
J
H
E
P
0
4
(
2
0
2
5
)
1
0
6

Published for SISSA by Springer

Received: January 17, 2025
Accepted: March 19, 2025
Published: April 15, 2025

Total decay rates of B mesons at NNLO-QCD

Manuel Egner ,a Matteo Fael ,b,c Alexander Lenz ,d Maria Laura Piscopo ,d,e,f

Aleksey V. Rusov ,d,g Kay Schönwald h and Matthias Steinhauser a

aInstitut für Theoretische Teilchenphysik, Karlsruhe Institute of Technology (KIT),
Wolfgang-Gaede Straße 1, 76131 Karlsruhe, Germany
bDipartimento di Fisica e Astronomia “G. Galilei”, Università di Padova,
Via F. Marzolo 8, 35131 Padova, Italy
cIstituto Nazionale di Fisica Nucleare, Sezione di Padova,
Via F. Marzolo 8, 35131 Padova, Italy
dPhysik Department, Universität Siegen, Walter-Flex-Str. 3, 57068 Siegen, Germany
eNikhef, Science Park 105, NL-1098 XG Amsterdam, Netherlands
fDepartment of Physics and Astronomy, Vrije Universiteit Amsterdam,
NL-1081 HV Amsterdam, Netherlands
gPhysik Department T31, Technische Universität München,
James-Franck-Straße 1, D-85748 Garching, Germany
hPhysik-Institut, Universität Zürich,
Winterthurerstrasse 190, 8057 Zürich, Switzerland
E-mail: manuel.egner@kit.edu, matteo.fael@pd.infn.it,
alexander.lenz@uni-siegen.de, mpiscopo@nikhef.nl, aleksey.rusov@tum.de,
kay.schoenwald@physik.uzh.ch, matthias.steinhauser@kit.edu

Abstract: We update the Standard Model (SM) predictions for the lifetimes of the B+, Bd

and Bs mesons within the heavy quark expansion (HQE), including the recently determined
NNLO-QCD corrections to non-leptonic decays of the free b-quark. In addition, we update
the HQE predictions for the lifetime ratios τ(B+)/τ(Bd) and τ(Bs)/τ(Bd), and provide new
results for the semileptonic branching fractions of the three mesons entirely within the HQE.
We obtain a considerable improvement of the theoretical uncertainties, mostly due to the
reduction of the renormalisation scale dependence when going from LO to NNLO, and for
all the observables considered, we find good agreement, within uncertainties, between the
HQE predictions and the corresponding experimental data. Our results read, respectively,
Γ(B+) = 0.587+0.025

−0.035 ps−1, Γ(Bd) = 0.636+0.028
−0.037 ps−1, Γ(Bs) = 0.628+0.027

−0.035 ps−1, for the total
decay widths, τ(B+)/τ(Bd) = 1.081+0.014

−0.016, τ (Bs)/τ(Bd) = 1.013+0.007
−0.007, for the lifetime ratios,

and Bsl(B+) = (11.46+0.47
−0.32)%, Bsl(Bd) = (10.57+0.47

−0.27)%, Bsl(Bs) = (10.52+0.50
−0.29)%, for the

semileptonic branching ratios. Finally, we also provide an outlook for further improvements
of the HQE determinations of the B-meson decay widths and of their ratios.
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1 Introduction

Lifetimes of weakly decaying Bq mesons with a light spectator quark q = u, d, s, are by now
measured with a precision of per-mille, see the web-update of ref. [1]:1

τ(Bd)|exp. = 1.517(4) ps , τ(B+)|exp. = 1.638(4) ps , τ(Bs)|exp. = 1.520(5) ps . (1.1)

Theoretically, the Bq total decay rate, ΓBq = 1/τ(Bq), can be systematically computed in
the framework of the heavy quark expansion (HQE) as an expansion in inverse powers of the
heavy b-quark mass mb [64] — see also the review [65] for details on the historical development
of the HQE. The leading contribution to the HQE is given by the decay rate of a free heavy
b quark Γb, which is universal for each decaying Bq meson. The subleading contributions
δΓBq , on the other hand, are specific to the Bq meson considered and suppressed by at least
two powers of mb. This reads, schematically

Γ(Bq) = Γb + δΓBq , δΓBq = O
(

1
m2

b

)
. (1.2)

As the free b-quark decay is proportional to the factor

Γ0 = G2
Fm

5
b |Vcb|2

192π3 , (1.3)

1Based on the measurements in refs. [2–62]. Note that very recently the ATLAS collaboration presented a
new very precise measurement of the Bd-meson lifetime, namely τ(Bd) = (1.5053 ± 0.0012 ± 0.0035) ps [63],
which is not yet included in the HFLAV average.
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Γb shows a strong dependence on the value of the mass of the b quark, leading to large
uncertainties, particularly at LO-QCD, where the definition of the quark mass is not fixed.
In ratios of lifetimes of Bq mesons, however, the dependence on the free b-quark decay
contribution can be removed. In fact, starting from

τ(Bq)
τ(Bq′) =

Γb + δΓBq′

Γb + δΓBq

= 1 +
(
δΓBq′ − δΓBq

)
τ(Bq) , (1.4)

and combining the HQE result for (δΓBq′ − δΓBq) with the experimental value of τ(Bq),
it is possible to obtain a prediction for the lifetime ratio which is independent of Γb and
therefore only sensitive to subleading HQE corrections. Experimentally these ratios have
also been determined with a precision of per-mille [1]:

τ(B+)
τ(Bd)

∣∣∣∣∣
exp.

= 1.076(4) , τ(Bs)
τ(Bd)

∣∣∣∣∣
exp.

= 1.0032(32) , (1.5)

while the current state-of-the-art for their HQE predictions is summarised in ref. [66] —
mostly based on ref. [67], i.e.

τ(B+)
τ(Bd)

∣∣∣∣∣
HQE′22

= 1.086(22) , τ(Bs)
τ(Bd)

∣∣∣∣∣
HQE′22

=

 1.003(6) ScenarioB
1.028(11) ScenarioA

. (1.6)

The agreement between the HQE results and the experimental data is excellent for the
τ(B+)/τ(Bd) lifetime ratio. As for τ(Bs)/τ(Bd), the theory prediction is very sensitive to the
value of the non-perturbative inputs that parametrise the two-quark operator matrix elements,
particularly that of the Darwin operator due to its large short-distance coefficient [68, 69].
This is reflected in the two different results shown in eq. (1.6), corresponding to two sets of
parameters — see ref. [67] for details on their definition. Specifically, while in the Scenario B,
the experimental data and the HQE result again agree perfectly, in the second case (Scenario
A), a slight tension arises. In this regard, it is worth noting that with the updated analysis
performed in the present work, this small tension will be downsized.

The theoretical investigations have so far mainly focused on lifetime ratios, as the
precision achievable for the total decay rates was strongly limited by the large uncertainties
due to the free b-quark decay, which, until recently, was only known at the NLO-QCD
accuracy [70–76]. Currently, the HQE predictions, based on NLO-QCD expressions for
Γb, show in fact large uncertainties, in particular due to the sizeable renormalisation scale
dependence [67]. As the dominant NNLO-QCD corrections to non-leptonic b-quark decays
have been recently determined in ref. [77], we are now, for the first time, in the position to
perform a comprehensive analysis at NNLO-QCD of both the free b-quark decay and the
total decay rates of the Bq mesons, and obtain more precise and stable theoretical predictions.
This constitutes the main scope of this paper. Specifically, our study contains the following
improvements with respect to previous analyses:

⋄ We include NNLO-QCD corrections [77] to the free b-quark decay due to the current-
current operators Q1,2 in the ∆B = 1 effective Hamiltonian, see section 2.1. Note that
these do not yet lead to the complete NNLO result for Γb, since the corresponding
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NNLO-QCD corrections induced by the interference of the current-current and penguin
operators Q3,...,6, the insertion of the current-current operators into penguin diagrams
of the effective theory, and the contribution of the chomomagnetic operator Q8 are still
missing. These corrections, however, are expected to yield a subleading effect.

⋄ The NLO-QCD corrections to the chromo-magnetic operator in the ∆B = 0 effective
theory due to the non-leptonic decay b→ cūd have been determined very recently in
ref. [78]. At leading order, severe cancellations arise in the corresponding combination
of ∆B = 1 Wilson coefficients, making the contribution from this operator particularly
small at this order. This suppression, however, appears to be lifted once αs-corrections
are included, and the NLO-QCD contributions to the chromo-magnetic operator have
been found to lead to a sizeable shift of 1.9% in the non-leptonic width Γ(b → cūd),
whereas the effect amounts to only −0.3% at LO [78]. Since the αs-corrections are not
yet known for the decay b→ cc̄s, a complete analysis at NLO-QCD is not yet possible,
however we provide an estimate of the impact that these corrections might have on the
total Bq-decay rates.

