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What happens to topological invariants and black holes
in singularity-free theories?
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Potentials arising in ultraviolet-completed field theories can be devoid of singularities, and hence render
spacetimes simply connected. This challenges the notion of topological invariants considered in such
scenarios. We explore the classical implications for (i) electrodynamics in flat spacetime, (ii) ultrarelativistic
gyratonic solutions of weak-field gravity, and (iii) the Reissner-Nordstrom black hole in general relativity.
In linear theories, regularity spoils the character of topological invariants and leads to radius-dependent
Aharonov-Bohm phases, which are potentially observable for large winding numbers. In general relativity,
the physics is richer: The electromagnetic field can be regular and maintain its usual topological invariants,
and the resulting geometry can be interpreted as a Reissner-Nordstrom black hole with a spacetime region
of coordinate radius ~g”/(GM) cut out. This guarantees the regularity of linear and quadratic curvature
invariants (R and R?), but does not resolve singularities in invariants such as RP[1"RY, reflected by
conical or solid angle defects. This motivates that gravitational models beyond general relativity need to be
considered. These connections between regularity (= UV properties of field theories) and topological
invariants (= IR observables) may hence present an intriguing avenue to search for traces of new physics

and identify promising modified gravity theories.

DOI: 10.1103/PhysRevD.111.084063

I. INTRODUCTION

The field configurations for point sources in classical
field theory typically contain singularities, which can
render physical observables such as field strengths or
self-energies infinite. Physically, this points toward an
inconsistency of the theory under consideration, and it is
expected that in so-called ultraviolet (UV) complete the-
ories such singularities are absent. However, finding such
theories can be quite difficult, and one hence often deals
instead with effective field theories that regularize singu-
larities with a regulator scale, corresponding to a UV cutoff
A < oo or aminimal length # > 0. However, in the absence
of a guiding principle for the form of such effective field
theories it becomes all the more important to search for
reliable and robust experimental signatures of such regu-
lators. Unfortunately, quite often such effects are sup-
pressed strongly by the typical energy of the system
(E/A < 1) or by the size of it (Z/L < 1).

In this paper, we consider a different type of effect: the
deformation of topological invariants by nonsingular field
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theories. If a physical observable can be expressed through
topological quantities (such as asymptotic fluxes; more on
that below), its value can usually be measured rather
robustly, since deformations of the measurement surface
or distance do not affect its theoretical value. Conversely, if
such a topological relation were to be altered, it could give
rise to unique experimental signatures, such as distance-
dependent charges or winding number-dependent topo-
logical phases. We will report on such violations in the
context of classical field theory in a few examples and
briefly point out their possible significance for experimen-
tal investigations.

For instance, consider the electric field of a point charge
in flat spacetime,

= —dr Adr, (1)

Its charge is given by the surface integral

1
0=¢ fés; F — ]é (%ﬁ (Psin60)do A dg.  (2)

Key to this relation is the precise cancellation between how
the field strength decreases with distance and how the
surface area of a 2-sphere S2 grows with the radius. In other
words, we may think of the charge of a point particle as a
topological invariant. Suppose now that we work in a
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theory of electrodynamics wherein the field of a point
charge is nonsingular, such that

Q

Freg = 4re,

Freg(r)dt Adr, (3)

where F', is some regular function that is finite as r — 0,
and that asymptotically behaves as F,(r — 00) ~ 1/ P2 If
we were to compute the charge of that configuration, we
find instead a radius-dependent quantity,

Q(r)_€0£2*Freg_Q_5Q(r)7éQ' (4)

In such a theory, one only recovers the charge at large
distances, 6Q(r — o) =0, and its topological nature is
lost. If we want to recover a topological notion of charge in
such a nonsingular theory, we need to move beyond flat
spacetime and consider the charge’s backreaction onto the
background metric. In other words, the surface element of a
sphere around a charge cannot scale with 72, because then
no precise cancellation can occur.

Before discussing the curved spacetime treatment, it is
instructive to consider a range of examples to motivate the
generality and scope of the considered problem. Hence, for
the remainder of this paper, we will focus on the following
three scenarios:

(i) Electrodynamics: nonsingular field theories alter the
topological notion of electric charge and winding
number around a solenoid in flat spacetime, and
spoil the electromagnetic duality in vacuum.

(i) Weak-field gravity: ultrarelativistic objects (“gyra-
tons”) are described by topological invariants in the
direction transverse to their motion. Again, these
charges and winding numbers will lose their topo-
logical meaning in nonsingular field theories.

(iii) General relativity: Electrovacuum black hole
solutions (extendable to the rotating case with
cosmological constant) can feature nonsingular
electromagnetic fields with properly defined topo-
logical charges. This induces regular gravitational
linear and quadratic curvature, at the cost of diver-
gences of higher-order invariants.

In settings where large winding numbers can be measured
accurately or where field fluxes are measured as functions
of distance, these scenarios hence provide avenues to test
UV physics with IR observations via the “smoking gun”
signature of deformed topological invariants.

A. Preliminaries

Let us first make more precise our notion of “singularity-
free field theories” in the context of classical field theories
as employed in the remainder of this paper. We will largely
follow the notation and results of [1-10] and focus on static
Green functions in flat spacetime,

ds? = —d? +dx?,  d? =dx? +dy? +d?, (5)
and we will denote the radial distance by r for simplicity.
Loosely speaking, static Green functions serve as the
inverse of elliptic differential operators, where the differ-
ential operator is specified by the theory under consider-
ation. Classical field theory in the static limit is typically
formulated in terms of the spatial part of the d’Alembert
operator,

V2 =0 +0; + 02 (6)

Singularity-free field theories are then defined by making
the substitution

V2 o f(2VV2, (7)

where f is called a form factor, # > 0 is a regulator, and one
has f(0) = 1 such that in the limiting case of # — 0 one
recovers standard field theory. The static Green function
G,(r) of standard field theory and the singularity-free
Green function G,(r) are then defined via

V2G,(r) = =619 (x), (8)
V2F(£2V?)Gy(r) = =59 (x). 9)

