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A B S T R A C T

Soft polycrystalline ferro- or ferrimagnetic materials of arbitrary but symmetrical shape, which form their static 
magnetisation behaviour according to the demagnetisation Tensor N, were theoretically described in terms of 
their high-frequency dynamics and precession damping of the magnetic moments on the dependence of their 
microstructure, i.e., the grain size in association with the magneto-crystalline anisotropy. As the basic equation 
the Landau-Lifschitz-Gilbert (LLG) differential equation was used, in order to establish a general solution which 
expresses the frequency-dependent magnetisation, magnetic susceptibility χ(f) and permeability μ(f) spectra. By 
means of two examples, films and spherules, we present the dynamics when exposed to a high-frequency wave by 
taking parameters like the resistivity ρm, magneto-crystalline coefficient K1, uniaxial anisotropy Hu, grain size 
Dgrain, thickness tm, diameter d and eddy-current generation into account. Damping of the magnetic spins is 
conspicuous by regarding the full width at half maximum (FWHM) of the frequency-dependent imaginary part of 
the permeability, and in this connection, the effective damping parameter αeff which represents intrinsic as well 
as extrinsic damping mechanisms. In the paperś context, the latter are caused by grains of various size and 
generate energy dissipating two-magnon scattering.

The goal is to make a first step of an approach for a digital twin which ought to allow the prediction of the 
dynamic behaviour of ferromagnetic components. They are employed in r.f. devices like cores in (micro) in
ductors, memory storage devices, etc. or used for basic magnetisation dynamics research. The calculations were 
conducted by availing the mathematical program MAPLE. Various shapes and parameters now enable to 
conceive a variety of r.f. components and their very properties.

1. Introduction

Magnetic moments of ferro-ferrimagnetic samples, which are
exposed to electromagnetic high-frequency waves, are excited to precess 
about a direction they are forced to by several types of anisotropies. The 
well-established Landau-Lifschitz-Gilbert differential equation (LLG) [1] 
describes the precession and resonance behaviour in an excellent kind of 
way if the ferromagnetic sample is not too small [2–6]. But more 
attention must be paid to the sample shape which significantly de
termines the magnetisation or polarisation and the ferromagnetic fre
quency behaviour by demagnetisation effects. The dynamics of spin 
precession also underlies, like each periodically excided system, 
different damping mechanisms which in summary impact the magnetic 
spins from being driven away from their energy equilibrium. These 
mechanisms can be divided, e.g., in intrinsic (spin–orbit exchange, or
dinary- and spin flip scattering) and extrinsic (two-magnon scattering) 
damping mechanisms [7–10]. For technological applications, they can 

be adequately regarded by a global damping parameter term. It is crucial 
to consider an additional damping process which originates from eddy- 
currents [11]. They in turn depend on the resistivity and permeability of 
the magnetic sample, and they are described and regarded by taking the 
Maxwell equations into account [12]. A more precise description of the 
frequency behaviour and ferromagnetic resonance frequency (FMR) can 
be made by including material constitutions like the grain diameter- 
dependent mean magneto-crystalline anisotropy [13,14] to the theo
retical construct which is able to decisively affect FMR as well as the 
course of the frequency-dependent permeability.

At this point, the present paper intends to elaborate a digital twin for 
a body made of ferri- or ferromagnetic material with a certain per
centage of a single ferri- or ferromagnetic phase which features a 
dimensionally symmetric shape. Consequently, geometric consider
ations allow to derive a sample from an ellipsoid and to express its 
demagnetisation state by the symmetric demagnetisation tensor. In the 
following, some dependencies shall be illustrated, in order to show how 
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the spin dynamics conspicuously differs by two examples of very 
different shape while varying distinctive material parameters.

2. Theoretical elaboration

2.1. General solution of the basic Landau-Lifschitz-Gilbert (LLG) 
differential equation

The Landau-Lifschitz-Gilbert differential quasi classical equation 

∂M→

∂t
= γeff • M→× H→eff +

αeff

Ms
•

(

M→×
∂M→

∂t

)

