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A LOCALIZED ORTHOGONAL DECOMPOSITION STRATEGY FOR HYBRID
DISCONTINUOUS GALERKIN METHODS

PEIPEI LU, ROLAND MAIER?** AND ANDREAS Rupp?

Abstract. We formulate and analyze a multiscale method for an elliptic problem with an oscillatory
coefficient based on a skeletal (hybrid) formulation. More precisely, we employ hybrid discontinuous
Galerkin approaches and combine them with the localized orthogonal decomposition methodology to
obtain a coarse-scale skeletal method that effectively includes fine-scale information. This work is the
first step in reliably merging hybrid skeletal formulations and localized orthogonal decomposition to
unite the advantages of both strategies. Numerical experiments are presented to illustrate the theoretical
findings.
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1. INTRODUCTION

Multiscale problems are difficult because oscillation scales need to be resolved when using classical numerical
methods such as finite element methods. Otherwise, suboptimal convergence rates and pre-asymptotic effects can
be observed. However, globally, resolving fine-scale features is computationally unfeasible. Moreover, often, only
the coarse-scale behavior of solutions is of interest. Computational multiscale methods tackle this problem and
construct problem-adapted approximation spaces that suitably include fine-scale information while operating
on a coarse scale of interest.

We present a hybrid multiscale method that approximately solves elliptic multiscale problems in the frame-
work of the localized orthogonal decomposition method (LOD). We aim to combine the advantages of hybrid
finite elements (local discretization character, rigorous analysis for static condensation, enhanced convergence
properties) with the advantages of the LOD (rigorous multiscale and localization analysis as well as optimal
rates in the multiscale setting under minimal structural assumptions). This work provides an initial analysis
and is a first step towards enhanced hybrid, local, and high-order discretizations of multiscale problems based
on the LOD.

Prominent (conforming) multiscale methods that only pose minimal structural assumptions on the diffusion
coefficient in the context of elliptic multiscale problems are, e.g., generalized (multiscale) finite element meth-
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ods [8-10,24,44] (which are particularly well-suited for high-contrast problems), adaptive local bases [32, 56],
the LOD [36,47], gamblets [52], and their variants. The minimal assumptions on the coefficient come at the
moderate cost of an increased computational overhead (e.g., increased support of the basis functions or an
increased number of basis functions per mesh entity, typically logarithmically concerning the mesh size). For
a more detailed overview of corresponding methods, we refer to the textbooks [48,53] and the review arti-
cle [4]. Recently, progress has been made regarding the question whether the computational overhead can be
further reduced, see [33]. The vast majority of the (early) multiscale methods restrict themselves to lowest-
order approaches, which appears to be a natural choice because of the typical lack of regularity of the solution.
However, there are also approaches that obtain higher-order convergence properties. Examples are the methods
in [2,39] based on the heterogencous multiscale method or in [3,37] based on the multiscale finite element
method. These methods, however, require additional structural assumptions on the coefficient.

Generally, nonconforming finite elements, such as the discontinuous Galerkin (DG) method, seem to be well-
suited for higher-order approximations as they relax the continuity constraint in their test and trial spaces and
are, e.g., employed for the multiscale strategies in [1,55]. The relaxed continuity constraint also gives hope to
retaining a very localized influence of small-scale structures. The first DG method in connection with the LOD
was presented in [26,27], where a truly DG multiscale space of first order is constructed, but an extension to
a higher-order setting seems possible. Besides, even in the original LOD method, discontinuous functions are
beneficial when localizing the computations, see [36]. A conforming LOD-type multiscale method that is based
on DG spaces for suitable constraint conditions is investigated in [23,46] (see also [45]) and achieves higher-order
convergence rates under minimal regularity assumptions, only requiring piecewise regularity of the right-hand
side. Regarding the super-localization with higher-order rates, we refer to [29]. An LOD approach in connection
with mixed finite elements is presented in [35].

Compared to classical DG methods, hybrid finite element methods use additional unknowns on the skeleton
of the mesh, which offers several desirable properties. They have been introduced in [28] and allow for static
condensation, which reduces the number of unknowns in the linear system of equations and recovers a symmetric
positive matrix for mixed methods. Later, Arnold and Brezzi [7] discovered that the additional information in the
skeleton unknowns can be used to enhance the order of convergence in a postprocessing step. A comprehensive
overview of several hybrid finite element methods such as hybrid Raviart-Thomas, hybrid Brezzi-Douglas—
Marini, and other hybrid discontinuous Galerkin methods can be found in [19]. Another popular class of hybrid
finite elements is the hybrid high-order (HHO) method initially proposed in [22]. Compared to the hybrid
methods, HHO methods use a more involved stabilization that grants improved convergence properties.

The attractive properties of hybrid finite elements have led to several strategies to use them in a multiscale
context, such as multiscale hybrid-mixed methods [5,34] and the multiscale hybrid high-order method [17] (that
can be shown to be equivalent, see [14]). Another approach is the multiscale hybrid method in [11] related
to the multiscale hybrid-mixed method. These methods introduce oscillating shape functions in the spirit of a
multiscale finite element approach, similar to the ideas in [38] based on Crouzeix—Raviart elements. Other hybrid
multiscale approaches are, e.g., the multiscale mortar mixed finite element method [6] or the multiscale HDG
method [25]. These methods typically require additional (piecewise) regularity assumptions on the coefficient,
at least concerning the coarse scale of interest. Finally, the hybrid localized spectral decomposition approach
in [49] is another hybrid multiscale method, focusing on high-contrast problems.

Our method is the first hybrid finite element scheme based on the LOD methodology. It requires minimal
assumptions on the coefficient and uses a fully condensed setting. We construct oscillating shape functions on
the skeleton (union of mesh faces) and not in the bulk domain (union of mesh elements). LOD-based multiscale
methods typically rely on the nestedness of discrete spaces on different mesh levels. Such a property does not
hold for (fully) condensed hybrid methods since test and trial spaces are constructed on the skeleton of the
mesh, which grows as the mesh is refined. This obstacle also appears if one considers multigrid methods to
solve or precondition the systems of equations that arise from fully condensed hybrid finite element methods.
At the moment, there are two competing approaches to tackle this issue: heterogeneous multigrid methods (see
e.g., [20]), whose first step is to replace the discretization scheme with a non-hybrid scheme, and homogeneous
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multigrid methods (see e.g., [40-43]), which use the same discretization on all mesh levels. Some of our anal-
yses rely on techniques developed using the latter approach. Although both homogeneous and heterogeneous
multigrid methods have certain advantages, in particular in the context of multiscale problems, we believe that
homogeneous methods are better suited for LOD approaches since they exhibit more regular execution patterns
and the numerical approximates have the same basic properties (mass conservation, etc.) on all levels.

A particular advantage of our mixed hybrid approach over primal finite element formulations is the in situ
generation of an optimally convergent flux field. This flux field can be post-processed into an optimally converging
H(div)-conforming flow field that is of primary interest for reactive transport for porous media if the considered
elliptic problem (see (2.1) below) is interpreted as Darcy’s equation. On the contrary, non-hybridized dual mixed
methods induce a saddle-point structure that is usually harder to solve than our statically condensed system of
equations.

The remaining parts of this paper are structured as follows. Section 2 presents the model problem and intro-
duces HDG methods. We then provide beneficial preliminary results in Section 3.2 and present a prototypical
skeletal multiscale method based on the ideas of the LOD in Section 4. The method is analyzed in Section 5, and
a localized version is discussed in Section 6. Numerical illustrations are presented in Section 7. Some auxiliary
results on a lifting operator and a Poincaré—Friedrichs inequality for broken skeletal spaces are presented in the
appendix.

