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Abstract

The inverse problem of seismic imaging entails reconstructing material structures, e.g. of
the Earth’s subsurface, from measured reflected wave fields. In this thesis, we consider
a linearized version of this problem about an a priori known wave speed. We address
the implementation of an approximate inversion scheme in two dimensions and cover the
basics of the theoretical background, which is microlocal analysis. We thoroughly test our
implementation in a series of different numerical experiments, including an experiment on
a field data set.
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CHAPTER 1

Introduction

There are many reasons to understand the composition of the Earth’s subsurface. One
important reason is to assess if an area is suitable for construction. Knowing the geological
conditions helps architects to determine which types of buildings or infrastructure can be
safely built. For instance, areas with loose or unstable soil might be not suitable for all
building projects.

Another significant reason is the exploration of natural resources. Especially histori-
cally, this was vital for discovering valuable resources, such as oil and natural gas. While
the focus today shifted towards more renewable alternatives of those resources, subsurface
studies still continue to play a crucial role.

One possible method to gather that information is to carry out drillings on the area
of interest. However, this is expensive and in the case of searching for mineral resources
we also don’t know whether a good location was chosen.

Therefore, in seismic imaging we aim to reconstruct material structures in a non-
invasive way purely from measurements of a controlled excitation of waves, for example
with an air gun or a hammer blow. The idea is that a wave contains information about
the variational structure of the material it travelled through. A wave is excited at a source
location on the surface and then propagates through the different material layers in the
subsurface. As the wave passes from one medium to another it is (partially) reflected.
These reflections can then be picked up by receivers that are also located on the surface.
The recorded seismograms can be used to reconstruct the underlying material structure.
In Figure 1.1 we illustrate this wave propagation through different materials such as water
and various layers of soil. We have highlighted different paths a wave could take to reach
a single receiver on the water’s surface.

To describe this process accurately, we need a mathematical model that characterizes
the propagation of waves through the material structures in the subsurface. To this end,
we choose the acoustic wave equation.

It is also important to know where the sources and receivers were placed during the
recording. This is described by the acquisition geometry. In practice, raw data are often
recorded using the common-source geometry, where a single source and multiple receivers
in a line are used. A full survey of an area then consists of many such recordings with
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Fig. 1.1: Illustration of a wave traveling through various materials and its reflections
going to the receiver on the surface. Left dot: source, right dot: receiver.

shifted source positions. It is possible to restructure this data set and treat it as if it
was recorded with a different acquisition geometry. In this work, we will mainly use the
common-offset data acquisition geometry with half offset α ≥ 0, meaning the distance of
source and receiver will always be the same.

From a historical perspective, the first applications of seismic imaging can be traced
as far back as 1910, where Mohorovičić analyzed seismograms of an earthquake to show
that there is a surface seperating the Earth’s crust from the mantle, according to [GO07].
In the following years, human-generated seismic waves were used and the methods further
developed. John Clarence Karcher first applied the reflection seismic method in 1921
for petroleum exploration (see [Bro99]). In the book [BCS01] the authors outlined the
developments in seismic imaging since then.

The goal of this work now is to present an algorithm to tackle seismic imaging for the
acoustic wave equation in two space dimensions using different acquisition geometries, and
in particular address the implementation of this scheme.

We begin by declaring the notation used throughout this thesis in Chapter 2. There, we
also derive our setting and the approximate inversion algorithm starting from the acoustic
wave equation, including the involved forward operator F .

Next, in Chapter 3, we state important definitions and results of microlocal analysis for
the theoretical background of reconstruction operators for the seismic imaging problem.
These include the concepts of Fourier integral and Pseudodifferential operators, and the
wavefront set.

In Chapter 4 we first derive a representation of F as a Fourier integral operator and
then present in detail the imaging operators we use.

Chapter 5 entails the implementation of the inversion scheme, including all components
such as the solvers for the eikonal and transport equations arising in Chapter 2. Here, we
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heavily make use of the common-offset geometry and an affine linear background velocity
model to efficiently calculate the involved quantities. In the end, we present other com-
monly used acquisition geometries, and establish a connection back to the common-offset
geometry. Finally, we outline the use of multiple measurements for a single reconstruction.

To test and validate our implementation, we conduct a comprehensive series of numer-
ical experiments in Chapter 6. We finish that chapter with an experiment on a field data
set.

Lastly, in Chapter 7, we present a summary of the thesis and provide an outlook for the
three-dimensional case, including the potential challenges and changes we need to make.
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CHAPTER 2

Notations and Setting

This chapter provides an overview of the notation used throughout this thesis.
We derive our scheme starting from the acoustic wave equation and shortly
present the types of imaging operators we use.

2.1 Notations

Given two topological vector spaces U and W , we denote by L(U,W ) the set of linear
continuous operators from U to W . We write U∗ for the dual space L(U,R) of U . For
an operator T ∈ L(U,W ), we define the dual operator T ∗ : W ∗ → U∗ by the relation
⟨Tx , y∗⟩W, W ∗ = ⟨x , T ∗y∗⟩U, U∗ for all x ∈ U and y∗ ∈ W ∗. Here, ⟨· , ·⟩U, U∗ denotes
the dual pairing, and we have x∗(x) := ⟨x , x∗⟩U, U∗ for all x ∈ U and x∗ ∈ U∗.

The k-th unit vector in Rd is denoted by ek. The partial derivative of a function
f : Rd → R, x 7→ f(x) will be denoted by ∂xk

f , for k = 1, . . . , d, and the gradient will be
given by ∇xf = (∂x1f, . . . , ∂xd

f)⊤.
Let X ̸= ∅ be an open subset of Rd. The space of infinitely differentiable functions

on Rd will be denoted by C∞(Rd), and those functions which additionally have compact
support inX make up C∞

c (X). We equip C∞(X) and C∞
c (X) with their standard topologies

and denote them by E(X) and D(X), respectively. The dual space of D(X), denoted by
D′(X), is the space of distributions or generalized functions on X. Analogously, the dual
space E ′(X) is the space of distributions with compact support on X. The dual spaces
D′(X) and E ′(X) are given the appropriate weak topologies, see [Rud73, Chapter 6].
Lastly, by S(Rd) we denote the Schwartz space or space of rapidly decreasing functions

S(Rd) :=
{
f ∈ C∞(Rd) : ∀α,β ∈ Nd0 : sup

x∈Rd

∣∣∣xαDβf(x)
∣∣∣ < ∞

}
.

Here, we use multi-index notation xα := xα1
1 xα2

2 . . . xαd
d and Dβ := ∂β1

x1∂
β2
x2 . . . ∂

βd
xd

. The
dual space S′(Rd) is then the space of tempered distributions. Again, S(Rd) and S ′(Rd)
are equipped with their appropriate topologies. To provide a better overview, all spaces
are again summarized in Table 2.1.
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Table 2.1: Summary of the different spaces and their dual counterparts.

E(X) C∞ functions on X, i.e. the set of all infinitely differentiable func-
tions on X.

D(X) C∞ functions with compact support on X, also commonly known
as C∞

c (X).
S(Rd) Schwartz space, i.e. C∞ functions on Rd that rapidly decrease at

infinity along with their derivatives.
E ′(X) space of distributions with compact support in X.
D′(X) space of distributions on X.
S ′(Rd) tempered distributions on Rd.

When analyzing the growth of a function f , we use the symbol O to denote the well-
known Landau notation. We will write f = O(g) or “f is O(g)”, if the asymptotic order
of growth of f is bounded by the order of growth of a function g.

For any set A ⊆ Rd we define the characteristic function χA by

χA(x) :=

1, x ∈ A,

0, x /∈ A,
x ∈ Rd.

We write Bp(x; r) :=
{
v ∈ Rd : ∥v − x∥p < r

}
for an open ball around x ∈ Rd with radius

r with respect to the p-Norm. In cases where the specific norm does not matter, we will
instead write Br(x).

This list will be expanded by notations for the discrete case later on in the implemen-
tation Chapter 5.

2.2 The considered problem

The acoustic potential u = u(t;x,xs) in x ∈ Rd, d ∈ {2, 3} at time t ≥ 0 satisfies the
acoustic wave equation with constant mass density

1
ν2

pr
∂2
t u− ∆xu = δ(x − xs)δ(t),

u(0; ·,xs) = ∂tu(0; ·,xs) = 0,
(2.2.1)

where νpr = νpr(x) is the speed of sound and δ denotes the Dirac distribution in the related
variables. The pressure wave is excited at location xs and time t = 0. This accurately
models wave propagation without damping in a medium νpr that does not admit shear
stress.
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The goal of seismic imaging is to recover νpr in an open set X from measurements
of u(t;xr,xs) in the observation period [0, tmax], where xr indicates receiver points, see
Figure 1.1. Here, X is a subset of the lower half space

X ⊆ Rd+ := Rd−1 × [0,∞),

where the positive xd-coordinate points downwards into the Earth and therefore represents
the depth-axis.

We make a linearization ansatz for this nonlinear inverse problem using a smooth
background velocity c = c(x), that is known in advance (see [BC79])

1
ν2

pr(x) = 1 + n(x)
c2(x) , (2.2.2)

where n is compactly supported in X. Further, n is now the quantity of interest that
captures the jumps (singularities) of νpr (see e.g. [BCS01, Chapter 3.2.1]).

The upcoming is followed from [BC79] and [Gra20, Section 1.2]. Let ũ = ũ(t;x,xs)
be the solution for the acoustic wave equation (2.2.1) with νpr replaced by c

1
c2∂

2
t ũ− ∆xũ = δ(x − xs)δ(t),

ũ(0; ·,xs) = ∂tũ(0; ·,xs) = 0.
(2.2.3)

By plugging in (2.2.2) into (2.2.1) and then subtracting (2.2.1) from (2.2.3), we get

1
c2∂

2
t (ũ− u) − ∆x(ũ− u) = n

c2∂
2
t u.

If we replace u by ũ on the right-hand side we perform the Born approximation (see
[Dem21, Section 4.1]). By doing this, we disregard any multiple scattering, meaning we
assume from now on, that only single scattering occurs. With ub := ũ− u, we now obtain
the linear operator

L : n 7→ ub|R, where ub solves 1
c2∂

2
t ub − ∆xub = n

c2∂
2
t ũ, (2.2.4)

and R is the set of receivers.
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To avoid confusion, we now write ∂1 for the derivative with respect to the first variable,
which is time. Note that ũ is the fundamental solution for the equation in (2.2.4). Using
Duhamel’s principle, a solution to equation (2.2.4) is (see [Dem21, Proposition 2])

Ln(t;xr,xs) =
∫ t

0

∫
X
ũ(t− η;xr,x) n(x)

c2(x)∂
2
1 ũ(η;x,xs) dxdη

=
∫
X

n(x)
c2(x)

(∫ t

0
∂2

1 ũ(η;x,xs)ũ(t− η;xr,x) dη
)

dx

=
∫
X

n(x)
c2(x)

(∫ t

0
∂2

1 ũ(t− η;x,xs)ũ(η;xr,x) dη
)

dx.

By applying the Leibniz integral rule, we further calculate

∂2
t

∫
X

n(x)
c2(x)

∫ t

0
ũ(t− η;x,xs)ũ(η;xr,x) dη dx

= ∂t

(∫
X

n(x)
c2(x)

∫ t

0
∂1ũ(t− η;x,xs)ũ(η;xr,x) dη dx

+
∫
X

n(x)
c2(x) ũ(0;x,xs)ũ(t;xr,x) dx

)
=
∫
X

n(x)
c2(x)

∫ t

0
∂2

1 ũ(t− η;x,xs)ũ(η;xr,x) dη dx

+
∫
X

n(x)
c2(x) ∂1ũ(0;x,xs)︸ ︷︷ ︸

=0

ũ(t;xr,x) dx +
∫
X

n(x)
c2(x) ũ(0;x,xs)︸ ︷︷ ︸

=0

ũ(t;xr,x) dx

=
∫
X

n(x)
c2(x)

∫ t

0
∂2

1 ũ(t− η;x,xs)ũ(η;xr,x) dη dx,

where we used the initial conditions from the wave equation (2.2.3) in the last step.

This leaves us with

Ln(t;xr,xs) = ∂2
t

∫
X

n(x)
c2(x)

∫ t

0
ũ(t− η;x,xs)ũ(η;xr,x) dη dx. (2.2.5)

From now on, we only consider the two-dimensional case d = 2. We further assume
that there exists one and only one ray connecting x ∈ supp(n) with each xs and xr. This
is called the geometric optics assumption. Under this assumption, we can approximate ũ
by the progressing wave expansion (see [CH89, Chapter VI, §4, 3.], [Sym98, Chapter 5])

ũ(t;x,xs) ≈ a(x,xs) Ψ (t− τ(x,xs)) , where Ψ(t) = 1
2π

t
− 1

2 , t > 0,

0, t ≤ 0.
(2.2.6)
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The involved traveltime τ solves the eikonal equation

∥∇xτ(x,xs)∥2 = 1
c2(x) , τ(xs,xs) = 0, (2.2.7)

and amplitude a the transport equation

2∇xa(x,xs) · ∇xτ(x,xs) + a(x,xs)∆xτ(x,xs) = 0, (2.2.8)

lim
x→xs

a(x,xs)
√

∥x − xs∥ =
√
c(xs)

2
√

2π
,

see [LQB14, equation (8)].

The ansatz (2.2.6) is inspired by the fundamental solution for the wave equation. This
crucial connection is detailed in Remark 2.1.

Remark 2.1. In 2D, the fundamental solution to the wave equation

1
c2∂

2
t ũ− ∆ũ = δ(x − xs)δ(t)

with constant c > 0 is

ũ(t;x,xs) = H(ct− ∥x − xs∥)

2π
√
c2t2 − ∥x − xs∥2

= Ψ(ct− ∥x − xs∥)√
ct+ ∥x − xs∥

,

where H(t) =
∫ t

−∞ δ(η) dη refers to the Heaviside step function. Since τ(x,xs) = ∥x−xs∥
c

in this constant case, we have

ũ(t;x,xs) = Ψ(c (t− τ(x,xs)))√
c (t+ τ(x,xs))

= 1
c
√
t+ τ(x,xs)

Ψ(t− τ(x,xs)).

By switching from the constant velocity to a space-dependent c(x), this no longer holds,
but it suggests the following form of ũ

ũ(t;x,xs) = a(x,xs)Ψ(t− τ(x,xs)) +R(t,x,xs),

where the remainder R is not necessarily small, but smoother than the rest and therefore
not relevant for analyzing the leading singularities of the solution. For a more in-depth
explanation we refer to [Sym98, Chapter 5].
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Inserting the progressing wave expansion (2.2.6) into equation (2.2.5), then using the
relation H ′ = δ, the equations from (A.1.1), and again the Leibniz integral rule, we now
have

Ln(t;xr,xs) ≈ ∂2
t

∫
X

n(x)
c2(x)

∫ t

0
a(x,xs)Ψ(t− η − τ(x,xs)) a(xr,x)Ψ(η − τ(xr,x)) dη dx

= ∂2
t

∫
X

n(x)
c2(x)a(x,xs)a(xr,x)

∫ t

0
Ψ(t− η − τ(x,xs))Ψ(η − τ(xr,x)) dη︸ ︷︷ ︸

=Ψ⋆Ψ(t−τ(x,xs)−τ(xr ,x))

dx

= ∂t

∫
X

n(x)
4πc2(x)a(x,xs)a(xr,x) ∂tH(t− τ(x,xs) − τ(xr,x)) dx

= ∂t

∫
X

n(x)
4πc2(x)a(x,xs)a(xr,x) δ(t− τ(x,xs) − τ(xr,x)) dx.

By integrating over time and multiplying with 4π, we can define the operator F as

Fn(t;xr,xs) :=
∫
X

n(x)
c2(x)a(x,xs)a(xr,x) δ(t− τ(x,xs) − τ(xr,x)) dx,

and the right-hand side

g(t;xr,xs) := 4π
∫ t

0
(ũ− u)(η;xr,xs) dη.

We now proceed with an assumption regarding the acquisition geometry: pairs of
source and receiver positions can be smoothly parametrized by a variable s ∈ S ⊂ R,
meaning xs = xs(s) and xr = xr(s). For instance, for the common-offset acquisition
geometry with half offset α ≥ 0, source and receiver positions are given by

xs(s) = (s− α, 0)⊤, xr(s) = (s+ α, 0)⊤, s ∈ S. (2.2.9)

We set

φ(s,x) := τ(x,xs(s)) + τ(x,xr(s)) and A(s,x) := a(x,xs(s))a(x,xr(s))
c2(x) . (2.2.10)

Therefore our problem now reads: recover n from

Fn(s, t) = g(s, t), (s, t) ∈ S × (0, tmax), (2.2.11)

with
Fn(s, t) =

∫
X
n(x)A(s,x) δ(t− φ(s,x)) dx (2.2.12)

and
g(s, t) = 4π

∫ t

0
(ũ− u)(η;xr(s),xs(s)) dη. (2.2.13)
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In general, an inversion formula for F is not known, as we will see later in Section 6.1.3.
For this reason, we try to find so called reconstruction operators, that preserve the original
structure of n as much as possible. The reconstruction operators we consider are motivated
by approximate inversion formulas similar to those in Kirchhoff migration, see e.g. [BCS01].
These can be expressed as F †KFn with a convolution filter K, where F † is the generalized
backprojection

F †g(x) =
∫
S

∫ tmax

0
A(s,x)g(s, t) δ(t− φ(s,x)) dt ds =

∫
S
A(s,x)g(s, φ(s,x)) ds.

Similar to the backprojection of the classical Radon transform, see [Hel11], where one
integrates over the set of all lines containing the point x, we here integrate over the set of
all contour lines of φ that contain x. Therefore this can be understood as a generalized
version of the backprojection for the classical Radon transform. In [Bey85], Beylkin showed
that the imaging operator F †KFn is close to the identity operator, in the sense that it can
be divided into a partial identity operator (a low-pass filter) and a smoothing operator.

Another approach proposed by the authors in [NS97; De +09; Sto00; Fel+16] is to
use the normal operator F ∗F , which was then extended to operators of the form KF †F

in [Gra+17; Gra+18; Gra+20; KQR23; GR23], where K is a suitable pseudodifferential
operator.

In summary, we consider reconstruction operators of the following two types:

1
2πKF

†
WψF and 1

2πF
†
WMψF, (2.2.14)

where ψ is a smooth and compactly supported cutoff function and K and M are suitable
(pseudo-)differential operators. Further, F †

W is the generalized backprojection with weight
W ∈ E(S ×X), that is

F †
W g(x) =

∫
S
W (s,x)g(s, φ(s,x)) ds.

Note that F †
W is the formal L2-adjoint of

FWn(s, t) :=
∫
X
n(x)W (s,x)δ(t− φ(s,x)) dx,

(see (A.2.1)) and the formal L2-adjoint F ⋆ has weight W = A. The cutoff function ψ is
needed so that F † and F can be composed in general, see Chapter 4 for more details.

To cover both types of reconstruction operators, set

Λ := 1
2πKF

†
WMψF.
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The quality and suitability of those imaging operators depend on how well they can emulate
the identity operator. As mentioned earlier, to the best of our knowledge there is no Λ to
yield the identity operator. Therefore we study choices of the pseudodifferential operators
K and M and weights W to understand which features of n will be recovered, emphasized
or de-emphasized by the corresponding imaging operator Λ. Our choices for K, M and
W will be discussed in Chapter 4.

We want to calculate Λn at p ∈ X. But this is not necessarily possible depending on
which space n belongs to, since in general n ∈ E ′(X). Therefore we need an approximation
for Λn(p). The concept of approximate inverse fits the structure of Λ perfectly.

2.2.1 Approximate inverse

By the concept of approximate inverse (see [Lou96]), instead of Λn(p), we compute the
approximation Λn(p) ≈ Λn ∗ eγ(p) for a family of mollifiers {eγ}γ>0 that are compactly
supported in Bγ(0). A mollifier fulfills the following properties:

(1) it is compactly supported,

(2)
∫
eγ(x) dx = 1, (2.2.15)

(3) lim
γ→0

eγ = δ.

The parameter γ acts as a regularization parameter, since the smaller γ is, the smaller the
support of eγ and therefore the size of the neighbourhood where the approximation of the
δ-distribution does not vanish.

With a fixed and sufficiently small γ > 0 it then holds

Λn(p) ≈ Λn ∗ eγ(p) = 1
2π
〈
KF †

WMψFn , eγ(· − p)
〉

D′(X),D(X)

= 1
2π ⟨ψFn , M⋆FWK

⋆eγ(· − p)⟩E ′(Y ),E(Y )

= ⟨ψFn , vp,γ,W ⟩E ′(Y ),E(Y )

=
∫
S

∫ tmax

0
ψ(s, t)g(s, t)vp,γ,W (s, t) dtds,

(2.2.16)

where Y := S × (0, tmax), and the reconstruction kernel

vp,γ,W = 1
2πM

⋆FW K⋆ eγ(· − p).

For ρ : X → R define

F̃ ρ(s, t) :=
∫
X
ρ(x) δ(t− φ(s,x)) dx.
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Then F̃ (W (s, ·)n) = FWn. Now we claim that we can reformulate F̃ p(s, t) as follows.

Lemma 2.2.
Let F̃ defined as above. Then

F̃ ρ(s, t) =
∫

L(s,t)

ρ(s,x)
∥∇xφ(s,x)∥ ds(x)

= 1√
2

∫
L(s,t)

c(x)ρ(s,x)√
1 + c2(x)∇xτ(x,xs(s)) · ∇xτ(x,xr(s))

ds(x),
(2.2.17)

by integrating over reflection isochrones

L(s,t) := {x ∈ X : φ(s,x) = t} , s ∈ S, t ∈ (0, tmax). (2.2.18)

Proof. It holds

F̃ ρ(s, t) =
∫
X
ρ(x) δ(t− φ(s,x)) dx

= lim
h↘0

1
h

∫⋃
{L(s,r) : t≤r≤t+h}

ρ(s,x) dx

= lim
h↘0

1
h

∫ t+h

t

∫
L(s,r)

ρ(s,x)
∥∇xφ(s,x)∥ ds(x) dr (coarea formula)

=
∫

L(s,t)

ρ(s,x)
∥∇xφ(s,x)∥ ds(x). (Lebesgue differentiation thm.)

Further, with the abbreviations c = c(x), τs = τ(x,xs(s)) and τr = τ(x,xr(s))

∥∇xφ(s,x)∥ = ∥∇xτs + ∇xτr∥ =
√

(∂x1τs + ∂x1τr)2 + (∂x2τs + ∂x2τr)2

=
√

∥∇xτs∥2 + ∥∇xτr∥2 + 2∇xτs · ∇xτr

=
√
c−2 + c−2 + 2∇xτs · ∇xτr (eikonal eq. (2.2.7))

=
√

2
c

√
1 + c2∇xτs · ∇xτr.

