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A LOCALIZED ORTHOGONAL DECOMPOSITION STRATEGY FOR HYBRID
DISCONTINUOUS GALERKIN METHODS

Peipei Lu1, Roland Maier2,* and Andreas Rupp3

Abstract. We formulate and analyze a multiscale method for an elliptic problem with an oscillatory
coefficient based on a skeletal (hybrid) formulation. More precisely, we employ hybrid discontinuous
Galerkin approaches and combine them with the localized orthogonal decomposition methodology to
obtain a coarse-scale skeletal method that effectively includes fine-scale information. This work is the
first step in reliably merging hybrid skeletal formulations and localized orthogonal decomposition to
unite the advantages of both strategies. Numerical experiments are presented to illustrate the theoretical
findings.
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1. Introduction

Multiscale problems are difficult because oscillation scales need to be resolved when using classical numerical
methods such as finite element methods. Otherwise, suboptimal convergence rates and pre-asymptotic effects can
be observed. However, globally, resolving fine-scale features is computationally unfeasible. Moreover, often, only
the coarse-scale behavior of solutions is of interest. Computational multiscale methods tackle this problem and
construct problem-adapted approximation spaces that suitably include fine-scale information while operating
on a coarse scale of interest.

We present a hybrid multiscale method that approximately solves elliptic multiscale problems in the frame-
work of the localized orthogonal decomposition method (LOD). We aim to combine the advantages of hybrid
finite elements (local discretization character, rigorous analysis for static condensation, enhanced convergence
properties) with the advantages of the LOD (rigorous multiscale and localization analysis as well as optimal
rates in the multiscale setting under minimal structural assumptions). This work provides an initial analysis
and is a first step towards enhanced hybrid, local, and high-order discretizations of multiscale problems based
on the LOD.

Prominent (conforming) multiscale methods that only pose minimal structural assumptions on the diffusion
coefficient in the context of elliptic multiscale problems are, e.g., generalized (multiscale) finite element meth-
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ods [8–10, 24, 44] (which are particularly well-suited for high-contrast problems), adaptive local bases [32, 56],
the LOD [36, 47], gamblets [52], and their variants. The minimal assumptions on the coefficient come at the
moderate cost of an increased computational overhead (e.g., increased support of the basis functions or an
increased number of basis functions per mesh entity, typically logarithmically concerning the mesh size). For
a more detailed overview of corresponding methods, we refer to the textbooks [48, 53] and the review arti-
cle [4]. Recently, progress has been made regarding the question whether the computational overhead can be
further reduced, see [33]. The vast majority of the (early) multiscale methods restrict themselves to lowest-
order approaches, which appears to be a natural choice because of the typical lack of regularity of the solution.
However, there are also approaches that obtain higher-order convergence properties. Examples are the methods
in [2, 39] based on the heterogeneous multiscale method or in [3, 37] based on the multiscale finite element
method. These methods, however, require additional structural assumptions on the coefficient.

Generally, nonconforming finite elements, such as the discontinuous Galerkin (DG) method, seem to be well-
suited for higher-order approximations as they relax the continuity constraint in their test and trial spaces and
are, e.g., employed for the multiscale strategies in [1, 55]. The relaxed continuity constraint also gives hope to
retaining a very localized influence of small-scale structures. The first DG method in connection with the LOD
was presented in [26, 27], where a truly DG multiscale space of first order is constructed, but an extension to
a higher-order setting seems possible. Besides, even in the original LOD method, discontinuous functions are
beneficial when localizing the computations, see [36]. A conforming LOD-type multiscale method that is based
on DG spaces for suitable constraint conditions is investigated in [23,46] (see also [45]) and achieves higher-order
convergence rates under minimal regularity assumptions, only requiring piecewise regularity of the right-hand
side. Regarding the super-localization with higher-order rates, we refer to [29]. An LOD approach in connection
with mixed finite elements is presented in [35].

Compared to classical DG methods, hybrid finite element methods use additional unknowns on the skeleton
of the mesh, which offers several desirable properties. They have been introduced in [28] and allow for static
condensation, which reduces the number of unknowns in the linear system of equations and recovers a symmetric
positive matrix for mixed methods. Later, Arnold and Brezzi [7] discovered that the additional information in the
skeleton unknowns can be used to enhance the order of convergence in a postprocessing step. A comprehensive
overview of several hybrid finite element methods such as hybrid Raviart–Thomas, hybrid Brezzi–Douglas–
Marini, and other hybrid discontinuous Galerkin methods can be found in [19]. Another popular class of hybrid
finite elements is the hybrid high-order (HHO) method initially proposed in [22]. Compared to the hybrid
methods, HHO methods use a more involved stabilization that grants improved convergence properties.

The attractive properties of hybrid finite elements have led to several strategies to use them in a multiscale
context, such as multiscale hybrid-mixed methods [5,34] and the multiscale hybrid high-order method [17] (that
can be shown to be equivalent, see [14]). Another approach is the multiscale hybrid method in [11] related
to the multiscale hybrid-mixed method. These methods introduce oscillating shape functions in the spirit of a
multiscale finite element approach, similar to the ideas in [38] based on Crouzeix–Raviart elements. Other hybrid
multiscale approaches are, e.g., the multiscale mortar mixed finite element method [6] or the multiscale HDG
method [25]. These methods typically require additional (piecewise) regularity assumptions on the coefficient,
at least concerning the coarse scale of interest. Finally, the hybrid localized spectral decomposition approach
in [49] is another hybrid multiscale method, focusing on high-contrast problems.

Our method is the first hybrid finite element scheme based on the LOD methodology. It requires minimal
assumptions on the coefficient and uses a fully condensed setting. We construct oscillating shape functions on
the skeleton (union of mesh faces) and not in the bulk domain (union of mesh elements). LOD-based multiscale
methods typically rely on the nestedness of discrete spaces on different mesh levels. Such a property does not
hold for (fully) condensed hybrid methods since test and trial spaces are constructed on the skeleton of the
mesh, which grows as the mesh is refined. This obstacle also appears if one considers multigrid methods to
solve or precondition the systems of equations that arise from fully condensed hybrid finite element methods.
At the moment, there are two competing approaches to tackle this issue: heterogeneous multigrid methods (see
e.g., [20]), whose first step is to replace the discretization scheme with a non-hybrid scheme, and homogeneous
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multigrid methods (see e.g., [40–43]), which use the same discretization on all mesh levels. Some of our anal-
yses rely on techniques developed using the latter approach. Although both homogeneous and heterogeneous
multigrid methods have certain advantages, in particular in the context of multiscale problems, we believe that
homogeneous methods are better suited for LOD approaches since they exhibit more regular execution patterns
and the numerical approximates have the same basic properties (mass conservation, etc.) on all levels.

A particular advantage of our mixed hybrid approach over primal finite element formulations is the in situ
generation of an optimally convergent flux field. This flux field can be post-processed into an optimally converging
𝐻(div)-conforming flow field that is of primary interest for reactive transport for porous media if the considered
elliptic problem (see (2.1) below) is interpreted as Darcy’s equation. On the contrary, non-hybridized dual mixed
methods induce a saddle-point structure that is usually harder to solve than our statically condensed system of
equations.

The remaining parts of this paper are structured as follows. Section 2 presents the model problem and intro-
duces HDG methods. We then provide beneficial preliminary results in Section 3.2 and present a prototypical
skeletal multiscale method based on the ideas of the LOD in Section 4. The method is analyzed in Section 5, and
a localized version is discussed in Section 6. Numerical illustrations are presented in Section 7. Some auxiliary
results on a lifting operator and a Poincaré–Friedrichs inequality for broken skeletal spaces are presented in the
appendix.

2. Problem formulation

2.1. Elliptic model problem

We investigate the diffusion equation in dual form. That is, we search for 𝑢 : Ω → R and 𝑞 : Ω → R𝑑 (in
suitable spaces) such that

div 𝑞 = 𝑓 in Ω,

𝐴−1𝑞 +∇𝑢 = 0 in Ω,

𝑢 = 0 on 𝜕Ω,

(2.1)

with respect to some bounded Lipschitz polytope Ω ⊆ R𝑑, 𝑑 ∈ {1, 2, 3}. Here, 𝑓 ∈ 𝐿2(Ω) denotes a given right
hand side and 𝐴 ∈ A is a rough coefficient with

A :=

{︃
𝐴 ∈ 𝐿∞

(︀
Ω;R𝑑×𝑑

sym

)︀
: ∃ 0 < 𝛼 ≤ 𝛽 < ∞ :

∀𝜉 ∈ R𝑑 and a.e. 𝑥 ∈ Ω: 𝛼|𝜉|2 ≤ 𝐴(𝑥)𝜉 · 𝜉 ≤ 𝛽|𝜉|2

}︃
. (2.2)

In particular, 𝐴 is symmetric, bounded, and uniformly elliptic. We are especially interested in the case in which
𝐴 may describe 𝜀-scale features of some given medium, where 0 < 𝜀 ≪ 1.

2.2. Meshes

The unknown 𝑢 in (2.1) can usually not be computed analytically. Thus, we need to approximate it numeri-
cally. To this end, we use a hybrid discontinuous Galerkin (HDG) method. In this work, the numerical scheme
is based on the degrees of freedom of a coarse mesh ℰ𝐻 but also relies on information on a fine mesh ℰℎ. The
respective sets of faces are denoted by ℱ𝐻 and ℱℎ, and the union of all faces is denoted the skeleton. For the
sake of simplicity, we assume both meshes to be geometrically conforming, shape regular, and simplicial, and
that ℰℎ can be generated from ℰ𝐻 by uniform refinement. In what follows, we use the placeholder ⋆ to indicate
that the fine or the coarse mesh size could be considered, i.e., ⋆ ∈ {ℎ, 𝐻}.

The fine mesh ℰℎ is assumed to be fine enough to resolve the small-scale information encoded in the coefficient.
For simplicity, we assume that 𝐴 is an element-wise constant with respect to an intermediate mesh ℰ𝜀, i.e.,

𝐴|𝑒 = 𝑐𝑒 > 0 for all 𝑒 ∈ ℰ𝜀, (2.3)
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where ℎ < 𝜀 < 𝐻, and we again assume that the corresponding meshes are refinements of each other. In
particular, 𝐴 is also element-wise constant on the mesh ℰℎ. In the present setting, 𝜀 is relatively small indicating
that 𝐴 contains heavy oscillations. Therefore, ℰℎ possibly includes many elements such that a direct global
finite element computation for it is unfeasible. That is why one would like to conduct numerical simulations
concerning the coarser mesh ℰ𝐻 . Note that throughout this work, we denote mesh elements of ℰℎ by 𝑒 and mesh
elements of ℰ𝐻 by 𝐸. If both are possible, we use 𝐸.

3. HDG methods

In this manuscript, we consider several classes of HDG methods (LDG-H, EDG, RT-H, and BDM-H methods)
of degree at most 𝑝 and construct a localized orthogonal decomposition framework that can be used in concert
with any of these HDG methods. To this end, we start with an abstract definition of HDG methods and
derive properties (of all described HDG methods) that can be used for localized orthogonal decomposition in
this section. Notably, although HDG methods are generally of order 𝑝, the convergence rate of the resulting
multiscale method is only one due to the minimal assumptions regarding regularity.

3.1. Definition of the considered HDG finite element methods

Rendering a unified analysis, we use the approach of [19] and characterize the hybrid methods by defining
their local test and trial spaces and their local solvers. For ⋆ ∈ {ℎ, 𝐻}, the test and trial spaces are locally given
by

– 𝑀𝐹 for the skeletal unknown 𝑚⋆|𝐹 approximating the trace of 𝑢 on 𝐹 ∈ ℱ⋆,
– 𝑉𝐸 for the primal unknown 𝑢⋆|𝐸 approximating 𝑢 in 𝐸 ∈ ℰ⋆,
– 𝑊 𝐸 for the dual unknown 𝑞⋆|𝐸 approximating 𝑞 in 𝐸 ∈ ℰ⋆,

and they can be concatenated to respective global spaces, i.e.,

𝑀⋆ :=
{︂

𝑚 ∈ 𝐿2(ℱ⋆)
⃒⃒⃒⃒

𝑚|𝐹 ∈𝑀𝐹 for all 𝐹 ∈ ℱ⋆

𝑚|𝐹 = 0 for all 𝐹 ⊂ 𝜕Ω

}︂
,

𝑉⋆ :=
{︀
𝑣 ∈ 𝐿2(Ω)

⃒⃒
𝑣|𝐸 ∈ 𝑉𝐸 for all 𝐸 ∈ ℰ⋆

}︀
,

𝑊 ⋆ :=
{︀
𝑞 ∈ 𝐿2

(︀
Ω;R𝑑

)︀⃒⃒
𝑞|𝐸 ∈ 𝑊 𝐸 for all 𝐸 ∈ ℰ⋆

}︀
.

Note that here and in the following sections, we slightly abuse the notation and write 𝐿2(ℱ⋆), which needs to
be understood face-wise. For later use, we also define the localized skeletal space on the interior of a union of
elements 𝜔 ⊂ Ω by

𝑀⋆(𝜔) :=
{︂

𝑚 ∈ 𝐿2(ℱ⋆ ∩ 𝜔)
⃒⃒⃒⃒

𝑚|𝐹 ∈𝑀𝐹 for all 𝐹 ∈ ℱ⋆ ∩ 𝜔

𝑚|𝐹 = 0 for all 𝐹 ⊂ 𝜕𝜔

}︂
.