The latter is solved by the expression

d—4

1 o0 77
r)=———>—— dz——Ja_,(2), 10
gd( ) (271_)01/2}1_51_2\/0 f(—i—;) g 1( ) ( )
where J denotes the Bessel function of the first kind, and
one obtains the standard Green function G,(r) by inserting
f = 1. We note in passing that the above representation
implies a recursion relation between Green functions,

0,Gy = =27rGy45(r), (11)

0,Gq = —21rGy»(r), (12)

which will be useful whenever we encounter differentia-
tions of Green functions in the following. We are interested
in singularity-free field configurations, which for a field
¢(r) we define as follows:

(i) ¢(r — 0) is finite;

(i) ¢'(r - 0)=0.
For the Green function above, close to » = 0 one finds

1 oo 7
Ga(r —0) :(4”)(1/2“%)% dzf(—z)+0(r2)’ (13)

which is a singularity-free quantity if the z-integral con-
verges. For f =1 (standard field theory) this does not
happen, and hence the regularity of fields is dictated by the
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properties of the function f at large arguments (or, in other
words, its UV properties). Hence, if f increases fast enough
for large, negative arguments, the theory will feature
nonsingular Green functions. To compare Green functions
of standard field theory to those of singularity-free field
theory, we write

Ga(r) = Ay(r)Gy(r), (14)

where we will refer to A4(r) as a deviation function. Last, it
is also possible to express the regularity of Green functions
via inverting the differential operator f(#2V?) symbolically
in the defining equation (9) such that

V2G,(r) = —f (V26D (x) = -5 (x),  (15)

where 5;‘1) (x) is a so-called nascent 5-function that reduces

to the distributional o-function in the limit [5,10]
1ims (x) = 6@ (x) (16)
50 ¢ o :

We have not yet specified the form factor f because there is
a plethora of possible choices. For simplicity and illus-
trative purposes, for the remainder of the paper we will
adopt the choice

f(2V?) = exp (=¢2V?). (17)

For analytical expressions of the static Green functions for
d=72,3,4,5 in that case, we refer to the Appendix.

II. ELECTROMAGNETISM

Consider flat spacetime in spherical coordinates,

ds? = —df? + dr? + rAdQ?,

dQ? = d#? + sin’0d¢?, (18)
where here and in what follows we will set ¢ = 1. We will
denote the coordinates as x* = (t,r,0, ¢) and write col-

lectively x* = (¢,x) for the spatial components. We write
the Maxwell equations as

dF =0, d*xF =j, (19)
where F is the field strength 2-form

1
F =2 F,d' Adx, (20)

the symbol j is the current 3-form, and “x” denotes the
Hodge dual. Expressed in components we have instead

S ) =

oFt,+d,F, +9,F,

=0. (1)

Last, the homogeneous equations imply that locally there
exists a potential 1-form A = A,dx* such that

F=dA, F,=0A,-0,A

. (22)

A. Point charge and duality

In the Lorenz gauge (9,A* =0) the electromagnetic
potential of a point charge ¢ satisfies

V2A, = —(Q/e)5,6% (x), (23)

where ¢, denotes the permittivity of flat spacetime. Using
the Green function method, the solution is

A = (Q/eq)G5(r)dr, (24)
F =dA = —(Q/ey)G4(r)dt A dr. (25)

In standard Maxwell theory one has G;(r) = 1/(4xr),
such that the field strength is given by Coulomb’s law,

0 1
= ———=dr Adr. 26
dre, 1? nar (26)

F
Inspecting the background metric (18) it is clear that the
dual of this field strength is a magnetic monopole,

_ 0

*xF = Psin6do A de,
Crucial for this duality is the cancellation of the field
strength’s 1/r?-divergence with the r?-area factor from the
metric, or, in other words, Gauss’ law.

Let us now ask what happens if the potential A(r)
becomes regular at » = 0. The previous considerations
imply that such a regularity condition imposed on a
potential A(r) is equivalent to the regularity condition
on the corresponding Green function, whose singular
behavior at r =0 in turn tracks to the distributional
right-hand side of its defining equation (8). Hence, we
substitute G3(r) = G3(r), and, after making use of the
recursion relation (12) and the deviation function (14), we
find

Fro,— -2 L As(r)dr 1 ar (28)

& Age, r?

Comparing to Eq. (2) in the Introduction, we find for the
charge instead
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Qreg(r> =€ ﬁZ *Freg = QA5<F) (29)

This is manifestly radius dependent. For large distances,
however, we demand that As(r — co) =1 such that
Q(r —» o) = Q. For the dual field strength we find

*F\., = As(r)Psin0df A de, (30)

and since d x Fy, # 0, this does not describe a monopole,
spoiling the duality encountered in the Introduction.

B. Solenoid field

Let us consider the magnetic field of an infinite string
that is magnetized the x/-direction (where from now on we
denote spatial components via Latin indices such that
x = (x'). To that end we introduce the magnetization axial
vector y/ that is related to the magnetization 2-form via
Hij = €; jk,uk . The Maxwell equations for such an object, in
Lorenz gauge, take the form

V2A; = —p 0 6P (x 1), (31)
where x | denotes the directions perpendicular to y/, and we

denote |x, |> = p?. The solution is given by the following
expression:

A = Adx" = p*0,G, (p)dx'. (32)

Let us now fix the magnetization along the z-direction such
that u,, = —p,, = p with all other components vanishing,

and define the transverse distance p> = x> + y2. Then one
finds the simple expression

u
A = 2mup*Gy(p)de = 5, 40 (33)

Hence, the magnetization is a topological quantity,

2n u
/427{ A :/ ~—do, (34)
C/, 0 2

where C, denotes a closed path around the z axis at radius
p. By linearity, the nonsingular field takes the form

Areg = 27pp*G4(p)dg = Ay(p)A. (35)
Explicitly, the deviation function A,(p) takes the form
Ay(p) = 1 —exp[-p*/(422)]. (36)

Hence, in the nonsingular theory, we instead find

Hreg(p) = f; Areg = ﬂA4<p)’ (37)

14

a manifestly radius-dependent quantity. Again, the price we
have to pay for a nonsingular field configuration lies in the
loss of a topological invariant. For large distances, however,
We I€COVET fiyeq (P — 00) ~ . This winding number appears
in magnetic Aharonov-Bohm phases and hence leads to
path-dependent behavior for finite p, in stark departure
from standard field theory.

