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Abstract

The implementation of quantum-limited amplifiers has been a necessity for the high-fidelity processing of signals
involving few weak photons, commonly encountered in experiments involving superconducting microwave electronics.
The need to protect sensitive quantum systems during these experiments demands the use of devices capable of
directionally routing the noisy signals from these amplifiers away from the quantum system under observation, which
is accomplished by breaking the symmetry of reciprocity. To reduce losses and improve fidelity, both characteristics
may be realised in a single device: the nonreciprocal quantum amplifier. In this dissertation, we explore uses for
nonreciprocal quantum amplifiers that go beyond these signal processing applications. These applications will depend
on the quantum nature of the amplifier, and so cannot be realised using components operating in the classical regime.
Two different utilisations are considered in this work. We first examine the ability of nonreciprocal amplifiers to
entangle their output signals and find that not only does directional signal transmission not inhibit the formation of
entangled states, but it simultaneously allows for the routing of unwanted noise away from these outputs. This allows
for the generation of high-fidelity propagating entangled states in noisy channels. The second project is motivated by
a desire to improve the efficiency of measuring the state of a superconducting transmon qubit. The measurement
requires the use of a microwave resonator to convert information about the qubit state into a microwave photon
signal, which must then be passed to a quantum-limited preamplifier. While it has been demonstrated that using a
nonreciprocal preamplifier improves the measurement efficiency, it is still reduced due to the presence of extra wiring
with the resonator. We therefore consider a case where the same device acts as both the measurement resonator and
the nonreciprocal preamplifier. We demonstrate that the amplification allows for a robust and highly efficient qubit
measurement, while the nonreciprocity concurrently prevents excess backaction on the qubit.
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1 Introduction

Advances in the ability to fabricate and manipulate quantum systems with specifically engineered properties during
the past several decades have led to the rapid emergence and expansion of the field of quantum technologies [1],
roughly a century after the birth of quantum theory itself [2]. The field has led to developments in quantum sensing
[3] and metrology [4], and most enticingly quantum information processing [5, 6], which promises advancements in
communication [7], cryptography [8], and computation [9]. The unique properties of these devices rely on quantum
phenomena, which are easily susceptible to degradation from sources of noise, requiring that they be well isolated
from the external world. It is, nevertheless, impossible to protect against all sources of noise: vacuum fluctuations
will always be present, and the need to perform measurements to determine the state of these engineered devices
necessarily perturbs the system, forcing us to think about noise at the quantum level [10]. Additionally, the final
detection of the measurement outcome may occur outside of the shielded environment, introducing the problem of
environmental noise. Since the measurement outcome is generally of low power, and hence is susceptible to noise, if
those of us who live in the realm of classical physics are to have any chance at observing it, amplifiers must be used
to increase the strength of the signal [11].

A series of amplifiers in a measurement chain may be used to successively amplify the low-power measurement
above the noise floor in the laboratory, thereby converting the information in the quantum device into a signal that
can be measured by classical means. These amplifiers also unavoidably add noise at each step and are, in general,
reciprocal devices, meaning that they will not only direct amplified signal up the measurement chain towards the
laboratory, but will also send amplified noise back down the measurement chain. This is undesirable when performing
a continuous measurement, since the noisy back-propagating signal can interfere with the measurement results, and
even affect the state of the quantum device through unwanted backaction. In order to prevent this, nonreciprocal
signal-processing devices are required, such as circulators and isolators, which allow for directional routing of signals
and therefore have the ability to redirect or terminate any back-propagating signal. The inclusion of these extra
devices within the measurement chain, along with the required additional connections, will add more noise, and some
also come at the cost of further reducing the fidelity of the measurement.

Since noise during signal processing is unavoidable, and only acts to decrease the efficiency of the measurement,
it is desirable to minimise the amount of added noise; this is critical for the first components in the measurement
chain, where the measurement signal is the weakest and most sensitive to contamination. It is therefore best if these
first components add the minimum possible amount of noise, which can be achieved if they are themselves quantum
systems whose noise is said to be quantum-limited [10–12], which is possible for amplifiers and nonreciprocal devices
based on superconducting circuits operating at and below the microwave frequency regime [5]. While research into
realising amplifiers in superconducting circuits was first undertaken in the 1960s [13], these devices attracted minimal
attention in the decades before the advent of superconducting qubits [14], where they are now an integral component
for the preamplification of qubit measurement signals. The issue of qubit measurement has also been a primary
driver of research in nonreciprocal quantum devices, and hence theoretical [15, 16] and experimental developments
[17–22] have also only occurred within the past decade. The desire to improve losses and so decrease noise through a
reduction in the number of connections between different components has also led to devices which can perform both
amplification and directional signal routing: nonreciprocal quantum amplifiers [23–29].

The development of nonreciprocal quantum amplifiers is therefore well motivated from a signal processing perspective,
where the aim is to improve the noise characteristics of delicate quantum signals. While their study necessitates the
use of quantum theory, the signal processing properties under consideration are also features of classical systems and
hence are not uniquely quantum. The goal of this dissertation is to consider two applications which cannot be realised
using classical devices: entanglement of photons and the direct measurement of a transmon qubit.

To this end, in Chapter 2 we focus on the common theory required to understand the physical modelling of
nonreciprocal linear quantum amplifiers. The fundamental building blocks of these amplifiers are parametrically
coupled harmonic oscillators subjected to linear dynamics, where amplification is achieved through the proper
modulation of the parametric couplings. The quantum states of these linear amplifiers belong to a larger class of
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continuous variable quantum states termed Gaussian states, and given their central role in the work to follow, we
open with a summary of their properties, specifically focusing on how they transform under the dynamics of open
quantum systems. After this, we review the basics of parametrically coupled physics, before moving on to a detailed
description of the symmetry of reciprocity and how one may break it to realise nonreciprocity. We start with an
explanation of the phenomenon in classical electromagnetic systems, before proceeding to extend the concept to open
quantum systems. Two approaches to nonreciprocity in open quantum systems are discussed, one based on engineered
dissipative processes [15], and the other based on the interference of scattered signals [16], both of which are shown to
be equivalent when applied to Gaussian quantum systems. The section is finished by assembling all the components in
order to introduce the two nonreciprocal amplifier configurations that will be considered in this dissertation, both of
which have been realised in experimental setups, called the delta [18, 19] and bowtie amplifiers [20, 30]. The following
chapters present the results from two projects, both focused on purely quantum mechanical applications of these
nonreciprocal amplifiers. These chapters build on the material in Chapter 2 but are otherwise independent, and begin
with their own specific introductory material.

Chapter 3 presents an investigation of the ability of nonreciprocal amplifiers to generate entangled states. This
chapter begins with a review of entanglement quantification with the purity and the logarithmic negativity entanglement,
along with the deleterious effect that unwanted noise in the form of thermal fluctuations has on the fidelity of entangled
states. We then motivate the application of these measures to investigate the fidelity of the entangled states formed
between the propagating signals emanating from quantum amplifiers. This formalism is then used to investigate the
effect of nonreciprocity on the entangled propagating states generated by quantum amplifiers. This chapter expands
on existing published work in the following article [31]:

L. Orr, S. A. Khan, N. Buchholz, S. Kotler, and A. Metelmann. “High-Purity Entanglement of Hot Propagating
Modes Using Nonreciprocity,” PRX Quantum 4, 020344 (2023).

Chapter 4 considers the use of a nonreciprocal amplifier for the readout of a superconducting transmon qubit, where
the amplifier is not simply a standalone component in a measurement chain, but is coupled directly to the qubit,
and so measures the qubit state and amplifies the result of said measurement simultaneously. The chapter begins
with an overview of the fundamental aspects of qubit measurement, focusing on the specifics for superconducting
systems. Of particular importance is the review of the intrinsic limits placed on the rate of qubit measurement,
which cannot surpass the rate at which the measurement process destroys the coherence of the qubit state through
dephasing. The closer these measurement and dephasing rates are in value, the more efficient the measurement, and
so to determine the efficiency of the nonreciprocal amplifier acting as a measurement device, both of these quantities
must be calculated exactly. While this is a simple process for the measurement rate, things are more complicated
for the rate of dephasing, which has only been calculated for simple systems. To facilitate dephasing calculations
for the nonreciprocal amplifier, along with other qubit measurement systems, an existing method based on Wigner
phase-space distributions was expanded; this forms one of the main results for the chapter. The measurement efficiency
of the nonreciprocal amplifier is then investigated using this method, and an optimal regime for qubit measurement is
found. The results presented here comprise the theoretical work done for a collaborative project with members of the
Advanced Microwave Photonics Group from the National Institute of Standards and Technology (NIST).
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2 Theoretical Background

2.1 Gaussian States in Quantum Mechanics
The physical models considered in this work are all based on systems of coupled bosonic modes, and therefore
correspond to continuous variable (CV) quantum systems. Crucially, it is assumed that the states of these CV
quantum systems are always Gaussian states; in order for a CV state to be Gaussian, it must be possible to
characterise the state entirely using the first and second moments of the physical variables, with the quantum state as
the probability density function. As a result of this assumption, the dynamics, whether closed or open, should always
preserve the Gaussianity of the state. Such transformations, which take a Gaussian state to another Gaussian state,
are called Gaussian transformations. Gaussian states, along with Gaussian transformations, are the fundamental
elements of linear quantum optics and photonics [32]. Here, the bosonic modes correspond to normal modes of the
quantised electromagnetic field, modelled as individual harmonic oscillators, with the photon creation and annihilation
operators acting as the continuous variables of the system. The set of Gaussian states for such systems includes the
well-known vacuum and coherent states of a quantum harmonic oscillator, along with squeezed states and thermal
states.

These assumptions allow for the quantum states and transformations to be represented in a manner which is not
only elegant but also practical. CV quantum systems are, by their nature, infinite-dimensional, meaning that any
representation of the quantum state in a Hilbert space must also be infinite-dimensional. Additionally, any finite-
dimensional approximation of the state grows exponentially depending on the number of bosonic modes. Gaussian
states, however, may be simply represented in terms of their finite number of moments, with Gaussian transformations
acting as matrix transformations on these moments. Since the number of moments scales quadratically with the
number of bosonic modes, the system remains tractable when considering the multimode amplifiers at the core of this
work. This is closely related to the phase-space representation of the quantum state and provides an alternative to
working in infinite-dimensional Hilbert space. In this section, we will introduce the necessary mathematical details to
efficiently treat Gaussian states and transformations for both coherent and open quantum systems, along with the
intimate connection with phase-space quantum mechanics.

2.1.1 Operator Structure
We consider a system of N canonical bosonic modes, with the state space given by the Hilbert space H =

⊗N
k=1Hk,

where Hk is the usual Hilbert space for the pure states of an individual harmonic oscillator. Associated with each
mode is a pair of creation and annihilation operators, â†k and âk respectively, where k = 1, . . . , N . These operators
satisfy the bosonic canonical commutation relations,

[âk, â
†
l ] = δkl and [âk, âl] = [â†k, â

†
l ] = 0, (2.1)

where δkl is the Kronecker delta. We refer to these as the mode or ladder operators, and they will act on the basis of
number states |n1, . . . , nN ⟩ in the usual manner, by either creating or annihilating a boson from their respective mode:

âk |n1, . . . , nN ⟩ = √nk |n1, . . . , nk − 1, . . . , nN ⟩ and â†k |n1, . . . , nN ⟩ =
√
nk + 1 |n1, . . . , nk + 1, . . . , nN ⟩ . (2.2)

For this work, the set of Hermitian quadrature operators will prove to be more useful for describing the system. In this
operator basis, each mode has a pair of quadrature operators, q̂k and p̂k, referred to as the position and momentum
operators, respectively; these names are historical artefacts from the association with the harmonic oscillator, and
simply refer to orthogonal variables of the quantum system and not to actual position and momentum variables.
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2.1 Gaussian States in Quantum Mechanics

These may be defined in terms of the mode operators as follows:

q̂k = 1√
2

(
â†k + âk

)
and p̂k = i√

2

(
â†k − âk

)
, (2.3)

and so satisfy the usual canonical commutation relations

[q̂k, p̂l] = iδkl and [q̂k, q̂l] = [p̂k, p̂l] = 0. (2.4)

The definitions from Eq. (2.3) represent just one possible definition of the quadrature operators, and in fact, any set
of Hermitian operators built from the creation and annihilation operators could serve as a set of quadrature operators.
In order to free ourselves of the constraints imposed by choosing one basis, we will replace the N pairs of position
and momentum operators, q̂k and p̂k, with a vector of length 2N , r̂, which contains a complete basis of quadrature
operators, and where an element of this vector, r̂k, represents an arbitrary quadrature operator. This notation is
adopted for all matrices and vectors, where the bold symbol denotes the entire array, and where the non-bold symbol
denotes an element of the array along with a subscript for the array indices. This definition allows for the canonical
commutation relation to be rewritten as:

[r̂k, r̂l] = iΩkl where Ωkl = −Ωlk and ΩklΩlk = Ω2 = −I2N , (2.5)

where I2N is the 2N × 2N identity matrix, and the antisymmetric matrix Ω is called the symplectic form. The
above properties of the symplectic form indicate that its inverse is given by Ω−1 = ΩT = −Ω, and that it has unit
determinant, det[Ω] = 1. In this work, we adopt the Einstein summation convention, where repeated indices in
expressions are summed over, however, we keep all indices as subscripts for clarity. The two most commonly used
conventions for defining the vector r̂, and as a consequence the symplectic form, are:

r̂ :=
(
q̂1, p̂1, . . . , q̂N , p̂N

)T and Ω = IN ⊗
(

0 1
−1 0

)
≡


0 1
−1 0

. . .
0 1
−1 0

 ,

or r̂ :=
(
q̂1, . . . , q̂N , p̂1, . . . , p̂N

)T and Ω =
(

0 1
−1 0

)
⊗ IN ≡

(
0N IN

−IN 0N

)
. (2.6)

where IN and 0N are the N ×N -dimensional identity and zero, or null, matrices, respectively. The first convention
will be used within this work when writing explicit expressions for matrices in the quadrature basis, since it keeps pairs
of variables for the same mode together and allows for single and multimode interactions to be clearly distinguished.
With the basic operator structure defined, we can now proceed to introduce and define Gaussian quantum states.

2.1.2 Moments of a Gaussian State
A continuous variable state ρ̂ is Gaussian if it can be entirely described through the first and second moments of
the quadrature or ladder operators. We can therefore define a vector of length 2N of the first moments, µ, which
constitute the mean values of the state:

µj := ⟨r̂j⟩. (2.7)

The second central moments may be represented by the matrix ς, with elements defined as:

ςkl := ⟨r̂kr̂l⟩ − ⟨r̂k⟩⟨r̂l⟩. (2.8)

Expectation values for an arbitrary operator Â are defined as ⟨Â⟩ := Tr[ρ̂Â]. In order for the density operator ρ̂ to be
a true quantum state, the matrix of second central moments must be a Hermitian and positive semi-definite matrix,
ς ≥ 0, a restriction which comes from the fact that the density operator itself must be positive semi-definite, ρ̂ ≥ 0.
The matrix of second central moments may be split into a sum of symmetric and antisymmetric matrices; the elements
of the antisymmetric matrix correspond to the expectation values ⟨r̂kr̂l− r̂lr̂k⟩/2 = Ωkl/2, where we have immediately
used the known commutation relation in Eq. (2.5) to replace the expectation value with the symplectic form. The
antisymmetric component of ς is therefore the same regardless of the system and so contains no novel information,
and as a result, all of the non-trivial information about the second central moments is contained in the symmetrised
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second central moments. We term this symmetric matrix the covariance matrix σ, and define the matrix elements as

σkl := 1
2 ⟨r̂kr̂l + r̂lr̂k⟩ − ⟨r̂k⟩⟨r̂l⟩, (2.9)

where we can see from this definition that, for a valid density operator, σ must be a real symmetric matrix. The
arrays µ and σ contain all the necessary information for describing a Gaussian state, since the higher-order moments
of a Gaussian may be expressed in terms of µ and σ using Isserlis’ theorem, commonly referred to as Wick’s theorem
when applied to creation and annihilation operators. We can now write the matrix of second central moments entirely
in terms of the covariance matrix and symplectic form, ς = σ + iΩ/2, and from the fact that ρ̂ ≥ 0 deduce that the
covariance matrix must obey the following relation [33]:

σ + i

2Ω ≥ 0. (2.10)

The above inequality is a compact way of expressing the uncertainty relation for any CV state, not just Gaussian
states, and is equivalent to the Robertson-Schrödinger uncertainty relation. The exact nature of the relation between
Eq. (2.10) and the uncertainty principle will be discussed further in Section 2.1.5, where it will be shown that Eq. (2.10)
is instrumental in determining whether a Gaussian state is entangled. The uncertainty relation also implies that, for ρ̂
to represent a true density operator, the covariance matrix must be strictly positive definite, σ > 0.

2.1.3 Wigner Phase-Space Representation
As stated in the introduction to this section, the study of Gaussian states is inextricable from the phase-space
formulation of quantum mechanics. The phase-space formulation will allow us to replace any wave function, density
operator, and observable with corresponding quasi-probability distributions (QPDs) in phase space, akin to the
Hamiltonian formulation of classical mechanics in spirit, but with significant differences. For a review of some technical
aspects of the phase-space formulation of quantum mechanics, refer to Appendix A. We will specifically focus on QPDs
in the Wigner phase space, hereafter termed Wigner functions. The Wigner function associated with an arbitrary
state ρ̂ is defined as:

Wρ(r) := 1
(2π)2N

∫
R2N

Tr
[
ρ̂ exp

[
iξ · r̂

]]
exp
[
− iξ · r

]
d2Nξ = 1

(2π)2N

∫
R2N

wρ(ξ) exp
[
− iξ · r

]
d2Nξ (2.11)

where ξ is a vector of length 2N containing the Fourier space coordinates, ξk, and r is the vector of phase-space
quadratures. Phase-space QPDs can be associated not only with density operators ρ̂, but also with observables, using
an identical definition.

As is well known, the product of operators in Hilbert space is generally noncommutative, a feature which is not
shared by the usual commutative multiplication of functions in phase space. As a result, the Wigner transform of an
operator product does not, except in the most trivial cases, correspond to the multiplication of Wigner functions,
f(r̂)g(r̂) ̸→Wf (r)Wg(r). It is possible to define a noncommutative product on the phase space which is equivalent to
the operator product; for the Wigner representation, this is the celebrated nonlocal Moyal star-product of QPDs [34,
35]. From the above definition of the Wigner function, we can write an explicit form of the Moyal star-product as
follows:

f(r̂)g(r̂)→Wf (r) ⋆ Wg(r) := Wf (r) exp
[
iℏ
2
←−
∂rTΩ

−→
∂r

]
Wg(r). (2.12)

Here, ∂r is a vector of derivatives with respect to the phase-space quadratures, ∂/∂rk, with the arrows denoting the
direction of the derivatives. It is crucial to note that f(r̂) and g(r̂) do not share the same functional form as their
Wigner functions Wf (r) and Wg(r), however, using the logic that operator products are replaced with the Moyal
star-product when casting such functions to phase space, the Wigner function can be calculated using Wf (r) = f(⋆r).
This noncommutative phase-space product ensures that the symplectic structure of the canonical commutation relation
is preserved among the phase-space quadrature symbols:

[r̂k, r̂l] = iΩkl → (rk ⋆ rl − rl ⋆ rk) = iΩkl. (2.13)

The Hilbert space for a single bosonic mode is therefore replaced with a two-dimensional real space with a symplectic
structure, denoted Mk(R2,Ω1). For the total phase space, the tensor product structure is replaced by the direct sum
of the individual local phase spaces for each bosonic mode, M(R2N ,ΩN ) =

⊕N
k=1Mk(R2,Ω1).

Returning to the Wigner function from Eq. (2.11), provided that the density operator is Hermitian, ρ̂ = ρ̂†, the
kernel of the Fourier transform satisfies wρ(ξ)† = wρ(−ξ), meaning that the Wigner function must be a real-valued
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2.1 Gaussian States in Quantum Mechanics

function. Despite this, the Wigner function Wρ(r) is called a QPD since it does not obey all the axioms of a true
probability distribution; one of the most significant differences is that Wρ(r) can contain areas of negative probability
density. However, for the Gaussian states we are considering, this is not the case, and so the Wigner function is
guaranteed to be positive valued over the entire phase space. Despite this, the structure of the Wigner phase space
still means that even Gaussian Wigner functions do not correspond to true probability distributions. As might
be expected, the name Gaussian state comes from the fact that the respective Wigner function is a real Gaussian
distribution, which may be expressed generally as

Wρ(r) = 1
(2π)N

√
det[σ]

exp
[
−1

2(r − µ)Tσ−1(r − µ)
]

(2.14)

where µ and σ are the previously defined vector of means and covariance matrix, respectively. The Wigner function
can also be completely defined through its characteristic function, which is simply the Fourier transform of Eq. (2.14),
and so is equivalent to the kernel of the Fourier transform used to define the Wigner function in Eq. (2.11):

wρ(ξ) := Tr
[
ρ̂ exp

[
iξ · r̂

]]
= exp

[
−1

2ξ
Tσξ + iµT ξ

]
. (2.15)

Much like the characteristic function of a true probability distribution, derivatives of wρ(ξ) can be used to obtain
the moments of the phase-space quadrature symbols rk, which correspond to symmetrised expectation values of the
original quadrature operators r̂k,

µk = −i ∂
∂ξk

wρ(ξ)
∣∣∣
ξ=0

σkl + µkµl = − ∂2

∂ξk∂ξl
wρ(ξ)

∣∣∣
ξ=0

. (2.16)

When calculating expectation values in phase space, inner products and traces are replaced by the act of integrating
over phase-space quadratures. Tracing over the entirety of the Hilbert space is therefore equivalent to integrating over
the entire phase space, or equivalently, taking the value of the characteristic function at the origin in the reciprocal
Fourier space. This allows us to represent the normalisation condition for ρ̂ as:

1 = Tr[ρ̂] =
∫
R2N

Wρ(r) d2Nr = wρ(ξ = 0). (2.17)

Instead of integrating over the entire phase space, we can instead integrate over specific quadratures to obtain marginal
distributions of the total Wigner function. Performing a partial trace over a specific mode is therefore equivalent to
integrating over their quadratures in phase space; as an example, integrating over one bosonic mode, which is labelled
k, is equivalent to

Trk[ρ̂] =
∫
R2
Wρ(r) dqk dpk = wρ(ξ)

∣∣∣
ξqk,ξpk=0

. (2.18)

Since the Wigner function for Gaussian states is a multivariate Gaussian distribution, the resulting marginal distribution
is necessarily the Wigner function of a Gaussian state; writing the moments of Wρ(r) in block form, dividing them
between the mode k to be integrated over and the remaining modes, which are labelled m, the moments of the
marginal distribution are: (

σmm σmk

σkm σkk

)
Trk−−→ σmm

(
µm

µk

)
Trk−−→ µm. (2.19)

The marginal distributions of the Wigner function also have a unique property not shared by any other phase-space
representation: the probability distribution corresponding to a measurement of a ρ̂ in the quadrature r̂ is obtained by
integrating over all other quadratures, labelled rint, in phase space,

⟨r|ρ̂|r⟩ =
∫
R2N−1

Wρ(r) d2N−1rint. (2.20)

In this work, we are solely interested in processes which preserve the Gaussian nature of the state ρ̂, ensuring that
the Wigner function of the state may always be expressed as in Eq. (2.14). While it is possible to perform these
transformations on the Wigner function itself, it is much easier to study how the moments evolve under such Gaussian
transformations, since these are always sufficient to characterise the entire state. In the next section, we will start by
examining a specific class of transformations which preserves the Gaussianity of the state, called the symplectic-affine
transformations.
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Chapter 2. Theoretical Background

2.1.4 Symplectic Transformations
The set of symplectic-affine transformations is of specific interest among all possible Gaussian transformations, since
they are the only Gaussian transformations which preserve the canonical commutation relation Eq. (2.4), and are
therefore canonical transformations. Such transformations include both symplectic transformations and translations,
r̂ → Sr̂+d, where d ∈ R2N is a real vector of length 2N representing translations, and S is a 2N ×2N real symplectic
matrix. Being a symplectic matrix, S ∈ Sp(2N,R) must satisfy the following properties:

STΩS = Ω and det[S] = 1. (2.21)

Using the given relations, the inverse of the symplectic matrix S may be expressed as S−1 = −ΩSTΩ. We can now
confirm that transformations of this type preserve the canonical commutation relation:

[r̂k, r̂l] = iΩkl → [Skmr̂m + dk,Slnr̂n + dl] = Skm[r̂m, r̂n]ST
nl = iSkmΩmnST

nl = iΩkl. (2.22)

Given that unitary transformations, r̂ → Û†r̂Û , also preserve commutation relations, it may be deduced that certain
unitary transformations may be represented as symplectic-affine transformations:

r̂ → Û†r̂Û ≡ Sr̂ + d. (2.23)

Invertible transformations of this form are termed Gaussian unitary transformations, which, as mentioned in the
previous section, preserve the Gaussian structure of CV states. Such transformations can also be applied to the
expectation values ⟨r̂k⟩ and ⟨r̂kr̂l⟩, and hence can also be cast as a transformation on the means µ and covariance
matrix σ:

µ→ Sµ + d and σ → SσST . (2.24)

Therefore, a Gaussian unitary transformation on a Gaussian state in Hilbert space is equivalent to a symplectic
transformation on the moments of the Gaussian Wigner function in phase space. Expressing this unitary transformation
as the exponential of an anti-Hermitian operator, Û = exp[−iĤ], Û is a Gaussian unitary transformation so long as
the Hermitian operator Ĥ is at most a quadratic polynomial of the quadrature operators [36]:

Ĥ = 1
2 r̂

TH(2)r̂ + r̂Th(1). (2.25)

where H(2) is a 2N × 2N real symmetric matrix, and h(1) is a real vector of length 2N . We can write explicit
expressions for the symplectic-affine transformation in Eq. (2.23) in terms of the elements of Ĥ by applying the
following lemma of the Baker–Campbell–Hausdorff (BCH) formula [37]:

eXY e−X =
∞∑

k=0

1
k! [(X)k, Y ] where [(X)k, Y ] ≡ [X, · · · [X, [X︸ ︷︷ ︸

k times

, Y ]] · · · ] , [(X)0, Y ] ≡ Y. (2.26)

Using the canonical commutation relations, the following expressions can be retrieved for S and d:

S = exp
[
ΩH(2)

]
and d =

exp
[
ΩH(2)]− I2N

ΩH(2) Ωh(1), (2.27)

where d is to be interpreted as a formal power series of the matrix ΩH(2). It may be confirmed that S does indeed
satisfy the conditions for a symplectic matrix outlined in Eq. (2.21) using the above power series, demonstrating that
the unitary transformation induced by a quadratic Hamiltonian corresponds to a symplectic-affine transformation.
The reverse, as it turns out, is not true: starting with a symplectic transformation, it is not possible in general to find
a corresponding unitary transformation generated by a single quadratic Hamiltonian. The solution, as discussed in
Appendix C.1, is to use a product of multiple Gaussian unitary transformations. Having established that symplectic
transformations correspond to unitary transformations in Hilbert space, we will now present one of the most important
structural properties of the covariance matrix, the Williamson normal form, which will be of particular importance
when discussing the entanglement of Gaussian CV states in Chapter 3.

2.1.5 The Williamson Normal Form
The Williamson normal form is a matrix decomposition which may be applied to covariance matrices and is equivalent
to a normal mode decomposition for Gaussian states. The result is due to Williamson’s theorem [38], which states that
for any real symmetric matrix, there is a symplectic matrix which diagonalises it. Additionally, the elements of the
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2.2 Open Quantum Systems and Gaussian Transformations

diagonal matrix come in pairs. For a system of N modes, the Williamson normal form of the covariance matrix σ is:

σ = SνST where ν :=
N⊕

k=1
νkI2. (2.28)

The matrix S is a real symplectic matrix, and so corresponds to a Gaussian unitary transformation, as indicated in
Eq. (2.27). The matrix ν is called the Williamson form of σ, and the elements νk are called the symplectic eigenvalues
of σ. The standard method of obtaining the set of symplectic eigenvalues is to compute the spectrum of the matrix
Ωσ; the solution is {±iν1, . . . ,±iνN}, which contains the symplectic eigenvalues that we seek. While calculating the
symplectic eigenvalues is simple, obtaining an expression for the symplectic matrix S in the Williamson normal form
is considerably more difficult [39]. These symplectic eigenvalues are closely connected to the uncertainty relation in
Eq. (2.10), which may be expressed equivalently as:

The uncertainty relation, σ + i

2Ω ≥ 0, is obeyed if νk ≥
1
2 for all symplectic eigenvalues. (2.29)

The above can be demonstrated by first using the normal form of σ and the definition of the symplectic matrix to
rewrite the uncertainty relation as S(ν + iΩ/2)ST ≥ 0, which reduces to ν + iΩ/2 ≥ 0. We can always pick the
form of S such that ν + iΩ/2 may be expressed in block diagonal form, with the blocks written as

(
νk i/2
−i/2 νk

)
. The

eigenvalues of each block are νk ± 1/2, and since the matrix ν + iΩ/2 is positive semi-definite only if the eigenvalues
of each individual block are greater than zero, this yields the condition: νk ± 1/2 ≥ 0. We can discard the weaker
condition, and so conclude that νk ≥ 1/2 must be true for every symplectic eigenvalue if the uncertainty relation is to
be obeyed.

The condition that νk ≥ 1/2 means that the variance for every normal mode of a Gaussian state must be equal to
or larger than the variance of a vacuum state, which is νvac = 1/2. This lower bound means that every symplectic
eigenvalue can also be written as νk = n̄k + 1/2, where n̄k indicates fluctuations above that of the vacuum. The
variance for each normal mode is therefore

(
n̄k+1/2 0

0 n̄k+1/2

)
, which is the covariance matrix of thermal state; details

are provided in Appendix C.4. The fluctuations above the vacuum n̄k may therefore be interpreted as the number
of thermal quanta in the normal mode. The covariance matrix of the N uncoupled normal modes, defined as the
Williamson form ν in Eq. (2.28), is therefore equivalent to the covariance of an N -mode thermal state. Since the
symplectic transformation S is equivalent to a unitary transformation, the Williamson normal form also says that any
Gaussian state is unitarily equivalent to a thermal state, a fact that will, once again, be of relevance in Chapter 3.

2.2 Open Quantum Systems and Gaussian Transformations
As has been shown, the unitary evolution of a Gaussian state can be understood through transformations applied to
its moments. Thus, the time evolution of a Gaussian state under Gaussian dynamics can be completely described
through dynamical equations for the moments. We are particularly interested in the form that these dynamical
systems take for an open quantum system, which may be modelled as a large collection of environment modes, E,
coupled to a finite number of modes which constitute the primary system, S. At this point, the total dynamics is
captured by the following Hamiltonian

ĤT = ĤE + ĤS + ĤI , (2.30)

where the ĤI is the interaction Hamiltonian between the system and environment, ĤS acts solely on the system,
and ĤE on the environment, also termed the bath or reservoir. The dynamics of the system and environment is
wholly coherent, ρ̂T (t) = Û†(t)ρ̂T (0)Û(t), where the unitary operator is the usual Û(t) = exp[−itĤT ], and where ρ̂T (t)
represents the combined system-environment density operator; both of these are linear operators on the combined
Hilbert space, HS ⊗ HE . The density operator for the system may be obtained by tracing over the environment
degrees of freedom

ρ̂S(t) = TrE [ρ̂T (t)]. (2.31)

In this chapter, we will introduce tractable models for the time evolution of ρ̂S(T ) which retain only the essential
elements of the environment. Provided that the total Hamiltonian ĤT is at most a quadratic polynomial of the
system and environment quadrature operators, then upon tracing over the environment degrees of freedom, the
system-environment interaction will be reduced to a Gaussian quantum channel acting on the remaining modes of the
primary system. A quantum channel has the important property that it is a completely-positive trace-preserving
(CPTP) map; as a result, a quantum channel applied to an initial density operator ρ̂S(0) preserves the positive
semi-definiteness of the density operator along with the unit trace. If ρ̂S(0) is a Gaussian state, then a Gaussian
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Chapter 2. Theoretical Background

channel will transform its first and second central moments as follows,

µ→ Tµ + d and σ → TσTT + V (2.32)

where d is a real vector of length 2N , T and V are both 2N × 2N real matrices, and V is additionally a symmetric
matrix. A Gaussian quantum channel is therefore a CPTP map that also preserves the Gaussian nature of the system
state [40]. The restriction on the system-environment interaction is sufficient for the systems under consideration in
this work, and we will make the further assumption that the environment modes are Markovian Gaussian white-noise
processes. We will focus on two distinct, yet complementary, formalisms when modelling the dynamics of our open
system: the Lindblad master equation and the Heisenberg-Langevin equations. We will further use the Heisenberg-
Langevin equations and input-output theory to characterise the scattering behaviour of the system. But before
tackling the open system dynamics, we will begin with a review of unitary dynamics for Gaussian states.

