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Abstract Subject of investigation are equilibrium positions and their stability of a rigid body suspended by
a massless, flexible, inextensible string of given length, the endpoints of which are attached to two points of
the body. Two suspensions are investigated. In Suspension I, the string is passed over two frictionless hooks
fixed on a horizontal line a given distance apart. In Suspension II, the string is passed over a frictionless pulley
of given radius, the center of which is a fixed point. The center of mass is an arbitrarily given point of the
body. Suspension I: Equilibrium positions for a given center of mass are determined by the positive roots of
two 8th-order polynomial equations. A bifurcation curve divides a body-fixed plane into domains differing
in the number of equilibrium positions depending on the location of the center of mass. The total number
of equilibrium positions is between four and eight, depending on the parameters of the system. Stability and
instability criteria are formulated. By the results obtained, the special case of the single-hook suspension is
covered. Suspension II: Everymathematical relationship describing suspension I is valid, in modified andmore
complex form, for suspension II.

1 Introduction

The study of suspended objects has long been a topic in theoretical mechanics, addressing both material points
and rigid three-dimensional bodies. Themotion of amaterial point suspended on amassless, inextensible string
with fixed endpoints has been examined extensively in classical texts such as those by Appell [1] and Levi-
Civita and Amaldi [2]. In particular, the case of a heavy bead constrained by a string presents a rich theoretical
framework for understanding equilibrium and stability. Recent advancements have extended such studies to
include material points constrained by strings interacting with rigid bodies [3–6]. These investigations have
practical applications, for example, in the study of orbital tethered systems [7].

Geometrically related problems of stability with several equilibria arise in the stability of floating cranes
[8], liquid-filled containers [9,10], equilibrium positions of floating bodies [11–13] and stability of tensegrity
structures [14]. These problems are all related to catastrophe theory [15–17], and often lead to bifurcations of
co-dimension higher than one due to the large number of geometrical parameters.

In [18,19], equilibrium positions of a body suspended by a massless, flexible, inextensible string passed
over a frictionless hook was investigated, offering insights into the existence and stability of equilibrium
positions. Stability conditions relate to geometric properties of the suspension system, such as string length,
location of fixation points and location of the center of mass. Much of the existing research assumes idealized
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Fig. 1 Suspension problem settings. The body with center of mass C , represented by the gray triangle is suspended using a
massless, flexible, inextensible string with endpoints fixed to two points B1 and B2 of the body

conditions, such as frictionless constraints, limiting the applicability to real-world systems. However, a recent
study by Burov and Nikonov [20] analyzed the effects of dry friction resulting in non-isolated equilibrium
positions distributed continuously along the suspension angle.

The current paper investigates equilibrium positions and their stability of a rigid body suspended by a
massless, flexible, inextensible string with endpoints fixed to two points of the body. Two distinct suspension
cases are examined:

• Suspension I: The string is passed over two frictionless hooks fixed on a horizontal line, separated by a given
distance. Equilibrium positions are determined by the roots of two eighth-order polynomial equations. The
bifurcation analysis reveals domains in the parameter space with varying numbers of equilibrium points,
ranging from four to eight. Stability criteria for these positions are also established. This setup generalizes
the simpler single-hook suspension problem.

• Suspension II: The string is passed over a frictionless pulley with a fixed center and with given radius.
Every mathematical relationship describing suspension I is valid, in modified and more complex form, for
suspension II.

The results extend previous work by providing a detailed characterization of equilibrium and stability
under more generalized and practical suspension setups. The findings contribute to a deeper understanding of
the mechanics of suspended bodies and may have implications for both theoretical studies and engineering
applications.

The paper is structured as follows: In Sect. 2, the problem setting for both the double-hook and the pulley
suspension cases is described. In Sect. 3, equations determining equilibrium positions and bifurcation points
of Suspension I are derived. In Sect. 4, the case of the symmetric body is discussed. In Sect. 5, the special
case of the single-hook suspension is treated. In Sect. 6, stability criteria are formulated for the equilibria of
Suspension I. In Sect. 7, equilibrium positions of Suspension II are derived. In Sect. 8, the investigation is
concluded, and the scope for future research is provided.