III. WEAK-FIELD GRAVITY

Because of the similarity of electrodynamics and linear-
ized gravity it is not surprising that the conclusions of
the previous section can be straightforwardly extended
to linearized gravity. For this reason, we will be brief.
Moreover, we will take the first steps toward statements
valid in general relativity by discussing so-called gyraton
metrics. These metrics describe ultrarelativistic objects and,
even though obtained in the linearized theory, are solutions
of general relativity in four dimensions [11]. As we will see,
their topological invariants behave rather similarly to those
of the solenoid field, even though this time the winding
number is defined around a null axis.

In this section, we consider small deviations around flat
spacetime,

9w = Ny + h/wv (38)

where 77, = diag(—1, 1, 1, 1) is the metric of flat spacetime
expressed in Cartesian coordinates x* = (z,x,y,z) and
h,, <1 captures the gravitational potential. In the har-
monic gauge, expressed in terms of the trace-reversed ﬁ,w,
the field equations simplify to

A

Oh,, = —2«T,,, 39
(Z JZ

where k = 87G is the gravitational constant, 7, is the
conserved energy-momentum tensor of an external matter
source, and [1 = —d? + V2 denotes the d’Alembert oper-
ator of flat spacetime. In case of static sources, which we
will consider in this work, the solution is given by

A

hﬂl/ = 2K/d3yT;u/(y>G3(x _y) (40)

Alternatively, defining the objects

A

h=h,dvd, T =T,dvdx", (41)
we can write

A

h =2 / ByT ()G (x — y). (42)
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Throughout, retardation effects do not play any role due to
the staticity of the source.

A. Point particle

The conserved energy-momentum tensor of a point
particle in linearized gravity is given by

T = M&®) (x)de>. (43)
Making the static and spherically symmetric ansatz
h = ¢(r)d? + w(r)dx?, (44)
we find for the gravitational field

D) = wlr) =xMGy(r) =20 (45)

resulting in the well-known linearized Schwarzschild
metric in Cartesian coordinates,

g= —<1 - 2GM> dr? + <1 + 2GM> dx?.  (46)

r r

Noticing that £ = 0, is a timelike Killing vector of this
metric, we can define the Killing 1-form & = &,dx* and
extract the Komar mass My via

1 1 2GM
GMKz—]f *xdE=— ¢ *(———dt A dr
8 §2 8 s2

T r
GM
== ¢ sin’0dé A dp = GM. (47)
¥ §2

However, in the nonsingular theory one again works
instead with the regularized Green function G3(r) such
that one then obtains [9]

Drs(r) = wialr) = kMG(r) =20 (). (48)

Consequently, the Komar mass becomes
GMK,reg = GMA5(I") (49)

Similar to the case of the electric point charge [cf. Eq. (29)],
the Komar mass is now radius dependent, which is
unexpected within static and spherically symmetric vacuum
configurations in linearized gravity.

B. Rotating string

As an analog to the solenoid field, let us now consider
the gravitational field of an infinitely extended rotating
string. Assuming that it spans the entire z axis, and that its
angular momentum is also aligned along the z axis, its
energy-momentum tensor is [6,7]

T = iy (A2 = d2)5(x)8(y) + 27,[6(x)8 (y)dx
— §/(x)5(y)dy]dr. (50)

Here, p, is the string tension, j, is the string angular
momentum, and & denotes the derivative of the delta
function, which is only well-defined inside an integral.
Making the ansatz

h = ¢(dx? + dy?) + 2Adt, (51)

and introducing polar coordinates according to p? = x* +
y? such that x = pcos @ and y = psin¢, we find

$ = 167G,Ga(p). (52)
A = 1672°Gjp*Gy(p)de = 4Gjdg. (53)

This field configuration is characterized by two topological
invariants: the angle deficit (stemming from the string
tension) and the gravitomagnetic charge (stemming from
the string rotation). The angle deficit é¢ can be evaluated
by considering the ratio between the circumference of a
circle of constant radius p and the proper radius corre-
sponding to the radius p,

_,__Ck)
op = 2m — m, (54)

Clp) = / Aoy = 20T B). (55)
ko) = [" g, = [V TH0G). (56)

For small string tension, u,G < 1, one finds

oo = 165Gy, |Galp) [ 9p6:05)|. (57

In linearized gravity one has G,(r) = —log(r/ry)/(2x),
and hence the angle deficit becomes

8¢ = 87Gu,. (58)

Inspecting Eq. (57), it is not obvious why in linearized
gravity the angle deficit is a constant—and, since it does
not depend on the radius, why it is a topological quantity.
However, one may show that the quantity in brackets in
Eq. (57) is a constant «a if and only if

G,(p) = alogp + const, (59)
which is the case for the linearized limit of general

relativity. However, for singularity-free field theories one
again needs to replace G,(p) = G,(p) = G1(p)As(p), and
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hence the angle deficit becomes radius dependent,
OPreg = 5(preg(p). Because of the radial integration, how-
ever, we are not aware of any closed-form expression of
(57) in terms of the deviation functions A,(p). For our
example case (17), however, it is straightforward to
compute

vl (p
5(preg(p) = 872G, [1 - TGI'f ﬁ

= 8aGu,[1 — 4nv/7tG3(p)As(p)],  (60)

where the asterisk over the last equality denotes that this
equality is only valid for our special example case of a
nonsingular field theory of Eq. (17). In the limit of p — oo,
we have Az(p —» o0) =1 and G,(p » o) = 0 such that
5§0reg (,0 - 00) = 8zGpu, [6].

Second, it is possible to define a gravitomagnetic field
B =dA. Since A =4Gj,dp, one might be tempted to
conclude B = 0, but keeping in mind that the variable ¢ is
angular we notice that A is not globally exact. For this
reason, B is singular on the z axis. Hence, the string angular
momentum is a topological invariant,

R ]fA—/Z”de (61)
KRG e T S 2

where C, describes one circle of radius p. In the non-
singular field theory case, however, one simply finds

Areg = 4G]‘A4(P) (62)
and hence

. 1 )
Jsreg(p) = %?i A = jAu(p). (63)

Again, we arrive at a radius-dependent quantity.

