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1 Introduction

We start with a brief introduction to the central question of this thesis.

1.1 The Gromov-Hausdorff distance
When studying metric spaces, it can be helpful to consider a given space as the "limit"
of less complex spaces and then exploit continuity properties. The Gromov-Hausdorff
distance is one way to realize such a notion of convergence:
For a metric space X the Hausdorff distance is defined by

dX
H(A,B) := inf{ε > 0: A ⊂ Uε(B), B ⊂ Uε(A)}

for all A,B ⊂ X where Uε(·) denotes the open ε-neighborhood. An example regarding
the Hausdorff distance in the plane is shown in Figure 1.
Using isometric embeddings, a natural notion of distance for metric spaces arises:
The Gromov-Hausdorff distance is defined by

dGH(X, Y ) := inf
{
dZ

H(f1(X1), f2(X2))
}

for all metric spaces X1 and X2 where the infinum is taken over all metric spaces Z and
isometric embeddings fi : Xi → Z.
Indeed, this function defines a semi-metric on the class of compact metric spaces and
induces a metric on their isometry classes (cf. [6, p. 259]).
We say that a sequence of compact metric spaces (Xn)n∈N Gromov-Hausdorff converges
to some compact metric space X provided dGH(Xn, X) −→ 0. Up to isometries, such a
limit space X is unique. We present an example of Gromov-Hausdorff convergence:

Example 1.1.1. Let X be the round 1-sphere and Xn be the metric product X×[0, 2−n].
Then X is isometric to the subset An := X×{0} ⊂ Xn and we have dXn

H (An, Xn) ≤ 2−n.
As a consequence, we derive dGH(X,Xn) ≤ 2−n and hence dGH(Xn, X) −→ 0. We
conclude that (Xn)n∈N Gromov-Hausdorff converges to X.

1



1 Introduction

𝛆

A

B

𝛆

Figure 1: The Hausdorff distance in the plane. The triangle A lies in the open ε-
neighborhood of the circle B. Vice versa, we have B ⊂ Uε(A). The Hausdorff
distance between A and B is the infinum of all such ε > 0. This is equal to
the length of the line segment shown in red.

In Chapter 2 we will discuss Gromov-Hausdorff convergence in more detail.

1.2 Length spaces

Motivated by Riemannian manifolds, length spaces play an important role in metric
geometry:
We recall that the length of a curve γ : I → X in a metric space is defined by

length(γ) := inf
{

n−1∑
i=1

d(γ(ti), γ(ti+1))
}

where the infinum is taken over all partitions t1 < . . . < tn ∈ I.
Moreover the induced length metric on X is defined by

d̂(x, y) := inf{length(γ)}

2



1.3 Limits of length surfaces

for all x, y ∈ X where the infinum is taken over all paths γ connecting x and y in X.
We denote X as a length space provided its metric coincides with d̂. In particular, X
equipped with d̂ is a length space if d̂ is finite (cf. [6, pp. 28, 37]). We discuss a brief
example regarding length spaces:

Example 1.2.1. The subspace X := R2 \ {0} is a length space: If the line segment
l between two points x1, x2 ∈ X intersects the origin, we replace B̄r(0) ∩ l with one
half of ∂Br(0). For small r > 0 this yields paths γr connecting x and y such that
length(γr) −→ ∥x1 − x2∥R2 .
On the other hand, the subspace Y := R2 \ ({0} × [−a, a]) is not a length space: The
length of a shortest path between the points y1 := (−1, 0) and y2 := (1, 0) is equal to
2

√
1 + a2 > ∥y1 − y2∥R2 .

We call a metric space X geodesic if for all x, y ∈ X there is a path γ connecting x and
y in X such that length(γ) = d(x, y). Geodesic metric spaces are special cases of length
spaces. Furthermore every compact length space is geodesic (cf. [6, p. 50]).
With regard to Gromov-Hausdorff convergence we note that the Gromov-Hausdorff limit
of compact length spaces is again a compact length space (cf. [6, p. 265]).
In the following we call a length space that is homeomorphic to a surface a length surface.

1.3 Limits of length surfaces

Generally speaking, topological properties are not stable under Gromov-Hausdorff con-
vergence. In particular, the limit of manifolds does not have to be a manifold again.
The situation is even more dramatic as the following two results show:
From a topological point of view there is a wide range of possible limit spaces in the
case of surfaces. This is emphasized by a result due to Cassorla from the 1990s:

Theorem (Cassorla). (cf. [9, p. 505]) Every compact length space can be obtained as
the Gromov-Hausdorff limit of closed length surfaces.

Indeed, every metric space that is compact, connected and locally connected is homeo-
morphic to a compact length space (cf. [4, p. 1109]).
Even if we increase the dimension and bound the topology of the converging manifolds,
there is still a wide range of possible limit spaces. The following result by Ferry and
Okun from the same decade supports this statement:

3



1 Introduction

Theorem (Ferry, Okun). (cf. [11, p. 1866]) Let M be a closed connected smooth
manifold of dimension at least three and X be a simply connected compact absolute
neighborhood retract (ANR) carrying a length metric. Then X can be obtained as the
Gromov-Hausdorff limit of length spaces that are homeomorphic to M .

We note that a simply connected compact ANR carrying a length metric may be infinite
dimensional and that every finite dimensional locally contractible metric space is an
ANR (cf. [4, p. 1109], [34, p. 392]).
The aforementioned observations lead to the central question of this thesis:

Key question:

What do the Gromov-Hausdorff limits of compact length surfaces
with uniformly bounded Euler characteristic look like?

We will study this question in the following three scenarios. In particular, we will give
an intrinsic description of the possible limit spaces for each scenario.

Scenarios:

I) Sequences of closed surfaces.

II) Sequences of compact surfaces with boundary.

III) Uniformly semi-locally 1-connected sequences of closed Riemannian
2-manifolds with uniformly bounded total absolute curvature.

The notion of a uniformly semi-locally 1-connected sequence is defined in Section 2.3.3.

1.4 Main results

In this section we summarize the most important results of this thesis. For an extended
and more detailed overview we refer the reader to the introductions of Chapters 6-7 and
9.

4



1.4 Main results

1.4.1 Scenarios I & II

We start with Scenarios I and II.
The first result addresses the topological properties of the limit spaces:

Corollary A. Let S be a compact surface. Moreover let X be a space that can be
obtained as the Gromov-Hausdorff limit of length spaces that are homeomorphic to S.
Then the following statements apply:

1) X is at most 2-dimensional.

2) X is locally simply connected.

3) There are finitely many compact surfaces S1, . . . , Sn and k ∈ N0 such that π1(X)
is isomorphic to the free product

π1(S1) ∗ . . . ∗ π1(Sn) ∗ Z ∗ . . . ∗ Z︸ ︷︷ ︸
k-times

.

If S is a closed surface, then S1, . . . , Sn can be chosen as closed surfaces.

The aforementioned result summarizes Theorems 6.1.1 and 7.1.1.
Our next result completely describes the limit spaces for Scenarios I and II.
Before we state the result, we refer to some definitions: The connectivity number of
a compact surface is introduced in Section 5.2. For the definition of a metric 2-point
identification we refer to Section 6.1.1. The concept of a generalized cactoid and its
connectivity number is defined in Section 7.1.1. There we also give the definition of a
boundary identification.

Corollary B. Let c ∈ N0 and X be a compact length space. Then the following
statements are equivalent:

1) X can be obtained as the Gromov-Hausdorff limit of compact length surfaces whose
connectivity number is equal to c.

2) There are k, k0 ∈ N0 and a geodesic generalized cactoid Y such that the following
statements apply:

a) X can be obtained by a successive application of k metric 2-point identifica-
tions to Y such that k0 of them are boundary identifications.

b) We have c0 − k0 + 2k ≤ c where c0 denotes the connectivity number of Y.

5
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Moreover the equivalence remains true if we restrict the first statement to closed surfaces
and the second to generalized cactoids with empty boundary (in particular, k0 = 0).

The aforementioned result summarizes Main Theorem I and Main Theorem II.
Roughly speaking, the space Y in the second statement is a compact length space whose
"non-degenerate parts" are compact surfaces. The space X is isometric to a space ob-
tained by gluing finitely many points in Y . The quantitative formula in b) further
restricts the topology of X.

1.4.2 Scenario III

Now we turn our attention to Scenario III.
Maximal cyclic subsets and cut points of a compact length space X are defined in Section
3.1.
Let S be a closed surface. We say that X satisfies property (∗) for S if the following
statements apply:

1) If S is homeomorphic to S2, then all maximal cyclic subsets of X are homeomorphic
to S2.

2) If S is not homeomorphic to S2, then one maximal cyclic subset of X is homeo-
morphic to S and all others are homeomorphic to S2.

3) Every maximal cyclic subset of X contains only finitely many cut points of X.
Only finitely many of them contain more than two cut points.

The last result of this section provides a description of the limit spaces for Scenario III.
Before we state the result, we refer to some defintions: The concept of a surface with
bounded curvature M , its absolute curvature measure |ωM | and its total angle function
θM are introduced in Section 8.1. For the definition of the subsets CutX and SingX and
the index function indX we refer to Section 9.1.1 .
In the following we write R(S,C) for the class of all Riemannian 2-manifolds R such
that R is homeomorphic to S and the total absolute curvature of R is at most C.

Corollary C. Let S be a closed surface and X be a compact length space. Then the
following statements are equivalent:

1) X can be obtained as the Gromov-Hausdorff limit of a uniformly semi-locally 1-
connected sequence Xn ∈ R(S,Cn) such that lim

n→∞
Cn ≤ C.

6



1.5 Organisation

2) For X the following statements apply:

a) X satisfies property (∗) for S.

b) Every maximal cyclic subset of X is a closed surface with bounded curvature.

c) Let (Tn)n∈N be an enumeration of the maximal cyclic subsets of X. Then the
following inequality holds:

∞∑
n=1

|ωTn|(Tn \ CutX) +
∑

p∈SingX

2π |indX(p) − 2| +
∑

p∈CutX

∞∑
n=1

1Tn(p) θTn(p) ≤ C.

The aforementioned result summarizes Main Theorem III (A) and Main Theorem III
(B).
Compared to Corollary B, the topology of the spaceX from the second statement is much
more restricted. In particular, no gluings are carried out and at most one of the "non-
degenerate parts" is not homoemorphic to S2. The geometric structure of these parts
is also much richer: Surfaces with bounded curvature are generalizations of connected
Riemannian 2-manifolds.

1.5 Organisation
This thesis is organized as follows:
Chapters 2-5 and 8 are introductory in nature: In the second chapter we discuss Gromov-
Hausdorff convergence in more detail. Afterwards we give an introduction to Whyburn’s
cyclic element theory which provides the language for the main results of this thesis.
Topological tools related to the Seifert-Van Kampen theorem are presented in Chapter
4. It follows a chapter on the theory of surfaces. In Chapter 8 we give a brief overview
of surfaces with bounded curvature in the sense of Alexandrov which play an essential
role in the study of Scenario III.
Scenarios I-III are investigated in Chapters 6-7 and 9.

7





2 Gromov-Hausdorff Convergence

This chapter is devoted to Gromov-Hausdorff convergence. In the first two sections we
discuss the basics of the topic. Afterwards we present more advanced results for later
purposes.

2.1 The Gromov-Hausdorff space
As already mentioned in the introduction, the Gromov-Hausdorff distance naturally
induces a metric on the isometry classes of compact metric spaces. We call the corre-
sponding metric space the Gromov-Hausdorff space and denote it by GH. In this section
we want to summarize important properties of this space.
We start with the following theorem:

Theorem 2.1.1. (cf. [30, pp. 50-51]) The space GH is complete, separable and geodesic.

The completeness gives us a first tool to prove convergence.
The diameter map induces a continuous map on GH (cf. [30, p. 38]). Hence the sequence
([0, n])n∈N has no convergent subsequence in GH. In particular, the space GH is non-
compact.
Next we will state Gromov’s precompactness theorem which yields a criterion for the
existence of convergent subsequences. Before that, we introduce a definition: Let X ⊂
GH. We denote X as uniformly totally bounded if there is some D ∈ R and a function
N : R → R such that for all X ∈ X the following statements apply:

1) The diameter of X is at most D.

2) For every ε > 0 there is an ε-net in X of cardinality at most N(ε).

We state the precompactness theorem

Theorem 2.1.2. (cf. [30, p. 50]) A subclass X ⊂ GH is uniformly totally bounded if
and only if X is precompact in GH.

9



2 Gromov-Hausdorff Convergence

A well-known application of the precompactness theorem is given as follows:

Example 2.1.3. (cf. [13, 197, 206], [29, p. 404]) Let n ∈ N≥2 and X (n,D,K) be
the class of all closed connected Riemannian n-manifolds X such that the following
statements apply:

1) The diameter of X is at most D.

2) The Ricci curvature of X is at least (n− 1)K.

Then X (n,D,K) is precompact in GH. Indeed, we only need to show that the sec-
ond condition of Gromov’s precompactness theorem is satisfied: There is an ε-net
{x1, . . . , xk} ⊂ X such that the corresponding open balls B ε

2
(xi) are pairwise disjoint

(cf. [29, p. 403]). Then we derive

k∑
i=1

Hn
X

(
B ε

2
(xi)

)
Hn

X(X) ≤ 1

where Hn
X denotes the n-dimensional Hausdorff measure of X.

Due to the Gromov-Bishop inequality (cf. [29, p. 279]) we further have

Hn
X(X)

Hn
X

(
B ε

2
(xi)

) ≤ Hn
M(M)

Hn
M

(
B ε

2
(p)

) =: N(ε)

where M is any complete simply connected Riemannian n-manifold of constant sectional
curvature K and p is any point of M .
This finally yields k ≤ N(ε) and hence the second condition of the precompactness
theorem is satisfied.

Now we present some density results:

Proposition 2.1.4. (cf. [6, pp. 261, 266-267])

1) The class of finite metric spaces is dense in GH.

2) The class of finite metric graphs is dense in the class of compact length spaces.

3) The class of finite metric trees is dense in the class of compact metric trees.

The separability statement in Theorem 2.1.1 can be shown using the first statement.
Throughout this work we denote a simple closed curve as a Jordan curve. We note that
a compact length space is a metric tree if and only if the space does not contain Jordan
curves.

10



2.2 A characterization of Gromov-Hausdorff convergence

2.2 A characterization of Gromov-Hausdorff
convergence

In this section we discuss equivalent definitions of Gromov-Hausdorff convergence.
For this we introduce the concept of almost isometries: A map f : X → Y between
metric spaces is called an ε-isometry if the following statements apply:

1) dis(f) := supx1,x2∈X{|dX(x1, x2) − dY (f(x1), f(x2))|} ≤ ε.

2) f(X) is an ε-net in Y .

The value ε can be interpreted as an error term that measures how much the map f

differs from an isometry. By [6, p. 258] the existence of an ε-isometry f : X → Y implies
the existence of a 4ε-isometry g : Y → X.
The next theorem provides a characterization of Gromov-Hausdorff convergence.
Before we state the result, we note that the Hausdorff distance in X is a metric on the
set of all compact subsets of X (cf. [6, p. 252]). We write An

H−−→ A for Hausdorff
convergence and Xn

GH−−→ X for Gromov-Hausdorff convergence.

Theorem 2.2.1. (cf. [16, pp. 64-65], [6, p. 260]) Let Xn and X be compact metric
spaces. Then the following statements are equivalent:

1) Xn
GH−−→ X.

2) There is a compact metric space Z and isometric embeddings fn : Xn → Z and
f : X → Z such that fn(Xn) H−−→ f(X).

3) There are εn-isometries fn : Xn → X such that εn −→ 0.

Due to the second statement it makes sense to talk about Hausdorff convergence of
subsets An ⊂ Xn to some subset A ⊂ X whenever Xn

GH−−→ X. We will use this
observation frequently without mentioning the choice of Z.
In the third statement the spaces X and Xn may be interchanged. In particular, the
statement provides a useful tool to prove convergence and makes convergence more
tangible: The sequence converges to X if the spaces become more and more isometric
to X.
The following example demonstrates this new tool:

Example 2.2.2. We remove the two open balls B2−(n+1)(0,±2−n) from D2. Moreover we
equip the subset with its induced length metric and write Dn for the constructed space.

11



2 Gromov-Hausdorff Convergence

In Dn we finally glue the boundaries of the balls along orientation preserving isometries.
We denote this gluing by Xn and the corresponding projection map by πn : Dn → Xn.
From a topological point of view Xn is a 2-torus in which the interior of some closed
topological 2-disc has been removed.
Our goal is to show that Xn

GH−−→ D2:
First we prove that the map πn is a suitable almost isometry:
The map πn is surjective and 1-lipschitz. For two points x and y from the boundaries
of the balls we have

dDn(x, y) ≤ 2 · 2−(n+1)π + 2 ·
(
2−n − 2−(n+1)

)
= 2−n(π + 1) =: εn.

Therefore we derive

dDn(x, y) ≤ dXn(πn(x), πn(y)) + εn

for all x, y ∈ Dn.
We conclude that πn is an εn-isometry.
As a second step, we show that the inclusion map in : Dn → D2 is a suitable almost
isometry: The map in is 1-lipschitz. Moreover its image is a 2−(n+1)-net in D2 and we
have

dDn(in(x), in(y)) ≤ dD2(x, y) + 2 · 2−(n+1)π = dD2(x, y) + 2−nπ.

We derive that in is also an εn-isometry.
This implies the existence of a 4εn-isometry gn : D2 → Dn. We derive that fn := πn ◦ gn

is a 6εn-isometry. Hence Theorem 2.2.1 yields Xn
GH−−→ D2.

A topological illustration of the example is shown in Figure 2.

2.3 Controlled Gromov-Hausdorff convergence

As already pointed out in the introduction, in general topological properties are not sta-
ble under Gromov-Hausdorff convergence. However, sometimes some sort of stability can
be achieved by considering geometrically controlled versions of topological properties.
In this subsection we present three examples of this kind.
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GH

, , , . . .

X1 X2 X3 !!

Figure 2: A topological illustration of Example 2.2.2. A sequence of topological 2-tori
in which the interior of a closed topological 2-disc has been removed Gromov-
Hausdorff converges to a closed topological 2-disc.

2.3.1 Uniformly locally connected sequences

A sequence of metric spaces (Xn)n∈N is called uniformly locally connected if for all ε > 0
there is some δ > 0 such that for all n ∈ N the following statement applies: Every pair
of points x, y ∈ Xn of distance less than δ lies in some continuum in Xn of diameter less
than ε.
We note that sequences of length spaces always satisfy this uniform bound.
Both results presented in this subsection are due to Whyburn.
Under the uniform bound decompositions display a nice behavior under convergence:

Lemma 2.3.1. (cf. [6, p. 253], [38, p. 412-413]) Let (Xn)n∈N be a uniformly locally
connected sequence of compact metric spaces and Xn

GH−−→ X. Moreover let An, Bn ⊂ Xn

be a decomposition of Xn into closed subsets. Then, after passing to a subsequence,
there are subsets A,B ⊂ X such that An

H−−→ A, Bn
H−−→ B and An ∩ Bn

H−−→ A ∩ B.
If the sequence (An ∩Bn)n∈N is uniformly locally connected, then the same applies to
(An)n∈N and (Bn)n∈N.

The second result is about the limits of closed topological 2-discs:

13



2 Gromov-Hausdorff Convergence

Proposition 2.3.2. (cf. [38, p. 421-422]) Let (Xn)n∈N be a uniformly locally connected
sequence of metric spaces that are homeomorphic to the closed 2-disc and Xn

GH−−→ X.
Moreover we assume that (∂Dn)n∈N is uniformly locally connected and ∂Dn

H−−→ J

where diam(J) > 0. Then one maximal cyclic subset T ⊂ X (see Definition 3.1.1) is
homeomorphic to the closed 2-disc and all others are homeomorphic to the 2-sphere.
Moreover we have ∂T = J .

2.3.2 Uniformly locally k-connected sequences

Let k ∈ N0. We denote a sequence of metric spaces (Xn)n∈N as uniformly locally k-
connected provided there is a non-decreasing function p : [0, R) → [0,∞] such that the
following statements apply:

1) p(0) = 0 and p(t) ≥ t for all t ∈ [0, R).

2) p is continuous at 0.

3) For every t ∈ [0, R), n ∈ N and x ∈ Xn all continuous maps f : Sk → Bt(x) are
null-homotopic in Bp(t)(x).

Petersen showed the following stability result:

Theorem 2.3.3. (cf. [28, p. 501]) Let (Xn)n∈N be a sequence of compact metric spaces
and Xn

GH−−→ X. If the sequence is uniformly k-connected for all k ≤ m, then the same
applies to {X} ∪ {Xn}n∈N.

The next result is also due to Petersen and deals with a geometrically controlled version
of homotopy equivalences: Let f : X → Y be a continuous map between metric spaces
that satisfies the following properties:

1) There is a continuous map g : Y → X such that g ◦ f and f ◦ g are homotopic to
idX and idY respectively.

2) There are corresponding homotopies HX and HY such that

dY (f(x), f ◦HX(x, t)) < ε and dY (y,HY (y, t)) < ε

for all x ∈ X, y ∈ Y and t ∈ [0, 1].

Then f is called an ε-equivalence.

14



2.4 Related notions of convergence

Theorem 2.3.4. (cf. [28, p. 501]) Let (Xn)n∈N be a sequence of compact metric spaces
and Xn

GH−−→ X. We further assume that the dimension of the spaces in X ∪ {Xn}n∈N

is at most m and that the sequence (Xn)n∈N is uniformly k-connected for all k ≤ m.
Then, after passing to a subsequence, there are εn-equivalences fn : X → Xn such that
εn −→ 0 and d(fn, idX) −→ 0.

2.3.3 Uniformly semi-locally 1-connected sequences

We say that a sequence of metric spaces (Xn)n∈N is uniformly semi-locally 1-connected
if there is some ε > 0 such that for all n ∈ N the following statement applies: There is
no non-contractible loop in Xn whose diameter is less than ε.
This uniform bound yields a stability result for fundamental groups:

Theorem 2.3.5. (cf. [36, p. 3588]) Let X be a compact semi-locally 1-connected metric
space and (Xn)n∈N be a uniformly semi-locally 1-connected sequence of compact length
spaces such that Xn

GH−−→ X. Then π1(X) is isometric to π1(Xn) for all but finitely many
n ∈ N.

The proof of the aforementioned theorem is essentially contained in [37, pp. 209-210].
If the uniform bound does not apply but X is still semi-locally 1-connected, then there
are at least epimorphisms fn : π1(Xn) → π1(X) for all but finitely many n ∈ N (cf. [36,
p. 3588]). Provided the converging spaces Xn are simply connected, it follows that the
same applies to X.

2.4 Related notions of convergence

Now we introduce two more notions of convergence for metric spaces and relate them to
Gromov-Hausdorff convergence.

