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Let 𝐺 = (𝑉 ,𝐸) be a directed graph and 𝓁∶ 𝑉 → [𝑘] ∶= {1,2,… , 𝑘} a level assignment such 
that 𝓁(𝑢) < 𝓁(𝑣) for all directed edges (𝑢, 𝑣) ∈𝐸. A level-planar drawing of 𝐺 maps each vertex 𝑣
to a unique point on the horizontal line 𝓁 with 𝑦-coordinate 𝓁(𝑣) and each directed edge to a 𝑦
monotone Jordan arc between its endpoints such that no two arcs cross in their interior.
In the problem Constrained Level Planarity (CLP for short), we are further given a partial 
ordering ⊲𝑖 of 𝑉𝑖 ∶= 𝓁−1(𝑖) for each 𝑖 ∈ [𝑘], and we seek a level-planar drawing where the linear 
order ≺𝑖 of the vertices on 𝓁𝑖 is a linear extension of ⊲𝑖. A special case of this is the problem 
Partial Level Planarity (PLP for short), where we are asked to extend a given level-planar 
drawing  of a subgraph 𝐻 of 𝐺 to a complete drawing  of 𝐺 without modifying the given 
drawing, i.e., the restriction of  to 𝐻 must coincide with .
We give a simple polynomial-time algorithm with running time 𝑂(𝑛5) for CLP of single-source 
graphs that is based on a simplified version of an existing level-planarity testing algorithm for 
single-source graphs. We introduce a modified type of PQ-tree data structure that is capable of 
efficiently handling the arising constraints to improve the running time to 𝑂(𝑛 + 𝑘𝑠), where 𝑠
denotes the size of the constraints. We complement this result by showing that PLP is NP-complete 
even in very restricted cases. In particular, PLP remains NP-complete even when 𝐺 has a constant 
number of levels, and when 𝐺 is a subdivision of a triconnected planar graph with bounded degree.

1. Introduction

A 𝑘-level graph is a directed graph 𝐺 = (𝑉 ,𝐸) together with a leveling 𝓁∶ 𝑉 → [𝑘] ∶= {1,2,… , 𝑘} that assigns each vertex to one 
of 𝑘 levels so that 𝓁(𝑢) < 𝓁(𝑣) for each directed edge (𝑢, 𝑣) ∈ 𝐸. Since most graphs occurring in this paper are level graphs, we will 
refer to them simply as graphs and explicitly mention if graphs are not level graphs. A level drawing of 𝐺 (or simply a drawing of 𝐺
when it is clear from the context that 𝐺 is a level graph) maps each vertex 𝑣 to a point on the horizontal line with 𝑦-coordinate 𝓁(𝑣)
and each directed edge to a 𝑦-monotone Jordan arc between its endpoints. A crossing-free level drawing is level planar, and a level 
graph is level planar if it admits a level-planar drawing. The level planarity testing problem is to decide whether a given input graph is 
level planar or not.

In this paper, we study a generalization of the level planarity testing problem where, in addition to the 𝑘-level graph 𝐺, we 
are given constraints on the order of the vertices in each level in the form of a partial order ⊲𝑖 for each level 𝑖 ∈ [𝑘]. The task is 
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Fig. 1. A partial level-planar drawing (a) and an extension of it (b). The partial level-planar drawing shown in (c) does not have an extension. Namely, the vertex 𝑟
and its incident edges cannot be inserted into the partial drawing without creating edge crossings.

to determine a level-planar drawing of 𝐺 compatible with the constraints, i.e., such that the vertex order in each level 𝑖 is a linear 
extension of ⊲𝑖. We call this problem Constrained Level Planarity or CLP for short.

A strongly related problem is the problem of extending a given drawing  of a subgraph 𝐻 of 𝐺, also called partial drawing, to 
a level-planar drawing  of 𝐺 without changing the given drawing . That is, the restriction of  to 𝐻 must coincide with . We 
call such a drawing  an extension. The problem of deciding whether a given partial drawing admits an extension is called Partial 
Level Planarity, or PLP for short. See Fig. 1 that shows a partial drawing (a), an extension of it (b), and also a partial drawing 
that does not have an extension (c). Of course, taking for each level 𝑖 the order ⊲𝑖 as the vertex order on level 𝑖 in  yields a set 
of constraints for 𝐺. An extension is necessarily compatible with all these constraints. Later, we will see that for so-called proper 
level graphs, where all edges connect vertices of adjacent levels, these instances are actually equivalent. Since both problems can be 
reduced to the corresponding problem on proper level graphs, it turns out that indeed PLP can be seen as a special case of CLP.

Related work. Historically, level drawings were among the first drawing styles that were studied systematically with the introduction 
of the famous Sugiyama framework [57]. Level drawings are frequently used for visualizing hierarchical data and there is extensive 
research on every step of the framework; see [34] for a survey. Due to the importance of crossings on the visual clarity of drawings [52], 
the concept of level planarity has also received considerable attention.

The complexity of testing level planarity has been the subject of intensive research. Di Battista and Nardelli [23] gave the first 
efficient recognition algorithm for the subclass of proper single-source level graphs. Subsequently, there were attempts to generalize 
this result to the general case, i.e., non-proper level graphs with multiple sources [35] that however contained subtle mistakes [42]. 
Eventually, this line of research culminated in the work of Jünger and Leipert [41], who gave a linear-time algorithm for the general 
case. Initially, their algorithm was purely a test and did not output a corresponding level-planar embedding. They later improved 
their algorithm to also output a corresponding level-planar embedding, if it exists, in the same running time [40].

While the linear-time algorithm from the work of Jünger and Leipert answers the question about the complexity of level planarity 
testing, their algorithm is quite complicated and there are no practical implementations available. To address this, several papers 
proposed slower but simpler algorithms. Randerath et al. [53] gave a much simpler recognition algorithm for proper level graphs 
with running time 𝑂(𝑛2), and Harrigan and Healy [33] formulated a quadratic-time recognition and embedding algorithm for proper 
level graphs. However, a recent work shows that both algorithms are flawed [26]. There is also a quadratic-time algorithm for general 
(non-proper) level planarity that is based on a Hanani-Tutte characterization [28].

Beyond that, also radial variants, where the levels are represented by concentric circles rather than horizontal lines, have been 
considered [7]. There also exists a Hanani-Tutte characterization for radial level planarity [27]. Recently, a connection between the 
algorithm due to Randerath et al. [53] and the Hanani-Tutte characterization due to Fulek et al. [27] was used to obtain a simple, 
efficient recognition algorithm for radial level-planar graphs [16]. Further variants on cylinders [14] and on the torus [2] have also 
been considered.

Constrained versions of graph representations and planarity variants are another type of widely studied problem as, for visu
alization purposes, it is often desirable to find visualizations that satisfy additional properties. Some constrained versions of level 
planarity have been considered. Harrigan and Healy [33] and Angelini et al. [3] both studied level planarity where vertices of the 
same level must be ordered consistently with different kinds of constraint trees. Klemz and Rote showed that deciding level planarity is 
NP-complete even in the severely constrained case where the orders of all vertices on all levels are fixed [47]. In real-world settings, 
sources of constraints include restrictions imposed by a user, e.g., by specifying the left-to-right order of some vertices or even fixing 
a part of the drawing, or as a consistency requirement stemming from the dynamic nature of a network, where one considers the 
restrictions imposed by stable parts of a network as constraints on the representation of the next snapshot. The latter leads to a partial 
drawing extension problem. More formally, a partially drawn graph is a triplet (𝐺,𝐻,), where 𝐺 is a graph, 𝐻 of 𝐺 is a subgraph 
and  is a drawing of 𝐻 . The partial drawing extension problem with input (𝐺,𝐻,) asks to complete the drawing  to a drawing 
of 𝐺 without modifying the given subdrawing of , i.e., the restriction of  to 𝐻 is identical to . The partial drawing extension 
problem, and the related simultaneous drawing problem have received considerable attention in the last years.

Angelini et al. [5] gave a linear-time algorithm for partial drawing extension of topological planar drawings, where edges are 
represented by arbitrary, non-crossing Jordan arcs between their endpoints. In this case, the positive instances have also been char
acterized via forbidden subgraphs [39] and there exists a Hanani-Tutte characterization [55], which also leads to a polynomial-time 
algorithm. In contrast, for planar straight-line drawings, the partial drawing extension problem is NP-hard [51], though it becomes 
polynomial-time solvable if 𝐻 is biconnected and  is a convex drawing [50]. Recently, partial upward planar drawings have been 
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Fig. 2. A level-planar drawing of a non-proper level graph (a), its proper subdivision (b) and a combinatorially equivalent level-planar straight-line drawing (c). 

considered [15,21]. Moreover, the problem has also been studied under the name partial representation extension for graph represen
tations that are not node-link representations, in particular for different types of intersection representations, namely for interval 
representations [12,46], for proper and unit interval representations [44], for chordal graphs (which are intersection graphs of sub
trees of a tree) [45], for permutation and function graphs [43] and, recently, for circle graphs [20] and trapezoid graphs [48], but 
also for contact representations [19] and hybrid representations [1].

We point out that the partial drawing extension problem is strongly related to the simultaneous drawing problem, whose input 
consists of two graphs 𝐺1 and 𝐺2 sharing a subgraph 𝐺 = 𝐺1 ∩ 𝐺2. The problem is to decide whether there exist drawings of 𝐺1
and 𝐺2 that coincide on 𝐺. This is equivalent to finding a drawing of 𝐺 that extends to drawings of 𝐺1 and 𝐺2. It is known that the 
problem is NP-complete for planar straight-line drawings [24], though some special cases have recently been shown to be polynomial
time solvable [31]. For topological planar drawings, this problem is called Simultaneous Embedding with Fixed Edges and despite 
significant progress in the last years [4,6,8,9,11,12,29], the complexity status is still open; see [10,54] for surveys. The simultaneous 
representation problem for intersection representations was introduced by Jampani and Lubiw, who studied permutation and chordal 
graphs [38] and interval graphs [37]. Bläsius and Rutter [12] improved the running time for simultaneous interval representations to 
linear. Recently, level planarity has been considered in this setting, too; simultaneous level planarity is NP-complete for two graphs 
on three levels, as well as for three graphs on two levels, an efficient algorithm exists only for two graphs on two levels [2].

Contribution and outline. We study the level planarity problem subject to constraints and in the context of partial drawings. We present 
preliminaries in Section 2. In particular, we show that, indeed, PLP reduces to CLP. In Section 3 we present a simplified version of the 
algorithm of Di Battista and Nardelli [23] for the single-source case. We then introduce the order graph, a data structure that allows 
us to efficiently intersect an implicit representation of the set of all level-planar drawings of a graph with an implicit representation of 
a set of (not necessarily planar) level drawings that satisfy the constraints. Since the latter set is guaranteed to contain all level-planar 
drawings that satisfy the constraints, this allows us to solve CLP for single-source graphs in time 𝑂(𝑛5). We then refine the algorithm 
and develop a modified version of a PQ-tree, which we call constrained PQ-tree. It handles both the planarity and the constraints in 
the same data structure. With this modification the algorithm runs in time 𝑂(𝑛 + 𝑘𝑠) for proper 𝑘-level graphs, where 𝑠 is the size 
of the constraints, i.e., the number of distinct vertex pairs that are related by some ⊲𝑖. In Section 4 we complement these results by 
showing that PLP is NP-complete even in quite restricted cases, in particular, even when it has a constant number of levels, and when 
it is a subdivision of a triconnected planar graph (i.e., its combinatorial embedding is essentially fixed), the graph has fixed maximum 
degree and the graph has only a constant number of sources per level. This shows that, unless 𝑃 ≠ 𝑁𝑃 , it is unlikely that efficient 
algorithms can be achieved for much more general types of instances.