C. Ultrarelativistic gyratons

As a last step in linearized theory, let us briefly explore
how some of the previously explored notions of topological
invariants can be carried over to the manifestly time-
dependent case. For that purpose, it is instructive to
consider the topological meaning of the magnetization of
an ultrarelativistic source [8]. We parametrize flat space-
time in the rest frame of that source as follows:

ds? = —dP + d& + dx?, (64)

where we singled out one spatial direction £ and split off its
orthogonal components in (x*) = x, . All barred quantities
are tied to that reference frame, wherein the source takes the
form of an infinitely extended string with angular momen-
tum that may vary along its axis,

T = (AE)dr + 2007, ()i} (x,).  (65)

Here, A(£) is a mass line density, and j;;(&) is the angular
momentum line density. The gravitational field of such a
source is then

h = ¢(dP +d& + dx?) + 24Adr, (66)
b =x [ E1E)G0) (67)

A =27x / d&'j,;(&)x' dx), Gs(7), (68)
P=(E-8)P+x7. (69)

To arrive at the metric of an ultrarelativistic source, let us
now boost this metric via

i =y(t—peé). E=y(&-pr), (70)
1 1
u:ﬁ(t—f), v:7§(t+af). (71)

We are interested in taking the limit of f — 1, while
keeping the product of the gamma parameter y =

1/4/1 — % with the mass density and angular momentum
density, respectively, fixed. This is also called the Penrose
limit [12], and we define it as

Au) = lim V2 y22(—V2yu), (72)
y—00
jij(u> = ylg{)lo \/571_};‘(—\/57”)' (73)
This limit guarantees the following relations:
[ aen@ = [ au. (74)
[ i@ = [ w0 (75)

In this scaling limit we make use of the following identity
for static Green functions (also valid for G;) [8]:

yli_)fgloGd(f) = \%Gd—l (ri)o(u—u'). (76)

This collapses the integrals in the final solution and
introduces the lower-dimensional Green functions G,
and Gy, respectively:

ds? = —2dudv + ¢du® + 2Adu + dx?, (77)

084063-6



WHAT HAPPENS TO TOPOLOGICAL INVARIANTS AND BLACK ...

PHYS. REV. D 111, 084063 (2025)

1.0
0.8}
. 06"
Ko
=
<q . — d=3
d=14
0.2} — d=5
— d=6
0.0
0 1 2 3 4 5 6 7
r/l
FIG.1. We plot the deviation functions A ,(r) for various values

of d. For the most part (with the exception of d =4) they
interpolate smoothly between O and 1.

¢ = 2V24(u)Gy(r,), (78)
A= ZﬂKjijxidxiG‘;(rJ_). (79)

Rewriting this in cylindrical coordinates one finds

Hup) = =22 ), (30)
Au) = K’;;‘) d (81)

This gravitational field depends on the outgoing null
coordinate u, but allows the definition of a topological
invariant of each time slice via

j(u) = %]{C/)A - K”’é—z)drp. (82)

In the nonsingular field theory, Eq. (76) is still valid, and we
hence obtain at the very end

) A1 )do. (83)

Areg (l,t) =

This gives again a now radius-dependent magnetization,

. 1
]reg(”h rL) - %

§ Au =i, (84
P

in strict analogy to the solenoid case and rotating string

case, but in a time-dependent setting.

D. Intermediate summary

So far, we have seen that many topological invariants
lose that meaning in nonsingular field theories, and we
managed to express that deviation via the functions A,(r)
for various choices of d (depending on the cohomology

class of the topological charge). For illustrative purposes,
we visualize these deviation functions A,(r) for the values
d=23,4,5, 6 in Fig. | for the toy model of Eq. (17). As
expected, the functions interpolate between 0 and 1 on a
characteristic length scale of ¢, corresponding to the UV
regulator.

IV. EXTENDED SOURCES AND THE SHELL
THEOREM IN GRAVITY

Before we delve into nonlinear theory, let us address
the case of extended spherically symmetric sources in
Newtonian gravity, and, later, its nonsingular generaliza-
tion. The Poisson equation of Newtonian gravity is

V2 = 42Gp, (85)

which implies the shell theorem for spherically symmetric
mass distributions:

(1) The gravitational field outside a spherically sym-
metric mass distribution is given by the inverse-
square low featuring the total mass contained inside
that sphere.

(i) The gravitational field inside a hollow sphere with
spherically symmetric mass distribution vanishes.

Similar theorems hold in field theories with inverse-square
laws, such as electrostatics. However, if one instead consid-
ers a nonsingular field theory governed by the equation

F(AV)V2p = 4nGp, (86)

the above theorem loses its validity due to the departure of the
1/r? behavior of the gravitational force. At the level of the
Green functions, this can be illustrated by

V2Gy(r) = = (298 (x) = =5 (x). (1)
where 5,(;1) (x) denotes a nascent 5-function that reduces to the
distributional one in the limitof # — 0. Forexample, Eq. (17)
implies (see also the Appendix)

1 2 2
d X2/ (422
A0 = G ®

Applied to the spherically symmetric case, a slight adjust-

ment has to be made since a radial variable only assumes
positive values, and one obtains

c(r0.8) —(rryjae)

Vaznt ’
c(ro,£) =2 [1 + erf(zr—;ﬂ s

s (r—=ry) =

Normalization issues aside, we note that in nonsingular field
theories featuring form factors f(£#?V?) we can utilize
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standard Green function methods applied to an effective
matter density

pelw) = [ @l (x-x)ptx).  (89)

This implies that even if a matter distribution has no support
inacertain region [i.e., p(x) = 0], one may still have p,(x) #
0 in that same region. Putting this to the test, let us consider
the mass density of an infinitesimally thin shell of mass M
and radius r,

M

= aan® (T ro): (90)

p(r)
The effective density is hence

M c(ro. %) _(,opyj@e
F) = e—(r—ro)*/(4c%) 91
per) = o 1)

We then have for the gravitational force per unit mass

1 GM

ZFN(r):_7®f(r’r0)’ (92)

c(ro. ) [T 5 sy
Oy(r, 1) = Tzorfr%/o e (-l - (93)