2. PROBLEM FORMULATION

2.1. Elliptic model problem

We investigate the diffusion equation in dual form. That is, we search for u: 2 — R and q: Q — R? (in
suitable spaces) such that
divg=f in Q,
A™'g+Vu=0 inQ, (2.1)
u=0 on 01,

with respect to some bounded Lipschitz polytope 2 C R?, d € {1,2,3}. Here, f € L?(Q) denotes a given right
hand side and A € 2 is a rough coefficient with

B AeL™®(RYD): 30<a< B < oo 22)
| VeeRY and ae. € Q: a2 < A(x)E- € < Bl '

In particular, A is symmetric, bounded, and uniformly elliptic. We are especially interested in the case in which
A may describe e-scale features of some given medium, where 0 < ¢ < 1.

2.2. Meshes

The unknown « in (2.1) can usually not be computed analytically. Thus, we need to approximate it numeri-
cally. To this end, we use a hybrid discontinuous Galerkin (HDG) method. In this work, the numerical scheme
is based on the degrees of freedom of a coarse mesh £y but also relies on information on a fine mesh &,. The
respective sets of faces are denoted by Fr and Fj, and the union of all faces is denoted the skeleton. For the
sake of simplicity, we assume both meshes to be geometrically conforming, shape regular, and simplicial, and
that &, can be generated from £y by uniform refinement. In what follows, we use the placeholder x to indicate
that the fine or the coarse mesh size could be considered, i.e., x € {h, H}.

The fine mesh &, is assumed to be fine enough to resolve the small-scale information encoded in the coefficient.
For simplicity, we assume that A is an element-wise constant with respect to an intermediate mesh &, i.e.,

Ale=¢.>0 for all e € &, (2.3)
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where h < ¢ < H, and we again assume that the corresponding meshes are refinements of each other. In
particular, A is also element-wise constant on the mesh &,. In the present setting, ¢ is relatively small indicating
that A contains heavy oscillations. Therefore, £, possibly includes many elements such that a direct global
finite element computation for it is unfeasible. That is why one would like to conduct numerical simulations
concerning the coarser mesh €. Note that throughout this work, we denote mesh elements of &, by e and mesh
elements of £y by E. If both are possible, we use E.

3. HDG METHODS

In this manuscript, we consider several classes of HDG methods (LDG-H, EDG, RT-H, and BDM-H methods)
of degree at most p and construct a localized orthogonal decomposition framework that can be used in concert
with any of these HDG methods. To this end, we start with an abstract definition of HDG methods and
derive properties (of all described HDG methods) that can be used for localized orthogonal decomposition in
this section. Notably, although HDG methods are generally of order p, the convergence rate of the resulting
multiscale method is only one due to the minimal assumptions regarding regularity.

3.1. Definition of the considered HDG finite element methods

Rendering a unified analysis, we use the approach of [19] and characterize the hybrid methods by defining
their local test and trial spaces and their local solvers. For x € {h, H}, the test and trial spaces are locally given
by

— Mfp for the skeletal unknown m,|r approximating the trace of u on F € F,
— Vg for the primal unknown u,|g approximating v in E € &,,
— Wy for the dual unknown g, |r approximating g in E € &,

and they can be concatenated to respective global spaces, i.e.,

M, = {meLz(}-*) m|p € Mp for all F € F, }

m|p=0  forall FF C 02
V, = {v S LQ(Q)| v|[p € Vg forall E € 5*},
W, :={qe LQ(Q;[Rd)’ qlp € Wg forall E€&,}.
Note that here and in the following sections, we slightly abuse the notation and write L?(/F,), which needs to

be understood face-wise. For later use, we also define the localized skeletal space on the interior of a union of
elements w C €2 by

Mg f 11 F L Nw
M*(w);:{meﬁ(fmw) mlp € My fora efm"}

m|p=0  forall F C 0w

If w = Q, we have M, = M, (). This kind of definition applies verbatim to other localized spaces. Note that
we may use that functions in M, (w) can be extended by zero to the whole domain €.
The local solvers to determine a discrete solution on the whole domain are characterized by the mappings

U: L*(Fy) — Vi, V: L*(Q) — Vi,
Q: L*(Fp) — Wy, P: L*(Q) — W,

that will be defined in more detail below. We emphasize that our multiscale strategy will only require these
local solvers on the fine scale (i.e., with mesh parameter h). Therefore, we will not use a subscript h when we
refer to the local solvers. Notably, the left-hand side operators are usually restricted to

U: My, -V, and Q: M, — Wy,
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and they are defined element-wise. For a given element e € &, they map the skeletal unknown m to u. and g,
satisfying

/Ailqe ~pedx7/uedivpedx: — | mp,-vdo (3.1a)

e e de

/ (g, -V + Tue)ve do — /qe -Vvedz =71 | mu.do (3.1b)
Oe e Oe

for all v, € V., p, € W, and some 7 > 0 (which will be set later). These local operators, and those local
operators that will be defined later, are well-defined since the resulting linear systems of equations describing
(3.1) are square, and m = 0 implies u, = 0 and g, = 0 if the LDG-H, EDG, RT-H, or BDM-H methods
are selected (see the end of this section for definitions of the respective methods). In this sense U: m — wu,,
Q :m+— q, for all e € &,. Importantly, (3.1b) can be rewritten as

/ q. vv.do — /q6 -V, dx = —/ T(ue — m)v. do (3.2)
e e e

=se(m,v)

and we have for p € L?(F,) that
Up =Urp i and Qu = Qmp i, (3.3)

where 7, is the face-wise L?-orthogonal projection onto Mj,.
The local solvers V and P for the right-hand side are defined analogously but do not play a crucial role in
our analysis. We refer to [19] for further details. If m is the HDG approximate of the trace of u, we have

Um+Vf=u,~=u and Om+Pf=gq,=~q.

With these abstract concepts at hand, we can characterize an HDG method as a method that seeks m € Mj,
such that

a(m, p) = / fUpdx (3.4)
Q
for all u € My, where
a(m,,u)z/AAQm-Qudx—F ZT/ Um —m)Up — p)do (3.5)
Q ecE) de

=s(m,pn)

is the HDG bilinear form and s is called penalty or stabilizer. Again, we highlight that the bilinear form a lives
on the fine mesh. Although it is, in principle, also possible to transfer all concepts to the coarse mesh, this is
not required in our work.

The different types of HDG methods that are covered by our analysis can be distinguished by the following
choices:

— For the hybridized local discontinuous Galerkin (LDG-H) method, we choose all local spaces to consist of
polynomials of degree at most p, i.e., Mp = P,(F), Vg = Pp(E), and Wg = [Pg(E), where E € &, and
F € F,. In our work, the parameter 7 > 0 is chosen as a face-wise constant such that 7h < 1. Common
choices for such 7 are 7 = % and 7 = 1.

— The embedded discontinuous Galerkin (EDG) method uses the choices of the LDG-H method but addition-
ally requires M, to be overall continuous.

— By setting 7 = 0 in the LDG-H method and replacing the local bulk spaces with the RT-H and BDM-
H spaces, we obtain the hybridized Raviart-Thomas (RT-H) and the hybridized Brezzi-Douglas—Marini

(BDM-H) methods, respectively.