This justifies the representation (2.2.17).

The reconstruction kernel can therefore be calculated by using the following formula

vp,γ,W (s, t) = 1
2πM

⋆ v̇p,γ,W (s, t) (2.2.19)

with

v̇p,γ,W (s, t) := 1√
2

∫
L(s,t)

c(x)W (s,x) K⋆eγ(x − p)√
1 + c2(x)∇xτ(x,xs) · ∇xτ(x,xr)

ds(x). (2.2.20)
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Note that eγ is assumed to be known explicitly, therefore we can calculate an explicit
expression of K⋆eγ(· − p) for suitable K. This will be handled in Chapter 4.

To summarize, our procedure looks as follows:

1. Numerically solve the eikonal (2.2.7) and transport equations (2.2.8). The algorithms
we use for that will be presented in Chapter 5.

2. Find the reflection isochrones L(s,t) for every discrete s and t. This can be done
efficiently with the Marching Squares algorithm, which is the 2D version of the
Marching Cubes algorithm by [LC87].

3. Calculate reconstruction kernels vp,γ,W for every point p in the reconstruction do-
main using (2.2.20) and a trapezoidal rule to approximate the integral and finite
differences of order 2 for ∇xτ therein.

4. Evaluate the (L2-) scalar product ⟨ψg , vp,γ,W ⟩ ≈ Λn(p) in equation (2.2.16) by
using a trapezoidal sum.
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CHAPTER 3

Microlocal basics

Here we collect important definitions and known results about microlocal anal-
ysis from the literature. When deemed appropriate, we provide some examples.

Microlocal analysis derived from the theory of partial differential equations and Fourier
analysis in the 1960s and 1970s. The term originates from joint work by Mikio Satō,
Takahiro Kawai and Masaki Kashiwara, see [Sjö00, Section 2]. Notably, Lars Hörmander
and Mikio Satō played significant roles to develop the theory of microlocal analysis.

We will only cover the definitions and results necessary for our presentation in the
following chapters. For a full survey of all important results concerning microlocal analysis,
we refer the reader to publications of Lars Hörmander, namely [Hör65] and [Hör71]. In
addition, we recommend the book [Pet83] by Bent E. Petersen and, in particular, the
two-volume work by François Trèves [Trè80; Trè81] for a more elaborate presentation of
the theory. For a first impression of microlocal analysis, we suggest the article [KQ15] by
Venkateswaran P. Krishnan and Eric Todd Quinto.

The Fourier transform plays an important role in this chapter. We will use the following
form for the Fourier transform of a function f ∈ L1(Rd)

(Ff)(ξ) := f̂(ξ) := 1
√

2πd
∫
Rd

e−ix·ξf(x) dx,

and the inverse Fourier transform will be given by

(F−1f̂)(x) := 1
√

2πd
∫
Rd

eix·ξf̂(ξ) dξ = f(x).

The Fourier transform is a linear continuous map from S(Rd) to S(Rd), see [Rud73, Theo-
rem 7.7], and can be extended to a linear continuous map from S ′(Rd) to S ′(Rd) according
to [Rud73, Theorem 7.15].

Let X ⊆ Rd be an open subset. As the title of this chapter suggests, we want to
analyze properties of distributions in a local sense. To this end, we introduce the notion
of a conic neighborhood.
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Definition 3.1. (conic neighborhood)
Let ξ0 ∈ RN \{0}. A set V ⊆ RN \{0} is called conic neighborhood of ξ0 if

• ξ0 ∈ V ,

• Bε(ξ0) ⊆ V for some ε > 0, and

• ξ ∈ V ⇒ λξ ∈ V for all λ > 0.

A further tool of localization will be a cutoff function. This is simply a compactly
supported C∞ function ψ ∈ D(X) that is different from 0 at some point x0 ∈ X, meaning
ψ(x0) ̸= 0. Note that it is equivalent to use a ψ ∈ D(X) that is identically 1 near x0,
see [Hör03, Chaper VIII].

3.1 The C∞ wavefront set

As we are interested in changes of a material, we want to investigate where non-smooth
structures are. This is where the following definition comes into play.

Definition 3.2. (singular support)
For a distribution u ∈ D′(X) we define the singular support of u as

ssup(u) := X \ {x ∈ X : u coincides with a C∞ function in a neighborhood of x} .

Or, more precicely, a point x0 ∈ X belongs to the complement of ssup(u) if there is a
neighborhood U ⊂ X of x0 and a cutoff function ψ ∈ D(U), ψ(x0) ̸= 0, so that ψu ∈ E(X)
(see [Hör03, Definition 2.2.3] or [Sjö00, p. 970]).

Therefore, ssup(u) is the complement in X of the largest open set on which u is smooth.

For instance, for the characteristic function of a set B ⊂ Rd, we have ssup(χB) = ∂B.

The smoothness of a distribution u ∈ E ′(Rd) ⊆ S ′(Rd) is closely related to the following
property of its Fourier transform, which is more accessible than checking the smoothness
of u.

Definition 3.3. (rapid decay)
A function f : Rd → C is rapidly decaying (at infinity) on the cone V ⊆ Rd\{0} if for every
N ∈ N0 there is a constant CN > 0 so that

|f(x)| ≤ CN (1 + ∥x∥)−N , ∀x ∈ V.
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Note that the Schwartz space S(Rd) consists of C∞ functions, whose derivatives are
all rapidly decaying. This property is sometimes called rapidly decreasing, see e.g. [FJ98,
Definition 8.2.1]. A common example for a Schwartz function is e−∥·∥2 .

Remark 3.4. Another characterization of a rapidly decaying function is given as follows.
A function f : Rd → C is rapidly decaying on the cone V ⊆ Rd\{0} if and only if

∀N ∈ N0 : |f(x)| = O
(

1
∥x∥N

)
(as ∥x∥ → ∞ with x ∈ V ),

meaning |f(x)| is decreasing faster on the cone V than any reciprocal power of ∥x∥ as ∥x∥
tends to infinity.

Proof. Without loss of generality assume ∥x∥ ≥ 1. Then for k ∈ N0 we get

(1 + ∥x∥)k

∥x∥k
=

k∑
m=0

 k
m

 ∥x∥m

∥x∥k
≤

k∑
m=0

 k
m

 =: C̃k.

Since |f(x)| = O
(

1
∥x∥k

)
we therefore have

|f(x)| ≤ C
1

∥x∥k
≤ CC̃k︸ ︷︷ ︸

=:Ck

(1 + ∥x∥)−k

for some constant C > 0 and ∥x∥ large enough.

On the other hand, given |f(x)| ≤ Ck(1 + ∥x∥)−k, we see that

|f(x)| ≤ Ck
1

(1 + ∥x∥)k ≤ Ck
1

∥x∥k
= O

(
1

∥x∥k

)
.

Now we state the lemma that establishes the connection between the smoothness of a
distribution and the rapid decay of its Fourier transform.

Lemma 3.5.
A distribution u ∈ E ′(X) is in D(X) if and only if its Fourier transform is rapidly decaying
on Rd, meaning for each N ∈ N0 there is a constant CN > 0 so that

|Fu(ξ)| ≤ CN (1 + ∥ξ∥)−N , ∀ξ ∈ Rd as ∥ξ∥ → ∞.

Proof. see [Pet83, Lemma 2.13.1] or [Rud73, Theorem 7.22].
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Note that this is a global statement, it does not yet help us with finding the singular
support of a distribution u ∈ D′(X). Therefore we utilize a cutoff function and note that
for ψ ∈ D(X), we have ψu ∈ E ′(X). This enables us to employ the results of Lemma 3.5,
which leads to the following corollary.

Corollary 3.6. (see [Pet83, Corollary 2.13.2])
Let u ∈ D′(X) and U ⊆ X an open subset. Then u|U ∈ E(U) if and only if the localized
Fourier transform Fψu is rapidly decaying on Rd for each ψ ∈ D(U), meaning for all
ψ ∈ D(U) and N ∈ N0 there is a constant CN,ψ > 0 such that

|(Fψu)(ξ)| ≤ CN,ψ(1 + ∥ξ∥)−N , ∀ξ ∈ Rd as ∥ξ∥ → ∞.

Recall that the singular support consists of the points, where u ∈ D′(X) is not smooth.
Lemma 3.5 and Corollary 3.6 imply that if u is not smooth, then there are nonzero
directions ξ so that the inequalities for rapid decay do not hold. Motivated by this, we
refine the concept of the singular support by including the directions in which u ∈ D′(X)
is not smooth. Theorem 2.13.5 in [Pet83] allows us to restrict the set of functions ψ from
Corollary 3.6 further, which now leads to our definition of the wavefront set.

Definition 3.7. (C∞ wavefront set)
Let u ∈ D′(X). Then (x0, ξ0) ∈ X × (Rd\{0}) is not in the wavefront set of u, if there
is a cutoff function ψ ∈ D(X) with ψ(x0) ̸= 0, and a conic neighborhood V ⊆ Rd\{0} of
ξ0, such that the localized Fourier transform Fψu is rapidly decaying on V .

The C∞ wavefront set of u will be denoted by WF(u).

Remark 3.8 (see [Hör03, Section 8.1]). Another way to define the wavefront set is through
the frequency set Σ(u). This is the cone of all ξ ∈ Rd \{0}, that do not have a conic
neighborhood V of ξ such that Fu is rapidly decaying on V . Then we can define the set
of directions at which u is not smooth at x ∈ X as

Σx(u) :=
⋂

ψ∈D(X), ψ(x)̸=0
Σ(ψu).

The wavefront set is then given by

WF(u) =
{

(x, ξ) ∈ X × (Rd\{0}) : ξ ∈ Σx(u)
}
.
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The following lemma will state some properties of the wavefront set.

Lemma 3.9.
Let u ∈ D′(X). Then the following holds

(a) WF(u) is a conic set, meaning if (x, ξ) ∈ WF(u), then (x, λξ) ∈ WF(u) for all
λ > 0. Further, it is a closed set in X × (Rd\{0}).

(b) For ϕ ∈ E(X) we have WF(ϕu) ⊆ WF(u).

(c) ssup(u) = π(WF(u)), where π is the projection of X × (Rd\{0}) onto X.

Proof. See [Gra20, Lemma 2.13].

Example 3.10.
Consider the triangle

T =
{
λ1(−1, 0)⊤ + λ2(1, 0)⊤ + λ3(0, 1)⊤ : λ1, λ2, λ3 ≥ 0, λ1 + λ2 + λ3 = 1

}
in R2. Let u be the characteristic function

u(x) =

1, x ∈ T,

0, x /∈ T.

Then ssup(u) is the boundary of the triangle, as it is not smooth there. The wavefront
set WF(u) consists of the (nonzero) normal directions at all singular points except the
three corners, at which all (nonzero) directions are contained in the wavefront set, see
Figure 3.1.

u = 1

u = 0

Fig. 3.1: Illustration of the wavefront set of the characteristic function u on a triangle.
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Proof (inspired by [KQ15, Example 5]; with input from Eric Todd Quinto). Let
ψ ∈ D(R) be a cutoff function with ψ(0) ̸= 0. Then, by repeated integration by
parts, we have for the localized Fourier transform of the Heaviside function

√
2π(FψH)(ξ) =

∫ ∞

0
e−ixξψ(x) dx =

[
e−ixξ

−iξ ψ(x)
]∞

x=0
−
∫ ∞

0

e−ixξ

−iξ ψ
′(x) dx

= − 1
iξ

(
ψ(0) −

∫ ∞

0
e−ixξψ′(x) dx

)
= − 1

iξ

(
ψ(0) −

[
e−ixξ

−iξ ψ
′(x)

]∞

x=0
+
∫ ∞

0

e−ixξ

−iξ ψ
′′(x) dx

)

= − 1
iξ

(
ψ(0) + 1

iξ

(
ψ′(0) −

∫ ∞

0
e−ixξψ′′(x) dx

))
= O

( 1
|ξ|

)
+ O

(
1

|ξ|2

)
+ · · · = O

( 1
|ξ|

)
,

where the last equality is to be understood in terms of the absolute value of the previous
terms. Also note that the first term is (absolutely) bounded at ξ = 0.

Let x0 ∈ E :=
{

(λ− 1, λ)⊤ : λ ∈ (0, 1)
}

be a point on the upper left edge of the
triangle. Fix a direction ξ0 = (ξ0

1 , ξ
0
2)⊤ with ξ0

1 ̸= −ξ0
2 . We now show that the localized

Fourier transform is rapidly decaying in a conic neighborhood Γ of ξ0. We can choose a
constant C > 0 so that the cone Γ := {|ξ1 + ξ2| ≥ C ∥ξ∥} includes ξ0. This setup is also
illustrated in Figure 3.2.

x1 − x2 = −1

Γ
x0

ξ0

H(x1 − x2 + 1)

Fig. 3.2: Illustration of the situation for the upper left corner of the triangle.

Consider f : (x1, x2)⊤ 7→ ψ(x1 − x2 + 1)ψ(x2 − x0
2)H(x1 − x2 + 1). Here, we need to

choose supp(ψ(x2−x0
2)) small enough that f is supported away from any other boundary of
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the triangle. Therefore assume supp(ψ(x2 − x0
2)) ⊂ (0, 1). Then for the Fourier transform

of f , we get

2π (Ff) (ξ) =
∫
R2
e−i(x1ξ1+x2ξ2)ψ(x1 − x2 + 1)ψ(x2 − x0

2)H(x1 − x2 + 1) dx

=
∫
R
e−ix2ξ2ψ(x2 − x0

2)
∫
R
e−ix1ξ1ψ(x1 − x2 + 1)H(x1 − x2 + 1) dx1 dx2

=
∫
R
e−ix2ξ2ψ(x2 − x0

2)
∫
R
e−i(z+x2−1)ξ1ψ(z)H(z) dz dx2

= eiξ1

∫ ∞

0
e−izξ1ψ(z) dz︸ ︷︷ ︸
=O
(

1
|ξ1|

)
∫
R
e−ix2(ξ1+ξ2)ψ(x2 − x0

2) dx2︸ ︷︷ ︸
=:R

,

where the equality under the first underbrace is again to be understood in terms of the
absolute value.

Now we use partial integration for the R term and obtain

R =
[
e−ix2(ξ1+ξ2)

−i(ξ1 + ξ2)ψ(x2 − x0
2)
]∞

x2=−∞
−
∫
R

e−ix2(ξ1+ξ2)

−i(ξ1 + ξ2)ψ
′(x2 − x0

2) dx2

= 1
i(ξ1 + ξ2)

∫
R
e−ix2(ξ1+ξ2)ψ′(x− x0

2) dx2.

By repeating the partial integration N times, we see that |R| is O
(

1
|ξ1+ξ2|N

)
for all

N ∈ N0. Therefore |(Ff) (ξ)| = O
(

1
|ξ1||ξ1+ξ2|N

)
, and Ff is rapidly decaying on Γ as

|ξ1 + ξ2| ≥ C ∥ξ∥ for ξ ∈ Γ. On the other hand, if ξ1 = −ξ2, then (Ff) (ξ) is not rapidly
decaying, meaning the only directions in WF(u) at x0 are those with ξ1 = −ξ2.

In the second part of this proof we show that all possible directions ξ ∈ R2 \{0} are
in the wavefront set WF(u) at the lower left corner (−1, 0)⊤. Once more, we define a
function f : (x1, x2)⊤ 7→ ψ(x1 − x2 + 1)ψ(x2)H(x1 − x2 + 1)H(x2), which describes the
localized intersection of the half-spaces x1 − x2 ≥ −1 and x2 ≥ 0. Its Fourier transform is

2π(Ff)(ξ) =
∫
R2
e−ix·ξψ(x1 − x2 + 1)ψ(x2)H(x1 − x2 + 1)H(x2) dx

=
∫ ∞

0
e−ix2ξ2ψ(x2)

∫
R
e−i(z+x2−1)ξ1ψ(z)H(z) dz dx2

= eiξ1

∫ ∞

0
e−ix2(ξ1+ξ2)ψ(x2) dx2

∫ ∞

0
e−izξ1ψ(z) dz

Therefore |(Ff)(ξ)| is O
(

1
|ξ1+ξ2||ξ1|

)
, and Ff is not rapidly decaying in any direction

ξ ∈ R2\{0}.
The proof for the two other edges and corners can be done in a similar way.



22 Chapter 3. Microlocal basics

In general, for a set Ω ⊂ Rd with a C∞ boundary, we get

WF(χΩ) =
{

(x, ξ) ∈ Rd × (Rd\{0}) : x ∈ ∂Ω, ξ ⊥ ∂Ω at x
}
,

see [Hör03, Example 8.2.5] or [KQ15, Example 6].

3.2 Fourier Integral Operators

The essential terms in this section are often defined on open sets X ⊆ Rnx and Y ⊆ Rny

for different nx, ny ∈ N, but we do not need this generality here. Instead, we let X and Y
both be open subsets of Rd. Further, let N ∈ N. We start with the two core components
of Fourier integral operators.

Definition 3.11. (Symbol)
A function p ∈ E(Y × X × RN ) is a symbol of order m ∈ R if for every compact set
K ⊆ Y × X and all multi-indices α ∈ NN0 , β,γ ∈ Nd0 there is a constant CK,α,β,γ > 0 so
that

∣∣∣Dα
ξ D

β
xD

γ
y p(y,x, ξ)

∣∣∣ ≤ CK,α,β,γ(1 + ∥ξ∥)m−∥α∥, ∀(y,x) ∈ K, ξ ∈ RN . (3.2.1)

The set of all symbols of order m ∈ R will be denoted by Sm(Y ×X × RN ). Further, we
define S−∞(Y ×X × RN ) := ⋂

m∈R
Sm(Y ×X × RN ).

Later on, we will also consider symbols depending only on two variables. In this case,
(3.2.1) holds without the derivative in y, and we write Sm(X ×RN ) or, in case of N = d,
simply Sm(X) for symbols of order m on X × RN .

Further, a symbol p ∈ Sm(Y × X × RN ) is elliptic (of order m) if for every compact
set K ⊆ Y ×X there are constants CK > 0 and M > 0 such that

|p(y,x, ξ)| ≥ CK(1 + ∥ξ∥)m, ∀(y,x) ∈ K, ∥ξ∥ ≥ M. (3.2.2)

Sometimes in the literature, the condition (3.2.1) is only required to hold for ∥ξ∥ ≥ 1,
and an integrability condition of p on K ×

{
ξ ∈ RN : ∥ξ∥ ≤ 1

}
is added, see for exam-

ple [Gra20, Section 2.1.1]. However, if p fulfills estimate (3.2.1), then it is already inte-
grable.
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Definition 3.12. (Phase function)
A real valued function ϕ ∈ E(Y ×X × (RN \{0})) is called a phase function if

• ϕ is positive homogeneous of degree 1 in ξ, meaning for λ > 0 we have

ϕ(y,x, λξ) = λ ϕ(y,x, ξ) for all (y,x, ξ) ∈ Y ×X × (RN \{0})

• (∇yϕ
⊤,∇ξϕ

⊤) and (∇xϕ
⊤,∇ξϕ

⊤) do not vanish on Y ×X × (RN \{0}).

A phase function ϕ is called non-degenerate if the set{(
∇(y,x,ξ)∂ξj

ϕ
)⊤

: j = 1, . . . , N
}

is linearly independent on

Σϕ :=
{

(y,x, ξ) ∈ Y ×X × (RN \{0}) : ∇ξϕ(y,x, ξ) = 0
}
.

Now we can define Fourier integral operators.

Definition 3.13. (Fourier integral operator)
Let p ∈ Sm(Y × X × RN ) be a symbol of order m and ϕ ∈ E(Y × X × RN \{0}) a
non-degenerate phase function. A Fourier integral operator (FIO) applied to u ∈ D(X) is
given by

Fu(y) =
∫
RN

∫
X

eiϕ(y,x,ξ)p(y,x, ξ)u(x) dx dξ, y ∈ Y.

The order of the FIO F is k := m− d−N
2 .

This operator F maps D(X) continuously into E(Y ), which can be uniquely extended
as a continuous map from E ′(X) to D′(Y ), see [Trè81, Theorem VIII.5.1] or [Hör71, Sec-
tion 1.4].

Definition 3.14. (Canonical relation)
Let F be a FIO with phase function ϕ ∈ E(Y ×X×RN\{0}). Then the canonical relation
C ⊆ (Y × Rd\{0}) × (X × Rd\{0}) is defined by

C := {(y,∇yϕ(y,x, ξ); x,−∇xϕ(y,x, ξ)) : (y,x, ξ) ∈ Σϕ} .
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For canonical relations C and C̃, and u ∈ D′(X), we define

C ◦ WF(u) := {(y,η) : ∃(x, ξ) ∈ WF(u) : (y,η;x, ξ) ∈ C} ,

and

C̃ ◦ C :=
{

(ỹ, η̃,x, ξ) : ∃(y,η) with (ỹ, η̃;y,η) ∈ C̃ and (y,η;x, ξ) ∈ C
}
.

The following theorem describes how a FIO propagates singularities.

Theorem 3.15. (Hörmander-Sato Lemma)
Let u ∈ E ′(X) and F , F̃ be FIOs with canonical relations C and C̃ respectively. Assume
the composition FF̃ is well defined on E ′(X). Then we have

WF(Fu) ⊆ C ◦ WF(u),

WF((FF̃ )u) ⊆ (C ◦ C̃) ◦ WF(u).

Proof. The assertions follow by results in [Hör03], namely Theorem 8.2.12. They are
stated in this form in Theorem 15 and Theorem 16 in [KQ15].

Theorem 3.15 provides us with a superset of singularities that can be preserved when
a FIO is applied to a distribution. In particular, this means that potentially some of
these singularities are not visible when a FIO is applied. See [KQR23, Proposition 3.5]
for a characterization of visible and invisible singularities. Furthermore, because of the
composition with the canonical relation C, a FIO can even add singularities that were not
originally present in u. Microlocal analysis can help to understand which singularities will
be visible and what types of those artifacts are introduced, see, e.g. [FQ15].

Next, we look into a special case of Fourier integral operators which do not have the
problem of potentially adding artifacts.