2 Problem setting

In Fig. 1, two suspensions I and II of a rigid body by a massless, flexible, inextensible string of given length
L are shown. The body-fixed endpoints B1, B2 of the string are a distance b apart. In Fig. 1a (suspension I),
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the string is passed over two frictionless hooks A1, A2 which are fixed on a horizontal line a distance a apart.
In Fig. 1b (suspension II), the string is passed over a frictionless pulley of radius r , the center of which is
a fixed point. In both figures, the body is represented by the triangle B1 − B2 − C with C being the center
of mass defined by its distance c from B1 and by the angle γ or, alternatively, by c′ and γ ′. Given are L , a,
b, r , c and γ . Subjects of investigation are equilibrium positions and their stability. For Suspension II, every
mathematical relationship describing Suspension I is valid in a modified and more difficult form.

Suspension I
The total length of the string is L = �1 + �2 + a. With the constant � = L − a,

�1 + �2 = �. (1)

We define the non-dimensional parameters

p = a/b and q = �/b. (2)

The construction requires that

� > |a − b|. (3)

With �1,2 �= 0 and a tight string, the body has five degrees of freedom. In the x, y, z-system shown in Fig. 1a
with its origin at the midpoint between A1 and A2 and with vertical y-axis the coordinate yC of the center of
mass C is a function yC (q1, . . . , q5) of five generalized coordinates. Equilibrium positions are determined by
the five equations ∂yC/∂qi = 0 (i = 1, . . . , 5). Stability conditions are formulated in terms of the second-
order-derivatives ∂2yC/(∂qi∂q j ) (i, j = 1, . . . , 5). In Sects. 3–5, equilibrium positions are determined by a
simpler method involving a single generalized coordinate. Stability and instability conditions are the subject
of Sect. 6.

3 Equilibrium positions

In a state of equilibrium with �1,2 �= 0, the body is subject to its weight and to string forces acting at B1, B2.
Since the hooks are frictionless, these string forces are equal in magnitude. Therefore, a state of (stable or
unstable) equilibrium is characterized as follows. As shown in Fig. 1a, the lines A1− B1 and A2− B2 are under
the same angle α > 0 against the horizontal x-axis. The center of mass C is located on the y-axis. Hence, the

equilibrium condition xC = 0 (�1,2 �= 0). (4)

For determining equilibrium positions, the system is treated as planar single-degree-of-freedom system with
α as independent variable. In order to find all equilibrium positions, the cases +γ and −γ are investigated.

The reflection of an equilibrium position in the y-axis is an equilibrium position of the reflected triangle
with the parameters (c′, γ ′) instead of (c, γ ). If �1 < �2 in one position, then �1 > �2 in the other. Instead
of determining all equilibrium positions for the two parameter combinations (c, ±γ ), the simpler problem is
solved to determine all equilibrium positions with �1 ≥ �2 for the four parameter combinations (c, ±γ ) and
(c′,±γ ′). In what follows, (c, γ ) and (c′, γ ′) is written with γ and γ ′ both positive and negative.

The points B1 and B2 in Fig. 1a have the x, y-coordinates

B1 = [−a/2 + �1 cosα , �1 sin α], B2 = [a/2 − �2 cosα , �2 sin α]. (5)

In Fig. 1a, the angle β is defined:

sin β = (xB2 − xB1)/b = p − q cosα. (6)

d

dα
sin β = q sin α,

d

dα
cosβ = −q sin α tan β,

d

dα
tan β = q

sin α

cos3 β
. (7)

From (B1 − B2)
2 = b2, it follows that

�1 − �2 = b
cosβ

sin α
. (8)



J. Wittenburg, A. Genda

Fig. 2 Extremal angles αmin, αmax. Unit vectors �n1, �n2 and rotation angles ϕ, ψ used in Sect. 7

Hence with Eq. (1), we have

�1,2 = b

2

(
q ± cosβ

sin α

)
. (9)

The sections e1, e2 of b made by the y-axis are

e1,2 = ∓xB1,2
sin β

= b

2
(1 ∓ cot α cot β) . (10)