(1) 

is well established as an all-comprehensive tool for the dynamic 
description of ferromagnetic objects which are exposed to a high- 
frequency TEM wave. It allows to consider the magnetic system which 
interacts with the electromagnetic wave as a precessing macro spin 
about the direction it is forced to by a magnetic anisotropy field and/or 
an external static magnetic field. Here in its general form, M is the 
magnetisation, Heff is the effective magnetic field, γeff is the effective 
gyromagnetic constant and αeff the effective damping parameter which 
represents a sum of various damping mechanisms explained in detail 
elsewhere. The effective magnetic field Heff is the most influential 
magnitude which, in the following context, deserves a closer view, in 
order to solve the equation for the universal use in terms of the magnetic 
sample shape, and in order to feature the frequency-dependent suscep
tibility or permeability, respectively. A magnetic material generates a 
demagnetisation field due to its shape which is reverse to a static or 
alternating high-frequency external field. This demagnetisation field 
originates from dipole-dipole interaction. Assuming a small ellipsoid as 

a general sample shape (Fig. 1), sub-shapes can be derived from it which 
allows to calculate the effective magnetic field inside the considered 
ferri- or ferromagnet. In the ellipsoid, the microstructure of a poly
crystalline nanocomposite material with nonmagnetic grains (blue and 
green atoms) and the magnetic phase with the mean grain diameter 
Dgrain (white and orange atoms) is also indicated.

A demagnetisation tensor N 

N =

⎛

⎝
Nxx 0 0
0 Nyy 0
0 0 Nzz

⎞

⎠ (2) 

in combination with the magnetisations mx, my and mz defines the shape 
anisotropy field Hd ¼ -N.m of the sample which may lower the magnetic 
field inside the sample according to the various directions. The tensor is 
symmetric and becomes diagonal if the axes a, b, and c of the ellipsoid 
coincide with the axes x, y, and z of the coordinate system it is located in. 
For a uniformly magnetised ellipsoid and its degenerate sub-shapes the 
trace of the demagnetisation tensor N must always be equal to 1. The 
tensor components Nxx, Nyy and Nzz are calculated by means of the 
following integrals which represent the demagnetisation factors [15–17] 

Nxx =
a • b • c

2

∫∞

0

1

(s + a2) •

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(s + a2) •
(
s + b2

)
• (s + c2)

√ ds (3) 

Nyy =
a • b • c

2

∫∞

0

1
(
s + b2

)
•

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(s + a2) •
(
s + b2

)
• (s + c2)

√ ds (4) 

Fig. 1. Ellipsoidal shaped ferromagnetic sample. The field parameters are shown in an ideal and general state. The various magnetic fields Hext, Ha, Hd, and hx which 
generate the effective field, Heff. M is the magnetic field vector (magnetic macro spin) which precesses about Heff. The microstructure of a nanocomposite is indicated 
at the bottom of the ellipsoid. The nonmagnetic grains (crystallites) are illustrated with blue and green and the magnetic phase with white and orange atoms which 
generates Ha.



Nzz =
a • b • c

2

∫∞

0

1

(s + c2) •

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(s + a2) •
(
s + b2

)
• (s + c2)

√ ds (5) 

in which a, b and c are now the dimensions of the magnetic sample in the 
x-, y- and z-direction, respectively. There is no analytical solution for the 
integrals, so they must be calculated numerically.

We can now formulate the effective magnetic field as follows: 

H→eff = H→a + H→ext + h
→

HF + H→d

=

⎛

⎝
0
0

Hu + Hcr

⎞

⎠+

⎛

⎝
0
0
Hz

⎞

⎠+

⎛

⎝
hx
0
0

⎞

⎠+

⎛

⎝
Nxx 0 0
0 Nyy 0
0 0 Nzz

⎞

⎠ •

⎛

⎝
mx
my
mz

⎞

⎠

=

⎛

⎝
0
0

Hu + Hcr

⎞

⎠+

⎛

⎝
0
0
Hz

⎞

⎠+

⎛

⎝
hx
0
0

⎞

⎠+

⎛

⎝
Nxx • mx
Nyy • my
Nzz • mz

⎞

⎠ (6) 

To simplify matters, we assume Hu and an optional anisotropy- 
increasing external field Hext in the z-direction. The high-frequency 
field hHF is assumed to be in the x-direction. Hu is the uniaxial anisot
ropy field which faces an effective magneto-crystalline anisotropy field 
Hcr. It affects the spin dynamics under certain conditions which is shown 
in following chapters. As a result, equation (1) changes to the more 
practical form 
⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