3.3 Pseudodifferential operators

Here, we consider FIOs with X = Y , N = d, and the non-degenerate phase function
ϕ(y,x, ξ) = (y − x) · ξ. Further, the pseudodifferential symbol will only depend on the
two variables x and ξ. We first generalize the definition of a symbol by allowing functions
which are not necessarily C∞ in ξ = 0.
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Definition 3.16. (General symbol)
A function p ∈ E(X × (Rd\{0})) is a general symbol of order m ∈ R if

1. for every compact set K ⊆ X and all multi-indices α,β,∈ Nd0 there is a constant
CK,α,β > 0 so that

∣∣∣Dα
ξ D

β
xp(x, ξ)

∣∣∣ ≤ CK,α,β(1 + ∥ξ∥)m−∥α∥, ∀x ∈ K, ∥ξ∥ ≥ 1.

2. for all multi-indices β ∈ Nd0, Dβ
xp(x, ξ) is integrable on K ×

{
ξ ∈ Rd : ∥ξ∥ ≤ 1

}
.

This is a generalization of Definition 3.11. The set of all general symbols of order m ∈ R
will be denoted by Smg (X).

Definition 3.17. (Pseudodifferential operator and general pseudodifferential operator)
Let p ∈ Sm(X) be a symbol of order m ∈ R on X×Rd. For u ∈ D(X), a pseudodifferential
operator (ΨDO) of order m has the following form

Pu(x) = 1
(2π)d

∫
Rd

∫
X

ei(x−y)·ξp(x, ξ)u(y) dy dξ = 1
√

2πd
∫
Rd

eix·ξp(x, ξ)û(ξ) dξ.

If instead p ∈ Smg (X) is a general symbol of order m ∈ R, we will call P a general
pseudodifferential operator of order m.

Again, P maps D(X) continuously into E(X), see [Pet83, Chapter 3, Theorem 2.4].
This operator can also be uniquely extended to a continuous linear map from E ′(X) into
D′(X), see [Pet83, Chapter 3, Corollary 3.13].

A smoothing operator maps E ′(X) continuously into E(X). Now, a ΨDO with symbol
p ∈ S−∞(X) is a smoothing operator, see [Pet83, Chapter 3, Lemma 3.14]. For the study
of singularities, those smoothing operators can be neglected. Note that if P is a general
ΨDO, then P differs from a standard ΨDO by a smoothing operator, see [GQR24, text
below Definition 2.10].

Note that the obvious choice would have been to use a symbol depending on all three
variables as in the last section for this definition, matching the idea that ΨDOs are FIOs
with a specific phase function. It can be shown, however, that operators in the form of
Definition 3.17 generate the same class of operators modulo smoothing operators as those
with symbol p(y,x, ξ), see [Pet83, p.188] or [Hör71, Chapter 2.1].
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Example 3.18.
Consider the operator −∆u(x) = −

∑d
k=1D

2eku(x) on Rd, u ∈ D′(Rd). In terms of a
Fourier representation, we get

−∆u(x) = 1
√

2πd
∫
Rd

eix·ξ −̂∆u(ξ) dξ = 1
(2π)d

∫
Rd

eix·ξ
∫
Rd

e−iy·ξ(−∆u)(y) dy dξ

= 1
(2π)d

∫
Rd

(
−

d∑
k=1

(iξk)2
)∫

Rd
ei(x−y)·ξu(y) dy dξ (p.i.)

= 1
(2π)d

∫
Rd

∫
Rd

ei(x−y)·ξ(−i2 ∥ξ∥2)u(y) dy dξ.

The symbol of −∆ is therefore given by p(x, ξ) = −i2 ∥ξ∥2 = ∥ξ∥2 ∈ S2(Rd). As the
symbol further fulfills inequality (3.2.2), −∆ is an elliptic pseudodifferential operator of
order 2.

Example 3.19.
Similar to the first example, we see that

(−∆)1/2u(x) = 1
√

2πd
∫
Rd

eix·ξ ∥ξ∥ û(ξ) dξ.

As ξ 7→ ∥ξ∥ is not C∞ at 0, this is not a symbol as per Definition 3.11 and therefore (−∆)1/2

is not a pseudodifferential operator. It is, however, a general symbol, see Definition 3.16.
Given a cutoff function ψ ∈ D(Rd) with ψ(0) = 1, we can split the integral into

(−∆)1/2u(x) = 1
√

2πd
∫
Rd

eix·ξψ(ξ) ∥ξ∥ û(ξ) dξ︸ ︷︷ ︸
:=Lu(x)

+ 1
√

2πd
∫
Rd

eix·ξ(1 − ψ(ξ)) ∥ξ∥ û(ξ) dξ︸ ︷︷ ︸
:=Ru(x)

.

Now, Ru is a ΨDO of order 1 with symbol (1−ψ(ξ)) ∥ξ∥. Further, ψ(ξ) ∥ξ∥ û(ξ) ∈ E ′(Rd)
and Lu ∈ E(Rd) according to [Pet83, Chapter 2, Theorem 8.1], meaning L is a smoothing
operator.

With the use of pseudodifferential operators, we can predict how the singular support
and wavefront set of u ∈ E ′(X) changes when such an operator is applied to u. This is
stated in the following theorem.
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Theorem 3.20. (Pseudolocal property)
Let P be a ΨDO and u ∈ E ′(X). Then P satisfies the pseudolocal property (see [Trè80,
Chapter I, Corollary 6.2]):

ssup(Pu) ⊆ ssup(u) and WF(Pu) ⊆ WF(u).

If P is elliptic, meaning its symbol is elliptic, then the singular support and wavefront
set is preserved (see [Pet83, Chapter 4 §1.])

ssup(Pu) = ssup(u) and WF(Pu) = WF(u).

This especially means that a ΨDO does not add any artifacts.
A part of the symbol of a pseudodifferential operator plays a crucial role in analyzing

its properties.

Definition 3.21. (Top order symbol)
Let P be a ΨDO of order m ∈ R and p ∈ Sm(X) its corresponding symbol. A function
σ(P ) ∈ Sm(X) is the top order or principal symbol of P if

p− σ(P ) ∈ Sm−ε(X), for some ε > 0,

and σ(P ) is positively homogeneous of degree m in the last variable.

Besides the obvious fact that the order of a ΨDO coincides with the order of the
top order symbol, there are also other useful properties that transfer over. For instance,
ellipticity of a pseudodifferential operator, and therefore of its symbol, is a property shared
with the corresponding top order symbol (see [Gra20, p. 26]).
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CHAPTER 4

Imaging operators

In this chapter we specify the different imaging operators we use by stating the
pseudodifferential operators K or M and weight W . For each operator, we
calculate explicit expressions for the term K⋆ekγ, which is an integral part of
the reconstruction kernel, see equation (2.2.20). The mollifier function ekγ we
rely on is also declared here.

Let S ⊂ R be an open interval in R containing the parameters for source and receiver
positions as in Section 2.2. Recall φ from equation (2.2.10) and define

X := int
{
x ∈ R2

+ : ∀s ∈ S : ∇xφ(s,x) ̸= 0
}

and Y := {(s, t) : s ∈ S, t > tfirst(s)} ,

where tfirst(s) is the first arrival time of the unique ray traveling from source xs(s) to
receiver xr(s).

First, we show that the operator F : E ′(X ) → D′(Y ) from (2.2.12) is in fact a Fourier
integral operator of order −1/2. By using the Fourier representation of the δ function, we
obtain

Fn(s, t) =
∫

X
n(x)A(s,x)

(
F−1F [η 7→ δ(η − φ(s,x))]

)
(t) dx

=
∫

X
n(x)A(s,x)

(
F−1

[
ξ 7→ 1√

2π
e−iξφ(s,x)

])
(t) dx

=
∫

X
n(x)A(s,x) 1

2π

∫
R

eiξ(t−φ(s,x)) dξ dx

=
∫
R

∫
X

eiξ(t−φ(s,x)) 1
2πA(s,x)n(x) dxdξ,

Note that a solution to the the eikonal equation (2.2.7) can be obtained by solving
systems of ordinary differential equations that depend on a further parameter. This has
been done, for instance, in [BCS01, Chapter E.2] and [KQR23, Section 4.1]. We assume c
is bounded away from 0 and ∇xc is bounded, which are both reasonable assumptions for
the background velocity. Then, under the geometric optics assumption (recall Section 2.2)
and since c ∈ E(X ), it can be shown using theory for ordinary differential equations, see
e.g. [Har02, Chapter 5, Section 4], that τ(·,xs) ∈ E(X ). Similar steps can be applied to
the transport equation (2.2.8), see [BCS01, Chapter E.3] and [KQR23, Appendix A], to
then show a(·,xs) ∈ E(X ).
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Since p(s, t,x, ξ) := 1
2πA(s,x) is independent of ξ, it is a symbol of order 0. Further

set ϕ(s, t,x, ξ) := ξ(t− φ(s,x)). We have ϕ(s, t,x, λξ) = λϕ(s, t,x, ξ) for λ > 0, meaning
ϕ is positive homogeneous of degree 1 in ξ. Consider

∇(s,t)ϕ(s, t,x, ξ) = (−ξ∂sφ(s,x), ξ)⊤ ,

∇xϕ(s, t,x, ξ) = −ξ∇xφ(s,x),

∂ξϕ(s, t,x, ξ) = t− φ(s,x).

As ξ ̸= 0, and ∇xφ(s,x) ̸= 0 by choice of X , neither (∇(s,t)ϕ
⊤, ∂ξϕ), nor (∇xϕ

⊤, ∂ξϕ)
vanish on Y × X × R\{0}. Therefore, ϕ is a phase function. We can see that the matrix

(
∇(s,t)∂ξϕ(s, t,x, ξ)⊤ ∇x∂ξϕ(s, t,x, ξ)⊤ ∂2

ξϕ(s, t,x, ξ)⊤
)

=
(
−∂sφ(s,x) 1 − ∇xφ(s,x)⊤ 0

)
has full rank 1, meaning ϕ is a non-degenerate. This concludes that F is a FIO of order
0 − 2−1

2 = −1
2 .

Similarily for the generalized backprojection F †
W : E ′(Y ) → D′(X ), we get

F †
W g(x) =

∫
Y
W (s,x)g(s, t) 1

2π

∫
R

eiξ(t−φ(s,x)) dξ d(s, t)

=
∫
R

∫
Y

eiξ(t−φ(s,x)) 1
2πW (s,x)g(s, t) d(s, t) dξ.

using the same arguments from above, we conclude that F †
W is also a FIO of order −1/2.

Note that F : E ′(X) → D′(Y ) and F †
W : E ′(Y ) → D′(X) cannot be composed in general,

which is why the cutoff function ψ ∈ D(S) is introduced in (2.2.14). With this cutoff
function, we get ψFn ∈ E ′(Y ), making the composition of F †

W and ψF possible, see
[GQR24, Proof of Theorem 3.2]. For the symbol analysis of the reconstruction operators
(2.2.14) in this general setting, we refer to [GQR24, Section 3.1].

For the family of mollifiers we will use the following function, given γ > 0

ekγ(x) = Ck,γ

(γ2 − ∥x∥2)k, ∥x∥ < γ,

0, ∥x∥ ≥ γ,
(4.0.1)

with a design parameter k > 2 that controls the smoothness of ekγ , and normalization
factor

Ck,γ =
(∫

Bγ(0)
(γ2 − ∥x∥2)k dx

)−1

=
(

2π
∫ γ

0
(γ2 − r2)kr dr

)−1
= k + 1
πγ2(k+1) .



31

If not stated otherwise, we use k = 3. Note that the function (4.0.1) is in fact a mollifier
according to (2.2.15), and we have ekγ(x) = 1

γ2 e
k
1(xγ ).

Remark 4.1. The parameter k must be so large that the expression K∗ekγ is continuous.
Since the operator K∗, which we will specify later on, differentiates ekγ up to two times, k
must be strictly greater than 2 in our case.

Set X :=
{
x ∈ R2

+ : x2 > xmin
}
, where xmin is the deepest/largest x2-coordinate of

any tfirst isochrone, xmin := max
{
x2 : (x1, x2)⊤ ∈ L(s,tfirst(s)), s ∈ S

}
. The quantity xmin

depends on the common offset α and background velocity c. For instance, given the affine
linear velocity model c(x) = b+mx2, m, b > 0, we have (see [KQR23, equation (3.4)])

xmin = b

m

√1 + m2α2

b2 − 1

 , tfirst(s) = tfirst = 2
m

asinh
(
mα

b

)
,

see Figure 4.1 for an illustration. In case of a constant velocity c = b, b > 0, we have

−4 −2 0 2 4

x1

0

1

2

x
2

Fig. 4.1: First arrival reflection isochrone L(0,tfirst) (colored gray) for the linear velocity
model c(x) = 0.5 + 0.1x2 and α = 5. The red line is placed at height of the corresponding
value xmin.

xmin = 0 and tfirst = 2α, see e.g. [Gra+18]. Note that X ⊆ X , see [KQR23, Remark 3.2].
Recall again the considered types of reconstruction operators (2.2.14)

1
2πKF

†
WψF and 1

2πF
†
WMψF, Λ = 1

2πKF
†
WMψF.

Let M have the form Id ⊗ L with a general ΨDO L, where ⊗ denotes the tensor product
(L operates on the second/time variable). Also, let K be a properly supported general
ΨDO, and its general symbol be bounded at ξ = 0. In [GQR24, Theorem 3.2] it was
shown that under a specific condition, known as the Bolker condition, the operators of
type Λ are in fact general pseudodifferential operators from E ′(X) to D′(X). We will not
go into further details here, but instead refer to [KQR23] for the definition and analysis of
the Bolker condition in the setting of a linear velocity model and common-offset geometry.
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The critical insight for us is that by definition of X, and provided we use the affine linear
background velocity, the Bolker condition is fulfilled and Λ is a ΨDO in our setting.

In the following, we specify the (general) ΨDOs K and M , and also the weights W
we consider in both cases of (2.2.14). For every reconstruction operator, we calculate an
explicit expression for K∗ekγ , which is needed for the reconstruction kernel (2.2.20).

4.1 Filtered normal operators

Here we want to tackle a generalized normal operator combined with a pseudodifferential
operator:

ΛFN = 1
2πKF

†
WψF.

K must be properly supported, see [Gra20, p. 28], and of order κ > 1, so that ΛFN has
non-negative order. This operator is motivated by the inversion formula for the classical
Radon transform R given by u = 1

2π (−∆)1/2R∗Ru, see [Hel11, Chapter 1, Theorem 3.1].

Assume the zero offset geometry (α = 0) and let k be the top order symbol of K. Then
the top order symbol of ΛFN is given by (see [GQR24, Section 3.2])

σ (ΛFN) (x, ξ) = k(x, ξ)
∑

(s,ω)∈J(x,ξ)

ψ(s)W (s,x)A(s,x)
|ωB(s,x)| ,

where J(x, ξ) := {(s, ω) ∈ cl(S) × (R\{0}) : ξ = ω∇xφ(s,x)} and

B(s,x) = det

 ∇xφ(s,x)⊤

∂s∇xφ(s,x)⊤


is the Beylkin determinant, see [BCS01, equation (5.1.17)]

Here we will use K = (−∆)i/2, i = 1, 2, which has symbol ∥ξ∥i. By looking at the
top order symbol above, an obvious choice for the weight is W = |B| /(A ∥∇xφ∥). The
reconstruction operator then has the following form

Λ(i)
FN = 1

2π (−∆)i/2F †
|B|/(A∥∇xφ∥)ψF, i ∈ {1, 2} .

Now, the top order symbol of Λ(i)
FN, i = 1, 2, is given by (see [GQR24, Lemma 3.5])

σ
(
Λ(i)

FN

)
(x, ξ) = ∥ξ∥i−1 ∑

(s,ω)∈J(x,ξ)
ψ(s),

and its order is i− 1.
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Note that (−∆)1/2 is technically not a ΨDO, but a general ΨDO that can be split
into a ΨDO and a smoothing operator, as shown in Example 3.19. Further, (−∆)1/2 is
not properly supported and would in theory require an additional cutoff function between
(−∆)1/2 and F †

|B|/(A∥∇xφ∥), but as we only require the evaluation of (−∆)1/2ekγ for the
reconstruction kernel (2.2.20) with ekγ being compactly supported, we will keep the above
representation.

We proceed with exactly this calculation of the term K⋆ekγ for both operators.

Mollifier evaluation

For i = 2 we have the standard Laplacian operator. Since −∆ is symmetric (see A.2.2),
we obtain (see equation (A.2.1))

(−∆)∗ekγ(x) = (−∆)ekγ(x) =


4(k+1)k
πγ2k+2

(
γ2 − ∥x∥2

)k−2 (
γ2 − k ∥x∥2

)
, ∥x∥ < γ,

0, ∥x∥ ≥ γ.

So now, consider the case i = 1. For the square root of the Laplacian, we have, see
also Example 3.19, (

F(−∆)1/2f
)

(ξ) = ∥ξ∥ f̂(ξ).

This again is a symmetric operator (see A.2.3).
For f ∈ D(X), a ̸= 0 it holds (F [T af ])(ξ) = |a|−d f̂ (ξ/a), where T af(x) := f(ax) is

the dilation operator. Since ekγ(x) = 1
γ2 e

k
1(xγ ), we have for the Fourier Transform of ekγ

(using a = 1/γ)
êkγ(ξ) = 1

γ2

(
F
[
T

1
γ ek1

])
(ξ) = êk1(γξ). (4.1.1)

Using the FIO representation of (−∆)1/2, we get

(−∆)1/2ekγ(x) = 1
2π

∫
R2

eix·ξ ∥ξ∥ êkγ(ξ) dξ

= 1
2π

∫ ∞

0

∫
∂B1(0)

eirx·wr êkγ(rw)r dw dr (polar coord.)

= 1
2π

∫ ∞

0

∫
∂B1(0)

eirx·wr2êk1(γrw) dw dr (4.1.1)

= 1
2π

∫ ∞

0
r2 2k(k + 1)!

π
(γr)−(k+1)Jk+1(γr)

∫
∂B1(0)

eirx·w dw dr (A.3.1)

=
∫ ∞

0
r2 2k(k + 1)!

π
(γr)−(k+1)Jk+1(γr)J0(∥x∥ r) dr (A.3.2)

= 2k(k + 1)!
πγk+1

∫ ∞

0
r1−kJk+1(γr)J0(∥x∥ r) dr.

(4.1.2)
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Here, ∂B1(0) is the unit circle in R2, and Jk denotes the Bessel function of the first kind
of order k

Jk(r) := 1
2π

∫ π

−π
ei(r sin(φ)−kφ) dφ.

The type of integral in formula (4.1.2) is in general also known as a Weber-Schafheitlin
integral. To evaluate it, we use the following theorem.

Theorem 4.2. (see [ES79, equation (2.8)])
Let x1, x2 be positive real numbers such that x2 > x1. Let v1, v2, µ ∈ R, M := µ+ v1 + v2

so that 1 + v1 + v2 > 1 − µ > −1. Then

∫ ∞

0
rµ−1Jv1(x1r)Jv2(x2r) dr =

2µ−1xv1
1 x

v2−M
2 Γ

(
M
2

)
Γ(v1 + 1)Γ

(
v2 − M

2 + 1
) 2F1

[
M

2 ,
M

2 − v2; v1 + 1; x
2
1
x2

2

]
,

where Γ is Euler’s Gamma function and 2F1 is Gauss’ hypergeometric function. For
a, b, c ∈ R and z ∈ C, |z| < 1 it is given by the power series (see [Gau12; Gau88])

2F1(a, b; c; z) :=
∞∑
n=0

(a)n(b)n
(c)n

zn

n! ,

with the Pochhammer symbol

(q)n :=

1, n = 0,

q(q + 1) · · · (q + n− 1), n > 0.

Applying Therorem 4.2 to equation (4.1.2), where µ = 2−k, M = 3, and after a rather
extensive calculation in A.4, we get

(−∆)1/2ekγ(x) =


4k(k+1)! k!
πγ3(2k)! 2F1

[
3
2 ,

1
2 − k; 1; ∥x∥2

γ2

]
, ∥x∥ ≤ γ

− 1
2π∥x∥3 2F1

[
3
2 ,

3
2 ; k + 2; γ2

∥x∥2

]
, ∥x∥ > γ.

To evaluate the Gauss’ hypergeometric function, depending on different cases, transfor-
mation formulas are used to reduce it to a simpler form. Here, we rely on scipy’s imple-
mentation scipy.special.hyp2f11 to calculate the necessary values. See their references in the
documentation for details.

The normalized radial parts of (−∆)1/2ekγ and (−∆)ekγ together with ekγ itself are
displayed in Figure 4.2 for the parameters γ = 1 and k = 3. Notice that (−∆)1/2ekγ is no
longer compactly supported. For example, this leads to the kernel-matrix not being sparse

1https://docs.scipy.org/doc/scipy/reference/generated/scipy.special.hyp2f1.html

https://docs.scipy.org/doc/scipy/reference/generated/scipy.special.hyp2f1.html
https://docs.scipy.org/doc/scipy/reference/generated/scipy.special.hyp2f1.html
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Fig. 4.2: Radial parts of the mollifier ekγ and the evaluated terms (−∆)1/2ekγ and (−∆)ekγ
for γ = 1 and k = 3. Each curve was normalized to one for better comparability.

anymore. In fact, it is dense, which leads to a much bigger memory footprint and can cause
problems when the kernel-array size gets too large. Furthermore, since the evaluation of
a non-trivial function in the Gauss’ hypergeometric function is required, the runtime for
a reconstruction is substantially longer.

4.2 Traditional Kirchhoff operators

The 2D Kirchhoff migration schemes described by [BCS01] in formulas (5.1.40) and (5.1.41)
can be written as the following imaging operators, see [GQR24, Section 3.3]:

Λ(1)
K := 1

2πF
†
|B|/A (Id ⊗(H ∂t))ψF and Λ(2)

K := 1
2πF

†
|B|/(c2A∥∇xφ∥)

(
Id ⊗(H ∂2

t )
)
ψF.

Here, H denotes the Hilbert transform ([Pan95, Section 3.2]) acting along the time-axis,
and ⊗ the tensor product. Again, the cutoff function ψ is introduced to allow for the
composition with F .
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Under the Bolker condition, these operators are general pseudodifferential operators
with top order symbols (see [GQR24, equations (34), (35)])

σ
(
Λ(1)

K

)
(x, ξ) =

∑
(s,ω)∈J(x,ξ)

ψ(s),

σ
(
Λ(2)

K

)
(x, ξ) = −i ∥ξ∥

c2(x)
∑

(s,ω)∈J(x,ξ)
sgn(ω) ψ(s)

∥∇xφ(s,x)∥2 ,

and orders 0 and 1 respectively.
Note that H is not a local operator, meaning (Id ⊗ H)u ̸∈ D(Y ) for u ∈ D(Y ). There-

fore, it would be necessary to implement an additional cutoff function between F †
W and

the respective M = Id ⊗(H ∂t) or M = Id ⊗(H ∂2
t ). As in the last section, we keep above

representation of Λ(i)
K , i = 1, 2, since we only apply M∗ to v̇p,γ,W in equation (2.2.19).