2.4.1 Measured Gromov-Hausdorff convergence

With regard to metric measure spaces the definition of Gromov-Hausdorff convergence
can be extended in the following sense: Let (Xn, µn) and (X,µ) be compact metric spaces
together with finite Borell measures over them. We say that (Xn, µn) Gromov-Hausdorff
converges to (X,µ) if Xn

GH−−→ X and there is a choice of the common ambient space Z
from Theorem 2.2.1 such that the measures µn converge weakly to µ as measures over

15
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Z.
We consider an example regarding Hausdorff measures:

Example 2.4.1. Let X be a compact metric space such that the k-dimensional Haus-
dorff measure satisfies 0 ̸= Hk

X < ∞ where k > 0. From Proposition 2.1.4 we already
know that there is a sequence of finite metric spaces such that Xn

GH−−→ X. Due to the
finiteness we have Hk

Xn
= 0. Hence Hk

Xn
converges weakly to the 0-measure for all choices

of the common ambient space Z. In particular,
(
Xn,Hk

Xn

)
does not Gromov-Hausdorff

converge to
(
X,Hk

X

)
.

The following result states a condition for the existence of a convergent subsequence:

Proposition 2.4.2. Let (Xn, µn) be compact metric measure spaces together with finite
Borell measures over them and Xn

GH−−→ X. Moreover we assume that the measures are
uniformly bounded. Then, after passing to a subsequence, there is a finite Borell measure
µ over X such that (Xn, µn) GH−−→ (X,µ).

The aforementioned result directly follows from the Banach-Alaoglu theorem.

2.4.2 Uniform convergence

We have already seen the characterization of Gromov-Hausdorff convergence via almost
isometries. In general, these maps do not even have to be continuous. Our next notion of
convergence requires these maps to be homeomorphisms: LetXn andX be metric spaces.
We say that Xn converges uniformly to X if there are homeomorphims fn : X → Xn

such that dis(fn) −→ 0. In the following we write Xn
uni.−−→ X for uniform convergence.

If the topological embeddings are only defined on some subset U ⊂ X, we say that the
sequence converges uniformly on U .
As a direct consequence of the definition, uniform convergence is stronger than Gromov-
Hausdorff convergence. This is also true if we assume that X is already homeomorphic
to the spaces Xn:
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2.5 Gromov-Hausdorff convergence of maps

Example 2.4.3. We consider the following subsets of R2:

A+
n := ∂B1

(
0, 1 − 2−n

)
∩ (R × R≥0),

A−
n := ∂B1

(
0,−1 + 2−n

)
∩ (R × R≤0),

Bn := B2−n(0, 2),

Xn := Bn ∪ A+
n ∪ A−

n ,

X := ∂B1(0, 1) ∪ ∂B1(0,−1).

The subsets X and Xn are homeomorphic to a wedge sum of two circles. Estimating
the Hausdorff distance in R2, we further derive that Xn

GH−−→ X.
For the sake of contradiction, we assume that the convergence is uniform. Let fn be the
homeomorphisms corresponding to the uniform convergence. Then, after passing to a
subsequence, we may assume that dis(fn) ≤ 2−1 and fn(0, 0), fn(0, 1) ∈ Bn. But this
yields

2−1 ≤ ∥fn(0, 0) − fn(0, 1)∥R2 ≤ 2−n+1.

A contradiction.

The aforementioned example is illustrated in Figure 3.
Next we state a criterion for uniform convergence in the case of closed surfaces. It is a
direct consequence of Jakobsche’s 2-dimensional α-approximation theorem in [20, p. 2]:

Theorem 2.4.4. Let S be a closed surface. Moreover let X and Xn be metric spaces
that are homeomorphic to S. We assume the existence of εn-equivalences fn : X → Xn

such that εn −→ 0 and dis(fn) −→ 0. Then we have Xn
uni.−−→ X and the homeomor-

phisms φn : X → Xn corresponding to the uniform convergence can be chosen such that
d(φn, fn) −→ 0.

2.5 Gromov-Hausdorff convergence of maps
In this section we introduce a notion of convergence for maps between compact metric
spaces.
Let fn : Xn → Yn and f : X → Y be maps between compact metric spaces. We say that
the sequence fn Gromov-Hausdorff converges to f if the following statements apply:

1) Xn
GH−−→ X and Yn

GH−−→ Y .
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2 Gromov-Hausdorff Convergence

2) There is a choice of common ambient spaces as in Theorem 2.2.1 such that for
every sequence xn ∈ Xn converging to some x ∈ X we have fn(xn) −→ f(x).

The sequence fn is called equicontinuous if for every ε > 0 and sequence xn ∈ Xn there
is some δ > 0 such that

fn(Bδ(xn)) ⊂ Bε(fn(xn))

for all n ∈ N.
For example the sequence fn is equicontinuous if there is a uniform constant L ≥ 0 such
that fn is L-lipschitz.
The following convergence criterion is related to the Arzela-Ascoli theorem:

Proposition 2.5.1. (cf. [6, p. 402]) Let fn : Xn → Yn be maps between compact metric
spaces. Moreover let Xn

GH−−→ X and Yn
GH−−→ Y . If the sequence fn is equicontinuous,

then there is a subsequence that Gromov-Hausdorff converges to some map f : X → Y .

GH

, , ,   . . . 

X1 X2 X3 X

Figure 3: Illustration of Example 2.4.3. The space X is homeomorphic to the spaces Xn

and Xn
GH−−→ X. However, the convergence is not uniform.
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3 Cyclic element theory

We recall that a compact connected metric space is called a continuum. Moreover we
denote a locally connected continuum as a Peano space.
As a consequence of [4, p. 1109], Peano spaces can be characterized as follows:

Theorem 3.0.1. A metric space is a Peano space if and only if it is homeomorphic to
a compact length space.

The so called cyclic element theory was founded by Whyburn in the 1920s. Its subject
of investigation is a special decomposition of Peano spaces. We will use the language
from this theory to describe the Gromov-Hausdorff limits of length surfaces. Indeed, the
limit spaces are compact length spaces and hence Peano spaces.

3.1 Decomposing Peano Spaces
The decomposition investigated in the theory uses three types of subsets. They are
presented in the following definition:

Definition 3.1.1. Let X be a Peano space, p ∈ X and A ⊂ X.

1) The point p is called a cut point of X if X \ {p} is disconnected.

2) The point p is called an endpoint of X if it admits arbitrarily small open neigh-
borhoods U ⊂ X such that |∂U | = 1.

3) The subset A is called cyclicly connected if every pair of points in A can be con-
nected by a Jordan curve in A. Provided A is maximal with this property and
|A| > 1, we denote A as a maximal cyclic subset.

The name of the theory comes from the fact that the singletons consisting of cut or
endpoints and the maximal cyclic subsets are called the cyclic elements of X. However,
we will not use this term further. We denote the set of all cut points by CutX and its
union with the set of all endpoints by SingX .
Whyburn showed the following structure theorem for Peano spaces:
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3 Cyclic element theory

Theorem 3.1.2. (cf. [39, pp. 64, 79]) Let X be a Peano space and p ∈ X. Then p is
either a cut point, an endpoint or there is a unique maximal cyclic subset containing p.

We discuss a simple example:

Example 3.1.3. Let Sn be the round 2-sphere of diameter 2−n. We consider the space
X obtained by gluing the north pole of Sn with the south pole of Sn+1 for all n ∈ N
and denote its completion by X̄. Then X̄ is a Peano space and the subsets Sn are its
maximal cyclic subsets. Furthermore the cut points of X̄ are given by the gluing points
in X and X̄ \X is a singleton consisting of the only endpoint e ∈ X̄.
If we glue X̄ along the free south pole of S1 and e, we obtain a new Peano space Y . This
space has only one maximal cyclic subset that is given by the space itself. Moreover Y
is free of cut and endpoints.

The space X̄ is illustrated in Figure 4.

Figure 4: An illustration of the space X̄ from Example 3.1.3. The maximal cyclic subsets
of the space are given by the topological 2-spheres. Moreover the intersection
points of the 2-spheres are the cut points of X̄ and the indicated limit point
is the only endpoint of the space.

Now we summarize basic properties of the decomposition:

Lemma 3.1.4. (cf. [39, 65-71, 79, 143]) Let X be a Peano space and T ⊂ X be a
maximal cyclic subset.
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3.2 Conjugate points and cyclic connectivity

1) X has only countably many maximal cyclic subsets.

2) X \ T consists of only countably many connected components.

3) T contains only countably many cut points of X.

4) For every sequence of pairwise distinct connected components Cn ⊂ X \T we have
diam(Cn) −→ 0.

5) For every sequence of pairwise distinct maximal cyclic subsets Tn ⊂ X we have
diam(Tn) −→ 0.

6) For every connected component C ⊂ X \T there is some pC ∈ T with ∂C = {pC}.

7) The map r : X → T defined by r(x) = x on T and r(x) = pC on every connected
component C ⊂ X \ T is continuous.

8) For every pair of distinct maximal cyclic subsets T1, T2 ⊂ X we have |T1 ∩T2| ≤ 1.

3.2 Conjugate points and cyclic connectivity
In a continuum X we call two distinct points x, y ∈ X conjugate to each other if there
is no point p ∈ X such that x and y lie in distinct connected components of X \ {p}.
We say that a subset A ⊂ X separates x and y in X provided the points lie in distinct
connected components of X \ A.
For example two distinct points in the space X̄ from Example 3.1.3 are conjugate to
each other if and only if they lie in the same topological 2-sphere.
We start with some results on conjugate points and cyclicly connected subsets:

Lemma 3.2.1. (cf. [39, pp. 65, 67, 79]) Let X be a Peano space and T ⊂ X be a
maximal cyclic subset.

1) For every pair of conjugate points there is a Jordan curve in X connecting them.

2) For every cyclicly connected subset that contains more than one point there is a
unique maximal cyclic subset containing it.

3) Provided a subset A ⊂ T separates two points in T , it also separates these points
in X.

Whyburn’s so called cyclic connectivity theorem provides a useful criterion:
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3 Cyclic element theory

Theorem 3.2.2. (cf. [39, p. 79]) A Peano space is cyclicly connected if and only if the
space is free of cut points.

A Peano space such that all maximal cyclic subsets are homeomorphic to the 1-sphere
is called a 1-cactoid. This special type of Peano spaces can be charcaterized as follows:

Proposition 3.2.3. (cf. [38, p. 417]) Let X be a continuum. Then the following
statements are equivalent:

1) X is a 1-cactoid.

2) For every pair of conjugate points x, y ∈ X the subset {x, y} is separating in X.
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4 Fundamental groups of gluings

This brief chapter provides two results related to the famous Seifert-Van Kampen theo-
rem.
The first one deals with wedge sums:

Proposition 4.0.1. (cf. [15, p. 176]) Let X and Y be locally simply connected and
path connected metric spaces. Moreover let Z be a wedge sum of X and Y . Then the
fundamental group π1(Z) is isomorphic to the free product π1(X) ∗ π1(Y ).

In Section 3.1 we already introduced the concept of cut points. The definition completely
carries over to connected metric spaces X. Moreover we call a point p ∈ X a local cut
point provided there is a connected open neighborhood U of p such that p is a cut point
of U . For example the local cut points of the space Y in Example 3.1.3 are given by the
intersection points of the 2-spheres.
From the HNN-Seifert-Van Kampen theorem in [12, p. 1688] we obtain the second result:

Proposition 4.0.2. Let X be a locally simply connected and path connected metric
space. Then the following statements apply:

1) If Y is a topological space obtained by gluing exactly two points in X, then the
fundamental group π1(Y ) is isomorphic to the free product π1(X) ∗ Z.

2) If there is a local cut point in X that is no cut point, then there is a group G such
that the fundamental group π1(X) is isomomorphic to the free product G ∗ Z.
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5 Theory of surfaces

By a surface, we mean a connected topological 2-manifold with boundary. A compact
surface without boundary is denoted as a closed surface. In this chapter we present
results from the theory of surfaces that will be important for our investigation.

5.1 Classification of surfaces
One of the central observations in the theory of surfaces is that the range of compact
surfaces is comparable small.
For closed surfaces we have the following classification theorem:

Theorem 5.1.1. (cf. [19, p. 122]) Every closed surface is homeomorphic to the 2-sphere,
a connected sum of 2-tori or a connected sum of real projective planes.

In Figure 5 the aforementioned classification result is illustrated. For this and later
figures parametrizations from [14, p. 334] and [33, p. 141] are used to represent the real
projective plane, the Klein bottle or parts of them.
The classification of compact surfaces builds on that of closed surfaces:

Theorem 5.1.2. (cf. [19, p. 129]) Every compact surface is homeomorphic to a space
obtained by removing the interior of finitely many disjoint closed topological 2-discs
from a closed surface.

Up to homeomorphisms, there is exactly one simply connected non-compact surface:

Theorem 5.1.3. (cf. [10, p. 85]) Every non-compact simply connected surface is
homoemorphic to the plane.

5.2 The connectivity number
With regard to compact surfaces we will work with the connectivity number rather than
the Euler characteristic:
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Figure 5: The classification of closed surfaces.

The connectivity number of a compact surface S is defined as 2−χ(S). Roughly speaking,
this quantity can be calculated by adding the number of boundary components, the
number of "cross-caps" and twice the number of "holes". If we subtract the number of
boundary components, we get the definition of the reduced connectivity number of S.
We consider an example regarding the connectivity number:

Example 5.2.1. Let S be a surface that can be obtained by removing the interior of
two disjoint closed topological 2-discs from the Klein bottle. Then S has two boundary
components, two "cross-caps" and no "holes". Hence the connectivity number of S is
equal to four and its reduced connectivity number is equal to two.

5.3 Curves in compact surfaces
Now we discuss classification results for several types of curves in compact surfaces.

5.3.1 Simple arcs

In the following we denote the boundary of a compact surface S by ∂S and its interior
by S0. An arc in S is called simple if its endpoints lie in ∂S and its interior lies in S0.
Together the upcoming two results classify simple arcs in compact surfaces:
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Proposition 5.3.1. (cf. [25, pp. 54-55]) Let S be a compact surface of connectivity
number c. Further let γ ⊂ S be a separating simple arc which does not form a con-
tractible Jordan curve together with a subarc of some boundary component.
Then there are c1, c2 ∈ N≥2 with c1 + c2 = c+1 and a compact surface Si of connectivity
number ci such that the topological quotient S/γ is a wedge sum of S1 and S2. Moreover
the wedge point lies in ∂S1 ∩ ∂S2.
At least one of the surfaces is non-orientable if and only if S is non-orientable.

Proposition 5.3.2. (cf. [25, pp. 54-55]) Let S be a compact surface of connectivity
number c and γ ⊂ S be a non-separating simple arc.
Then there is a compact surface S1 of connectivity number c − 1 such that S/γ is a
topological 2-point identification of S1. Moreover the glued points lie in ∂S1.
If S is orientable, then S1 is orientable.

5.3.2 Jordan curves

In a compact surface contractible Jordan curves can be characterized as follows:

Theorem 5.3.3. (cf. [10, p. 85]) Let S be a compact surface and J ⊂ S be a Jordan
curve. Then J is contractible if and only if J bounds a closed topological 2-disc in S.

We say that a Jordan curve J ⊂ S is simple if its intersection with ∂S contains at most
one point.
Non-contractible simple Jordan curves can be classified as follows:

Proposition 5.3.4. (cf. [25, pp. 54-55]) Let S be a compact surface of connectivity
number c and J ⊂ S be a non-contractible simple Jordan curve. Then the topological
quotient X := S/J can be described in one of the following ways:

1) There are c1, c2 ∈ N with c1 + c2 = c and a compact surface Si of connectivity
number ci such that X is a wedge sum of S1 and S2. Moreover at least one of the
surfaces is non-orientable if and only if S is non-orientable.

2) There is a compact surface of connectivity number c−2 such that X is a topological
2-point identification of it. Moreover the surface is orientable if S is orientable.

3) X is a compact surface of connectivity number c− 1 and S is non-orientable.

If S is a closed surface, then all other surfaces occurring in the aforementioned cases are
also closed surfaces.
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The classification of non-contractible Jordan curves in closed surfaces is illustrated in
Figure 6.

1)

3)

2)S/J
S

Figure 6: A classification of the non-contractible Jordan curves in a non-orientable closed
surface of connectivity number four. The surface S is situated on the left hand
side. On the opposite side we see all possible quotient spaces S/J where J is a
non-contractible Jordan curve in S. The numbering corresponds to the cases
described in Proposition 5.3.4.

5.4 Surface groups and local cut points

By a surface group, we mean a group that is isomorphic to the fundamental group of
some closed surface. We note that the classification of closed surfaces directly yields a
classification of surface groups.
Surfaces are free of local cut points. In this section we will see that this property also
holds for certain metric spaces whose fundamental group is a surface group.
We state a property of surface groups:

Proposition 5.4.1. (cf. [21, pp. 141, 264], [3, pp. 1480-1481]) Let G be a surface
group. Then G is not isomorphic to a free product of non-trivial groups.

As a consequence of the aforementioned result and Proposition 4.0.2, we obtain:
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5.4 Surface groups and local cut points

Proposition 5.4.2. Let X be a locally simply connected and path connected metric
space that is free of cut points. If the fundamental group π1(X) is a surface group, then
X is free of local cut points.
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6 Scenario I: Closed surfaces

In this chapter we completely describe the Gromov-Hausdorff closure of the class of
length spaces that are homeomorphic to a fixed closed surface. As a corollary, we derive
a 2-dimensional version of Theorem (Ferry, Okun).

6.1 Introduction

6.1.1 Key results

We will see that the spaces of the closure have the following topological properties:

Theorem 6.1.1. Let X be the Gromov-Hausdorff limit of a convergent sequence of
length spaces that are homeomorphic to a fixed closed surface. Then the following
statements apply:

1) X is at most 2-dimensional.

2) X is locally simply connected.

3) There are finitely many closed surfaces S1, . . . , Sn and k ∈ N0 such that π1(X) is
isomorphic to the free product π1(S1) ∗ . . . ∗ π1(Sn) ∗ Z ∗ . . . ∗ Z︸ ︷︷ ︸

k-times

.

Before we state the main result of this chapter, we introduce the following definitions:

Definition.

1) We say that a Peano space is a generalized cactoid if all its maximal cyclic subsets
are closed surfaces and only finitely many of them are not homeomorphic to the
2-sphere.

2) Let X be a metric space. A space that is isometric to a metric quotient of X
whose underlying equivalence relation identifies exactly two points is referred to
as a metric 2-point-indentification of X.

31



6 Scenario I: Closed surfaces

A Peano space whose maximal cyclic subsets are all homeomorphic to the 2-sphere is
just called a cactoid. In Figure 7 an example of a generalized cactoid is shown.

…

…

…

Figure 7: A generalized cactoid. All maximal cyclic subsets are closed surfaces and only
three of them are not homeomorphic to the 2-sphere.

The following main result of this chapter completely describes the Gromov-Hausdorff
closure of the class of closed length surfaces whose connectivity number is fixed:

Main Theorem I. Let c ∈ N0 and X be a compact length space. Then the following
statements are equivalent:

1) X can be obtained as the Gromov-Hausdorff limit of closed length surfaces whose
connectivity number is equal to c.

2) X can be obtained by a successive application of k metric 2-point identifications
to a geodesic generalized cactoid such that the sum of the connectivity numbers
of its maximal cyclic subsets is less or equal to c− 2k.

This result was partly conjectured by Young (cf. [40, p. 348], [32, p. 854]). Further
the equivalence of the statements remains true even if we restrict the first statement
to smooth Riemannian or polyhedral 2-manifolds (cf. [27, p. 1674], [31, p. 77]). We
will also see how the result changes if we restrict the first statement to orientable or
non-orientable surfaces.
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6.1 Introduction

2-point identifications

Figure 8: The space on the right hand side can be obtained by a successive application
of three metric 2-point identifications to the geodesic cactoid situated on the
left hand side. Since the connectivity number of the 2-sphere is equal to zero,
Main Theorem I implies that the space on the right hand side can be obtained
as the limit of closed length surfaces whose connectivity number is equal to
six.

Main Theorem I is illustrated in Figure 8.
In the 1930s, Whyburn already proved the following result:

Theorem A (Whyburn). (cf. [38, p. 419]) A space that can be obtained as the limit
of length spaces that are homeomorphic to the 2-sphere is a cactoid.

Moreover there is a related result about closed Riemannian 2-manifolds with uniformly
bounded total absolute curvature by Shioya (cf. [35, p. 1767]) and a sketch of a local
description of the limit spaces by Gromov (cf. [17, p. 102]).
The following corollary is a 2-dimensional version of Theorem (Ferry, Okun):

Corollary 6.1.2. Let X be a metric space and S be a closed surface. Then the following
statements are equivalent:

1) X is a simply connected ANR that can be obtained as the Gromov-Hausdorff limit
of length spaces that are homeomorphic to S.

2) X is a geodesic cactoid having only finitely many maximal cyclic subsets.
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6 Scenario I: Closed surfaces

6.1.2 Organisation

This chapter is organized as follows:
The second section is devoted to the topological connection between maximal cyclic
subsets and their ambient space. In particular, we derive a fundamental group formula
for locally simply connected Peano spaces in terms of their maximal cyclic subsets. The
section also provides first topological properties of generalized cactoids.
In Section 6.3 we show that the first statement of Main Theorem I implies the second.
For this we begin with a consideration of uniformly semi-locally 1-connected sequences.
At the end of the section we give a proof of Theorem 6.1.1.
The aim of the last section is to show the remaining direction of Main Theorem I. After
this we prove Corollary 6.1.2.
The final results of Section 6.3 and 6.4 refine their corresponding statement of Main
Theorem I. Together they completely describe the Gromov-Hausdorff closure of the
class of length spaces that are homeomorphic to a fixed closed surface.

6.1.3 Notation

In this chapter we use the following notations:

M The class of compact metric spaces.

S(c) The class of closed length surfaces whose connectivity number is equal to
c.

S(c, ε) The class of spaces in S(c) that do not contain non-contractible loops of
diameter less than 2ε.

G(c) The class of geodesic generalized cactoids such that the connectivity num-
bers of their maximal cyclic subsets sum up to c.

W The class of successive metric wedge sums of non-degenerate cyclicly con-
nected compact length spaces and finite metric trees.

W0 The class of successive metric wedge sums of closed length surfaces such
that every wedge point is only shared by two of their surfaces.

We note that we allow a change of the wedge point in every construction step of a
successive metric wedge sum. In Figure 9 we see a space in W0.
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6.2 Topology via maximal cyclic subsets

Figure 9: A space in W0. The space is a successive metric wedge sum of ten closed length
surfaces and every wedge point is only shared by two of the surfaces.

6.2 Topology via maximal cyclic subsets

In this section we investigate the topological connection between maximal cyclic subsets
and their ambient space. From the results we derive first topological properties of
generalized cactoids.