∂mx

∂t
∂my

∂t
∂mz

∂t

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

= γeff •

⎛

⎝
mx
my
mz

⎞

⎠×

⎛

⎝
hx Nxx • mx

Nyy • my
Hu + Hcr + Hz Nzz • mz

⎞

⎠+
αeff

Ms

•

⎛

⎝
mx
my
mz

⎞

⎠×

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

∂mx

∂t
∂my

∂t
∂mz

∂t

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

(7) 

which turns into a system of first order linear differential equations. As 
M is close to Ms and mz ≪ M, one can assume ∂mz/∂t ≈ 0. After working 
out (7), we have a system of three differential equations, 

∂mx

∂t
= γeff •

(
my •

(
Hu + Hcr + Hz Ms •

(
Nzz Nyy

) ) )
αeff •

∂my

∂t
(8) 

∂my

∂t
= γeff • (mx • ((Hu + Hcr + Hz) Ms • (Nzz Nxx) )+Ms

• hx )+ αeff •
∂mx

∂t
(9) 

∂mz

∂t
≈ 0 (10) 

at which the I. and II. coupled equations are used to eliminate one 
derivative in each. Consequently, one must set II into I, and vice versa, in 
order to obtain two inhomogeneous differential equation for the timed 
magnetisations mx and my, respectively. 

∂mx

∂t
= γeff •

(

αeff •
Hu + Hcr + Hz + Ms • (Nzz Nxx)

1 + α2
eff

• mx
Hu + Hcr + Hz + Ms •

(
Nzz Nyy

)

1 + α2
eff

• my + αeff •
Ms

1 + α2
eff

• hx(t)

)

(11) 

∂my

∂t
= γeff •

(
Hu + Hcr + Hz Ms • (Nzz Nxx)

1 + α2
eff

• mx αeff

•
Hu + Hcr + Hz Ms •

(
Nzz Nyy

)

1 + α2
eff

• my
Ms

1 + α2
eff

• hx(t)

)

(12) 

The high-frequency field hHF is assumed to be uniform and consid
ered in the x-direction only. Its wavelength is greater than the di
mensions of the ellipsoidal sample, so all approaches made endure. The 
fact, that we postulate a uniaxial anisotropy, a uniformly magnetised 
sample, which embodies a single or at least a 180◦ domain state, and 
hx(t) = hx0

. eiωt < < Hu + Hz, the equations can be linearised and the 
following assumption can be made: mx(ω)/hx(ω) = χxx(ω), my(ω) /hx(ω) 
= χxy(ω).

By considering the term 1 + α2
eff ≈ 1 at this point, and by using the 

solutions mx(t) = mx0
. eiωt and my(t) = my0

. eiωt with their first derivatives 
∂mx(t)/∂t = i.ω.mx0

. eiωt and ∂my(t)/∂t = i.ω.my0
. eiωt, the frequency- 

dependent susceptibilities end up in the general form   

χxx(ω)=
γ2

eff •Ms •
(
Hu +Hcr +Hz Ms •

(
Nzz Nyy

))
+ i•ω•αeff • γeff •Ms

γ2
eff •

(
(Hu +Hcr +Hz +Ms •(Nxx Nzz)) • (Hu +Hcr +Hz Ms • (Nzz Nyy))

)
+ i•ω• γeff •αeff •

(
2•
(
Hu +Hcr +Hz)+Ms • (Nyy Nxx

))
ω2

(13)

χxy(ω)=
i•ω• γeff •Ms

γ2
eff •

(
(Hu +Hcr +Hz +Ms • (Nxx Nzz)) • (Hu +Hcr +Hz Ms • (Nzz Nyy))

)
+ i•ω• γeff •αeff •

(
2•
(
Hu +Hcr +Hz)+Ms • (Nyy Nxx

))
ω2

(14)



at which the damping parameter makes an impact.

2.2. The advanced solution of the Landau-Lifschitz-Gilbert differential 
equation

Up to now, eddy-currents were neglected which in turn depend on 
the permeability µ(f) and on the material resistivity ρm. We now use the 
equations (13) and (14) to form the frequency-dependent permeability 
by introducing ω = 2.π.f and the Maxwell high-frequency field distri
bution due to eddy-current generation [3,12] 

hx(f , y) = hx0 • ei•2•π•f•t •
ei•λm•y + e− i•λm•y

ei•λm•
tm
2 + e− i•λm•

tm
2

(16) 

The high-frequency field hx(f,y) changes in the y-direction according to 
the ellipsoid extension parameter b and is her interpreted as the mag
netic material thickness tm in case of a film or the diameter d of a 
spherule (bulk material). λm is a complex formula delineated by 

λm = (1 i) •

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
2 • π • f • μ0 • (1 + χx(f) )

2 • ρm

√

= (1 i) •
1

δskin(f)
(17) 

It represents the wave number of hx(f,y) which penetrates the material 
with the skin depth δskin(f).

