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Abstract

Light propagation in curved waveguides has recently attracted increasing attention due
to their numerous applications and advancements in fabrication technologies. For instance,
emerging three-dimensional nano-printing techniques enable the production of photonic wire
bonds that connect different photonic integrated circuits to form complete chips. Curved
waveguides and ring resonators can also be employed to generate nonclassical states of light
on a chip, provided that nonlinear effects occur in these structures. The nonclassical states of
light are crucial for on-chip quantum photonic technologies such as quantum communication
and computation.

While numerical solvers for Maxwell’s equations facilitate the study of light propagation
in free-form waveguides, the large spatial extent of the waveguides often excludes these ap-
proaches. This limitation necessitates the development of approximate methods to describe
light propagation in curved waveguides, exploiting the fact that light is guided through prop-
agating modes. An understanding of the modal properties of curved photonic structures such
as waveguides and disk-shaped resonators is essential for their effective design.

This thesis investigates light propagation and mode interactions in curved waveguides
from various perspectives. We present a modal approach to analyse light propagation and
losses in free-form waveguides. Changing the curvature of a waveguide may lead to excite-
ment of multiple-modes in this waveguide. The number of supported modes depends on
the size and refractive index contrast between the waveguide’s core and the cladding. We
introduce a multi-mode approximation method for calculating transmission through free-
form waveguides. The obtained transmission is used as an objective function to identify
the optimal waveguide trajectory in just a few minutes. These trajectories are optimised to
minimise propagation losses caused by bends, while adhering to various constraints.

Additionally, we explore the enhancement of nonlinearity in bent waveguides, while con-
sidering propagation losses. We demonstrate that bending a waveguide may reduce the
effective mode area, which in turn locally increases the intensity of the guided light. This
enhances nonlinear interactions and boosts photon pair generation rates, significantly im-
proving the efficiency of signal-processing devices in integrated photonic circuits.

Finally, we analyse mode interactions in disk-shaped whispering gallery resonators. Sim-
ilarly to the bent waveguides, where the electromagnetic field localises near the outer side
of the bend, in disk-shaped resonators, the field localises at the rim, creating resonances
through the formation of standing waves. These resonators can be viewed as extreme cases
of bent waveguides with a constant radius of curvature. The radiation modes emitted from
these structures pose challenges in capturing their properties. We utilise a cross-energy
scalar product to analyse these radiation modes, determining the resonator’s dimensions
at which the orthogonality between resonant modes is disrupted, leading to interactions
between them.
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1 | Introduction

Waveguides are fundamental components of photonic integrated circuits (PICs) [1]. The
PICs were introduced in 1969 [2] to miniaturise complicated and spacious optical setups
into complex circuit patterns integrated onto a single microchip. Photonic integration not
only reduces the size and weight of systems but also promises lower energy consumption
and production costs, while increasing the efficiency of the optical systems [3]. The idea
of a PIC is analogous to electronic integrated circuits. However, instead of using electrons,
photonics relies on the generation, processing, and detection of photons. Harnessing the
unique properties of photons opens new possibilities such as the use of various other materials
that enhance data transfer speeds and bandwidths [4], as well as applications in metrology,
sensing, and medical diagnostics [5, 6]. Some of the most intriguing applications include
logical operations and computation [7-12], as well as quantum computations on a system of
photonic chips [13].

The success of PICs is determined by our ability to suppress the usual diffraction that
causes the spread of laser light upon propagation. By locally increasing the refractive index
with respect to the background material, light can indeed be confined by total internal
reflection and routed along carefully selected paths [2]. Such a supporting structure is what
we call a waveguide. These waveguide patterns can be fabricated on a flat substrate (a wafer)
using photolithographic techniques, as follows [2]. Firstly, a light-sensitive photoresist is
deposited on a wafer. Next, a mask is placed over the photoresist to expose only the desired
patterns. Subsequently, the refractive index in the exposed areas is altered using chemical
processes such as diffusion, bombardment, or ion replacement. Depending on the design of
the waveguide, a top layer of lower refractive index may be added on the surface. Of course,
such approach should only serve as a loose description and many variants exists.

Initially, glass was suggested as a substrate, motivated by the fabrication of glass fibres
known at the time [2]. However, many other material platforms have been developed since
then. One example is silicon on insulator (SOI) [14], which consists of a thin insulating
layer of silicon dioxide (SiO2) sandwiched between two layers of silicon (Si). Waveguides in
SOI platform are created by patterning the silicon layer to define the waveguide structure,
followed by etching the silicon layer to form rib-shaped waveguides. Other material platforms
include lithium niobate (LiNbOg3) [15, 16], silicon nitride (Si3N4) [17, 18], silica on silicon
[19], ITI-V semiconductors such as indium phosphide (InP) [1] and gallium arsenide (GaAs)
[20, 21], as well as various polymers [22, 23].

The PICs can host a range of devices, including lasers (sources), photodetectors, power
splitters, filters, optical modulators, and amplifiers [1, 3, 24]. Waveguides are crucial for
transmitting optical signals between these devices. Moreover, waveguides fabricated from
nonlinear materials such as silicon, silicon nitride or aluminium gallium arsenide can also be
used directly for generating non-classical states of light. It is possible due to the waveguide’s
ability to confine light. This enhances nonlinear processes through locally increased light
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intensity in a nonlinear material [18, 25, 26]. Integrating non-classical light sources on
photonic chips facilitates quantum communication and optical quantum computation on a
chip [27, 28]. The SOI platform is compatible with CMOS technology, allowing for the
integration of optical components, which enable high-speed signalling and sensing, together
with electronics for logical operations and computations [3, 29]. Ultimately, photonic chips
require packaging and connections to other devices to form a functional system [24].

Different chips can be connected with three-dimensional (3D) free-form optical wave-
guides [30]. These waveguides are fabricated by means of the 3D nano-printing technology,
also referred to as 3D laser lithography [31] or 3D direct laser writing [32, 33]. In this
printing process, schematically presented in Figure 1.1, the substrate is immersed in a pho-
topolymerising material that solidifies in those volumes into which a near-infrared laser is
focused [34]. Other areas remain unaffected because the photoresist is transparent to the
near-infrared light [34]. At the focal point of the laser beam, the density of photons is suffi-
ciently high such that the initiators within the photoresist absorb pairs of photons and reach
an excited state [35, 36], thus becoming radicals.! The chemical activity of these radicals
initiates a chain reaction resulting in polymerisation and, consequently, local solidification
of the photoresist. The absorption rate of photons is proportional to the square of the pho-
ton density [34, 38] because two near-infrared photons need to be absorbed by an electron
simultaneously. The short lifetime of electrons in virtual (intermediate) excited states re-
quires the use of femtosecond pulsed lasers [39]. In the case of single-photon absorption, the
absorption rate is directly proportional to the photon density [34] because single photons
of higher energy (at UV frequency) are absorbed [40]. This means that the solidification
initiated by two-photon absorption occurs in smaller areas than the single-photon absorp-
tion because the required intensity of the light is higher [40]. Therefore, the two-photon
lithography allows for the fabrication of 3D objects with a spatial resolution down to 120 nm
[41]. This is sufficient for creating free-form waveguides of lateral dimensions between 1pm
and 2pm [42].

femtosecond
photonic wire bond __—"laser beam

photoresist

focal plane

substrate

Figure 1.1.: Schematic view of a 3D printing of free-form waveguide (photonic wire bond) by means
of two-photon polymerisation. The two chips, mounted on a common substrate, are immersed in
a photopolymerising material that solidifies in those volumes into which a femtosecond laser beam
is focused. The positions of the focal plane of the laser beam follow the trajectory of the free-form
waveguide.

A free-form waveguide is fabricated by focusing the femtosecond laser pulses in a pho-
toresist along a 3D path that connects two optical interfaces [43]. The 3D laser lithography

! Radicals are atoms or molecules with at least one unpaired valence electron [37]. They exist in excited,
unstable state and are therefore very reactive.



provides precise control over the waveguide trajectory, as the laser can be moved freely
in space. Similarly to how metal wire bonds connect integrated circuits to external com-
ponents in electronics, polymer free-form waveguides connect photonic circuits located on
different chips. Free-form waveguides represent a significant advancement in complex pho-
tonic circuits, enabling connections between chips made from different materials that cannot
be integrated on a single chip [30]. For instance, III-V semiconductors are ideal for active
components used to generate or detect light [44]. In contrast, SOI-based optical chips allow
for dense integration of passive optical components, germanium photodetectors, and electro-
optical modulators [42]. By utilising free-form optical waveguides, also known as photonic
wire bonds (PWBs) [30, 42, 45-47, P1], these different constituents can be assembled into a
single multifunctional architecture.

Photonic wire bonds offer great flexibility in connecting photonic chips, allowing for both
out-of-plane and in-plane connections [42, 48]. This flexibility relaxes tight alignment require-
ments in the horizontal and vertical positioning of chip interfaces, introducing additional
degrees of freedom compared to straight, flat waveguides. However, bending or twisting a
waveguide can increase propagation losses [49]. Additionally, a change in curvature along
the trajectory of the waveguide may excite higher-order modes or cause scattering of the
guided modes into radiation modes [50, 51]. This excitation may impair the transmission
through a waveguide because power carried by the fundamental mode may be lost to the
higher-order or radiation modes [P2].

To minimise the propagation loss, it is essential to optimise the trajectories of the wave-
guides while adhering to several constraints [43]. The basic requirement is a smooth change
of the curvature that should be free of sharp bends. Furthermore, the end facets of the
PWBs must align with the ports of the waveguides that connect the PWBs to the chip in-
terfaces, referred to as waveguide couplers. Moreover, the orientations of the end segments
of the PWBs must coincide with the directions of the waveguide couplers. The designed
trajectory should also avoid obstacles, such as chip edges or other PWBs. To account for
placement inaccuracies of the chips, all the constraining positions are measured and the
optimal trajectory is determined shortly before its fabrication. Therefore, a fast and reliable
optimisation procedure is required for this task. To date, many methods have been devel-
oped to perform this trajectory optimisation [30, 42, 43, 46, P1, P2, 52, C1, C2, CO1, 53],
including the procedures described in Chapter 3 and Chapter 4 of this thesis.

As the curvature of a waveguide changes, the modal properties of the waveguide change as
well. Depending on the size and the refractive index of the waveguide, it can support multiple
propagating modes. This thesis demonstrates that a careful study of the mode field profiles,
including their symmetries and effective mode area, allows one to explain various phenomena
occurring within these curved waveguides. In Chapter 3, for example, we study the coupling
between modes at interfaces of waveguide sections with slightly different properties. Based
on broken orthogonality between the modes, we determine the fraction of power interchanged
between the modes in the process of transmission. Additionally, in Chapter 5, we explore
the enhancement of nonlinearity in waveguides due to an increased confinement of the mode
field profile when the waveguide is bent, while also accounting for the simultaneous increase
in propagation loss.

When a waveguide is bent, the electromagnetic field of the modes tends to be localised
near the outer side of the bend. A similar effect occurs in microrings or disk-shaped res-
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onators, where the electromagnetic field is localised at the rim of these circular structures.
A microring can be considered an extreme case of a bent waveguide in which the waveguide
is fabricated so that its trajectory forms a circle [54]. Integrating microring resonators into a
photonic chip is a common approach to enhance the nonlinearity through high confinement
of light in the microrings [55]. Microrings and disk resonators are used as amplifiers, ring
couplers [56, 57], spectral filters or modulators [58, 59], as well as sources of quantum states
of light [60, 61]. These structures create resonances by forming standing waves localised
at their rims [57]. The resonant modes are not purely guided, but also radiate outside the
resonator. In Chapter 6, we analyse the radiating modes of a disk resonator to explore its
modal properties. Understanding these properties is important for the design and tuning of
these resonators.

Structure of the thesis

This thesis is organised into five main chapters. It begins with Chapter 2, which introduces
the fundamentals of the waveguide theory. The purpose of that chapter is to provide the
necessary background to understand modal phenomena explored in this thesis. We start
by discussing Maxwell’s equations and the constitutive relations, then formulate Helmholtz
wave equations for electric and magnetic fields, ultimately finding plane wave solutions for
these fields in the homogenous space. Further, we explain the propagation of light in a slab
waveguide from both an intuitive ray-optical perspective and a more accurate wave-optical
picture. We introduce the concept of a propagating mode and eigenmode expansion for
electric and magnetic fields. Then, we provide a brief overview of the numerical methods
employed to calculate modes in channel waveguides. We then discuss loss mechanisms in
curved waveguides and describe a fundamental mode approximation method for calculating
waveguide transmission, assuming the propagation of a single mode.

Up to this point, the thesis summarises the state of the art and the work done prior to
this thesis. From the following chapter on, novel contributions to the advancement of science
are described. The results presented in Chapters 3, 4, and 5 represent the primary scientific
contributions made by the author of this thesis, while Chapter 6 originates from a project
developed in significant extent by the co-authors of [S1].

Chapter 3 extends fundamental mode approximation from the introductory chapter to
accommodate higher-order propagating modes that may be excited due to changes in the
curvature of a waveguide. This multi-mode approzimation method is described and used to
calculate the transmission through exemplary waveguides. The results are compared with
the transmission obtained using the fundamental mode approximation as well as with results
from a commercial Maxwell solver. It is demonstrated that multi-mode approximation can
predict the transmission sufficiently accurate in less than a second for a typical waveguide
trajectory, in contrast to several hours required for numerical calculations with the Maxwell
solver. Additionally, we discuss the potential for training artificial neural networks to ap-
proximate waveguide transmission based on their trajectories. That would be an alternative
method to predict the transmission losses through curved waveguides in a short time.

In Chapter 4, the transmission obtained with the multi-mode approximation is utilised to
determine values of an objective function for optimising trajectories of PWBs, satisfying the



given set of constraints. The results and optimisation times are shown for several possible
on-chip scenarios.

Chapter 5 touches on nonlinear effects in waveguides. Waveguides made of nonlinear
materials can be employed to create quantum states of light. Third-order nonlinear effects
can be exploited to create pairs of entangled photons in waveguides. We demonstrate that
the generation rate of photon pairs can be increased by bending a waveguide. The influence
of bending on the photon pair generation rate is studied on the example of waveguides made
of third-order nonlinear materials. We consider here typical materials that are discussed in
the context of PICs where the waveguides are integrated directly onto a chip, but we also
consider a free-form waveguide made of polymer. This study includes a comprehensive anal-
ysis of changes in the effective nonlinear coefficient, effective mode area, effective refractive
index, and group velocity of the fundamental mode as a function of the curvature of several
waveguide examples. The study concludes with a comparison of the efficiency of nonlinear
processes affected by propagation losses.

In Chapter 6, we investigate the interaction of resonant modes in a disk-shaped whis-
pering gallery resonator. The modes are commonly arranged by ascending order of their
resonance frequencies. However, when the thickness of the disk changes, some modes ex-
perience spectral crossings, while others undergo anti-crossings at the thicknesses for which
the resonant frequencies near each other. We show that computing the scalar product of
the radiation modes corresponding to the resonant modes can indicate the disk geometry at
which the anti-crossings occur, revealing the broken orthogonality of the modes and their
interaction.

Finally, Chapter 7 summarises the research described in the previous chapters and pro-
vides an outlook for further developments in the field of free-form waveguides.

This thesis is equipped with a separate list of symbols and abbreviations, located directly
after the concluding chapter. Although all symbols and acronyms are explained upon first
use, it may be more convenient for the Reader to refer to the list for their meanings rather
than searching through the main text.






2 | Waveguide theory

This chapter provides a concise overview of the fundamentals of optical waveguide theory.
The theory described here is limited to the aspects necessary to understand the research
done as a part of this thesis. This chapter starts with the introduction of classical elec-
tromagnetism in Section 2.1. Afterwards, the phenomenon of guiding light in waveguides
is described from both ray-optical and wave-optical perspectives in Section 2.2 in the first
two dedicated subsections. Subsequently, in Subsection 2.2.3, the concept of the propagat-
ing modes is introduced, along with the orthogonality relations between the modes covered
in Subsection 2.2.4. Additionally, Section 2.3 explains briefly the numerical methods used
to identify the eigenmodes of the electromagnetic field confined within a waveguide. This
section also describes how to compute the transmission through complicated waveguide tra-
jectories using numerical tools that directly solve Maxwell’s equations. Such an analysis
serves as a benchmark for the approximation methods developed as part of this PhD re-
search. Later, Section 2.4 discusses various loss mechanisms in waveguides. Section 2.5
introduces the fundamental mode approximation that is used to predict the transmission
through a waveguide trajectory while considering only the propagation of the fundamental
mode. This approximation method is described here in the background chapter, as it has
been already known prior the current PhD research. In the subsequent chapter this method
is extended to accommodate also higher-order modes.

2.1. Classical electromagnetism

The theoretical description begins with the governing equations that describe all observable
phenomena of electromagnetic fields. The presence of matter is not treated at the level of
individual charges, but we consider a macroscopic, i.e., a continuum description of materi-
als. The associated macroscopic! electromagnetic phenomena in the presence of media are

governed by the Maxwell equations?
N ~ OB(r, )
V-D(rt)=olrt),  (21) VX B == (2:3)
VBt =0, (2:2) Y x A, t) = 3 )+ 2PTD gy

ot

The physical quantities in the expressions (2.1)—(2.6) are expressed in SI units, according
to the convention in Table 2.1. The presence of sources is captured by the electric charge
density o(r,t) and electric current density J(r,t), where vector r = (z,y,2)" defines a

! Macroscopic fields or sources mean the average of the fields or sources over a volume large compared to
the volume occupied by the single particle [62].

2 The Maxwell equations together with in-depth explanation can be found in many electrodynamics and
optics textbooks. In this thesis the description is based on [62-64].
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Table 2.1.: Electromagnetic quantities in frequency domain.? The corresponding quantities with
tilde placed above the letter are considered in time domain.

symbol meaning units
D electric displacement C-m™2
B magnetic induction T
E electric field V-m~!
H magnetic field A-m™!
J current density A-m~2
0 charge density C-m™3
P polarisation Cm—2
M magnetisation A-m™!

position in three-dimensional space, and ¢ denotes time. To solve the above set of equations,
one needs to express the derived (auxiliary) fields, D and H, in terms of E and B. These
connections are known as constitutive relations

D(r,t) = eE(r,t) + P(r, 1), (2.5)

B(r,t) = pH(r,t) + M(r,t). (2.6)
Here, ¢ and p are the electric permittivity and magnetic permeability of a considered medium,
respectively.

In linear optics, it is common to express the Maxwell equations in frequency domain. The
initial equations in time domain (2.1)—(2.4) can be transformed to the frequency domain
using the Fourier transform defined as

+oo +oo
~ . - 1 .
F(r,w) = /F(r,t)el“’tdt, F(r,t) = by / F(r,w)e “dw, (2.7)

with F(r,w) being the Fourier transform of the field F(r,t),* w denoting the angular fre-
quency of a monochromatic wave, and i representing the imaginary unit. Throughout this
thesis, the theoretical analysis is performed in frequency domain.

The constitutive relations (2.5)—(2.6) express the response of the material to the field. For
isotropic, homogeneous, linear media, and for time-harmonic fields [64], the polarisation and
magnetisation depend linearly on the electric and magnetic field, respectively. Therefore,

3 Following the convention from [62]. It is interesting to note that the electromagnetic quantities are called
by different names in the literature, e.g. D — electric flux density [65]; B — magnetic field [63], magnetic
flux density [65]; E — electric field strength [65], electric field intensity [66], electric vector [64]; H —
magnetic vector [64], auxiliary magnetic field [63], magnetic field strength [65], magnetic field intensity
[66, 67]. The vectors are defined in Cartesian coordinates F = (F, Fy, F»)T, with F denoting either of
the vectorial quantities.

4 Although it is more common to use tilde for quantities in frequency domain, it is skipped here to simplify
the notation later in the thesis.
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the constitutive relations can be written as simple as:
D(r,w) = e(w)E(r,w) and B(r,w)= p(w)H(r,w), (2.8)

where a dielectric material is characterised by its permittivity e(w) = €pe,(w) and magnetic
permeability pu(w) = popr(w). The subscript 0 expresses a relation to the values for vacuum
and subscript r indicates the relative values. In this thesis, only non-magnetic media are
assumed, for which p, =1 [68].

The Maxwell equations in (2.1)—(2.4) can be simplified by performing the Fourier trans-
form (2.7). The resulting expressions can be rewritten in terms of E(r,w) and H(r,w) after
considering constitutive relations (2.8). In the absence of free charges and currents, and in
non-magnetic media, the Maxwell equations in frequency domain are expressed as follows

V- -E(r,w)=0, (2.9) V x E(r,w) = iwpoH(r,w), (2.11)

V- -H(r,w) =0, (2.10) V x H(r,w) = —iwe(w)E(r,w) . (2.12)
Taking the curl of equations (2.11) and (2.12), rewriting them utilising the identity
VxVxF=V(V- -F)—-V?F, with F being either E or H, while considering relations

(2.9) — (2.12), the Helmholtz wave equations [62, Section 7.1] can be derived separately for
the electric or magnetic field:

V2E(r,w) + ki (w)er (w)E(r,w) =0, (2.13)
VZH(r,w) + k2 (w)er(w)H(r,w) = 0. (2.14)

In the above equations, ko(w) = w - ¢y L—w €ofto is the free-space vacuum wavenumber,
where ¢o denotes the speed of light in vacuum.

The Helmholtz wave equations (2.13) and (2.14) are solved by plane waves of the form

E(r,w) = Egelk@)r—wt) (2.15)
H(r,w) = Hye! (k@) T=wt) (2.16)

where k(w) = ko(w)\/er(w) k is a wave vector defining the direction of propagation of the
electromagnetic wave, with unit vector k. The divergence equations (2.9) and (2.10) require
that both vectors, Ey and Hy, are perpendicular to the direction of propagation of the
electromagnetic wave k(w). This kind of wave is called a transverse wave [62, Chapter 7).

The relative dielectric function can be expressed as &,(w) = n(w)?, where n(w) = n(" (w)+
in()(w) is the complex refractive index with real part n(") (w) expressing the phase variation
of the propagating plane wave. The imaginary part n(Y(w) represents the attenuation (if
positive) or amplification (if negative) of the propagating plane wave (cf. equations (2.15)
and (2.16)). The wavenumber of a medium is related to the complex refractive index by
k(w) = kon(w).

A propagating electromagnetic wave carries energy. For a time-harmonic field, the time-
averaged energy flux is given by the average of the Poynting vector S(r,w) over time [62,
Chapter 7]

S(r,w) = %Re{E(r,w) < H*(r,0)}, (2.17)

with * denoting complex conjugate.
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In this section, it is assumed that the wave propagates in vacuum or a homogeneous
dielectric medium. The next section introduces the concept of a waveguide, in which the wave
is guided along a waveguide core. In a ray-optical picture, this guidance can be attributed to
the total internal reflection of the rays at plane interfaces between different dielectrics. In a
wave-optical picture, we would rather seek for elementary solutions to the Maxwell equations
that propagate along the waveguides without diffraction. The next section discusses in more
detail the light propagation of such waveguide modes in slab and rectangular waveguides.
We start with a ray-optical picture and complement the consideration with an analysis using
a wave-optical picture.

2.2. Light propagation in a waveguide

In this section, the theory presented in Section 2.1 is applied to study a wave confined inside
a waveguide. The propagation of light in the waveguide is analysed both geometrically, based
on the total internal reflection of optical rays, and by starting from Maxwell’s equations. For
the specific aspects that matter to this thesis, both approaches offer comparable insights.
Concerning the argumentation to explain specific effects, it is sometimes useful to rely on
a wave-optical and sometimes on a ray-optical description. Therefore, both approaches are
presented.

2.2.1. Slab waveguide

A slab waveguide is a structure made of an inner layer (core) of guiding material with refrac-
tive index n1 and thickness h, surrounded by a cladding with smaller refractive index nq, as
depicted in Figure 2.1(a). So the material is inhomogeneous along a single coordinate (here,
the x-direction). The structure of the slab waveguide is invariant along the two remaining
directions, y and z. Here, the z direction is considered as the principal propagation direction.
In the following derivations, the two materials are considered to be non-dispersive, hence
e12(w) = €12 and so ny2(w) = n12. In this thesis, only symmetric waveguides are consid-
ered, made of identical cladding material on adjacent sides of the core. Accommodating an
asymmetric environment is also possible but not necessary for the purposes of this work.

Ray-optical picture

In a ray-optical picture light is considered to consist of rays that propagate along straight
paths. The rays are reflected and transmitted at interfaces between different media, and so
they change their direction of propagation. Moreover, the light that propagates along these
paths accumulates the same phase that a plane wave propagating in that medium would ac-
cumulate. To describe important effects for a waveguide theory a transverse electromagnetic
plane wave is associated with each ray, following [69, Chapter 7).

Waveguides exploit the phenomenon of total internal reflection to guide light, as illus-
trated in Figure 2.1(a). To achieve this effect, the refractive index of the core n; must be
higher than the refractive index of the cladding no. This observation follows directly from
the Snell’s law [70]

n1 sin 61 = no sin s, (2.18)

10



2.2. Light propagation in a waveguide

which describes the relation between the angle of incidence #; and the angle of refraction 6
that depends on the refractive indices of the different isotropic media, when the wave passes
through a boundary between these two media, see Figure 2.1(b). When light rays strike the
core-cladding interface incident from the core, at an angle of incidence 67 = 0 higher than
the critical value 6., for which 62 = 7, the light undergoes total internal reflection. As a
result, the electromagnetic field is confined within the waveguide core. For a mode to occur,
the field needs to reproduce periodically. For the following analysis, both media are assumed
to be lossless, meaning that the refractive indices are real.

TA
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Figure 2.1.: (a) Two exemplary rays traversing a slab waveguide core (refractive index n; and
height h). The waves at points B and D must agree in phase in order to result in a propagating
wave in z-direction. In the figure no denotes the refractive index of the cladding and 6 is the angle
of incidence of the guided rays (all marked angles have the same value) on the interface between the
core and the cladding. Dashed lines represent wavefronts equal in phase (distance between them is
the wavelength A). The wavefronts are perpendicular to the direction of rays. (b) Reflection and
transmission of incident ray at the plane interface. The vectors k;, k, and k; denote the direction of
incident, reflected and transmitted wave, respectively. Surface normal is represented by a unit vector

n.

The following explanation is based on the configuration shown in Figure 2.1(a), which
illustrates a cross-section of a slab waveguide. The propagating rays, with the direction
indicated by arrows, are used to describe the field that propagates inside the waveguide.
The surfaces of equal phase, perpendicular to the rays, are marked with dashed lines. In
analogy to propagating wave, these surfaces are called here wavefronts. To reproduce the
wavefronts, the phase difference accumulated between rays along the paths |AB| and |CD|
must be a multiple of 2. From geometric considerations, the following dispersion relation
must be satisfied:

h

cosf

cos

h
k1 —2¢ — (k:l — 2hkq cos 9> =2mm
<= 2hkjcos® =2¢+2mm. (2.19)

Here, k1 = ni1kg is the wave number of the wave propagating inside the waveguide core, ¢ is
a phase shift accumulated by the wave upon each reflection® at the core-cladding interface
and m is a non-negative integer indicating the mode number. The wave number is defined
as 2rA~1, where X is a distance between wavefronts. The relation (2.19) is solved for the
effective refractive index neg = nqcosf by changing the considered angle 6. In order to
evaluate this equation, the phase shift ¢ is determined in the following.

® The ray at point B has been reflected two times more than the ray at point D in Figure 2.1(a).
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2. Waveguide theory

Reflection from a plane dielectric boundary

To compute the phase shift, we need to determine essentially the complex-valued reflection
coefficient of a plane wave at a planar interface between the core and the cladding. Figure
2.1(b) illustrates the incident (subscript i), reflected (r), and transmitted (t) plane waves
on the interface between the core and the cladding. The field components of the associated
plane waves are perpendicular to the propagation direction indicated by the ray, denoted by
ki, k; and k¢ for incident, reflected, and transmitted (refracted) wave, respectively. Inserting
the solutions (2.15) and (2.16) into equations (2.11) and (2.12), the incident fields of linearly
polarised wave in the waveguide core (—% <z < %) can be expressed as:

. 1 .
Ei(r) = Eg e = — ki x HyelkiT, (2.20)
1
1 .
Hi(r) = rﬂoki x Ege'MT, (2.21)
Di(r) = eon’E;i(r), 2.22
1
Bi(r) = poHi(r) (2.23)

where ki = (ki z,0, k:i,Z)T = n1ko (cos @, 0, sin 9)T is the wave vector of the incident wave in
the waveguide core. The frequency and time dependence is omitted because it is not relevant
for the following derivation. We always assume time harmonic fields. The corresponding
expressions to describe the reflected and transmitted field components and wave vectors are
analogous.

The individual components of the incident, reflected, and transmitted fields are related
through the interface conditions. First, we require the continuity of the normal components
of D and B

(n?E; + niE, — n3E;) -1 =0, (2.24)
(ki xEi +k, x E; — ki x Ey) - =0. (2.25)
Second, we require the continuity of the tangential components of E and H
(Ei+ E;, —Ey) x1 =0, (2.26)
(ki xEi + k; x E; — ki x Ey) x i =0. (2.27)

In both expressions, fi denotes the unit vector normal to the interface [62, Chapter 7]. The
above conditions allow for two linear polarisations that do not mix at the interface — one
with non-zero E,, H, and H, field components — the so called transverse electric (TE)
polarisation, and another one with non-zero H,, E, and E, field components — the so called
transverse magnetic (TM) polarisation [69].

To determine the phase shift upon reflection, a reflection coefficient needs to be derived.
It is defined as the ratio of F,, to Ej, in the case of TE-polarisation or H,, to H;, for
TM-polarisation. Considering the expressions (2.20)—(2.23), the relations between the y-
components of the electric field are obtained from the interface conditions (2.26) and (2.27):

(2.28)

Elzy + Ervy = Etvy )
ni cos 01 B y — ny costh By y —nacosthFy,y = 0.

12



2.2. Light propagation in a waveguide

Utilising the above relations, the reflection coefficient for TE-polarised waves is obtained as

E., _ n1Co8 01 — no cos By _ kiz — ki g

I'TE = (2.29)

Eiy mnicosty+ngcosby  kip+kiy

Similarly, the reflection coefficient for TM-polarisation can be derived from the interface
conditions (2.24) and (2.25) as

H.y ngcosth —nycosby n%kzm — n%km

r™M = (2.30)

Hi, ngcosOp +njcosby  n3kiy +nikyy

Moreover, the interface conditions (2.24)—(2.27) must be fulfilled at all points of the (y, z)-
plane simultaneously, which implies

kiay = kny = kt,y =0 and ki,z = kr,z = kt,z- (231)

The above relations make the angle of incidence equal to the reflection angle and lead to
Snell’s law for the transmitted wave (2.18).

Recall that in the case of a slab waveguide, the condition n; > nsy implies that 65 > 6.
The total internal reflection occurs when the angle #; = 0 exceeds a critical value 6., for
which 6, = 7. In case § > 0., equations (2.31) and (2.18) result in

ki, = ki,z =n1kgsin @ > nikgsinf. = nokg. (2.32)

)

At the same time, k:fx + kt2,z = k%n%, which implies that ki, must be purely imaginary:

ki = Fikoy/n?sin?0 — n2 = :Izlk,gzgC If it is positive, it results in an evanescent transmitted
field in the cladding (cf. equation (2.20)). Including this observation leads to the reflection
coefficients for TE and TM polarisation in the form

ko —ik®

rrp = s = &9TE, (2.33)
k‘j@ + lkt,x
n2ki . — ianz(i) .

T'TM — 21, 1 t,QE — el¢le. (234)

n3ki o + indk(])

In the above relations, it can be seen that the amplitude remains unchanged but the reflected
wave is shifted in phase with respect to the incident wave. The phase shift ¢ for TE and
TM polarisation equals

b=2 n?sin? § — n3 " 1, for TE case (2.35)
= Zarctan wi = . .
p ni cosf P Z—z, for TM case
2

Having calculated the phase shift ¢, equation (2.19) can be solved. The approach presented
here can be also found in textbooks, e.g. [62, 71].

13



2. Waveguide theory

Effective refractive index of guided modes

As mentioned in the beginning of this section, equation (2.19) determines the effective refrac-
tive index ng of the guided modes of different order m. To proceed, we make the following

substitutions:
212 2_ 2 :
kicost = y/niki — B = Eu with parameter u,

B = kysin, (2.36)

V= gk‘o\/n%—ng,

with 8 denoting propagation constant, expressing the phase accumulation of the permissible
plane wave along the principal propagation direction that is z, i.e., along the waveguide.
The V expresses normalised frequency [71, Chapter 2|, or simply waveguide parameter [72,
Section 6e|. By using the above relations and the phase shift (2.35), the dispersion relation
(2.19) can be transformed into

utan (u - m%) =pVV2—u?. (2.37)
The solutions to equation (2.37) can be found graphically. In Figure 2.2(a), both the right-
hand side (RHS) and left-hand side (LHS) of this equation are plotted against the parameter
u, for integer numbers m = 0,1, 2,.... The intersection points of the two plots indicate the
possible solutions for the parameter u. From these solutions, one can find the propagation
constants 3,, = n_gko, and consequently determine the effective refractive index nJz. The
integer m represents the mode number, with m = 0 corresponding to the fundamental mode
and m > 0 indicating higher-order modes. Figure 2.2(a) indicates the possibility of two
propagating modes each of polarisation: TE and TM.

With a little bit of patience, equation (2.37) can be transformed into the form

arctan (p %) +m3

V= ,
v1-B

(2.38)

with B = 7;?2“::2% being a function of neg [71, Chapter 2]. The dependency of neg on V
is plotted in 1Figzulre 2.2(b). Note, that the superscript m is omitted in case of continuous
variables, meaning that the discrete variable with superscript m is the particular solution
for mode m. The number of modes guided within the waveguide depends on its design
parameters: h, n; and ng. It can be observed that the bigger the core height A and the
larger the refractive index contrast n? — n3 between the core and the cladding, the more
solutions can be found, which implies more propagating modes in a waveguide. The above
considerations show also that equation (2.37) has solutions for discrete values of incident
angles 6,,, for which the interference forms standing waves.

Wave-optical picture

For the slab waveguide presented in Figure 2.1(a), the waveguide structure and the electric

and magnetic fields are invariant along y-direction. This implies the condition %—]‘; = %—I; =0

14
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Figure 2.2.: (a) The intersections of solid and dashed lines indicate the solutions to equation (2.37)
for a slab waveguide of height h =1.8 um, refractive indices: n; = 1.53 and ny = 1.36, and vacuum
wavelength A\ =1.55um. For the given parameters, only two guided modes are present in each
polarisation. (b) Possible values of the effective refractive index meg as a function of normalised
frequency V. Intersections with dashed vertical line indicate the solutions for given waveguide design
parameters resulting in V. The possible values of effective refractive index ngg of the propagating
modes m lie between ny and nj.

and the respective terms drop from the curl equations (2.11) and (2.12). Using this fact,
the aforementioned curl equations can be transformed into the following set of equations:

-2E, =iwpoH, ~Z2H, =-iweE,
LE,—ZE. =iwpgH, and LH,—2H, =-iweE, .  (2.39)
B%Ey = iwpoH, B%Hy = —iwel,

The above equations can be separated into two sets — one for TE and another for TM
polarisation. The different solutions to these sets of equations are called the modes of the
waveguide. These can be interpreted as field patterns that can propagate in the waveguide
without changing the pattern shapes [68].