Explicit evaluation gives

O, (r, rg) r% + 272 r—r ro
= rf f|—
c(ro, ?) 22 |\ 2z ) T ae

oo (42

. 4
Vg

__t <1 + L) e~ (r=r0)?/(42%) (94)

where we factored out the normalization ¢(r, £) to the left-
hand side for notational brevity. First, we note the following

property:

I: r>rg

o (r.ro) = { (95)

0: r<ry

In the limit of the vanishing of # we recover standard,
singular field theory, and it is a simple statement of the shell
theorem: inside the hollow shell, the gravitational force
vanishes. However, the case of £ > 0 is more interesting.
Namely, in the limit of large distances, r > r;, we do not
simply recover ®, = 1, but rather

S S B = —
058
S 06
:
@ 04¢ —— {frg=0.2
0/rg=0.1
02l /o
— 0/ry=0.01
0.0 ‘ ‘ ‘
0.0 05 1.0 15 2.0

/1o

FIG. 2. 'We plot the function ®,(r, ry) for various values of ¢
expressed in units of r,. Generally speaking, this function varies
the most in the region where |r — ry|/Z ~ 1. Perhaps somewhat
counterintuitively, this function does not asymptote to unity, but
rather to a Z-dependent value. We visualize these different
asymptotic values with dashed lines.

lim®f(r, ro) =

r—oo

| 2_52 1+erf(2’—;)+fe-ré/(4fz>
0 2 Vr

o
2 2

~ 1+ —5 4 exp. suppressed in?. (96)
o

See Fig. 2 for a graphical representation of the function
O(r, ry) for different values of the UV regulator 7.
The gravitational force, in that setting, is given by

1 GM 202
—FNr>»>0)=——(14+—]. 97
LA =-SL(1425). o)

which corresponds to rescaling of the mass M to an
effective mass

207
Meff :M<1 +7> (98)
0

Comparing notes with Sec. 111, this dressing effect is absent
from point sources in and seemingly only affects extended
objects.

V. ELECTRO-VACUUM BLACK HOLE
SOLUTIONS IN GENERAL RELATIVITY

Based on our previous considerations, it is clear that the
area of 2-spheres must scale differently than r? at small
distances to account for the improved short-distance
behavior of point sources we seek to study. At the same
time, this different scaling can then preserve the notion of a
topologically invariant charge Q. Let us hence explore the
notion of topological invariants in the context of black
holes in general relativity coupled to electromagnetism,
wherein the curvature of spacetime may allow for such
a deformation of surface elements. To automatically
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guarantee the proper scaling, we imagine the nonsingular
field strength of a point charge scale with the radius r via
the function F(r) > 0. Then, we make the following
“Q-preserving” ansatz:

1
— _B 2 2 o2
g (r)dt* + C(r)dr= + Z0) dQ?,
dQ? = d6? + sin?0dg?,
VBCsin6
/_g — T’
Q F(r)dr A dr. (99)
4re

This ansatz guarantees that the charge contained in a 2-
sphere of radius r is independent of F,

€0 7{ *F =
SZ

—F* (dt A dr)

sz 4me
VBCsind
— FYZZM% 49 A dg
Sz 47'[60 F

= 0VBC.

We will see shortly that BC has to be set to unity in
accordance with the electromagnetic field equations, which
then fully implements the invariant notion of the charge Q
as a topological invariant even if the field F(r) does not
scale as 1/r> for small distances. To arrive there, the
Maxwell equations take the form dF = O (satisfied by the
ansatz) as well as (we assume BC > 0)

(100)

1
0| —| =0, 101
(752) (101)
implying that BC is constant, which can be set to 1 by
rescaling the time coordinate. Now Eq. (100) is more

transparent,
€0% *F = Q
5

Hence, the strength of the ansatz (99) becomes apparent
since it guarantees both the notion of an invariant Q as well
as a rather simple road to solve the Maxwell equations. To
understand the physical properties of this (for now, off-
shell) metric more, the Komar mass My of this static
geometry can be derived using the Killing 1-form & =
—Bdt via

(102)

1 1
GMy(r) = 7{ rde= g B (arndn
1 [ B B
s —sm«9d0 Adp = 3 (103)

The energy-momentum tensor of F is given by

1
T = €0 <FﬂaFyﬁgaﬁ - 4g/“,FaﬁFaﬁ) dx#dx”

Q2 F2

104
" 3272, € BC (104)

1
{Bdt2 Cdr? +— dQZ} .
F
Let us now substitute into the field equations

1
R,, — = Rg,, = 8zGT,,

: (105)

to obtain the three independent equations

3 F/2
F'—-—— =0,
2 F
B'F’
F
B'F'  BF" N 1
2F3 4F* F

B’ — —2q2F2:0,

=q°, (106)

where we defined ¢> = GQ?/(4re,) for convenience. The
equation for F is solved immediately, and the remainder
then gives a solution for B:

1
F(r) :(r+cl)2,
- ) 612
B(r) =1+ s (107)

The function B(r) has the following large-r expansion:

7 1
B=1+2 +#+O<ﬁ>. (108)

We shall denote ¢; = ¢, and we read off ¢, = —2GM from
the asymptotic expansion for large r. As such, we para-
metrize the solution as follows:

d 2
ds? = —B(r)dP + ——+ (r + £)2dQ2,

B(r)
F= 4360F(r),
R =
Blry=1- iiﬂ; r ff)? = aneZ' (109)

This corresponds to the Reissner-Nordstrom solution of
general relativity with a radial variable shifted by 7.
Since the Maxwell equations of curved spacetime
are diffeomorphism invariant, it is straightforward to
obtain the above metric by the coordinate transformation
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r—7=r+7¢ from the Reissner-Nordstrom metric of
general relativity. In fact, by allowing r€[-¢,c0) we
recover the Reissner-Nordstrom manifold identically.
However, when written in the conventional form, the
relationship between the 1/ falloff of the Maxwell field
strength and the r>dQ? in the spherical part of the metric, in
relation to the notion of topological invariants, is somewhat
obfuscated. Hence, the true strength of the Q-preserving
ansatz (99) lies not in generating a nonsingular solution of
the Einstein field equations. Rather, it demonstrates that a
nonsingular Maxwell field necessitates the deformation of
2-spheres if the notion of its topological invariant is to
remain unchanged. It is precisely this rescaling of the
spherical part of the metric that is possible in the nonlinear
theory that marks an important departure from the pre-
viously encountered results that nonsingular field theories
necessarily have to feature altered topological quantities.