2.2.1 Coherent Dynamics of Gaussian Moments
The coherent dynamics of a state ρ̂ can be described in the Shrödinger picture by the von Neumann equation,

d

dt
ρ̂ = −i[Ĥ, ρ̂], (2.33)

whose solution is the usual unitary time evolution. Equivalently, we can push the time dependence to observables Â
in the Heisenberg picture, and calculate the coherent dynamics using the Heisenberg equation:

d

dt
Â = i[Ĥ, Â] + ∂

∂t
Â. (2.34)

In order to write the equations of motion for the moments of a Gaussian state, we will work in the Heisenberg picture
and invoke the Ehrenfest theorem to write an equation of motion for the expectation value of an operator:

d

dt
⟨Â⟩ = i⟨[Ĥ, Â]⟩+

〈
∂

∂t
Â

〉
. (2.35)

We can express the quadratic Hamiltonian as a polynomial in the quadrature basis as follows,

Ĥ = 1
2 r̂

TH(2)r̂ + r̂Th(1) = 1
2 r̂kH

(2)
kl r̂l + h

(1)
k r̂k where

(
H

(2)
kl

)T ≡ H(2)
lk = H

(2)
kl (2.36)

so that we can readily apply the canonical commutation relations from Eq. (2.5). We can now write the dynamical
equation for the first and second order combinations of the quadrature operators:

d

dt
r̂j = Ωjk

(
H

(2)
kl r̂l + h

(1)
k

)
and d

dt
(r̂j r̂k) = Ωjl

(
H

(2)
lm r̂m + h

(1)
l

)
r̂k − r̂j

(
r̂mH

(2)
ml + h

(1)
l

)
Ωlk. (2.37)

Using the definition of the first and second central moments along with the Ehrenfest theorem, we can write the
following dynamical equations for the central moments,

d

dt
µj = Ωjk

(
H

(2)
kl µl + h

(1)
k

)
and d

dt
σjk = ΩjlH

(2)
lm σmk − σjmH

(2)
ml Ωlj , (2.38)

or equivalently in terms of their arrays, using the fact that H(2) is symmetric and Ω is antisymmetric,

d

dt
µ = Ω

(
H(2)µ + h(1)) and d

dt
σ =

(
ΩH(2))σ + σ

(
ΩH(2))T

. (2.39)

We know from the solution to the von Neumann equation that the time evolution of ρ̂ must be unitary, and therefore
the solution to the dynamical equations of the Gaussian moments will be given by a symplectic transformation, as
discussed in Section 2.1.4. If the Hamiltonian is time-independent, then we can immediately write the solution to the
dynamical equations as,

µ(t) = S(t)µ(0) + d(t) and σ(t) = S(t)σ(0)S(t)T , (2.40)
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where we can write explicit expressions for the time-dependent symplectic and translation transformations entirely in
terms of the coefficients of Ĥ when written in the quadrature basis:

S(t) = exp
[
tΩH(2)

]
d(t) =

exp
[
tΩH(2)]− I2N

ΩH(2) Ωh(1). (2.41)

With the coherent dynamics solved, we can now proceed to derive similar dynamical equations for the Gaussian
moments for open quantum systems coupled to Markovian environments.

2.2.2 The Lindblad Master Equation
2.2.2.1 Open System Dynamics of Gaussian Moments

The first model of an open quantum system that we will examine is the celebrated Markovian Lindblad master
equation [41, 42]. Working in the Schrödinger picture, the most general form of the Lindblad master equation, which
satisfies the properties of a Gaussian channel, is

d

dt
ρ̂ = L(ρ̂) where L(ρ̂) = −i[Ĥ, ρ̂] +

2N∑
j,k=1

Γjk

(
r̂kρ̂r̂j −

1
2 [r̂j r̂k, ρ̂]+

)
, (2.42)

where the system Hamiltonian Ĥ must be at most a quadratic function of the quadrature operators, and hence may
be written as in Eq. (2.36). The 2N × 2N matrix of environment couplings Γ is assumed to be Hermitian and positive
semi-definite. Provided that the Hamiltonian and the couplings to the environment are all time-independent, the
solution to the Lindblad master equations is

ρ̂(t) = etLρ̂(0), (2.43)

where the evolution is no longer unitary due to the dissipative environmental coupling, and so the CPTP dynamical
map in Eq. (2.43) is not invertible. We can also express this in the Heisenberg picture, Tr[Â(etLρ̂)] ≡ Tr[(etL†

Â)ρ̂], in
order to write an adjoint version of the Lindblad master equation for observables, which is only well-defined under
certain circumstances1 [41]:

d

dt
Â = L†(Â) where L†(Â) = i[Ĥ, Â] +

2N∑
j,k=1

Γ∗jk

(
r̂jÂr̂k −

1
2 [r̂kr̂j , Â]+

)
. (2.44)

If one is only interested in the time-evolution of operator expectation values, then it is possible to solve the following
master equation in all cases,

d

dt
⟨Â⟩ = ⟨L†(Â)⟩, (2.45)

where L†(Â) is defined as in Eq. (2.44). It is possible to calculate the dynamical equations for the Gaussian moments
using this expression, as was done in the previous section for the coherent dynamics, however, the dissipative part
of the Lindblad master equation makes this calculation tedious. A simpler method is to instead use the Wigner
phase-space representation to write the Lindblad master equation as a partial differential equation of the Wigner
function:

d

dt
ρ̂ = L(ρ̂)

Weyl
←−−−−−−−−−−−−−−→

Wigner

∂

∂t
Wρ(r) =

[
− ∂rTΩh(1) − 1

2∂r
T
(
ΩRe[Γ]Ω

)
∂r − ∂rT

(
ΩH(2) + ΩIm[Γ]

)
r

]
Wρ(r). (2.46)

Transforming from the Wigner phase-space back to the Hilbert space is accomplished using the Weyl transformation;
see Appendix A for further details. The vector ∂r has length 2N and contains the partial derivatives with respect to
the phase-space variables r, and can be written as ∂r := (∂/∂r1, . . . , ∂/∂r2N )T . The above second-order differential

1This manner of writing an adjoint Lindblad master equation for observables, although used in some common sources [43], is not rigorous,
and ignores technical complications regarding the continuity of the adjoint dynamical map. To summarise the problem, such a master
equation can only be defined when the generator of the dynamical semi-group is strongly continuous. The flow ρ̂(t) = etLρ̂(0) is
guaranteed to be strongly-continuous since it is continuous for every density operator, allowing one to write the Lindblad master
equation in Eq. (2.42) using L. Strong continuity is not preserved when considering the generator of the dual semi-group, which acts
on the adjoint space of observables, and so Â(t) = etL†

Â(0) is not continuous for all observables. Instead, it is said to be weakly
continuous, since only ⟨Â(t)⟩ = Tr[(etL†

Â(0))ρ̂] is guaranteed to always be continuous by virtue of the strong continuity of etLρ̂(0); as
a result, only the dynamical equation in Eq. (2.45) is well defined for all observables. Observables do exist for which time evolution is
continuous, and it is for these operators only that the adjoint Lindblad master equation in Eq. (2.44) may be defined. Such restrictions
do not exist if L corresponds to unitary evolution.
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Chapter 2. Theoretical Background

equation is known as a Fokker-Planck equation, and will preserve the Gaussian nature of the Wigner function Wρ(r).
It is easier to extract the moments of the Gaussian from the characteristic function wρ(ξ), so a Fourier transform is
performed over the phase-space coordinates, which yields another Fokker-Planck differential equation:

Fourier−−−−→ ∂

∂t
wρ(ξ) =

[
− iξTΩh(1) + 1

2ξ
T
(
ΩRe[Γ]Ω

)
ξ + ξT

(
ΩH(2) + ΩIm[Γ]

)
∂ξ

]
wρ(ξ). (2.47)

The vector ∂ξ has length 2N and is defined analogously to ∂r, where ∂ξ := (∂/∂ξ1, . . . , ∂/∂ξ2N )T . By substituting
the general form for the characteristic function of a Gaussian state from Eq. (2.15) into the above Fokker-Planck
equation, we can work out the following dynamical equations for the first and second moments:

d

dt
µ(t) = Aµ(t) + f and d

dt
σ(t) = Aσ(t) + σ(t)AT + C, (2.48)

where the matrices and vectors may be written as

A = ΩH(2) + ΩIm[Γ] C = −ΩRe[Γ]Ω f = Ωh(1). (2.49)

The matrix A is specifically referred to as the dynamical matrix. The dynamical equations are readily solved in the
steady state, where the equation for σ becomes a Lyapunov equation, and the equation for µ is a simple linear matrix
equation. It is, in fact, possible to solve the dynamical equations of the Gaussian moments when both Ĥ and Γ are
wholly independent of time [44]:

µ(t) = T(t)µ(0) + d(t) and σ(t) = T(t)σ(0)T(t)T + V (t) (2.50)

where the transformations can be written as follows2:

T(t) = exp [tA] d(t) = exp [tA]− I2N

A f V(t) = vec−1
(

exp [t(A⊗A)]− I4N2

(A⊗A) vec (C)
)
. (2.51)

An important difference between the above expression and those for unitary evolution is that the symplectic
transformation S(t) has been replaced by T(t) = exp [tA], which is not a symplectic transformation; in order to
determine under what condition T(t) is symplectic, and hence unitary and invertible, we can use the definition of a
symplectic matrix from Eq. (2.21) to construct an equivalent condition for the dynamical matrix A in the exponential:

ΩA + ATΩ = 0 or equivalently ΩA− (ΩA)T = 0. (2.52)

Using the definition of the dynamical matrix A from Eq. (2.49), the coherent dynamics represented by ΩH(2) will
satisfy the above condition because H(2) is a symmetric matrix, while the component arising from the coupling to the
environment, ΩIm[Γ], will not since Im[Γ] is antisymmetric. Thus, symplectic transformations only correspond to
invertible unitary transformations of the density operator, and so dissipative environmental couplings necessarily
result in nonunitary, and therefore non-invertible, dynamics.

2.2.2.2 The Quantum Optical Master Equation

The Lindbladian L in Eq. (2.42) is the infinitesimal generator of a one-parameter dynamical semi-group [41], and
is the most general form for a Markovian Gaussian quantum channel. The general form may be derived based on
mathematical grounds, however, it is also possible to use the so-called microscopic derivation so as to obtain the
Lindbladian based on purely physical arguments. For this work, we are specifically interested in the model known as
the quantum optical master equation, detailed microscopic derivations of which may be found in Refs. [43, 45–47]; we
will provide an overview of the derivation, drawing from a number of the listed sources, making sure to highlight the
important assumptions, which will be relevant for our physical models.

The dynamics of the combined system is governed by a total time-independent Hamiltonian ĤT , with identical
form to Eq. (2.30); we will specify the exact form of ĤT later on, but for the first part of this derivation it is simpler
to keep the expressions abstract. We assume that the system and environment are weakly coupled, so the coupling
described by the interaction Hamiltonian ĤI is a weak perturbation of the independent Hamiltonians, ĤS + ĤE ; this
is the weak-coupling approximation. The system Hamiltonian is initially written in its energy eigenbasis, while the

2The function vec(C) is the vectorisation operation; the definition used here transposes the rows of the matrix C, and then stacks them
to create a column vector of length 4N2, thereby vectorising the matrix. The function vec−1(·) denotes the inverse of this operation.
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interaction Hamiltonian is written as a sum,

ĤS =
∑

k

εk |εk⟩⟨εk| ĤI =
∑

k

Âk ⊗ Êk =
∑

k

Â†k ⊗ Ê
†
k (2.53)

where Âk and Êk are linear operators on the primary system and environment Hilbert spaces, respectively. It is
convenient to also write the system operators Â in the basis of ĤS eigenstates, since this will allow us to determine
the timescales of the different processes in ĤI later on; we therefore rewrite the individual Âk as,

Âk =
∑
l,m

|εl⟩⟨εl|Âk|εm⟩⟨εm| ≡
∑

ω

Âk(ω) where Âk(ω) =
∑

ω=εl−εm

⟨εl|Âk|εm⟩ |εl⟩⟨εm| , (2.54)

where the sum in Âk(ω) is over eigenenergies with identical differences in energy, represented by the frequency ω.
We can now move to an interaction picture by applying the unitary transformation Û(t) = exp[it(ĤS + ĤE)] to the
Schrödinger picture operators; the Hamiltonian therefore transforms as

ĤT → Û(t)ĤT Û
†(t) + i

(
d

dt
Û(t)

)
Û†(t) = Û(t)ĤI Û

†(t) =: H̃I(t)

where H̃I(t) =
∑
k,ω

eiĤStÂk(ω)e−iĤSt ⊗ eiĤEtÊke
−iĤEt =

∑
k,ω

e−iωtÂk(ω)⊗ Ẽk(t). (2.55)

In order to take the derivative of tÛ(t) with respect to time, we can use the fact that any unitary operator may written
as the exponential of an anti-Hermitian operator iĤ(t), that is Û(t) = eiĤ(t), and so use the following expressions for
the derivative of the exponential map eX(t) [48],

d

dt
eX = eX

( ∞∑
k=0

(−1)k

(k + 1)! [(X)k, dX/dt]
)

=
( ∞∑

k=0

1
(k + 1)! [(X)k, dX/dt]

)
eX , (2.56)

where [(X)k, Y ] is the iterated commutator, previously defined in Eq. (2.26). A dynamical equation can then be
written for the total density operator in the interaction frame as follows:

d

dt
ρ̃T (t) = −i[H̃I(t), ρ̃T (t)] where ρ̃T (t) := Û(t)ρ̂T (t)Û†(t). (2.57)

This differential equation is integrated to yield a formal solution, which is then substituted back into the original
differential equation to obtain an exact integro-differential equation for ρ̃T (t):

d

dt
ρ̃T (t) = −i[H̃I(t), ρ̃T (t0)]−

∫ t

t0

[H̃I(t), [H̃I(t′), ρ̃T (t′)] ] dt′. (2.58)

To progress from here we further assume that there is no coupling between the system and environment before the
initial time t0, so they are initially uncorrelated, ρ̃T (t0) = ρ̃S(t0)⊗ ρ̃E(t0). Additionally, the number of modes in the
environment is taken to be much larger than the system, which, when combined with the initial assumption of weak
coupling, results in no backaction from the system on the environment, and hence there is no change in the spectrum
of the environment due to the system; this is known as the Born approximation. As a result of this, the state of the
bath is constant and uncorrelated with the system, which in the interaction frame means that the initial-state is the
steady state, ρ̃T (t) ≈ ρ̃S(t)⊗ ρ̃E(t0).

We can now trace out the environment in Eq. (2.58) to obtain a dynamical equation for the system density operator,
˙̃ρS(t) = TrE [ ˙̃ρT (t)]. Tracing over the environment will yield first- and second-order expectation values of the operators
Ẽk(t), which must now be evaluated. By construction, the expectation value of the environmental operators must
vanish entirely:

TrE

[
[H̃I(t), ρ̃T (t0)]

]
= 0 → TrE

[
Ẽk(t)ρ̃E(t0)

]
≡ ⟨Ẽk(t)⟩ = 0. (2.59)

Only the second-order expectation values of the environmental operators will remain in the dynamical equation for
ρ̃s(t), which are functions of two points in time, and may be written as

⟨Ẽ†k(t)Ẽl(t′)⟩ ≡ TrE

[
Ẽ†k(t)Ẽl(t′)ρ̂E(t0)

]
= TrE

[
Ẽ†k(t− t′)Ẽl(0)ρ̂E(t0)

]
. (2.60)

Since the density operator ρ̂E(t0) does not evolve with time in the interaction picture, it commutes with the operator
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eiĤEt, and as a result the second order expectation value can be characterised entirely by the difference in time,
t− t′ = τ , commonly called the lag; the environment therefore corresponds to a wide-sense stationary process [49].

The next major assumption that we invoke is the Markov approximation, which sets vastly different time scales for
the time evolution of the environment and the system. By taking the environment to be Markovian, the timescale of
its dynamics is assumed to be far shorter than that the of the system; this ensures that the correlation time of the
environment is so short that, when viewed on system-timescales, it can be assumed to have no dependence on earlier
times and hence no memory. This has two effects on the dynamical equation in Eq. (2.58), which will finally allow us
to cast this as a Markovian master equation. First, we can assume that due to the rapid decay of the environmental
correlations that the integrand sufficiently decays to zero faster than ρ̃S(t′) can change, allowing for the replacement
ρ̃S(t′) → ρ̃S(t). Secondly, the rapid decay of the integrand also allows for the upper limit of the integral to go to
infinity; we additionally set the initial time to zero without any loss of generality. Combining these approximations
yields, in the interaction picture, the Born-Markov master equation:

d

dt
ρ̃S(t) = −

∫ ∞
0

TrE

[
[H̃I(t), [H̃I(t− τ), ρ̃S(t)⊗ ρ̃E ]]

]
dt′

=
∑
ω,ω′

∑
k,l

ei(ω′−ω)tCkl(ω)
(
Âl(ω)ρ̃S(t)Â†k(ω′)− Â†k(ω′)Âl(ω)ρ̃S(t)

)
+ h.c. (2.61)

The decompositions of the interaction Hamiltonian from Eqs. (2.53) and (2.55) were used to obtain the second
expression. The function Ckl(ω) corresponds to the one-sided Fourier transform of the environment correlation
function from Eq. (2.60):

Ckl(ω) :=
∫ ∞

0
eiωτ ⟨Ẽ†k(τ)Ẽl(0)⟩ dτ (2.62)

This function is generally complex-valued and may be written in terms of a real component, which corresponds to
purely dissipative interactions between the system and environment, and an imaginary component, which gives rise to
some additional coherent dynamics in the system. Writing Ckl(ω) = 1

2γkl(ω) + iℓkl(ω), we then have:

γkl(ω) = 1
2 (Ckl(ω) + C∗kl(ω)) ℓkl(ω) = 1

2i (Ckl(ω)− C∗kl(ω)) . (2.63)

The coefficients γkl(ω) are now elements of a Hermitian matrix, as was assumed at the beginning of this section, and
correspond to a full Fourier transform of the environmental correlators, or equivalently, the power-spectral density of
the environment:

γkl(ω) =
∫ ∞
−∞

eiωτ ⟨Ẽ†k(τ)Ẽl(0)⟩ dτ. (2.64)

The imaginary parts ℓkl(ω) can be combined to form a Hermitian Hamiltonian operator, called the Lamb shift
Hamiltonian:

ĤLS :=
∑

ω

∑
k,l

ℓkl(ω)Â†k(ω)Âl(ω) where [ĤS , ĤLS] = 0. (2.65)

As the name implies, the Lamb shift Hamiltonian corresponds to a shift of the bare energy levels of the system,
which occurs due to coupling with the environment. Since it commutes with the system Hamiltonian, its form will be
preserved when shifting back to the Shrödinger picture.

We can now invoke the final assumption in this derivation, the so-called secular approximation, which eliminates
all the off-resonant, or non-secular, terms where the transition frequencies of the system operators are not identical,
ω ≠ ω′. This approximation relies on non-resonant transitions within the system oscillating too rapidly compared to
the relaxation time of the system to have any appreciable effect on the dynamics, and they are therefore dropped
from our final expression. Transforming the system back to the Shrödinger picture, we finally arrive at the optical
Lindblad master equation:

d

dt
ρ̂S(t) = −i[ĤS + ĤLS, ρ̂S(t)] +

∑
ω

∑
k,l

γkl(ω)
(
Âl(ω)ρ̂S(t)Â†k(ω)− 1

2 [Â†k(ω)Âl(ω), ρ̂S(t)]+
)
. (2.66)

For physical systems, the Lamb shift Hamiltonian is a small correction to the system Hamiltonian energies, and
therefore it is normally ignored; for the purposes of this work, we will justifiably do the same.
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2.2 Open Quantum Systems and Gaussian Transformations

2.2.2.3 Noise from a Thermal Reservoir

With the above expression in hand, the Lindblad master equations for specific models of the system and environment
can be quickly obtained; we are particularly interested in modelling the environment as a thermal reservoir. We
start by assuming that the system and environment are comprised of bosonic modes, modelled as quantum harmonic
oscillators, each with its own resonant frequency. The environments are comprised of a large number of modes, each of
which is assumed to be wholly independent, resulting in no cross-mode coupling through the environmental degrees of
freedom. The components from the total Hamiltonian in Eq. (2.30) which act purely on the system and environment
are then:

ĤE =
N∑

j=1

∑
ωb

ωbb̂
†
j(ωb)b̂j(ωb) and ĤS = Ĥ0 + ĤQ , Ĥ0 =

N∑
j=1

ωj â
†
j âj . (2.67)

The â(†)
j operators act on the system modes and obey the same commutation relations as in Eq. (2.1). The operators

b̂
(†)
k (ωb) are the creation and annihilation operators for the bosonic bath modes coupled to the system mode j, with the

commutation relations [b̂k(ωb), b̂†l (ωb)] = δkl. The system Hamiltonian is written as the sum of an N -mode harmonic
oscillator Hamiltonian, Ĥ0, leaving the quadratic Hamiltonian, ĤQ, unspecified.

Turning to the system-environment interaction Hamiltonian, we assume that the coupling between the system and
environment is quadratic, and only involves the exchange of single excitations:

ĤI =
N∑

j=1

∑
ωb

i
(
f∗j (ωb)b̂†(ωb)âj − fj(ωb)b̂j(ωb)â†j

)
=

N∑
j=1

(
B̂†j âj + B̂j â

†
j

)
where B̂j = −i

∑
ωb

fj(ωb)b̂j(ωb). (2.68)

With this, we can identify the environment operators Êk as the B̂(†)
j operators, whereas the system operators Âk are

the ladder operators. Notice that while no restrictions were placed on the Hamiltonian in the previous section, these
definitions mean that the dynamics generated by ĤT corresponds to a unitary Gaussian transformation, as detailed
in Section 2.2.1. Provided that the total state ρ̂T is also Gaussian, then, upon tracing out the environment, the state
of the primary system must also necessarily be Gaussian at all times, and so the resulting Lindblad master equation
must be a Gaussian channel.

Writing Âk in terms of the level-spacing dependent operators Âk(ω) requires the diagonalisation of ĤS , which has
been left unspecified. In order to simplify this process, we assume that the Hamiltonian ĤQ corresponds to a weak
correction to the energy levels of Ĥ0. This is well motivated when working in the microwave regime, where the modes
have a bare frequency on the order of ∼ 1− 10 GHz, while the interactions in ĤQ have strengths up to ∼ 10 MHz. In
this case, the eigenbasis of ĤS is approximately the basis of multimode number states from Eq. (2.2), with a constant
spacing of ±ωj between the energy levels for the j-th mode. Since the mode operators act as ladder operators between
regularly spaced number states, the system operators in Eq. (2.66) only depend on the frequency of their respective
mode. The sum over ω collapses to a sum over the constant energy spacings, ±ωj , with the system operators replaced
by Âk(−ωj)→ âj and Âk(+ωj)→ â†j .

We must now evaluate the correlation functions γkl(±ωj) to obtain the desired master equation. As stated above,
we assume that the environment forms a thermal reservoir coupled to the system. Based on the assumptions made
in the derivation, the effects of ĤI can be neglected by invoking the weak-coupling approximation. The constant
environmental state is assumed to be in thermal equilibrium, with the density operator corresponding to the canonical
ensemble:

ρ̂E = e−βĤE

TrE

[
e−βĤE

] =
⊗
k,ωb

ρ̂th
k (ωb) where ρ̂th

k (ωb) = 1
1− e−βωb

e−βωbb̂†
k

(ωb)b̂k(ωb) (2.69)

where β = 1/kBT , and kB is Boltzmann’s constant. The above state corresponds to a collection of uncorrelated
thermal states for each bath mode, each of which has some characteristic thermal occupancy determined by the
frequency of the bath mode,

n̄(ωb) = e−βωb

1− e−βωb
. (2.70)

With ρ̂E defined, the expectation values of the environment ladder operators can now be defined; to facilitate the
evaluation of γkl(ωj), we replace the discrete sum over the bath frequencies with an integral,

∑
ωb
→
∫
dωb. Under

this replacement, only two correlation functions take non-zero values:

⟨b̂†k(ωb)b̂l(ω′b)⟩ = n̄(ωb)δklδ(ωb − ω′b) ⟨b̂k(ωb)b̂†l (ω′b)⟩ = (n̄(ωb) + 1)δklδ(ωb − ω′b). (2.71)

Each field is therefore only correlated with other ladder operators of identical frequency. These correlators also

14



Chapter 2. Theoretical Background

indicate that the dissipative coupling γkl(ωj) is only non-zero when k = l, due to the assumed independence of the
environments for different modes of the system. We can now compute the only two non-zero values of γkl(ωj):∫ ∞

−∞
e−iωτ ⟨B̃k(τ)B̃†k(0)⟩ dτ =

∫∫
f∗k (ωb)fl(ω′b)

∫ ∞
−∞

e−i(ωj−ωb)τ ⟨b̂†k(ωb)b̂k(ω′b)⟩ dτ dωb dω
′
b = 2π |fk(ωj)|2 (n̄(ωj) + 1)∫ ∞

−∞
eiωτ ⟨B̃†k(τ)B̃k(0)⟩ dτ =

∫∫
f∗k (ωb)fl(ω′b)

∫ ∞
−∞

ei(ωj−ωb)τ ⟨b̂†k(ωb)b̂k(ω′b)⟩ dτ dωb dω
′
b = 2π |fk(ωj)|2 n̄(ωj). (2.72)

As a result of our approximations, the modes of the principal system only couple to modes in the environment with
similar frequencies, and hence the thermal occupancy of the reservoir corresponds to the frequency of the principal
system modes; for identical temperatures, a higher frequency mode will in general see a bath with lower occupancy
compared to a lower frequency mode. This should be understood to be an approximation, as there are other factors
present in physical devices which contribute to the amount of thermal noise impinging on a mode from the environment
that have not been taken into account here, such as pumps used to drive the system.

Since all non-trivial dependence on the frequencies of the bath modes has dropped out, we make the substitutions
n̄(ωj)→ n̄j and 2π |fk(ωj)|2 → κj . We can now replace all unknown quantities in the Lindblad master equation in
Eq. (2.66), making sure to use â(†)

j in place of the system operators, which leads us to our final result:

d

dt
ρ̂S = −i[ĤS , ρ̂S ] +

N∑
k=1

(
κk

(
n̄k + 1

)
D[âk](ρ̂S) + κkn̄kD[â†k](ρ̂S)

)
where D[L̂](ρ̂) := L̂ρ̂L̂† − 1

2 [L̂†L̂, ρ̂]+. (2.73)

The constant κk parameters represent decay rates from the system to the environment, and are set by the system-
environment coupling. Looking at the dissipative component of Eq. (2.73), we see that upon tracing over the
environment, the single particle exchange between the system and bath in the interaction Hamiltonian from Eq. (2.68)
has given rise to two incoherent single-photon processes: single-particle dissipation into the environment which
proceeds with the rate κk(n̄k + 1), and single-particle excitation with rate κkn̄k, which is absent when the environment
is in the vacuum state.

The Lindblad master equation in Eq. (2.73) is naturally expressed in terms of the creation and annihilation operator
basis, however, to use the dynamical equations in Eq. (2.48) we require that the dissipation terms be expressed in the
quadrature basis:

κk

(
n̄k + 1

)
D[âk](ρ̂) + κkn̄kD[â†k](ρ̂)

= κk

(
n̄k + 1

2

)
(D[q̂k](ρ̂) +D[p̂k](ρ̂))− κk

i

2

(
q̂kρ̂p̂k −

1
2 [p̂kq̂k, ρ̂]+

)
+ κk

i

2

(
p̂kρ̂q̂k −

1
2 [q̂kp̂k, ρ̂]+

)
. (2.74)

We can now write the coefficient matrix for thermal dissipation, and from that the matrices ΩIm[Γ] and ΩRe[Γ]Ω:

Γ =
N⊕

k=1

κk

2

(
2n̄k + 1 i
−i 2n̄k + 1

)
→ ΩIm[Γ] = −

N⊕
k=1

κk

2 I2 and ΩRe[Γ]Ω = −
N⊕

k=1
κk

(
n̄k + 1

2

)
I2. (2.75)

With the addition of a quadratic system Hamiltonian, ĤS , these expressions allow for the moment differential equations
from Eqs. (2.48) and (2.49) to be adapted for the Lindladian in Eq. (2.73):

A = ΩH(2) −
N⊕

k=1

κk

2 I2 C =
N⊕

k=1
κk

(
n̄k + 1

2

)
I2 f = Ωh(1). (2.76)

In the next section, we will review the differential Heisenberg-Langevin equations. By again assuming that the
environment is a Markovian thermal reservoir, we will demonstrate that the same moment equations can be obtained
using the Heisenberg-Langevin equations, revealing the equivalence with the quantum optical master equation for the
purpose of calculating the expectation values of the internal system modes.

2.2.3 Heisenberg-Langevin Equations and Input-Output Theory
2.2.3.1 Derivation of the Dynamical Equations

The Heisenberg-Langevin equations provide a complementary approach to open quantum systems, which, compared to
the Lindblad master equation, can be consistently defined in the Heisenberg picture. For these equations, along with
the related input-output theory, we will follow the seminal work by Gardiner and Collett [50], where the relation with
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2.2 Open Quantum Systems and Gaussian Transformations

the Lindblad master equation is also established. This general equivalence will not be demonstrated here, however, it
will be shown that, under the same approximations, the Heisenberg-Langevin equations generate the same equations
of motion for the moments of a Gaussian state, as in Eq. (2.76).

The derivation starts with the same total Hamiltonian from the microscopic derivation of the Lindblad master
equation, ĤT , which was defined in Eqs. (2.67) and (2.68). The system Hamiltonian, ĤS , is again at most dependent
on quadratic and bilinear terms of the primary system ladder operators. For ĤE and ĤI , the sum over bath frequencies
is pre-emptively replaced with an integral, so the environment and system-environment interaction Hamiltonians are
as follows:

ĤE =
N∑

k=1

∫ ∞
−∞

ωbb̂
†
k(ωb)b̂k(ωb) dωb ĤI =

N∑
k=1

∫ ∞
−∞

i
(
f∗k (ωb)b̂†(ωb)âk − fk(ωb)b̂k(ωb)â†k

)
dωb. (2.77)

Although there cannot be any modes with negative frequency, the range of integration is over the entire real line,
rather than just the positive frequency values. As stated in Gardiner and Collett, this is only an idealisation, and can
be accounted for by assuming that we are in a frame rotating with some angular frequency which gives the appearance
of negative frequency modes; this frequency must also be larger than the bandwidth of the system modes, so the
integral may be extended to negative infinity.

Heisenberg equations of motion can be written for the environment operators b̂k(ωb; t), which now include some
time dependence, along with arbitrary operators acting on the primary system Â(t). The Heisenberg equation for
b̂k(ωb; t) can be formally solved and substituted into the Heisenberg equation for Â(t) to yield the following:

d

dt
Â(t) = i[ĤS(t), Â(t)] −

N∑
k=1

∫ ∞
−∞

(
fk(ωb)e−iωb(t−t0)b̂k(ωb; t0)[â†k(t), Â(t)]

− f∗k (ωb)eiωb(t−t0)b̂†k(ωb; t0)[âk(t), Â(t)]
)
dωb

+
N∑

k=1

∫ ∞
−∞
|fk(ωb)|2

∫ t

t0

(
e−iωb(t−t′)[â†k(t), Â(t)]âk(t′)

− eiωb(t−t′)â†k(t′)[âk(t), Â(t)]
)
dt′ dωb. (2.78)

The so-called first Markov approximation is now applied to the environment, which determines the time scale of
the system and bath dynamics. As a result of the fleeting correlation time for the environment compared to the
system, the response of the environment becomes almost flat as a function of frequency, ωb. The coupling between
the environment and the system is therefore assumed to be independent of frequency, which corresponds to the
approximation 2π |fk(ωb)|2 → κk in the above expression, where κk can be understood as a damping or decay rate;
the coupling to the bath is therefore replaced by a frequency-independent damping term. From this point, the phase
of the interaction between the system and bath resulting from the complex coefficient fk(ωb) will be ignored without
loss of generality.