The m-th eigenmode for the electric E and magnetic H fields propagating in the z-
direction can be written in the form [68]

En(z,2) = Ep(z)ePm?, (2.40)
H,,(z,2) = Hp(x)e’m?, (2.41)

where £,,(z) and H,,(z) are the transverse field amplitudes. The propagation constant
Bm determines how the fields propagate in z-direction. When S, is real-valued, then the
exponential function accounts for modes propagating in an oscillating manner through the
waveguide core. In case of non-zero positive imaginary part of a propagation constant,
the field attenuates. The wavefronts propagate with the phase velocity vy, related to the
propagation constant by vy, = w - 8,,'. The electromagnetic waves are sent into waveguide
as time-dependent optical signals consisting of different frequency components. These pulses
propagate with group velocity vg, defined as the reciprocal of the derivative of propagation
constant with respect to frequency.

15



2. Waveguide theory

Inserting the ansatz (2.40) or (2.41) into (2.39) results in the wave equation

2
<8ax2 + w280u0n2(a;)> () = %wm(x) , (2.42)

where the m-th mode field ¢y, (x) denotes either £*(z) (TE mode) or Hj'(z) (TM mode).
Equation (2.42) describes an eigenvalue problem with propagation constant f3,, and eigen-
function 1y, (x) of mode m [68]. Given the frequency w, the wave equation can be solved
only for certain values f3,,, which indicate the set of discrete eigenmodes of the waveguide.

Transverse field profiles v, can be determined using the constraint of evanescently de-
caying amplitude in the cladding for z — £o0o. In case of TE mode, the ansatz for the
amplitude of modes m =0,1,2,3,... reads [68]

(%)
Ameklw(%*p), for x < —%
E/(x) = Bpcos(kigr +Im), for —L<ax<h, (2.43)
(i) (h
C’meklz(}?_z), for % <z

with z-components of the wave vectors of the core ki, = \/nfki — 32, and the cladding

k:gl =/52 — n%k% The solution can be separated into even and odd modes, which is
indicated with the component m in the argument of the trigonometric functions. The
amplitudes Ay, By, Cp, can be derived by enforcing continuity of £ on the interface
between the core and the cladding. The resulting electric field amplitude distribution of the
four lowest modes is presented in Figure 2.3. The magnetic field components, H"(z) and
H™(z), are then calculated, employing relations (2.39), as H™(x) = —2=£™(z) and

T wpo Y
i (i) (h
[ Ak ), for z < 1
i
H (z) = oo | ~Bmkrasin(biee £ gm), for —§ << b (2.44)
0 i) k() (h
C’mkgl’)mek“(f_x), for % <z
TA
m=0 m=1 m=2 m=3
nl I\ ) ) N2 Figure 2.3: Slab waveguide with core refractive index
2 \ (\ < » np and height h, cladded with material of refractive
0 P > index ny < n;. Bold lines show the lowest four TE
h / ( > ni modes. The field decays exponentially in the cladding.
A00 N ) [ ngo Figure adapted from [68].

Imposing the continuity conditions on H7'(x) at =z = :I:% results in equations for the
mode propagation constant (3,,. Rearranging the obtained relations, regarding parameters
V, B and wu, introduced before, results in the eigenvalue problem (2.38). In case of TM
modes, the field components H;'(x), £ (z) and £"(x) are derived similarly, leading to
the eigenvalue problem differing in constant p from the TE case, cf. equation (2.35). The
eigenvalue problem can be solved in the same way as presented earlier in this section.

2.2.2. Channel waveguide

Although the slab waveguide is convenient for the theoretical analysis, in practical applica-
tions the waveguide core must have finite thickness in y-direction. There are various designs
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2.2. Light propagation in a waveguide

of such channel waveguides, including rib, embedded, strip/ridge, and buried waveguide
[73, Section 10.5]. The examples are schematically presented in Figure 2.4. The last type
corresponds to the design of free-form waveguide. Usually,® the waveguides are considered
to have rectangular cross-section characterised by height A and width w. Such waveguides
confine light in two transverse directions,  and y. The approximate solutions for the propa-
gating modes can be found with semi-analytical methods, for example Marcatili [78], Kumar
[79], and effective index method [80]. In this thesis, the modes in rectangular waveguides
are only calculated numerically (see Section 2.3). Therefore, the semi-analytical methods
are not described in detail. Only some assumptions and results are mentioned briefly, as
they are helpful in understanding the modal analysis described in the core of this thesis.
The detailed description, derivation, and comparison of all three methods can be found in
[71, Section 2.2].

rib embedded ridge buried

Figure 2.4.: Different types of positioning channel waveguides with respect to the cladding.

The approximation methods treat the rectangular cross-section as a composition of two
slab waveguides: one invariant in the 2- and the other in y-direction, as shown in Figure 2.5.
This composition allows for distinguishing different areas in the x-y plane, each with specific
properties. The main assumption is a low index contrast between the core and the cladding:
n1 =~ no. At the same time the waveguide is assumed to be operated far from the cut-off of
the considered mode (cf. Figure 2.2(b)). This condition ensures that the mode is confined
mostly in the waveguide core and the field in the shaded areas in Figure 2.5 can be neglected
[71, 78].

Y

"2 Figure 2.5: Cross-section of a rectangular waveguide, per-
h n n P pendicular to the propagation of the modes. The core and
2 ! - 2 cladding structure is divided into four different regions. The
electromagnetic field is neglected in the shaded regions. This
approximation is valid if the field is mostly confined to the
waveguide core. Figure adapted from [71].

_

The guided transverse fields are separated into two modes: quasi-transverse-electric (TE)
&r-modes, with dominating field components £, and H,, and H, = 0; and quasi-transverse-
magnetic (TM) &£,-modes with dominating field components £, and H,, and H, = 0. With

5 There are works, where waveguides of trapezoidal cross-section are studied, cf. [74-77]. However, these
studies result mostly from the need for modelling of processing (etching) imperfections.
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these assumptions, the relations (2.9)—(2.12), and ansatz for the total electric and magnetic
field

E(z,y,2) = E(z,y)e'”, (2.45)
H(z,y,2) = H(z,y)e'™, (2.46)
the wave equation takes the form
A A 2 2 2
Z 42 = 2.4
(8$2+ay2+w 6ouon)¢ B, (2.47)

with 1 being either H, or H, field, 3 representing the corresponding propagation constant,
and n denoting effective refractive index of the core or cladding of the waveguide. This
eigenvalue problem can be solved for the fields and propagation constants analogously as in
case of the slab waveguide. The detailed explanation can be found in [71, Section 2.2].

The modes found analytically can be classified as EI'? or €7, depending on the domi-
nant transverse component of the electric field. The integers p = 1,2,... and ¢ = 1,2,...
correspond to the number of extrema along x and y direction, respectively. The example of
the three modes of the lowest order are presented in Figure 2.6.

2,1 1,2
& &

3 5 7 3 5 7
x [pm] T [pum] z [pm]

Figure 2.6.: Intensity of the £F'9-mode fields in a rectangular channel waveguide. Arrows indicate
the orientation of the dominant transverse electric component £,. The integers p and ¢ denote the
number of extrema of the field in z- and y-direction, respectively.

However, it is important to stress that this approximation is well suited for low refractive
index contrast, which is not the case of the waveguides considered in this thesis. For example,
the waveguide studied in Subsection 2.4.1 has refractive indices: ny = 1.57, no = 1.34 and
the waveguide discussed in Chapter 3 is characterised by refractive indices: n; = 1.53, and
ng = 1.36. Therefore, in this thesis the modes are determined numerically with the methods
described in Section 2.3.

2.2.3. Eigenmode expansion

The electromagnetic wave propagating in a waveguide can be expressed as a superposition
of its eigenmodes. The complete set of eigenmodes comprises guided (bound) modes, (2.45)
and (2.46), and radiation modes [70, Chapter 25]. The bound modes are related to energy
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2.2. Light propagation in a waveguide

guided along a non-absorbing waveguide, while radiation modes correspond to refracted rays
(in ray-optical picture), or transversely oscillatory waves, external to the waveguide core.

The total electromagnetic fields propagating along z-direction in an optical waveguide
can be represented as the sum of all guided and radiation modes [70, Chapter 25]

E(r) =) a&i(z,y)e + Z/ a;(q)€;(x,y, q)e?Pdq, (2.48)
i=0 j=0"0

H(r) = ati(z,y)e?” + Z/ aj(q)H;(@,y, q)e®@dq, (2.49)
i=0 j=0"0

with modal amplitudes a;(¢), and a continuous propagation constant $;(q), which is a func-
tion of parameter ¢q. The continuous parameter g can be chosen as transverse wavenumber

of a plane wave ¢ = , /k? — 5]2, where k is the free-space wavenumber [81]. Subscript j labels

additionally the dependence on a given mode [81]. The first summations in equations (2.48)
and (2.49) include forward- and backward-propagating modes. Due to the continuity of the
propagation constant, an integration over all values of 3; is necessary. The propagation
constant can take any value satisfying 0 < |B;| < kong for propagating radiation mode,
while in case of evanescent mode Re{3;} = 0 and 0 < Im{f;} < oo [70, Chapter 25] (see
also the discussion of the reflection from a plane dielectric boundary in Subsection 2.2.1 in
this thesis). Therefore, the parameter ¢ can vary between 0 and oco. Throughout this thesis,
all fields contain the implicit time dependence e™“¢  which is omitted because it does not
influence the orthogonality of the modes.

In order to represent the electromagnetic field as a sum over guided and radiating modes,
they need to form an orthogonal basis. The orthogonality conditions are necessary to cal-
culate the coefficients a; and a;(q). Here, in Section 2.2.4, the derivation of orthogonality
of the guided modes is presented, similarly to [49, 71, 82]. The similar derivation can be
performed for orthogonality of radiation modes and between the radiation and the bound
modes. This derivation is shown in [70, Section 11.4 and Section 31.3], and is omitted in
this thesis.

2.2.4. Orthogonality relations

The derivation begins with the Maxwell equations (2.11) and (2.12). They are satisfied by
the electric and magnetic fields of two distinct modes, ¢ and j. The electric field of one mode
E; and magnetic field of another mode H;, are represented by equations (2.45) and (2.46),
respectively.

Firstly, equation (2.11) is applied to mode i. Next, a dot product is calculated between
both sides of equation (2.11) with H}(r), where * denotes complex conjugate. This procedure
is repeated with equation (2.12) for mode j but in this case, the dot product is calculated
for E;(r) with the complex conjugate of both sides of (2.12). Subtracting the two resulting
expressions yields:

H - (Vx E;) — E; - (V x HY) = iw(uHH; — cEE). (2.50)
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2. Waveguide theory

With use of the identity V- (F x G) = G- (V xF) = F - (V x G), for vector fields F and

G, equation (2.50) can be rewritten as

Next, the expressions (2.45) and (2.46) are inserted into the above relation (2.50). Applying
now the identities V x (®F) = ®(V xF)+ (V®) x F, with a scalar function ¢, and regarding
the previous relations, leads to

Vt . (“:z X 7‘[;) + i(ﬁj — 5»(81 X 7‘[;) = iw(a?-l,ﬂ-l,; - ,u,g(‘:zg;k) s (2.52)

with two-dimensional differential operator V; = 5(% + ya% in the (x,y)-plane [71], where x,
¥ and Z are the unit vectors in z-, y- and z-direction, respectively. Integrating the above
equation over the entire plane A comprising waveguide’s cross-section, perpendicular to the
propagation direction Z, results in

/Vt-(é’ix?-t;)dmdy—i—i(ﬁj—ﬁi)/(Six’H;)idmdy:iw/(aﬂiﬂ;—uogié’;)dxdy. (2.53)
A A A

The first integral on the left-hand side of the above expression can be rewritten with use of
the Gauss divergence theorem [63, Subsection 1.3.4] to

/ Vi (Ei x Hj)dazdy = / (Ei x H}) -hdzady, (2.54)
A oA

where 11 is a unit normal vector outward of the boundary dA. In case of guided modes, the
field strength decays exponentially to zero as 22 4 y? — oo so the integral on the right-hand
side of (2.54) vanishes as the area becomes infinite. Consequently, equation (2.53) takes the
form

(8; — 1) /A (€ x HY) -5 dady = w /A (MM, — poE:E7) dudy. (2.55)

Subtracting equation (2.55) from its complex-conjugated form (with interchanged indices)
results in

(B — B;) /A (£ % H3) + (£ x H)] - 2dady = 0. (2.56)

In case of non-degenerate modes, for which 3; # ;, the above condition is satisfied only if
the integral vanishes.

The propagating modes carry power. The total, time average of power flow, associated
with mode j, can be written as

— 1
’.Pj:/ S-idazdyzQ/Re{gj x Hi}-2zdady, (2.57)
A A

which includes the time-averaged energy flux S, described by equation (2.17). Taking into
account the relations (2.56) and (2.57), the orthogonality relation for modes ¢ and j can be

expressed as

1
: /A(a- < M+ £ x M) - 2dudy = P65, (2.58)

where ¢;; denotes the Kronecker delta.
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2.3. Numerical simulation

The derivation of equation (2.58) includes conjugated electric and magnetic fields. Equa-
tion (2.58) is referred to as conjugated form of orthogonality [70, Chapter 31]. This form is
convenient, because it provides a physical interpretation in terms of power flow, equation
(2.57). However, it is only valid for non-absorbing waveguides, for which n’; = nes holds.”
This condition is true for real valued refractive indices. This may be the case of a straight
waveguide with invariant geometry when the waveguide is made of a non-absorbing material,
and the roughness of its walls is neglected. However, in the case of bending, the imaginary
part of effective refractive index is non-zero and increases along with bending (decreasing
radius of curvature), as visible in Figure 2.14. For both absorbing and non-absorbing wave-
guides holds the unconjugated form of orthogonality [70, Chapter 31-3]:

/Eix’f-tj-idxdy:/Ejx%i-idxdy:(), for i # 7, (2.59)
A A

between mode ¢ and j, where the integration is performed over the infinite cross-section A
perpendicular to the propagation direction z. Particularly, every bound mode is orthogonal
to all radiation and leaky modes [70]. Based on (2.58) and (2.59), the following orthogonality
operation between two modes is defined [52]

L
MM = 2 [ (Eix M+ € x M) sdady = 0 =7 (2.60)
J J J
4/a 0, i#j

which can be interpreted as projection of mode |M;) onto mode |M;). Following the ket
notation from [50, 83], the mode is represented as

M) = (Ejas Ejuys TMjon £Hjy)) T (2.61)

where &; ., &4, Hj. and H;, denote, respectively, x- and y-components of electric and
magnetic field profiles of j-th mode, and + superscript indicates the forward or backward
propagation direction, along the z-axis. In this thesis, the quasi-TE modes are considered.
In the case of TE modes, only the sign of the magnetic field changes, while the orientation
of the electric field remains the same when considering different propagation directions.
The electric and magnetic fields are normalised to obtain unit power flow (2.60) in the
propagation direction for the lossless propagating modes [52].

2.3. Numerical simulation

The calculations of the electromagnetic field in this work rely on commercially available
software: JCMsuite [65], CST Microwave Studio [84], and Ansys Lumerical [85]. The choice
of the software depends on the characteristics of the problem being addressed, such as the
structure or materials involved. Some software packages offer great flexibility, making them
suitable for complex 3D geometries, while others are dedicated to particular structures like
spheres or waveguides. The latter options are typically optimised for faster computation
[86]. This section provides a brief overview of the numerical methods implemented in the
selected software.

7 The explanation comes from the derivation of unconjugated and conjugated reciprocity theorem between
the two field solutions of Maxwell’s equations. The details can be found in [70, Chapter 31].
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2. Waveguide theory

2.3.1. Finite element method

The electromagnetic fields that define the mode in (2.61), along with the propagation con-
stants of the guided eigenmodes are calculated with the aid of the finite element method
(FEM) solver, JCMsuite [65, 87]. In this software, the eigenmode equation for the electric
field

V x V x E(r) — w?(r)E(r) = 0, (2.62)
where E(r) = £(z,y)e?, (2.63)

is solved numerically in the frequency domain for the electric field profile, £(x,y), across
the waveguide cross-section, and the propagation constant S. Analogous equations are
considered for the magnetic field H(r). The propagation constant of mode m is given in the
form of effective refractive index n’% = B kg " [87].

Finite element method for Maxwell’s equations

Let us consider a bounded domain 2 C R3 where we want to find solutions to equation
(2.62). We call such a domain a computational domain. The electromagnetic field is com-
puted and represented only within this region. Equation (2.62) represents a strong form of
the wave equation. This equation holds only in regions with smooth parameter function (r)
[88, 89]. However, this requirement is not satisfied in case of domains containing waveguides,
consisting of two different homogeneous materials characterised by the refractive indices of
the core and cladding. The material parameters are no longer continuous as they jump at
the surface separating the cladding and the core. In the case of Maxwell’s equations, it is
necessary to require the continuity of the tangential field components, which is ensured by
the transmission boundary conditions at the surface separating the two media (for example,
see equations (1.16), (1.17) in [89]). To apply the finite element method, we need to derive a
variational formulation of equation (2.62), called weak formulation [88]. For the weak formu-
lation, an appropriate function space is used that considers the continuity of the tangential
components of the modes at the interface of the materials. Below, we briefly explain, how
to derive the weak formulation for equation (2.62).

Together with the boundary conditions on 0f2, the eigenvalue problem for the electric
field u := E(r) reads [90, Section 1.4]

V x (V x u) = w?eu in Q, (
V:(eu)=01in Q, (2.65
nxu=0on 0, (

where i is a unit vector normal to the boundary 92 and the boundary condition (2.66
refer to the divergence condition (2.1) in the absence of charges and conducting boundary
condition (2.26), respectively [90, Subsection 1.2].

To analyse Maxwell’s equations, we consider a vector field v : Q — C2 in a Sobolev space
H(curl, Q) defined as the linear space [90, Subsection 3.5.3]

H(curl,Q) := {v € L*(Q)* : V x v € L*(Q)*}

with the norm

2 2 2
HVHH(curl,Q) = HVHLZ(Q)S + [V x VHL2(Q)3 )
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2.3. Numerical simulation

where L? denotes the normed linear space of functions for which the square of the absolute
value is Lebesgue integrable. The vector field v is piecewise smooth and tangentially con-
tinuous at interfaces. The fields E and H are elements of H(curl, C3) [88]. Therefore, the
continuity of the tangential components of E and H is satisfied automatically.

The weak formulation of the eigenvalue problem (2.64) is obtained after multiplying (2.64)
with a test function v € H(curl, Q) and integrating by parts, taking into account equations
(2.65) and (2.66), and reads [91]

/qu-vadr:/wzeu-vdr. (2.67)
Q Q

The derivation of the weak formulation utilises the weak curl of u, explained in Appendix A.
The numerical approximation of an electric or magnetic field u can be found using the
Ritz—Galerkin method [92, 93][94, Section 5.3], which is briefly described below.

The computational domain € is discretised (meshed) into small elements, most commonly
in the shape of tetrahedrons for 3D structures or triangles for 2D geometries. The mesh
consists of nodes and edges, as illustrated in Figure 2.7.

— 1
Q L jt1
J 2 »
T J
4 ¢ j :r 2
J—3 Figure 2.7: Depiction of the edges and internal
oQ nodes within the exemplary computational domain,
denoted as ). The vicinity of node j is shaded in
grey.

To solve the problem (2.67), we need curl conforming polynomial function space. Curl
conforming means that polynomial functions from such a space must fulfil continuity of
N X V over the boundaries between these elements, see Figure 2.8(a). The choice of Nédélec
elements provides the required continuity conditions [95]. For example, the linear Nédélec
elements have a basis of vectorial basis functions [90, Subsection 5.5.1]

w(r)=a+bxr where abecC? (2.68)

that are curl conforming [96][90, Section 5.5]. The mesh elements have the form of tetrahe-
drons (in case of R3). The determination of the six constants is based on the six edges of
the element, therefore the elements are called edge elements, see Figure 2.8(b). The basis
functions are assigned to edges.
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2. Waveguide theory

[=

91 Qo
u; € H(CHI‘L Ql) us € H(curl, QQ)

Q=0,UQ i J

(a) (b)
Figure 2.8.: (a) Interface between two subspaces ; and 9, with a normal unit vector . In
our considerations of Maxwell’s equations (2.9)—(2.12), the electric permittivity is assumed to be a
smooth function that may be discontinuous along smooth material interfaces, which is the case of
the interface between core and cladding of a waveguide. Therefore, we consider an interface problem,
where the material parameters can jump. (b) Lowest-order Nédélec element. Degrees of freedom are
the average value of the tangential components of the vector fields on each edge [90, Section 5.5].

For each internal edge j the solution for the magnetic or electric field can be approximated

with the function [93]
N

udpprox _— Z CjWj, (269)
j=1

with the number of edges N, amplitude c;, valid in the respective subdomain, which fulfil
(2.67) in the spatial region around the edge j and the boundary conditions at the edges of
the subdomain [93, 95]. The mesh size (number of subdomains) determines the accuracy of
the approximation [87].

The next step is to determine the set of amplitudes ¢; that minimise the residual between
the exact solution u and its approximation u®PP™*, This can be achieved by inserting
equation (2.69) into (2.67). Because the resulting formulation is the linear combination of
the basis functions, the problem can be formulated as a system of linear equations, with a
matrix that can be inverted.

JCMsuite implementation and settings

In JCMsuite the computational domain Q C R? contains waveguide cross-section, which
is enclosed by surrounding cladding, shown in Figure 2.9. Although the analysis focuses
on two-dimensional cross-sections, JCMsuite also accommodates bending and twisting of
the waveguide based on specified parameters: AxisPositionX for bending and Twist for
twisting [65, 97]. This functionality allows for straightforward computation of modes in
bent waveguides.

The radii of curvature R considered in this solver, vary from 6 pm up to 100 pm. The
lower limit is determined by the size of the computational domain, d = 10 pm. The centre of
curvature must be positioned outside the computational domain, meaning the bending radius
must be greater than 5pm. At the same time, the domain must be big enough to ensure
sufficient field decay on the domain boundaries. This trade-off between the computational
domain size and the lowest radius of curvature, result from the bending implementation in
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2.3. Numerical simulation

Figure 2.9: Zoomed-in view of the computa-
tional domain containing the waveguide core
(in blue) with a finer mesh, surrounded by the
cladding (in green) that has a coarser mesh.

JCMsuite [65], as illustrated in Figure 2.10. This figure presents a central cross-section of a
solid of a revolution created by rotating the computational domain around an axis located
at a distance R from the centre of the computational domain. The number of grid points
N, in the bending direction x spans twice the radius of curvature plus the domain size. The
choice of N, results from trade-off between computation time and the radius size. A larger
maximum radius of curvature necessitates a greater number of equally spaced grid points,
which in turn increases computation time.

Figure 2.10.: Tllustration of bending implementation in JCMsuite. A bent waveguide is modelled as
a body of revolution. The figure shows a cross-section of the considered body of revolution obtained
by rotating the computational domain in (x,y)-plane arround the axis of rotation displaced from
domain centre by a distance labelled R (referred to as AwzisPositionX in JCMsuite documentation
[65]). The number of equally spaced grid points N, depends on the radius of curvature as 2R + N,
with N, = 1000 being fixed. The number of grid points coinciding with the computational domain
is fixed, therefore the greater the bending radius, the higher the number of grid points N,.

The choice of N, and N, determines the resolution of the computed field profiles, £(x,y)
and H(z,y), for each mode. The fields are stored as matrices that contain the field values
in z-y plane. The size of matrices is determined by NNV, and N,.

To implement FEM in JCMsuite, the basis functions are defined as polynomials. In the
simplest case, where the functions are smooth and differentiable, the accuracy of the solution
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2. Waveguide theory

is influenced by both the polynomial degree and the size of the mesh element [65]. To achieve
the most precise solution, it is important to use a small mesh size and a high polynomial
degree. However, in certain situations — such as when singularities are present in the solution
— simply increasing polynomial degree does not significantly improve the accuracy, while still
increasing the computation time. A finer mesh provides higher accuracy of the results, but
this also leads to increased computational time and memory usage. Therefore, the software
automatically adapts the mesh size and polynomials to meet the requested accuracy of the
solution, based on the initial polynomial degree, required precision and refinement steps
provided by the user.

The electromagnetic field of the mode is expected to decay exponentially in the cladding
as shown in Figure 2.3 and eventually be zero at infinity, outside the computational domain.
In order to avoid back-reflection and interference of radiation into the computational domain,
a layer of absorbing material surrounds the domain boundaries. The wave impedance of this
layer must match the one of the computational domain. Therefore, this approach is called
perfectly matched layers (PML) method [98, 99]. The number and thickness of the layers is
adjusted automatically in JCMsuite [65, 99].

The FEM implemented in JCMsuite allows for computation of the modes propagating
through straight or bent waveguide. The mode field profiles are used to calculate trans-
mission through the waveguide, while the propagation constant is utilised for calculation
of bending losses. The exact procedure of this calculation is described in Section 2.4.1 and
Section 2.5.

2.3.2. Finite integration technique

While JCMsuite is convenient for calculating mode profiles, other solvers are better suited
for computing the transmission characteristics of three-dimensional waveguide structures.
This type of computation is referred to as full-wave simulation. Here, the software used
for this purpose is CST Microwave Studio® [84]. It is a full-wave 3D electromagnetic field
simulation software that allows for calculation of field amplitude distribution across the
entire 3D space. The simulations are performed using both the time domain solver based
on finite integration technique (FIT) [84], and the frequency domain solver, which utilises
FEM. The time domain solver is the default choice for high-frequency applications. However,
CST only offers a hexahedral mesh for this solver [84]. In contrast, the frequency domain
solver can use a tetrahedral mesh, making it suitable for more complex geometries, such as
structures with multiple ports or ports that are not parallel to each other. Since FEM was
described in the previous section, this section briefly presents FIT.

In the FIT, the Maxwell equations in the integral form
~ -~ OB
f D-dA:/g-dV, (2.70) E-ds=— a—-dA, (2.72)
A(V) v (A A Ot

)
7{ B.dA =0, (2.71) }’{ ﬁ.ds—/ 7+ P aa, @
A(V) C(A) A ot

are discretised and converted to matrix equations which can be solved numerically [100, 101].
The bounded spatial region is divided into cells, similarly as in Figure 2.7. The edges are
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characterised by their orientation, which facilitates the description of the connected edges
as a directed graph [101, 102]. For each cell with volume V; ; 1, depicted in Figure 2.11(a),
electric grid voltages € on its edges and magnetic fluxes b through the surfaces of the cell are
assigned. In addition to the primary grid, an orthogonal auxiliary dual grid is introduced,
consisting of magnetic grid voltages h and electric flux d through the surfaces [101, 103]. A
pair of primary and a dual grid cells is presented in Figure 2.11(b). Within this paired cell
complex {G, é} the discrete matrix equations, referred to as Mazwell-Grid-Equations can
be represented as follows

~ _ ob
Kpua -d =4q, (2.74) Ce=-—5 (2.76)
K-b=0 2.75 ~ ~ od
) ( ) CDual . h =] + E , (277)

where the matrix C corresponds to curl and matrix K corresponds to divergence. The
subscript “Dual” indicates that these operations are performed on the dual grid. A detailed
derivation of these matrices can be found in [101]. Including the discretised version of the
constitutive relations (2.5)—-(2.6), the Maxwell-Grid-Equations can be solved iteratively for
the entire mesh until the desired level of accuracy is achieved.

grid cell ¢
of grid G
FOVERNS ' ‘
x — ~
> J o JG
~ijk i1l 5,k Y
ey’ l/ y L ' . i
7 ja grid cell ¢/
of dual grid G
gi>j7k
x

(a) (b)

Figure 2.11.: (a) A cell of volume V of a cell complex grid G with electric grid voltages € on the
edges of one surface and the magnetic flux b through that surface. (b) Primary grid G and its dual
grid G. These figures have been adapted from [101].

The mesh density is defined by the number of cells per wavelength, which in this study
is set to 10. Local mesh refinements are applied automatically at the core boundaries and
curved surfaces to enhance accuracy. The computational domain is a cuboid that encloses
the entire waveguide. To compute and visualise the field amplitude distribution properly, a
space is left between the waveguide core and the walls of the computational domain. The
boundaries of the computational domain are set to open, which is equivalent to the PML
method [84]. At one end of the waveguide an input port 1 is defined, and at the opposite
end an output port 2 is defined, both of which are important for S-matrix computation.
The S-matrix contains the fractions of complex amplitudes that are scattered through port
1 or port 2 when the system is excited through either port. The S-matrix relates each mode
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2. Waveguide theory

of the waveguide ports with all the modes. The off-diagonal matrix components represent
transmission (or reflection) from one mode of a waveguide port into another mode of another
waveguide port, while diagonal components represent the reflection of each mode back into
itself. The S-parameters obtained with CST Microwave Studio are used for validation of
the results obtained with fundamental mode approrimation and multi-mode approximation
described later in this thesis. The visualisation of field profiles is helpful in identification of
possible loss mechanisms.

2.3.3. Finite-difference time-domain method

The previous section describes discretisation of space, while the time dependence of Maxwell-
Grid-Equations remains continuous. However, for numerical calculations in time domain it
is necessary to discretise time as well [101]. From the Maxwell curl equations (2.3) — (2.4)
and constitutive relations (2.5) — (2.6) it is evident that the spatial change of the H-field
(curl) is related to the change of E-field in time (time derivative), and wvice versa. This
observation led to the formulation of finite difference equations by Kane Yee in 1966 [104]
and the algorithm that simultaneously handles both electric and magnetic fields in time and
space. In this formulation, later called Finite-Difference Time-Domain (FDTD) method,
the computational domain is meshed into a Yee lattice. In this lattice, the electric and
magnetic field components are located at the centres of the grid lines and surfaces such that
each E-field component is surrounded by four H-field components and vice versa [105]. An
example of a Yee cell from the lattice is presented in Figure 2.12.

z
| 5

H, #

A, E, H.4. E,
/—y’ Figure 2.12: Yee cell. The Cartesian components of F
;3 H and H are interleaved on a cell with the origin (i, j, k).

(4,4, k) ©
H The fields are offset half a cell with respect to each other.
(o Y This figure has been adapted from [105].

Utilising the Yee lattice, the first-order partial derivatives of Maxwell’s curl equations both
in time and space can be approximated using central differences and solved with a leapfrog
scheme [105-108]. While the FDTD method seems to be a natural choice for electromagnetic
problems, it can only be implemented on a cubic Cartesian mesh. This limitation may lead
to inaccuracies on curved interfaces between two media, which arise from the staircase
permittivity mesh. An FDTD software used in this thesis, Ansys Lumerical [85], includes
several methods to enhance accuracy on curved surfaces, for example Yu—Mittra method
[109], where the parameters of the media are determined at the centres of the cells, rather
than at the locations of the fields. In this method, the values of the fields are calculated as
the average of the fields surrounding that particular location [109].

In this thesis, Lumerical is used to calculate modes propagating in nonlinear, dispersive
materials in Chapter 5, as this software provides materials database with the tool to model
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dispersive materials. The scripting language allows for automation of the calculation for a
wide frequency ranges and varying geometries.

All numerical simulations and calculation of parameters for this thesis, where the com-
putation times are compared, are performed on a desktop computer characterised by the
parameters: Intel(R) Xenon(R) CPU E5-2650 v4 @ 2.20 GHz, 16 GB RAM. In case of the
computer software CST Microwave Studio and Ansys Lumerical an automated accelerated
computation is set up to two devices (processor cores).

2.4. Optical loss mechanisms in waveguides

In a waveguide with a non-invariant cross-section, in contrast to the ideal setting, some of the
electromagnetic field may be lost as it propagates, resulting in lower output energy compared
to the input energy. Ideally, a straight waveguide made of a non-absorbing material, where
the cross-section remains unchanged, would have no loss [52]. Otherwise, a waveguide
is considered lossy [P1]. Losses can occur if the waveguide is curved, leading to bending
losses. Additionally, any change in waveguide’s geometry, such as variations in the radius of
curvature or cross-section, results in transition losses [110, 111]. These are the primary loss
mechanisms considered in this thesis.

Further losses can result from impurities in the core material or from scattering that
occurs on the sidewalls due to surface roughness [74]. This surface roughness may arise, for
example, from an imperfect etching process during waveguide fabrication [112, 113]. Due
to their randomness, these scattering losses cannot be calculated exactly, however, they can
be estimated using theoretical models [114-117]. Although scattering losses are significant
in practice, they are not considered in this study, as they affect both straight and bent
waveguides. This thesis examines how waveguide geometry variations affect losses, assuming
this change is independent of surface roughness.

2.4.1. Bending loss in a curved waveguide

The information regarding the losses affecting each mode m due to bending is captured by
the propagation constant 3,,. Its real part is related to the phase of the mode, while for
attenuated fields it acquires a positive imaginary component [118]. This relationship can be
observed based on the formulas for mode fields (2.40) and (2.41).

Figure 2.13 shows the real part of the electric field component in z-direction, computed
using JCMsuite for different radii of curvature. The cross-sectional view is shown in the z-y-
plane, and the waveguides are curved in the y-direction (in the y-z plane). The geometrical
and material parameters of the waveguides are the same as in [52], i.e. 1.0 pm in z-direction
and 1.4 pm in y-direction. The core is made from a material with n., = 1.57. The cladding
is made from a material with n, = 1.34. There is no noticeable difference between the
fields supported by a straight and bent waveguide with radius of curvature R = 100 pm. In
both cases, the propagation constant is purely real at the chosen accuracy. When the radius
decreases to R = 20 pm, a shift of the field maximum in outward direction of the bend can
be recognised. In case of smaller radii, a part of the eigenmode field is found oscillating
outside the core. This is a clear indication for the onset of notable radiation losses. This
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neg=1.4441 1 nep=1.4444 Ner=1.4523+0.00091 nex=1.504640.02961
' R =100 pm R = 6pm

Figure 2.13.: Real part of &, field, normalised to the maximum field value in the straight waveguide.
Each plot corresponds to a different radius of curvature. The waveguide is bent along y-direction,
which is marked with an arrow, directed from the centre of curvature. Dashed line crosses the
centres of the core cross-section. The core of the waveguide is highlighted with a blue rectangle. The
surrounding cladding is cropped to highlight the mode profile leaking into the cladding.

behaviour, where the field propagates out of the waveguide core, is complemented by an
increased imaginary part of the effective refractive index, and consequently the propagation
constant. The effective refractive indices of the modes themselves are indicated in the top
of the plots in Figure 2.13.

