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Abstract

Hybrid games are a powerful framework for modelling interactions
between cyber-physical systems (CPS). While their high level of
nondeterminism allows the modelling of complex systems, it also
makes many properties undecidable. This paper presents Hybrid
Games with Triggers (HGT), an extension that reduces nondeter-
minism by embedding agents’ rational decision-making as triggers -
conditions that, when met, prompt the agents to act. This approach
leads to a time-abstract discrete game with a countable state space,
where an agent has a winning strategy in the discrete game if
and only if they do in the HGT. Our discretisation preserves both
the continuous and discrete dynamics of the original hybrid game,
providing a more structured, analysable model without sacrificing
dynamic expressivity.
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1 Introduction

With an increase in autonomous systems, modelling interactions be-
tween cyber-physical systems (CPS) becomes evermore important.
Hybrid games [12], a multi-agent extension of hybrid automata [2],
offer a powerful framework for this. Hybrid games are especially rel-
evant in fields like robotics and autonomous driving, where agents
need to balance physical limitations with strategic goals. However,
while hybrid games are highly expressive, this flexibility introduces
challenges in analysing critical properties like safety and reachabil-
ity [13]. The inherent nondeterminism of hybrid games complicates
reasoning about the system’s behaviour.

Hybrid games, as conventionally defined [15, 12, 21, 8, 5, 22,
19], primarily account for physical dynamics, often overlooking
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the goals and rationale of agents. This leaves a high degree of
nondeterminism in the dynamics of hybrid games. Yet, in real-world
settings, autonomous agents typically do not act randomly: they
follow specific, goal-directed behaviours. For example, a vehicle
turns when it reaches its intended intersection or changes lanes to
avoid an obstacle. Accounting for this rationale can significantly
reduce the nondeterminism, thereby simplifying the game analysis.

In this paper, we introduce Hybrid Games with Triggers (HGT),
an extension of hybrid games that incorporates agents’ strategic
rationale through the use of triggers. A trigger captures the specific
conditions under which an agent needs to make a decision, such as a
vehicle reaching an intersection or coming within a certain distance
of another vehicle. By including these triggers, we reduce the non-
determinism in hybrid games, enabling a structured discretization
that preserves both continuous and discrete dynamics.

To leverage triggers, we define a discrete game model where the
agent has a winning strategy in the discrete game if and only if the
agent has a winning strategy in the HGT. We call this discrete game
time-abstract game with triggers (TAGT). Unlike the discretization
of hybrid games from [12] and [5], TAGT exploits the added knowl-
edge brought by the triggers without imposing any restrictions on
the discrete or continuous dynamics of the game. The discrete game
consists of a countable state space, keeping only the active game
states (i.e., where some agent takes an action) while eliminating all
passive states (i.e., where nothing happens).

To prevent a winning strategy that simply impedes the progress
of time, we adopt the winning conditions from [7] [6]. We formal-
ize these conditions over TAGT using Alternating-Time Temporal
Logic-* (ATL*) [3]. Thus, determining the existence of a winning
strategy in an HGT is reduced to an ATL* model-checking problem.
Contribution. We summarise our two key contributions.

(1) Hybrid game with triggers (HGT): An extended model of hy-
brid games that integrates agents’ rationales, allowing for more in-
tuitive reasoning about hybrid properties and strategies (cf. Sect. 3).
(2) Time-abstract game with triggers (TAGT): A time-abstract
discretization of HGT that eliminates time nondeterminism, reduc-
ing the game to a countable state space. An agent has a winning
strategy in the HGT if and only if that agent has a winning strategy
in the TAGT. Using ATL", we formalize winning conditions over
TAGTs: that prevent Zeno behaviour (cf. Sect. 4).

A research preview on this paper’s topic is presented in [10].

Related Work. We adopt the hybrid game definition from [12],
which is a multi-agent extension of hybrid automata [2]. In re-
cent years, significant progress has been made in analyzing hy-
brid games [18, 19, 20], which is a game extension of hybrid pro-
grams [17, 16]. In this hybrid game model, one agent controls the
system at any given time, with control shifting between agents
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throughout the game. In contrast, in the hybrid automata game
extension, any agent with an enabled action can act at any time,
making it more suitable for our HGT model. In HGT, the agent
whose trigger is satisfied first can act and interrupt the game’s flow.