If 𝜔 = Ω, we have 𝑀⋆ = 𝑀⋆(Ω). This kind of definition applies verbatim to other localized spaces. Note that
we may use that functions in 𝑀⋆(𝜔) can be extended by zero to the whole domain Ω.

The local solvers to determine a discrete solution on the whole domain are characterized by the mappings

𝒰 : 𝐿2(ℱℎ) → 𝑉ℎ, 𝒱 : 𝐿2(Ω) → 𝑉ℎ,

𝒬 : 𝐿2(ℱℎ) → 𝑊 ℎ, 𝒫 : 𝐿2(Ω) → 𝑊 ℎ

that will be defined in more detail below. We emphasize that our multiscale strategy will only require these
local solvers on the fine scale (i.e., with mesh parameter ℎ). Therefore, we will not use a subscript ℎ when we
refer to the local solvers. Notably, the left-hand side operators are usually restricted to

𝒰 : 𝑀ℎ → 𝑉ℎ and 𝒬 : 𝑀ℎ → 𝑊 ℎ,
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and they are defined element-wise. For a given element 𝑒 ∈ ℰℎ, they map the skeletal unknown 𝑚 to 𝑢𝑒 and 𝑞𝑒

satisfying ∫︁
𝑒

𝐴−1𝑞𝑒 · 𝑝𝑒 d𝑥−
∫︁

𝑒

𝑢𝑒 div 𝑝𝑒 d𝑥 = −
∫︁

𝜕𝑒

𝑚𝑝𝑒 · 𝜈 d𝜎 (3.1a)∫︁
𝜕𝑒

(𝑞𝑒 · 𝜈 + 𝜏𝑢𝑒)𝑣𝑒 d𝜎 −
∫︁

𝑒

𝑞𝑒 · ∇𝑣𝑒 d𝑥 = 𝜏

∫︁
𝜕𝑒

𝑚𝑣𝑒 d𝜎 (3.1b)

for all 𝑣𝑒 ∈ 𝑉𝑒, 𝑝𝑒 ∈ 𝑊 𝑒 and some 𝜏 ≥ 0 (which will be set later). These local operators, and those local
operators that will be defined later, are well-defined since the resulting linear systems of equations describing
(3.1) are square, and 𝑚 = 0 implies 𝑢𝑒 = 0 and 𝑞𝑒 = 0 if the LDG-H, EDG, RT-H, or BDM-H methods
are selected (see the end of this section for definitions of the respective methods). In this sense 𝒰 : 𝑚 ↦→ 𝑢𝑒,
𝒬 : 𝑚 ↦→ 𝑞𝑒 for all 𝑒 ∈ ℰℎ. Importantly, (3.1b) can be rewritten as∫︁

𝜕𝑒

𝑞𝑒 · 𝜈𝑣𝑒 d𝜎 −
∫︁

𝑒

𝑞𝑒 · ∇𝑣𝑒 d𝑥 = −
∫︁

𝜕𝑒

𝜏(𝑢𝑒 −𝑚)𝑣𝑒 d𝜎⏟  ⏞  
=𝑠𝑒(𝑚,𝑣)

(3.2)

and we have for 𝜇 ∈ 𝐿2(ℱℎ) that

𝒰𝜇 = 𝒰𝜋ℎ𝜇 and 𝒬𝜇 = 𝒬𝜋ℎ𝜇, (3.3)

where 𝜋ℎ is the face-wise 𝐿2-orthogonal projection onto 𝑀ℎ.
The local solvers 𝒱 and 𝒫 for the right-hand side are defined analogously but do not play a crucial role in

our analysis. We refer to [19] for further details. If 𝑚 is the HDG approximate of the trace of 𝑢, we have

𝒰𝑚 + 𝒱𝑓 = 𝑢ℎ ≈ 𝑢 and 𝒬𝑚 + 𝒫𝑓 = 𝑞ℎ ≈ 𝑞.

With these abstract concepts at hand, we can characterize an HDG method as a method that seeks 𝑚 ∈ 𝑀ℎ

such that
𝑎(𝑚, 𝜇) =

∫︁
Ω

𝑓 𝒰𝜇 d𝑥 (3.4)

for all 𝜇 ∈ 𝑀ℎ, where

𝑎(𝑚, 𝜇) =
∫︁

Ω

𝐴−1𝒬𝑚 ·𝒬𝜇 d𝑥 +
∑︁
𝑒∈ℰℎ

𝜏

∫︁
𝜕𝑒

(𝒰𝑚−𝑚)(𝒰𝜇− 𝜇) d𝜎⏟  ⏞  
=𝑠(𝑚,𝜇)

(3.5)

is the HDG bilinear form and 𝑠 is called penalty or stabilizer. Again, we highlight that the bilinear form 𝑎 lives
on the fine mesh. Although it is, in principle, also possible to transfer all concepts to the coarse mesh, this is
not required in our work.

The different types of HDG methods that are covered by our analysis can be distinguished by the following
choices:
– For the hybridized local discontinuous Galerkin (LDG-H) method, we choose all local spaces to consist of

polynomials of degree at most 𝑝, i.e., 𝑀𝐹 = P𝑝(𝐹 ), 𝑉𝐸 = P𝑝(𝐸), and 𝑊 𝐸 = P𝑑
𝑝(𝐸), where 𝐸 ∈ ℰ⋆ and

𝐹 ∈ ℱ⋆. In our work, the parameter 𝜏 > 0 is chosen as a face-wise constant such that 𝜏ℎ . 1. Common
choices for such 𝜏 are 𝜏 = 1

ℎ and 𝜏 = 1.
– The embedded discontinuous Galerkin (EDG) method uses the choices of the LDG-H method but addition-

ally requires 𝑀⋆ to be overall continuous.
– By setting 𝜏 = 0 in the LDG-H method and replacing the local bulk spaces with the RT-H and BDM-

H spaces, we obtain the hybridized Raviart–Thomas (RT-H) and the hybridized Brezzi–Douglas–Marini
(BDM-H) methods, respectively.

Note that we write 𝑏 . 𝑐 if there exists a constant 𝐶 > 0 (that might depend on the dimension) such that
𝑏 ≤ 𝐶 𝑐. However, we track the dependencies on the upper and lower bounds of 𝐴, 𝛼 and 𝛽, explicitly.
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3.2. Auxiliary definitions

We start by defining the space of localized, overall continuous, piece-wise affine-linear finite elements on
𝜔 ⊂ Ω,

𝑉 ⋆(𝜔) = {𝑣 ∈ 𝐶(𝜔) : 𝑣|𝐸 ∈ P1(𝐸) for all 𝐸 ∈ ℰ⋆ with 𝐸 ⊂ 𝜔, and 𝑣|𝜕𝜔 = 0}

and its trace space

𝑀⋆(𝜔) = 𝛾⋆𝑉 ⋆(𝜔) = {𝜇 ∈ 𝐶(ℱ⋆ ∩ 𝜔) : 𝜇|𝐹 ∈ P1(𝐹 ) for all 𝐹 ∈ ℱ⋆ ∩ 𝜔, 𝜇|𝜕𝜔 = 0},

which is a subspace of 𝑀⋆(𝜔). Note that 𝛾⋆ is the trace operator. As above, we abbreviate 𝑉 ⋆ := 𝑉 ⋆(Ω)
and 𝑀⋆ := 𝑀⋆(Ω). Again, the localized spaces can be globalized by extending their entries by zero. We also
emphasize that the space 𝑀⋆ is exactly the first-order EDG test and trial space. Next, we define a mesh-
dependent 𝐿2-type scalar product (and a corresponding norm) suitable for the above skeletal spaces. These
scalar products will be important for the error analysis later on. For functions 𝑚, 𝜇 ∈ 𝐿2(ℱ⋆), we set

⟨𝑚, 𝜇⟩⋆ =
∑︁

𝐸∈ℰ⋆

|𝐸|
|𝜕𝐸|

∫︁
𝜕𝐸

𝑚𝜇 d𝜎 (3.6)

with ⋆ ∈ {ℎ, 𝐻} as above. This scalar product readily extends to the case in which 𝑚 and 𝜇 are replaced by
bulk functions 𝑢, 𝑣 ∈ 𝑉⋆ (where we consider the integral over the traces of 𝑢, 𝑣). If additionally 𝑢, 𝑣 ∈ 𝑉 ⋆, the
definition is commensurate to the 𝐿2 scalar product in the bulk. Further, we define the mesh-dependent norm
‖ · ‖⋆ =

√︀
⟨·, ·⟩⋆ and denote with ‖ · ‖0 the standard 𝐿2 norm for bulk functions. Moreover, we define for any

union of (either coarse or fine) elements 𝜔 ⊂ Ω, the local norm

‖𝑚‖2⋆,𝜔 =
∑︁

𝐸′∈ℰ⋆,
𝐸′⊂𝜔

|𝐸′|
|𝜕𝐸′|

∑︁
𝐹∈ℱ⋆,
𝐹∩𝐸 ̸=∅

∫︁
𝐹∩𝜕𝐸′

𝑚2 d𝜎.

Similarly, ‖ · ‖0,𝐸 denotes the localized 𝐿2 norm on 𝐸. For later use, we define the element patch 𝜔𝐸 for 𝐸 ∈ ℰ⋆

as
𝜔𝐸 = int

{︁
𝑥 ∈ Ω | 𝑥 ∈ 𝐸′ ∈ ℰ⋆ with 𝐸

′ ∩ 𝐸 ̸= ∅
}︁

. (3.7)

We also define larger element patches iteratively by

N1(𝐸) := 𝜔𝐸 , Nℓ(𝐸) := N1
(︀
Nℓ−1(𝐸)

)︀
, ℓ ∈ N, ℓ ≥ 2. (3.8)

Further, we denote with ∇⋆𝑣 ∈ 𝐿2(Ω) the broken gradient of an element-wise defined function 𝑣 ∈ 𝐿2(Ω) with
𝑣 ∈ 𝐻1(𝐸) for all 𝐸 ∈ ℰ⋆. More precisely, we have (∇⋆𝑢)|𝐸 = ∇(𝑢|𝐸) for all 𝐸 ∈ ℰ⋆.

3.3. Properties of HDG

Given the above construction of the local HDG solvers, we can introduce a useful identity for later calculations.

Lemma 3.1. Let 𝜉, 𝜌 ∈ 𝐿2(ℱℎ). Then∫︁
𝑒

𝐴−1𝒬𝜉 ·𝒬𝜌 d𝑥 = −
∫︁

𝜕𝑒

(𝒬𝜌 · 𝜈) 𝜉 + 𝜏(𝒰𝜌− 𝜌)𝒰𝜉 d𝜎

for any 𝑒 ∈ ℰℎ.
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Proof. Given 𝑒 ∈ ℰℎ, we have that∫︁
𝑒

𝐴−1𝒬𝜉 ·𝒬𝜌 d𝑥 =
∫︁

𝑒

𝒰𝜉(div 𝒬𝜌) d𝑥−
∫︁

𝜕𝑒

𝜉 (𝒬𝜌 · 𝜈) d𝜎

= −
∫︁

𝑒

∇𝒰𝜉 ·𝒬𝜌 d𝑥 +
∫︁

𝜕𝑒

(𝒰𝜉 − 𝜉)𝒬𝜌 · 𝜈 d𝜎

=
∫︁

𝜕𝑒

(𝒬𝜌 · 𝜈)𝒰𝜉 d𝜎 −
∫︁

𝑒

𝒬𝜌 · ∇𝒰𝜉 d𝑥−
∫︁

𝜕𝑒

(𝒬𝜌 · 𝜈)𝜉 d𝜎

= −𝑠𝑒(𝜌,𝒰𝜉)−
∫︁

𝜕𝑒

(𝒬𝜌 · 𝜈) 𝜉 d𝜎,

where the first equality is (3.1a) with 𝑝 = 𝒬𝜌 and the second one is integration by parts. The last equation
combines the two terms containing 𝒰𝜉 to the penalty term by exploiting (3.2) with 𝑣𝑒 = 𝒰𝜉 and 𝑞𝑒 = 𝒬𝜌. �

The local solvers of all HDG methods of Section 3 also fulfill the following essential conditions for any 𝜇 ∈ 𝑀ℎ

and 𝑒 ∈ ℰℎ. These properties are generalizations of their analogs shown in [41] and will be heavily used in the
following sections.

– The trace of the bulk unknown approximates the skeletal unknown, i.e.,

‖𝒰𝜇− 𝜇‖ℎ . ℎ
⃦⃦
𝐴−1𝒬𝜇

⃦⃦
0
≤ ℎ

𝛼‖𝒬𝜇‖0. (LS1)

– The operators 𝒬𝜇 and 𝒰𝜇 are continuous. That is,

‖𝒬𝜇‖0,𝑒 ≤ 𝛽
⃦⃦
𝐴−1𝒬𝜇

⃦⃦
0,𝑒
. 𝛽ℎ−1‖𝜇‖ℎ,𝑒 and ‖𝒰𝜇‖0 . ‖𝜇‖ℎ. (LS2)

– The dual approximation fulfills 𝒬𝜇 ∼ −∇ℎ𝒰𝜇. More precisely,

‖𝒬𝜇 + 𝐴∇ℎ𝒰𝜇‖0 . 𝛽ℎ−1‖𝒰𝜇− 𝜇‖ℎ,⃦⃦
𝐴−1𝒬𝜇 +∇ℎ𝒰𝜇

⃦⃦
0
. ℎ−1‖𝒰𝜇− 𝜇‖ℎ.