Note that we write b < c if there exists a constant C' > 0 (that might depend on the dimension) such that
b < C'c. However, we track the dependencies on the upper and lower bounds of A, o and (3, explicitly.
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3.2. Auxiliary definitions

We start by defining the space of localized, overall continuous, piece-wise affine-linear finite elements on
w C Q,

V(@) ={veCw): v|g € P (E) forall E € & with E C T, and v|g, =0}

and its trace space
M, (w) =7%Vi(w)={p € C(F.N®): ulr € P1(F) forall F € F, Nw, ula, = 0},

which is a subspace of M, (w). Note that ~, is the trace operator. As above, we abbreviate V, = V,(Q)
and M, := M,(f). Again, the localized spaces can be globalized by extending their entries by zero. We also
emphasize that the space M, is exactly the first-order EDG test and trial space. Next, we define a mesh-
dependent L?-type scalar product (and a corresponding norm) suitable for the above skeletal spaces. These
scalar products will be important for the error analysis later on. For functions m, u € L?(F,), we set

|E|
(mop)e= D jopr | mudo (3.6)
iz 19E] Jop

with x € {h, H} as above. This scalar product readily extends to the case in which m and p are replaced by
bulk functions u,v € V, (where we consider the integral over the traces of u,v). If additionally u,v € V,, the
definition is commensurate to the L? scalar product in the bulk. Further, we define the mesh-dependent norm
|- llx = /{)« and denote with | - ||o the standard L? norm for bulk functions. Moreover, we define for any
union of (either coarse or fine) elements w C €, the local norm

|E| 2
[ml?., = m* do.
’ Z |OF'| Z FNOE’

E'€&,, FeF,,

E'Cw FNE#)
Similarly, || - [|o,z denotes the localized L? norm on E. For later use, we define the element patch wg for E € &,
as
wE:int{xeﬂ\er’EE* withﬁ’r@;é@}. (3.7)

We also define larger element patches iteratively by
NYE) := wg, NY(E) :=N'(N“HE)), (LeNL>2. (3.8)

Further, we denote with V,v € L?() the broken gradient of an element-wise defined function v € L?(Q) with
v € HY(E) for all E € &,. More precisely, we have (V,u)|g = V(u|g) for all E € &,.

3.3. Properties of HDG

Given the above construction of the local HDG solvers, we can introduce a useful identity for later calculations.

Lemma 3.1. Let £,p € L?>(Fy). Then

/Ailgf'gpdx:f/a (Qp-v)E+71(Up—p)UEdo

for any e € &,.



LOD STRATEGY FOR HYBRID DISCONTINUOUS GALERKIN METHODS 1219

Proof. Given e € &, we have that

[a71e¢- @pds = [ue(aiv@p) o - [ c(epv)as

e €

=—/vu£-gpdx+/a Ue - £)Qp - vdo

=/ (Qp-u)uada—/gp-vugdx—/ (Qp - v)edo
Oe e Oe

:—se(p,u@—/ (Qp-v)€do,

Oe

where the first equality is (3.1a) with p = Qp and the second one is integration by parts. The last equation
combines the two terms containing U¢ to the penalty term by exploiting (3.2) with v. = U and g, = Qp. O

The local solvers of all HDG methods of Section 3 also fulfill the following essential conditions for any pu € Mj,
and e € &,. These properties are generalizations of their analogs shown in [41] and will be heavily used in the
following sections.

— The trace of the bulk unknown approximates the skeletal unknown, i.e.,
et = plly, < hl[AT Quly < HlIQull,- (Ls1)
— The operators Qu and Uy are continuous. That is,

1Qully. < BlAT Qully, < BA Hpllne and  [Uplly < llpelln- (LS2)

The dual approximation fulfills Qu ~ —V U p. More precisely,

1Qu + AVldplly S Bh~HUp — pll,s

- _ (LS3)
A7 @+ Vahply < B tdye —
— We have consistency with linear finite elements: if w € V7, it holds
Uyphw =w and Ovw = —AVw. (LS4)

— The standard spectral properties of the condensed stiffness matrix hold in the sense that

allully < alp, 1) < BR72||ll7- (LS5)
Remark 3.2 (Verification for the RT-H methods). We have that for the RT-H method:

— (LS1) follows from tracing the constants in Lemma 3.1 of [20].

— (LS2) follows by tracing the constants in the proof of Lemma 3.3 from [18].

— (LS3) follows by a prove similar to Lemma 3.3 of [15], whose direct extension is ||[A™1Qu + Vlullo <
hH U — -

— (LS4) can be proven directly.

— (LS5) follows by tracing the constants in the proof of Theorem 2.2 from [31].

Remark 3.3 (Other methods). Proving the properties (LS1)—(LS5) for the LDG-H method relies on the respec-
tive results for the RT-H method (see Rem. 3.2). Using the arguments in [20,41], one can recover (LS1)—(LS5)
for LDG-H as well. The results also transfer to EDG since it uses the same local solvers as LDG-H.

The results also transfer to BDM-H, but we omit the explicit tracking of a and g for this method to keep the
manuscript readable. Thus, in what follows, all theorems hold for BDM-H with possibly adapted dependencies
on «, 3.



1220 P. LU ET AL.

3.4. Mesh transfer operators

To define our multiscale strategy, we need mesh transfer operators between the coarse and the fine meshes.
We again emphasize that the skeletal spaces are non-nested, so particular strategies are required. More precisely,
we need an injection operator Z,: My — My, that fulfills the following properties,

Inmyg = |5, if mg = v|g, for some v € Vi, (3.9a)

||mHHH1E ~ ||IhmH||h7E for myg € MH,E S ch (39b)

A possible choice is the operator defined in (3.1) of [41], which fulfills (3.9) by construction. As the precise
definition of 7} is irrelevant to our analysis, we omit a detailed discussion of the construction here. Note that
the authors of [41] construct several operators with remarkable stability properties. However, they do not build
any stable projection operators explicitly. Unfortunately, a computable and stable projection is essential for our
approach. Thus, we construct such an operator Il : M; — My in the following.

First, we define the linear interpolation I5®: Vi — V i which uses the averaging in the vertices « of the
mesh £y, namely

1 O
(@) = 5 > ule (@)

Here, N, is the number of elements F; € £y meeting in the vertex & and u|g, is the restriction of a function
u € Vi to the element E;, which is single-valued in . For x € 92, we set [I7 ®u](x) = 0. The linear interpolation
I}V is defined similarly, but the averaging is only performed within coarse elements. That is, for every E € £y,
we define

LY g: Vile — Vile

by

(U sl(e) = > ule, (@),
T =1

where now ng, denotes the number of fine elements e; € &, with e; C E that meet in the vertex x. Note that

I}V is the sum of the respective contributions on coarse elements and allows for jumps across coarse element

boundaries.
2
The linear interpolations can now be used in conjunction with the coarse element-wise L? projection Pk
onto Vi to define a projection wvia

. avg L? avg AT
HH.MhSLLH’YH IH PHIh U}MEMHCMH. (310)

Clearly, Z,I1y is a projection since HHQ M, — My, and Z;, reproduces each function uwE My as the trace of
its linear bulk extension ,0 with o € Vi such that ygo = u, see (3.9a). A similar argument holds for ITg.

Lemma 3.4. We have for all m € My, and all E € Ey that
|@Imll, S VB/a| A 2@m|| < vB/alml.. (3.11)
1ZnIz)mlne S [lmllhws- (3.12)
Here, ||m|| g refers to the norm || - ||g of the restriction of m to the coarse skeleton.