6.2.1 A dimension bound

First we consider the dimension of Peano spaces.
There are many properties which are satisfied by the whole Peano space provided they
are shared by all its maximal cyclic subsets (cf. [39, pp. 81-83 ]). The next result
contains an example of such a property:

Proposition 6.2.1. Let X be a Peano space. Then the following statements apply:

1) If all maximal cyclic subsets of X are at most n-dimensional, then X is at most
n-dimensional. (cf. [39, p. 82])

2) If X is at most n-dimensional and Y is a metric 2-point identification of X, then
Y is at most n-dimensional (cf. [34, pp. 266, 271]).
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6 Scenario I: Closed surfaces

As a consequence, we derive the following result about generalized cactoids:

Corollary 6.2.2. Let X be a space that can be obtained by a successive application of
metric 2-point identifications to a generalized cactoid. Then X is at most 2-dimensional.

6.2.2 Local contractibility

Now we consider the property of local contractibility.
A metric space X is called locally strongly contractible provided every x ∈ X has arbi-
trarily small open neighborhoods such that {x} is a strong deformation retract of them.
For example X is locally strongly contractible if it is a manifold.
The following observation motivates the next result: We denote the circle of radius 1/n

around the point (1/n, 0) ∈ R2 by Cn. Then the subset C := ∪n∈NCn is a Peano space
whose maximal cyclic subsets are homeomorphic to the 1-sphere (see Figure 10). Hence
the maximal cyclic subsets are locally strongly contractible. But C is also the Hawaiian
earring and it is well-known that this space is not even semi-locally 1-connected.
On the other hand, the union of finitely many circles in R2 is always locally strongly
contractible.

…

Figure 10: A Peano space whose maximal cyclic subsets are locally strongly contractible
but the space itself is not even semi-locally 1-connected. The space is also
called the Hawaiian earring.
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6.2 Topology via maximal cyclic subsets

Proposition 6.2.3. Let X be a Peano space. Then the following statements apply:

1) If X contains infinitely many non-contractible maximal cyclic subsets, then X is
not locally contractible.

2) If X has only finitely many maximal cyclic subsets and all of them are locally
strongly contractible, then X is locally strongly contractible.

Proof. 1) There is a sequence of pairwise distinct non-contractible maximal cyclic subsets
in X. From Lemma 3.1.4 follows that there is a subsequence converging to some p ∈ X.
Hence an arbitrarily small open neighborhood of p contains a non-contractible maximal
cyclic subset of X.
For the sake of contradiction we assume that X is locally contractible. Then there
is a contractible open neighborhood U of p. This neighborhood contains some non-
contractible maximal cyclic subset T of X. By Lemma 3.1.4 we have that T is a retract
of U . Therefore T is also contractible. A contradiction.
2) We denote the number of maximal cyclic subsets in X by n.
If n = 0, then X is homeomorphic to a compact metric tree and hence locally strongly
contractible (cf. [1, p. 20]).
If n = 1, we consider p ∈ X and ε > 0. We may assume that p is contained in the only
maximal cyclic subset T of X. Then there is an open neighborhood U0 of p in T with
diameter less than ε such that {p} is a strong deformation retract of U0. Further we
may assume that U0 contains infinitely many cut points of X.
Let (ck)k∈N be an enumeration of these cut points. We write Ck for the closure of the
union of all connected components of X \ T whose boundaries are given by {ck}. Then
Ck is a compact metric tree. Hence there is an open neighborhood Uk of ck in Ck with
diameter less than ε such that {ck} is a strong deformation retract of Uk. In particular,
there is a homotopy Hk between the identity map on Uk and the map sending every
point of Uk to ck such that Hk(ck, t) = ck for every t ∈ [0, 1].
Now we set U := ∪k∈N0Uk and define a map H : U × [0, 1] → U by:

H(x, t) =

 Hk(x, t), x ∈ Uk;
x, x ∈ U0.

The diameter of U is less than 2ε. From Lemma 3.1.4 we derive that U is an open
neighborhood of p in X and H is continuous. Hence U0 is a strong deformation retract
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6 Scenario I: Closed surfaces

of U and it follows that {p} is a strong deformation retract of U . We conclude that X
is locally strongly contractible.
If n ≥ 2, then X is homeomorphic to a wedge sum of Peano spaces with less than n

maximal cyclic subsets. If both spaces are locally strongly contractible, then so is X.
Hence the claim follows by induction.

A metric space whose dimension is finite is an ANR if and only if it is locally contractible
(cf. [34, pp. 347, 392]). Hence Corollary 6.2.2 and the last proposition imply the
following statement:

Corollary 6.2.4. Let X be a generalized cactoid. Then the following statements are
equivalent:

1) X is an ANR.

2) X has only finitely many maximal cyclic subsets.

6.2.3 A fundamental group formula

In this subsection we present a formula for the fundamental group of a locally simply
connected Peano space in terms of its maximal cyclic subsets. For this we first reduce
the complexity of the problem:

Lemma 6.2.5. Let X be a compact length space and (Tk)∞
k=1 be an enumeration of its

maximal cyclic subsets. Then X can be obtained as the limit of compact length spaces
having only finitely many maximal cyclic subsets. Further the maximal cyclic subsets
of the space with index n are in isometric one-to-one correspondence with {Tk}n

k=1 for
every n ∈ N.

Proof. Let n, k ∈ N. We define an equivalence relation ∼ on X as follows: x ∼ y if
and only if x and y lie in the same connected component of ∪n+k

m=n+1Tm. Further we
define Xn,k as the metric quotient X⧸∼ and denote the corresponding projection map
by pn,k. Then pn,k is surjective and 1-lipschitz. Hence we may assume that there is a
space Xn ∈ M and a map pn : X → Xn such that Xn,k −→ Xn and pn,k −→ pn uniformly.
Since the map pn,k is monotone and its restriction to Tm is distance preserving for every
m ∈ {1, . . . , n}, the same applies to pn (cf. [39, p. 174]).
Let T be a maximal cyclic subset of Xn. Then we find some k ∈ N such that T ⊂ pn(Tk)
(cf. [39, pp. 145-146]). Because pn is constant on Tm for every m ∈ N with m > n, we
have k ≤ n. Hence pn(Tk) is cyclicly connected and we derive that the inclusion is an
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6.2 Topology via maximal cyclic subsets

equality.
Due to the fact that for every non-degenerate cyclicly connected subset of Xn there is a
maximal cyclic subset containing it (cf. [39, p. 79]), we derive that {pn(Tk)}n

k=1 is the
set of maximal cyclic subsets of Xn and has cardinality n.
Since pn is surjective and 1-lipschitz, we may assume that there is X̃ ∈ M withXn −→ X̃.
Choosing a diagonal sequence, we may assume thatXn,n −→ X̃ and (pn,n)n∈N is uniformly
convergent. Finally the limit map is an isometry between X and X̃.

Lemma 6.2.6. Let X be a compact length space having only finitely many maximal
cyclic subsets. Then X can be obtained as the limit of spaces in W . Further the maximal
cyclic subsets of the spaces of the sequence are in isometric one-to-one correspondence
with those of X.

Proof. Let ε be the minimum of the diameters of the maximal cyclic subsets of X. If
n ∈ N and T is a maximal cyclic subset of X, we denote the set of connected components
of X \ T having diameter less than ε/n by CT . Moreover we set T as the set of maximal
cyclic subsets of X and Xn := X \ (∪T ∈T ∪C∈CT

C).
The space Xn is a compact length space which has the same maximal cyclic subsets as
X. Further it is an ε/n-net in X and it follows that the inclusion map from Xn to X is
an ε/n-isometry. Hence we have Xn −→ X.
Moreover Xn is a successive metric wedge sum of its maximal cyclic subsets and finitely
many compact metric trees. Let D be such a tree. We denote the wedge points lying
in D by p1, . . . , pN . There is a sequence (Dk)k∈N of finite metric trees converging to D.
Further we may assume the existence of a sequence (fk)k∈N such that fk is a 1/k-isometry
from D to Dk. We define Xn,k as the successive metric wedge sum created by replacing
D with Dk in Xn and the corresponding wedge points with fk(p1), . . . , fk(pN).
This new space is again a compact length space such that its maximal cyclic subsets are
in isometric one-to-one correspondence with those of X. In particular, we may assume
that Xn,k ∈ W . Otherwise we repeat the argument above until every tree is replaced by
a finite one. Moreover we have that Xn,k −→ Xn since fk defines a 1/k-isometry between
Xn and Xn,k. Choosing a diagonal sequence, we may assume that Xn,n −→ X.

Corollary 6.2.7. Let X be a compact length space and (Tk)∞
k=1 be an enumeration

of its maximal cyclic subsets. Then X can be obtained as the limit of spaces in W .
Further the maximal cyclic subsets of the space with index n are in isometric one-to-one
correspondence with {Tk}n

k=1 for every n ∈ N.
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6 Scenario I: Closed surfaces

Every compact interval or point can be obtained as the limit of spaces in S(0). Hence
we can proceed as in the second half of the last proof to get rid of the finite metric trees
first and then the cut points lying in more than one maximal cyclic subset. From this
we derive the following statement for later purposes:

Corollary 6.2.8. Let X be geodesic generalized cactoid and (Tk)∞
k=1 be an enumeration

of its maximal cyclic subsets. Then X can be obtained as the limit of spaces in W0.
Further the maximal cyclic subsets of the space with index n are in isometric one-to-one
correspondence with {Tk}n

k=1 and finitely many spaces in S(0) for every n ∈ N.

Now we are able to state the formula:

Proposition 6.2.9. Let X be a locally simply connected Peano space and (Tn)∞
n=1 be

an enumeration of its maximal cyclic subsets. Then π1(X) is isomorphic to the free
product π1(T1) ∗ . . . ∗ π1(Tn) for all but finitely many n ∈ N.

Proof. Since X is locally simply connected, the same applies to its maximal cyclic sub-
sets. Moreover there is some ε > 0 such that every loop in X of diameter less than ε

lies in some simply connected subset of X. If T is a maximal cyclic subset of X, then
also every loop in T of diameter less than ε lies in some simply connected subset of T .
By Theorem 3.0.1 we may assume that X is geodesic. Let (Xn)n∈N be a sequence as
in Corollary 6.2.7. An application of Proposition 4.0.1 yields that the sequence is uni-
formly semi-locally 1-connected. Hence π1(X) is isomorphic to π1(Xn) for all but finitely
many n ∈ N. From the same proposition we also derive that π1(Xn) is isomorphic to
π1(T1) ∗ . . . ∗ π1(Tn) for every n ∈ N. This closes the proof.

6.2.4 Cactoids

As it will turn out, limits of spaces in S(c) locally look like cactoids (see Corollary 6.3.7).
Hence we are interested in the topology of cactoids. Again we first reduce the complexity
of the problem:

Lemma 6.2.10. Let X ∈ G(0). Then X is homeomorphic to a space that can be
obtained as the limit of compact length spaces whose maximal cyclic subsets are isometric
to round 2-spheres.

Proof. First we may assume that there are infinitely many maximal cyclic subsets in X.
Let (Tn)∞

n=1 be an enumeration of them. There is a homeomorphism fn from Tn to the
round 2-sphere of diameter 1/2n. We denote this 2-sphere by Sn.
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6.3 The limit spaces

The following condition naturally induces an equivalence relation ∼ on the disjoint union
of the closures of the connected components of X \ T1 and S1: x ∼ y if f1(x) = y. We
equip the disjoint union with its induced length metric and denote the corresponding
metric quotient by Y1. Analogously we construct the space Y2 using the disjoint union of
the closures of the connected components of Y1\T2 and S2. We continue this construction
and derive a sequence (Yn)n∈N of metric spaces.
We note that there is an induced enumeration of the maximal cyclic subsets of Yn. If
k ∈ N, we define the metric space Yn,k in the same way for Yn as Xn,k is defined for X
in the proof of Lemma 6.2.5.
The maps f1, . . . , fn naturally induce a homeomorphism from X to Yn. We denote the
composition of this homeomorphism with the projection map from Yn to Yn,k by gn,k.
Moreover we find a map pn,k : Yn+1,k → Yn,k+1 such that the diagram together with the
maps gn+1,k and gn,k+1 commutes. This map is 1-lipschitz and has a distortion less than
1/2n. Furthermore the sequence (gn,k)k∈N is equicontinuous. We may assume that there
is a space Ỹn such that Yn,k −→ Ỹn. In addition we may assume the existence of maps
pn : Ỹn+1 → Ỹn and gn : X → Ỹn such that pn,k −→ pn and gn,k −→ gn uniformly.
Using the proof of Lemma 6.2.5, we see that every maximal cyclic subset of Ỹn is isometric
to a round 2-sphere. Further the diagram consisting of pn, gn and gn+1 commutes and pn

is a 1-lipschitz map that has a distortion less or equal to 1/2n. If we set εk := ∑∞
m=k

1/2m,
then pk ◦ . . . ◦ pn−1 is an εk-isometry between Ỹn and Ỹk for every n ∈ N with n > k.
Hence

(
Ỹn

)
n∈N

is convergent and we denote its limit space by Y . Moreover (gn)n∈N is
equicontinuous and we may assume the existence of a map g : X → Y such that gn −→ g

uniformly. Finally g is bijective and hence a homeomorphism.

Corollary 6.2.11. Cactoids are locally simply connected and simply connected.

Proof. In a successive metric wedge sum of round 2-spheres and finite metric trees every
open ball is simply connected. A theorem by Petersen in [28, p. 501] implies that
this property is stable under Gromov-Hausdorff convergence. Hence Theorem 3.0.1,
Corollary 6.2.7 and Lemma 6.2.10 close the proof.

6.3 The limit spaces

The goal of this chapter is to show that the first statement of Main Theorem I implies
the second. As a consequence, we derive Theorem 6.1.1.
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6.3.1 Controlled convergence

First we investigate the limit spaces of uniformly semi-locally 1-connected sequences.
A metric space X is called a local cactoid if every point in X has an open neighborhood
that is homeomorphic to an open subset of a cactoid.

Lemma 6.3.1. Let (Xn)n∈N be a sequence in S(c, ε) and X ∈ M with Xn −→ X. Then
X is a local cactoid.

Proof. First we may assume that all surfaces of the sequence are not homeomorphic to
the 2-sphere. Otherwise the claim follows by Theorem A (Whyburn).
Let x ∈ X. Then there is a sequence (xn)n∈N with xn ∈ Xn such that xn −→ x. We
define D as the set of all closed topological 2-discs in Xn that are bounded by a Jordan
curve in Bε(xn). Moreover we set A as the union of Bε(xn) and the discs in D.
It follows that A is open and connected. If J is a Jordan curve in Bε(xn), then J is
contractible in Xn since Xn ∈ S(c, ε). By Theorem 5.3.3 the curve J bounds a closed
topological 2-disc in Xn and we derive that J is contractible in A. This already yields
that every loop in Bε(xn) is contractible in A (cf. [24, p. 626]).
Let γ : [0, 1] → A be a loop. The set consisting of Bε(xn) and the interiors of all discs in
D is an open cover of γ([0, 1]). Since γ is uniformly continuous and its image is compact,
there is a finite subdivision t0 := 0 < t1 < . . . < tk := 1 of the unit interval such that
γ([ti, ti+1]) ⊂ Bε(xn) or we find some D ∈ D whose interior contains γ([ti, ti+1]). An
induction over the number of subcurves not lying in Bε(xn) finally shows that γ is
homotopic to some loop in Bε(xn).
We deduce that A is simply connected and with Section 5.1 we conclude that A is
homeomorphic to the plane or the 2-sphere. Because Xn is not homeomorphic to the
2-sphere, the first case applies. We derive that the metric quotient Yn := Xn⧸Ac is
homeomorphic to the 2-sphere. Especially we have Yn ∈ S(0).
Since the natural projection pn : Xn → Yn is surjective and 1-lipschitz, we may assume
that there is a space Y ∈ M and a map p : X → Y such that Yn −→ Y and pn −→ p.
From Theorem A (Whyburn) we get that Y is a cactoid. Further we may assume that the
sequences

(
B̄ ε

2
(xn)

)
n∈N

and
(
B̄ ε

2
(pn(xn))

)
n∈N

are convergent. Their limits are given by
B̄ ε

2
(x) and B̄ ε

2
(p(x)). Because pn defines an isometry between B̄ ε

2
(xn) and B̄ ε

2
(pn(xn)),

the same applies to p with respect to B̄ ε
2
(x) and B̄ ε

2
(p(x)). In particular, this also holds

for the corresponding open balls. We finally conclude that X is a local cactoid.

Corollary 6.3.2. Let (Xn)n∈N be a sequence in S(c, ε) and X ∈ M with Xn −→ X.
Then the following statements apply:
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1) X is locally simply connected.

2) If c = 0, then the maximal cyclic subsets of X are simply connected.

3) If c > 0, then there is a closed surface S of connectivity number c such that the
fundamental group of one maximal cyclic subset of X is isomorphic to π1(S) and
all other maximal cyclic subsets are simply connected. Moreover S is orientable if
and only if Xn is orientable for infinitely many n ∈ N.

Proof. Combining Corollary 6.2.11 and Lemma 6.3.1, we derive the first statement.
Since the sequence is uniformly semi-locally 1-connected, Theorem 2.3.5 implies that
π1(X) isomorphic to π1(Xn) for all but finitely many n ∈ N. Hence Proposition 5.4.1
and Proposition 6.2.9 close the proof.

From the upcoming lemma follows that limits of spaces in S(c, ε) are generalized cactoids:

Lemma 6.3.3. Let (Xn)n∈N be a sequence in S(c, ε), X ∈ M with Xn −→ X and T be
a maximal cyclic subset of X. Then T is a closed surface.

Proof. First we show that T is free of local cut points: For the sake of contradiction we
assume that T contains a local cut point. Due to Corollary 6.3.2 the space X is locally
simply connected. From Proposition 4.0.2 follows that there is a group G such that
π1(T ) is isomorphic to G ∗ Z. Moreover Corollary 6.3.2 yields that π1(T ) is isomorphic
to the fundamental group of some closed surface. This contradicts Proposition 5.4.1.
Let p ∈ T . Then Lemma 6.3.1 implies that there is a connected open neighborhood V of
p in X and a homeomorphism f from V to an open subset of some cactoid C. Further
Lemma 3.1.4 yields that T ∩ V is connected. Since T is free of local cut points, there
is a Jordan curve J in V ∩ T . In particular, f(J) is contained in some maximal cyclic
subset S of C.
The subset f(V ) ∩ S is connected and S is free of local cut points. Therefore we derive
that f(V ∩ T ) = f(V ) ∩ S. Hence V ∩ T is homeomorphic to an open subset of the
2-sphere.
We conclude that T is a surface. Especially T is a closed surface because π1(T ) is
isomorphic to the fundamental group of some closed surface.

Combining the last lemma and Corollary 6.3.2, we get the following result:

Corollary 6.3.4. Let (Xn)n∈N be a sequence in S(c, ε), where c > 0, and X ∈ M with
Xn −→ X. Then one maximal cyclic subset T of X is a closed surface of connectiv-
ity number c and all other maximal cyclic subsets are homeomorphic to the 2-sphere.
Moreover T is orientable if and only if Xn is orientable for infinitely many n ∈ N.
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6.3.2 The general case

Next we see what happens if we omit the additional topological control.
If a sequence in S(c) has no uniformly semi-locally 1-connected subsequence, then there
is a subsequence and a sequence of Jordan curves as in the following lemma:

Lemma 6.3.5. Let (Xn)n∈N be a sequence in S(c) and X ∈ M with Xn −→ X. Further
let (Jn)n∈N be a sequence such that Jn is a non-contractible Jordan curve in Xn for every
n ∈ N and diam(Jn) −→ 0. Then one of the following cases applies:

1) There are c1, c2 ∈ N with c1 + c2 = c, a convergent sequence of spaces in S(c1)
and a convergent sequence of spaces in S(c2) such that X is a metric wedge sum
of their limits. If Xn is non-orientable for infinitely many n ∈ N, then the surfaces
of at least one of the sequences may be chosen to be non-orientable.

2) There is a convergent sequence of spaces in S(c− 2) such that X is its limit or a
metric 2-point identification of it.

3) There is a sequence of spaces in S(c− 1) converging to X.

If Xn is orientable for infinitely many n ∈ N, then always one of the first two cases
applies and the surfaces of the corresponding sequences may be chosen to be orientable.

Proof. First we may assume that all surfaces of the sequence are orientable or all are
non-orientable. Moreover we may assume that the Jordan curves all belong to the same
class in the sense of Proposition 5.3.4. In particular, we have that the corresponding
sequence (Yn)n∈N of metric quotients is convergent with limit X. We just go through
the cases of the proposition:
In the first case there are c1, c2 ∈ N with c1 + c2 = c such that Yn is a metric wedge
sum of a space in S(c1) and a space in S(c2). Especially at least one of the surfaces is
non-orientable if and only if Xn is non-orientable. Moreover we may assume that the
sequence of the wedge points and the sequences of the surfaces considered as subsets of
the wedge sums are convergent. From Lemma 2.3.1 we derive that X is a metric wedge
sum of the limits.
Now we consider the second case: Then there is a space Zn in S(c− 2) such that Yn is
a metric 2-point identification of Zn. In particular, Zn is orientable if Xn is orientable.
Further we may assume the sequence (Zn)n∈N to be convergent. It follows that X is the
limit or a metric 2-point identification of it.
If we look at the third case, then we have that Yn is a space in S(c− 1) and Xn is
non-orientable.
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The final result of this section refines a statement of Main Theorem I:

Theorem 6.3.6. Let (Xn)n∈N be a sequence in S(c) and X ∈ M with Xn −→ X. Then
X can be obtained by a successive application of k metric 2-point identifications to some
space Y ∈ G(c0) where c0 ≤ c− 2k. Moreover the following statements apply:

1) If Xn is orientable for infinitely many n ∈ N, then the maximal cyclic subsets of
Y are orientable.

2) If Xn is non-orientable for infinitely many n ∈ N and the maximal cyclic subsets
of Y are orientable, then c0 < c.

Proof. The proof proceeds by induction over the connectivity number:
In the case c = 0 the claim directly follows by Theorem A (Whyburn).
Now we consider the case c > 0. Moreover we assume that the claim is true, if the
connectivity number is less than c. Provided the sequence is uniformly semi-locally
1-connected, the claim directly follows by Corollary 6.3.4. Otherwise we may assume
that there is a sequence (Jn)n∈N such that Jn is a non-contractible Jordan curve in Xn

and diam(Jn) −→ 0. Hence one of the cases of Lemma 6.3.5 applies. We note that the
surfaces of the sequences occurring there have a connectivity number less than c.
Finally an application of the induction hypothesis and the following observation yield
the claim: Let Y1 and Y2 be metric spaces. Further let Zi be a space that can be obtained
by a successive application of ki metric 2-point identifications to Yi. Then every metric
wedge sum of Z1 and Z2 is a space that can be obtained by a successive application of
k1 + k2 metric 2-point identifications to a metric wedge sum of Y1 and Y2. Moreover
every metric 2-point identification of Z1 is a space that can be obtained by a successive
application of k1 + 1 metric 2-point identifications to Y1.