(LS3)

– We have consistency with linear finite elements: if 𝑤 ∈ 𝑉 ℎ, it holds

𝒰𝛾ℎ𝑤 = 𝑤 and 𝒬𝛾ℎ𝑤 = −𝐴∇𝑤. (LS4)

– The standard spectral properties of the condensed stiffness matrix hold in the sense that

𝛼‖𝜇‖2ℎ . 𝑎(𝜇, 𝜇) . 𝛽ℎ−2‖𝜇‖2ℎ. (LS5)

Remark 3.2 (Verification for the RT-H methods). We have that for the RT-H method:

– (LS1) follows from tracing the constants in Lemma 3.1 of [20].
– (LS2) follows by tracing the constants in the proof of Lemma 3.3 from [18].
– (LS3) follows by a prove similar to Lemma 3.3 of [15], whose direct extension is ‖𝐴−1𝒬𝜇 + ∇ℎ𝒰𝜇‖0 .

ℎ−1‖𝒰𝜇− 𝜇‖ℎ.
– (LS4) can be proven directly.
– (LS5) follows by tracing the constants in the proof of Theorem 2.2 from [31].

Remark 3.3 (Other methods). Proving the properties (LS1)–(LS5) for the LDG-H method relies on the respec-
tive results for the RT-H method (see Rem. 3.2). Using the arguments in [20,41], one can recover (LS1)–(LS5)
for LDG-H as well. The results also transfer to EDG since it uses the same local solvers as LDG-H.

The results also transfer to BDM-H, but we omit the explicit tracking of 𝛼 and 𝛽 for this method to keep the
manuscript readable. Thus, in what follows, all theorems hold for BDM-H with possibly adapted dependencies
on 𝛼, 𝛽.
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3.4. Mesh transfer operators

To define our multiscale strategy, we need mesh transfer operators between the coarse and the fine meshes.
We again emphasize that the skeletal spaces are non-nested, so particular strategies are required. More precisely,
we need an injection operator ℐℎ : 𝑀𝐻 → 𝑀ℎ, that fulfills the following properties,

ℐℎ𝑚𝐻 = 𝑣|ℱℎ
if 𝑚𝐻 = 𝑣|ℱ𝐻

for some 𝑣 ∈ 𝑉 𝐻 , (3.9a)

‖𝑚𝐻‖𝐻,𝐸 h ‖ℐℎ𝑚𝐻‖ℎ,𝐸 for 𝑚𝐻 ∈ 𝑀𝐻 , 𝐸 ∈ ℰ𝐻 . (3.9b)

A possible choice is the operator defined in (3.1) of [41], which fulfills (3.9) by construction. As the precise
definition of ℐℎ is irrelevant to our analysis, we omit a detailed discussion of the construction here. Note that
the authors of [41] construct several operators with remarkable stability properties. However, they do not build
any stable projection operators explicitly. Unfortunately, a computable and stable projection is essential for our
approach. Thus, we construct such an operator Π𝐻 : 𝑀ℎ → 𝑀𝐻 in the following.

First, we define the linear interpolation 𝐼avg
𝐻 : 𝑉𝐻 → 𝑉 𝐻 which uses the averaging in the vertices 𝑥 of the

mesh ℰ𝐻 , namely

[𝐼avg
𝐻 𝑢](𝑥) =

1
𝑁𝑥

𝑁𝑥∑︁
𝑖=1

𝑢|𝐸𝑖(𝑥).

Here, 𝑁𝑥 is the number of elements 𝐸𝑖 ∈ ℰ𝐻 meeting in the vertex 𝑥 and 𝑢|𝐸𝑖
is the restriction of a function

𝑢 ∈ 𝑉𝐻 to the element 𝐸𝑖, which is single-valued in 𝑥. For 𝑥 ∈ 𝜕Ω, we set [𝐼avg
𝐻 𝑢](𝑥) = 0. The linear interpolation

𝐼avg
ℎ is defined similarly, but the averaging is only performed within coarse elements. That is, for every 𝐸 ∈ ℰ𝐻 ,

we define
𝐼avg
ℎ |𝐸 : 𝑉ℎ|𝐸 → 𝑉 ℎ|𝐸

by

[(𝐼avg
ℎ |𝐸)𝑢](𝑥) =

1
𝑛𝑥

𝑛𝑥∑︁
𝑖=1

𝑢|𝑒𝑖(𝑥),

where now 𝑛𝑥 denotes the number of fine elements 𝑒𝑖 ∈ ℰℎ with 𝑒𝑖 ⊂ 𝐸 that meet in the vertex 𝑥. Note that
𝐼avg
ℎ is the sum of the respective contributions on coarse elements and allows for jumps across coarse element

boundaries.
The linear interpolations can now be used in conjunction with the coarse element-wise 𝐿2 projection 𝒫𝐿2

𝐻

onto 𝑉𝐻 to define a projection via

Π𝐻 : 𝑀ℎ ∋ 𝜇 ↦→ 𝛾𝐻

[︁
𝐼avg
𝐻 𝒫𝐿2

𝐻 𝐼avg
ℎ 𝒰

]︁
𝜇 ∈ 𝑀𝐻 ⊂ 𝑀𝐻 . (3.10)

Clearly, ℐℎΠ𝐻 is a projection since Π𝐻 : 𝑀ℎ → 𝑀𝐻 , and ℐℎ reproduces each function 𝜇 ∈ 𝑀𝐻 as the trace of
its linear bulk extension 𝛾ℎ𝑣 with 𝑣 ∈ 𝑉 𝐻 such that 𝛾𝐻𝑣 = 𝜇, see (3.9a). A similar argument holds for Π𝐻 .

Lemma 3.4. We have for all 𝑚 ∈ 𝑀ℎ and all 𝐸 ∈ ℰ𝐻 that

‖(ℐℎΠ𝐻)𝑚‖𝑎 .
√︀

𝛽/𝛼
⃦⃦⃦
𝐴−1/2𝒬𝑚

⃦⃦⃦
0
.
√︀

𝛽/𝛼‖𝑚‖𝑎, (3.11)

‖(ℐℎΠ𝐻)𝑚‖ℎ,𝐸 . ‖𝑚‖ℎ,𝜔𝐸
. (3.12)

Here, ‖𝑚‖𝐻 refers to the norm ‖ · ‖𝐻 of the restriction of 𝑚 to the coarse skeleton.

Proof. The proof makes heavy use of (5.10) and Lemma 5.2 from [41]. First, we need a few additional estimates.
Writing J𝑣K = 𝑣+ − 𝑣− for the jump between two different values of 𝑣 at an interface, we deduce from (5.10)
and Lemma 5.2 of [41] the following inequalities.
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(1) For all 𝑣 ∈ 𝑉⋆, ⋆ ∈ {ℎ, 𝐻}, we have that

⋆‖∇⋆𝐼
avg
⋆ 𝑣 −∇⋆𝑣‖0 . ‖𝐼

avg
⋆ 𝑣 − 𝑣‖0 . ⋆‖∇⋆𝑣‖0 + ‖J𝑣K‖⋆. (3.13)

In fact, only the second inequality is (5.10) of [41], while the first inequality is a standard scaling argument.
(2) For all 𝜇 ∈ 𝑀ℎ, we have that

‖∇ℎ(𝐼avg
ℎ 𝒰)𝜇‖

0
.
⃦⃦
𝐴−1𝒬𝜇

⃦⃦
0
. (3.14)

For polynomial degree 1, the upper bound in (3.13) can be established with the norm of the jump only, but
the gradient term is required for higher polynomial degrees.

We now turn to show the inequality (3.11). We observe that for any 𝑚 ∈ 𝑀ℎ

‖(ℐℎΠ𝐻)𝑚‖𝑎

A○
= ‖𝐴−1/2𝒬(ℐℎΠ𝐻)𝑚‖0

B○
h ‖𝐴1/2∇[𝐼avg

𝐻 𝒫𝐿2

𝐻 𝐼avg
ℎ 𝒰 ]𝑚‖0

C○
. 𝛽1/2

⃦⃦⃦
∇𝐻

[︁
𝒫𝐿2

𝐻 𝐼avg
ℎ 𝒰

]︁
𝑚
⃦⃦⃦

0⏟  ⏞  
=Ξ1

+𝛽1/2𝐻−1
⃦⃦⃦[︁
𝒫𝐿2

𝐻 𝐼avg
ℎ 𝒰

]︁
𝑚− 𝒰𝑚

⃦⃦⃦
𝐻⏟  ⏞  

=Ξ2

+𝛽1/2 𝐻−1‖𝒰𝑚−𝑚‖𝐻⏟  ⏞  
=Ξ3

.

Here A○ uses (ℐℎΠ𝐻)𝑚 ∈ 𝑀ℎ and the first equality in (LS4), which imply that 𝛾ℎ𝒰(ℐℎΠ𝐻)𝑚 = (ℐℎΠ𝐻)𝑚.
Relation B○ uses the second equality in (LS4) as well as (2.2) and (2.3). To obtain C○, we first use (3.13) (for
⋆ = 𝐻) and the fact that ⃦⃦⃦r[︁

𝒫𝐿2

𝐻 𝐼avg
ℎ 𝒰

]︁
𝑚

z⃦⃦⃦
𝐻
≤ 2
⃦⃦⃦[︁
𝒫𝐿2

𝐻 𝐼avg
ℎ 𝒰

]︁
𝑚−𝑚

⃦⃦⃦
𝐻

,

which in turn uses that 𝑚 = 0 on 𝜕Ω. Note that the fine-scale objects 𝒰𝑚 and 𝑚 are only evaluated on the
coarse skeleton in the above equations. Next, we bound the individual terms Ξ1, Ξ2, and Ξ3. For Ξ1, we have

Ξ1 ≤
⃦⃦⃦(︁
∇𝐻

[︁
𝒫𝐿2

𝐻 𝐼avg
ℎ 𝒰

]︁
𝑚−∇ℎ[𝐼avg

ℎ 𝒰 ]𝑚
)︁⃦⃦⃦

0
+ ‖∇ℎ[𝐼avg

ℎ 𝒰 ]𝑚‖
0

. ‖∇ℎ𝐼avg
ℎ 𝒰𝑚‖

0

(3.14)

.
⃦⃦
𝐴−1𝒬𝑚

⃦⃦
0
. 𝛼−1/2‖𝑚‖𝑎,

where the second inequality is ([21], Lem. 1.58) stating that on a single element 𝐸 ∈ ℰ𝐻 , ‖∇(𝒫𝐿2

𝐻 𝑣 − 𝑣)‖0,𝐸 .
‖∇𝑣‖0,𝐸 for all 𝑣 ∈ 𝐻1(𝐸). Additionally, using the approximation properties of 𝐼avg

ℎ (see (3.13)) and 𝒫𝐿2

𝐻 we
estimate

Ξ2 .
⃦⃦⃦[︁
𝒫𝐿2

𝐻 𝐼avg
ℎ 𝒰

]︁
𝑚− [𝐼avg

ℎ 𝒰 ]𝑚
⃦⃦⃦

0
+ ‖[𝐼avg

ℎ 𝒰 ]𝑚− 𝒰𝑚‖
0

. 𝐻‖∇ℎ[𝐼avg
ℎ 𝒰 ]𝑚‖

0
+ ℎ‖∇ℎ𝒰𝑚‖0 + ‖𝒰𝑚−𝑚‖ℎ,

which, in turn, can be bounded by 𝐻𝛼−1/2‖𝐴−1/2𝒬𝑚‖0 if one applies (3.14), (LS3), and (LS1). Last, we use
the definitions of ‖ · ‖ℎ and ‖ · ‖𝐻 to write

Ξ3 ≤ (𝐻ℎ)−1/2 ‖𝒰𝑚−𝑚‖ℎ

(LS1)

.
√︁

ℎ
𝐻

⃦⃦
𝐴−1𝒬𝑚

⃦⃦
0

ℎ<𝐻

.
⃦⃦
𝐴−1𝒬𝑚

⃦⃦
0
. 𝛼−1/2‖𝑚‖𝑎.

Altogether, this proves (3.11).
Next, we prove (3.12) by observing that

‖𝐼avg
𝐻 𝒰𝑚‖ℎ,𝐸 . ‖𝒰𝑚‖0,𝜔𝐸

(3.15)

for all 𝐸 ∈ ℰ𝐻 . This allows us to estimate

‖(ℐℎΠ𝐻)𝑚‖ℎ,𝐸 =
⃦⃦⃦
𝐼avg
𝐻 𝒫𝐿2

𝐻 𝐼avg
ℎ 𝒰𝑚

⃦⃦⃦
0,𝐸
.
⃦⃦⃦
𝒫𝐿2

𝐻 𝐼avg
ℎ 𝒰𝑚

⃦⃦⃦
0,𝜔𝐸

≤ ‖𝐼avg
ℎ 𝒰𝑚‖

0,𝜔𝐸
. ‖𝒰𝑚‖0,𝜔𝐸

. ‖𝑚‖ℎ,𝜔𝐸
,

where the first and third inequalities are (3.15), the second inequality is the stability of the 𝐿2 projection, and
the last inequality is (LS2). �
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Next, we prove an interpolation-type estimate for the concatenation ℐℎΠ𝐻 that will be an essential ingredient
to show approximation properties of the considered multiscale method.

Lemma 3.5. We have for all 𝑚 ∈ 𝑀ℎ and all 𝐸 ∈ ℰ𝐻 that

‖𝒰𝑚− 𝒰ℐℎΠ𝐻𝑚‖0,𝐸 . ‖𝑚− ℐℎΠ𝐻𝑚‖ℎ,𝐸 . 𝐻
⃦⃦
𝐴−1𝒬𝑚

⃦⃦
0,𝜔𝐸

.