Many models exist for discretizing hybrid systems [4]. In most
existing approaches to discretization, the model imposes restric-
tions on either the continuous dynamics, as in rectangular hy-
brid games [12], or the discrete dynamics, as in O-minimal hybrid
games [5, 22]. By incorporating agents’ rationale, our approach
achieves discretization without imposing constraints on the game’s
continuous or discrete dynamics.

We view hybrid games with triggers as a hybrid generalization
of timed games as introduced by de Alfaro et al. [7]. We also adopt
the winning conditions from [7], generalized in [6], which prevent
players from winning through Zeno behaviour. Solving these timed
games depends on the existence of a finite bisimulation of timed
automata, the region automata [1]. Hybrid automata, on the other
hand, do not always have a finite bisimulation [11]. Consequently,
we base our discretization approach on the characteristics of HGT
rather than on the underlying hybrid automata.

2 Preliminaries

Our goal is to discretize a hybrid game through the use of trig-
gers. To achieve this, we define two game models: one discrete and
one hybrid. for our discrete game model, we adopt the concurrent
game structure (CGS) from [9], which serves as the semantic model
for ATL* logic [3]. We use ATL* to formalize non-Zeno winning
conditions (cf. Sect 4.2).

Definition 2.1 (Concurrent Game Structure). A Concurrent game
structure & is a tuple:

S8 = (S, so, Agt, Act, AP, label, §).

S and Act are non-empty sets of states and actions, respectively.

e 5o € S is the initial state.

o Agt and AP are finite non-empty sets of agents and atomic propo-
sitions, respectively.

o label : S — P(AP) is a labelling function.

o 5 < Sx (Agt — Act) — S is a partial transition function. This is

the reason why the game is concurrent: The transition function

depends on the actions taken simultaneously by all agents. A

decision function d : Agt — Act assigns each agent i € Agt

an action d(i) € Act. We say, an action a € Act is enabled for

agent i € Agt at state s € S if there exists a decision function

d: Agt — Act with d(i) = a and (s, d) is defined.

The following concepts and notations are fundamental to defin-
ing hybrid games. For the rest of this paper, we assume a set of
real-valued variables X = {x1,x2,...,xn}. The following terms and
notation are defined over the set X.

Definition 2.2 (Terms and Constraints). Terms 6 and 6" are arith-
metic expressions over the variables X:

0,0 =x|c|lo+6 06

where x € X is a variable and ¢ € @ is a constant.
Constraints ¢, i are predicates over the variables X, of the form:
!/

0.0 =020 -¢lpnrg
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The set of all Constraints over X is Cx. The constraints True
and False can be defined as usual.

Definition 2.3 (Valuation). A valuation v:X — R assigns a real
value to each variable. The set of all valuations is called Val(X).
The definition of a valuation extends to terms.

We write v = ¢ to indicate that the valuation v satisfies the
constraint ¢. Otherwise, we write v # ¢. The set of all valuations
that satisfy a constraint ¢ is the solution set of ¢, denoted [[¢]:

ol = {veR"|vEo}

In a hybrid game, variables represent dynamically changing values,
such as a car’s position, velocity, and acceleration. Valuations evolve
in one of two ways: continuously or discretely. We use the following
notation to represent each type of evolution:

Continuous Evolution: Given a set of differential equations of
the form flow = {x] = 0 | x; € X}, the valuation after a time
t € R>¢ where each variable x € X is updated according to
the differential equations in flow is denoted ¢ g,, (v, 1).
Throughout this work, we assume all differential equations
to be solvable.

Discrete Evolution: Given an assignment x := 0, the valuation v
evolves as follows:

vx = 0] (y) = {V(@) ify=x

v(y) otherwise.