The property of being a local cactoid is stable under applications of metric wedge sums
and metric 2-point identifications. Hence the induction above also yields the following
result:

Corollary 6.3.7. Let (Xn)n∈N be a sequence in S(c) and X ∈ M with Xn −→ X. Then
X is a local cactoid.

Finally we derive Theorem 6.1.1:

Proof of Theorem 6.1.1. From Corollary 6.2.2 follows that X is at most 2-dimensional.
Further Corollary 6.2.11 and Corollary 6.3.7 imply that X is locally simply connected.
Finally Proposition 4.0.2 and Proposition 6.2.9 yield the desired representation of π1(X).
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6 Scenario I: Closed surfaces

6.4 Approximation of generalized cactoids
The aim of this chapter is to prove that the second statement of Main Theorem I implies
the first. At the end we show Corollary 6.1.2.
We start by showing that metric wedge sums of closed length surfaces can be approxi-
mated by closed length surfaces:

Lemma 6.4.1. Let S1 and S2 be closed length surfaces and X be a metric wedge sum
of them. Then X can be obtained as the limit of length spaces that are homeomorphic
to a connected sum of S1 and S2.

Proof. We denote the wedged points by p1 and p2. For every i ∈ {1, 2} and n ∈ N there
is a closed topological 2-disc Di,n of diameter less than 1/n in Si that contains pi in its
interior. Moreover we may assume Di,n to be bounded by a piecewise geodesic Jordan
curve Ji,n : [0, bi,n] → X (cf. [35, p. 1794], [38, pp. 413-415]).
Using the Kuratowski embedding, we identify Si with a subset of l∞(X). Further we
define D̃i,n to be the union of all linear segments from pi to a point of ∂Di,n. By direct
calculation using the embedding we see that linear segments from pi to distinct points of
Si only intersect in pi. Therefore we get that Fi,n := D̃i,n ∪ (Si \Di,n) is homeomorphic
to Si. Now we equip Fi,n with its induced length metric and denote the obtained space
by Si,n. It follows that the identity map is a homeomorphism between Fi,n and Si,n.
Moreover we have Si,n −→ Si.
For every λ ∈ (0, 1] the map γi,λ(t) := λJi,n

(
t
λ

)
+(1 − λ)pi is a piecewise geodesic Jordan

curve in Si,n. Moreover the curve bounds a closed topological 2-disc Bi,λ that contains pi

in its interior. We have that li,λ := length(γi,λ) −→ 0, if λ −→ 0, and there are sequences
(αk)k∈N and (βk)k∈N in (0, 1] converging to 0 such that l1,αk

= l2,βk
.

We assume the subsets in the upcoming construction to be equipped with their induced
length metric. There is a natural equivalence relation ∼ on

(
S1,n \ B̊1,αk

)
⊔

(
S2,n \ B̊2,βk

)
defined by the following condition: x ∼ y if there is some t ∈ [0, l1,αk

] such that x =
γ1,αk

(t) and y = γ2,βk
(t). We denote the corresponding metric quotient by S̃n,k and note

that this space is homeomorphic to a connected sum of S1 and S2 (cf. [5, p. 69]).
Now

(
S̃n,k

)
k∈N

converges to a metric wedge sum Wn of S1,n and S2,n along p1 and p2.
Since Wn −→ X, we may close the proof.

From Corollary 6.2.8 and the last lemma we inductively get the following result:

Corollary 6.4.2. Let X ∈ G(c). Then there is a sequence of spaces in S(c) converging
to X. Moreover the following statements apply:

46



6.4 Approximation of generalized cactoids

1) If all maximal cyclic subsets of X are orientable, then the surfaces of the sequence
may be chosen to be orientable.

2) If there is a non-orientable maximal cyclic subset in X, then the surfaces of the
sequence may be chosen to be non-orientable.

A similar argument to that used in the proof of Lemma 6.4.1 shows the following result
concerning metric 2-point identifications:

Lemma 6.4.3. Let S ∈ S(c) and X be a metric 2-point identification of S. Then there
is a sequence of spaces in S(c+ 2) converging to X. Moreover the following statements
apply:

1) The surfaces of the sequence may be chosen to be non-orientable.

2) If S is orientable, then the surfaces of the sequence may be chosen to be orientable.

Now we combine the last two results:

Lemma 6.4.4. Let Y be a space that can be obtained by a successive application of k
metric 2-point identifications to a space X ∈ G(c). Then there is a sequence of spaces
in S(c+ 2k) converging to Y . Moreover the following statements apply:

1) If there is a non-orientable maximal cyclic subset in X or k > 0, then the surfaces
of the sequence may be chosen to be non-orientable.

2) If all maximal cyclic subsets of X are orientable, then the surfaces of the sequence
may be chosen to be orientable.

Proof. The proof proceeds by induction over k:
In the case k = 0 the claim directly follows by Corollary 6.4.2.
Now we consider the case k > 0. Furthermore we assume that the claim is true for every
k0 ∈ N with k0 < k. There is a space Z that can be obtained by a successive application
of k− 1 metric 2-point identifications to X such that Y is a metric 2-point identification
of Z. By the induction hypothesis there is a sequence (Zn)n∈N in S(c+ 2(k − 1)) with
Zn −→ Z as in the claim.
Let z1, z2 ∈ Z be the points that are glued to construct Y . There is a sequence (zi,n)n∈N

with zi,n ∈ Zn converging to zi. In particular, we may assume that z1,n and z2,n are
distinct. If Yn denotes a metric 2-point identification of Zn along z1,n and z2,n, then we
have Yn −→ Y .
Choosing a diagonal sequence, the claim follows by Lemma 6.4.3.
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6 Scenario I: Closed surfaces

Using a metric wedge sum with a vanishing sequence of length spaces that are all home-
omorphic to the 2-torus or all homeomorphic to the real projective plane, we derive a
further corollary of Lemma 6.4.1:

Corollary 6.4.5. Let S ∈ S(c). Then the following statements apply:

1) S can be obtained as the limit of non-orientable closed length surfaces whose
connectivity number is equal to c+ 1.

2) If S is orientable, then S can be obtained as the limit of orientable closed length
surfaces whose connectivity number is equal to c+ 2.

Now the last two results provide all tools to prove the final result of this section which
refines the remaining direction of Main Theorem I:

Theorem 6.4.6. Let c ∈ N0 and Y be space that can be obtained by a successive
application of k metric 2-point identifications to a space X ∈ G(c0) where c0 ≤ c − 2k.
Then there is a sequence in S(c) converging to Y . Moreover the following statements
apply:

1) If all maximal cyclic subsets of X are orientable, then the surfaces of the sequence
may be chosen to be orientable.

2) If there is a non-orientable maximal cyclic subset in X or c0 < c, then the surfaces
of the sequence may be chosen to be non-orientable.

We note that the last theorem and Theorem 6.3.6 completely describe the Gromov-
Hausdorff closure of the class of length spaces that are homeomorphic to a fixed closed
surface.
Finally we are able to prove Corollary 6.1.2:

Proof of Corollary 6.1.2. Let Y be a space that can be obtained by a successive appli-
cation of metric 2-point identifications to a generalized cactoid. By Theorem 6.1.1 and
Main Theorem I all such spaces are locally simply connected. Hence Proposition 4.0.2
and Proposition 6.2.9 imply that Y is simply connected if and only if Y is a cactoid.
From Theorem 6.4.6 follows that every geodesic cactoid can be obtained as the limit of
length spaces that are homeomorphic to S. Now the claim follows by Main Theorem I
and Corollary 6.2.4.
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7 Scenario II: Compact surfaces with
boundary

7.1 Introduction

In this chapter we completely describe the Gromov-Hausdorff limits of length spaces
that are homeomorphic to compact surfaces of fixed connectivity number. In particular,
we allow the possibility that the surfaces have non-empty boundary and thus generalize
Main Theorem I. Our investigation builds on the results of Chapter 6 and extends
the central concept of a generalized cactoid. As an additional technical difficulty, the
limit of the boundaries may display a rather wild behavior. Even the statement of the
main result (see Main Theorem II) is more complicated since new topological quantities
appear.

7.1.1 Key results

It will turn out that the limit spaces satisfy the following topological properties:

Theorem 7.1.1. Let X be a space that can be obtained as the Gromov-Hausdorff limit
of length spaces that are homeomorphic to a fixed compact surface. Then the following
statements apply:

1) X is at most 2-dimensional.

2) X is locally simply connected.

3) There are finitely many compact surfaces S1, . . . , Sn and k ∈ N0 such that π1(X)
is isomorphic to the free product π1(S1) ∗ . . . ∗ π1(Sn) ∗ Z ∗ . . . ∗ Z︸ ︷︷ ︸

k-times

.

Moreover we have the following local description of the limit spaces:
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7 Scenario II: Compact surfaces with boundary

Theorem 7.1.2. Let X be a space that can be obtained as the Gromov-Hausdorff limit
of length spaces that are homeomorphic to a fixed compact surface. Then every point
of X admits an open neighborhood that is homeomorphic to an open subset of some
Peano space whose maximal cyclic subsets are homeomorphic to the 2-sphere or the
closed 2-disc.

For the global description we extend the definition of a generalized cactoid:
Let X be a Peano space whose maximal cyclic subsets are compact surfaces and C ⊂ X

be a subcontinuum. Then C is denoted as admissible in X provided T ∩C is a point or
a boundary component of T for every maximal cyclic subset T ⊂ X.

Definition 7.1.3. Let X be a Peano space. Then X is called a generalized cactoid (with
boundary) if the following statements apply:

1) All maximal cyclic subsets are compact surfaces and only finitely many of them
are not homeomorphic to the 2-sphere or the closed 2-disc.

2) There are finitely many disjoint admissible subcontinua C1, . . . , Cn ⊂ X such that
the boundary components of the maximal cyclic subsets of X are covered by the
subcontinua.

There exists a natural choice C1, . . . , Cn of the admissible subcontinua as above which
is uniquely defined by the following property: The number n is minimal and the union
∪n

i=1Ci is maximal among all choices with n admissible subcontinua (see Lemma 7.2.4).
We define the boundary of X as ∪n

i=1Ci and denote it by ∂X. Further we say that Ci is
a boundary component of X.
Especially we will see that the boundary components are 1-cactoids (see Lemma 7.2.1).
According to the original definition of a generalized cactoid, all maximal cyclic subsets
are supposed to be closed surfaces (cf. [32, p. 854]). The extension presented here,
including the definition of the boundary, is completely new.
Compact surfaces are simple examples of generalized cactoids. For compact surfaces, the
usual definition of the boundary coincides with the definition for generalized cactoids.
A more advanced example of a generalized cactoid is shown in Figure 11.
The limit spaces we study are closely related to generalized cactoids. Our description
makes use of the following concept: If we consider a space that can be obtained by a
successive application of k > 0 metric 2-point identifications to some generalized cactoid
X and p1, . . . , pk denotes a choice of the corresponding projection maps, then pi is called
a boundary identification provided it identifies two points of (pi−1 ◦ . . . ◦ p0)(∂X) where
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7.1 Introduction

Figure 11: A generalized cactoid with three boundary components. All maximal cyclic
subsets are compact surfaces and only two of them are not homeomorphic to
the 2-sphere or the closed 2-disc. The boundary of the generalized cactoid is
shown in red.

p0 := idX .
Finally we want to assign a topological quantity to each generalized cactoid: We define
the connectivity number of a generalized cactoid as the sum of the reduced connectivity
numbers of its maximal cyclic subsets and the number of its boundary components. For
compact surfaces, the definition of the connectivity number from Section 5.2 coincides
with the definition for generalized cactoids. The generalized cactoid in Figure 11 has a
connectivity number of seven.
The main result of this chapter completely describes the Gromov-Hausdorff closure of
the class of compact length surfaces whose connectivity number is fixed:

Main Theorem II. Let c ∈ N0 and X be a compact length space. Then the following
statements are equivalent:

1) X can be obtained as the Gromov-Hausdorff limit of compact length surfaces whose
connectivity number is equal to c.

2) There are k, k0 ∈ N0 and a geodesic generalized cactoid Y such that the following
statements apply:
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7 Scenario II: Compact surfaces with boundary

a) X can be obtained by a successive application of k metric 2-point identifica-
tions to Y such that k0 of them are boundary identifications.

b) We have c0 − k0 + 2k ≤ c where c0 denotes the connectivity number of Y.

In general the choice of the generalized cactoid Y in the second statement is not unique
and the quantity c0 − k0 + 2k highly depends on this choice. Provided the converging
surfaces are closed, Main Theorem I implies that the boundary of Y is always empty
and hence k0 = 0. The possible appearance of a non-empty boundary in Y marks the
key difference between the main result of this chapter and that of Chapter 6.
For a better understanding of Main Theorem II, we want to discuss a simple example:

Example 7.1.4. Let D ⊂ R2 be the closed 2-disc and Xn be a metric quotient obtained
by identifying n ∈ N distinct points of the boundary with the center of D. Then D is
the only choice for the generalized cactoid Y . In particular, we have

c0 − k0 + 2k = 1 − (n− 1) + 2n = n+ 2.

As a consequence of Main Theorem II, Xn can be obtained as the Gromov-Hausdorff
limit of compact length surfaces whose connectivity number is equal to n+ 2. Moreover
it follows that n+ 2 is the smallest value for which the statement is true.

A more advanced example is illustrated in Figure 12.
Also some modifications of Main Theorem II are possible: Restricting the first statement
of Main Theorem II to smooth Riemannian or polyhedral 2-manifolds, does not effect the
validity of the equivalence. This is a direct consequence of the fact that every compact
length surface S can be obtained as the limit of smooth Riemannian 2-manifolds that
are homeomorphic to S and also of polyhedral surfaces that are homeomorphic to S

(cf. [27, p. 1674], [31, p. 77]). Furthermore we will investigate how Main Theorem II
changes if we restrict the first statement to orientable or non-orientable surfaces (see
Theorem 7.3.12 and Theorem 7.4.10).
Beyond Main Theorem I, we are only aware of the following predecessors: In the 1930s,
Whyburn showed the following result:

Theorem B (Whyburn). (cf. [38, p. 422]) Let X be a space that can be obtained as
the limit of length spaces Xn that are homeomorphic to the closed 2-disc. Moreover let
∂Xn

H−−→ J . Then the following statements apply:

1) The maximal cyclic subsets of X are homeomorphic to the 2-sphere or the closed
2-disc.
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7.1 Introduction

2) X is a generalized cactoid with at most one boundary component.

3) J is a subset of ∂X.

Furthermore Gromov states the first statement of Theorem 7.1.1 for orientable surfaces
without proof and attributes it to Ivanov (cf. [17, p. 103]).

Figure 12: An illustration of Main Theorem II. On the left hand side we see a geodesic
generalized cactoid with two boundary components whose maximal cyclic
subsets are homeomorphic to the 2-sphere or the closed 2-disc. We note
that it has a connectivity number of two. A successive application of three
metric 2-point identifications yields the space shown on the right hand side.
In particular, we can do this using only one boundary identification. As a
consequence of Main Theorem II, the space on the right hand side can be
obtained as the Gromov-Hausdorff limit of compact length surfaces whose
connectivity number is equal to seven.

7.1.2 Organisation

This chapter is organized as follows:
In the second section we show that the boundary of a generalized cactoid is well-defined
and describe the topology of the boundary.
The aim of the third section is to show that the first statement of Main Theorem II
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7 Scenario II: Compact surfaces with boundary

implies the second. To do this, we first look at sequences with additional topological
control. We also prove the first two statements of Theorem 7.1.1 and give a proof of
Theorem 7.1.2.
In Section 7.4 we treat the remaining direction of Main Theorem II. At the end of the
section we show the third statement of Theorem 7.1.1.
We note that the final results of Section 7.3 and 7.4 particularly describe how Main
Theorem II changes if we restrict the first statement to orientable or non-orientable
surfaces.

7.1.3 Notation

We introduce the central notations of this chapter:

M The class of compact metric spaces.

S(c) The class of compact length surfaces whose connectivity is equal to c.

S(c, b) The class of compact length surfaces with b boundary components whose
reduced connectivity number is equal to c.

G(c) The class of geodesic generalized cactoids whose connectivity number is
equal c.

G(c, b) The class of geodesic generalized cactoids with b boundary components
such that the reduced connectivity numbers of their maximal cyclic sub-
sets sum up to c.

W The class of successive metric wedge sums of non-degenerate cyclicly con-
nected compact length spaces and finite metric trees.

W0 The class of successive metric wedge sums of compact length surfaces such
that every wedge point is only shared by two of their surfaces.

With regard to the last two notations, we note the following: In every construction step
of a successive metric wedge sum we allow a change of the wedge point. An example of
a space in W0 is illustrated in Figure 13.
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7.2 Generalized cactoids

Figure 13: A successive metric wedge sum of eight compact length surfaces. Since every
wedge point is only shared by two of the surfaces, the space lies in W0.

7.2 Generalized cactoids

In this section we deal with generalized cactoids.
First we describe the topology of admissible subcontinua:

Lemma 7.2.1. Let X be a Peano space whose maximal cyclic subsets are compact
surfaces and C ⊂ X be an admissible subcontinuum. Then C is a 1-cactoid.

Proof. Let x, y ∈ C be conjugate. Then the points are also conjugate in X. Due to
Lemma 3.2.1 the points lie in some maximal cyclic subset T ⊂ X. Since C is admissible,
there is some boundary component b ⊂ T such that T ∩ C = b. Further we find an arc
γ ⊂ T satisfying the following property: The intersection of γ with b is given by {x, y}
and γ separates two points of b in T .
By Lemma 3.2.1 the arc also separates these points in X. It follows that C \ {x, y} is
disconnected. From Proposition 3.2.3 we derive that C is a 1-cactoid.

We have the following technical lemma:

Lemma 7.2.2. Let X be a Peano space whose maximal cyclic subsets are compact
surfaces. Then the following statements apply:
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7 Scenario II: Compact surfaces with boundary

1) If C1, C2 ⊂ X are admissible subcontinua intersecting exactly once, then C :=
C1 ∪ C2 is an admissible subcontinuum.

2) Let (Cn)n∈N be a sequence of subcontinua in X which intersect every maximal
cyclic subset at most once. If the sequence Hausdorff converges to some C ⊂ X,
then C is a subcontinuum which intersects every maximal cyclic subset at most
once.

Proof. 1) It directly follows that C is a continuum. Let T ⊂ X be a maximal cyclic
subset and x, y ∈ T ∩ C be distinct points. Then we may assume that x ∈ C1 \ C2.
For the sake of contradiction we further assume that y ∈ C2 \ C1. By Lemma 7.2.1 the
subsets C1 and C2 are arcwise connected. Hence there is an arc γ ⊂ C connecting x

and y which is the union of non-degenerate arcs γ1 ⊂ C1 and γ2 ⊂ C2. From Lemma
3.1.4 we get γ ⊂ T . Because C1 and C2 are admissible, there are boundary component
b1, b2 ⊂ T with T ∩C1 = b1 and T ∩C2 = b2. Since γ is connected, we get b1 = b2. This
contradicts the fact that |C1 ∩ C2| = 1.
We conclude that T ∩C = T ∩C1. Due to the fact that C1 is admissible, it follows that
T ∩ C is a boundary component of T . Therefore we derive that C is admissible.
2) We directly get that C is a continuum. For the sake of contradiction we assume
the existence of a maximal cyclic subset T ⊂ X and distinct points x1, x2 ∈ T ∩ C.
Then there is a sequence (xi,n)n∈N converging to xi such that xi,n ∈ Cn and x1,n ̸= x2,n.
By Proposition 3.0.1 we may assume that X is geodesic and we find a geodesic γi,n ⊂
X connecting xi,n and xi. Since x1 ̸= x2, we may assume that the geodesics do not
intersect. From Lemma 7.2.1 we derive that Cn is arcwise connected. Hence there is
a non-degenerate arc αn ⊂ Cn connecting x1,n and x2,n. Due to the fact that γ1,n and
γ2,n do not intersect, we may assume that αn intersects γ1,n ∪ γ2,n only twice. Then
γn := γ1,n ∪αn ∪ γ2,n is an arc and Lemma 3.1.4 yields γn ⊂ T . This contradicts the fact
that Cn intersects every maximal cyclic subset at most once.

Next we introduce some definitions: Let X be a Peano space whose maximal cyclic
subsets are compact surfaces. Further let C1, . . . , Cn ⊂ X be disjoint admissible sub-
continua such that the boundary components of the maximal cyclic subsets are covered
by the subcontinua. If every Ci contains a boundary component of some maximal cyclic
subset, then we denote ∪n

i=1Ci as a pre-boundary of X. Provided the number n is mini-
mal among all pre-boundaries of X, we say that the pre-boundary is minimal.
We note that the second property of Definition 7.1.3 can be restated as the existence of
a pre-boundary. The following example illustrates this property:
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Example 7.2.3. We consider a subset X ⊂ R3 which is the union of the 2-sphere and
disjoint subsets (Dn)n∈N that are homeomorphic to the closed 2-disc. Further we assume
that diam(Dn) −→ 0 and that Dn intersects the 2-sphere exactly once for every n ∈ N.
Then X is a Peano space whose maximal cyclic subsets are homeomorphic to the 2-
sphere or the closed 2-disc. Hence the first property of Definition 7.1.3 is satisfied. But
X is not a generalized cactoid since there is no pre-boundary in X.
For our second example we replace the 2-sphere in the construction above with a further
subset D ⊂ R3 that is homeomorphic to the closed 2-disc. We denote this new subset
by Y . Then Y is a Peano space whose maximal cyclic subsets are homeomorphic to the
closed 2-disc. Hence the first property of Definition 7.1.3 is again satisfied. Moreover Y
is a generalized cactoid if and only if ∂Dn intersects ∂D for all but finitely many n ∈ N.

Finally we show that the boundary of a generalized cactoid is well-defined:

Lemma 7.2.4. Let X be a generalized cactoid. Then the union of all minimal pre-
boundaries is a minimal pre-boundary.