Moreover, while a Hanani-Tutte-style characterization exists for level planarity, our hardness result rules out the existence of 
such a characterization for partial level planarity. This contrasts the situation for usual (topological) planarity, where Hanani-Tutte 
characterizations exist for planarity and for partial planarity [55].

2. Preliminaries

A 𝑘-level graph 𝐺 = (𝑉 ,𝐸) is proper if 𝓁(𝑣) = 𝓁(𝑢) + 1 for each directed edge (𝑢, 𝑣) ∈𝐸. Every 𝑘-level graph 𝐺 can be transformed 
into a proper 𝑘-level graph 𝐺′ = (𝑉 ′,𝐸′) by subdividing edges. Likewise, a (not necessarily planar) level drawing Γ of 𝐺 can be 
transformed into a level drawing Γ′ of 𝐺′. See Fig. 2 (a) for a drawing of a non-proper level graph and (b) for its proper subdivision. 
In the following, we therefore restrict our treatment to proper level graphs. This is without loss of generality, though the resulting 
proper graph may have size in Θ(𝑘𝑛), where 𝑛 = |𝑉 | is the number of vertices of the original graph. Note that we may assume without 
loss of generality that each level contains at least one vertex, and therefore 𝑘 ≤ 𝑛.

Combinatorially, a level drawing Γ of a proper 𝑘-level graph 𝐺 = (𝑉 ,𝐸) can be described by a set ≺= {≺𝑖}𝑘𝑖=1 of linear orderings, 
where ≺𝑖 is the linear ordering of the vertices in 𝑉𝑖 along the horizontal line 𝓁𝑖 with 𝑦-coordinate 𝑖. For brevity, we sometimes omit 
the index and write 𝑢 ≺ 𝑣 if 𝑢 ≺𝑖 𝑣 holds for two vertices 𝑢, 𝑣 on the same level 𝑖.

For example, in Fig. 2 (b) and (c), ≺𝑖 coincides with the alphabetical order for each level 𝑖, i.e., these drawings are combinatorially 
equivalent. Di Battista and Nardelli give the following characterization of level-planar drawings.

Lemma 1 ([23, Lemma 1]). Let 𝐺 = (𝑉 ,𝐸) be a proper 𝑘-level graph and let ≺= {≺𝑖}𝑘𝑖=1 be a drawing of 𝐺. Then ≺ is level planar if and 
only if for any distinct vertices 𝑢,𝑤∈ 𝑉𝑗 and 𝑣,𝑥 ∈ 𝑉𝑗+1, 𝑗 ∈ [𝑘− 1] with (𝑢, 𝑣), (𝑤,𝑥) ∈𝐸 we have 𝑢 ≺𝑗 𝑤⇔ 𝑣 ≺𝑗+1 𝑥.

Two vertex pairs 𝑠𝑠′ with 𝑠, 𝑠′ ∈ 𝑉𝑖 and 𝑡𝑡′ with 𝑡, 𝑡′ ∈ 𝑉𝑗 are equivalent (𝑠𝑠′ ≡ 𝑡𝑡′ for short) if in every level-planar drawing ≺ of 𝐺
it is either 𝑠 ≺ 𝑠′ and 𝑡 ≺ 𝑡′ or 𝑠′ ≺ 𝑠 and 𝑡′ ≺ 𝑡. Lemma 1 allows us to determine a first set of equivalent vertex pairs.
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Of course, if 𝑠𝑠′ ≡ 𝑡𝑡′ and 𝑡𝑡′ ≡ 𝑢𝑢′, transitivity implies 𝑠𝑠′ ≡ 𝑢𝑢′. More generally, we can obtain additional equivalent pairs by 
considering suitable paths in 𝐺 as follows. Let lace(𝑎, 𝑏) denote the set of all paths whose first vertex is in level 𝑎, whose last vertex 
is in level 𝑏, and whose interior vertices 𝑣 satisfy 𝑎 ≤ 𝓁(𝑣) ≤ 𝑏.

Lemma 2 ([23, Lemma 2]). Let 𝐺 be a proper 𝑘-level graph and let (𝑠,… , 𝑡) and (𝑠′,… , 𝑡′) be two vertex-disjoint paths in lace(𝑎, 𝑏)
with 1≤ 𝑎 < 𝑏 ≤ 𝑘. Then 𝑠𝑠′ ≡ 𝑡𝑡′.

Drawing constraints for a proper 𝑘-level graph 𝐺 = (𝑉 ,𝐸) are expressed as a set of partial orders ⊲ = {⊲𝑖}𝑘𝑖=1, where ⊲𝑖 is a partial 
order of 𝑉𝑖. A drawing ≺ of 𝐺 satisfies the constraints ⊲ if and only if for every ≺𝑖 is a linear extension of ⊲𝑖 for each 𝑖 ∈ [𝑘]. The 
size 𝑠 of ⊲ is the number of distinct vertex pairs that are related by ⊲. In general, 𝑠 is quadratic in 𝑛. Similar to above, we sometimes 
omit the index and write 𝑢⊲ 𝑣 if 𝑢⊲𝑖 𝑣 holds for two vertices on the same level 𝑖.

Let (𝐺,𝐻,) be an instance of PLP. The proper subdivision of  induces a total left-to-right order of the vertices on each level in 
the proper subdivision of 𝐻 , i.e., an instance of CLP. Note that, while storing a partial order on 𝑟 elements may generally require Ω(𝑟2)
storage, if we simply store the linear order on each level, the storage required for representing a partial drawing of a proper level 
is linear in 𝑛. Moreover, Lemma 1 gives that in a straight-line level-planar drawing of a proper graph, the vertices can be moved 
horizontally without creating crossings as long as their order within the levels does not change. Thus, if a drawing satisfying the order 
constraints of an instance of PLP exists, the vertices of the drawing can always be moved so that the partial drawing is preserved. It 
follows that PLP is indeed a special case of CLP.

Lemma 3. For proper level graphs, PLP reduces to CLP in linear time.

Note that this uses the fact that  is a drawing. A combinatorial embedding of 𝐻 would not be sufficient, because testing level 
planarity of non-proper level graphs where the orders of all vertices on all levels are fixed is NP-complete [47]. The complete edge
vertex order can therefore be assumed to be encoded in , which implies that PLP reduces to CLP in linear time even for non-proper 
graphs.

Conversely, drawing constraints are strictly more powerful than partial drawings. For example, with drawing constraints it is 
possible to express the constraints 𝑢 ⊲ 𝑣, 𝑢 ⊲𝑤 without deciding whether 𝑣 ⊲𝑤 or 𝑤⊲ 𝑣. This is not possible with partial drawings, 
since a partial drawing defines for each level 𝑖 a total order ⊲𝑖 on the level-𝑖 vertices of 𝐻 .

PQ-trees. Booth and Lueker [13] introduced the PQ-tree data structure, which is capable of representing sets of linear orders on a 
ground set. A PQ-tree is a rooted ordered tree, i.e., each inner node is equipped with a linear ordering of its children. For each node 𝑌
of a PQ-tree denote by pertinent(𝑌 ) the set of leaves of the subtree rooted at 𝑌 . Each inner node is either a P-node or a Q-node, and 
the leaves are in one-to-one correspondence with the elements of a finite ground set 𝑈 , called the yield of 𝑇 , i.e., 𝑈 = yield(𝑇 ). Each 
inner node has at least two children, so the size of 𝑇 is linear in |𝑈 |. An in-order traversal of the leaves of 𝑇 (e.g., by starting a DFS at 
an arbitrary leaf and visiting the neighbors of each vertex according to its cyclic ordering) gives a linear order of the elements in 𝑈 , 
called the frontier of 𝑇 and denoted by frontier(𝑇 ).

There are two equivalence transformations for PQ-trees. The order of the neighbors of a P-node may be arbitrarily rearranged, 
whereas the order of the neighbors of a Q-node may be reversed. Performing such an equivalence transformation on a PQ-tree 𝑇
results in a new PQ-tree 𝑇 ′, which generally has a different frontier. Two PQ-trees 𝑇 and 𝑇 ′ are equivalent, i.e., 𝑇 ≡ 𝑇 ′, if and only 
if 𝑇 ′ can be obtained from 𝑇 by a number of equivalence transformations. The set of consistent permutations represented by 𝑇 is 
defined as consistent(𝑇 ) =

{
frontier(𝑇 ′) ∣ 𝑇 ′ ≡ 𝑇

}
.

The usefulness of PQ-trees arises from the operation update(𝑇 ,𝑆). For a PQ-tree 𝑇 and a subset 𝑆 ⊆ yield(𝑇 ), this operation returns 
a new PQ-tree 𝑇 ′ that limits the linear orders represented by 𝑇 to those in which the elements in 𝑆 appear consecutively. If there 
are no such cyclic orders, the result is the null tree, which formally represents the empty set of orderings of a ground set, i.e., if 𝑇 ′ is 
the null tree, then consistent(𝑇 ′) = ∅.

The original update operation of Booth and Lueker [13] is based on a complicated application of several types of transformation 
templates. We use the implementation of Shih and Hsu [56], who generalized PQ-trees to so-called PC-trees that represent circular 
orders of a ground set, and showed that they can be used as a drop-in replacement for PQ-trees by adding a special root element to 
the tree and splitting the cyclic orders at that element into linear orders. In the following we use and extend the simplified version of 
PC-trees by Hsu and McConnel [36].

The update operation consists of three steps; see Fig. 3 for an illustration. The first step is to label all leaves 𝑣 ∈ 𝑆 as black and 
all other nodes as white, and then iteratively label inner nodes as black if all its neighbors except one are black. An edge 𝑒 of 𝑇 is 
called terminal if both connected trees obtained by removing 𝑒 from 𝑇 contain black and white leaves. If consistent(𝑇 ) contains no 
order in which the elements of 𝑆 appear consecutively, the result is the null tree. Otherwise, the terminal edges form a path in 𝑇 , 
the terminal path. In the second step, a new Q-node 𝑥 is created and the edges of the terminal path are deleted. Then, for each node 𝑦
on the terminal path, a split node 𝑦′ is created, all black neighbors are moved from 𝑦 to 𝑦′, and 𝑦 and 𝑦′ are connected to 𝑥. Finally, 
in the third step, all edges from 𝑥 to adjacent Q-nodes are contracted. As a cleanup, leaves that do not correspond to an element of 
the ground set are removed, and internal degree-2 nodes are contracted to obtain a well-defined PC-tree. We refer to [25] for details 
of the implementation.
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Fig. 3. The three-step update procedure for PQ-trees; Q-nodes are represented by squares, P-nodes by disks. (a) The terminal path is bold, the subtrees consisting of 
only black and of only white vertices are represented by black and white triangles, respectively. (b) The terminal path is split and a new Q-node 𝑥 is connected to all 
vertices of the terminal path. (c) Contraction of edges between 𝑥 and adjacent Q-nodes and cleanup.

Lemma 4 ([36, Lemma 4.7]). The update(𝑇 ,𝑆) operation can be performed in 𝑂(𝑝+ |𝑆|) time, where 𝑝 is the length of the terminal path 
in 𝑇 .

3. Single-source graphs

Di Battista and Nardelli [23] presented a linear-time algorithm to test single-source proper level graphs for level planarity. In this 
section, we first present a simplified variant of their algorithm with the same running time. We then extend this algorithm to a CLP 
algorithm with running time 𝑂(𝑛5) by introducing the new concept of order graphs. Finally, we introduce constrained PQ-trees, which 
are modified PQ-trees that are capable of efficiently maintaining additional constraints. With the use of constrained PQ-trees, we 
improve the running time of our algorithm to 𝑂(𝑛+ 𝑘𝑠), where 𝑘 is the number of levels and 𝑠 is the size of the constraints ⊲.