The power transmission in mode m of a waveguide characterised by length [ and radius
of curvature R can be calculated as

T, = e~ 2Im{Bm (R}, (2.78)

Figure 2.14 shows the imaginary part of the propagation constant of the fundamental
mode as a function of radius of curvature. The fundamental mode is characterised by the
smallest imaginary part among all the modes considered. The discrete values of 3y are
calculated with JCMsuite, while the connecting line is obtained with an exponential fit.
The results are in agreement with those presented in [52]. As the imaginary part of the
propagation constant increases for a decreasing radius of curvature, the bending loss also
increases, which is calculated as (1 — Tj)- 100 %. The percentage values for selected radii of
curvature are listed in Table 2.2. In this table, a 90° bend is considered. It can be seen that
for radii greater or equal than 50 pm, the bending loss is smaller than 1%. As the radius
decreases, the bending loss increases significantly, exceeding 70 % for radii as small as 10 pm.

To account for the reduced bending losses, a waveguide with a radius of curvature greater
than 100 pm is considered a straight waveguide. This simplifies and accelerates the calcula-
tions because calculating modes in JCMsuite for higher radii of curvature is computationally
difficult, cf. Subsection 2.3.1.

2.4.2. Transition loss due to geometry changes

Any change in the shape of a waveguide, such as its trajectory or cross-section, results in
a redistribution of energy. At the interface between two waveguide sections with different
geometries, the incoming electromagnetic field of the fundamental mode can be transmitted,
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A x10* | ‘ Table 2.2.: Bending loss after
| a 90-degree bend for different radii
— of curvature.
=3t
g Radius [pm] Bending loss [%]
=2
ot 10 74.26
Eal 20 26.69
‘ 30 6.18
10 20 30 40 40 2.33
radius of curvature [pm)]
50 0.43
Figure 2.14.: Imaginary part of propagation constant of 60 0.12
the fundamental mode as a function of radius of curvature.
The radii are limited to a range in which the differences 70 0.10
are notable. The results are calculated for n, = 1.34, 80 0.08
Neo = 1.57 and a waveguide cross-section 1.4pum x 1.0 pm
(width x height). Bending occurs in the direction of the 90 0.05
width. 100 0.04

back-reflected, scattered into radiation modes, or coupled to higher-order guided modes [52,
110, 111]. Consequently, only a portion of the power remains guided, while the rest leaves
the system.

The fraction of reflected and transmitted energy is quantified by the absolute values of
reflection coefficient |rg| and transmission coefficient |t|, respectively. These coefficients
can be determined using the fundamental mode approximation, which is presented in the
following section. The fraction of power transmitted after the interface is calculated using
the formula

T; = [to]*. (2.79)

Similarly to the case of bending loss, the value of T} is used to calculate the transition loss
as (1 —1T3)-100 %.

2.5. Fundamental mode approximation

While FEM, FIT, and FDTD computations can yield results that closely match experi-
mental data, these simulations often demand significant time and memory resources. In
scenarios where quick computations are essential — such as when optimising the shape of a
waveguide by iteratively enhancing transmission — numerical methods employed in commer-
cial software may not be adequate. Therefore, this section introduces the fundamental mode
approximation, which originates from [52].

The fundamental mode approximation (FMA) is based on the assumption that waveguides
predominantly transmit the energy in a single mode [52]. As illustrated in the Figure 2.2(a),
in Section 2.2.1, the number of guided modes depends on the design of the waveguide. By
selecting the height of the waveguide core appropriately, it can support one TE and one TM
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2. Waveguide theory

mode. Although both the TE and TM modes are supported, the two modes are orthogonal
to each other, which means that energy transfer between them is not possible, cf. Subsection
2.2.4. Therefore, the problem can be simplified to focus on a single propagating mode, as
the choice of polarisation does not influence the results [52].

The approximation method involves pre-calculation of the propagation constants and
mode field profiles for waveguides of different radii of curvature. The FMA is realised by
treating the waveguide as a series of arcs with specific curvatures. This method also takes
into account the losses within the arcs and at the interfaces between them, which is discussed
in the following subsections.

2.5.1. Interface problem

In Subsection 2.4.1 it is described how to calculate the propagation loss caused by bending.
Subsection 2.4.2 mentions the transition loss between two segments due to the change in
the shape of a waveguide. Here, we focus on the transmission through the interface that
separates two waveguide segments with different curvatures, a situation referred to as inter-
face problem, presented in Figure 2.15. The incident mode |£{) can be transmitted through

ro |Lq )

L)

Figure 2.15: An interface between straight and bent waveguide
section. A fundamental mode |£() is incident from the left side

of the interface. A part of the fundamental mode is transmitted
\ into the right side and the rest is reflected back.

|

+
' to[Rg)
|
|

the interface as mode |Ry), reflected back as |Ly ), scattered into a continuum of radiation
modes, [£,) or [R}), or coupled to discrete higher order modes, |£,) or |R;},), with m > 0.
The continuity of the tangential components of the electromagnetic field implies [52]

L5y + 7o |Lo) + Z T'm \£;>+/rq £, ) dgq

m>0

(2.80)
—to/RO)+ Yt [RE) + /rq RE) dg.

m>0

In the above equation, ¢ denotes amplitude transmission coefficient and r corresponds to
amplitude reflection coefficient. The subscripts denote the particular mode number.

The difference between profiles of the fundamental modes |£7) and |R{) results in the
excitation of higher order and radiation modes at the interface. However, if the deviation
is small, most of the power will be transmitted in the fundamental mode. Under this
assumption the higher-order modes in equation (2.80) are neglected, leading to the following
relationship:

L) 470 1£5) + / rlC2)dg = toRE) + / ro|RT) dg. (2.81)

The scattering coefficients rg and tg measure the fraction of reflected and transmitted am-
plitude, respectively. The amplitude reflection coefficient can be extracted from equation
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2.5. Fundamental mode approximation

(2.81) by projecting |£{) and |Ly) on both sides of this equation and results in

(£o|Rg)
ro = — 01%0/ (2.82)
(L5 Rg)
The amplitude transmission coefficient can be obtained further by projecting |Rd) and |Ry )
onto (2.81) and utilising expression (2.82) as

to =(LFIRG)- (1 —75). (2.83)

In the above derivation of the coefficients, the orthogonality relation (2.60) is applied, recog-
nising that discrete modes are orthogonal to the continuum of radiation modes. Further
in this thesis, the amplitude transmission and reflection coefficients are referred to simply
as transmission and reflection coefficients, respectively. To avoid confusion, it is explicitly
stated when the transmission of power is being considered.

2.5.2. Transmission coefficient for the infinite computational domain

To compute the transmission coefficient (2.83), the integral in (2.60) must be evaluated
over the entire R?. However, this is not possible in practice. Therefore, the computational
domain used in JCMsuite for calculating modes must be limited to a size that ensures the
desired accuracy. Figure 2.16 shows how the absolute value of the transmission coefficient |¢g|
between two different waveguide segments varies depending on the computational domain
size. The values oscillate in an exponentially damped manner, eventually converging to the
proper value of the transmission coefficient g as the computational domain size approaches
infinity. Note that although the transmission coefficient (2.83) is complex in general, only
its absolute value is required to compute power transmission (2.79). Therefore, the value of
|to| is discussed in the following subsections.

The values of the integral (2.60), represented as a function ¢ — f(¢), are calculated for
different computational domain sizes ¢. The asymptotic #y can then be determined by fitting
the computed data to the expression

f() =ty +Re {27’e”£} : (2.84)

with 7 and v being complex parameters, similarly as in [52]. The values of all the parameters
are determined iteratively using MATLAB’s fminsearch function [119].

As shown in Figure 2.16, it is sufficient to consider a computational domain size of 10 pm
to determine the asymptotic value tg. In subsequent calculations, this value tg is used to
calculate transition loss. The consideration of a result obtained for computational domain
size 10 pm only, may be affected by a relative error up to 0.2 %. However, the oscillations
are more pronounced for smaller radii of curvature, likely due to a significant portion of the
eigenmode fields extending beyond the waveguide core in cases of small bending radii, as
illustrated in Figure 2.13.

In practice, it is sufficient to restrict the computational domain to 10 pm x 10pm for
straight waveguides and bends of low curvature, cf. Figure 2.13. However, to improve
accuracy for bends, the domain is extended to 20 um in the outer bow direction. This is the
direction where the mode stretches and leaks into the cladding.
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Figure 2.16.: Absolute values of transmission coefficients as a function of computational domain
size for an interface between (a) straight and bent waveguide section of radius Rr = 20 pm and (b)
two bent waveguide sections of radii Ry, = 40 pym and Rz = 20 pm.

2.5.3. Map of transmission coefficients

The range of possible radii of curvature spans a wide spectrum, covering essentially all real
numbers. However, in reality, modes can only be computed for a limited set of radii of
curvature. First of all, in the mode calculations, we limit the radii of curvature to positive
values. The mode profile of radius —R can be obtained from R by flipping the correspond-
ing mode profile along the bending direction. The propagation constant remains the same.
Moreover, the considered radii of curvature are bound to a reasonable interval. The lower
bound for the considered radius of curvature is determined to be 6 ym, based on the imple-
mentation of bending in JCMsuite [65] as previously explained in Subsection 2.3.1. When
the radii of curvature are very small, the modes are no longer guided, resulting in significant
losses. Consequently, waveguides with extremely sharp bends are typically not considered
in practice. Nevertheless, some studies [120-123] explore bends of 10 pm and below, which
are already categorised as very sharp. The investigation of mode coupling is relevant for
higher radii of curvature, where the broken orthogonality is not only a perturbation due
to loss. Generally, the upper bound of the radius of curvature considered in this analysis
is infinity, which corresponds to a straight waveguide. Here, however, the value 100 pm is
selected as the upper bound. This choice is justified by the minimal change observed in the
fields when the radius is 100 pm or greater. Another factor is the increased computation
time in case of higher radii of curvature. To mitigate this issue, the values of the radii of
curvature are not spaced evenly. A coarser sampling is sufficient for weaker bending, while a
finer sampling becomes necessary for radii smaller than 50 pm due to the higher variation of
the fields within this range. Once the set of radii of curvature is defined, the guided modes
are computed for each radius.

Equation (2.83) allows for calculating the transmission coefficients only for two segments
of particular radii of curvature. To account for all possible combinations of radii of curvature,
lookup tables of transmission coefficients, later called ¢-maps, are generated. The exemplary
t-map is presented in Figure 2.17. The transmission matrices are computed for each combi-
nation of radii from the set defined earlier. Then, the values of the transmission coefficient
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2.5. Fundamental mode approximation

are refined with using MATLAB function griddata. This built-in function interpolates the
known values of transmission to correspond to a finer set of radii of curvature.
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Figure 2.17: Map of transmission coefficients for
a waveguide of 1.4pmx1.0pm core of ne, = 1.57
0.2 and cladding n. = 1.34.

2.5.4. Generalisation to arbitrary 2D trajectory

In the previous section, the connection of only two segments is considered. To calculate
transmission in a waveguide of arbitrary® trajectory, it can be divided into segments approx-
imated with arcs of constant radii of curvature, as shown in Figure 2.18. For each segment,
the transmission in the presence of bending is calculated according to formula (2.78) and
the transmission coefficients are evaluated for the interfaces between consecutive segments.

Ry R, I

Figure 2.18.: Waveguide trajectory divided into IV segments of length [,, and constant radius of
curvature R,,, withn=1,--- | N.

The fraction of power transmitted to the output of the waveguide is then determined as
T="1T,-T; (2.85)

where T}, denotes transmission weakened by bending and 7T} indicates transmission through
all the interfaces between waveguide sections, calculated as

N

7y = T] exp(=2 Im{ () }n) (2:86)
et

7= I Il (2.87)
n=1

The presented FMA method is applicable to single-mode waveguides in optimal scenarios
in which the waveguides are optimised for maximum transmission. The extension of this
method to higher-order modes is presented in Section 3.2.

8 In this work only bending in one plane is considered. Twisting of the waveguide is not taken into account.
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2.6. Summary

This chapter provides a concise introduction to waveguide theory, beginning with Maxwell’s
equations. It explains light confinement and propagation in slab and channel waveguides.
Furthermore, this chapter introduces the concept of an eigenmode expansion of the elec-
tromagnetic field. This concept is later used in the approximation methods to calculate
the transmission of free-form waveguides. The modes are determined using a FEM solver,
while the transmission of the waveguides is computed using FIT and FDTD solvers and is
used later as a reference for approximation methods. All used numerical methods are ex-
plained in this chapter. The final section introduces the fundamental mode approximation,
which assumes that the waveguide supports only the fundamental mode. In this method the
waveguide trajectory is approximated using arcs with a constant radius of curvature. The
calculated transmission results from propagation loss in the segments and transition loss
at the intersections between segments. This approximation method is further expanded in
Chapter 3 to include higher-order modes propagating through the waveguides.
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multi-mode waveguides

This chapter presents approximation methods for computing the transmission through bent
waveguides significantly more efficiently than full-wave simulations. This means that the
approximate simulations are faster and require less computing resources while solving the
problem with sufficient accuracy. The focus is on waveguides that support the propaga-
tion of multiple modes. The first approximation, referred to as multi-mode approximation
(MMA), is introduced in Section 3.2. The content of this section has been published in [P2]
and presented at conferences [C3—-C5]. The new approximation method extends the FMA,
as discussed in Section 2.5, to include higher-order propagating modes. The Section 3.2 pro-
vides a detailed description of the MMA, covering the analysis of higher-order modes and
their orthogonality, propagation and transition loss, t-maps, and trajectory segmentation,
analogous to Section 2.5. The method is applied to several examples in Section 3.3 and
compared against numerical simulations performed with CST Microwave Studio [84]. The
second approach discussed in this chapter, detailed in Section 3.4, utilises artificial neural
networks (ANNs). The networks have been trained to learn the relation between trajectory
and transmission using a large amount of precomputed data. Various architectures are ex-
plored to evaluate their ability to predict transmission in a waveguide based on its trajectory.
Fach example is assessed based on the time required to obtain the result and the accuracy
of the result compared to the reference.

3.1. Introduction

The propagation of higher-order modes in waveguides is sometimes not only unavoidable
but may be desired in silicon photonics. It increases the number of channels to transmit
data in mode-division-multiplexed systems [124], where multiple guided modes carry signals.
Multi-mode silicon-on-insulator (SOI) waveguides may be used to directly couple few-mode
optical fibers and photonic chips [125, 126]. Silicon waveguides sustaining higher-order
modes find applications also in on-chip add-drop optical filters based on a multi-mode Fabry-
Perot cavities [127] and on-chip polarisation-handling devices [128]. Furthermore, allowing
multi-mode transmission and waveguide shapes deviating from a straight path expands the
possibilities of waveguide design. Flexibility and compactness of photonic devices [129, 130]
can be achieved through bending, as demonstrated in multiple studies [120-122, 130].

Here, we consider propagation of higher order modes in free-form waveguides, fabricated
by high-resolution 3D laser lithography. The exemplary waveguides are presented in Fig-
ure 3.1(a). Their purpose is to connect different components on a silicon photonic chip [53].
When placing the chip components onto a common substrate during mass production, the
exact positions of the components may vary from sample to sample. These relaxed alignment
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3. Fast calculation of transmission in multi-mode waveguides

tolerances facilitate the production process. To accommodate the placement inaccuracies,
the waveguide connections, also referred to as photonic wire bonds PWBs, are fabricated
in situ [42, 45, 46]. This means that the trajectories cannot be designed in advance. An
optimal trajectory with minimal transmission loss needs to be calculated only after examin-
ing the spatial locations of input and output ports. Given the target fabrication cycle of at
most tens of seconds, a fast and reliable strategy is essential to compute the optimal trajec-
tory with minimal loss. This optimisation process requires a tool to accurately and reliably
predict the loss [52]. Employing a full-wave numerical solution to Maxwell’s equations is
not feasible due to the large spatial extent of the waveguides, which can be on the order
of hundreds of micrometers [P1], making it impractical within the time constraints of the
optimisation.

50 pim 0
—
T ] —
T Lo 1V m
El 7 I 3 5l
L S o
1 A= S
/ \ n
7 1 é
/ \
3 % Z-10¢
/ \ o S s varem
/ \ 5 HFMA
i \ ~+-CsT
;_ _______ ; ________ | 5 Séexperiment
| p—— 1 - T L . !
— YA 3'_'-" 6 8 10 12 14 16
I . .
TSmO trajectory height [pm]

(a) (b)

Figure 3.1.: (a) An SEM (scanning electron microscope) picture of a series of photonic wire bonds
spanning over 100 pm, differing by heights h; figure adapted from [P1]. (b) Comparison of transmis-
sion determined with different methods: FMA, CST and experimental measurement. The fabricated
trajectories are characterised by their height. The result of approximation method is not accurate
for some waveguides. The experimental results were provided by colleagues from the research group
of Prof. Christian Koos from the Institute of Photonics and Quantum Electronics (IPQ) at the Karl-
sruhe Institute of Technology.

To predict the transmission from these PWBs, simplified methods for quick modelling
of large optical waveguide structures are needed. Using a numerical solution to Maxwell’s
equations (such as the finite element method or finite-difference time-domain approach) is
no longer feasible. It was shown in Section 2.5 that the transmission through free-form
waveguides can be predicted based on the FMA [52]. This approach assumes that the en-
ergy is carried along the waveguide only by a fundamental mode with a given polarisation.
An arbitrary trajectory of a photonic wire bond is divided into segments with a constant
radius of curvature. The total loss can be calculated by accumulation of the bending and
transition losses. Bending loss occurs in segments of small radius of curvature and is linked
to the complex-valued propagation constant [49]. Transition loss occurs at the interfaces
between waveguide segments with different radii of curvature. In the FMA, the loss is com-
puted from the transmission coefficient of the fundamental mode propagating in consecutive
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waveguide segments. While the results of this approach agree with numerical simulations
for simple-shaped waveguides, the obtained transmission does not entirely align with ex-
periments, which is presented in Figure 3.1(b). For some advanced trajectories the FMA
overestimates the transmission [P1]. These issues motivated us to develop a framework
to obtain information about the transmission of higher-order modes in such approximate
setting, which could be useful for designing multi-mode waveguides efficiently.

3.2. Multi-mode approximation

The multi-mode approximation (MMA) aims to address the limitations of the FMA when
dealing with waveguides where higher order modes are excited with a notable amplitude [P1].
This occurs, for instance, in spatial areas with a sudden change in the radius of curvature.
Examples of such trajectories are presented in Figure 3.2. The figure shows the real part
of electric field amplitude that propagates in photonic wire bonds of different shapes. The
amplitude is shown on a y-z plane which intersects with the centre of the waveguide core. In
the middle example the curvature of the trajectory changes smoothly, while in the remaining
two waveguides kinks are present, where a fraction of the amplitude is visually present in
the surroundings. In such cases, light is also significantly coupled to higher-order modes,
impacting the transmission of the fundamental mode. In analogy to the FMA, the MMA
requires precomputation of modal properties of guided modes for a chosen set of radii of
curvature. While not necessary for the method itself, precomputing modal properties greatly
accelerates the prediction of loss, which is a prerequisite for prospective optimisation.

The MMA procedure involves tracking the amplitudes of a few selected modes guided
along the waveguide. The trajectories should be made of smooth C? curves, with at least a
C! connection between straight and curved segments [110]. We assume that the curvature
changes in one plane and the cross-section is constant along the trajectory, so the potential
tapers are not considered. The waveguide with the arbitrary trajectory is divided into a
finite number of segments, each with a constant radius of curvature. Within each waveguide
segment, the propagation of modes can be described as a multiplication of their modal am-
plitudes with an exponential function. This exponential function includes the length of the
waveguide segment multiplied by the complex propagation constant of the respective mode.
The real part of the propagation constant corresponds to a certain phase accumulated by
the mode, and the non-zero imaginary part of the propagation constant implies a decrease
in modal amplitude due to non-vanishing radiation loss. At the interface between the wave-
guide segments with different radii of curvature, the orthogonality of the modes is broken,
and the modes can mutually couple. This effect is quantified by a transmission matrix that
contains the inter- and intra-mode transmission coefficients. To calculate these transmission
matrices, we need to know the tangential field profiles of the modes in the two neighbouring
segments. To make future simulations faster, we calculate the modal properties for finely
sampled radii of curvature in advance. We use t-maps that contain information on how
transmission coefficients change between waveguide segments with different radii of curva-
ture. In this work, we consider two modes supported in a waveguide, and the trajectories
confined to a single plane.
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Figure 3.2.: The amplitude of the real part of the propagating electric field in photonic wire bonds,
which span over 100 pm, and differ by shape and trajectory height. The input and the output
modes are denoted with |in) and |out), respectively. The uppermost trajectory features two kinks,
which correspond to spots of significant radiation loss. An oscillating interference pattern is also
observable within this trajectory. The trajectory in the bottom consists of one kink, where the field
is lost due to radiation. The optimal trajectory, shown in the middle image, is smooth and exhibits
minimal loss. The fields were computed with CST Microwave Studio for the entire 3D structures
with the simulation settings according to the Subsection 2.3.2. The trajectories are chosen from the
set presented in Figure 3.1(a), based on geometry parameters provided by Dr. Aleksandar Nesic from
the Institute of Photonics and Quantum Electronics (IPQ) at the Karlsruhe Institute of Technology.
The simulation was performed for waveguide cross-section 1.8 pnmx2.0 pm (height xwidth), n., = 1.53,
nq = 1.36, and wavelength 1.55 pm.

3.2.1. Higher-order modes

The photonic wire bonds that are studied here, are characterised by rectangular cross-
sections and confine light in two transverse directions [71], labelled as 2 and y. The modes are
guided along the waveguide core if their effective refractive index neg satisfies the condition
Nel < Net < Neo [68, 69, 131]. The waveguides being studied have the following parameters
[P1]: height 1.8 pm, width 2.0 pm, wavelength 1.55 um, refractive index of the core n¢, = 1.53
and the cladding ne = 1.36. A mode analysis shows the propagation of six modes, includ-
ing three quasi-transverse-electric (TE) modes and three quasi-transverse-magnetic (TM)
modes. This motivates consideration of a multi-modal approach to accurately predict the
transmission.

To calculate the propagating modes, we analyse a waveguide cross-section perpendicular
to the direction of propagation of the modes. The electric and magnetic fields carried by the
modes are computed with the commercially available finite element method (FEM) solver
JCMsuite [65]. The field distribution and propagation constants are obtained by solving
Maxwell’s equations as an eigenvalue problem [132] for source-free media in the frequency
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domain [62, 133, 134]. Despite being limited to two-dimensional cross-sections, the software
can accommodate bending and twisting of the waveguide.

JCMsuite can identify several propagating modes. The field profiles differ in terms of
amplitude, and shape, as well as the positions and number of positive and negative extrema.
Figure 3.3 displays the real part of the z-component of the normalised electric field of three
lowest-order modes of the same polarisation, found in a straight (top row) and bent wave-
guide (bottom row). The modes are arranged based on their decreasing effective refractive
index. The effective refractive index of the respective mode m is related to the propagation
constant 3, by nly = kg 13, with vacuum wave number kg = 2rA~!, and wavelength .
To make the notation match the description in this chapter, the modes are numbered with
positive integers m = 1,2,3,..., with m = 1 denoting the fundamental mode, and m > 1
denoting higher-order modes. Note, that in Chapter 2, the numbering starts with 0, which
is required for the derivation in Subsection 2.2.1. To simplify the notation, we also skip the
superscript m in the representation of effective refractive index further in this thesis.
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Figure 3.3.: Mode profiles of the real part of the z-component of the normalised electric field
calculated with JCMsuite. The field is normalised to the maximum of the field in the fundamental
mode of a straight waveguide, which is characterised by n.g = 1.4688. The columns represent
different modes. The top row displays the fields in a straight waveguide, while the bottom row shows
the fields in a waveguide bent along the y-axis, with a radius of curvature 20 pm, measured from the
centre of curvature to the centre of the waveguide’s cross-section. The centre of curvature is located
above the depicted mode profiles. The figure also provides information on the effective refractive
indices of the corresponding modes. The core of the waveguide, indicated by a green rectangle, is
surrounded by the cladding. The computational domain is limited to a 10 pm x 10 pm square. This
figure is reprinted from [P2]. Copyright © 2024 Optica Publishing Group.
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In this study, we focus on two propagating modes: the fundamental mode and a second
higher-order mode with the same polarisation and symmetry. It means that if the waveguide
is bent along the y-direction, the modes shall exhibit the same symmetry in z-direction and
possibly one additional amplitude node in the y-direction, as shown in the third column in
Figure 3.3. These characteristics enable mode coupling if the waveguide’s curvature changes.

In a bent waveguide, the modes become concentrated in the outer region of the waveguide
and are no longer centred in the core. As it is visible in Figure 3.3, with a smaller radius
of curvature, the mode profile deforms and shifts away from the centre of the waveguide.
Additionally, the introduction of finite radiation loss causes these fields to oscillate outside
the waveguide. Consequently, the mirror symmetry of the modes along the bending direction
is broken. This disrupted mirror symmetry allows for coupling between modes at interfaces of
waveguide segments with different radii of curvature, as the mode profiles start to overlap (cf.
the maximum of the third mode in the bent waveguide with the maximum of the first mode
in the straight waveguide in Figure 3.3). This coupling affects the transmission between
adjacent waveguide segments, the effect we aim to capture in the MMA.

Another modal parameter affected by curvature is the effective refractive index neqg, which
is shown in Figure 3.4. Figure 3.4(a) illustrates the real part of neg, representing phase
accumulation of the modes upon propagation. Depending on the mode number, the phase
may either increase or decrease with bending. When a waveguide is bent, the change of the
real part of the effective refractive index depends on the core-cladding index contrast and
the parameter V' [135], cf. Subsection 2.2.1. The change in the effective refractive index can
be intuitively explained with the localisation of the mode field profile. If the mode is strongly
confined to the waveguide core, its field profile tends to be squeezed when the waveguide is
bent. This can be seen in case of the fundamental mode in the first column in Figure 3.3.
Therefore, the effective refractive index increases and approaches n¢,. On the other hand,
when the significant part of the mode field is localised in the waveguide core, the effective
refractive index of this mode is lower, and decreases when the waveguide is bent, because
more field leaks to the cladding. In this case, the effective refractive index approaches ng.
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Figure 3.4.: The real part (a) and imaginary part (b) of the effective refractive index as a function
of radius of curvature of the waveguide for the three lowest-order modes. Figure is reprinted from
[P2]. Copyright © 2024 Optica Publishing Group.
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Figure 3.4(b) presents the imaginary part of neg, which indicates the attenuation of the
modal amplitude. It is apparent from Figure 3.4(b) that the imaginary part of the effective
refractive index increases with a decreasing radius of curvature, indicating an increase in
bending loss. When the radius of curvature becomes very small, the modes are no longer
guided but are weakly coupled to the continuum of free space modes.

The guided modes are calculated individually for each radius of curvature, and they are
ordered based on the decreasing real part of the effective refractive index [65]. It is important
to consider the same mode by keeping the symmetry and sign of the corresponding modes
consistent across all radii of curvature. The problem of symmetry and ordering of modes is
explained in more detail in Chapter 6.

3.2.2. Bending: propagation loss

In the MMA, similarly to the FMA, we analyse the bending loss if the waveguide is no longer
straight, and the transition loss if the radius of curvature of the waveguide changes. We
neglect the possible loss caused by the quality of fabrication or material impurities [52].

As already explained in Subsection 2.4.1, the bending loss is quantified by the imagi-
nary part of the propagation constant of the mode. It increases with decreasing radius of
curvature, which is shown in Figure 2.14 for the fundamental mode in a waveguide. The
transmission of the mode m along the bent segment n scales with

o(Re{Bm (Rn)}—Im{Bm (Rn)})in ,

where [, is the length of the segment and R, denotes its radius of curvature. Note the
sign convention in the exponent, suggesting a positive value of the imaginary part of the
propagation constant.

3.2.3. Interface problem: transition loss

Along with calculating the bending loss experienced by each mode while travelling through
a curved segment of the waveguide, we calculate the change in the mode amplitudes at the
intersection of two waveguide segments characterised by different radii of curvature. From
the different modal field amplitudes, we calculate the transmission of the modes through
the interface.

Therefore, we consider an interface problem, sketched in Figure 3.5, which shows the plane
separating two waveguide segments of different curvatures. In the figure, we assume that the
modes propagate from the left segment (input) to the right segment (output). The arbitrary
superposition of modes |£;}) approaching the interface excites the transmitted modes |R;})
and reflected modes |£,,). Any irregularity in the trajectory (such as the change in curvature
in this case) causes also scattering of the guided modes into a continuum of radiation modes
|L£;) or |R;) [50], not shown in Figure 3.5. On the output side, we may detect also the
backward propagating modes |R.), reflected from the following interfaces. However, their
influence on the transmission is minor because the multiple reflections do not yield significant
field amplitudes [52]. Therefore, they are not considered in the computations.
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3. Fast calculation of transmission in multi-mode waveguides
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Figure 3.5.: Two forward propagating incident modes, denoted as |£]) and |£3 ), are present on the
left-hand side of the interface. These modes are transmitted into two forward-propagating modes,
|RT) and |RJ), on the right-hand side of the interface. The incident modes are also reflected at the
interface and propagate back as modes |£]) and |£5). On the right side, there are also backward-
propagating modes, |R;) and [R5 ). These backward modes may be created by reflections from
subsequent interfaces or could also be present if the principal direction of propagation were reversed.
Figure is reprinted from [P2]. Copyright © 2024 Optica Publishing Group.

The tangential field components of the propagating modes need to be the same on both
sides of the interface between the two segments. This means that the combined modal fields
at the inlet (left) must be equal to the combined fields at the outlet (right) [50, 51]:

S i L)+ v ) + / o 1Cs ) dg = 3 b [RE) + / PR dg, (3.1)

where 7, and t,, represent the reflection and transmission coefficients, respectively, while
im indicates the amplitude distribution among the incident modes. The profiles of the
fundamental modes |£]) and |R{) are different, which causes the excitation of higher-order
and radiation modes at the interface. This can be observed in the values of the inner
product (2.60) between the modes propagating in adjacent waveguide segments. We do
not consider all the propagating modes in the sums of (3.1) but only those modes that
propagate to the following waveguide segments with minimal loss and that are excited at
the interface by a notable amplitude. Our calculations assume that the waveguide is excited
with the fundamental mode, which is typical in practical applications [30, 136, 137]. As
the fundamental mode propagates, higher-order modes are excited at locations where the
radius of curvature changes. These higher-order modes are essential to satisfy the interface
condition (3.1) with improved accuracy compared to the fundamental mode approximation
[52]. In the following, we consider two lowest-order modes.

In order to proceed, we require the scattering coefficients r,, and t,,. These can be
obtained by projecting the transposed modes (R} | and (R, | onto both sides of the equation
(3.1), for each mode. Considering a total of M modes results in a set of 2M equations, which
in the case of two modes leads to the following set of equations:

ir (RYILT) + 2 (RTILS) +r1i (RTILT) + 12 (RYIL3) = 61 (RTIRT) + t2 (RTIRS)  (3.2)
i1t (RYILT) +i2 (RYILT) + 1 (RYILT) + 12 (RF|L3) = t1 (RIRT) +t2 (RFIRS)  (3.3)
i (RYILT) +d2 (RYILS) + i (RTILT) + 72 (RUILS) = 6 (RTIRT) +t2 (RTIRy)  (3.4)
i (R 1LT) +i2 (R |L3) + 1 (RY|LT) + 72 (R [£5) =t (Ry IRT) +t2a (R5|Ry)  (3.5)
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3.2. Multi-mode approximation

Some terms in (3.2)—(3.5) vanish due to the orthogonality relations (2.60). Rearranging
the equations (3.2)—(3.5) enables us to express the formulas for transmission and reflection
coefficients concisely in matrix form,

( (RTIRT) (RTIR) )( (REICH) (REICH) ) ( )
(REIRT) (REIRS) ®RilcH) ®ileh) )\ i

t t ) ~
_ 11 l12 1.1 — i), (3.6)
to1 too 12

|r>:_<<7z;rc;> <RI\£5>>_1<<RI\£T> <R;r£;>><z~1>:%|i> .
®yler) (Rs1ey) )\ Releh ®les) )\ iy |

t) =

with |r) = (r1,72)T and [t) = (t1,%2)" being the vectors of reflection and transmission
coefficients, respectively. The vector |i) = (i1, iQ)T represents the incident field distribution.
When an incident single-mode field encounters the interface, its amplitude is expressed as
the fundamental mode, denoted as |i) = (1,0)T. In equation (3.6), the vector |i) is multiplied
with the transmission matrix ¢, where each entry represents the transmission from an input
waveguide segment to an output waveguide segment. The coefficients t1; and too indicate
the transmission of mode 1 and 2 through the interface as mode 1 and 2, respectively. The
off-diagonal coefficients ¢12 (t21) indicate the fraction of mode 2 (1) coupled to mode 1 (2).
The highest off-diagonal coefficients are used here to determine the higher-order mode to
be considered in the multi-mode approximation presented here. In general, the dimensions
of the matrices appearing in (3.6) and (3.7) depend on the number of considered modes.
In this work, the transmission coefficients are collected in 2 x 2 matrices, while in the case
of fundamental mode approximation, only the values of t1; are present. Additionally, the
matrix of reflection coefficients can be obtained from equation (3.7). However, it is not
necessary for calculating the transmission and is not used in the following approximation
method.

3.2.4. Transmission maps

In contrary to the fundamental mode approximation (Section 2.5), in the presence of higher-
order modes, the transmission coefficients take a matrix form. Therefore, the t-maps are
created separately for real (Figure 3.6) and imaginary parts (Figure 3.7) of all the entries of
the transmission matrix ¢. The calculation of t-maps was presented also in conferences by
Dr. Mariia Sukhova [CO2, CO3| and described in her PhD thesis [138].

The t-map does not account for a change in sign of curvature after passing a possible
inflection point. However, this should not be a problem in optimisation procedures, which
aim to find waveguide trajectories with low loss. For such trajectories, a smooth transition
between segments is expected, with a gradual change of the waveguide curvature meaning
no sudden variation of the bending radius, especially not a change in sign. This expecta-
tion is confirmed by selected full-wave simulations of light propagation through a sequence
of segments where the radius of curvature is constant, using CST Microwave Studio. In
particular, we consider a waveguide decomposed into four segments: a straight segment,
two bends of radius 10 pm and another straight segment. We look at two cases: when the
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Figure 3.6.: Transmission maps for the real part of each component of the transmission matrix
t. The coefficients are calculated for all combinations of bending radii of adjacent segments from
the selected set. The values of the transmission coefficient are interpolated with MATLAB function
griddata to create smooth surfaces. For readability, the displayed range is limited to a maximum of
100 pm. Figure is reprinted from [P2]. Copyright © 2024 Optica Publishing Group.

bending direction remains the same (Figure 3.8(a)) and when it changes (Figure 3.8(b)).
Figure 3.8 shows the absolute value of electric field amplitudes in a central cross-section of
the waveguide (in the y-z-plane at = 0). In the subfigures, the total transmission into the
fundamental mode in both configurations is indicated. Both configurations suffer from the
same bending loss and the same loss at the interface between the straight and the bend seg-
ments, according to the approximation theory. However, the total transmission is smaller in
the S-bend, where the curvature sign changes. This change of sign causes additional losses.
Therefore, an abrupt sign change should be avoided.
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Figure 3.7.: Transmission maps for the imaginary part of each component of the transmission matrix
t. The coefficients are calculated for all combinations of bending radii of adjacent segments from
the selected set. The values of the transmission coefficient are interpolated with MATLAB function
griddata to create smooth surfaces. For readability, the displayed range is limited to a maximum of
100 pm. Figure is reprinted from [P2]. Copyright © 2024 Optica Publishing Group.