Proof. Let P ⊂ X be a minimal pre-boundary. We denote the set of all subcontinua in
X which intersect every maximal cyclic subset at most once by T . Further we define P0

as the union of P with all subcontinua in T which intersect P exactly once.
We show that P0 is a minimal pre-boundary: Since P covers the boundary components
of the maximal cyclic subsets, the same applies to P0. Moreover P0 has at most as many
connected components as P .
We prove that every connected component C ⊂ P0 is compact: Let (xn)n∈N be a sequence
in P0 and x ∈ X with xn −→ x. By construction there is a subcontinuum An ∈ T
which contains xn and intersects P exactly once. After passing to a subsequence, we
may assume that the subcontinua (An)n∈N Hausdorff converge to some subcontinuum
A ⊂ X.
Since P is compact, the intersection of A and P is non-empty. From Lemma 7.2.2 it
follows that A intersects every maximal cyclic subset at most once. In particular, A
is admissible and hence arcwise connected by Lemma 7.2.1. Therefore we find an arc
γ ⊂ A connecting x and P which intersects P exactly once. Especially we have γ ∈ T
and we deduce γ ⊂ P0. This yields x ∈ P0.
We conclude that P0 is closed. Because X is compact, we get that P0 is compact. Hence
C is also compact.
Due to the fact that the subcontinua in T and the connected components of P are
admissible, Lemma 7.2.2 yields that C is admissible. We conclude that P0 is a minimal
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pre-boundary.
Next we show that every pre-boundary A ⊂ X lies in P0: For the sake of contradiction
we assume that A is not a subset of P0. Then we find some p ∈ A \ P0. We denote
the connected component of A containing p by C. The subset C contains a boundary
component of some maximal cyclic subset. Moreover P covers the boundary components
of the maximal cyclic subsets. Therefore C intersects P . Since C is admissible, it is
arcwise connected. Hence there is an arc γ ⊂ C starting in p whose endpoint e is the
only intersection point of γ with P .
We note that γ \{e} does not intersect boundary components of maximal cyclic subsets.
Due to the fact that C is admissible, we have γ ∈ T . Finally we deduce γ ⊂ P0 and
therefore p ∈ P0. A contradiction.

We remark that the boundary components of a generalized cactoid are 1-cactoids by
Lemma 7.2.1.

7.3 The limit spaces

In this section we prove that the first statement of Main Theorem II implies the second.
We also show the first two statements of Theorem 7.1.1 and give a proof of Theorem
7.1.2.

7.3.1 Topological properties

First we prove that the limit spaces are at most 2-dimensional and locally simply con-
nected. For this we introduce some notations:

Notation 7.3.1. Let (Xn)n∈N be a sequence in S(c, b), where b > 0, and X ∈ M with
Xn −→ X.
We denote the metric gluing of Xn ⊔Xn along ∂Xn by 2Xn. Then the sequence (2Xn)n∈N

is convergent and we denote its limit by 2X. Especially there are subsets X± ⊂ 2X and
maps τ± : 2X → X± such that the following statements apply:

1) X+ ∪X− = 2X.

2) X± is isometric to X.

3) The restriction of τ± to X± is the identity map and the restriction to X∓ is an
isometry.
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4) The restriction of τ± ◦ τ∓ to X± is the identity map.

We fix some isometries as in the second statement. For every A ⊂ X we denote its
corresponding subset of X± by A±. After passing to a subsequence, we may and will
assume that (∂Xn)n∈N is convergent and we denote its limit by ∂∞X. Finally also the
following property is satisfied:

5) X+ ∩X− = (∂∞X)+ = (∂∞X)−.

Now we show that the limit spaces fulfill the two topological properties:

Proof of Theorem 7.1.1 (Part I). There is a sequence (Xn)n∈N of length spaces that are
homeomorphic to a fixed compact surface such that Xn −→ X. If Xn is a closed surface,
then X is at most 2-dimensional and locally simply connected by Proposition 6.1.1.
Hence we may assume that the boundary of Xn is non-empty.
1) We note that 2Xn is a closed surface. Hence 2X is at most 2-dimensional. Since
we have X+ ⊂ 2X, we derive that X+ is also at most 2-dimensional (cf. [34, p. 266]).
Because X and X+ are isometric, we deduce that X is at most 2-dimensional.
2) The statements listed in Notation 7.3.1 imply the following: Let V ⊂ 2X be an open
and simply connected subset. Since V is open, the same applies to τ+(V ). Moreover
every loop in τ+(V ) is the composition of τ+ with some loop in V . The map τ+ is
continuous. Due to the fact that V is simply connected, we hence get that τ+(V ) is
simply connected. We further note that the diameter of τ+(V ) does not exceed that of
V .
Because 2Xn is a closed surface, the space 2X is locally simply connected. It follows
that X+ is locally simply connected. Therefore the same applies to X.

7.3.2 Regular convergence

In this subsection we consider sequences in S(c, b) with additional topological control:

Definition 7.3.2. Let (Xn)n∈N be a sequence in S(c, b). Then the sequence is called
regular if one of the following cases applies:

1) b = 0 and (Xn)n∈N is uniformly semi-locally 1-connected.

2) b > 0 and (2Xn)n∈N is uniformly semi-locally 1-connected.

Provided the sequence (Xn)n∈N converges to some X ∈ M, the definition directly implies
that ∂∞X has b connected components.
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The next result states a property of non-regular sequences. We remark that Notation
7.3.1 can also be applied to the constant sequence (Xn, Xn, . . .). In the upcoming proof
we use this notation and denote the corresponding maps by τ±

n .

Lemma 7.3.3. Let (Xn)n∈N be a non-regular sequence in S(c, b) where b > 0. After
passing to a subsequence, we may assume that one of the following cases applies:

1) There is a sequence (γn)n∈N such that γn is a non-separating simple arc in Xn.
Moreover we have diam(γn) −→ 0.

2) There is a sequence (γn)n∈N such that γn is a separating simple arc in Xn which
does not form a contractible Jordan curve together with a subarc of some boundary
component. Moreover we have diam(γn) −→ 0.

3) There is a sequence (γn)n∈N such that γn is a non-contractible simple Jordan curve
in Xn. Moreover we have diam(γn) −→ 0.

Proof. We consider the case that the first two statements of the lemma do not apply.
By non-regularity we may assume the existence of a sequence (Jn)n∈N such that Jn is
a non-contractible Jordan curve in 2Xn and diam(Jn) −→ 0. Since the first statement
of the lemma does not apply, we may assume that Jn intersects exactly one boundary
component bn ⊂ X+

n and the intersection is non-degenerate.
There is a homeomorphism fn : 2Xn → Yn such that Yn is a Riemannian manifold and
fn(bn) is a piecewise geodesic Jordan curve. We note that the Jordan curve fn(Jn) can be
obtained as the Hausdorff limit of piecewise geodesic Jordan curves that are homotopic
to fn(Jn) (cf. [35, p. 1794], [38, pp. 413-415]). Since Yn is a compact Riemannian
manifold, there is some εn > 0 such that every pair of points in Yn with distance less
than εn can be connected by a unique geodesic. It follows that two distinct geodesic
Jordan curves in Yn intersect at most finitely many times.
By the observations above we may assume that Jn and bn intersect only finitely many
times. Then there is a finite subdivision of Jn into simple arcs in X+

n and X−
n and arcs

in bn. Because the second statement of the lemma does not apply, we may assume that
each of the arcs is homotopic to some arc in bn. This yields that Jn is homotopic to
some loop in bn.
We derive that γn := τ+

n (Jn) is a non-contractible loop in X+
n and diam(γn) −→ 0. In

particular, we may assume that γn does not intersect ∂X+
n . Moreover we find a Jordan

curve in γn which is non-contractible in X+
n (cf. [24, p. 626]). Therefore we finally may

assume that γn is a Jordan curve.
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Limits of boundary components

As a first step we investigate the limits of boundary components for regular sequences.
In the next three results we extend Whyburn’s proof ideas regarding the limits of discs
(cf. [38, pp. 421-424]):

Proposition 7.3.4. Let (Xn)n∈N be a regular sequence in S(c, q), where q > 0, and
X ∈ M with Xn −→ X. If b is a connected component of ∂∞X, then b is a 1-cactoid.

Proof. By regularity there is a sequence (bn)n∈N such that bn is a boundary component
of Xn and bn −→ b. Since b can be obtained as the Hausdorff limit of continua, it is also
a continuum.
For the sake of contradiction we assume that b is not a 1-cactoid. From Proposition 3.2.3
it follows the existence of conjugate points x, y ∈ b such that b \ {x, y} is connected.
There are sequences (xn)n∈N and (yn)n∈N with xn, yn ∈ bn and xn ̸= yn such that xn −→ x

and yn −→ y. We denote the subarcs of bn connecting xn and yn by αn and βn. Moreover
we may assume that there are α, β ⊂ b such that αn −→ α and βn −→ β.
Then we have α∪β = b and there exists z ∈ α∩β \ {x, y}. Further we choose sequences
(zn)n∈N and (z̃n)n∈N with zn ∈ αn and z̃n ∈ βn such that zn −→ z and z̃n −→ z.
Let γn ⊂ Xn be a geodesic between zn and z̃n. After passing to a subsequence and
subarcs of the geodesics, we may assume γn to be a simple arc. By regularity and
diam(γn) −→ 0 we also may assume that γn is separating.
Now there are compact surfaces Un, Vn ⊂ Xn such that xn ∈ Un, yn ∈ Vn, Un ∪ Vn = Xn

and Un ∩ Vn = γn. We may assume the corresponding sequences to be convergent with
limits U and V . By Lemma 2.3.1 this leads to U ∪V = X and U ∩V = {z}. Finally we
derive that z separates x and y in X and therefore also in b. A contradiction.

The proof above also demonstrates the following lemma:

Lemma 7.3.5. Let (Xn)n∈N be a regular sequence in S(c, q), where q > 0, and X ∈ M
with Xn −→ X. If b is a connected component of ∂∞X and x, y, z ∈ b are such that z
separates x and y in b, then z separates x and y in X.

In the next two results we study the intersections with maximal cyclic subsets of 2X:

Lemma 7.3.6. Let (Xn)n∈N be a regular sequence in S(c, q), where q > 0, and X ∈ M
with Xn −→ X. If b is a connected component of ∂∞X and T is a maximal cyclic subset
of 2X with |T ∩ b+| > 1, then the intersection is homeomorphic to the 1-sphere.
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7 Scenario II: Compact surfaces with boundary

Proof. Let x, y ∈ T ∩ b+ with x ̸= y. Since x, y ∈ T , the points lie on some Jordan curve
in 2X. If γ ⊂ 2X is a path between x and y which does not contain a certain point of
b+, then τ+ ◦ γ is also such a path. Therefore Lemma 7.3.5 implies that x and y are
conjugate in b+.
By Proposition 7.3.4 the subset b+ is a 1-cactoid. From Lemma 3.2.1 we derive that x and
y are contained in some maximal cyclic subset S ⊂ b+. We note that S is homeomorphic
to the 1-sphere. Using Lemma 3.1.4 and Lemma 3.2.1, we get T ∩ b+ ⊂ S and S ⊂ T .
Especially we have S ⊂ T ∩ b+ and therefore S = T ∩ b+.

Lemma 7.3.7. Let (Xn)n∈N be a regular sequence in S(c, q), where q > 1, and X ∈ M
with Xn −→ X. If b is a connected component of ∂∞X, then there is a maximal cyclic
subset of 2X which intersects b+ and a further connected component of (∂∞X)+.

Proof. By regularity there is a sequence (bn)n∈N such that bn is a boundary component
of Xn and bn −→ b. We choose a geodesic γn ⊂ Xn between some point of bn and some
point of ∂Xn \ bn. Then we may assume the existence of a geodesic γ ⊂ X such that
γn −→ γ.
Due to regularity γ connects some point of b with some point of ∂∞X \ b. After passing
to a subarc, we may assume that the interior of γ does not intersect ∂∞X. It follows
that J := γ+ ∪ γ− is a non-degenerate Jordan curve in 2X. By Lemma 3.2.1 there is a
maximal cyclic subset T ⊂ 2X containing J . We conclude that T intersects b+ and a
further connected component of (∂∞X)+.

Regular limit spaces

Now we describe the limits of regular sequences:

Lemma 7.3.8. Let (Xn)n∈N be a regular sequence in S(c, b), where b > 0, and X ∈ M
with Xn −→ X. Further let T be a maximal cyclic subset of X+. Then one of the
following cases applies:

1) T is a maximal cyclic subset of 2X and a closed surface. Moreover we have∣∣∣T ∩ (∂∞X)+
∣∣∣ ≤ 1.

2) T ∪ τ−(T ) is a maximal cyclic subset of 2X and T is a compact surface with
non-empty boundary. Moreover we have ∂T = T ∩ (∂∞X)+.

Also the following statement applies: Every maximal cyclic subset of 2X which is not a
maximal cyclic subset of X+ or X− can be obtained as in the second case.
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7.3 The limit spaces

Proof. Since the sequence is regular, Theorem A (Whyburn) and Proposition 6.3.4 imply
that every maximal cyclic subset of 2X is a closed surface.
First we consider the case that T is a maximal cyclic subset of 2X: For the sake of con-
tradiction we assume

∣∣∣T ∩ (∂∞X)+
∣∣∣ > 1. Then Proposition 3.2.2 implies that T ∪ τ−(T )

is cyclicly connected. Further we have T ̸= τ−(T ) by Proposition 7.3.4. Hence T is a
proper subset of some cyclicly connected subset in 2X. A contradiction.
Now we consider the case that T is not a maximal cyclic subset of 2X: By Lemma 3.2.1
there is a maximal cyclic subset S ⊂ 2X containing T .
Let V be the closure of a connected component of S \ (∂∞X)+. Then we may assume
V ⊂ X+. As a consequence of Lemma 7.3.6, the subset V is a compact surface. It also
follows that V ∩ (∂∞X)+ is a disjoint union of ∂V and k points. In particular, ∂V is
non-empty since S is a closed surface. Due to the fact that W := V ∪ τ−(V ) is cyclicly
connected, Lemma 3.1.4 and Lemma 3.2.1 yield W ⊂ S. Because S is a closed surface,
we derive k = 0 and S = W . This implies V = X+ ∩ S and therefore T ⊂ V . We note
that V is cyclicly connected. Hence we get T = V .
Using Lemma 3.1.4 and Lemma 3.2.1, the paragraph above also implies the last state-
ment of our result.

It follows the main result of this subsection:

Proposition 7.3.9. Let (Xn)n∈N be a regular sequence in S(c, b) where b > 0 and
c + b > 1. Further let X ∈ M with Xn −→ X. Then X is a compact length space
satisfying the following properties:

1) All but one maximal cyclic subsets are homeomorphic to the 2-sphere or the closed
2-disc and one maximal cyclic subset is homeomorphic to Xn for all but finitely
many n ∈ N.

2) X is a generalized cactoid with b boundary components and ∂∞X ⊂ ∂X.

Proof. From Proposition 6.3.4 and Lemma 7.3.8 we get the following: All but one maxi-
mal cyclic subsets of X are homeomorphic to the 2-sphere or the closed 2-disc. Moreover
one maximal cyclic subset T ⊂ X is a compact surface with non-empty boundary whose
connectivity number is equal to c + b. We also have that T is orientable if and only if
Xn is orientable for all but finitely many n ∈ N.
By regularity ∂∞X has b connected components. Combining Lemma 7.3.7 and Lemma
7.3.8, we derive that T has b boundary components. Hence the reduced connectivity
number of T is equal to c. This yields that T is homeomorphic to Xn for all but finitely

63



7 Scenario II: Compact surfaces with boundary

many n ∈ N.
Moreover the connected components of ∂∞X are disjoint subcontinua of X. Due to
Lemma 7.3.6 and Lemma 7.3.8 the subcontinua are admissible and they cover the max-
imal cyclic subsets of X. Therefore X is a generalized cactoid.
Since T has b boundary components, the pre-boundary ∂∞X is minimal. We conclude
that X has b boundary components and ∂∞X ⊂ ∂X.

7.3.3 The general case

We already described the limits of closed length surfaces and regular sequences. Now
we investigate non-regular sequences: Let (Xn)n∈N be a non-regular sequence in S(c, b)
where b > 0. Further let X ∈ M with Xn −→ X.
By non-regularity we may assume that there is a sequence (γn)n∈N of simple arcs or
simple Jordan curves as in Lemma 7.3.3. Since the diameters of the curves vanish, the
metric quotients Xn/γn converge to X. From Proposition 5.3.1, Proposition 5.3.2 and
Proposition 5.3.4 we get a topological description of these quotient spaces. Using this
description, we derive the following two results:

Lemma 7.3.10. If the curves of the sequence (γn)n∈N are simple arcs, then one of the
following cases applies:

1) There are c1, c2 ∈ N≥2 with c1 + c2 = c + 1 and a sequence (Yi,n)n∈N in S(ci)
converging to some Yi ∈ M such that X is isometric to a metric wedge sum
of Y1 and Y2. Furthermore the wedge point lies in ∂∞Y1 ∩ ∂∞Y2 and we find a
corresponding isometry p such that p(∂∞Y1 ∪ ∂∞Y2) = ∂∞X.
Provided Xn is non-orientable for infinitely many n ∈ N, the surfaces of at least
one of the sequences may be chosen to be non-orientable.

2) There is a sequence (Yn)n∈N in S(c− 1) converging to some Y ∈ M such that X
is isometric to Y or a metric 2-point identification of it. Furthermore the glued
points lie in ∂∞Y and we find a corresponding isometry or projection map p such
that p(∂∞Y ) = ∂∞X.

If Xn is orientable for infinitely many n ∈ N, then the surfaces of the sequences above
may be chosen to be orientable.

Lemma 7.3.11. If the curves of the sequence (γn)n∈N are simple Jordan curves, then
one of the following cases applies:
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1) There are c1, c2 ∈ N with c1 + c2 = c and a sequence (Yi,n)n∈N in S(ci) converging
to some Yi ∈ M such that X is isometric to a metric wedge sum of Y1 and Y2.
Furthermore we find a corresponding isometry p such that p(∂∞Y1 ∪ ∂∞Y2) =
∂∞X.
Provided Xn is non-orientable for infinitely many n ∈ N, the surfaces of at least
one of the sequences may be chosen to be non-orientable.

2) There is a sequence (Yn)n∈N in S(c− 2) converging to some Y ∈ M such that X
is isometric to Y or a metric 2-point identification of it. Furthermore we find a
corresponding isometry or projection map p such that p(∂∞Y ) = ∂∞X.

3) There is a sequence (Yn)n∈N in S(c− 1) converging to some Y ∈ M such that
X is isometric to Y . Furthermore we find a corresponding isometry p such that
p(∂∞Y ) = ∂∞X.

If Xn is orientable for infinitely many n ∈ N, then always one of the first two cases
applies and the surfaces of the corresponding sequences may be chosen to be orientable.

Now we prove that the first statement of Main Theorem II implies the second. In par-
ticular, we describe what happens if we restrict ourselves to orientable or non-orientable
surfaces:

Theorem 7.3.12. Let (Xn)n∈N be a sequence in S(c) and X ∈ M with Xn −→ X.
Then there are k, k0 ∈ N0 and a space Y ∈ G(c0), where c0 − k0 + 2k ≤ c, such that the
following statements apply:

1) X can be obtained by a successive application of k metric 2-point identifications
to Y such that k0 of them are boundary identifications.

2) If Xn is orientable for infinitely many n ∈ N, then the maximal cyclic subsets of
Y are orientable.

3) If Xn is non-orientable for infinitely many n ∈ N and the maximal cyclic subsets
of Y are orientable, then c0 < c.

Proof. First we add a statement to the claim: There is a choice p1, . . . , pk of the corre-
sponding projection maps such that ∂∞X ⊂ (pk ◦ . . . ◦ p0)(∂Y ) where p0 := idY .
We show the claim using an induction over the connectivity number:
The case c = 0 is a direct consequence of Theorem A (Whyburn).
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7 Scenario II: Compact surfaces with boundary

Now let c > 0. For the sake of induction, we assume that the claim is true for con-
nectivity numbers less than c. If the sequence (Xn)n∈N contains infinitely many closed
surfaces or is regular, then the claim follows from Theorem B (Whyburn), Theorem 6.3.6
or Proposition 7.3.9. Therefore we may assume that one of the cases in Lemma 7.3.10
or Lemma 7.3.11 applies.
The surfaces of the sequences appearing there have a connectivity number less than c.
Hence we can apply the induction hypothesis and derive the claim.

Finally we are able to prove the local description of the limit spaces:

Proof of Theorem 7.1.2. Due to Theorem 7.3.12 there is some generalized cactoid Y such
that X is homeomorphic to a topological quotient of Y whose underlying equivalence
relation identifies only finitely many points. We denote the number of maximal cyclic
subsets in Y that are not homeomorphic to the 2-sphere or the closed 2-disc by k.
First we show the following claim: Every y ∈ Y admits an open neighborhood that is
homeomorphic to an open subset of some Peano space whose maximal cyclic subsets are
homeomorphic to the 2-sphere or the closed 2-disc.
In the case k = 0 the claim follows directly.
If k = 1, then we may assume that y lies in the maximal cyclic subset T ⊂ Y that is
not homeomorphic to the 2-sphere or the closed 2-disc. There is a neighborhood D of y
in T that is homeomorphic to the closed 2-disc. We denote the union of the connected
components of Y \ T whose closures intersect D by A. It follows that Z := D ∪ A is
a Peano space whose maximal cyclic subsets are homeomorphic to the 2-sphere or the
closed 2-disc.
Moreover there is an open neighborhood V of y in T that is contained in D. We denote
the union of the connected components of Y \ T whose closures intersect V by B. Then
V ∪B is an open neighborhood of y in Y and Z. This yields the claim.
If k ≥ 2, then Y is a wedge sum of Peano spaces satisfying the following property: All
maximal cyclic subsets are compact surfaces and less than k of them are not homeomor-
phic to the 2-sphere or the closed 2-disc.
Provided both spaces locally look like Peano spaces whose maximal cyclic subsets are
homeomorphic to the 2-sphere or the closed 2-disc, the same applies to Y . Hence the
claim follows by induction.
By the claim X locally looks like a successive wedge sum of Peano spaces whose maximal
cyclic subsets are homeomorphic to the 2-sphere or the closed 2-disc. We note that such
a successive wedge sum is then also a Peano space of this kind.
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7.4 Approximation of generalized cactoids

In this chapter we show that the second statement of Main Theorem II implies the first.
For this we successively reduce the complexity of the problem. We also prove the third
statement of Theorem 7.1.1.

7.4.1 Approximation by surface gluings

The goal of this subsection is to approximate generalized cactoids by suitable spaces in
W0. Our construction extends over the next three results:

Lemma 7.4.1. Let X ∈ G(c, b) and (Tk)k∈N be an enumeration of its maximal cyclic
subsets. ThenX can be obtained as the limit of compact length spaces (Xn)n∈N satisfying
the following properties:

1) Xn has only finitely many maximal cyclic subsets. Moreover the maximal cyclic
subsets of Xn are in isometric one-to-one correspondence with {Tk}n

k=1.

2) After passing to a subsequence, we may assume the existence of a pre-boundary
∂∗Xn ⊂ Xn with b connected components such that ∂∗Xn −→ ∂X.