3.1. A simple level planarity testing algorithm for single-source graphs

For a proper 𝑘-level planar graph, we denote by 𝐺𝑗 the subgraph induced by the vertices on levels 1,… , 𝑗. Moreover, by 𝐸𝑗 =
(𝑉𝑗 × 𝑉𝑗+1) ∩ 𝐸, we denote the edges of 𝐺 between levels 𝑗 and 𝑗 + 1. We start out by making the following observation about 
level-planar drawings.

Lemma 5. Let 𝐺 be a proper 𝑘-level graph together with a level planar drawing ≺. Let 𝑗 ∈ [𝑘− 1] and for some 𝜆 ∈ (0,1) let the order 
of edges in 𝐸𝑗 in which they intersect with the horizontal line 𝑦 = 𝑗 + 𝜆 be (𝑢1, 𝑣1) ≺ (𝑢2, 𝑣2) ≺ … ≺ (𝑢𝑡, 𝑣𝑡). Then the edge endpoints are 
ordered consecutively, i.e., if 𝑢𝑎 = 𝑢𝑏 with 1 ≤ 𝑎 < 𝑏 ≤ 𝑡, it follows that 𝑢𝑎 = 𝑢𝑎+1 = … = 𝑢𝑏, and if 𝑣𝑎 = 𝑣𝑏 with 1 ≤ 𝑎 < 𝑏 ≤ 𝑡, it follows 
that 𝑣𝑎 = 𝑣𝑎+1 =…= 𝑣𝑏.

Proof. Assume that ≺ is planar and that there exists 𝑢𝑐 ≠ 𝑢𝑎 = 𝑢𝑏 with 𝑎 < 𝑐 < 𝑏. Then it is (𝑢𝑎, 𝑣𝑎) ≺ (𝑢𝑐 , 𝑣𝑐) ≺ (𝑢𝑏 = 𝑢𝑎, 𝑣𝑏). From 𝑢𝑎 ≠
𝑢𝑐 ≠ 𝑢𝑏 it follows that either 𝑢𝑎 ≺ 𝑢𝑐 or 𝑢𝑐 ≺ 𝑢𝑏 holds true. If it is 𝑢𝑎 ≺ 𝑢𝑐 , then (𝑢𝑐 , 𝑣𝑐) intersects with (𝑢𝑏 = 𝑢𝑎, 𝑣𝑏). Conversely, if it 
is 𝑢𝑐 ≺ 𝑢𝑎, then (𝑢𝑐 , 𝑣𝑐 ) intersects with (𝑢𝑎, 𝑣𝑎). With Lemma 1, this contradicts the planarity of ≺, so no such 𝑢𝑐 can exist. The same 
idea can be used to show that there exists no 𝑣𝑐 ≠ 𝑣𝑎 with 𝑎 < 𝑐 < 𝑏. □

The idea of Di Battista and Nardelli is to perform a sweep of the single-source proper 𝑘-level graph, successively visiting each 
level 𝑗 ∈ [𝑘] in increasing order. When going from level 𝑗 to level 𝑗 + 1, they compute how level-planar drawings of 𝐺𝑗 can be 
extended to level-planar drawings of 𝐺𝑗+1. To efficiently represent all possible planar drawings simultaneously, they use PQ-trees.

Our algorithm follows this approach, computing the same PQ-trees, albeit in a simpler way. Namely, Di Battista and Nardelli 
compute their PQ-tree by starting from a spanning tree of 𝐺, and thus their tree contains leaves that lie on multiple levels. By 
contrast, we start with a PQ-tree that contains only the source and then extend this tree level by level. In particular, for each of the 
trees we compute, all leaves lie on the same level.

Consider how a planar drawing ≺ of 𝐺𝑗 can be extended to a drawing of 𝐺𝑗+1. Start by drawing non-intersecting edge stubs 
protruding from 𝑢 for each edge (𝑢, 𝑣) ∈𝐸𝑗 . Lemma 5 states that in any planar drawing, these edge stubs have to be ordered so that 
identical endpoints are consecutive. The stubs can then be extended to complete edges meeting at their shared endpoints without 
causing any edge crossings.

The algorithm is as follows. Instead of considering individual drawings, for each level 𝑗 ∈ [𝑘] a PQ-tree 𝑇𝑗 is computed that 
represents the orders of level-𝑗 vertices across all level-planar drawings of 𝐺𝑗 ; see Fig. 4 for an example.

The tree 𝑇1 consists of a single leaf, the source of 𝐺. Given a tree 𝑇𝑗 , the tree 𝑇𝑗+1 for the subsequent level is generated as follows. 
If 𝑇𝑗 is the null tree, so is 𝑇𝑗+1. If 𝑇𝑗 is not the null tree, consider each leaf 𝑢 of 𝑇𝑗 . If 𝑢 has no outgoing edges in 𝐸𝑗 , mark 𝑢 as obsolete. 
Otherwise, add each outgoing edge as a child of 𝑢 in 𝑇𝑗 . Once all leaves have been considered, post-order traverse through 𝑇𝑗 and 
mark any node as obsolete if all its children are obsolete. Then remove all obsolete nodes from 𝑇𝑗 . The tree now represents the 
possible orders of the edges between levels 𝑗 and 𝑗 + 1. For each vertex 𝑣 ∈ 𝑉𝑗+1 we execute the following two steps. First, we make 
the edge leaves with endpoint 𝑣 consecutive in 𝑇𝑗 using the update operation. Recalling the PQ-tree update operation, the edge leafs 
are now in a single black subtree or in consecutive black subtrees attached to a Q-node. In the second step, we replace these black 
subtrees by a single leaf 𝑣. The following lemma establishes the correctness of this algorithm.
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Fig. 4. Illustration of Di Battista and Nardelli’s algorithm applied to the graph 𝐺3 . Starting from the PQ-tree 𝑇2 in the left, the PQ-tree 𝑇 ⋆

3 in the middle is generated 
by adding all level-3 neighbors as children to 𝑏, 𝑐, 𝑑. Then, multiple occurrences are made consecutive and replaced by a single vertex, leading to 𝑇3, as shown in the 
right.

Lemma 6. Let 𝐺 be a single-source proper 𝑘-level graph and let 𝑇𝑗 be the PQ-tree for some level 𝑗 ∈ [𝑘]. Then (𝑣1, 𝑣2,… , 𝑣𝑡) ∈ consistent(𝑇𝑗 )
if and only if there exists a level-planar drawing ≺ of 𝐺𝑗 that satisfies 𝑣1 ≺𝑗 𝑣2 ≺𝑗 … ≺𝑗 𝑣𝑡.

Proof. We prove the claim by induction on the number of levels. Since 𝐺 has a single source, we have |𝑉1| = 1 and the holds trivially 
for 𝑗 = 1. Assume that the claim holds for some 𝑗 ∈ [𝑘− 1]. We show that it also holds for 𝑗 + 1.

By the inductive hypothesis, consistent(𝑇𝑗 ) contains exactly the orders of level-𝑗 vertices across all level-planar drawings of 𝐺𝑗 . We 
say that 𝑇𝑗 represents 𝐺𝑗 for short. Let 𝐺⋆

𝑗+1 denote the graph obtained from 𝐺𝑗+1 by splitting the vertices on level 𝑗 +1 into multiple 
copies such that they all have degree 1 and label each copy with the corresponding original vertex on level 𝑗 + 1; see Fig. 4. By 
Lemma 5 the level-planar drawings of 𝐺𝑗+1 correspond bijectively to the level-planar drawings of 𝐺⋆

𝑗+1 where the copies of level 𝑗+1
with the same label are consecutive.

Let 𝑇⋆
𝑗+1 be the PQ-tree obtained from 𝑇𝑗 by turning each leaf that corresponds to a level-𝑗 vertex 𝑢 into a P-node with a leaf for 

every edge in 𝐸𝑗 incident to 𝑢, or removing 𝑢 if no edge in 𝐸𝑗 is incident to 𝑢. Note that the edges in 𝐸𝑗 correspond bijectively with 
the level-(𝑗 + 1) vertices of 𝐺⋆

𝑗+1. We first use Lemma 5 to show that 𝑇⋆
𝑗+1 represents 𝐺⋆

𝑗+1. Namely, any drawing ≺ of 𝐺⋆
𝑗+1 induces 

also a drawing of 𝐺𝑗 , whose ordering of level 𝑗 vertices is represented by 𝑇𝑗 . By Lemma 5 the level-(𝑗 + 1) vertices of 𝐺⋆
𝑗+1 adjacent 

to the same vertex on level 𝑗 are all consecutive in ≺. Therefore, a tree equivalent to 𝑇⋆
𝑗+1 whose frontier coincides with the given 

drawing can be obtained by adding the leaves to 𝑇𝑗 in that ordering. Conversely, by construction, any ordering represented by 𝑇⋆
𝑗+1

induces a unique ordering for 𝑇𝑗 , and a corresponding drawing of 𝐺⋆
𝑗+1 can be obtained by adding the level-(𝑗 + 1) vertices to a 

corresponding drawing of 𝐺𝑗 .
It follows that after applying the update operations, the resulting PQ-tree represents the level-(𝑗 + 1) vertex orders of all level

planar drawings of 𝐺⋆
𝑗+1 where level-(𝑗 + 1)-copies with the same label are consecutive. Since these correspond bijectively to the 

orders of the level-planar drawings of 𝐺𝑗+1, the PQ-tree 𝑇𝑗+1 where all leaves with the same label 𝑣 are replaced by a single leaf 𝑣
for each 𝑣 ∈ 𝑉𝑗+1 indeed represents the orders of vertices on level 𝑗 + 1 across all planar drawings of 𝐺𝑗+1. □

From Lemma 6 it follows that if 𝑇𝑗 is the null tree for any 𝑗 ∈ [𝑘], then 𝐺 is not level planar. Otherwise, if 𝑇𝑘 is not the null 
tree, 𝐺 is level planar. For a family of sets  =

{
𝑆1, 𝑆2,… , 𝑆𝑡

}
all update(𝑇 ,𝑆𝑖) operations are feasible in a total running time 

of 𝑂(|𝑇 | +∑𝑡

𝑖=1|𝑆𝑖|) [13]. Let 𝑛𝑗 denote the number of level-𝑗 vertices. Since every inner node of 𝑇𝑗 has at least two children, we 
have |𝑇𝑗 | ∈ 𝑂(𝑛𝑗 + 𝑛𝑗+1) and since  is a family of disjoint sets 

∑𝑡

𝑖=1|𝑆𝑖| ∈ 𝑂(𝑛𝑗+1). This gives linear running time for the entire 
algorithm. Di Battista and Nardelli also give an important link of inner nodes of the PQ-tree 𝑇𝑗 to parts of the graph 𝐺𝑗 ; see Fig. 5
for an illustration.

Lemma 7 ([23], [49, Lemma 4.5]). Let 𝐺 be a single-source proper level graph and let 𝑇𝑗 be the PQ-tree for some level 𝑗 ∈ [𝑘]. Every P

node 𝑌 in 𝑇𝑗 corresponds to a cutvertex of 𝐺𝑗 whose removal from 𝐺𝑗 separates vertices that appear in subtrees rooted at distinct children 
of 𝑌 . Every Q-node 𝑌 in 𝑇𝑗 corresponds to a maximal biconnected component 𝐻 in 𝐺𝑗 . Further, there exists a cycle 𝐶 in 𝐻 so that each 
child 𝑐 of 𝑌 corresponds to a cutvertex 𝑥 of 𝐺𝑗 that lies on 𝐶 and such that removing 𝑥 from 𝐺𝑗 separates the vertices that appear in the 
yield of the subtree rooted at 𝑐 from 𝐻 . 