Proof. The proof makes heavy use of (5.10) and Lemma 5.2 from [41]. First, we need a few additional estimates.
Writing [v] = vy — v_ for the jump between two different values of v at an interface, we deduce from (5.10)
and Lemma 5.2 of [41] the following inequalities.
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(1) For all v € V,, x € {h, H}, we have that
HI VLI = Vollg S 11750 = vllg S #[Vavllg + [V, (3.13)

In fact, only the second inequality is (5.10) of [41], while the first inequality is a standard scaling argument.
(2) For all p € Mp, we have that
IVA (25 Uul, < A~ Qull,: (3.14)
For polynomial degree 1, the upper bound in (3.13) can be established with the norm of the jump only, but
the gradient term is required for higher polynomial degrees.
We now turn to show the inequality (3.11). We observe that for any m € M,

_ ® av, 2 av,
[(ZnTg)mll, @ JATV2Q(T, I y)mllo = |AY2V(IEEPL I8 Ulmlo

© ‘
< 82|\ Va [ PE U m| 48 |[PE L U m —vm|| 45V B m = ml
~—_— ————

¥ s =53

==1 ==2

Here @ uses (ZIlg)m € M), and the first equality in (LS4), which imply that v,U(Zpg)m = (Zplg)m.
Relation B uses the second equality in (LS4) as well as (2.2) and (2.3). To obtain ©), we first use (3.13) (for
* = H) and the fact that

[Pt =], <2 [PH e =]

which in turn uses that m = 0 on 0f). Note that the fine-scale objects Udm and m are only evaluated on the
coarse skeleton in the above equations. Next, we bound the individual terms =1, =5, and Z3. For =1, we have

=1 < |(Va [PE L5 u|m - Vulnswm) ||+ 19aiz wml,

3.14
IV Um], S A < a2
SIValumll, < [[A71Qmly < a7 lm]la,

where the second inequality is ([21], Lem. 1.58) stating that on a single element E € £, |[V(PL v — v)]o.p <

Vv, for all v € H*(E). Additionally, using the approximation properties of I;"® (see (3.13)) and PL we
estimate

= s ||[PH Beu]m = 115 ||+ 5 U — Ul
S H| Vil Ulmll + bV atdmllo + [Um —ml|,,
which, in turn, can be bounded by Ha~'/2||A=1/2Qml||, if one applies (3.14), (LS3), and (LS1). Last, we use

the definitions of || - ||, and || - ||z to write

(LS1) h<H
=, < (n) 2 um - ml, 5 \f 47 @m], "2 47 @], £ 0" 2l

~

Altogether, this proves (3.11).
Next, we prove (3.12) by observing that

g5 Uml, g < [Umllg,, (3.15)

for all £ € £g. This allows us to estimate

| @Iyl = |

- 2 N 2 N .
I5PE Ul S [PE L um|| < uml S (U, S ml

where the first and third inequalities are (3.15), the second inequality is the stability of the L? projection, and
the last inequality is (LS2). O
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Next, we prove an interpolation-type estimate for the concatenation Z,I1g that will be an essential ingredient
to show approximation properties of the considered multiscale method.

Lemma 3.5. We have for all m € My, and all E € Eg that
[Um —UT T gm|, 5 < llm = Zpllgml), 5 S H||A*1Qm||07wE.
For the proof of this lemma, we heavily rely on a specific lifting operator
S: My, — V. N HY(Q),

where V3. is a finite-dimensional space of piecewise polynomials, and .S fulfills

p = ThYnSH, (3.16a)
1Sullo.z = llelln, e, (3.16D)
IVSullo.s = [[ A7 Qull, o (3.16¢)

for all p € My, E € Eg. Again, 7, is the orthogonal projection onto Mj with respect to (-, ). The operator S
is rigorously defined and analyzed in Appendix A.

Proof of Lemma 8.5. First, we use (LS2) and (3.16b) to deduce
[Um — UL T gml|y g S lm —Zpllgml, g = [Sm — ST llpml g =: ().
Notably, the equality (3.16a), the definition of I in (3.10), and the property of ¢/ in (3.3) imply
(%) = [|Sm — STpIlgmpynSmlly g = [[Sm — STpynSml g

Next, we set z = Sm € H(2) and consider a coarse element E € £y with element patch wg, see (3.7). We
want to use the standard scaling argument in a non-standard way. That is, we want to prove that

(k) = (1 = STallay)zlly o S HY?||VE| < HIVzl e (3.17)
Wi

where W is a reference patch around the reference element E, and operators with a hat act on the reference
patch. Moreover, Z = zo®~ 1 if ®: & — wg is a bijective, affine-linear mapping. If (3.17) holds, we can deduce
the result by recalling that z = Sm and ||[VSm|o.z < [|[A71Qm|o g for any E' € £ according to (3.16¢).

The equality in (3.17) is evident, and the second inequality is the standard scaling argument for the H!-semi-
norm of z. Therefore, it remains to show the first inequality in (3.17): we define the operator

Gp: H' (©3) 2 2 (1 — STpllyw) (20 @))|g € L*(E),

for which we want to employ the Bramble-Hilbert lemma ([16], Thm. 28.1). Obviously, we have that Gg(p) =0
if p is a polynomial of degree at most one. That is, we need to show that |Gg| < H%? to obtain the first

inequality in (3.17). Clearly, we have that ||1(Zo ®)|o.r S Hd/2||2\|0 5+ Moreover,
(3.16b) (3.12) 42|~ = /2|2
1SZ0lmzlo s = 1T avmzl e < Wnlhws S HY 2Bl on) S B 2o,y (318)

by the standard scaling argument with z = Z o ®. (]



LOD STRATEGY FOR HYBRID DISCONTINUOUS GALERKIN METHODS 1223

4. PROTOTYPICAL SKELETAL MULTISCALE APPROXIMATION

In this section, we state and analyze a prototypical multiscale approach to discretize problem (2.1). Therefore,
we introduce a multiscale space on the skeleton, which is then used as discretization space in a Galerkin fashion.

The idea of the method is built upon suitable corrections of coarse functions by finer ones. The kernel space
gives an appropriate fine space for such corrections,

Wh i={p € My: Zpygu =0} = {pn € My: Uyp =0}, (4.1)

where Iy and Z, are the projection and injection operator as defined in (3.10) and (3.9b), respectively. We
define a so-called correction operator C: My — W), as follows: for any & € My, the function C£ € W), solves

a(C&,m) = a(&,n) (4.2)

for all n € W),. Due to the coercivity of a, the operator C is uniquely defined and stable. Alternatively, the
operator C can be defined based on an equivalent saddle point problem (see, e.g., the derivations in [45],
Ch. 2.3.2), which is beneficial mainly for implementation purposes. The alternative characterization seeks the
pair (C&, A\yr) € My, x M g that solves

a(C&,m) + (A, Ign) 5 = a(&,n),

MuC& pu)y =0 (43)

for all (1, ur) € My, x M. Note that this definition does not require an explicit characterization of the kernel
space Wy, (e.g., in the form of a suitable basis).
Next, we define a multiscale space based on the newly defined correction operator,

My = (1 —C)M;, = Wi-e, (4.4)

which is by definition the orthogonal complement of W), with respect to a. Note that this space is actually a
coarse-scale space (thus the index H) in the sense that it can be generated by the coarse space M g and it holds
that dim My = dim M. To see this, we first note that C(1 — Z,I15)é = (1 — ZpI1 )€, because Cly, = 1|w, -
Therefore, (1 — C)¢ = (1 — C)ZpI1 €. Moreover, we have that

My =1-CM,=01-CTIgM, = (1 —-C)I My

is generated by the coarse space My only. That is, (1 — C)Z: My — My is a bijection with inverse Ilj.
This follows from the definition of Ty (see (3.10)), the properties of Z;, (see (3.9b)), and the definition of W),
(see (4.1)). In the following, we abbreviate R = (1 — C)Zj,: M g — My, Note that, if {by;}; is a (nodal) basis
of the coarse space M, then ~{51L“]>z with

BH,i = RbH,z (45)

defines a basis of M. For the practical localization of the correction (cf. Sect. 6 below), an equivalent, formulation
based on so-called element corrections is beneficial. Therefore, we decompose the correction operator in (4.3)
into element-wise contributions. Let {7 € My and E € £ a coarse mesh element. The pair (Ceéu, \uEg) €
M, x M g solves

a(Ce€u,n) + Am.e, 1un) ; = ap(Tnéu,n),

4.6
(OaCréu, pta)y =0 (4.6)

for all n € My, and py € M . Equivalently, the element-wise correction Cpéy € W), is characterized by
a(Ceéu,n) = ag(Znéu,n) (4.7)

for all n € Wy,. Here, ag denotes the restriction of a to a coarse element E € £y. By linearity arguments, we
have CZ,éy = ZEesH Créy.
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The non-localized prototypical multiscale method now seeks mpy € My such that
a(’ﬁlH,ﬂH) = / fU/jLH dx for all e € MH. (48)
Q
Note that we have stability of my in the sense that

Imell, < a2 fllo (4.9)

due to (LS2), (LS5), and using jig = my in (4.8).