In order to obtain the high-frequency field distribution in the sample, 
equation (16) must be integrated over its dimension, i.e., its thickness tm 
or a diameter d.

By means of all these equations it is possible to establish the nearly 
all-encompassing formulas of the frequency-dependent permeability 

μxx(f) =
mx(f)

hx(f , y)
+1 =

mx0 • ei•2•π•f•t

hx0 • ei•2•π•f•t • 1
2•tm

•
∫
tm
2

− tm
2

ei•λm•y+e i•λm•y

ei•λm•
tm
2 +e i•λm•

tm
2

dy

+ 1 =

= χxx(f) •

2 •

⎛

⎝ei•λm•
tm
2 e− i•λm•

tm
2

⎞

⎠

i • λm • tm •

⎛

⎝ei•λm•
tm
2 + e− i•λm•

tm
2

⎞

⎠

+1 (18) 

μxy(f) = χxy(f) •

2 •

⎛

⎝ei•λm•
tm
2 e− i•λm•

tm
2

⎞

⎠

i • λm • tm •

⎛

⎝ei•λm•
tm
2 • + e− i•λm•

tm
2

⎞

⎠

(19) 

As soft ferromagnetic materials are usually in a fine polycrystalline state, 
they can still possess a mean magneto-crystalline anisotropy < K1mean >

coefficient dependent on the grain diameter Dgrain [14] which perturbs 

the precession of the magnetic moments. This may cause higher 
damping, i.e., higher broadening of the resonance spectrum but also a 
slight shift of the resonance maximum due to the additional mean 
magneto-crystalline anisotropy field Hcr. One can now frame the afore 
introduced general anisotropy field as 

μ0 • Ha = μ0 • (Hu + Hz)+μ0 • Hcr = μ0 • (Hu + Hz)+
1
2
•
< K1mean >

Ms
=

= μ0 • (Hu + Hz) +
1

2 • Ms
• |K1| • V2

ph •

(
Dgrain

lex

)β

(20) 

It is well known that as the mean magneto-crystalline anisotropy field 
Hcr in association with Dgrain causes additional damping. Hence, the 
effective damping parameter can be defined by αeff = α0 + αcr. With the 
general approximative relation for line broadening (ΔHFMR)cr in a 
magnetic domain FMR measurement due to a polycrystalline non- 
textured structure which assumes small independent, non-interacting 
grains from [18] and with ΔH = 2.α.ωres/γ by a first order approxima
tion [19], the following approach with introducing the mean grain size- 
dependent moderate crystalline anisotropy, and by neglecting a possible 
material porosity, was established 

ΔHFMR ≅ ΔH0 +
2• < K1mean >

Ms
=

2 • α0 • ω0

γeff
+

2• < K1mean >

Ms

=
2 • αeff • ωFMR

γeff
(21) 

With the aid of [14] and with ωres ω0 ≈ ωFMR due to moderate mean 
crystalline anisotropies the expression for the effective damping 
parameter can be approximated for a material with one ferri- or ferro
magnetic phase, 

Fig. 2. Real- and imaginary part of the frequency-dependent permeability of a 
100 nm thick ferromagnetic film for two different resistivities. The ferromag
netic resonance frequency amounts to 2.26 GHz. An intrinsic damping 
parameter of α0 0.006 was used for computation. A grain diameter of 2 nm 
was assumed for calculation.

fFMR =
γeff • μ0

2 • π •
(

1 + α2
eff

) •

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(Hu + Hcr + Hz)
2
+ (Hu + Hcr + Hz) • Ms •

(
Nx + Ny 2Nz

)
+ M2

s • (Nz Nx) •
(
Nz Ny

)
α2

eff •
M2

s •
(
Nx Ny

)2

4

√

(15) 

The ferromagnetic resonance frequency can be calculated from the ho-
mogeneous parts of the differential equations (11) and (12). It results in 
a precise expression according to [4]  