3.2. A polynomial-time CLP algorithm for single-source graphs

The algorithm from the previous section uses PQ-trees 𝑇𝑗 to restrict all drawings of a level graph to just those that are level planar, 
represented by consistent(𝑇𝑗 ). This section introduces order graphs 𝑃𝑗 , which are used to restrict all drawings of a level graph to just 
those that are compatible with the constraints ⊲ represented by consistent(𝑃𝑗 ), which are a partial order of the vertices.

More precisely, let 𝐺 = (𝑉 ,𝐸) be a proper 𝑘-level graph. The directed graph 𝑃𝑗 = (𝑉 ,𝐹 ) for 𝐺𝑗 , 𝑗 ∈ [𝑘], is constructed by taking the 
empty digraph on the same vertex set as 𝐺𝑗 . Edges are then added step by step. First, for any vertex pair 𝑢, 𝑣 ∈ 𝑉𝑖 on some level 𝑖 ∈ [𝑗]
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Fig. 5. Illustration of Lemma 7. On the left, the cutvertices of 𝐺3 and the corresponding P-nodes in the PQ-tree are marked. In the right, a biconnected component 𝐻
and its corresponding Q-node in the PQ-tree are shaded. The cycle 𝐶 bounding 𝐻 is bold.

Fig. 6. Illustration of Lemma 9. Part (a) shows a PQ-tree 𝑇 and an order graph 𝑃 with yield(𝑃 ) = yield(𝑇 ), and (b) shows 𝑇 ◦ 𝑌 and 𝑃 ◦ 𝑌 for an internal node 𝑌 of 𝑇
whose children are all leaves.

with 𝑢 ⊲ 𝑣, the directed edge (𝑢, 𝑣) is added to 𝑃𝑗 . Next, following the necessary conditions from Lemma 1, whenever (𝑢,𝑤) ∈ 𝐹

and 𝑢𝑤 ≡ 𝑣𝑥, then the directed edge (𝑣,𝑥) is added to 𝑃𝑗 . To ensure transitivity, if (𝑢, 𝑣), (𝑣,𝑤) ∈ 𝐹 , then (𝑢,𝑤) is added to 𝑃𝑗 as well. 
These last two steps are repeated until no more edges can be added to 𝑃𝑗 . We define the order graph 𝑃𝑗 ∶= 𝑃𝑗 [𝑉𝑗 ] as the subgraph 
of 𝑃𝑗 induced by the vertices on level 𝑗. Similarly to the PQ-tree for level 𝑗, we denote by yield(𝑃𝑗 ) = 𝑉𝑗 the vertex set of 𝑃𝑗 , and 
by consistent(𝑃𝑗 ) the set of topological orderings of 𝑃𝑗 .

We claim that the PQ-trees from the previous sections and the order graphs together encode all drawings of a level graph that are 
planar and satisfy the given constraints ⊲. More precisely, let consistent(𝑇𝑗 ,𝑃𝑗 ) ∶= consistent(𝑇𝑗 ) ∩ consistent(𝑃𝑗 ). Our goal is to show 
that there exists a level-planar drawing of 𝐺 compatible with ⊲ if and only if consistent(𝑇𝑗 ,𝑃𝑗 ) ≠ ∅ for all 𝑗 ∈ [𝑘] and to use this to 
test the existence of such a drawing.

The remainder of this section describes (i) the necessary algorithmic ingredients, i.e., construction of the order graph and the 
algorithm for testing whether consistent(𝑇 ,𝑃 ) ≠ ∅ for a PQ-tree 𝑇 and an order graph 𝑃 , (ii) the interoperation of PQ-trees and order 
graphs, and (iii) the resulting CLP algorithm. We start with the algorithmic ingredients.

Lemma 8. Let (𝐺,⊲) be a constrained single-source proper 𝑘-level graph with 𝑛 vertices. The order graphs 𝑃1,… , 𝑃𝑘 can be computed 
in 𝑂(𝑛5) time.

Proof. The graphs 𝑃𝑖 can be constructed iteratively, starting with 𝑃1 , which consists of a single vertex and can be constructed in 𝑂(1)
time. Given 𝑃𝑖, the graph 𝑃𝑖+1 can be constructed by first adding the edges corresponding to ⊲ for vertices in 𝑉𝑖+1; this takes time 
linear in the size of ⊲ over all iterations. Adding edges whose existence is implied by Lemma 1 is possible by considering all 𝑂(𝑛2)
pairs of edges in 𝐸. The other edges can be added by running a transitive closure algorithm, e.g., the Floyd-Warshall algorithm [58], 
which requires 𝑂(𝑛3) time. These last two steps are repeated exhaustively; the resulting graph is 𝑃𝑖+1 .

For the running time, observe that the last two steps are executed at most 𝑂(𝑛2) times over all iterations, because 𝑃𝑘 can contain at 
most 𝑛2 edges. This gives an overall running time of 𝑂(𝑛5) for constructing all graphs 𝑃1,… , 𝑃𝑘. Clearly, 𝑃1,… , 𝑃𝑘 can be computed 
from these in the same running time. □

The next step is to determine whether a PQ-tree 𝑇 and an order graph 𝑃 on the same vertex set are consistent, i.e., 
whether consistent(𝑇 ,𝑃 ) ≠ ∅. Here we rely on an algorithm of Klavík et al. [46]. For the sake of completeness, we give a brief sketch 
of their consistency procedure. First, it picks an inner node 𝑌 of 𝑇 that has only leaves as children. If 𝑃 [𝑌 ] ∶= 𝑃

[
yield(pertinent(𝑌 ))

]
has no suitable topological ordering, 𝑇 and 𝑃 are inconsistent. Otherwise, the PQ-tree 𝑇 ◦ 𝑌 is generated from 𝑇 by removing all 
children of 𝑌 , making it a leaf, and the order graph 𝑃 ◦ 𝑌 is generated from 𝑃 by identifying the vertices in yield(pertinent(𝑌 )) into 
a single vertex 𝑌 ; see Fig. 6. Then 𝑇 and 𝑃 are consistent if and only if 𝑇 ◦ 𝑌 and 𝑃 ◦ 𝑌 are consistent. The running time is linear in 
the size of the order graph.

Lemma 9 ([46, Proposition 2.4]). Let 𝑇 be a PQ-tree and 𝑃 an order graph with identical yields. It can be tested whether consistent(𝑇 ,𝑃 ) ≠ ∅
in time linear in the size of 𝑃 .



Theoretical Computer Science 1045 (2025) 115291

8

G. Brückner and I. Rutter 

Fig. 7. Proof of Lemma 10 for P-nodes and Q-nodes in (a) and (b), respectively. 

Note that while the above sketch destroys 𝑇 by calculating 𝑇 ◦𝑌 , one can simply treat 𝑌 as a leaf in the recursion. The consistency 
procedure then applies equivalence transformations on 𝑇 to make its frontier a topological ordering of 𝑃 , i.e., reordering 𝑇 according 
to 𝑃 .

Consider now a single-source proper 𝑘-level graph (𝐺,⊲). Let 𝑇1,… , 𝑇𝑘 be the corresponding PQ-trees and let 𝑃1,… , 𝑃𝑘 be the 
corresponding order graphs. Our goal is to show that 𝐺 admits a level-planar drawing satisfying ⊲ if and only if consistent(𝑇𝑗 ,𝑃𝑗 ) ≠ ∅
for each 𝑗 ∈ [𝑘]. The following lemma establishes a link between inner nodes of the PQ-tree and the relation ≡ encoded in the order 
graphs.

Lemma 10. Let 𝐺 be a planar single-source proper level graph and let 𝑇 be the corresponding PQ-tree for level 𝑗. Further, let 𝑌 be a node 
in 𝑇 with ordered children 𝑌1, 𝑌2,… , 𝑌𝑡 and let

𝑢 ∈ yield(pertinent(𝑌𝑎)), 𝑤 ∈ yield(pertinent(𝑌𝑏)),

𝑣 ∈ yield(pertinent(𝑌𝑐)), 𝑥 ∈ yield(pertinent(𝑌𝑑 )),

where 1 ≤ 𝑎 < 𝑏 ≤ 𝑡 and 1≤ 𝑐 < 𝑑 ≤ 𝑡. If 𝑌 is a Q-node, or if 𝑌 is a P-node with 𝑐 = 𝑎 and 𝑑 = 𝑏, then 𝑢𝑤≡ 𝑣𝑥.

Proof. First, assume that 𝑌 is a P-node, as shown in Fig. 7 (a). Lemma 7 gives that 𝑌 corresponds to a cutvertex 𝑦 in 𝐺, which 
is hence contained both in 𝑝1 and in 𝑝2. Let 𝑦𝑎 be the neighbor of 𝑦 that corresponds to 𝑌𝑎 and let 𝑦𝑏 be the neighbor of 𝑦 that 
corresponds to 𝑌𝑏. Since 𝐺 has a single source, there exist directed paths (𝑦𝑎,… , 𝑢) and (𝑦𝑏,… ,𝑤) in 𝐺. Lemma 2 yields 𝑢𝑤 ≡ 𝑦𝑎𝑦𝑏. 
The same idea yields 𝑣𝑥 ≡ 𝑦𝑎𝑦𝑏, which gives 𝑢𝑤 ≡ 𝑣𝑥.

Now assume that 𝑌 is a Q-node, as shown in Fig. 7 (b). Lemma 7 gives that 𝑌 corresponds to a biconnected component 𝐻 in 𝐺𝑗 . 
Let 𝑦𝑎, 𝑦𝑏 ∈ 𝑉 (𝐻) denote the cutvertices of 𝐺𝑗 that correspond to 𝑌𝑎 and 𝑌𝑏, respectively. As above, there exist directed paths 𝑝𝑎, 𝑝𝑏
from 𝑦𝑎, 𝑦𝑏 to 𝑢,𝑤, respectively.

Consider now a planar drawing of 𝐺𝑗 whose ordering on level 𝑗 corresponds with the frontier(𝑇𝑗 ). In this drawing 𝐻 is bounded 
by a simple cycle 𝐶 that visits 𝑦𝑎 before 𝑦𝑏 in clockwise direction. Since 𝐺 has a single source, 𝐻 contains a unique peak 𝑝, i.e., a 
vertex of minimum level. Let 𝑝1 be the vertex that lies clockwise after 𝑝 on 𝐶 and let 𝑝2 be the vertex that lies clockwise before 𝑝 on 𝐶 . 
Note that 𝑝1 ≠ 𝑝2. Let 𝑞𝑎 = (𝑝1,… , 𝑦𝑎,… , 𝑢) be the path that is the concatenation of the clockwise subpath of 𝐶 from 𝑝1 to 𝑦𝑎 and 
the path 𝑝𝑎. Similarly, let 𝑞𝑐 = (𝑝2,… , 𝑦𝑏,… ,𝑤) be the path that is the concatenation of the counterclockwise subpath of 𝐶 from 𝑝2
to 𝑦𝑏 and the path 𝑝𝑏. Since 𝑝 does not lie on 𝑞𝑎 or 𝑞𝑏 and 𝑝 is the unique peak of 𝐻 , 𝑝1 and 𝑝2 are the peaks of paths 𝑞𝑎 and 𝑞𝑏, 
respectively. Therefore Lemma 2 gives 𝑢𝑤 ≡ 𝑝1𝑝2. Applying the same idea to the cutvertices 𝑦𝑐, 𝑦𝑑 and vertices 𝑣,𝑥 yields 𝑣𝑥 ≡ 𝑝1𝑝2, 
and therefore 𝑢𝑤 ≡ 𝑣𝑥. □

We are now ready to prove our main result. First observe that a constrained single-source proper level graph (𝐺,⊲) can have 
drawing ≺ that is compatible with ⊲ only if consistent(𝑃𝑗 , 𝑇𝑗 ) ≠ ∅ for each 𝑗 ∈ [𝑘]. To show that the converse holds as well, we prove 
a slightly stronger statement, namely that consistent(𝑇𝑘,𝑃𝑘) contains exactly those linear-orders of the level-𝑘-vertices of 𝐺 which 
can occur in a planar drawing of 𝐺 that is compatible with ⊲.