⋄ A computation of the dimension-six Bag parameters for the Bd meson entering the HQE
prediction for τ(B+)/τ(Bd) within the SM and beyond was very recently performed in
ref. [79] using the framework of the heavy-quark effective theory (HQET) sum rules.
Although the authors confirm most of the results of the previous determinations [80, 81],
the value of B̃d

3 , cf. (2.20), turns out to be different. We implement the new results
obtained in ref. [79], which lead, in particular, to a visible shift of the HQE prediction
for τ(B+)/τ(Bd) from the current value [67].

⋄ We present a detailed comparison of different choices for the renormalisation scheme of
both the bottom- and the charm-quark masses. Moreover, we also improve the analysis
of the SU(3)F breaking effects in the non-perturbative parameter ρ3

D in the kinetic
scheme, which leads, in particular, to changes in the lifetime ratio τ(Bs)/τ(Bd) as
compared to the previous work [67].

⋄ Using the state-of-the-art results for the HQE of semileptonic Bq decays we provide
theoretical predictions for the inclusive semileptonic branching fractions of the B+, Bd,

and Bs mesons, obtained entirely within the HQE. In these ratios, the theoretical
uncertainties due to e.g. the CKM matrix element Vcb and the fifth power of the b-quark
mass, cancel, leading to a reduction of the theory error.

⋄ Our final theory predictions for the total rates are performed at NNLO-QCD, that is
using the same accuracy for the semileptonic modes as the one currently available for
the non-leptonic ones. In particular the N3LO-QCD corrections to the semileptonic
b-quark decays computed in ref. [82] are not included. However, for completeness, the
effect of adding all available corrections for the semileptonic channels, including QED
and QCD corrections, on our results is also discussed.

The paper is structured as follows: in section 2 we present the theoretical framework.
Specifically we start in section 2.1 describing the effective Hamiltonian for ∆B = 1 transitions,
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in section 2.2 we summarize the status of power corrections within the HQE, and in section 2.3
we discuss different choices for the renormalization schemes of the quark masses. In section 3
we present our numerical analysis, starting from the description of the input parameters
in section 3.1 and followed by the discussion of our results. Specifically, in section 3.2 we
investigate the impact that different choices of the quark-mass schemes have on the value of
the free b-quark decay at NNLO-QCD. In section 3.3 we show our predictions for the total
widths of the B+, Bd, and Bs mesons in our default scenario, that is using the kinetic scheme
for the bottom quark and the MS scheme for the charm quark. Furthermore, we also present
updated predictions for the corresponding lifetime ratios. Our results for the semileptonic
branching ratios are discussed in section 3.4. Finally, we conclude in section 4.

2 Theoretical framework

2.1 The heavy quark expansion

Using the optical theorem, the total decay width of the Bq meson Γ(Bq) can be computed as

Γ(Bq) =
1

2mBq

Im⟨Bq|T |Bq⟩ , (2.1)

with the transition operator given by

T = i

∫
d4xT {Heff(x) ,Heff(0)} . (2.2)

The effective Hamiltonian Heff describes the weak decays of the b quark, see e.g. the review [83],
and can be schematically decomposed as:2

Heff = HNL
eff +HSL

eff . (2.3)

The first term HNL
eff parametrises the contribution due to non-leptonic b-quark transitions, i.e.

HNL
eff = GF√

2
∑

q3=d,s

 ∑
q1,2=u,c

λq1q2q3

(
C1(µb)Qq1q2q3

1 + C2(µb)Qq1q2q3
2

)
− λq3

∑
j=3,...,6,8

Cj(µb)Qq3
j


+ h.c. , (2.4)

where λq1q2q3 = V ∗
q1bVq2q3 and λq3 = V ∗

tbVtq3 denote the corresponding CKM factors, Ci(µb) are
the Wilson coefficients of the ∆B = 1 effective operators determined at the renormalisation
scale µb ∼ mb, and Qq1q2q3

1,2 , Qq3
j with j = 3, . . . , 6, and Qq

8, indicate respectively the current-
current, the penguin and the chromo-magnetic operators. These are defined as following

Qq1q2q3
1 =

(
b̄i Γµ q

j
1

) (
q̄j

2 Γµ qi
3

)
, Qq1q2q3

2 =
(
b̄i Γµ q

i
1

) (
q̄j

2 Γµ qj
3

)
, (2.5)

Qq3
3 = (b̄i Γµ q

i
3)
∑

q

(q̄j Γµ qj) , Qq3
4 = (b̄i Γµ q

j
3)
∑

q

(q̄j Γµ qi) , (2.6)

Qq3
5 = (b̄i Γµ q

i
3)
∑

q

(q̄j Γµ
+ q

j) , Qq3
6 = (b̄i Γµ q

j
3)
∑

q

(q̄j Γµ
+ q

i) , (2.7)

Qq3
8 = gs

8π2mb

(
b̄i σµν(1− γ5)taij q

j
3

)
Ga

µν , (2.8)

2Note that we do not include the semileptonic operators relevant for the study of rare decays like B → K(∗)γ,
as the corresponding branching fractions are far below the current theoretical precision for the lifetimes.
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µb[GeV] 2.5 4.2 4.5 4.8 9

C1(µb)
NNLO −0.245 −0.178 −0.170 −0.163 −0.099

NLO −0.263 −0.190 −0.181 −0.173 −0.106

LO −0.351 −0.267 −0.257 −0.249 −0.174

C2(µb)
NNLO 1.081 1.055 1.051 1.049 1.025

NLO 1.120 1.081 1.077 1.073 1.042

LO 1.163 1.117 1.112 1.107 1.070

C3(µb)
NLO 0.019 0.014 0.013 0.013 0.008

LO 0.016 0.012 0.012 0.011 0.007

C4(µb)
NLO −0.046 −0.036 −0.035 −0.033 −0.024

LO −0.035 −0.027 −0.026 −0.026 −0.018

C5(µb)
NLO 0.010 0.009 0.008 0.008 0.006

LO 0.010 0.008 0.008 0.007 0.005

C6(µb)
NLO −0.058 −0.042 −0.040 −0.039 −0.026

LO −0.047 −0.034 −0.033 −0.031 −0.021

Ceff
8 (µb) LO −0.165 −0.152 −0.150 −0.149 −0.136

Table 1. Values of the ∆B = 1 Wilson coefficients for different choices of µb. For the input parameters
we refer to section 3.1.

with Γµ = γµ(1 − γ5), Γµ
+ = γµ(1 + γ5) and σµν = (i/2)[γµ, γν ]. Moreover, in the above

equations, i, j = 1, 2, 3, and a = 1, . . . , 8, label the SU(3)c indices for fields respectively in
the fundamental and in the adjoint representation, while in eq. (2.8), gs denotes the strong
coupling, and Gµν = Ga

µνt
a the gluon field strength tensor with taij being the SU(3)c generators.

The Wilson coefficients Ci are known at the NNLO-QCD accuracy [77, 84]. Note that, as
it is discussed in ref. [77], because of the different convention adopted for the definition of the
evanescent operators entering the NNLO computation of the leading power contribution, the
results for C1,2 given in ref. [77] differ from those of ref. [84], though they coincide at NLO.
A summary of the values of the Wilson coefficients for different choices of the scale µb and up
to NNLO for C1,2 [77], NLO for C3−6 [84], and LO for Ceff

8 [83] is presented in table 1.
The second term in eq. (2.3) describes the semileptonic b-quark decays:

HSL
eff = GF√

2
∑

q=u,c

∑
ℓ=e,µ,τ

V ∗
qbQ

qℓ + h.c. , (2.9)

with the corresponding semileptonic operator

Qqℓ =
(
b̄Γµ q

)
(ν̄ℓ Γµ ℓ) . (2.10)

In the framework of the HQE, the non-local operator in eq. (2.2) is evaluated by exploiting
the fact that the b quark is heavy i.e. mb ≫ ΛQCD, the latter defining a typical non-perturbative
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scale of the order of few hundreds MeV. Its momentum is then decomposed as following

pµ
b = mbv

µ + kµ , (2.11)

where vµ = pµ
B/mBq is the four-velocity of the Bq meson, and kµ denotes a small residual

momentum accounting for non-perturbative interactions of the b quark with the light degrees
of freedom inside the hadronic state, that is k ∼ ΛQCD. The b-quark field is parametrised as

b(x) = e−imbv·xbv(x) , (2.12)

by factoring out the large component of the momentum and by introducing a rescaled field
bv(x) containing only low oscillation frequencies of the order of k. The field bv(x) is related
to the HQET field hv(x), see e.g. the review [85], by

bv(x) = hv(x) +
i /D⊥
2mb

hv(x) +O
(

1
m2

b

)
, (2.13)

with Dµ
⊥ = Dµ − (v · D) vµ, and the covariant derivative Dµ = ∂µ − igsA

a
µ t

a. As result,
within the HQE, the total decay width of the Bq meson can be expressed in terms of the
following operator product expansion (OPE)

Γ(Bq) = Γ3 + Γ5
⟨O5⟩
m2

b

+ Γ6
⟨O6⟩
m3

b

+ . . .+ 16π2
(
Γ̃6

⟨Õ6⟩
m3

b

+ Γ̃7
⟨Õ7⟩
m4

b

+ . . .