For the proof of this lemma, we heavily rely on a specific lifting operator

𝑆 : 𝑀ℎ → 𝑉 c
disc ∩𝐻1(Ω),

where 𝑉 c
disc is a finite-dimensional space of piecewise polynomials, and 𝑆 fulfills

𝜇 = 𝜋ℎ𝛾ℎ𝑆𝜇, (3.16a)
‖𝑆𝜇‖0,𝐸 h ‖𝜇‖ℎ,𝐸 , (3.16b)

‖∇𝑆𝜇‖0,𝐸 h
⃦⃦
𝐴−1𝒬𝜇

⃦⃦
0,𝐸

. (3.16c)

for all 𝜇 ∈ 𝑀ℎ, 𝐸 ∈ ℰ𝐻 . Again, 𝜋ℎ is the orthogonal projection onto 𝑀ℎ with respect to ⟨·, ·⟩ℎ. The operator 𝑆
is rigorously defined and analyzed in Appendix A.

Proof of Lemma 3.5. First, we use (LS2) and (3.16b) to deduce

‖𝒰𝑚− 𝒰ℐℎΠ𝐻𝑚‖0,𝐸 . ‖𝑚− ℐℎΠ𝐻𝑚‖ℎ,𝐸 h ‖𝑆𝑚− 𝑆ℐℎΠ𝐻𝑚‖0,𝐸 =: (F).

Notably, the equality (3.16a), the definition of Π𝐻 in (3.10), and the property of 𝒰 in (3.3) imply

(F) = ‖𝑆𝑚− 𝑆ℐℎΠ𝐻𝜋ℎ𝛾ℎ𝑆𝑚‖0,𝐸 = ‖𝑆𝑚− 𝑆ℐℎΠ𝐻𝛾ℎ𝑆𝑚‖0,𝐸 .

Next, we set 𝑧 = 𝑆𝑚 ∈ 𝐻1(Ω) and consider a coarse element 𝐸 ∈ ℰ𝐻 with element patch 𝜔𝐸 , see (3.7). We
want to use the standard scaling argument in a non-standard way. That is, we want to prove that

(F) = ‖(1− 𝑆ℐℎΠ𝐻𝛾ℎ)𝑧‖0,𝐸 . 𝐻𝑑/2
⃦⃦⃦ ̂︀∇̂︀𝑧⃦⃦⃦

0,̂︀𝜔 ̂︀𝐸
. 𝐻‖∇𝑧‖0,𝜔𝐸

, (3.17)

where ̂︀𝜔 ̂︀𝐸 is a reference patch around the reference element ̂︀𝐸, and operators with a hat act on the reference
patch. Moreover, ̂︀𝑧 = 𝑧 ∘Φ−1 if Φ: ̂︀𝜔𝐸 → 𝜔𝐸 is a bijective, affine-linear mapping. If (3.17) holds, we can deduce
the result by recalling that 𝑧 = 𝑆𝑚 and ‖∇𝑆𝑚‖0,𝐸′ . ‖𝐴−1𝒬𝑚‖0,𝐸′ for any 𝐸′ ∈ ℰ𝐻 according to (3.16c).

The equality in (3.17) is evident, and the second inequality is the standard scaling argument for the 𝐻1-semi-
norm of 𝑧. Therefore, it remains to show the first inequality in (3.17): we define the operator

𝒢𝐸 : 𝐻1
(︀̂︀𝜔 ̂︀𝐸)︀ ∋ ̂︀𝑧 ↦→ ((1− 𝑆ℐℎΠ𝐻𝛾ℎ)(̂︀𝑧 ∘ Φ))|𝐸 ∈ 𝐿2(𝐸),

for which we want to employ the Bramble–Hilbert lemma ([16], Thm. 28.1). Obviously, we have that 𝒢𝐸(𝑝) = 0
if 𝑝 is a polynomial of degree at most one. That is, we need to show that ‖𝒢𝐸‖ . 𝐻𝑑/2 to obtain the first
inequality in (3.17). Clearly, we have that ‖1(̂︀𝑧 ∘ Φ)‖0,𝐸 . 𝐻𝑑/2‖̂︀𝑧‖0, ̂︀𝐸 . Moreover,

‖𝑆ℐℎΠ𝐻𝛾ℎ𝑧‖0,𝐸

(3.16b)
h ‖ℐℎΠ𝐻𝛾ℎ𝑧‖ℎ,𝐸

(3.12)

. ‖𝛾ℎ𝑧‖ℎ,𝜔𝐸
. 𝐻𝑑/2‖̂︀𝛾ℎ̂︀𝑧‖𝐿2(𝜕̂︀𝜔 ̂︀𝐸) . 𝐻𝑑/2‖̂︀𝑧‖𝐻1(̂︀𝜔 ̂︀𝐸) (3.18)

by the standard scaling argument with 𝑧 = ̂︀𝑧 ∘ Φ. �
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4. Prototypical skeletal multiscale approximation

In this section, we state and analyze a prototypical multiscale approach to discretize problem (2.1). Therefore,
we introduce a multiscale space on the skeleton, which is then used as discretization space in a Galerkin fashion.

The idea of the method is built upon suitable corrections of coarse functions by finer ones. The kernel space
gives an appropriate fine space for such corrections,

𝒲ℎ := {𝜇 ∈ 𝑀ℎ : ℐℎΠ𝐻𝜇 = 0} = {𝜇 ∈ 𝑀ℎ : Π𝐻𝜇 = 0}, (4.1)

where Π𝐻 and ℐℎ are the projection and injection operator as defined in (3.10) and (3.9b), respectively. We
define a so-called correction operator 𝒞 : 𝑀ℎ →𝒲ℎ as follows: for any 𝜉 ∈ 𝑀ℎ, the function 𝒞𝜉 ∈ 𝒲ℎ solves

𝑎(𝒞𝜉, 𝜂) = 𝑎(𝜉, 𝜂) (4.2)

for all 𝜂 ∈ 𝒲ℎ. Due to the coercivity of 𝑎, the operator 𝒞 is uniquely defined and stable. Alternatively, the
operator 𝒞 can be defined based on an equivalent saddle point problem (see, e.g., the derivations in [45],
Ch. 2.3.2), which is beneficial mainly for implementation purposes. The alternative characterization seeks the
pair (𝒞𝜉, 𝜆𝐻) ∈ 𝑀ℎ ×𝑀𝐻 that solves

𝑎(𝒞𝜉, 𝜂) + ⟨𝜆𝐻 , Π𝐻𝜂⟩𝐻 = 𝑎(𝜉, 𝜂),
⟨Π𝐻𝒞𝜉, 𝜇𝐻⟩𝐻 = 0

(4.3)

for all (𝜂, 𝜇𝐻) ∈ 𝑀ℎ ×𝑀𝐻 . Note that this definition does not require an explicit characterization of the kernel
space 𝒲ℎ (e.g., in the form of a suitable basis).

Next, we define a multiscale space based on the newly defined correction operator,

𝑀̃𝐻 := (1− 𝒞)𝑀ℎ = 𝒲⊥𝑎

ℎ , (4.4)

which is by definition the orthogonal complement of 𝒲ℎ with respect to 𝑎. Note that this space is actually a
coarse-scale space (thus the index 𝐻) in the sense that it can be generated by the coarse space 𝑀𝐻 and it holds
that dim 𝑀̃𝐻 = dim 𝑀𝐻 . To see this, we first note that 𝒞(1− ℐℎΠ𝐻)𝜉 = (1− ℐℎΠ𝐻)𝜉, because 𝒞|𝒲ℎ

= 1|𝒲ℎ
.

Therefore, (1− 𝒞)𝜉 = (1− 𝒞)ℐℎΠ𝐻𝜉. Moreover, we have that

𝑀̃𝐻 = (1− 𝒞)𝑀ℎ = (1− 𝒞)ℐℎΠ𝐻𝑀ℎ = (1− 𝒞)ℐℎ𝑀𝐻

is generated by the coarse space 𝑀𝐻 only. That is, (1 − 𝒞)ℐℎ : 𝑀𝐻 → 𝑀̃𝐻 is a bijection with inverse Π𝐻 .
This follows from the definition of Π𝐻 (see (3.10)), the properties of ℐℎ (see (3.9b)), and the definition of 𝒲ℎ

(see (4.1)). In the following, we abbreviate ℛ = (1− 𝒞)ℐℎ : 𝑀𝐻 → 𝑀ℎ. Note that, if {𝑏𝐻,𝑖}𝑖 is a (nodal) basis
of the coarse space 𝑀𝐻 , then {𝑏̃𝐻,𝑖}𝑖 with

𝑏̃𝐻,𝑖 := ℛ𝑏𝐻,𝑖 (4.5)

defines a basis of 𝑀̃𝐻 . For the practical localization of the correction (cf. Sect. 6 below), an equivalent formulation
based on so-called element corrections is beneficial. Therefore, we decompose the correction operator in (4.3)
into element-wise contributions. Let 𝜉𝐻 ∈ 𝑀𝐻 and 𝐸 ∈ ℰ𝐻 a coarse mesh element. The pair (𝒞𝐸𝜉𝐻 , 𝜆𝐻,𝐸) ∈
𝑀ℎ ×𝑀𝐻 solves

𝑎(𝒞𝐸𝜉𝐻 , 𝜂) + ⟨𝜆𝐻,𝐸 , Π𝐻𝜂⟩𝐻 = 𝑎𝐸(ℐℎ𝜉𝐻 , 𝜂),
⟨Π𝐻𝒞𝐸𝜉𝐻 , 𝜇𝐻⟩𝐻 = 0

(4.6)

for all 𝜂 ∈ 𝑀ℎ and 𝜇𝐻 ∈ 𝑀𝐻 . Equivalently, the element-wise correction 𝒞𝐸𝜉𝐻 ∈ 𝒲ℎ is characterized by

𝑎(𝒞𝐸𝜉𝐻 , 𝜂) = 𝑎𝐸(ℐℎ𝜉𝐻 , 𝜂) (4.7)

for all 𝜂 ∈ 𝒲ℎ. Here, 𝑎𝐸 denotes the restriction of 𝑎 to a coarse element 𝐸 ∈ ℰ𝐻 . By linearity arguments, we
have 𝒞ℐℎ𝜉𝐻 =

∑︀
𝐸∈ℰ𝐻

𝒞𝐸𝜉𝐻 .
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The non-localized prototypical multiscale method now seeks 𝑚̃𝐻 ∈ 𝑀̃𝐻 such that

𝑎(𝑚̃𝐻 , 𝜇̃𝐻) =
∫︁

Ω

𝑓 𝒰 𝜇̃𝐻 d𝑥 for all 𝜇̃𝐻 ∈ 𝑀̃𝐻 . (4.8)

Note that we have stability of 𝑚̃𝐻 in the sense that

‖𝑚̃𝐻‖𝑎 . 𝛼−1/2‖𝑓‖0 (4.9)

due to (LS2), (LS5), and using 𝜇̃𝐻 = 𝑚̃𝐻 in (4.8).

5. Error analysis for the prototypical method

The following theorem quantifies the error of the prototypical multiscale method in terms of the coarse mesh
parameter 𝐻.

Theorem 5.1 (Error of the prototypical method). Let 𝑓 ∈ 𝐿2(Ω) and let 𝑚 ∈ 𝑀ℎ be the solution of (3.4).
Then

𝛼1/2‖𝒰𝑚− 𝒰𝑚̃𝐻‖0 +
⃦⃦⃦
𝐴−1/2(𝒬𝑚−𝒬𝑚̃𝐻)

⃦⃦⃦
0
. ‖𝑚− 𝑚̃𝐻‖𝑎 . 𝛼−1/2𝐻 ‖𝑓‖0. (5.1)

Remark 5.2. The operator ℐℎΠ𝐻 produces the same result when applied to the solutions 𝑚 and 𝑚̃𝐻 , respec-
tively. In that sense, the coarse-scale contributions of the two functions are identical. This is an important
property to prove Theorem 5.1. Indeed, by the construction of the correction operator in (4.2) and the multi-
scale space in (4.4), we have that

𝑎(𝜇̃𝐻 , 𝜂) = 0

for all 𝜇̃𝐻 ∈ 𝑀̃𝐻 and 𝜂 ∈ 𝒲ℎ. In particular, the above property uniquely determines the space 𝒲ℎ. Since
Galerkin orthogonality implies that

𝑎(𝑚− 𝑚̃𝐻 , 𝜇̃𝐻) = 0

for all 𝜇̃𝐻 ∈ 𝑀̃𝐻 , we deduce from the symmetry of 𝑎 that 𝑚− 𝑚̃𝐻 ∈ 𝒲ℎ and, thus, ℐℎΠ𝐻(𝑚− 𝑚̃𝐻) = 0.

Proof of Theorem 5.1. The first inequality of (5.1) follows from the linearity of 𝒰 and 𝒬,

‖𝒰𝑚− 𝒰𝑚̃𝐻‖0 = ‖𝒰(𝑚− 𝑚̃𝐻)‖0
(LS2)

. ‖𝑚− 𝑚̃𝐻‖ℎ

(LS5)

. 𝛼−1/2‖𝑚− 𝑚̃𝐻‖𝑎 (5.2)

and the the definition of ‖ · ‖𝑎, i.e.,⃦⃦⃦
𝐴−1/2(𝒬𝑚−𝒬𝑚̃𝐻)

⃦⃦⃦2

0
=
⃦⃦⃦
𝐴−1/2𝒬(𝑚− 𝑚̃𝐻)

⃦⃦⃦2

0
=
∫︁

Ω

𝐴−1[𝒬(𝑚− 𝑚̃𝐻)]2 d𝑥 ≤ ‖𝑚− 𝑚̃𝐻‖2𝑎.