5. ERROR ANALYSIS FOR THE PROTOTYPICAL METHOD

The following theorem quantifies the error of the prototypical multiscale method in terms of the coarse mesh
parameter H.

Theorem 5.1 (Error of the prototypical method). Let f € L?(Q) and let m € My, be the solution of (3.4).
Then
o2t — i, + || A7V @m = Qi) | S llm =l S @ V2H | fll. (5.1)

Remark 5.2. The operator Z,1Iy produces the same result when applied to the solutions m and mg, respec-
tively. In that sense, the coarse-scale contributions of the two functions are identical. This is an important
property to prove Theorem 5.1. Indeed, by the construction of the correction operator in (4.2) and the multi-
scale space in (4.4), we have that

a(["H? 77) =0
for all iy € My and 7 € Why. In particular, the above property uniquely determines the space Wj. Since
Galerkin orthogonality implies that

a(m —mpy, fig) =0
for all iy € My, we deduce from the symmetry of a that m — myg € W), and, thus, Z;,I15(m — myg) = 0.
Proof of Theorem 5.1. The first inequality of (5.1) follows from the linearity of ¢ and Q,

(LS2) S5)
[tm — Uiy = [Uem =)y S I —ngll, S o Y[m - g, (5.2)

~ ~

and the the definition of || - ||, i.¢e.,
HA—l/z ~ 2 4=1)2 ~ 2 —1 SN2 -2
(@m — Qi) = [[4772@0m — )| = [ A 1QUm — ) o < m — ]2
Q

Since 1y € My C My, it is a valid test function for both (4.8) and (3.4). This implies that a(m—1g, g) = 0.
This and the symmetry of a can be used to deduce that
|m —mul> = a(m — mug,m—my) = a(m,m — mgy)
= [ #utm ~ i) de < o et )
= fllold(m = 1) = UTR I (m — )l

Sflloa™ 2H [|m — i),

(5.3)

where we use that m solves (3.4) to get the third equality. The fourth equality uses that ZpIlg(m — mpy) = 0
(cf. Rem. 5.2), and the final inequality uses Lemma 3.5 and

A7 Q(m —mp)|, < o 2 |lm — mpll,-

Dividing both sides of the inequality (5.3) by |[m — M|, we obtain the final result. O
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The previous theorem states that the computed multiscale solution (with a moderate number of degrees of
freedom) is a good approximation of the fine-scale HDG solution computed in (3.4). However, the computation
of the correction operator C or, in a more practical manner, of the basis functions IN)HJ' defined in (4.5) requires
global fine-scale problems to be solved. This is not feasible in practice, so the localization of these problems is
an important task that will be studied in the following. First, we show the following useful result.

Lemma 5.3 (Local pre-image). Let n € N and for each i = 1,...,n let w; C Q be a conver union of (coarse)
elements of £y with diamw; ~ H and
n
w = int (U wi> .
i=1

For each i, we denote with T'; C dw; N dw a part of the boundary with non-zero measure. Further, let £ € M,
with supp(Ilg€) Cw and &|r, =0 for alli =1,...,n. Then there exists a function b € Mp(w) with

Mub=Tu¢ and [[bllas S (/)24 QQ’EHW

Proof. We define b € My, (w) (together with the Lagrange multiplier 6 € M g (w) as the solution of

a(b,n) — (0m, umn), =0,

(Mpb, prr) gy = (Mré, ) g (5.4)

for all n € M), (w) and all g € M g(w). Note that b and 65 can be trivially extended by zero to the spaces M,
and M g, respectively. From classical saddle point theory (see, e.g., [12], Cor. 4.2.1), we know that (5.4) has a
unique solution if the inf-sup condition

inf sup (e MG >~v(H)>0 (5.5)

pir €M (w) ceMy(w) e llalIClla ™

holds and a is coercive.
To show the inf-sup condition (5.5), let py € M p(w). Then, with the explicit choice ¢ = Tpuy € My (w) we
have that ug = llgZypuy, and we can deduce that

II 3.9b) || Z,
sup (e, M) m S (pr p)a 399 || Tapwl|n

> = (5.6)
ceMu(w) lpalla ICle — lpalla | Zopmlla 1 Zh el

Next, let v € Vg be such that ygv = ug. This implies that v,v = Zpug. By (LS4) and the definition of a we
have that

1Zhprlla S B2V 0llo =: ().

Now, by the standard scaling argument on the coarse mesh, we have
() S BYVEH  ollo S B H Y[ Tnpsr |,

where the second estimate follows from the equivalence of || - ||o and || - ||, on V. Going back to (5.6), we obtain
the inf-sup condition (5.5) with v(H) > 8~Y/2H > 0.

Due to the locality of b and IIy¢ and with Corrollary 4.2.1 of [12] and (5.5), problem (5.4) is well-posed and
the stability estimate

2

b a,w S
[ollee < 775

||HH§HH,W
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holds. Using (3.9b), we obtain
lbllaw < 82 H " Taél g, < 62 H IR IHEN, , S Y2 H TR THE — €l + B H € o

The first term can be estimated using Lemma 3.5. For the second term, we require a Poincaré—Friedrichs
inequality for broken skeletal spaces. This result can be derived from Theorem B.3 in the appendix, which
follows from [13] when carefully tracking the dependence on the domain size. Overall, we obtain

b

v S (Bfa) a7 g]

Finally, we emphasize that IIgzb = IIg£ by construction. (]

Theorem 5.4 (Decay of element corrections). Let g € My and E € Eg a coarse element. Further, let £ € N.
Then there exists 0 < ¥ < 1 depending on o and 8 such that

||CE'£H

loawem) S VNCEEH ], (5.7)

To prove this essential assertion, we introduce some auxiliary results. In particular, we require a cutoff function
7, which for given £ € N, £ > 4, and a coarse element E € £ is the uniquely defined continuous function that
satisfies

n=0 in N“3(E), (5.8a)
n=1 in O\ N2(E), (5.8b)
7 is linear in B’ € g with int B/ € R:=N*"2%(E)\ N“3(E), (5.8¢)

using the definition of patches in (3.8). Additionally, we define the element-wise constant function 7 for any
e €&, by
1
fle = — | ndo. (5.9)
‘ ‘86| Oe
Further, we denote again with 7, the face-wise L? projection onto Mj,. The following results are important in
the subdomains where 7 is not constant. They trivially hold in parts of the domain where 7 is constant.

Lemma 5.5. Let E € £ a coarse mesh cell, n be defined as in (5.8) for some £ € N. Then, for E' € £y and
Epr ={e€8h: GCE/}
2

max{1, 8}

min{l, a}

Y. [ AT Qm[Q(mn) —nQm]dx S

e€Ep V€

a7 em]

O,UJE/.
for any m € My, with (ZyIlgm)|e,, = 0.