This definition can be extended to a finite, ordered set of
assignments A = {x;, := 01, xj, 1= 02, ..., xj,, = Om}:

V[A] = V[xil = 91][x,-2 = 92] . [xim - 9m]

For the hybrid game model, we adopt the hybrid game definition
from Henzinger et al. [12]. However, to fit this definition better
to our concept of triggers, we redefine the hybrid game to be con-
current. Our redefinition goes counter to the timed games with an
element of surprise by De Alfaro et al. [7]. In their approach, each
agent chooses a time delay — the rough equivalent of our condition
for action — and the action they will take after that time delay. If
multiple agents choose the same time delay, the agent who gets to
take an action is selected randomly. By contrast, in our concurrent
hybrid game, every agent whose condition is met gets to take an
action. We argue that a concurrent model like ours here aligns more
closely with the actions of agents in real-world autonomous CPS.

Definition 2.4 (Concurrent Hybrid Games). A concurrent hybrid
game @ is a tuple:

& = (Loc, ly, X, vo, flow, inv, Agt, Act, E, guard, jump) (1)

Loc is a finite nonempty set of locations.

Iy € Loc is the initial location.

X = {x1,x2,...,xn} is a set of real-valued variables.

vo € Val(X) is the initial valuation.

o flow is a continuous transition relation that associates each loca-
tion [ € Loc with a set of differential equations
flow; == {x] = 0; | x; € X}.

e inv: Agt - Cx is a function assigning a constraint, an invariant,
inv(l) € Cx to each location [ € Loc.

e Agt = {1, ..., k} afinite nonempty set of agents.
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e Act is a finite nonempty set of agents’ actions with a typical
element a € A. We assume the existence of a stutter action 1 € Act.

e E C Loc x (Agt — Act) x Loc is a finite nonempty set of edges
representing a discrete transition relation with typical elements
e = (I, de,1"). The function d. : Agt — Act is a decision function
as in the CGS, (cf. Definition 2.1).

o guard : E - Cx called an edge guard.

o jump assigns each edge e € E a finite (possibly empty) ordered
set of discrete assignments Je = {x;, == 01, ..., xi,, = Om}, where
xi; € X forall1<j<m.

Semantics. The semantics of the hybrid games are interpreted
over a labelled transition system. A configuration is a pair (I, v)
containing the game’s location [ € Loc and valuation v € Val(X).
The set of all configurations Config represents the states of the
transition system, and (ly, vo) is the initial configuration.

The transitions of hybrid games resemble two types of valuation
evolutions explained above:

Continuous transition: often called a time transition,
(L, v) 5 (I, v') for t € R, such that v/ = Pfiow, (V. 1).
A time transition (I, v) LR (L $fiow, (v.1)) is legal if for all

t" e [0,t] Pflow, (V; t') & ino(l).
Discrete transition: often called an edge or an action transi-

tion, (I, v) 4 (I', V") for some decision functiond : Agt — Act.

An action transition (I, v) 4 (', v') is legal if there exists an
edge (I, d, I') € E that is enabled. An edge e = (I, de, I') € E
is enabled at the configuration (I, v} if v & inv(l), v = guard(e)
and v[Je] E ino(1"). We also say the action de (i) is enabled
for the agent i € Agt. We assume the stutter action L to
be enabled for every agent at every configuration. That
means, for every location [ € Loc, there exists a stutter edge
er = (I, dy, 1) € E, such that (1) d, (i) = 1 for every agent

i € Agt, (2) guard(ey) = True,and (3) Je, = {}.

A play is an infinite sequence of configurations ({l, vo), {I1, v1),
(I, v2),...) which starts with the initial configuration. For all con-
secutive states (I;,v;) and (lj41,vi+1), there is a legal transition
(I, vi) = (liv1, vier1)-

3 Introducing Triggers into Hybrid Games

We introduce a novel extension of hybrid games that we call triggers.
With triggers, we can incorporate the agents’ rationale in the form
of conditions that prompt an agent to act. With our extension, the
nondeterminism of hybrid games can be significantly reduced.