)
, (2.14)

where Γd are short-distance coefficients that can be computed perturbatively in QCD, i.e.

Γd = Γ(0)
d + αs

π
Γ(1)

d +
(
αs

π

)2
Γ(2)

d +
(
αs

π

)3
Γ(3)

d + . . . , (2.15)

and ⟨Od⟩ ≡ ⟨Bq|Od|Bq⟩/(2mBq) denote the matrix element of the operators Od, with mass
dimension d, of the ∆B = 0 effective theory. The leading term Γ3 = Γb describes the free
b-quark decay. First power-suppressed corrections arise at order 1/m2

b due to the kinetic and
chromo-magnetic operators, schematically indicated by O5. At order 1/m3

b both contributions
due to two-quark operators, e.g. the Darwin operator, denoted by O6, and four-quark operators,
denoted by Õ6, appear. Note that the latter originate from loop-enhanced diagrams, reflecting
the explicit factor of 16π2 in eq. (2.14). The current status of the short-distance coefficients
Γd is summarised in section 2.2, for more details see also e.g. refs. [66, 67].

2.2 Status of power corrections

In this section we provide a brief outline of the status of the HQE, discussing the available
results for the short-distance coefficients and the parametrisation of the hadronic matrix
elements that enter our predictions for the Bq-mesons total decay widths. We start from
the perturbative contributions.

For the free semileptonic b-quark decay, in the case of massless leptons, that is for
b→ cℓ−ν̄ℓ, with ℓ = e, µ, the N3LO-QCD corrections have been determined in ref. [82]. For
the tau-lepton mode, the result at NNLO-QCD can be derived from ref. [86], where the
inclusive semileptonic differential width dΓsl/dq

2 for a massive final-state lepton has been

– 6 –
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computed. As for the non-leptonic modes, as already mentioned above, the accuracy reaches
NNLO and the α2

s-corrections were recently determined in ref. [77].
At order 1/m2

b , the complete short-distance coefficient of the chromo-magnetic operator
due to non-leptonic b-quark decays is known at the LO-QCD accuracy and can be found
e.g. in the appendix of ref. [68] — originally determined in refs. [87–89]. Partial NLO-QCD
corrections are also known. Very recently they have been computed for the case of one massive
final state, namely for the b → cūd transition [78, 90]. The corresponding αs-corrections
for the b→ cc̄s mode are still missing, hence a complete determination of Γ(1)

5 is currently
not yet possible. For the semileptonic case, the LO-QCD result is presented e.g. in the
appendix of ref. [91], first computed in refs. [92, 93], while the NLO-QCD corrections have
been determined in refs. [94–96] — see also the recent works [97, 98].

At order 1/m3
b , both two- and four-quark operators contribute. For the former, in the

nonleptonic case the current accuracy is limited to LO-QCD only, see refs. [68, 69, 99]. For
the semileptonic decays, the coefficient of the Darwin operator has been first computed in
ref. [100], the generalisation to the case of two different final state masses is presented e.g.
in refs. [98, 101], while the corresponding NLO-QCD corrections have been determined in
refs. [97, 98, 102]. As for the contribution of four-quark operators, the complete expressions for
the dimension-six short-distance coefficients up to NLO-QCD corrections have been obtained
in ref. [103], in the case of four-quark operators defined in HQET, and in refs. [103, 104]
for QCD operators. Note that for semileptonic modes the QCD corrections have been
determined in ref. [105].

Finally, at order 1/m4
b , only the LO-QCD short-distance coefficients of the four-quark

operators are known in the literature for both semileptonic and non-leptonic final states, see
refs. [105–107]. On the other hand, for semileptonic b-quark decays, power corrections up
to 1/m5

b have been computed, see e.g. refs. [108–110].
We now turn to discuss the corresponding hadronic matrix elements. We define the

dimension-six four-quark operators as

Õq
1 = (h̄v γµ(1− γ5)q) (q̄ γµ(1− γ5)hv), (2.16)

Õq
2 = (h̄v(1− γ5)q) (q̄(1 + γ5)hv), (2.17)

Õq
3 = (h̄v γµ(1− γ5) taq) (q̄ γµ(1− γ5) tahv), (2.18)

Õq
4 = (h̄v(1− γ5)taq) (q̄(1 + γ5)tahv), (2.19)

where hv is the HQET field. Their matrix elements are parametrised as [81]

⟨Bq|Õq
i |Bq⟩ = F 2

q (µ0)mBq B̃
q
i (µ0) , (2.20)

⟨Bq|Õq′

i |Bq⟩ = F 2
q (µ0)mBq δ̃

q′q
i (µ0) , q ̸= q′ , (2.21)

where B̃q
i (µ0) and δ̃q′q

i (µ0), are the corresponding Bag parameters and “eye-contractions”
evaluated at µ0, the renormalisation scale of the ∆B = 0 operators, and Fq(µ0) is the HQET
decay constant. Note that by means of the relation [111]

fBq = Fq(µ0)√
mBq

[
1 + αs(µ0)

2π

(
ln
(
m2

b

µ2
0

)
− 4

3

)
+O

( 1
mb

)]
, (2.22)
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we can express our results in terms of the QCD decay constant fBq which is determined
very precisely from lattice QCD.

At order 1/m4
b the number of independent operators largely increases and for simplicity

we do not show them explicitly here but refer to ref. [112] for their expressions.
Finally, in the case of two-quark operators at order 1/m2

b and 1/m3
b , the matrix elements

of the kinetic, chromo-magnetic and Darwin operators are parametrised in terms of the
inputs µ2

π(Bq), µ2
G(Bq), ρ3

D(Bq) as

2mBq µ
2
π(Bq) = −⟨Bq|b̄v(iDµ)(iDµ)bv|Bq⟩ , (2.23)

2mBq µ
2
G(Bq) = ⟨Bq|b̄v(iDµ)(iDν)(−iσµν)bv|Bq⟩ , (2.24)

2mBq ρ
3
D(Bq) = ⟨Bq|b̄v(iDµ)(iv ·D)(iDµ)bv|Bq⟩ . (2.25)

2.3 Renormalisation schemes for the quark masses

For the numerical evaluation of the decay rates we use different renormalisation schemes for
the quark masses. This is particularly relevant for Γ3 where NNLO-QCD corrections are
now available, but it also affects the power-suppressed terms.

The starting point is the expression for Γ3 in which both the charm and bottom quark
masses are renormalised on-shell (OS). The NLO and NNLO calculations are most conve-
niently performed in this scheme. The corresponding numerical results will be discussed
in section 3.2.1.

For the conversion of the pole masses to the MS scheme we use two-loop relations [113]
including corrections from closed massless and massive quark loops which appear for the first
time at order α2

s [113] (see refs. [114, 115] for convenient analytical expressions). For both
the charm and the bottom quark relations we assume that the up, down and strange quarks
are massless and take into account the exact mass dependence on the heavy quarks. Top
quark effects are suppressed and are not considered. Our final results for the decay rates are
expressed in terms of m(5)

b (µb) and m
(4)
c (µc) where the superscript indicates the number of

active quark flavours. In our phenomenological analysis we keep µb and µc separate. Results
for the partonic decay rate in the MS scheme are discussed in section 3.2.2.

In our default choice for the renormalization scheme, we transform the charm-quark pole
mass in the MS scheme, just as described above, while the bottom-quark pole mass is converted
to the kinetic scheme using the following relation, valid up to O((1/mkin

b )2) corrections [116]

mOS
b ≡ mkin

b (0) = mkin
b (µcut) + [Λ(µcut)]pert +

[µ2
π(µcut)]pert

2mkin
b (µcut)

, (2.26)

where the Wilsonian cutoff µcut is taken to be of the order of 1 GeV. In the kinetic scheme,
also the non-perturbative parameters µ2

π and ρ3
D have to be transformed according to

µ2
π(0) = µ2

π(µcut)− [µ2
π(µcut)]pert , (2.27)

ρ3
D(0) = ρ3

D(µcut)− [ρ3
D(µcut)]pert . (2.28)

The perturbative quantities introduced in eqs. (2.26)–(2.28) are known to three-loop order [117,
118], however, in our analysis we use for consistency the two-loop relation [119]. The explicit
expressions for [Λ(µcut)]pert, [µ2

π(µcut)]pert, [ρ3
D(µcut)]pert as function of the Wilsonian cutoff
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Parameter Source Parameter Source

mZ = 91.1880GeV [1] mW = 80.3692GeV [1]
mt = 172.57GeV [1] α

(5)
s (MZ) = 0.1180± 0.0010 [1]

Table 2. Input values for the SM parameters.