Proof. We extend the proof of Lemma 6.2.5: First we define an equivalence relation on
X by: x ∼ y if and only if x and y lie in the same connected component of ∪n+k

m=n+1Tm.
Moreover we denote the corresponding metric quotient by Xn,k and the corresponding
projection map by pn,k. As shown in the reference, after passing to a subsequence, we
may assume that there is a space Xn ∈ M and a map pn : X → Xn such that Xn,k −→ Xn

and pn,k −→ pn uniformly.
From the reference we also already know the following: The maximal cyclic subsets of
Xn are in isometric one-to-one correspondence with {Tk}n

k=1 via the map pn. Further
we have Xn −→ X.
Now we show that pn(∂X) is a pre-boundary for infinitely many n ∈ N: Let C be a
connected component of ∂X. Since pn is continuous, pn(C) is a subcontinuum of Xn.
Further let m ∈ {1, . . . , n} and x1, x2 ∈ pn(C) ∩ pn(Tm) with x1 ̸= x2. Then there are
ci ∈ C and ti ∈ T such that pn(ci) = pn(ti) = xi. Moreover we choose a geodesic γi ⊂ X

between ci and ti and derive pn(γi) = {xi}. Since x1 ̸= x2, the geodesics do not intersect.
From Lemma 7.2.1 it follows that C is arcwise connected and we find a non-degenerate
arc α ⊂ C connecting c1 and c2. Because γ1 and γ2 do not intersect, we may assume
that α intersects γ1 ∪γ2 only twice. We derive that γ := γ1 ∪α∪γ2 is an arc and Lemma
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7 Scenario II: Compact surfaces with boundary

3.1.4 implies γ ⊂ T . Finally we conclude xi ∈ pn(T ∩ C).
The observation above implies the following: If the subset pn(C) ∩ pn(Tm) is non-
degenerate, then it equals pn(C ∩ Tm). Because C is admissible and pn is an isometry
on Tm, we deduce that pn(C) is admissible.
Due to the fact that C contains a boundary component of some maximal cyclic subset,
we may assume that the same applies to pn(C). Moreover pn(∂X) covers the boundary
components of the maximal cyclic subsets as ∂X does.
The map pn is 1-lipschitz. After passing to a subsequence, we hence may assume (pn)n∈N

to be convergent. We denote its limit by p and it follows that p is an isometry. Further
we may assume the sequence (pn(∂X))n∈N to be convergent. Since p(∂X) = ∂X, we
have pn(∂X) −→ ∂X. Therefore we may assume that ∂X has as many connected com-
ponents as pn(∂X). We finally deduce that pn(∂X) is a pre-boundary with b connected
components.

Lemma 7.4.2. Let X be a geodesic generalized cactoid having only finitely many max-
imal cyclic subsets. Further let ∂∗X ⊂ X be a pre-boundary with b connected com-
ponents. Then X can be obtained as the Hausdorff limit of compact subsets (Xn)n∈N

satisfying the following properties:

1) We have Xn ∈ W and the maximal cyclic subsets of Xn are equal to those of X.

2) There is a pre-boundary ∂∗Xn ⊂ Xn with b connected components.

3) The sequence (∂∗Xn)n∈N Hausdorff converges to ∂∗X.

Proof. We extend the proof of Lemma 6.2.6: First we define ε as the minimum of the
diameters of the maximal cyclic subsets in X. For every maximal cyclic subset T ⊂ X

we remove the connected components of X \ T whose diameters are less than ε/n. We
denote the constructed subset by Yn.
The subset Yn is a compact length space. Furthermore it is a successive metric wedge
sum of its maximal cyclic subsets and compact metric trees D1, . . . , Dk. For every metric
tree Di there is a finite metric tree Fi ⊂ Di whose Hausdorff distance to Di is less than
ε/n (cf. [6, p. 267]). In particular, we may assume that Fi intersects the same maximal
cyclic subsets as Di. Next we define Xn as the union of the maximal cyclic subsets of
Yn and the finite metric trees. Moreover we set ∂∗Xn := ∂∗X ∩Xn.
By construction we have Xn ∈ W . Further the maximal cyclic subsets of Xn are equal
to those of X and ∂∗Xn is a pre-boundary of Xn with b connected components. Finally
the sequences (Xn)n∈N and (∂∗Xn)n∈N Hausdorff converge to X and ∂∗X.
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Lemma 7.4.3. Let X be a generalized cactoid in W . Further let ∂∗X ⊂ X be a
pre-boundary with b connected components. Then there is a sequence (Xn)n∈N in W0

satisfying the following properties:

1) The maximal cyclic subsets of Xn are in isometric one-to-one correspondence with
the maximal cyclic subsets of X and finitely many length spaces that are homeo-
morphic to the 2-sphere or the closed 2-disc.

2) Xn has b boundary components.

3) There is an εn-isometry fn : Xn → X such that fn(∂Xn) = ∂∗X and εn −→ 0.

Proof. The space X is a successive metric wedge sum of its maximal cyclic subsets and
compact intervals. In particular, we may assume that the wedge points do not lie in
the interior of the intervals and that every interval whose interior intersects ∂∗X lies in
∂∗X.
We consider the following construction: Let e be one of the wedged intervals. Then
there is a 1/n-isometry f : D → e satisfying the following properties: The preimages of
the endpoints of e contain exactly one point. If e lies in ∂∗X, then D is a length space
that is homeomorphic to the closed 2-disc and f(∂D) = e. Otherwise D is a length
space that is homeomorphic to the 2-sphere.
Now we remove the interior of e from X and paste D along f . This yields a compact
length space Y . Especially the maximal cyclic subsets of Y are in isometric one-to-one
correspondence with the set consisting of D and the maximal cyclic subsets of X.
If e lies in ∂∗X, then we set ∂∗Y := (∂∗X \ e) ∪ ∂D. Otherwise we set ∂∗Y := ∂∗X. We
note that ∂∗Y is a pre-boundary of Y with b connected components. Provided Y is a
successive metric wedge sum of its maximal cyclic subsets, we have ∂∗Y = ∂Y .
Furthermore the map f naturally induces 1/n-isometry g : Y → Xn with g(∂∗Y ) = ∂∗X.
We successively repeat this construction until there is no wedged interval left and denote
the constructed space by Xn.
The space Xn is a successive metric wedge sum of its maximal cyclic subsets. For every
wedge point p ∈ Xn which lies in more than one maximal cyclic subset there is a 1/n-
isometry f : D → {p} satisfying the following properties: If p lies in ∂Xn, then D is a
length space that is homeomorphic to the closed 2-disc. Otherwise D is a length space
that is homeomorphic to the 2-sphere.
Using a similar construction as above, we finally may assume that Xn ∈ W0.

We note that a sequence of εn-isometries between converging spaces has a convergent
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subsequence provided εn −→ 0. In particular, its limit is an isometry between the
limit spaces. Morever the boundary of a generalized cactoid is invariant under self-
isometries. Combining Proposition 2.2.1 and the last three results, we hence get the
desired approximating sequence:

Corollary 7.4.4. Let X ∈ G(c, b) and (Tk)k∈N be an enumeration of its maximal cyclic
subsets. Then X can be obtained as the limit of spaces (Xn)n∈N in W0 satisfying the
following properties:

1) The maximal cyclic subsets of Xn are in isometric one-to-one correspondence with
{Tk}n

k=1 and finitely many length spaces that are homeomorphic to the 2-sphere
or the closed 2-disc.

2) After passing to a subsequence, we may assume that Xn has b boundary compo-
nents and ∂Xn −→ ∂X.

7.4.2 Elementary surface gluings

Now we provide useful tools concerning the approximation of elementary surface gluings.
We start with wedge sums:

Lemma 7.4.5. Let S1 ∈ S(c1, b1), S2 ∈ S(c2, b2) and X be a metric wedge sum of S1

and S2. Then the following statements apply:

1) There is a sequence (Xn)n∈N in S(c1 + c2, b1 + b2) and an εn-isometry fn : Xn → X

such that fn(∂Xn) = ∂X and εn −→ 0.

2) If the wedge point is contained in ∂S1 ∩ ∂S2, then there is a sequence (Xn)n∈N in
S(c1 + c2, b1 + b2 − 1) and an εn-isometry fn : Xn → X such that fn(∂Xn) = ∂X

and εn −→ 0.

If S1 and S2 are orientable, then the surfaces of the sequence may be chosen to be
orientable. Provided at least one of the wedged surfaces is non-orientable, the surfaces
of the sequence may be chosen to be non-orientable.

Proof. 1) We may assume the wedge points not to lie in ∂S1 ∪ ∂S2. In Lemma 6.4.1
we already showed the statement for closed surfaces. The corresponding proof does not
depend on the fact that the wedged surfaces are closed and it gives rise to a proof for
the general case.
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2) Let a1 and a2 be the intersecting boundary components of the surfaces and p be the
wedge point. We choose an arc γi,n ⊂ ai containing p in its interior. In particular, we
may assume that the arc is a geodesic of length 1/n such that p is its midpoint. Next
we define Xn as the metric gluing of X along γ1,n and γ2,n. Moreover we denote the
corresponding projection map by gn and find a map fn : Xn → X such that fn ◦ gn is
the identity map on Xn \ (γ1,n ∪ γ2,n) and (fn ◦ gn)(γ1,n) = γ1,n ∪γ2,n. Finally we deduce
that the space Xn and the map fn satisfy the desired properties.

Using similar arguments as above, we derive the following result concerning metric 2-
point identifications:

Lemma 7.4.6. Let S be a space in S(c) and X be a metric 2-point identification of S.
Further let p be a corresponding projection map. Then the following statements apply:

1) There is sequence (Xn)n∈N in S(c+ 2) and an εn-isometry fn : Xn → X with
fn(∂Xn) = p(∂S) and εn −→ 0.

2) If p is a boundary identification, then there is a sequence (Xn)n∈N in S(c+ 1) and
an εn-isometry fn : Xn → X with fn(∂Xn) = p(∂S) and εn −→ 0.

The surfaces of the sequence may be chosen to be non-orientable. If S is orientable, then
the surfaces of the sequence may be chosen to be orientable.

7.4.3 Gluings of generalized cactoids

In this subsection we approximate spaces that can be obtained by a successive application
of k metric 2-point identifications to some generalized cactoid.
Using an induction, Corollary 7.4.4 and Lemma 7.4.5 yield the case k = 0:

Corollary 7.4.7. Let X ∈ G (c, b). Then X can be obtained as the limit of spaces
(Xn)n∈N in S (c, b). Moreover the following statements apply:

1) The sequence may be chosen such that ∂Xn −→ ∂X.

2) If the maximal cyclic subsets of X are orientable, then the surfaces of the sequence
may be chosen to be orientable.

3) If there is a non-orientable maximal cyclic subset in X, then the surfaces of the
sequence may be chosen to be non-orientable.

Now we show the general case:
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7 Scenario II: Compact surfaces with boundary

Lemma 7.4.8. Let k, k0 ∈ N0 and X ∈ G(c). Further let Y be a space that can be
obtained by a successive application of k metric 2-point identifications to X such that
k0 of them are boundary identifications. Then Y can be obtained as the limit of spaces
(Yn)n∈N in S(c− k0 + 2k). Moreover the following statements apply:

1) If the maximal cyclic subsets of X are orientable, then the surfaces of the sequence
may be chosen to be orientable.

2) If there is a non-orientable maximal cyclic subset in X or k > 0, then the surfaces
of the sequence may be chosen to be non-orientable.

Proof. First we add a statement to the claim: There is a choice p1, . . . , pk of the corre-
sponding projection maps such that ∂Yn −→ (pk ◦ . . . ◦ p0)(∂X) where p0 := idX .
We show the claim using an induction over k:
The case k = 0 is a direct consequence of Corollary 7.4.7.
Now let k > 0. For the sake of induction, we assume that the claim is true if the
number of identifications is less than k. Let p1, . . . , pk be a choice of the corresponding
projection maps. We set Z := (pk−1 ◦ . . . ◦ p0)(X) and denote the number of boundary
identifications in {pk−1, . . . , p1} by k̃0. Then Z is a space that can be obtained by a
successive application of k − 1 metric 2-point identifications to X such that k̃0 of them
are boundary identifications. Hence we can apply the induction hypothesis and derive a
corresponding sequence (Zn)n∈N in S

(
c− k̃0 + 2(k − 1)

)
. In particular, we may assume

that ∂Zn −→ (pk−1 ◦ . . . ◦ p0)(∂X).
Let z1, z2 ∈ Z be distinct points with pk(z1) = pk(z2). Then there is a sequence (zi,n)n∈N

with zi,n ∈ Zn and z1,n ̸= z2,n such that zi,n −→ zi. Provided pk is a boundary identifica-
tion, we may assume zi,n ∈ ∂Zn. Further we define Wn as the metric gluing of Zn along
z1,n and z2,n. We denote the corresponding projection map by pk,n.
By construction pk,n is a boundary identification if pk is. Moreover it follows Wn −→ Y

and we may assume that (pk,n)n∈N converges to some map qk. We note that qk, pk−1, . . . , p1

is also a possible choice of the projection maps corresponding to the construction of Y .
Hence we may assume that pk,n(∂Zn) −→ (pk ◦ . . . ◦ p0)(∂X).
Finally we apply Lemma 7.4.6 to Wn and denote the corresponding sequence of sur-
faces by (Yn,m)m∈N and the corresponding sequence of almost isometries by (fn,m)m∈N.
Then we have fn,m(∂Yn,m) = pk,n(∂Zn). Choosing a diagonal sequence, we may assume
that Yn := Yn,n −→ Y and that (fn,n)n∈N converges to an isometry f . We note that
(f−1 ◦ pk), pk−1, . . . , p1 is also a possible choice of the projection maps corresponding to
the construction of Y . Hence we finally may assume that ∂Yn −→ (pk ◦ . . . ◦ p0)(∂X).
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7.4 Approximation of generalized cactoids

Using sequences of closed 2-discs or real projective planes whose diameters tend to zero,
we get the following corollary of Lemma 7.4.5:

Corollary 7.4.9. Let X ∈ S(c). Then X can be obtained as the limit of spaces in
S(c+ 1). Moreover the following statements apply:

1) If S is orientable, then the surfaces of the sequence may be chosen to be orientable.

2) The surfaces of the sequence may be chosen to be non-orientable.

As a direct consequence of the last two results, we derive that the second statement of
Main Theorem II implies the first. In particular, we are able to describe under which
conditions the approximating surfaces may be chosen to be orientable or non-orientable:

Theorem 7.4.10. Let c, k, k0 ∈ N0 and X ∈ G(c0) where c0 − k0 + 2k ≤ c. Further
let Y be a space that can be obtained by a successive application of k metric 2-point
identifications to X such that k0 of them are boundary identifications. Then Y can
be obtained as the limit of spaces (Yn)n∈N in S(c). Moreover the following statements
apply:

1) If the maximal cyclic subsets of X are orientable, then the surfaces of the sequence
may be chosen to be orientable.

2) If there is a non-orientable maximal cyclic subset in X or c0 < c, then the surfaces
of the sequence may be chosen to be non-orientable.

Finally we show the third statement of Theorem 7.1.1:

Proof of Theorem 7.1.1 (Part II). If Y is a space that can be obtained by a successive
application of metric 2-point identifications to some geodesic generalized cactoid, then
the second statement of Theorem 7.1.1 and Theorem 7.4.10 imply that Y is locally
simply connected. Due to Theorem 7.3.12 the space X can be obtained in this way.
Hence Proposition 6.2.9 and Proposition 4.0.2 finally yield the desired fundamental group
formula for X.
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8 Surfaces with bounded curvature

In the 1940s, Alexandrov introduced surfaces with bounded curvature as a generalization
of connected Riemannian 2-manifolds. As it will turn out, the maximal cyclic subsets
of the limit spaces in Scenario III are surfaces with bounded curvature. In preparation,
we give a brief introduction to the theory and discuss useful results.

8.1 Basic definitions

We recall that the total curvature measure over a Riemannian 2-manifold R is the signed
measure defined by

ωR(A) :=
∫

A
K dH2

for all Borel sets A ⊂ R where K denotes the Gaussian curvature on R.
In the following we write |µ| for the total variation measure of a signed measure µ. We
state the central definition of this chapter:

Definition 8.1.1. A length surface X without boundary is called a surface with bounded
curvature if there is a sequence of Riemannian 2-manifolds Rn satisfying the following
properties:

1) Rn
uni.−−→ X.

2) The measures |ωRn| are uniformly bounded.

A basic example of a surface with bounded curvature is illustrated in Figure 14.
Now we introduce a notion of curvature for surfaces with bounded curvature: Let φn be
the homeomorphisms corresponding to the uniform convergence in the aforementioned
definition. Due to the Banach-Alaoglu theorem, after passing to a subsequence, the
measures ωRn ◦ φn weakly converge to some signed measure over X. Indeed, the limit
measure does not depend on the choice of the spaces Rn (cf. [2, pp. 230-241]) and we
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8 Surfaces with bounded curvature

uni.

, , , …

X2X1 X3 X

Figure 14: A surface with bounded curvature. The spaces X and Xn are the surfaces
of revolution of the functions f(x) = |x| and fn(x) =

√
x2 + 1

n
on (−1, 1)

together with their induced length metrics. In particular, the spaces Xn are
Riemannian 2-manifolds with uniformly bounded total absolute curvature
such that Xn

uni.−−→ X. By definition X is a surface with bounded curvature.

refer to it as the total curvature measure ωX over X. The measure |ωX | is denoted as
the total absolute curvature measure over X.
For a point p ∈ X the quantity

θX(p) := 2π − ωX(p)

is called the total angle of p. Furthermore p is denoted as a peak point of X if θX(p) = 0.
We note that the concept of a surface with bounded curvature and its total curvature
measure can be defined purely geometrically via the behavior of triangles in the length
surface X (cf. [2, pp. 6, 156]). In particular, it can be defined without approximating
Riemannian 2-manifolds.

8.2 Stability results

In this section we discuss stability results for surfaces with bounded curvature.
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8.2 Stability results

8.2.1 Local uniform convergence

The first result deals with stability under local uniform convergence:

Theorem 8.2.1. (cf. [2, pp. 88, 141, 240-241, 269]) Let (Xn)n∈N be a sequence of
surfaces with bounded curvature such that the measures |ωXn| are uniformly bounded by
C, X be a length space and p ∈ X. Moreover let Xn

uni.−−→ X on some open neighborhood
of p. We denote the topological embeddings corresponding to the uniform convergence
by φn. Then, after passing to a subsequence, there is some R > 0 such that the following
statements apply:

1) BR(p) is isometric to an open subset of some surface with bounded curvature Y .

2) The following inequalities hold:

a) |ωY |(Br(p)) ≤ lim inf
n→∞

|ωXn|(φn(Br(p))) for every r ≤ R.

b) H2
Y (Br(p)) ≤ lim inf

n→∞
H2

Xn
(φn(Br(p))) for every r ≤ R.

8.2.2 Completions

Generally speaking, the property of being a surface with bounded curvature is not stable
under taking completions. In this subsection we present a positive example.
We say that the area growth of open balls in a metric space X is quadratic if there are
A,R > 0 such that

H2(Br(x)) ≤ Ar2

for all x ∈ X and r < R.
For a closed Riemannian 2-manifold such constants A and R can be calculated on basis
of its absolute curvature and diameter:

Proposition 8.2.2. (cf. [35, p. 1773]) Let R be a closed Riemannian 2-manifold such
that the measure |ωR| is bounded by C. Then we have

H2(Br(x)) ≤
(2π + C

2

)
r2

for all x ∈ R and r < 2−1diam(R).

Following Lytchak’s arguments in [24, pp. 630-631] and [23, pp. 7-8], we derive:
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8 Surfaces with bounded curvature

Theorem 8.2.3. Let X be a length space that is homeomorphic to some closed surface
and F ⊂ X be a finite subset. Moreover let the area growth of open balls in X be at
most quadratic. Then the following statements apply:

1) X \ F is a length space.

2) If X \F is a surface with bounded curvature such that the measure |ωX\F | is finite,
then X is also a surface with bounded curvature.

Proof. For the sake of simplicity, we assume that F = {x}.
1) We follow the arguments in [24, pp. 630-631]: First we choose some closed topological
2-disc D ⊂ X with x ∈ D0. Moreover let y ∈ J := ∂D.
For sufficiently small r > 0 we have Sr := ∂Sr ⊂ D0 and that Sr separates x and y in
D. Using the bound on the area growth, the coarea formula (cf. [24, p. 603]) implies
that lim inf

r→0
H1(Sr) = 0. Hence there is a sequence rn −→ 0 and Jordan curves Jn ⊂ Srn

with lim
n→∞

length(Jn) = 0 such that Jn separates x and y in D (cf. [24, p. 623]). In
particular, Jn bounds a closed topological 2-disc Dn with x ∈ D0

n.
We conclude that X \ F is a length space.
2) We follow the arguments in [23, pp. 7-8]: There is some ε > 0 such that for every
non-contractible loop γ in D \ {p} of length at most ε the intersection with J is empty.
We may assume that length(Jn) ≤ ε

3 and choose a shortest non-contractible loop γn in
the topological cylinder bounded by J and Jn.
Then γn is a Jordan curve bounding a closed topological 2-disc An ⊂ D with p ∈ A0

n.
Moreover An is convex and we have lim

n→∞
diam(An) = 0 and lim

n→∞
ln := length(γn) = 0.

Due to the finiteness of the measure |ωX\F |, after passing to a subsequence, γn is free of
peak points and the absolute rotation of γn, measured from the side of X \ An, (cf. [2,
pp. 272, 308]) is bounded by some constant that does not depend on n.
We equip X \ A0

n with its induced length metric and glue this new space and the
round hemisphere of length ln along some length-preserving homeomorphism between
the boundary components. Then the gluing theorem in [2, p. 289] implies that this
gluing Xn is a surface with bounded curvature such that the measure |ωXn| is bounded
by some constant that does not depend on n.
By construction we have Xn

uni.−−→ X. Hence the space X is a surface with bounded
curvature (cf. [2, pp. 88, 141]).
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8.3 Angles

8.3 Angles

In the upcoming two sections X denotes a surface with bounded curvature.
For every choice of three distinct points p, x, y ∈ X there is an isometric embedding
f : {p, x, y} → R2. We consider the plane triangle whose vertices are given by the image
of f and denote its angle at f(p) by ∠p(x, y).
The upcoming result is needed to define the angle between two geodesics:

Lemma 8.3.1. (cf. [2, pp. 115-116]) Let α, β ⊂ X be two geodesics emanating from p

such that p is their only intersection point. Then the quantity

∠(α, β) := lim
a,b→p

∠p(a, b),

where a ∈ α and b ∈ β, is well-defined.