Figure 3.8(c) shows an S-bend of the same cross-section and comparable size, but with the
curvature modelled as a sine function multiplied with the reciprocal of the radius of curvature,
with a minimum radius of curvature of 6 pm. This shape approximates a continuous variation
of the radius of curvature and avoids abrupt changes. Even though the minimum bending
radius is smaller than in the case of the simple S-bend, the transmission approaches the
model with the constant sign of radius of curvature because of the gradual change of the
radius of curvature. This comparison shows that in the case of the small changes in radii
of curvature, which is the case for optimal trajectories, we do not lose much accuracy by
neglecting the change of the curvature sign.

To evaluate the expected accuracy of the approximated transmission between two wave-
guide segments, we examine the conservation relations between incoming and outgoing op-
tical powers. In a system without scattering loss, the transmission matrix entries should
satisfy the condition t,,t}, + t9;t5, = 0 [69]. Figure 3.9 shows the absolute value of the
left-hand side of this condition. The non-zero values for the high curvature contrast suggest
higher energy loss.
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Figure 3.8.: The absolute value of the amplitude of the electric field, when considering the funda-
mental mode of a straight waveguide at the input in case of a waveguide composed of (a) two arcs
of the same sign and radius 10 pm, (b) both arcs having the same radius of curvature 10 pm but
with opposite curvature sign, meaning the bending in opposite directions; and (c) S-bend of compa-
rable size featuring a gradual change of curvature with the smallest bending radius 6 pm. Figure is
reprinted from [P2]. Copyright © 2024 Optica Publishing Group.
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Figure 3.9.: Evaluation of the energy loss occurring at the interface between two waveguide segments.
Values that deviate from zero indicate the amount of energy lost to modes not included in the
respective subset of modes being tracked in the MMA. This energy loss can become significant and
may restrict the applicability of the MMA, which is limited to two propagating modes, particularly for
certain combinations of bending radii. This is especially relevant when segments with low curvature
connect to more sharply curved sections. Figure is reprinted from [P2]. Copyright © 2024 Optica
Publishing Group.

3.2.5. Segmentation of the trajectory

In order to proceed with transmission computation, the trajectory is sliced into segments,
the same way it is presented in Subsection 2.5.4. For the described method, the trajectory
must be entirely contained in a 2D-plane, which means no twisting is taken into account.
The waveguide can be arbitrarily rotated in a 3D space, as this does not influence the
transmission. Therefore, the waveguide’s trajectory can be described as a series of arcs
characterised by a radius of curvature and an arc length. Ideally, the bends should not be
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3.2. Multi-mode approximation

too sharp, but in case this happens and the radius of curvature is smaller than the lower
bound of 7pm, it is set as equal to 7pm for the further computations. Radii of curvature
larger than the upper limit of 1000 pm are treated as straight segments.

Figure 3.10 presents the schematics of a trajectory divided into N + 1 segments. The first
and the last segment are assumed to be straight. The first segment guides the input mode
lin) and the output modes |out) are defined in the last segment. The N interfaces between
the segments are marked with double vertical lines in Figure 3.10.

0 1 N—1 N

lin) ——> ——|out)

R R ! Dnq =
Dy i tN—lN 1tN

Figure 3.10.: Waveguide trajectory sliced into segments of constant radius of curvature labelled
with integer numbers from 0 to N. The first and last segments are straight with no propagation loss
assumed. The interfaces are numbered from 1 to N. Figure is reprinted from [P2]. Copyright © 2024
Optica Publishing Group.

The waveguide is excited with an input signal in the fundamental mode, expressed as
an amplitude vector denoted by |in) = (1,0)™. As the incoming field reaches the interface,
denoted as , its amplitude distribution is changed by multiplying it with the complex
transmission matrix, ¢;, that corresponds to the transmission through the first interface.
The fields then continue to propagate through the segment, where they can experience
attenuation due to bending and an accumulation of phase. The propagation of each mode
is influenced by a different complex propagation constant. This effect is taken into account
by multiplication with a propagation matrix

) ( o(iRe{B1 (Bn)}—Im{B1 (Rn) Pl 0 )
Pn = ,

0 c(iRe{B2(Rn)}—Im{B2(Rn)})ln (38)

with n denoting the number of the segment. The matrix in equation (3.8) contains the
values of the propagation constant both for fundamental, subscript 1, and second higher-
order mode, subscript 2, multiplied with the waveguide segment length [, and radius of
curvature R,.

The matrix multiplication is performed repeatedly for the subsequent interfaces and seg-
ments between them. Ultimately, the amplitude transmission through the entire free-form
waveguide can be calculated as

]out> = iNIA)N—liN—l .. -igf)lil |in) . (3.9)

When performing matrix multiplication, it is important to specify the input and output of
the waveguide, as the results may vary depending on the direction of propagation. The
transmission of particular mode amplitudes at the output of the waveguide can be repre-
sented by the vector |out) = (t1,%3)". The values T = [t1]?> and T = |t2|? correspond
to the power transmission of the fundamental mode and the fraction of power carried by
the second higher-order mode, respectively. These are the key quantities we discuss for
a waveguide with a particular trajectory.
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3. Fast calculation of transmission in multi-mode waveguides

3.3. Calculation of transmission in exemplary waveguides

In the following, three examples are considered: a 90° bow, a waveguide composed of al-
ternating arcs, and an S-bend with a continuous change of curvature. These exemplary
waveguides are characterised by varying radius of curvature, which means the presence of in-
terfaces where the coupling of modes can occur. The transmission obtained with the MMA
and FMA is compared to the results from full-wave simulation software CST Microwave
Studio®. The simulations within CST Microwave Studio are conducted using the time-
domain solver based on the Finite Integration Technique (FIT) [84]. This computational
method is described in more detail in Subsection 2.3.2. The mesh density is set to 10. It
defines the number of discretisation cells per wavelength. The mesh is automatically refined
at the boundaries of the waveguide core and curved surfaces to enhance accuracy. The wave-
guide is positioned within a cuboidal computational domain, ensuring that the minimum
distance between the walls of the waveguide core and the boundaries of the computational
domain is set to twice the core width. This distance is crucial for accurate computation
and visualisation of the field amplitude distribution. The boundaries of the computational
domain are set to open, equivalent to the PML method [84, 139]. To compute the scattering
matrix (S-matrix) [82, 140], an input port is defined at one end of the waveguide, and an
output port corresponds to the opposite end. The S-matrix contains the fractions of complex
amplitudes scattered through the input or output port when the system is excited via either
port. It describes a relationship between each mode of the waveguide ports and the other
modes present. The off-diagonal components of the matrix represent the transmission (or
reflection) of one mode from a waveguide port into another mode of a different waveguide
port, while the diagonal components indicate the reflection of each mode back into itself.

Subsequently, the computation times of numerical simulations in CST Microwave Studio
are compared to the transmission calculations using the MMA and FMA. These computa-
tions were performed on a desktop computer featuring an Intel(R) Core(TM) i7-7700 CPU
running at 3.60 GHz,with 16 GB RAM. All waveguide simulations utilised the same CST ac-
celeration settings: CPU acceleration of up to two devices and the use of four CPU threads.
The time-consuming pre-computation of modes and t-maps, necessary for the approximation
methods, was carried out on an external computer cluster.

3.3.1. A 90° bow

A bow made of straight channel waveguides connected with 90° arc is the simplest shape
of practical interest [121, 122, 130]. The structure comprises two interfaces where a mode
coupling can occur: straight-bent and bent-to-straight. This scenario serves as a classical
example of intramode mismatch and intermode coupling, which result in loss and cross-talk
between modes [124]. Figure 3.11(a) illustrates a curved waveguide with a radius of curvature
of 10 pm. The shown amplitude of the real part of the propagating electric field suggests that
most of the loss occurs at the first interface. At the interface between waveguide segments
characterised by different radii of curvature, a significant portion of the field couples to free-
space radiation, which contributes to the loss. Figure 3.11(b) compares the transmission
through the waveguide bend calculated with FMA, MMA, and full-wave simulation. These
transmission values are derived from the amplitudes recorded in the terminating straight
waveguide segment. The transmission of the fundamental, as well as the higher order mode,
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3.3. Calculation of transmission in exemplary waveguides

computed with the approximation methods in general agrees with the results from full-wave
simulations. In case of the fundamental mode, the approximation methods tend to disagree
slightly from the full-wave simulation for very sharp bends, below 15pnm. It is caused by
high radiation loss, not explicitly included in the approximated calculations. Similarly, the
transmission of second mode differs between the two methods in case of sharp bends and also
when the high damping of the second mode occurs for waveguide bend approaching straight
segments. The slight drop in the transmission of the second order mode near the radius of
curvature 20 um is caused by an increase in transmission of the next mode (not shown in
Figure 3.11 due to low transmission). The limitation of the MMA to two modes accounts
for its insensitivity to this effect. Note that in the FMA no prediction on the transmission
of the higher-order mode can be made, simply because it is not considered in this method.
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Figure 3.11.: (a) The amplitude of the real part of the electric field in a dielectric waveguide
of a straight-bent-straight form, considering the fundamental mode of a straight waveguide as the
illumination source. (b) Comparison of corresponding power transmitted in the fundamental mode
T1 and the second higher-order mode T, as a function of radius of curvature. Figure is reprinted
from [P2]. Copyright © 2024 Optica Publishing Group.

The relationship between the transmission coefficients and the radius of curvature is
quite intuitive. When the radius of curvature is very large, the smooth variation of the
modal properties, with respect to a straight waveguide, results in a negligible mismatch
between the modes supported in different segments, leading to nearly perfect transmission
into the fundamental mode. In this scenario, the excitation of the next higher-order mode
is negligible. As the radius of curvature decreases, while curving the straight waveguide, the
excitation of the next higher-order mode increases, while the transmission of the fundamental
mode declines. When the radius of curvature becomes extremely small, transmission in
both modes drops significantly due to the onset of notable coupling to radiating modes. In
Figure 3.11(b), the CST results for the transmission of the second mode exhibit fluctuations,
as the discretisation accuracy in the simulation has been reached. Nevertheless, a general
decreasing trend is apparent.
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3. Fast calculation of transmission in multi-mode waveguides

The most important conclusion to be drawn from this analysis concerns the accelerated
prediction of transmission in these scenarios. The time required to compute the results using
the MMA with 94 trajectories, each sliced into segments of 1pm long, and with bending
radii ranging from 7pm to 100 pm, was approximately 24 seconds. In comparison, the full-
wave CST simulations of 32 bends, with radii ranging from 6 pm to 60 pm, took 7 hours
and 20 minutes. It is important to note that the time needed to pre-compute the modal
properties and the t-maps should not be overlooked. This process took nearly four days
(without parallelisation) across 88 different radii of curvature. However, these computations
of the modal properties need to be done only once. Afterwards, arbitrary trajectories can
be studied as these 2D simulations, which account for the waveguide cross-sections, provide
all the necessary information to proceed with the MMA.

3.3.2. Snake-shaped waveguides

Another example involves waveguides constructed from a series of six arcs, each with an
angle of 10° and alternating signs for the radius of curvature (but the same absolute value).
Due to this shape they are called snake-shaped waveguides in the following. This design is
particularly interesting because of its periodicity. Such an example shows the significance
of the phase of the propagating wave. With the change of radius of curvature, changes also
the distance between repeating parts of a waveguide. This example represents an extreme
case to help us understand some of the limiting aspects of the MMA.

Figure 3.12(a) compares the transmission obtained using the three methods for radii of
curvature ranging from 7pm to 50 pm. This example demonstrates that considering only
a single propagating mode is insufficient for accurately predicting the transmission. In this
case, the transmission is primarily determined by the radius of curvature, which for FMA
means that transmission just decreases with decreasing radius of curvature. Including second
higher-order mode in the calculations (as done in MMA) results in higher transmission of
the fundamental mode, even for sharp bends. This suggests that the second mode may
couple back to the fundamental mode at the positions in the waveguide where the curvature
changes. The transmission of the fundamental mode computed with the MMA aligns with
the reference CST values for radii of curvature between 26 pm and 36 pm. The transmission
obtained with the MMA is also mainly influenced by the radius of curvature, leading to an
increase in transmission for larger bending radii, and transmission decay in case of sharp
bends. Consequently, the transmission of the second higher-order mode decreases with the
increase of the transmission of the fundamental mode.

However, the full-wave simulations in CST reveal few significant aspects. As can be seen
in Figure 3.12(b), the waveguide with sharp arc segments of radii of curvature 6 pm is short
and the variation in trajectory is negligible relatively to the waveguide core dimensions.
This results in a high transmission of the fundamental mode. Along the increment of the
radius of curvature, the periodicity imposed by the periodic change of the radius of curvature
of the arcs leads to oscillations of transmission of both the fundamental and second-order
mode. This phenomenon is likely due to the consecutive mode coupling, scattering loss,
and back-propagation of modes. It can be understood as a scattering process where the
mismatch in the propagation constant between the fundamental and the next higher-order
mode is compensated due to the periodicity of the waveguide trajectory that provides an
additional wave vector component. When the phase matching is satisfied, the modes interfere

52



3.3. Calculation of transmission in exemplary waveguides

constructively, resulting in amplification of the higher-order mode [141]. Likely, the complete
description of this phenomenon requires the consideration of both forward and backward
propagating modes, comparable to the appearance of a Fabry-Pérot resonance in a stack
of layers with alternating optical properties [142-144]. This feature is not considered in
the approximate descriptions of the problem but only in the full-wave simulations. The
transmission of the fundamental mode drops significantly when the radius of curvature
exceeds approximately 40 pm. At a certain critical radius of curvature, transmission into the
fundamental mode is completely suppressed. This is partially illustrated in Figure 3.12(b),
showing the electric field in the longitudinal cross-section of the waveguide trajectory for a
radius of 50 pm. Simultaneously to the drop in transmission of the fundamental mode, the
transmission of the second mode increases.
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Figure 3.12.: (a) Transmission of the fundamental and second-order mode calculated using various
methods. (b) The amplitude of the real part of the electric field in a dielectric waveguide of a snake-
shaped form, with different radii of curvature, taking into account the fundamental mode of a straight
waveguide from where the waveguide trajectory is excited. Figure is reprinted from [P2]. Copyright
© 2024 Optica Publishing Group.

In the implementation of the MMA and FMA, the change in a curvature sign is not treated
accurately. During the segmentation of the trajectory, the segments containing inflection
points between consecutive arcs are approximated with straight waveguides. Additionally,
the backward propagating modes are not considered. Therefore, both FMA and MMA are
unable to capture the effects related to periodically changing curvature sign and cannot
accurately predict the transmission. While the MMA can detail phenomena outside of the
resonant regime, it continues to provide inaccurate predictions for extremely small radii of
curvature, reflecting limitations also noted in the previous example, and in the case when
the radius of curvature is chosen in such a way that such a collective resonance is excited.

For this type of trajectory, using the approximation method also significantly reduces
computation time. Transmission calculations for 45 trajectories were completed in just 6
seconds using the MMA method. In contrast, full-wave simulations performed in CST took
between 5.5 min for the smallest bending radius to 21.5 min for the largest bending radius.
These extreme trajectory examples are illustrated in Figure 3.12(b).
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3.3.3. S-bend with continuous change of curvature

The last example discussed in this section is an S-bend, with the curvature modelled as
K= (Rmin)_1 sin ¢, where Ry, represents the minimum radius of curvature of a waveguide,
and the angle ¢ varies from 0 to 2. The transmissions of the fundamental and the second
order mode, computed with FMA, MMA, and full-wave simulation, are presented in Fig-
ure 3.13(a). Despite the change in the sign of curvature, cf. Figure 3.13(b), the curvature
changes smoothly (up to the discretisation of angle ¢), which suggests that the approxima-
tion methods should be applicable, as illustrated in Figure 3.8. This expectation is confirmed
in Figure 3.13(a). The transmission of the fundamental mode deviates from CST simulation
only for minimum radii of curvature below 15pm. The transmission of the second higher-
order mode computed with MMA is higher for minimum radii of curvature smaller than
10 pm. For smaller minimum radii of curvature the transmission of the fundamental and
second order mode increases with increasing radius of curvature. For higher minimum radii
of curvature, for which the power is carried mostly by the fundamental mode, the fraction
of the second mode decreases. The transmission of the second mode from CST oscillates
around the values of MMA. It may be caused by interaction with higher order modes.
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Figure 3.13.: (a) The transmission of the fundamental and second order mode analysed as a function
of the minimum bending radius for an S-bend with continuous change of curvature. (b) The amplitude
of the real part of the electric field in a dielectric waveguide with an S-shaped design and a minimum
radius of curvature 10 pum, considering the fundamental mode of a straight waveguide as the source
of illumination. Figure is reprinted from [P2]. Copyright © 2024 Optica Publishing Group.

The computation time of the transmission for 89 trajectories while using the MMA was
approximately 53 seconds. In comparison, the full-wave simulations using CST took from
about 11 min for the shortest trajectory up to 4 h 52 min in case of the longest trajectory
considered for Figure 3.13(a).
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3.3.4. Summary

This section presented the approximation method for calculating the transmission of both
a fundamental mode and a higher-order mode in a curved waveguide trajectory. Its ap-
plication is demonstrated while considering three exemplary 3D waveguide shapes. The
trajectory in this method is represented by a sequence of arcs. The total loss is derived from
accumulation of propagation loss in the segments, as well as the transmission between the
adjacent arcs. In the multi-mode approximation method, we consider the possible coupling
between two propagating modes as a result of a variation of the radius of curvature. This ef-
fect is quantified using a transmission matrix. Consecutive multiplication of the propagation
and transmission matrices results in the total transmission. The approximated results are
compared to the reference transmission, obtained with the full-wave solver CST Microwave
Studio. The comparison indicates that the approximation methods are reliable for trans-
mission of the fundamental mode in trajectories with continuously varying curvature. The
multi-mode approximation can also be utilised for trajectories consisting of only a few seg-
ments. The fundamental mode approximation remains efficient and effective for calculating
transmission in single-mode 3D waveguides and can serve as a merit function for optimising
their geometry. In instances where changes in curvature lead to the excitation of higher-
order modes, the MMA allows for rapid computation of the transmission of these modes,
resulting in more accurate transmission assessments. This method significantly reduces com-
putation time from hours to tenths of seconds. However, the MMA is more sensitive to the
accuracy of the calculated transmission coefficients compared to the FMA. As a result, it
may not be suitable for complex trajectories that involve sharp bends with bending radii
less than 20 pm.

3.4. Artificial neural networks for finding transmission of
free-form waveguides

Another approach to calculate the transmission of a waveguide with an arbitrary trajectory
much faster than a full-wave solution is to use artificial neural networks (ANNs). When
provided with a sufficient amount of training data, an ANN can be constructed and trained
to predict the result, which in this context is the transmission of the waveguide. The ANNs
can be used to model structure-property relations. In the current example the structure is
the shape and the trajectory of the waveguide and the property is the transmission. This
approach is particularly beneficial when the functional dependencies between the various
waveguide parameters and the resulting transmission are not well understood.

Once trained, ANNs can provide instantaneous predictions, offering a significant advan-
tage over full-wave solvers. However, the effort required to train an ANN including the
actual generation of the training data is only justified if the ANN is later applied to multiple
instances of the same problem. For individual design tasks, dedicated methods for solving
the inverse problem are usually more effective. In the present context, the requirement for
repeated application of the ANN is met. Identifying the optimal trajectory in real-time,
once the input and output ports of the waveguides are determined, is expected to hap-
pen repetitively in a fabrication line. Therefore, using ANNSs to solve this problem is very
appealing.
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3. Fast calculation of transmission in multi-mode waveguides

While primarily used to categorise large datasets [145-147], ANNs can also be adapted
to predict various phenomena, for example the electromagnetic field patterns in waveguides
[148, 149], the optical response of photonic power splitters [150], or the effective refractive
index of the fundamental mode in channel waveguides [151], to name just a few. Deep
learning in photonics is frequently applied in the context of inverse design [145, 150, 152—
156]. The objective of this section is to determine the transmission of a waveguide based
on its shape and possibly to identify the trajectory that results in the highest transmission,
given certain geometrical constraints. The content of this section was developed in close
collaboration with M.Sc. Yiyang Bao from Prof. Christian Koos’s research group at the
Institute of Photonics and Quantum Electronics (IPQ), Karlsruhe Institute of Technology.

3.4.1. Theoretical background on feed-forward neural networks

An ANN takes as an input a trajectory stored as a vector of fixed length. This vector
can consist of Cartesian coordinates of N trajectory points (x;, v, z;), denoted as X =
[T1,. . s ZN, Y1, -, YN, 21, - - -, ZN]. In cases involving waveguides bent only in one plane, the
x—coordinates are zero and are neglected further. Since only two coordinates are needed
here to describe these trajectories, we refer to them as 2D trajectories in this section. An
alternative representation is a vector of arc lengths and the corresponding radii of curvature
X =[l1,...,In,R1,...,Ry]. The latter representation is chosen here because it is indepen-
dent of waveguide orientation in space, which, as such, does not influence the transmission.
The length of the input vector is fixed for a specific ANN architecture, so the waveguide
must be sliced accordingly. The architecture that is chosen in this work is a feed-forward
network.

One layer of the ANN is constructed in such a way that each component X; of the input
vector X is multiplied by a weight w;;. Additionally, a bias b can be added to adjust the
solution. The resulting value for a node Y; comes from the expression

2N
Yy = wyXi+b. (3.10)
i=1

The output of all the nodes within a single layer serves then as the input to the next layer
of the ANN. The relation (3.10) is linear. To introduce nonlinearity, a nonlinear function
f(+) is applied to each output Y;. Common nonlinear functions include the rectified linear
unit (ReLU) f(Y;) = max(0,Y;), sigmoid functions such as hyperbolic tangent f(Y;) =
(e¥i —e7Yi)/(eYi + e7Y7), and the logistic function f(Y;) = 1/(1+e~Y7) [146]. In the course
of the work, multiple of these nonlinear functions were explored.

The mathematical description (3.10), featuring nonlinear functions, concerns all the nodes
in the first, and the subsequent layers. The total number of connections, characterised by
their respective weights and biases, contributes to the trainable parameters of the network,
which are also referred to as the network’s degrees of freedom. An example of a fully
connected neural network architecture is shown in Figure 3.14. This structure is the foun-
dational architecture of a neural network known as a multilayer perceptron [157]. It can
be defined by the number of layers and the number of nodes within each layer. The layers
may vary in the number of nodes, eventually decreasing to produce a single output value
representing transmission, which ranges between 0 and 1.
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Figure 3.14.: Schematics showing the idea of fully-connected neural network architecture. The
network maps an input vector X onto one output variable T. The circles represent the nodes. The
first column of nodes on the left is called an input layer and and the following columns form hidden
layers. To simplify the schematics, the activation functions are labelled with the same letter f, even
though these may be different functions. In the notation for weights w and node values Y, the first
subscript denotes the number of a node and the second subscript corresponds to the number of layer.
This type of architecture is called feed-forward neural network as it contains no recurrent loops, and
the input is processed only forward in the direction of the output.

After the neural network architecture is established, the network undergoes training using
a dataset, which is typically divided into training, validation, and testing subsets. During the
first iteration (epoch) the weights and biases are initialised, the values f(Y}) are calculated,
and the output is determined. This process is known as a forward pass because the output
is derived from the input. Following this, the training error, measured as the mean squared
error (MSE), is computed using the formula:

1 n
MSE = = d; —T;)? 11
S n;(J i) (3.11)

where n is the number of training data (batch size), and d; and T} represent the desired and
the actual outputs, respectively. After calculating the MSE, the gradients between nodes
are determined using the chain rule in a backward pass [146, 156]. This backward pass works
backward through the layers, from output to input. The gradients indicate how much each
weight and bias should be changed to minimise the MSE in the next epoch t+1. This can be
achieved through methods like stochastic gradient descent [146]. The weights are updated
according to

wi(t +1) = wi; +¢- A; - Y, (3.12)

where ( is the learning rate and A; denotes the error term for each unit. This learning
procedure is repeated epoch by epoch until the desired MSE is attained.

3.4.2. Neural network implementation

The ANN to calculate transmission is implemented using the Python machine learning li-
brary PyTorch [158]. This library supports automatic differentiation, crucial for neural
network training. While searching for the optimal architecture, several activation functions,
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3. Fast calculation of transmission in multi-mode waveguides

different learning rates, optimisers (Adam, SGD or Adamax), as well as the number and
size of hidden layers were considered. These parameters, called hyperparameters, were de-
termined with the use of the Optuna framework [159]. The final architecture of the network
is presented in Figure 3.15, and the parameters are collected in Table 3.1.
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Figure 3.15.: Schematics showing the architecture of the multilayer perceptron. The linear layer
with the ELU activation function is repeated four times.

Table 3.1.: Parameters used for the training of the neural network.

parameter value
epochs 100
optimiser Adam

initial learning rate 0.001

error type MSE

parameter size 1.2 x 108

Initially, two different descriptions of the trajectories were considered: Cartesian coordi-
nates of trajectory points, and a sequence of arcs described with curvatures and lengths. The
input based on curvatures gave better results than the input based on the Cartesian coor-
dinates. This observation is reasonable because the curvatures have more physical meaning
in influencing transmission than the Cartesian coordinates on their own. Such an insight
would go along the ideas of a physics-informed neural network [160, 161]. As explained in
the previous section, the transmission through the waveguide trajectory is determined by
the sequence of radii of curvature. The varying radius of curvature explicitly affects both the
bending and the transition losses. Now, instead of requiring the neural network to learn the
definition of the radius of curvature from the coordinates of the trajectory, this information
can be offered directly. Such an additional information simplifies the problem that the ANN
has to solve, leading to the observed predictive capability. The result is also improved by
application of 1D batch normalisation on the input values. Batch normalisation is imple-
mented in PyTorch [162]. The input data is given as two vectors of 280 values containing the
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3.4. Artificial neural networks for finding transmission of free-form waveguides

curvatures of the waveguide segments and 280 values of segment lengths. They are merged
together in an initial bilinear layer. For most of the nodes, the ReLLU activation function
is applied. To the others, an exponential linear unit (ELU) f(X), defined as X for X > 0
and a (eX — 1) for X < 0 and some parameter a, is applied [163]. The activation function
for the output is chosen as hyperbolic tangent to translate the positive values from the last
layer into the transmission between 0 and 1.

3.4.3. Training and comparison of results

The data used for training of the network were generated using the fundamental mode
approximation. This method allows for the creation of a large dataset in a short period.
Please note that this study has a value on its own, but it most importantly serves the
purpose of exploring a possible network architecture that can be used for later purposes. In
the interest of the accuracy and the predictive power of the ANN, in the end it might not
be trained with data obtained from an approximation method but with data obtained from
full-wave simulations or even experimental data. Nevertheless, for the purpose of exploring
such a concept, the considerations of transmissions using the FMA is fully sufficient.

For the training of ANN, 27,500 trajectories were accessible. These trajectories were
derived from 250 photonic wire bond trajectories spanning over 100 pm as shown in Fig-
ure 3.1(a). These trajectories, which were created with B-splines [47, 164], were provided by
Prof. Christian Koos’s group from Institute of Photonics and Quantum Electronics (IPQ)
at Karlsruhe Institute of Technology. The pool of trajectories was expanded to 27,500 by
multiplying the y-components of each trajectory by a factor from range 0.01, 0.02, ..., 1.10,
resulting in 110 possibilities. An example of 14 samples created from a single trajectory
is presented in Figure 3.16(a). The corresponding transmission, calculated with FMA is
presented in Figure 3.16(b).
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Figure 3.16.: (a) Trajectories created from the trajectory with a height of 6.2 um by multiplying
the y-Cartesian-components by a factor between 0.01 and 1.10. (b) Transmission of the generated
trajectories, calculated with FMA and MMA. The transmission of the second-higher order mode is
minor.
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The accessible dataset is randomly divided (using the default random number generator
of PyTorch) into a training set (90 % of the data) and testing set (10 % of the data). From
the training set, 20 % of the data is dedicated only for validation (testing the accuracy of each
epoch during training). The batch size used for training is 55. The training process takes
approximately one hour. After the network is trained, the transmission for each trajectory
is calculated in tenths of a second. The convergence of the training as well as the results of
testing are presented in Figure 3.17(a) and Figure 3.17(b), respectively. Both the accuracy
of training and the resulting transmission are characterised by fluctuations, which reduce
the accuracy of ANN predictions. The achieved correlation is slightly below 0.96.
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Figure 3.17.: (a) Convergence of the training loss, compared to the validation loss. (b) Comparison
of transmission calculated with ANN to the expected transmission based on FMA, showing correlation
of 0.95697. These results were obtained for the number of trajectory segments: 280. The plot shows
also distribution of transmission among 1,200 trajectories chosen from the testing set, which was not
used for training.
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Figure 3.18.: (a) Convergence of the training loss, compared to the validation loss. (b) Comparison
of transmission calculated with ANN to the expected transmission based on FMA, showing correlation
of 0.99625. These results were obtained for the number of segments equal to 452. The number of
samples for verification equals 2,500.
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Increasing the number of trajectory segments from 280 to 452 leads to improved results,
as shown in Figure 3.18. The results for higher number of trajectory points exhibit smaller
fluctuation and a higher correlation, approaching a value of 1. This can be explained with
a denser sampling of the trajectory that gives more information about the trajectory to the
ANN. The next subsection discusses the dependency of the training results on the number
of samples.

3.4.4. Dependence of accuracy on the number of training samples

For the training described in the previous subsection, the number of samples can, in principle,
be arbitrarily large because they are generated using a fast approximation method. However,
in the case of full-wave simulations of exact transmission, the number of trajectories may
be limited due to the time required to generate the data (which can take several hours per
trajectory). Therefore, this subsection analyses the dependence of training accuracy on the
number of training samples.

The number of samples used for training varies between 1 % and 100 % of 25,000 trajecto-
ries from the previous subsection. The remaining 2,500 trajectories are reserved for testing.
These testing trajectories are randomly chosen from the pool using the pseudo-random num-
ber generator module in Python. All the trajectories are divided into 452 segments, as this
input length allows for more effective training of the network. Each training set of size
starting from 250 is chosen randomly from the total of 25,000 trajectories, and is trained
with 150 epochs. Figure 3.19(a) presents the mean squared error achieved after 150 epochs
as a function of number of trajectories. The validation loss predominantly overlaps with the
training loss toward the end of the training phase. Generally, the more trajectories utilised
for training, the smaller the error.
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Figure 3.19.: (a) Attained MSE loss after 150 epochs as a function of the number of training
samples. (b) Correlation between expected transmission and transmission computed with the neural
network as a function of number of trajectories used for training.

Figure 3.19(b) shows how the correlation of the transmission from the test samples
changes with the number of trajectories considered in the training. The achieved corre-
lation increases with the number of samples. However, the accuracy saturates, indicating
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that fewer samples may be sufficient, which would speed up the training. Specifically, start-
ing from 5,000 samples, there is almost no noticeable improvement in accuracy. In fact,
using just 1,000 trajectories may be sufficient to train a reliable neural network for the
trajectories of similar form.

This study demonstrates that a pool of just a few thousands samples may be enough
to train a neural network effectively. This finding is particularly relevant for 3D free-form
waveguides, where access to a smaller amount of data obtained from a full-wave solver is
common. The application of ANN to predict the transmission of 3D free-form waveguides
based on the transmission from a full-wave solver is described in the next subsection.

3.4.5. Extension to 3D free-form trajectories

In the first approach, the feed-forward neural network with the established architecture is
trained using 3D trajectories, described by a set of points in Cartesian coordinates. Unlike in
the previous subsection, here the trajectories may be curved both in z- and y-directions and
the position of the output may vary between the trajectories. Therefore, three parameters are
required to fully describe the trajectory. The transmission of the waveguides was computed
with FDTD solver Ansys Lumerical. The setup and results were provided for this thesis by
the courtesy of M.Sc. Yiyang Bao from the Institute of Photonics and Quantum Electronics
(IPQ) at the Karlsruhe Institute of Technology.

Training of feed-forward neural network with transmission of 3D trajectories

The available dataset comprises 2,300 samples in total. From this dataset 90 % are used
for training (including validation) and the results are tested on the remaining 10 % of data
samples. The trajectories are divided into 452 segments as in the previous subsection but
the ANN input consists now of three vectors, each containing one of the three Cartesian
coordinates of the trajectory points. Because of this, two bilinear layers are added to the
network from Figure 3.15. One bilinear layer merges the vectors of 2- and the y-coordinates
into one vector. The second bilinear layer merges the resulting vector with the z-coordinates
of the input. The convergence of the MSE during the training is presented in Figure 3.20(a).
The resulting correlation between the prediction of the network and the expected value from
the FDTD solver is presented in Figure 3.20(b).

The achievable accuracy after 100 epochs is lower than in the case of 2D trajectories. The
MSE is does not decrease below 0.001. The poorer result is also visible in the lower correla-
tion, slightly below 0.80. Especially, for the trajectories characterised by lower transmission,
the prediction differs from the expected values. It is caused by the higher variation of data
and the smaller amount of data for the lower values of transmission. Another reason may
be the description of the trajectories with Cartesian coordinates, which was already deemed
less accurate in Subsection 3.4.2. Therefore, a different approach was studied as a part of
the cooperation with the research group of Prof. Christian Koos, and is presented shortly in
the next subsection.
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Figure 3.20.: (a) Convergence of the training (trained with 90 % of data set: 2,070 samples). (b)
Validation of the predicted results (with 10 % of data set: 230 samples) represented as comparison
of the predicted and expected transmission.

Alternative solution

An alternative approach to solve the problem was mainly developed and presented by M.Sc.
Yiyang Bao in [CO1]. This approach is also based on trajectories divided into segments.
However, each segment is described by three parameters: the length of a segment, its nor-
mal vector of a curve, and the vector tangential to the curve in the middle of the segment.
Moreover, instead of the feed-forward network introduced before, the ANN considered in this
part of the work is composed mainly from two cascaded long short-term memory (LSTM)
[165] modules connected through a single fully connected layer. LSTM is a type of recurrent
neural network. The portions of information within the network modules are stored for a
certain time or discarded to attain the highest training accuracy. After the second LSTM
module, two additional layers reduce the size to a scalar transmission value. Because the
input segments are processed sequentially, the output is independent on the number of seg-
ments. The network is trained as well with a transmission calculated with Ansys Lumerical
[85], for 2,712 photonic wire bonds. The data are randomly divided into 64:16:20 ratio sets,
accordingly initial training, validation, and test. The transmission computation is signifi-
cantly accelerated to 10 ms per trajectory on average, on a desktop computer. The predicted
values lie in agreement with the reference values, quantified by MSE of 2.025 x 1072, which
is three orders of magnitude better than in the primary attempt using feed-forward neural
network. Consequently, the resulting correlation is basically 1. This method was mainly
developed and presented by M.Sc. Yiyang Bao in [CO1].