Parameter B+, Bd Source Bs Source

µ2
π(Bq) [GeV2] 0.454± 0.043 Exp. fit [120] 0.534± 0.074 Exp. fit + eq. (3.7)

µ2
G(Bq) [GeV2] 0.274± 0.053 Exp. fit [120] 0.321± 0.072 Exp. fit + eq. (3.8)

ρ3
D(Bq) [GeV3] 0.176± 0.019 Exp. fit [120] 0.210± 0.034 Exp. fit + eq. (3.9)

Table 3. Input values of the two-quark non-perturbative parameters used in our analysis, defined in
the kinetic scheme and in correspondence of µcut = 1GeV.

µ0 = 1.5GeV B̃q
1 B̃q

2 B̃q
3 B̃q

4

⟨Bu,d|Õu,d
i |Bu,d⟩ 1.0026+0.0246

−0.0221 0.9982+0.0206
−0.0214 −0.0057+0.0221

−0.0225 −0.0014+0.0216
−0.0221

⟨Bs|Õs
i |Bs⟩ 1.0022+0.0246

−0.0221 0.9983+0.0246
−0.0221 −0.0036+0.0265

−0.0270 −0.0009+0.0259
−0.0265

µ0 = 1.5GeV δ̃q′q
1 δ̃q′q

2 δ̃q′q
3 δ̃q′q

4

⟨Bd,u|Õu,d
i |Bd,u⟩ 0.0026+0.0142

−0.0092 −0.0018+0.0047
−0.0072 −0.0004+0.0015

−0.0024 0.0003+0.0012
−0.0008

⟨Bs|Õu,d
i |Bs⟩ 0.0025+0.0144

−0.0093 −0.0018+0.0047
−0.0072 −0.0004+0.0015

−0.0024 0.0003+0.0012
−0.0008

⟨Bd,u|Õs
i |Bd,u⟩ 0.0023+0.0140

−0.0091 −0.0017+0.0046
−0.0070 −0.0004+0.0015

−0.0023 0.0003+0.0012
−0.0008

Table 4. Input values of the dimension-six Bag parameters employed in our analysis at the renormal-
isation scale µ0 = 1.5GeV. See the text for details and references.

µcut are given in the appendix of ref. [118]. Our results for the partonic decay rate in this
scenario are discussed in section 3.2.3, while our final predictions for the total decays widths
are presented in section 3.3.

3 Numerical results at NNLO-QCD

3.1 Numerical values for the inputs

In table 2 we list the input values for the masses of the W and Z bosons and the top
quark, which enter the calculation of the Wilson coefficients, as well as of the strong coupling
constant. For the predictions of the decay rates we need α

(nf )
s (µs) at the scale µs ∼ mb

with four and five active flavours nf . This is obtained using the five-loop running and, for
the case of α(4)

s , also the four-loop decoupling relations as implemented in RunDec [121].
Note that we decouple the bottom quark at twice the bottom quark mass and set µs = µb.
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A comparison of the values of the Wilson coefficients of the ∆B = 1 theory at different
renormalisation scales µb is shown in table 1.

As previously stated, in our default scenario we renormalise the bottom quark mass
in the kinetic scheme, while the charm quark mass is defined in the MS scheme. For the
input values of the bottom and charm quark masses we use the results from the recent fit
to data on inclusive semileptonic B decays [120], namely

mkin
b (1GeV) = (4.573± 0.012)GeV, (3.1)
mc(2GeV) = (1.090± 0.010)GeV, (3.2)

in correspondence of the cutoff scale µcut = 1GeV and of the charm renormalisation scale
µc = 2GeV. Starting from mkin

b in eq. (3.1), the bottom-quark mass in the MS scheme is
given to three-loop accuracy [117] by

mb(mb) = 4.216GeV. (3.3)

For later convenience we also provide the values of the charm quark mass obtained from
eq. (3.2) and run to the scales µc = 3GeV, mb and mkin

b , respectively. We obtain

mc(3GeV) = 0.9847GeV , (3.4)
mc(mb) = 0.9184GeV , (3.5)

mc(mkin
b ) = 0.9046GeV . (3.6)

The non-perturbative parameters µ2
π(Bq), µ2

G(Bq), and ρ3
D(Bq), are also converted in

the kinetic scheme and, unless otherwise stated, they must be understood in this scheme.
In the case of the Bd and B+ mesons, their values can be obtained from the recent fit to
semileptonic B decays [120], see table 3.3 The corresponding inputs for the Bs meson are
mostly unknown,4 however, they can be derived estimating the size of the SU(3)F -breaking
effects in the corresponding non-perturbative parameters as outlined below — see also the
work [67] for more details.

In the literature there are several determinations of the SU(3)F -breaking effects in
the dimension-five non-perturbative parameters µ2

π and µ2
G. They are based on the use

of spectroscopy relations, see e.g. refs. [123, 124], and, more recently, on lattice QCD
computations [125, 126]. In our analysis, we consider an interval for the size of these effects
which conservatively covers all the available estimates, namely we use

µ2
π(Bs)− µ2

π(B) ≈ (0.08± 0.06)GeV2 , (3.7)

and
µ2

G(Bs)
µ2

G(B)
≃ 1.17± 0.13 , (3.8)

where B refers to either the Bd or B+ meson in the isospin limit. Combining the above
results for the SU(3)F -breaking effects with the values of µ2

π(B) and µ2
G(B) obtained from

the semileptonic fit [120] we arrive at the estimates for µ2
π(Bs) and µ2

G(Bs) shown in table 3.
3Note that our definition of the chromo-magnetic operator differs from the one of ref. [120], hence the

different value of µ2
G(B) in table 3, as compared to the one given in ref. [120], i.e. µ2

G = (0.288 ± 0.049) GeV2.
4First steps in determining these parameters from data on exclusive Bs decays have been taken in ref. [122].
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As for the Darwin parameter ρ3
D, the size of the SU(3)F -breaking effects is obtained

using the equations of motion (EOM) for the gluon field strength tensor, which allow to
rewrite the matrix element of the Darwin operator in terms of the dimension-six four-quark
operator matrix elements [124]. This yields [67][

ρ3
D(Bs)
ρ3

D(B)

]OS

≈
f2

Bs
mBs

f2
B mB

≈ 1.49± 0.25 , (3.9)

where we have used lattice results for the decay constants [127], see eq. (3.13), and additionally
assigned a conservative uncertainty of 50% to the SU(3)F -symmetric limit to account for
missing power corrections. The superscript in eq. (3.9) has been added to explicitly indicate
that the above relation refers to the matrix elements of the Darwin operator as defined in the
OS scheme. Using relation (2.28) and taking into account that [ρ3

D(µcut)]pert is independent
of the specific B-meson state, we arrive at the following expression for ρ3

D(Bs) in the kinetic
scheme, namely

[ρ3
D(Bs)]kin =

(
[ρ3

D(B)]kin − [ρ3
D(µcut)]pert

) [ρ3
D(Bs)
ρ3

D(B)

]OS

+ [ρ3
D(µcut)]pert . (3.10)

The quantities [ρ3
D(B)]kin and [ρ3

D(µcut)]pert depend on the Wilsonian cutoff µcut, and for
µcut = 1GeV, using the inputs listed in section 3.1, we obtain the following estimate for ρ3

D(Bs)
in the kinetic scheme, corresponding to a violation of the SU(3)F -symmetry of ≈ 19%, namely[

ρ3
D(Bs)

]kin
≃ (0.210± 0.034)GeV3 . (3.11)

Note that, compared with what was done in ref. [67], in the present analysis we do not consider
two different sets of values for the non-perturbative inputs of the two-quark operators. In
the previous work, the need to distinguish between the two scenarios was strongly motivated
by the fact that two different values for the parameter ρ3

D were available in the literature,
as obtained from fits to data on inclusive semileptonic B-meson decays which used, on the
one hand, the q2-moments [128], and, on the other, the hadronic mass spectrum and lepton
energy moments [129]. These studies have been superseded by the recent analysis performed
in ref. [120], where all available data and also partial α2

s-corrections to the q2 spectrum were
included. Additionally, by taking into account the perturbative corrections to the parameter
ρ3

D, cf. eq. (3.10), we now obtain a value for the SU(3)F breaking in this parameter which
is significantly smaller than what was used in the Scenario A of ref. [67]. Hence, the set
of inputs adopted in the present work falls between the two cases considered previously,
making a distinction no longer necessary.