αeff = α0 +

γeff • |K1| • V2
ph •

(
Dgrain

lex

)β

2 • π • fFMR • Ms
(22) 

in which α0 is assumed as the damping parameter that shall represent 
intrinsic damping effects. ω0 would be the ferromagnetic resonance 
frequency for an ideal material without extrinsic damping. The exponent 
β ideally set to 6 for a single magnetic phase material but can also be 3 in 
a certain range due to additional phases and/or magnetoelastic effects 
and even induced anisotropies. |K1| is the absolute value of the nominal 
crystalline anisotropy coefficient, Vph the ferromagnetic material phase 
volume fraction and lex the exchange length. All assumptions made 
endure for Dgrain < lex for which a fair soft ferromagnetic state can be 
expected. In order to keep the theoretical concept coherent, a cubic 
crystal structure slips in the calculations, and to keep track of things, we 
assume an independent grain approximation for grains in a nonmagnetic 
matrix, so we neglect possible “dipole narrowing” between the grains. 
The last term represents the aspect of extrinsic damping at which two- 
magnon activities take place through perturbing the uniform preces
sion by various grain orientations.

3. Discussion of frequency-dependent permeability spectra by
parameter studies for different sample shapes

The following chapter shall examine the permeability spectra how 
they behave on relevant parameters. The focus will be put on the ma
terial resistivity ρm and the sample dimensions, respectively, as well as 
the impact of the < K1mean > which may sensitively change with the 
grain diameter. For most calculations, we neglect a static external field 
Hz. The samples are considered as being uniformly magnetised due to 
the uniaxial anisotropy Hu itself, so that the magnetic moments perform 
a uniform precession mode. Perturbations, which are caused, e.g., by 
possible intrinsic damping mechanisms like spin flip, ordinary scattering 
of magnetic electrons with the lattice or three- and four-magnon scat
tering are implicitly assumed by the overall damping parameter α0.

3.1. Variation of the material resistivity and thickness of film samples

The basic parameters arbitrarily used for computation possess the 
following values: γeff = 180 GHz/T, α0 = 0.006, µ0

. Hu = 0.0045 T, Hz =

0, µ0
. Ms = 1.4 T, K1 = 30000 J/m3. As we consider thin films with the 

thickness assumed along the y-direction and much lower than its lateral 
dimensions, the demagnetisation factors approximatively calculate to 
Nxx = 0, Nyy = 1 and Nzz = 0. Then, formula (15) results in 

fFMR =
γeff • μ0

2 • π •
(

1 + α2
eff

)

•

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(Hu + Hcr + Hz)
2
+ (Hu + Hcr + Hz) • Ms + α2

eff •
M2

s
4

√

(23) 

The lower the resistivity the less the penetration depth of the high- 
frequency field into a ferromagnetic sample which excites the ferro
magnetic moments to precess about the effective field which is pre
dominantly determined by the uniaxial field. In Fig. 2, it can be observed 
how the resistivity impacts the shape of the real and imaginary part of 
the spectra for a, e.g., 100 nm thick film. For calculation, the grain 

Fig. 3. Real- and imaginary part of the frequency-dependent permeability of a 
100 nm and 1500 nm thick ferromagnetic film with a resistivity of ρm 2.10-6 

Ωm, respectively. FMR amounts to around 2.26 GHz. An intrinsic damping 
parameter of α0 0.006 was used for computation. A grain diameter of 2 nm 
was assumed for calculation.

Fig. 4. Real- and imaginary part of the frequency-dependent permeability of a 
400 nm and thick ferromagnetic film with a low resistivity of ρm 2.10-8 Ωm. 
The Wolman cut-off frequency amounts to around 400 MHz indicated by the 
red arrows. An intrinsic damping parameter of α0 0.006 was used for 
computation. A grain diameter of 2 nm was assumed for calculation.

Fig. 5. Full width at half maximum (FWHM) of the imaginary part of the 
complex permeability dependent on the sample thickness for two different re
sistivities. An intrinsic damping parameter of α0 0.006 was used for 
computation. A grain diameter of 2 nm was assumed for calculation.



fwc =
4 • ρm

π • μ0 •

(
Js

μ0•Ha
+ 1
)

• t2
m

(24) 

As one can easily observe for an extreme case (Fig. 4), the Wolman cut- 
off frequency is much lower than the FMR of 2.26 GHz. By means of 
equation (24) the cut-off frequency calculates to around 400 MHz 
which is indicated by the red arrows.