Now that the coupling has no frequency dependence, we will define an input field for a system mode in terms of the
bath operators,

âk,in(t) := 1√
2π

∫ ∞
−∞

e−iωb(t−t0)b̂k(ωb; t0) dωb where [âk,in(t), â†l,in(t′)] = δklδ(t− t′). (2.79)

With this definition, the differential equation for Â(t) may be simplified to yield the Heisenberg-Langevin equation:

d

dt
Â(t) = i[ĤS(t), Â(t)] +

N∑
k=1

(
[â†k(t), Â(t)]

(√
κkâk,in(t) + κk

2 âk(t)
)

−
(√

κkâ
†
k,in(t) + κk

2 â†k(t)
)

[âk(t), Â(t)]
)
. (2.80)

Further assuming that the form of the system Hamiltonian is identical to Eq. (2.36), the above equations can be used
to construct equations of motion for the ladder operators of the system â

(†)
k ,

d

dt
â

(†)
k (t) = i[ĤS(t), â(†)

k ]− κk

2 â
(†)
k −

√
κkâ

(†)
k,in(t), (2.81)
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along with the quadrature operators r̂k:

d

dt
r̂k(t) = i[ĤS(t), r̂k(t)]− κk

2 r̂k(t)−√κkr̂k,in(t)

−→ d

dt
r̂(t) = Ar̂(t) + f −

√
κr̂in(t) where κ =

N⊕
k=1

κk

2 I2 , A = ΩH(2) − 1
2κ , f = Ωh(1). (2.82)

Here, r̂k,in are the input-field operators in the quadrature basis, with the position and momentum input-field operators
defined as q̂k,in = (âk,in + â†k,in)/

√
2 and p̂k,in = −i(âk,in − â†k,in)/

√
2. Compared to the derivation of the Lindblad

master equation, no trace is performed over the bath, and hence no assumption has been made regarding the state
of the bath. However, in order to turn the above Heisenberg-Langevin equation for the quadrature operators into
dynamical equations for moments of a Gaussian state, the expectation value of the input-field operators will need to
be considered, which will necessarily involve applying further approximations to the environment.

Input-Field Operators and Noise
The input-field operator represents a noise process impinging on the system due to its coupling with the environment.
The form given in Eq. (2.79) corresponds to a wave packet of bath mode operators b̂(ωb; t0), which is freely evolving
under ĤE starting at some earlier time t0 until it interacts with the primary system at time t. The state of the
primary system and environment are therefore assumed to be separable before any interaction occurs, at times t ≤ t0.

The input-field operators are assumed to correspond to Gaussian white noise process, meaning that they are
determined entirely by their first two expectation values. Given that this is white noise, the mean must be zero, while
the variance arises due to zero-point, or vacuum, fluctuations of the field, plus any additional increase in the variance
due to thermal fluctuations. The expectation values of the input field are then:

⟨â(†)
k,in(t)⟩ = 0 ⟨âj,in(t)â†k,in(t′)⟩ = (n̄k + 1)δjkδ(t− t′) ⟨â†j,in(t)âk,in(t′)⟩ = n̄kδjkδ(t− t′). (2.83)

Note that the thermal photon number n̄k is not dependent on the frequency of the mode, and hence is flat as a
function of the bath bandwidth. As a result, the state of the input field cannot be assumed to be a thermal state as
in Eq. (2.69), since n̄k would then have some frequency dependence [50]. We therefore impose the value of n̄k to be
the same as in Eq. (2.72) by hand. As a result of the above definitions, the input operators must have the following
expectation value when written in the quadrature basis:

⟨r̂k,in(t)⟩ = 0 ⟨r̂j,in(t)r̂k,in(t′)⟩ =
(
δjk

(
n̄k + 1

2

)
+ i

2Ωjk

)
δ(t− t′). (2.84)

With the above expression, along with Eq. (2.82), we can easily work out the dynamical equation for the moments:

d

dt
µk = d

dt
⟨r̂k⟩

d

dt
σjk = d

dt

(
1
2 ⟨r̂j r̂k + r̂kr̂j⟩ − ⟨r̂j⟩⟨r̂k⟩

)
. (2.85)

It is easily confirmed that the dynamical equation for µ is identical to the corresponding equation generated by the
Lindblad master equation, while a bit more work is required for the covariance matrix. In order to evaluate the second
order correlators, we can use the fact that the Heisenbeg-Langevin equations obey the usual rules of calculus, that is
d
dt (r̂j r̂k) = ( d

dt r̂j)r̂k + r̂j( d
dt r̂k). To calculate the correlators of the form ⟨r̂j( d

dt r̂k)⟩ we must use both the differential
equation in Eq. (2.82) along with its solution; the following formal solution may be written assuming that the system
Hamiltonian has no explicit time dependence:

r̂j(t) = Tjl(t, t0)r̂l(t0)−
∫ t

t0

Tjl(τ, t0) (√κlr̂l,in(τ)− fl) dτ where T(t, t0) = exp [(t− t0)A] . (2.86)

With this solution, the same-time correlation function between the system operator and the input field can also be
worked out using the known correlation functions of the input fields, along with the assumption that both system and
environment are uncorrelated at different times, ⟨r̂l(t0), r̂k,in(t)⟩ = 0, and so:

1
2 ⟨r̂j(t)r̂k,in(t) + r̂k,in(t)r̂j(t)⟩ = −δjk

√
κk

2

(
n̄k + 1

2

)
. (2.87)

By combining the various given expressions above into the definition from Eq. (2.85), we arrive at the desired result
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for the moment differential equations:

d

dt
⟨r̂j⟩ = Ajl⟨r̂l⟩+ fj

d

dt
⟨r̂j r̂k⟩ = Ajl⟨r̂lr̂k⟩+ ⟨r̂j r̂l⟩

(
AT
)

lk
+ fj⟨r̂k⟩+ ⟨r̂j⟩fk + δjkκk

(
n̄k + 1

2

)
−→ d

dt
µj = Ajlµl + fj

d

dt
σjk = Ajlσlk + σjl

(
AT
)

lk
+ δjkκk

(
n̄k + 1

2

)
. (2.88)

This confirms that the dynamics of the Gaussian moments obtained using the Heisenberg-Langevin equations, under
the assumption that the environment is a Markovian thermal bath, are identical to those obtained using the Lindblad
master equation, since the arrays in the above equations are the same as those in Eq. (2.76).

2.2.3.2 Time-Reversed Dynamics and Input-Output Theory

The Heisenberg-Langevin equation derived in the previous section relied on solving the Heisenberg equations for
the environmental ladder operators using their initial conditions, b̂k(ωb; t0) where t0 < t, however, it is also possible
to construct a solution using the future state of the environmental modes after their interaction with the system,
b̂k(ωb; t1) where t1 > t. Using this solution, we can construct a time-reversed Heisenberg-Langevin equation for system
operators:

d

dt
Â(t) = i[ĤS(t), Â(t)] +

N∑
k=1

(
[â†k(t), Â(t)]

(√
κkâk,out(t)−

κk

2 âk(t)
)

−
(√

κkâ
†
k,out(t)−

κk

2 â†k(t)
)

[âk(t), Â(t)]
)
, (2.89)

where the damping on the system has been replaced with anti-damping in the reversed-time picture. The input-field
operators have also been replaced by output fields, defined as:

âk,out(t) := 1√
2π

∫ ∞
−∞

e−iωb(t−t1)b̂k(ωb; t1) dωb where [âk,out(t), â†l,out(t
′)] = δklδ(t− t′). (2.90)

Whereas the input-field operators describe the environment before interaction with the primary system, the output-field
operator describes the environment after this interaction, as the wave-packet propagates freely away from the system.
In addition, since the initial state ρ̂in is Gaussian, by nature of the assumption that the input field is Gaussian
white noise, then the state of the system at any time will remain Gaussian as a result of the linear dynamics of the
Hamiltonian ĤT , including the state of the input field, ρ̂out.

While the covariances of the input fields can be specified using the initial conditions of the environment, the
covariances of the output fields rely on the knowledge of the system state since ρ̂out is dependent on the system-
environment interaction. The relationship between these three quantities can be determined using the fact that the
dynamics described by the time-forward and time-reversed Heisenberg-Langevin equations in Eqs. (2.80) and (2.89),
respectively, must be identical. The interdependence between the input and output fields, along with the primary
system, may then be expressed through the input-output relation:

âk,out(t)− âk,in(t) = √κkâk(t) or, equivalently, r̂k,out(t)− r̂k,in(t) = √κkr̂k(t). (2.91)

As can be seen, in the absence of any interaction with the primary system, the input and output fields will be identical,
r̂k,out(t) = r̂k,in(t). The ability to model the bath before and after interaction is the key difference between the
input-output formalism and the Lindblad master equation approach, where only the dynamics of the primary system
may be calculated. This is incredibly useful when dealing with systems where the environment itself can be observed,
such as when the primary system is composed of ported modes connected to some external wiring or transmission
line. The input-output formalism also allows for each mode to be connected to multiple environments, representing
monitored and unmonitored environments; examples of the latter include material defects, which result in losses to an
environment which cannot be observed. In this work, we will consider such loss channels as insignificant and so only
consider systems with observable propagating fields.

2.2.3.3 Scattering Relations and the Frequency Domain

The input-output relation in Eq. (2.91) can also be interpreted as a scattering process, where the primary system
represents a scattering centre for the propagating environmental field operators. To develop this viewpoint, it is more
convenient to work in frequency space, and to this end, we define the Fourier transform of a time-dependent operator,
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along with the inverse transformation, using the unitary Fourier transform convention:

F [Â(t)](ω) = 1√
2π

∫ ∞
−∞

eiωtÂ(t) dt =: Â[ω] F−1[Â[ω]](t) = 1√
2π

∫ ∞
−∞

e−iωtÂ[ω] dω = Â(t). (2.92)

Applying this Fourier transform to the mode operators, we define F [âk(t)](ω) ≡ âk[ω] and F [â†k(t)](ω) ≡ â†k[ω]. Note
that, due to the complex exponential in the Fourier transform, â†k[ω] is no longer the conjugate-transpose of âk[ω],
which is instead (âk[ω])† = â†k[−ω]. The Hermiticity of operators is also not preserved under the Fourier transform
since the transpose operation will also change the sign of the frequency argument; hence for the quadrature operators
F [r̂k(t)](ω) ≡ r̂k[ω] it must be noted that (r̂k[ω])† = r̂k[−ω].

Focusing on the scattering of the quadrature operators undergoing linear dynamics, the Fourier transform is applied
to the Heisenberg-Langevin equation in Eq. (2.82) to yield the following linear system of equations in the frequency
domain:

−iωr̂[ω] = Ar̂[ω] + f −
√
κr̂in[ω]. (2.93)

The input-output relation in Eq. (2.91) may also be transformed to generate an equivalent relation between frequency-
dependent operators:

r̂out[ω]− r̂in[ω] =
√
κr̂[ω]. (2.94)

A scattering relation may be obtained using these two expressions, which is applicable only in the steady state, where
any dependence of the internal mode on its initial state has decayed away. In this instance, the internal state of
the primary system is solely a function of the noise from the input fields; this may be determined from Eq. (2.86),
where the presence of decay within the system will ensure that in the infinite time limit limt→∞Tjl(t, t0) = 0. The
scattering relation is therefore only explicitly dependent on the input and output fields:

r̂out[ω] = S[ω]r̂in[ω] + V[ω]f where S[ω] :=
√
κ(A + iωI2N )−1√κ + I2N , (2.95)

V[ω] :=
√
κ(A + iωI2N )−1.

The matrix S[ω] is called the scattering matrix, and contributes two terms to the output field: the scattering of
the input fields off the primary system, along with an added term for the input field which is always present in the
environment. The other matrix V[ω] corresponds to the displacement of the input field scattering off the primary
system, which only occurs when the primary system is itself displaced by some other field f . This can occur when there
are linear drive terms in the Hamiltonian, represented in the quadrature basis by the vector f = Ωh(1). Since these
drive terms may be applied through the port, they may be included in a redefined input field r̃in[ω] = r̂in[ω]−κ−1/2f ,
allowing for the entire scattering relation in Eq. (2.95) to be described by S[ω] only. In this case, the input fields have
identical second moments but non-zero means. While only the relations for the quadrature operators are provided here,
similar expressions may be obtained for the ladder operators using the Heisenberg-Langevin equation in Eq. (2.81),
along with the input-output relation Eq. (2.91).

Further insight into the scattering process may be gleaned by Fourier transforming the input and output-field
operators from Eqs. (2.79) and (2.90):

âk,in[ω] = F [âk,in(t)](ω) = eiωt0 b̂k(ω; t0) âk,out[ω] = F [âk,out(t)](ω) = eiωt1 b̂k(ω; t1). (2.96)

The Fourier-transformed operators are the bath mode operators in the interaction picture at the initial and final times,
t0 and t1, respectively. The entirety of the system evolution is therefore subsumed within the scattering relation,
which takes the bath operator from its initial to final-time configurations.

Given that the state of the bath and the system in the time domain are Gaussian states, this property also carries
over to the corresponding objects in the frequency domain. We can therefore characterise the input and output
fields entirely by their first and second moments. The correlation functions for the input fields can be obtained by
expressing the frequency-domain operators as the Fourier transform of their respective time-domain operators, and
then using the known time-domain correlators; when the correlators of the input fields correspond to thermal noise,
as in Eq. (2.83), the equivalent expressions in the frequency domain are:

⟨â(†)
j,in[ω]⟩ = 0 ⟨âj,in[ω]â†k,in[ω′]⟩ = (n̄j + 1)δjkδ(ω + ω′) ⟨â†j,in[ω]âk,in[ω′]⟩ = n̄jδjkδ(ω + ω′). (2.97)

The input noise is therefore still Gaussian white noise in the frequency domain. The correlators for the output fields
can then be constructed entirely using the above expressions, as indicated by the scattering relation in Eq. (2.95).

Compact expressions for the moments can be obtained for the steady-state input and output fields, which oscillate
resonantly with the fundamental frequencies of the primary system modes; provided we are in an interaction picture
where we rotate with the bare frequencies of the system modes, the resonance frequency will be given by ω = 0.
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The steady-state correlators of the input and output fields on resonance therefore correspond to the correlators of
âk,in[0] = limt0→−∞ b̂k(0; t0) and âk,out[0] = limt1→∞ b̂k(0; t1), respectively. The mean of the input fields is still zero,
µin,k = 0, while the mean of the output fields depends on the presence or absence of any displacement in the primary
system, µout,k = Vkj [0]fj . Finally, the steady-state covariance matrices on resonance may be expressed as follows:

σin =
N⊕

k=1

(
n̄k + 1

2

)
I2 and σout = S[0]σinST [0], (2.98)

where σin is the covariance matrix of an uncorrelated N -mode thermal state, and σout is obtained using the scattering
relation. Interestingly, the scattering matrix on resonance, when written in the quadrature basis, corresponds to a
real symplectic matrix; as noted in Section 2.1.4, this means that S[0] corresponds to a unitary transformation of the
propagating input fields.

2.2.4 Applicability of the Lindblad and Heisenberg-Langevin Equations
In this section, we have reviewed two approaches for modelling open quantum systems with Markovian environments:
the Lindblad master equation and the Heisenberg-Langevin equations. While both approaches yield identical equations
of motion for the moments of a Gaussian state in the primary system, their treatment of the environment results
in different scopes of application. Additionally, since the Lindblad master equation traces over the environment, it
provides a practical means for solving the density operator of the primary system. The Heisenberg-Langevin equations,
on the other hand, do not constitute a practical approach to solving the dynamics of the primary system operators
outside of expectation values, since the input and output fields are still treated as a continuum of bath modes. The
upside is that these propagating fields allow one to actually model the state of the bath, which is not possible in the
Lindblad master equation; this allows for the construction of the invaluable input-output theory, along with scattering
relations for the bath fields.

It may then be surprising that both methods yield the same dynamics for the internal modes, especially given that
the microscopic derivation of the Lindblad master equation invokes the Born approximation, where the state of the
bath is assumed to be unaffected by the system dynamics. The input-output relations obviously rely on the fact that
the interaction between the environment and system does, in fact, change the state of the former. This contradiction
then prompts the question: why do both approaches result in the same dynamics for the primary system?

For the master equation, the Born approximation results in a bath which only evolves under its own Hamiltonian,
and hence is always in the same initial state when working in the interaction picture. In the Heisenberg-Langevin
equations, the input field also only evolves under its own Hamiltonian while the wave propagates towards the system,
and hence it is treated as if it is unaffected by the system until the time of interaction. The result of this interaction
is the output field, but since this is assumed to propagate away from the system and never interact with the incoming
input fields, the fact that the “state” of the bath has been changed is irrelevant. We can then conclude that the
reason for this apparent equivalence when modelling the internal system is that both approaches, when combined with
the Markov approximation, result in an environment which is an unchanging Gaussian white noise process from the
point of view of the primary system; since we have set the correlation functions for both approaches to be identical,
the expectation values for the internal states must also be the same.

When considering the state of the primary system, both approaches can therefore be used interchangeably. However,
the systems in this work are to be treated as ported devices, where the internal modes are connected to some
transmission lines which can send and receive signals, with the primary system as the intermediary. Since these signals
are to be modelled as propagating input and output fields, the behaviour of the environment is to be understood from
the perspective of the Heisenberg-Langevin equations and input-output theory. This formalism is incredibly useful for
modelling the signals emanating from amplifiers, where the amplification of incoming signals is described entirely by
the scattering matrix, without the need to concern oneself with the internal state of the system, which only acts as a
scattering centre. In the next section, this formalism will be put to work, as we introduce how these amplifiers may
be engineered through the appropriate driving of parametrically coupled systems.

2.3 Parametric Coupling in Quantum Systems
In this section, we will introduce the concept of parametric couplings, whereby different interactions between coupled
harmonic modes may be specifically engineered through the modulation of system parameters. The control afforded
by this modulation will allow for interactions to be made resonant between systems which are otherwise weakly
coupled or otherwise off-resonant due to differences in fundamental frequencies. Portions of this section are inspired
by the reviews of parametrically coupled physics in Refs. [51, 52]. This section will use parametric couplings in
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superconducting circuits as a motivating physical example, though the formalism presented is not specific to this
platform.

2.3.1 Engineering Parametrically Modulated Interactions
Parametric couplings may be written generically as M(t) r̂j r̂k, where two quadrature operators are coupled via a
time-dependent modulation term M(t). Such an interaction is intrinsically nonlinear since it involves the coupling of
two quadrature operators with the modulation term, which is controlled through some other system, which we will call
a pump. Although the preceding sections were concerned with Gaussian states and linear dynamics, provided that the
pumps are treated as classical-like systems with large amplitudes, and the interaction between the harmonic modes is
at most quadratic, these systems may be modelled using the formalism for Gaussian states and transformations.

In the superconducting circuit platform, these harmonic modes correspond to the resonances of the electromagnetic
field in some superconducting material. The quantised resonant modes are modelled as LC-circuits using a lumped-
element model [53], which oscillate at their own resonance frequency given by ωr = 1/

√
LC, where C and L are the

capacitance and inductance. The quantum LC-circuits behave as independent harmonic oscillators, with quantised
magnetic flux Φ̂ and charge Q̂ serving as canonical variables, [Φ̂, Q̂] = ±i, where the choice of sign depends on
convention; for further details on the quantisation of circuits, refer to Chapter 4.

The nonlinear coupling between the quantised modes is engineered through the use of Josephson junctions [54, 55],
where an insulating barrier is placed between two superconductors. The nonlinearity is a result of the Josephson
effect, where a supercurrent, comprised of tunnelling electron Cooper pairs, flows across the barrier in the absence of
an applied voltage; this effect may be described using the Josephson equations [56]:

I(t) = Ic sin(2πΦ(t)/Φ0) d

dt
Φ(t) = V (t). (2.99)

Here, Φ(t) = Φ0φ/2π is the magnetic flux, Φ0 = h/2e is the unit of quantisation called the magnetic flux quantum,
and φ is the difference in phase of the supercurrent across the junction. The final parameter Ic is called the critical
current and represents the maximum value of the supercurrent. These expressions demonstrate the dependence of the
current I and voltage V across the junction on the magnetic flux in the circuit, and can be used to calculate the
inductance of the Josephson junction:

V (t) = L(Φ) d
dt
I(t) −→ L(Φ) = Φ0

2π cos(2πΦ/Φ0) . (2.100)

The Josephson junction is therefore a nonlinear inductor, and it is this property which will allow for the nonlinear
mixing required for parametric coupling. The energy stored in this inductor corresponds to a potential when
constructing a Hamiltonian for the system, which is termed the Josephson potential, ĤJJ = −(IcΦ0/2π) cos(2πΦ̂/Φ0).

Keeping with the lumped element model, connecting the LC-circuits and Josephson junction in a single circuit
allows for nonlinear mixing of the resonant mode fluxes due to the fact that ĤJJ is a nonlinear function of the
magnetic flux across the junction. While a single Josephson junction can be used for nonlinear mixing, the simple
cosine potential, ĤJJ ∝ cos(φ), means that the dominant nonlinear term has a fourth-order dependence on the phase
across the junction. The nonlinearity φ4 term not only provides the necessary mixing for parametric modulation,
but also results in so-called Kerr terms of a similar magnitude which cause large undesired nonlinear shifts in the
fundamental frequencies ωr of the resonant harmonic modes as the pumps are modulated [57]. In order to avoid
this, it is preferable to have a leading nonlinear term of order φ3 in the potential. This is achieved by using loops
with multiple Josephson junctions instead of a singular junction; numerous circuit designs combining both Josephson
junctions and LC-circuits are present in the literature. Some specific Josephson junction configurations which have
been used to create parametric amplifiers [14] are: the DC-SQUID [14, 58–60], SLUG [61–64], SNAIL [65–67]3, and
Josephson Ring Modulator (JRM) [18, 68–72].

Operation of these Josephson loops is dependent on the threading of an external direct current (DC) magnetic
flux through the loop; this induces a DC bias current within the Josephson loop to oppose the change in magnetic
flux. The nonlinear nature of the Josephson loop potential results in nonlinear mixing of the harmonic modes’ fluxes
and the DC bias flux Φb. The DC bias flux acts as a quasi-static operating point, and it is by varying the external
magnetic flux about this flux-bias point that parametric modulation is achieved in these systems. The choice of DC
flux-bias will also shift the frequencies of the resonant modes, ωr,eff = 1/

√
LeffC, since connecting to the Josephson

loop means the effective inductance Leff for each resonant mode is now dependent on Φb.
A general Hamiltonian may be written as Ĥ = Ĥ0 + ĤV , where Ĥ0 is the free Hamiltonian for the independent

3The mollusc-themed device acronyms are the superconducting quantum interference device (SQUID), Superconducting Low-Inductance
Undulatory Galvanometer (SLUG), and Superconducting Nonlinear Asymmetric Inductive Element (SNAIL).
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resonant harmonic modes, where ωj are the mode frequencies for a fixed DC flux-bias. The potential term ĤV

contains the nonlinear mixing terms of the harmonic mode quadratures due to the Josephson junction loop:

Ĥ0 =
∑

j

ωj â
†
j âj ĤV =

∑
j,k

c
(2)
jk r̂j r̂k +

∑
j,k,l

c
(3)
jklr̂j r̂kr̂l + . . . , r̂j = 1√

2

(
â†je
−iϕj + âje

iφj

)
. (2.101)

It is to be understood that the potential ĤV is a Taylor expansion about the quasi-static DC flux-bias Φb; note that
the sums in ĤV may include coupling between quadratures of the same mode. It is the modulation of the coefficients
in the series expansion of ĤV which gives rise to the desired parametric coupled system.

This may be achieved by modulating the second-order quadrature coupling parameters in time, as was done in
Ref. [19]. In that work, the DC flux is varied by applying additional alternating current (AC) charge drives on top
of the DC current. This generates AC magnetic flux threading the loop on top of the DC magnetic flux, causing
oscillations in the Josephson loop about the DC flux-bias point. This results in the modulation of c(2)

jk (t) necessary for
parametric couplings, where the amplitude and frequency are controlled using the current and frequency of the AC
charge drive, respectively. In addition, multiple pump tones can be realised through a superposition of multiple AC
currents.

Alternatively, the third-order quadrature coupling (or three-wave mixing) terms may be used to generate the
necessary pumping, as in the case of the JRM in Refs. [57, 67]. In these setups, the pumping is achieved by driving
one of the resonant harmonic modes through its port, resulting in an effective displacement of the mode quadratures
by the time-dependent pump field, âj → âj + αp

j (t). Because the three-wave mixing of the quantised magnetic fluxes
dominates, the field used to pump one of the modes generates parametric modulation of the interaction between the
other two resonant modes in the third-order interaction.

In both of these cases, incorporating the effects of the pumping into ĤV results in an explicitly time-dependent
parametrically modulated Hamiltonian; the simplest pumping scheme will yield the following

Ĥp
V (t) =

∑
j,k,l

2g(l)
jk cos(ωp

l t+ ϕp
l )
(
â†je

iϕj + âje
−iϕj

)(
â†ke

iϕk + âke
−iϕk

)
+ nonlinear terms. (2.102)

Here, ωp
l is the frequency of the pump tone, and ϕp

l is the phase of the complex pump amplitude, αp
l = |αp

l | eiϕp
l ; the

pump amplitude has been absorbed into the constant coupling rate, g(l)
jk ∝ |α

p
l |. The stiff-pump approximation has

therefore been invoked, resulting in a pump amplitude which is identical at the input and output, and so is assumed
to be constant in time, αp

l (0) = αp
l (t). The pump field is therefore assumed to be constant in the face of added sources

of noise, say due to quantum fluctuations, and is not diminished by its pumping of the parametric interaction. Since
the energy from pump photons are consumed in the process of linear parametric amplification, this approximation
can break down in cases, leading to pump depletion [73] and an amplifier with a nonlinear relation between its input
and output power. To ensure that the approximation is always valid, we assume that the amplitudes of all pumps are
large in comparison to the amplitude of all output fields.

As will be shown in the next section, parametric modulation of these interactions will require precise tuning of the
pump frequencies ωp based on the fundamental frequencies of the modes. This requirement means that, while the
pumps cannot be too weak if the stiff-pump approximation is to be invoked, they can also not be too strong, since the
frequencies of the resonant modes are dependent on the applied flux-bias. Sufficiently large variations about the DC
flux-bias therefore result in nonlinear oscillations of the mode frequencies, which creates difficulty in matching the
pump frequencies with the mode frequencies. The origin of this effect comes from the nonlinear terms in Eq. (2.102),
specifically the self-Kerr terms, which create shifts in the frequencies of the system modes dependent on the pump
power. While their effect is taken to be negligible in this work, the need to suppress these Kerr terms still motivates
recent work directed at realising Kerr-free potentials [57, 74].

2.3.2 Resonant and Off-Resonant Interactions
As evidenced in Eq. (2.102), pumping nonlinearly coupled systems gives rise to a system which may be approximately
modelled as Gaussian, provided that any Kerr-terms are sufficiently small. Depending on the choice of pump frequency,
ωp, certain parametric interactions will be resonant, and so dominate the interaction between the coupled harmonic
modes, while others will be rendered off-resonant, allowing us to ignore their impact on the dynamics of the system.
In this section, we will see how modulation of the pump provides the ability to select which interactions we wish to
make resonant, and which assumptions must be invoked in order to do so. We start with a toy system comprised of
two harmonic modes with an interaction which is parametrically modulated by a single pump tone:

Ĥp = ωj â
†
j âj + ωkâ

†
kâk + 2g cos (ωpt+ ϕp)

(
â†je

iϕj + âje
−iϕj

)(
â†ke

iϕk + âke
−iϕk

)
. (2.103)
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The single pump tone will only allow us to drive one interaction between the two modes; more pump tones are
therefore required to realise additional resonant interactions. To determine which interactions are rendered resonant
for different choices of the pump frequency ωp, we move into an interaction picture rotating with the frequencies ωj

and ωk via the unitary transformation Û(t) = exp[it(ωj â
†
j âj + ωkâ

†
kâk)]:

Ĥp
I = g

(
ei(ωpt+ϕp) + e−i(ωpt+ϕp)

)(
â†je

i(ωjt+ϕj) + âje
−i(ωjt+ϕj)

)(
â†ke

i(ωkt+ϕk) + âke
−i(ωkt+ϕk)

)
= g
(
â†j â
†
ke

i(ωj+ωk−ωp)tei(ϕj+ϕk−ϕp) + â†j âke
i(ωj−ωk−ωp)tei(ϕj−ϕk−ϕp)

+ â†j â
†
ke

i(ωj+ωk+ωp)tei(ϕj+ϕk+ϕp) + â†j âke
i(ωj−ωk+ωp)tei(ϕj−ϕk+ϕp) + h.c.

)
. (2.104)

Depending on the choice of pump frequency, certain terms can be rendered time-independent, and therefore resonant,
in the interaction picture; terms which are still time-dependent after the pump frequencies have been selected are
called counter-rotating (CR) terms. The goal is to ensure that these CR terms are off-resonant, and so are oscillating
with sufficiently high frequencies that their effect on the system dynamics may be neglected; provided that they are,
we may invoke the rotating-wave approximation (RWA), and discard the CR terms. The frequencies ωj and decay
rates κj of the harmonic modes must satisfy certain properties for the CR to be ignored, and hence for the RWA to
be valid. In order to explain the assumptions that must be made, we must examine the response functions of the
harmonic modes.

Response in the Frequency Domain
In this discussion on parametrically coupled physics, we have so far omitted the fact that these modes are to be
treated as ported open systems if they are to be used for signal processing. Since the modes now have some finite
decay rate, κj , their response is no longer discretely peaked at their fundamental frequency, ωj , but has some finite
width. In order to determine the bare response of a ported harmonic mode in the absence of coupling to any other
mode, we start with the free Hamiltonian for a harmonic oscillator Ĥ0 = ωj â

†
j âj , which is coupled to an environment

with damping rate κj . The dynamics of the open system can be represented using the Heisenberg-Langevin equation
from Eq. (2.81), which yields the following equations:

d

dt
âj(t) = −

(κj

2 + iωj

)
âj(t)−√κj âj,in(t) Fourier−−−−→ âj [ω] = −√κjχj(ω − ωj)âj,in[ω]. (2.105)

The function χj(ω) := (κj/2− iω)−1, where χj(ω) = χ∗j (−ω), is the susceptibility, and its magnitude corresponds to
the fundamental response of the mode â(†)[ω] in the frequency domain. The magnitude-squared gives an idea about
the shape of this function in the frequency domain,

|χj(ω − ωj)|2 = 1
(κj/2)2 + (ω − ωj)2 , (2.106)

which corresponds to a Lorentzian line shape centred at the resonant frequency for the mode, ωj , with the characteristic
linewidth4 given by the decay rate κj . We can therefore interpret Eq. (2.105) as saying that a driving term applied to
âj through its port will result in a response with the line shape κj |χj(ω − ωp)|2 in frequency space. For the conjugate
operator, â†j(t), the susceptibility is χj(ω + ωj), and therefore the response is centred at the negative frequency, −ωj .
To ensure that âj constitutes a distinct mode in frequency space, we require that the response functions be sharply
peaked around the resonant frequency, and so the linewidth must be small compared to the fundamental frequency,
that is, κj ≪ ωj .

If we now include modulated coupling to another mode âk, as in the pumped Hamiltonian Eq. (2.103), then the
dynamical equation for âj(t) and corresponding frequency domain equation for âk[ω] are:

d

dt
âj(t) = −

(κj

2 + iωj

)
âj(t)−√κkâj,in(t)− 2igeiϕj cos(ωpt+ ϕp)

(
â†k(t)eiϕk + âk(t)e−iϕk

)
−→ âj [ω] = χj(ω − ωj)

(
−√κj âj,in[ω]− igei(ϕj+ϕp)

(
â†k[ω + ωp]eiϕk + âk[ω + ωp]e−iϕk

)
− igei(ϕj−ϕp)

(
â†k[ω − ωp]eiϕk + âk[ω − ωp]e−iϕk

))
. (2.107)

The other mode will naturally have its own response function defined by the susceptibility χk(ω − ωk), with linewidth
κk, and peaks at ωk and −ωk for âk[ω] and â†k[ω], respectively. It is again required that κk ≪ ωk for ak to be a

4The linewidth is technically defined as the “full width at half maximum” (FWHM) of the Lorentzian function.
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distinct mode, but since there is now some non-zero overlap between the response functions for both modes, if we
wish for the modes to be nondegenerate then both response functions must also be well separated in frequency space,
meaning that ωj and ωk must far apart compared to the decay of the two Lorentzian response functions.