Since 𝑚̃𝐻 ∈ 𝑀̃𝐻 ⊂ 𝑀ℎ, it is a valid test function for both (4.8) and (3.4). This implies that 𝑎(𝑚−𝑚̃𝐻 , 𝑚̃𝐻) = 0.
This and the symmetry of 𝑎 can be used to deduce that

‖𝑚− 𝑚̃𝐻‖2𝑎 = 𝑎(𝑚− 𝑚̃𝐻 , 𝑚− 𝑚̃𝐻) = 𝑎(𝑚, 𝑚− 𝑚̃𝐻)

=
∫︁

Ω

𝑓 𝒰(𝑚− 𝑚̃𝐻) d𝑥 ≤ ‖𝑓‖0 ‖𝒰(𝑚− 𝑚̃𝐻)‖0

= ‖𝑓‖0 ‖𝒰(𝑚− 𝑚̃𝐻)− 𝒰ℐℎΠ𝐻(𝑚− 𝑚̃𝐻)‖0
. ‖𝑓‖0 𝛼−1/2𝐻 ‖𝑚− 𝑚̃𝐻‖𝑎,

(5.3)

where we use that 𝑚 solves (3.4) to get the third equality. The fourth equality uses that ℐℎΠ𝐻(𝑚 − 𝑚̃𝐻) = 0
(cf. Rem. 5.2), and the final inequality uses Lemma 3.5 and⃦⃦

𝐴−1𝒬(𝑚− 𝑚̃𝐻)
⃦⃦

0
≤ 𝛼−1/2‖𝑚− 𝑚̃𝐻‖𝑎.

Dividing both sides of the inequality (5.3) by ‖𝑚− 𝑚̃𝐻‖𝑎, we obtain the final result. �
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The previous theorem states that the computed multiscale solution (with a moderate number of degrees of
freedom) is a good approximation of the fine-scale HDG solution computed in (3.4). However, the computation
of the correction operator 𝒞 or, in a more practical manner, of the basis functions 𝑏̃𝐻,𝑖 defined in (4.5) requires
global fine-scale problems to be solved. This is not feasible in practice, so the localization of these problems is
an important task that will be studied in the following. First, we show the following useful result.

Lemma 5.3 (Local pre-image). Let 𝑛 ∈ N and for each 𝑖 = 1, . . . , 𝑛 let 𝜔𝑖 ⊂ Ω be a convex union of (coarse)
elements of ℰ𝐻 with diam 𝜔𝑖 ∼ 𝐻 and

𝜔 := int

(︃
𝑛⋃︁

𝑖=1

𝜔𝑖

)︃
.

For each 𝑖, we denote with Γ𝑖 ⊂ 𝜕𝜔𝑖 ∩ 𝜕𝜔 a part of the boundary with non-zero measure. Further, let 𝜉 ∈ 𝑀ℎ

with supp(Π𝐻𝜉) ⊂ 𝜔 and 𝜉|Γ𝑖
= 0 for all 𝑖 = 1, . . . , 𝑛. Then there exists a function b ∈ 𝑀ℎ(𝜔) with

Π𝐻b = Π𝐻𝜉 and ‖b‖𝑎,𝜔 . (𝛽/𝛼)1/2
⃦⃦⃦
𝐴−1/2𝒬𝜉

⃦⃦⃦
0,𝜔

.

Proof. We define b ∈ 𝑀ℎ(𝜔) (together with the Lagrange multiplier 𝛿𝐻 ∈ 𝑀𝐻(𝜔) as the solution of

𝑎(b, 𝜂)− ⟨𝛿𝐻 , Π𝐻𝜂⟩𝐻 = 0,

⟨Π𝐻b, 𝜇𝐻⟩𝐻 = ⟨Π𝐻𝜉, 𝜇𝐻⟩𝐻
(5.4)

for all 𝜂 ∈ 𝑀ℎ(𝜔) and all 𝜇𝐻 ∈ 𝑀𝐻(𝜔). Note that b and 𝛿𝐻 can be trivially extended by zero to the spaces 𝑀ℎ

and 𝑀𝐻 , respectively. From classical saddle point theory (see, e.g., [12], Cor. 4.2.1), we know that (5.4) has a
unique solution if the inf-sup condition

inf
𝜇𝐻∈𝑀𝐻(𝜔)

sup
𝜁∈𝑀ℎ(𝜔)

⟨𝜇𝐻 , Π𝐻𝜁⟩𝐻
‖𝜇𝐻‖𝐻 ‖𝜁‖𝑎

≥ 𝛾(𝐻) > 0 (5.5)

holds and 𝑎 is coercive.
To show the inf-sup condition (5.5), let 𝜇𝐻 ∈ 𝑀𝐻(𝜔). Then, with the explicit choice 𝜁 = ℐℎ𝜇𝐻 ∈ 𝑀ℎ(𝜔) we

have that 𝜇𝐻 = Π𝐻ℐℎ𝜇𝐻 , and we can deduce that

sup
𝜁∈𝑀ℎ(𝜔)

⟨𝜇𝐻 , Π𝐻𝜁⟩𝐻
‖𝜇𝐻‖𝐻 ‖𝜁‖𝑎

≥ ⟨𝜇𝐻 , 𝜇𝐻⟩𝐻
‖𝜇𝐻‖𝐻 ‖ℐℎ𝜇𝐻‖𝑎

(3.9b)
h

‖ℐℎ𝜇𝐻‖ℎ

‖ℐℎ𝜇𝐻‖𝑎
· (5.6)

Next, let 𝑣 ∈ 𝑉 𝐻 be such that 𝛾𝐻𝑣 = 𝜇𝐻 . This implies that 𝛾ℎ𝑣 = ℐℎ𝜇𝐻 . By (LS4) and the definition of 𝑎 we
have that

‖ℐℎ𝜇𝐻‖𝑎 . 𝛽1/2‖∇𝑣‖0 =: (F).

Now, by the standard scaling argument on the coarse mesh, we have

(F) . 𝛽1/2𝐻−1‖𝑣‖0 . 𝛽1/2𝐻−1‖ℐℎ𝜇𝐻‖ℎ,

where the second estimate follows from the equivalence of ‖ · ‖0 and ‖ · ‖ℎ on 𝑉 ℎ. Going back to (5.6), we obtain
the inf-sup condition (5.5) with 𝛾(𝐻) & 𝛽−1/2𝐻 > 0.

Due to the locality of b and Π𝐻𝜉 and with Corrollary 4.2.1 of [12] and (5.5), problem (5.4) is well-posed and
the stability estimate

‖b‖𝑎,𝜔 ≤
2

𝛾(𝐻)
‖Π𝐻𝜉‖𝐻,𝜔
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holds. Using (3.9b), we obtain

‖b‖𝑎,𝜔 . 𝛽1/2𝐻−1 ‖Π𝐻𝜉‖𝐻,𝜔 . 𝛽1/2𝐻−1‖ℐℎΠ𝐻𝜉‖ℎ,𝜔 . 𝛽1/2𝐻−1‖ℐℎΠ𝐻𝜉 − 𝜉‖ℎ,𝜔 + 𝛽1/2𝐻−1‖𝜉‖ℎ,𝜔.

The first term can be estimated using Lemma 3.5. For the second term, we require a Poincaré–Friedrichs
inequality for broken skeletal spaces. This result can be derived from Theorem B.3 in the appendix, which
follows from [13] when carefully tracking the dependence on the domain size. Overall, we obtain

‖b‖𝑎,𝜔 . (𝛽/𝛼)1/2
⃦⃦⃦
𝐴−1/2𝒬𝜉

⃦⃦⃦
0,𝜔

.

Finally, we emphasize that Π𝐻b = Π𝐻𝜉 by construction. �

Theorem 5.4 (Decay of element corrections). Let 𝜉𝐻 ∈ 𝑀𝐻 and 𝐸 ∈ ℰ𝐻 a coarse element. Further, let ℓ ∈ N.
Then there exists 0 < 𝜗 < 1 depending on 𝛼 and 𝛽 such that

‖𝒞𝐸𝜉𝐻‖𝑎,Ω∖Nℓ(𝐸) . 𝜗ℓ‖𝒞𝐸𝜉𝐻‖𝑎. (5.7)

To prove this essential assertion, we introduce some auxiliary results. In particular, we require a cutoff function
𝜂, which for given ℓ ∈ N, ℓ ≥ 4, and a coarse element 𝐸 ∈ ℰ𝐻 is the uniquely defined continuous function that
satisfies

𝜂 ≡ 0 in Nℓ−3(𝐸), (5.8a)

𝜂 ≡ 1 in Ω ∖ Nℓ−2(𝐸), (5.8b)

𝜂 is linear in 𝐸′ ∈ ℰ𝐻 with int 𝐸′ ⊂ 𝑅 := Nℓ−2(𝐸) ∖ Nℓ−3(𝐸), (5.8c)

using the definition of patches in (3.8). Additionally, we define the element-wise constant function 𝜂 for any
𝑒 ∈ ℰℎ by

𝜂|𝑒 ≡
1
|𝜕𝑒|

∫︁
𝜕𝑒

𝜂 d𝜎. (5.9)

Further, we denote again with 𝜋ℎ the face-wise 𝐿2 projection onto 𝑀ℎ. The following results are important in
the subdomains where 𝜂 is not constant. They trivially hold in parts of the domain where 𝜂 is constant.

Lemma 5.5. Let 𝐸 ∈ ℰ𝐻 a coarse mesh cell, 𝜂 be defined as in (5.8) for some ℓ ∈ N. Then, for 𝐸′ ∈ ℰ𝐻 and
ℰ𝐸′ = {𝑒 ∈ ℰℎ : 𝑒 ⊂ 𝐸′}∑︁

𝑒∈ℰ𝐸′

∫︁
𝑒

𝐴−1𝒬𝑚 · [𝒬(𝑚𝜂)− 𝜂𝒬𝑚] d𝑥 .
max{1, 𝛽}
min{1, 𝛼}

⃦⃦⃦
𝐴−1/2𝒬𝑚

⃦⃦⃦2

0,𝜔𝐸′
.

for any 𝑚 ∈ 𝑀ℎ with (ℐℎΠ𝐻𝑚)|ℰ𝐸′ = 0.

Proof. We start with estimating the term∫︁
𝑒

𝐴−1𝒬𝑚 · [𝒬(𝑚𝜂)− 𝜂𝒬𝑚] d𝑥 =
∫︁

𝑒

𝐴−1𝒬𝑚 · [𝒬(𝑚𝜂)−𝒬(𝑚𝜂)] d𝑥⏟  ⏞  
=:Ξ1

+
∫︁

𝑒

𝐴−1𝒬𝑚 · [𝜂𝒬𝑚− 𝜂𝒬𝑚] d𝑥⏟  ⏞  
=:Ξ2

.

for any 𝑒 ∈ ℰ𝐸′ . Note that we have used that 𝜂 is constant and thus 𝒬(𝑚𝜂) = (𝒬𝑚)𝜂. Next, we employ
Lemma 3.1 with 𝜌 = 𝑚 and 𝜉 = 𝑚𝜂 as well as 𝜉 = 𝑚𝜂 to reformulate

Ξ1 =
∫︁

𝜕𝑒

(𝒬𝑚 · 𝜈)𝑚(𝜂 − 𝜂) d𝜎 (T1)
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+
∫︁

𝜕𝑒

𝜏(𝒰𝑚−𝑚)[𝒰(𝑚𝜂)− 𝒰(𝑚𝜂)] d𝜎, (T2)

whose components we can estimate separately. First, we observe that

|(T1)| . ℎ−1‖𝒬𝑚‖0,𝑒‖𝑚‖ℎ,𝑒‖𝜂 − 𝜂‖𝐿∞(𝜕𝑒) . 𝛽1/2𝐻−1
⃦⃦⃦
𝐴−1/2𝒬𝑚

⃦⃦⃦
0,𝑒
‖𝑚‖ℎ,𝑒,

since we can bound ‖𝜂− 𝜂‖𝐿∞(𝜕𝑒) . ℎ/𝐻 (which in turn follows directly from (5.8) and (5.9)). Second, we have

|(T2)| . 𝜏maxℎ
−1‖𝒰𝑚−𝑚‖ℎ,𝑒‖𝒰(𝑚𝜂 −𝑚𝜂)‖ℎ,𝑒

. 𝜏max

⃦⃦
𝐴−1𝒬𝑚

⃦⃦
0,𝑒
‖𝜋ℎ(𝑚𝜂)−𝑚𝜂‖ℎ,𝑒 = 𝜏max

⃦⃦
𝐴−1𝒬𝑚

⃦⃦
0,𝑒
‖𝜋ℎ(𝑚𝜂 −𝑚𝜂)‖ℎ,𝑒

≤ 𝜏max

⃦⃦
𝐴−1𝒬𝑚

⃦⃦
0,𝑒
‖𝑚𝜂 −𝑚𝜂‖ℎ,𝑒 . 𝜏max

⃦⃦
𝐴−1𝒬𝑚

⃦⃦
0,𝑒
‖𝑚‖ℎ,𝑒‖𝜂 − 𝜂‖𝐿∞(𝜕𝑒)

.
𝜏maxℎ

𝛼1/2𝐻

⃦⃦⃦
𝐴−1/2𝒬𝑚

⃦⃦⃦
0,𝑒
‖𝑚‖ℎ,𝑒,

where 𝜏max = max{𝜏(𝑥) : 𝑥 ∈ 𝜕𝑒} and the second inequality uses (3.3), (LS1), and (LS2). If 𝜏maxℎ . 1, this
implies that

|Ξ1| .
max{1, 𝛽}
min{1, 𝛼}

⃦⃦⃦
𝐴−1/2𝒬𝑚

⃦⃦⃦2

0,𝑒
+ 𝐻−2‖𝑚‖2ℎ,𝑒.

