {

Size Power
Scenario T 4 Asym. Corr. ¢ Asym. Corr. 4 Asym. Corr.
1 250 0.00 2.50 3.50 0.50 16.10 20.70 1.00 31.80 36.70
1 500 3.60 4.50 34.53 39.64 50.85 56.06
1 1000 2.70 3.40 60.50 65.30 74.80 77.10
2 250 0.00 3.20 4.50 0.50 71.20 75.90 1.00 83.70 85.40
2 500 3.80 4.90 93.70 94.60 95.00 95.20
2 1000 3.50 4.40 99.70 99.80 99.90 99.90
3 250 0.00 2.00 4.50 0.50 99.90 99.90 1.00 97.70 97.80
3 500 3.30 5.50 100.00 100.00 99.40 99.40
3 1000 3.60 5.50 100.00 100.00 99.90 99.90

Note: Results are presented for Scenarios 1-3 with T € {250, 500, 1000} and based on 1000 runs. The size and power are
reported as percentage values for significance level @ = 5.0%. We provide results based on the asymptotic distribution (columns
“Asym.”) and the corrected asymptotic distribution (columns “Corr.”). Results for @ = 10% are provided in Supporting
Information Table S4.

considerably higher in Scenarios 2 and 3. Similarly to parameter estimation, we thus observe that
the test is more well-behaved when average counts are higher.

7 | APPLICATION: CHILDHOOD DISEASES IN BAVARIA

Lastly, we apply various instances of the introduced model class to two time series of infectious
disease counts. We consider weekly numbers of reported measles and mumps cases in the Ger-
man state of Bavaria, 2014-2019. Measles and mumps are vaccine-preventable childhood diseases
and have become rare in Western Europe. While both diseases exhibit seasonal patterns in the
absence of vaccination, during the considered period they only occurred sporadically. They thus
match the setting described in Section 3.2 well, and are indeed commonly modeled using sub-
critical branching processes (Chiew et al., 2014; De Serres et al., 2000). The data, available from
Robert Koch Institute (https://survstat.rki.de), are displayed in Figure 2. Both series exhibit slowly
decaying autocorrelation functions and some degree of overdispersion.

Table 5 summarizes the fits of the INARCH(1), INGARCH(1, 1), INAR(1) and INARMA(1,
1) models. Each of them was applied in the Poisson, Hermite, and negative binomial versions.
To make the results more easily comparable across the different models, we present them in
terms of the epidemiological interpretation from Section 3.2; results for the original parameter-
izations are shown in Supporting Information Table S5. The mean generation times obtained
from the INGARCH and INARMA models are in good agreement with commonly used esti-
mates from the literature (slightly below 2 weeks for measles; 18 days for mumps; Bjernstad
etal., 2002; Vink et al., 2014). The estimated reproductive numbers here are around 0.7 and 0.6 for
measles and mumps, respectively. While no comparable estimates for Germany exist, these values
seem plausible in light of estimates from Australia, a country with somewhat higher vaccination
coverage (R. = 0.47 to 0.65 for measles depending on the exact method for 2009-2011; Chiew
et al., 2014).

85U801 SUOWILLIOD 9A11E81D 3[gedl|dde ay) Aq pausenob a1e sa e O ‘8sn Jo'sa|nl 1oy Ariqi8uljuO A3[IA UO (SUONIPUOD-pUe-SULIBY WY AB | 1M AleIq Ul |Uo//:Sdil) SUONIPUOD pue SWie | 8U) 88S *[S202/50/.0] U0 Akl 8ulluO ASIM ‘¥822T SO/ TTTT 0T/I0p/W0d A8 1M Aleiq i pui|uo//:sdny Wouy pspeojumod ‘0 ‘6976.97T