Example 3.1 (Running Example). Fig. 1 shows three robots: red
R, and green G and blue B circles. The radius of all robots is r.
The robots are moving in the aisles of a warehouse. The warehouse
contains four aisles: two horizontal H = {hy, hz} and two vertical
V = {v1, v2}. The robots continuously move items from one end
to the other. The coloured ends indicate each robot’s current goal.
The robots must also avoid colliding with each other. The arrows
attached to the robots show their current direction. The movement
and interaction of the robots are modelled as a hybrid game. The
agents are the three robots Agt := {R, G, B}. The variables in X
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Figure 1: A hybrid game representing 3 robots in a warehouse.

represent their position, speed and direction
X = A{xi, yi, spd;, dir; | i € Agt},

where (x;, y;) is the position of the centre of robot i. The direction
dir; can have values {-1, 1}. A positive direction indicates that
the coordinates are increasing and vice versa. For simplicity, we
assume the robot has only two possible speeds, {0, 1}, which can
change discretely. Additionally, the robot’s direction can change
in discrete 90° increments, allowing it to turn either left or right
relative to its current direction. The initial valuation vy is the one
shown in Fig. 1. The initial speed of all robots is 1.
The locations Loc represent the aisles each robot is on:

Loc:= (HUV)?

The initial location is [y = (v1, v2, h2). The locations’ invariants
ensure the robots stay within the aisles’ borders. The invariant

ino(ly) is defined as follows:
ino(lp) =3+r<xg<4-r A r<ygr<5-ra

r<xg<5-r AN 3+r<yg<4d-rn

1+r<xg<2-r A r<ygp<s-r

The locations’ flows determine the robots’ continuous movement.
The flow flow,, is defined as follows:

A
flow;, = {xg =0,

xé = spdg - dirg,

yllg = spdp - dirg,
yG =0,
yp = spdp - dirp}

The agent’s actions allow the robots to move (spd := 1), stop (spd :=
0) and turn 90° left or right with respect to the robot’s current
direction:

x1'3 =0,

Act = {move, stop left, right, L}

The edges determine whether the agents can execute their actions.
Changing speed is always allowed and is expressed as a self-loop
edge in each location. For example, in any location [, the edge e;
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allows robots B and G to stop:
e1 = (I, de;, = {R~ 1, G~ stop, B~ stop}, 1)
guard(e1) = True, Je, = {spdp =0, spdg =0}.

Edges also allow the robots to change tracks by changing direc-
tion only at the intersection points. For example, from the initial
location [y, the robot R can turn when it reaches the intersection
(h1,v2) using the edge e:

ez := (lo, de, = {R~ right, G~ 1, B 1}, (v1,h1,h3))

guard(ez) =3+r < xg < 4-r Al+r <yg < 2-r,

Jey = {dirR = _1}~
In this game, we observe a key characteristic of hybrid games:
An enabled edge does not indicate whether the agents need to take
it. This contributes to a high level of non-determinism. Although
each agent has a specific goal, it is not explicitly modelled within
the game, meaning it cannot be leveraged in verification processes.

The following section introduces an extension of the hybrid game
model for representing an agents’ changing goals, thus enabling
the verification process to focus solely on edges aligned with the
agents’ strategic objectives, which we express through triggers.

3.1 Triggers

A trigger is a condition that, once met, prompts an agent to act. For
example, a vehicle reaching an intersection is prompted to turn,
while getting too close to the vehicle ahead prompts it to slow down.
With that, triggers form part of agents’ strategies for staying safe
and reaching their goals. Formally, a trigger is a constraint selected
by an agent such that the agent takes action precisely once this
constraint is satisfied. In other words, with each discrete transition,
each agent chooses a constraint or trigger that they would impose
upon the continuous flow. Triggers define the moment of acting;
thus, for every trigger, there must be an exact time point when
that constraint is satisfied. For example, the constraint ¢ = x > 2
for some variable x € X is not a valid trigger because there might
not be an exact moment when ¢ is satisfied. On the other hand,
@' = x > 21is avalid trigger.

Definition 3.2 (Trigger). We call a constraint ¢ a trigger if for
every valuation v and every set of differential equations flow, either:

o there exists a minimal time ¢ € Ry to satisfy ¢, i.e.:

$f1ow(v,1) E ¢ and for all t' e[0,1), P ftow (Vs t') ¥ ¢, or
e ¢ is never satisfied, i.e. ¢ﬂow(v, t) ¥ ¢ for all t € Ryo.

In other words, a constraint ¢ is a trigger if and only if [¢] is a
closed set under the usual topology in R".

The set of all trigger constraints is called C:
Cr = {p € Cx | [¢] is a closed set}

Given a hybrid game configuration (I, v), the minimal time to
satisfy a trigger for some agent i € Agt is essential to track when
(or whether) the agent i would act.