We also have that
|Ξ2| ≤

⃦⃦⃦
𝐴−1/2𝒬𝑚

⃦⃦⃦2

0,𝑒
‖𝜂 − 𝜂‖𝐿∞(𝑒) .

ℎ

𝐻

⃦⃦⃦
𝐴−1/2𝒬𝑚

⃦⃦⃦2

0,𝑒
.

Finally, since ℐℎΠ𝐻𝑚 = 0 we observe that with Lemma 3.5∑︁
𝑒⊂𝐸′

‖𝑚‖2ℎ,𝑒 = ‖𝑚‖2ℎ,𝐸′ = ‖𝑚− ℐℎΠ𝐻𝑚‖2ℎ,𝐸′ . 𝐻2
⃦⃦
𝐴−1𝒬𝑚

⃦⃦2

0,𝜔𝐸′
. 𝛼−1𝐻2

⃦⃦⃦
𝐴−1/2𝒬𝑚

⃦⃦⃦2

0,𝜔𝐸′
,

which completes the proof. �

Lemma 5.6. Let 𝜂 be defined as in (5.8). Then, for 𝐸′ ∈ ℰ𝐻 and ℰ𝐸′ = {𝑒 ∈ ℰℎ : 𝑒 ⊂ 𝐸′} we have∑︁
𝑒∈ℰ𝐸′

∫︁
𝜕𝑒

𝜏(𝒰𝑚−𝑚)[𝒰(𝑚𝜂)− 𝜂𝒰𝑚] d𝜎 . 𝛼−1
⃦⃦⃦
𝐴−1/2𝒬𝑚

⃦⃦⃦2

0,𝜔𝐸′

for any 𝑚 ∈ 𝑀ℎ with (ℐℎΠ𝐻𝑚)|ℰ𝐸′ = 0.

Proof. As above, we start to rewrite the term for a single element 𝑒 ∈ ℰ𝐸′ ,∫︁
𝜕𝑒

𝜏(𝒰𝑚−𝑚)[𝒰(𝑚𝜂)− 𝜂𝒰𝑚] d𝜎 =
∫︁

𝜕𝑒

𝜏(𝒰𝑚−𝑚)[𝒰(𝑚𝜂)− 𝒰(𝑚𝜂)] d𝜎⏟  ⏞  
=Ψ1

+
∫︁

𝜕𝑒

𝜏(𝒰𝑚−𝑚)[𝜂𝒰𝑚− 𝜂𝒰𝑚] d𝜎⏟  ⏞  
=Ψ2

.

The estimate for Ψ1 is the estimate of (T2). For the latter term, we can proceed using the same arguments as
for (T2) and obtain

|Ψ2| .
𝜏maxℎ

𝛼1/2𝐻

⃦⃦⃦
𝐴−1/2𝒬𝑚

⃦⃦⃦
0,𝑒
‖𝒰𝑚‖ℎ,𝑒 .

1
𝛼1/2𝐻

⃦⃦⃦
𝐴−1/2𝒬𝑚

⃦⃦⃦
0,𝑒
‖𝑚‖ℎ,𝑒.

The second inequality follows directly from (LS2) and the fact that ‖𝑞‖ℎ,𝑒 . ‖𝑞‖0,𝑒 for any polynomial 𝑞. The
remainder of the proof is based on the same arguments as in the proof of Lemma 5.5. �
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Lemma 5.7. Let 𝜂 be as defined in (5.8). Then, for 𝐸′ ∈ ℰ𝐻⃦⃦⃦
𝐴−1/2𝒬(𝑚𝜂)

⃦⃦⃦2

0,𝐸′
.

max{1, 𝛽}
min{1, 𝛼}

⃦⃦⃦
𝐴−1/2𝒬𝑚

⃦⃦⃦2

0,𝜔𝐸′

for any 𝑚 ∈ 𝑀ℎ with (ℐℎΠ𝐻𝑚)|ℰ𝐸′ = 0.

Proof. Let as before 𝑒 ∈ ℰ𝐸′ = {𝑒 ∈ ℰℎ : 𝑒 ⊂ 𝐸′}. Then⃦⃦⃦
𝐴−1/2𝒬(𝑚𝜂)

⃦⃦⃦2

0,𝑒

=
∫︁

𝑒

𝐴−1𝒬(𝑚𝜂) · [𝒬(𝑚𝜂)−𝒬(𝑚𝜂)] d𝑥⏟  ⏞  
=:Φ1

+
∫︁

𝑒

𝐴−1𝒬(𝑚𝜂) · [𝜂𝒬𝑚− 𝜂𝒬𝑚] d𝑥⏟  ⏞  
=:Φ2

+
∫︁

𝑒

𝐴−1𝒬(𝑚𝜂) · (𝒬𝑚)𝜂 d𝑥⏟  ⏞  
=:Φ3

.

The terms Φ1 and Φ2 can be estimated analogously to Lemma 5.5. In particular, we use Lemma 3.1 with 𝜌 = 𝜂
and 𝜉 = 𝜂 as well as 𝜉 = 𝜂. The term Φ3 can be bounded by

|Φ3| ≤
⃦⃦⃦
𝐴−1/2𝒬(𝑚𝜂)

⃦⃦⃦
0,𝑒

⃦⃦⃦
𝐴−1/2𝒬𝑚

⃦⃦⃦
0,𝑒

.

Combined with the estimates for Φ1 and Φ2 and summing over all fine elements in 𝐸′, we obtain the assertion.
�

Proof of Theorem 5.4. Let 𝑚 = 𝒞𝐸𝜉𝐻 ∈ 𝑀ℎ, ℓ ∈ N with ℓ ≥ 4, and 𝜂 as defined in (5.8) for a given element
𝐸 ∈ ℰ𝐻 . Using again the patch definition in (3.8), we have

‖𝑚‖2𝑎,Ω∖Nℓ(𝐸) =
∫︁

Ω∖Nℓ(𝐸)

𝐴−1𝒬𝑚 · (𝒬𝑚)𝜂 d𝑥 +
∑︁

𝑒∈ℰℎ : 𝑒⊂𝐸

𝜏

∫︁
𝜕𝑒

(𝒰𝑚−𝑚)(𝒰𝑚−𝑚)𝜂 d𝜎

≤
∫︁

Ω

𝐴−1𝒬𝑚 · (𝒬𝑚)𝜂 d𝑥 +
∑︁
𝑒∈ℰℎ

𝜏

∫︁
𝜕𝑒

(𝒰𝑚−𝑚)(𝒰𝑚−𝑚)𝜂 d𝜎

=
∫︁

Ω

𝐴−1𝒬𝑚 ·𝒬(𝑚𝜂) d𝑥 +
∑︁
𝑒∈ℰℎ

𝜏

∫︁
𝜕𝑒

(𝒰𝑚−𝑚)(𝒰(𝑚𝜂)−𝑚𝜂) d𝜎

+
∫︁

𝑅

𝐴−1𝒬𝑚 · [(𝒬𝑚)𝜂 −𝒬(𝑚𝜂)] d𝑥 +
∑︁

𝑒∈ℰℎ : 𝑒⊂𝑅

𝜏

∫︁
𝜕𝑒

(𝒰𝑚−𝑚)[(𝒰𝑚)𝜂 − 𝒰(𝑚𝜂)] d𝜎,

where 𝑅 = Nℓ−2(𝐸) ∖Nℓ−3(𝐸). Note that (ℐℎΠ𝐻𝑚)|N1(𝑅) = 0 by construction of 𝒞𝐸 . For the second to last and
last line, we can thus use Lemmas 5.5 and 5.6, respectively, as well as∑︁

𝐸′∈ℰ𝐻 : 𝐸′⊂N1(𝑅)

⃦⃦⃦
𝐴−1/2𝒬𝑚

⃦⃦⃦2

0,𝐸′
≤ ‖𝑚‖2𝑎,N1(𝑅), (5.10)

which yields

‖𝑚‖2𝑎,Ω∖Nℓ(𝐸) . 𝑎(𝑚, 𝜋ℎ(𝑚𝜂)) +
max{1, 𝛽}
min{1, 𝛼}

‖𝑚‖2𝑎,N1(𝑅), (5.11)

where 𝜋ℎ is the face-wise 𝐿2-orthogonal projection onto 𝑀ℎ as above. To bound the first term, we observe
that supp(Π𝐻𝜋ℎ(𝑚𝜂)) ⊂ N1(𝑅) and 𝑚|𝜕(Nℓ−4(𝐸)) = 0. Therefore, by Lemma 5.3, there exists a function b ∈
𝑀ℎ(N1(𝑅)) with

‖b‖𝑎,N1(𝑅) . (𝛽/𝛼)1/2
⃦⃦⃦
𝐴−1/2𝒬𝜋ℎ(𝑚𝜂)

⃦⃦⃦
0,N1(𝑅)

and Π𝐻(𝑚𝜂) = Π𝐻b.
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We further have

𝑎(𝑚, 𝜋ℎ(𝑚𝜂)) = 𝑎(𝑚, 𝜋ℎ(𝑚𝜂)− b) + 𝑎(𝑚, b) . (𝛽/𝛼)1/2‖𝑚‖𝑎,N1(𝑅)‖𝐴−1/2𝒬𝜋ℎ(𝑚𝜂)‖0,N1(𝑅),

using that Π𝐻(𝜋ℎ(𝑚𝜂)− b) = 0 and thus

𝑎(𝑚, 𝜋ℎ(𝑚𝜂)− b) = 𝑎𝐸(ℐℎ𝜉𝐻 , 𝜋ℎ(𝑚𝜂)− b) = 0

by the first line of (4.6) and the fact that supp(𝜋ℎ(𝑚𝜂) − b) ∩ 𝐸 = ∅. By (3.6) and (LS1) and 𝒬(𝑚𝜂) =
𝒬(𝜋ℎ(𝑚𝜂)), we have that

⃦⃦⃦
𝐴−1/2𝒬𝜋ℎ(𝑚𝜂)

⃦⃦⃦
0,N1(𝑅)

=
⃦⃦⃦
𝐴−1/2𝒬(𝑚𝜂)

⃦⃦⃦
0,Nℓ−1(𝐸)∖Nℓ−3(𝐸)

.

(︂
max{1, 𝛽}
min{1, 𝛼}

)︂1/2⃦⃦⃦
𝐴−1/2𝒬𝑚

⃦⃦⃦
0,Nℓ(𝐸)∖Nℓ−4(𝐸)

,

where we use Lemma 5.7 for all 𝐸′ ∈ ℰ𝐻 with int 𝐸′ ⊂ Nℓ−1(𝐸) ∖Nℓ−3(𝐸) in the last step. Going back to (5.11)
and using once more (5.10), we conclude that there exists a constant 𝐶𝛼,𝛽 > 0 scaling like max{1, 𝛽}/min{1, 𝛼}
with

‖𝑚‖2𝑎,Ω∖Nℓ(𝐸) ≤ 𝐶𝛼,𝛽 ‖𝑚‖2𝑎,Nℓ(𝐸)∖Nℓ−4(𝐸) ≤ 𝐶𝛼,𝛽 ‖𝑚‖2𝑎,Ω∖Nℓ−4(𝐸) − 𝐶𝛼,𝛽 ‖𝑚‖2𝑎,Ω∖Nℓ(𝐸).

Therefore, we obtain

‖𝑚‖2𝑎,Ω∖Nℓ(𝐸) ≤
𝐶𝛼,𝛽

𝐶𝛼,𝛽 + 1
‖𝑚‖2𝑎,Ω∖Nℓ−4(𝐸) ≤

(︂
𝐶𝛼,𝛽

𝐶𝛼,𝛽 + 1

)︂⌊ℓ/4⌋

‖𝑚‖2𝑎.

That is, the estimate (5.7) holds with 𝜗 =
(︀
𝐶𝛼,𝛽/(𝐶𝛼,𝛽 + 1)

)︀1/8. The results hold for ℓ ≤ 3 by slightly adjusting
the constant. �

6. A practical localized multiscale method

As mentioned before, a major drawback of the above multiscale approach is that it evolves around solving
auxiliary corrections globally. Based on the decaying behavior of these corrections, which was proved in the
previous section, we now introduce a localized – and thus practical – method that achieves similar convergence
properties as its non-localized prototypical version.