Extremal angles αmin and αmax occur in the positions shown in Fig. 2a,b. The positions in Fig. 2a are charac-
terized by sin β = −1 (α = αmin) and sin β = +1 (α = αmax). The definition of αmin does not apply if the
position with contact B2 = A2 is possible, i.e., if the triangle inequality � < a + b is satisfied (Fig. 2b). The
contact condition �2 = 0 yields

cosβ/ sin αmin = q, (11)

which is the sine law in the triangle (A1, B1, A2) of Fig. 2b. The cosine law yields cosαmin. The results are
summarized in the formulas

cosαmin =

⎧⎪⎪⎨
⎪⎪⎩

p + 1

q
(� > a + b),

p2 + q2 − 1

2pq
(� < a + b),

cosαmax = p − 1

q
. (12)

In Fig. 2b, a contact force Fy ≥ 0 applied at B2 keeps the body of weight G in equilibrium under the condition
GxC + Fya/2 = 0. Hence, the statement:

The position with contact B2 = A2is an equilibrium position if in this position xC ≤ 0. (13)
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3.1 Equilibrium positions with �1 ≥ �2 > 0

In terms of the parameters (c, γ ), the coordinates of C are

xC = xB1 + c sin(β + γ ) = b

2

[
−p +

(
q + cosβ

sin α

)
cosα

]
+ c(sin β cos γ + cosβ sin γ ),

yC = yB1 − c cos(β + γ ) = b

2
(q sin α + cosβ) − c(cosβ cos γ − sin β sin γ )

⎫⎪⎬
⎪⎭ (14)

and with the constants

μ = 2
c

b
cos γ − 1, σ = 2

c

b
sin γ, (15)

xC = b

2
[μ sin β + (cot α + σ) cosβ], yC = b

2
(q sin α + σ sin β − μ cosβ). (16)

Consider Fig. 1a again. From the cosine law and the sine law, it follows that μ′ = (2c′/b) cos γ ′ − 1 = −μ,
and σ ′ = (2c′/b) sin γ ′ = σ . From this, it follows that the equilibrium conditions xC = 0 with the four
parameter combinations (c, γ ) and (c′, γ ′) (γ and γ ′ both positive and negative) result in the equations

μ sin β + (cot α ± σ) cosβ = 0, −μ sin β + (cot α ± σ) cosβ = 0. (17)

No extraneous roots are introduced by squaring. Squaring and multiplying with sin2 α results in the equations

[μ sin α(p − q cosα)]2 = (cosα ± σ sin α)2[1 − (p − q cosα)2], (18)

and with the new variable u = tan α/2 and with

v = q + p, w = q − p (19)

in the equations

[2μu(vu2 − w)]2 = (u2 ± 2σu − 1)2 [(1 + u2)2 − (vu2 − w)2]. (20)

Each real solution u > 0 of these two 8th-order equations determines an equilibrium position. The number of
equilibrium positions depends on the parameters a, b, �, c and γ . This dependency is investigated in Sect. 3.2.

3.2 Lines α

Every angle α in the interval αmin ≤ α ≤ αmax determines a position of the polygon A1 − B1 − B2 − A2.
Every position without contact B2 = A2 is an equilibrium position if the center of mass is an arbitrary point
on the body-fixed line coinciding with the y-axis. In the body-fixed ξ, η-system shown in Fig. 1a with its origin
at the midpoint between B1 and B2 this line, referred to as line α, has the slope tan β. It intersects the ξ -axis
at the point b/2 − e2 and the η-axis at the point (b/2) cot α. Its equation is

F = −η

b
+ ξ

b
tan β + 1

2
cot α = 0. (21)

In the case � > a + b, the lines α = αmin and α = αmax both coincide with the η-axis. In the case � < a + b,
only the line α = αmax coincides with the η-axis.

By the manifold of lines α, a curve E is enveloped. This curve is determined by the equations F = 0 and
dF/dα = 0.

dF

dα
= ξ

b

q sin α

cos3 β
− 1

2 sin2 α
= 0 (22)

yields

ξ

b
= 1

2q

(
cosβ

sin α

)3

. (23)
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The curve E intersects the ξ -axis at the point ξ0 = b/2 − e2min. With η = 0, Eqs. (21) and (23) yield for the
associated angle α0

1

q sin3 α0
(sin β cos2 β + q cosα0 sin

2 α0) = 0 (24)

and with Eq. (6)

p − q cos3 α0 − (p − q cosα0)
3 = 0. (25)

Let P1 and P2 be the points of tangency of E with the lines α = αmin and α = αmax, respectively. Their
coordinates are:

Case 1: (� > a + b)

ξ1,2 = 0, η1,2 = b

2

p ± 1√
q2 − (p ± 1)2

. (26)