3.5. Summary and conclusions

This chapter presents alternative methods for calculating the transmission of free-form wave-
guides. It is divided into two main parts: one describing the MMA and another about ANN.
The first section discusses the multi-mode approximation, which extends the fundamental
mode approximation to include higher-order modes that propagate in a waveguide. The
applicability of the method is demonstrated on three examples: a 90° bow, comprising
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two interfaces between a bent and a straight waveguide, where modes can couple; a snake-
waveguide composed of arcs with alternating signs of curvature; and an S-bend where the
radius of curvature gradually changes. The MMA method effectively predicts the transmis-
sion of both the fundamental and the second higher-order mode, achieving greater accuracy
for waveguides with higher transmission. However, the snake-waveguide demonstrates fluc-
tuations in transmission, highlighting the limitations of the approximation method. These
limitations come from neglecting back-propagated and radiation modes, as well as the inac-
curate description of the change in the curvature sign. This negative effect can be mitigated
by gradually altering the radius of curvature, as shown in the example of the S-bend, which
improves the accuracy of the MMA.

The second part of this chapter explores the application of artificial neural network to
calculate the transmission of the waveguides. Two architectures are considered: a multilayer
perceptron (MLP) and a long short-term memory (LSTM) network. The MLP is trained
using trajectories changing both in 2D and 3D. The 2D transmission data is generated
using the FMA, while the results for 3D waveguides come from full-wave simulations. The
network trained with 2D data demonstrates higher accuracy due to the bigger quantity and
lower variety of samples available for 2D waveguides. The accuracy is improved further with
a different description of 3D trajectory and different neural network architecture, namely
LSTM.

Both the multi-mode approximation and the artificial neural networks significantly reduce
computation time from hours to tenths of seconds per trajectory. While the neural networks
have the potential to achieve higher accuracy and are easier to apply to 3D trajectories, the
computational effort (in terms of time and resources) required for full-wave simulations of the
entire waveguides and training the LSTM neural network is considerably higher than that of
the MMA. The primary pre-computational effort in MMA arises from calculating the modes
and transmission maps, which is faster than full-wave simulations of entire waveguides. On
the other hand, the trained neural network can provide transmission in few milliseconds,
while the MMA takes a few tenths of seconds to yield transmission data. The following
chapter demonstrates how these approximate solvers can be used to optimise the trajectory
of waveguides.
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The primary reason for developing approximation methods for calculating transmission
through free-form waveguides is to enable the rapid evaluation of the merit function dur-
ing the optimisation of their trajectory. In the optimisation process, the material and
cross-section of a waveguide are predefined and fixed. Only the trajectory of a free-form
waveguide is optimised. Since the optimisation may converge only after tens or even hun-
dreds of iterations, it is essential that the calculation of transmission in each iteration is
as fast as possible. This is particularly critical for a prospective in-situ fabrication, where
the complete optimisation and fabrication of the waveguide along its trajectory should be
completed in just a few minutes or even faster [47, P1].

This chapter is dedicated to present the work of the author of this thesis to optimise the
trajectories of waveguides using the approximate methods to predict the transmission as
discussed in the previous chapter. This chapter is structured into three sections. Section 4.1
provides a brief overview of the optimisation methods that may be applicable to waveguide
trajectories. Following that, Section 4.2 describes the application of the MMA to optimise
trajectories, and presents the results of the optimisation on a few examples. The last section
concludes the chapter with a summary.

4.1. Optimisation methods — a brief overview

Optimisation is a vast topic on its own. Therefore, this section aims to provide a concise
overview of some ideas found in the literature regarding optimisation methods applicable to
waveguide trajectories. The goal of such an optimisation is to determine the most optimal
trajectory, connecting the endpoints that constitute the input and output ports of a photonic
integrated circuits. The orientation of the end segments of the trajectories is enforced by the
direction of waveguide couplers. Additionally, the design of trajectory must account for the
presence of possible obstacles to be avoided. These obstacles may be different components
on the photonic integrated circuit, including other waveguides. In some instances, it may be
also necessary to define the available space or the length of the trajectory. The merit function
for optimisation is the transmission (loss), which needs to be maximised (or minimised).

The choice of the optimisation method may depend on the parametrisation of a trajec-
tory. The trajectory can be parametrised using Cartesian coordinates of points, curvatures
and arc lengths, or segment lengths along with corresponding normal vectors and tangent
vectors at the midpoint of each segment. The last description relates directly to the first
and second derivatives of a trajectory, allowing for direct optimisation of the individual tra-
jectory segments. Alternatively, trajectories can be parametrised by functions [166], such
as polynomials (including Chebyshev polynomials [167]), or splines, described for example
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with Bézier curves defined with Bernstein polynomials [168]. A convenient method for de-
scribing waveguide trajectories is through the use of basis splines (B-splines) [169, Chapter
5][164]. B-splines are linear combinations of basis functions, where the basis functions are
multiplied by corresponding coefficients known as control points [170]. The basis functions
can be computed recursively using De Boor’s algorithm [171, 172], which is already imple-
mented in interpolation packages of common programming environments such as MATLAB
[119] or Python [173]. For instance, in [47], B-splines are employed to connect two points in
3D space with a smooth line while adhering to a minimum radius of curvature constraint.
In this case, the coeflicients of the functions are optimised to maximise the transmission of
the full trajectory.

In this section, we distinguish between gradient-based optimisation and direct search op-
timisation methods. In gradient-based algorithms, the search direction toward an extremum
of a function is determined by the gradient of that function at a given point in the abstract
parameter space. One example is the gradient descent method, which is a first-order itera-
tive optimisation algorithm used to find a local minimum of a differentiable function [174].
Gradient-based optimisation is often employed in shape optimisation [175]. On the other
hand, direct search methods optimise a function through multiple iterations that converge
to the best solution. One example is the Nelder-Mead Method, implemented in MATLAB
function fminsearch [119]. This method employs a simplex of n 4+ 1 vertices in n dimensions,
searching for an optimal solution by performing various operations on the simplex based on
the values of the merit function at its vertices [176]. Direct search optimisation is particu-
larly useful when the derivatives of the merit function do not exist or are too expensive to
compute. For example, this type of optimisation is used to optimise the positions of control
points of B-splines that describe waveguide trajectories in [52]. In this optimisation prob-
lem, the coefficients of the B-splines are determined to minimise the objective function (loss)
under specific constraints. Different optimisation methods can be advantageous depending
on the nature of the problem. The methods can be selected based on factors such as optimi-
sation time, robustness, flexibility, or the ability to find global versus local extrema. This
brief discussion of optimisation methods is complemented with a few examples of trajectory
optimisation below.

The first example describes the optimisation of a path to reach a target point, initially
intended for the flight path of an aeroplane [177]. However, the description closely resembles
the scenario of free-form waveguides. The main purpose of this approach relies on generating
a number of reasonable trajectories with a suitable approach and evaluating their transmis-
sion. The path in [177] is generated using quadratic Bézier curves. In the beginning, a set
of points is sampled from the space available for the trajectories. This set includes the
vertices that define the boundaries of the available space and the positions of point obsta-
cles.]' The available space is then divided into regions by a Delaunay triangulation [178],
see Figure 4.1(a). This triangulation is already implemented in MATLAB, where the set of
points corresponds to the vertices of the triangles. If the triangulation is too coarse, other
arbitrarily chosen points may be added to refine the resulting mesh. Next, the centroids
of these triangles are determined, creating a new set of points. The positions of the input
and output of the waveguide are added to this new set. Then, another mesh is created by

! In the presence of obstacles of arbitrary size and shape, the points on their boundary are chosen that
enclose the regions later excluded from the available space [177].
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4.1. Optimisation methods — a brief overview

applying Delaunay triangulation to this new set of points. This creates a graph. An example
of such a graph is presented in Figure 4.1(b).

100 * 100 *
80 | f 80 |
g F N\ g
> 401 N/ > 401
20| X f 20|
o o
0 20 40 60 80 100 0 20 100

z [pm]
(a) (b)

Figure 4.1.: (a) Division of available space by Delaunay triangulation shown with grey lines. Black
“X” mark the positions of the obstacles. Blue “*” show the initial and final end positions. The
2D space spans over 100 pm in both directions. The distances between the end positions and the
triangulated region account for a straight segments of a waveguide that align with the horizontal
direction of waveguide couplers. Small pink “x” mark the centroids of the triangles. (b) The secondary
triangulation is shown with the blue lines. It is created by connecting the centroids of the triangles
created with the first triangulation.

From this graph, all the possible connections between the input and output node are
identified. These connections are ranked from the shortest to the longest. We consider
a chosen number of the shortest ones. Using the shortest connections, curves that represent
the trajectories are generated as shown in Figure 4.2(a). These curves can be created using
Bézier curves defined with Bernstein polynomials [177]. The vertices and midpoints of the
graph edges serve as the control points for these curves. Alternatively, a Gaussian smoothing
technique can be applied to the vertices, as demonstrated in Figure 4.2. The smooth paths
correspond to waveguide trajectories. The transmission of the corresponding waveguides can
then be evaluated rather quickly when using an approximation method. The trajectory with
the highest transmission can be selected from these paths. These trajectories are presented
in Figure 4.2(b), along with their corresponding transmissions. The resulting trajectories
may be not the most optimal. To obtain better transmission, a larger number of triangles
would be necessary. However, refining the triangular mesh leads to increased computation
time. Additionally, constraints on maximum curvature may be applied to the curves. This
approach is not explored further in this thesis because the arbitrary triangulation may
cause the algorithm to omit the optimal solution. Otherwise, the optimisation is too time
consuming because the computation time increases with the number of triangles.
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4. Optimisation of trajectories of free-form waveguides
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Figure 4.2.: Optimisation of the trajectories with Delaunay triangulation. The obstacles are marked
with black “X”, and the end points of the trajectories are marked with blue “*”. (a) The bold blue
lines show the trajectories created based on the shortest paths in the graph. The trajectory results
from smoothing the paths using a Gaussian-weighted moving average filter implemented in MATLAB.
(b) The lines show the trajectories resulting in the highest transmission given in the legend. The
transmission of the fundamental mode was calculated with MMA for a waveguide described by
Neo = 1.53, neg = 1.36, w =2.0pum, h = 1.8 pm.

Another interesting example of a path planning algorithm is described in [179]. In this
approach, the trajectory is composed of arcs cut from the circumferences of circles connected
tangentially with straight lines. This description of a trajectory is potentially compatible
with FMA and MMA, as the radii of curvature are known while designing the paths. All
possible paths that meet the given constraints, such as minimum radius of curvature and
obstacle avoidance, are stored as a graph consisting of the centres of the circles. These
centres are uniformly spaced in the space free of obstacles. The search algorithm is based on
Dijkstra’s algorithm, which is used to find the shortest paths [180]. To optimise the wave-
guide trajectories, a penalty function related to the loss associated with the paths would
need to be introduced. However, this path planning algorithm does not account for contin-
uous change of curvature, like for example Euler bends [181-183]. This may lead to high
radiation losses and the excitation of higher-order modes at the interfaces between straight
and bent segments. As this is unfavourable for the future operation, such an approach is
not investigated in further detail.

In each iteration of the optimisation in the methods presented in this chapter, the trans-
mission can also be computed using a pre-trained artificial neural network (ANN), as detailed
in Section 3.4. Especially, the LSTM neural network, presented in [CO1], could be utilised.

The next section focuses on the optimisation of waveguide trajectories, where the trajec-
tories are represented using Cartesian coordinates that are expressed as polynomials of a
curve parameter. This method is based on the work [46], with the key difference that the
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calculation of the objective function is performed using the MMA. This optimisation proce-
dure is described in details because it proved to be the most efficient among the methods
investigated during this doctoral research.

4.2. Optimisation with multi-mode approximation

This section outlines the optimisation procedure, where the waveguide transmission is used
as the merit function. The transmission is calculated using the multi-mode approximation as
discussed in Chapter 3. The performance of this optimisation is presented on a few examples
that involve different positions of waveguide endpoints and obstacles. The content of this
section was presented at various conferences [C1, C2].

4.2.1. Optimisation procedure

In the current work, the trajectory is described by the position vector r(s) = (y(s), z(s))7,
which contains Cartesian coordinates y and z that describe every possible position within
the space where the trajectory can be placed. In agreement with [46, Section 2.2], the
coordinates of the possible trajectory are expressed as 5'" order polynomials (4.1), (4.2) of
the curve parameter s € [0, 1]

y(s) = aps”® + a1s* + ags® + azs® + ass + as, (4.1)

2(s) = bos® + bys* + bas® + bas? + bys + b .

The number of unknowns, consisting of the twelve polynomial coefficients: ay,...,as5 and
bg, - - ., bs, can be reduced using the following boundary conditions. First, the start position
(Yo, z0) and the end position (yi,21) of the trajectory are known. Additionally, the trajec-
tory at these positions must be tangential to the directions imposed by couplers. In the
considered case, these directions are described by the horizontal unit vector ¥. The list of
these constraints is expressed as:

r(s=0)=ry = (y0,20)7, (4.3)
;Ez — 8;| = Vo = (1,0), (4.4)
r(s=1) =11 = (3, 21)" (4.5)
;Ez - 1;| =¥ = (1,07, (4.6)

where I means the derivative of r with respect to s. The constraints (4.3)-(4.6) eliminate six
degrees of freedom from the system. Therefore, only six parameters need to be optimised.
The possible paths are restricted to the Cartesian coordinates contained within rectangular
area that defines the available space, in which the trajectory shall be placed. For a rectangu-
lar space limited by ymin and ymax in y-direction, and by znin and zpmax in z-direction, this
restriction of the coordinates is formulated as:

Ymin < Y(5) < Ymax for s € [0,1], (4.7)
Zmin < 2(8) < zZmax  for s €[0,1]. (4.8)
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4. Optimisation of trajectories of free-form waveguides

Additionally, the trajectory must avoid potential obstacles. Their positions and sizes
are specified by the user and provided as additional input to the optimisation algorithm.
Figure 4.3 illustrates an exemplary trajectory that satisfies the constraints, while avoiding
the obstacles, which are depicted as pink circles.

(y1,21)

V1

(y03; 2’03)

Figure 4.3: Exemplary drawing showing waveguide trajectory

(YoriZo1) 0 e . .1 .
. Yo62202) (grey), satisfying the constraints and avoiding obstacles (pink

circles). The figure is annotated with the positions of trajectory
(Y0, 20) ends, (yo,z0) and (y1,21), together with the their tangential
Vo vectors v, and the centres of the obstacles (Yoi, 2oi)-

A trajectory is defined as a curve = created from r(s) after considering the entire range
s € [0,1]. In practice, s is discretised depending on the required accuracy. Here, it consists
of 1000 points. The curve ~ effectively depends only on the polynomial coefficients a =
(ag,...,a5) and b = (by,...,bs). The optimal trajectory is the one for which the objective
function

f(¥)=1-Ti(v) +9(v) (4.9)

reaches its minimum value. The optimisation process focusses only on the polynomial co-
efficients a, b that minimise the objective function (4.9). This function is structured as 1
minus the transmission of the fundamental mode 77(), computed using the multi-mode
approximation, equation (3.9). To ensure that the resulting trajectory avoids obstacles, we
add a penalty function

1N, _(<y<s>—ym->2)” _((z(s)—zon?)p
g(7) :/ Zaoe 20y e 20% ds, (4.10)
0 =1

with p = 2, standard deviations o, = 0, = 5 pm, a, = 10 and number of obstacles INV,. These
parameters were determined empirically. The penalty function is modelled as a sum of higher-
order Gaussian functions with centres aligned to the obstacle locations, and the standard
deviation reflecting the obstacle size. Such a penalty function facilitates the avoidance of
obstacles. Gradually decreasing the value of the objective function as the trajectory moves
away an obstacle allows for the convergence of the search algorithm towards the minimum.
In cases where obstacles have arbitrary shapes, a procedure outlined in [46, Subsection 2.2.2]
could be utilised. In [46], the obstacle shape deviating from a circle is determined based on
user input of the obstacle corners.

Another important constraint is the minimum radius of curvature of the waveguide. As
discussed in Section 3.2, not only does the MMA lose accuracy for smaller radii of curvature,
but losses also increase. For this reason, the minimum radius of curvature must be considered,
which in this section is defined as R, =7 pm. This condition is expressed as

o [5s) + 22(s)] |
= ()2 (s) — (s)3(s)] = Tmin (4.11)

where k(s) denotes the curvature at the waveguide position parameter s, and dots represent
the derivatives with respect to s.

3
2

[1(s)] ™"
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4.2. Optimisation with multi-mode approximation

The whole optimisation problem for a trajectory can then be formulated as:

minggise f(v(a,b)) (4.12)

subject to  r(0) = (30, 20) T, 4.13
r 1) = (yl,zl)T, 4 14)
i) i) o
EOIEO (19
Ymin < Y(S) < ymax for se€0,1], (4.16)
Zmin < 2(8) < zmax  for s € [0,1], (4.17)
[5(s)] 7' > Ruin  for s€[0,1] (4.18)

For the optimisation, we utilise MATLAB’s built-in nonlinear programming solver frmin-
con [119]. The solver effectively searches for a local minimum while satisfying specified
conditions, using a sequential quadratic programming (SQP) algorithm [184, Chapter 18],
ensuring that boundary conditions are satisfied throughout all iterations. The computations
are performed on an Intel(R) Xeon(R) CPU E5-2630 v4 @ 2.20GHz, RAM 512 GB, run-
ning on Debian GNU/Linux 9 (stretch) 4.9.0-19-amd64. The maxzNumComp Threads setting
is configured to 20. The results of the optimisation for a few examples are shown in the
following section.

4.2.2. Optimisation results

The optimisation scheme is applied to a few examples that differ in the positions of the
input and output ports of the waveguide, as well as the distribution of obstacles. Figure 4.4
presents four cases. The grey line represents the initial trajectory and the green line shows
the trajectory after optimisation. The trajectory is initialised with unconstrained polynomial
coefficients of y(s) and z(s) set to 1’s. This setting results in the shortest initial path,
presented in Figure 4.4. In both Figure 4.4(a) and Figure 4.4(b), the input port is at
position (0,0) [pm] and the output port is at (100, 100) [pm], but the spatial distribution
of obstacles is different. In the first case, some obstacles overlap with the initial waveguide
trajectory, causing the trajectory to be trapped between the centres of two obstacles. In the
second example, shown in Figure 4.4(b) the obstacles are accumulated in one part of the
domain. These two examples demonstrate the ability of the algorithm to avoid all obstacles.

Figure 4.4(c) shows a setup similar to the case presented in [52]. Here, the initial tra-
jectory is also trapped between obstacles, and the optimisation algorithm forces a shift of
the trajectory to avoid the obstacles. The most challenging scenario is presented in Fig-
ure 4.4(d), where the input and output ports are at the same y-coordinate. Consequently,
the initial trajectory is a straight line characterised by the highest possible transmission
equal to 1. However, this trajectory passes through the obstacles. To force the algorithm to
change the trajectory, the parameters of the penalty function need to be modified to p =1,
oy = 0, =5pm, and a, = 100. The minimal radius of curvature should be reduced to 5 pm.
The optimisation time for all the examples in Figure 4.4 varies between 3 and 10 minutes.

In all presented cases, minimising the objective function reduces the transmission com-
pared to the initial, shortest-path trajectory. However, achieving maximal transmission is
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4. Optimisation of trajectories of free-form waveguides

not always feasible in practice because the path would intersect with obstacles. The aim
of the optimisation is to find the best possible alternative path. One potential drawback of
using polynomials (4.1) and (4.2) is the varying weight of the terms, which strongly depends
on the curve parameter s. For example, the higher-order terms may be negligible when the
curve parameter approaches 0. A possible solution would be to choose different polynomi-
als, such as Chebyshev polynomials or Bernstein polynomials. However, this is not explored
further here, as the optimisation is not the focus of this thesis.

100 : : : 100 ; : : :
|optim. time = 235.69 s | optim. time = 437.54 5|
80+ ] 80+
__ 60+ i __ 60t
g g
= =
=404 =401
20+ 20
« init.: f(y) = 2.55, T} = 0.82 « init.: f(v) = 1.64, Ty = 0.82
0 = opt.: f(y) =0.54, T; = 0.76 0 = opt.: f(y)=1.11,T; =0.78

0 20 40 60 80 100
2 [pm]

(a)

[optim. time = 532.15 s|

= init.: f(y) =3.88, 71 =0.89
| = opt.: f(y) =0.35 T =0.82

100

30

0 20 40 60 80 100
z [pm]

(b)

[optim. time = 280.11 s|

= init.: f(y) =25.33, 71 = 1.00
| = opt.: f(y) = 2.04, T =091

0 20 40 60 80
z [pm]

(d)

100

Figure 4.4.: Examples of initial trajectories (grey) and optimised trajectories (green), together with
their transmissions. The transmission was calculated with MMA for a waveguide of 2.0 ym x 1.8 pm
(width x height), core n., = 1.53, cladding n, = 1.36, and wavelength 1.55 pm. The optimisation
time in seconds is given in the upper-left corner of each plot. The obstacles are marked with pink
circles. The dark shadows represent the penalty function, with the peaks in the centres of the
obstacles. The parameters of the penalty function are: (a—<)p =2, o, =0, =5 nm, a, = 10, and
(b) p=1, 0y =0, =5pm, and a, = 100.
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4.3. Summary and conclusions

In this chapter, we have discussed various methods for optimising the trajectories of free-
form waveguides. The main assumption is a bending within a 2D plane, which reduces the
dimensionality of the optimisation problem by eliminating the effect of torsion. The first
section presented an overview of path optimisation methods potentially applicable to wave-
guides, including searching for the shortest path with Delaunay triangulation or optimisation
with neural networks. The trajectories can be described with polynomials, B-splines, Bézier
curves or smoothened graph paths. Section 4.2 presents an optimisation procedure in which
the Cartesian coordinates of the trajectory are described with a 5™ order polynomials, with
curve parameter ranging from 0 to 1. The function of merit is composed of unity decreased
by the transmission of the fundamental mode (computed with MMA) and increased by the
penalty function modelling the position of the obstacles with the Gaussian function. The aim
of the optimisation is to find the trajectory that minimises the objective function. Whenever
the trajectory intersects with an obstacle, the objective function increases. The results of
this optimisation scheme are presented in a few examples with predefined input and output
ports, as well as the positions of obstacles and available space. Based on the given setting,
the optimal trajectory can be determined in a few minutes. This is an acceptable time for
the in situ production of photonic wire bonds.

The next chapter presents further study on the curvature of waveguides. The study
focuses on nonlinear effects such as spontaneous four wave mixing, which may be enhanced
with the bending of a waveguide made of nonlinear material.
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5 | Enhancement of the photon pair
generation rate by spontaneous
four-wave mixing in bent waveguides

In this chapter, we examine the impact of bending on the photon pair generation rate in
waveguides made from materials with a nonlinear response. We focus on the generation of
photon pairs through a four-wave mixing process, governed by a third-order electric sus-
ceptibility. This chapter covers results of a research project co-supervised by Prof. John E.
Sipe at the University of Toronto. The expertise of Prof. John E. Sipe includes nonlinear
quantum optical effects in integrated photonic devices, particularly waveguides coupled to
resonator structures. The research discussed here originated from the more general inves-
tigation of nonlinear effects in curved waveguides. The content of this chapter has been
published in [P3] and was presented at conferences [C6, CT7].

This chapter is organised into several sections to thoroughly explore photon pair gen-
eration in bent waveguides. Section 5.1 provides a brief introduction to the fundamental
concepts of nonlinear optics that are referenced throughout this chapter. Afterwards, Sec-
tion 5.2 outlines the motivation for enhancing the rate of photon pair generation in wave-
guides. Section 5.3 describes the formalism used to calculate the nonlinear coefficients and
photon pair generation rates for channel waveguides. Section 5.4 examines the various types
of losses in waveguides, then Section 5.5 outlines the different waveguide systems consid-
ered, and Section 5.6 describes the details of the numerical simulations. Section 5.7 presents
the results of the calculations for commonly used nonlinear waveguides with different cross-
sections, as well as for a lossy waveguide. Specifically, we study how the radius of curvature
of the waveguide affects the nonlinear response. The results for two distinct material sys-
tems are presented in detail. Additionally, we provide the values of the calculated nonlinear
coefficients and the photon pair generation rates for several waveguide configurations in
a comprehensive table to give a broader overview on how bending affects the nonlinear
properties of the waveguides. We also investigate how different modal parameters, such as
effective mode area, group velocity, or effective refractive index, change as a function of
radius curvature. We conclude with the physical discussion of the obtained results.

5.1. A brief introduction into nonlinear optics

In the previous chapters, only linear optical effects are considered. Therefore, this section
briefly explains the basic concepts of nonlinear optics as far as it is needed to understand
the discussions in this chapter. In the following, we describe the nonlinear response of the
polarisation P(r,w) to the electric field E(r,w), outline basic nonlinear phenomena, and
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5. Enhancement of the photon pair generation rate by SFWM in bent waveguides

discuss the phase-matching condition. A detailed study of nonlinear optics can be found in
many dedicated textbooks [72, 185-188|.

5.1.1. Nonlinear response of a material

In nonlinear optics, the polarisation f’(r, t) in the constitutive relation for the electric field
(2.5) responds nonlinearly to this electric field. In frequency domain, the polarisation can
be expressed as [187, Section 1.2]

P(r,w) = PY(r,w) + PO (r,w) + PO (r,w) + - - (5.1)

with the vector components

P (r,w) =0 Y Y (1,05 0)Ej(r,w), (5.2)
J

PP(r,w) =203 > X, wm + Wi Wiy wn) By (1, wi) i (1, wa), (5.3)
ik (mn)

Pl-(s) (r,w) =g Z Z Xéjkl(r,wm + Wn + Woji Win, Wn, Wo) Ej (1, win) B (T, wy) By (1, wo).
Jjkl (mno)
(5.4)

The indices ijkl refer to the Cartesian components of the field, and summation over (mn)
implies that the summation must be performed over all possible w,, and w, such that
W = Wm + wp. The same applies to the summation over (mno) [185, Chapter 1]. Fur-
ther in this chapter, the summation sign is omitted. We follow the Einstein notation
and assume that the expressions are summed over the repeated indices. The quantity
X7 (r,w;w) denotes the linear susceptibility and is represented as a second-rank tensor,
while X;j k(r,wm + Wp; W, wn) is the second-order nonlinear susceptibility expressed as a
third-rank tensor, and ng kl(r, Wi + Wp, + Wo} Wi, Wn, Wo) Tepresents the third-order nonlinear
susceptibility as a fourth-rank tensor.!

Both, the linear and nonlinear susceptibilities, characterise the optical properties of a bulk
medium. The number of independent parameters in higher-order nonlinear susceptibilities
is usually reduced because of the crystalline symmetries and the permutation symmetry of
the involved frequencies. In centrosymmetric materials, which display inversion symmetry,
the second-order nonlinear susceptibility vanishes. This applies to the materials examined
in this chapter. For isotropic materials, the third-order susceptibility reduces to three inde-
pendent elements [185, Section 4.2]. Depending on the involved frequencies, the additional
relations between these three elements can be found, which reduce the number of indepen-
dent elements. For example, a third-harmonic generation process? is described by only one
independent element of the susceptibility tensor [185, Section 4.2]. Similarly, in the case of
degenerate four-wave mixing,? the two remaining components can be derived from the one
independent element [185, Section 4.2][189]. The characteristic value of the nonlinear suscep-

tibility, x3!1!, is measured for a material, and the components of the tensor are calculated

[189-191].

! For the sake of readability, we omit the arguments of the susceptibility later in the text.
2 Explained in Subsection 5.1.2.
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The nonlinear components in equation (5.1) and possible combinations of frequencies are
related to various nonlinear processes. These nonlinear processes are briefly discussed in the
next subsection. We strictly concentrate on third-order nonlinear processes.

5.1.2. Nonlinear processes

When a monochromatic wave with angular frequency w is directed into a nonlinear optical
material, it can excite new waves oscillating at multiples of this frequency. In the presence
of a third-order susceptibility, the frequency can be tripled in a third-harmonic generation
(THG) process, which is shown graphically in Figure 5.1(a). Additionally, the refractive
index of a medium changes with the intensity of the electric field. In case the propagation of
a pulse is considered and not a monochromatic wave, the modified refractive index leads to
a phase shift in the pulse, resulting in pulse broadening [185]. This effect is called self-phase
modulation (SPM) when a phase shift arises from a wave oscillating at the same frequency,
or cross-phase modulation when the stronger wave oscillating at one frequency induces a
phase shift in a second wave, oscillating at lower frequency.

Another third-order nonlinear effect is four-wave mixing (FWM). This is a typical third-
order nonlinear optical process, in which two output frequencies are generated from two input
frequencies, as presented in Figure 5.1(b). The FWM can be non-degenerate if all frequencies
are different, or degenerate if at least two of the involved frequencies are identical. FWM can
occur either classically or spontaneously, depending on whether an external input signal is
provided alongside a pump [18]. In this chapter, we focus on spontaneous four-wave mixing
(SFWM), in which the annihilation of two pump photons results in the creation of a pair of
one signal and one idler photon. The generated photons are typically entangled, and their
superposition creates pairs of photons in form of squeezed states of light.®> The entanglement
and creation of squeezed states are of significant interest in quantum information processing
protocols [193].

Other third-order nonlinear effects include two-photon absorption (TPA) and stimulated
Raman scattering (StRS). In TPA process, an atom is excited to a higher energy level
by the simultaneous absorption of two photons, as shown in Figure 5.1(c). In stimulated
Raman scattering, a photon of frequency w is annihilated and a photon of a lower frequency
wg = w — wy is created, leaving the atom in an excited state with energy hw,, referred to as
vibrational energy [185]. This scenario is illustrated in Figure 5.1(d).

When plane waves are considered in the bulk medium, the field intensities of the generated
waves vary with wavevector mismatch Ak, which results from the nonlinear processes [185,
Section 2.3]. The next section describes the phase-matching condition Ak = 0, mentions its
importance and shows a way to satisfy this condition.

3 A squeezed state of light is characterised by a standard deviation smaller than % in one of the state’s
quadratures, at the expense of an increase in standard deviation of the second quadrature relative to the
initial state. Therefore, it is called a squeezed state. The quadratures in quantum optics correspond to

dimensionless position and momentum operators [192].
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Figure 5.1.: Energy-level diagrams of nonlinear processes: (a) third-harmonic generation, (b) four-
wave mixing, (c¢) two-photon absorption, and (d) stimulated Raman scattering.

5.1.3. Phase-matching condition

The presence of a nonlinearity can lead to a phase difference between polarisation and
the applied electric field of a plane wave. As a consequence, the generated waves cannot
extract energy from the incident waves efficiently [185]. For example, in non-degenerate
third order nonlinear optical mixing process, the intensity of the generated field at frequency
w4 = w1 + we + ws is influenced by the wavevector mismatch Ak = ki + ko + ks — k4. The
efficiency of the nonlinear process decreases if the phase-matching condition Ak = 0 is not
satisfied [185]. The phase-matching condition is related to conservation of momentum.

Maintaining the phase-matching condition in practice can be challenging because the
refractive index of a material is a dispersive quantity. Typically, the refractive index increases
with increasing frequency, which is known as normal dispersion. In terms of frequencies, the
phase-matching condition for the considered third order nonlinear effect can be expressed
as

nl\wi )w n\wy )w n\ws)w nlwy jw
(wiwr | nlwz)ws | nlws)ws _ n(wa)ws (5.5)
<o <o < co

Phase-matching can be achieved by exploiting the birefringence of crystals. The refractive
index of an anisotropic medium is characterised by the index ellipsoid that is derived from
the principal refractive indices that shape the ellipsoid. The principal refractive index ex-
presses the refractive index experienced by a plane wave that is linearly polarised along one
principal axis, while propagating along another principal axis [69]. Phase matching can be
satisfied between waves propagating in different polarisations. In birefringent crystals, these
directions are referred to as ordinary and extraordinary polarisations.

Figure 5.2 shows an example of a phase matching for THG, for which the phase-matching
condition (5.5) simplifies to n(3w;) = n(wy). In the figure, the fundamental wave is polarised
in ordinary direction and the third harmonic is polarised in extraordinary direction. This
method exploits the different frequency dependencies of the refractive indices in the two
polarisation directions. Alternatively, the dispersion of waveguide modes can be exploited
for the same purpose.

This section has briefly explained the basic concepts of nonlinear optics, which are es-
sential for understanding the nonlinear processes or phase-matching issues, mentioned later
in this study. In the next section, we motivate our work on photon pair generation in
waveguides made of nonlinear materials.
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5.2. Motivation

Figure 5.2: Phase matching for third harmonic genera-
tion. The fundamental wave is polarised in ordinary di-
rection, while the third harmonic wave is polarised along
extraordinary direction, both resulting in the same re-
fractive indices.

5.2. Motivation

The generation of photon pairs in waveguides and ring resonators results in the creation
of entangled states of light [194]. This capability is crucial for enabling on-chip quantum
photonic technologies [25, 195], as photon pair sources can be integrated into compact and
complex quantum circuits [19, 194, 196]. A notable advantage of this approach is that the
photon pairs do not need to be injected from an external source, thereby eliminating coupling
losses [197]. The on-chip generation of entangled photon pairs in waveguides has been suc-
cessfully demonstrated using two spiral waveguides, each measuring 5.2 mm in length [198].
Another example is the on-chip photon pair generation with two microring resonators, pre-
sented in [199], which can be applied to quantum interferometry. The integration of photon
pair sources on photonic chips paves the way for applications in quantum communications
and optical quantum computation [27, 28], e.g., Gaussian boson sampling [200], as well as
quantum metrology of light-sensitive samples [201].

Photon pairs can be created by pumping a nonlinear crystal with a laser beam [202]. The
pairs emerge from the conversion of one pump photon in second-order nonlinear materials,
or two pump photons if the process occurs in third-order nonlinear materials. The higher
the intensity of the pump the stronger the considered nonlinear effect. The primary ad-
vantage of second-order effects is their immunity to spontaneous Raman scattering (SpRS).
Otherwise, uncorrelated noise photons close to the pump frequency would be generated due
to SpRS [203]. On the other hand, the SpRS can be mitigated by selecting the appropri-
ate crystal orientation, signal and idler frequencies, and light polarisation [204]. Therefore,
with the use of a proper setting, the third-order nonlinear process FWM can also generate
photon pairs characterised by high brightness and strong correlation. FWM is especially
advantageous because this process is natural in silicon-based optical structures due to the
centrosymmetry of silicon. However, FWM is a classical process requiring an external sig-
nal alongside the pump signal. For quantum applications, spontaneous four-wave mixing
(SEFWM) is more advantageous, as it generates photon pairs spontaneously without external
stimulation [25]. SEFWM in a third-order nonlinear material has been theoretically predicted
and experimentally verified as an efficient source of quantum correlated photon pairs [197,
205].