That being said, let us now briefly explore the properties
of the metric (109) for # > 0. First and foremost, as r > 0
in our considerations, this metric is finite in its entire
coordinate range. This can be verified, for example, by the
curvature invariants

o _BOMUEO -G L, 4t
Hepe (r+7¢)8 ’ oo (r+ )

(110)

To simplify the subsequent discussions, let us express all
dimensionful quantities in units of GM,

A 4
N S S

, : (111)
GM GM GM

This metric has two horizons located at
Po=1-7F4/1-4 (112)
For this metric to describe a black hole, we require the

existence of an outer horizon. In that case, besides § < 1 as
a necessary condition, we need to impose additionally

l <l =14+1/1-8% (113)
The inner horizon vanishes if r_ < 0 such that
> lyin=1—1/1-¢% (114)

Note that the metric is not differentiable at » = 0 since the
metric function B(r) features a linear term in its small-r
expansion,

D >
B(r) = B(0) — % r+ O(r?),

2

BN

(115)

2
BO)=1-%+2.

N)

Additionally, B(0) # 1 for generic choices of # (given
parameters g and M). The choice in the parameter £ can be
parametrized as

A2
?=2a)=",

- (116)

where @ > 0 is a positive number whose value will be
determined in two scenarios.

A. Case 1: Vanishing linear term

A geometry that is spherically symmetric and regular at
r =0 needs to feature a vanishing Weyl tensor. For the
above parametrization of £ one finds

A 48a°%(1 — a)?
Chpol(r =0) = o (117)

which vanishes if @ = 1. For this choice, the linear term in
the short-distance behavior of B(r) cancels and

~2

1
B() :1—?+%+0(f3). (118)

However, since ¢ < 1 in order to have a black hole, one
immediately finds that in this scenario B(0) < 0. Also, the
inner horizon vanishes since for a = 1 and §* < 1

2(1)=¢*>1—-1/1-4, (119)
which can potentially avoid the mass inflation problem
[13]. We are left with a nonsingular black hole electro-
vacuum solution of electric charge Q and Arnowitt—Deser—
Misner (ADM) mass M. However, B(0) < 0 implies that

the 3-volume picks up this unusual normalization factor via
dr/+/B(r) close to r = 0, leading to a solid angle defect.

B. Case 2: Proper normalization

Demanding instead B(0) =1 leads to a=2. The
resulting metric is now properly normalized at the origin,
without solid angle defects, but it features an inner horizon
for all § <1 since for a =2

~ qu
22) =5 <1-y/1-¢"

However, the metric—even though finite—is not differ-
entiable at r = 0 and hence not regular in that sense. At
small distances, the metric scales as

(120)

87

B(r) :1—?“9(#). (121)

Even though we have verified that the invariant [V,C,,,,,]*
is finite at r = 0, it is expected that invariants of higher
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— (=¢/(GM)
1t {=q"/(2GM)
—— £=0

0.0 0.‘2 014 O.‘G 0.‘8 1.‘0
r/(GM)

FIG. 3. We plot the metric function B(r) for ¢ = 0.5GM and
three choices of #. In the first case, £ = ¢/ (GM), we see that the
metric function is regular at » = 0 but remains negative. In the
second case, £ = ¢/ (2GM), the metric function approaches
unity, B(0) = 1, but does so with a nonvanishing slope. The third
line shows the Reissner-Nordstrom line element (£ = 0) for
reference. At large distances r > GM, all three metric functions
converge. Note that in the first case there exists an inner horizon,
as in the Reissner-Nordstrom metric, but in the second case the
inner horizon is absent.

order involving derivatives of the curvature tensor will
eventually diverge at the origin.

C. General comments

The choice of the regulator # is hence intimately related
to the short-distance properties of the metric; see Fig. 3 for
a graphical representation of the metric function B(r) for
cases 1 and 2 in comparison to the Reissner-Nordstrom
metric function. It should be mentioned that the spacetime
nature of the location r = 0 is strictly distinct: since the
case @ =1 has no inner horizon, r =0 is a spacelike
surface, whereas for a = 2 it is timelike.

In that context, we would like to mention that for general
¢ including the region r < 0 reinstates the singularity
problem of the metric, and it is intimately tied to the issue
of geodesic completeness under analytic continuation [14].
For general 7, therefore, the metric presented in this section
cannot be considered geodesically complete. However,
several well-known nonsingular black hole models are
not geodesically complete [15]. The choice a=1
[£ = q*/(GM)] removes the linear term at the origin
and introduces a purely quadratic r-dependence, making
the metric symmetric under r — —r at the origin, which
then reinstates the geodesic completeness.

Taking a closer look at the regulator ¢ (here for the
choice a = 1) we arrive at the magnitude

1 0> (Qe])?

~ — = x 0.144 fm.
dregc> M M[MeV]

(122)

Interestingly, the dependence on the gravitational constant
G drops out. For astrophysical objects of negligible charge

this length scale is miniscule. However, since for astro-
physical effects § < 1, the incorrect normalization of the
metric at r = 0 in the case of @ = 1 is a huge effect, since
|1 —1/4% > 1.In the case of @ = 2, however, we also find
that the linear term in the short-distance limit scales with
1/4* > 1. Hence, in either case, close to r = 0 one expects
major deviations from a regular geometry.

For elementary particle masses and charges, however,
the regulator is comparable to their typical size. It should be
noted, though, that in such a case > > 1 such that these
objects do not feature a horizon. In this case, the usual
problem of naked singularities as encountered in general
relativity does not occur, since the metric is manifestly
finite.