Definition 3.3 (Time to Trigger). Given a trigger ¢ and a config-
uration (I, v), the function time to trigger ttt({, v), ¢) returns the
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minimal time to satisfy ¢ starting at (I, v):
t if gow,(v. 1) E ¢ and for all t'efo,t):

¢ﬂowl(va t,) ¥ .
oo if ¢, (v, t) # ¢ for all t € Ryp.

(L v)e):=

Example 3.4. Given the following valuation and flow of some
location I:

valuation :
flow; :

The following are examples of triggers along with their time-to-trigger
function tt:

v(x) =0, v(y) =1

x’:2, y':O

¢p1=(x24vy=10)
2= (y 210)

tt((L v), 1) =2
tt((l, v), ) = o0

Triggers can be used to express that an agent needs to interrupt
a continuous flow and take an action. Next, we show how triggers
can be incorporated into the hybrid game syntax and semantics.

3.2 Hybrid Games with Triggers

A hybrid game with triggers (HGT) extends the concurrent hybrid
game Def. 2.4 with triggers.

Definition 3.5 (Hybrid Games with Triggers). A hybrid game with
triggers & is a tuple

@ = (Loc, lo, X, vo, flow, inv, Agt, Act, E, guard, jump, Trig, trig,),
@)
where Trig c Cr is a finite set of triggers and the function
trig, : Agt — Trig assigns each agent an initial trigger. The remain-
der of the definition is a hybrid game as defined in Def. 2.4.

Semantics. The triggers of all players are updated with each
action transition. The current triggers are expressed in the triggers
function trig. The initial triggers are defined by the function trig,.
To keep track of the triggers throughout the game, we add the
function trig to the game configuration. A configuration in an HGT
is a triple (I, v, trig). We extend the definition of the time to trigger
function to configurations:

wt({l, v, trig)) = wt({l, v), min{ett((L, v, trig(i))) | i € Agt}).

The HGT semantics are interpreted over a labelled transition system
similar to the concurrent hybrid games. The set of all configurations
is called Configy and represents the states of the transition system.
The transitions of an HGT are defined as follows:

Time transition: (I, v, trig) LN (I, v/, trig) is legal if it is legal in
the hybrid game definition, and ¢ < #t({l, v, trig)).

Action transition: (I, v, trig) 4 (', v/, trig') is legal if it is legal
in the hybrid game, and d(i) = 1 for every agent i € Agt
with v ¥ trig(j).

At configuration (I, v, trig), if v = trig(i) for some agent i € Agt,
each agent chooses a pair (a, ¢) where a is the action the agent
chooses, and ¢ is the trigger for their next action. Agents j € Agt
with v # trig(j) can only choose the stutter action 1. In an action

d
transition (I, v) — (', V'), we say an agent i € Agt with v &= trig(i)
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is to blame for the transition, while agents j € Agt with v & trig(j)
are blameless.

Example 3.6. We extend the hybrid game from Example 3.1. The
robots use two constraints as triggers: one to stay safe safe(i) and
one to reach their goals turn(i, p) for the robot i € Agt and some
intersection or endpoint p. The safe(i) trigger ensures that robot
i reacts in time before it collides with another robot:

safe(i) = free-ahead(i) < safety-distance

We assume that safety-distance is a constant distance the robots
must maintain as an emergency braking distance and free-ahead(i)
is a sensor measure of the empty space in front of the robot i. The
turn triggers allow the robots to turn at an intersection or an end-
point to navigate towards their goals. The trigger turn(i, (hy, v1))
allows robot i to turn at the intersection (hy, v1):
turn(i, (hy,01))=1+r<x;<2—-r A l+r<y;<2-r
Similarly, the trigger turn(i, (hy, 0)) allow that the robot i to turn
at the start of the aisle h;:
turn(i, (h1,0)) =xj=r A 1+r<y;<2-r
For the end of aisles, endpoints, the number 0 is replaced with 5.
The set Trig can now be defined as follows:
Trig := {safe(i) A turn(i,p) |
i € Agt, p is an intersection or an endpoint}