Lemma 11. Let (𝐺,⊲) be a constrained single-source 𝑘-level graph, and let 𝑇𝑗 and 𝑃𝑗 for 𝑗 ∈ [𝑘] be the PQ-tree and the order graph of 𝐺𝑗 , 
respectively. Assume further that consistent(𝑇𝑗 ,𝑃𝑗 ) ≠ ∅ for 𝑗 = 1,… , 𝑘 and let 𝜋 = (𝑣1,… , 𝑣𝑡) be a linear ordering of 𝑉𝑘. Then 𝐺 has a 
level-planar drawing ≺ that is compatible with ⊲ and for which 𝑣1 ≺𝑘 𝑣2 ≺𝑘 … ≺𝑘 𝑣𝑡 if and only if 𝜋 ∈ consistent(𝑇𝑘,𝑃𝑘).

Proof. We first prove the necessity. Assume that there exists a level-planar drawing ≺ of 𝐺 that is compatible with ⊲ such that ≺𝑘= 𝜋. 
Because ≺ is level-planar, Lemma 6 gives 𝜋 ∈ consistent(𝑇𝑘). Since ≺ is compatible with ⊲, and the order graph 𝑃𝑘 is constructed 
by adding only necessary edges (i.e., edges implied by transitivity or by Lemma 1), it follows that 𝜋 ∈ consistent(𝑃𝑘). Together, this 
gives 𝜋 ∈ consistent(𝑇𝑘,𝑃𝑘).

We prove the reverse direction by induction on the number 𝑘 of levels. Observe that the claim trivially holds for 𝑘 = 1, since then 
𝐺 consists of a single vertex. For the inductive step, assume that the statement holds for all graphs on up to 𝑘 levels and consider 
a graph 𝐺 on 𝑘+ 1 levels. Let 𝜋 ∈ consistent(𝑇𝑘+1, 𝑃𝑘+1) be a linear ordering of 𝑉𝑘+1. We say that an ordering 𝜋′ of the vertices on 
level 𝑘 is compatible with 𝜋 if ordering the vertices on levels 𝑘 and 𝑘 + 1 as 𝜋′ and 𝜋, respectively, yields a crossing-free drawing of 
the edges between levels 𝑘 and 𝑘+ 1. We have the following claim.

Claim 1. There is a linear ordering 𝜋′ ∈ consistent(𝑇𝑘,𝑃𝑘) that is compatible with 𝜋.
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Fig. 8. Case (1) and (2) of the proof of Lemma 11. In case (1), suppose that vertices 𝑢,𝑤 appear in that order in the frontier of 𝑇𝑗 and that there are vertices 𝑣,𝑥
with 𝑢𝑤 ≡ 𝑣𝑥 that have distinct neighbors 𝑣′, 𝑥′ on level 𝑗 + 1. Then the frontier of 𝑇𝑗+1 cannot lie in consistent(𝑃𝑗+1). In case (2), find a conflict induced by a closest 
pair of reversed vertices, e.g., the green conflict between the children 𝑌𝑎 and 𝑌𝑏 (left). Then this conflict can be resolved without creating new conflicts (right). (For 
interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

We first assume the claim and show that it implies the lemma. Hence let 𝜋′ ∈ consistent(𝑇𝑘,𝑃𝑘) be compatible with 𝜋. Consider 
the constrained 𝑘-level subgraph (𝐺𝑘,⊲𝑘) of 𝐺, where ⊲𝑘 is the restriction of ⊲ to vertices of the first 𝑘 levels. Note that 𝑇𝑗 , 𝑗 ∈ [𝑘]
are the PQ-trees of 𝐺𝑘 and that 𝑃𝑗 , 𝑗 ∈ [𝑘] are the order graphs of 𝐺𝑘. By the inductive hypothesis, there is a drawing ≺𝑘 of 𝐺𝑘 that 
is compatible with ⊲𝑘 and where the vertices on level 𝑘 have the order 𝜋′. We then obtain the claimed drawing ≺𝑘+1 by adding the 
vertices of 𝐺 on level 𝑘+1 in the order 𝜋. Since 𝜋 ∈ consistent(𝑃𝑘+1) and ≺𝑘 is compatible with ⊲𝑘, it follows that ≺𝑘+1 is compatible 
with ⊲.

It remains to prove the claim. To this end let 𝜋 = (𝑣1, 𝑣2,… , 𝑣𝑡) ∈ consistent(𝑇𝑘+1, 𝑃𝑘+1). Lemma 6 gives the existence of a planar 
drawing ≺𝑘+1 of 𝐺 with 𝑣1 ≺𝑘+1 𝑣2 ≺𝑘+1 ⋯ ≺𝑘+1 𝑣𝑡. Let 𝜋′′ = (𝑢1, 𝑢2,… , 𝑢𝑡′ ) be the order of the level-𝑘 vertices induced by ≺𝑘+1. 
Because ≺𝑘+1 is level-planar, it follows that 𝜋′′ is compatible with 𝜋 and by Lemma 6 that 𝜋′′ ∈ consistent(𝑇𝑘). Hence there exists at 
least one permutation in consistent(𝑇𝑘) that is compatible with 𝜋.

Let 𝜋′′ be a linear ordering of the vertices on level 𝑘. A conflict is a pair 𝑢,𝑤 of vertices such that 𝑢 occurs before 𝑤 in 𝜋′′, but 𝑃𝑘

contains the edge (𝑤,𝑢). We choose 𝜋′ ∈ consistent(𝑇𝑘) so that it is compatible with 𝜋 and among all such choices it minimizes the 
number of conflicts. In the following we show that 𝜋′ is conflict-free, and therefore 𝜋′ satisfies the properties of the claim.

Assume for the sake of contradiction that 𝜋′ has a conflict. Let 𝑢,𝑤 be a conflict and among all such pair assume that the number 
of vertices between 𝑢 and 𝑤 in 𝜋′ is minimum. The order of 𝑢 and 𝑤 in frontier(𝑇𝑘) is decided by some internal node 𝑌 of 𝑇𝑘 where 𝑢
and 𝑤 are leaves of subtrees rooted at distinct children of 𝑌 , say 𝑌𝑎 and 𝑌𝑏; i.e., 𝑌𝑎 appears to the left of 𝑌𝑏 in the ordered sequence 
of children of 𝑌 . We distinguish cases based on whether 𝑌 is a Q- or a P-node.

1. First consider the case that 𝑌 is a Q-node. See Fig. 8 (1).
(a) Suppose that there are level-𝑘 vertices 𝑣,𝑥 that (i) are leaves of subtrees rooted at distinct children of 𝑌 , say 𝑌𝑐 and 𝑌𝑑 , 

where 𝑌𝑐 appears to the left of 𝑌𝑑 , and (ii) have distinct neighbors 𝑣′, 𝑥′ on level 𝑘 + 1 in 𝐺𝑘+1. By definition 𝑣 ≺𝜋′ 𝑥, and 
since 𝜋′ is compatible with 𝜋, it follows from Lemma 1 that 𝑣′ ≺𝜋 𝑥′. On the other hand, Lemma 10 gives 𝑢𝑤 ≡ 𝑣𝑥 ≡ 𝑣′𝑥′, 
and hence the arc (𝑤,𝑢) in 𝑃𝑘 implies the arc (𝑥′, 𝑣′) in 𝑃𝑘+1. But then 𝑣′ ≺𝜋 𝑥′ contradicts 𝜋 ∈ consistent(𝑃𝑘+1).

(b) Otherwise, reverse the order of the children of 𝑌 . Let 𝑇 ′
𝑘

denote the new tree. We show that frontier(𝑇 ′
𝑘
) is compatible 

with 𝜋. Suppose drawing the edges between levels 𝑘 and 𝑘 + 1 causes a crossing, i.e., there exists a crossing between two 
edges, say (𝑣, 𝑣′) and (𝑥,𝑥′), where 𝓁(𝑣) = 𝓁(𝑥) = 𝑘 and 𝓁(𝑣′) = 𝓁(𝑥′) = 𝑘+1. Since the crossing is produced by reversing the 
order of the children, it follows that reversing the order of the children of 𝑌 reverses the order of 𝑣 and 𝑥, i.e., they are leaves 
of distinct children of 𝑌 . Moreover, 𝑣′ ≠ 𝑥′ since adjacent edges do not cross. This means that the assumptions from case 1a 
are fulfilled, a contradiction. Therefore, reversing the order of the children of 𝑌 does not cause a crossing, i.e., frontier(𝑇 ′

𝑘
)

is compatible with 𝜋 and it has fewer conflicts than 𝜋′. This contradicts the choice of 𝜋′.
2. Second, consider the case that 𝑌 is a P-node.

(a) Suppose that there are level-𝑘 vertices 𝑣,𝑥 that (i) are leaves of the subtrees rooted at 𝑌𝑎 and 𝑌𝑏, respectively, and (ii) have 
distinct neighbors 𝑣′, 𝑥′ on level 𝑘+1 in 𝐺𝑘+1. Planarity gives 𝑣′ ≺𝑘+1 𝑥′. On the other hand, Lemma 10 gives 𝑢𝑤 ≡ 𝑣𝑥 ≡ 𝑣′𝑥′. 
Hence the arc (𝑤,𝑢) in 𝑃𝑘 implies the arc (𝑥′, 𝑣′) in 𝑃𝑘+1. But then 𝑣′ ≺𝜋 𝑥′ contradicts 𝜋 ∈ consistent(𝑃𝑘+1).