https://survstat.rki.de
https://survstat.rki.de

26 . . L. BRACHER and NEMCOVA
Scandinavian Journal of Statistics
Measles Mumps
15 15
10 10
1723 [}
[0 [0
172} (72}
@ @
o o
5 5 -
0 0+
T T T T T T T T T T T T T T
2014 2015 2016 2017 2018 2019 2014 2015 2016 2017 2018 2019
120 1.00 120 1.00
i =178 4 =262
_ 100 075 mean . 100 075 4 mean
S 80 " var =5.51 g 80 w var=4.7
S 60 6 050 3 g0 %050
T < T <
& 40 0.25 l H 2 40+ 0.25 H
20 ||| 0.00 2L 'H'h'.". 20—| || 0.00 L "H'H'r'.'".
0 - Tlheaaen o A . 0 - looaaas B A
T T T T T T T T T T T T T T T T T T T T
0 5 10 15 0 2 4 6 8 10 0 5 10 15 0 2 4 6 8 10
cases lag cases lag

FIGURE 2 Top: Weekly counts of reported measles and mumps cases in Bavaria, 2014-2019. Bottom:
Marginal distributions and autocorrelation functions.

TABLE 5 Model fits for measles and mumps. For better comparability, estimates are presented in terms of
the epidemiological interpretation of the models.

Measles Mumps
Model IC R, GT CS AIC IC R, GT CS AIC
Poisson INARCH 0.83 0.54 1* 1* 1159.13 1.93 0.26 1* 1* 1274.26
Hermite INARCH 0.85 0.52 1* 1.37 1082.40 1.95 0.25 1* 1.24 1249.33
NegBin INARCH 0.88 0.51 1* 1.51 1055.04 1.98 0.24 1* 1.24 1244.75
Poisson INGARCH 0.46 0.74 2.08 1* 1096.91 1.04 0.60 2.98 1* 1238.27

Hermite INGARCH  0.51 0.72 201 1.31 1046.09 1.07 0.58 298 1.18 1224.43

NegBin INGARCH 0.55 0.67  2.03 1.41 1028.23 1.11 0.57 296 1.19 1222.86

Poisson INAR 1.17 0.34 1* 1* 1232.94 2.12 0.18 1* 1* 1283.22
Hermite INAR 1.18 0.34 1* 1* 1122.68 2.07 0.20 1* 1* 1252.77
NegBin INAR 1.17 0.34 1* 1* 1068.77 2.08 0.20 1* 1* 1245.57

Poisson INARMA 0.72 0.60 2.00 1* 1166.26 1.38 0.47 2.50 1* 1257.34
Hermite INARMA 0.81 0.55 1.86 1* 1094.07 1.30  0.50 2.51 1* 1235.48

NegBin INARMA 0.81 0.53 1.81 1* 1046.65 1.41 0.46 2.46 1* 1231.73

Note: IC = 76 is the mean weekly number of imported cases; R, = «#0 is the effective reproductive number; GT = 1/(1 — ) is
the mean generation time in weeks; CS = 0 is the mean cluster size. The definitions of IC, R,, GT, CS refer to the general
formulation (18) and (19) with p = g = 1. Entries with asterisks* are not estimated but implied by the model definition.

85U801 SUOWILLIOD 9A11E81D 3[gedl|dde ay) Aq pausenob a1e sa e O ‘8sn Jo'sa|nl 1oy Ariqi8uljuO A3[IA UO (SUONIPUOD-pUe-SULIBY WY AB | 1M AleIq Ul |Uo//:Sdil) SUONIPUOD pue SWie | 8U) 88S *[S202/50/.0] U0 Akl 8ulluO ASIM ‘¥822T SO/ TTTT 0T/I0p/W0d A8 1M Aleiq i pui|uo//:sdny Wouy pspeojumod ‘0 ‘6976.97T



BRACHER and NEMCOVA 27
Scandinavian Journal of StatIStICS—l—
Measles
2 304 £ 04
w3 25 - o
ke —
§ 2 20 ] g 0.3
S 154 o & 02
58 (1)'(5’ 7] 4 2 o t-mm ot ]H— ---- I -------------------------
g 5 e
L § oo Lttt [T TII Tllert ™ Tllett— Tlant
1 2 3 4 5 6 Poisson INAR
Hermite INAR
lag NegBin INAR
= Poisson INARMA
Mumps e Hermite INARMA
» 4 NegBin INARMA
2 30 £ 04
53 25 g 03+
g8 20 5
25 15 . & 02
29 1.0+ 2 P I . 1 SR R & 1Y
25 o0 %ol i I
§ 0.0 - @ 0.0 - IIAA ; ITTT . I"f I'.‘
1 2 3 4 5 6
lag
FIGURE 3 Analysis of Pearson residuals of INAR and INARMA models. Left: Variances, which should be

close to 1. Right: Autocorrelations, which should be small. The dashed line shows 2/ ﬁ that is, the 97.5%
quantile for the empirical ACF of white noise.