For the matrix elements of the dimension-six four-quark operators, see table 4, we use the
updated results for the Bag parameters of the Bd meson computed in ref. [79], while in the
case of the Bs meson we combine the results from ref. [79] with those of ref. [81], where the
size of SU(3)F breaking effects in these parameters was determined. Notice that the values of
B̃s

1,2 are unchanged, but those of B̃s
3,4 differ from the ones in ref. [81]. In the latter case, we

also include an additional 20% uncertainty. As for the remaining parameters i.e. the so-called
“eye-contractions” δ̃q′q

i , their values are taken from ref. [81] and note that the contributions
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with q = q′ are actually included in the definition of the B̃q
i . Finally, we emphasise that

the dimension-six Bag parameters given in refs. [79, 81] are shown at the renormalisation
scale µ0 = 1.5GeV, and that the values used in our analysis are obtained by evolving these
parameters to the scale µ0 = mkin

b using the one-loop running [81]. However, the running of
the δ̃q′q

i is neglected, as these parameters already represent corrections of O(αs).
At dimension-seven we employ vacuum insertion approximation. In this case, the

parametrisation of the corresponding matrix elements depends on the quantity Λ̄(s), see
ref. [67], defined as Λ̄q = mBq −mb, and we use, respectively [81]

Λ̄ = (0.5± 0.1)GeV , Λ̄s = (0.6± 0.1)GeV , (3.12)

where Λ̄ refers to the parameter for either the Bd or B+ meson in the isospin limit.
As for the remaining parameters, the values of the decay constants are determined very

precisely from lattice QCD and we use [127] (in Nf = 2+1+1-scheme, based on refs. [130–133])

fB = (0.1900± 0.0013)GeV , fBs = (0.2303± 0.0013)GeV . (3.13)

The values of the Bq-meson masses, known with very high precision, are taken from the
PDG [1], that is

mB+ = 5.27934GeV, mBd
= 5.27965GeV, mBs = 5.36688GeV . (3.14)

Concerning the CKM matrix elements, we adopt the standard parametrisation in terms
of θ12, θ13, θ22, δ, which is then expressed in terms of the four independent parameters |Vus|,
|Vcb|, |Vub/Vcb|, and δ. The value of Vcb is taken from the latest semileptonic fit [120], i.e.

|Vcb| = (41.97± 0.48)× 10−3, (3.15)

while for the remaining CKM inputs we use the results of the global CKM fit quoted by
the CKMfitter group [134] (online update), namely

|Vus| = 0.22498+0.00023
−0.00022 , (3.16)

|Vub|
|Vcb|

= 0.08887+0.00141
−0.00154 , (3.17)

δ =
(
66.23+0.60

−1.43

)◦
. (3.18)

Finally, the theoretical uncertainties are obtained by varying all the input parameters within
the corresponding uncertainty ranges, taking into account all correlations, when available.
For the renormalisation scales, we vary µb, µc, and µ0 independently in the interval mkin

b /2 ≤
µb, µc, µ0 ≤ 2mkin

b , and the Wilsonian cutoff µcut in the range 0.7GeV ≤ µcut ≤ 1.3GeV.
In the latter case, the dependence on µcut of the parameters ρ3

D and µ2
π defined in the

kinetic scheme is also included. The corresponding uncertainties due to the variation of
all four scales are then added in quadrature. Finally, the quoted errors in our results are
obtained by adding in quadrature the total parametric uncertainty and the one due to the
renormalisation scale variation.
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3.2 Partonic decay at NNLO-QCD

In this section we discuss our predictions, at NNLO-QCD, of the free b-quark decay con-
tribution Γ3 for different choices of the bottom- and charm-quark masses. The results at
NNLO for the non-leptonic modes are taken from ref. [77], while for the semileptonic modes
they are obtained by integrating over q2 the corresponding differential distribution dΓsl/dq

2

computed in ref. [86]. For the bottom- and charm-quark masses we consider, respectively,
the pole scheme, the MS scheme and the case where the bottom-quark mass is renormalised
in the kinetic scheme and the charm quark in the MS scheme. Note that in this case the
perturbative contributions [µ2

π(µcut)]pert and [ρ3
D(µcut)]pert in eqs. (2.27), (2.28) are also

included as part of the NLO- and NNLO-QCD corrections to Γ3. The latter scheme also
represents our default scenario.

3.2.1 Pole scheme

To obtain the values of the quark masses in the on-shell scheme, we use as input the results
for the bottom- and charm-quark masses in the MS scheme given in eqs. (3.3) and (3.4),
and employ the corresponding conversion relations to the OS scheme as implemented in the
package RunDec [121]. Using two- and four-loops accuracy, we obtain

mOS
b = 4.82GeV , mOS

c = 1.55GeV , (2 loops) , (3.19)
mOS

b = 5.09GeV , mOS
c = 2.03GeV , (4 loops) . (3.20)

In this scenario, using the first set of inputs in eq. (3.19) our result for Γ3 at µb = mOS
b reads

Γ3 = Γ0

[
3.138 + 1.279 αs

π
+ 28.83

(
αs

π

)2 ]
, (3.21)

where Γ0 = 0.1591 ps−1, see the definition in eq. (1.3), and αs ≡ α
(4)
s (µb). On the other hand,

using the second set of inputs given in eq. (3.20) we obtain

Γ3 = Γ0

[
1.873 + 0.5136 αs

π
+ 15.24

(
αs

π

)2 ]
, (3.22)

with Γ0 = 0.2089 ps−1. The renormalisation scale dependence of Γ3 in eqs. (3.21) and (3.22)
is shown, respectively, on the left and right panels of figure 1, together with the experimental
result for Γ(Bd), which we use as an approximate value for Γ3.5 In both cases we observe
a rather mild dependence on µb, even at LO-QCD. However, the perturbative series does
not seem to converge, as the relative shift at NNLO with respect to the NLO value is larger
than the one at NLO with respect to the LO result. Furthermore, there is a rather strong
dependence on the loop order used to compute the pole masses from the MS mass values.
In fact, the difference between the NNLO-QCD curves in the two panels of figure 1 is much
larger than the spread due to the µb variation in each plot, showing that the dependence on
µb alone is not able to capture the overall uncertainty due to the ambiguity on the value
of the pole masses. For these reasons, we consider the pole scheme as inadequate for the
description of the Bq-meson decay rate and will not use it further in the following.

5Note that in the case of the B+ meson, a large Pauli interference contribution from four-quark operators
gives a sizeable correction to the free-quark decay, contrary to the case of the Bd, and Bs mesons, where the
effect of four-quark operators is much smaller [67].
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, ,

Figure 1. Results for the free b-quark decay rate Γ3 at NNLO- (solid green), NLO- (solid magenta),
and LO-QCD (solid orange) in the OS scheme, using respectively two-loop (left) and four-loop (right)
conversion relations from the MS scheme. The experimental value of Γ(Bd) (dashed blue) is also
shown for an approximate reference.

3.2.2 MS scheme

Next, we consider the case in which both the bottom and the charm quark masses are
renormalised in the MS scheme. Setting µc = µb = mb(mb), and using the input values in
eqs. (3.3) and (3.5), we obtain the following result for Γ3, namely

Γ3 = Γ0

[
5.497 +

(
1.336 + 44.46︸ ︷︷ ︸

δmb

− 23.53︸ ︷︷ ︸
δmc

)αs

π

+
(
27.45 + 474.6︸ ︷︷ ︸

δmb

− 220.5︸ ︷︷ ︸
δmc

− 128.9︸ ︷︷ ︸
δmb δmc

) (αs

π

)2]
, (3.23)

where Γ0 = 0.08146 ps−1, and the labels δmb and δmc indicate, respectively, the contributions
stemming from the conversion of the bottom and charm quark masses from the pole to the
MS scheme. The dependence of the partonic b-quark decay in the MS scheme, on µb and µc,
is shown, respectively, on the left and right panels of figure 2, together with the experimental
value of Γ(Bd), which, as stated before, we use as a reference for the experimental value of Γ3.
In this case, we observe large QCD corrections both at NLO and NNLO, in particular one
obtains large positive contributions from the transformation of the bottom-quark mass to the
MS scheme which are only partly compensated form the charm-quark contributions, and as a
result the NLO and NNLO corrections are larger than in the pole scheme. Furthermore, in
each panel, the uncertainty bands due to the variation of µc and µb barely overlap. It should
also be emphasised that for most of the parameters of the HQE there is no determination
available in this scheme. Thus, for the numerical prediction of the total decay rates we will
also not consider this renormalisation scheme.