We call this quantity the angle between α and β.
We introduce a further related notion of angle for geodesics:
Due to the Jordan curve theorem it makes sense to talk about a left- and a right-hand
side of the "hinge" defined by α and β. We write Al for the set of all geodesics on the
left-hand side that emanate from p.
Moreover we define the following quantity:

∠̃l(α, β) := sup
{

n∑
i=0

∠(γi, γi+1)
}

where γ0 := α, γn+1 := β and the supremum is taken over all choices γ1, . . . , γn ∈ Al

such that the geodesics are sorted by their successive order around p from α to β and p
is their only intersection point. This quantity is denoted as the left sector angle between
α and β. Analogously we define their right sector angle ∠̃r(α, β).
The sector angles take values in [0,∞) (cf. [2, p. 124]). Moreover they can be used to
give the total angle a geometric meaning:

Lemma 8.3.2. (cf. [2, p. 120]) For every choice of the geodesics α and β we have

θX(p) = ∠̃l(α, β) + ∠̃r(α, β).
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8 Surfaces with bounded curvature

8.4 The rotation of a Jordan curve

Let J ⊂ X be a two-sided Jordan curve (i.e. J admits an open neighborhood homeo-
morphic to S1 × (0, 1)). Then it makes sense to talk about a left- and a right-hand side
of J . Moreover J can be obtained as the uniform limit of piecewise geodesic Jordan
curves Jn on the left-hand side of J . In particular, every curve Jn is a concatenation
γn,1 ∗ . . . ∗ γn,kn of finitely many geodesics.
In order to define a notion of curvature for Jordan curves we present the following result:

Lemma 8.4.1. (cf. [2, pp. 191-192]) The quantity

τl(J) := lim
n→∞

kn∑
i=1

π − ∠̃l(γn,i, γn,i+1),

where γn,kn+1 := γn,1, is well-defined.

We refer to this quantity as the left rotation of J . Analogously we define its right rotation
τr(J).
The famous Gauss-Bonnet theorem relates the geometry of a compact surface in X to
its topology:

Theorem 8.4.2. (cf. [2, p. 192]) Let S ⊂ X be a compact surface and J1, . . . , Jn be its
boundary components. Then the following equality holds:

2πχ(S) = ωX

(
S0

)
+

n∑
i=1

τ(Ji)

where the rotation is measured from the side of S.

A metric space is called a topological cylinder provided it is homeomorphic to S1 × [0, 1].
Finally we state the following convergence result which is strongly based on a result by
Burago in [8, p. 14]:

Theorem 8.4.3. Let X and (Xn)n∈N be surfaces with bounded curvature such that the
measures |ωXn| are uniformly bounded by C and Xn

uni.−−→ X on some topological cylinder
Z ⊂ X. We assume that there are homeomorphisms φn : Z → Zn corresponding to the
uniform convergence such that d(φn, idX) −→ 0. Moreover let Z be free of peak points
and J ⊂ Z0 be a non-contractible Jordan curve. Then for every ε > 0, after passing to
a subsequence, the following statements apply:
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8.4 The rotation of a Jordan curve

1) There is a non-contractible Jordan curve Jε ⊂ Z0 on the left-hand side of J such
that |τl(J) − τl(Jε)| ≤ ε.

2) There are homeomorphisms ψε,n : Z → Zn with d(ψε,n, φn) −→ 0 such that the
following inequality holds:

|τl(Jε) − lim
n→∞

τl(ψε,n ◦ Jε)| ≤ lim
n→∞

|ωXn|(ψε,n ◦ Jε).

Proof. Using the definition of the rotation and a similar construction as in [38, pp.
413-415], after passing to a subsequence, we obtain a piecewise geodesic curve Jε as in
statement 1) and piecewise geodesic Jordan curves Jε,n ⊂ Z0

n such that the number of
edges is uniformly bounded and Jε,n

H−−→ Jε.
In the case that, after passing to a subsequence, the absolute left rotation of the curves
φn(Jε) (cf. [2, pp. 272, 308]) is uniformly bounded statement 2) is covered by [8, p. 14].
Hence we only need to find homeomorphisms ψε,n corresponding to the uniform conver-
gence such that this boundedness property is satisfied and d(ψε,n, φn) −→ 0:
The length of the curves Jε,n is uniformly bounded. By [2, p. 226] it follows that, after
passing to a subsequence, the curves φ−1

n ◦Jε,n converge uniformly to Jε as maps. A sim-
ilar procedure as in [2, pp. 227-229] yields that, after passing to a subsequence, there are
homeomorphisms ψε,n : Z → Zn corresponding to the uniform convergence Xn

uni.−−→ X

on Z such that ψε,n(Jε) = Jε,n and d(ψε,n, φn) −→ 0. Finally we note that the absolute
left rotation of the curves Jε,n is uniformly bounded.
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9 Scenario III: Riemannian 2-manifolds
with uniformly bounded total
absolute curvature

9.1 Introduction
In the middle of the 20th century, Alexandrov developed the theory of surfaces with
bounded curvature. One of the central results states that every surface with bounded
curvature can be obtained as the uniform limit of Riemannian 2-manifolds with uniformly
bounded total absolute curvature (cf. [31, p. 77]).
From this result a natural question arises: Given a closed surface S and C > 0. What
can we say about the Gromov-Hausdorff limits of Riemannian 2-manifolds Rn satisfying
the following properties:

1) The space Rn is homeomorphic to S.

2) The total absolute curvature of Rn is at most C.

Burago was the first to address this question: From results in [7, pp. 143-145] a geometric
description for the case that S is homeomorphic to S2 can be deduced. However, there are
no proofs given in the paper and we note that our investigation is completely independent
from this work. In the 1990s, Shioya gave a purely topological description of the limit
spaces (cf. [35, p. 1767]). In Chapter 6 we answered the curvature-free formulation of
the question.
The aim of the present chapter is a description of the limit spaces under the following
additional assumption:

3) The sequence Rn is uniformly semi-locally 1-connected.

We write R(S,C) for the class of all Riemannian 2-manifolds satisfying the first two
conditions. The third assumption is only used in order to simplify the presentation of
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9 Scenario III: Riemannian 2-manifolds with uniformly bounded total absolute curvature

the results. The procedure developed in Chapter 6 suggests a way to describe the spaces
in the entire closure of R(S,C) on basis of Main Theorem III (A).
In particular, we will address the geometric properties of the limit spaces.

9.1.1 Key results

The index of a point p in a Peano space X is defined as the number of connected com-
ponents in X \ {p} and we denote it by indX(p).
Combining Shioya’s description in [35, p. 1767] with Theorem A (Whyburn) and Corol-
lary 6.3.4, we directly obtain the following result about the topological structure of the
limit spaces:

Theorem 9.1.1. Let X be a space that can be obtained as the Gromov-Hausdorff
limit of a uniformly semi-locally 1-connected sequence in R(S,C). Then the following
statements apply:

1) If S is homeomorphic to S2, then all maximal cyclic subsets of X are homeomorphic
to S2.

2) If S is not homeomorphic to S2, then one maximal cyclic subset of X is homeo-
morphic to S and all others are homeomorphic to S2.

3) Every maximal cyclic subset of X contains only finitely many cut points of X.
Only finitely many of them contain more than two cut points.

4) The following inequality holds:

∑
p∈X

max{indX(p) − 2, 0} ≤ C

2π .

The following curvature-free result will create the needed connection between Gromov-
Hausdorff and uniform convergence. In particular, it marks the starting point of our
investigation.

Theorem 9.1.2. Let X be a space that can be obtained as the Gromov-Hausdorff limit
of a uniformly semi-locally 1-connected sequence of length spaces that are homeomorphic
to S. Then for every p ∈ X we either have p ∈ CutX or the sequence Xn converges
uniformly to X on some open neighborhood of p.

Now we state the two main results of this chapter:
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Main Theorem III (A). Let X be a compact length space. If X can be obtained as
the Gromov-Hausdorff limit of a uniformly semi-locally 1-connected sequence in R(S,C),
then the following statements apply:

1) The topological structure of X is given as in Theorem 9.1.1.

2) Every maximal cyclic subset of X is a closed surface with bounded curvature.

3) Let (Tn)n∈N be an enumeration of the maximal cyclic subsets of X. Then the
following inequality holds:

∞∑
n=1

|ωTn|(Tn \ CutX) +
∑

p∈SingX

2π |indX(p) − 2| +
∑

p∈CutX

∞∑
n=1

1Tn(p) θTn(p) ≤ C.

We denote the class of all compact length spaces meeting the aforementioned description
by L(S,C). In Figure 15 we see a space in L(S,C).

Figure 15: A space in L(T2, C) for some C > 0.

Also the following converse statement holds:

Main Theorem III (B). Let X be a space in L(S,C). Then X can be obtained as the
Gromov-Hausdorff limit of a uniformly semi-locally 1-connected sequence Xn ∈ R(S,Cn)
where lim

n→∞
Cn ≤ C.
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9.1.2 Organisation

This chapter is organized as follows:
The second section is devoted to the proof of Theorem 9.1.2.
Main Theorem III (A) is discussed in Section 9.3. The corresponding proof is divided
into two parts: We start by bounding the first summand of the quantitative formula.
Afterwards we bound the sum of the second and the third summand.
In the last section of this chapter we show Main Theorem III (B).

9.1.3 Notation

R(S,C) The class of all Riemannian 2-manifolds R such that R is homeomorphic
to the closed surface S and the measure |ωR| is bounded by C.

L(S,C) The class of compact length spaces satisfying the three properties stated
in Main Theorem III (A).

M(S, ε) The class of all length spacesX such thatX is homeomorphic to the closed
surface S and every loop in X of diameter at most ε is contractible.

M(S, ε, C) The class of all surfaces with bounded curvature X in M(S, ε) such that
the measure |ωX | is bounded by C.

9.2 Local uniform approximations

In this section we show Theorem 9.1.2.
First we state the curvature-free formulation of Theorem 9.1.1 which is a direct conse-
quence of Theorem A (Whyburn) and Corollary 6.3.4:

Theorem 9.2.1. Let (Xn)n∈N be a sequence in M(S, ε) and Xn
GH−−→ X. Then the

following statements apply:

1) If S is homeomorphic to S2, then all maximal cyclic subset of X are homeomorphic
to S2.

2) If S is not homeomorphic to S2, then one maximal cyclic subset of X is homeo-
morphic to S and all others are homeomorphic to S2.

Now we approximate closed topological 2-discs in X by closed topological 2-discs in Xn:
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9.2 Local uniform approximations

Lemma 9.2.2. Let (Xn)n∈N be a sequence in M(S, ε) and Xn
GH−−→ X. Moreover let

D ⊂ X be a closed topological 2-disc such that CutX ∩ D = ∅ and diam(∂D) < ε.
Then, after passing to a subsequence, there are closed topological 2-discs Dn ⊂ Xn with
Dn

H−−→ D and ∂Dn
H−−→ ∂D.

Proof. By [38, p. 413] there is a uniformly locally connected sequence of Jordan curves
Jn ⊂ Xn with Jn

H−−→ ∂D. Since Xn ∈ M(S, ε) and diam(∂D) < ε, we further may
assume that Jn bounds a closed topological 2-disc in Xn. We denote the closures of the
two connected components of Xn \ Jn by A1,n and A2,n. After passing to a subsequence,
we may assume the sequences Ai,n to be Hausdorff convergent. By Lemma 2.3.1 we may
assume that A1,n

H−−→ D.
For the sake of contradiction, we assume that A1,n is not a closed topological 2-disc for
infinitely many n ∈ N. Then A2,n is a closed topological 2-disc. Therefore Lemma 2.3.1
and Proposition 2.3.2 imply that the maximal cyclic subsets of X are homeomorphic to
S2. From Theorem 9.2.1 we derive that Xn is homeomorphic to S2. It follows that A1,n

is a closed topological 2-disc. A contradiction.

We take a closer look at the approximating discs:

Lemma 9.2.3. Let (Xn)n∈N be a sequence in M(S, ε) and Xn
GH−−→ X. Moreover let

D ⊂ X be a closed topological 2-disc such that CutX ∩ D = ∅ and Dn ⊂ Xn be closed
topological 2-discs with Dn

H−−→ D and ∂Dn
H−−→ ∂D. Then (Dn)n∈N is uniformly locally

1-connected.

Proof. For the sake of contradiction, we assume that the sequence is not uniformly locally
1-connected. After passing to a subsequence, we then may assume the existence of δ > 0,
p ∈ D and Jordan curves Jn ⊂ Dn such that Jn is non-contractible in Uδ(Jn) ⊂ Dn and
Jn

H−−→ {p}. We note that Jn bounds a closed topological 2-disc in Xn. Moreover we
denote the closures of the two connected components of Xn \ Jn by A1,n and A2,n.
We may assume that A1,n is a closed topological 2-disc and that ∂Dn ⊂ A2,n. Due
to ∂Dn

H−−→ ∂D and the fact that Jn is non-contractible in Uδ(Jn) it follows that
diam(Ai,n ∩Dn) is uniformly bounded from below by a positive constant.
By Lemma 2.3.1, after passing to a subsequence, we find Ai ⊂ X such that Ai,n

H−−→ Ai,
A1 ∪A2 = X and A1 ∩A2 = {p}. Because diam(Ai ∩D) > 0, it follows that p ∈ CutX .
A contradiction.

As a consequence of the aforementioned lemma, we derive the following corollary:
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9 Scenario III: Riemannian 2-manifolds with uniformly bounded total absolute curvature

Corollary 9.2.4. Let (Xn)n∈N be a sequence in M(S, ε) and Xn
GH−−→ X. Moreover let

D ⊂ X be a closed topological 2-disc such that CutX ∩ D = ∅ and Dn ⊂ Xn be closed
topological 2-discs with Dn

H−−→ D and ∂Dn
H−−→ ∂D. Then for every closed topological

2-disc D′ ⊂ D0 there are closed topological 2-discs D′
n ⊂ D0

n such that D′
n

uni.−−→ D′.
Moreover the homeomorphisms φn : D′ → D′

n corresponding to the uniform convergence
can be chosen such that d(φn, idX) −→ 0.

Proof. First we double the chosen ambient space Y in which Dn
H−−→ D along the

boundaries of the discs. For every A ⊂ Y we write 2A for the corresponding doubled
subset of this new ambient space.
Then we have 2Dn

H−−→ 2D and the subsets are homeomorphic to S2. By Lemma 9.2.3
the sequence (Dn)n∈N is uniformly locally 1-connected. Hence also (2Dn)n∈N is uniformly
locally 1-connected. Since non-compact surfaces are K(G, 1) spaces (cf. [18, p. 88]), it
even follows that the sequence (2Dn)n∈N is uniformly k-connected for all k ∈ N0.
From Theorem 2.3.4 we derive the existence of εn-equivalences fn : 2D → 2Dn such that
εn −→ 0 and d(fn, id2X) −→ 0. Hence Theorem 2.4.4 closes the proof.

Now Theorem 9.1.2 follows from Theorem 9.2.1, Lemma 9.2.2 and Corollary 9.2.4.
In a similar manner we obtain the following related result for cylinders:

Proposition 9.2.5. Let (Xn)n∈N be a sequence in M(S, ε) and Xn
GH−−→ X. Moreover

let Z ⊂ X be a topological cylinder satisfying the following properties:

1) X \ Z is disconnected.

2) CutX ∩ Z = ∅.

3) The diameter of the boundary components of Z is less than ε.

Then for every topological cylinder Z ′ ⊂ Z0, after passing to a subsequence, there are
topological cylinders Z ′

n ⊂ Xn such that Z ′
n

uni.−−→ Z ′. Furthermore the homeomor-
phisms φn : Z ′ → Z ′

n corresponding to the uniform convergence can be chosen such that
d(φn, idX) −→ 0.

Proof. The procedure is analogues to the previous proofs of this section. Only the
following changes are made:
We denote the boundary components of Z by J1 and J2. Then there is a uniformly
locally connected sequence of Jordan curves Ji,n ⊂ Xn with Ji,n

H−−→ Ji. In particular,
we may assume that Ji,n bounds a closed topological 2-disc in Xn.
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We denote the subsurface of Xn bounded by J1 and J2 by Zn. Using the same arguments
as in the proof of Lemma 9.2.2, we conclude that, after passing to a subsequence, we
have that Zn

H−−→ Z and Zn is a topological cylinder.
For the sake of contradiction, we assume that the sequence (Zn)n∈N is not uniformly
locally 1-connected.
After passing to a subsequence, we find δ > 0, p ∈ Z, Jordan curves γn ⊂ Zn and
compact subsurfaces A1,n, A2,n ⊂ Xn as in the proof of Lemma 9.2.3. Especially, we
may assume that A1,n contains some boundary component of Zn. Depending on the
contractibility of γn in Zn, the subsurface A2,n is either a closed topological 2-disc in
Zn or it also contains some boundary component of Zn. Due to ∂Zn

H−−→ ∂Z and the
fact that γn is non-contractible in Uε(γn) it follows that diam(Ai,n ∩ Zn) is uniformly
bounded from below by a positive constant.
The contradiction follows exactly as in the aforementioned proof.
Along the same lines as in the proof of Corollary 9.2.4, we find the desired topological
cylinders and homeomorphisms.

9.3 Description of the limit spaces

This section is devoted to the proof that all limit spaces meet the description in Main
Theorem III (A).

9.3.1 Bounded curvature of maximal cyclic subsets

As a first step, we show that the maximal cyclic subsets of the limit space are surfaces
with bounded curvature.
In the following we write X int for a metric space X equipped with its induced length
metric.
By Theorem 9.1.1, Theorem 8.2.1 and Proposition 9.2.5 we have the following result:

Corollary 9.3.1. Let (Xn)n∈N be a sequence in M(S, ε, C), (Xn, |ωXn|) GH−−→ (X, |ω|∞)
and

(
Xn,H2

Xn

) GH−−→ (X,H2
∞). Moreover let T ⊂ X be a maximal cyclic subset and

U := T \ CutX . Then the following statements apply:

1) U int is a surface with bounded curvature and |ωU int|(V ) ≤ |ω|∞(V ) for every
connected open subset V ⊂ U int.

2) H2
X(V ) ≤ H2

∞(V ) for every connected open subset V ⊂ T .
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9 Scenario III: Riemannian 2-manifolds with uniformly bounded total absolute curvature

From the aforementioned corollary, Proposition 8.2.2 and the fact that Xn can be ob-
tained as the uniform limit of spaces in R(S, 2C) (cf. [31, p. 144]) we derive a bound
on the area growth of open balls:

Proposition 9.3.2. Let (Xn)n∈N be a sequence in M(S, ε, C) and Xn
GH−−→ X. Then

the area growth of open balls in X is at most quadratic.

Due to Theorem 9.1.1 every maximal cyclic subset contains only finitely many cut points
of X. Using Theorem 8.2.3 and the last two results, we conclude that the maximal cyclic
subsets are surfaces with bounded curvature. Moreover we obtain a bound on the total
absolute curvature of these surfaces.

Corollary 9.3.3. Let (Xn)n∈N be a sequence in M(S, ε, C) and (Xn, |ωXn|) GH−−→ (X, |ω|∞).
Then the following statements apply:

1) Every maximal cyclic subset of X is a surface with bounded curvature.

2) Let (Tn)n∈N be an enumeration of the maximal cyclic subsets of X. Then the
following inequality holds:

∞∑
n=1

|ωTn|(Tn \ CutX) ≤ |ω|∞(X \ SingX).

9.3.2 Geometry of singular points

In this subsection we study the geometry of the singular points in the limit space. More
precisely, we show the following inequality:

Proposition 9.3.4. Let (Xn)n∈N be a sequence in M(S, ε, C) and (Xn, |ωXn|) GH−−→
(X, |ω|∞). Moreover let p ∈ SingX and (Tn)n∈N be an enumeration of the maximal
cyclic subsets of X. Then the following inequality holds:

2π|ind(p) − 2| +
∞∑

n=1
1Tn(p)θTn(p) ≤ |ω|∞(p).

If p is an endpoint, then we have ind(p) = 1 and p lies in no maximal cyclic subset.
Hence the inequality becomes 2π ≤ |ω|∞(p).
For cut points we have ind(p) ≥ 2 and p lies in at most finitely many maximal cyclic
subsets Tn1 , . . . , Tnk

. In this case the inequality becomes

2π(ind(p) − 2) +
k∑

i=1
θTni

(p) ≤ |ω|∞(p).
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9.3 Description of the limit spaces

We will conclude the aforementioned proposition from the following lemma:

Lemma 9.3.5. Let (Xn)n∈N be a sequence in M(S, ε, C) and (Xn, |ωXn|) GH−−→ (X, |ω|∞).
Moreover let p ∈ SingX and pn ∈ Xn with pn −→ p. We denote the maximal cyclic
subsets containing p by T1, . . . , TN . Then for every δ > 0, after passing to a subsequence,
there are compact subsurfaces Sn ⊂ Xn satisfying the following properties:

1) We have pn ∈ S0
n and Sn

H−−→ {p}.

2) Sn has ind(p) boundary components J1,n, . . . , Jind(p),n and χ(Sn) = 2 − ind(p).

3) If p is a cut point, then the following estimates apply:

a) τ(Ji,n) ≥ θTi
(p) − 2δ for all 1 ≤ i ≤ N

b) τ(Ji,n) ≥ −2δ for all N + 1 ≤ i ≤ ind(p)

where the rotation is measured from the side of pn.

4) If p is an endpoint, then τ(J1,n) ≤ 2δ where the rotation is measured from the side
of pn.

First we explain how to derive the proposition from the lemma:
We start with the case that p is a cut point. Since Sn

H−−→ {p}, after passing to a
subsequence, we may assume that

|ωXn|(Sn) ≤ |ω|∞(p) + δ.

From the identity for χ(Sn) and the Gauss-Bonnet theorem we derive

ind(p)∑
i=1

τ(Ji,n) ≤ 2π(2 − ind(p)) + |ω|∞(p) + δ

where the rotation is measured from the side of pn. Due to the estimates for the rotation
of the boundary components we derive

2π(ind(p) − 2) +
N∑

i=1
θTi

(p) ≤ |ω|∞(p) + (2 · ind(p) + 1)δ.

Taking the limit δ −→ 0, we get the desired inequality.
If p is an endpoint, then we have ind(p) = 1 and the Gauss-Bonnet theorem implies

2π ≤ τ(J1,n) + |ω|∞(p) + δ.
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9 Scenario III: Riemannian 2-manifolds with uniformly bounded total absolute curvature

By the estimate for the rotation of the boundary component we get

2π ≤ |ω|∞(p) + 3δ.

As before, taking the limit δ −→ 0, we obtain the desired inequality.
Now we turn to the proof of the lemma:

Approximation of curves

First we prove that certain Jordan curves J in the limit space admit Hausdorff approx-
imations by Jordan curves whose rotations converge to the rotation of J :

Lemma 9.3.6. Let (Xn)n∈N be a sequence in M(S, ε, C) and (Xn, |ωXn|) GH−−→ (X, |ω|∞).
Moreover let D ⊂ X be an open topological 2-disc, p ∈ D with CutX ∩ (D \ {p}) = ∅
and pn ∈ Xn with pn −→ p. Then for every δ > 0, after passing to a subsequence, the
following statements apply:

1) There is a Jordan curve J ⊂ D such that J bounds a closed topological 2-disc
in D containing p. Moreover we have τ(J) ≥ −δ where the rotation is measured
from the side of p.