Case 2: (� < a + b)

ξ1 = b

2
q2, η1 = b

2

[
q2 tan β(αmin) + cot αmin

]
,

ξ2 = 0, η2 = b

2

p − 1√
q2 − (p − 1)2

.
(27)

In case a > b, η1 and η2 are both positive.
In case � > a + b, E has a cusp (ξS, ηS). The angle αS associated with the cusp is determined from the

condition that ξS is a stationary value. Equation (8) shows that with α = αS , also �1 − �2 has a stationary
value. The stationarity conditions

(
cosβ

sin α

)k

= Max! (k = 1, 3) (28)

result in the quadratic equation

cos2 αS − p2 + q2 − 1

pq
cosαS = −1. (29)

Stationary values exist if |(p2 +q2 −1)/(2pq)| > 1. Equation (12) shows that this is the condition � > a+b.
The line αS is tangent to both branches of E .

By the lines α = αmin and α = αmax and by the curve E the ξ, η-plane is divided into domains differing
in the number of lines α on which every point of the domain is located. Depending on the parameters a, b, �,
there are domains with numbers k = 0, 1, 2 or 3. If the body center of mass C is located on k > 0 lines
α1, . . . , αk , then the body has the equilibrium positions α1, . . . αk . The parameters (c, γ ) and (c′, γ ′) (γ and
γ ′ both positive and negative) determine four centers of mass C1,C2,C3,C4 which, in general, are located in
different domains associated with different numbers k of equilibrium positions. For a graphical representation,
see Fig. 3, based on Example 1.

Example 1 Given are the parameters a = 6, b = 18, � = 28 > a + b.
Equation (12) determines the extremal angles: cosαmin = 6/7, αmin ≈ 31.00◦ and cosαmax = −3/7, αmax ≈
115.38◦. Figure 3 shows lines α for various angles αmin ≤ α ≤ αmax and the curve E enveloped by the
manifold of lines. The data associated with E are: cosα0 ≈ −0.2409, ξ0/b = 1/2 − e2min/b ≈ 0.1238,
η1/b = 3/

√
13 ≈ 0.8321, η2/b = −3/

√
160 ≈ −0.2372, cosαS = (31 − 2

√
130)/21, αS ≈ 67.03◦,

ξS/b ≈ 0.3664, ηS/b ≈ 0.1076, (�1 − �2)max/b ≈ 1.045.
By the curve E and the η-axis, the domain �3 is defined every point of which is the point of intersection of

three lines α1, α2, α3. Through points outside of �3, a single line α is passing. This means three equilibrium
positions α1, α2, α3 exist if the center of mass C is located in �3. A single equilibrium position α exists if C
is located outside of �3. A shift of the center of mass from outside to inside of �3 results in the bifurcation
from one to three equilibrium positions. The total number n of equilibrium positions for four centers of mass
C1,C2,C3,C4 is 4 ≤ n ≤ 8 if p < 1 and 4 ≤ n ≤ 6 if p > 1.
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Fig. 3 Lines α, curve E , domain �3, centers of mass C1,C2,C3,C4 for the data in Example 1. Center of mass C on the η-axis
and associated angles γ and α in Sect. 4

To be specific, let C1 be the point of intersection of the lines α1 = 40◦ and α2 = 50◦. It is located in �3
very close to E . C2,C3,C4 are located outside of �3. From (21), the parameters c ≈ 13.64, γ ≈ −16.63◦,
μ ≈ 0.4527, σ ≈ −0.4339 are calculated. With these parameters, (17) and (20) determine for the altogether
six equilibrium positions the following parameters.

C1 : α1 = 40◦, �1 ≈ 21.19, �2 ≈ 6.82, yC ≈ 10.30 unstable (y′′
C > 0)

C1 : α2 = 50◦, �1 ≈ 22.76, �2 ≈ 5.24, yC ≈ 10.30 unstable (β < 0)
C1 : α3 ≈ 110.22◦, �1 ≈ 18.72, �2 ≈ 9.28, yC ≈ 7.73 unstable (y′′

C > 0, β < 0)
C2 : α4 ≈ 32.74◦, �1 ≈ 17.69, �2 ≈ 10.31, yC ≈ 2.86 unstable (y′′

C > 0, β < 0)
C3 : α5 ≈ 70.69◦, �1 ≈ 23.38, �2 ≈ 4.62, yC ≈ 17.93 unstable (β < 0)
C4 : α6 ≈ 97.89◦, �1 ≈ 21.60, �2 ≈ 6.40, yC ≈ 19.42 stable (yC is the global maximum)

For the statements about stability and instability, see Sect. 6. In Fig. 4, the body is shown in all six positions.
The unstable equilibrium positions α1 and α2 disappear when C1 is shifted across the curve E .