Proof. We start with estimating the term

/Ailgm' [Q(mn) — n@m]dx = /A71Qm~ [Q(mn) — Q(m7)] der/A*lQm - [7Qm —nQm|dx.

(& (& €

[1]

=:E1 =:

2

for any e € Eg/. Note that we have used that 7 is constant and thus Q(m7) = (Qm)7. Next, we employ
Lemma 3.1 with p = m and £ = mn as well as £ = m7 to reformulate

5 = /8 (@m-v)m(n =) do (T1)
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+ / T(Um — m)[U(mn) — U(m7)] do, (T2)
de

whose components we can estimate separately. First, we observe that

(TD] < hHIQmllg cllmlln.e

0=l oy S B2 A2 Q]| e,
since we can bound [[n — 7| e (9¢) < h/H (which in turn follows directly from (5.8) and (5.9)). Second, we have

(T2)] S Tenach ™ [Um = m]y, U (mg — ma), .

< Tmax|[A7T Q| Nlmn(mn) = miflly, . = Tax || AT @ml| 7 (mn —ma)||,, .

< TmaXHAilQmHO,eHmn - mﬁ”h,e 5 TmaXHAilgmHO,eHmHh,@ n- 77||L<>0(86)

~ al/2H

-], e
e

where Tmax = max{7(z): x € de} and the second inequality uses (3.3), (LS1), and (LS2). If 7yyaxh < 1, this
implies that
max{1, 8}

IZ1] S —
min{1, o}

A-1/2 2 H-2 2
Q||+ 12 ml7.

We also have that )

= <A 2em| -l < ] A7 20m
< 0 Ry,

O,e.
Finally, since Z,IIym = 0 we observe that with Lemma 3.5

_ 2 _ _ 2

S Il = Il o = I~ Tullgml o < B2 A7 @2, < 0~ 1242 gm)
eCE’

O,LQE/

which completes the proof. (I

Lemma 5.6. Let n be defined as in (5.8). Then, for E' € €y and Ep = {e € & e C E'} we have

Z / T(Um — m)[U(mn) — ndm)do < aﬂHA,l/szHz
Oe

O,w
e€€y e

for any m € My, with (ZyI1gm)|e,, = 0.

Proof. As above, we start to rewrite the term for a single element e € £,

/@e T(Um —m)[U(mn) —nidm]do = /

T(Um — m)[U(mn) — U(m7)] do +/ T(UmM — m)[fUm — ndm] do .
Oe

Ode
-0, =0,

The estimate for U is the estimate of (T2). For the latter term, we can proceed using the same arguments as
for (T2) and obtain

Tmax h

ol/2H

1
< g4 2] < g |47
ol S g [A72m|| etmll . S AT mle

The second inequality follows directly from (LS2) and the fact that ||q|/n.e < ||¢llo,e for any polynomial ¢q. The
remainder of the proof is based on the same arguments as in the proof of Lemma 5.5. O
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Lemma 5.7. Let n be as defined in (5.8). Then, for E' € €y

[ar2@om) | < 2

e

0,wg/
for any m € My, with (ZyIlgm)|e,, = 0.
Proof. Let as before e € €y = {e € £),: e C E'}. Then

a2 e,

— [ Qum) - () ~ @] do+ [ A7 Q) - (1@m ~ 1@ do + [ A7 Qmn) - (@)

e e e

=:P; =:Py =:P3

The terms ®; and ®» can be estimated analogously to Lemma 5.5. In particular, we use Lemma 3.1 with p =17
and £ = n as well as £ = 7. The term ®3 can be bounded by

@] < |[47/2Q(mm) | |la-

,e

Combined with the estimates for ®; and ®5 and summing over all fine elements in E’, we obtain the assertion.
O

Proof of Theorem 5.4. Let m = Cp€y € My, ¢ € N with ¢ > 4, and n as defined in (5.8) for a given element
E € &y. Using again the patch definition in (3.8), we have

Il oy = [ AT@me(@uinde+ Y0 1 [ @m - m)@m — myydo
Q\N¢(E) de

ecép: eCE

/Algm andm—&-z /Um m)(Um —m)ndo

ecéy

/ “1Qm - Q(mn) dx+z /L{m m)(U(mn) —mn) do

ecéy,

+ [ aiem-(@un - Qumm)ds+ 3T v [ @m —ml(em)y - Ulm)] do.

R ec&n: eCR Oe
where R = N*~2(E)\ N*"3(E). Note that (Z,I1gm)|ni(r) = 0 by construction of Cg. For the second to last and
last line, we can thus use Lemmas 5.5 and 5.6, respectively, as well as

2
3 HA—uszHOE < [ml12 a1 (y- (5.10)
E'cEy: E'CNI(R) '

which yields
max{1, 3}

min{La} ||m||a N1(R)> (511)

Hmllig NeE) S alm, Th(mn)) + ——
\N¢(E)

where 7, is the face-wise L2-orthogonal projection onto M), as above. To bound the first term, we observe
that supp(Igm,(mn)) € N'(R) and m|yne-1(g)) = 0. Therefore, by Lemma 5.3, there exists a function b €
My (NY(R)) with

[0oe ) S (8/0) 2| A2 Qumufmn) | and T (mn) = Mgt
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We further have

a(m, m,(mn)) = a(m, 7, (mn) — b) + a(m,b) < (8/a)?[mllans r) A2 Q@ (mn) o ().

using that Iy (7, (mn) — b) = 0 and thus
a(m,mp(mn) —b) = ap(Tp&u, mh(mn) —b) =0

by the first line of (4.6) and the fact that supp(m,(mn) — b) N E = . By (3.6) and (LS1) and Q(mn) =
Q(7p(mn)), we have that

-]

0,N1(R)

. LA,
-2 < (i) o
H Q(mmn) 0,Ne-1(E)Z\N¢-3(E) ~ \ min{l, a} Qem 0,N¢(E)\N¢—4(E)’

where we use Lemma 5.7 for all E/ € £y with int B/ C N*"1(E)\ N*73(E) in the last step. Going back to (5.11)
and using once more (5.10), we conclude that there exists a constant Cy g > 0 scaling like max{1, 3} /min{1, o}
with

[m12 o\neemy < Cas 1Ml neqmpne-1(my < Cas I3 g\ne-1m) = Cans M5 o\t (m)-

Therefore, we obtain

C C L€/4]
2 .0 2 6 2
Il o) < gl s < (s

That is, the estimate (5.7) holds with & = (Ci5/(Cap+1))"/®. The results hold for £ < 3 by slightly adjusting
the constant. O

6. A PRACTICAL LOCALIZED MULTISCALE METHOD

As mentioned before, a major drawback of the above multiscale approach is that it evolves around solving
auxiliary corrections globally. Based on the decaying behavior of these corrections, which was proved in the
previous section, we now introduce a localized — and thus practical — method that achieves similar convergence
properties as its non-localized prototypical version.

Following the ideas of the localization strategy for the LOD in the conforming setting as introduced in [36],
we define an element-wise localization procedure. The localization of the element corrections defined in (4.6)
leads to the following saddle point problem: find (C&&r, /\%E) € M, (NY(E)) x M g(N(E)) such that

a(C%€H7 77) + <)‘€'—I,E7 HH77>H = aE(Ih£H7 77)7

6.1

for all (n, ug) € Mu(NY(E)) x My (NYE)). We then define the operator C’ as the sum of the respective
contributions, i.e., C*Ipéy = ZEesH Chéy for any &g € Mpy. The localized version of R is now given as
R My — My, with R® := (1 —C*)Z;,. A corresponding localized basis is given by {bf; ;}; with bf; ; := Ry,
where {by ;}; is once again a nodal basis of M. .