Enhancing nonlinearities can significantly increase the efficiency of signal-processing de-
vices in integrated photonic circuits [206]. However, the nonlinearity is an intrinsic property
of a material and thus difficult to change. Therefore, the most common solution to boost
nonlinear effects is to confine the light within a waveguide to increase the light intensity. It
is schematically presented in Figure 5.3, where a waveguide is pumped with a laser beam
of pump frequency wp, resulting in the generation of photon pairs of frequency wsg and wy.
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Additionally, a proper cladding should be chosen to ensure high index contrast to increase
the confinement. Further improvement involves increasing the interaction length by elongat-
ing the nonlinear waveguides. However, this approach is not always feasible due to limited
chip size. With the trend towards denser integration of photonic components, it is desirable
to enhance their nonlinear response while keeping the spatial footprint of nonlinear compo-
nents small. One proposed solution is the systematic bending of waveguides. It was shown
that the waveguide length can be extended to several centimetres by forming low-loss spirals
using smooth Euler bends [18, 207]. This way of gradual bending minimises higher-order
mode coupling [P2, 112].

—k L

Figure 5.3.: Schematic sketch of a straight, rectangular waveguide (left) being pumped with a laser
at the pump frequency wp. This pumping leads to a four-wave mixing process, presented graphically
on a waveguide. This process results in creating idler and signal photons of angular frequencies wy
and wg, respectively. The waveguide is sectioned to reveal the field profile of the fundamental mode
guided in the waveguide core. In the bent waveguide (right), the number of signal and idler photons
may increase. The relevant dimensions: radius of curvature R, width w and height h, are indicated
in the picture. Figure is reprinted from [P3]. Copyright © 2011 by American Physical Society.

A common approach to enhance the nonlinearity is to use microring resonators [55]. Mi-
croring resonators are compact so they are characterised by a small footprint on a chip. The
choice between waveguides and microring resonators depends on the selected material plat-
form, chip architecture, or manufacturing facilities. Microring resonators offer advantages
such as high quality-factor, compact structure, and resonance enhancement, which makes
the microring resonators effective at lower pump powers compared to waveguides [208]. How-
ever, the strong spatial confinement of the optical field and resonance effects can be also
disadvantageous as they may cause temperature changes in the device due to the increment
of the optical field, even at low power [208, 209]. These temperature changes can result in
phase shifts that require an active control, often involving external power and reducing the
energy efficiency of the overall system. Additionally, ring resonators suffer from losses, when
coupling them to channel waveguides. This coupling loss reduces the photon pair generation
rate. In this situation, the use of waveguides instead of microring resonators aids to avoid
both coupling losses and high energy usage. Moreover, the bendability makes the waveguide
structures more flexible and, therefore, easier to place on the chip. The ongoing development
of waveguides makes them an interesting subject for studying third-order nonlinear effects.

In some instances of integrated photonic platforms, waveguides can be bent with a rea-
sonable radius without significantly increasing losses [207, 210]. This property has been
previously explored in literature [18, 112, 207] in terms of extending the waveguide length
without affecting the spatial footprint on a chip. However, the impact of bending on wave-
guide nonlinearity has been disregarded. It is reasonable to expect an enhancement of the
nonlinearity, as bending the waveguide alters its modal properties, most notably improving
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field localisation. This directly influences the effective nonlinearity of the waveguide, poten-
tially making any nonlinear effect more efficient. Nevertheless, the main question is whether
these advantages surpass the negative impact of increased losses when the waveguides are
bent. This chapter aims to address this issue, focusing on the example of the photon pair
generation rate in a spontaneous four-wave mixing process. To provide a detailed answer,
we consider several waveguide systems that could be used for the purpose of photon pair
generation, utilising various material platforms.

5.3. Photon pair generation rate

The photon pair generation rate expresses the number of photon pairs generated in time.
This rate is calculated here based on the derivation in [211] and reads

number of generated pairs 27

_ B , 1
R= tie =3 / /5(Aw(ws,w1))]M(wS,wI)| vs—vldwsdwl. (5.6)

In equation (5.6), wg and wy represent the angular frequencies of signal and idler photons, re-
spectively. The integration in (5.6) is performed over the available frequency spectrum. The
group velocities of the signal and idler modes are denoted by vg and vy, respectively. The
Dirac delta distribution §(-) depends on Aw(ws,wr), which expresses the angular frequency
difference of the annihilated and created photons Aw(ws,wr) = 2wp — ws — wy, where wp
denotes a fixed frequency of the pump photons. Note that we consider only the degenerate
case, where the two pump photons have the same frequency. The condition Aw(wg,wr) =0
ensures conservation of energy. The quantity M (wg,wr) with units m3s~2kg corresponds to
the FWM generation efficiency [25]. The photon pair generation rate is required to be in
units of Hz, i.e., pairs per second. The formula (5.6) comes directly from equation (A16) in
[211] upon replacing wavenumbers with the corresponding angular frequencies in the dou-
ble integral. The formula (5.6) was originally derived in [193] and [211] based on Fermi’s
golden rule [212-215] with continuous-wave (CW) pump, after defining an interaction Hamil-
tonian for creating signal and idler photons, and annihilating pump photons. The detailed
derivation can be found in [216, Appendix A.1].

The FWM generation efficiency M (wg,wr) is the essential quantity to evaluate. The
explicit formula for M (wg, wr) is derived from equation (A6) and (11) in [211] as

M(ws, wr) = 067;3;13 /D T () (DS ()] (DY (1)) DY (x) DF (r)dr, (5.7)

with the vacuum permittivity g, the power and the group velocity of the pump source, Pp
and vp, respectively, and

ijkl X?kl(r)

Y™ (r) = 5.8
s (1) epei (rswp)er (rswi)er (r; ws) (58)
expressing a normalised nonlinearity, where the third-order nonlinear susceptibility tensor
X?kl(r) is normalised to the electric permittivity of the waveguide e1(r;wy). The index J
denotes the pump P, signal S, or idler I, i.e., J € {P,S,I}. Quantities with indices i, j, k,
and [ refer to the Cartesian components, which are summed over repeated indices.
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Equation (5.7) contains Cartesian components of electric displacement fields for the wave-
guide modes of the pump, idler, and signal. Following equation (4) from [211], the electric

displacement field is defined as
=4/ %’DJ(rL)eiﬁ“ . (5.9)

In the equation (5.9), the displacement field amplitude D”(r 1) of the mode J is evaluated
in a plane D perpendicular to the propagation direction z of the mode J. The propagation
constant of the mode J is denoted by 3. The displacement field amplitudes are normalised
following the equation (70) from [193]

D’ * ., pJ .
/ (D (2, y)] (z,9) Uph(f”’y’w‘])dxdy =1 (5.10)
p  eoc1(@yiwy)  vg(T,yiwi)

The quantities vpn (2, y; wy) and vg(z,y; wy) denote the local phase velocity and local group
velocity, respectively. The local phase and group velocities are related to the bulk material
that is at a specific point (x,y) in the waveguide’s cross-section, and account for material
dispersion [217].

Taking into account the formula for the displacement field (5.9) and the expression (5.8),
one can rewrite M (wg,wr) as

6’/Tpr hQ‘ /WSWIWP % : A
M - 12(28p—Bs—P1) g
(ws’ WI) EOhCUP'UP 1671'2 /_ ¢ 5

Nl

.eg/DXéjkl(w,y) (&S(%y)gjl(x,y)) S,f(:l:,y)é‘lp(x,y)dxdy, (5.11)

where the wave is considered to propagate over a waveguide of length L. The above for-
mula (5.11) is derived taking into account the relation between the electric field and the
displacement field: D} (r}) = eoe1(ry;wy)E] (ry) and

[ T e D8 ) D)) DE ) D (r )
=<t [ @) (B weien) el @y (612

The derivation is based on the equations (380-382) in [193] in the context of channel wave-
guides. Integrating over dr| = dxdy means integrating over the entire plane D perpendic-
ular to the propagation direction of the waves.

Formula (5.11) can be simplified further, by introducing the nonlinear coefficient [193] for

channel waveguides

wszwP 4 €0

VYSFWM = — ——
44/ ’l)SvIUP

The nonlinear coefficient vspwym quantifies the nonlinearity in a specific structure, related to
the strength of spontaneous four-wave mixing [112]. This coefficient is useful for comparing

[ e (5@ nelen) o @ el @piady. (613
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the nonlinearity of various materials and structures. The nonlinear coefficient is typically
defined with the use of an effective area of the waveguide mode [193, 218, 219]

NpNp N1 N,
Ao = PIPLTS : (5.14)

J D (8 ()l (@y)] EF (. 9)EF (. y)dady

with

Ny = \/ / Lo, 00)0 13y ))e . £, y)dady (5.15)

Ug x yan ny

where 7y is the value of the refractive index of the waveguide core at wavelength Ay and x3
represents the characteristic value of the susceptibility tensor components of the waveguide
core. The above derivation uses the normalisation condition (5.10). With the formulas (5.14)
and (5.15), the nonlinear coefficient simplifies to

3(wsw1wp) i x3 1

VSFWM = 5.16
480\/nsn1npnpc(2) Aeﬁ‘ ( )
Collecting all of the above equations allows one to rewrite M (ws,wr) in the form
M( )= 67 Pp hz(waIw%,)iso 5 5 2084 (5.17)
ws,wr) = €0FLLUP’UP 1272 \/ VsVIVp YSFWM _é € 2z, .

where the phase matching, corresponding to conservation of momentum, is quantified with
AB = 20p — fs — pr. Eventually, the equation for M (ws,wr) takes the form

1
Pph T L
M (ws, wy) = % (wswn)t Josvr - oalsine (A2 | (5.18)
2w wp 2

with sinc(z) = Smx(x). The equation (5.18) can be inserted into the expression (5.6) to

explicitly show the influence of the particular parameters on the photon pair generation rate

2L2
_7 / / 3o, 1)) ¥ fine (Aﬂ )

-0 —00

Based on equations (5.18) and (5.19), it is evident that the photon pair generation rate
increases with the applied pump power Pp, waveguide length L, nonlinear coefficient ygpwm,
and when the phase-matching condition A = 0 is satisfied. The nonlinear coefficient in
equation (5.16) decreases as the effective area of the modes increases, or when the group
velocities of the mixing waves increase, because these group velocities influence the effective
area via equations (5.14) and (5.15). The influence of the group velocities is known as
slow-light enhancement of the nonlinearity [220, 221]. In Section 5.7, the influence of the
aforementioned parameters on the photon pair generation rate is discussed in more detail.
The following section discusses the possible losses in nonlinear waveguides.

2
dwgdwl . (519)
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5.4. Treatment of losses

The derivation in Section 5.3 does not explicitly discuss possible losses caused by scattering
or absorption. Section 5.4 explains the different sources of losses and their influence on
photon pair generation rate in different materials and waveguide structures.

Equation (5.19) indicates that the photon pair generation rate increases with pump power.
However, this increase in a waveguide is limited by two-photon absorption (TPA), quantified
by the corresponding absorption coefficient as

3w
QTPA = 72P2Im{X3} . (5.20)

2e0Cins,

The TPA is proportional to the imaginary part of the nonlinear susceptibility [222]. This
phenomenon is especially problematic, because the generated photon pairs can be lost due
to TPA induced free carrier absorption (FCA) [223, 224]. Particularly in silicon-on-insulator
(SOI) systems [225], the TPA occurs when the photon frequencies (pump, signal, or idler)
exceed the silicon bandgap frequency [25]. This is especially the case at telecommunication
wavelengths [226]. Additional consequence of FCA is a free carrier dispersion effect, in which
the change in concentration of electrons and holes in a semiconductor changes the effective
refractive index [227].

To minimise the TPA, the pump needs to be shifted to a longer wavelength or an al-
ternative material must be used, such as silicon nitride, which has a larger bandgap and
is characterised by lower nonlinear and linear losses at telecommunication wavelengths [18].
TPA, FCA, and dispersion [221] can be also mitigated by using lower pump powers. Ex-
perimental results [228] reveal that the correlated photons can still be distinguished from
accidental coincidences for a CW pump power of 10mW at wavelengths close to 1.55 pm.
The presence of TPA and FCA saturates optical power. It was shown in [221] for the
same wavelength that a pump power around 100 mW remains below the saturation limit for
conversion efficiency (defined as the ratio between the output idler power and input probe
power) [221]. In this thesis, we choose a pump power of 100mW. However, considering
the square relationship between the photon pair generation rate and the pump power, our
findings should also be applicable to lower powers.

Additional issues are propagation losses caused by scattering on sidewalls due to surface
roughness [74]. This surface roughness can arise, for example, from an imperfect etching pro-
cess during the waveguide fabrication [112, 113]. In silicon nanowires, this effect can impair
the generation of high absolute idler powers [112]. Although scattering losses are significant
in practice, the theoretical study in this thesis does not explicitly address losses caused
by fabrication imperfections because these losses affect both straight and bent waveguides.
Instead, we focus on the change in losses caused by the bending of waveguides.

To account for bending loss in equation (5.17) the integrand is modified to the form

L
/2 oiRe{A8) g —Bim(=+5) g, (5.21)

Nl

where the total imaginary part of the propagation constant equals S, = 2|Im{S8p}| +
Im{fBs}| + [Im{f1}|. The absolute values are used to ensure that the imaginary parts
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are positive, regardless of the employed convention. Note that the second exponential in
(5.21) takes a distance from 0 to L as the effective argument. This formulation ensures that
the losses are properly accumulated while considering propagation in a waveguide section of
length L. Evaluating the integral (5.21) results in

L _Lg . .
/2 eiRe{Aﬁ}Ze*IBim(ZJr%)dz _ 2e 2 Bim sinh (%(ﬂlm - lRe{Aﬁ})) (522)
_% Bim - 1Re{A6}

The second exponential on the left-hand side of the equation (5.22) expresses the losses.

When the phase-matching condition is satisfied, the peak photon pair generation rate occurs
. e BimLl 1

for A = 0. In this case, the integral (5.22) approaches S which is analogous to
formula (30) in [211].

In an experimental realisation, the number of photon pairs is determined via detection of
created idler and signal photons [229]. A detected photon is heralded if the corresponding
twin photon is detected as well [230, 231]. Coincidence measurements determine if the
two created photons belong to one pair [232, 233]. An important measure for photon pair
generation efficiency is the signal-to-noise ratio SNR = C“;;Cp , where ¢, is the number of
accidental coincidences and ¢, is the number of coincidences due to correlated photons [228].
This efficiency may be affected by free carrier absorption and bending loss. Therefore, the
quantum information application of generated photon pairs may be limited, as the heralding
of photons may be inaccurate due to the loss of either the signal or idler photons [196, 234].
One way to reduce the bending loss is the proper choice of polarisation of the pump wave
[207]. Another option is to choose a material characterised by low linear loss (bending
loss). In the case of silicon [113] and silicon nitride the bending loss is almost negligible,
in comparison to other materials. The guided mode is strongly confined to the waveguide
core due to high index contrast [113]. The mode confinement is discussed in more detail in
Section 5.7.

The last important consideration is the photon pair heralding efficiency, which quantifies
the probability that if an idler photon was detected, the signal photon would also be detected
(and vice versa). The presence of losses impairs the heralding efficiency because of the
loss of either idler or signal photons from the pairs. The influence of absorption loss on
heralding efficiency (HE) was studied in [197]. The HE is defined as the ratio between
the coincidence-count rate and the single-photon-count rate. The simplified formula for
the heralding efficiency HE, assuming negligible phase mismatch parameter AEL = 0, is
provided there as

(aL)?
2(eL —aL —1)’

HE ~ (5.23)

where « is the absorption coefficient. Here, « is directly related to the attenuation, resulting
from bending, so we put a = Sin. This choice is justified also by the derivation of the
formula (5.23) in [197], compared to the considerations in Section 5.3. Equation (5.23) is
used in Section 5.7 to compare the heralding efficiency for different waveguide structures
and radii of curvature.
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5.5. Description of the exemplary waveguides

This section describes the waveguides studied in this chapter. To maintain a general per-
spective, the selected waveguides are examples previously studied in the literature. These
examples comprise waveguides made of different materials: silicon nitride (SigN4) buried in
silicon dioxide (SiO2) [18, 235], silicon (Si) photonic wires [222], silicon on insulator (SOI)
[112, 113, 221], aluminium gallium arsenide (AlGaAs) [26, 236] and a free-form waveguide
[P2] made of IP-Dip photoresist (Nanoscribe GmbH) [237]. Free-form waveguides can be
fabricated with three-dimensional additive manufacturing techniques [P1, 238], and cladded
with a non-dispersive material of refractive index n, = 1.36. This is the configuration
discussed also in Chapter 3. The waveguides being considered vary not only in their core
and cladding materials but also in the sizes of their cores. All the investigated waveguide
systems are summarised in Table 5.1.

Table 5.1.: Investigated materials of waveguide core and cladding, as well as core cross-section.
The examples of IP-Dip, silicon nitride, silicon, silicon on insulator and aluminium gallium arsenide,
investigated in more details later in this chapter, are highlighted with dark background.

core material cladding material core cross-section (w [pm|x h [pm])
IP-Dip ne = 1.36 2.0 x 1.8
SisNy Si02 2.0 x 1.8
SizNy SiOq 1.7 x 0.711
SigNy 5109 1.0 x 1.0
SisNy SiOq 1.0 x 0.5
SigNy SiOs 0.46 x 0.3
Si Si02 20 x 1.8
Si SiOq 0.45 x 0.22
Si air/SiOs 1.0 x 0.32
Si air/SiO9 0.45 x 0.22
AlGaAs SiOq 2.0 x 1.8
AlGaAs Si0Oy 0.45 x 0.27

In practice, the choice of materials and dimensions depends mostly on available fabrication
methods [18], material availability, as well as price and compatibility with other materials
on a chip. Silicon is a widely used core material due to its high nonlinearity and ability to
tightly confine light, owing to its high refractive index [18]. Moreover, the compatibility of
silicon with CMOS technology offers the advantage of integrating electronics and photonics
on the same chip [18]. However, a significant limitation of silicon is TPA. To address this
issue, silicon nitride platforms have been developed, which help to reduce nonlinear losses
at telecommunications wavelengths [18, 112]. Another approach to mitigate TPA is the use
of gallium arsenide, with the addition of aluminium during the epitaxial growth to shift the
band gap [26]. Although aluminium gallium arsenide is not a CMOS-compatible material,
it is frequently reported in experimental studies due to its high nonlinearity and potential
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applications in all-optical networks [26]. Here, we study AlGaAs with 30 % of aluminium,
based on data from [236].

In addition to highly nonlinear materials, we also present an example of a photonic
wire-bond made of a polymer IP-Dip, characterised by weak nonlinearity and a relatively
low refractive index. This combination of material properties facilitates the discussion of
the trade-off between bending loss and the potential enhancement of the nonlinear effects.
For each considered core material, we perform exemplary calculations for a cross-section
measuring 2.0 pmx 1.8 pm. Although this cross-section is mentioned only in the literature
concerning [P-Dip, we chose this cross-section as common basis for all the studied materials
to be able to compare them directly, and remain consistent with the free-form waveguides
studied in Chapter 3 and Chapter 4.

5.6. Details of numerical simulations

This section outlines the computational procedure to calculate the photon pair generation
rate as a function of radius of curvature for each structure from Table 5.1. We begin by
determining the supported waveguide modes with the use of Ansys Lumerical [85]. To
numerically calculate the modes, the computational domain is limited to the waveguide
cladding of dimensions three times bigger than the core width. The core is immersed in
the middle of the cladding. The finite difference eigenmode (FDE) simulation region is
limited to 1.2 times the cladding width. To consider also radiation loss in bent waveguides,
the perfectly matched layers (PML) are placed at the boundaries of the computational
domain D. The PML are implemented as an absorbing material to minimise reflections [85].
As the result of mode computation, the TE-polarised electric field of the fundamental mode,
effective refractive index, effective area, loss, and group velocity of that fundamental mode
are stored and used for further calculations.

The modes are determined, while changing two parameters. First, we consider different
radii of curvature from 4 pum to 100 pm, with the bending defined in the width direction (cf.
Figure 5.3). Moreover, the modes are computed for wavelengths ranging from 1510 nm to
1600 nm, with 5nm step. This range includes the common telecommunication wavelength
1550 nm. The limits of the wavelength range result from the difficulty in finding propagating
modes for certain materials and cross-sections for wavelengths outside this range, particularly
for smaller bending radii. The minimum radius of curvature 4 pm was selected to ensure
that the centre of curvature remains outside the simulation region for all the considered
waveguide cross-sections. The smallest radius of curvature is feasible because it was shown
experimentally in several studies [113, 207, 239, 240] that silicon-based waveguide bends
can be fabricated with a radius of curvature as small as 3pm. The exception is IP-Dip,
for which the software cannot find modes for radii of curvature smaller than 6 pm, for the
applied settings. The maximum radius of curvature is limited to 100 pm because for this
radius of curvature all the results approach a straight waveguide. The modes are calculated
also for a straight waveguide for the same wavelength range, as a reference.

For silicon, silica, and silicon nitride, the refractive index values at the considered wave-
lengths were calculated from the Sellmeier equation [241, 242], with the parameters obtained
by fitting the sample data points from the Ansys Lumerical database. In the case of IP-Dip,
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the refractive index values were similarly fitted using sample data from [237]. To perform
analogous fitting for AlGaAs, the sample data were obtained from [243], based on [244]. The
air and the cladding of the IP-Dip waveguide are considered non-dispersive. The values and
formulas for the components of the third-order susceptibility tensor were taken from [185].
The local phase and group velocities were calculated using equations (68) and (69) from
[193]. The obtained values are presented in Appendix B.

The nonlinear coefficients are calculated using equation (5.16) for each combination of
pump, signal, and idler wavelengths from the precomputed modes, employing the formula
for the effective area (5.14). The highest value of yspwn, obtained for wg = wy = wp =~
193.42-27 THz, corresponding to the wavelength A = 1.55 pm, is selected to compare different
waveguides. This nonlinear coefficient is then used to compute M (ws,wr) from equation
(5.18) for each combination of pump, signal, and idler wavelengths from the precomputed
set of modes.

The photon pair generation rate is determined using equation (5.6) for each pump wave-
length from the previously specified range. In computational practice, this range contains
only a limited set of discrete wavelengths, therefore the delta function is modelled with a

Gaussian distribution as

1 (Aw)?

I(Aw) = e o7, (5.24)

wa

with the parameter a determined empirically to be a = 102 Hz. The photon pair generation
rate is calculated for the pump power 100 mW applied to a waveguide of length 15.7 pm. This
length corresponds to a 90° arc with radius 10 pm. For the purpose of comparing photon
pair generation rates in different waveguides, the pump wavelength is fixed at 1550 nm, and
only the signal and idler photons are considered to be generated across the available spectral
domain. The integrals in equation (5.6) are evaluated numerically over the predefined range.
The results of calculations are presented in the next section.

5.7. Influence of bending on photon pair generation rate

This section presents the outcome of the calculations for the examples listed in Table 5.1. We
begin by depicting M (ws,wr) from equation (5.18) for a straight, silicon nitride waveguide.
We show its dependency on the signal and idler wavelengths. Subsequently, we discuss in
detail one of the most efficient examples in this study, namely the silicon nitride waveguide
with a cross-section of 1.7 pm x 0.711 pm. Its loss is compared to the nonlinear coefficient
as a function of radius of curvature. It is also observed that the photon pair generation
rate changes with the radius of curvature. This observation is supplemented with a brief
discussion of the relation between the bending and the length of the waveguide. Further,
the same study is performed on the least efficient example, IP-Dip waveguide with a cross-
section of 2.0 pm x 1.8 nm. This example demonstrates additional effects difficult to observe
in the other, almost lossless structures. Later, we analyse and compare different features
influencing photon pair generation rate, based on the studied waveguides. A discussion
including physical interpretation follows. Finally, the results are summarised in Table 5.2.

Figure 5.4 illustrates the dependence of the absolute value of the quantity M (wg,wr) on
the idler and signal wavelengths for a selected pump wavelength. The values are computed
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for straight silicon nitride waveguide of cross-section 1.7 pm x 0.711 pm and length 15.7 pm.
Local maxima are observed for signal and idler wavelengths that correspond to modes satis-
fying the phase-matching condition. For the purpose of the plot in Figure 5.4, the modes in
a straight waveguide and the quantity M (ws,wr) are calculated for the wavelength ranging
from 1.3pm to 1.8 pm. For bent waveguides discussed in the following subsections, a nar-
rower wavelength range was selected due to potential convergence issues in the mode-finding
software for small radii and wavelengths significantly different from the central wavelength
of 1.55 pm.

|M| [x1073 m?s~2kg]

1.8
3.5
1.7 3.0
o5  Figure 5.4: The absolute value of M (ws,wr)
16 from equation (5.18) for a straight waveguide
§ 2.0 with a silicon nitride core in a silica cladding,
. 15 at pump wavelength 1.55 um, for various com-
~ 15 binations of idler and signal wavelengths. The
1.0 colorbar has been adjusted to enhance the visi-
14 0.5 bility of local maxima, despite all values in the
image being positive. Figure is reprinted from
0-0 [P3]. Copyright © 2011 by American Physical
1.3 Society.
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5.7.1. Study of silicon nitride waveguides

The first studied example is silicon nitride in silica cladding, which is a widely used material
platform for photonic integrated circuits. In case of silicon nitride, the bending loss is
minimal, and the effective nonlinearity increases with increasing curvature.* These two
relationships are presented in Figure 5.5. While both the nonlinear coefficient vgpwy and
the bending loss increase as the radius of curvature decreases, the gain in nonlinearity is
significantly higher and becomes apparent even for curvatures with minor bending losses.

As a result of the increasing nonlinearity, the photon pair generation rate increases for
more strongly bent waveguides, as shown in Figure 5.6(a). To calculate the values for the
plot in Figure 5.6(a), the arc length is fixed and only the curvature changes. It is evident
that bending the waveguide is advantageous in terms of photon pair generation rate. For
example, in the case of 4 ym bending radius, the photon pair generation rate nearly doubles
compared to the straight waveguide. Among the various factors influencing the photon
pair generation rate, we observe that the effective nonlinearity increases as the radius of
curvature decreases, which significantly enhances the efficiency of nonlinear processes. This
is further explained by the tighter localisation of the mode in the curved waveguide. The
increase in losses does not significantly diminish the photon pair generation rate in silicon

4 Curvature is defined as the inverse of radius of curvature. Increasing the curvature means decreasing the
radius of curvature.
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nitride. However, it is important to note that the bending loss becomes more prominent for
very small radii of curvature. This functional dependency is more apparent in waveguide

examples where the modes are not well localised, as demonstrated in the following example
of the IP-Dip waveguide.

SisNy 1.7 pm x 0.711 pm

Figure 5.5: Nonlinear coefficient (black “x”)
and loss (blue “47) as a function of the
radius of curvature for silicon nitride core
1.7pm x 0.711pm in silica cladding, at pump
wavelength 1.55 pm. Both the nonlinear coeffi-
cient and the loss increase with decreasing ra-
dius of curvature, but at different rates. Figure
is reprinted from [P3]. Copyright © 2011 by
American Physical Society.
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Figure 5.6.: Photon pair generation rate as a function of the radius of curvature for a silicon nitride
waveguide 1.7um x 0.711 pm core in silicon dioxide cladding at a pump wavelength 1.55um. (a)
The photon pair generation rate increases with decreasing radius of curvature for an arc with fixed
length, equal to 15.7um. (b) The photon pair generation rate increases with increasing radius of
curvature for 90° bow because the propagation length increases. The inset provides a detailed view
of the change in photon pair generation rate for radii of curvature between 4 pm and 15 nm. Figure
is reprinted from [P3]. Copyright © 2011 by American Physical Society.

It is important to note that the photon pair generation rate can be trivially enhanced
by extending the length of the waveguides. This is illustrated in Figure 5.6(b), showing
photon pair generation rate as a function of radius of curvature in an arc with angle 90°.
In this case, increasing the radius of curvature makes the waveguide longer. In consequence
the photon pair generation rate increases because it is proportional to the square of the
waveguide length, cf. equation (5.19). The difference between the two possible waveguide
transformations is explained graphically in Figure 5.7.
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5.7. Influence of bending on photon pair generation rate

Figure 5.7: Examples of two approaches to in-
|:> |:> crease the radius of curvature of a waveguide
@ m E bend. In the upper row, the radius of curva-

ture increases while keeping the constant angle
of the arc ¥. In the bottom row, the radius of

L L L curvature increases, but the waveguide length
\ :> :'1: L remains constant. Adapted from [P3]. Copy-

right © 2011 by American Physical Society.

Given the limited space on chips in future generations of highly integrated photonic
circuits, the waveguides cannot be arbitrarily long. Therefore, it is essential to consider
which waveguide maximises the photon pair generation rate for a given waveguide length.
By comparing plots in Figure 5.6(a) and Figure 5.6(b), one can conclude that the same
generation rate achieved by 90° bows of radii of curvature between 10 pm and 15 pum can
be attained with a shorter, 15.7 pm long arc of smaller radius of curvature, below 10 pm.
This approach reduces the space required on the photonic integrated circuit. To conclude,
regardless of the chosen length, incorporating curvature as a design feature always enhances
the photon pair generation rate in silicon nitride waveguides.

Bending a waveguide can possibly increase the photon pair generation rate without in-
creasing the length of a waveguide. Figure 5.8 shows the elongation of a straight waveguide
that results in the same photon pair generation rate as bending. It can be observed, for
example, that a 15.7 pm long arc of radius of curvature 10 pm is equivalent to 20 % longer
straight waveguide in terms of photon pair generation rate. For sharp bends, of radius of
curvature below 5 nm, the corresponding straight waveguide is almost 1.5 times longer. This
fact can be used to increase the compactness of the waveguide structures in the photonic
integrated circuits.

o glm Figure 5.8: The fraction of the length of
gﬁﬁ 140% a straight waveguide to the corresponding
< g x length of a bent waveguide, resulting in the
%0 % 130+ xx | same photon pair generation rate. The val-
—g E 120 xx | ues were calculated for silicon nitride bends
g of length 15.7pum and core cross-section
£ 2 110¢ x— 1 1.7pm x 0.711 pm. Figure is reprinted from
S :? 100 ‘ ‘ X x x [P3]. Copyright © 2011 by American Physi-
10 20 30 40 50 cal Society.

radius of curvature [um]

5.7.2. Study of IP-Dip waveguides

An analogous analysis to the previous subsection can be described for the weakly nonlinear
material IP-Dip. Figure 5.9 presents the change in nonlinear coefficient and loss of a wave-
guide made of IP-Dip, with core size 2.0 pm x 1.8 pm. As shown in Figure 5.9, the small
nonlinear coefficient increases slightly with bending, while the losses become substantial for
a radius of curvature of 40 pm and rise dramatically with further decrease in radius of curva-
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ture. For this core material, the bending loss significantly influences photon pair generation,
as illustrated in Figure 5.10.

IP-Dip 2.0 pm x 1.8 pm

0.0524- 80
‘g 0.051F 60<"  Figure 5.9: Nonlinear coefficient (black “x”)
7 X é and loss (blue “+”) as a function of the ra-
£,0.050 -+ x 1408 dius of curvature for IP-Dip of 2.0 pm x 1.8 pm
§ '!'!'__ x y E core, at pump Wavelength 1.55 um. Both t.he
; 0.049 1 %, x 1202 nonlinear coefficient and the loss increase with
+'t|=|- x decreasing radius of curvature but at different
0.048 tte+ 4+ o+ X % rates. Figure is reprinted from [P3]. Copyright

20 40 60 80 100 © 2011 by American Physical Society.

radius of curvature [pm]

Figure 5.10 illustrates the change of the photon pair generation rate as a function of the
radius of curvature, for arcs of the same length 15.7 pm. Since the generation rate depends
on the propagation length, the study of IP-Dip focuses only on the influence of bending
on the photon pair generation rate. The results presented in Figure 5.10 indicate that the
generation rate increases with increasing radius of curvature up to 36 pm, after which a
slight decline is observed. It is evident that for small bending radii, the generation rate is
reduced by the radiation loss. For bigger radii of curvature, the generation rate decreases and
approaches the limiting value for a straight waveguide due to the decrease in the nonlinear
coefficient, as previously shown in Figure 5.9. The peak at radius of curvature around 36 pm
results from the trade-off between increasing losses and increasing nonlinearity.

arc of 15.7 um length IP-Dip

—0.26 . : ;

= X ot . : .

P 0.25+ " X x o ox ox oy Figure 5.10: The photon pair generation rate
o | at pump wavelength 1.55pm as a function of
o " the radius of curvature for free-form waveguide
$0.23 1 fabricated with IP-Dip photoresist. By balanc-
g 0.22 ing the increased nonlinearity and losses, it is
g l.22r x 1 ) . : .

o possible to determine the optimal radius of cur-
% 0.21x 1 vature resulting in the maximum generation
& 0.20 rate. Figure is reprinted from [P3]. Copyright

20 30 40 50 60 70 80 90 100 © 2011 by American Physical Society.
radius of curvature [pm)]

In the case of IP-Dip, it is also possible to reduce the waveguide length by introducing
bending. Figure 5.11 shows the change of the length of a straight waveguide as a function of
radius of curvature of a bend corresponding to the same photon pair generation rate without
changing length. Although the length of a corresponding straight waveguide increases with
decreasing radius of curvature, the required length modification is very small and does not
exceed 10 %. This is a lower increment compared to the previously considered silicon nitride
waveguide, due to the losses induced by bending of IP-Dip waveguide.

In Figure 5.10 only a small enhancement of the photon pair generation due to a bending
in very short waveguides of 15.7 pm is observed. Figure 5.12(a) presents the anticipated
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—_
—_
(=)

_ XX
EDE x Figure 5.11: The fraction of the length of a
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"‘; £ 106 x generation rate, as a function of radius of cur-
%%} vature of that bent waveguide. The values are
&% 1041 x | calculated for IP-Dip bends of length 15.7 pm
S Lo | | ¥ and core cross-section 2.0pm x 1.8 pm. Figure
° 0 20 30 40 0 is reprinted from [P3]. Copyright © 2011 by
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maximum increase in photon pair generation rate as a function of waveguide length. Obvi-
ously, the generation rate increases with the length of a waveguide. Figure 5.12(b) shows
the corresponding radius of curvature for which the peak photon pair generation rate is
achieved. It appears that this optimal radius of curvature depends on the interaction length
within the waveguide. The optimal radius of curvature increases with the interaction length.
The propagation loss accumulates along the bent waveguide. When the waveguide is longer,
the loss is higher, therefore, the radius of curvature needs to be increased to reduce the
propagation loss.
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Figure 5.12.: (a) Maximum photon pair generation rate in IP-Dip as a function of the waveguide
length. (b) Radius of curvature, for which the maximum generation rate is attained as a function
of IP-Dip waveguide length. Figure is reprinted from [P3]. Copyright © 2011 by American Physical
Society.

In the following subsection, we discuss in detail the possible physical reasons for in-
creasing photon pair generation rate in bent waveguides made of different materials and
cross-sections.