Following the ideas of the localization strategy for the LOD in the conforming setting as introduced in [36],
we define an element-wise localization procedure. The localization of the element corrections defined in (4.6)
leads to the following saddle point problem: find (𝒞ℓ

𝐸𝜉𝐻 , 𝜆ℓ
𝐻,𝐸) ∈ 𝑀ℎ(Nℓ(𝐸))×𝑀𝐻(Nℓ(𝐸)) such that

𝑎
(︀
𝒞ℓ

𝐸𝜉𝐻 , 𝜂
)︀

+
⟨︀
𝜆ℓ

𝐻,𝐸 , Π𝐻𝜂
⟩︀

𝐻
= 𝑎𝐸(ℐℎ𝜉𝐻 , 𝜂),⟨︀

Π𝐻𝒞ℓ
𝐸𝜉𝐻 , 𝜇𝐻

⟩︀
𝐻

= 0,
(6.1)

for all (𝜂, 𝜇𝐻) ∈ 𝑀ℎ(Nℓ(𝐸)) × 𝑀𝐻(Nℓ(𝐸)). We then define the operator 𝒞ℓ as the sum of the respective
contributions, i.e., 𝒞ℓℐℎ𝜉𝐻 =

∑︀
𝐸∈ℰ𝐻

𝒞ℓ
𝐸𝜉𝐻 for any 𝜉𝐻 ∈ 𝑀𝐻 . The localized version of ℛ is now given as

ℛℓ : 𝑀𝐻 → 𝑀ℎ with ℛℓ := (1−𝒞ℓ)ℐℎ. A corresponding localized basis is given by {𝑏̃ℓ
𝐻,𝑖}𝑖 with 𝑏̃ℓ

𝐻,𝑖 := ℛℓ𝑏𝐻,𝑖,
where {𝑏𝐻,𝑖}𝑖 is once again a nodal basis of 𝑀𝐻 .

We can now define a localized version of the method defined in (4.8) that seeks 𝑚̃ℓ
𝐻 ∈ 𝑀̃ ℓ

𝐻 := ℛℓ𝑀𝐻 such
that

𝑎
(︀
𝑚̃ℓ

𝐻 , 𝜇̃ℓ
𝐻

)︀
=
∫︁

Ω

𝑓 𝒰 𝜇̃ℓ
𝐻 d𝑥 for all 𝜇̃ℓ

𝐻 ∈ 𝑀̃ ℓ
𝐻 . (6.2)

We have the following theorem.
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Theorem 6.1 (Error of the localized multiscale method). For the localized multiscale solution 𝑚̃ℓ
𝐻 defined

in (6.2), it holds that ⃦⃦
𝑚− 𝑚̃ℓ

𝐻

⃦⃦
𝑎
. 𝛼−1/2𝐻 ‖𝑓‖0 +

max
{︀

1, 𝛽3/2
}︀

min{1, 𝛼2}
𝜃ℓ ‖𝑓‖0

with 0 < 𝜃 < 1 as in Theorem 5.4 and the HDG solution 𝑚 ∈ 𝑀ℎ to (3.4).
Moreover, for ℓ & log 1

𝐻 , we retain the linear convergence rate of the ideal method as quantified in Theo-
rem 5.1.

Proof. Let ℓ ≥ 3. By definition, 𝑚̃ℓ
𝐻 is the best approximation of 𝑚 in the space 𝑀̃ ℓ

𝐻 with respect to the norm
‖ ∙ ‖𝑎. Therefore, we get with the triangle inequality, ℛℓΠ𝐻𝑚̃𝐻 ∈ 𝑀̃ ℓ

𝐻 , and the equality ℛΠ𝐻𝑚̃𝐻 = 𝑚̃𝐻⃦⃦
𝑚− 𝑚̃ℓ

𝐻

⃦⃦
𝑎
≤
⃦⃦
𝑚−ℛℓΠ𝐻𝑚̃𝐻

⃦⃦
𝑎
≤ ‖𝑚− 𝑚̃𝐻‖𝑎 +

⃦⃦(︀
ℛ−ℛℓ

)︀
Π𝐻𝑚̃𝐻

⃦⃦
𝑎
. (6.3)

Recall that 𝑚̃𝐻 is the prototypical multiscale solution to (4.8). The first term can be estimated using Theo-
rem 5.1; for the second term, we want to use Theorem 5.4. First, we write⃦⃦(︀

ℛ−ℛℓ
)︀
Π𝐻𝑚̃𝐻

⃦⃦
𝑎
≤
∑︁

𝐸∈ℰ𝐻

⃦⃦(︀
𝒞𝐸 − 𝒞ℓ

𝐸

)︀
Π𝐻𝑚̃𝐻

⃦⃦
𝑎

(6.4)

with the operators 𝒞𝐸 and 𝒞ℓ
𝐸 defined in (4.6) and (6.1), respectively. To further estimate the right-hand side,

we once again require a cutoff function 𝜒, which for given ℓ ∈ N, ℓ ≥ 3 and a coarse element 𝐸 ∈ ℰ𝐻 is the
uniquely defined continuous function that satisfies

𝜒 ≡ 0 in Nℓ−2(𝐸), (6.5a)

𝜒 ≡ 1 in Ω ∖ Nℓ−1(𝐸), (6.5b)

𝜒 is linear in 𝐸′ ∈ ℰ𝐻 with int 𝐸′ ⊂ 𝑅 := Nℓ−1(𝐸) ∖ Nℓ−2(𝐸), (6.5c)

using the element patches defined in (3.8). We abbreviate 𝜉𝐻 := Π𝐻𝑚̃𝐻 . Since (1−ℐℎΠ𝐻)𝜒𝒞𝐸𝜉𝐻 ∈ 𝑀ℎ(Nℓ(𝐸))∩
𝒲ℎ and 𝒞ℓ

𝐸𝜉𝐻 ∈ 𝑀ℎ(Nℓ(𝐸)) ∩𝒲ℎ, we obtain from the definition of 𝒞𝐸 and 𝒞ℓ
𝐸⃦⃦(︀

𝒞𝐸 − 𝒞ℓ
𝐸

)︀
𝜉𝐻

⃦⃦2

𝑎
= 𝑎

(︀(︀
𝒞𝐸 − 𝒞ℓ

𝐸

)︀
𝜉𝐻 ,

(︀
𝒞𝐸 − 𝒞ℓ

𝐸

)︀
𝜉𝐻

)︀
= 𝑎

(︀(︀
𝒞𝐸 − 𝒞ℓ

𝐸

)︀
𝜉𝐻 , 𝒞𝐸𝜉𝐻

)︀
= 𝑎

(︀(︀
𝒞𝐸 − 𝒞ℓ

𝐸

)︀
𝜉𝐻 , (1− ℐℎΠ𝐻)(1− 𝜒)𝒞𝐸𝜉𝐻

)︀
.

Using Lemma 3.4 (particularly the inequalities (3.11)), Lemma 5.7 (with 𝑚 = 𝒞𝐸𝜉𝐻 , 𝜂 = 1 − 𝜒) and (LS1)
locally, we get⃦⃦(︀

𝒞𝐸 − 𝒞ℓ
𝐸

)︀
𝜉𝐻

⃦⃦
𝑎
.

max{1, 𝛽}
min{1, 𝛼}

‖𝒞𝐸𝜉𝐻‖𝑎,Nℓ(𝐸)∖Nℓ−3(𝐸) .
max{1, 𝛽}
min{1, 𝛼}

‖𝒞𝐸𝜉𝐻‖𝑎,Ω∖Nℓ−3(𝐸).

Going back to (6.4) and using Theorem 5.4, we arrive at⃦⃦(︀
ℛ−ℛℓ

)︀
𝜉𝐻

⃦⃦
𝑎
≤
∑︁

𝐸∈ℰ𝐻

⃦⃦(︀
𝒞𝐸 − 𝒞ℓ

𝐸

)︀
𝜉𝐻

⃦⃦
𝑎
.

max{1, 𝛽}
min{1, 𝛼}

∑︁
𝐸∈ℰ𝐻

𝜃ℓ−3‖𝒞𝐸𝜉𝐻‖𝑎.

As a last step, we use the stability of 𝒞𝐸 , i.e.,

‖𝒞𝐸𝜉𝐻‖𝑎 . ‖ℐℎ𝜉𝐻‖𝑎,𝐸 = ‖ℐℎΠ𝐻𝑚̃𝐻‖𝑎,𝐸 .
√︀

𝛽/𝛼‖𝑚̃𝐻‖𝑎,𝜔𝐸

for any 𝐸 ∈ ℰ𝐻 , which follows from the definition of 𝒞𝐸 in (4.7) and Lemma 3.4. Finally, using the stability of
𝑚̃𝐻 in (4.9) as well as the limited overlap of the supports 𝜔𝐸 , we obtain⃦⃦(︀

ℛ−ℛℓ
)︀
Π𝐻𝑚̃𝐻

⃦⃦
𝑎
.

max
{︀

1, 𝛽3/2
}︀

min{1, 𝛼2}
𝜃ℓ‖𝑓‖0.

We now combine this estimate with (6.3), which yields the assertion. The result is also valid for ℓ ≤ 2, for which
only the constant must be suitably adjusted. �
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Figure 1. Numerical experiments: Checkerboard case in the left column, random case in the
middle column, and channel case in the right column. The structure of the diffusion coefficient
is illustrated in the top row, the values in black and white cells are given in the second row, and
the error plots are presented in the third row. Here, the red dashed lines represent ℓ = 2, while
the blue solid lines correspond to ℓ = 3, and the black lines refer to ℓ = 4. Circular marks refer
to the 𝐿2 error, and crosses refer to the energy error. The green graphs illustrate simulations
with ℓ = 5, where the contrast has been multiplied by a factor of 10: In the first example, the
value of white pixels is replaced by 100, in the second one by 10, and in the third one by 1000.
Here, squares refer to the 𝐿2 error, and diamonds to the energy error in this case.

7. Numerical experiments

We investigate the behavior of the practical multiscale method (6.2) to approximate the solution to (2.1) with
𝐴 as defined in Figure 1 (first and second row). We refer to these as the checkerboard, random, and channel
case, respectively. The coefficients are piecewise constant on a domain partition into 26 × 26 small squares, and
each cell is either black or white. In the checkerboard case, we set 𝑓(𝑥) = 5𝜋2 sin(2𝜋𝑥1) cos(2𝜋𝑥2), while 𝑓 = 1
is chosen in the random case, and 𝑓 = 100 in the channel case.

The theoretical results of our work quantify the error of the multiscale solution compared to a very fine
reference HDG solution based on a mesh with mesh size ℎ that resolves all the oscillations in the coefficient.
For our numerical examples, we set ℎ = 2−8 and work with the linear LDG-H method with 𝜏 = 100

ℎ . In Figure 1
(bottom row), we plot the errors of solutions to (6.2) for different coarse mesh sizes 𝐻, 𝑝 = 1, and ℓ = 2, 3, 4. We
present the errors in the energy norm (crosses) and the 𝐿2 norm (circles). We also include the same experiments
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with a larger contrast (additional factor 10) and ℓ = 5 (green graphs, squares depict the 𝐿2 error and diamonds
the energy error). From the theory, one would expect worse behavior with higher contrast, which is not observed
here. Only the parameter ℓ needs to be slightly adjusted. Generally, we observe that if ℓ is too small, the error
curve stagnates at some point if 𝐻 is decreased, which is in line with the theoretical result in Theorem 6.1 that
states that ℓ needs to be suitably increased with decreasing 𝐻 to keep the convergence rate.

8. Conclusions

In this manuscript, we have derived and analyzed a localized orthogonal decomposition approach for hybrid
discontinuous Galerkin formulations (LDG-H, RT-H, or BDM-H) to discretize elliptic PDEs with highly oscil-
latory rough coefficients. The main obstacle in constructing such a method is the requirement of stable mesh
transfer operators to deal with the non-nestedness of the discrete spaces. We have presented an appropriate
choice of such operators and proved an optimal first-order error estimate for an idealized globally defined mul-
tiscale method. Further, the localization of the method has been analyzed, and its practical behavior has been
illustrated in numerical examples.

We believe the presented analysis is only a first step towards the reliable combination of hybrid discontinuous
Galerkin methods and the localized orthogonal decomposition strategy. In particular, the aim is to extend the
scheme and the corresponding analysis to enable higher-order convergence rates exploiting higher-order ansatz
spaces of the HDG postprocessing strategies.
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Appendix A. Construction of the lifting operator

A possible operator 𝑆 : 𝑀ℎ → 𝑉 c
disc has been constructed in Section 5.2 of [41] and is motivated by Tan [54], Lemma A.3

of [30] (which guarantees that the operator is well-defined in two spatial dimensions), and Definition 5.46 of [50]. We
follow their construction and characterize 𝑆𝜇 in two spatial dimensions via
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∫︁

𝑒

𝑆𝜆 𝑣 d𝑥 =

∫︁

𝑒

𝒰𝜆 𝑣 d𝑥 for all 𝑣 ∈ P𝑝(𝑒) and 𝑒 ∈ ℰℎ, (A.1a)

∫︁

𝐹

𝑆𝜆 𝜂 d𝜎 =

∫︁

𝐹

𝜆 𝜂 d𝜎 for all 𝜂 ∈ P𝑝+1(𝐹 ) and 𝐹 ∈ ℱℎ (A.1b)

𝑆𝜆(𝑥) = {{𝜆(𝑥)}} for all vertices 𝑥 in ℰℎ, (A.1c)

where {{𝜆(𝑥)}} is the mean of all possibly attained values in vertex 𝑥. The operator 𝑆 can be extended to three dimensions
using (5.11e) of [41] if

𝑉 c
disc :=

{︀
𝑢 ∈ 𝐻1

0 (Ω): 𝑢|𝐸 ∈ P𝑝+𝑑+1(𝐸) for all 𝐸 ∈ ℰℎ

}︀
.

The following variation of Lemma 5.5 from [41] holds.