Example 2 Given are the parameters a = 6, b = 18, � = 20 < a + b.
The extremal angles (12) are cosαmin = 7/15, αmin ≈ 62.18◦ and cosαmax = −3/5, αmax ≈ 126.87◦.

Figure 3 is replaced by Fig. 5. The data associated with the curve E are: cosα0 ≈ −0.3532, ξ0/b ≈ 0.1789,
ξ1/b = q2/2 = 50/81 ≈ 0.6173, η1/b = (317/7128)

√
11 ≈ 0.1475, η2/b = −3/8. The domain above the

line αmin is the domain x < 0 in Fig. 2b. If the center of mass C is located in this domain, an equilibrium
position with contact B2 = A2 exists. For this reason, this domain is denoted �c with index c for contact. The
number of equilibrium positions without contact is either zero or one or two depending upon whether C is
located in the domains �0, �1 or �2. The total number n of equilibrium conditions for four centers of mass
C1,C2,C3,C4 is 2 ≤ n ≤ 6.
To be specific, let C1 be the point on the line α = 120◦ with the coordinates ξ/b = 5

√
17/64 ≈ 0.3231,

η/b = (15− 4
√
3)/24 ≈ 0.3363 satisfying Eq. (21). These coordinates determine the parameters c ≈ 15.99,

γ ≈ −22.25◦, μ ≈ 0.6441, σ ≈ −0.6726. C1 and C3 are located in �c, C2 and C3 in �0 and C4 in �1. The
altogether four equilibrium positions are characterized by the following parameters.

C1 : α1 = 120◦, �1 ≈ 14.76, �2 ≈ 5.24, yC ≈ 0.62 unstable (y′′
C > 0, γ ′ < 0)

C2 : α2 = αmin, �1 = 20, �2 = 0, unstable (contact at A2, β < 0)
C3 : α3 = αmin, �1 = 20, �2 = 0, unstable (contact at A2, β < 0)
C4 : α4 ≈ 102.49◦, �1 ≈ 17.55, �2 ≈ 2.45, yC ≈ 17.98 stable ( yC is absolute maximum)

For the statements about stability and instability, see Sect. 6. In Fig. 6, all four equilibrium positions are shown.
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Fig. 4 Six equilibrium positions �1 > �2 > 0 of Example 1

Fig. 5 Lines α, curve E , domains �c, �0, �1, �2, centers of mass C1,C2,C3,C4 for the data in Example 2

4 The symmetric body

The center of mass C of a symmetric body is located on the η-axis at the point η = −(b/2) tan γ (see Fig.
3). Only the case γ ≥ 0 is considered because equilibrium positions with γ < 0 are unstable (see Sect. 6).
Figure 3 shows that independent of γ , C is located on the line αmax. In the case ηC > η2, C is also located on a
second line α < αmax. Hence, P2 is a point of bifurcation. These results are in accordance with the equilibrium
condition (17). For the symmetric body, Eq. (15) yields μ = 0, σ = tan γ . Hence, the equilibrium condition
reads

(cot α + tan γ ) cosβ = 0. (30)

The solution cosβ = 0 determines, independent of γ , the equilibrium position α = αmax. The solution

cot α = − tan γ or γ = α − π/2 (31)
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Fig. 6 Four equilibrium positions �1 > �2 ≥ 0 of Example 2

Fig. 7 Rectangular frame suspended

determines an additional tilted equilibrium position. It exists only for angles 0 ≤ γ ≤ αmax−π/2. In Fig. 3, the
relationship between γ and α is illustrated by the angles (γ = αmax − π/2, α = αmax), (γ = 10◦, α = 100◦)
and (γ = 0, α = π/2). From Eq. (26), it is known that η2 > 0 if a > b. In this case, no bifurcation occurs if
γ ≥ 0. Stability criteria see in Sect. 6.