3.2.3 Kinetic scheme for bottom and MS scheme for charm

Finally, we turn to our default scenario, that is the use of the kinetic scheme for the bottom
quark mass and of the MS scheme for the charm quark. Using the input values given
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Figure 2. Results at NNLO- (solid green), NLO- (solid magenta), and LO-QCD (solid orange) for
Γ3, obtained expressing both the bottom- and charm-quark masses in the MS scheme, as function of
the renormalisation scales µb (left) and µc (right). The experimental value of Γ(Bd) (dashed blue) is
also shown for an approximate reference.

in eqs. (3.1) and (3.5), we obtain, for µc = µb = mkin
b and µcut = 1GeV, the following

decomposition of Γ3 up to NNLO:

Γ3 = Γ0

[
5.997 +

(
1.864 + 14.88︸ ︷︷ ︸

δmb

− 22.17︸ ︷︷ ︸
δmc

)αs

π

+
(
30.67 + 216.8︸ ︷︷ ︸

δmb

− 220.8︸ ︷︷ ︸
δmc

− 36.59︸ ︷︷ ︸
δmb δmc

) (αs

π

)2 ]
, (3.24)

where Γ0 = 0.1223 ps−1. The contributions stemming from the conversion of the bottom-
and charm-quark masses from the pole to the kinetic and MS schemes, respectively, are
labeled by δmb and δmc. Note that eq. (3.24) also includes the perturbative contributions
[µ2

π(1GeV)]pert and [ρ3
D(1GeV)]pert given in eqs. (2.27) and (2.28), as it is commonly done

in the literature, see e.g. ref. [120].
The dependence of Γ3 in eq. (3.24), on the renormalisation scales µb, µc and µcut is

depicted, respectively, on the top left, top right and bottom left panels of figure 3, together
with the experimental result of Γ(Bd) which we use as an approximate reference for the
experimental value of Γ3. Note that on the bottom right plot of figure 3 we also show the
dependence of Γ3 on the renormalisation scale µb in the particular case of µc = µb. From the
above plots we see how in this scheme the perturbative expansion appears well behaving, with
further QCD corrections being smaller and contained within the previous orders error bands.
Moreover, at NNLO-QCD both the µb- and µc-scale dependence is significantly reduced. Note
that from the bottom left plot of figure 3, this might seem not to be the case for the dependence
on µcut, which appears stronger at NNLO- that at NLO-QCD. This is, however, an artifact
of having included in the expression for Γ3 also the perturbative contributions [µ2

π(µcut)]pert
and [ρ3

D(µcut)]pert in eqs. (2.27) and (2.28). In fact, once the remaining corrections due to
µ2

π and ρ3
D in the kinetic scheme are also included, the µcut dependence of the total decay

width becomes significantly more stable at NNLO than at NLO, cf. e.g. the bottom left plot
of figure 7. For the above reasons, and also taking into account that the values of many
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Figure 3. Results at NNLO- (solid green), NLO- (solid magenta), and LO-QCD (solid orange) for
Γ3, obtained expressing the b-quark mass in the kinetic scheme and the c-quark in the MS, as function
of the renormalisation scales µb (top left), µc (top right), and µcut (bottom left). The particular case
µc = µb is shown for completeness (bottom right). In each plot, the experimental value of Γ(Bd)
(dashed blue) is also shown for an approximate reference.

parameters of the HQE i.e. Vcb, mb, µ2
π, µ2

G, and ρ3
D have been extracted using the kinetic

scheme for the bottom-quark and the MS scheme for the charm [120], we consider this to
be the most appropriate scenario to carry out our final analysis.

3.3 Total decay rates at NNLO-QCD

In this section we present our predictions for the total decay widths of the B+, Bd, and Bs

mesons, obtained using the kinetic scheme for the bottom-quark mass and the MS scheme for
the charm quark. As for the corrections included in our results, we stress that, for consistency,
we use everywhere the same accuracy for the semileptonic modes as the one currently available
for the non-leptonic channels. Hence, at leading power, the known N3LO-QCD corrections
to the semileptonic b → cℓ−ν̄ℓ decay [82] are not included in our central values, as well
as the corresponding NLO-QCD corrections at order 1/m2

b [94–96] and 1/m3
b [97, 98, 102].

The QED corrections to the b → cℓ−ν̄ℓ mode, recently completely determined in ref. [135]
are also neglected. This argument applies also to the partial NLO-QCD contributions to
the chromo-magnetic operator due to non-leptonic decays, which are known only for the
b → cūd mode [78]. However, the effect of including all the available corrections on our
predictions is discussed later in the text.
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Our predictions for the total decay widths at LO- NLO- and NNLO-QCD are summarised
in figure 4 and in table 5, together with the corresponding experimental values. A comparison
of the theoretical predictions for the widths of the B+, Bd, and Bs mesons as function of the
renormalisation scales µb, µc, µ

cut and µ0 is also shown in figure 7, figure 8, and figure 9 of
appendix A. The results show that, going from LO to NNLO, there is a strong reduction of the
theoretical uncertainties, mainly due to the reduction of the renormalisation scale dependence
when including higher order QCD corrections. This effect is particularly significant for the
dependence on µc and µcut, and to a lesser extent is also present for the one on µb. On
the other hand, the µ0 dependence is mild already at LO-QCD, since it originates only
from the contribution of dimension-six four-quark operators which are power suppressed.
Note that the error bands indicated in figure 4 and in table 5, apart from including the
parametric uncertainties and those due to the variation of the renormalisation scales, all added
in quadrature, as discussed in section 3.1, also include an additional uncertainty to account
for missing higher-order corrections. Specifically, we add: (a) 20% of the Darwin-operator
contribution to account for missing power-suppressed corrections at dimension-seven due
to two-quark operators; (b) 20% of the dimension-seven four-quark operators contribution
to account for missing dimension-eight corrections; (c) 2% of the leading dimension-three
contribution at LO-QCD to account for missing QED effects; (d) 100% of the LO-QCD
coefficient of the chromo-magnetic operator to account for the cancellations that arise in
the corresponding Wilson coefficients at this order and which could be lifted at NLO, as it
was found in the case of the b→ cūd-channel [78]. The additional uncertainties (a)-(d) are
then again combined in quadrature. Finally, the uncertainties due to missing higher order
perturbative QCD corrections, e.g. due to missing N3LO dimension-three corrections, are
expected to be covered by the variation of the renormalisation scales. Overall, the theoretical
uncertainties remain dominated by the renormalisation scales variation — although the
latter is dramatically reduced going from LO to NNLO — and by the values of Vcb and mkin

b

that enter the prefactor Γ0. It should be mentioned, however, that the current accuracy
on Vcb, extracted from the fit to data on inclusive semileptonic B decays [120], reaches a
remarkable level of ∼ 1.1%, cf. eq. (3.15), thus leading only to a moderate uncertainty of
∼ 2% to the total decay widths.

From figure 4 and table 5 we see that within uncertainties, there is a good agreement
between our NNLO predictions for the total decay widths with the corresponding HFLAV
values. On the other hand, it is also evident from figure 4 and table 5, that there is a
systematic, almost universal, negative deficit of the order of ∼ −4% at the level of the central
values for the NNLO predictions with respect to the experimental data. This shift could
be, in principle, accommodated by missing higher-order contributions, including e.g. the
complete αs-corrections to the dimension-five chromo-magnetic operator and also QED effects.
As commented before, our results do not include all available contributions to semileptonic
b-quark decays, such as the N3LO [82] and complete QED corrections [135] at leading power.
Moreover, the partial QCD contributions to the chromo-magnetic operator for non-leptonic
b-quark decays, namely due to b → cūd [78] have, for consistency, also been neglected.
It is, therefore, instructive to study what is the effect that the inclusion of these partial
contributions would have on our results, especially in light of the currently observed small
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deficit with respect to data for the total widths. Specifically, if we distinguish the effects

(i) Known QCD corrections to the semileptonic b→ cℓ−ν̄ℓ decay, with ℓ = e, µ,

(ii) QED contributions to the semileptonic b→ cℓ−ν̄ℓ decay, with ℓ = e, µ,

(iii) αs-corrections to µ2
G due to the b→ cūd channel,

we obtain, as compared to the central values quoted in figure 4 and table 5, respectively, a
negative shift of ∼ −0.5% due to (i), a positive shift of ∼ +0.7% due to (ii), and a positive
shift of ∼ +0.5% from (iii). Consequently, the net effect of including these corrections would
be a positive shift of ∼ +0.7% in the central values of the total widths. This may not seem
particularly large, but it should be noted that it results from including corrections from only
a limited number of modes. Although the size of missing contributions cannot be reliably
quantified in the absence of a proper calculation, we can estimate it, assuming that these
corrections have the same behaviour as those currently known. For instance, the complete
QED effects in the semileptonic decay widths b→ cℓ−ν̄ℓ were found to be as large as +2.31%
with respect to the LO-QCD partonic level contribution [135]. It is not excluded then, that
future determinations of the corresponding corrections to the tauonic channel b → cτ−ν̄τ

and to the non-leptonic modes6 could lead to a large positive shift of 1− 2% with respect
to the current NNLO-QCD results for the total widths shown in table 5. Similarly, the
inclusion of the full NLO corrections to the dimension-five contribution, once the missing
corrections in the b → cc̄s case will be computed, may ultimately yield a visible positive
shift in the total decay widths of up to +1%.