Nevertheless, when H is applied to v̇p,γ,W , the result is a non-sparse reconstruction kernel
representation of vp,γ,W , similar to earlier for the operator Λ(1)

FN, meaning we could poten-
tially run into memory problems when storing the reconstruction kernels. Despite that,
opposed to the filtered normal operator, the application of M∗ in equation (2.2.19) can be
regarded as a post-processing step on v̇p,γ,W , executed only immediately before the calcu-
lation of the scalar product (2.2.16). This allows us to still benefit from the sparseness of
v̇p,γ,W . In our implementation, we use the scipy-implementation scipy.signal.hilbert2 to apply
the Hilbert transform along the time axis of the discrete kernels.

The factor 1
c2(x) in σ

(
Λ(2)

K

)
means that Λ(2)

K de-emphasizes features where the back-
ground velocity c is large, see also [GQR24, Remark 3.10]. For the affine linear velocity
c(x) = b+mx2, b,m > 0, this means that the intensity3 of singularities in the reconstruc-
tion decreases with depth. It can therefore be reasonable to eliminate the factor 1

c2(x) from
the weight of Λ(2)

K and instead use

Λ̃(2)
K := 1

2πF
†
|B|/(A∥∇xφ∥)

(
Id ⊗(H ∂2

t )
)
ψF.

For the Kirchhoff imaging operators the mollifier evaluation K∗ekγ is trivial, as K is
simply the identity operator. For M∗ we mention that H∗ = −H, see [Tit37, Theorem 102]
and (∂t)∗ = −∂t, see A.2.4.

2https://docs.scipy.org/doc/scipy/reference/generated/scipy.signal.hilbert.html
3By the intensity of a singularity (x, ξ) ∈ WF(n) in a reconstruction, we understand the value of the

jump max
{∣∣(Λn ∗ ek

γ)(x)− (Λn ∗ ek
γ)(p)

∣∣ : p is a pixel in Bγ(x)
}

, see also [Gra+20, Footnote p. 2271].

https://docs.scipy.org/doc/scipy/reference/generated/scipy.signal.hilbert.html
https://docs.scipy.org/doc/scipy/reference/generated/scipy.signal.hilbert.html
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CHAPTER 5

Numerical realization/Implementation

Here, we give an overview of the required implementation steps for a recon-
struction. We start with some notation for the discrete case and then explain
how to solve the eikonal (2.2.7) and transport equations (2.2.8). Making use
of those solvers, we then point out the involved steps to efficiently compute
the reconstruction kernels (2.2.20) in case of a layered background velocity and
the common-offset acquisition geometry. These reconstruction kernels then di-
rectly lead to our reconstruction. Finally, we present two other commonly used
acquisition geometries and describe how we can utilize multiple measurements
for a single reconstruction.

5.1 Notation

All of our discretizations will operate on a cartesian grid with equidistant spacing along
each axis.

By I([a, b], n), a < b, we denote the discrete interval [a, b] with number of grid-points
n ∈ N, including the end-points, and equidistant spacing with step size h := b−a

n−1 . To dis-
tinguish between different discrete intervals, we will write nV and hV for V := I([a, b], nV ).

We will further write
V := M

(
[a, b] × [c, d] ,nV

)
for a 2D mesh V with domain [a, b]×[c, d] ⊂ R2, number of grid points nV = (nV

1 , n
V
2 )⊤ ∈ N2

and spacing hV = (hV
1 , h

V
2 )⊤ :=

(
b−a
nV

1 −1 ,
d−c
nV

2 −1

)⊤
∈ R2

>0. Define points

xV
i,j := (a, c)⊤ +

(
ihV

1 , jh
V
2

)⊤
, i, j ∈ Z.

The grid-points of V are then given by

V =
{
xV
i,j : i, j ∈ N0, i < nV

1 , j < nV
2

}
.

We will drop the superscripts of n, h and xi,j if it is clear to which mesh they belong.
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The neighborhood of a grid-point xi,j in V will then be

Ni,j = N (xi,j) := {xi−1,j ,xi+1,j ,xi,j−1,xi,j+1} ∩ V.

We will use the compact notation fi,j := f(xi,j) when evaluating some function f on a
grid-point or when accessing the value of the array f at this grid-point. Sometimes even
fNi,j will be used to refer to the set fNi,j

:= {f(x) : x ∈ Ni,j}. Finally, by fM we refer to
an array (here, an array is a matrix) containing the values of f calculated on all grid-points
of the mesh M.

Array slicing

In the discrete case, the restriction of a function is a slicing operation on the corresponding
computed array. For a 1D array arr, len(arr) specifies the number of elements in arr. The
notation arr[ind] serves to define a sub-array, where ind denotes either a range i:j with
i ∈ {0, . . . , len(arr) − 1}, j ∈ {−1, . . . , len(arr)}, i ̸= j, or a sequence of indices. If i < j, the
range i:j is an increasing sequence, while otherwise, it is a decreasing one. Note that we
are using zero-based numbering for array indices. For a range ind = i:j, the starting index
is always inclusive, while the end index is exclusive: ind = (i, i+ 1, . . . , j − 1) if i < j, and
ind = (i, i− 1, . . . , j + 1) if i > j.

Example 5.1.
Consider the one-dimensional array arr = [1, 2, 3, 4, 5, 6]. Then,

arr[1:4] = [2, 3, 4], arr[2:−1] = [3, 2, 1] and arr[{2, 5}] = [3, 6].

To include all array values, we use the abbreviation arr[:] as a shorthand for arr[0:len(arr)].

Slicing can be extended to higher dimensions by treating each dimension separately
denoted by a comma-seperated list:

arr =


1 2 3
4 5 6
7 8 9

 , arr[1:3, :] =

4 5 6
7 8 9

 , arr[{0, 2}, 1:3] =

2 3
8 9

 .

5.2 Solving the eikonal equation

To solve the eikonal equation (2.2.7) we use the (factored) Fast Marching scheme (see
[Set99]).
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Let Xh := M ([a, b] × [c, d] ,n) be the discrete mesh of interest and xs ∈ Xh the source
position. The general idea is to use an upwind discretization of the gradient operator to
construct τ away from the source xs, where we know the traveltime to be zero, τ(xs) = 0.
This is possible because information propagates in one direction, from small values of τ
to larger values, known as causality.

Setting τi,j = τ(xi,j ,xs), we define the (one-sided) backward and forward finite differ-
ences for each space dimension as

D−x1
i,j τ := τi,j − τi−1,j

h1
, D+x1

i,j τ := τi+1,j − τi,j
h1

,

D−x2
i,j τ := τi,j − τi,j−1

h2
, D+x2

i,j τ := τi,j+1 − τi,j
h2

.
(5.2.1)

Now the Godunov upwind discretization, see, e.g. [RT92], is given by

∂xk
τi,j ≈ max

{
D−xk
i,j τ, −D+xk

i,j τ, 0
}
, k = 1, 2,

which allows us to approximate

∥∇τi,j∥2 =
2∑

k=1
(∂xk

τi,j)2 ≈
2∑

k=1
max

{
D−xk
i,j τ, −D+xk

i,j τ, 0
}2
.

Therefore, we need to solve the quadratic equation

2∑
k=1

max
{
D−xk
i,j τ,−D+xk

i,j τ, 0
}2

= 1
c2
i,j

(5.2.2)

for τi,j .
The Fast Marching Algorithm now works as follows. We split the domain Xh into

three disjoint sets:

• points xi,j are known if they have been accepted and will not be recalculated,

• front for points that have received at least one update, but have not yet been ap-
proved to be known, and

• hidden for points that have not been touched yet.

In each iteration of the algorithm we then consider the set of previously updated grid
points front, initially only containing the source point xs. We choose the point in this set
with the smallest traveltime to continue “marching” outwards, and set it to known, while
updating all its unknown neighbors according to the quadratic equation (5.2.2). This
ensures the correct flow of information. Further details are given in Algorithm 1.
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Algorithm 1: fast_marching(xs)

# initialize

τi,j ←

0, xi,j = xs,

∞, otherwise.

known ← ∅
front ← {xs}

while front ̸= ∅ do
# find the minimal entry in front
xl,m ← arg min {τi,j : xi,j ∈ front}
# add xl,m to known and take it out of front
known ← known ∪ {xl,m}
front ← front \ {xl,m}
# determine unknown neighborhood of xl,m

N ← Xh ∩Nl,m\known
# update front
front ← front ∪N

# update the values at each unknown neighbor using the quadratic equation
foreach xi,j ∈ N do

τi,j ← solve_quadratic(xi,j)
end

end
return τ

In order to efficiently identify the minimal entry in the front set, a minimum-heap
data structure is used to store the elements of front. This structure allows insertions in
complexity O(log(m)), where m is the current number of entries in front, and finding the
minimal entry has complexity O(1).

The function solve_quadratic is responsible for solving the quadratic equation (5.2.2) at
xi,j . To this end, the summands are rewritten as

max
{
D−xk
i,j τ,−D+xk

i,j τ, 0
}2

= max {αk(τi,j − βk), 0}2 , k = 1, 2,

with αk = 1
hk

, and β1 = min {τi−1,j , τi+1,j}, β2 = min {τi,j−1, τi,j+1} for the first order
operators (5.2.1). If we assume that all terms in equation (5.2.2) are positive, we get a
simple quadratic equation

aτ2
i,j + bτi,j + γ = 0,
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where

a =
2∑

k=1
α2
k, b =

2∑
k=1

−2α2
kβk, γ = − 1

c2
i,j

+
2∑

k=1
α2
kβ

2
k. (5.2.3)

When this result is invalid, i.e. the solution to the quadratic equation is complex, our
assumption was wrong and not all terms of equation (5.2.2) were positive. In this case,
we eliminate the corresponding terms in equation (5.2.3) one by one, beginning with the
smallest value of αk(τi,j − βk), k = 1, 2, and repeat the computation until we get a valid
result. This outcome is guaranteed, since at least one of the terms αk(τi,j − βk), k = 1, 2
is positive. Equivalently, as αk ≥ 0, k = 1, 2, we can consider the term with the biggest βk
value as the candidate for elimination. See Algorithm 2 for more details (in the calculation
for βk, we set min ∅ = 0).

Algorithm 2: solve_quadratic(xi,j)

# calculate coefficients for (5.2.3)
foreach dimension k = 1, 2 do

αk ← 1
hk

# if both forward and backward neighbors are in known, choose the direction with smaller
# neighboring τ . If none of the neighbors are in known, we use the value 0
βk ← min

{
τ(i,j)+λek

: λ ∈ {−1, 1} , x(i,j)+λek
∈ known

}
end

calculate a, b, γ using equation (5.2.3)

τi,j ← −b+
√

b2−4aγ

2a

# it’s possible that some of the terms weren’t positive
while solution τi,j is not valid do

remove the term with the largest βk from equation (5.2.2)
calculate τi,j again with the remaining terms

end

return τi,j

Note that, in place of the first order finite difference operators (5.2.1) we can also use
second order (one-sided) finite differences to improve the approximation:

D̃−xk
i,j τ :=

3τi,j − 4τ(i,j)−ek + τ(i,j)−2ek
2hk

, D̃+xk
i,j τ =

−3τi,j + 4τ(i,j)+ek − τ(i,j)+2ek
2hk

,

for k ∈ {1, 2}. In this case, the coefficients of equation (5.2.3) change to

αk = 3
2hk

, βk = 1
3 min

{
4τ(i,j)−ek − τ(i,j)−2ek , 4τ(i,j)+ek − τ(i,j)+2ek

}
.
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To preserve desirable properties of the solution, e.g. monotonicity, we additionally have to
check the following conditions to permit the use of second order operators:

• there are enough known points for the stencil,

• τ(i,j)−ek ≥ τ(i,j)−2ek for the backward and τ(i,j)+ek ≥ τ(i,j)+2ek for the forward oper-
ators, k = 1, 2.

If those are not fulfilled, we have to revert to first order. We refer to [TH16, Section 3.2]
for an explanation why these conditions are required.

Further, instead of solving the eikonal equation (2.2.7), we rewrite it into a factored
version

∥τ0∇τ1 + τ1∇τ0∥2 = 1
c2 , τ0(x,xs) = ∥x − xs∥ ,

where τ = τ0τ1. This is profitable since the original eikonal equation is singular at the
source, which is now captured by the term τ0, leading to more accurate results around the
source. The quantity τ1 can be calculated with the same algorithm as in the original case,
with a few adjustments to the finite difference operators and therefore the coefficients of
the quadratic equation, and the initialization τ1(xs) = 1

c(xs) . For more details, we refer to
[TH16]. Our implementation of the (factored) Fast Marching scheme is publicly available
at https://github.com/kevinganster/eikonalfm or on the Python Packaging Index (PyPi)
https://pypi.org/project/eikonalfm/.

5.3 Solving the transport equation

Again, let Xh and xs as in the last section and X = conv(Xh) (convex hull). The next
step is to compute a solution to the transport equation (2.2.8) on Xh. For this, we must
first introduce a broader class of so-called (static) Hamilton-Jacobi equations. Here, we
consider equations of the form

H(x, u(x), ∂x1u(x), ∂x2u(x)) = f(x), x ∈ X,

where f : X → R, u : X → R, and the Hamiltonian H is a continuous scalar function
on X × R × R × R. From now on, H will not depend on x directly, and we will write
H(u, p, q) as a shorthand for H(u(x), ∂x1u(x), ∂x2u(x)). As an approximation, we use the
Lax-Friedrichs numerical Hamiltonian ([OS91, equation (2.3)])

HLF (ui,j , uNi,j ) = H

(
ui,j ,

ui+1,j − ui−1,j
2h1

,
ui,j+1 − ui,j−1

2h2

)
− α1

ui+1,j − 2ui,j + ui−1,j
2h1

− α2
ui,j+1 − 2ui,j + ui,j−1

2h2
,

(5.3.1)

https://github.com/kevinganster/eikonalfm
https://pypi.org/project/eikonalfm/
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where the artificial viscosities αk are chosen in a way to ensure monotonicity, consistency
and a differenced form of the flux HLF , which in turn guarantees the convergence of the
scheme, see [CL84; OS91]. We follow the reccomendation by [LQZ12, equation (A-4)] and
set

α1 = max
A≤u≤B, C≤p≤D, E≤q≤F

{|∂uH(u, p, q)| + |∂pH(u, p, q)|} ,

α2 = max
A≤u≤B, C≤p≤D, E≤q≤F

{|∂uH(u, p, q)| + |∂qH(u, p, q)|} ,
(5.3.2)

where [A,B], [C,D] and [E,F ] are the (numerical) ranges of the expressions ui,j ,
ui+1,j−ui−1,j

2h1
and ui,j+1−ui,j−1

2h1
respectively.

By reformulating HLF = f as a fixed point problem for ui,j we get

ui,j = 1
α1
h1

+ α2
h2

[
fi,j −H

(
ui,j ,

ui+1,j − ui−1,j
2h1

,
ui,j+1 − ui,j−1

2h2

)
+α1

ui+1,j + ui−1,j
2h1

+ α2
ui,j+1 + ui,j−1

2h2

]
.

We use a Gauss-Seidel iteration to obtain an update rule for the Lax-Friedrichs sweeping
scheme depending on the name-giving sweeping direction. The number of sweeping direc-
tions depends on the space dimension; in 2D, there are 4. For example, when sweeping
from lower left (i, j = 0) to upper right (i = n1 − 1, j = n2 − 1), we get

unewi,j = 1
α1
h1

+ α2
h2

[
fi,j −H

(
uoldi,j ,

uoldi+1,j − unewi−1,j
2h1

,
uoldi,j+1 − unewi,j−1

2h2

)

+α1
uoldi+1,j + unewi−1,j

2h1
+ α2

uoldi,j+1 + unewi,j−1
2h2

]
.

According to [ZZQ06] we obtain a higher order scheme by replacing all appearances of
uNi,j in equation (5.3.1) with the WENO approximations (uk)±

i,j :

ui−1,j = ui,j − h1(u1)−
i,j , ui+1,j = ui,j − h1(u1)+

i,j ,

ui,j−1 = ui,j − h2(u2)−
i,j , ui,j+1 = ui,j − h2(u2)+

i,j .

For instance, (u1)−
i,j is given by

(u1)−
i,j = (1 − ω−)

(
ui+1,j
2h1

)
+ ω−

(3ui,j − 4ui−1,j + ui−2,j
2h1

)
,

with
ω− = 1

1 + 2γ2
−
, γ− = ϵ+ (ui,j − 2ui+1,j + ui−2,j)2

ϵ+ (ui+1,j − 2ui,j + ui−1,j)2 ,
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where ϵ is a small positive number to avoid division by zero. It is again important to use
the most up-to-date values of the appearing terms here. Therefore the update formula
using WENO approximations is now

unewi,j = uoldi,j + 1
α1
h1

+ α2
h2

[
fi,j −H

(
uoldi,j ,

(u1)+
i,j + (u1)−

i,j

2 ,
(u2)+

i,j + (u2)−
i,j

2

)

+α1
(u1)+

i,j − (u1)−
i,j

2 + α2
(u2)+

i,j − (u2)−
i,j

2

]
.

(5.3.3)

Since ui±1,j±1, and for the WENO approximations even ui±2,j±2, are needed for the
update step (5.3.3), we have to perform extrapolation for ghost points lying outside the
discrete domain. The authors of [ZZQ06, Remark 8] suggest the use of linear extrapolation
since higher order extrapolations may cause instability. When looking for example at the
left boundary there are 3 possible cases. The illustration on the right-hand side of each
case visually shows the situation. Red dots lie outside the discrete domain and require
extrapolation, while black dots do not.

i = 0: The ghost points are ui−2,j and ui−1,j . Linear ex-
trapolation leads to

ui−2,j = 3ui,j − 2ui+1,j , ui−1,j = 2ui,j − ui+1,j .
ui−2,j ui−1,j ui,j ui+1,j ui+2,j

i = 1: In this case the only ghost point is ui−2,j . It is cal-
culated by

ui−2,j = 2ui−1,j − ui,j .
ui−2,j ui−1,j ui,j ui+1,j ui+2,j

i = 2: Here all required points are inside the grid, therefore
no extrapolation is necessary.

ui−2,j ui−1,j ui,j ui+1,j ui+2,j

Analoguously, we can perform the same extrapolation on all other boundaries.

Since this is an iterative scheme, we need a stopping criterion to determine the conver-
gence of the numerical algorithm. A typical one in this case is when the residual, i.e. the
norm of the difference between the current and last iterate, is smaller than some tolerance
δ > 0. This works well when the residual is monotonically decreasing, but could fail when
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the residual is oscillatory. Therefore [CCK13, Chapter 4] and [SQ10, (3.16)] suggest using
an additional stopping criterion, namely to stop when

∥∥∥u(n+1) − u(n)
∥∥∥ ≤ δ and

∥∥∥u(n+1) − u(n)
∥∥∥+ hp∥∥u(n) − u(n−1)
∥∥ > 1,

where u(n) is the n-th iterate of the scheme, h = max {h1, h2} and p depends on the finite
difference operators used. In the case of WENO approximations, p = 3.

The general algorithm from [LQZ12] is outlined in Algorithm 3.

Algorithm 3: fast_sweeping(xs,δ)

for i = 0 : n1, j = 0 : n2 do
ui,j ← initialize with suitable starting values

end
# fix values in a 3x3 square around the source
fixed ← {xs + (ih1, jh2), i, j ∈ {−1, 0, 1}} ∩Xh

# list of sweeping directions
directions ← [

i = 0 : n1, j = 0 : n2, # lower left to upper right
i = n1 − 1 : −1, j = 0 : n2, # lower right to upper left
i = 0 : n1, j = n2 − 1 : −1, # upper left to lower right
i = n1 − 1 : −1, j = n2 − 1 : −1 # upper right to lower left

]
idir ← 0 # index for the current sweeping direction

last_residual, residual ← ∞
h← max {h1, h2}
while residual > δ and residual+h3

last_residual ≤ 1 do # stop criterion for given tolerance δ > 0
last_residual ← residual
for i, j in directions[idir] do

if xi,j /∈ fixed then
ui,j ← update using (5.3.3), extrapolating when needed

end
idir = (idir + 1) mod 4 # cycle to next sweeping direction

end
residual ←

∥∥unew − uold
∥∥

∞
end

In case of the transport equation (2.2.8), similar to the eikonal equation, we factorize
a = a0a1, with a0 := 1

2
√

2π
√

∥x−xs∥
([LQB14, equation (8)]) being a solution of (2.2.8) with

c ≡ 1. This is again done to capture the source singularity in the analytically known term
a0, so that a1 is smooth near the source. Given the numerical solution τ1 for the factored
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eikonal equation, we now use fast sweeping to solve for a1. Therefore the Hamiltonian in
question reads (see A.1.2, u =̂ a1, ∇xa1 =̂ (p, q))

H(u, p, q) =

p
q

 ·
[√

∥x − xs∥√
2π

∇xτ1(x,xs) + (x − xs) τ1(x,xs)
√

2π ∥x − xs∥3/2

]

+ u

[
x − xs

2
√

2π ∥x − xs∥3/2 · ∇xτ1(x,xs) +
√

∥x − xs∥√
2π

∆xτ1(x,xs)
]
.

We note that ∇xτ1 and ∆xτ1 can be calculated using standard second order central (in
the interior) and one-sided (at the boundaries) finite differences. The artificial viscosities
are set according to equation (5.3.2), for example

α1 = max
x∈Xh

{
ϵ+

∣∣∣∣∣ x − xs

2
√

2π ∥x − xs∥3/2 · ∇xτ1(x,xs) +
√

∥x − xs∥√
2π

∆xτ1(x,xs)
∣∣∣∣∣

+
∣∣∣∣∣
√

∥x − xs∥√
2π

∂x1τ1(x,xs) + (x1 − (xs)1) τ1(x,xs)
√

2π ∥x − xs∥3/2

∣∣∣∣∣
}
,

where ϵ is a small positive number to account for numerical inaccuracies (and prevent
division by zero in equation (5.3.3)). The remaining artificial viscosity α2 is set accordingly.

The initial condition in equation (2.2.8) suggests to initialize ui,j = √
ci,j .