Example 3 A rectangular picture frame (width b, height h, center of mass C = geometric center) is to be
suspended with parameter p < 1 such that (i) A1, A2 and B1, B2 are on the circumference and (ii) C is the
point of bifurcation P2 (Fig. 7). Under which condition on λ = h/b is this suspension possible?

Solution: yC = h/2 and yC = (�/2) sin αmax − η2. With Eq. (12) and (26), this yields the equation

λ =
√
q2 − (p − 1)2 − p − 1√

q2 − (p − 1)2
(32)

or, resolved for q2,

q2 = p(p − 1) + λ

2
[λ +

√
λ2 + 4(p − 1)]. (33)
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The condition on λ is λ2 ≥ 4(1 − p). Under this condition, q2 ≥ (1 − p)(2 − p).

5 The single-hook suspension (a = 0)

Results for this case were obtained in [19]. Equation (19) yields v = w = q . With this, Eq. (20) becomes

[2μqu(u2 − 1)]2 = (u2 ± 2σu − 1)2 [(1 + u2)2 − q2(u2 − 1)2]. (34)

Equations (3), (12) and (21) – (29) yield q > 1, cosαmin = 1/q cosαmax = −1/q , η1,2 = ±(b/2)/
√
q2 − 1,

cosαS = 0, ξS = b/(2q) and ηS = 0. The curve E is symmetric with respect to the ξ -axis. Equation (6) yields

q = − sin β

cosα
,

√
q2 − 1 =

√
sin2 α − cos2 β

sin α
. (35)

With this, Eqs. (21) and (23) yield

2q
ξ

b
=

(
cosβ

sin α

)3

, 2
√
q2 − 1

η

b
= (sin2 α − cos2 β)3/2

sin3 α
(36)

and, consequently,

(
2q

ξ

b

)2/3

+
(
2
√
q2 − 1

η

b

)2/3

= 1, (37)

which is the equation of the astroid. Thus, the curve E is a projection of the astroid. In [19], these results were
obtained by a different method.

6 Stability, instability

Among several equilibrium positions, the positionwith themaximum yC is stable. By this criterion, the position
α6 in Example 1 and the position α4 in Example 2 are stable.

From (7) and (16), it follows that

y′
C = dyC

dα
= �

2

sin α

cosβ
[μ sin β + (cot α + σ) cosβ],

y′′
C = d2yC

dα2 = �

2

[
− sin α + σ cosα + μ

(
q
sin2 α

cos3 β
+ cosα tan β

)]
.

⎫⎪⎪⎬
⎪⎪⎭

(38)

y′
C = 0 in equilibrium positions. An equilibrium position is unstable if y′′

C > 0. By this criterion, the positions
α1, α3, α4 in Example 1 and the position α1 in Example 2 are unstable.

Theorem 1 An equilibrium position with contact B2 = A2 is stable if and only if

β > γ ′ > 0. (39)

Proof The system in Fig. 2b with contact B2 = A2 has two degrees of freedom. The triangle B1, B2,C
is rotated through the angle ϕ about the unit vector �n1 with coordinates [nx , ny, 0] = [− sin β, cosβ, 0].
Following this first rotation, the entire system is rotated by the angle ψ around the unit vector �n2, which has
coordinates [1, 0, 0]. After the first rotation, the vector �r = −−→

B2C is in the position

�r ∗ = cosϕ �r + (1 − cosϕ)(�n1 · �r)�n1 + sin ϕ�n1 × �r (40)

with �n1 · �r = nxrx + nyry = c′ cos γ ′. The vector �n1 × �r is directed along the negative z-axis, and the
z-coordinate is −nyrx + nxry = −c′ sin γ ′.

The second rotation carries the vector �r ∗ into the position

�r ∗∗ = cosψ �r ∗ + (1 − cosψ)(�n2 · �r ∗)�n2 + sinψ �n2 × �r ∗. (41)
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The coordinate yC of the center of mass is the y-coordinate of �r ∗∗:

yC = r∗
y cosψ − r∗

z sinψ. (42)

Equation (40) yields

r∗
y = cosϕ ry + (1 − cosϕ)(nxrx + nyry)ny = cosϕ[ry(1 − n2y) − rxnxny] + (�n1 · �r)ny

= cosϕ nx (rynx − rxny) + cosβ c′ cos γ ′ = cosϕ sin β c′ sin γ ′ + c′ cos γ ′ cosβ,
r∗
z = − sin ϕ c′ sin γ ′.