We can now define a localized version of the method defined in (4.8) that seeks Mm%, € My := R*M g such
that

a(mly, i) = / fUpl;dz for all iy € M. (6.2)
Q

We have the following theorem.



1230 P. LU ET AL.

Theorem 6.1 (Error of the localized multiscale method). For the localized multiscale solution Y, defined
n (6.2), it holds that
max{l, ﬁ3/2} o
min{l, a2} 17lo
with 0 < 0 < 1 as in Theorem 5.4 and the HDG solution m € Mj, to (3.4).
Moreover, for £ 2 log %, we retain the linear convergence rate of the ideal method as quantified in Theo-
rem 5.1.

[m — ||, S o=V 2H || fllo +

Proof. Let ¢ > 3. By definition, 7Y is the best approximation of m in the space M £ with respect to the norm
| ®||o- Therefore, we get with the triangle inequality, R‘Ilgmy € M}, and the equality RIlgmy = gy
~ ¢ ~ ~ ¢ ~
Jm =], < lpm— R, < m = sl + || (R — RO, ©3

Recall that my is the prototypical multiscale solution to (4.8). The first term can be estimated using Theo-
rem 5.1; for the second term, we want to use Theorem 5.4. First, we write

(R =R, < 3 /(€ — C) T, 64
Ecéy

with the operators C and C% defined in (4.6) and (6.1), respectively. To further estimate the right-hand side,
we once again require a cutoff function y, which for given ¢ € N, ¢ > 3 and a coarse element E € &y is the
uniquely defined continuous function that satisfies

xX=0 in N““2(E), (6.5a)
x=1 in Q\N“1(E), (6.5b)
X is linear in B’ € &y with int B’ C R:= N“Y(E)\N2(E), (6.5¢)

using the element patches defined in (3.8). We abbreviate {g := g g. Since (1—Z,11x)xCrér € M, (N*(E))N
Wi, and Chéy € My, (N*(E)) N Wy, we obtain from the definition of Cr and C%

|(Ce — C%)fHHz =a((Ce — Ck)én, (Ce — Cp)én) = a((Ce — Ck)én,Crén)
=a((Ce — Cx)&u, (1 = Tnlly ) (1 — x)Crtn).
Using Lemma 3.4 (particularly the inequalities (3.11)), Lemma 5.7 (with m = Cgép, n = 1 — x) and (LS1)
locally, we get
max{1, 3}

min{1, o}

< max{1, 8}

|(Ce —CR)enul|, < m||CE§HHa,NZ(E)\NH(E) S ICEEH | 0\ ne-3 () -

Going back to (6.4) and using Theorem 5.4, we arrive at

IR -Reull, < 3 e~ Chleall, s 2PD $~ gy,

EcEuy mln{l’ a} Ecéy
As a last step, we use the stability of Cg, i.e.,

ICe8nlly SN Zhénllap = 1T llamull, £ S VB/allmull, .

for any E € £y, which follows from the definition of Cg in (4.7) and Lemma 3.4. Finally, using the stability of
my in (4.9) as well as the limited overlap of the supports wg, we obtain

max{l,ﬂ3/2}
min{1, a2}

We now combine this estimate with (6.3), which yields the assertion. The result is also valid for ¢ < 2, for which
only the constant must be suitably adjusted. (I

I(R =R, 5 oIl llo
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FIGURE 1. Numerical experiments: Checkerboard case in the left column, random case in the
middle column, and channel case in the right column. The structure of the diffusion coefficient
is illustrated in the top row, the values in black and white cells are given in the second row, and
the error plots are presented in the third row. Here, the red dashed lines represent ¢ = 2, while
the blue solid lines correspond to £ = 3, and the black lines refer to £ = 4. Circular marks refer
to the L? error, and crosses refer to the energy error. The green graphs illustrate simulations
with £ = 5, where the contrast has been multiplied by a factor of 10: In the first example, the
value of white pixels is replaced by 100, in the second one by 10, and in the third one by 1000.
Here, squares refer to the L? error, and diamonds to the energy error in this case.

7. NUMERICAL EXPERIMENTS

We investigate the behavior of the practical multiscale method (6.2) to approximate the solution to (2.1) with
A as defined in Figure 1 (first and second row). We refer to these as the checkerboard, random, and channel
case, respectively. The coefficients are piecewise constant on a domain partition into 28 x 26 small squares, and
each cell is either black or white. In the checkerboard case, we set f(z) = 572 sin(2mx1) cos(2wa2), while f =1
is chosen in the random case, and f = 100 in the channel case.

The theoretical results of our work quantify the error of the multiscale solution compared to a very fine
reference HDG solution based on a mesh with mesh size h that resolves all the oscillations in the coefficient.
For our numerical examples, we set h = 278 and work with the linear LDG-H method with 7 = % In Figure 1
(bottom row), we plot the errors of solutions to (6.2) for different coarse mesh sizes H, p =1, and £ = 2,3,4. We
present the errors in the energy norm (crosses) and the L? norm (circles). We also include the same experiments
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with a larger contrast (additional factor 10) and ¢ = 5 (green graphs, squares depict the L? error and diamonds
the energy error). From the theory, one would expect worse behavior with higher contrast, which is not observed
here. Only the parameter ¢ needs to be slightly adjusted. Generally, we observe that if ¢ is too small, the error
curve stagnates at some point if H is decreased, which is in line with the theoretical result in Theorem 6.1 that
states that ¢ needs to be suitably increased with decreasing H to keep the convergence rate.

8. CONCLUSIONS

In this manuscript, we have derived and analyzed a localized orthogonal decomposition approach for hybrid
discontinuous Galerkin formulations (LDG-H, RT-H, or BDM-H) to discretize elliptic PDEs with highly oscil-
latory rough coefficients. The main obstacle in constructing such a method is the requirement of stable mesh
transfer operators to deal with the non-nestedness of the discrete spaces. We have presented an appropriate
choice of such operators and proved an optimal first-order error estimate for an idealized globally defined mul-
tiscale method. Further, the localization of the method has been analyzed, and its practical behavior has been
illustrated in numerical examples.

We believe the presented analysis is only a first step towards the reliable combination of hybrid discontinuous
Galerkin methods and the localized orthogonal decomposition strategy. In particular, the aim is to extend the
scheme and the corresponding analysis to enable higher-order convergence rates exploiting higher-order ansatz
spaces of the HDG postprocessing strategies.
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APPENDIX A. CONSTRUCTION OF THE LIFTING OPERATOR

A possible operator S: M), — V3. has been constructed in Section 5.2 of [41] and is motivated by Tan [54], Lemma A.3
of [30] (which guarantees that the operator is well-defined in two spatial dimensions), and Definition 5.46 of [50]. We
follow their construction and characterize Sy in two spatial dimensions via
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/SAUdmz/LMUdJ; for all v € Pp(e) and e € &, (A.1a)
/ SAndo = / Ando for all n € Ppy1(F)and F € Fy, (A.1Db)
SA(z) = {\=)}} for all vertices @ in &y, (A.1c)

where {{\(x)}} is the mean of all possibly attained values in vertex . The operator S can be extended to three dimensions
using (5.11e) of [41] if
Viise = {u € Hy(Q): u|p € Ppias1(E) for all E € &,}.

The following variation of Lemma 5.5 from [41] holds.

Lemma A.1 (Properties of S). If Th <1 and (LS1)—(LS4) hold, we have that

W= YT Su trace identity)
I1Sullo,z = llplln,z
Syhw = w

Sule = A7 Qul, 4

norm equivalence),

lifting identity),

~ o~ o~

lifting estimate).

for all i € My, and w € V.