5.4 Computing reference kernels

We now explain how we can efficiently calculate the reconstruction kernels using the nu-
merical solvers for the eikonal and transport equation just presented in the case of the
common-offset geometry. Let c be layered (c(x) = c(x2)), α ≥ 0 be the common offset,
T = I([tmin, tmax] , nT ) the discrete time interval and S = I([smin, smax] , nS) the discrete
parameters for the source and receiver positions in equation (2.2.9). From here on out, we
assume that nS is odd, which is not a restriction in general, but eases the presentation of
the reference kernels since smid = smin+smax

2 is contained in S.
We first need to start with the calculation of L(s,t) (and therefore φ) and the integrand

in equation (2.2.20). To make this efficient, using the layered background velocity and the
common-offset geometry, we enjoy the following invariances (see A.5.1, A.5.2, A.5.3)

τ
(
x, (r, 0)⊤

)
= τ

(
(x1 − r, x2)⊤,0

)
,

a
(
x, (r, 0)⊤

)
= a

(
(x1 − r, x2)⊤,0

)
,

x ∈ R2
+, r ∈ R,

L(s,t) = L(0,t) +

s
0

 s ∈ S, t ∈ T .

(5.4.1)
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This means that if we know τ and a with respect to the origin, we basically know them for
every source/receiver position (r, 0)⊤ at the surface, and with that especially also L(s,t).
When we actually want to use these relations in the case of a finite (and discrete) domain
though, we have to be careful about the mesh on which the respective arrays have to be
calculated. Let τ−α(x) := τ

(
x, (−α, 0)⊤

)
and τ+α(x) := τ

(
x, (+α, 0)⊤

)
. To get the

reflection isochrones (2.2.18), we specifically need (set r = ±α in equation (5.4.1))

φ(0,x) = τ−α(x) + τ+α(x)

= τ
(
x + (α, 0)⊤,0

)
+ τ

(
x + (−α, 0)⊤,0

), x ∈ M,

on the “traveltime/amplitude” mesh M. Set iα := ⌈α/hM
1 ⌉1 as the number of points

on the x1-axis of M corresponding to length α rounded up to the next grid point. The
consequence of using equation (5.4.1) is that the traveltime and amplitude with respect
to the origin then have to be calculated on a mesh M+α, which is M enlarged by iα grid
points on both sides of the x1-axis, meaning nM+α =

(
nM

1 + 2iα,nM
2

)⊤
, see Figure 5.1.

Given the arrays τM+α and aM+α for xs = 0 from Algorithms 1 and 3, we then calculate

0
x1

x2

iαh
M
1

≈ α

iαh
M
1

≈ α

MM+α

Fig. 5.1: traveltime/amplitude mesh M and its expanded version M+α.

(τ−α)M = τM+α [2iα : 2iα + nM
1 , : ], (τ+α)M = τM+α [0 : nM

1 , : ],

and the same holds for (a±α)M+α . Note that if the weight W fulfills the shift invariance

W (s− p1,x − p̂1) = W (s,x), p1 ∈ R, p̂1 =

p1

0

 ,
we only need values of W for s = 0. From the calculations in A.5.1, A.5.2, A.5.3 one can
see that this is the case for all weights we use. Therefore let WM be the weight evaluated
for s = 0 on the mesh M. For example W = A would lead to WM = (a−α)M(a+α)M

c2|M , where

1For x ∈ R we have ⌈x⌉ = min {m ∈ Z : x ≤ m}
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the multiplication and division have to be understood element-wise. Now, φM and the
integrand factor from equation (2.2.20) can be expressed as

φM = (τ−α)M + (τ+α)M, IM := c|MWM√
1 + c2|M∇(τ−α)M · ∇(τ+α)M + ϵ

,

where, again, the operations have to be understood element-wise and the gradients of
(τ−α)M and (τ−α)M are calculated using finite differences. The small value ϵ > 0 is added
to help with numerical inaccuracies.

Example 5.2.
Let M = M

(
[−5, 5] × [0, 5] , (101, 51)⊤

)
and α = 5.

Then hM = (0.1, 0.1)⊤, iα = ⌈5/0.1⌉ = 50 and we have to calculate τ(·,0) on the expanded
mesh M+α = M

(
[−10, 10] × [0, 5] , (201, 51)⊤

)
so that the required slicing operations are

possible.

To then compute the approximated reflection isochrones for a given t ∈ T and s = 0,
which are simply the contour lines φ(0,x) = t, we use our own implementation of the
Marching Squares algorithm on φM to find the corresponding indices. The method of
Marching Squares is a well known algorithm to find contour lines of a function, and is
simply the 2D version of the Marching Cubes algorithm from [LC87]. We write those
indices resulting from the Marching Squares algorithm as list of 2-tuples and denote them
by ind. The corresponding list of real positions, which are simply obtained by multiplying
each entry in ind with hM, are then denoted by points. The same indices can then also be
used to access the values of the integrand array IM. However, as an entry in ind actually
lies on an edge connecting points in M, see Figure 5.2, we access the values in IM by
linear interpolation along the respective edge.

Fig. 5.2: Illustration of the contour indices ind returned by the Marching Squares algo-
rithm. The black dots correspond to the mesh M, while the red dots indicate the entries
in ind of a contour calculated by the Marching Squares algorithm.

Note that the mesh M has to contain the origin and should be symmetric with respect
to the x2-axis. We obviously also need to make sure that M is big enough so that the
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reflection isochrones for the largest t-value in T are fully contained inside it: L(0,tmax) ⊂ M.
Otherwise some parts of the reflection isochrones are missing, see Figure 5.3, and it is
very likely that values in the integral from equation (2.2.20) are left out, which in turn
leads to invalid results. This problem can be easily fixed by choosing a first guess for
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Fig. 5.3: Some reflection isochrones plotted on two different meshes M. On the left
side, the mesh is too small to fully contain the reddish isochrones. The mesh on the right
however is large enough and is therefore the only sensible choice in this example.

M, calculating φM as discussed earlier via Fast Marching, and plotting the reflection
isochrones for t = tmax. If the isochrones L(0,tmax) are not contained in the mesh, we
adjust it as needed.

Remark 5.3. In practice we only need the right half of the mesh M, since the background
velocity is only depth-dependent and therefore the traveltime and amplitude are symmetric
with respect to the x2-axis. Thus, we can simply calculate all the quantities we established
in this section on the right half of M and then mirror them to the negative x1 side. By
doing this, we reduce the computation time by half.

For example, given the mesh M = M
(
[−5, 5] × [0, 5] , (101, 51)⊤

)
, the right half

of it would then be M
(
[0, 5] × [0, 5] , (51, 51)⊤

)
and the corresponding extended mesh

M
([

0, 5 + iαh
M
1

]
× [0, 5] , (51 + iα, 51)⊤

)
. Later, when we perform numerical experi-

ments in Chapter 6, we will therefore only specify this half-mesh, but still denote it by
M.

Remark 5.4. It is possible that the program is given a t < tfirst, where tfirst = tfirst(s) is
the minimal time required for a wave to travel from its source to the receiver (the first
arrival time), see beginning of Chapter 4. In this case, no reflection isochrones exist and
we should return the value 0 for the reconstruction kernel as (2.2.20) is an integral over
the empty set. Due to numerical inaccuracies in φM, the resulting contours might also
be malformed for values close to tfirst, meaning t < tfirst + ϵ for some relatively small
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value ϵ > 0. For this reason, we check the condition t < (1 + ϵ1) min(φM) + ϵ2 for small
constants ϵ1, ϵ2 > 0. When this condition is met, we simply return the value 0 without
the calculation of any reflection isochrones, and continue as normal otherwise.

Now, let Mp be our reconstruction mesh, whose range for the x1-coordinate is con-
tained in [smin, smax]. For a fixed p ∈ Mp, we can compute v̇p,γ,W for every s ∈ S and
t ∈ T using Algorithm 4, assuming K∗eγ is explicitly available, and with that the recon-
struction kernel vp,γ,W (s, t) by applying M∗ afterwards. Note that the factor 1√

2 in the
returned value is the scalar in front of the integral in equation (2.2.20), and the factor 1

2

originates from the trapezoidal rule.

Algorithm 4: v̇p,γ,W (s, t)

ind, points ← use Marching Squares on φM

# fill an array with the values of the integrand at each point
values = [ ]
for k = 0 : len(ind) do

# note that the array access IM[ind[k]] actually requires interpolation
values[k] ← IM[ind[k]] K∗eγ(points[k] + (s, 0)⊤ − p)

end

# (chained) trapezoidal rule
res ← 0
for k = 1 : len(ind) do

res ← res + ∥points[k]− points[k − 1]∥ · (values[k] + values[k − 1])
end
return (2

√
2)−1 · res

Remark 5.5. By replacing K∗ekγ(· − p) with any function ρ in equation (2.2.20), we
can apply the same concepts to calculate the expression IM and finally v̇p,γ,W using
Algorithm 4, provided that we have an explicit expression for ρ. In this case v̇p,γ,W = v̇W

is independent of p and γ. Therefore by setting W = A, in which case v̇A = Fρ, we
basically described an implementation for the operator F applied to ρ. This is useful for
generating synthetic data from a given function n, since we can calculate g(s, t) = Fn(s, t)
for any s ∈ S, t ∈ T .

In principle we could calculate vp,γ,W for every point p ∈ Mp on S × T , but the
number of kernels then scales quadratically with the mesh size, namely with n

Mp

1 ×n
Mp

2 .
Instead, it is much more efficient to utilize a further shift invariance for the reconstruction
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kernels, similar to the traveltime and amplitude (see A.5.3), and compute much less of
them on a larger grid Sref × T :

vp,γ,W (s, t) = v(r,p2)⊤,γ,W (s− p1 + r, t), r ∈ R. (5.4.2)

It is sufficient to calculate what we call reference kernels
(
v(smid,p2)⊤,γ,W

)
Sref×T

along the
vertical axis p1 = smid (applying the shift operation (5.4.2) with r = smid). Hereby an
appropriate number nPref of kernels with p2 spanning accross the x2-axis of Mp is chosen.
This set of p2-coordinates is denoted by

Pref := I
([

min
p∈Mp

p2, max
p∈Mp

p2

]
, nPref

)
.

Further, the following set of parameters is necessary to enable the required shift operations

Sref := I([smin − pref , smax + pref ] , nSref ), (5.4.3)

where pref will be defined later.
As the calculation of v̇p,γ,W (s, t) is completely independent of t and p, we can use

parallel computing with shared arrays φM, IM and Sref . Hereby each worker is given a
single t ∈ T and p2 ∈ Pref to calculate one row

(
v̇(smid,p2)⊤,γ,W

)
Sref×T

[:, it], where T [it] = t.
Further parallelization in s ∈ Sref is avoided as this would require unnecessary repeated
computation of the t-contour for the reflection isochrone.

5.5 Getting reconstruction kernels from reference kernels

Now we explain how to obtain the (approximated) reconstruction kernel for any point
p = (p1, p2)⊤ ∈ Mp using the previously computed reference kernels. When the number
of reference kernels is smaller than the number of reconstruction points along the p2-axis,
meaning nPref < (nMp)2, we perform linear interpolation of the two neighboring reference
kernels

(v(smid,p2),γ,W )Sref×T = pr − p2
pr − pl

(v(smid,pl),γ,W )Sref×T + p2 − pl
pr − pl

(v(smid,pr),γ,W )Sref×T ,

(5.5.1)
where pl, pr ∈ Pref correspond to the adjacent values pl = max {q ∈ Pref : q ≤ p2} and
pr = min {q ∈ Pref : q > p2}, and therefore pl ≤ p2 < pr. In the edge case that p2 is
the biggest entry in Pref , meaning pr does not exist, we simply use the corresponding
reference kernel v(smid,p2),γ,W since no interpolation is needed. Note that this interpolation
might introduce horizontal artefacts in the reconstruction image, therefore nPref = (nMp)2
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would be desirable, but is significantly more computationally intensive. In almost all of our
numerical experiments, a much lower number of reference kernels nPref did not introduce
any visible of this kind and is therefore sufficient.

Now that we obtained the reference kernel array (v(smid,p2),γ,W )Sref×T corresponding
to the p2-coordinate, we have to cut out the correct part of it according to the shift
relation (5.4.2). In general the shifted argument s − p1 + smid in equation (5.4.2) is not
contained in the discrete set Sref , even for s ∈ S. Therefore we start by replacing p1 with
the next smaller entry p1 = S[ip1 ] in S, meaning

ip1 :=
⌊
p1 − smin

hS

⌋
,

where for x ∈ R, ⌊x⌋ = max {y ∈ Z : y ≤ x} is the floor function.

Example 5.6.
Let S = I([−10, 10] , 201) = [−10,−9.9, . . . , 9.9, 10]. Then we have 2.3 = 2.3 with index
i2.3 =

⌊
2.3+10

0.1

⌋
= 123, and −6.84 = −6.9 with i−6.84 = ⌊31.6⌋ = 31.

These calculations can only be carried out if s − p1 + smid ∈ Sref for all s ∈ S and
p ∈ Mp. To ensure this, we set

pref := max
p∈Mp

∣∣∣smid − p1
∣∣∣

in the definition of Sref (5.4.3). Therefore nSref = nS + 2pref/hS (note that pref/hS ∈ N).
Finally, we have

(vp,γ,W )S×T = (v(smid,p2),γ,W )Sref×T [imid − ip1 : imid − ip1 + nS , : ]

with imid := nS−1
2 . This is the array slicing operation implementing the shift (5.4.2). In

Figure 5.4 a few examples of this slicing operation for different p1 are illustrated.

Different reconstruction kernels (vp,γ,W )S×T for the imaging operators from Chapter 4
are displayed in Figure 5.5. Note that depending on the imaging operator, the corre-
sponding kernels are sparse, but may even be dense in certain cases. This can become
problematic when the kernel resolution nS ×nT and the number of reference kernels nPref

are both large. For example, assuming we use 64 bit floating point values to represent
the reference kernels, then with nPref = 201, nSref = 3501, and nT = 2501, the resulting
dense reference kernel arrays would already occupy approximately 13 GB of memory. If
possible, we therefore use a sparse matrix representation for the reference kernels.
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smin smax x1
p1

imid
index

ip1 nS − ip1

(a) p1 = smid

smin smax x1
p1

imid
index

ip1 nS − ip1

(b) p1 < smid

Fig. 5.4: Examples for the slicing operation to obtain (vp,γ,W )S×T from the refer-
ence kernel (v(smid,p2),γ,W )Sref×T . The light-gray box represents the reference kernel
(v(smid,p2),γ,W )Sref×T , while the area enclosed in the dashed lines is the correct slice for
(vp,γ,W )S×T .
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Fig. 5.5: Reconstruction kernels vp,γ,W for the different imaging operators. Here, the
parameters are p = (2.5, 6)⊤, γ = 1 and the background velocity is c(x) = 0.5 + 0.1x2.

A potential solution to this problem, which is not covered in this work, might be to
utilize a low-rank or curvelet representation of the reconstruction kernels, as, e.g., proposed
in [DH07; CDY09; De +09]. This would inevitably require some additions and adjustments
in the implementation.
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5.6 Evaluating the scalar product

We finally reached the last step in the reconstruction algorithm. Given the calculated
reconstruction kernels (vp,γ,W )S×T we now describe the implementation of the approx-
imate inverse in (2.2.16). We assume that the right-hand side g of equation (2.2.11)
is measured on a Cartesian grid Sdata × Tdata with Sdata = I([smin, smax] , nSdata) and
Tdata = I([tmin, tmax] , nTdata), meaning gSdata×Tdata ∈ RnSdata ×nTdata . Ways to obtain these
data gSdata×Tdata will be presented in Chapter 6. Further, we assume that the reconstruc-
tion kernels have been calculated with the same or a higher resolution than the data:
nSdata ≤ nS and nTdata ≤ nT . This covers the case that often occurs in practice when only
a relatively small number of measurements can be made. The higher resolution of the
reconstruction kernel can result in a much better reconstruction image in this case, which
we will later see in a numerical experiment (see Figure 6.18). Since the data gSdata×Tdata

and kernels (vp,γ,W )S×T are therefore given on different Cartesian meshes, we need an in-
terpolation operator Π: RnS×nT → RnSdata ×nTdata that maps the kernels onto the coarser
data mesh. Here, Π will perform bilinear interpolation on the kernels.

The trapezoidal rule for the integral in equation (2.2.16) then yields

Λn(p) ≈ hSdatahTdata

∑
Sdata

∑
Tdata

ψ|Sdata×Tdata ⊙ gSdata×Tdata ⊙ Π(vp,γ,W )S×T , (5.6.1)

where ⊙ is the elementwise multiplication (note that the integrand is 0 at the boundaries).
We utilize parallelization over p to speed up the calculation on the whole reconstruction
mesh Mp. To this end, we could share the list of all (reference) kernels and each worker is
assigned a single point p ∈ Mp to then calculate the correct kernel from the list of refer-
ence kernels according to the last section, and finally evaluate the scalar product (5.6.1).
Unfortunately, the list of all reference kernels is often quite large in terms of memory.
Sharing this list among all workers is a significant overhead, to the extent that it is even
slower than the non-parallel approach. However, as the calculation at point p only requires
the two “p2-neighboring” reference kernels (see (5.5.1)), this can be done more efficient
in terms of parallelization overhead. We divide Pref into m ∈ N, m < len(Pref) (discrete)
subsets

[qi, qi+1] ⊂ Pref , qi < qi+1, i = 0, . . . ,m− 1, q0 = minPref , qm = maxPref ,

which overlap only at the endpoint of one segment and the startpoint of the next one.
In practice, m will often be the number of available processor cores. The worker for
the point p = (p1, p2)⊤ is then assigned to his respective group fulfilling p2 ∈ [qi, qi+1).
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Now, we can share only the (reference) kernels corresponding to [qi, qi+1] among this
group of workers, which significantly reduces the overhead and thereby accelerates the
parallelization process.

In [Gan25] we provide a software package that contains our implementation of the
scheme outlined in this chapter. This package also includes installation instructions and
guidance on how to use the provided scripts in a README.md file.

5.7 Other acquisition geometries

So far, our implementation is based on the common-offset geometry (2.2.9) with half offset
α ≥ 0, see Figure 5.6 for a visual illustration.

s

2α

Fig. 5.6: Illustration of the common-offset acquisition geometry. Red dots correspond to
source positions, while blue dots depict receiver positions.

In geophysics, this geometry is known as common-offset gather. Note that source and
receiver definitions in (2.2.9) can also be swapped for symmetry reasons.

In this section, let Fα denote the operator F from equation (2.2.12) and vαp,γ,W the
reconstruction kernel corresponding to the common-offset geometry. Now we look into
two other commonly used acquisition geometries and how we can trace their respective
operators and kernels back to the common-offset case, providing an inplementation for
those geometries.

5.7.1 Common-midpoint geometry

As the name suggests, in this acquisition geometry the midpoint between a source-receiver
pair is fixed, while their distance varies. For xcm ∈ R we have

xs = (xcm − s, 0)⊤, xr = (xcm + s, 0)⊤, s ≥ 0.

In geophysics, this geometry is known as common-midpoint gather (CMP). See Figure 5.7
for a visual illustration.
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xcm

2s

Fig. 5.7: Illustration of the common-midpoint acquisition geometry. Red dots correspond
to source positions, while blue dots depict receiver positions.

The relation of the common-midpoint operator F cm to the common-offset operator is

(F cm)W n(s, t) = (F s)W n (xcm, t)

Applying this relation to the reconstruction kernel vcmp,γ,W for the common-midpoint ge-
ometry gives us

vcmp,γ,W (s, t) = (M⋆(F cm)WK⋆e(· − p)) (s, t)

= (M⋆(F s)WK⋆e(· − p)) (xcm, t) = vsp,γ,W (xcm, t)

= vs(0,p2)⊤,γ,W (xcm − p1, t)

Let S = [smin, smax], smin ≥ 0, smax > smin be the desired discrete interval replacing
s ≥ 0 in the definition of the the common-midpoint geometry. Further let Mp be the
reconstruction mesh and Pref the x2-coordinates for the reference kernels.

The idea is to define αcm as a subset of S and calculate common-offset reference kernels
vα(0,p2)⊤,γ,W for p2 ∈ Pref and common offsets α ∈ αcm. Those reference kernels have to be
calculated on the common-offset interval

Sco = [xcm − pmax, xcm − pmin],

where pmax = maxp∈Mp p1 and pmin = minp∈Mp p1.
For s ∈ S, p ∈ Mp we can use bilinear interpolation of (s, p2) on αcm ×Pref to get the

corresponding reference kernel. Then we calculate the discrete index of xcm − p1 in Sco
and obtain the correct row of the kernel.

5.7.2 Common-source geometry

Here, the source is fixed at a single point and the parameter s describes the distance of a re-
ceiver to the source. A typical example for this acquisition geometry is a marine streamer,
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a ship towing an array of receivers/hydrophones along the sea surface, see Figure 5.8 (left),
or in land acquisition with a vibrator truck, see Figure 5.8 (right).

Fig. 5.8: Common-source gathers in seismic. Left: marine streamer sea acquisition,
right: vibrator truck land acquisition. Original images taken from http://geologylearn.
blogspot.com/2015/06/marine-and-land-seismic-aquisition.html.

For xcs ∈ R we have

xs(s) = (xcs, 0)⊤, xr(s) = (xcs + s, 0)⊤, s ∈ R.

See Figure 5.9 for a visual illustration.

xcs

s

Fig. 5.9: Illustration of the common-source acquisition geometry. The red dot corre-
sponds to the source position, while blue dots depict receiver positions.

The relation of the common-source operator F cs to the common-offset operator is

(F cs)W n(s, t) =
(
F |s/2|

)
W
n

(
xcs + s

2 , t
)
,

and the common-source kernel is

vcsp,γ,W (s, t) = (M⋆ (F cs)W K⋆e(· − p)) (s, t)

=
(
M⋆

(
F |s/2|

)
W
K⋆e(· − p)

)(
xcs + s

2 , t
)

= v
|s/2|
p,γ,W

(
xcs + s

2 , t
)

= v
|s/2|
(0,p2)⊤,γ,W

(
s

2 − p1 + xcs, t

)
.

http://geologylearn.blogspot.com/2015/06/marine-and-land-seismic-aquisition.html
http://geologylearn.blogspot.com/2015/06/marine-and-land-seismic-aquisition.html
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Let S = [smin, smax], smax > smin be the desired discrete interval replacing s ∈ R in
the definition of the the common-source geometry. Further let Mp be the reconstruction
mesh and Pref the x2-coordinates for the reference kernels.