Moreover, note that this nonsingular black hole con-
figuration does not have a mass gap [16]: most nonsingular
black hole models (see below), as well as field configu-
rations described in modified gravity theories, only
describe a black hole when the regulator length £ is bound
(roughly) by the mass of the gravitating object, # < GM. In
the present case, no such limitation exists, likely because
the regulator encountered here is given by the fundamental
charge of the object, and is therefore not a free parameter
that may become arbitrarily large compared to the black
hole geometry, since ¢ < GM for astrophysical objects.

Finally, we note that the coordinate transformation r —
r + ¢ can be employed to the Kerr-Newman metric with a
cosmological constant to arrive at a similarly finite metric
with a rotation parameter.

VI. CONCLUSIONS AND DISCUSSION

The singularity problem of classical field theories has
long motivated the study of modified theories that do not
feature such singularities. This either happens purely in the
classical regime, where such theories are regarded as
approximative classical limits of an underlying finite
quantum field theory, or at the full quantum level, where
such theories can lead to improved ultraviolet behavior in
the calculation of amplitudes. At the end of the day,
however, it is of paramount importance to test these
modified theories with observations.

It is a common phenomenological problem that effects of
UV completions of field theories are miniscule in physical
observables. A prominent recent example is that of black
hole shadows, where theoretically modified gravity theo-
ries lead to different shadow regions, but are in practice not
detectable by a good margin [17]. It is hence of interest to
search for so-called “smoking gun” signatures of modified
field theory. In this paper, we have identified a promising
direction where to search for such a possibility in the
theoretical realm.

Namely, the notion of a topological invariant depends
sensitively on the cohomology class of spacetime: what
type of loops (or hypersurfaces) are contractible to a point,
and which ones are not? For example, nontrivial winding
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numbers can only be defined in three-dimensional space if
that space has, say, the z axis removed. On the physical
side, in linear theories, removed spacetime domains cor-
respond to the location of pointlike sources described by
o-function shaped matter densities. In nonlinear theories,
singularities themselves shape the cohomology class of
spacetime. For this reason, the topological properties of
spacetimes (and the properties of their topological invar-
iants, by extension) hence allow us to make statements
about their matter content, and, in particular, the regularity
of their matter fields.

To that end, in the linear theory we have considered a
wide class of nonsingular field theories described by UV-
improved Green functions G, = G,(r)A,(r), where G4(r)
denotes the Green function from standard, singular field
theory and A,(r) denotes the deviation. Then, we extracted
various topological invariants from physical examples
ranging from electrodynamics to weak-field gravity.
Broadly speaking, a topological invariant Q in the standard
field theory is demoted to a spacetime-dependent quantity,

0 = 0(r) = 0A(1). (123)
where d depends on the topological properties of the source
in standard, singular field theory. Intuitively, this happens
because nonsingular field theories turn distributional
sources supported by J-functions into smooth functions
with infinite support. In most cases, however, UV-improved
theories come with a regulator length scale £ > 0, and for
distances r > ¢ one recovers the results of standard field
theory, such that the notion of a topological invariant is
restored asymptotically,

O(r - o)~ Q. (124)
In the linear theory for extended sources we then applied
this concept to a thin sphere and demonstrated the departure
from the well-known shell theorem that states, inter alia,
that the gravitational force inside a spherically symmetric
hollow sphere vanishes: in non-singular field theories, there
is a gravitational field—mutatis mutandis for other field
theories with an inverse-square law. Moreover, we showed
that the asymptotic mass of such an extended mass
distribution may pick up a dressing in the form of a
multiplicative factor that is close to unity.

Last, we constructed a metric ansatz within general
relativity that allows for a nonsingular electromagnetic
field of a point particle, but has a radial sector that
automatically guarantees that the area of spheres scales
with the inverse of that field strength. This restores the
notion of a topological invariant for the electromagnetic
field, and is only possible in curved spacetime. Solving the
field equations, we showed that this metric coincides with
the Reissner-Nordstrom metric of a charged black hole,
wherein the radial variable r has been shifted to positive

TABLE I. In the linear theory of pointlike particles (first group
of rows), topological charges such as electric charge, magneti-
zation, angular momentum, and Komar mass are modified via the
deviation functions A,(r). The angle deficit alone is given by an
integral over the Green function G, but is nevertheless a function
of transverse distance to the string in nonsingular field theories. In
the linear field for a hollow sphere, we find an effective, radius-
independent mass that persists to spatial infinity. And, last, in the
context of general relativity, we can arrive at a well-defined,
constant electric charge for a nonsingular electric and finite
gravitational field, at the cost of introducing topological defects
close to r = 0.

Quantity Expression Type
Electric charge Oreg (1) = QAs(r) 3D
Magnetization Hrea(P) = A4 (p) 2D
Angle deficit Oreq (p) 2D
Angular momentum Jsree(P) = JsB4(p) 2D

Komar mass GM 1ee (1) = GMAs(r) 3D

Mass of hollow sphere Mg~ M(1 + 2%2) 3D

0

Qreg(r) =0 3D

Nonlinear electric charge

values only,  — r 4 £. The linear and quadratic curvature
invariants of this metric are finite, but depending on the
choice of £, curvature invariants involving derivatives may
still diverge at r = 0. A summary of our main results can be
found in Table I.

In the remainder, we would like to conclude by con-
necting the ideas presented in this paper to other related
research directions.

A. Nonsingular black holes

There has been much activity in the field of nonsingular
black holes, and we would like to close by drawing some
comparisons. The field can be divided into a few categories.
First of all, there are nonsingular black hole models that
do not solve the field equations of general relativity, but
whose form is postulated by various physical consider-
ations [18—21].1 On the other hand, it is also possible to
solve particular field equations encountered in nonlinear
electrodynamics coupled to general relativity and show that
the resulting metrics are bona fide nonsingular black hole
solutions [23-26]. In that context, we would also like to
point out recent work by Bueno er al. who considered
general relativity coupled to higher-order curvature cor-
rections and constructed exact, nonsingular black hole
solutions in five and higher dimensions [27]. Third,
practitioners of various approaches to quantum gravity
have constructed hybrid models that are inspired by the

'We would like to draw some attention to a recently proposed
model by the author wherein the regulator length scale is
macroscopic size, with potentially percent-level effects at the
black hole horizon scale [22].
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corresponding underlying theory of quantum gravity but
are in a suitable sense effective field theory limits thereof. A
prominent example is asymptotic safety [28], wherein so-
called renormalization group improved black holes have
been considered [29-32].