(b) Otherwise, we show how to reduce the conflicts in 𝜋′. Because we are not in case 2a, all leaves in the subtrees rooted at 𝑌𝑎, 𝑌𝑏

have no neighbors on level 𝑘+1 or a single neighbor 𝑥′ on level 𝑘+1 that is shared by all of them. We now distinguish two 
cases based on whether both 𝑌𝑎 and 𝑌𝑏 have a leaf that is adjacent to 𝑥′ .

i. Suppose that there exist leaves 𝑣,𝑥 in the subtrees rooted at 𝑌𝑎, 𝑌𝑏, respectively, that are both adjacent to 𝑥′. Since 𝜋′

is compatible with 𝜋, it follows that all leaves of subtrees rooted at 𝑌𝑖 with 𝑎 ≤ 𝑖 ≤ 𝑏 have 𝑥′ as their only neighbor on 
level 𝑘+1 or they do not have any neighbor on level 𝑘+1 in 𝐺𝑘+1. Let 𝑇 ′

𝑘
be the PQ-tree obtained from 𝑇𝑘 by moving 𝑌𝑎

so that it becomes the right neighbor of 𝑌𝑏 . Note that this only changes the relative order of vertices that are leaves of 
subtrees rooted at children 𝑌𝑖 with 𝑎 < 𝑖 ≤ 𝑏. Because all of these vertices have the same neighbor 𝑥′ on level 𝑘 + 1, if 
at all, the resulting ordering frontier(𝑇 ′

𝑘
) is still compatible with 𝜋′. Finally, since 𝑢,𝑤 was a closest pair of conflicting 

vertices, frontier(𝑇 ′
𝑘
) contains no new conflicts.

ii. Otherwise, the leaves of one or both of the subtrees rooted at 𝑌𝑎, 𝑌𝑏 have no neighbor on level 𝑘 + 1. Assume that 
the leaves of 𝑌𝑎 have no such neighbor. Similarly to above, we obtain the PQ-tree 𝑇 ′

𝑘
from 𝑇𝑘 by moving 𝑌𝑎 so that 
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it becomes the right neighbor of 𝑌𝑏 . This only changes the relative order of vertices that are leaves of subtrees rooted 
at 𝑌𝑎 and children 𝑌𝑖 with 𝑎 < 𝑖 ≤ 𝑏. Note that since 𝑌𝑎 has no leaf that has a neighbor on level 𝑘 + 1, frontier(𝑇 ′

𝑘
) is 

compatible with 𝜋. Moreover, 𝑢,𝑤 is not a conflicting pair of frontier(𝑇 ′
𝑘
) and since 𝑢,𝑤 was a closest pair of conflicting 

vertices, frontier(𝑇 ′
𝑘
) contains no new conflicts. The case that no leaf of 𝑌𝑏 has a neighbor on level 𝑘+ 1 can be treated 

analogously, except that we move 𝑌𝑏 to become the left neighbor of 𝑌𝑎 in this case.
In both cases we have resolved a conflict without creating new conflicts while maintaining planarity, i.e., we reach a contra
diction to the choice of 𝜋′.

Altogether, this shows that a permutation 𝜋′ ∈ consistent(𝑇𝑘) that is compatible with 𝜋 and minimizes the number of conflicts is 
actually conflict-free, and the claim is proved. □

In particular, we have the following corollary.

Corollary 1. Let (𝐺,⊲) be a constrained single-source proper 𝑘-level graph and let 𝑇𝑗 and 𝑃𝑗 for 𝑗 ∈ [𝑘] be the PQ-tree and the order graph 
of 𝐺𝑗 , respectively. Then 𝐺 admits a level-planar drawing that satisfies ⊲ if and only if consistent(𝑇𝑗 ,𝑃𝑗 ) ≠ ∅ for 𝑗 ∈ [𝑘].

This immediately yields a polynomial-time algorithm for CLP, which works as follows. First, compute all order graphs 𝑃1,… , 𝑃𝑘

in 𝑂(𝑛5) time by Lemma 8. Second, start with the PQ-tree 𝑇1, which has a single leaf. For 𝑖 ∈ {2,… , 𝑘} compute 𝑇𝑖 from 𝑇𝑖−1 as in 
the algorithm of Di Battista and Nardelli, which takes 𝑂(𝑛) time over all levels, and then check whether consistent(𝑇𝑖, 𝑃𝑖) ≠ ∅ using 
Lemma 9, which takes 𝑂(𝑛2) time per level. The dominating part therefore is the 𝑂(𝑛5) time resulting from the construction of the 
order graphs. Altogether we obtain the following theorem.

Theorem 1. CLP can be solved in 𝑂(𝑛5) time.

We note that the test can be modified to output a corresponding drawing by following the construction in the proof of Lemma 11.

3.3. An efficient CLP algorithm for single-source graphs

The running time of the CLP algorithm from the previous section can be improved to 𝑂(𝑛 + 𝑘𝑠), where 𝑠 is the size of ⊲, i.e., 
the number of vertex pairs that are comparable w.r.t. ⊲. To this end, order graphs and PQ-trees are merged into a single new data 
structure, a so-called constrained PQ-tree.

The main bottleneck in the algorithm from the previous section is the computation of the order graph. Consider a PQ-tree 𝑇𝑗

of some level 𝑗 that contains an inner node 𝑌 with two child edges 𝑒 = (𝑌 ,𝑍) and 𝑓 = (𝑌 ,𝑍′). If the order graph 𝑃𝑗 contains 
an edge (𝑥, 𝑦) with 𝑥 ∈ yield(pertinent(𝑍) and 𝑦 ∈ yield(pertinent(𝑍′)), then by Lemma 10 it also contains the edge (𝑥′, 𝑦′) for 
each 𝑥′ ∈ yield(pertinent(𝑍)) and each 𝑦′ ∈ yield(pertinent(𝑍′)). On the other hand, all these edges in the order graph encode the 
same piece of information: 𝑒 needs to occur before 𝑓 in the order of children of 𝑌 . Rather than exhaustively propagating this 
information through the entire order graph, it is much more efficient to simply store this information directly inside the PQ-tree and 
to restrict the frontier to orderings that satisfy these constraints. Note that by Lemma 10, the order graph can be reconstructed from 
these constraints. Therefore the correctness of the approach is unaffected, however the compression of the information yields a gain 
of efficiency. In the following we give a more detailed description of the approach.

A constrained PQ-tree is a PQ-tree 𝑇 that stores additional edge constraints. An edge constraint is an ordered pair of edges (𝑒, 𝑓 )
of the tree that have the same parent node 𝑌 with the meaning that 𝑒 must occur before 𝑓 in the counter-clockwise order of edges 
around 𝑌 starting with the parent edge. See Fig. 9 for an example (constraints and parent edges are colored). This information can 
be stored as follows. Each edge stores a doubly linked list of all constraints it is involved in, and each constraint that involves two 
edges 𝑒, 𝑓 also has a pointer to the corresponding entries in the constraint lists of 𝑒 and 𝑓 . This allows to remove a given constraint 
in 𝑂(1) time. Since every constraint requires 𝑂(1) space, a constrained PQ-tree with 𝑐 constraints requires space 𝑂(𝑛+ 𝑐).

The main task is to enhance the update procedure so that it correctly handles the constraints. Recall that the update step colors 
nodes black or white if their subtree contains only black or only white leaves. We extend this notion to edges and call an edge of the 
PQ-tree black if it is incident to a black node and white if it is incident to a white node. When updating a constrained PQ-tree, it may 
be necessary to replace a constraint (𝑒, 𝑓 ) at a node 𝑌 by another equivalent constraint. This is the case when 𝑌 is split so that the 
edges corresponding to 𝑒 and 𝑓 end up at different parent nodes after the update; see the left (dashed, blue) and the middle (dotted, 
green) constraint in Fig. 9. In the following we distinguish cases based on whether 𝑒 and 𝑓 are terminal, black, or white.

First consider the case that 𝑒 is terminal. Then (𝑒, 𝑓 ) needs to be replaced by the equivalent constraint (𝑒′, 𝑓 ), where 𝑒′ is determined 
as follows. Let 𝑌 be the parent node of 𝑒 and 𝑓 and let 𝑒 = (𝑌 ,𝑍). Then 𝑒′ is the black child edge of 𝑍 that is a neighbor of 𝑒. This 
edge can be found in constant time. The same procedure can be used if 𝑓 is terminal, e.g., the green constraint in Fig. 9. Next we 
consider constraints that do not involve a terminal edge. Such a constraint has to be moved if one edge is white, and the other edge is 
black. Assume that 𝑒 is white and 𝑓 is black. Then (𝑒, 𝑓 ) is replaced by the constraint ((𝑌 ,𝑥), (𝑌 ′, 𝑥)), where 𝑌 ′ is the split node of 𝑌 . 
Analogously, if 𝑒 is black and 𝑓 is white, (𝑒, 𝑓 ) is replaced by ((𝑌 ′, 𝑥), (𝑌 ,𝑥)). For an example, see the blue constraint in Fig. 9. Note 
that all replacement operations have constant running time. All other constraints do not have to be replaced, e.g., the red constraint 
in Fig. 9.
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Fig. 9. The update procedure for constrained PQ-trees. Constraints are drawn as arcs, together with their respective parent edges. The dashed blue constraint involves 
a white and a black edge, the dotted green constraint involves a black edge and a terminal edge, and the solid red constraint involves two black edges. Observe that 
the update unifies the parent edges of the dashed blue and the dotted green edge.

Observe that only constraints that involve a black or terminal edge are considered for replacement. The update runs as usual, 
taking amortized linear time in the number of leaves that are made consecutive by Lemma 4. However, there is an additional cost for 
updating the constraints. We note that Q-nodes are not explicitly represented in the PQ-tree data structure and therefore references to 
their parents cannot necessarily be queried in constant time. However, such references are computed for Q-nodes on the terminal path 
as part of the update procedure, and only constraints around such nodes are candidates for replacement. Hence a single replacement 
takes 𝑂(1) time. Overall the additional time for replacing constraints is linear in the number of constraints in the PQ-tree that need 
to be replaced, which gives an amortized running time of 𝑂(|𝑆| + 𝑐) for an update operation on a set of 𝑆 leaves in a constrained 
PQ-tree with 𝑐 constraints.

Let us now consider the concrete use constrained PQ-trees in the context of the constrained level planarity problem. The initial 
constrained PQ-tree 𝑇1 for the first level is constructed as before (without any constraint). The construction of 𝑇𝑗+1 from 𝑇𝑗 is done 
as before, except that the considered PQ-trees now have constraints and as a post-processing, the constraints of level 𝑗 +1 are added.

Recall that constructing 𝑇𝑗+1 from 𝑇𝑗 involves first constructing the tree 𝑇⋆
𝑗+1 by removing obsolete leaves (without neighbors 

on level 𝑗 + 1), turning the remaining leaves into P-nodes, and adding one leaf for each incident edge in 𝐸𝑗 . Clearly, this step takes 
time 𝑂(|𝑇𝑗 | + |𝑉𝑗+1|), also for constrained PQ-trees. Afterwards 𝑇𝑗+1 is obtained from 𝑇⋆

𝑗+1 by making the incoming edges of each 
vertex 𝑣 on level 𝑗 + 1 consecutive and replacing the resulting consecutive set of edges by the single leaf 𝑣. Let 𝑆1 ,… , 𝑆𝑡 be the sets 
that are made consecutive in this step. The running time for the update itself is 𝑂(|𝑇𝑗 |+ |𝑉𝑗+1|+

∑𝑡

𝑗=1 |𝑆𝑖|) plus for each update the 
cost of replacing the 𝑐 constraints in the constrained PQ-tree. Here the important observation is that a constraint is replaced only if 
one of its edges is black or terminal. Hence, any constraint is considered for replacement at most twice during all the updates of a 
level, and hence the running time for computing 𝑇𝑗+1 from 𝑇𝑗 is 𝑂(|𝑇𝑗 | + |𝑉𝑗+1| +

∑𝑡

𝑗=1 |𝑆𝑖| + 𝑐) for a constrained PQ-tree with 𝑐
constraints. Finally, it remains to add the constraints of level 𝑗+1 to the new PQ-tree 𝑇𝑗+1. With a data structure for computing lowest 
common ancestors in 𝑂(1) time [32], this can be done in 𝑂(|𝑇𝑗+1| + 𝑠𝑗+1) time, where 𝑠𝑗+1 is the size of ⊲𝑗+1, i.e., the number of 
vertex pairs in 𝑉𝑗+1 that are comparable w.r.t. ⊲𝑗+1. Altogether, computing 𝑇𝑗+1 from 𝑇𝑗 therefore takes time 𝑂(|𝑇𝑗 |+ |𝑉𝑗+1|+ 𝑐+ 𝑠𝑗 )
time. Since the number of constraints in the tree is at most 𝑠, it follows that 𝑐 ≤ 𝑠 and summing this over all 𝑘 levels yields a running 
time of 𝑂(𝑛+ 𝑘 ⋅ 𝑠) for computing the constrained PQ-tree 𝑇𝑗 for 𝑗 ∈ {1,… , 𝑘}.