The idea is to define αcs as a discrete subset of
[
min
s∈S

∣∣∣∣s2
∣∣∣∣ ,max

s∈S

∣∣∣∣s2
∣∣∣∣] and calculate

common-offset reference kernels vα(0,p2)⊤,γ,W for p2 ∈ Pref and common offsets α ∈ αcs.
Those reference kernels have to be calculated on common-offset intervals depending on
α ∈ αcs as follows. If S has negative parts, which is the case if smin < 0, we need

S̃−α
co = [xcs − α− pmax, xcs − α− pmin] .

where pmax = maxp∈Mp p1 and pmin = minp∈Mp p1. On the other hand, if S has positive
parts, i.e. smax > 0, then we need

S̃+α
co = [xcs + α− pmax, xcs + α− pmin] .

Therefore, overall we have

Sαco =


S̃−α
co ∪ S̃+α

co , smin < 0, smax > 0

S̃−α
co , smin < smax ≤ 0

S̃+α
co , 0 ≤ smin < smax.

For s ∈ S, p ∈ Mp we can use bilinear interpolation of (αs, p2) on αcs × Pref to get
the corresponding reference kernel, where αs = |s|

2 . For the reference kernel vαs

(0,p2)⊤,γ,W

we calculate the discrete index of xcs ± αs − p1 in Sαco, depending on the sign of s, and
obtain the correct row of the kernel.

5.8 Multiple Measurements

So far we have only considered reconstructions using a single set of measurements. One
such measurement and the corresponding setting for the reconstruction can be described by
the involved choice of parameters. We will call such a collection of parameters an ensemble.
For example, in the common-offset geometry an ensemble consists of the intervals S and
T , and the common offset α. In case of the common-midpoint geometry, one ensemble
instead consists of the common midpoint xcm and the invervals S and T .

Now, we want to expand our scheme to allow for a reconstruction using multiple
ensembles. Let m ∈ N be the number of ensembles. For i ∈ {1, · · · ,m} let Fi and
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gi describe ensemble i with Fin = gi. Using vector notation, we can write the whole
equation as

Fn = g, where F :=


F1
...
Fm

 , g :=


g1
...
gm

 .
With inner product

⟨v , w⟩ := 1
m

m∑
i=1

⟨vi , wi⟩ ,

the generalized backprojection F†
W is given by F†

W =
(
(F1)†

W · · · (Fm)†
W

)
.

Let ψi be the smooth cutoff function with respect to the component Fi. By setting
ΨF := (ψ1F1, . . . , ψmFm)⊤ and with some minor abuse of notation, we can write the
reconstruction operator as Λ := KF†

WMΨF and we have

F†
WMΨF =

(
(F1)†

W · · · (Fm)†
W

)
Mψ1F1

...
MψmFm

 = 1
m

m∑
i=1

(Fi)†
WMψiFi.

For a family of mollifiers {eγ}γ>0 it then holds

Λn ∗ eγ(p) = ⟨Λn , eγ(· − p)⟩ =
〈
K

(
m∑
i=1

(Fi)†
WMψiFi

)
n , eγ(· − p)

〉

= 1
m

m∑
i=1

〈
K(Fi)†

WMψiFin , eγ(· − p)
〉

= 1
m

m∑
i=1

⟨ψiFin , M⋆(Fi)WK⋆eγ(· − p)⟩

= 1
m

m∑
i=1

〈
ψigi , v

i
p,γ,W

〉
,

where vip,γ,W is the reconstruction kernel for ensemble i. Therefore the whole recon-
struction consists of the mean value of all reconstructions of the corresponding ensemble,
meaning we can simply calculate a reconstruction independently for each ensemble and
later add them all together.
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CHAPTER 6

Numerical Experiments

To perform a numerical experiment, we require some form of data, i.e. a right-
hand side of equation (2.2.11). We will present three different ways to obtain a
right-hand side g for our experiments and show the results of the corresponding
inversion procedures. In the first section, we also compare the different imaging
operators among each other and reproduce some theoretical predictions. Before
all of that, we state the cutoff function used for the numerical experiments.

For the cutoff function ψ we used in our numerical experiments, we begin with the 1D
function

f(r) =

e(− 1
r ), r > 0,

0, r ≤ 0.

Then, the function
g(r) = f(r)

f(r) + f(1 − r) , r ∈ R

is a smooth transition from value 0 to 1 in the unit interval [0, 1] with g(r) = 0 for r ≤ 0
and g(r) = 1 for r ≥ 1. To obtain a smooth transition for an arbitrary interval [a, b],
a < b, we simply use

p(r, a, b) = g

(
r − a

b− a

)
=

f
(
r−a
b−a

)
f
(
r−a
b−a

)
+ f

(
b−r
b−a

) .
The same can be done for a smooth transition from value 1 to 0 in the interval [c, d], c < d

q(r, c, d) = g

(
d− r

d− c

)
=

f
(
d−r
d−c

)
f
(
d−r
d−c

)
+ f

(
r−c
d−c

) .
An example can be seen in Figure 6.1.

This can be extended to a cutoff function in multiple dimensions by specifying a lower
and upper transition for each dimension, for example, in the 2D case we have

ψ(s, t; Ls, Ls, Rs, Rs;Lt, Lt, Rt, Rt) = p(s, Ls, Ls) q(s,Rs, Rs)︸ ︷︷ ︸
s-cutoff

p(t, Lt, Lt) q(t, Rt, Rt)︸ ︷︷ ︸
t-cutoff

.
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Fig. 6.1: Transition functions p and q for a = 0.5, b = 1, c = 8 and d = 9.

The parameters Ls, Ls, Rs, Rs, Lt, Lt, Rt, Rt of ψ define the lower and upper intervals of
the corresponding axis where the smooth cutoff is performed. Note that

suppψ ⊂ [Ls, Rs] × [Lt, Rt] and ψ|[Ls,Rs]×[Lt,Rt] = 1.

As an abbreviation, we use tuples Ls = (Ls, Ls), Rs = (Rs, Rs), Lt = (Lt, Lt) and
Rt = (Rt, Rt) to denote the corresponding transition intervals of ψ. We may also use
relative values for L and R, meaning

ψrel(s, t;Ls, Rs;Lt, Rt) := ψ(s, t; smin + Ls, smin + Ls, smax +Rs, smax +Rs;

tmin + Lt, tmin + Lt, tmax +Rt, tmax +Rt).

For example, given Sdata = I([−5, 10], nSdata) and Tdata = I([3, 7.5], nTdata) and rela-
tive cutoffs Ls = (0, 0.5), Rs = (−0.8, 0), Lt = (0, 0), Rt = (−0.5, 0). Then we have
ψrel(s, t;Ls, Rs;Lt, Rt) = ψ(s, t; −5,−4.5, 9.2, 10; 3, 3, 7, 7.5).

Theoretically, only a smooth cutoff along the s-axis is required. However, the authors
of [FQ15] mention that artifacts can arise from hard truncation of the data. To reduce
these kinds of artifacts, we still include a smooth cutoff along the t-axis for our numerical
experiments.

Similar experiments to those that follow have been done in [GR23] and [GQR24]. In
[GR23], we also experimented with velocities c that do not fulfill the geometric optics
assumption (recall Section 2.2).

Before we start with the first experiment, we will briefly discuss the choice of the
regularization parameter γ in the following Remark 6.1.
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Remark 6.1. The selection of the regularization parameter γ is related to the common
offset α, discretization step sizes of S and T , and noise level of the right-hand side g.
However, we do not know a general strategy to select the value γ for practical situations.
Here, we determine γ largely based on trial and error, but one useful condition is the
following: γ should be chosen such that the kernel vp,γ,W is well resolved by its discrete
samples. In case of the zero-offset geometry (α = 0), a more rigorous choice of γ is outlined
in [Gra+17, Remark 4.1].

Let us now begin with the first type of data acquisition, where we generate synthetic
data as the right-hand side of equation (2.2.11).

6.1 Consistent data

In this case, the right-hand side g is obtained by choosing a “phantom” reflectivity n and
applying the operator F to it, see Remark 5.5. As we discussed in Section 5.6, we replace
S and T by Sdata and Tdata respectively with nSdata ≤ nS , nTdata ≤ nT in this “data
generation”. This way we calculate a synthetic right-hand side g on Sdata × Tdata. We can
then use our implementation of the chosen imaging operator to reconstruct n from these
synthetic data. Note however, that this experiment setup suffers from the inverse crime,
since we use the same implementation for the data generation and inversion. It is still
reasonable to look at this case as an indicator for the functionality of the different imaging
operators and we will show later that our method works properly in other scenarios as
well.

For our phantom function of choice, we set

n := χB∞((0,5)⊤;2)χB1((0,5)⊤;2
√

2) − χB2((0,5)⊤;1)

+ 2 χB∞((3,6)⊤;1.25) + χ{x∈R2
+ : x2≥6.5+sin(πx1/2)},

(6.1.1)

where we recall that Bp (x; r) :=
{
v ∈ R2

+ : ∥v − x∥p ≤ r
}

is the ball around x with radius
r with respect to the p-norm, and χA is the characteristic function on the set A. Therefore,
n is made up of characteristic functions of circular and rectangular disks and a half space
with a sine boundary, see Figure 6.2.
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Fig. 6.2: Phantom function n from equation (6.1.1), where the colors black, darkgray,
lightgray and white correspond to the numerical values 0, 1, 2 and 3 respectively.

If not explicitly stated otherwise, we use the following set of parameters

M = M
(
[0, 28] × [0, 49], (2801, 4901)⊤

)
(hM = (0.01, 0.01)⊤),

Mp = M
(
[−2.5, 5] × [2, 8], (751, 601)⊤

)
(hMp = (0.01, 0.01)⊤),

S = Sdata = I([−10, 15], 2501) (hS = 0.01),

T = Tdata = I([17.64, 42.64], 2501) (hT = 0.01),

Pref = I([2, 8], 201) (hPref = 0.03),

c(x) = 0.5 + 0.1x2,

common-offset geometry with α = 5.0,

mollifier: γ = 0.2, k = 3,

fast sweeping tolerance δ = 0.005,

cutoff ψrel with Ls = (0, 0.5), Rs = (−0.5, 0), Lt = (0, 0), Rt = (−0.5, 0).

(6.1.2)

An example of the processed consistent data for the above parameters and phantom
function can be seen in Figure 6.3.

We start with a comparison of the different imaging operators.
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1Fig. 6.3: Consistent data ψ|Sdata×Tdata gSdata×Tdata for α = 5 and the affine linear velocity
model c(x) = 0.5 + 0.1x2.

6.1.1 Comparison of the presented imaging operators

We will now show reconstructions for the various imaging operators presented in Chapter 4
using the parameters (6.1.2).

In all reconstructions in Figure 6.4, we can observe multiple qualitatively small artifacts
of a curved “v” shape. Most noticeable are those running along the left and right side of
the square and then bending outwards. These types of artifacts are very common in this
setting, and are known as limited data artifacts, see [FQ15].

Since Λ(1)
FN and Λ(1)

K are of order zero, we expect that the singular support of n is neither
emphasized nor smoothed in the reconstruction. This is confirmed in Figure 6.4 (a) and
(c), as these images are quite accurate reconstructions of the phantom n, both qualitatively
and quantitatively. In contrast, the imaging operators Λ(2)

FN and Λ(2)
K have order 1, meaning

the singular support of n is emphasized in the corresponding reconstruction, see Figure 6.4
(b) and (d).

By looking very closely at Figure 6.4 (d), one can see that the contrast at singular
points decreases with depth. For instance, the lower edge of the square is reconstructed
with a similar intensity as the circle, even though the value of the phantom function is
twice as high at the square. This effect will become more noticeable the further down the
reconstruction domain lies. This behavior is expected and the reason for it was outlined
in Section 4.2. For the adjusted operator Λ̃(2)

FN this is not the case, which can be observed
in Figure 6.4 (e).
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Fig. 6.4: Reconstructions using different imaging operators with parameters (6.1.2).
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6.1.2 Mollifier parameters

Next, we investigate the influence of the parameters γ and k of the mollifier ekγ . In
Figure 6.5 we can observe the effect of varying the parameters of the mollifier ekγ in the
reconstructed image using the reconstruction operator Λ(2)

FN. On the left we used the
parameters from (6.1.2) as a reference image. One can see that increasing k or decreasing
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Fig. 6.5: Reconstructions using Λ(2)
FN with different parameters for the mollifier ekγ . Left:

γ = 0.2, k = 3, middle: γ = 0.15, k = 3, right: γ = 0.2, k = 7.

γ both have a similar effect in that the resulting reconstruction becomes sharper. Since
the convolution Λn ∗ eγ was introduced in Section 2.2.1 as a smoothed version of Λn, this
is exactly what we expect.

6.1.3 Constant vs affine linear background velocity

In this numerical experiment, we want to show the advantages of using an affine linear
background velocity in comparison to a constant one. The distinguishing parameters from
(6.1.2) for the constant case will be the following

M = M
(
[0, 21] × [0, 20], (2101, 2001)⊤

)
(hM = (0.01, 0.01)⊤)

T = I([10.05, 35.05], 2501) (hT = 0.01)

c(x) = 1.

As one can observe in Figure 6.6, the operators in the constant case fail to reconstruct
those singularities with a horizontal normal direction. In fact, it is known that those
singularities are not visible in the reconstruction, regardless of the choice of ψ or S, see
[Gra+20]. By using the affine linear velocity however, those features are reconstructed
properly.

The reason for the missing singularities in the constant case can be illustrated by
looking at the reflection isochrones. A necessary condition to be able to reconstruct a
point of the singular support is, that there is a reflection isochrone tangent to it (the
normal direction of the isochrone at the singularity must be linearly dependent on the
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K (right) for c(x) = 0.5 + 0.1x2.

Fig. 6.6: Comparison of reconstructions with constant and affine linear background ve-
locity using imaging operators Λ(2)

FN and Λ(2)
K .

direction of the singularity). More precicely, if there is no s ∈ S so that ξ = ω∇xφ(s,x)
for a ω ∈ R\{0} and the normal direction ξ, then the symbol of the reconstruction operator
vanishes there, see [Gra+20, Theorem 3.9] or [Gra20, Theorem 3.21]. For the constant
background velocity, it is not possible to find such a reflection isochrone for a vertical
feature, since the reflection isochrones are half ellipses with foci at the source and receiver
positions. Therefore the only points at which those isochrones have a horizontal normal
direction lie at x2 = 0, regardless of t and s, see Figure 6.7. Further, this argument shows
that there cannot be an inversion formula for F in the case of a constant background
velocity.

In contrast, in the case of the affine linear background velocity c(x) = 0.5 + 0.1x2, it is
possible to find a reflection isochrone for a vertical feature, as demonstrated in Figure 6.8.
However, this does not mean the singularity will be recovered in a reconstruction, since
this condition is not sufficient. A sufficient condition for a so-called visible singularity
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Fig. 6.7: Reflection isochrones for c(x) = 1. The points with a horizontal normal direction
are indicated by a red dot. Colored ticks at the top of the image show the parameters s
of each isochrone.
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Fig. 6.8: Left: a single part of the phantom n from (6.1.1) and reflection isochrones for
c(x) = 0.5+0.1x2 touching this part with a horizontal normal direction. The points with a
horizontal normal direction are indicated by a red dot. The parameters s of each isochrone
are marked with their respective color at the top of the image. Right: zoomed-in section
on the phantom part.

would be, that the reconstruction operator is microlocally elliptic in the direction of the
singularity at that point, which is the case here, see [KQR23, Proposition 3.5].
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6.1.4 Consequences of incorrect common offset

Next, we want to analyze how a wrong common offset in the inversion procedure affects
the reconstructions. To this end, we generate the synthetic right-hand side g as before
using common offset αdata = 3. For the kernel calculation we then set the common offset
to a lower or higher value than αdata, more specifically α ∈ {2.5, 3.5}. The parameters
different from (6.1.2) are

M = M
(
[0, 16] × [0, 26], (1601, 2601)⊤

)
(hM = (0.01, 0.01)⊤),

T = Tdata = I([11.5, 36.5], 2501) (hT = 0.01),

αdata = 3.0, α ∈ {2.5, 3.5} .

If we choose α for the reconstruction lower than αdata, then the singularities are recon-
structed further down compared to the real ones (left of Figure 6.9). The reason for this
is that the traveltime τ for any fixed point increases with the common offset, meaning the
traveltime to a point p ∈ Mp is larger for the data then for the kernels. If we fix a time
t ∈ Tdata for a reflection isochrone in the data generation, then the reflection isochrone in
the reconstruction for the same time t lies further down, see Figure 6.10. This effect is
much more pronounced the closer we are to the surface, as the influence of the common
offset to φ diminishes with depth. Accordingly, if α > αdata, the reconstructed singular-
ities are shifted upwards in comparison to the real singularities (see right of Figure 6.9).

−2 0 2 4
p1

2

3

4

5

6

7

8

p 2

1

−2 0 2 4
p1

2

3

4

5

6

7

8

p 2

1Fig. 6.9: Reconstructions with wrong common offsets α for the reconstruction. The
reconstruction was done with α = 2.5 (left) and α = 3.5 (right), while the data were
generated with αdata = 3. The dotted lines indicate the actual singular support of n.
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Fig. 6.10: Reflection isochrones for two different common offsets α.

6.1.5 Upwards-shifted phantom function

Here, we shift the phantom function n from (6.1.1) closer towards the surface, specifically

ñ(x1, x2) := n(x1, x2 + 1).

We use the imaging operator Λ(2)
FN, along with the usual parameters (6.1.2). By doing

this, the support of ñ is no longer contained in the set X =
{
x ∈ R2

+ : x2 > xmin ≈ 2.07
}

on which Λ(2)
FN is a ΨDO, see beginning of Chapter 4. Consequently, the reconstruction

operator is now “only” a FIO, meaning it could potentially add artifacts to the recon-
struction. This suspicion is confirmed by the numerical experiment. In Figure 6.11, the
reconstruction exhibits a pronounced horizontal artifact at approximately x2 = 2.6, which
was not present in ñ.
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Fig. 6.11: Reconstruction of the upwards-shifted phantom function ñ.
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6.1.6 Smooth parts of the zero-order operators

Concluding the experiments on consistent data, we want to investigate the setting of
Corollary 3.7 and Corollary 3.9 in [GQR24] by a numerical experiment. We set c(x) = 1
and use the zero-offset geometry (common-offset geometry with α = 0).

In this setting, those corollaries state the following

Corollary 6.2. (see [GQR24, Corollaries 3.7 and 3.9])
To any open X ⊂ X , Cl(X) compact, and any cone V =

{
η ∈ R2\{0} : |η1| ≤ M |η2|

}
,

M > 0, there are an open S ⊂ R, Cl(S) compact, a cutoff function ψ ∈ D(S), and general
pseudodifferential operators OFN and OK, such that

Λ(1)
FNu = u+OFN u, and Λ(1)

K u = u+OK u,

for all u ∈ E ′(X) with WF(u) ⊂ X × V . For those u, OFNu and OKu are one degree
smoother in Sobolev scale than u.

Our goal in this experiment is to calculate the reconstructions Λ(1)
FNn and Λ(1)

K n, and
subtract the phantom function n afterwards, to obtain approximations of OFN n and OK n,
respectively. Since our reconstruction scheme does not calculate Λn, Λ = Λ(1)

FN or Λ = Λ(1)
K ,

but instead the approximation Λn ∗ ekγ , the best we can do is to choose a small value for
γ. We therefore expect the resulting reconstruction Λn ∗ ekγ to not have a perfectly sharp
edge at the singular support of n, meaning the difference (Λn ∗ ekγ) −n will not be smooth
there.

Here, we choose a simple triangle and a half space with the sine boundary as phantom
functions, see also Figure 6.12:

nsin := χ{x∈R2
+ : x2≥4+sin(x1)},

ntri := χconv({(−2,5),(2,5),(0,3)}),

where conv denotes the convex hull.
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Fig. 6.12: Phantom functions nsin (left) and ntri (right)

The further parameters are as follows

M = M
(
[0, 15] × [0, 15], (6001, 6001)⊤

)
(hM = (0.0025, 0.0025)⊤),

Mp = M
(
[−3, 3] × [2, 6], (1201, 801)⊤

)
(hMp = (0.005, 0.005)⊤),

S = Sdata = I([−10, 10], 5401) (hS = 0.005),

T = Tdata = I([2.05, 29.05], 5401) (hT = 0.005),

Pref = I([2, 6], 401) (hPref = 0.01),

c(x) = 1

common-offset geometry with α = 0,

mollifier: γ = 0.05, k = 3,

fast sweeping tolerance δ = 0.001,

cutoff ψ:
Ls = −10, Ls = −9.5, Rs = 9.5, Rs = 10,

Lt = 0, Lt = 0, Rs = 28.55, Rs = 29.05.

In Figure 6.13, we show the “smooth part” (Λn ∗ ekγ) − n for Λ = Λ(1)
FN and Λ = Λ(1)

K ,
and the phantom functions n = nsin and n = ntri. As mentioned earlier, the approximate
inverse gives us a smoothened reconstruction, therefore the boundaries of the inclusion
(triangle or sine-halfspace) are still distinctly visible in the difference (Λn ∗ ekγ) − n. For
γ → 0 this outline will get smaller and smaller, and would theoretically dissapear in
the limit, but this is not possible in practice as this would require the spacing to go to
zero as well and with that the runtime to infinity. Since the values at this boundary are
very large compared to the rest, we clip all values below the 1-percentile or above the 99-
percentile, otherwise the remaining structures would not be recognizable. Aside from that,
the remaining pictures are very smooth overall, except on the corners of the triangle. This
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is expected though, as the wavefront set at those points does contain horizontal normal
directions, and therefore does not fulfill the assumptions of Corollary 6.2.
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Fig. 6.13: Smooth parts OFN n and OFN n for n = nsin and n = ntri. Values are clipped
to the 1- and 99-percentiles to make the remaining structure visible.

Further, in Figure 6.14 we can observe the difference of the reconstructions from the
operators Λ(1)

K and Λ(1)
FN for both the sine-halfspace and the triangle example.
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Fig. 6.14: Pointwise difference of the reconstructions: (Λ(1)
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6.2 Data from the wave equation

Here, we generate data by using a numerical solver for the wave equation (2.2.1), namely
the forward solver of the open source toolbox PySIT ([DH]). To use this solver, we first
have to replace the Dirac pulse in the wave equation (2.2.1) with a corresponding source
function f(t), which models a seismic source. The wave equation then reads

1
ν2

pr
∂2
t u− ∆xu = δ(x − xs)f(t), x ∈ R2

+, t > 0,

u(0; ·,xs) = ∂tu(0; ·,xs) = 0.
(6.2.1)

We use a Gaussian pulse with peak frequency µ > 0 and time shift t0 > 0 to model an
approximated Dirac pulse

f(t) = e
−
(

t−t0√
2σ

)2

= e−((t−t0)πµ)2
, where σ = 1

πµ
√

2
.