Let us mention that in the context of nonsingular,
renormalization group-improved black holes [29], a run-
ning gravitational coupling G(k) can be read off by
defining G(r) = Gyr/(r + £) and then employing a cutoff
identification k = k(r). For k(r) = 1//GyMr (which is
one out of many possible choices), we find

Go 0°
OO =TTa6i  © dng D)
whose functional form coincides with that encountered in
quantum FEinstein gravity [28]. Since w is related to a
putative ultraviolet fixed point of the gravitational coupling,
the above links our regular metric to the resolution of
singularities within asymptotic safety [31].

Other points of contact with the literature on nonsingular
black holes exist with the work of Klinkhamer [33], who
constructed a Schwarzschild-type black hole in general
relativity with a central part topologically removed; with
the Simpson-Visser metric [34] (which features a non-
standard area element and can hence also be thought of
describing a wormhole) as well as the author’s previous
work [35], which was motivated by defining a radial
distance by the inverse of a regular potential (unlike in
this work, where we defined the area by the inverse of the
regular field strength).

B. Dressing of observables

It has been argued that the construction of diffeomor-
phism-invariant observables is possible in the context of
quantum gravity if one endows them with an operational
interpretation [36]. For example, it is only possible to
define a diffeomorphism-invariant observable for an elec-
tron via its Wilson line if one simultaneously takes into
account its gravitational field that is dragged along with the
electric charge. While this example stems from an entirely
different field, one cannot help but notice the operational
similarity to the prescription proposed in this work: the
electromagnetic field of an electric point charge can only be
regular if one simultaneously modifies its gravita-
tional field.

Moreover, the dressed total charge encountered for the
hollow mass shell in Sec. IV reminds one of previous work
by the author, where a Lippmann-Schwinger equation was
utilized to demonstrate that far-distance observables (such
as scattering amplitudes and vacuum fluctuations) can be
sensitive to short-distance physics [37,38]. The distance-
dependent topological invariants computed in this paper
hence present a possible avenue to search for UV-IR
connections in field theory.

C. Action selection principles for nonsingular
black hole metrics

Last, we want to point out that the final metric (109),
even though finite for all » > 0, is not completely regular
around r = (. Higher-order gravity theories, featuring not
only quadratic curvature invariants in their actions but also
derivatives thereof, should be sensitive to such field
configurations. In fact, it has long been argued that
curvature invariants play a decisive role in the dynamical
selection of viable nonsingular black hole geometries via
their on-shell values in variational principles [39-42]. It is
plausible that invariants such as R?L1"RY diverge at r = 0
for the metric (109) for some choice of p, ¢, and n > 0,
where R is a curvature expression. In that case, applying
the Q-preserving ansatz (99) to field equations of higher-
order gravity may lead to insightful and novel black hole
solutions.

D. Observational consequences

The key result for linear theories is the destruction of
topological invariants by UV regularization. It is hence
instructive to search for potentially observable conse-
quences of such mechanisms. A first starting point is the
Aharonov-Bohm effect that has been experimentally con-
firmed in the Abelian case of U(1) gauge theory [43,44], as
well as non-Abelian gauge theory [45] and weak-field
gravity [46]. Therein, typical phase shifts assume values of
roughly 0.1z at typical length scales of micrometers. Since
deviations from topological properties of the string coho-
mology class are parametrized by the function A4(p), we
can use these phase shifts to place constraints on the
regulator scale . Of course, the precise constraint depends
on the type of nonsingular field theory under consideration.
In the present case, let us utilize

Ay(p) = 1 —exp[=p*/(4£7)]. (126)

0.20 |

0 200 400 600 800 1000
NI‘EV

FIG. 4. For a given relative Aharonov-Bohm phase deviation,
we plot the relation of £/p to the number of revolutions N,.,. For
a fixed p and N, the above diagram shows the lower limits of
the UV parameter £ > 0.
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Demanding a 1% effect, 1 — A4(p = pm) < 0.01 x 0.1x,
then results in

¢ <021 pm. (127)
By considering instead topological phases for multiple
revolutions (say, where electrons circle a solenoid field
thousands of times) this constraint can be successively
improved since the relative phase shift per revolution stays

the same but the cumulative phase shift d¢ will scale with
the number of revolutions N,., such that

> 4 .
4 V IOg (Nrev/é(p)

In Fig. 4 we plot the lower limits for # given a desired phase
shift strength d¢ as a function of revolutions N,,. While
these considerations depend on the precise model of
nonsingular field theory, a generic prediction is the radius
dependence of the Aharonov-Bohm phase.

(128)
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APPENDIX: SINGULARITY-FREE GREEN
FUNCTIONS

The Green functions G,(r) and G,(r) in d spatial
dimensions are defined via

V2G,(r) = =69 (x), (8)
V2 f(£2V?)G4(r) = =69 (x). )

For the choice
f(£*V?) = exp (=£2V?) (17)

considered here for simplicity, they take the form

1
Go(r) = = 5. 1oe ) (A1)
Gr(r) = =L 1og (£) = 2mi (-2 A2
2(’)——5 0g70 —51—4702 . (A2)
G _ ! A3
3(r) = dar (A3)
_erf[r/(27)]
Gs(r) = PR (A4)
1
Ga(r) =77 (A5)
1 - —r?/ (4
G, = LRI )
1
GS(r) = 877.'21"3 s (A7)
— _2 2
Gy = S CAL=HIVEON e P B2
Here, we made use of the auxiliary definition
Ei(—x) = —E, (x) = — / " dz%z, x>0, (A9)
They satisfy the recursion formulae
0,Gq = =21rGy5(r). (11)
0G4 = —2arG 45 (r). (12)

For Cartesian coordinates, the nascent é-function (15), for
the above choice of F in Eq. (17), takes the form [10]

(@) ! x?
6y (x) = WGXP ~17| (87)
and it admits the product representation

o= Mo -2

(A10)

In the case of radial coordinates spanning only half the real
axis, proper care has to be taken to utilize the correct
normalization such that indeed

/ dixs (x) = 1

for any choice of 7.

(Al1)
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