The initial trigger function trig is defined as follows:

trigy(B) = safe(B) A turn(B, (hy, v1))

trigy(R) = safe(R) A turn(R, (hi, v2))

trigy(G) = safe(G) A turn(G, (hs, 5))
The triggers for the robots B and R are satisfied at the same time

(circles with the label 1 in Fig. 2). Therefore, these two robots can
take concurrent actions, creating the following decision function:

d:={Bw~ right, R left, G~ 1}
Each robot chooses a new trigger, creating the new trigger function
trigy:
trig, = {B ~ safe(B) A turn(B, (hy, v2)),
R~ safe(R) A turn(R, (hy, v1)),
G — safe(G) A turn(G, (hz, 5))}

Fig. 2 shows how the game progresses further in the circles labelled
with 2. In this running example, note how guards and invariants set
fixed conditions for when actions can occur, while triggers define
when the agents want or need to take actions and can be updated
throughout the game. Consider the following explanation for this: a
robot can change its speed at any point and may have the option to
turn at multiple intersections. However, triggers determine which
intersection the robot will take to reach its destination and under
which conditions it will change its speed.

4 Time Abstract Game with Triggers

We introduce a discrete game abstraction of a hybrid game with
triggers (HGT). We call this discrete game time-abstract game with
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Figure 2: Progression of an HGT representing 3 robots in a
warehouse. circles indicate satisfied triggers.

triggers (TAGT). TAGT consists of a countable state space. An agent
has a winning strategy in the TAGT if and only if that agent has a
winning strategy in the HGT.

Intuitively, the discrete game takes advantage of the reduced
nondeterminism brought by the triggers: in the TAGT, the times
where none of the triggers are satisfied are skipped over, knowing
that no actions can be taken in these times. Fig. 3 illustrates this
intuition. This ensures that the game progresses solely based on
agents’ actions and the conditions defined by their triggers, creat-
ing a predictable path through the game states. Fig. 2 shows the
progression of the HGT from Example 3.6 in discrete steps.

v trigo (i1) v trigy(is) v trigs(is)

v trigy (iz) v trigs(is) v trigs(is)

Vie Agt - v i trig(i)

Figure 3: Skipping over times where no trigger is satisfied.

It is important to note that HGT does not restrict the discrete or
continuous dynamics of the hybrid games, except for the assump-
tion of the differential equations’ solvability. Maintaining the hybrid
game’s expressive power means that the reachability question in
the abstract discrete game remains semi-decidable.

4.1 TAGT as Instance of CGS

We model the TAGT as a concurrent game structure (cf. Def. 2.1).
This game model fits intuitively to the TAGT and serves as the
semantic model for ATL* [3] and strategy logic [14].

Definition 4.1 (TAGT as an instance of CGS). Given an HGT &:
@ = (Loc, ly, X, vo, flow, inv, Agt, Act, E, guard, jump, Trig, trigo),
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the following CGS 7 is called a time-abstract game with triggers
TAGT:
T = (S, so, Agt, Act, AP, label, §) :
e The agent set Agt is the same as in the hybrid game.
o The action set Actyy contains all pairs in Act x Trig and the action
wait, which players must take to allow for a time transition:

Acty = (Act x Trig) U {wait}

o The set of states S ¢ Configr is a countable subset of configura-
tions of the HGT. S can be inductively defined as follows:
— The initial state is the initial configuration
So = (lo, V0, trigo) €S
- Ifs=(L v, trig) € S, then:
(I, v[ttt(s)], trig) € S if v # trig(i) for all i € Agt
(', v[Jel, trig’y € S for each trig’ : Agt — Trig
if the edge e = (I, de, I') € E
is enabled at s in &.
o The transition function ¢ is defined based on the HGT transitions.
Given a state s = (I, v, trig) € S, then:
Case v # trig(i) for any i € Agt:
8(s, dvair) = (I, v[ttt(s)], trig) where dyyqir (i) = wait
for all i € Agt.
Case v = trig(i) for some i € Agt:
8(s, di) = (I', v[Je], trig') for all e = (I, de, I') enabled at s
and all trig’ : Agt — Trig, such that for each agent j € Agt,
de(j) = (aj, ;) where ¢; = trig’ (j) and a; = de(}).
e AP =Locu Trig
o The labelling function label is defined as follows:

label : (I, v, trig) — {1} u {trig(i) | i € Agt. v E trig(i)}

The state space can be visualized as a states tree for which we
show the top three layers in Fig. 4. States with no satisfied triggers
have only one child, whereas states with at least one satisfied trigger
have a child for each enabled edge and each trigger function
trig : Agt — Trig. This makes each layer of the tree finite, and thus,
the state space overall is countable. FEach