The time shift is needed to capture the whole signal, as the signal extends to the negative
time axis and would be missing otherwise. This time shift has to be reversed after comput-
ing the seismograms. We used the parameters t0 = 0.2 and µ = 200 in our experiments.

As in the consistent data case, we choose the reflectivity n from (6.1.1) and set the
pressure velocity νpr for the wave solver in view of (2.2.2) as

ν2
pr(x) = c2(x)

1 + λn(x) ,

where the parameter λ > 0 is needed to scale the comitted linearization error.

Then the forward solver for the wave equation (6.2.1) can be used with the correct mea-
surement geometry, and the inputs vpr and c to generate the corresponding seismograms
u(t,xr(s),xs(s)) and ũ(t,xr(s),xs(s)) for s ∈ Sdata = I([smin, smax], nSdata), t ∈ Tdata,
where the choice of Tdata will be explained in the following. Note that the time inter-
val the wave solver is actually provided with starts at zero, meaning t-range = [0, tmax].
Since the time step hTdata is determined by the wave solver to satisfy its CFL-condition,
it may not align with the tmin and tmax values. The seismograms are therefore cropped to
Tdata = I([ tmin, tmax ], nTdata), where nTdata = tmax−tmin

hTdata
+ 1. Here, tmin is the smallest time

in the array generated by the wave solver that is bigger or equal to tmin, and tmax is set
accordingly:

tmin := min {i · hTdata : i · hTdata ≥ tmin, i ∈ N0} ,

tmax := max {i · hTdata : i · hTdata ≤ tmax, i ∈ N0} .
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Further, hTdata depends on the maximum input-velocity, which means that nTdata is
most likely larger for u than ũ. Therefore we configure the wave solver to use the smaller
of both time steps for both the actual velocity νpr and the background velocity c to ensure
the same discrete time interval. Another solution would be to perform piecewise linear
interpolation of ũ on the time grid of u, or any other discrete time interval, provided no
information is lost. In our experiments though, the first method lead to better results.

The right-hand side g is then finally obtained by equation (2.2.13) and a trapezoidal
rule for the integral therein.

Let Mdata be the mesh on which the wave solver is operating on. It needs to be big
enough so that all the different source and receiver configurations are inside it. Since we
do not want the wavefields to reflect on any boundaries of this domain, we use a Perfectly
Matched Layer (PML) on each side of the mesh, see Figure 6.15. PMLs dampen the wave
at the boundary of the domain through artificial absorbing boundary conditions. Thus,
we can simulate an endless domain regarding the behavior of the wavefields. For more
details, see [Ber94].

Mdata

PML

Fig. 6.15: The mesh of the wave solver, surrounded by a Perfectly Matched Layer.

The setup for the kernel and reconstruction calculation stays the same as in (6.1.2).
For the data generation we use

Mdata = M
(
[−15, 20] × [0, 15], (841, 361)⊤

)
(hM ≈ (0.0416, 0.0416)⊤),

PML width = 3,

t-range = [0, 42.64], Tdata = I([17.64, 42.64], nTdata),

Sdata = I([−10, 15], 1001) (hS = 0.025),

λ = 0.05.

On the left of Figure 6.16 we see the processed data ψ|Sdata×Tdata gSdata×Tdata from the
wave solver. Note that there is a decrease at about t ≈ 29. This is due to reflections at
the bottom of the computational domain of the wave solver, even though PML boundary
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conditions were applied. The exact time of a wavefront reflected at the bottom of the
domain to travel from source to receiver in this setting is 29.012. An obvious solution
to this problem would be to increase the depth of the computational domain, but would
result in much more computing time for the wave solver. Another option is to restrict the
time interval for example to [17.64, 29], but then we possibly lose some singularities of n
in the reconstruction. As this problem did not impact our reconstructions, we did not use
any of the mentioned solutions.

The reconstruction using Λ(2)
FN can be seen on the right of Figure 6.16. The image

clearly shows the singular support of n, and is qualitatively comparable to the consistent
data case in Figure 6.6 (b) (left).
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Fig. 6.16: Left: processed data ψ|Sdata×Tdata gSdata×Tdata . Right: reconstruction using
Λ(2)

FN with Tdata = I([17.64, 42.637], 7200) and λ = 0.05.

The impact of a larger linearization error can be observed in Figure 6.17. As the value
of λ increases, the quality of the reconstructions declines.
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Fig. 6.17: Reconstructions using Λ(2)
FN with Tdata = I([17.64, 42.637], 7200) and λ = 0.1

(left) or λ = 0.2 (right).
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6.2.1 Low resolution data

In practice, we may not have access to thousands of source and receiver pairs (parameters
s ∈ Sdata). We will now show that even in an extreme case with just 101 parameters in
Sdata = I([−10, 15], 101), we can still get good results. In this setting, we also show that
it is advantageous to calculate the reconstruction kernels with higher resolution than the
data. Even though the reconstruction on the left in Figure 6.18 clearly shows the phantom
function, it is etremely pixelated. Here, we used S = Sdata. Note that this is purely the
effect of the low resolution data and kernels, since the resolution of the reconstruction mesh
Mp is still unchanged (751 × 601 points). The reconstruction on the right of Figure 6.18
using finer reconstruction kernels (S = I([−10, 15], 1001)) clearly results in a much better
image. The low resolution of the data still introduces some high frequency artifacts, but
it is a massive uplift in quality in this comparison nevertheless. By increasing γ we could
mitigate those artifacts further, at the cost of blurring the image.
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Fig. 6.18: Low resolution inconsistent data reconstructions using Λ(2)
FN and different

resolutions of the reconstruction kernels. Left: S = Sdata = I([−10, 15], 101), right:
S = I([−10, 15], 1001).

6.2.2 Realistic measurement scenario

As an intermediate step between the last experiment and actual field data, we test the
following setup. This time, we use the common-source geometry (recall Section 5.7.2)
and noised source and receiver positions for a realistic measurement scenario that to some
extent mimics an actual field data acquisition. To this end, we again generate data by
using the forward solver for the wave equation, where the source and receiver positions
are uniformly perturbed within the lower half-circle with radius εpos around their original
positions for each ensemble, see Figure 6.19. The radius of this half-circle will be denoted
by εpos. This is done to emulate some plausible alignment errors in the source and receiver
positions. Here, one ensemble describes the measurement of a single source excitation,
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or rather the involved parameters of the source position xcs and the parameters Sdata,
together with the measurement times Tdata. This collection of parameters in the case
of the common-source geometry is more commonly known as one shot. Additionally, the
taken measurements, or more precicely, the right-hand side g of (2.2.13), are also perturbed
with artificial noise:

gεk = gk + ε ∥gk∥F
Nk

∥Nk∥F
, ε > 0, k ∈ {1, . . . , nshots} ,

where gk are the data (integrated seismogram) of the kth shot, Nk is an nSdata × nTdata

array of uniformly distributed random numbers in the interval [−1, 1] and ∥·∥F denotes
the Frobenius norm. We have that

∥gk − gεk∥F
∥gk∥F

≤ ε, k ∈ {1, . . . , nshots} ,

meaning ε measures the relative noise. The parameters will differ significantly from the
usual ones, as we now work with the common-source acquisition geometry:

c(x) = 0.5 + 0.1x2,

Mdata = M
(
[−7, 9] × [0, 10], (641, 401)⊤

)
,

PML width = 3,

ensembles (shots):
xcs = 0, Sdata = I([−5, 5], 41), S = I([−5, 5], 301),

t-range = [0, 25.5], T = Tdata = I([4.5, 25.497], 7560),

xcs = 8, Sdata = I([−13,−3], 41), S = I([−13,−3], 301),

t-range = [0, 30], T = Tdata = I([9.5, 29.997], 7380),

xcs = −5, Sdata = I([0, 10], 41), S = I([0, 10], 301),

t-range = [0, 28], T = Tdata = I([7, 27.997], 7560)

positional noise radius εpos = 0.1,

relative noise ε = 5%,

M = M
(
[0, 17] × [0, 29], (2041, 3481)⊤

)
,

Mp = M
(
[−2.5, 5] × [2, 8], (751, 601)⊤

)
,

Pref = I([2, 8], 101), nαcs = 51 (number of common offsets in the set αcs),

mollifier: γ = 0.2, k = 3,

fast sweeping tolerance δ = 0.005,

cutoff ψrel(s, t; 0, 0.5, −0.5, 0; 0, 0.1, −0.5, 0)
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In Figure 6.19 we display the scanning geometry, including the positional displace-
ments, and the processed data (gε2)Sdata×Tdata for the second ensemble/shot with source
position xs = (8, 0)⊤. We can observe some vertical stripes in (gε2)Sdata×Tdata . These are
caused by adjacent receivers having a relatively large vertical distance, which results in a
difference of the amplitude of an incoming reflected wave.
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Fig. 6.19: Left: scanning geometry for the second shot with xs = (8, 0)⊤ and εpos = 0.1.
The cyan spheres show the exact and the blue spheres the perturbed receiver positions.
Similarly, the orange sphere is the exact and the red sphere the perturbed source position.
Note that the scale of the coordinate axes vastly differ.
Right: processed data gεSdata×Tdata

for this shot.

The resulting reconstructions using the operators Λ(1)
K and Λ(2)

FN are presented in Fig-
ure 6.20. The left column shows the reconstruction with perturbed source and receiver
positions and noised data, while the right column displays reference reconstructions us-
ing the same operators, but from data without any added noise or perturbed positions.
Clearly, we can observe by this comparison, that the reconstruction is very stable with
respect to noise of this kind.
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(a) Reconstruction operator Λ(1)
K . Left: with noise, right: no noise.
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(b) Reconstruction operator Λ(2)
FN. Left: with noise, right: no noise.

Fig. 6.20: Reconstructions from data with relative data noise and perturbed source/re-
ceiver positions, and corresponding reference reconstructions where no noise or positional
perturbation was added.

6.3 Venezuela field data

The data utilized in this experiment originates from a seismic project summarized as
“Broadband Ocean-Land Investigation of Venezuela and the Antilles arc Region”. Some
general information can be found at https://doi.org/10.7284/901238.

In the timespan from 18th of April 2004 to 3rd of June 2004 the research vessel and
its crew followed the route in Figure 6.21 (left) and recorded data along the lines in
Figure 6.21 (right). The whole data set, along with in-depth documents of the cruise, is
available on [Mar].

For our experiment, we exclusively used the data from line BOL-11. This prestack
data set was preprocessed by the Geophysical Institute (GPI) of the KIT: A portion of
the prestack data was cut off to remove a segment where the streamer was bent. The
raw data underwent denoising and demultiple steps, including band-pass filters, swell

https://doi.org/10.7284/901238
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Fig. 6.21: Cruise ship route for the exploration project (left) and the lines, where seismic
data were measured (right). Line BOL-11 is marked by the circle. The images are taken
from the science report under the Documents section on [Mar].

noise removal, surface-related mutliple elimination and parabolic Radon demultiple. For
general information on these processes, we refer the reader to [Yil01].

We were also provided with a reference migration result, which is time migrated and
stretched to depth using standard time-to-depth conversion based on the given velocity
model. While this is not equivalent to true depth migration, it should still allow for a
comparison with a proper depth migration result.

Data summary

The seismograms were originally recorded in the common-source geometry, but subse-
quently saved in a data format where each trace from every shot is dumped into a single
large list along with its trace information. A trace is the recorded signal of a single re-
ceiver. To perform a reconstruction using the common-offset geometry, we need to group
those traces by their common offset first and then sort each group by the original ensemble
number. Hereby the grouping allows for a small leeway of the grouping parameter, so that
two traces with minor deviations in their grouping parameter are still considered in the
same group. This process, known as data binning, is sensible because for field data there
are often small deviations from the planned, perfectly regular geometry. Now that the raw
data are expressed as multiple ensembles in common-offset form, we summarize important
parameters in Table 6.1.

For the geophysicists: please note that our terminology differs from the one typically
used in geophysics. The term “common offset”, which in geophysics is often referred to
simply as “offset”, here only describes half the distance between source and receiver, see
Section 5.7. The parameter s represents the (x1-) position of the midpoint between a
source and a receiver.
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Table 6.1: Data parameters

number of ensembles 480
traces in each ensemble 701
sources/receivers depth 7 m below sea surface
average water depth 1890 m
common offsets 89.5 m (ensemble 0) - 3083.5 m (ensemle 479)
time interval (in seconds) Tdata = I ([0, 9], 2251) (hTdata = 0.004)

midpoint parameters (in m)
smin = 9593.74, smax = 44592.77 (ensemble 0)

...
smin = 6599.77, smax = 41598.8 (ensemble 479)

The discrete parameters s ∈ [smin, smax] for each ensemble are not quite equidistant,
with the distance of neighboring s-values varying between approximately 47 m and 52.5 m.
This is a problem, since the slicing operations of the reference kernels outlined in Sec-
tion 5.5 would not align with the S grid. Consequently, the implementation of the in-
version scheme requires equidistant S. Additionally, the simplified trapezoidal rule in
equation (5.6.1) relies on equidistant parameters S, which could, however, be easily fixed
by using the standard trapezoidal rule. In summary, we have to interpolate the seismo-
grams for each ensemble to uniformly spaced parameters Sdata = I([smin, smax] , 701).

Reconstruction summary

We denote this resampled array of each ensemble by (seismok)Sdata×Tdata
, k = 0, . . . , 479,

and set valuesk[i, j] := (seismok)Sdata×Tdata
[i, j] for i = 0, . . . , 700, j = 0, 2250. The

seismograms in our data set already have their first arrival signal removed, therefore a
reference solution ũ in equation (2.2.13) is not required. The approximation to the right-
hand side for ensemble k then reads (i = 0, . . . , 700 and j = 0, . . . , 2250)

(gk)Sdata×Tdata
[i, j] = −2πhTdata

j∑
l=1

(valuesk[i, l] + valuesk[i, l − 1]) .

Since we only consider depth-dependent velocities c, it suffices to specify the contour
line c0 := c

(
(0, ·)⊤

)
. The base contour c̃0 consists of a constant water layer with the

known velocity cwater = 1500 m
s and an affine linear part below the sea depth:

c̃0(y) :=

1500, y ≤ 1890,

1500 + 0.57071358 (y − 1890), y > 1890.
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The slope 0.57071358 was chosen by a least squares approximation to fit the horizontal
average of a provided initial model. Since c0 is not differentiable in y = 1890 we smoothen
this kink by convolving c̃0 with a Gaussian window

w̃(y) := e− 1
2 ( y

σ )2
, w(y) := w̃(y)∫∞

−∞ w̃(z) dz = 1√
2πσ

e− 1
2 ( y

σ )2
.

We use the Python implementations scipy.signal.windows.gaussian1 and scipy.signal.convolve2 for
the gaussian window and convolution respectively. The c0-array is appropriately padded
with reflecting boundaries before convolution, and sliced back to the original length after-
wards so that the boundaries do not impact the result. We therefore obtain, see Figure 6.22

c0(x2) = (c̃0 ∗ w)(x2), c(x) = c0(x2).
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Fig. 6.22: Background velocity for the venezuela data set.

The remaining reconstruction parameters are summarized in Table 6.2.
The results of this experiment are displayed in Figure 6.23. We also included the

migration result from the Geophysical Institute for reference at the top. Note that by using
the imaging operator Λ(2)

FN of order 1 here, the actual values are not really meaningful. In
the middle image, we display the result from a single ensemble, specifically ensemble 0. The
reconstruction is somewhat dominated by noise, but one can cleary notice the seabed and
some of the internal structures. In 6.23 (c) we aggregated the reconstructions from every
ensemble, normalized by the total number of used ensembles (479). Here, the internal

1https://docs.scipy.org/doc/scipy/reference/generated/scipy.signal.windows.gaussian.
html

2https://docs.scipy.org/doc/scipy/reference/generated/scipy.signal.convolve.html

https://docs.scipy.org/doc/scipy/reference/generated/scipy.signal.windows.gaussian.html
https://docs.scipy.org/doc/scipy/reference/generated/scipy.signal.convolve.html
https://docs.scipy.org/doc/scipy/reference/generated/scipy.signal.windows.gaussian.html
https://docs.scipy.org/doc/scipy/reference/generated/scipy.signal.windows.gaussian.html
https://docs.scipy.org/doc/scipy/reference/generated/scipy.signal.convolve.html
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Table 6.2: Reconstruction parameters

geometry common offset

traveltime/amplitude mesh M = M ([−8700, 8700] × [7, 15700] , (4351, 3924))
(hM = (4, 4.000255))

fast sweeping tolerance 0.2

reconstruction mesh Mp = M ([10000, 40000] × [1000, 7000] , (4801, 1201))
(hMp = (6.25, 5))

time interval T = Tdata

midpoint parameters
S = I([9593.74, 44592.77] , 1001) (ensemble 0)

...
S = I([6599.77, 41598.8] , 1001) (ensemble 479)

x2-interval for the reference
kernels Pref = I([1000, 7000] , 601)

imaging operator Λ(2)
FN = 1

2π (−∆)F †
|B|/(A∥∇xφ∥)ψF

γ 75
k 3
cutoff function ψrel(s, t; 0, 100, −100, 0; 0, 0, 0, 0)

structures are substantially clearer to see and the noise below the seabed is significantly
reduced. Although some noise was introduced in the water column, the seabed remains
distinctly visible. Variations in the singular points among the different ensembles makes it
look like some of the internal structures are duplicated slightly lower or higher. One reason
for this could be the background velocity, since we obviously do not have access to the
exact one and are limited by only depth-dependent velocities. The comitted linearization
error is therefore potentially rather large. Another reason could possibly involve the data-
binning. As we have seen in an earlier numerical experiment, the depth at wich features
are reconstructed is affected by the common offset used in the reconstruction. Variations of
the actual common offset in the different traces, which are inevitably introduced through
the data binning process, could therefore explain the appearance of the same structure at
slightly different depths over different ensembles.
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Fig. 6.23: Reference and own reconstructions of the Venezuela data set using Λ(2)
FN.
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CHAPTER 7

Conclusion and outlook

This final chapter provides a recap of the thesis. We also discuss the differences
and potential challenges introduced in a three-dimensional setting.

In this work, we presented a numerical scheme for the linearized problem of seis-
mic imaging in two dimensions using the concept of approximate inverse. The setting was
derived starting from the acoustic wave equation, resulting in a general form of reconstruc-
tion operators suitable for solving this inverse problem. This framework allows for great
flexibility in the chosen reconstruction operators, depending on the desired objectives. It
encompasses, for instance, the operators from the well-established Kirchhoff migration,
which is still heavily used in some form to this day. We covered the necessary aspects of
the theoretical background, which is microlocal analysis, that allows us to predict what
singularities can be reconstructed and which types of artifacts we expect to appear. We
delved into the intricacies of the implementation process, focusing on its efficiency within
the context of a layered background velocity and the common-offset acquisition geometry.
Key components of the implementation included solvers for the traveltime and amplitude
functions. Finally, the conducted numerical experiments on synthetic data provided empir-
ical evidence to support our theoretical predictions. The numerical scheme demonstrated
reliability with respect to different types of noise, and further showcased considerable
potential for reconstructions from field data.

7.1 A look at the three-dimensional case

Source and receiver positions are now parametrized by s = (s1, s2)⊤ ∈ S ⊂ R2. For
example, for the common-offset acquisition geometry with offset α ≥ 0 we have (see,
e.g. [Fel+16])

xs(s) = (s1, s2 − α, 0)⊤ and xr(s) = (s1, s2 + α2, 0)⊤.
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Recall Remark 2.1. In three dimensions, the fundamental solution of the wave equation
with constant c > 0 is instead given by

ũ(t;x,xs) = δ(ct− ∥x − xs∥)
4π ∥x − xs∥

.

Similar to the two-dimensional case, we can approximate ũ by a progressing wave expansion
when the background velocity is not constant

ũ(t;x,xs) ≈ a(x,xs)δ(t− τ(x,xs)).

Plugging this into (2.2.5) we get (with abbreviations xs(s) = xs, xr(s) = xr)

Ln(s, t) ≈ ∂2
t

∫
X

n(x)
c2(x)

∫ t

0
a(x,xs)δ(t− η − τ(x,xs)) a(xr,x)δ(η − τ(xr,x)) dη dx

= ∂2
t

∫
X
n(x)A(s,x) δ(t− φ(s,x)) dx.

Now, we integrate twice over time and get the same representation of F as in (2.2.12),
and the 3D equivalent of the right-hand side (2.2.13) as

g(s, t) =
∫ t

0

∫ ζ

0
(ũ− u)(ζ,xr,xs) dζ dη =

∫ t

0
(t− η)(ũ− u)(η,xr,xs) dη,

where we used the Cauchy formula for repeated integration in the last step. The definition
of the operator F itself stays the same, but the transport equation (2.2.8) needs some minor
adjustments (see [LQB14, equation (8)]):

2∇xa(x,xs) · ∇xτ(x,xs) + a(x,xs)∆xτ(x,xs) = 0,

lim
x→xs

a(x,xs) ∥x − xs∥ = 1
4π .

Note that the solution of the transport equation for c(x) = 1, and therefore a0 for the
factorization a = a0a1 is now given by

a0(x,xs) = 1
4π ∥x − xs∥

.

Accordingly, the initialization for the fast sweeping scheme (Algorithm 3) should therefore
be ui,j = 1. The fast marching and fast sweeping algorithms for three dimensions have
already been incorporated into our code.
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For a depth-dependent velocity c(x) = c(x3), the translation invariances (5.4.1) carry
over to their respective three-dimensional versions:

τ
(
x, (r1, r2, 0)⊤

)
= τ

(
(x1 − r1, x2 − r2, x3)⊤,0

)
,

a
(
x, (r1, r2, 0)⊤

)
= a

(
(x1 − r1, x2 − r2, x3)⊤,0

)
,

x ∈ R3
+, (r1, r2) ∈ R2,

L(s,t) = L(0,t) +


s1

s2

0

 s ∈ S, t ∈ T .

We can therefore use the same concepts as in Section 5.4 to calculate the three-dimensional
versions of φM and WM with respect to s = 0 and then obtain IM. The reflection
isochrones can analogously be calculated using the Marching Cubes algorithm. See Fig-
ure 7.1 for an example of three-dimensional reflection isochrones.

The remaining calculations for the reference kernels, reconstruction kernels and the
evaluation of the scalar product in Chapter 5 can also be extended to three dimensions by
adjusting each step involving the parameter s.