Here, the imaginary part of permeability shows a first broad 
maximum which agrees with an eddy-current driven energy dissipation. 
As one can see in the Figs. 2 to 4, the system of precessing spins is quite 
sensitive to the variation of the resistivity, and accordingly, to the ma
terial thickness. This is illustrated in Fig. 5, in which the full width at half 
maximum ΔfFMR (FWHM) of the imaginary part of the spectra is plotted 
against the sample thickness for two different resistivities. As the skin 

Fig. 6. Real- and imaginary part of the frequency-dependent permeability of 
two ferromagnetic spherules with different grain sizes and a diameter of 3 mm, 
respectively. A magneto-crystalline anisotropy coefficient of 10000 J/m3 was 
applied in the calculation. The parameter d plays now role of a “thickness” and 
represents b according to the y-direction of the ellipsoid. An intrinsic damping 
parameter of α0 0.006 was used for computation. The effective damping αeff 

α0 + αcr results from the calculation.

Fig. 7. Real- and imaginary part of the frequency-dependent permeability of 
two ferromagnetic films with different grain sizes, respectively. A magneto- 
crystalline anisotropy coefficient of 10000 J/m3 was applied in the calcula
tion. An intrinsic damping parameter of α0 0.006 was used for computation. 
The effective damping αeff α0 + αcr results from the calculation.

Fig. 8. Full width at half maximum (FWHM) of resonance spectra on the 
dependence of the grain diameter for different magneto-crystalline anisotropy 
coefficients K1. The dependencies are calculated for spherule- and film-shaped 
samples. The damping parameter α0 amounts to 0.006, β 6.

diameter Dgrain is kept for the time being at 2 nm in diameter, so that the 
mean magneto-crystalline anisotropy coefficient does not impact the 
spectra. If the resistivity is low eddy-currents can arise much easier than 
for materials with higher resistivity. High eddy-current generation 
causes an induced magnetic eddy-current field which interferes with the 
external high-frequency field. Consequently, the external high- 
frequency field is attenuated, or shielded and cannot totally interact 
with the magnetic moments. On the other hand, there is a phase shift 
between the exiting and the shielding eddy-current field which inhibits 
the exiting spin-driving high-frequency field.

As a result, additional loss of the precessing magnetic spin system 
occurs which is reflected by additional broadening of the frequency 
spectra. This does not contribute or is considered as a part of the 
damping parameter because it is directly caused by the interaction of 
external and induced magnetic fields.

Basically, eddy-currents influence the penetration depth of the 
external high-frequency field which is described by the skin depth. As 
formulated in (17) the equation is determined by the frequency, 
permeability and resistivity. By increasing the film material thickness, 
only the high-frequency field-pervaded part of the sample, according to 
the skin depth, excides the magnetic moments to precess. The remaining 
spins, which are not distinctly exposed to the high-frequency field, 
function as a spin brake or spin sink. This can be considered as a 
perturbation which leads to consequent damping of the actively excited 
moments and is shown by means of the two spectra in Fig. 3. For this 
calculation, the film material thickness was increased from 100 to 1500 
nm. For appropriate resistivities and in a wide range of thickness, the 
permeability spectra are clearly characterised by their ferromagnetic 
resonance frequency at which the energy of the external high-frequency 
field is absorbed by the spin system and dissipated according to the 
strength of damping. If the resistivity is critically low the precession of 
the magnetic moments already sustains a strong impact at a low material 
thickness due to the immense dispersion of eddy-currents. It results in a 
sudden decrease of the permeability defined by the Wolman cut-off 
frequency at which the real part of the permeability declines to 2/3 of 
the initial real part µx(f → 0). It can be estimated by the equation, 



.

fFMR =
γeff • μ0

2 • π •
(

1 + α2
eff

) • (Hu + Hcr + Hz) (25) 

As one can easily recognise the ferromagnetic resonance frequency is not 
influenced by the saturation magnetisation anymore. But for computa
tion of the spectra a magnetisation of µ0

. Ms = 0.02 T and an external 
field of µ0

. Hz = 0.1 T was applied, in order to assume a magnetically 
saturated sample which cannot be featured by the uniaxial one. Hence, 
for such a high external field, the uniaxial anisotropy as previously 
defined would not play a role anymore because it appears weak in 
comparison to Hz but shifts FMR to frequencies obtained in films to make 
the frequency behaviour more comparable. As it is about a bulk sample 
the resistivity should be sufficiently high, so eddy-currents are less 
effective. This results in a high skin depth which enables the entire spin 
ensemble to precess about the anisotropy field, i.e., the external field Hz. 
Now, the influence of the mean magneto-crystalline anisotropy, which 
depends on the grain size, should clearly affect the frequency behaviour, 
i.e., damping of the dynamic ferromagnetic system. In Fig. 6, the spectra
exhibit that there is a noticeable impact on the damping behaviour of the
magnetic spins.