Lemma A.1 (Properties of 𝑆). If 𝜏ℎ . 1 and (LS1)–(LS4) hold, we have that

𝜇 = 𝛾ℎ𝜋ℎ𝑆𝜇 (trace identity)

‖𝑆𝜇‖0,𝐸 h ‖𝜇‖ℎ,𝐸 (norm equivalence),

𝑆𝛾ℎ𝑤 = 𝑤 (lifting identity),

|𝑆𝜇|1,𝐸 h
⃦⃦
𝐴−1𝒬𝜇

⃦⃦
0,𝐸

(lifting estimate).

for all 𝜇 ∈ 𝑀ℎ and 𝑤 ∈ 𝑉 ℎ.

Proof. The norm equivalence, the lifting identity, and the upper bound of the lifting estimate can be shown completely
analogously to Lemma 5.5 of [41]. The trace identity follows immediately from (A.1b). To show the lower bound of the
lifting estimate, we observe that for 𝜇 ∈ 𝑀ℎ, 𝑣 ∈ P𝑑

𝑝(𝑒), and 𝑒 ∈ ℰℎ

∫︁

𝑒

𝐴−1𝒬𝜇 · 𝑣 d𝑥 =

∫︁

𝑒

𝒰𝜇 div 𝑣 d𝑥−
∫︁

𝜕𝑒

𝜇 𝑣 · 𝜈 d𝜎

=

∫︁

𝑒

𝑆𝜇 div 𝑣 d𝑥−
∫︁

𝜕𝑒

𝑆𝜇𝑣 · 𝜈 d𝜎 = −
∫︁

𝑒

∇𝑆𝜇 · 𝑣 d𝑥,

where the first equality is (3.1a), the second equality is (A.1a) and (A.1b), and the third equality is integration by parts.
The above identity implies that −𝐴−1𝒬𝜇 is the 𝐿2-orthogonal projection of ∇𝑆𝜇 onto P𝑑

𝑝(𝑒), which in turn implies the
lower bound of the lifting estimate. �

Appendix B. Poincaré–Friedrichs inequalities for DG and HDG

B.1. Continuous Poincaré–Friedrichs inequality

We first state a continuous version of the Poincaré–Friedrichs inequality generalized to certain non-convex domains.

Theorem B.1. Consider a domain Ω ⊂ R𝑑 that can be decomposed into 𝑛 ∈ N (not necessarily disjoint) convex domains
Ω𝑖 ̸= ∅ (𝑖 = 1, . . . , 𝑛). That is, we need to have that Ω = int

⋃︀𝑛
𝑖=1 Ω̄𝑖. Assume that each Ω𝑖 can be inscribed into a ball

around some point 𝑥𝑖 with diameter 𝑟. Moreover, let Γ𝑖 ⊂ 𝜕Ω𝑖 be such that 𝜇(Ω𝑖)/𝜇(Γ𝑖) ≤ 𝛿𝑟 for some 𝛿 > 0 and all
𝑖 = 1, . . . , 𝑛. Then for all 𝑢 ∈ 𝐻1(Ω), we have

‖𝑢‖2𝐿2(Ω) . 𝑟2‖∇𝑢‖2𝐿2(Ω) + 𝛿𝑟‖𝑢‖2𝐿2(Γ),

where Γ =
⋃︀𝑛

𝑖=1 Γ𝑖.

Proof. For a convex set, the proof follows the same lines as, e.g., Theorem 1.2 of [51] and can be directly extended to a
union of such domains. �

Note that the result covers the L-shaped domain shown in Figure B.1 (left), with a possible decomposition indicated by
the dashed line and Γ is highlighted by the two bold lines. The (non-Lipschitz) domain with a crack in Figure B.1 (right)
is also covered if, for example, Γ is identical to the crack. In this case, the dashed line indicates a possible decomposition.
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Figure B.1. Illustration of a non-convex Lipschitz domain (left) and a non-convex square with crack
(right) with possible decomposition.

B.2. Poincaré–Friedrichs inequality for broken Sobolev spaces

As above, let us consider a polygonally bounded Lipschitz domain Ω ⊂ R𝑑, which is discretized by a geometrically
conforming family of triangulations (ℰℎ)ℎ, i.e., partitions of Ω into simplices without hanging nodes. We require that any
face 𝐹 ⊂ 𝜕Ω either satisfies 𝐹 ⊂ Γ or 𝜇(𝐹 ∩ Γ) = 0. The family (ℰℎ)ℎ is supposed to be shape-regular, which prevents
simplices from deteriorating. That is, all angles are bounded away from zero. For a mesh ℰℎ = {𝐸1, . . . , 𝐸𝑁} consisting
of 𝑁 elements and an element-wise defined function 𝑢ℎ (smooth enough to have traces), we write {{𝑢ℎ}} for the average
with respect to a face, and J𝑢ℎK for the jump, i.e., for 𝐹 ⊂ 𝜕𝐸𝑖 ∩ 𝜕𝐸𝑗 with 𝑖 < 𝑗, we have

{{𝑢ℎ}} = 1
2
(𝑢ℎ,𝑖 + 𝑢ℎ,𝑗), J𝑢ℎK = 𝑢ℎ,𝑖 − 𝑢ℎ,𝑗 ,

where 𝑢ℎ,𝑘 := 𝑢ℎ|𝑇𝑘 , 𝑘 = 1, . . . 𝑁 . Further, for 𝐹 ⊂ 𝜕Ω, we have

{{𝑢ℎ}} = 𝑢ℎ and J𝑢ℎK = 0.

Next, we define the broken Sobolev space

𝐻1(ℰℎ) =
{︀
𝑢ℎ ∈ 𝐿2(Ω) : 𝑢ℎ|𝐸 ∈ 𝐻1(𝐸) for all 𝐸 ∈ ℰℎ

}︀

with induced semi-norm and dG jump semi-norm

|𝑢ℎ|2𝐻1(ℰℎ) =
∑︁

𝐸∈ℰℎ

|𝑢ℎ|2𝐻1(𝐸) and |𝑢ℎ|2J·K =
∑︁

𝐹∈ℱℎ

1

ℎ𝐹

∫︁

𝐹

J𝑢ℎK2 d𝜎,

respectively. Once again, ℱℎ denotes the set of faces of ℰℎ, ℎ𝐹 = diam(𝐹 ), ℎ𝐸 = diam(𝐸) and ℎ = max𝐸∈ℰℎ ℎ𝐸 . Notably,
the dG norm

‖𝑢ℎ‖2dG = |𝑢ℎ|2𝐻1(ℰℎ) + |𝑢ℎ|2J·K

is a genuine norm on 𝐻1(ℰℎ). It can be understood as the energy norm of many dG schemes or analogous to the
𝐻1-semi-norm for 𝐻1

0 (Ω) functions. We formulate a Poincaré–Friedrichs inequality for this norm.

Theorem B.2. Let the assumptions of Theorem B.1 hold. Further, let (ℰℎ)ℎ be a shape-regular family of geometrically
conforming triangulations of Ω into simplices. Then we have for all 𝑢ℎ ∈ 𝐻1(ℰℎ) that

‖𝑢ℎ‖𝐿2(Ω) .
(︁
ℎ +

√
𝛿𝑟ℎ
)︁
‖𝑢ℎ‖dG + 𝑟|𝑢ℎ|𝐻1(ℰℎ) +

√
𝛿𝑟‖𝑢ℎ‖𝐿2(Γ). (B.1)

Proof. The proof mainly follows from the arguments in [13]. In particular, the left-hand side of (B.1) is split into multiple
contributions using the triangle inequality. These different terms are individually bounded, and Theorem B.1 is employed.
�

B.3. Poincaré–Friedrichs inequality for broken skeleton spaces

Recall that the skeleton space 𝑀ℎ ⊂ 𝐿2(ℱℎ) is given as an abstract space with norm

‖𝑚‖2ℎ =
∑︁

𝐸∈ℰℎ

𝜇(𝐸)

𝜇(𝜕𝐸)

∫︁

𝜕𝐸

𝑚2 d𝜎.
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We emphasize that this norm can be directly applied to broken Sobolev functions as well, i.e.,

‖𝑢ℎ‖2ℎ =
∑︁

𝐸∈ℰℎ

𝜇(𝐸)

𝜇(𝜕𝐸)

∫︁

𝜕𝐸

𝑢ℎ|2𝑇 d𝜎 for all 𝑢ℎ ∈ 𝐻1(ℰℎ).

If 𝑢ℎ ∈ P𝑝(ℰℎ) = {𝑣ℎ ∈ 𝐻1(ℰℎ) : 𝑣ℎ|𝐸 ∈ P𝑝(𝐸) for all 𝐸 ∈ ℰℎ}, we even have that

‖𝑢ℎ‖ℎ . ‖𝑢ℎ‖𝐿2(Ω) (B.2)

as a direct consequence of Lemma 1.46 from [21]. For the following result, we work with a generalized concept of the
local solvers as described in Section 3. We only assume that the (non-surjective) local solvers

(𝒰 ,𝒬) : 𝑀ℎ ∋ 𝑚 ↦→ (𝒰𝑚,𝒬𝑚) ∈ 𝐻1(ℰℎ)× 𝐿2(Ω)𝑑

satisfy (LS3) and the following slightly adapted version of (LS1), i.e.

‖𝒰𝑚−𝑚‖2ℎ .
∑︁

𝐸∈ℰℎ

ℎ2
𝐸

⃦⃦
𝐴−1𝒬𝑚

⃦⃦2
𝐿2(𝐸)

, (LS1*)

where ℎ𝐸 is the diameter of 𝐸. Importantly, (LS3) and a variant of (LS1*) hold for the LDG-H, RT-H, and BDM-H
methods according to Section 6 of [41]. Our condition (LS1*) can be proved by using their arguments in concert with
Lemmas 3.1 & 3.4 of [20]. The following result now quantifies a Poincaré–Friedrichs inequality for HDG methods.

Theorem B.3 (broken Poincaré–Friedrichs inequality). Suppose that the assumptions of Theorem B.2 hold. If 𝒰 and
𝒬 satisfy (LS1*) and (LS3), we have

‖𝑚‖ℎ + ‖𝒰𝑚‖𝐿2(Ω) .
(︁
𝑟 + ℎ +

√
𝛿𝑟ℎ
)︁⃦⃦

𝐴−1𝒬𝑚
⃦⃦

𝐿2(Ω)
+
√

𝛿𝑟‖𝑚‖𝐿2(Γ)

for all 𝑚 ∈ 𝑀ℎ.

Proof. The estimates (LS1*) and (B.2) yield

‖𝑚‖ℎ ≤ ‖𝑚− 𝒰𝑚‖ℎ + ‖𝒰𝑚‖ℎ . ℎ
⃦⃦
𝐴−1𝒬𝑚

⃦⃦
𝐿2(Ω)

+ ‖𝒰𝑚‖𝐿2(Ω).

Next, we apply Theorem B.2, and afterwards (LS3) and (LS1*) to obtain

‖𝒰𝑚‖2𝐿2(Ω) .
(︀
ℎ2 + 𝛿𝑟ℎ

)︀
‖𝒰𝑚‖2dG + 𝑟2|𝒰𝑚|2𝐻1(ℰℎ) + 𝛿𝑟‖𝒰𝑚‖2𝐿2(Γ)

.
(︀
ℎ2 + 𝑟2 + 𝛿𝑟ℎ

)︀
|𝒰𝑚|2𝐻1(ℰℎ) + 𝛿𝑟‖𝒰𝑚‖2𝐿2(Γ) + (ℎ + 𝛿𝑟)

∑︁

𝐹∈ℱℎ

∫︁

𝐹

J𝒰𝑚K2 d𝜎

.
(︀
ℎ2 + 𝑟2 + 𝛿𝑟ℎ

)︀⃦⃦
𝐴−1𝒬𝑚

⃦⃦2
𝐿2(ℰℎ)

+ 𝛿𝑟 min
{︁
‖𝑚‖2𝐿2(Γ), ‖𝒰𝑚‖2𝐿2(Γ)

}︁

+ (ℎ + 𝛿𝑟)
∑︁

𝐸∈ℰℎ

∫︁

𝜕𝐸

(𝒰𝑚−𝑚)2 d𝜎.

The last inequality exploits the triangle inequality, and adding more positive integrals only enlarges the right-hand side.
Note that we obtain the minimum in the last step as one can keep the term 𝛿𝑟‖𝒰𝑚‖2𝐿2(Γ) or add ±𝑚. In the latter case,
the difference term enters in the last term. The result then follows from the definition of ‖𝒰𝑚−𝑚‖ℎ and (LS1*). �

For HDG bilinear forms, which have the general form

𝑎(𝑚, 𝜇) =

∫︁

Ω

𝐴−1𝒬𝑚 ·𝒬𝜇 d𝑥 + 𝑠(𝑚, 𝜇)

with a symmetric positive semi-definite stabilizer/penalty term 𝑠, the above results clearly show that also

‖𝑚‖2ℎ + ‖𝒰𝑚‖2𝐿2(Ω) . 𝛼−1
(︁
𝑟 + ℎ +

√
𝛿𝑟ℎ
)︁2

𝑎(𝑚, 𝑚) + 𝛿𝑟‖𝑚‖2𝐿2(Γ)

for all 𝑚 ∈ 𝑀ℎ. Further, the term ‖𝑚‖𝐿2(Γ) vanishes if 𝑚 = 0 on Γ ⊂ 𝜕Ω.

Remark B.4 (Covered methods). The results in this section are guaranteed to hold for the LDG-H, RT-H, and BDM-H
methods. If (LS1*) and (LS3) hold for HHO, the results of this section readily apply to HHO as well.
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