To check whether a constrained PQ-tree has a frontier that is consistent with the stored constraints, we use a similar procedure to 
the one from Section 3.2, i.e., we check for every P-node whether the constraints around it are acyclic and for every Q-node whether 
the constraints around it are non-conflicting. The running time of this procedure for level 𝑗 is 𝑂(|𝑉𝑗 |+ 𝑠).

In summary, to solve CLP, run the algorithm from Section 3.1 to compute the constrained PQ-tree 𝑇𝑗 (including the level-𝑗
constraints) for each level 𝑗 as shown above and then run the consistency procedure for each level. In this way, the consistent 
orderings of the constrained PQ-tree 𝑇𝑗 are exactly the orderings that are consistent with both the ordinary PQ-tree of level 𝑗 and 
the order graph of level 𝑗. It hence follows from Corollary 1 that 𝐺 admits a drawing that satisfies the constraints if and only if 𝑇𝑗 is 
consistent for each level 𝑗 ∈ [𝑘]. We conclude the following.

Theorem 2. For proper single-source 𝑘-level graphs CLP can be solved in time 𝑂(𝑛+𝑘𝑠), where 𝑛 is the number of vertices in the graph and 𝑠
is the size of the constraints. In particular, PLP can be solved in 𝑂(𝑘𝑛) time for single source proper 𝑘-level graphs.

We note that, in general, we may assume 𝑘 ≤ 𝑛 and 𝑠 ∈𝑂(𝑛2). Therefore the running time of the algorithm is in 𝑂(𝑛3), while for 
partial proper 𝑘-level graphs, we have 𝑠 ∈𝑂(𝑛) and thus the running time is 𝑂(𝑛2).

4. Complexity of the general case

It is an interesting question whether the algorithm can be extended to graphs with multiple sources. Jünger et al. [41] extend 
Di Battista and Nardelli’s level planarity testing algorithm for multi-source graphs. To this end, they run an instance of Di Battista 
and Nardelli’s algorithm for every source of the graph. As soon as the algorithm has progressed to a level 𝑗 where multiple sources 
belong to the same connected component in 𝐺𝑗 , the corresponding PQ-trees are merged. Unfortunately, the order graphs from the 
previous section cannot simply be reused in the multi-source case, because neither does Lemma 10 apply to multi-source graphs, nor 
is it obvious how constraints should be handled during the merge operation. One possible solution stems from the fact that any level 
graph with multiple sources can be transformed into a level graph with one source by adding one vertex and some edges, without 
changing its planarity. To see this, consider a planar drawing of a graph. Any level-𝑗 source can be removed by adding an edge to a 
suitable vertex on level 𝑗 − 1. For an example, see Fig. 10. The difficulty of this procedure is to find out which edges to add. If the 
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Fig. 10. Removing sources from a multi-source level graph. Part (a) shows a level graph 𝐺 with six sources. Sources are highlighted as white disks, all other vertices 
are drawn as black vertices. By applying the procedure outlined above Corollary 2, the supergraph 𝐺′ shown in part (b) is generated. This new graph has only one 
source. Only a single new vertex has been added, namely 𝑠̂, and six edges, one for every former source, have been added. These new edges are drawn in bold.

input graph 𝐺 has a fixed number 𝑟 of sources, one can simply try all possible combinations of edges. There are at most 𝑛 choices per 
source, leading to a total of 𝑛𝑟 choices. For each of them we employ the algorithm from Theorem 2.

Corollary 2. For proper 𝑘-level graphs with 𝑟 sources, CLP can be solved in time 𝑂(𝑛𝑟(𝑛+ 𝑘𝑠)).

Indeed, it is unlikely that order graphs can be used for multi-source graphs as well, because in this section we show that PLP is NP
complete in the general case by reducing from the NP-hard problems 3-Partition and Planar Monotone 3-Sat [22]. The first 
reduction shows that PLP is NP-complete even for proper level graphs whose number of levels is bounded by a constant. The second 
reduction shows that PLP is NP-complete even for proper level graphs with fixed combinatorial embedding and high connectivity.

4.1. 3-Partition reduction

The 3-Partition problem asks whether a given multiset of integers can be partitioned into triples (referred to as buckets) so 
that the sums of elements of all triples are equal (i.e., all buckets have the same size). More formally, an instance of 3-Partition 
consists of a set 𝐴 of 𝑛 = 3𝑚 elements, a bound 𝐵 ∈ ℤ+, and a size 𝑠(𝑎) ∈ ℤ+ for each 𝑎 ∈ 𝐴 such that 𝐵∕4 < 𝑠(𝑎) < 𝐵∕2 and such 
that 

∑
𝑎∈𝐴 𝑠(𝑎) = 𝑚𝐵. The question is then whether 𝐴 can be partitioned into 𝑚 disjoint sets 𝐴1,𝐴2,…𝐴𝑚 such that for 1 ≤ 𝑖 ≤ 𝑚

the equation 
∑

𝑎∈𝐴𝑖
𝑠(𝑎) = 𝐵 holds true. Note that each 𝐴𝑖 must therefore contain exactly three elements from 𝐴. The 3-Partition 

problem is strongly NP-complete [30].
The idea of the reduction is to construct a bucket graph, which largely consists of gadgets of two kinds. The first kind of gadget 

is the socket. There are a total of 
∑

𝑎∈𝐴 𝑠(𝑎) sockets, which are organized into 𝑚 buckets. The second kind of gadget is the pin. Every 
element 𝑎 ∈𝐴 is represented by a plug that consists of 𝑠(𝑎) pins. As the naming suggests, sockets and plugs interact with each other. 
In any planar embedding of the bucket graph, every plug of size 𝑠(𝑎) is coupled to 𝑠(𝑎) sockets, and every socket is coupled to one 
pin of some plug. The embedding of the sockets is fixed by the partial drawing, whereas the order of the plugs remains variable. The 
bucket structure ensures the required property of the 3-Partition problem that every set 𝐴𝑖 must contain exactly three elements. 
Furthermore, the sets 𝐴1,𝐴2,… ,𝐴𝑚 can be easily determined by inspecting the 𝑖-th bucket of the bucket graph.

The socket, pin and plug gadgets are shown in Fig. 11. A socket consists of a U-shaped path, together with two short 𝑦-monotone 
intertwined paths connected to it. The endpoints of these paths lie on the same level so that the endpoint of the path running 
downwards lies to the right of the endpoint of the path running upwards. Sockets are always fixed by the partial drawing. A pin is 
a simple serpentine-shaped path designed to fit into socket by ``snaking'' its way through the socket to reach the bottom. Pins are 
not part of the partial drawing. A pin is coupled with a socket when the end of plug 𝑝𝑒 lies in between the vertices 𝑠𝓁 and 𝑠𝑟 of the 
socket. To create adjacent sockets, take two sockets and identify the path (𝜁,… , 𝑠𝑟) of the left socket and the path (𝛼,… , 𝑠𝓁 ) of the 
right socket. To create a plug of size 𝑘, identify the roots of 𝑘 pins. Fig. 11 (c) shows a plug of size two coupled with two adjacent 
sockets. It is readily observed that a socket cannot be coupled with more than one pin or plug without causing edge crossings.

The bucket graph is constructed step-by-step, starting out with an empty level graph. Given an instance of the 3-Partition 
problem, the first step is to create a total of 𝑚𝐵 pins so that the roots of all pins are on level 7. Then, for every element 𝑎 ∈ 𝐴, 
take 𝑠(𝑎) pins and merge their roots to create one plug of size 𝑠(𝑎) and associate 𝑎 with it. Given a plug 𝑝, the associated element is 
denoted by 𝑎(𝑝). At this point the strong NP-completeness is required because a plug of size 𝑠(𝑎) is created by merging the roots of 𝑠(𝑎)
pins. Next, create 𝑚𝐵 adjacent sockets. Note that this equals the number of pins created. We will later ensure that in every drawing 
the plugs have to lie within the socket structure, which ensures that each pin has to be coupled with a socket and, by planarity, 
the pins of a plug have to be coupled with consecutive sockets. To model the partitions, we organize the sockets into buckets by 
adding 𝑚 + 1 new vertices, called bucket separators on level 7 so that, for 1 ≤ 𝑖 ≤ 𝑚, the 𝑖-th bucket separator is connected to the 
vertex 𝛼 of the ((𝑖 − 1)𝐵 + 1)-th socket and the (𝑚 + 1)-th bucket separator is connected to the vertex 𝜁 of the 𝑚𝐵-th socket. Since 
the bucket separators lie on the same level as the roots of the plugs, any plug must clearly lie completely on either side of any bucket 
separator. Finally, to ensure that the plugs have to be embedded inside the socket structure, we add a roof construction on top of 
the bucket graph and attach the roots of all plugs to its center vertex as shown in the top of Fig. 12. Namely, we first create a path 
of length 2 whose endpoints are on level 8 and whose center point is on level 9, and we connect its left and right endpoints to the 
leftmost and the rightmost bucket separator, respectively, and we connect the plugs to its center vertex. To ensure that the plugs have 
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Fig. 11. Part (a) shows a socket drawn in black and part (b) shows a pin drawn dashed and blue. The pin has a root vertex 𝑝𝑟 and an end vertex 𝑝𝑒. A pin is coupled 
with a socket when the end vertex of the pin, 𝑝𝑒 , lies between the vertices 𝑠𝓁 and 𝑠𝑟 of the socket. It is shown that a socket can be coupled with at most one pin. In 
part (c), a plug of size two is coupled with two adjacent sockets. The plug of size two is created by merging the roots of two pins. It is shown that a plug of size 𝑘 is 
always coupled with 𝑘 adjacent sockets.

Fig. 12. A bucket graph. There are a total of 𝑚 buckets, each of which consists of eight adjacent sockets, drawn in black. The bucket separators are drawn as slightly 
larger black vertices. The plugs are drawn dashed blue. The sockets of the first bucket are coupled with three plugs. Two of these plugs have size three and the third 
plug has size two. This means that one of the triples in the corresponding 3-Partition problem is (3,3,2). Similarly, the 𝑚-th bucket corresponds to the triple (4,1,3).

to be embedded in the interior of the construction, we add an additional vertex on level 10, which we connect to three vertices of 
the path.