Examining Eq. (2.107), it may be seen that the single pump tone results in couplings between âj [ω] and the
mode âk[ω′] at four different frequencies. An appropriate choice of pump frequency will render some of these terms
off-resonant, so that their interaction with âj [ω] may be neglected; this assumption is just the RWA, but from the
point of view of the frequency, rather than the time, domain. The expression for âj [ω] in Eq. (2.107) also demonstrates
that in order for the RWA to be applied, the pump amplitude g must also be sufficiently small. Since the response of
âj [ω] to these other frequency domain “modes” is governed by g2 |χj(ω − ωj)|2, if g is large enough then the response
function will not decay fast enough at frequencies away from ωj to justify the use of the RWA. To ensure the response
functions remain distinct and well separated, it is generally required that the coherent coupling rate must be much
smaller than the mode frequencies, gjk ≪ ωj , ωk. This demonstrates the utility of working in the frequency domain,
since this assumption would not be immediately evident by examining the time-dependent Hamiltonian in Eq. (2.104)
alone.

2.3.3 Frequency Conversion and Amplification
Parametrically coupled systems are composed of two basic two-mode interactions, which are often termed frequency
conversion (FC) and parametric amplification (PA) in the language of parametrically coupled systems; we will
alternatively use the more optically motivated terms of beam splitter (BS) and single- and two-mode squeezing (SMS
and TMS) when discussing these interactions. With the necessary assumptions laid out, we are now ready to provide
a practical demonstration of how these interactions can be made resonant using parametric modulation. Since these
interactions induce linear dynamics for the system modes, the formalism introduced in the previous sections for
handling linear Gaussian systems, particularly the input-output theory from Section 2.2.3, will be crucial here.

Frequency Conversion
The first interaction we will consider is frequency conversion, so named because it exchanges photons between two
harmonic modes with unequal frequencies. This interaction is made resonant by pumping at the difference of the
mode frequencies, ωp = |ωj − ωk|, where we assume that this is satisfied exactly, so there is no pump detuning. The
interaction Hamiltonian may then be written as

Ĥp
I (t) = ĤFC + ĤCR(t) where ĤFC = gjk

(
â†j âke

iϕ + âj â
†
ke
−iϕ
)
, ϕ := ϕj − ϕk ± ϕp, (2.108)

where ĤCR(t) contains the CR terms, comprised of parametric amplification and frequency conversion processes which
have some explicit time-dependence at this pump frequency. Applying the RWA, we take these counter-rotating terms
to be off-resonant, and eliminate them from the dynamics, leaving only ĤFC. Continuing to work in this rotating
frame, we can write the Heisenberg-Langevin equations for the mode operators using Eq. (2.81):

d

dt
âFC(t) = ÃFCâFC(t)−√κFCâFC,in(t) , ÃFC =

(
AFC 02
02 AFC

)
, AFC =

(
−κj/2 −ieiϕgjk

−ie−iϕgjk −κk/2

)
, (2.109)

where âFC = (âj , âk, â
†
j , â
†
k) is the vector of modes operators, and κ̃FC = diag(κj , κk, κj , κk) is the matrix of dissipation

rates. This ordering is chosen in order to write the dynamical matrix ÃFC in block form. In addition, AFC denotes
the element-wise conjugation of AFC. Fourier transforming the above equation and applying the input-output relation,
we can write âFC,out[ω] = S̃FC[ω]âFC,in[ω], where the scattering matrix is:

S̃FC[ω] =
(

SFC[ω] 02
02 SFC[−ω]

)
, SFC[ω] = χFC(ω)

(
g2

jk − χ−1
j (−ω)χ−1

k (ω) ieiϕgjk
√
κjκk

ie−iϕgjk
√
κjκk g2

jk − χ−1
j (ω)χ−1

k (−ω)

)
. (2.110)

The function χ−1
FC(ω) = (g2

jk + χ−1
j (ω)χ−1

k (ω))−1 is the susceptibility of the joint two-mode system. The poles of
χ−1

FC(ω), denoted ω±, correspond to the resonances within the parametrically coupled system, which are termed the
normal, or hybrid, modes. The real and imaginary components of the poles are related to the resonant frequencies
and decay rates of these normal modes. The normal modes of the system can also be calculated from the eigenvalues
of the dynamical matrix AFC, which we denote λ±. Since the system dynamics may be determined by solving
eAt = Q−1diag(eλ+t, eλ−t)Q, we can see that real part of −λ± corresponds to the decay rate of the normal modes,
while the imaginary component gives the normal mode frequency with respect to the frame.

When calculating the scattering matrix, it can be seen that the poles of χ−1
FC(ω) are related to the eigenvalues of

the dynamical matrix through χ−1
FC(ω) = det[AFC + iωI2], and hence the poles of the scattering matrix correspond to
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the complex-conjugates of the system eigenvalues. These eigenvalues may be solved analytically to yield the pair:

λ± = −
(
κj + κk

4

)
±

√(
κj − κk

4

)2
− g2

jk. (2.111)

Using these definitions, the susceptibility of the system can then be expressed as the product of the normal mode
susceptibilities, χFC(ω) = χ+(ω)χ−(ω), where χ±(ω) = (−λ∗± − iω)−1. The eigenvalues are completely real for
sufficiently small coherent coupling rates, gjk < |κj − κk| /4, where both normal modes will have distinct decay rates
and have no apparent rotation. In the regime gjk ≥ |κj − κk| /4, the rate of coherent exchange of photons exceeds
their dissipation through the normal modes, leading to an effect known as normal-mode splitting. Here, the decay
rates become degenerate, and the modes rotate with opposite frequency with respect to the frame. When normal-mode
splitting occurs, the separation in frequency space between the normal modes increases with g. Importantly, the decay
rate for either normal mode can never be pushed to non-positive values, and hence the system is always stable.

On resonance, ω = 0, the scattering matrix may be expressed in terms of the phases and the cooperativity,
Cjk := 4g2

jk/κjκk, which is defined as the ratio between the coherent and dissipative rates:

SFC[0] = 1
Cjk + 1

(
Cjk − 1 2ieiϕ

√
Cjk

2ie−iϕ
√
Cjk Cjk − 1

)
. (2.112)

In the above matrix, the diagonal elements correspond to the reflection of the input signal, whereas the off-diagonal
elements represent the amount of transmitted or “frequency-converted” signal from the other mode. The covariance
of the output fields may also be calculated,

⟨â2
j,out⟩ = |Sjj |2 ⟨â2

j,in⟩+ |Sjk|2 ⟨â2
k,in⟩ =

(
Cjk − 1
Cjk + 1

)2
⟨â2

j,in⟩+ 4Cjk

(Cjk + 1)2 ⟨â
2
k,in⟩, (2.113)

where an identical expression for ⟨â2
k,out⟩ can be obtained by exchanging labels. This demonstrates that, provided the

input noise is vacuum, the output noise is also vacuum noise since the scattering matrix elements obey the relation
|Sjj |2 + |Sjk|2 = 1. Therefore, no extra energy has been added to the system by the pump.

This relation between the scattering matrix elements also allows for the definition of a dimensionless transmission
ratio, t = 2

√
Cjk/(Cjk + 1), which captures the portion of the input which is frequency converted to the other

mode; the portion of the signal which is reflected is therefore
√

1− t2 = |Cjk − 1| /(Cjk + 1), where both quantities
dependent purely on the cooperativity. In the case where there is perfect conversion, t = 1, the cooperativity is
Cjk = 1, indicating that this requires that the rate of dissipation be perfectly matched with the coherent coupling
between the two modes. When t = 0, there is only reflection, which occurs in two limits: when Cjk = 0, where there is
no coherent coupling and hence no conversion, and Cjk →∞, where there is no conversion due to the large separation
in frequency space between the split normal modes.

The full scattering matrix S̃FC[ω] can also be written in the quadrature basis, r̂ = (q̂j , p̂j , q̂k, p̂k) as follows:

S̃FC[0] = 1
Cjk + 1

(
(Cjk − 1)I −2

√
Cjk (cos(ϕ)J + sin(ϕ)I)

−2
√
Cjk (cos(ϕ)J− sin(ϕ)I) (Cjk − 1)I

)
=
(

cos(θ)I sin(θ) (cos(ϕ)J + sin(ϕ)I)
sin(θ) (cos(ϕ)J− sin(ϕ)I) cos(θ)I

)
. (2.114)

The scattering behaviour is therefore equivalent to the symplectic transformation associated with a unitary beam
splitter transformation, defined in Appendix C.3, where the angle is θ = 2 arctan

(
1/
√
Cjk

)
. For the remainder of this

work, we will therefore refer to interactions of the form ĤFC as beam splitters.

Parametric Amplification
While the frequency-converter only exchanges excitations between the parametrically coupled modes, parametric
amplification actively creates excitations in the system modes, a necessity when amplifying signals. Parametric
amplification is generated by pumping at the sum of the frequencies, ωp = ωj +ωk, leading to the following interaction
Hamiltonian:

Ĥp
I (t) = ĤPA + ĤCR(t) where ĤPA = gjk

(
â†j â
†
ke

iϕ + âj âke
−iϕ
)
, ϕ := ϕj + ϕk − ϕp. (2.115)

The off-resonant parametric processes ĤCR(t) are again neglected under the RWA. Defining the vector of mode
operators as âPA = (âj , â

†
k, â
†
j , âk), along with κPA = κFC, the Heisenberg-Langevin equations for the mode operators
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may be written as:

d

dt
âPA(t) = ÃPAâPA(t)−√κPAâPA,in(t) , ÃPA =

(
APA 02
02 APA

)
, APA =

(
−κj/2 −ieiϕgjk

ie−iϕgjk −κk/2

)
. (2.116)

Using the input-output relation, the scattering matrix, âPA,out[ω] = S̃PA[ω]âPA,in[ω], is then:

S̃PA[ω] =
(

SPA[ω] 02
02 SPA[−ω]

)
, SPA[ω] = χPA(ω)

(
g2

jk − χ−1
j (−ω)χ−1

k (ω) −ieiϕgjk
√
κjκk

ie−iϕgjk
√
κjκk g2

jk − χ−1
j (ω)χ−1

k (−ω)

)
(2.117)

The susceptibility for the parametric amplifier is χPA(ω) = (g2
jk − χ−1

j (ω)χ−1
k (ω))−1, where, as with the frequency

converter, the poles of this function correspond to the frequency and decay rates of the normal modes. Since these
properties can also be obtained from the eigenvalues of the dynamical matrix APA, these two objects are related
via χ−1

PA(ω) = det[APA + iωI2]. As a result, χPA(ω) may also be expressed as the product of the normal mode
susceptibilities. To examine the behaviour of the parametric amplifier, we must again calculate the eigenvalues of the
system:

λ± = −
(
κj + κk

4

)
±

√(
κj − κk

4

)2
+ g2

jk. (2.118)

The PA eigenvalues are always entirely real, and so no normal-mode splitting will occur for this system. However, it
can be seen that for certain parameter values is possible that λ+ ≥ 0, indicating that one of the normal modes has
negative effective damping, or anti-damping, resulting in an unstable system where the steady-state scattering matrix
description no longer applies; this occurs when the rate of coherent photon creation in the system exceeds the innate
decay rates, gjk ≥

√
κjκk/2. For the system to be stable, we therefore require that Cjk < 1, where we have again

used the cooperativity, Cjk := 4g2
jk/κjκk.

To analyse the behaviour of a parametric amplifier, we return to the scattering matrix, focusing on the scattering
on resonance, ω = 0, where it is again dependent only on the phase and the cooperativity:

SPA[0] = − 1
1− Cjk

(
Cjk + 1 −2ieiϕ

√
Cjk

2ie−iϕ
√
Cjk Cjk + 1

)
. (2.119)

Amplification occurs when the amplitude of the output field âj,out is larger than that of the input field, âj,in, which
can be determined by examining the amplitude of the diagonal entries in the matrix above. In the language of
amplifiers, the input field âj,in is referred to as the signal; the other input field that mixes with the signal during
amplification, in this case âk,in, is called the idler. In the process of parametric amplification, photons from the pump
are down-converted into signal and idler photons, thereby increasing the amplitude of the output fields.

The amplification of the signal photons can be characterised by the gain, which is defined in the above scattering
matrix using the magnitude of the diagonal matrix elements,

√
G = (1 + Cjk)/(1− Cjk). In the case where there is no

coherent coupling, Cjk = 0, then G = 1, meaning the input field is simply reflected to the output field, resulting in
no gain and no amplification. As the cooperativity approaches the point of instability, Cjk → 1, the magnitude of
the scattering element can be increased without bound, G→∞, resulting in infinite gain. The opposite case, where
the magnitude of the scattering matrix element is less than one, is termed isolation, and while this is not possible
for this scattering matrix, it can occur in more complicated amplifier configurations. A feature of linear parametric
amplification is that amplified photons from the idler are also present in the signal output, with the magnitude of this
scattering element given by

√
G− 1 = 2

√
Cjk/(1 − Cjk). This added noise is fundamentally unavoidable in linear

quantum amplifiers [11, 12].
In order to better understand the limits on the added noise from the idler, we will consider two cases of parametric

amplification. In the first case, the signal and idler have distinct frequencies, and so correspond to distinct modes; this
is termed nondegenerate parametric amplification. To examine the behaviour of the output noise due to parametric
amplification, it is simpler to express the scattering matrix in the quadrature basis, defined as r̂ = (q̂j , p̂j , q̂k, p̂k):

STMS[0] = − 1
1− Cjk

(
(Cjk + 1)I 2

√
Cjk(− cos(ϕ)X + sin(ϕ)Z)

2
√
Cjk(− cos(ϕ)X + sin(ϕ)Z) (Cjk + 1)I

)
(2.120)

The above scattering matrix is, up to a global change of phase, identical to the corresponding symplectic transformation
of a coherent two-mode squeezer (TMS) unitary transformation, defined in Appendix C.3. Amplification not only
increases the number of photons in the output, but it also increases the noise above that of the vacuum state, thereby
making it more robust against added sources of noise from the environment or other external devices. Picking one
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mode to be the signal and the other the idler, the variance of both quadratures of the signal output may be written as:

⟨q̂2
s,out⟩ = G

(
⟨q̂2

s,in⟩+ G− 1
G

(
cos2(ϕ)⟨p̂2

i,in⟩+ sin2(ϕ)⟨q̂2
i,in⟩

))
⟨p̂2

s,out⟩ = G

(
⟨p̂2

s,in⟩+ G− 1
G

(
cos2(ϕ)⟨q̂2

i,in⟩+ sin2(ϕ)⟨p̂2
i,in⟩

))
. (2.121)

These expressions are valid regardless of which mode, aj or ak, is the signal or idler. Assuming that the input noise is
thermal noise, Eq. (2.85) demonstrates that the input noise is independent of the choice of quadrature, ⟨q̂2

i,in⟩ = ⟨p̂2
i,in⟩,

and therefore the added noise from the idler is independent of the choice of phase ϕ. Both quadratures of the
signal therefore see the same amount of noise from the idler, and are amplified identically regardless of the choice of
phase since ⟨q̂2

s,in⟩ = ⟨p̂2
s,in⟩ as well. Since the choice of phase is irrelevant, this is referred to as phase-insensitive or

phase-preserving amplification. Provided the amount of noise from the idler is just vacuum, ⟨r̂i,in⟩ = 1/2, then the
amount of noise added to the signal is bounded above by 1/2 quanta, with this limit only being reached in the limit
of infinite gain.

In the second case, the frequencies of the signal and idler fields are identical, resulting in degenerate parametric
amplification. In this instance both modes are the same, âj = âk, and the parametric coupling is rewritten as
(λk/2)

(
eiϕâ2 †

k + e−iϕâ2
k

)
in order to simplify the results. Working in the quadrature basis, r̂ = (q̂k, p̂k), and

additionally redefining the cooperativity as Cλ = 2λk/κk, the scattering matrix for this degenerate parametric
amplifier (DPA) is

SSMS[0] = − 1
1− C2

λ

(
1 + C2

λ + 2Cλ sin(ϕ) −2Cλ cos(ϕ)
−2Cλ cos(ϕ) 1 + C2

λ − 2Cλ sin(ϕ)

)
. (2.122)

In contrast to the case of nondegenerate parametric amplification, the above is identical to the symplectic transformation
of a single-mode squeezer (SMS) unitary operation, again given in Appendix C.3. Defining the gain as

√
G =

(1 + Cλ)/(1− Cλ), the variances of the output quadratures may be expressed as:

⟨q̂2
k,out⟩ = 1

4G

(
[(1− sin(ϕ)) +G(1 + sin(ϕ)]2 ⟨q̂2

k,in⟩+ (G− 1)2 cos2(ϕ)⟨p̂2
k,in⟩

)
⟨p̂2

k,out⟩ = 1
4G

(
[(1 + sin(ϕ)) +G(1− sin(ϕ)]2 ⟨p̂2

k,in⟩+ (G− 1)2 cos2(ϕ)⟨q̂2
k,in⟩

)
. (2.123)

In the above, the phase ϕ = +π/2 results in the amplification of the position quadrature, ⟨q̂2
k,out⟩ = G⟨q̂2

k,out⟩, where
there is no longer any added noise mixed with the output due to the degeneracy of the signal and idler. For this choice
of phase, the orthogonal momentum quadrature is de-amplified or squeezed, ⟨p̂2

k,out⟩ = G−1⟨p̂2
k,out⟩; this behaviour is

reversed for the opposite phase ϕ = −π/2. Since the amplified quadrature is explicitly dependent on the choice of
phase, this is termed phase-sensitive or phase-dependent amplification.

An important characteristic in both of the above examples is that amplification is present in the outputs of all ports.
This is undesirable if we wish to protect certain systems connected to a parametric amplifier from excess backaction
due to amplified noise. Therefore, to prevent the emission of this amplified noise from certain ports, it is required
that the amplifier also be directional; this requires that the system break the symmetry of reciprocity, a concept that
will be introduced in the next section.

2.4 What is Nonreciprocity?
2.4.1 Nonreciprocity in Classical Electromagnetism
Given that quantum amplifiers are based on photonic systems, which involve the manipulation of light in the form of
photons, we will concern ourselves with the symmetry of reciprocity as it relates to the field of electromagnetism. The
specific symmetry we will consider is termed Lorentz reciprocity, which, given its namesake, is certainly no longer
new physics [75–77]. Despite this, the principle of reciprocity, or rather the breaking of it, underpins a great deal
of contemporary technology operating in the radio-frequency, microwave, and optical regimes. Systems which do
not obey reciprocity are termed nonreciprocal, however, despite the fundamental nature of nonreciprocity in signal
processing applications, the concept is still misunderstood often enough to warrant recent scientific publications
dedicated to answering the question: what exactly constitutes nonreciprocal behaviour in electromagnetic systems [78,
79]?

The term reciprocity originates from Latin and means something akin to “back and forth,” which could lead one to
believe at first glance that the symmetry is related to some time-reversal invariance in the system, though as will
be explained herein, the exact nature of reciprocity is a little more subtle than it may initially seem. An intuitive
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Figure 2.1: Representation of a three-port device acting as an (a) isolator and (b) circulator. The circulator routes
incoming signals to only one of the neighbouring ports, while preventing the reflection of the signal. The signal
transmission in the isolator is similar, except that the third port is now terminated. The signal from port 2 does not
leave through either of the monitored ports in the isolator, and the transmission of the signal from port 1 is
unaffected. The scattering behaviour of the isolator can be represented by the scattering matrix in Eq. (2.124).

definition starts by considering a system with some number of ports, which provide a connection to transmit signals
to and from some external system. The ports can be collected into two groups, one labelled the “sources” and the
other the “detectors”: the system is called reciprocal if the behaviour of the transmitted fields is invariant when
the ports acting as sources and detectors are exchanged. Systems which break this symmetry are therefore termed
nonreciprocal.

This definition is particularly useful when characterising the reciprocity of linear-time invariant (LTI) systems, that
is, linear systems with no explicit time-dependence which receive input signals at the system ports, and through
some internal physical processes, produce output signals which leave the system through these same ports. The
internal processes in the system can be collectively described through a scattering matrix, where the LTI system
is only reciprocal in instances where the scattering matrix is symmetric, up to a shift in phase. Nonreciprocal LTI
systems must therefore have an asymmetric scattering matrix [78]. For example, we can consider an isolator with two
ports, whose field can be described by the modes of the electromagnetic field, a1 and a2, respectively. In order for
this two-port system to act as an isolator, only signals entering through one of the ports are transmitted through the
other port, with no reflection; all other signals are necessarily blocked through some combination of interference or
dissipation within the medium. The scattering relation for an isolator is therefore given by(

a1,out
a2,out

)
=
(

0 0
1 0

)(
a1,in
a2,in

)
. (2.124)

Labelling port a1 as source and port a2 as detector, it is obvious that the scattering behaviour is not identical if
these labels were to be exchanged, so this system is necessarily nonreciprocal. An important point is that, while
nonreciprocity leads to asymmetric transmission of the signal in the system, the inverse is not true, and it is possible
for there to be asymmetric propagation in systems which obey Lorentz reciprocity [79]. This is not an uncommon
misconception, even within recent works claiming to realise nonreciprocity in quantum mechanical systems, and
highlights the subtle nature of the definition.

As previously stated, the concept of nonreciprocity is also related to time-reversal symmetry breaking in certain
cases. To make this connection more mathematically solid, we can use the Lorentz reciprocity theorem. To derive
this theorem, we start with two current densities, Jk with arbitrary labels k = 1, 2, which independently produce
an electric field, Ek, and magnetic field, Hk. Faraday’s law for Ek and the Ampère–Maxwell law for Hk may be
constructed and then Fourier transformed from the time to the frequency domain to turn the differential equations
into linear functions of frequency,

∇×Ek = − ∂

∂t
Bk , ∇×Hk = Jk + ∂

∂t
Dk −→ ∇× Ěk = iωB̌k , ∇× Ȟk = J̌k − iωĎk, (2.125)

where Bk is the magnetic flux density, Dk is the electric flux density; the Fourier transformed fields are defined
as Ǎ(ω) := F [A(t)](ω) = 1√

2π

∫∞
−∞ f(t)eiωt dt. The electric and magnetic fields and flux densities are related the

components of the electromagnetic field by ϵlmEm = Dl and µlmHm = Bl, where ϵlm and µlm are the permittivity
and permeability tensors of the medium, respectively. The tensor expressions are used to accommodate situations
where the material is anisotropic, which results in nonidentical permittivity or permeability along different axes in
the material. Since ϵlm and µlm may vary in time, it is easier to work with the flux density vectors in the frequency

28



Chapter 2. Theoretical Background

domain. The theorem is obtained from the Fourier-transformed Maxwell’s equations through the use of some basic
arithmetic and vector identities [80], after which, we arrive at the Lorentz reciprocity theorem, which states that if
the following equality holds, then the system is reciprocal [79]:(

J̌1 · Ě2 − J̌2 · Ě1

)
= ∇ ·

(
Ȟ1 × Ě2 − Ȟ2 × Ě1

)
+ iω

(
Ď1 · Ě2 − Ď2 · Ě1 − B̌1 · Ȟ2 + B̌2 · Ȟ1

)
. (2.126)

This may also be formulated in integral form over a volume V with smooth surface S, and normal vector n:∫
V

(
J̌1 · Ě2 − J̌2 · Ě1

)
dV

=
∮

S

(
Ȟ1 × Ě2 − Ȟ2 × Ě1

)
· n dS + iω

∫
V

(
Ď1 · Ě2 − Ď2 · Ě1 − B̌1 · Ȟ2 + B̌2 · Ȟ1

)
dV. (2.127)

The above expressions are always invariant under the exchange of labels, and their violation results in the system
being termed nonreciprocal. These expressions provide a bridge between the notion reciprocity as a result of the
time-reversal symmetric propagation of fields, and reciprocity as a result of the invariance of transmitted fields under
exchange of ports, where the transmitted fields correspond to the current densities J1 and J2.

With the Lorentz reciprocity theorem defined, we can now demonstrate that nonreciprocity, under certain cir-
cumstances, is also equivalent to time-reversal symmetry breaking. We define the time-reversed systems using a
time-reversal map T , which takes the time-forward system to the time-reversed system,

T : (J(t),E(t),H(t))→ (J′(t),E′(t),H′(t)). (2.128)

Since Maxwell’s equations are necessarily invariant under time-reversal, (J′(t),E′(t),H′(t)) must also obey both the
time and frequency-domain equations in Eq. (2.125); the systems (Jk(t),Ek(t),Hk(t)) used to derive the condition for
Lorentz reciprocity in Eq. (2.126) can therefore be replaced by the time-forward and time-reversed systems. Systems
which follow (J′(t),E′(t),H′(t)) = (−J(−t),E(−t),−H(−t)) will satisfy Eq. (2.125) and hence are reciprocal. In
order to break reciprocity, the evolution of the time-reversed Maxwell’s equations must yield different fields from the
time-forward equations; this may be achieved by altering the permittivity or the permeability so that propagation
of the electromagnetic field through the media is asymmetric under time-reversal, leading to different dynamics for
different directions of current flow.

An example is the Faraday effect, where the polarisation of the electromagnetic field undergoes a rotation when
moving through a material; this is a nonreciprocal effect since, upon reflection, the rotation is not undone, but instead
the polarisation rotates again by the same angle. Such a material is modelled using a non-diagonal tensor for the
permeability [81], which causes signals propagating in different directions in the medium to experience different
magnetic permeabilities. This permeability tensor can be realised through the application of an external magnetic
field to a susceptible material. Since the magnetic field is external to the system, and hence unaffected by the time
reversal of the internal fields, Maxwell’s equations of motion will be distinct for both directions of time, breaking
time-reversal symmetry and Lorentz reciprocity in Eq. (2.125), thereby giving rise to nonreciprocity. The Faraday
effect may therefore be used to engineer reciprocal transmission through the constructive and destructive interference
of signals in the material, which is possible due to the rotation of the field amplitude. This interference may be used
to control which ports a signal exists and is used to realise optical and microwave isolators and circulators.

This notion of nonreciprocity as time-reversal symmetry breaking does not account for potential sources of loss or
gain within the system. The issue is that loss and gain are the reverse processes of one another; however, in a system
with loss attenuation of the signal amplitude occurs regardless of which way time flows. Since reversing time in a
lossy system cannot produce gain, time-reversal symmetry is always broken, and so by this definition, a lossy system
would never appear to be reciprocal. The same reasoning holds true for systems with gain. Therefore, the Lorentz
reciprocity theorem in Eq. (2.126) does not apply to such systems. In order to provide a definition of nonreciprocity
for mediums with loss and gain, we do not focus on the bare amplitude of the signals, but instead on their ratio
[79]. Systems with loss and gain are therefore nonreciprocal when the ratio of the signal amplitudes is not identical
under time-reversal. This point is particularly important to keep in mind for the quantum systems to be examined in
this work, since the gain in quantum amplifiers will increase signal amplitude, and the open nature of the quantum
systems will introduce sources of loss; neither, however, will serve as sources of nonreciprocity in quantum systems.
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2.4.2 Nonreciprocity in Dissipative Quantum Systems
2.4.2.1 Nonreciprocity Through Engineered Dissipation

In the previous section, we showed how altering the apparent permittivity or permeability of a medium can break
time-reversal symmetry, allowing for nonreciprocal signal routing. For systems made of ferrimagnetic material, this is
achieved by applying a magnetic bias field, however, the large size and strong magnetic fields inhibit integration with
sensitive quantum systems, which necessarily live in well-shielded and very cold environments. Integrated nonreciprocal
devices must therefore also be quantum and must realise nonreciprocity by an entirely different mechanism. We focus
on one approach to nonreciprocity using engineered dissipation from Metelmann and Clerk [15, 82, 83], a concept
closely connected to the theory of cascaded quantum systems [84, 85]. We start with two independent systems,
labelled A and B, which are coupled via the following coherent, and reciprocal, interaction,

Ĥ = g
(
Â†B̂† + ÂB̂

)
. (2.129)

where Â and B̂ act on systems A and B, respectively. No assumptions need be made on the form of the operators,
with the exception that the operators acting on different systems commute, [Â(†), B̂(†)] = 0. To make this coherent
interaction nonreciprocal, systems A and B are additionally coupled to a common environment, which mediates a
so-called “dissipative interaction” between the two systems, resulting in non-unitary dynamics. For the interaction
between the two systems to become nonreciprocal, the form of the dissipative coupling must be properly engineered
to match that of the coherent process, and the system parameters must be balanced correctly. Assuming the common
environment is Markovian, the necessary system can be described using the following Lindblad master equation,

d

dt
ρ̂ = −i[Ĥ, ρ̂] + γD[ẑ](ρ̂) where ẑ = Â+ ζeiϕB̂† or Â† − ζe−iϕB̂, (2.130)

where D[L̂](ρ̂) = L̂ρ̂L̂† − 1
2 [L̂†L̂, ρ̂]+. The form of the jump operator in the dissipator is not unique, and in this case,

two different choices can give rise to nonreciprocity for an identical set of parameters. To determine these necessary
parameter values, we will examine the dynamics of two arbitrary observables of systems A and B, ÔA and ÔB , where
both observables commute with all operators of the other system. Using the above Lindblad master equation, along
with the first jump-operator, ẑ = Â+ ζeiϕB̂†, the equations of motion for the observables expectation values are:

d

dt
⟨ÔA⟩ = 1

2
(
2g + iγζe−iϕ

)
⟨i[Â, ÔA]B̂⟩+ 1

2
(
2g − iγζe+iϕ

)
⟨i[Â†, ÔA]B̂†⟩+ γ⟨D†[Â](ÔA)⟩

d

dt
⟨ÔB⟩ = 1

2
(
2g − iγζe−iϕ

)
⟨i[B̂, ÔB ]Â⟩+ 1

2
(
2g + iγζe+iϕ

)
⟨i[B̂†, ÔB ]Â†⟩+ γζ2⟨D†[B̂†](ÔB)⟩ (2.131)

where ⟨Ô⟩ ≡ Tr[ρ̂Ô], and D†[L̂](Ô) = L̂†ÔL̂− 1
2 [L̂†L̂, Ô]+. In both expressions, the engineered dissipation gives rise

to an additional coupling between the two systems, along with two additional independent dissipation channels. In
order to render the coupling nonreciprocal, the strength of the coherent and dissipative interactions must be properly
balanced, and the phase of the jump operator set to the correct value, so that the desired couplings may be cancelled
exactly in Eq. (2.131):

2g = γζ and ϕ = ±π2 . (2.132)

The direction of the nonreciprocal interaction is controlled through the sign of the phase ϕ, with ϕ = −π/2
corresponding to the case where the dynamics of system A are completely independent of system B, and vice versa
for ϕ = +π/2. Applying the nonreciprocity conditions from Eq. (2.132) to the equations of motion in Eq. (2.131), the
dynamical equations for the observables simplify to:

A→ B : d
dt
⟨ÔA⟩ = γ⟨D†[Â](ÔA)⟩ d

dt
⟨ÔB⟩ = 2g⟨i[B̂, ÔB ]Â⟩+ 2g⟨i[B̂†, ÔB ]Â†⟩+ γζ2⟨D†[B̂†](ÔB)⟩

A← B : d
dt
⟨ÔB⟩ = γζ2⟨D†[B̂†](ÔB)⟩ d

dt
⟨ÔA⟩ = 2g⟨i[Â, ÔA]B̂⟩+ 2g⟨i[Â†, ÔA]B̂†⟩+ γ⟨D†[Â](ÔA)⟩. (2.133)

In both cases, the dynamics of one system will decouple from the other and will only see added dissipation due to
the engineered environment. The other system, meanwhile, is still coherently coupled to this system, but through
an effective Hamiltonian with twice the coupling strength. Due to the presence of dissipation, nonreciprocity in
this instance does not arise from the breaking of time-reversal symmetry, but due to the fact that the dynamics is
unidirectional, and hence there is no invariance of the system under exchange of source and detector.