Finally, in figure 5 and table 6 we show our updated values for the lifetime ratios
τ(B+)/τ(Bd) and τ(Bs)/τ(Bd) at NLO-QCD. Note that our predictions for these ratios are
obtained using the experimental data for the lifetime of the B+ and Bs mesons in eq. (1.4),
hence they are independent of the free b-quark decay and unaffected by the inclusion of the
new NNLO-QCD results from ref. [77]. We stress, however, that while for τ(B+)/τ(Bd), the
NLO value quoted reflects the current accuracy on this observable, corresponding to the
NLO accuracy on the four-quark operator contributions, for τ(Bs)/τ(Bd), it is only partial,
as indicated by the symbol ∗. This follows from the fact that the contribution of two quark
operators, which is not yet completely known at NLO, exactly cancels in τ(B+)/τ(Bd) in
the isospin limit, but not in τ(Bs)/τ(Bd), the latter being driven by the size of the SU(3)F

breaking in the corresponding non-perturbative parameters. In this regard, it is also worth
emphasising that the inclusion of the αs-corrections to the two-quark operators contribution,
once these will be fully determined, will likely have a sizable impact on the NLO prediction
of τ(Bs)/τ(Bd), as the effect of the four-quark operators is strongly suppressed in this ratio.

From figure 5 and table 6, we see that for τ(B+)/τ(Bd), the αs-corrections cause a positive
shift of ∼ +4% of the LO central value, as well as a significant reduction of the uncertainties.
The final result is in very good agreement with the data as is it was already found in the
previous study [67]; however note how now, with the inclusion of the updated values for

6First determinations of the electro-weak (EW) corrections to the Wilson coefficients of the non-leptonic
operators in the effective Hamiltonian were performed in refs. [136–138]; as for the semileptonic modes, these
corrections were also found to be positive [135].
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the dimension-six Bag parameters [79], the agreement with the data is even improved, cf.
eq. (1.6). For τ(Bs)/τ(Bd), on the other hand, the inclusion of the αs-corrections due to
four-quark operators leads only to a very minor effect, so that the corresponding QCD
corrections to the two-quark operators might be significant, as already commented above.
We stress however that now the value quoted in table 6 has changed compared to the result
of the previous analysis [67] and lies in between the two scenarios considered in the latter
reference. This mainly follows from having now included, differently from what was done
in ref. [67], the perturbative contributions to ρ3

D in the determination of the corresponding
value for ρ3

D(Bs), see eq. (3.10), which leads to a sizable reduction of the SU(3)F -breaking
effects in this parameter. The small negative shift of ∼ −5% in the value of ρ3

D(B) obtained
from the recent semileptonic fit [120], as compared to the previous determination [129], also
contributes to this difference7. For completeness, we also discuss the effect of determining
the lifetime ratios entirely within the HQE, that is using our predictions at NNLO-QCD for
τ(B+) and τ(Bs) in eq. (1.4), rather than the corresponding experimental data. In this case
our central values would read respectively τ(B+)/τ(Bd) = 1.084 and τ(Bs)/τ(Bd) = 1.0137,
corresponding to a sub-percent shift with respect to the values shown in table 6.

Finally, a comment on the value of Vcb is in order. We stress again that in our predictions
we use the value of Vcb extracted from the inclusive fit, see eq. (3.15). The small deficit of
our central values for the total decay widths compared to the experimental data, in principle,
could be accommodated by a slight enhancement of Vcb. By performing a “naive” fit, i.e.
assuming that the HQE prediction perfectly reproduces the experimental value for the total
decay rates, one would obtain the following estimates

|Vcb| = 42.8+0.9
−1.3 × 10−3 , B+ , (3.25)

|Vcb| = 42.7+0.9
−1.2 × 10−3 , Bd , (3.26)

|Vcb| = 43.0+0.9
−1.2 × 10−3 , Bs , (3.27)

which, as expected, are a bit larger than the value of Vcb obtained from the inclusive fit,
though consistent with the latter within uncertainties. It should of course be kept in mind
that these values are purely illustrative and a definite statement currently cannot be made
since, as already discussed above, missing perturbative and power corrections can potentially
change this picture. On the other side, using the exclusive value of Vcb = (39.8±0.6)×10−3 [1]
would lead to a stronger tension of about ∼ 3.3σ with the experimental data.

3.4 The semileptonic branching fractions within the HQE

In this section we present our predictions, obtained entirely within the HQE i.e. without
using the experimental values of Γ(Bq), for the semileptonic branching fraction Bsl of the
three light Bq mesons, defined as

Bsl(Bq) =
Γsl(Bq)
Γ(Bq)

, (3.28)

7Note that, following the computation of the complete NNLO-QCD corrections to the q2-spectrum [86],
the semileptonic fit has been recently updated and the new results have been presented at the workshop
“Challenges in semileptonic B decay” [139]. The updated fit gives slightly smaller values for Vcb and ρ3

D,
causing a minor shift of ≈ −0.3 % in our current NNLO predictions shown in table 5, and of ≲ −0.1% in both
the lifetime ratios τ(B+)/τ(Bd) and τ(Bs)/τ(Bd) shown in table 6.
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Figure 4. Comparison of the HQE predictions for the total decay widths of the B+ (top left), Bd
(top right) and Bs (bottom) mesons. In each panel, the LO- (solid orange), NLO- (solid magenta),
and NNLO-QCD (solid green) results are shown together with the corresponding experimental value
(solid blue).
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Figure 5. Comparison of the HQE predictions for the lifetime ratios τ(B+)/τ(Bd) (left) and
τ(Bs)/τ(Bd) (right). In each panel, the LO- (solid orange) and NLO- (solid magenta) results are
shown together with the corresponding experimental value (solid blue). ∗ Note that for τ(Bs)/τ(Bd),
the NLO-QCD result quoted is only partial as the complete αs-corrections to the two-quark operators
contribution, which are expected to give the dominant effect at NLO, are not yet known.

Observable LO NLO NNLO Exp. value

Γ(B+)[ps−1] 0.666+0.108
−0.124 0.593+0.047

−0.061 0.587+0.025
−0.035 0.6105± 0.0015

Γ(Bd)[ps−1] 0.688+0.118
−0.128 0.642+0.049

−0.064 0.636+0.028
−0.037 0.6592± 0.0017

Γ(Bs)[ps−1] 0.680+0.116
−0.127 0.633+0.048

−0.063 0.628+0.027
−0.035 0.6579± 0.0022

Table 5. Our predictions for the B+-, Bd-, and Bs-meson decay widths, based on the HQE, at LO-,
NLO- and NNLO-QCD, within our default scenario, that is using the kinetic scheme for the b-quark
and the MS-scheme for the c-quark masses. The corresponding experimental values are shown for
comparison in the last column.
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Observable LO NLO Exp. value

τ(B+)/τ(Bd) 1.036+0.036
−0.027 1.081+0.014

−0.016 1.076± 0.004

τ(Bs)/τ(Bd) 1.0132+0.0070
−0.0072

[
1.0131+0.0073

−0.0074

]∗
1.0032± 0.0032

Table 6. Our predictions, based on the HQE, for the lifetime ratios τ(B+)/τ(Bd) and τ(Bs)/τ(Bd)
at LO- and NLO-QCD, in our default scenario, that is using the kinetic scheme for the b-quark and the
MS-scheme for the c-quark masses. The corresponding experimental values are shown for comparison
in the last column. ∗ Note that for τ(Bs)/τ(Bd), the NLO-QCD result quoted is only partial as
the complete αs-corrections to the two-quark operators contribution, which are expected to give the
dominant effect at NLO, are not yet known.

where Γsl(Bq) ≡ Γ(Bq → Xc e
−ν̄e) = Γ(Bq → Xc µ

−ν̄µ). To compute Γsl(Bq) we use the
expression implemented in the package kolya [140], which includes N3LO-QCD corrections
to the partonic decay rate [82], as well as NLO corrections up to 1/m3

b [97]. For the
denominator of eq. (3.28), we determine Γ(Bq) as discussed in the previous section, also
adding, for consistency with the numerator, all available corrections to the semileptonic modes
Bq → Xcℓ

−ν̄ℓ, with ℓ = e, µ. Note that we do not re-expand the ratio in eq. (3.28) in αs,
however, we have checked that the numerical difference in doing so is small. Our results read

Bsl(B+) = (11.46+0.47
−0.32)% , (3.29)

Bsl(Bd) = (10.57+0.47
−0.27)% , (3.30)

Bsl(Bs) = (10.52+0.50
−0.29)% . (3.31)

We emphasise that the above values do not include QED corrections. In fact, on the one hand,
the effect of photon radiation at scales below µ ∼ mb is subtracted from the corresponding
experimental data using PHOTOS [141]. On the other hand, the EW corrections at scales
above µ ∼ mb are expected to be of similar size for both the non-leptonic and semileptonic
decays, and thus, to a large extent, to cancel out in the ratio, cf. eq. (3.28).