At this point, the equivalence of finding a solution for a 3-Partition instance  and extending the partial drawing ≺′ of the 
corresponding bucket graph 𝐺 can be shown. Assume  =

{{
𝑎1, 𝑎2, 𝑎3

}
,… ,

{
𝑎3𝑚−2, 𝑎3𝑚−1, 𝑎3𝑚

}}
is a solution of the given 3

Partition instance . Since  is a solution for , it is 𝑠(𝑎1) + 𝑠(𝑎2) + 𝑠(𝑎3) = 𝐵. To complete the partial drawing ≺′ of 𝐺, take 
the first three plugs and couple them with the sockets of the first bucket. This same reasoning can be applied to all other triples 
in , resulting in a complete level-planar drawing ≺ of the bucket graph 𝐺. Now let 𝐺 be the bucket graph corresponding to a 
3-Partition instance  and assume that 𝐺 has a level-planar drawing <. The drawing ≺ gives a strict total order on the roots 
of all plugs: 𝑝1 ≺ 𝑝2 ≺ 𝑝3 ≺ … ≺ 𝑝3𝑚−2 ≺ 𝑝3𝑚−1 ≺ 𝑝3𝑚. Consider the first bucket 𝑏1 and recall the size restriction 𝐵∕4 < 𝑠(𝑎) < 𝐵∕2
for each 𝑎 ∈ 𝐴 of the instance . This means that 𝑝1 and 𝑝2 alone cannot fill the bucket 𝑏1. Likewise, 𝑝1, 𝑝2, 𝑝3 and 𝑝4 cannot fit 
in the bucket 𝑏1. So, the only plug candidates to fill the first bucket are the three first plugs 𝑝1, 𝑝2 and 𝑝3. Each socket is cou
pled with a plug and because each bucket is made up of 𝐵 sockets, it follows that 𝑠(𝑎(𝑝1)) + 𝑠(𝑎(𝑝2)) + 𝑠(𝑎(𝑝3)) ≤ 𝐵. Because no 
plug spans across multiple buckets, this means that 𝑠(𝑎(𝑝1)) + 𝑠(𝑎(𝑝2)) + 𝑠(𝑎(𝑝3)) ≥ 𝐵. Together with the previous statement, this 
gives 𝑠(𝑎(𝑝1)) + 𝑠(𝑎(𝑝2)) + 𝑠(𝑎(𝑝3)) = 𝐵. This same reasoning can then be applied to the next three plugs 𝑝4, 𝑝5 and 𝑝6, and so on, up 
to the last three plugs 𝑝3𝑚−2, 𝑝3𝑚−1 and 𝑝3𝑚. Hence,

{{
𝑎(𝑝1), 𝑎(𝑝2), 𝑎(𝑝3)

}
,… ,

{
𝑎(𝑝3𝑚−2), 𝑎(𝑝3𝑚−1), 𝑎(𝑝3𝑚)

}}

is a solution for the 3-Partition instance . Using a similar construction we can remove all cutvertices from the bucket graph, except 
one; see Fig. 13. We conclude the following. 

Theorem 3. The PLP problem is NP-complete even for proper level graphs with a single cutvertex and a constant number of levels.

We want to highlight the fact that because both the number of cutvertices and the number of levels is bounded by a constant, it 
is unlikely that PLP is fixed-parameter tractable with respect to either of these two parameters.
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Fig. 13. A connected bucket graph with a single cutvertex. The bucket structure, consisting of two interconnected cycles (bold) is drawn in black. The plugs, each of 
which is a cycle, are drawn in blue. All of the plug cycles share a single vertex with the bucket structure, which is the only cutvertex in the graph.

Fig. 14. A variable-clause graph (a), the construction to ensure that each literal appears at most three times (note 𝑣⇔ 𝑣′′) (b) and the modified version with 𝑦-monotone 
Jordan arcs (c).

4.2. Planar Monotone 3-Sat reduction

In this section, we present another reduction to show that PLP is NP-complete even when restricted to biconnected proper subdi
visions of triconnected graphs with fixed combinatorial embedding and constant maximum vertex degree.

Recall that 3-Sat is the problem of deciding, given a set of variables 𝑉 and a set of clauses  where every clause 𝐶 ∈  contains 
at most three literals, whether there is a Boolean truth assignment for the variables in 𝑉 so that every clause contains at least one 
literal that evaluates to true. A clause is called positive if it contains only positive literals, and negative if it only contains negative 
literals. A 3-Sat instance is monotone if it contains only positive and negative clauses. Further restrictions are expressed in terms of 
the variable-clause graph. The vertex set of this graph is 𝑉 ∪ and a variable 𝑣 and a clause 𝐶 are connected by an edge if and only if 𝑣
or ¬𝑣 occurs in 𝐶 . Planar Monotone 3-Sat is the restriction of 3-Sat to monotone instances whose variable–clause graph can be 
drawn in such a way that all variable vertices are drawn as squares on a vertical straight line, the line of variables, clauses are drawn 
as rectangles of variable height, all edges are drawn as horizontal straight lines, and positive clauses are drawn to the right of the line 
of variables and negative clauses are drawn to the left of the line of variables. Fig. 14 (a) shows a variable-clause graph. De Berg and 
Khosravi proved that Planar Monotone 3-Sat is NP-complete [22, Theorem 1]. Note that every literal in a Planar Monotone 
3-Sat instance can be assumed to occur in at most three clauses. See Fig. 14 (b) to see how for a variable 𝑣 whose literals appear 
more than three times new variables 𝑣′, 𝑣′′ and clauses (𝑣∨ 𝑣′), (¬𝑣∨¬𝑣′), (𝑣′ ∨ 𝑣′′), (¬𝑣′ ∨ ¬𝑣′′) can be created. Note 𝑣⇔ 𝑣′′, so some 
literals of 𝑣 can be replaced by literals of 𝑣′′. This construction can be repeated until each literal appears in at most three clauses.

To transform a Planar Monotone 3-Sat instance  into a PLP instance (𝐺,≺′), parts of the variable clause graph are replaced 
by level graph gadgets together with partial drawings thereof. First, the drawing is altered so that all edges are drawn as 𝑦-monotone 
Jordan arcs that connect to the bottom of clause rectangles and to the top of variable rectangles; see Fig. 14 (c). Then, every variable 
is replaced by a variable gadget, every clause is replaced by a clause gadget and every edge is replaced by a pipe gadget. 

The pipe gadget consists of two channels that are fixed by the partial drawing, and one conductor that remains to be drawn. Fig. 15
shows a pipe gadget, where the channels are drawn in black and the conductor is drawn in blue. Depending on the completion of 
the partial drawing, the conductor may flow through either the left or the right channel. Note the construction in the middle, which 
serves to connect the inner part separating the two channels to the boundary. It splits the conductor into a lower and an upper part. 
The partial drawing is used to force the upper end of the lower part of the conductor between the claw-like structure at the lower 
end of the upper part of the conductor. This means that even though the conductor is split into two parts, both of them must lie in 
the same channel. Each pipe gadget is then merged with a clause gadget at the top and with a variable gadget at the bottom. The 
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Fig. 15. The two states of a pipe gadget. The partial drawing is solid black, the conductor is dashed blue. Note the construction in the middle, which serves to connect 
the inner part separating the two channels to the boundary.

Fig. 16. A variable gadget configured as false. The partial drawing is solid black, the conductors are dashed blue and the pin structure of the variable is dashed red. 
The pin structure must lie entirely left or right of the separator vertex ensures that the pin structure lies entirely left or right of the separator.

negative clauses, which lie left of the variables, are connected to the leftmost three pipes that leave a variable, while the positive 
clauses, which lie right of the variables, are connected to the rightmost three pipes. This way, information is relayed between clause 
gadgets and variable gadgets.

The variable gadget consists of six merged pipe ends, separated in the middle by a separator vertex, and three pins merged at 
their lower endpoint. This pin structure must lie either completely to the left of the separator, or completely to its right. Depending 
on this, the variable is configured as true or false. Fig. 16 shows a variable gadget configured as false.

Property 1. Every planar drawing of the variable gadget that extends the partial drawing has the following property. If it is configured as 
false (as true), the conductors of all pipes leading to the gadgets of positive (negative) clauses all run through their right channels. The channel 
choice of the conductors of all pipes leading to negative (positive) clauses is not restricted.

The clause gadget consists of three merged pipe ends where the top vertex of the left boundary of the left pipe and the top vertex 
of the right boundary of the right pipe are further connected by a path of length 2. Moreover, a pin is attached to the left endpoints 
of the path; see Fig. 17, which shows a clause gadget where the first literal is satisfied. In a drawing of the clause that extends the 
given partial drawing, the pin must be drawn inside one of the pipes, thereby forcing the conductor of that pipe to flow through the 
left channel.

Property 2. In a drawing of the clause gadget that extends the given partial drawing, the conductor of at least one of the three connected 
pipes must run through the left channel. 

Given an instance  of Planar Monotone 3-Sat, the corresponding PLP instance (𝐺,≺′) can clearly be computed in polynomial 
time. Assume that there exists a planar completion of ≺′ . Consider a positive clause 𝐶 . Property 2 states that the conductor of at least 
one of the connected pipes must run through the left channel. Suppose that the variable 𝑋 at the other end of this pipe is configured 
as false. Then Property 1 states that the conductors of all pipes leading to positive clauses, including 𝐶 , must run through the right 
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Fig. 17. The clause gadget; pipes 1 and 3 transmit a literal value that satisfies the clause. The conductors are dashed blue, the pin of the clause is dotted red. 

channel. This is a contradiction, so 𝑋 must be configured as true and 𝐶 is satisfied. A similar argument can be made when 𝐶 is a 
negative clause.

Conversely, suppose that all variable gadgets are configured according to a satisfying assignment. Consider a positive clause 𝐶 . 
Since 𝐶 is satisfied, at least one of its variables 𝑋 is true. Let the conductor of the pipe 𝑃 connecting 𝐶 and 𝑋 flow through the left 
channel. This is possible because according to Property 1, only the conductors of pipes leading to negative clauses must run through 
the right channel. A similar argument can be made when 𝐶 is a negative clause. Any remaining conductors may flow through either 
channel.

Hence, a planar completion of ≺′ exists if and only if there is a satisfying variable assignment for . With the NP-completeness of 
Planar Monotone 3-Sat, this gives the following.

Theorem 4. The problem PLP is NP-complete even for connected proper level graphs.

The reduction can be strengthened by replacing each vertex and each edge of the gadgets by a suitable internally triangulated 
graph (see Fig. 18) such that the resulting graph is a subdivision of a triconnected graph. Then the combinatorial embedding of the 
graph is fixed. Moreover, the maximum vertex degree is bounded, and there is only a constant number of sources per level. Note that 
here it is crucial that the graph we start with is connected.

Theorem 5. The PLP problem remains NP-complete when restricted to proper subdivisions of triconnected graphs of bounded degree.

Because triconnected planar graphs have a fixed combinatorial embedding this result also implies NP-completeness of the PLP 
problem for level graphs with a fixed combinatorial embedding.

5. Conclusion

In this paper we studied a constrained version of level planarity that allows to specify constraints on the linear order of vertices 
in the sought drawing. This problem contains as a special case the problem of extending a partial drawing in the level-planar setting, 
a problem that has recently received considerable interest for many other drawing styles and also other graph representations. Our 
algorithm for single-source proper 𝑘-level graphs takes 𝑂(𝑛 + 𝑘𝑠) time, where 𝑛 is the number of vertices and 𝑠 is the size of the 
constraints. For non-proper single-source graphs, we first subdivide them to make the graph proper, which increases the graph size 
to 𝑂(𝑛𝑘) and therefore results in a running time of 𝑂(𝑛𝑘+ 𝑘𝑠). It is an interesting question whether the running time for non-proper 
graphs can be improved.

Another question is whether the restriction to instances with a single source can be alleviated. While our strong hardness results 
leave little room for polynomial-time algorithms for much larger classes of instances than single-source graphs, in view of Corollary 2, 
our most important open question is whether CLP is fixed-parameter tractable with respect to the number of sources in the graph. The 
recent algorithm for showing that upward planarity is FPT with respect to the number of sources [18] as well as recently developed 
SPQR-tree variant for single-source level planarity [17] may be interesting starting points in this regard.

Another interesting question is whether our techniques can be adapted for related drawing styles, in particular radial drawings, 
where levels are represented by concentric circles rather than horizontal lines, and upward drawings, where the levels of vertices are 
not fixed.
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Fig. 18. Augmented gadget pipe gadget (a), variable gadget (b) and clause gadget(c), where the graph forms a subdivision of a triconnected graph. Due to space 
reasons one positive pipe and one negative pipe of the variable have been omitted compared to Fig. 16.
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