⎫⎬
⎭ (43)

Hence,

yC = c′[cosψ(cosϕ sin β sin γ ′ + cosβ cos γ ′) + sinψ sin ϕ sin γ ′]. (44)

This yields (omitting the factor c′)

∂2yC
∂ϕ2

∣∣∣∣
(0,0)

= − sin β sin γ ′, ∂2yC
∂ψ2

∣∣∣∣
(0,0)

= − cos(β − γ ′), ∂2yC
∂ϕ∂ψ

∣∣∣∣
(0,0)

= − sin γ ′. (45)

Stability requires that two conditions are satisfied:

(a) − sin β sin γ ′ < 0,

(b)

∣∣∣∣− sin β sin γ ′ − sin γ ′
− sin γ ′ − cos(β − γ ′)

∣∣∣∣ = cosβ sin γ ′ sin(β − γ ′) > 0. (46)

Both conditions are satisfied if and only if β > γ ′ > 0. 
�
By this theorem, the position shown in Fig. 2b is stable, and the two positions α = αmin in Example 2 are

unstable.

Theorem 2 An equilibrium position with �1 ≥ �2 > 0 is unstable if the condition β > γ ′ > 0 is violated.

Proof In the equilibrium position under investigation, the quadrilateral A1− B1− B2− A2 is considered rigid.
The resulting system has two degrees of freedom. If this system is unstable, the system with five degrees of
freedom is also unstable. Repetition of the arguments in the proof of Theorem 1 leads to Theorem 2. 
�

By this theorem, the positions α2, α3, α4, α5 in Example 1 and the position α1 in Example 2 are unstable.
Next, the equilibrium positions of the symmetric body, described in Sect. 4, are investigated. The single

equilibrium position α = αmax existing in the case γ ≥ αmax − π/2 is stable.

Theorem 3 In the case 0 ≤ γ < αmax − π/2, the equilibrium position α = αmax (position 1) is unstable,
whereas the tilted equilibrium position cot α = − tan γ (position 2) is stable.

Proof The position with the larger (the smaller) coordinate yC is stable (unstable). Hence, it must be shown
that yC2 (position 2) is larger than yC1 (position 1). Equation (16) yields

yC1 = b

2
(q sin αmax + tan γ ), yC2 = b

2
(q sin α + tan γ sin β). (47)

With tan γ = − cot α, sin β = p − q cosα and cosαmax = (p − 1)/q

yC2 − yC1 = b

2

[
q(sin α − sin αmax) − cosα

sin α
(p − q cosα − 1)

]

= b

2

q

sin α

[
1 − sin α sin αmax − cosα

p − 1

q

]

= �

2 sin α
[1 − cos(αmax − α)] > 0. (48)


�
Suspension II
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Fig. 8 Contact B2 = A2 with q = qt , αmin = αmint

7 Equilibrium positions

The arguments in Sect. 3 are valid also for Fig. 1b. In a state of (stable or unstable) equilibrium with �1, �2 �= 0
the straight sections A1 − B1 and A2 − B2 of the string are under the same angle α > 0 against the horizontal
x-axis. Hence, the

equilibrium condition xC = 0 (�1,2 �= 0). (49)

The total length of the string is L = �1 + �2 + 2r(π − α). With the constant length � = L − 2πr ,

� = �1 + �2 − 2rα. (50)

Def: p = 2r/b, q = �/b (51)

For the reasons given in Sect. 3, equilibrium positions with �1 ≥ �2 are determined for the four parameter
combinations (c, ±γ ) and (c′, ±γ ′).