The graph shows the enormous broadening of the spectrum within a 

grain size increase from 3 to 12 nm. At this point, it is obvious that a 
mean grain diameter in association with a magneto-crystalline anisot
ropy causes damping of the magnetic moments, more than any other 
damping process. This arises from relation (22) in which the grain 
diameter here continues with the 6th power, like the mean magneto- 
crystalline anisotropy coefficient < K1mean > in equation (20) does. It 
can similarly be observed that fFMR increases with the effective mean 
magneto-crystalline anisotropy field Hcr which depends on the mean 
crystalline anisotropy coefficient < K1mean > and which in turn depends 
on the nominal crystalline anisotropy coefficient |K1| consistent with the 
grain diameter Dgrain. The increase of the resonance frequency and 
FWHM due to grain growth also applies to thin films, if sufficiently thick 
enough, as observed in Fig. 7, but by the way of comparison, films do not 
seem to show this intense rise of damping.

This can be confirmed by Fig. 8 which shows the log-plot of the 
FWHM for spherules and films, dependent on the grain diameter for two 
different magneto-crystalline anisotropy coefficients. In contrary to the 
spherules the FWHMs of the films begin to saturate at a grain diameter of 
about 16 to 18 nm. The slope of the curves is much lower for the films 
which reflects the damping behaviour in Figs. 6 and 7. By means of [20] 
shown for the frequency and [21] in the field domain measurement it 
can be qualitatively compared that the FWHM increases according to the 
calculations. In Ref. [22], also conducted in the field domain measure
ment at distinct frequencies, the FWHM shows this behaviour for films in 
a comparable way. Here, its saturation is clearly emphasised which 
generally depends on the magneto crystalline anisotropy coefficient. 
The fact that the grains are differently oriented, and in this connection is 
the magneto-crystalline anisotropy, it disturbs the much weaker uniaxial 
anisotropy which commonly enables a nearly uniform and moderately 
unperturbed spin precession. By considering the demagnetisation co
efficients of a ferromagnetic film the demagnetisation factor in the y- 
direction is almost equal to 1. As a result, an in-plane uniaxial anisotropy 
is slightly more supported despite the counteractive magneto-crystalline 
one. Consequently, in both cases the design of ferromagnetic materials 
with low frequency losses, i.e., low energy dissipation, requires grains to 
be as small as possible like in nanocomposites in which a grain reducer 
impedes diffusion for ferromagnetic grain growth. These grain reducers 
should be stoichiometric HfN [23] or ZrN which supports the formation 
of the uniaxial anisotropy. Even by adjusting an appropriate stoichi
ometry of ferromagnetic element combinations, e.g., Fe-Co can lead to a 
neglectable magneto-crystalline anisotropy coefficient to keep the grain 
effect low.

In a next step, the different ferromagnetic transition elements can 
alternately arrange themselves in a chain-like short-range order within 
the ferromagnetic microstructure and form the already mentioned uni
axial anisotropy, also called diffusion anisotropy [24], which is trig
gered by annealing the ferromagnetic material in a static saturation field 
[25]. In general, a uniaxial anisotropy can also be simultaneously 
generated and/or increased by an external magnetic field which tilts the 
magnetic moments according to its direction. If the magneto-crystalline 
anisotropy is minimised in a way that it can be neglected and if material 
defects are not considered, the FWHM is basically influenced by the sorts 
of damping features which are enunciated by the damping parameter α0.