Engineered dissipation of this form arises as a result of properly coupling to an auxiliary system which has the
properties of a reservoir; for our purposes, the most relevant physical implementation is a bosonic mode, âl, with
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Chapter 2. Theoretical Background

a large damping rate κl. By increasing the damping of this auxiliary mode so that it becomes the fastest rate in
the system, the dynamics of the mode can be removed through adiabatic elimination [46], resulting in a Markovian
dissipation channel coupled to systems A and B. Starting with a Hamiltonian comprised of Eq. (2.129) plus some
additional coupling to the auxiliary mode, Ĥaux, and then adiabatically eliminating the open bosonic mode leads to
engineered dissipation,

Ĥaux =
√
γκl

2

(
â†l ẑ + ẑ†âl

)
→ γD[ẑ] (2.134)

thus retrieving the Lindblad master equation in Eq. (2.130); we will revisit this example shortly in Section 2.4.2.3.

2.4.2.2 Nonreciprocity Through Scattering Interference

Since no assumptions were made about the form of the primary systems in the previous section, the engineered
dissipation approach to nonreciprocity may be applied to nonlinear quantum systems and interactions. There exists
another approach from Ranzani and Aumentado [16, 86], which applies specifically to linear systems which can be
modelled using the scattering matrix description in Section 2.2.3.2; since this work is focused on open quantum
systems comprised of linearly coupled harmonic oscillators, with defined input and output fields, this viewpoint is
also relevant. This approach views the scattering matrix as a collection of graphs representing different coupling
paths within the system, where properly balancing the system parameters can result in path interference, leading
to nonreciprocal scattering. Nonreciprocity in this instance manifests as asymmetry in the scattering matrix; for a
scattering matrix in an arbitrary basis, the system is said to be reciprocal if the scattering matrix obeys [16]

S† = UφSU†φ. (2.135)

The matrix Uφ is comprised of phase shifts applied to the individual modes, and hence arises from a unitary
transformation of the form Ûφ = exp

[
i
∑N

k=1 φkâ
†
kâk

]
. For the quadrature basis, the matrix Uφ is therefore a direct

sum of orthogonal rotation matrices. This statement of nonreciprocity is equivalent to the demand that ST and S be
equivalent under some set of single-mode unitary transformations. This definition highlights that any asymmetry in
scattering due to a difference in the phase is irrelevant, and so the focus is instead on asymmetry in the amplitude of
the scattering. This allows for a way to measure the degree of asymmetry, and hence nonreciprocity, in the system.
For this, we start by writing the scattering and unitary phase-shift matrices in 2× 2 block form,

S =


S11 S12 · · · S1N

S21 S22 · · · S2N

...
... . . . ...

SN1 SN2 · · · SNN

 and Uφ =
N⊕

k=1
Uk , det[Uk] = 1, (2.136)

where Sjk is the two-mode block corresponding to scattering from the input of mode ak to the output of mode aj ,
and Uk corresponds to an arbitrary phase-shift applied to mode ak. For linear systems, we are interested in the
asymmetry of scattering between pairs of modes, aj and ak, where, according to Eq. (2.135), reciprocity between this
mode pair only occurs when Sjk and Skj satisfy the following condition:

S†kj = UjSjkU†k. (2.137)

In order for the scattering to be reciprocal, Sjk and S†kj must therefore be equivalent matrix; a necessary condition for
equivalence is Tr[SjkS†jk] = Tr[SkjS†kj ]. In order quantify any asymmetry, we therefore use this identity to construct
the following function, termed the normalised degree of nonreciprocity5:

N (j,k) := ||Skj ||2F − ||Sjk||2F
||Skj ||2F + ||Sjk||2F

, (2.138)

where ||A||F :=
√

Tr[AA†] is the Frobenius norm. This measure is defined such that it will lie in a bounded interval,
N (j,k) ∈ [−1, 1], and will capture the difference in the amplitude, as well as the preferred direction, of the scattering
between pairs of modes; obviously, the sign of the function changes when permuting the modes, N (j,k) = −N (k,j). By
construction, N (j,k) = 0 when the scattering between a pair of modes is reciprocal. For all other non-zero values,

5This function is constructed so as to be independent of the choice of basis for the scattering matrix, however, while ||A||2F = ||B||2F is a
necessary condition for unitary matrix equivalence, A = U1BU2 where Uk is unitary, it has not been checked whether it is a sufficient
condition for 2 × 2 matrices. Contrast this to unitarily similar 2 × 2 matrices, A = U1BU1, which must have identical Frobenius
norms, along with Tr[A] = Tr[B] and Tr[A2] = Tr[B2], by Specht’s theorem.
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2.4 What is Nonreciprocity?

Figure 2.2: Plots of the generalised degree of nonreciprocity N (1,2), [Left] as function of the phase of the three-mode
loop Hamiltonian in Eq. (2.139), and [Right] as a function of the frequency of the associated scattering matrix S[ω] at
the phase ϕ = −π/2. All couplings obey the relation gjk = 4/κjκk, where the decay rates for the two primary modes
are fixed at κ1 = 1 and κ2 = 1, and the decay rate κ3 is varied. Fixing the decay rates ensures that the condition
g12 = 2g13g23/κ3 is always obeyed. When N (1,2) = 1 the direction of the nonreciprocal interaction is a1 → a2, and
when N (1,2) = −1 the direction is a1 ← a2.

N (j,k) ̸= 0, the scattering matrix is asymmetric and hence the scattering process must be nonreciprocal, with the
function taking positive values when the amplitude of the scattering means that the direction aj → ak is dominant,
and negative values when the direction aj ← ak is preferred. When the function reaches N (j,k) = ±1 the scattering is
perfectly asymmetric, in which case ||Sjk||F or ||Skj ||F vanishes exactly, depending on the direction.

2.4.2.3 Equivalence for Gaussian Systems

For Gaussian systems, the engineered dissipation approach of Metelmann and Clerk and the graph-based interference
approach of Ranzani and Aumentado are complementary approaches to realising nonreciprocity. Going back and forth
between the two approaches is possible for systems comprised entirely of linearly coupled open bosonic modes by
adiabatically eliminating certain modes to realise engineered dissipation channels, or conversely, converting engineered
dissipation channels into additional bosonic modes as in Eq. (2.134). Through this, we can see that, at a minimum,
we require three bosonic modes to realise nonreciprocity in a quantum system. As a motivating example, consider a
system of passively coupled bosonic modes with the Hamiltonian

Ĥ = g12

(
â†1â2 + â1â

†
2

)
+ g13

(
â†1â3 + â1â

†
3

)
+ g23

(
e−iϕâ†2â3 + eiϕâ2â

†
3

)
(2.139)

whose open system dynamics can be modelled using the following Lindblad master equation

d

dt
ρ̂ = L(ρ̂) where L(ρ̂) = −i[Ĥ, ρ̂] +

∑
k=1,2,3

κkD[âk](ρ̂). (2.140)

If we wish to determine the conditions for nonreciprocity between modes a1 and a2, this can be easily accomplished in
the regime where a3 is highly damped, allowing for the adiabatic elimination of this auxiliary mode. Using Eq. (2.134),
the resulting master equation is simply:

d

dt
ρ̂12 = −i[Ĥ12, ρ̂12] + γD[ẑ](ρ̂12) +

∑
k=1,2

κkD[âk](ρ̂12)

where Ĥ12 = g12

(
â†1â2 + â1â

†
2

)
, ẑ = â1 + ζeiϕâ2 and ρ̂12 = Tr3[ρ̂]. (2.141)

The damping rate and asymmetry are entirely arbitrary, but for simplicity we choose γ = 4g2
13/κ3 and ζ = g23/g13;

the results shown in Section 2.4.2.1 demonstrate that nonreciprocity occurs when the conditions in Eq. (2.132) are
met, which correspond to the following expressions for this system:

2g = ζγ → g12 = 2g13g23/κ3 and ϕ = ±π2 . (2.142)
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Alternatively, we can demonstrate the equivalence between the master equation and scattering approaches to
nonreciprocity by calculating the scattering matrix, S[ω], for the open three-mode system described by the Lindblad
master equation in Eq. (2.140). The conditions in Eq. (2.142) may be applied to this scattering matrix, and the
results for N (1,2) are shown in Figure 2.2. Here, we can see in the left-most plot that not only is ϕ = ±π

2 necessary to
reach N (1,2) = ±1, but that this only occurs when scattering is at the resonance frequency, which is ω = 0 in this
example since we are in a rotating frame; this is confirmed in the right-most plot. This occurs because the engineered
Markovian environment has been replaced by a mode with a finite damping rate, which means that the response of
this mode now has a finite bandwidth and is therefore no longer flat over the entire frequency domain. As a result,
perfectly asymmetrical scattering can now only be realised for a single frequency. So, while it is not required that the
auxiliary mode be highly damped, the width of N (1,2) as a function of frequency increases for larger values of κ3.

It is important to point out that nonreciprocity, as defined in Section 2.4.2.1, is concerned with the dynamics
of the internal modes of the system, while the definition in Section 2.4.2.2 concerns the scattering properties, and
hence the behaviour of the input and output fields. This example has therefore demonstrated that the occurrence of
nonreciprocal behaviour in the internal and propagating modes is related and appears under the same parameter
conditions.

2.5 Introducing the Nonreciprocal Quantum Amplifiers
A variety of topics have been introduced in this chapter to provide the required theoretical background for this
work, which warrants a summary. The chapter began with an introduction to Gaussian states and their structural
properties, demonstrating that such states can be represented entirely using their means and covariances. Such a
representation, which is intimately connected with the Wigner phase space, frees us from representing such states in
the infinite-dimensional Hilbert space. It was then demonstrated that dynamical processes which preserve Gaussian
states can also be easily represented as transformations on these moments. This included the dynamics for open
quantum systems, where both the Lindblad master equation and Heisenberg-Langevin equations yield the same
dynamical equations for the moments of the internal system modes. This Gaussian description of states was also
extended to propagating bath modes, which also satisfied the necessary requirements. Subsequently, input-output
theory allowed for the transformation of input fields to output fields to be expressed entirely in terms of a scattering
matrix.

The realities of physically engineering such systems through the modulation of parametric couplings were then
introduced in the following section. Using superconducting circuits as a motivating example, it was demonstrated
that the coupling between a pair of harmonic modes and a classical-like pump could be used to engineer specific
coherent interactions between the quantum modes of the system. These interactions allowed for the conversion of
photons between modes of different frequencies, along with the enhancement of input fields through linear parametric
amplification. We finally introduced the concept of nonreciprocity, where it was shown that two approaches based
on engineered dissipation and the interference of scattering processes yielded the same conditions for nonreciprocity
when applied to Gaussian systems. An important result is that nonreciprocity, and hence directional signal routing,
requires a minimum of three harmonic modes, all coupled via Gaussian coherent processes.

With this information, we can conclude that any nonreciprocal linear quantum amplifier must necessarily be
composed of at least three harmonic modes. In fact, there are two three-mode configurations which have been realised
in superconducting circuit systems: we refer to these as the delta amplifier [18, 19] and the bowtie amplifier [20, 30].
The name of these amplifiers derives from a graphical representation of the dynamical couplings between the ladder
operators, as shown in Figure 2.3. To finish this section, we will demonstrate how parametrically coupled systems can
be used to obtain the desired Hamiltonians; details regarding the scattering behaviour will be omitted, but may be
found in the aforementioned references.

The first configuration we will consider is the delta amplifier, which may be operated as a directional phase-preserving
amplifier. We can start with a pumped Hamiltonian for a three-mode loop

Ĥp
loop =

∑
k=1,2,3

ωkâ
†
kâk +

∑
(j,k)∈V∆

2gjk cos
(
ωp

jkt+ ϕp
jk

)(
â†je

iϕj + âje
−iϕj

)(
â†ke

iϕk + âke
−iϕk

)
, (2.143)

where V∆ = {(1, 2), (1, 3), (2, 3)} is the set of mode pairs. This amplifier requires that two of the interactions be
nondegenerate parametric amplifiers, while the third is a frequency converter, or equivalently two two-mode squeezers
and a beam splitter. This imposes the following constraints on the pump frequencies: ωp

12 = ω1 + ω2, ωp
23 = ω2 + ω3,

and ωp
13 = |ω1 − ω3|. In order for the RWA to be applied, all mode frequencies must be well-separated and the

linewidths small, κk ≪ ωk. Under this assumption, the Hamiltonian may be written in the rotating frame as

Ĥ∆ = g12

(
â†1â
†
2 + â1â2

)
+ g13

(
â†1â3 + â1â

†
3

)
+ g23

(
eiϕâ†2â

†
3 + e−iϕâ2â3

)
, (2.144)
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2.5 Introducing the Nonreciprocal Quantum Amplifiers

where ϕ is referred to as the loop-phase. To obtain the above expression, two of the arbitrary pump phases were
set to ϕp

12 = ϕ1 + ϕ2 and ϕp
13 = |ϕ1 − ϕ3|; the loop phase may then be written entirely in terms of the pump phases,

ϕ ≡ ϕp
12 ± ϕ

p
13 − ϕ

p
23. Since this phase has no dependence on the phases of the modes, it cannot be eliminated via a

gauge transformation, and hence is always present. As discussed in the previous section, correctly tuning this phase
will be necessary for controlling the direction of signal propagation between the ports of a nonreciprocal three-mode
system.

The other configuration is the bowtie amplifier, which behaves as a directional phase-sensitive amplifier under
proper operation. In this case, we start with the pumped loop Hamiltonian Ĥp

loop again, and apply a fourth pump
tone to one of the modes to realise a single-mode squeezing interaction,

Ĥp
loop + λ cos (ωp

2 t+ ϕp
2)
(
â†2e

iϕ2 + â2e
−iϕ2

)2
. (2.145)

The pump frequencies between the mode pairs are chosen to realise three beam splitter interactions, ωp
12 = |ω1 − ω2|,

ωp
23 = |ω2 − ω3|, and ωp

13 = |ω1 − ω3|, which on their own can be used to create a circulator device as described in
Figure 2.1. The fourth pump frequency must be twice the mode frequency ωp

2 = 2ω2 in order to realise degenerate
parametric amplification. Assuming the system parameters allow for the invocation of the RWA, the Hamiltonian for
the bowtie amplifier is

Ĥ▷◁ = g12

(
â†1â2 + â1â

†
2

)
+ g13

(
â†1â3 + â1â

†
3

)
+ g23

(
eiϕâ†2â3 + e−iϕâ2â

†
3

)
+ λ

2

(
eiθâ† 2

2 + e−iθâ2
2

)
. (2.146)

The irremovable loop phase ϕ is once again present in the Hamiltonian, ensuring that we can control the direction of
propagation of the amplified output signals. The phase θ = 2ϕ2 − ϕp

2 is also always present, and determines which
quadratures are amplified by the DPA.

As demonstrated in Section 2.4.2.3, nonreciprocity between a pair of interacting harmonic modes is dependent not
only on the choice of phases but also on the proper balancing of the coherent and dissipative rates in the system.
Both the delta and bowtie amplifiers are comprised of three pair-wise interactions between the modes, and any one of
these three interactions can be made nonreciprocal with the proper choice of system parameters. Choosing which
interactions to make nonreciprocal will depend on what behaviour is desired of the amplifier: in Chapter 3, the
demand to realise bipartite entanglement of the output fields for different modes means that the amplifiers are required
to act as directional multiport devices, where amplified signals are emitted in multiple directions. In Chapter 4, on
the other hand, the constraints imposed by the motivating physical device mean that the signal should enter and
leave through the same port, and so this amplifier is operated as a single-port device. Additionally, it must direct
amplified noise away from the sensitive qubit. Given the disparity in operation, the conditions for, and consequences
of, nonreciprocity in these three-mode amplifiers will therefore be deferred until required in each chapter.

  

  

Figure 2.3: Graphical representation of the two three-mode amplifiers considered in this work, which inspire their
names: [Left] the delta amplifier, and [Right] the bowtie amplifier. The graphs represent the coupling between the
ladder operators in the dynamical equations for the delta and bowtie amplifier, which are a result of the Hamiltonians
in Eqs. (2.144) and (2.146), respectively. Blue arrows denote parametric amplification, or squeezing, interactions,
while red arrows denote frequency conversion, or beam splitters. These colours are chosen because pumping the PA
interaction for any pair of modes requires a higher pump frequency than the FC interaction. The coupling between
the ladder operators is simple for the delta amplifier, which decomposes into two graphs, each comprised of two PAs
with rate g12 and g23, and one FC with rate g13. The graph for the bowtie amplifier is comprised of two connected
loops, each consisting of three FC interactions with rates g12, g13, and g23, which are coupled via a DPA with rate λ.
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3 Entanglement Generation in Nonreciprocal Quantum
Amplifiers

The generation of high-fidelity entangled states is fundamental for the realisation of quantum information processing
(QIP) and communication protocols. While qubits are well-suited for local QIP operations, photons present the
best option [87] for realising distributed quantum information processing and communication protocols over long
distances between modes in a quantum network [88–93]. The branch of QIP that focuses on the manipulation of
photons is called continuous variable quantum information [94–99], the basis components of which are the Gaussian
states and transformations introduced in Chapter 2. The distribution of maximally entangled states is, however,
hampered by the presence of decoherence channels and other sources of environmental noise, which induce errors
and reduce the fidelity of the entangled state. While the error correction of CV states can be achieved through the
use of linear optical elements, corresponding to Gaussian transformations [100, 101], improving the fidelity through
distillation and purification cannot be achieved through the use of Gaussian transformations alone [102]. As a result,
nonlinear transformations are required [103–109] which are currently difficult to implement in the microwave and
radio-frequency (RF) regimes.

Thermal fluctuations in the environment provide one source of decoherence, which may be mitigated by operating
at cryogenic temperatures provided that kbT ≪ ℏω. Thus, the impact of thermal noise may be reduced for mode
frequencies in the microwave domain. In lower frequency bands, such as the RF domain that is ubiquitous in
modern communication, thermal fluctuations are still a significant barrier, appreciable even at the coldest operating
temperatures [110–112], presenting challenges for RF quantum communication and sensing. Given the limitations with
exist at cryogenic temperatures, alternative approaches must be considered to generate high-fidelity entanglement in
systems with hot modes. In this chapter, we present an approach utilising engineered nonreciprocity to directionally
route these thermal fluctuations, allowing for the generation of high-purity entangled states with an increased
robustness to thermal excitations. For this purpose, we will use the previously introduced delta and bowtie linear
nonreciprocal quantum amplifiers.

Linear quantum amplifiers create entanglement between photons using the same mechanism that enables them
to amplify weak signals: through squeezing. For these ported systems, two forms of entanglement are possible,
termed the intracavity and output entanglement, shown pictorially in Figure 3.1. Intracavity entanglement is formed
between the coherently coupled internal modes of the amplifier, while output entanglement is generated between the
propagating output fields emitted through the amplifier ports. These propagating output fields correspond to resonant
modes of the electromagnetic field within the transmission line or resonators coupled to the amplifier ports, and so
will alternatively be referred to as cavities. While the amount of intracavity entanglement correlations is inherently
limited, there is no bound on the strength of these correlations between the propagating modes, allowing the latter
to form highly entangled states. We are interested in operating these amplifiers as multiport devices, so that these
highly entangled propagating states can be directed towards different nodes in a quantum network.

Figure 3.1: A diagram of two coherently interacting harmonic modes, a1 and a2, each coupled to a transmission line
resonator. The resonant modes of the transmission lines support propagating fields, in the form of incoming input
fields and outgoing output fields. Two types of entanglement are present in the system: entanglement between the
internal harmonic modes, termed intracavity entanglement, and entanglement between the output fields, termed
output entanglement. The input fields are uncorrelated Gaussian white noise processes, and hence are never
entangled.
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3.1 Entanglement in Continuous Variable Systems

While several proposals and recent experiments consider the entanglement of the output fields of cold modes coupled
via an intermediate hot mode [113–119], we consider situations where the output fields to be entangled themselves
are effectively coupled to high-temperature baths. The presence of this noise, which is particularly evident in RF
modes, can severely limit the entanglement fidelity of the emitted output from such hot modes at a given pump power
through the degradation of the joint-state purity. We will demonstrate that the use of nonreciprocity is crucial to
alleviate the effects through its ability to continuously reroute thermal excitations towards a cold output. This enables
the entanglement of propagating photons with much higher purity than is possible using a completely reciprocal
two-mode entangling interaction between the hot modes of interest. To determine the optimum regime of the delta
and bowtie amplifier for this thermal routing, we will also investigate the effects of nonreciprocity on the generation
of output entanglement, as this goes beyond the traditional signal processing applications. We will begin with an
introduction to the ingredients which will be used in this section to characterise the quantum state: the separability
criterion for a CV state, the entanglement monotone known as the logarithmic negativity, and the purity.

3.1 Entanglement in Continuous Variable Systems
3.1.1 Introduction
Entanglement is a type of correlation unique to composite quantum systems, which is present when the states of the
subsystems cannot be described independently of each other. To investigate the ability of these nonreciprocal quantum
amplifiers to generate entangled states, specific methods must be introduced which can be used to characterise this
phenomenon. We must therefore make clear the distinction between a separable and an entangled state. We first
bipartition the Hilbert space of the composite system, H = HA ⊗HB, therefore dividing it between two parties A
and B. A state of the composite system, ρ̂, is defined as separable on this bipartition if it can be written as a convex
combination of product states,

ρ̂ =
∑

k

pk |ψA
k ⟩⟨ψA

k | ⊗ |ψB
k ⟩⟨ψB

k | where pk ≥ 0 ,
∑

k

pk = 1. (3.1)

A state is defined as entangled if it cannot be written in the above form. Separable states can always be created using
local quantum operations performed independently by parties A and B, as well as classical communication, by which
the two parties can coordinate and optimise their local operations [120]. As a result, such operations, termed local
operations and classical communication (LOCC), are unable to generate entanglement correlations.

Now that we have some basic notion of what entanglement is, we must define a measure of entanglement so that
when given an arbitrary state, we have some way of quantifying how entangled it is. One measure is the entropy of
entanglement [121], however, this measure is only defined for pure states. The situation becomes complicated when
considering mixed states, as there is no single measure of entanglement [120, 122], and many of the measures which
have been introduced are difficult to compute. The easiest to calculate is the logarithmic negativity [123], and it is
the one that will be used in this work. The logarithmic negativity has been proven to satisfy the properties of an
entanglement monotone [124], which means it satisfies the following three properties: it should quantify entanglement
using a non-negative real number, it should return zero if the state is separable, and it should not increase on average
through the use of LOCCs. The last property is particularly important: since LOCCs alone can only generate
separable states, they should never increase the amount of entanglement in a system, and so any method of calculating
the amount of entanglement should not return a larger number after the application of LOCCs on a state. An
entanglement measure has the added property that, when applied to a pure state, it is identical to the entropy of
entanglement [120].

Entanglement is an important resource for quantum information processing applications [122], however, these
applications generally require states which are maximally entangled [94, 97, 98], which means that they must be
pure and highly entangled. However, quantum states are fragile, and performing operations or transmitting the state
can decrease the purity and entanglement. By performing state purification and distillation, the local parties can
turn several copies of states with low purity or entanglement into a smaller number of maximally entangled states
using LOCC [121, 125, 126]. For continuous variable Gaussian states, it has been proven that this is not possible
using LOCC with only Gaussian transformations, and that nonlinear processes are therefore required [102, 104, 106,
107]. The entanglement correlations that can be extracted in this process are known as the distillable entanglement;
importantly, the logarithmic negativity provides an upper bound on the amount of distillable entanglement in a
bipartite system [123]. There may be entanglement correlations which cannot be accessed by LOCC alone, known as
bound entanglement [127, 128], and which are therefore unusable in distillation protocols. Having given a descriptive
overview of quantum entanglement, we can now proceed to the specific technical definitions we will use to characterise
the entanglement and purity of Gaussian continuous variable states.
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Chapter 3. Entanglement Generation in Nonreciprocal Quantum Amplifiers

3.1.2 Separability of Bipartite States
3.1.2.1 Positive Partial Transpose Criterion

The condition we will use to determine if a state is separable is the Peres–Horodecki criterion [129–131], also called
the positive partial transpose criterion (PPT criterion). In order to explain this criterion, we must first define the
partial transpose operation. We begin with a bipartite system, with the two parties labelled A and B; for a density
operator ρ̂, written in some arbitrary basis as

ρ̂ =
∑

j,k|l,m

pj,k|l,m |ψA
j ⟩⟨ψA

k | ⊗ |ψB
l ⟩⟨ψB

m| , (3.2)

the partial transpose with respect to B, denoted ρ̂TB , is defined as

ρ̂TB :=
∑

j,k|l,m

pj,k|l,m |ψA
j ⟩⟨ψA

k | ⊗ |ψB
m⟩⟨ψB

l | . (3.3)

The partial transpose obviously has the property (ρ̂TA)T = ρ̂TB . The PPT criterion says that a bipartitioned state is
separable if its partial transpose is also positive semi-definite, ρ̂TB ≥ 0 or, equivalently, ρ̂TA ≥ 0, and is therefore also
a density operator. Since the partial transpose of ρ̂ is also Hermitian and has trace one, this is the only property of a
density operator that the partial transpose can possibly violate. A physical interpretation of this criterion comes from
the fact that the transpose operation corresponds to time reversal at the level of the density operator [127], so a state
is separable if the partially time-reversed state is also a bona fide quantum state.

For finite level systems, this criterion has been shown to be necessary and sufficient for determining whether a
state is separable for two cases of bipartite systems: a pair of two-level systems, and a pair of one two-level and one
three-level system [130]. For Gaussian states, the criterion is necessary and sufficient for a bipartite system consisting
of a pair of bosonic modes [132], for a bipartition consisting of one bosonic mode in one partition and N bosonic
modes in the other partition [128], and for a class of Gaussian states which is termed bisymmetric [133]. For all other
states, it fails to be a sufficient condition, since there exist states which satisfy the PPT criterion but are entangled,
which are called bound entangled states [128]; in such cases, other criteria must be considered [134–136]. Despite this,
violating the PPT criterion is still a sufficient test to determine whether an entangled state can be distilled [105, 137],
and so bound states contain no distillable entanglement correlations.

The nonreciprocal amplifiers we are considering consist of three bosonic modes, so no matter which bipartition
we choose, the use of the PPT criterion will be necessary and sufficient to determine whether the resulting state is
separable. Since computing the logarithmic negativity for the three (2, 1)-mode bipartitions does not generate any
additional information that is not already provided by the three (1, 1)-mode partitions, we will focus on computing
the latter. Focusing on the entanglement between only pairs of bosonic modes also means that, provided the states
are entangled, it is guaranteed that all entanglement correlations are distillable. To provide some insight into what
the logarithmic negativity is computing when applied to Gaussian states, we will go into greater depth about what
the PPT criterion means for Gaussian states.

3.1.2.2 Separability Criterion for Continuous Variable States

We consider a continuous variable system bipartitioned into two sets of bosonic modes, A and B. Partitions A and
B have NA and NB bosonic modes, respectively, along with their own sets of quadrature operators, (q̂A, p̂A) and
(q̂B , p̂B). We proceed to map the Gaussian state ρ̂ to its Wigner function:

ρ̂←→Wρ(qA,pA, qB ,pB). (3.4)

Applying the transpose to the state ρ̂ corresponds to time reversal for the associated Wigner function, which on the
level of phase space corresponds to a sign reversal on the momentum coordinates [98, 132]. The partial transpose
therefore corresponds to a time reversal applied to one of the two sets of momenta, which we choose to apply to
partition B:

ρ̂TB ←→Wρ(qA,pA, qB ,−pB). (3.5)

If we define this specific ordering of the coordinates as the following column vector rAB := col(qA,pA, qB ,pB

)
, then

the partial transpose of B can be implemented as a matrix transformation, Λ := diag(INA
, INA

, INB
,−INB

). The
means of this state can be set to any value by a purely local displacement transformation on the state, and so they
are not important for determining whether a state is separable or entangled, since they can be altered by LOCC.
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The important quantity to look at is the covariance matrix, which for the partially transposed state we define as

σ̃ := ΛσΛ. (3.6)

The PPT criterion can then be expressed in the following manner: If Wρ(r) is a Wigner function of a true quantum
state then it is separable if Wρ(Λr) is also the Wigner function of a true quantum state [98, 132]. We recall from
Eq. (2.10) that the covariance matrix of a true Wigner function must obey the uncertainty relation; this fact allows
us to express the PPT criterion for Gaussian states in terms of the following requirement on the covariance matrices:

If σ + i

2Ω ≥ 0 and σ̃ + i

2Ω ≥ 0 then ρ̂ is separable. (3.7)

Since the relation for σ is always satisfied for a true quantum state, the PPT criterion then states that if σ̃ violates
uncertainty, the state may be entangled. We emphasise that regardless of the above, even if the Wigner function no
longer represents a true quantum state, it must still be a Gaussian distribution, and as such the trace of ρ̂TB must
still converge, indicating that the Wigner function must be integrable, and hence σ̃ ≥ 0.

3.1.2.3 Simon’s Criterion

As previously stated, since satisfying the PPT criterion is generally only a necessary but not sufficient condition for the
state to be separable, there are states which satisfy the criteria which turn out to be entangled. It is, however, necessary
and sufficient when each party has one bosonic mode, where the PPT criterion is equivalent to the well-known Simon’s
criterion [132]. Another necessary and sufficient criterion for systems of two bosonic modes has also been introduced,
known as Duan’s criterion [138], which is based on the variance of Einstein–Podolsky–Rosen (EPR) type operators
constructed using the covariance matrix of a two-mode Gaussian state. Simon’s criterion, on the other hand, is based
on certain symplectic invariants of the partial transposed covariance matrix, and since the partial transpose is used
when calculating the chosen measure of entanglement [123], it is the one we use when checking whether a state is
entangled.

In order to demonstrate the idea behind Simon’s criterion, we start with the uncertainty relations Eq. (3.7) for a
Gaussian state. The uncertainty relations for a true quantum state always hold, and so for a Gaussian state, they
are necessarily invariant under all Gaussian unitary transformations acting on the Hilbert space. We recall from
Section 2.1.4 that Gaussian unitary transformations on Gaussian states correspond to symplectic transformations
on the covariance matrix, meaning that the uncertainty, σ + iΩ2/2 ≥ 0, for a two-mode state is always invariant
under Sp(4,R). For a separable state, the uncertainty relation for the partially time-reversed state must also be
preserved, σ̃ + iΩ2/2 ≥ 0. Both conditions are only satisfied under the set of independent local Gaussian unitary
transformations, which corresponds to the set of operations from Sp(2,R) applied to the individual modes; the entire
set of local Gaussian unitary operations is then the subset Sp(2,R) ⊕ Sp(2,R) ⊂ Sp(4,R). It is required that the
criterion be invariant under transformations from Sp(2,R)⊕ Sp(2,R), since this is equivalent to stating that LOCC
cannot generate entanglement correlations,

The uncertainty relation for covariance matrices, σ + iΩ2/2 ≥ 0, can be expressed in terms of quantities of the
covariance matrix which do not change under the set of local transformations, Sp(2,R)⊕ Sp(2,R):

det[A] det[B] +
(

1
4 − det[C]

)2
− Tr

[
AΩ1CΩ1BΩ1CTΩ1

]
≥ 1

4
(

det[A] + det[B]
)
. (3.8)

Here, Ω1 :=
( 0 1
−1 0

)
is the symplectic form for a single mode system, and the covariance matrix is written in terms of

2× 2 blocks, σ =
( A C

CT B

)
. The only Sp(2,R)⊕ Sp(2,R) invariant quantity which changes for the covariance matrix

of the partially time-reversed state, σ̃, is the sign of det[C]. The uncertainty relation for σ̃ is therefore identical to
Eq. (3.8), but with a sign change on the det[C] term, (1/4− det[C])2 → (1/4 + det[C)]2. If det[C] ≥ 0, then the fact
that σ obeys Eq. (3.8) means that σ̃ will also obey the uncertainty relation, and is therefore also a true quantum state.
Hence, two-mode Gaussian states with det[C] ≥ 0 are always separable. If det[C] < 0, then the uncertainty relation
for σ is stronger than the one for σ̃; since it is not possible to determine in general whether or not σ̃ satisfies the
uncertainty relation here, the state defined by σ may be separable or entangled in this instance. Bringing both cases
together, the PPT criterion Eq. (3.7) may then be expressed in the following form for a two-mode Gaussian state,

det[A] det[B] +
(

1
4 − |det[C]|

)2
− Tr

[
AΩ1CΩ1BΩ1CTΩ1

]
≥ 1

4
(

det[A] + det[B]
)
. (3.9)

which is known as Simon’s criterion.
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3.1.3 The Logarithmic Negativity
With the PPT criterion established as a necessary criterion for entangled states, we can now proceed to use the
partially transposed state to quantify how entangled a state is. Two easily computable entanglement monotones can
be constructed using the partially transposed state: the negativity and the logarithmic negativity [123]. The positive
semi-definite criterion for a density operator, ρ̂, means that all eigenvalues must satisfy λk ≥ 0. The negativity uses
the fact that some eigenvalues, λ̃k, of the partially transposed state can take negative values if the state is entangled
to quantify the entanglement:

N (ρ̂) := 1
2

(
||ρ̂TB ||1 − 1

)
≡ 1

2
∑

n

∣∣λ̃k

∣∣− λ̃k. (3.10)

Here, ||A||1 := Tr
[√

A†A
]

is the trace norm. The more commonly used logarithmic negativity may be defined in
terms of the negativity as,

EN (ρ̂) := ln
(
||ρ̂TB ||1

)
= ln(2N (ρ̂) + 1), (3.11)

and will be the entanglement monotone used in this work, since it has more useful properties compared to the
negativity. The two most important properties are that it is additive for tensor products of states, EN (ρ̂A ⊗ ρ̂B) =
EN (ρ̂A) + EN (ρ̂B), and that it provides an upper bound on the amount of distillable entanglement [124].