Our result for B+ and Bd can be compared to the experimental average

Bsl(B±/Bd averaged) = (10.48± 0.13)% (3.32)

reported in ref. [128] and based on an extrapolation to the full phase space of the branching
ratio measurements performed at CLEO [142], Babar [143, 144] and Belle [145]. The results
can also be compared with the value Bsl(B±/Bd averaged) = (10.63± 0.15)%, extrapolated
from the global fit in ref. [120].

The Belle collaboration measured the independent B+ and B0 partial branching fractions
with an electron energy greater than Ecut = 0.4GeV in ref. [145]. We can extrapolate these
measurements with a cut on the lepton energy to the full phase space with the correction
factor ∆(Ecut), such that

Bsl(Bq) = ∆(Ecut)Bsl(Bq → Xcl
−ν̄l, Ee > Ecut). (3.33)
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Figure 6. Our predictions for the semileptonic branching fractions of the B+ and Bd mesons within
the HQE (solid green) compared with the measurements by Belle [145] (solid blue).

Using the local OPE up to 1/m3
b , we calculate ∆(Ecut) using the expressions given in

kolya [140] and obtain:

∆(Ecut = 0.4GeV) = 1.015± 0.001, (3.34)

where the uncertainty arises mainly from the parametric uncertainties of the HQE parameters
from ref. [120]. The uncertainty due to the variation of the renormalization scale of αs is
negligible. The available measurements of Belle, extrapolated to the full region using the
correction factor in eq. (3.34), are

BBelle
sl (B+) = (10.95± 0.37)%, (3.35)
BBelle

sl (Bd) = (10.23± 0.38)%. (3.36)

The branching ratios in eqs. (3.29) and (3.30) are compared with the measurements by Belle
in figure 6. Our predictions are in agreement with the experimental determinations within
errors and are also comparable in precision.

The comparison of semileptonic branching fractions presented in this section serves as
a test of both the HQE and QCD.8 Since the dependence on |Vcb| in the numerator and
denominator of eq. (3.28) nearly cancels out when both are calculated within the framework
of the HQE, the ratio Bsl becomes an observable independent on |Vcb|. Moreover, also
the dependence on the fifth power of the mb quark mass drops out in the ratio, so that
these observables become mostly sensitive to the value of αs and of the HQE parameters.
Hence, the semileptonic branching ratios could, in principle, also be used as an additional
independent way to determine the strong coupling αs. However, because of the small deficit
at the level of the central values and the importance of missing higher-order corrections,
as discussed in section 3.3, we refrain from performing such a fit in the current work and
postpone it to a future study.

4 Discussion and conclusions

In this work we have performed an up-to-date study of the total decay widths of the B+,
Bd, and Bs mesons within the HQE, implementing for the first time the recently determined
NNLO-QCD corrections to non-leptonic b-quark decays from ref. [77]. Furthermore, we have

8Note that historically the theory determination of the semileptonic branching fractions yielded values
considerably above the experimental ones [146] — this appears settled now.
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updated the results for the lifetimes ratios τ(B+)/τ(Bd) and τ(Bs)/τ(Bd), as compared to
the previous work [67], and presented new predictions for the semileptonic branching ratios
of all three mesons, obtained entirely within the HQE. Our main results are summarized in
figures 4, 5 and 6, in tables 5 and 6, and in eqs. (3.29) to (3.31). The new α2

s-corrections
to the non-leptonic b-quark width have also allowed us to investigate both the perturbative
convergence and the mass scheme dependence of Γ3, the leading term in the HQE. The
corresponding results obtained using the pole scheme for both the bottom and charm quark
masses, the MS scheme, and the kinetic scheme for the bottom and the MS for charm are
shown, respectively, in figures 1, 2 and 3.

The NNLO predictions for the total decay widths are found to be in good agreement,
within uncertainties, with the experimental values, although a systematic negative shift of
∼ −4% at the level of the central values is found for all three observables. The theoretical
uncertainties appear significantly reduced with the inclusion of the NNLO-QCD corrections
and now reach the order of only few percent, revealing the importance that subleading
effects like QCD corrections to power suppressed contributions and QED effects will have on
improving the present theoretical precision. The latter, in fact is still dominant compared to
the corresponding experimental one, which currently is at the sub-percent level.

As for the lifetime ratios, our result for τ(B+)/τ(Bd) is in very good agreement with
the experimental data, although the theoretical errors, dominated by the uncertainty on
the values of the four-quark non-perturbative inputs, are still sizeable compared to the
current experimental precision. For τ(Bs)/τ(Bd), the updated HQE value agrees with the
data within errors, and the size of the theoretical uncertainties is also comparable to the
experimental ones, albeit still a factor two larger. In this case, the main source of uncertainty
comes from the value of the two-quark operator matrix elements and in particular from
the size of SU(3)F -breaking effects.

We find good agreement with the data also for the semileptonic branching fractions,
however the theory predictions appear systematically larger as consequence of the corre-
sponding deficit in the total decay widths. The computation of these observables entirely
within the HQE allows to obtain a prediction which is independent of Vcb and also less
dependent on the value of mb. In this case, in fact, the theoretical precision is higher and
comparable with the current experimental one.

In light of the above results, in particular given the observed deficit in the central value
of the NNLO results for the total decay widths, and the current theoretical uncertainties
which amount to a few percent, the following list of corrections would be needed in order
to further improve the theoretical predictions in these observables:

⋄ Complete NNLO corrections due to the mixed contribution of the current-current and
penguin operators in the effective Hamiltonian. These effects are currently known at
the NLO accuracy [74], and the latter should be extended to the next order in αs to
obtain the full NNLO result for Γ3.

⋄ Complete QED corrections, including those to non-leptonic b-quark decays. These
contributions have been completely determined for semileptonic modes, in case of
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massless leptons, in the recent work [135], while a computation of the full QED effects
in the b→ cτ−ν̄τ channel as well as in the non-leptonic modes is still missing.

⋄ Complete αs-corrections to the dimension-five chromo-magnetic operator contribution
in the HQE. These corrections are known for all semileptonic modes [94–96, 98], and
have been recently determined also for the b → cūd decay [78]. However, they are
still missing for the b → cc̄s channel as well as for the remaining CKM suppressed
non-leptonic modes.

⋄ First calculation of αs-corrections to the Darwin operator contribution in the case of
non-leptonic decays. These corrections are known for all semileptonic — including
tauonic modes [97, 98, 102] — however, they are completely missing for the non-leptonic
case.

⋄ First computation of the dimension-seven two-quark operator contributions for non-
leptonic modes. These corrections are currently known only in the semileptonic case [108–
110].

The last three points are also of crucial importance for improving the theoretical deter-
minations of the lifetime ratios τ(B+)/τ(Bd) and τ(Bs)/τ(Bd). In this respect, the HQE
predictions will also significantly benefit from future lattice determinations of the dimension-
six Bag parameters, see e.g. refs. [147, 148] for preliminary studies in this direction, as well
as from a first principle determination of the dimension-seven Bag parameters.

To conclude, we also provide a perspective to further extend the study performed in this
work. In fact, given the current NNLO precision in the total decay widths of B mesons, it
would be interesting to perform, in future, a combined fit which includes these observables in
addition to the currently used semileptonic B decay rates, to further constrain the value of
Vcb and also obtain a consistence check of the theory framework. Finally, it would also be
very instructive to study the effect that the inclusion of the NNLO-QCD corrections to the
partonic decay rate Γ3 would have on the HQE predictions of D-mesons lifetimes, especially
in light of the currently large theoretical uncertainties [112, 149].
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Figure 7. Dependence at NNLO- (solid green), NLO- (solid magenta), and LO-QCD (solid orange)
of Γ(B+) on the renormalisation scales µb (top left), µc (top right), µcut (bottom left), µ0 (bottom
right), together with the corresponding experimental value (dashed blue).
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A Scale dependence of the total decay widths

In this appendix we collect additional plots illustrating the dependence on the renormalisation
scales µb, µc, µ

cut and µ0 at LO-, NLO-, and NNLO-QCD, of the decay rates of the B+, Bd,
and Bs mesons, shown respectively in figure 7, 8, and 9.
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Figure 8. Dependence at NNLO- (solid green), NLO- (solid magenta), and LO-QCD (solid orange)
of Γ(Bd) on the renormalisation scales µb (top left), µc (top right), µcut (bottom left), µ0 (bottom
right), together with the corresponding experimental value (dashed blue).
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Figure 9. Dependence at NNLO- (solid green), NLO- (solid magenta), and LO-QCD (solid orange)
of Γ(Bs) on the renormalisation scales µb (top left), µc (top right), µcut (bottom left), µ0 (bottom
right), together with the corresponding experimental value (dashed blue).
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