In terms of the Akaike information criterion (AIC), both a more flexible autocorrelation
structure (i.e., INGARCH or INARMA) and accounting for overdispersion considerably improve
model fits. The INGARCH approach, where overdispersion enters both via the innovation and
offspring distributions, leads to better results than the INARMA, where the offspring distribution
is always Bernoulli. This is biologically plausible as the occurrence of multiple secondary infec-
tions is commonly observed in outbreak investigations (see Nishiura et al., 2017 for measles). The
same qualitative results are obtained when using the Bayesian information criterion instead, see
Supporting Information Table S5.

Figure 3 shows an analysis of the Pearson residuals of the INAR and INARMA models. The
Pearson residuals are too dispersed for the Poisson version (variance exceeding 1); the nega-
tive binomial version can remedy this, while the Hermite model only partly does so. The INAR
models show pronounced residual autocorrelation at lags 2 and 3, which is largely remedied by
the INARMA versions. For the INARCH and INGARCH models, the picture is similar, see Sup-
porting Information Figure S2. Graphical representations of the fits are provided in Supporting
Information Figures S3 and S4.

Despite the good agreement with literature estimates, we emphasize that aggregate-level
analyses like the above should not be overinterpreted; see discussion in the next Section.

8 | DISCUSSION

In this paper, we introduced an overarching class of count time series models, which includes
many popular CP-INAR and INGARCH models. Each of them is characterized by an innovation,
an offspring, and a clustering distribution. We gave particular attention to a new INARMA(p, q)
model which mirrors the INGARCH(p, q) formulation. Numerous other instances could be
examined, for example, models based on other thinning operators (Joe, 1996; Scotto et al., 2015)
or compounding distributions (e.g., generalized Poisson models; Zhu, 2012). Other potential
avenues are the inclusion of covariates and multivariate extensions.
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We note that our class only comprises linear CP-INGARCH models with a time-constant clus-
tering distribution. For instance, the negative binomial INGARCH model by Zhu (2011), which
features a parameter 6, that depends on 4, is not contained; nor are log-linear models (Fokianos
et al., 2009) or other non-linear variations.

As noted before, the introduced INARMAC(1, 1) class only allows for ACFs which from lag 2
onwards decay more slowly than in the corresponding INAR(1) model. For other INARMA mod-
els suggested in the literature (Dion et al., 1995), the converse is true. It would be desirable to
construct a model able to accommodate both patterns.

Concerning the real-data application, several caveats are needed. First, our aggregate anal-
ysis glosses over population heterogeneities, ignoring, for example, that non-vaccination may
be clustered in certain groups. Given the sparse data, we pragmatically assumed constant R,
within and across seasons. We consider this acceptable for the pre-COVID-19 period, but it
would certainly not hold for the years since. Routine surveillance data are moreover subject
to many biases, including reporting delays and underreporting, which can distort estimates of
R. (Bracher & Held, 2021). These aspects can moreover vary over time, for example, due to
changes in healthcare-seeking or testing practices. In practice, branching process models are usu-
ally not fitted to surveillance counts alone, but also data, for example, on the type of infection
(imported/domestic), and estimates based on different data types are compared to assess robust-
ness (Chiew et al., 2014). This will yield more reliable estimates than we provide in our example.
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SUPPORTING INFORMATION

Additional supporting information can be found online in the Supporting Information section at
the end of this article. An R package implementing the presented estimation method is available
at https://github.com/jbracher/rinarma. Data and code to reproduce all results are available at
https://github.com/jbracher/ginarma.
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