For Gaussian states, the logarithmic negativity may be expressed in terms of the symplectic eigenvalues of the
partially transposed state [123]. This is done by applying the Williamson normal mode decomposition from Section 2.1.5
to unitarily diagonalise the partially transposed state as a product state of thermal states. Using the fact that the
logarithmic negativity is additive for tensor products, we can instead express EN (ρ̂) as a sum over the thermal normal
modes as,

EN (ρ̂) ≡
N∑

k=1
ln
(
||ρ̂th

k ||1
)

where ρ̂TB = Û

(
N⊗

k=1
ρ̂th

k

)
Û†. (3.12)

The thermal density operators may be written in the number eigenstate basis as ρ̂th
k = (1− zk)

∑
n z

n
k |n⟩k⟨n|k where

zk = n̄k/(n̄k + 1) is a function of the mean number of photons in the thermal state. We recall that the symplectic
eigenvalues of ρ̂TB can also be expressed as ν̃k = n̄k + 1/2, meaning that we can write ν̃k = (1− zk)−1 − 1/2. Now,
quantum states which obey the uncertainty principle have symplectic eigenvalues which are bounded below by the
uncertainty of a vacuum state, ν̃k ≥ 1/2, which implies that n̄k ≥ 0.

However, the partially transposed ρ̂TB may not be a true quantum state if ρ̂ is entangled by the PPT criterion, and
so its symplectic eigenvalues can have variance below the vacuum, ν̃k < 1/2, violating the uncertainty relation. The
Wigner function of ρ̂TB should still correspond to an integrable Gaussian function so σ̃ > 0, meaning that even if
the uncertainty relation is violated, the symplectic eigenvalues are still bounded from below, 0 < ν̃k. If a symplectic
eigenvalue is in the range 0 < ν̃k < 1/2, then the effective thermal occupation would be negative for that normal mode.
The implication is that zk is negative if ν̃k < 1/2, and therefore the trace norm must be ||ρ̂||1 = (1− zk)/(1− |zk|),
which is equal to one if ν̃k ≥ 1/2. Using the preceding expressions, we can finally write the logarithmic negativity in
terms of the symplectic eigenvalues of the partially transposed state:

EN (ρ̂) =
N∑

k=1

{
0 for ν̃k ≥ 1/2
− ln(2ν̃k) for 0 < ν̃k < 1/2

. (3.13)

If the PPT criterion from Eq. (3.7) is satisfied then the above is necessarily zero, however, if σ̃ + iΩ/2 < 0 then
we are guaranteed that are least some of the symplectic eigenvalues for the partially transposed state violated
uncertainty, ν̃K < 1/2, and the degree to which they violated this condition is captured by the logarithmic negativity.
The entangled for Gaussian states as measured by the logarithmic negativity therefore increases without bound,
EN (ρ̂)→∞, as ν̃k approaches the minimum allowed value, ν̃k → 0. The logarithmic negativity will also increase as
more normal modes of the partially transposed state violate uncertainty.

In the simplest case, where there are only two modes in the composite system, analytic expressions are guaranteed
for the symplectic eigenvalues of the partially transposed state. The characteristic equation for Ω2σ̃ can be written as,

ν̃4 + ην̃2 + det[σ] = 0 where η = det[A] + det[B]− 2 det[C] and σ =
(

A C
CT B

)
. (3.14)

The characteristic equation has the solutions ±ν̃+ and ±ν̃−, which can be expressed as follows,

ν̃± = 1√
2

√
η±

√
η− 4 det[σ]. (3.15)
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It can be shown that ν̃+, the maximum symplectic eigenvalue, obeys ν̃+ ≥ 1/2 and so always satisfies the uncertainty
relation. The minimum symplectic eigenvalue, ν̃−, can violate uncertainty, and does so for covariance matrices which
violate Simon’s criterion. The logarithmic negativity for a two-mode system may then be expressed succinctly as:

EN (ρ̂) =
{

0 for ν̃− ≥ 1/2
− ln(2ν̃−) for 0 < ν̃− < 1/2

. (3.16)

3.1.4 Purity of Gaussian States
The final measure we will consider is the purity, which naturally quantifies how mixed the state is. In this work, we
define the purity, P, as follows,

P := Tr
[
ρ̂2] where the purity is bounded by 0 < P ≤ 1. (3.17)

A state is considered pure if the measure is P = 1, in which case the density operator is idempotent, ρ̂2 = ρ̂, and
hence may be expressed as a projector onto some state vector |ψ⟩, by ρ̂ = |ψ⟩⟨ψ|. If the purity is, however, strictly less
than unity, P < 1, then the state is considered mixed. For quantum systems with finite dimension, d, the purity is
easily calculated using a matrix representation of the density operator. The purity can also be shown to be bounded
from below, P ≥ 1/d, and states which saturate this lower bound are called maximally mixed states.

For continuous variable systems, the Hilbert space is infinite dimensional, and so for ease we use the Wigner function
associated with ρ̂, which will allow us to perform the trace by integrating over the Wigner phase space. The purity
may then be written as,

P =
∫
R2N

Wρ(r) ⋆ Wρ(r) d2Nr =
∫
R2N

Wρ(r)2 d2Nr, (3.18)

where the simplification comes from the fact that exactly one Moyal star-product may be replaced by a scalar product
when integrating over the entire phase space of the Wigner representation; refer to Eq. (A.18) in Appendix A. If
Wρ(r) corresponds to a Gaussian state, we are then performing a phase space integral of the function,

Wρ(r)2 = 1
(2π)2N det[σ] exp

[
− (r − µ)Tσ−1(r − µ)

]
, (3.19)

which yields the following definition for the purity of a Gaussian state, which is only dependent on the covariance
matrix:

P = 1
2N
√

det[σ]
. (3.20)

Defining the purity in terms of the covariance matrix also allows for marginal purities to be quickly calculated since
the partial trace of a Gaussian state is guaranteed to produce another Gaussian state. In the case of a two-mode
system, inequalities can be established between the marginal purities and the global purity, which determine whether
the state is separable or entangled [139], however, this test is not always conclusive.

We can further express the purity for any Gaussian state in terms of the symplectic eigenvalues of its covariance
matrix by using the Williamson normal mode decomposition from Section 2.1.5, σ = SνST , and the fact that a
symplectic matrix has unit determinant, det[S] = 1. The determinant of the covariance matrix is therefore equal to
the determinant of the diagonal matrix of symplectic eigenvalues, det[σ] = det[ν]. Since the symplectic eigenvalues
come in pairs, the purity is then

P =
(

N∏
k=1

2νk

)−1

. (3.21)

Since the uncertainty relation for a true quantum state constrains the symplectic eigenvalues to νk ≥ 1/2, the purity
calculated using the above expression is in the range 0 < P ≤ 1. Importantly, we can see that a Gaussian state is
pure if and only if its normal mode form is equivalent to a multimode vacuum state, where all symplectic eigenvalues
are νk = 1/2. The above expression shows that purity can also be pushed arbitrarily close to zero even if only one of
the νk grows arbitrarily large. Since a symplectic eigenvalue which is larger than the minimum allowed by uncertainty
can be interpreted as having some amount of effective thermal noise, νk = n̄k + 1/2, the purity of a Gaussian state
can be significantly diminished due to the presence of some effective thermal noise in at least one of its normal modes.

On the other hand, Eq. (3.21) tells us that the purity cannot be altered by application of a symplectic transformation,
or indeed any transformation that has a determinant of one. As a result, the purity of a Gaussian state cannot be
changed through the application of Gaussian unitary transformations. Thermal noise present in the normal modes of
the system acts to reduce the purity of the state, necessitating the use of purification schemes.
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3.2 Squeezing and Entanglement
3.2.1 The Two-Mode Squeezed State
In Gaussian systems, entanglement correlations are generated through the use of squeezing, where the two-mode
squeezed vacuum (TMSV) state is often treated as the gold standard for entangled two-mode Gaussian states, since
the state is pure and the amount of entanglement scales linearly with the magnitude of the squeezing. Since the
focus in this chapter is on mitigating the effects of thermal noise on entangled states, we will start by explicitly
demonstrating how thermal noise affects the two-mode squeezed state. Two-mode squeezing is performed by the
unitary transformation,

ÛS2 := exp
[
−ir

(
eiθâ†Aâ

†
B + e−iθâAâB

)]
≡ exp

[
− ir

(
cos(θ)

(
q̂Aq̂B − p̂Ap̂B

)
+ sin(θ)

(
q̂Ap̂B + p̂Aq̂B

))]
, (3.22)

which corresponds to the following symplectic transformation in phase space

S2(r, θ) =
(

cosh(r)I sinh(r) (sin(θ)Z− cos(θ)X)
sinh(r) (sin(θ)Z− cos(θ)X) cosh(r)I

)
. (3.23)

In order to incorporate thermal effects in the system, we assume that the two modes are both in thermal states before
the squeezing is applied, and so the initial covariance matrix is

σth =
((
n̄A + 1

2
)

I 0
0

(
n̄B + 1

2
)

I

)
. (3.24)

Applying the symplectic transformation to the thermal state covariance matrix, S2(r, θ)σth(S2(r, θ))T =: σTMS, yields
the covariance matrix for a two-mode squeezed thermal state:

σTMS =


[(
n̄A + 1

2
)

cosh2(r) +
(
n̄B + 1

2
)

sinh2(r)
]

I (n̄A + n̄B + 1) cosh(r) sinh(r)
×(sin(θ)Z− cos(θ)X)

(n̄A + n̄B + 1) cosh(r) sinh(r)
×(sin(θ)Z− cos(θ)X)

[(
n̄B + 1

2
)

cosh2(r) +
(
n̄A + 1

2
)

sinh2(r)
]

I

 . (3.25)

To get an idea of the impact of thermal quanta and squeezing on the entanglement of the system, we work out Simon’s
criterion for this covariance matrix, which states that the state is separable if the following inequality is satisfied:

n̄An̄B(n̄A + 1)(n̄B + 1)− sinh2(r) cosh2(r)(n̄A + n̄B + 1)2 ≥ 0. (3.26)

We can immediately notice that in the case where one of the thermal occupations is zero that the above inequality
reduces to

− sinh2(r) cosh2(r)(n̄A + 1)2 ≥ 0 when nB = 0, (3.27)

which is trivially satisfied when there is no squeezing in the system r = 0. As a consequence, the two modes are
entangled for any non-zero amount of squeezing, provided that only one is initially in a thermal state. If both modes
are initially in a thermal state, then the squeezing is insufficient to generate entanglement if it satisfies the following
inequality,

1
2 ln

(
2n̄An̄B + n̄A + n̄B + 1 + 2

√
n̄An̄B (n̄A + 1) (n̄B + 1)

n̄A + n̄B + 1

)
≥ r, (3.28)

and so there are non-zero values of the squeezing which are insufficient for the generation of entanglement. However,
since the left-hand side grows at the rate of a logarithmic function, increases in the number of thermal quanta do not
rapidly increase the threshold that the squeezing must surpass in order to violate Simon’s criterion. To see the effect
on the entanglement more explicitly, we calculate the symplectic eigenvalues of the partially transposed covariance
matrix,

ν̃± =

√
(δn̄)2 + (2n̄+ 1)2 cosh(4r)±

√
(2n̄+ 1)2 (1 + cosh(4r))

(
2(δn̄)2 + (2n̄+ 1)2(−1 + cosh(4r))

)
, (3.29)

where we have used the following definitions to simplify the above expression,

n̄ = 1
2
(
n̄A + n̄B

)
and δn̄ = |n̄A − n̄B | . (3.30)
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In the case where both modes are initially in vacuum, the symplectic eigenvalues and logarithmic negativity take on
the ideal forms:

ν̃± = 1
2e
±2r and EN = ln(2ν̃−) = 2r. (3.31)

The entanglement therefore grows linearly with the amount of squeezing for a TMSV. When one of the modes is
initially in a thermal state, the expressions for the symplectic eigenvalues lose this simple form. To determine if
the photons in the thermal state are inhibiting the formation of entanglement in any way, we work out the series
expansion in the limit of large n̄A, taking n̄B = 0:

ν̃− = 1
2sech(2r) +O

[
(n̄A)−1] ν̃+ = n̄A cosh(2r) + 1

2 cosh(4r)sech(2r) +O
[
(n̄A)−1] . (3.32)

The minimum symplectic eigenvalues is therefore independent of the average number of thermal quanta in the limit
n̄A →∞, whereas the leading order term in the maximum symplectic eigenvalue is linearly dependent on the average
number of thermal quanta, and therefore increases without bound. With this, we know that the logarithmic negativity
is bounded by,

ln(cosh(2r)) ≤ EN ≤ 2r for n̄A ≥ 0 and n̄B = 0. (3.33)

So, although increasing the occupation of the thermal state will reduce the amount of entanglement, the lower bound
is still non-zero. In fact, with increased squeezing, the relative difference between the upper and lower bounds of EN
can be made arbitrarily small, indicating that, although entanglement is diminished if one mode is in a thermal state,
this effect can be mitigated by squeezing harder.

We now turn our attention to the case where both modes have non-zero thermal occupation. In order to simplify the
expression for the logarithmic negativity, the thermal occupation of both modes is set to the same value, n̄A, n̄B = n̄.
The symplectic eigenvalues and logarithmic negativity are then,

ν̃± = e±2r

(
n̄+ 1

2

)
and EN = 2r − ln

(
2n̄+ 1

)
. (3.34)

This expression for the logarithmic negativity assumes that ν̃− < 1/2, or equivalently 2r > ln(2n̄+ 1), which only
occurs when Simon’s criterion, expressed in Eq. (3.28), is violated. The presence of thermal quanta linearly increases
both symplectic eigenvalues, representing an increase in the variance of the normal modes of the partially transposed
state; if the variance is sufficiently large, then the partially transposed state will no longer violate the uncertainty
relation, resulting in no entanglement.

The last quantity we wish to examine is the purity, which is unaffected for the global state by the presence two-mode
squeezing, since the purity is unchanged under symplectic transformations. The global purity for the covariance
matrices σ is therefore,

P = 1
(2n̄A + 1)(2n̄B + 1) . (3.35)

This is expected since the two-mode squeezing unitary transformation cannot change the purity of the Gaussian state
as it has a determinant of one, det[S2(r, θ)] = 1. As a result, det[σth] = det[σTMS], and so the purity of the initial
two-mode thermal state and squeezed thermal state have identical values.

3.2.2 Two-Mode Squeezing in an Open System
Before considering the two nonreciprocal amplifiers, we will analyse the behaviour of entangled states in an open
system. This reference system consists of a nondegenerate coherent two-mode squeezing (TMS) interaction between
two harmonic modes,

ĤTMS = g12

(
eiϑâ†1â

†
2 + e−iϑâ1â2

)
. (3.36)

The behaviour of this coherent system was analysed in the previous section, Section 3.2.1, but now we will treat this
as an open quantum system. Each mode is therefore coupled to the environment, which we assume to be independent
baths, each of which is in a thermal state. This two-mode squeezed open system can therefore be described by the
following Lindblad master equation,

d

dt
ρ̂ = LTMS(ρ̂) where LTMS(ρ̂) = −i[ĤTMS, ρ̂] +

∑
k=1,2

κk

(
(n̄k + 1)D[âk](ρ̂) + n̄kD[â†k](ρ̂)

)
. (3.37)

The dynamics induced by this master equation are entirely linear, so provided that the state is initially a Gaussian, it
will remain Gaussian for all time. In addition, we consider the environment to be akin to a transmission line, so that
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there are also output fields propagating away from the system. We can therefore examine the entanglement behaviour
for two sets of modes: the coherently coupled open modes which make up the physical system described by the above
Lindblad master equation, which we will refer to as the intracavity modes, and the output modes representing the
propagating fields leaving the system ports, which can be handled using input-output theory from Section 2.2.3.2.

In both instances, we are solely concerned with the steady-state entanglement, so we must determine whether the
system is stable. To do this, we first write the Heisenberg-Langevin equation for this system in the quadrature basis
given by the vector r̂ = (q̂1, p̂1, q̂2, p̂2) as

d

dt
r̂(t) = ATMSr̂(t)−

√
κr̂in(t) (3.38)

where κ = diag(κ1, κ1, κ2, κ2) is the matrix of dissipation rates. The system stability is determined by the dynamical
matrix ATMS, which may be written as follows in this basis, using the methods in Sections 2.2.2 and 2.2.3:

ATMS =
(

(−κ1/2) I g12(sin(ϑ)Z− cos(ϑ)X)
g12(sin(ϑ)Z− cos(ϑ)X) (−κ2/2) I

)
, (3.39)

In order to ensure the system has a steady state, we need to ensure that the eigenvalues of the dynamical matrix all
have a negative real part. The conditions for this can be determined using the necessary and sufficient Routh-Hurwitz
stability criterion [140, 141], and so the system is stable if both of the following inequalities are satisfied:

0 < κ1

2 + κ2

2 and 0 < 1− C12 , where C12 := 4g2
12

κ1κ2
. (3.40)

The parameter C12 is the cooperativity, defined as a ratio of the strengths of the coherent and dissipative processes in
the system. The second inequality puts a limit on the strength of the squeezing interaction, above which the system
becomes unstable, which limits the cooperativity to the range 0 ≤ C12 < 1. The first criterion means that there is no
net antidamping from the bath couplings, and coupled with the second inequality, means that neither of the decay
rates can take non-negative values.

3.2.2.1 Entanglement of the Intracavity Modes

We first consider the behaviour of the intracavity modes; we can apply the results from Section 2.2.2 to the Lindblad
master equation given by Eq. (3.37) to write a differential equation for the covariance matrix of the intracavity modes:

d

dt
σint(t) = ATMSσint(t) + σint(t)AT

TMS + C where C =
(
κ1
(
n̄1 + 1

2
)

I 0
0 κ2

(
n̄2 + 1

2
)

I

)
. (3.41)

We are interested in the intracavity covariance matrix when the internal Gaussian state is in the steady state,
σint := lim

t→∞
σint(t), which corresponds to the solution of a Lyapunov equation:

ATMSσint + σintAT
TMS + C = 0 → σint =

∫ ∞
0

eτATMS C eτAT
TMS dτ (3.42)

Provided that the system obeys the stability criteria in Eq. (3.40), this integral converges, so the steady-state
intracavity covariance matrix can be retrieved:

ς11 =
((
κ1(1− C12) + κ2

) (
n̄1 + 1

2
)

+ κ2C12
(
n̄2 + 1

2
))

I

σint = 1
(1− C12)(κ1 + κ2)

(
ς11 ς12
ς12 ς22

)
where ς22 =

((
κ2(1− C12) + κ1

) (
n̄2 + 1

2
)

+ κ1C12
(
n̄1 + 1

2
))

I (3.43)

ς12 =
√
C12κ1κ2 (n̄1 + n̄2 + 1) (sin(ϑ)Z− cos(ϑ)X) .

Checking Simon’s criterion tells us that the modes are separable if the following inequality is satisfied,

0 ≤
(
n̄1n̄2(κ1 + κ2)2(1− C12) + C12 (n̄1 + n̄2 + 1)

(
κ2

1n̄1 + κ2
2n̄2 − κ1κ2

) )
. (3.44)

If both environments are in the vacuum state, then this inequality is always violated, and hence the intracavity modes
are always entangled. If only one of the environments is in the vacuum, say n̄2 = 0, then the state is entangled for all
non-zero values of the cooperativity, provided that the remaining free parameters violate the inequality n̄1 ≥ κ2/κ1.
Since a large dissipation rate generally indicates a colder bath temperature and hence fewer thermal fluctuations in
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3.2 Squeezing and Entanglement

Figure 3.2: [Left] Logarithmic negativity E(j,k)
N and [Right] purity P(j,k) of the steady-state intracavity states of the

open two-mode squeezer, plotted as a function of the squeezing cooperativity. The dissipation rates for both modes
are set to the same value in both plots, κ1/κ2 = 1, resulting in no asymmetry. Results for the bipartitie state are
shown for three sets of values of the thermal noise coming from the baths: n̄1 = 0 and n̄2 = 0 (blue), n̄1 = 0.25 and
n̄2 = 0 (orange), n̄1 = 0.25 and n̄2 = 0.25 (green). Notice in the left plot that the logarithmic negativity only reaches
the maximum allowable value of ln(2) when both baths contribute vacuum noise. When both baths have some small
amount of thermal fluctuations, the entanglement is zero until the amount of squeezing, represented by C12, is
sufficiently large. In the left plot, all values of the purity go to zero as the squeezing is increased, regardless of
thermal noise. Increases in the logarithmic negativity therefore come at the cost of a reduction in purity.

the bath, we should expect that κ2 will indeed be larger than κ1. Things become more complicated when both baths
are in a thermal state. Analysis here shows that for a non-zero number of thermal quanta in both environments, the
minimum value of the cooperativity required to entangle the two modes occurs when the two dissipation rates are
equal, κ1/κ2 = 1. As the asymmetry between the two dissipation rates increases, κ1/κ2 ̸= 1, it will eventually become
impossible to entangle the two modes for stable systems. Naturally, increasing the number of thermal quanta is also
detrimental to the entanglement.

So as to better understand how the entanglement behaves in this system, we will perform the Williamson normal
mode decomposition on the intracavity covariance matrix to compare this covariance matrix with that of a two-mode
squeezed state from Eq. (3.25). This will allow us to use the previous analysis from Section 3.2.1 to determine the
optimal values of logarithmic negativity and the purity. The decomposition should yield the following form,

σint = S2(r, ϑ)
((
n̄A + 1

2
)

I 0
0

(
n̄B + 1

2
)

I

)
S2(r, ϑ)T , (3.45)

where S2(r, ϑ) is defined in Eq. (3.23). The total squeezing in the system is

r = ln
(√

κ1 + κ2

2
√
κ

+ 1
2 +

√
κ1 + κ2

2
√
κ
− 1

2

)
where κ = (κ1 + κ2)2 − 4C12κ1κ2. (3.46)

Since C12 ∈ [0, 1), we have κ ∈
(
(κ1 − κ2)2, (κ1 + κ2)2].

The squeezing is not only dependent on the cooperativity, but is again dependent on the dissipation rates, and
specifically the ratio of these rates. The behaviour of the squeezing as the cooperativity approaches the point of
instability is of most interest, since it is at this point that the strength of the coherent two-mode squeezing interaction
is maximised, meaning that the squeezing should be maximised as well:

lim
C12→1

r = ln
(√

κ1 +√κ2√
|κ1 − κ2|

)
. (3.47)

This demonstrates that the squeezing can only reach arbitrarily large values when the dissipation rates are identical
for both modes, κ1 = κ2, otherwise, the amount of squeezing obtainable for stable systems is finite and set by the
ratio of the dissipation rate and not their absolute values.

It is therefore impossible for the coherent squeezing interaction to create an ideal two-mode squeezed state if there

44



Chapter 3. Entanglement Generation in Nonreciprocal Quantum Amplifiers

is some asymmetry in the dissipation rates. The reason is that, in the steady state, there is a balance between the
coherent and dissipative processes in the system. While the coherent process works to create a two-mode squeezed
state, dissipation causes this state to decay and works to thermalise the two modes with their respective environments.
Provided that there is no asymmetry between the dissipation rates, then the squeezed correlations created in both
modes decay at the same rate. However, if there is some asymmetry in these rates, then the squeezed correlations are
dissipated away faster from one mode compared to the other. As a result of this imbalance, it is not possible to create
an idealised two-mode squeezed state, and so the amount of squeezing that can be generated is limited.

Next, we examine the average thermal occupation of the normal mode thermal states, which are given by the
following expressions:

n̄A = 1
2(1− C12)(κ1 + κ2)

(
n̄1
[
κ1(1− 2C12) + κ2 +

√
κ
]

+ (n̄2 + 1)
[
−κ1 − κ2(1− 2C12) +

√
κ
] )

n̄B = 1
2(1− C12)(κ1 + κ2)

(
n̄2
[
κ2(1− 2C12) + κ1 +

√
κ
]

+ (n̄1 + 1)
[
−κ2 − κ1(1− 2C12) +

√
κ
] )
. (3.48)

The number of thermal quanta in the normal modes is not only dependent on the thermal fluctuations in the bath,
but is also dependent on the cooperativity and relative values of the dissipation rates. When there is no coherent
interaction between the modes, C12 = 0, the normal modes are independent, and thermalise with their baths in the
steady state as expected, n̄A = n̄1 and n̄B = n̄2. To understand how the thermal noise behaves as we attempt to
maximise the squeezing, we will examine the behaviour of the normal mode populations near the point of instability,
C12 → 1. If there is some asymmetry between the dissipation rates, say κ1 > κ2, then the normal mode populations
may be expressed as:

n̄A = κ2
1n̄1 + κ2

2 (n̄2 + 1)
κ2

1 − κ2
2

+O
(
[1− C12]1

)
n̄B = (n̄1 + n̄2 + 1) (κ1 − κ2)

(κ1 + κ2)(1− C12) + 2κ1κ2 (n̄1 + n̄2 + 1)− κ2
2n̄2 − κ2

1 (n̄1 + 1)
κ2

1 − κ2
2

+O
(
[1− C12]1

)
. (3.49)

As the cooperativity increases, the thermal occupation n̄A approaches a finite value, while n̄B will diverge. This
is a problem for the entanglement; recall that thermal quanta in both normal modes will decrease the amount of
entanglement in the system, and while increased squeezing can overcome this, the amount of squeezing that can
be generated in this instance is limited as the dissipation rates are not equal. In some cases, the squeezing will be
insufficient to overcome the growth in the number of thermal quanta, in which case the entanglement collapses to
zero. Since having unequal dissipation rates is not optimal if we want unbounded squeezing, we now focus on the
thermal occupations when both dissipation rates are identical:

n̄A = n̄1 + n̄2 + 1
2
√

1− C12
+ 1

2 (n̄1 − n̄2 − 1) +O
(
[1− C12]1

)
n̄B = n̄1 + n̄2 + 1

2
√

1− C12
+ 1

2 (−n̄1 + n̄2 − 1) +O
(
[1− C12]1

)
. (3.50)

The number of thermal quanta in the normal modes will still grow without bound as the cooperativity approaches
the point of instability, so if we want to push the squeezing to arbitrarily large values, the trade-off is that both n̄A

and n̄B will increase as well. Despite this, setting κ1 = κ2 is still the optimal choice. The above expressions also
demonstrate that the thermal occupation in the normal modes is non-zero, but is minimised if both baths are in the
vacuum state. So, in the regime where κ1 = κ2 and n̄1, n̄2 = 0, the squeezing and normal mode thermal occupations
are:

r = ln
(√

1
2
√

1− C12
+ 1

2 +
√

1
2
√

1− C12
− 1

2

)
and n̄A, n̄B = 1

2
√

1− C12
− 1

2 . (3.51)

Using Eq. (3.34), the logarithmic negativity can then be written as

EN = 2 ln
(

1√
2

[√
1 +

√
1− C12 +

√
1−

√
1− C12

])
, (3.52)

which approaches the following value as the system approaches the point of instability,

lim
C12→1

EN = ln(2). (3.53)
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We can see that, even in the optimal parameter regime, the intracavity entanglement that may be generated is
fundamentally limited in the steady state. The reason for this is that increasing the strength of the coherent two-mode
squeezing interaction not only increases r, but also increases n̄A and n̄B. The net effect is that the logarithmic
negativity is restricted to values below ln(2). Turning our attention now to the purity, for this two-mode system, it
may be simply expressed using the normal mode thermal occupation numbers:

P = 1
(2n̄A + 1)(2n̄B + 1) . (3.54)

Eqs. (3.49) and (3.50) indicate that the purity of the entangled state will always go to zero if the squeezing within the
system is increased, since one or both of the normal mode occupations will grow without bound:

lim
C12→1

P = 0. (3.55)

This holds regardless of the ratio between the two decay rates, and will occur even if both baths are in the vacuum
state. The intracavity entanglement is therefore fundamentally limited in the amount of entanglement it can create,
and even this comes at the cost of a highly impure state. Having analysed the behaviour of the intracavity states, we
will now turn our attention to the output modes, which do not suffer from these limitations.

3.2.2.2 Entanglement of the Output Modes

In order to characterise the behaviour of the steady-state output fields, we use the standard approach outlined in
Section 2.2.3. We begin with the Heisenberg-Langevin equation from Eq. (3.38), which is then Fourier transformed
from the time to the frequency domain. From here, we use input-output theory to calculate the scattering matrix in
the frequency domain, r̂out[ω] = STMS[ω]r̂in[ω]. We will specifically focus on scattering at the resonance frequency of
the system, ω = 0; for simplicity, we will drop the frequency dependence when writing the scattering matrix at the
resonance frequency, STMS[0] ≡ STMS. The scattering matrix is written in the quadrature basis as follows:

STMS = − 1
1− C12

( (1 + C12) I 2
√
C12 (sin(ϑ)Z− cos(ϑ)X)

2
√
C12 (sin(ϑ)Z− cos(ϑ)X) (1 + C12) I

)
. (3.56)

The scattering matrix on resonance acts as a symplectic transformation on the input covariance matrix, yielding the
covariance matrix for the output modes on resonance:

σout = STMS σin ST
TMS where σin =

((
n̄1 + 1

2
)

I 0
0

(
n̄2 + 1

2
)

I

)
. (3.57)

Combining the above expressions, the output mode covariance matrix is then,

ς11 =
(
(1 + C12)2 (n̄1 + 1

2
)

+ 4C12
(
n̄2 + 1

2
))

I
σout = 1

(1− C12)2

(
ς11 ς12
ς12 ς22

)
where ς22 =

(
(1 + C12)2 (n̄2 + 1

2
)

+ 4C12
(
n̄1 + 1

2
))

I (3.58)

ς12 = 2
√
C12(1 + C12) (n̄1 + n̄2 + 1) (sin(ϑ)Z− cos(ϑ)X) .

We can compare now this covariance matrix to the covariance matrix for a two-mode squeezed state, Eq. (3.25). Since
the output mode covariance matrix is just a symplectic transformation of the input covariance matrix, it is already in
the Williamson normal mode form. The number of thermal quanta in each of the two normal modes is therefore equal
to the number of thermal quanta created by the baths. The squeezing and cooperativity are related to each other
through the following expressions:

C12 =
(
er − 1
er + 1

)2
r = ln

(
1 +
√
C12

1−
√
C12

)
. (3.59)

From the above, we can see that as the cooperativity approaches the point of instability, the squeezing grows without
bound, and therefore, the output modes can contain an arbitrarily large amount of squeezing. Since the number of
thermal quanta in the normal modes does not change, the entangling behaviour is identical to the ideal form of a
two-mode squeezed state from Section 3.2.1. In the worst case, where both baths have the same thermal occupation,
n̄1, n̄2 = n̄, the logarithmic negativity can be written as,

EN = 2 ln
(

1 +
√
C12

1−
√
C12

)
− ln (2n̄+ 1) . (3.60)
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Chapter 3. Entanglement Generation in Nonreciprocal Quantum Amplifiers

Figure 3.3: Logarithmic negativity of the steady-state output states of the open two-mode squeezer, plotted as a
function of the squeezing cooperativity, C12. Results for bipartite state are shown for three sets of values for the
thermal noise coming from the baths: n̄1 = 0 and n̄2 = 0 (blue), n̄1 = 3 and n̄2 = 0 (orange), n̄1 →∞ and n̄2 = 3
(green), n̄1 = 3 and n̄2 = 3 (red). Notice how the entanglement is only ever zero for non-zero values of C12 when the
baths for both modes contain some thermal noise. In all cases, increasing C12 leads to unbounded values of the
logarithmic negativity when the cooperativity approaches the point of instability, C12 → 1.