3.3. FMR frequency behaviour on the dependence of the grain diameter 
and grain diameter-dependent effective damping parameter

Now we put the focus on the ferromagnetic resonance frequency in 
relation to the grain diameter Dgrain which allows to underline the cor
relation between the microstructure and damping term. Again, we as
sume the excitation high frequency field in the x-direction. By using 
formulas (22), (23) and (25) the following Fig. 9 exhibits the FMR fre
quency behaviour of a thin ferromagnetic film and a spherule dependent 
on the material grain diameter features. As mentioned above that ω0 =

2.π.f0 ≈ 2.π.fFMR in the small grain diameter regime fFMR in equation (22)
is considered as an initial FMR frequency. This can be used as an

Fig. 9. Ferromagnetic resonance frequency dependent on the grain diameter 
and the effective damping parameter. The effective damping parameter is 
dependent on the grain diameter as well. The insets show the calculated tra
jectories of the precessing magnetic spins at resonance for films and spherules 
with the grain diameters of 3 nm (left hand side) and 19 nm (right hand side). 
An intrinsic damping parameter of α0 0.006 was used for computation. The 
effective damping αeff α0 + αcr results from the calculation.

depth clearly drops with the square root it is the initial and predominant 
origin for the immense increase of the FWHM versus the material 
thickness, just for low resistivities. For a higher resistivity, a moderate 
rise of the FWHM can be denoted due to a somewhat more inhibited 
eddy-current evolution. Both plots tend to saturate by virtue of the 1/e 
drop of the eddy-current density I = I0e(f)-x/ 

skin
δ, where they do not notice-

ably change for higher frequencies after it has caused “Wolman losses”.

3.2. Variation of the material grain size in a spherule and a thin film

To demonstrate the impact of the grain size, a sample dimension is 
chosen which represents bulk material. In FMR experiments, spherules 
are frequently used due to their symmetry which generates the 
demagnetisation factors Nxx = Nyy = Nzz = 1/3. It reduces equation (15) 
to the simple expression 



4. Conclusion

A more detailed and theoretical elaboration of the dynamic behav
iour and the ferromagnetic resonance frequency of ferromagnetic sam
ples of different shapes was conducted by solving the general Landau- 
Lifschitz-Gilbert differential equation (LLG) in an analytical and 
computational way. Eddy-currents due to the high-frequency wave 
impact the samples are subjected, were considered by incorporating the 
Maxwell equation, so that a modified an all comprising LLG could be 
established which rounds the description of ferromagnetic resonance 
phenomena off. Out of it, the equation could be configured in a way to 
compute every sample shape for which the magnetisation is charac
terised by the symmetric demagnetisation tensor components. Sample 
shapes, e.g., thin films and spherules, which visibly represent different 
magnetic objects, were regarded to demonstrate various features, i.e. 
damping (αeff, FWHM) and FMR behaviour dependent on the material 
thickness, resistivity and mean magneto-crystalline anisotropy in 
accordance with the grain size. Additionally, the theoretical consider
ations made apply if the magnetic samples possess a nearly uniform 
magnetisation, i.e., their magnetic domains are uniformly aligned with 
respect to the external high-frequency field and are moderately per
turbed by the magneto crystalline anisotropy only. Especially, films can 
vary in their characteristics dependent on the thickness and resistivity. 
Consequently, the resistivity should be high, or the film thickness should 
be low enough to obtain a permeability spectrum with low precession 
damping. By comparing ferromagnetic films and spherules of an equal 
material system the two shapes bear distinctive features. The calcula
tions demonstrate that the increase of the grain diameter generates more 
impact on the FWHM (linewidth), and similar on the effective damping 
parameter, for existing magneto-crystalline anisotropies in spherules 
than the same magneto-crystalline anisotropies in films. On the other 
hand, the FMR frequency is less affected for spherules, i.e., the increase 
of the FMR frequency is less enhanced than in thin films, and their spins 
describe a more steady and unperturbed precession trajectory. The 
linewidth for spherules comparably commences at much lower values 
but gradually increase with higher slopes and even outrange the films 
for grain diameters from around 16 to 18 nm on. Considering the in
tensities at resonance (e.g. imaginary part of the permeability) the films 

clearly play a superior role. They exhibit higher intensities by a factor of 
about 20 in comparison to the spherules. This can obviously be 
explained by their demagnetisation factor of 1/3 which weakens the 
high-frequency field and lowers the magnetic spin deflection.

Dependent on the application in high-frequency devices the dynamic 
characteristics and features of ferro-/ferrimagnetic objects can herewith 
elaborately calculated, and in this connection, optimised according to 
the material specifications, constitutions and even to their shapes. So, an 
approach of a digital twin could be established which allows to design a 
variety of magnetic r.f. components and their applications. They usually 
demand low losses, i.e., the permeability shall be kept constant on a 
certain level as far as possible till the FMR frequency leads to its 
breakdown.
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