5.7.3. Comparison of exemplary waveguides and discussion

This subsection discusses the potential factors contributing to the enhancement of the non-
linearity. The effects of effective mode area, effective refractive index, group velocity of
the mode, and loss induced by bending are considered. The discussion concludes with a
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5. Enhancement of the photon pair generation rate by SFWM in bent waveguides

table that presents numerical values for the generation rates of all examples studied in this
chapter. Afterwards, the heralding efficiency is analysed.

Figure 5.13 illustrates the mode profiles of the real part of the x-component of the electric
field on the waveguide cross-section. The field is normalised to the maximum value in a
straight waveguide for the same material and cross-section. The corresponding effective
areas of the modes are displayed above each profile. The upper row contains the cross-
section of 1.7pm x 0.711 pm silicon nitride, while the lower row presents the field profiles
for 2.0pm x 1.8 pm IP-Dip. The profiles in different columns are plotted for different radii
of curvature, indicated above each subplot. In the case of silicon nitride, increasing the
curvature enhances the confinement of the electromagnetic field within the core, resulting
in a reduced effective area for the mode guided in the waveguide. The field distribution
within a waveguide is typically concentrated near the outer side of the waveguide bend,
which effectively squeezes the mode profile. Consequently, the effective area of that mode
decreases. However, if the radius of curvature becomes too small, the field can leak into the
cladding, resulting in increased radiation loss. This effect can be observed in the case of
IP-Dip, where the effective area for radius of curvature 40 pm is smaller than for a straight

Re{&,} Re{&,} Re{&,}
R=00 R =20 pym R=4pum
Aeg = 1.11 pm? Aeg = 1.07 pm? Aeg = 1.03 pm? Lo
. 0.8
0.6
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Aeg = 3.43 pm? Aeg = 3.41 pm? Aeg = 3.70 pm?
0.4
0.2
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x [pm] z [pm] x [pm]

Figure 5.13.: Mode profiles of the real part of the z-component of the normalised electric field of the
fundamental mode obtained with Ansys Lumerical. The top row shows the fields in the waveguide
cross-section for 1.7 pm x 0.711 pm silicon nitride, while the bottom row depicts 2.0 pm x 1.8 pm IP-
Dip. Each column represents mode profiles for different radii of curvature of a waveguide bent along
z-axis. All fields are normalised to the maximum amplitude of the fundamental mode of the straight
waveguide made of the particular material. The contour of the waveguide core is illustrated as a black
rectangle in scale. Although the computational domain varies with the core size, the cladding is kept
the same size for plotting purposes. For silicon nitride, the effective area of the mode decreases as
the waveguide bends. In contrast, for the IP-Dip waveguide, the effective area reaches its minimum
at a radius of curvature 40 pm and then increases due to mode leakage from the core to the cladding.
Figure is adapted from [P3]. Copyright © 2011 by American Physical Society.
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waveguide but increases for R =20 pm because a greater fraction of the field is localised in
the cladding. The reduction in effective area leads to an increase in the nonlinear coefficient
~YsrwM, as demonstrated in equation (5.16).

Figure 5.14(a) shows the explicit dependence of the effective mode area on the radius of
curvature for silicon nitride, IP-Dip, and also silicon on insulator for completeness, since
it is the third material we study. Aluminium gallium arsenide is not included in this plot
because it exhibits a similar behaviour as silicon on insulator. Note that for both silicon
nitride and IP-Dip, it is possible to identify the radius of curvature at which the effective
area of the guided mode is minimised. In contrast, the effective area of the mode in the case
of silicon remains nearly independent of the radius of curvature.

Figure 5.14(b) shows the change in loss in the waveguide as a function of radius of curva-
ture. The two plots placed next to each other let one compare the change in effective area to
the change in loss. In the case of IP-Dip, the effective area decreases for radii of curvature
smaller than 40 pm, reaching a minimum around 20 pm. For larger curvatures (smaller radii
of curvature), the mode radiates into the cladding, resulting in an increased effective area.
This effect is evident in Figure 5.14(b), where the loss begins to rise significantly for radii
of curvature smaller than 30 pm. Therefore, the optimal radius of curvature is expected
to be between 20 pm and 40 pm, as previously indicated in Figure 5.10 and Figure 5.12(b).
A similar tendency is observed for silicon nitride. However, the mode with the minimal
effective area occurs at smaller radii, and the loss is much lower, and increases only for radii
of curvature smaller than 8 pm.
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Figure 5.14.: (a) Effective area of the mode as a function of radius of curvature for IP-Dip, silicon on
insulator and silicon nitride. (b) Propagation loss as a function of the radius of curvature. The values
are obtained with Ansys Lumerical. The legend shows the materials and core cross-sections selected
for the comparison. The values of the effective mode area are normalised to the corresponding values
of a straight waveguide. Figure is reprinted from [P3]. Copyright © 2011 by American Physical
Society.

In contrast, silicon exhibits different behaviour — its loss increases without a significant
gain in the effective area of the mode. This situation leads to a decline in the photon pair
generation rate, as presented in Table 5.2. This table summarises the values of nonlinear
coefficients and generation rates for the structures studied in this chapter.
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5. Enhancement of the photon pair generation rate by SFWM in bent waveguides

When comparing Figure 5.14(a) to the previously shown Figure 5.6(a) and Figure 5.10,
which depict photon pair generation rates, it becomes clear that the optimal radius of
curvature for generating photon pairs differs from the radius at which the effective area
reaches its minimum. This observation suggests that the maximum photon pair generation
rate is influenced by additional factors such as the effective refractive index of the mode
and the group velocity, both of which also affect the nonlinearity of the waveguide. The
dependence of these additional parameters on the radius of curvature is studied in the
following.

Variation in the radius of curvature affects the propagation constant of the fundamental
mode, which in turn alters the effective refractive index n.g of the waveguide. The effective
refractive index is defined as neg(R) = (R);‘—g, where Ao represents the wavelength in vac-
uum. Figure 5.15(a) illustrates how the real part of the effective refractive index varies with
the radius of curvature for four different materials. For IP-Dip and silicon nitride waveguides,
the real part of the effective refractive index increases as the waveguide is bent, whereas
it remains constant for silicon and AlGaAs. This change is relevant for phase-matching,
because the dispersion relation for certain materials may shift. Therefore, it is crucial to
select a radius of curvature for which the corresponding propagation constants satisfy the
phase-matching condition, or additionally compensate for the phase shift. The relation be-
tween the curvature and propagation constant can be exploited regarding birefringence of
the core material, as bending in a specific direction may facilitate phase matching.

effective refractive index effective area vs. effective refr. index
ig-m-n- ¥+ +F + + + #+ 1.3 | | ‘ —
51 + SOT0.45x0.22 [pm] || Lol *
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(a) (b)

Figure 5.15.: (a) Real part of the effective refractive index of the fundamental mode as a function of
radius of curvature for silicon on insulator, aluminium gallium arsenide, silicon nitride and IP-Dip, at
a wavelength of 1.55 ym. Waveguide made of different materials are characterised by different cross-
section sizes, indicated in the legend. (b) The effective area of the fundamental mode as a function
of the real part of the effective refractive index of silicon nitride and IP-Dip. The parameters
are normalised to their respective values for a straight waveguide. Figure is reprinted from [P3].
Copyright © 2011 by American Physical Society.

In addition to examining how the effective area and effective refractive index of the
fundamental mode change with the radius of curvature, one also analyses the direct rela-
tionship between these two parameters, as shown in Figure 5.15(b). This figure presents
the normalised effective area of the fundamental mode in IP-Dip and SigNy as a function of
normalised effective refractive index. For silicon nitride, the effective area decreases as the
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effective refractive index increases, confirming a connection between the effective refractive
index and the mode’s confinement within the waveguide core. However, in the case of IP-
Dip, even though the effective refractive index continues to rise with increased curvature, the
effective area initially decreases and then increases again after reaching a minimum. This
behaviour is attributed to the mode radiating into the cladding.

Another parameter affecting the photon pair generation rate is the group velocity of the
mode. This expectation is justified by equations (5.6) and (5.19). Figure 5.16 illustrates
the variation of the group velocity with changing radius of curvature of the four selected
waveguides. Some materials, such as silicon nitride and IP-Dip, show a strong dependence
of group velocity on the radius of curvature. The group velocity decreases as the radius
of curvature becomes smaller, leading to an increase in photon pair generation rate. The
decline in the group velocity with decreasing radius of curvature can be also observed for SOI
and AlGaAs, however, the change is minimal. As a result, the photon pair generation rate
does not vary significantly with changes in the radius of curvature of 0.45 pm x 0.22 pm SOI
or 0.45um x 0.27 pm AlGaAs. Also, the effective mode area for these waveguides remains
effectively unchanged in Figure 5.14(a), related to equation (5.14).
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Figure 5.16.: Group velocity of a fundamental mode as a function of radius of curvature, for
wavelength A = 1.55 pm, represented as a multiple of speed of light in vacuum, ¢g. Each plot
shows the group velocity for different exemplary material together with the relative change of group
velocity between the straight waveguide and bent waveguide of a radius of curvature of 4 pym. Figure
is reprinted from [P3]. Copyright © 2011 by American Physical Society.

Table 5.2 presents the results of calculating the nonlinear coefficients and the generation
rate, along with the potential increment in the generation rate with respect to the generation
rate in the straight waveguide, and the radius of curvature at which this increment can be
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achieved. The nonlinearity varies based on the materials of the core and cladding, as well
as the dimensions of the waveguide’s cross-section. In highly nonlinear structures with very
small cross-sections for which ygpwa > 100 (Wm) ™!, increasing nonlinearity is challenging
because the light is already tightly confined within the waveguide core, and this confinement
does not significantly change with bending. As the dimensions of the core increase, the
increment in the photon pair generation rate can range from 5% for IP-Dip to 210% for
AlGaAs. Larger silicon nitride cores lead to enhancement in the photon pair generation rate
up to 150 %. The increase in nonlinearity for SigNy, silicon, and AlGaAs is significantly
higher compared to the gain from the weakly nonlinear material, IP-Dip, with the same
cross-section.

Table 5.2.: Results of calculation of nonlinear coefficients yspwn and photon pair generation rates
for chosen waveguides, for pump wavelength 1.55 pm.

Waveguide type?® ’ySFWM,minb fySFWM’maXb generation rate® increment? peak radius®
IP-Dip 2.0 x 1.8 0.048 0.052 0.25 5 36
SisNg 2.0 x 1.8 0.33 0.53 4 150 7
SigN4 1.7 x 0.711 1.06 1.51 40 90 4
SisN4 1.0 x 1.0 0.79 0.95 21 45 5
SisN4 1.0 x 0.5 — 1.64 90 - 00
SigN4 0.46 x 0.3 - 0.33 6 - 00
Si2.0x1.38 6.83 18.57 103 172 4
Si 0.45 x 0.22 - 116.80 10° - 00
SOI 1.0 x 0.32 52.57 62.38 104 40 4
SOI 0.45 x 0.22 142 142 10° < 0.02 4
AlGaAs 2.0 x 1.8 35.6 100.1 10* 210 4
AlGaAs 0.45 x 0.27 687.8 687.9 107 < 0.02 5

& described by core material followed by cross-section size in pm x pm.
b values given in (Wm)~!.

¢ generation rate R in Hz, for straight waveguide of length 15.7 um and pump power 100 mW.

4 increment of R in % with respect to a straight waveguide, defined as % x 100 %.

¢ radius of curvature in pm for which the maximum generation rate was achieved numerically.

When the losses outweigh the mode confinement, the generation rate decreases with
increasing curvature. The generation rate enhancement effect may not be observed due to
insufficient mode confinement to the core. The effective area of the mode increases, as the
radius of curvature decreases, which reduces the nonlinear coefficient vspwnm. In this case,
it is possible to identify the radius of curvature at which the photon pair generation rate is
maximised, cf. Figure 5.10.

Table 5.2 indicates that both nonlinearity and the photon pair generation rate depend on
the core size. In particular, for a given core height, an optimal core width can be identified to
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enhance nonlinearity. However, in practice, the choice of dimensions and materials primarily
depends on their availability and the fabrication methods that can be employed. Therefore,
it may not always be possible to fabricate the most optimal cross-section in terms of photon
pair generation rate. The study in this chapter demonstrates that bending can improve
the nonlinearity if the choice of the cross-section is constrained, or a waveguide with lower
nonlinearity is considered in certain experiments.

The final aspect considered in this section, is the heralding efficiency (HE), which is ex-
pressed using the formula (5.23). The HE is calculated for exemplary SOI, SizNy4, AlGaAs,
and IP-Dip waveguides, taking the imaginary part of the propagation constant as a. Fig-
ure 5.17 presents the resulting HE as a function of the radius of curvature. The minimum
radius of curvature in the plot is 5 pum for clarity, as the heralding efficiency drops below
0.8 for smaller radii of curvature. The HE of silicon starts at 0.958 for a radius of curvature
of 5um, while for silicon nitride, it is higher and equals 0.998. AlGaAs is characterised by
HE = 0.963 for a radius of curvature 6 pm. The photoresist IP-Dip only exceeds a herald-
ing efficiency of 0.98 for bending radii greater than 18 pm. Comparing Figure 5.10 and
Figure 5.17 shows that the maximum photon pair generation rate for IP-Dip occurs for the
radius of curvature with high heralding efficiency. Similarly in the case of silicon nitride, the
photon pair generation rate can be increased without drop in HE. Depending on the desired
heralding efficiency in an experiment, an appropriate radius of curvature can be selected for
waveguide design.

Figure 5.17: Heralding efficiency for differ-
ent materials and cross-sections as a func-
tion of radii of curvature between 5pum and

15311\16257232271“1m[ﬁm] 1 50pm. The values are calculated for inter-
AlGaAs 0.45x0.27 [um] action length 15.7 pm and pump wavelength
#* IP-Dip 2.0x1.8 [um] 1.55 um. Figure is reprinted from [P3]. Copy-

2‘0 3‘0 4‘0 5o  right © 2011 by American Physical Society.

radius of curvature [pm]

5.8. Summary and conclusions

In this chapter, we have examined the influence of varying waveguide curvature on effective
nonlinearity and photon pair generation rate in the bent waveguides. We studied how the
photon pair generation rate in the spontaneous four-wave mixing (SFWM) process changes
with increasing waveguide curvature. The SFWM process has been selected because it is
significant for technology as it is used to generate quantum states of light, which serve
as sources for on-chip quantum devices. Since SFWM is a third-order nonlinear process,
the third-order strongly nonlinear materials such as silicon nitride, silicon, and aluminium
gallium arsenide have been studied in this chapter. Their performance was compared to
that of the weakly nonlinear material IP-Dip, which was studied in the previous chapters. It
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was shown that increasing the curvature of the waveguide enhances the mode confinement
in the waveguide core, thereby reducing the effective area of the mode and consequently
increasing the nonlinear coefficient. Moreover, the group velocity of the mode decreases as
the waveguide bends. These effects contribute to an increase in the photon pair generation
rate. This enhancement of nonlinearity and the photon pair generation rate due to bending
is particularly pronounced in waveguides with larger core cross-sections.

However, decreasing the radius of curvature also increases propagation losses. Depending
on the rate of change of both the losses and the nonlinearity, as a function of radius of
curvature, it is possible to identify an optimal radius of curvature for maximising the photon
pair generation rate. This optimal radius of curvature can depend on the interaction length,
which is an important factor to consider during waveguide design. Due to the possible loss
of photon pairs, the required heralding efficiency becomes an important consideration for
experimental setups. Bending changes the effective refractive index of the modes, which
affects the phase-matching, an essential condition for operation of nonlinear devices.

Bending the waveguide offers an advantage in terms of confining guided modes. This spa-
tial confinement strengthens the nonlinear interaction and can reduce interaction lengths in
the waveguides. As a result, the increase in photon pair generation rate can be achieved
through bending rather than elongating the waveguides. In this chapter, the photon pair
generation enhancement was demonstrated for very short waveguides. In practical situa-
tions where longer waveguides are fabricated, the spatial gain may be significantly greater,
provided that the radius of curvature remains within the low-loss range.

The next chapter is devoted to mode interactions in whispering gallery resonators (WGRs).
Among many applications, WGRs are used as the sources of quantum states of light, ring
couplers between waveguides, or amplifiers of optical waves. Therefore, an example of a
WGR is included as part of this doctoral research, and the results are presented in the
following chapter.
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6 | ldentifying interacting modes in
whispering gallery resonators

The on-chip generation of entangled photon pairs, discussed in the previous chapter, often
requires photon collection and routing, which can be achieved by using microcavities coupled
to channel waveguides [245]. Depending on the chip design and fabrication facility, these
microcavities take the form of ring or disk resonators [246]. To design and fine-tune the
resonators, it is required to understand the nature of the ring or disk structures, in particular
their eigenmodes [247]. Here, we analyse the interaction of modes in disk-shaped whispering
gallery resonators (WGRs), using some of the concepts already discussed in the previous
chapters. In particular, the modes in a WGR correspond to the modes in a curved waveguide
with a constant radius of curvature. The modes are no longer purely guided, but they tend
to radiate into the far field which poses challenges in capturing their properties. However, by
applying methods presented in the previous chapters and incorporating new contributions
described here, we can explore the modal properties of the resonators in depth.

This study was inspired by the work of M.Sc. Lukas Rebholz and Dr. Simon Woska
et al. [248-250]. In this specific setting, the WGRs take the form of cylindrical disks
with a finite thickness. The authors noted that with varying thickness of the disk, the
mode profiles of some modes deform and cannot be separated into independent radial and
axial components. The authors identified a mode coupling by overlapping field profiles and
avoided crossings of the modes’ resonance frequencies. The identification of the interaction
between the modes was based on the symmetries of the field profiles of the modes. Here,
this analysis is continued, and we investigate the orthogonality of the fields radiated by the
modes with a suitable scalar product. The material contained in this chapter is a result of
a close collaboration with M.Sc. Lukas Rebholz and Dr. Ivan Fernandez-Corbaton. These
results were published in [S1].

This chapter presents a formalism to identify the interaction between modes in whisper-
ing gallery resonators. In Section 6.1, we introduce the WGR and elaborate on their im-
portance in photonics. Then, Section 6.2 presents the method to calculate resonant modes
using a Maxwell solver. These modes are in general leaky, causing the radiation of the
electromagnetic fields into the surrounding of WGR. In Section 6.3, we establish a method
to obtain the field radiated by a given leaky mode. We find the relation between the modes
computed with the Maxwell solver and the radiating fields outside the WGR. Finally, in
Section 6.4, we introduce a scalar product to calculate the energy of a given radiating field.
We apply this energy scalar product to the resonant modes of WGR to identify coupling
modes and analyse the occurrence of anti-crossings as the thickness of the disk changes. We
conclude with a summary in Section 6.5.
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6. Identifying interacting modes in whispering gallery resonators

6.1. Introduction

WGRs can be fabricated in form of spheres, rings, or disks, to name just a few [57]. In a ray-
optical picture, the resonators sustain resonances upon consecutive total internal reflections
of the rays at the circular boundary between the WGR and its surrounding medium that
lead to closed ray paths, forming a standing wave [55, 57]. Upon dense reflections, the
electromagnetic fields are localised near the circumference of the WGR, which reduces optical
losses and leads to high Q factors.! Reducing the size of WGRs, while maintaining a
relatively high Q factor leads to strong optical confinement, which can minimise the size
of optical instruments in photonic structures [55]. Due to their low losses and small size,
WGRs can be integrated into optical networks [59]. WGRs are also appealing for numerous
applications due to their unique spectral properties, such as tunability, narrow linewidth,
and exceptional stability of resonant frequencies against environmental changes [55, 59].
WGRs are utilised as ring couplers and amplifiers for optical waves [56, 57|, low threshold
lasers [251, 252], spectral filters [58], switches, modulators, frequency stabilisers, and sensors
[59, 253], as well as sources of quantum states of light [60, 61, 254, 255].

WGRs can be studied through their resonant modes [256], which are the natural damped
resonances of the system. Also called whispering gallery modes (WGMSs), the resonant
modes are used for diverse tasks, including the study of light-matter interactions [257-272],
or the expansion of scattered fields as a linear combination of the resonant modes [273,
274]. Introducing multiple resonant modes can also be utilised to enhance the bandwidth
of antennas in comparison to those usually based on one resonance [275]. While WGMs
are analytically calculated to be orthogonal, a coupling between them has been reported in
experiments [249, 276]. The interaction between modes can be utilised to demonstrate Kerr
frequency comb generation [277], coupled-mode induced transparency and absorption [278§]
or narrow-band high reflectivity of resonators [276].

The analysis of mode coupling in WGR and resulting modal anti-crossing behaviour has
been studied recently with the use of a vectorial perturbation theory? for resonators made
of anisotropic materials [279, 280] or investigation of the symmetries of the modes obtained
with finite-element method simulations [249]. In this chapter, we describe the use of an
energy scalar product in the context of resonant modes to determine the geometry of the
disk resonator for which the anti-crossings occur.

6.2. Resonant modes in whispering gallery resonator

The considered WGM resonator consists of a disk of radius 25 pm and a thickness that varies
from 1.8 pm to 3.1 pm, in 0.01 pm steps. The disk is made of a material characterised by a
real permittivity 6522 = (1.481)2 and imaginary permittivity 5523 = 104, surrounded by air

of permittivity esu = (1.000275)2, following [249]. For each disk thickness, the electric fields

! The Q factor is proportional to the confinement time in units of the optical period. An ideal cavity,
without loss, confines light indefinitely and is characterised by precise resonant frequencies [57]. The
lower the Q factor, the higher the damping of the oscillations in the resonator.

The vectorial perturbation theory is based on electric and magnetic field components in the axial direction
of the disk. These components obey two separate Helmholtz equations in a bulk material. In the presence
of a boundary between the disk and air, the field components can couple. The boundary conditions are
derived in a perturbative manner, including both coupling and noncoupling terms. The details of this
method can be found in [279].
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6.2. Resonant modes in whispering gallery resonator

&(r) and magnetic fields H(r), as well as the resonance frequencies w are computed with the
FEM simulation software JCMsuite. This FEM solver addresses the resonant mode problem
by determining the complex electric and magnetic eigenfields (€(r), H(r)) of the mode f
and the corresponding eigenvalue wy = w}r) — iwj(f), where w}T), w/(f) € (0,00). These pairs of
electric and magnetic fields together with their eigenfrequencies satisfy the time-harmonic
Maxwell equations in a source-free medium. Using the rotational symmetry of the disk with
respect to the z-axis, the eigenmode computation is reduced to a two-dimensional problem
in the plane (p, o = 0, 2),? as illustrated in Figure 6.1. The resonant modes are described by
radial Ng , azimuthal Ng, and axial N; mode numbers, which count the number of intensity
antinodes along the radial, azimuthal, and axial directions of the disk, respectively.

Figure 6.1.: (left) The radial component of the real part of the electric field of the mode charac-
terised by (NJ, NJ) = (1,2), shown on the disk surface. (right) Projection of a slice of the disk in
the plane (p, ¢ = 0, 2), representing a part of the computational domain in JCMsuite. The field
decreases by several orders of magnitude at the boundaries of the chosen computational domain.
For the sake of visibility, the domain in the figure differs from the size of the actual computational
domain, and the scale of the z-axis is different from that of the remaining two axes. The field is
normalised to its maximum value. The figure has also been published in [S1].

At any point r of the disk, the field of a given resonant mode (in Cartesian coordinates)
satisfies ;
Ef(peos g, psing, z) = R(p) - Ef(p, 0, 2)e™e?, (6.1)

with azimuthal angle ¢, radial distance p, integer azimuthal mode number? NS’; = 139
(following [249]), and the rotation matrix® [65]
cosyp —singp 0
R(p)=| sinp cosp 0 |. (6.2)
0 0 1

3 Where: p = /22 + 42 and ¢ = arctan 2(y, x).

4 Tt is important to note that any integer number is a valid azimuthal mode number, also referred to as
azimuthal wavenumber [65]. Here, the NJ = 139 was selected because this number was chosen for study
in [249], which serves as a reference for the computation of modes performed here. Moreover, the modes
with different azimuthal mode numbers are orthogonal under the scalar product introduced in Section 6.4.
Therefore, it is enough to study modes for one selected Nj,f.

5 Note that JCMsuite follows a different convention with the y-axis being the axis of rotational symmetry.
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6. Identifying interacting modes in whispering gallery resonators

Due to the localisation of the electric field near the rim of the resonator, the region from
which the eigenfields are extracted is limited to [19.5,27.0] pm along the radial direction p
and [—3, 3] pm in the axial z-direction. The discretisation in the radial direction is nonuni-
form and finer close to the rim. The simulation settings are as follows: the target relative
precision for the resonance frequencies is set to 1076, and an adaptive mesh refinement
scheme is employed with a maximum of two refinement steps. The computational domain
is surrounded by PMLs [65].

Figure 6.2 shows the real part of the resonance frequencies of selected modes as a function
of the disk thickness within the considered range. The resonance frequencies of the modes
change with varying thickness of the disk. The modes are assigned a spectral order number
according to the increasing real part of their eigenfrequency. The modes are organised into
pairs, representing the same spectral order number but differing in parity, represented with
m, = 1 or m, = —1. Parity is defined here as an eigenvalue of the mirror reflection z — —z
of the radial electric field distribution E,{ (r) of each mode f, which serves as an eigenstate of
this reflection. For instance, the field illustrated in Figure 6.1 transforms with an eigenvalue
of m, = —1. It is worth noting that the corresponding magnetic field distribution Hg(r)
also acts as an eigenstate of the reflection z — —z but with eigenvalue —m,.

15
1.40 10
m, = +1 m, = —1, mode 5
m, = +1 m, = —1, mode 4
1.38 - —=m, = +1 —m, = —1, mode 3
—-=m, = +1 —m_ = —1, mode 2
136 L ——, = +1 _—m, = 717 mode 1
1.34 1
T 1320
w0
el
]
= 1.30+
—~
3
o 1.28 -
~
1.26 +
1.24 -
1.22
1.20 & : ‘ ‘

1.8 2.0 2.2 2.4 2.6 2.8 3.0
disk thickness [pm]

Figure 6.2.: Real part of the angular resonance frequency of the five pairs of lowest spectral order
modes as a function of the disk thickness. Each pair consists of one mode of a positive parity m, = 1
and one mode of a negative parity m, = —1 upon a z — —z mirror transformation. Modes of
equal parity m, undergo avoided crossings at the spots marked with grey circles. Solid lines follow
eigenfrequencies of modes with negative parity, and dashed lines mark the resonance frequencies of
modes with positive parity. The figure has also been published in [S1].
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6.3. Electromagnetic fields radiated by a leaky mode

While the disk itself is invariant under the mirror reflection z — —z, the field distributions
exhibit two distinct parities. Moreover, these parities characterise particular modes and do
not change as the thickness of the disk changes. From the symmetry analysis in [249], it
is known that some modes exhibit crossings while others display avoided crossings, also
referred to as anti-crossings, during changes in disk thickness. It can be seen in Figure 6.2
that as the modes come spectrally close, which means the difference between the real parts of
their eigenfrequencies is minimal, the lines for modes with opposite parities cross each other,
while the lines for modes with the same parity exhibit anti-crossings. The anti-crossings are
marked by grey circles in Figure 6.2. The crossings indicate a lack of interaction between
the modes, while anti-crossings signify that the modes couple with each other [249].

Based on the FEM computations, the modes are sorted and assigned spectral order num-
bers according to their increasing real part of the resonance frequency, independently for
each disk thickness. Here, the modes are labelled with numbers, according to the spec-
tral ordering of modes for a disk of thickness 1.8 pm. However, the crossings influence the
spectral ordering of the modes. As the disk thickness increases, the order derived from the
numerical tool may swap the labels for modes that cross. Therefore, these labels do not ac-
curately reflect the true spectral order of the modes. In our analysis, this labelling issue can
be addressed by considering the spectral order of modes separately for different m, values,
since crossings exclusively occur between modes of opposite m,. However, the symmetry
approach may not be possible in cases of resonators with more complicated shapes. In the
following, we present the formalism to identify the modes and the disk thicknesses at which
the anti-crossings occur, employing the orthogonality of the radiated fields.

6.3. Electromagnetic fields radiated by a leaky mode

The electromagnetic fields of the resonant modes are present inside and outside the disk
resonator. The modes that are present in the cladding and radiate into the far field are
called leaky modes. The electromagnetic fields on a boundary between the disk and the
surrounding medium act as sources of radiation fields [281][282, Chapter 5]. The components
of the electric and magnetic fields that are tangential to the surface determine the entire
field outside the enclosed volume. This principle implies that the tangential components
of the electric and magnetic fields uniquely define the radiation field beyond the volume,
allowing us to derive the field radiated by a given leaky mode.

Figure 6.3 presents a 2D cross-section of a closed surface in R? that defines a volume D
of the disk with a boundary dD. The boundary 0D is assumed to have continuous first
derivatives. This volume is surrounded by an achiral,® non-absorbing, homogeneous, and
isotropic background medium, which we simplify by assuming it is vacuum.” We assume
the existence of time-dependent helical fields Fa(r,t) with helicity A = £1 for r € 9D, on
the boundary surface dD. These fields are given in SI units as

Fa(r,t) = \/§ [E(r,t) + iAZOﬁ(r,t)] , (6.3)

6 A structure is called chiral if it cannot be superimposed onto its mirror image by any combination of
translations or rotations. An example of chiral objects are left and right hands.

7 Any other similar surrounding medium can be incorporated into the formulas by substituting the vacuum
permittivity and permeability with those of the surrounding medium.
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6. Identifying interacting modes in whispering gallery resonators

with vacuum permittivity €9, vacuum impedance Zo, time and spatially dependent complex
electric field E(r,t), and complex magnetic field H(r, t).

Figure 6.3: A cross-section of a volume D in
R3 is delimited by a closed surface D having
continuous first derivative. The dS(r) denotes
an outwards-pointing normal vector of the sur-
face element at each point r € 9D. The y
and z denote the Cartesian coordinate system.
Fields Fa(r,t) for r € 9D, on the surface pro-
duce electromagnetic radiation towards spatial

— infinity. This figure has been adapted from
Fa(r,t) [S1].

The boundary of the disk 0D is required to be once continuously differentiable [282,
Chapter 5] because the Maxwell equations for helical fields involve only first-order derivatives
[282, §1-2.3]. This condition is satisfied by a continuous tangent surface of a disk with
rounded corners.

The helical field F 5 (r,t) can be also defined through a one-sided inverse Fourier transform:
1 o

Fa(r,t) = /F r, |k|)eiolkltq K|, 6.4

a(r,t) o ) A(r, k) K| (6.4)

where |k| is the absolute value of the angular wavevector, and ¢y denotes the speed of light
in vacuum. It is important to note that physically, the time-harmonic angular frequency
is restricted to positive values,® meaning w = cplk| > 0 [283]. The |k| is referred to as
a wavenumber.

Equation (6.4) holds only if we consider solely the eigenfrequencies w, computed by the
FEM solver, without taking into account their complex conjugated counterparts —w®*. This
approximation is explained in more detail in Appendix C.2.

The helical fields, defined with equation (6.3), produced by a given leaky mode at the
surface 0D are related to the eigenmodes of the resonator as follows:

Fa(r,t) = \/§ [E(r) +iAZoH(r)] e @O (t) = My (r)e “O(1), (6.5)

where we introduce the notation for the helical modal field M (r). Examples of fields
M\ (r) are presented in Figure 6.4 and Figure 6.5. The function ©(t) is the Heaviside step
function that equals 1 if ¢t > 0 and equals 0 if ¢ < 0. The Heaviside function indicates that
the leaky mode is excited at some point in time, which we set to ¢ = 0. This approach
avoids the amplification that would occur in the exponential term in equation (6.5) for
t < 0, while retaining the damping effect for ¢ > 0. Moreover, the fields Fj(r, \k])e*ic‘)‘k“
in equation (6.4) produce radiated fields that decay as 1/|r| as |r| — oo [281, Eq. (33, 35)].
Therefore, the formulation in equation (6.5) effectively avoids two unphysical exponential

8 In practice, this could mean integrating over some range of |k| > 0. However, here the integral is evaluated
analytically, which is shown in Appendix C.1.
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6.3. Electromagnetic fields radiated by a leaky mode

growths of the modal field: one as ¢ — —oo and another as |r| — oco. These two growths
are interconnected by causality® [284]. The wavenumbers of the source fields on 9D are
considered to be real. Identifying a complex eigenfrequency with a complex wavenumber
would result in an exponential growth of the field outside the resonator as r increases.

2Re[/\/lm Re[M, 1] ReM 2Re[/\/lwl Re[M,1] Re[M
= 1 1
o § 0
! 1 R 1
2 2
2 xl] Im yl Im[le 9 Im :cl] Im yl Im[le
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g 0 g 0
N 1 ] 1
2 2
22 24 26 22 24 26 22 24 26 22 24 26 22 24 26 22 24 26
plpum]  ppm]  p [pm] plpm]  ppm]  p [pm]

(a) (b)

Figure 6.4.: Cartesian components of the real (upper row) and imaginary (bottom row) part of
the field Ma—41(r) of the first modes, characterised by (a) m, = +1 and (b) m, = —1. These
are examples of crossing modes, characterised by different eigenvalue of the mirror function z — —z.
The figure has also been published in [S1].

The monochromatic field F (r, |k|), present in equation (6.4), can now be found with the
Fourier transform of equation (6.5):

/ Fa(r,t)el%dt = / My (r)el(0a=wtgy = IMa(r) (6.6)
coq — w
—00 0

with parameter ¢ > 0, corresponding to the positive, real wavenumber.

At the same time, the Fourier transform of equation (6.4) results in'’

oo~ . 1 [e'S) .
Fa(r, t)e%dt = —— [ Fy(r, |k / elco(lkl—atqz q|k
[ e = [ Fate k) K

Pa (e, ) s~ g = Y Baeg). (67)

0\8 0\8

5~
3

9 Note the dependence of the electromagnetic fields on ekt o1 example in equations (2.15) or (2.16),
or implicit e =0lklt) i equation (6.4).
' Using the relation 5= [ @)y = §(a — b).
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Figure 6.5.: Cartesian components of the real (upper row) and imaginary (bottom row) part of the
field Mp—41(r) of the (a) second and the (b) the third mode, both characterised by the eigenvalue
of the mirror function m, = —1 upon z — —z. These are examples of anti-crossing modes. The
figure has also been published in [S1].

The monochromatic field component Fj (r, |k|) can be determined by substituting ¢ — ||
and equating (6.6) and (6.7), which results in

icoMA(r)
V2m(eolk| —w)

F(r, [k|) = (6.8)

It is important to note that the monochromatic field (6.8) does not reproduce (6.5) accurately,
using one-sided Fourier transform (6.4). The inverse derivation is correct when using full
inverse Fourier transform including negative frequencies. The correction to formula (6.8)
is shown in Appendix C.2. The new formulation in Appendix C.2 belongs to the (not yet
published) revision of [S1] written mostly by M.Sc. Lukas Rebholz and Dr. Ivan Fernandez-
Corbaton, and, therefore, is beyond the scope of this thesis.