The amount of entanglement that can be generated between the output modes is therefore, in principle, unbounded,
no matter the thermal occupation,

lim
C12→1

EN =∞. (3.61)

This behaviour contrasts with the intracavity entanglement, which has a strict upper bound due to the increase in the
thermal occupancy of the normal modes with increasing cooperativity. The purity of the joint output mode state is
simple to calculate since it is identical to that of the input state:

P = 1
(2n̄1 + 1)(2n̄2 + 1) . (3.62)

Provided the thermal noise in the baths is just vacuum noise, the entangled state of the output modes can be highly
pure, P = 1. Any thermal noise will degrade the purity, an effect which cannot be altered by adjusting the other
system parameters. Regardless, the output modes have the benefit that a highly entangled state can be generated
without the increase in the squeezing also degrading the purity, as opposed to the case of the intracavity state. Due to
this limitation and the fact that the intracavity mode entanglement is fundamentally bounded, we will therefore focus
purely on the output modes. Now that we have fully characterised the ideal behaviour of the entanglement between
two modes in a continuous variable system and shown how thermal noise degrades the fidelity of this entangled state,
we will turn our attention to the two nonreciprocal quantum amplifiers, and demonstrate how they can be used to
protect against the effects of thermal noise when entangling propagating output modes.

3.3 Delta Amplifier
3.3.1 System Setup
3.3.1.1 Dynamical Equations

We begin by examining the entangling behaviour of the delta amplifier; this section follows and builds on previous
work published by the author in Ref. [31]. The coherent processes in this system can be modelled using the following
Hamiltonian for a three-mode loop; this involves two two-mode squeezing (TMS) interactions and one beam splitter
(BS) interaction, along with a loop phase, ϕ ∈ [−π, π]. We work in the interaction picture, where we are rotating with
the mode frequencies, and assume no pump detunings for the three parametric processes. The Hamiltonian can then
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3.3 Delta Amplifier

 

Figure 3.4: [Left] Diagram of an open two-mode squeezer where both modes are coupled to the nonlocal dissipator
γD[ẑ]. The two harmonic modes are coupled via a TMS interaction with rate g12. [Right] Diagram of the delta
amplifier system, consisting of three open modes. Modes a1 and a2 are coupled via a TMS with rate g12, as are modes
a2 and a3, where the TMS has rate g23. Modes a1 and a3 are coupled via a BS interaction with rate g13. The tunable
loop phase is placed on the TMS interaction between modes a2 and a3. If mode a3 is adiabatically eliminated in the
delta amplifier, then the loop is equivalent to the system to the left, with nonlocal jump operator ẑ = â1 + ζeiϕâ†2.

be expressed as:
Ĥ∆ = g12

(
â†1â
†
2 + â1â2

)
+ g13

(
â†1â3 + â1â

†
3

)
+ g23

(
eiϕâ†2â

†
3 + e−iϕâ2â3

)
. (3.63)

This is also an open quantum system with each mode coupled to an independent environment, allowing thermal noise
to enter the amplifier through the system ports. The open quantum system, comprised of the three-mode loop and
the environment with which it interacts through its ports, constitutes the delta amplifier, which is described by the
following quantum-optical master equation:

d

dt
ρ̂ = L∆(ρ̂) where L∆(ρ̂) = −i[Ĥ∆, ρ̂] +

∑
k=1,2,3

κk

(
(n̄k + 1)D[âk](ρ̂) + n̄kD[â†k](ρ̂)

)
. (3.64)

Recalling the reciprocal open TMS system, described by Eqs. (3.36) and (3.37) and discussed in Section 3.2.2, the
delta amplifier can be viewed as the system which naturally arises when attempting to render the TMS interaction
nonreciprocal. This can be understood using the graph-based approach for parametrically coupled systems [16], or
using the engineered dissipation approach involving the addition of a nonlocal dissipator to the original TMS [83],
both of which were introduced in Section 2.4.2. Applying the latter approach to the TMS, the master equation will
take the following form:

d

dt
ρ̂ = LTMS(ρ̂) + γD[ẑ](ρ̂). (3.65)

The use of either nonlocal collapse operator, ẑ = â1 + ζeiϕâ†2 or ẑ = â†1 + ζe−iϕâ2, will cause the TMS to be
nonreciprocal provided that the interaction strength γ, asymmetry ζ, and, most crucially, phase ϕ, are appropriately
chosen [83]. The delta amplifier described by Eq. (3.64) can be reduced to Eq. (3.65) when the mode a3 can be
adiabatically eliminated, that is, when its damping rate κ3 is the largest system parameter. Assuming that the
damping rate of mode a3 is large also implies that the input noise from the environment on mode a3 should be vacuum
noise. Upon adiabatically eliminating mode a3, the jump operator ẑ = â1 + ζeiϕâ†2 is realised, where the asymmetric
coupling is equal to ζ = g23/g13, as depicted in Figure 3.4. Since we need to explicitly include the dynamics of mode
a3 in order to properly explore the routing of both scattered fields and their correlations, the full system described by
Eq. (3.64) will be used.

It is important to note that the required jump operators ẑ are non-Hermitian, nonlocal collapse operators. It
has been demonstrated that nonreciprocal interactions involving dissipators with Hermitian collapse operators are
equivalent to measurement-based feed-forward schemes [83]. Such a scheme is equivalent to measuring one part of the
total system and then using the result to evolve another part of the system, breaking the reciprocity of the interaction
between the subsystems. Such a scheme amounts to performing LOCC on the entire system, and hence it cannot
generate any entanglement between the two subsystems. In contrast, the non-Hermitian collapse operators required
here have no such mapping and can, in principle, generate entanglement.
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3.3.1.2 Stability Conditions

Given that we are only investigating the behaviour of the system in the steady state, we must work out the conditions
on the system parameters to ensure that the system reaches the steady state. To do this, we again have to investigate
the eigenvalues of the dynamical matrix. If the vector of quadrature operators is given by r̂ = (q̂1, p̂1, q̂2, p̂2, q̂3, p̂3),
then the dynamical matrix takes the form:

A∆ =

(−κ1/2)I −g12X g13J
−g12X (−κ2/2)I g23(sin(ϕ)Z− cos(ϕ)X)
g13J g23(sin(ϕ)Z− cos(ϕ)X) (−κ3/2)I

 . (3.66)

The eigenvalues can then be calculated from the characteristic polynomial for the dynamical matrix,

det[A∆ − sI6] = P (s)2 + 4g2
12g

2
13g

2
23 cos2(ϕ) where P (s) = s3 + u2s

2 + u1s+ u0. (3.67)

The coefficients of the third-order polynomial P (s) have the following form:

u2 = κ1

2 + κ2

2 + κ3

2
u1 = −g2

12 + g2
13 − g2

23 + κ1

2
κ2

2 + κ1

2
κ3

2 + κ2

2
κ3

2
u0 = −g2

12
κ3

2 + g2
13
κ2

2 − g
2
23
κ1

2 + κ1

2
κ2

2
κ3

2 . (3.68)

In general, analytic expressions in terms of radicals are not possible for roots of sixth-order polynomials. Selecting
the loop phases ϕ = ±π/2 reduces the characteristic polynomial to a product of two third-order polynomials, P (s)2,
thereby simplifying the conditions for stability by reducing the complexity of the roots. We recall from the introduction
to nonreciprocity in Section 2.4.2 that the optimum values for realising nonreciprocity in a three-mode loop are
ϕ = ±π/2, so focusing solely on the stability at this point is well motivated.

In order to determine when the roots of P (s) have negative real parts, indicating that the system is stable, we
use the necessary and sufficient Routh-Hurwitz stability criterion. For a third-order characteristic polynomial, the
Routh-Hurwitz criterion for stability requires that all coefficients of P (s) must be strictly positive, uk > 0. Additionally,
it is required that u1u2 − u0 be positive; this last quantity can be written as:

u1u2 − u0 = −g2
12

(κ1

2 + κ2

2

)
+ g2

13

(κ1

2 + κ3

2

)
− g2

23

(κ2

2 + κ3

2

)
+
(κ1

2 + κ2

2

)(κ1

2 + κ3

2

)(κ2

2 + κ3

2

)
. (3.69)

Replacing the coherent couplings gjk with the cooperativity Cjk, the criteria for stability are then:

0 < κ1 + κ2 + κ3

0 < κ1κ2(1− C12) + κ1κ3(1 + C13) + κ2κ3(1− C23)
0 < κ1κ2κ3 (1− C12 + C13 − C23)
0 < (κ1 + κ2) (κ1 + κ3) (κ2 + κ3)− κ1κ2C12 (κ1 + κ2) + κ1κ3C13 (κ1 + κ3)− κ2κ3C23 (κ2 + κ3) . (3.70)

As was the case for the TMS, the scattering matrix for this system can be expressed entirely in terms of the
cooperativities when on resonance. As a result, the most important criterion for stability for our future analysis is the
expression

0 < 1− C12 + C13 − C23 (3.71)

which constrains the strength of the TMS interactions in the delta amplifier. The presence of a strong BS interaction,
corresponding to C13, on the other hand, improves the stability of the system. Since the decay rates do not explicitly
appear in the scattering matrix, it is assumed that the values they take are such that the other stability criteria hold.
The above criteria at a minimum constrain the individual decay rates to be greater than zero to ensure that the
steady state can be reached, κk > 0 for k = 1, 2, 3.

3.3.2 Scattering Properties
3.3.2.1 A Change of Basis

We again follow the standard approach outlined in Section 2.2.3 for calculating the scattering matrix in the frequency
domain. The scattering matrix is dense and unwieldy in the quadrature basis, even at the resonance frequency. To
more easily analyse the scattering behaviour, we move to the complex basis of creation and annihilation operators.
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3.3 Delta Amplifier

Here the dynamical matrix can be split into two 3 × 3 blocks, which is more apparent if we adopt the following
convention for the vector of operators, â∆ = (â1, â

†
2, â3, â

†
1, â2, â

†
3). The Heisenberg-Langevin equation for â∆ can be

obtained by performing a basis transformation on the equations for the quadrature operators r̂, which yields the
following

d

dt
â∆(t) = Ã∆â∆(t)−

√
κ̃∆â∆,in(t) (3.72)

where Ã∆ is the dynamical matrix, κ̃∆ = diag(κ1, κ2, κ3, κ1, κ2, κ3) is a diagonal matrix of the mode damping rates,
and â∆,in(t) is the vector of input noise operators in the basis of creation and annihilation operators, with correlators
given by Eq. (2.83). In this basis, the dynamical matrix can be expressed as

Ã∆ =


−κ1/2 −ig12 −ig13 0 0 0
ig12 −κ2/2 ie−iϕg23 0 0 0
−ig13 −ieiϕg23 −κ3/2 0 0 0

0 0 0 −κ1/2 ig12 ig13
0 0 0 −ig12 −κ2/2 −ieiϕg23
0 0 0 ig13 ie−iϕg23 −κ3/2

 . (3.73)

The scattering matrix S̃∆[ω] can be obtained as usual, by Fourier transforming the Heisenberg-Langevin equations
to the frequency domain, then solving the set of linear equations and using input-output theory. The input and
output fields are therefore related by the expression: â∆,out[ω] = S̃∆[ω]â∆,in[ω]. The scattering matrix on resonance,
S̃∆[0] ≡ S̃∆, can be written in block form:

S̃∆ =
(

Saa
∆ 03

03 Sa†a†

∆

)
(3.74)

where 03 is the 3× 3 null matrix, and the non-trivial sub-blocks are element-wise complex conjugates of one another
on resonance Saa

∆ = Sa†a†

∆ . We therefore only need to define the elements of one sub-block,

Saa
∆ = 1

D

 D + 2(1− C23) −2
(
i
√
C12 + eiϕ

√
C13C23

)
−2
(
i
√
C13 − e−iϕ

√
C12C23

)
2
(
i
√
C12 + e−iϕ

√
C13C23

)
D + 2(1 + C13) 2

(
ie−iϕ

√
C23 +

√
C12C13

)
2
(
i
√
C13 − eiϕ

√
C12C23

)
−2
(
ieiϕ
√
C23 +

√
C12C13

)
D + 2(1− C12)

 (3.75)

where D = −(1− C12 + C13 − C23)− 2i
√
C12C13C23 cos(ϕ).

Again, on resonance, the scattering matrix may be expressed purely in terms of the cooperativities, Cjk := 4g2
jk/κjκk.

The off-diagonal elements reflect how the input field of one mode is scattered into the output field of another mode,
and as can be seen in the above matrix, these elements do not have the same expression. The matrix is, therefore,
in general not symmetric, and hence the scattering between each pair of modes can be made nonreciprocal. This
is achieved by balancing the cooperativities and adjusting the loop phase ϕ. The diagonal elements represent the
reflection of a mode’s input field into its output, which can similarly be blocked through careful choice of the system
parameters. Since we are interested in how input noise is scattered by the system, we must consider how all of the
scattering parameters can be controlled, and so delve into the details below.

3.3.2.2 Nonreciprocal Scattering

For nonreciprocal systems, we are primarily interested in the asymmetry of scattering between modes aj and ak,
which we will measure using the normalised degree of nonreciprocity, N (j,k), defined in Eq. (2.138) from Chapter 2.
We recall that when scattering between a pair of modes is reciprocal that N (j,k) = 0, and that for all other values,
N (j,k) ̸= 0, the amplitudes are asymmetric, and hence the scattering between the mode pair must be nonreciprocal.
When N (j,k) = ±1, the scattering is totally asymmetric, and one of the submatrices controlling scattering between
modes aj and ak is the zero matrix. We refer to these as points of perfect nonreciprocity, and they have the special
property that signal transmission is only allowed in one direction. The main focus of this chapter is the behaviour of
the system at these points, and the impact that unidirectional scattering has on entanglement.

To properly characterise when the scattering is nonreciprocal, we apply an element-wise absolute value operation,
abs(O) to the scattering matrix S̃∆ to eliminate any phase information and render the matrix symmetric; since the
elements of the two sub-blocks are complex conjugates, we must have abs(Saa

∆ ) = abs(Sa†a†

∆ ). The absolute value
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squared is calculated for simplicity:

abs
(
Saa

∆
)2 = 1

|D|2



(1 + C12 − C13 − C23)2

+4C12C13C23 cos2(ϕ)
4 (C12 + C13C23)

+8
√
C12C13C23 sin(ϕ)

4 (C13 + C12C23)
+8
√
C12C13C23 sin(ϕ)

4 (C12 + C13C23)
−8
√
C12C13C23 sin(ϕ)

(1 + C12 + C13 + C23)2

+4C12C13C23 cos2(ϕ)
4 (C23 + C12C13)

+8
√
C12C13C23 sin(ϕ)

4 (C13 + C12C23)
−8
√
C12C13C23 sin(ϕ)

4 (C23 + C12C23)
−8
√
C12C13C23 sin(ϕ)

(1− C12 − C13 + C23)2

+4C12C13C23 cos2(ϕ)


(3.76)

where |D|2 = (1− C12 + C13 − C23)2 + 4C12C13C23 cos2(ϕ).

We can see that the above matrix is symmetric, and hence the scattering reciprocal, only when the loop phase takes
the values ϕ = 0,±π and nowhere else. This reciprocity is satisfied independently of the value of any other parameters
in the system. As a result, the system exhibits nonreciprocal scattering to varying degrees for all other values of the
loop phase ϕ.

Using Eq. (3.76) in conjunction with Eq. (3.75), we can determine that the points of perfect nonreciprocal scattering
can only occur when the loop phase takes the values ϕ = ±π/2, as expected from Section 2.4.2. The choice of
loop phase will also determine the direction of the nonreciprocal scattering. But proper choice of the loop phase is
insufficient, we must also balance the strength of the coherent and dissipative processes, which here takes the form of
balancing the three cooperativities. An important consequence is that the cooperativities are no longer independent
quantities, and the range of values they can take becomes limited since we need to satisfy the inequality in Eq. (3.71)
to keep the system stable. The required conditions on the loop phase and cooperativities are summarised below, as
well as the limits this places on the cooperativities to ensure stability. The arrows denote the direction in which signal
transmission is allowed, with scattering matrix elements in the reverse direction vanishing exactly:

Coop. Condition ϕ = −π/2 ϕ = +π/2 Stability Criteria
C12 = C13C23 a1 → a2 a1 ← a2 0 ≤ C13 & 0 ≤ C23 < 1
C23 = C12C13 a2 → a3 a2 ← a3 0 ≤ C13 & 0 ≤ C12 < 1
C13 = C12C23 a1 → a3 a1 ← a3 0 ≤ C12 < 1 & 0 ≤ C23 < 1

. (3.77)

3.3.2.3 Reflection of the Input Fields

We are interested in controlling more than asymmetrical scattering between pairs of modes; it is also important to
control how a mode’s input field is reflected into the output field. This is critical if we wish to prevent amplified
thermal noise from the input field from appearing in the output of the same mode. We can therefore modulate the
amount of reflection by balancing the system parameters in the diagonal elements of Eq. (3.75). We extract the
diagonal elements and write them below:

(Saa
∆ )11 = 1 + 2

D
(1− C23) = 1

D

(
1 + C12 − C13 − C23 − 2i

√
C12C13C23 cos(ϕ)

)
(Saa

∆ )22 = 1 + 2
D

(1 + C13) = 1
D

(
1 + C12 + C13 + C23 − 2i

√
C12C13C23 cos(ϕ)

)
(Saa

∆ )33 = 1 + 2
D

(1− C12) = 1
D

(
1− C12 − C13 + C23 − 2i

√
C12C13C23 cos(ϕ)

)
. (3.78)

Blocking the reflected signal in the output of a specific mode ak then corresponds to the scattering matrix element
(Saa

∆ )kk going to zero. From the above expressions, we can see that this is again only possible when the loop phase
takes the values ϕ = ±π/2. The cooperativities must be appropriately balanced as well, and we summarise the
conditions in the table below:

Phase Coop. Conditions
a1,in ̸→ a1,out ϕ = ±π/2 0 = 1 + C12 − C23 − C13 & C13 ≤ 1 + C12
a2,in ̸→ a2,out − Not possible
a3,in ̸→ a3,out ϕ = ±π/2 0 = 1− C12 + C23 − C13 & C13 ≤ 1 + C23

. (3.79)

Blocking the reflected input field is not possible for mode a2 in this setup due to the fact that the cooperativities
cannot take negative values. We can also see from Eq. (3.76) that the magnitude of the reflected signal is always
greater than unity, |(Saa

∆ )22| ≥ 1, indicating that not only is it impossible to block reflection for mode a2, but that the
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input noise reflected in the output field is potentially amplified. This behaviour should be anticipated since the mode
is coherently coupled to the two other modes in the system via TMS interactions.

3.3.2.4 Scattering in the Quadrature Basis

Having identified the loop phases ϕ = ±π/2 as points of interest, we now move back to the quadrature basis. We
pick the order for the vector of quadrature operators r̂ that was originally used when defining the dynamical matrix,
Eq. (3.66). We start with the Heisenberg-Langevin equation for the quadrature operators,

d

dt
r̂(t) = A∆r̂(t)−√κ∆r̂in(t) (3.80)

where κ∆ = diag(κ1, κ1, κ2, κ2, κ3, κ3), and perform the usual procedure to obtain the scattering matrix as a function
of frequency, r̂out[ω] = S∆[ω]r̂in[ω]. The scattering matrix on resonance takes a particularly simple form for the loop
phases ϕ = ±π/2:

S(±π/2)
∆ = −1

1− C12 + C13 − C23

 (1 + C12 − C13 − C23)I −2(
√
C12 ±

√
C13C23)X 2(

√
C13 ±

√
C12C23)J

−2(
√
C12 ∓

√
C13C23)X (1 + C12 + C13 + C23)I 2(±

√
C23 +

√
C12C13)Z

2(
√
C13 ∓

√
C12C23)J 2(±

√
C23 −

√
C12C13)Z (1− C12 − C13 + C23)I

 . (3.81)

Crucially, Eq. (3.81) is a real symplectic matrix, and hence corresponds to a unitary transformation on the Gaussian
state of the input modes, as discussed in Section 2.1.4. So, even though the above matrix represents the steady-state
scattering of an open quantum system, it is effectively equivalent to a coherent unitary transformation applied to the
input fields. This is true for all other values of the loop phase, however, this pseudo-coherent process is simpler to
describe for ϕ = ±π/2; for more detail, refer to Appendix D.3.

However, even in this simplified form, this scattering matrix still represents a complicated set of linear operations
acting on the input fields. It can be brought to a simpler form by applying one of the conditions from the above tables
in order to realise nonreciprocal scattering or to block reflected input noise. The next section will specifically focus on
the case where scattering between modes a1 and a2, and alternatively a2 and a3, is made nonreciprocal. In these
cases, the behaviour of the nonreciprocal scattering matrix easily predicted by modelling the steady-state scattering
as a series of optical transformations, which will prove invaluable for describing the behaviour of the entangled output
states.

3.3.3 Circuit Decomposition at Points of Perfect Nonreciprocal Scattering
Since the steady-state scattering matrix belongs to the group of real symplectic matrices, S∆ ∈ Sp(6,R), a variety
of decomposition schemes [142, 143] are available to represent the scattering matrix more efficiently. An important
property is that the decomposed forms are solely in terms of symplectic matrices, and hence represent successive
applications of Gaussian unitary processes. Taking inspiration from Ref. [144], we interpret these decompositions as
sequential operations in a linear circuit that acts unitarily on the state of the input modes; the state at the end of the
circuit therefore corresponds to the state of the output modes.

Perhaps the most prominent example used in quantum optics is the Bloch-Messiah decomposition, however, we
find that the less commonly used polar decomposition provides simpler results for the perfectly nonreciprocal delta
amplifier. Both are discussed in detail in Appendix C.2. The polar decomposition allows us to write a matrix
in the form RLUL, referred to as its left polar decomposition, or in the form URRR, which is termed the right
polar decomposition. Since the matrix to be decomposed is symplectic, the matrices in the decompositions are also
symplectic. Physically, the UL and UR matrices represent passive optical transformations, specifically beam splitters
and phase shifters. The RL and RR matrices represent active transformations, which correspond to single and
two-mode squeezing interactions. Additionally, the left and right polar decompositions are, in general, distinct from
each other.

The polar decomposition typically leads to dense and complicated forms for the RL/R and UL/R matrices. As
previously stated, the scattering matrix describing the system has a remarkably simple form for the left and/or right
polar decomposition at points of nonreciprocal scattering for two of the modes pairs, N (1,2) = ±1 and N (2,3) = ±1.
This simple form is valid up to a global change in the phase of the scattering matrix, −S∆. This phase flip is applied
since the phase convention that was chosen for the Heisenberg-Langevin equations in this text means the output fields
scattered by S∆ propagate in the opposite direction of the input fields. If we wish to decompose S∆ as a circuit,
where both the input and the output propagate in the same direction, we must change the global phase, an operation
which is equivalent to applying a series of phase shifters to S∆. It is important to emphasise that due to the structure
of the output covariance matrix that this change of phase will not affect the resulting covariances. For these simple
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Figure 3.5: Circuit descriptions of the delta amplifier at the points of perfect nonreciprocal scattering, where the
normalised degree of nonreciprocity takes the values [Left] N (1,2) = ±1, and [Right] N (2,3) = ±1. Two values of the
loop phase are shown: [Top] ϕ = +π/2, and [Bottom] ϕ = −π/2, which correspond to the two directions for the
nonreciprocal scattering between the mode pairs. The position of modes a1 and a3 within the circuit diagrams are
swapped between the left and right columns, since the two-mode-squeezer couples the mode pair (a2, a3) when
N (1,2) = ±1, and (a1, a2) when N (2,3) = ±1. The beam splitter element always couples the mode pair (a1, a3). Input
is initially uncorrelated and moves from left to right. The specific forms of the two-mode squeezing and beam splitter
interactions can be found in Eq. (3.83).

cases, the symplectic matrices in the polar decomposition involve only a single interaction between one mode pair. At
this point, we recall Eqs. (2.23) and (2.27), which provide a way to relate symplectic transformations on Gaussian
states to unitary transformations:

Sr̂ ≡ Û†r̂Û where Û = exp
[
− i2 r̂

TH(2)r̂

]
implies that S = exp

[
ΩH(2)

]
. (3.82)

The three symplectic matrices required to characterise the scattering behaviour will then correspond to the following
unitary transformations, written in the basis of creation and annihilation operators:

R(1,2) ←→ Û
(1,2)
TMS := exp

[
−2i artanh

(√
C12

)(
â†1â
†
2 + â1â2

)]
U(1,3) ←→ Û

(1,3)
BS := exp

[
−2i arctan

(√
C13

)(
â†1â3 + â1â

†
3

)]
R(2,3)

sgn(ϕ) ←→ Û
(2,3)
TMS := exp

[
−2i sgn(ϕ) artanh

(√
C23

)(
iâ†2â

†
3 − iâ2â3

)]
. (3.83)

These three interactions correspond to the three coherent interactions which appear in the Hamiltonian for the delta
amplifier, Eq. (3.63), when the loop phase is ϕ = ±π/2. We start with the case where the scattering between modes a1
and a2 is perfectly nonreciprocal, N (1,2) = ±1. Here, the polar decomposition consists of two of the above symplectic
transformations, U(1,3) and R(2,3)

± . We find that both the left and right polar decompositions can provide useful,
complementary insight into the scattering behaviour at these points of perfect nonreciprocity. For the loop phase
ϕ = −π/2, it is the left polar decomposition which takes on a simple form:

−S∆ = R(2,3)
− U(1,3) when ϕ = −π2 and C12 = C13C23. (3.84)

As illustrated in Figure 3.5, modes a1 and a3 interact first via a beam splitter U(1,3) which acts to exchange input
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from a1 to a3, and vice versa. This operation is followed by a two-mode squeezer R(2,3)
− between modes a2 and a3,

where the output of mode a2 then becomes dependent on the input of mode a1, thus realising directional transmission
from a1 → a2. The output of mode a1 cannot have any dependence on the input of a2 because it can only arrive at
the output of mode a3 via the same two-mode squeezer. For the opposite sign of the loop phase, ϕ = +π/2, the right
polar decomposition is simpler, and yields:

−S∆ = U(1,3) R(2,3)
+ when ϕ = +π

2 and C12 = C13C23, (3.85)

which describes the same component operations as Eq. (3.84) but applied in reverse order, along with a global sign
change on R(2,3)

+ to account for the reversal in sign of the loop phase. As a result, the scattering behaviour is reversed
and still nonreciprocal, allowing transmission from a1 ← a2.

Similar decompositions are obtained when the scattering between modes a2 and a3 is nonreciprocal, N (2,3) = ±1, but
which instead involve U(1,3) and R(1.2). In this case, for the loop phase ϕ = −π/2, it is the right polar decomposition
which takes on a simple form:

−S∆ = U(1,3) R(1,2) when ϕ = −π2 and C23 = C12C23. (3.86)

And for the other possible value of the loop phase, ϕ = +π/2, the left polar decomposition is now the simpler
decomposition of the two:

−S∆ = R(1,2) U(1,3) when ϕ = +π

2 and C23 = C12C23. (3.87)

The same physical interpretation can be applied to this circuit as was done for the mode pair a1 and a2. Again, we
see that depending on the order of the optical elements, directional transmission can be realised between the mode
pair a2 and a3.

The relatively simple form of these circuits provides a heuristic picture of nonreciprocal scattering in this system,
where changing the direction of the nonreciprocal scattering is equivalent to changing the order of operations in
the circuit. However, note that the nonreciprocal behaviour in both instances is not explained just by sequential
beam splitters, but also involves two-mode squeezing interactions. This already hints at the possibility of generating
nontrivial quantum correlations in scattered output fields, and thus connects to entangling properties of the three-mode
system, as we will see in the following section.

3.3.4 Entanglement of Propagating Modes
The output state of the delta amplifier, and all of its entangling capabilities, is completely characterised by the
covariance matrix of the output field quadrature operators, as previously defined in Section 2.2.3.2. The steady-state
output covariance matrix on resonance takes the form:

σ∆,out = S∆σinST
∆. (3.88)

where σin is the matrix of correlations of the input fields. Assuming the input noise for different modes is uncorrelated
Gaussian white noise, σin contains variances determined by the thermal occupation number n̄k and vacuum fluctuations:

σin =

(n̄1 + 1
2
)

I2 0 0
0

(
n̄2 + 1

2
)

I2 0
0 0

(
n̄3 + 1

2
)

I2

 . (3.89)

From this covariance matrix, we aim to calculate useful entanglement metrics for different bipartitions of the output
fields in order to investigate the effects of nonreciprocal scattering. These include Simon’s criterion for the separability
of Gaussian states defined in Eq. (3.9), as well as the logarithmic negativity for pairs of modes defined in Eq. (3.16),
and written here as E(j,k)

N to indicate that this is applied to the shared output state of modes aj and ak. Similarly,
we define the marginal purity P(j,k) of a given bipartition of the output field of modes using Eq. (3.20). We will
only consider the mode pairs (a1, a2) and (a2, a3), because the output of modes a1 and a3 are never entangled on
resonance, E(1,3)

N = 0. This can be confirmed by examining Simon’s criterion for the (a1, a3) mode pair.

3.3.4.1 Output Entanglement in the Presence of Vacuum Noise

We begin by examining the entanglement properties and purity of the output fields under vacuum input, n̄k = 0, for
all modes. In this instance the initial matrix of correlations consists of vacuum noise and is therefore proportional to
the identity matrix, σin = 1

2 I6, so the output covariance matrix is σ∆,out = 1
2 S∆ST

∆. We will first consider the case
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where scattering between modes a1 and a2 could be nonreciprocal by balancing the cooperativities C12 = C13C23. The
logarithmic negativity between the output modes is plotted in the top panel of Figure 3.6, where we notice the strong
dependence on the value of the loop phase.

The covariance matrix for the a1 → a2 direction of perfect nonreciprocal scattering may be written using the polar
form of the scattering matrix from Eq. (3.84):

σ∆,out = 1
2R(2,3)
−

(
R(2,3)
−

)T

when ϕ = −π2 and C12 = C13C23. (3.90)

where the beam splitter component does not appear because it is an orthogonal transformation. The entangling
behaviour for this direction of the nonreciprocal scattering is therefore equivalent to a two-mode squeezer between
modes a2 and a3; hence we must have E

(2,3)
N > 0. Since modes a1 and a2 do not share any squeezing in this

representation, there will be no entanglement generated between these two modes, as seen in Figure 3.6.
We can then ask whether there are other operating points where the entanglement between the output of modes

a1 and a2 vanishes. It is possible to determine this for all system parameters, and not just at the points of perfect
nonreciprocity, by examining Simon’s criterion for the output of modes a1 and a2:

√
C12C23C13

(√
C12

C23C13
+
√
C23C13

C12
+ 2 sin(ϕ)

)
≤ 0. (3.91)

The output fields of modes a1 and a2 are separable so long as the above inequality is satisfied, which, assuming
non-zero values for the cooperativities, only occurs for one set of parameters: C12 = C13C23 and ϕ = −π/2, which is
the point of perfect nonreciprocal scattering with direction a1 → a2. This is then the only point of operation where
the entanglement of the output of modes a1 and a2 vanishes, E(1,2)

N = 0, and away from this point the output for
these two modes will therefore always be entangled.

For the reverse direction, a1 ← a2, we can use Eq. (3.85) to write the covariance matrix as

σ∆,out = 1
2U(1,3) R(2,3)

+

(
R(2,3)

+

)T(
U(1,3)

)T

when ϕ = +π

2 and C12 = C13C23. (3.92)

Importantly, the beam splitter between modes a1 and a3 appears and therefore plays an important role in the
entanglement generation here. The two-mode squeezer acts first to entangle modes a2 and a3, while the later action
of the beam splitter swaps some of these squeezed correlations from mode a3 to a1, generating entanglement between
the output of modes a1 and a2.