2) There are separating Jordan curves Jn ⊂ Xn with pn ̸∈ Jn, Jn
H−−→ J , |ωXn|(Jn) ≤

δ and τ(Jn) ≥ τ(J) − δ where the rotation is measured from the side of pn and p

respectively.

Proof. There is some R ∈
(
0, ε

2

]
such that for all 0 < r < R the ball B̄r(p) is a closed

topological 2-disc in D whose surface boundary coincides with ∂Br(p) and the rotation
of the boundary, measured from the side of p, is larger than −δ (cf. [31, p. 151-152]).
Since |ω|∞ is a finite measure, there is some r0 ∈ (0, R) such that J := ∂Br0(p) satisfies
|ω|∞(J) = 0.
Let δ̃ > 0 with r0 ± δ̃ ∈ (0, R). Then the curves ∂Br0±δ̃(p) bound a topological cylinder
Zδ̃ ⊂ D such that J is a non-contractible curve in its interior. From Theorem 9.2.1
follows that Zδ̃ separates X. Because lim

δ̃→0
|ω|∞(Zδ̃) = |ω|∞(J), we may assume that

|ω|∞(Zδ̃) < min{2π, δ}. In particular, it follows that Zδ̃ is free of peak points.
By Proposition 9.2.5, after passing to a subsequence, we may assume the existence
of topological cylinders Zδ̃,n ⊂ Xn such that Zδ̃,n

uni.−−→ Zδ̃. Moreover the homeomor-
phisms φn : Zδ̃ → Zδ̃,n corresponding to the uniform convergence can be chosen such
that d(φn, idX) −→ 0. Since |ω|∞(Zδ̃) < δ, after passing to subsequence, we may assume
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that |ωXn|
(
Zδ̃,n

)
≤ δ.

We define Jδ̃,n := φn ◦J . Then we have Jδ̃,n
H−−→ J , |ωXn|

(
Jδ̃,n

)
≤ δ and we may assume

that pn ̸∈ Jδ̃,n. Since diam(J) < ε, we further may assume that Jδ̃,n is separating in Xn.
By Lemma 2.3.1 and Theorem 8.4.3, after passing to a subsequence, we may assume
that

|τ(J) − lim
n→∞

τ
(
Jδ̃,n

)
| ≤ |ω|∞(Zδ̃)

where the rotation is measured from the side of pn and p respectively. Hence for suffi-
ciently small δ̃, after passing to a subsequence, we have τ

(
Jδ̃,n

)
≥ τ(J) − δ.

Approximation of points

As a next step, we approximate certain points of the limit space by Jordan curves such
that the rotation is uniformly bounded from below:

Lemma 9.3.7. Let (Xn)n∈N be a sequence in M(S, ε, C) and (Xn, |ωXn|) GH−−→ (X, |ω|∞).
Moreover let I ⊂ X be an open subset that is isometric to some open interval. Then,
after passing to a subsequence, there are topological cylinders Zn ⊂ Xn and J ⊂ I such
that Zn

H−−→ J and ∂Zn
H−−→ ∂J .

Proof. We may assume that the midpoint p of the interval satisfies |ω|∞(p) = 0. More-
over we choose 0 < r ≤ ε

2 such that R := 100r < 2−1length(I).
Let pn ∈ Xn such that pn −→ p. By [31, p. 77, 144] and [35, p. 1772] we may assume
that Xn is a Riemannian 2-manifold, r and R are non-exceptional with respect to pn in
the sense of the latter reference and B̄r(pn) is a compact surface whose surface boundary
is given by ∂Br(pn). We write Zn for the union of B̄r(pn) with all closed topological
2-discs in BR(pn) \Br(pn) that are bounded by some connected component of ∂Br(pn).
Choosing r small enough, after passing to a subsequence, we may assume the inequality
|ωXn|(BR(pn)) ≤ 1. Then Zn is a compact surface whose boundary is given by con-
nected components of ∂Br(pn) and, choosing r even smaller, the last reference implies
that χ(Zn) ≥ 0. Since X \ B̄R(p) consists of two connected components, Lemma 2.3.1
implies that, after passing to a subsequence, Zn has at least two boundary components.
As a consequence, Zn is a topological cylinder.
Finally, after passing to a subsequence, there is some J ⊂ I such that Zn

H−−→ J and
∂Zn

H−−→ ∂J .
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9 Scenario III: Riemannian 2-manifolds with uniformly bounded total absolute curvature

We define the length of a topological cylinder Z as the distance between its boundary
components and denote it by length(Z).

Lemma 9.3.8. Let Xn be closed surfaces with bounded curvature and Zn ⊂ Xn be
topological cylinders. Moreover we assume that (Zn)n∈N Gromov-Hausdorff converges
to some compact interval [0, l] ⊂ R and ∂Zn

H−−→ {0, l}. Then for every δ > 0, after
passing to a subsequence, there are topological cylinders Z ′

n ⊂ Zn satisfying the following
properties:

1) The boundary components of Z ′
n are piecewise geodesic.

2) The boundary components of Z ′
n are non-contractible in Zn.

3) We have length(Z ′
n) ≥ l

2 − 2δ and d(∂Z ′
n, ∂Zn) ≥ l

4 − 2δ.

4) The length of the boundary components of Z ′
n is at most δ.

Proof. Let γ ⊂ Zn be a geodesic with length(γ) = length(Zn) that connects the bound-
ary components of Zn. We denote the midpoint of γ by p and its endpoints by x1 and
x2.
Due to the convergence of the cylinders, after passing to a subsequence, we obtain that
length(γ) ≥ l − δ, S := ∂B l

4
(p) ⊂ Z0

n and that S separates x1 and x2 in Zn. Moreover
we may assume the existence of some Jordan curve J1 ⊂ S with diam(J1) ≤ δ

3 that
separates x1 and x2 in Zn (cf. [24, p. 623]). In particular, J1 is non-contractible in Zn

and we may assume that J1 separates x1 and p in Zn.
Using a similar argument, we also may assume that there is a second Jordan curve
J2 ⊂ S with J1 ∩ J2 = ∅ and diam(J2) ≤ δ

3 that is non-contractible in Zn and separates
x2 and p in Zn.
There is some εn > 0 such that every loop in Zn of diameter at most εn is contractible
in Zn. Let y be the intersection point of Ji with γ and 0 < δ̃ ≤ min

{
εn

2 ,
δ
3

}
. We may

assume that length(Ji) > δ̃ and choose a subdivision t0 := 0 < t1 < . . . < tk := 1 of
the domain of Ji such that length

(
Ji|[tj ,tj+1]

)
≤ δ̃. After passing to a subsequence, there

is some geodesic αj ⊂ Z connecting y with Ji(tj) and we may assume that αj ∩ γ and
αj ∩ αj+1 are connected.
By construction there is some t0 < tj < tk such that αj is homotopic to Ji|[0,tj ] and αj+1

is homotopic to Ji|[tj+1,1]. After passing to a subsequence, there is some geodesic ξ ⊂ Z

connecting Ji(tj) with Ji(tj+1) such that ξ∩αj and ξ∩αj+1 are connected. In particular,
ξ is homotopic to Ji|[tj ,tj+1]. We derive that the concatenation αj ∗ ξ ∗αj+1 is homotopic
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to Ji.
Up to parametrization there is exactly one Jordan curve βi contained in this concatena-
tion. The curve βi is non-contractible in Zn and piecewise geodesic. After passing to a
subsequence, we have β1 ∩ β2 = ∅ and the curves bound a topological cylinder Z ′

n ⊂ Zn.
In particular, we get length(Z ′

n) ≥ l
2 − 2δ, d(∂Z ′

n, ∂Zn) ≥ l
4 − 2δ and the length of the

boundary components of Z ′
n is at most δ.

Next we show a general result about surfaces with bounded curvature. The exact esti-
mates in the statement do not play an essential role in the further discussion. It is only
important that τ(J) can be chosen close to zero if c

a
and |ωX |(Z) are close to zero.

Lemma 9.3.9. Let X be a closed surface with bounded curvature and Z ′ ⊂ Z ⊂ X

be topological cylinders with piecewise geodesic boundary components. Moreover we
assume that the boundary components of Z ′ are non-contractible in Z and that δ :=
|ωX |(Z) < π

5 . We introduce the following notation:

• a := length(Z ′)

• b := d(∂Z ′, ∂Z)

• c := The length of a longest boundary component of Z ′.

• α := c
a

+ 7δ

If c < b and arccos(α) ≥ π
2 − δ, then there is some Jordan curve J ⊂ Z such that

|τ(J)| ≤ 4δ. The estimate does not depend on the direction from which the rotation is
measured.

Proof. First we choose a geodesic γ ⊂ Z with length(γ) = length(Z) that connects
the boundary components of Z. Then we cut Zint along γ. The resulting space Q is a
surface with bounded curvature in the sense of [31, p. 141] that is homeomorphic to the
closed 2-disc. Let π : Q → Zint be the projection map corresponding to the cutting and
γ1 and γ2 be the two connected components of π−1(γ). We note that these curves are
geodesics in Q.
Let x1, x2 ∈ γ2 with x1 ̸= x2. Moreover let ξi ⊂ Q be a geodesic from xi to some closest
point of γ1 such that ξi does not intersect π−1(∂Z). We further assume that the subsets
ξi ∩ γ2 and ξ1 ∩ ξ2 are connected. For the sake of simplicity, we only consider the case
that ξi ∩ γ2 is a singleton and ξ1 ∩ ξ2 is empty. All remaining cases can be obtained
similarly or follow from this case.
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9 Scenario III: Riemannian 2-manifolds with uniformly bounded total absolute curvature

The first variation formula (cf. [22, pp. 1034, 1036]) shows that the two sector angles
between γ1 and ξi are at least π

2 and it follows that they lie in
[

π
2 ,

π
2 + δ

]
. We note that

the sum of the two sector angles between ξi and γ2 lies in [π, π + δ].
There is a unique closed topological 2-disc R ⊂ Q that is bounded by a subset of
γ1 ∪ ξ1 ∪ γ2 ∪ ξ2. The Gauss-Bonnet theorem implies that the sum of the sector angle
between ξ1 and γ2 and the sector angle between ξ2 and γ2, both measured from the
side of R, lies in [π − 3δ, π + δ]. We conclude that the sector angle between ξ1 and γ2,
measured from the side of R, differs from the sector angle between ξ2 and γ2, measured
from outside of R, by at most 5δ.
We may assume that γ2 is parametrized by arc length and denote its domain by I. Fur-
thermore let I0 ⊂ I be the maximal subinterval such that π−1(γ ∩ Z ′) ⊂ γ2(I0) and the
following property is satisfied: For every t ∈ I0 and every geodesic connecting γ2(t) with
γ1 of length dγ1(γ2(t)) := d(γ1, γ2(t)) the intersection with π−1(∂Z) is empty.
Using the aforementioned estimate for the difference of the sector angles, the first vari-
ation formula yields

|∂+dγ1(γ2(s)) − ∂+dγ1(γ2(t))| ≤ 7δ

for all s, t ∈ I0.
For the sake of contradiction, we assume that |∂+dγ1(γ2(t))| > α for all t ∈ I0. Then we
may assume that ∂+dγ1(γ2(t)) > c

a
. By the mean value theorem for one-sided differen-

tiable functions in [26, p. 473] we have

dγ1(γ2(s)) >
c

a
(s− t)

for all s ≥ t. There is a choice of the parameters such that dγ1(s) ≤ c and s − t ≥ a.
This yields c > 2c. A contradiction.
It follows the existence of some t0 ∈ I0 with |∂+dγ1(γ2(t0))| ≤ α. Due to the first variation
formula there is a geodesic ξ ⊂ Q connecting γ2(t0) with γ1 of length dγ1(γ2(t0)) such that
ξ∩γ2 is a singleton and the sector angles between ξ and γ2 lie in [arccos(α), π − arccos(α)].
We connect the endpoints of π(ξ) by some subarc of γ and denote the constructed Jor-
dan curve in Z by J . Removing the endpoints of π(ξ) from J , yields two local geodesics.
By the estimates for the sector angles we finally derive

|τ(J)| ≤ π

2 − arccos(α) + 3δ ≤ 4δ.
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In particular, the estimate does not depend on the direction from which the rotation is
measured.

Since |ω|∞ is a finite measure, every open subset contains some point with measure zero.
Combining the last three results, we therefore obtain the following corollary:

Corollary 9.3.10. Let (Xn)n∈N be a sequence in M(S, ε, C) and Xn
GH−−→ X. Moreover

let I ⊂ X be an open subset that is isometric to some open interval. Then for every
δ > 0, after passing to a subsequence, there is a point p ∈ I and Jordan curves Jn ⊂ Xn

such that Jn
H−−→ {p} and |τ(Jn)| ≤ δ. The estimate does not depend on the direction

from which the rotation is measured.

Finally we are able to show Lemma 9.3.5. As already discussed, this is the last step to
prove Proposition 9.3.4.

Proof of Lemma 9.3.5. We write A1, . . . , Aind(p) for the connected components of Br(p)\
{p}.
By Lemma 9.3.6 and Corollary 9.3.10, after passing to a subsequence, we find disjoint
Jordan curves Ji,n bounding closed topological 2-discs in Xn such that Ji,n Hausdorff
converges to some subset Ji ⊂ Ai and τ(Ji,n) ≥ −2δ where the rotation is measured
from the side of pn.
For 1 ≤ i ≤ N we may sharpen the construction further: By Lemma 9.3.6 we may as-
sume that the subset Ji is the boundary of a closed topological 2-disc Di ⊂ Ai ∪{p} with
p ∈ D0

i and τ(Ji,n) ≥ τ(Ji) − δ where the rotation is measured from the side of pn and p
respectively. Choosing r small enough, we may assume that |ωTi

|(Di \ {p}) ≤ δ. Then
the Gauss-Bonnet theorem yields τ(Ji) ≥ θTi

(p) − δ and hence τ(Ji,n) ≥ θTi
(p) − 2δ.

Moreover we may assume that all curves Jk,n with k ̸= i lie on the side of Ji,n that
contains pn. This yields that the curves bound a compact subsurface Sn ⊂ Xn with
∂Sn = ∪ind(p)

i=1 Ji,n and pn ∈ S0
n.

In the following we denote the Jordan curves constructed via the radius r by Ji,n(r) and
the corresponding compact subsurfaces by Sn(r). Choosing a diagonal sequence, we may
assume that the subsets Sn

(
1
n

)
Hausdorff converge to {p}. Moreover due to Theorem

9.2.1 we may assume that χ(Sn) = 2 − ind(p).
This gives the construction in the case that p is a cut point.
The proof for endpoints proceeds similar: For arbitrarily small r the subset A1 is iso-
metric to some open interval or A1 contains infinitely many maximal cyclic subsets of
X.
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9 Scenario III: Riemannian 2-manifolds with uniformly bounded total absolute curvature

We start with the first case: From Corollary 9.3.10, after passing to a subsequence, we
obtain Jordan curves J1,n ⊂ Xn bounding closed topological 2-discs such that J1,n Haus-
dorff converges to some point in A1 and τ(J1,n) ≤ 2δ where the rotation is measured
from the side of pn.
In the second case by Lemma 9.3.6 we may assume the existence of such curves such
that J1,n Hausdorff converges to the boundary of a closed topological 2-disc in A1. In
addition we may assume that ωXn(J1,n) ≤ δ and τ(J1,n) ≥ −δ where the rotation is
measured from the side opposite to pn. Then it follows that the rotation measured from
the side of pn is at most 2δ.
The rest of the proof proceeds as before.

Because the measure |ω|∞ is bounded by C, Main Theorem III (A) is a direct consequence
of Corollary 9.3.3 and Proposition 9.3.4.

9.4 Approximation of spaces in L(S,C)

This section is devoted to the proof of Main Theorem III (B).
First we note that all spaces X ∈ L(S,C) are locally simply connected by Theorem 6.1.1
and Main Theorem I.
A deeper analysis of the construction in the proof of Lemma 6.2.5 yields our first result.
We give a brief sketch of the construction:
Let (Tn)n∈N be an enumeration of the maximal cyclic subsets in X. We shrink each
connected component of ∪n+k

i=n+1Ti to a point and denote the constructed space by Xn,k.
After passing to a subsequence, the spaces Xn,k Gromov-Hausdorff converge to some
space Xn. The maximal cyclic subsets of Xn are isometric to the first n maximal cyclic
subsets of X and we have Xn

GH−−→ X.
From the construction we deduce the following lemma:

Lemma 9.4.1. Let X ∈ L(S,C). Then X can be obtained as the Gromov-Hausdorff
limit of a uniformly semi-locally 1-connected sequence Xn ∈ L(S,C) such that Xn has
only finitely many maximal cyclic subsets.

In the following we write Lk,n for the metric space obtained by gluing k disjoint copies
of [0, 2−n] along 0.
A space X ∈ L(S,C) having only finitely many maximal cyclic subsets is a successive
metric wedge sum of its maximal cyclic subsets and finitely many compact intervals.
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Replacing every wedge point p ∈ X with Lind(p),n and then slightly moving the intervals,
we derive the following result:

Lemma 9.4.2. Let X be a space in L(S,C) having only finitely many maximal cyclic
subsets. Then X can be obtained as the Gromov-Hausdorff limit of spaces Xn ∈ L(S,C)
satisfying the following properties:

1) Xn is a successive metic wedge sum of the maximal cyclic subsets of X and finitely
many compact intervals.

2) Every wedge point is the endpoint of some of the intervals. Moreover it lies in
some maximal cyclic subset of Xn or the interior of some of the intervals.

3) Every wedge point lies in exactly two of the wedged spaces.

4) The maximal cyclic subsets of Xn do not intersect.

The upcoming proposition provides a tool to simplify the approximating spaces further.

Proposition 9.4.3. Let S1 and S2 be closed surfaces with bounded curvature and X

be a metric wedge sum of them. We further assume that every loop in S1 of diameter
at most ε is contractible in S1 and that S2 is homeomorphic to S2. Moreover let F :=
{p1, . . . , pk} ⊂ X \ {p} where p denotes the wedge point of X. Then X can be obtained
as the Gromov-Hausdorff limit of surfaces with bounded curvature Xn satisfying the
following properties:

1) Xn is homeomorphic to S1.

2) We have

lim
n→∞

|ωXn|(Xn) ≤
2∑

i=1
|ωSi

|(Si \ {p}) + θSi
(p).

3) There are isometries fi : Si → Si and points pj,n ∈ Xn such that pj,n −→ fi(pj) and
θXn(pj,n) = θSi

(pj) for every pj ∈ Si.

4) Every loop in Xn of diameter at most ε
2 is contractible in Xn.

Proof. Proceeding as in the proof of Theorem 8.2.3, we find convex closed topological
2-discs Di,n ⊂ Si \ F satisfying the following properties: The point p lies in the interior
of the disc, Ji,n := ∂Di,n is free of peak points and the absolute rotation of Ji,n, measured
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from the side of Si \Di,n, (cf. [2, pp. 272, 308]) is bounded by some constant that does
not depend on n. Moreover we have lim

n→∞
li,n := length(Ji,n) = 0, rn := l2,n − l1,n > 0

and lim
n→∞

diam(Di,n) = 0.
From the Gauss-Bonnet theorem we derive τ(Ji,n) ≤ θSi

(p)+ |ωSi
|
(
D0

i,n \ {p}
)

where the
rotation is measured from the side of p.
Let now Tn ⊂ R2 be an isosceles trapezoid such that its basis has the lengths l1,n and
l2,n and its hight is equal to √

rn. Moreover let Zn be the topological cylinder obtained
by gluing the legs of Tn along an isometry. We denote the boundary components of this
cylinder by b1,n and b2,n where length(bi,n) = li,n.
Furthermore we equip Xi,n := Si \ D0

i,n with its induced length metric and glue the
disjoint union X1,n ⊔Zn ⊔X2,n along length preserving homeomorphisms fi : Ji,n → bi,n.
We denote the constructed space by Xn.
It follows Xn

GH−−→ X and that Xn is homeomorphic to S1.
From the gluing theorem in [2, p. 289] we derive that Xn is a surface with bounded
curvature. In addition the theorem implies that, after passing to a subsequence, the
desired inequality for lim

n→∞
|ωXn|(Xn) holds.

Moreover we may assume the points pj,n := pj ∈ Xn to be convergent and we find
isometries fi : Si → Si such that pj,n −→ fi(pj) for every pj ∈ Si. In particular, we have
θXn(pj,n) = θSi

(pj).
As in the proof of Lemma 7.3.3, we see that every Jordan curve in Xn is arbitrarily
Hausdorff close and homotopic to some Jordan curve that intersects J1,n only finitely
many times. Since every loop in S1 of diameter at most ε is contractible in S1, after
passing to a subsequence, the same applies to Xn with the constant ε

2 .

The construction in our next proof uses flat cylinders in R3. Therefore we introduce the
following notation:

Z̄n,l :=
{

(x, y, z) ∈ R3 : x2 + y2 = 2−n, 0 ≤ |z| ≤ l

2

}
,

Dn,l :=
{

(x, y, z) ∈ R3 : x2 + y2 ≤ 2−n, |z| = l

2

}
.

Moreover we equip Zn,l := Z̄n,l ∪Dn,l with its induced length metric.
We state the final approximation step:

Lemma 9.4.4. Let X be a space as in the approximating sequence from Lemma 9.4.2
such that every loop in X of diameter at most ε is contractible in X. Then X can be
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obtained as the Gromov-Hausdorff limit of spacesXn ∈ M
(
S, ε

2 , Cn

)
where lim

n→∞
Cn ≤ C.

Proof. We denote the wedged intervals by I1, . . . , Ik and define lq := length(Iq). Next
we cut out every Iq and glue in the flat cylinder Zn,lq instead. The gluing proceeds along
the points

(
0, 0,± lq

2

)
. We denote the constructed space by Yn.

Now we successively "repair" the wedge points p ∈ Yn by applying the construction from
the proof of Proposition 9.4.3. However, we have one more rule to follow: If p lies in
the "lid" of some glued-in cylinder, we choose the curve Ji,n from the aforementioned
construction as the boundary of the "lid".
After each wedge point has been eliminated, we end up with a new space Xn. In
particular, we have Xn

GH−−→ X. Finally the proof of Proposition 9.4.3 yields that, after
passing to a subsequence, we have Xn ∈ M

(
S, ε

2 , Cn

)
where lim

n→∞
Cn ≤ C.

We note that Xn can be obtained as the uniform limit of spaces in R(S,Cn,k) where
lim

k→∞
Cn,k ≤ Cn (cf. [31, p. 144]). Hence Main Theorem III (B) is a direct consequence

of the lemmas in this subsection.
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