One issue that may arise is the memory required to save the 3D reference kernels.
It might not be feasible to store the reference kernels in memory without some form of
compression or memory efficient representation for finer reconstructions.

The reconstruction operators for the three-dimensional case suggested in [GQR24,
Chapter 6] are as follows. For the filtered normal operators, we have

Λ(1)
FN = 1

4π2 (−∆)F †
|B|/A∥∇xφ∥2ψF and Λ(2)

FN = 1
4π2∂x3(−∆)F †

|B|/A∥∇xφ∥2ψF.

These are again of order 0 and 1, respectively.

Note that the normalization factor of the mollifier ekγ from (4.0.1) differs in three
dimensions, namely

Ck,γ =
(

4π
∫ γ

0
(γ2 − r2)kr2 dr

)−1
= Γ(k + 5/2)
π3/2 γ2k+3 Γ(k + 1)

.

The mollifier evaluation K∗ekγ for an explicit expression does also have to be done again.
Here, we have

(−∆)ekγ(x) = Ck,γ

2k
(
γ2 − ∥x∥2

)k−2 (
3γ2 − (2k + 1) ∥x∥2

)
, ∥x∥ < γ,

0, ∥x∥ ≥ γ,



90 Chapter 7. Conclusion and outlook

Fig. 7.1: Three-dimensional reflection isochrones L(0,18) (top) and L(0,21) (bottom) for
the background velocity c(x) = 0.5 + 0.1x3.

which is the explicit expression needed for Λ(1)
FN. Accordingly, for K∗ = ∆∂x3 in Λ(2)

FN, we
obtain

∆∂x3e
k
γ(x) = Ck,γ

4k(k + 1)x3
(
γ2 − ∥x∥2

)k−3 (
5γ2 − (2k + 1) ∥x∥2

)
, ∥x∥ < γ,

0, ∥x∥ ≥ γ.

The three-dimensional Kirchhoff operators are given by

Λ(1)
K = 1

4π2F
†
|B|/A(Id ⊗ ∂2

t )ψF and Λ(2)
K = 1

4π2F
†
|B|/(c2A∥∇xφ∥)(Id ⊗ ∂3

t )ψF,
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with the Beylkin determinant

B(s,x) = det


∇xφ(s,x)⊤

∂s1∇xφ(s,x)⊤

∂s2∇xφ(s,x)⊤

 .

Their respective orders are also 0 and 1.
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APPENDIX A

Calculations

A.1 Various calculations

A.1.1 Ψ convolution

For t > 0 we have for Ψ from equation (2.2.6)

Ψ ⋆Ψ(t) =
∫
R

Ψ(t− η)Ψ(η) dη =
∫ t

0

1
4π2

√
(t− η)η

dη = 1
4π2

[
arcsin

(2η − t

t

)]t
0

= 1
4π .

Therefore Ψ ⋆Ψ = 1
4πH, where H(t) =

1, t > 0

0, t ≤ 0
is the Heaviside function.

For easier notation, we write τs = τ(x,xs) and τr = τ(x,xr) = τ(xr,x). In our case,
we then have

1
4πH(t− τs − τr) = Ψ ⋆Ψ(t− τs − τr) =

∫ t−τs−τr

0
Ψ(t− τs − τr − r)Ψ(r) dr

=
∫ t−τs

τr

Ψ(t− η − τs)Ψ(η − τr) dη (η:=r+τr)

=
∫ t

0
Ψ(t− η − τs)Ψ(η − τr) dη,

where the last equality holds since Ψ(η − τr) = 0 for η < τr and Ψ(t − η − τs) = 0 for
η > t− τs.

A.1.2 Factored transport equation

Using τ = τ0τ1, a = a0a1 we have

∇xτ = τ0∇xτ1 + τ1∇xτ0, ∇xa = a0∇xa1 + a1∇xa0,

∆xτ = τ0∆xτ1 + 2∇xτ0 · ∇xτ1 + τ1∆xτ0.
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Therefore we get (here ∇ = ∇x and ∆ = ∆x)

2∇a · ∇τ + a∆τ

= 2 (a0∇a1 + a1∇a0) · (τ0∇τ1 + τ1∇τ0)

+ a0a1 (τ0∆τ1 + 2∇τ0 · ∇τ1 + τ1∆τ0)

= ∇a1 · [2a0 (τ0∇τ1 + τ1∇τ0)]

+ a1 [2∇a0 · (τ0∇τ1 + τ1∇τ0) + a0 (τ0∆τ1 + 2∇τ0 · ∇τ1 + τ1∆τ0)]

= ∇a1 · [2a0 (τ0∇τ1 + τ1∇τ0)]

+ a1 [2τ0∇a0 · ∇τ1 + 2τ1∇a0 · ∇τ0 + a0τ0∆τ1 + 2a0∇τ0 · ∇τ1 + a0τ1∆τ0]

= ∇a1 · [2a0 (τ0∇τ1 + τ1∇τ0)]

+ a1

2τ0∇a0 · ∇τ1 + a0τ0∆τ1 + 2a0∇τ0 · ∇τ1 + τ1 (2∇a0 · ∇τ0 + a0∆τ0)︸ ︷︷ ︸
=0


= ∇a1 · [2a0 (τ0∇τ1 + τ1∇τ0)] + a1 (2τ0∇a0 · ∇τ1 + a0τ0∆τ1 + 2a0∇τ0 · ∇τ1)

Since, in two dimensions, τ0(x) = ∥x − xs∥ and a0(x) = 1
2
√

2π
√

∥x−xs∥
, we further have

∇τ0(x) = x − xs

∥x − xs∥
, ∆τ0(x) = 1

∥x − xs∥
, ∇a0(x) = − x − xs

4
√

2π ∥x − xs∥5/2 .

This leaves us with (dropping the x dependence for readability reasons)

2∇a · ∇τ + a∆τ

= ∇a1 ·
[√

∥x − xs∥√
2π

∇τ1 + (x − xs) τ1√
2π ∥x − xs∥3/2

]

+ a1

[
− x − xs

2
√

2π ∥x − xs∥3/2 · ∇τ1 +
√

∥x − xs∥√
2π

∆τ1 + x − xs√
2π ∥x − xs∥3/2 · ∇τ1

]

= ∇a1 ·
[√

∥x − xs∥√
2π

∇τ1 + (x − xs) τ1√
2π ∥x − xs∥3/2

]

+ a1

[
x − xs

2
√

2π ∥x − xs∥3/2 · ∇τ1 +
√

∥x − xs∥√
2π

∆τ1

]
.
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A.2 Adjoint operators

A.2.1 Weighted F

For the weighted operator FWn(s, t) =
∫
X n(x)W (s, t)δ(t− φ(s,x)) dx we have

⟨FWn , g⟩ =
∫
S

∫
T

(∫
X
n(x)W (s,x)δ(t− φ(s,x)) dx

)
g(s, t) dt ds

=
∫
X
n(x)

∫
S

∫
T
W (s,x)g(s, t)δ(t− φ(s,x)) dtds dx

=
∫
X
n(x)

∫
S
W (s,x)g(s, φ(s,x)) ds dx

=
∫
X
n(x)F †

W g(x) dx =
〈
n , F †

W g
〉
.

Here, T is the corresponding time interval.

A.2.2 Laplace operator

Since we only apply K∗ with K = −∆ to a compactly supported mollifier ekγ , we consider
f, g ∈ C2

c (Ω) with Ω ⊂ R2 open. Using the second Green’s identity, we have

⟨∆f , g⟩ =
∫

Ω
∆f · g =

∫
Ω
f · ∆g −

∫
∂Ω

(f∇g − g∇f) · dS︸ ︷︷ ︸
=0

= ⟨f , ∆g⟩ .

Therefore, −∆ is a symmetric operator in our setting.

Further, we have

∇x

(
γ2 − ∥x∥2

)k
= −2k

(
γ2 − ∥x∥2

)k−1
x,

and for i = 1, 2,

∂2
xi

(
γ2 − ∥x∥2

)k
= k(k − 1)

(
γ2 − ∥x∥2

)k−2
4x2

1 − 2k
(
γ2 − ∥x∥2

)k−1

= 2k
(
γ2 − ∥x∥2

)k−2 (
2(k − 1)x2

1 − (γ2 − ∥x∥2)
)
.

Then

−∆
(
γ2 − ∥x∥2

)k
= −2k

(
γ2 − ∥x∥2

)k−2 (
(2k − 2) ∥x∥2 − 2(γ2 − ∥x∥2)

)
= 4k

(
γ2 − ∥x∥2

)k−2 (
γ2 − k ∥x∥2

)
.

(A.2.1)
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A.2.3 Square root of the Laplace operator

For integrable h : R2 → C we have the identity
∫
R2 h(x) dx =

∫
R2 h(x) dx. Therefore

〈
(−∆)1/2f , g

〉
=
∫
R2

1
2π

∫
R2

eix·ξ ∥ξ∥ f̂(ξ) dξ g(x) dx

= 1
2π

∫
R2

∥ξ∥ f̂(ξ)
∫
R2

eix·ξg(x) dx dξ

=
∫
R2

∥ξ∥ f̂(ξ) 1
2π

∫
R2

e−ix·ξ g(x) dx dξ

=
∫
R2

∥ξ∥ f̂(ξ)ĝ(ξ) dξ =
∫
R2
f̂(ξ)∥ξ∥ ĝ(ξ) dξ

=
∫
R2
f(x) 1

2π

∫
R2

eix·ξ ∥ξ∥ ĝ(ξ) dξ dx (Plancherel)

=
〈
f , (−∆)1/2g

〉
.

A.2.4 Partial (time-) derivative

For f, g ∈ C1
c (T ), T = (0, tmax) we have

⟨∂tf , g⟩ =
∫
T
f ′(t)g(t)dt

= f(t)g(t)
∣∣∣tmax

0︸ ︷︷ ︸
=0

−
∫ tmax

0
f(t)g′(t)dt (p.i.)

= − ⟨f , ∂tg⟩ .

Therefore, (∂t)⋆ = −∂t.

A.3 Intermediate mollifier-calculations

The Fourier transform of ek1 is given by

êk1(ρw) = 2k(k + 1)!
π

ρ−(k+1)Jk+1(ρ), w ∈ ∂B1(0), ρ > 0, (A.3.1)

see [Rie01, Section 3].
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We further need to evaluate the following integral. Using polar coordinates, we write
x = ∥x∥ (cos(ν), sin(ν))⊤ with some ν ∈ [−π, π], and have

∫
∂B1(0)

eirx·w dw =
∫ 2π

0
eir∥x∥(cos(θ) cos(ν)+sin(θ) sin(ν)) dθ

=
∫ 2π

0
eir∥x∥ cos(θ−ν) dθ =

∫ 2π

0
eir∥x∥ cos(θ) dθ

=
∫ π

−π
eir∥x∥ cos(θ) dθ = 2πJ0(∥x∥ r).

(A.3.2)

Here we also used the substitution w = (cos(θ), sin(θ))⊤ for the first equality.

A.4 An explicit mollifier expression

Now, we show the step-by-step calculation of the term (−∆)1/2ekγ(x), starting with with
the expression from equation (4.1.2). We begin with some supplementary calculations for
Euler’s Gamma function.

An important property of the Gamma function is

Γ(z + 1) = z Γ(z), z > 0, Γ(k + 1) = k!, k ∈ N.

The Legendre duplication formula states

Γ(z)Γ(z + 1/2) = 21−2z√π Γ(2z),

and Euler’s reflection formula is

Γ(z)Γ(1 − z) = π

sin(πz) .

Using the Legendre duplication formula with z = 1/2 leads to

Γ(1/2) =
√
π, Γ(3/2) = 1

2Γ(1/2) =
√
π

2 , (A.4.1)

and inserting z = 3
2 into Euler’s reflection formula results in

Γ
(3

2

)
Γ
(

−1
2

)
= π

sin(π3/2) ⇒ Γ
(

−1
2

)
= 2π√

π sin(3π/2) = −2
√
π. (A.4.2)

Again, by using the Legendre duplication formula with z = k we get

1
Γ(k + 1/2) = 22kΓ(k)

2
√
π Γ(2k) = 4k(k − 1)!

2
√
π (2k − 1)!

k

k
= 4kk!√

π(2k)! (A.4.3)
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Now we apply Therorem 4.2 to equation (4.1.2). In this case, we have µ = 2 − k,
M = 3, and get the following two cases:

1. ∥x∥ > γ: v1 = k + 1, v2 = 0 and x1 = γ, x2 = ∥x∥

(−∆)1/2ekγ(x) = 2k(k + 1)!
πγk+1

21−kγk+1 ∥x∥−3 Γ(3/2)
Γ(k + 2)Γ(−3/2 + 1) 2F1

[
3
2 ,

3
2; k + 2; γ2

∥x∥2

]

=
2(k + 1)! Γ(3

2)
π ∥x∥3 Γ(k + 2)Γ(−1

2) 2F1

[
3
2 ,

3
2; k + 2; γ2

∥x∥2

]
(A.4.1)=
(A.4.2)

2
√
π

2
π ∥x∥3 (−2)

√
π

2F1

[
3
2 ,

3
2; k + 2; γ2

∥x∥2

]

= − 1
2π ∥x∥3 2F1

[
3
2 ,

3
2; k + 2; γ2

∥x∥2

]
.

2. ∥x∥ < γ: v1 = 0, v2 = k + 1 and x1 = ∥x∥ , x2 = γ

(−∆)1/2ekγ(x) = 2k(k + 1)!
πγk+1

21−k ∥x∥0 γk+1−3Γ(3
2)

Γ(1)Γ(k + 1 − 3
2 + 1) 2F1

[
3
2 ,

3
2 − (k + 1); 1; ∥x∥2

γ2

]

=
2(k + 1)! Γ(3

2)
πγ3Γ(k + 1

2) 2F1

[
3
2 ,

3
2 − (k + 1); 1; ∥x∥2

γ2

]
(A.4.1)=

2(k + 1)!
√
π

2
πγ3Γ(k + 1

2) 2F1

[
3
2 ,

1
2 − k; 1; ∥x∥2

γ2

]
(A.4.3)= (k + 1)!

√
π

πγ3
4kk!√
π(2k)! 2F1

[
3
2 ,

1
2 − k; 1; ∥x∥2

γ2

]

= 4k(k + 1)! k!
πγ3(2k)! 2F1

[
3
2 ,

1
2 − k; 1; ∥x∥2

γ2

]

Let us now look into the case ∥x∥ → γ. We will use Gauss’s summation theorem (see
[LCC01])

2F1(a, b, c; 1) = Γ(c)Γ(c− a− b)
Γ(c− a)Γ(c− b) , c > a+ b.

1. lim∥x∥↘γ : a = 3
2 , b = 3

2 , c = k + 2

2F1

[3
2 ,

3
2; k + 2; 1

]
= Γ(k + 2)Γ(k − 1)

Γ(k + 1
2)Γ(k + 1

2)
,

for ∥x∥ ↘ γ it holds

(−∆)1/2ekγ(x) =
2(k + 1)! Γ(3

2)
π ∥x∥3 Γ(k + 2)Γ(−1

2)
Γ(k + 2)Γ(k − 1)

Γ(k + 1
2)2 =

2(k + 1)! Γ(3
2)Γ(k − 1)

πγ3Γ(−1
2)Γ(k + 1

2)2 .
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2. lim∥x∥↗γ : a = 3
2 , b = 1

2 − k, c = 1

2F1

[3
2 ,

1
2 − k; 1; 1

]
= Γ(1)Γ(k − 1)

Γ(−1
2)Γ(k + 1

2)
,

for ∥x∥ ↗ γ we then have

(−∆)1/2ekγ(x) =
2(k + 1)! Γ(3

2)
πγ3Γ(k + 1

2)
Γ(k − 1)

Γ(−1
2)Γ(k + 1

2)
=

2(k + 1)! Γ(3
2)Γ(k − 1)

πγ3Γ(−1
2)Γ(k + 1

2)2 .

Consequently, lim∥x∥↘γ(−∆)1/2ekγ(x) = lim∥x∥↗γ(−∆)1/2ekγ(x), and (−∆)1/2ekγ(x) is con-
tinuous for ∥x∥ = γ.

A.5 Translation invariances

For all the following parts we assume that the background velocity c is layered, meaning
it depends only on the depth coordinate (c(x) = c(x2)). Let y = (y1, 0)⊤ ∈ X be an
arbitrary vector with 0 as second component. Then

c(x + y) = c(x).

A.5.1 Traveltime τ

Let τ(·, ·) be the general solution of the eikonal equation with the second argument cor-
responding to the source position. Also, let τ̇ be a solution of the eikonal equation with
source at xs := (xs, 0)⊤ for xs ∈ R:

∥∇xτ̇(x)∥2 = 1
c2(x) , x ∈ R × R+

τ̇(xs) = 0.

Therefore τ̇(x) = τ(x,xs).

For y1 ∈ R let y := (y1, 0)⊤ and define x̃s := xs −y , τ̃(x) := τ̇(x+ x̃s). Then we have
τ̃ (y) = 0 and since the gradient is shift-invariant, we also have ∇xτ̃(x) = (∇xτ) (x + x̃s).
Therefore

∥∇xτ̃(x)∥2 = ∥(∇xτ) (x + x̃s)∥2 = 1
c(x + x̃s) = 1

c(x) ,
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meaning τ̃ solves the eikonal equation

∥∇xτ̃(x)∥2 = 1
c2(x) , x ∈ R × R+

τ̃ (y) = 0.

This especially means that τ̃(x) = τ(x,y) holds, but by definition of τ̃ we also have
τ̃(x) = τ̇(x + x̃s) = τ(x + x̃s,xs) and we therefore get

τ(x,y) = τ̃(x) = τ
(
x + (xs − y1, 0)⊤, (xs, 0)⊤

)
.

By setting xs = 0 we conclude

τ(x,y) = τ (x − y,0) .

Note that this also provides us with

τ(x − y, z) = τ(x − y − z,0) = τ(x,y + z),

which means that we can arbitrarily shift parts of the source to the first argument, as long
as the second component of that coordinate is 0.

A.5.2 Amplitude a

The proof for the amplitude is basically identical to the traveltime. Let a(·, ·) be the
general solution of the transport equation (2.2.8) with the second argument corresponding
to the source position. Let ȧ be a solution of the transport equation with source at
xs := (xs, 0)⊤ for xs ∈ R:

2∇ȧ(x) · ∇xτ (x,xs) + ȧ(x)∆xτ (x,xs) = 0,

lim
x→xs

ȧ(x)
√

∥x − xs∥ =
√
c(xs)

2
√

2π
.

Therefore ȧ(x) = a(x,xs).

Let y, x̃s, τ̇ and τ̃ as in A.5.1 and define ã(x) := ȧ(x + x̃s). Since the gradient and
Laplace are shift-invariant, we have

∇ã(x) = (∇ȧ) (x + x̃s) ,

∆τ̃(x) = (∆τ̇) (x + x̃s) .
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Since ã(y) = ȧ(xs), ã solves the transport equation

∇ã(x) · ∇xτ̃(x) + 2ã(x)∆τ̃(x)

= (∇ȧ) (x + x̃s) · (∇τ̇) (x + x̃s) + 2ȧ (x + x̃s) (∆τ̇) (x + x̃s)

= 0.

lim
x→y

ã(x)
√

∥x − y∥ =
√
c(y)

2
√

2π
.

Now, the amplitude ã fulfills ã(x) = a(x,y), but according to its definition we also
have ã(x) = ȧ(x + x̃s) = a(x + x̃s,xs) and therefore

a(x,y) = ã(x) = a
(
x + (xs − y1, 0)⊤, (xs, 0)⊤

)
.

By setting xs = 0 we conclude

a(x,y) = a (x − y,0) .

A.5.3 Reflection isochrones L(s,t) and reconstruction kernel vp,γ,W

Again, let y = (y1, 0)⊤ ∈ X. We assume xs(s+y1) = xs(s)+y and xr(s+y1) = xr(s)+y,
which is the case for the common-offset geometry. For τ and a we have (see A.5.1, A.5.2)

τ(x,xs(s)) = τ (x,xs(s+ y1) − y) = τ (x + y,xs(s+ y1)) ,

a(x,xs(s)) = a (x,xs(s+ y1) − y) = a (x + y,xs(s+ y1)) ,

and the same holds true for xr. Therefore we have

φ(s+ y1,x + y) = τ(x + y,xs(s+ y1)) + τ(x + y,xr(s+ y1))

= τ(x,xs(s)) + τ(x,xr(s)) = φ(s,x),

and
A(s+ y1,x + y) = a(x + y,xs(s+ y1)) a(x + y,xr(s+ y1)) / c2(x + y)

= a(x,xs(s)) a(x,xr(s)) / c2(x) = A(s,x).

For the isochrones we have

L(s,t) = {x ∈ X : φ(s,x) = t}

= {x ∈ X : φ(s+ y1,x + y) = t}

= {x̃ − y ∈ X : φ(s+ y1, x̃) = t} (x̃:=x+y)

= {x̃ ∈ X : φ(s+ y1, x̃) = t} + y = L(s+y1,t) + y.
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Let X ∋ p = p̂1+p̂2 with p̂1 :=

p̃1

0

 and p̂2 :=

 r

p2

 for r ∈ R, p̃1 := p1−r. Assume

the weight W fulfills the same shift invariance as A, which is the case for all weights we
use. Then we conclude vp̂2,γ,W

(s− p̃1, t) = M⋆ ṽp̂2,γ,W
(s− p̃1, t) using

ṽp̂2,γ,W
(s− p̃1, t)

= 1√
2

∫
L(s−p̃1,t)

c(x)W (s− p̃1,x) K⋆eγ(x − p̂2)√
1 + c2(x)∇xτ(x,xs(s− p̃1)) · ∇xτ(x,xr(s− p̃1))

ds(x)

= 1√
2

∫
L(s,t)

c(x − p̂1)W (s− p̃1,x − p̂1) K⋆eγ(x − p̂1 − p̂2)√
1 + c2(x − p̂1)∇xτ(x − p̂1,xs(s− p̃1)) · ∇xτ(x − p̃1,xr(s− p̃1))

ds(x)

= 1√
2

∫
L(s,t)

c(x)W (s,x) K⋆eγ(x − p)√
1 + c2(x)∇xτ(x,xs(s)) · ∇xτ(x,xr(s))

ds(x)

= ṽp,γ,W (s, t).

And therefore vp̂2,γ,W
(s− p̃1, t) = vp,γ,W (s, t).

This means we can shift an arbitrary part of the first component of p to the argument.
For example, using r = 0 gives vp,γ,W (s, t) = v(0,p2)⊤,γ,W (s− p1, t).
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