The helical modal fields M (r) are constructed from electric and magnetic fields (E(r),
7 (r)) according to the definition in equation (6.5). It is important to note that the sur-
rounding medium of the considered disk is not vacuum, as assumed for the derivation of
equation (6.8). However, since eg,, is only marginally different from unity, we can neglect
its influence, as the results remain basically the same as in the vacuum case.

The monochromatic surface fields F(r, |k|) act as sources for the radiation fields in the
surrounding medium. In the following section, we introduce an energy scalar product that
involves the integrals of the monochromatic fields derived here.
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6.4. The cross-energy scalar product for interaction between
modes

An electromagnetic scalar product between radiation fields, which only involves integrals
of the radiation fields over closed spatial surfaces, was derived in [283]. Specifically, the
quantity F(r, |k|) appears in the expression for the energy (F|H|F) [283, Equation (21)] of
a given mode |F), with the energy operator H. The energy can be computed as an integral
over a closed boundary:

FIHF) = 30 (i) [k [FL ) < Fale k)] dS6), (69)
A=+l 0 oD

where dS is the infinitesimal surface element at position r, and the integral is taken over
any piecewise smooth surface D that encloses a compact volume containing the radiation
sources [283]. The cross-energy between arbitrary modes |F) and |G) is calculated with

(FIHIG) = 3 (iA) / d[k| / [P (r, [K]) x Ga(r, [K])] - dS(r) (6.10)
A=+l 0 oD

The energy operator H is self-adjoint with respect to the inner product (F|G) and there-
fore the inner product (6.10) is a proper scalar product, satisfying the condition (F|H|G) =
((G|H|F))*. The use of the energy scalar product is consistent with the use of the scalar
product derived from the time-averaged Poynting vector for the propagating modes in wave-
guides in Subsection 2.2.4. The scalar product is a measure of orthogonality of the modes.
The scalar product equal to zero means that the modes are orthogonal. The scalar product
deviates from zero when the orthogonality of the modes is broken, cf. Subsection 2.2.4.

The surface integral in equation (6.10) ensures that only the components tangential to
the surface impact the results. The tangential components of the electric and magnetic fields
remain continuous at the interface between the disk and the surrounding medium, therefore
they can be used for calculation of the scalar product (6.10).

The cross-energy scalar product (F|H|G) between arbitrary modes |F) and |G) can be
derived by plugging in the relation (6.8) into (6.10), and results in:

In(—wy) — In(—w?) ¢ .
(—wy) ( f)i Z (—1A)/ [M 4 (r) X M y(r)] -dS(r) ¢,

(FIH|G) = .
(wf — wy) s Pt i

(6.11)
where the subscripts f and g refer to the two considered modes, |F) and |G), respectively.
The exact derivation is shown in Appendix C.1.

6.4.1. Application to a whispering gallery resonator

The cross-energy scalar product (6.11) can be further simplified, taking into account the
cylindrical symmetry of the disk surface 0D:

In(—wy) — In(-w})

(FIHIG) = ) (—iAco)

/dspﬁ(r) MG () x Myg(r)] . (6.12)
A=+1 ¢

*
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6. Identifying interacting modes in whispering gallery resonators

The integration in (6.12) is performed over a piecewise continuous contour € obtained from
the intersection of the surface 9D and half of the axial cross-section of the disk, containing
the axis of rotation. The integral in equation (6.11) is simplified by taking advantage of
the cylindrical symmetry of the system, which reduces the two-dimensional surface integral
to a one-dimensional contour integral. The details of this simplification are presented in
Appendix C.1.

The integral (6.12) is computed using the trapezoidal rule!! over the contour €, which is
represented with the white line in the projection shown in Figure 6.1. This white contour is
composed of three continuous lines. The dimensions of the contour (both in radial and axial
direction) for the actual computation are 2% larger than the actual contour of the ¢ = 0
slice of the disk. This choice is motivated by the presence of regions with numerical artefacts
in the simulated fields, which are found near the sharp edges of the disk resonator. The
contour is increased to avoid these artefacts. To further enhance the accuracy, the contour
is discretised more finely near the rim of the disk, where the fields are localised. Although
the sampling points are chosen to align with the contour of a resonator with sharp edges,
this does not violate the assumption of continuous tangent surfaces mentioned earlier since
the curvature region of the contour can be considered small compared to the finite sampling.

It is important to note that the fields captured outside the resonator are associated with a
complex wavenumber. Consequently, these fields exhibit exponentially divergent behaviour
when they approach spatial infinity. The rate of divergence is connected to the radiative
damping of the resonant modes. However, in the case of high-quality resonances discussed
here, indicated by the ratio w(") : w® in the order of 10°, the exponential divergence is slow
enough to be negligible close to the resonator’s surface. Therefore, the fields on the 2%
bigger contour remain a close approximation to the desired fields on the surface of the disk.

6.4.2. Analysis of the interacting modes

For the analysis of the orthogonality properties of the modes in the WGR, we use the
following quantity

[(FIH|G)
(FIH|F) (GH|G)

[(FIHIG) |* = (6.13)
which expresses the normalisation of each considered mode with respect to the radiated
energy. The quantity (6.13) is referred to as the normalised scalar product.

Figure 6.6 illustrates the outcomes of expression (6.13) for selected pairs of modes with
the same parity as a function of the disk thickness. FEach line in the figure shows a notable
peak for the disk thickness for which the real frequencies of a particular pair of modes
approach one another, as depicted in Figure 6.2. The positions of the peaks align with the
thicknesses at which the particular modes anti-cross, indicating interactions between the
modes that result in an increased non-orthogonality. In contrast, the modes that intersect
in Figure 6.2 are characterised by opposite parity and are orthogonal under the cross-energy
scalar product. In such cases, the cross-energy scalar product is zero and not depicted in
Figure 6.6. Vanishing of the scalar product can be demonstrated easily by dividing the

1 1t was checked by the convergence analysis that the basic trapezoidal rule produces satisfactory results,
for the selected discretisation of the contour.
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6.4. The cross-energy scalar product for interaction between modes

surface integral in equation (6.12) into two parts: one for z > 0 and the other for z < 0.
Their sum (including the sum over helicity) cancels out if the modes have opposite parity.

1.0~
—--m, = +1, modes: 2 and 3
0.9 ||[2e=m. = —1, modes: 2 and 3
" ||l=—m, = +1, modes: 3 and 4

—-m;

—1, modes

—8-m, = +1, modes

1.8 2.0 2.2 2.4 2.6 2.8 3.0
disk thickness [pm]

Figure 6.6.: Normalised scalar product (6.13) as a function of disk thickness for selected pairs of
modes characterised by the same parity. The positions of the peaks coincide with the thicknesses for
which the anti-crossings occur between the particular modes, as marked in Figure 6.2. The figure
has also been published in [S1].

Figure 6.7 presents the normalised scalar product (6.13) for an isolated pair of modes
characterised with m, = —1. The insets show the electric field energy density profiles of
the modes from the pair for selected disk thickness values. When the normalised scalar
product is low in a thin disk, the mode profiles of mode 2 and mode 3 can be described
by modal numbers (2,1) and (1,2), respectively. In this description, the first digit denotes
the number of maxima in radial direction, while the second digit indicates the number of
maxima in the axial direction. With the increment of the disk thickness, the profiles deform,
reach a similar shape and overlap, when the normalised scalar product reaches its peak
value. This shape cannot be decomposed into axial and radial projections, and therefore,
the description with modal numbers is not possible. When the disk thickness increases
further, the modes separate, but with interchanged modal numbers (1,2) < (2,1). This
analysis confirms the observation described in [249]. The normalised cross-energy scalar
product peaks precisely when the two mode profiles have maximal overlap, which correlates
with the maximal expected coupling in terms of energy exchange between the modes.
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mode 3

-
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Figure 6.7.: Normalised scalar product (6.13) as a function of the disk thickness for the modes of
spectral order 2 and 3 and parity m, = —1. The inset figures show the normalised energy density
distribution of the modes at selected values of the disk thickness. The field distributions plotted here
are closely related to the ones in [249, Figure 3|. The figure has also been published in [S1].

6.5. Summary and conclusions

We presented a further study of interaction of modes in guiding structures. Alongside
waveguides, ring- and disk-shaped resonators are common components confining light in
photonic integrated circuits. The localisation of electromagnetic field close to the disks’ rim
resembles the modes in a curved waveguide with a constant radius of curvature. The ability
to form resonances at particular frequencies makes the resonators suitable as spectral filters,
amplifiers, or as sources of non-classical light. The resonators are often used to enhance the
efficiency of nonlinear processes. At the same time, the electromagnetic field of the resonant
modes at the surface of the resonators is the source of radiation into the far field. We use
this fact to analyse the modal properties of this kind of systems.

This chapter focused on the interaction between eigenmodes of the same azimutal mode
number in whispering gallery resonators. This interaction can be spotted when the real
parts of the eigenfrequencies of the modes are plotted against varying thickness of the
disk resonator. When the modes approach spectrally one another, the eigenfrequencies of
the interacting modes anti-cross. The modes interact if they exhibit the same symmetry
properties along the axial direction of the disk. The commercial Maxwell solvers may sort
and assign labels to the modes, based on increasing real parts of eigenfrequencies. Therefore,
the anti-crossing of the modes can be a potential problem because the labels would not be
assigned properly when analysing changes of some parameters of the resonator.
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6.5. Summary and conclusions

The anti-crossing and crossing behaviour of resonant modes is related to the orthogonality
of the associated fields on the surface of the disk. These fields on the surface generate poly-
chromatic radiation free of divergences. The radiation modes are defined with use of helical
fields based on the numerical eigenmodes obtained from the Maxwell solver JCMsuite on
the surface of the resonator. We identified a cross-energy expression between the radiations
of any two given eigenmodes as a suitable scalar product. The application of the proposed
scalar product to the modes of a disk-shaped WGR revealed that the cross-energy scalar
product provides physically relevant information to predict the interaction between modes
as the geometrical parameters of the disk change gradually.

The use of the presented cross-energy scalar product between radiation fields can serve
as a general method for tracking the resonant modes as certain parameters of the resonator
change smoothly. This can be achieved by projecting the radiation field of each mode for a
given set of parameters onto the radiation fields of each mode in the subsequent set. The
connection between a mode from the first set and a mode from the second set is established
by identifying which projection yields the maximum value. Even though in the case of a
disk resonator this mode tracking can be performed using symmetry arguments, for more
complex resonators, such an approach may not be possible.
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7 | Conclusions and outlook

This thesis presented a modal approach to analyse light propagation, losses, and the en-
hancement of nonlinearity in planar and free-form waveguides, as well as the interaction of
resonant modes in whispering gallery resonators. The considered structures are key com-
ponents of photonic integrated circuits and their packaging. Free-form waveguides, also
called photonic wire bonds (PWBs), enable connections between different chips, even if the
chips are fabricated on incompatible material platforms. Free-form waveguides allow us to
package multiple chips into one functional photonic device. We introduced a multi-mode
approximation (MMA) for calculating the power transmission that serves as a merit function
for optimising the trajectories of the PWBs. As a result of this approximation, an optimal
trajectory can be identified in less than few minutes, which is crucial for the in situ fabri-
cation. Highly nonlinear waveguides can be utilised for the on-chip generation of quantum
states of light, which are important for quantum communication and computation. The
nonlinearity can be enhanced by bending a waveguide because this increases the localisation
of the electromagnetic field near the outer side of the bend. The non-classical states of light
can also be generated using microring or disk resonators. To design a resonator effectively,
a solid understanding of its modal properties is indispensable. We presented an analysis of
radiation modes using a cross-energy scalar product, which indicates the dimensions of a
whispering gallery resonator for which the resonant modes interact with each other.

Conclusions

Chapter 2 introduced waveguide theory, beginning with Maxwell’s equations. It covered
light confinement and propagation in slab and channel waveguides, along with the eigenmode
expansion of the electromagnetic field. Numerical solvers for Maxwell’s equations based on
FEM, FIT, and FDTD method were employed to determine the modes and compute the
waveguide transmission. The chapter also explained the fundamental mode approximation
(FMA), which simplifies calculations of transmission through waveguides. This method was
further developed in a following chapter to incorporate the excitation and propagation of
higher-order modes.

Chapter 3 discussed approximation methods for fast calculation of the transmission
through free-form waveguides. It focused on two approaches for calculating the objective
function used in optimising trajectories within a 2D plane: MMA and the application of
artificial neural networks (ANNs). The MMA expands the FMA to include higher-order
modes, providing the transmission of these modes that is not accessible through FMA. The
accuracy of both MMA and FMA was validated through comparison with full-wave simula-
tion results, using examples such as a 90° bend, a snake-waveguide, and an S-bend. These
approximation methods are effective in predicting transmission, particularly for waveguides
with gradual curvature changes. However, both FMA and MMA are limited by the neglect
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7. Conclusions and outlook

of back-propagating and radiation modes. Nevertheless, in cases of optimal trajectories, the
impact of radiation and back-propagation of modes is minimal, if not negligible.

Another method for computing transmission involved the use of ANNs. Section 3.4
presented the implementation and training of a multilayer perceptron, where the input tra-
jectory was represented either as a vector of Cartesian coordinates or as a vector composed
of arc lengths and corresponding radii of curvature. Using the second representation yielded
more accurate transmission results, as it was independent of the waveguide’s orientation.
Both MMA and ANN significantly reduced the computation time for transmission, decreas-
ing it from several hours to tenths of a second compared to full-wave solvers. Although neural
networks offer faster results once trained, they require mode computation and substantial
data resources for training.

Next, Chapter 4 discussed methods for optimising the trajectories of free-form waveguides,
potentially utilising approximation methods in the computation of the merit function. We
simplified the problem by assuming that bending occurred within a 2D plane. We thoroughly
studied an optimisation procedure in which the Cartesian coordinates of the trajectory were
represented by a fifth order polynomial. The algorithm determined the coefficients of the
polynomial that yielded a trajectory with the lowest objective function while satisfying the
specified constraints. The objective to be minimised consisted of the loss functional calcu-
lated using MMA, along with a penalty for intersections with obstacles. The results showed
that the optimal trajectories could be determined within minutes, making the algorithm
suitable for the in situ fabrication of photonic wire bonds.

Chapter 5 expanded the study of light propagation in waveguides by considering non-
linear effects. It appears that increasing the curvature of the waveguide may enhance its
effective nonlinearity. As a result, the rate of photon pair generation from spontaneous
four-wave mixing may be higher in bent waveguides than in straight ones. We analysed
how bending affected the effective mode area, effective refractive index, and group veloc-
ity, which helped to explain the impact of curvature on the photon pair generation rate.
Strongly nonlinear materials such as silicon nitride, silicon, and aluminium gallium arsenide
were studied, demonstrating that increased curvature enhanced mode confinement, and con-
sequently boosted photon pair generation. We observed a maximal improvement in the
photon pair generation rate ranging from 5 % to 210 % for an optimal bending radius. How-
ever, increased curvature also leads to higher propagation losses. This trade-off between
enhanced nonlinearity and propagation loss determines the optimal curvature for maximum
photon pair generation. The relationship between bending and photon pair generation rate
provides an alternative method for improving generation rates. Instead of elongating the
waveguide, bending them can yield similar results.

Chapter 6 investigated the interaction of modes in disk-shaped whispering gallery mode
resonators. These resonators can confine light and enhance resonances, making them ef-
fective as spectral filters, amplifiers, and sources of non-classical light. Understanding the
modal properties of these resonators is essential for their design. The spectral order of modes
may change with varying geometrical parameters of the disk, such as its thickness. Some
modes experience crossing while others undergo anti-crossing as they come spectrally close
to each other. The anti-crossings suggest an interaction between the modes. We introduced
a cross-energy scalar product for radiating modes on the surface of the resonator, which
allowed for the prediction of mode interactions as the disk’s geometric parameters change.
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The scalar product is expressed as a surface integral involving the modal fields multiplied
by a closed-form factor incorporating the complex frequencies. This formulation enables
normalisation and comparison of resonant modes using their corresponding radiation fields.
These fields are polychromatic and free of divergences, determined by each mode’s complex
frequency and the modal field on the surface of the resonator. Applying the scalar product
to the modes revealed that, for certain dimensions of the disk, the modes are not orthog-
onal and can interact with one another. This method aids in tracking resonant modes by
projecting the radiation fields of modes from one parameter set onto another. While sym-
metry arguments can also be utilised for tracking modes in disk resonators, more complex
resonators may require this scalar product approach.

Outlook

This thesis offers tools for analysing losses in multi-mode waveguides and calculating photon
pair generation rates in bent waveguides. It also proposes a scalar product for studying leaky
modes in resonating structures. While these tools are ready for use, there is still a potential
for further development and applications.

In the multi-mode approximation we consider waveguide trajectories confined to a single
plane. This method can be expanded to encompass 3D structures, including waveguide
twisting and bending in arbitrary lateral direction. The accuracy of the MMA can be
improved by incorporating an additional, third-order mode into the analysis.

Neural networks can be trained using full-wave simulation results for different trajectories.
Besides predicting transmission, ANNs could directly optimise waveguide trajectories taking
into account all constraints. ANNs seem to be naturally suited for optimisation tasks because
they inherently support automatic differentiation, calculating gradients of the objective func-
tion with respect to input parameters. When a trajectory is the input, it can be directly
optimised. The choice of the neural network architecture depends on the trajectory repre-
sentation. For example, graph neural networks [285] could be used for graph-represented
trajectories. Autoencoders (AEs), encode the training data and are trained based on recon-
struction of the corresponding variables with the decoder [152]. AEs reduce the design space
dimensionality, extracting only essential features needed to optimise optical devices [286].
Therefore, AEs have been applied to the inverse design of electromagnetic scatterers [287,
288] and could be effective for waveguides if the trajectory would be stored as an image or
the optimal guided field distribution would be searched for. Convolutional neural networks
can also be used, performing convolutional operations on each layer’s output.

The formalism for calculating the enhancement of photon pair generation in bent wave-
guides is applicable also to materials and structures not included in this thesis. While this
study focuses on short waveguides, longer waveguides may be fabricated in practice, offering
higher gain in pair generation rates. Understanding nonlinearity improvements can guide
the design of integrated photonic devices for quantum optical applications, especially when
chip space is limited.

The cross-energy scalar product between eigenmodes can be used for tracking modes as
resonator parameters change in structures where the modes cannot be traced using sym-
metry arguments. A scalar product that includes the conjugate of the modes and their
eigenfrequencies can be applied to complex structures lacking rotational symmetry.
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7. Conclusions and outlook

This thesis presents a purely theoretical study, verified using numerical tools. It can be
beneficial to experimentally test the results presented herein. The transmission obtained
with the MMA should be benchmarked against practical measurements. Experimental test-
ing could verify accuracy, especially for sharp bends. Furthermore, the optimisation algo-
rithm for the trajectories as well as the predicted enhancement of photon pair generation
rate and heralding efficiency could be tested in real-world scenarios.

Funded by the Deutsche Forschungsgemeinschaft (DFG, German Research Foundation) — Project-ID
258734477 — SFB 1173.
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List of symbols and abbreviations

Unless otherwise specified in the text, the symbols and abbreviations used in this thesis are
defined as follows:

Abbreviations

1D one-dimensional

2D two-dimensional

3D three-dimensional

AE Autoencoder

AlGaAs aluminium gallium arsenide

ANN artificial neural network

arb. unit arbitrary unit

B-spline basis spline

CMOS complementary metal-oxide—semiconductor
CW continuous-wave

ELU exponential linear unit

FCA free carrier absorption

FDE finite difference eigenmode
FDTD finite-difference time-domain
FMA fundamental mode approximation
FWM four-wave mixing

HE heralding efficiency

IP-Dip Nanoscribe IP resin used for two-photon polymerisation
LSTM long short-term memory

MLP multi-layer perceptron

MMA multi-mode approximation

MSE mean squared error

PIC photonic integrated circuit

PML perfectly matched layers

PWB photonic wire bond

Q factor quality factor

ReLLU rectified linear unit

SEM scanning electron microscope
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List of symbols and abbreviations

SFWM spontaneous four-wave mixing
SGD stochastic gradient descent

Si silicon

SigNy silicon nitride

SiO, silicon dioxide (silica)

SNR signal-to-noise ratio

SOI silicon-on-insulator

SPDC spontaneous parametric down-conversion
SPM self-phase modulation

SpRS spontaneous Raman scattering
SQP sequential quadratic programming
TE transverse-electric

THG third-harmonic generation

™ transverse-magnetic

TPA two-photon absorption

uv ultraviolet

WGM whispering gallery mode

WGR whispering gallery resonator
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Symbols: Greek letters

absorption coeflicient
propagation constant
propagation constant of mode m

normalised nonlinearity

[

[

[

[
parametrised curve [arb. unit ]
nonlinear coefficient [m~1 W]
error term for unit j [arb. unit ]
Dirac delta distribution [arb. unit ]
Kronecker delta [—]
electric permittivity [CZkg lm—3.5?]
vacuum permittivity [C?kg t-m—3.52]
relative dielectric function [—]
learning rate [—]

Heaviside step function [—]

angle of incidence [rad]

angle of incidence [rad |

angle of refraction [rad |

critical value of angle of incidence [rad]

angle of a bend [rad |
curvature [pm 1]
helicity [—]
wavelength [pm |

vacuum wavelength [pm |
magnetic permeability [kg-m-s2-A"2]
vacuum magnetic permeability [kg-m-s2-A72]
relative magnetic permeability [—]

arbitrary complex parameter [arb. unit ]
radial distance [m]

electric charge density [Cm™3]
standard deviation [arb. unit ]
arbitrary complex parameter [arb. unit ]
phase shift [rad]

j-th local basis function [arb. unit ]
azimuthal angle [rad]

tensor of n-th-order electric susceptibility [mn—t.y—ntl)
tensor of 3"d-order electric susceptibility [m2.V—2]
characteristic value of the susceptibility tensor

components of the waveguide core [m2.V—2]
transverse field of mode m [arb. unit ]
bounded domain [arb. unit ]
angular frequency [rad-s™!]
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List of symbols and abbreviations

Symbols: Latin letters

A area

A effective mode area
a; local amplitude of j-th component

Qo amplitude of an obstacle penalty function

B magnetic induction in frequency domain

B magnetic induction in time domain

b bias

b; j-th coeflicient in a polynomial

C set of complex numbers

e piecewise continuous contour

C the space of k-times continuously differentiable functions
speed of light in vacuum

electric displacement in frequency domain

electric displacement in time domain

electric displacement amplitude

i-th Cartesian component of electric displacement amplitude
computational domain

volume of the disk resonator

computational domain size

desired output of j-th element

electric field in frequency domain

electric field in time domain

transverse electric eigenfield

i-th Cartesian component of electric field amplitude

Euler number

MO m M EES ST YYY DS

arbitrary vector field

helical field in frequency domain

o=
> =

helical field in time domain
arbitrary mode in a disk resonator
scalar function

arbitrary vector field

arbitrary mode in a disk resonator
scalar function

magnetic field in frequency domain

magnetic field in time domain

PEITC QR Y

transverse magnetic eigenfield

ES

i-th Cartesian component of magnetic field amplitude
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H energy operator [arb. unit ]
h height [pm ]

h reduced Planck constant [kg-m?-s7!]
i imaginary unit [—]

Im{-}  imaginary part [arb. unit ]
J current density in frequency domain [A-m—2]
J current density in time domain [A-m—2]
k wave vector [m~!]

k wavenumber [m~!]

ko vacuum wavenumber [m~!]

L waveguide mode on the incident (left) interface side [arb. unit ]
L length of waveguide [m]

l segment length, arc length [m]

ln length of n-th segment [m]

L varying computational domain size [pm |

M magnetisation in frequency domain [Am™1]
M magnetisation in time domain [Am~!]
M helical modal field [V-C-sskg72-m™2]
M waveguide mode [arb. unit ]
M SFWM generation efficiency [m3-s72-kg]
m mode number [—]

m; parity [-]

N number of waveguide segments [—]

N, number of grid points in z-direction [—]

Ny number of grid points in y-direction [—]

pr radial mode number [—]

Ng azimuthal mode number [—]

N{ axial mode number [—]

ny refractive index of the waveguide core [—]

no refractive index of the waveguide cladding [—]

Nel refractive index of the waveguide cladding [—]

Neo refractive index of the waveguide core [—]

Neff effective refractive index [—]

ny refractive index of the waveguide core at wavelength \j [—]

n unit normal vector [—]

P polarisation in frequency domain [C-m™2]
P polarisation in time domain [Cm™2]

P time-averaged power flow [W]
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pump power
j-th Cartesian component of polarisation vector
propagation matrix

propagation matrix in the n-th waveguide segment
parameter related to radiation modes

set of real numbers

rotation matrix

waveguide mode on the transmitted (right) interface side
photon pair generation rate

radius of curvature

minimum radius of curvature

reflection coefficient of mode m

coefficient of a radiation mode ¢

reflection matrix

position vector in 3D space

position vector in 2D space perpendicular
to the propagation direction of wave

real part

outward pointing surface vector
time-averaged Poynting vector

curve parameter

vector of amplitude transmissions

power transmission

power transmission impaired by bending
amplitude transmission of mode m

power transmission at the interface

time

transmission coefficient for mode m
transmission of mode n into mode m
asymptotic value of |tg| for infinite computational domain
transmission matrix

transmission matrix through the n-th interface
vector function

normalised frequency

group velocity

group velocity of signal (J=S), idler (J=I)
or pump (J=P) mode

phase velocity

vector function

[arb. unit |
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3

P
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N«

N

N>

unit vector tangential to the curve [arb. unit ]
test vector function [arb. unit ]
width [pm |
weight for multiplication of value Y} 11 with Y;, [—]

input vector for ANN [arb. unit ]
component of vector X [arb. unit ]
Cartesian coordinate [arb. unit]
unit vector in z-direction [arb. unit ]
value of the output node of final ANN layer [arb. unit ]
value of i-th node of j-th ANN layer [arb. unit ]
Cartesian coordinate [arb. unit ]
unit vector in y-direction [arb. unit ]
vacuum impedance [V-A71]
Cartesian coordinate [arb. unit ]
unit vector in z-direction [arb. unit]
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A | Selected integral identities for vector
fields

The aim of this appendix is to show the integral identities for vector fields, necessary to
derive equation (2.67).

A.l. Integration by parts

The weak formulation (2.67) is derived utilising integration by parts. We consider a bounded
domain  C R3 with a boundary 9 and outer normal vector i. The standard integration
by parts for sufficiently smooth vector field u and a function g :  — R reads [89, Theorem
6.7]
/u-(Vg)dr——/g(V-u)dr—i—/ g(h-u)ds. (A1)
Q Q

o0

We consider now Vx in R3. For smooth vector fields u and v the following identity holds
[89, Theorem 6.7]

/Qv-(qu)dr:/gu-(va)dr—l—/m(ﬁxu)~vds. (A.2)

An integrable vector field u : © — R3 has a weak curl w : Q — R? if w is an integrable
vector field and

/u-vadr:/w-vdr Vv € C5°(Q)3. (A.3)
) Q

Then V x u := w. We use the weak curl formulation and the conditions i x u = 0 and
nxv = 0 to derive the weak formulation (2.67), as described in Section 2.3.1. The function v
is of class C§°(£2)3, which means it is infinitely differentiable function in  and has compact
support.
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B | Material parameters used for calculating
photon pair generation rates

The relationship between wavelength and the refractive indices of waveguide cores in Chap-
ter 5 is calculated with the Sellmeier equation [241, 242] as

b \? baA? b3\
+ + :
)\2*61 )\2*02 )\2*63

n?(\) = a + (B.1)

where A denotes wavelength in pm.

The values of the coefficients for equation (B.1) were determined from sample data points
with a built-in MATLAB function nlinfit, which performs nonlinear regression using iterative
least squares estimation [119]. The sample data points were obtained from Ansys Lumerical
database, and from [237, 243, 244] as explained in Section 5.6. The estimated coefficients
are listed in Table B.1. The resulting refractive indices are plotted against wavelength in
Figure B.1.

Table B.1.: Coefficients of Sellmeier equation (B.1) for waveguide materials studied in Chapter 5.
The accuracy of the estimation is given by the MSE, calculated with the default error model [119], as
follows: 5.793-107 10 for AlGaAs, 9.154-108 for IP-Dip, 8.475-10~6 for Si, and 1.177-10~* for SizNy.

Material a b1 cl b Co b3 c3

AlGaAs | 4.4302974 2.0204167 0.3475250 2.0204037 0.29956242 2.0203885 0.3238461
IP-Dip | 1.9601145 0.3939766 0.2120315 32223721 -71846.197 4277751336 -53422328

Si 3.3906663 8.1959014 0.3550445 266.83067 -28.508148 -1201578462 59199.975
SigNy | 2.2301091 -0.0025954 0.4088873 1.6933328 0.1626338 -19224095 8764403.6

4.0
BB | a e T
3.0} —--Si
=< - -AlGaAs
S 2.5¢ SizN.
_Iéf_Dzlip Figure B.1: Dependence of refractive indices
20: on wavelength, calculated with Sellmeier equa-
tion (B.1) for the materials and coefficients
15t from Table B.1.

0.8 1.0 1.2 14 16 1.8 2.0 2.2
wavelength A\ [pm]
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B. Material parameters used for calculating photon pair generation rates

The values of the component Xéln of the third-order susceptibility, used for calculations
in Chapter 5, are presented in Table B.2.

Table B.2.: Values of x3'!! in m?/V? for waveguide core and cladding materials studied in Chapter 5.
AlGaAs IP-Dip Si SigNy Si0Oq air
5.7114-10~19 2.8169-10722 1.1047-1071? 3.3391-1072! 2.5:10722 1.7-10~%°

The group velocity of a bulk material is calculated, based on [193, equation (69)], as

Uph(w)
Vg(w) = ——————,
& 1+ Laggd)

n(w)

(B.2)

with n(w) calculated from equation (B.1), vpn(w) = con(w) ™!, and w = 2wepA L.
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C | Remarks to the chapter on whispering
gallery resonators

This appendix presents complementary derivations to Chapter 6. The derivations are based
in significant extent on the ideas of M.Sc. Lukas Rebholz and Dr. Ivan Fernandez-Corbaton.

C.1. Derivation of the formula for an energy scalar product

This section shows the derivation of equation (6.11) from the cross-energy scalar product
(6.9). Inserting (6.8) into (6.9) results in

C2
(FIHIG) = 3 (-in)s2

A==+1 0 f

oo d k| iy I
/(00!k| — wk)(co|K| —wg)ag[MA,ﬂ )*x My 4(r)]-dS(r), (C.1)

where the subscripts f and g refer to the considered resonant modes.

The integral over |k| can be solved analytically by partial fraction decomposition in the
lower limit of integration |k| — 0:

) d|k]| B ln(—wg) — ln(—w;‘;)
/ (colk| — w¥)(colk| — wy) N o) —wg) (C.2)

Figure C.1 presents real and imaginary parts of the integral in (C.2) calculated for anti-
crossing modes of m, = —1 and for modes with themselves.

To calculate the surface integral in equation (C.1) the surface element of the disk can
be written as dS(r) = pdsdei(r), in cylindrical coordinates (p, ¢, z), with surface normal
vector nn. The contour C refers to the one-dimensional curve defined at the ¢ = 0 slice of 0D,
and ds denotes the differential curve length along €. Calculating the integral over ¢, for
the modes (6.1) with equal N, yields a prefactor of 2m. The values of the surface integrals,
summed for both helicities, are plotted as a function of disk thickness in Figure C.2.

The intention of the plots in Figure C.2 is to show the general behaviour of the surface
integral as a function of disk thickness. The actual values are not physically meaningful, as
they depend on the normalisation scheme of JCMsuite. For example, the current normalisa-
tion apparently permits relative changes in sign between modes evaluated at different disk
thicknesses, as can be observed in the left column in Figure C.2. This freedom of normalisa-
tion is implied by the fact that scaling the numerical modal fields, € ¢(r) and H(r), by an
arbitrary (complex) factor, still represents valid solutions to the resonance problem. This
observation does not impact the data discussed in the main text since we only consider the
absolute values of the normalised scalar product in (C.1).
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C. Remarks to the chapter on whispering gallery resonators
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Figure C.1.: Real (top) and imaginary parts (bottom) of the integral over |k| for two anti-crossing
modes with m, = —1 are presented in the left column. Right column presents the real (top) and
imaginary (bottom) parts of the integral in (C.2) for the particular modes with themselves. This
figure has been published also in [S1].
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Figure C.2.: Real (top) and imaginary parts (bottom) of the contour integral of two anti-crossing
modes with m, = —1 are presented in the left column. Right column presents the real (top) and
imaginary (bottom) parts of the contour integral for the modes with themselves. This figure has
been published also in [S1].
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C.2. Approximated expression for the helical fields

Concluding, the final formula for the cross-energy scalar product reads

In(—wy) — In(—w3 A
G = 3 (it T [y (M0 < Mag(e)ds. (€3
A==+1 f g e

The following section explains the approximation influencing the form of helical fields and
consequently the formulation of the scalar product (C.3).

C.2. Approximated expression for the helical fields

To date, it is known that the correct expression for the helical field is

icoM(r icpMp(r)*
Far, [k|) = o) oMalr)” (C.4)
V271 (colk| —w) V271 (colk| + w*)
This field Fy(r, |k|) defines a physical radiation field, satisfying the condition
Fa(r, [K]) = Far, —[K)" (©5)

The reason for this condition is that in electromagnetism the information contained in the
negative frequency solution must be the same as the information carried by the positive
frequency solution [289, §3.1]. Therefore, the eigenmodes obtained from the FEM solver are
complemented by their conjugate counterparts {€(r)*, H(r)*} with a complex frequency
—w™* [290, Section 2.8]. This fact is accounted for in expression (C.4).

The formulation (C.4) implies changes on the cross-energy scalar product, which are
described in the revised version of [S1], submitted on 10" February 2025. The calculations
were performed by M.Sc. Lukas Rebholz and Dr. Ivan Fernandez-Corbaton and, therefore,
not included as part of this thesis. However, it was also observed that the solution obtained
with the new formulation does not change qualitatively in the context of the disk resonator.

Therefore, in the case of this thesis, it is permitted to use the approximation, in which
only the positive real parts of the eigenfrequencies are considered for the cross-energy scalar
product (6.11). This approximation is based on the observation that the contribution from
the negative counterpart is negligible, as shown qualitatively in Figure C.3. Figure C.3
depicts the influence of the eigenfrequencies on the field defined in equation (C.4), both the
real part (Figure C.3(a)) and imaginary part (Figure C.3(b)). The two peaks come from the
two components of the sum. In our approximation, we consider only positive wavenumbers
k, for which the peak from w is not influenced by the other peak, as the spectral distance
between these peaks is to large.
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C. Remarks to the chapter on whispering gallery resonators
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Figure C.3.: (a) Real part and (b) imaginary part of the components of the sum in equation (C.4)
mostly influencing the result of equation (C.4), as a function of k, for w = 1.34 - 101 +i2.94 -
10! [rad-s™!]. The values in the positive range of k are assumed not to be influenced by the tail of
the peak in the negative range of k.
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