(lo, vo, trigo)
ttt((lo, vo, trigo))

(lo, v1, trigo)
V1 = O fiow,, (V1, ttt(co)),

(de, , trigr) (de, , trigs) (dey, trigr) (dey, trigs)

[ (ol trig) | [ nlT) trig) | -+ \ (I2, v1[Jey), trigs) \ [ 2l trige) |

Figure 4: First layers of the discrete game tree.

4.2 Excluding Zeno Behaviour

The winning conditions discussed in [7] and [6] prevent an agent
from winning by blocking the progression of time, the so-called
Zeno behaviour. We describe how these winning conditions can be
adapted to the TAGT in the form of an ATL* [3] formula.

A play is winning for agent i if it satisfies the desired outcome
¢i (expressed as an ATL* property over AP) and time diverges
td or time converges tc, provided i is not to blame for the time
convergence. These conditions ensure that an agent cannot win by
halting time, thereby encouraging realistic strategies.

Hamarneh et al.

To express these winning conditions, we assume the existence
of a global clock z € X, which progresses continuously without
interruption, i.e. is never updated in any edge and has the flow z’ = 1
in all locations. Furthermore, we extend the atomic propositions of
TAGT with the following propositions:

e tick: The proposition tick is True if the state is reached through
a time transition, and this transition causes the global clock z to
advance by an integer value. That is, tick is True in state s € S if
there exists a state r € S such that §(r,dygir) = s and [vs(z) | -
|vr(2)] = 1, where vs and vy are the valuations at states s and r,
respectively.

o Blame = {blamey, ..., blamey }: Each blame; is True if the state is
reached via an action transition where agent i € Agt is responsible
for the transition. Specifically, blame; is True in state s € S if there
exists a state r € S with §(r,d) = s and d(i) = (a,¢) where a # 1.

The existence of a winning strategy for a coalition of agents I € Agt
can be expressed using the ATL* notation:

{I)(@r A OO tick) v (O O =tick A A O O -blame;)
iel
In the above formula, ®; is the desired outcome of the agents in I.
The ((I)) is an ATL* operator that says there exists a strategy for the
coalition I to enforce the following formula. This formula ensures that
tick appears infinitely often, i.e. time diverges, or if time converges,
the agents in I are not to blame for the convergence. robot

5 Conclusion

We introduce Hybrid Games with Triggers (HGT), a novel exten-
sion of hybrid games that incorporates agents’ rationale into the
game model. This extension reduces nondeterminism, enabling the
discretization of hybrid games. Importantly, HGT achieves this with-
out imposing restrictions on system dynamics. HGT uses triggers
to focus only on active states. In this way, our approach simplifies
reasoning about safety and reachability in multi-agent CPS.

Our work opens new directions for more efficient verification and
analysis of autonomous CPS, potentially influencing future work
on game-based models for complex CPS interactions. Specifically,
we recognize two important directions for future research on the
application of HGT:

Bounded HGT: We show how the time abstract game with triggers
(TAGT) reduces an HGT to a discrete game with a countable set of
states. Nonetheless, in a TAGT, reachability remains undecidable.
Therefore, to reduce a TAGT to a finite number of states, we propose
introducing termination conditions, e.g. a time-bound. However,
this is only possible if Zeno-runs are excluded. In future research,
we will explore realistic termination conditions and explore the
decidability of bounded HGTs.

Al Integration: HGT can be integrated into Al systems to improve
verification and explainability. Triggers, which function as IF-THEN
statements, are straightforward to extract in rule-based Al but they
are often less transparent in learning-based Al Future work could
focus on incorporating triggers into Al to enhance interpretability.
For example, an Al could be trained to identify or create triggers,
allowing it to operate according to HGT semantics by remaining
inactive until a trigger condition is met. Alternatively, triggers could
be learned from the AI's behaviour, providing a basis for explaining
or verifying the system’s properties.
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