Equations (5)–(10) are replaced by:

B1 = [−r sin α + �1 cosα , r cosα + �1 sin α], B2 = [r sin α − �2 cosα , r cosα + �2 sin α].
(52)

sin β = (xB2 − xB1)/b = p sin α − (q + pα) cosα, (53)
d

dα
sin β = (q + pα) sin α,

d

dα
cosβ = −(q + pα) sin α tan β,

d

dα
tan β = (q + pα)

sin α

cos3 β
. (54)

�1 − �2 = b
cosβ

sin α
, �1,2 = b

2

(
q + pα ± cosβ

sin α

)
, e1,2 = ∓xB1,2

sin β
= b

2
(1 ∓ cot α cot β). (55)

Extremal angles αmin and αmax occur in the positions with sin β = −1 and sin β = +1, respectively:

p sin α − (q + pα) cosα =
{−1 (α = αmin)

+1 (α = αmax).
(56)

The formula for αmin does not apply if the parameters p and q allow a position with contact B2 = A2. Let qt
be the largest q allowing contact. qt and the associated αmint are obtained from Fig. 8:
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�1

b
= √

1 + p, sin 2αmint = 2
√
1 + p

2 + p
, qt = √

1 + p − p αmint. (57)

In the case q < qt , αmin is larger than αmint. The relationship between q and αmin is obtained from the contact
condition �2 = 0, (q + pαmin) sin αmin = cosβ, whence it follows from (53) that

q = p

2
(sin 2αmin − 2αmin) +

√
1 − p2 sin4 αmin. (58)

Example p = 1/3 yields qt ≈ 0.9168, αmint ≈ 40.89◦. With p = 1/3 and αmin = 45◦, Eq. (58) yields
q ≈ 0.8909 < qt .

The equilibrium condition (13) is valid also for suspension II:

The position with contact B2 = A2 is an equilibrium position if in this position xC ≤ 0. (59)

7.1 Equilibrium positions with �1 ≥ �2 > 0

Equation (17) is valid:

μ sin β + (cot α ± σ) cosβ = 0, −μ sin β + (cot α ± σ) cosβ = 0. (60)

Without introducing extraneous roots, squaring results in the equations

μ2[p sin α − (q + pα) cosα]2 = (cot α ± σ)2
{
1 − [p sin α − (q + pα) cosα]2} . (61)

Each solution α > 0 of these two equations determines an equilibrium position.

7.2 Lines α

Equations (21)–(23) defining the lines α and the curve E are replaced by

F = −η

b
+ ξ

b
tan β + 1

2
cot α = 0,

dF

dα
= ξ

b

(q + pα) sin α

cos3 β
− 1

2 sin2 α
= 0, (62)

ξ

b
= 1

2(q + pα)

(
cosβ

sin α

)3

, (63)

Equations (25) and (26) are replaced by

[p sin α0 − (q + pα0) cosα0]
[
1 − [p sin α0 − (q + pα0) cosα0]2

]
+ (q + pα0) cosα0 sin

2 α0 = 0, (64)

η1,2 = b

2
cot αmin, max. (65)

In the case q > qt (no contact B2 = A2), E has a cusp. The stationarity condition (28) is replaced by

1

q + pα

(
cosβ

sin α

)3

= Max! (66)

This results in the equation for the associated angle αS

3(q + pαS)
2 sin2 αS sin β + (4p sin αS − 3 sin β) cos2 β = 0. (67)

Equation (38) for y′′
C is replaced by

y′′
C = b

2

{
p
[
cosα + (μ tan β ± σ) sin α

]
+ (q + pα)

[
− sin α + (μ tan β ± σ) cosα + μ(q + pα)

sin2 α

cos3 β

]}
.

(68)
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8 Conclusion and scope for future research

This study analyzed the equilibrium positions and stability of a rigid body suspended by a massless, flexible,
inextensible string in two setups: Suspension I, with two fixed frictionless hooks, and Suspension II, with a
frictionless pulley. Equilibrium conditions were derived, and a bifurcation curve E was identified, marking
changes in the number of equilibrium positions. Stability criteria and differences between the cases a < b
and a > b were established, with special cases such as symmetric bodies and single-hook suspensions also
analyzed.

The results highlight critical conditions for avoiding dangerous transitions relevant to safety-critical sys-
tems.Applications include setupswhere small perturbationsmay lead to suddenmovements, such as suspended
objects under changing loads or external forces.

Future work could model dry friction effects as discussed by Burov and Nikonov [20]. Dynamic factors,
including micro-vibrations, wind, or precipitation, could be analyzed for suspended systems. External forces
causing transitions between equilibrium positions are worth investigating, particularly for applications like
floating cranes [11] or fluid-filled containers with dynamic loads [9,10]. Time-dependent parameter variations,
such as moving suspension points or shifting loads, also present an interesting topic for further investigations.
Finally, experimental validation could address influences like string elasticity or air resistance.
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