Proof. The norm equivalence, the lifting identity, and the upper bound of the lifting estimate can be shown completely
analogously to Lemma 5.5 of [41]. The trace identity follows immediately from (A.1b). To show the lower bound of the
lifting estimate, we observe that for p € My, v € [P;l(e), and e € &,

/Ailg,u-vdx:/l/{,u divvdaz—/ pov-vdo
e e de

:/S’u divvdm—/ Su'v~uda:—/VSu~'vdm,
e de e

where the first equality is (3.1a), the second equality is (A.1a) and (A.1b), and the third equality is integration by parts.
The above identity implies that —A~* Qi is the L2-orthogonal projection of V. Sy onto [Pg(e), which in turn implies the
lower bound of the lifting estimate. ]

APPENDIX B. POINCARE-FRIEDRICHS INEQUALITIES FOR DG AND HDG

B.1. Continuous Poincaré—Friedrichs inequality

We first state a continuous version of the Poincaré—Friedrichs inequality generalized to certain non-convex domains.

Theorem B.1. Consider a domain Q C R? that can be decomposed into n € N (not necessarily disjoint) convex domains
Qi #0 (i=1,...,n). That is, we need to have that Q = int U}, Q. Assume that each Q; can be inscribed into a ball
around some point x; with diameter r. Moreover, let I'; C 08, be such that p(€;)/u(Ts) < or for some § > 0 and all
i=1,...,n. Then for all u € H*(Q), we have

2 2 2 2
lullz2c0) S rlIVullze ) + orllullzzr),
where ' =J_, T

Proof. For a convex set, the proof follows the same lines as, e.g., Theorem 1.2 of [51] and can be directly extended to a
union of such domains. O

Note that the result covers the L-shaped domain shown in Figure B.1 (left), with a possible decomposition indicated by
the dashed line and T is highlighted by the two bold lines. The (non-Lipschitz) domain with a crack in Figure B.1 (right)
is also covered if, for example, I is identical to the crack. In this case, the dashed line indicates a possible decomposition.
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N
r

F1GURE B.1. Illustration of a non-convex Lipschitz domain (left) and a non-convex square with crack
(right) with possible decomposition.

B.2. Poincaré—Friedrichs inequality for broken Sobolev spaces

As above, let us consider a polygonally bounded Lipschitz domain © C R?, which is discretized by a geometrically
conforming family of triangulations (Ep ), i.e., partitions of £ into simplices without hanging nodes. We require that any
face ' C 09 either satisfies F C I" or u(F NT) = 0. The family (&) is supposed to be shape-regular, which prevents
simplices from deteriorating. That is, all angles are bounded away from zero. For a mesh &, = {F1,..., Ex} consisting
of N elements and an element-wise defined function u (smooth enough to have traces), we write {{us}} for the average
with respect to a face, and [un] for the jump, i.e., for F C OE; N OE; with ¢ < j, we have

{unlt = 5(uni +ung),  [unl = uni —un;,
where up, 1 1= uh|Tk_7 k=1,...N. Further, for F' C 0f), we have
{ur}}t =un and Jun] =0.
Next, we define the broken Sobolev space
H'(En) = {un € L*(Q) : up|p € H'(E) for all E € &,}

with induced semi-norm and dG jump semi-norm

1
wnlinen = 3 ol and fwly = 3 o= [ [l

Eecé&y, FeFy,

respectively. Once again, F, denotes the set of faces of &, hp = diam(F'), hg = diam(E) and h = maxgeg, he. Notably,
the dG norm
2 2 2
lunllae = lunlm(e,) + lunliy

is a genuine norm on H' (Er). It can be understood as the energy norm of many dG schemes or analogous to the
H'-semi-norm for Hg () functions. We formulate a Poincaré-Friedrichs inequality for this norm.

Theorem B.2. Let the assumptions of Theorem B.1 hold. Further, let (Ep)n be a shape-regular family of geometrically
conforming triangulations of Q into simplices. Then we have for all up, € H*(E,) that

lunll 2 < (h +V 57“h) lunlla + rlunlg e, ) + m‘|uh|‘L2(F)' (B.1)

Proof. The proof mainly follows from the arguments in [13]. In particular, the left-hand side of (B.1) is split into multiple
contributions using the triangle inequality. These different terms are individually bounded, and Theorem B.1 is employed.
O

B.3. Poincaré—Friedrichs inequality for broken skeleton spaces

Recall that the skeleton space M) C L? (F»n) is given as an abstract space with norm

2 w(E) 2
il = 3ty e

EeEg,
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We emphasize that this norm can be directly applied to broken Sobolev functions as well, i.e.,

\uhHh Z M / uh\%da foralluhGHl(Sh).

E€E),
If up, € Pp(Er) = {vn € H* (L) : wn|e € Pp(E) for all E € £,}, we even have that
lunlln S llunllpzo) (B.2)

as a direct consequence of Lemma 1.46 from [21]. For the following result, we work with a generalized concept of the
local solvers as described in Section 3. We only assume that the (non-surjective) local solvers

U, Q): My > m— (Um,Qm) € H' (&) x L*(Q)*
satisfy (LS3) and the following slightly adapted version of (LS1), i.e
_ 2
letm —ml; < > hpl|AT @ml| s g (LS1*)
Eeg,

where hg is the diameter of E. Importantly, (LS3) and a variant of (LS1*) hold for the LDG-H, RT-H, and BDM-H
methods according to Section 6 of [41]. Our condition (LS1*) can be proved by using their arguments in concert with
Lemmas 3.1 & 3.4 of [20]. The following result now quantifies a Poincaré-Friedrichs inequality for HDG methods.

Theorem B.3 (broken Poincaré—Friedrichs inequality). Suppose that the assumptions of Theorem B.2 hold. If U and
Q satisfy (LS1*) and (LS3), we have

Illn + [l 2y S (b4 VErR) A7 @mll g + Varlm|caey

()
for allm € My,
Proof. The estimates (LS1*) and (B.2) yield

[mlln < llm = Umlln + [Umlln S RI|ATQml| o g + UMl 2 gy

()
Next, we apply Theorem B.2, and afterwards (LS3) and (LS1*) to obtain

HUmHLg(Q (h + 6rh)||Um||dG +r |L{m|H1<g} )+ (STHUmHLg(F)

< (W 407 +(5rh)\um|H1(£ )+6r\|L{m||L2(F>+(h+5r Z /[[Z/{m]] do
FEF,

_ 2 .
< (h2 +r+ 5rh HA 1Qm”L2<g ) + or m1n{||m||2Lz(F), ||Z/Im|\L2(F)}

+ (h+r) Z (Um —m) 2 do.
Eecg, Y OF

The last inequality exploits the triangle inequality, and adding more positive integrals only enlarges the right-hand side.
Note that we obtain the minimum in the last step as one can keep the term 6r|\Um||2LQ(F) or add +m. In the latter case,
the difference term enters in the last term. The result then follows from the definition of ||[dm — m||, and (LS1*). O

For HDG bilinear forms, which have the general form
a(m, p) = /Q AT'Qm - Qudx + s(m, )
with a symmetric positive semi-definite stabilizer/penalty term s, the above results clearly show that also
Il + JUmla ) < 0~ (7 + o+ Vorh) alm,m) + 6rllm 3,

for all m € Mj,. Further, the term ||m||p 2y vanishes if m =0 on T' C 9.

Remark B.4 (Covered methods). The results in this section are guaranteed to hold for the LDG-H, RT-H, and BDM-H
methods. If (LS1*) and (LS3) hold for HHO, the results of this section readily apply to HHO as well.
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