Moreover, at ϕ = π/2 there exists only one specific mode of operation where the entanglement between mode a2
and a3 vanishes: when C13 = 1 the beam splitter in Eq. (3.83) acts to perfectly swap all squeezing from mode a3 to
a1, and swap all the uncorrelated vacuum noise from mode a1 to a3. This results in the formation of a TMSV state
between the output modes a1 and a2, and so E(1,2)

N will be equivalent to the value achieved by the output of the open
TMS from Section 3.2.2.2, as seen in Figure 3.6. Since the output modes a2 and a3 no longer share any squeezed
correlations, the measured entanglement between them must vanish, E(2,3)

N = 0.
This point of perfect swapping, where C12 = C23 and C13 = 1 is unique in that the scattering between a2 and a3

is also nonreciprocal, and not just the scattering between modes a1 and a2. This occurs because the appropriate
condition for balancing the cooperativities, C23 = C12C13, along with the phase condition, are also satisfied at this
point. In order to discuss the behaviour at this point, we examine the form of output covariance matrix for the two
direction of nonreciprocal scattering between modes a2 and a3, which is also shown at the points where the loop
phase takes the values ϕ = ±π/2 in Figure 3.6. For the case where the direction of perfect nonreciprocal scattering is
a2 → a3, the covariance matrix may be written using the scattering matrix from Eq. (3.87):

σ∆,out = 1
2U(1,3) R(1,2)

(
R(1,2)

)T(
U(1,3)

)T

when ϕ = −π2 and C23 = C12C13. (3.93)

The entangling behaviour for this direction is similar to the a1 ← a2 direction of nonreciprocal scattering, but with
mode a1 and a3 swapped. Here, the beam splitter once again acts to swap squeezed correlations, but the squeezed
state is originally created between a1 and a2, with the beam splitter acting later to swap from mode a1 to a3. When
the cooperativities are again balanced to allow for perfect swapping, it is now uncorrelated vacuum noise which is
being swapped from a3 to a1, leaving the output of modes a2 and a3 in a TMSV. This perfectly mirrors the behaviour
of the perfect swap, which occurs at the opposite phase.

For the other direction of nonreciprocal scattering, a2 ← a3, we can write the covariance matrix in terms of
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Figure 3.6: [Top] Logarithmic negativity E(j,k)
N and [Bottom] purity P(j,k) of the stationary output states of the delta

amplifier. Results are shown for the bipartite output states of modes a1 and a2 (blue), along with a2 and a3 (orange).
For the symmetric case (solid) the scattering between both mode pairs, (a1, a2) and (a2, a3), are perfectly
nonreciprocal at the loop phases ϕ = ±π/2: the cooperativities are C23 = C12 = 0.5 and C13 = 1, and so both
cooperativity balancing conditions, C12 = C23C13 and C23 = C12C13 are met. In the first asymmetric case, only the
scattering between the mode pair (a1, a2) is perfectly nonreciprocal (dotted): here C12 = 0.5, C23 = 0.25, and C13 = 2.
For the other asymmetric case, it is the scattering between the mode pair (a2, a3) which is perfectly nonreciprocal
(dashed): here C12 = 0.25, C23 = 0.5, and C13 = 2. All baths are in the vacuum state. The dashed black lines at the
top of both plots correspond to the logarithmic negativity and purity for the output state of a reciprocal two-mode
squeezed system with vacuum input (TMSV), C12 = C13 = 0.

Eq. (3.87), using the fact that the orthogonal transformations will commute with the identity matrix,

σ∆,out = 1
2R(1,2)

(
R(1,2)

)T

when ϕ = +π

2 and C23 = C12C13. (3.94)

Here we see that the output modes a2 and a3 share no squeezed correlations, so their joint state is separable, E(2,3)
N = 0,

and it is now the output modes a1 and a2 which will always be entangled, E(1,2)
N > 0. Again using Simon’s criterion,

the output of a2 and a3 will be separable so long as the following inequality is satisfied:

√
C12C23C13

(√
C23

C12C13
+
√
C12C13

C23
− 2 sin(ϕ)

)
≤ 0. (3.95)

This criterion is only violated when C23 = C12C13 and ϕ = −π/2, which is the point of perfect nonreciprocal scattering
with direction a2 ← a3. The required phase here is now the opposite phase requirement from Eq. (3.95).

It is evident that the direction of the nonreciprocal scattering, and therefore the value of the phase ϕ, plays a crucial
role in the behaviour of the output field entanglement, as depicted in Figure 3.6. E(1,2)

N and E
(2,3)
N reach maximum

values for this parameter regime, where they both achieve the same entanglement of a reciprocal two-mode squeezer,
however, the maxima are achieved at different values of the phase. In addition, this is also the only operating regime
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where both E
(1,2)
N and E

(2,3)
N reach the absolute minimum value of zero.

The point of perfect swapping discussed earlier deserves additional attention. We recall that at this point, the loop
phase is ϕ = ±π/2 and the cooperativities obey the relations C12 = C23 and C13 = 1, resulting in perfect nonreciprocal
scattering for both of the mode pairs (a1, a2) and (a2, a3). This point is notable because it also corresponds to points
where the input signal is not reflected in the output signals for modes a1 and a3. Referring to the conditions for
blocking reflection listed in Eq. (3.79), it may be seen that it is only possible to satisfy the conditions for both modes
when performing a perfect swap. From here on, we will refer to the regime where C13 = 1 as the “symmetric” case
since C12 = C23. We therefore label the regime where C13 ̸= 1 the “asymmetric” case.

The circuit decomposition also allows for a heuristic explanation of the behaviour of the marginal purities, seen
in the bottom plot of Figure 3.6. Since the initial covariance matrix is σin = I6/2 for vacuum inputs, the marginal
purities for the input states will be P(1,2) = 1 and P(2,3) = 1. These purities will remain unchanged in the output
state provided the 2-mode block can be reached by a symplectic transformation. This follows since the determinant of
a symplectic transformation is det[S] = 1, and therefore det[SOST ] = det[O] for any matrix O.

We start again bu balancing the cooperativities such that C12 = C13C23. Since the covariance matrix for ϕ = −π/2,
Eq. (3.90), simply describes a two-mode squeezing interaction between modes a2 and a3, the marginal purity will
always be maximised for these parameter values, P(2,3) = 1. On the other hand, the marginal purity of the output
state between modes a1 and a2 is below one, P(1,2) < 1, in this case since the 2-mode block σ

(1,2)
∆,out cannot be reached

by any combination of symplectic transformations. This same reasoning applies to the opposite phase ϕ = +π/2,
where P(2,3) < 1 always holds and P(1,2) < 1 only in the asymmetric case. The exception is the symmetric case,
where the purity P(1,2) = 1 is realised because σ

(1,2)
∆,out is equivalent to the covariance matrix for a two-mode squeezed

vacuum state. In fact, the condition that saturates the marginal purity P(1,2) = 1 is equivalent to the condition for
which E

(2,3)
N = 0, see Eq. (3.95), meaning only the output of modes a1 and a2 are entangled. An identical analysis

can be performed when the cooperativities are balanced such that C23 = C12C13, but where the behaviour of the mode
pairs, (a1, a2) and (a2, a3), is swapped for opposite values of the loop phase ϕ→ −ϕ.

In this section, we have observed and explained how entanglement arises in a nonreciprocal system. Crucially, we
find that the points of perfect nonreciprocity play a special role in maximising the achievable output entanglement.
We also note how the special symmetric case allows for the purity of the output states to be maximised, and also
prevents the reflection of noise from the input fields. We are now in a position to analyse the role of nonreciprocity in
entanglement generation in the presence of thermal fluctuations.

3.3.4.2 Rerouting Thermal Fluctuations Using Nonreciprocity

Thermal noise is an unwanted feature when attempting to generate entanglement. In the case of a reciprocal two-mode
squeezer, thermal noise incident on one or both modes will only serve to degrade the logarithmic negativity. While
this can be overcome by increasing the strength of the two-mode squeezing interaction, the same is not true for the
purity of the generated output state. More precisely, the purity for a two-mode squeezed system with thermal noise
at the inputs for both modes is independent of the degree of squeezing, which is shown in Eq. (3.35).

One might expect that reciprocally coupling an auxiliary cold mode to the hot modes of interest would help in
mitigating this impact. However, while such a coupling can reduce the internal occupation of the hot modes, it
is unable to continuously route thermal inputs in a specified direction: away from the propagating output fields.
Combining this cold auxiliary mode with nonreciprocity enables unidirectional scattering of coherent input signals,
which extends to the routing of thermal fluctuations, while also allowing for the output of the target modes to be
entangled. While it is also possible for a three-mode reciprocal system to route thermal fluctuations, no entanglement
can be generated between the outputs of the target modes, which is demonstrated in Appendix D.2.

The delta amplifier provides a way for us to avoid these effects on the state shared between the output of modes a1
and a2, or a2 and a3, by setting the parameters to the symmetric case. At this point, there is no reflection of the
inputs from modes a1 and a3, which are instead perfectly swapped between the two modes; in this instance, the two
modes are said to be impedance matched. We focus, without loss of generality, on improving the purity of the shared
state of the output of modes a1 and a2. Provided that the input of mode a3 is in vacuum, if we set ϕ = +π/2, thermal
noise incident on the input of mode a1 can be rerouted to the output of mode a3. Using the left polar decomposition
for the scattering matrix, Eq. (3.85), the output covariance matrix has the following form:

σ∆,out = U(1,3)
swap R(2,3)

+ σin

(
R(2,3)

+

)T(
U(1,3)

swap

)T

. (3.96)

where
U(1,3)

swap ←→ Û (1,3)
swap := exp

[
−iπ2

(
â†1â3 + â1â

†
3

)]
. (3.97)

The circuit description shown in Figure 3.5 provides a succinct explanation of the scattering: modes a2 and a3 are
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3.3 Delta Amplifier

Figure 3.7: [Top] Logarithmic negativity and [Bottom] purity of the delta amplifier output states as a function of the
loop phase in the presence of thermal noise. Two values for the noise from the bath for mode a1 are shown: vacuum
noise n̄1 = 0 (solid), and thermal noise n̄1 = 2 (dashed-dotted line). The modes a2 and a3 only experience vacuum
noise from the bath, n̄2 = n̄3 = 0. The results shown are for the symmetric case where C12 = C23 = 0.5 and C13 = 1,
describing the joint output states of modes a1 and a2 (blue), and modes a2 and a3 (orange). We also show the results
for a two-mode squeezed state where n̄1 = 2 and n̄2 = 0 (green). The dashed black line indicates both the logarithmic
negativity and purity for a two-mode squeezed vacuum state (TMSV).

entangled, and the subsequent beam splitter acts as a perfect swap of the states of modes a1 and a3. Since n̄1 ≠ 0, the
output of mode a3 will receive the unwanted thermal noise, while the output of mode a1 forms a two-mode squeezed
state with mode a2. Provided that the input for mode a2 is also vacuum noise, the shared state for the output of
modes a1 and a2 will be a TMSV state with maximum purity and entanglement, unaffected by the value of n̄1, as
seen in Figure 3.7.

In this symmetric regime, a right polar decomposition given by Eq. (3.87) can also be used, and therefore the
covariance matrix described by Eq. (3.96) can be written in an alternate, but equivalent form. Due to the presence of
thermal noise, the initial covariance matrix is no longer proportional to the identity matrix, and hence the beam
splitter no longer has a trivial effect on the covariances of the input states. The output covariance matrix then also
has the form:

σ∆,out = R(1,2) U(1,3)
swapσin

(
U(1,3)

swap

)T(
R(1,2)

)T

. (3.98)

Here, the action of the beam splitter on σin swaps the thermal noise from mode a1 with the input from mode a3,
which is vacuum noise. This is followed by a two-mode squeezer acting directly to entangle modes a1 and a2, creating
a state with maximum purity and entanglement. It is important to note that mode a1 is not cooled using this scheme,
and that the nonreciprocal scattering only allows for the thermal noise to be rerouted so that it does not appear in
the output field.

If we tune ϕ away from the points of perfect nonreciprocity and impedance matching, the entanglement and purity
of modes a1 and a2 degrade as before. However, comparing Figure 3.7 and the previous results when only considering
vacuum inputs, Figure 3.6, we note that the degradation is more pronounced when the input field of mode a1 has

58



Chapter 3. Entanglement Generation in Nonreciprocal Quantum Amplifiers

Figure 3.8: The entanglement between the stationary output of the modes a1 and a2 as measured by the logarithmic
negativity, as a function of the strength of thermal noise input n̄1 on mode a1. We compare the results from an open
two-mode squeezed system (TMS, blue) with the delta amplifier (∆-AMP, red). In both cases, the squeezing
interaction between modes a1 and a2 has cooperativity C12 = 0.5. The symmetric case is shown for the delta
amplifier, so C23 = 0.5, C13 = 1, and ϕ = +π/2. The thermal occupation of mode a2 is set to n̄2 = 0 (solid) and
n̄2 = 1 (dashed). Mode a3 is always taken to have vacuum input noise. The dashed black lines correspond to the
logarithmic negativity for a TMS where n̄1 →∞, n̄2 = 0 and n̄1 →∞, n̄2 = 1.

non-zero thermal occupancy. This observation further highlights the importance of nonreciprocity in implementing
perfect swaps of thermal inputs.

Finally, while thermal noise in one mode is detrimental to both entanglement and purity, the effects are compounded
when both modes contain some thermal noise input. Figure 3.8 demonstrates the effects of incident thermal noise
on both modes of an entangled pair. The delta amplifier has the benefit that, regardless of the amount of thermal
noise incident on mode a2, the thermal noise incident on mode a1 is always swapped away in the output. The usual
two-mode squeezed state, on the other hand, will experience extra degradation of the entanglement and purity as n̄1
increases for even relatively small values of n̄2, as discussed in Section 3.2.1. The conditions for blocking reflection
listed in Eq. (3.79) make it clear that it is not possible to prevent n̄2 from appearing in the output of mode a2.
However, provided that the noise incident on mode a1 is at a higher temperature than the noise incident on mode a3,
n̄1 > n̄3, then the delta amplifier will always improve the fidelity of the entangled output state for modes a1 and a2
when compared to the usual TMS at the same interaction strength.

3.4 Bowtie Amplifier
3.4.1 System Setup
3.4.1.1 Dynamical Equations

With the entangling behaviour of the delta amplifier fully characterised, we can now proceed to investigate the other
three-mode nonreciprocal amplifier: that of the bowtie amplifier. Motivated by the fact that the delta amplifier is
capable of routing thermal noise under certain conditions, the primary goal of this section will be to determine the
conditions under which this is possible with the bowtie amplifier configuration. The Hamiltonian for this system
involves four coherent processes, three beam splitter (BS) interactions coupling the three modes with one of the
BS interactions carrying the loop phase, ϕ ∈ [−π, π]; the squeezing for entanglement is provided by a single-mode
squeezing (SMS) interaction applied to one of the modes. Assuming no detuning of the pump frequencies, the
Hamiltonian for this configuration may be written in the rotated frame as,

Ĥ▷◁ = g12

(
â†1â2 + â1â

†
2

)
+ g23

(
â†2â3 + â2â

†
3

)
+ g13

(
eiϕâ†1â3 + e−iϕâ1â

†
3

)
+ λ

2

(
eiθâ†22 + e−iθâ2

2

)
. (3.99)
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Figure 3.9: [Left] Diagram of an open system comprised of a beam splitter interaction plus single-mode squeezing
applied to one mode, coupled to the nonlocal dissipator γD[ẑ]. The rates of the BS and SMS interactions are g12 and
λ, respectively. The SMS interaction has an additional phase to control which quadrature is amplified, θ. [Right]
Diagram of the bowtie amplifier, consisting of three open modes. All mode pairs (aj , ak) are coupled via beam
splitter interactions with rates gjk, with single-mode squeezing applied to mode a2 with rate λ and phase θ. The
tunable loop phase is placed on the interaction between modes a1 and a3. If mode a3 is adiabatically eliminated, this
three-mode loop is equivalent to the system depicted to the left with the jump operator given by ẑ = â1 + ζeiϕâ2.

Assuming that each mode is coupled to an independent Markovian bath, the open-system dynamics of the bowtie
amplifier may be modelled using the following Lindblad master equation:

d

dt
ρ̂ = L▷◁(ρ̂) where L▷◁(ρ̂) = −i[Ĥ▷◁, ρ̂] +

∑
k=1,2,3

κk

(
(n̄k + 1)D[âk](ρ̂) + n̄kD[â†k](ρ̂)

)
. (3.100)

Since the bowtie amplifier contains no two-mode squeezing interactions, it is not the nonreciprocal extension of the
open TMS system from Section 3.2.2, but instead an open system with the following two-mode Hamiltonian,

ĤBS-SMS = g12

(
â†1â2 + â1â

†
2

)
+ λ

2

(
eiθâ† 2

2 + e−iθâ2
2

)
, (3.101)

where the two modes are coherently coupled by a beam splitter interaction, and where squeezing is applied to the
mode a2. As with the bowtie amplifier, the modes are coupled to independent Markovian baths with some thermal
fluctuations. The Lindblad master equation for the total system is then,

d

dt
ρ̂ = LBS-SMS(ρ̂) where LBS-SMS(ρ̂) = −i[ĤBS-SMS, ρ̂] +

∑
k=1,2

κk

(
(n̄k + 1)D[âk](ρ̂) + n̄kD[â†k](ρ̂)

)
. (3.102)

We will refer to the two-mode open system described by the Lindbladian LBS−SMS as the beam splitter plus single-mode
squeezer (BS-SMS) setup. Using the engineered dissipation approach to nonreciprocity from Section 2.4.2, the BS-SMS
interaction can be made nonreciprocal through the addition of an appropriate nonlocal dissipator to the Lindblad
master equation [83],

d

dt
ρ̂ = LBS-SMS(ρ̂) + γD[ẑ](ρ̂), (3.103)

along with appropriate tuning of system parameters. There are two correct choices for nonlocal jump operators,
ẑ = â1 + ζeiϕâ2 or ẑ = â†1 + ζeiϕâ†2, which are determined solely by the coupling between modes a1 and a2, and are
independent of any single mode processes. Unlike with the delta amplifier, replacing the nonlocal dissipator with a
highly damped mode does not result in equivalent three-mode systems for either choice of these two jump operators.
Starting with the master equation for the bowtie amplifier in Eq. (3.100), adiabatically eliminating mode a3 will yield
the first jump operator, ẑ = â1 + ζeiϕâ2, as shown in Figure 3.9. In this instance, the nonlocal dissipator coupling is
γ = 4g2

13/κ3, and the asymmetric coupling is ζ = g23/g13.
Whereas squeezing in the delta amplifier arose due to the two TMS interactions between the system modes, the

squeezing in the bowtie amplifier, necessary for amplification as well as entanglement generation, is generated at only
one mode. The three passive beam splitters are required to distribute the squeezed correlations among the three
modes in the loop, a task which cannot be accomplished by TMS interactions, which cannot transfer correlations. As
will be demonstrated, despite these differences, the entangling behaviours of the two systems are remarkably similar.
This connection will be established using a circuit decomposition of the bowtie amplifier, which will demonstrate that
it is also capable of generating high-fidelity flying entangled states through the routing of thermal fluctuations.
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3.4.1.2 Stability Conditions

We will apply the Routh-Hurwitz criterion to the dynamical matrix of the bowtie amplifier to determine the
necessary conditions to ensure the parameters are within the stable regime. Writing the quadrature basis vector as
r̂ = (q̂1, p̂1, q̂2, p̂2, q̂3, p̂3), the dynamical matrix for the bowtie amplifier is

A▷◁ =

 (−κ1/2)I g12J g13(sin(ϕ)I + cos(ϕ)J)
g12J (−κ2/2)I + λ(sin(θ)Z− cos(θ)X) g23J

g13(− sin(ϕ)I + cos(ϕ)J) g23J (−κ3/2)I

 . (3.104)

The characteristic polynomial for this dynamical matrix is,

det[A▷◁−sI6] = P (s,+λ)P (s,−λ)+4g2
12g

2
13g

2
23 cos2(ϕ) where P (s,±λ) = s3 +u2(±λ)s2 +u1(±λ)s+u0(±λ), (3.105)

where the coefficients of the third-order polynomial P (s,±λ) are:

u2(±λ) = κ1

2 + κ2 ∓ 2λ
2 + κ3

2
u1(±λ) = g2

12 + g2
13 + g2

23 + κ1

2
κ2 ∓ 2λ

2 + κ2 ∓ 2λ
2

κ3

2 + κ1

2
κ3

2
u0(±λ) = g2

12
κ3

2 + g2
13
κ2 ∓ 2λ

2 + g2
13
κ1

2 + κ1

2
κ2 ∓ 2λ

2
κ3

2 . (3.106)

Focusing on the points of perfect nonreciprocity, the optimal values for loop phase are ϕ = ±π/2, which reduces the
above characteristic polynomial to the product of two third-order polynomials, P (s,+λ)P (s,−λ). The Routh-Hurwitz
criterion can be generated for the two individual polynomials, which mandates that all coefficients must be greater
than zero, uk(±λ) > 0. Additionally, the coefficients must also satisfy the condition u2(±λ)u1(±λ)− u0(±λ) > 0 in
order for the system to be stable; this term may be written as

u2(±λ)u1(±λ)− u0(±λ) = g2
12

(
κ1

2 + κ2 ∓ 2λ
2

)
+ g2

13

(
κ1

2 + κ3

2

)
+ g2

23

(
κ2 ∓ 2λ

2 + κ3

2

)
+
(
κ1

2 + κ2 ∓ 2λ
2

)(
κ1

2 + κ3

2

)(
κ2 ∓ 2λ

2 + κ3

2

)
. (3.107)

In both cases, the magnitude of the single-mode squeezing interaction, λ, modifies the effective damping on the a2
mode, resulting in additional damping, or antidamping. The stability criteria are always met by the polynomial where
mode a2 receives extra damping, P (s,+λ), and so we only need to consider the conditions for the P (s,−λ) polynomial,
where mode a2 is antidamped. Rewriting the conditions in terms of the cooperativities yields the following stability
criteria:

0 < κ1 + κ2 (1− Cλ) + κ3

0 < κ1κ2(1 + C12 − Cλ) + κ1κ3(1 + C13) + κ2κ3(1 + C23 − Cλ)

0 < κ1κ2κ3
(
1 + C12 + C13 + C23 − Cλ(1 + C13)

)
0 < κ1κ2C12

(
κ1 + κ2(1− Cλ)

)
+ κ1κ3C13

(
κ1 + κ3

)
+ κ2κ3C23

(
κ2(1− Cλ) + κ3

)
+
(
κ1 + κ2(1− Cλ)

)(
κ1 + κ3

)(
κ2(1− Cλ) + κ3

)
. (3.108)

Here, Cjk := 4g2
jk/κjκk are the beam splitter cooperativities, and Cλ := 2λ/κ2 is the cooperativity for the single-mode

squeezer. Since the scattering matrix depends solely on the cooperativity, the most relevant of these conditions is the
following:

0 < 1 + C12 + C13 + C23 − Cλ(1 + C13). (3.109)

This condition sets the upper limit on the amount of squeezing that can be generated in the system, which is the
source of instability. The remaining conditions are explicitly dependent on the decay rates of the individual modes,
which we assume to always be tuned appropriately to ensure stability, regardless of the values of the cooperativities.

3.4.1.3 Scattering Properties

Routing of thermal noise between the modes of the amplifier requires proper tuning of the system parameters, so to
determine the appropriate conditions, we must examine the scattering matrix for the nonreciprocal amplifier. For
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simplicity, we will do this in the basis of creation and annihilation operators for the system, â▷◁ = (â1, â2, â3, â
†
1, â
†
2, â
†
3),

which has a different ordering from the basis used for the delta amplifier. The Heisenberg-Langevin in this basis may
be written as

d

dt
â▷◁(t) = Ã▷◁â▷◁(t)−

√
κ̃▷◁â▷◁,in(t) (3.110)

where Ã▷◁ is the dynamical matrix, κ̃▷◁ = diag(κ1, κ2, κ3, κ1, κ2, κ3) is a diagonal matrix of damping rates, and
â▷◁,in(t) is the vector of time-dependent input-noise operators. The dynamical matrix in this basis is:

Ã▷◁ =


−κ1/2 −ig12 −ieiϕg13 0 0 0
−ig12 −κ2/2 −ig23 0 −ieiθλ 0
−ie−iϕg13 −ig23 −κ3/2 0 0 0

0 0 0 −κ1/2 ig12 ie−iϕg13
0 ie−iθλ 0 ig12 −iκ2/2 ig23
0 0 0 ieiϕg13 ig23 −κ3/2

 . (3.111)

We solve for the steady-state scattering matrix by first Fourier transforming the system of Heisenberg-Langevin
equations to the frequency domain, and then proceed to use input-output theory to write â▷◁,out[ω] = S̃▷◁[ω]â▷◁,in[ω].
The full scattering matrix on resonance S̃▷◁[0] ≡ S̃▷◁ may then be decomposed into 3× 3 blocks:

S̃▷◁ =
(

Saa
▷◁ Saa†

▷◁

Sa†a
▷◁ Sa†a†

▷◁

)
. (3.112)

The scattering matrix is considerably denser than that of the delta amplifier, thanks to the presence of the single-mode
squeezing in the off-diagonal blocks of the dynamical matrix. To simplify the analysis, we use the fact that when the
scattering is on resonance, the sub-blocks of the scattering matrix obey Saa

▷◁ = Sa†a†

▷◁ and Sa†a
▷◁ = Saa†

▷◁ , and so we only
need to explicitly examine two of the sub-blocks:

Saa
▷◁ = 1

D



D + 2C(1 + C23) + 2C2
λ(1 + C13) −2C

(
i
√
C12 + eiϕ

√
C13C23

) −2C
(
ieiϕ
√
C13 +

√
C12C23

)
−2ieiϕ

√
C13C2

λ(1 + C13)

−2C
(
i
√
C12 + e−iϕ

√
C13C23

)
D + 2C(1 + C13) −2C

(
i
√
C23 + eiϕ

√
C12C23

)
−2C

(
ie−iϕ

√
C13 +

√
C12C23

)
−2ie−iϕ

√
C13C2

λ(1 + C13) −2C
(
i
√
C23 + e−iϕ

√
C12C23

)
D + 2C(1 + C12) + 2C2

λ(1 + C13)



Sa†a
▷◁ = Cλe

−iθ

D



2i
(
i
√
C12 − e−iϕ

√
C13C23

)
×
(
i
√
C12 + e−iϕ

√
C13C23

) −2i(1 + C13)
×
(
i
√
C12 − e−iϕ

√
C13C23

) −2i
(
i
√
C12 − e−iϕ

√
C13C23

)
×
(
i
√
C23 + eiϕ

√
C12C13

)
2i(1 + C13)

×
(
i
√
C12 + e−iϕ

√
C13C23

) −2i(1 + C13)2
2i(1 + C13)

×
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i
√
C23 + eiϕ

√
C12C13

)
2i
(
i
√
C12 + e−iϕ

√
C13C23
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×
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i
√
C23 − eiϕ

√
C12C13

) −2i(1 + C13)
×
(
i
√
C23 − eiϕ

√
C12C13

) 2i
(
i
√
C23 + eiϕ

√
C12C13

)
×
(
i
√
C23 − eiϕ

√
C12C13

)


where D = |C|2 − C2

λ(1 + C13)2 and C = −(1 + C12 + C13 + C23)− 2i
√
C12C13C23 cos(ϕ). (3.113)

Here, Saa
▷◁ takes the annihilation operators of the input modes to the output modes, while Sa†a

▷◁ represents the scattering
of the annihilation operators for the input to the creation operators of the output modes.

3.4.1.4 Controlling Scattering: Nonreciprocity and Reflection

With the scattering matrix defined, we can now provide the conditions required to realise perfect nonreciprocal
scattering between the different mode pairs, as well as the separate conditions required to block unwanted noise from
being reflected in a mode’s output field. Starting with the former: the degree of nonreciprocity between two modes aj

and ak is given by the N (j,k) ∈ [−1, 1] function defined in Eq. (2.138), which measures the difference in scattering
amplitude between the scattering process aj,in → ak,out and ak,in → aj,out. This function only reaches its extremum
when the scattering between the modes aj and ak is perfectly nonreciprocal, which requires all elements representing
scattering in one direction between these modes to vanish in both the Saa

▷◁ and Sa†a
▷◁ matrices. For the bowtie amplifier,
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we can only realise perfect nonreciprocal scattering between the mode pairs (a1, a2) and (a2, a3) when there is some
non-zero squeezing in the system. The necessary conditions are detailed in the following table:

Coop. Condition ϕ = −π/2 ϕ = +π/2 Stability Criteria
C12 = C13C23 a1 → a2 a1 ← a2 Cλ < 1 + C23 & 0 ≤ C13
C23 = C12C13 a2 → a3 a2 ← a3 Cλ < 1 + C12 & 0 ≤ C13

C13 = C12C23 & Cλ = 0 a3 → a1 a3 ← a1 0 ≤ C12 & 0 ≤ C23

. (3.114)

In order to make the effects of the nonreciprocity conditions clear, the highlighted terms in Saa
▷◁ and Sa†a

▷◁ go to zero
exactly when the corresponding cooperativity and phase matching conditions are applied from the above table.

For modes a1 and a3, perfect nonreciprocal scattering is only possible when the amplitude of the squeezing
interaction is zero, Cλ = 0, meaning there is no amplification. This is a result of the squeezing altering the damping
rate of mode a2, which results in additional damping on one of the a2 normal modes, while the other normal mode
was antidamped, κ2/2± λ. This effects the required balancing condition for nonreciprocity between modes a1 and a3,
which is no longer given by C13 = C12C23, or equivalently, g13 = g12g23/(κ2/2), but is instead g13 = g12g23/(κ2/2± λ).
Nonreciprocity between the (a1, a3) mode pair therefore requires satisfying the condition where the damped and
antidamped decay rates, and not the innate decay rate of a2, are used, which is only possible when λ = 0.

The split in the damping rate also prevents thermal noise from the input of mode a2 from being blocked from
the reflected output field. As a result, we can conclude that thermal noise cannot be rerouted away from mode a2
by the bowtie amplifier if the output modes are to be entangled. The bath for this mode must therefore be cold
if an entangled state with the output of either of the other two modes is to have maximum purity. The scattering
parameters controlling reflection for both modes a1 and a3 can both vanish, meaning that the routing of thermal noise
is possible. Examining the scattering matrix allows us to determine the necessary conditions, which are summarised
for all modes in the following table:

Phase Coop. Conditions
a1,in ̸→ a1,out ϕ = ±π/2 0 = 1− C12 + C23 − C13 , C13 = 1 & 0 ≤ Cλ < 1 + C23
a2,in ̸→ a2,out ϕ = ±π/2 0 = 1 + C12 + C23 − C13 & Cλ = 0
a3,in ̸→ a3,out ϕ = ±π/2 0 = 1 + C12 − C23 − C13 , C13 = 1 & 0 ≤ Cλ < 1 + C12

. (3.115)

In order to block the reflection of the input noise, elements from Saa
▷◁ and Sa†a

▷◁ must vanish; examining Sa†a
▷◁ in particular,

we can see that (Sa†a
▷◁ )11 = 0 and (Sa†a

▷◁ )33 = 0 when certain nonreciprocity conditions, highlighted in Eq. (3.114) are
fulfilled. As a result, the conditions for blocking input noise reflection, detailed in Eq. (3.115), also correspond to
points of perfect nonreciprocity, with one added condition: the cooperativity between modes a1 and a3 must satisfy
C13 = 1, meaning the rates of the coherent and dissipative processes are perfectly matched. These are identical to the
conditions that were necessary for thermal noise rerouting in the delta amplifier, detailed in Section 3.3.4.2, indicating
that similar behaviour will be possible to realise with the bowtie amplifier. Despite this similarity, there are some
subtle differences in the entangling behaviour which will be expounded upon in the next section.

3.4.2 Entanglement of Propagating Modes
3.4.2.1 A New Reference System

Given that the bowtie amplifier is the nonreciprocal loop formed from the open BS-SMS system described by
Eq. (3.103), and not an open TMS system as was the case with the delta amplifier, it is expected that the entangling
behaviour of the bowtie amplifier hews to that of the BS-SMS. As a result, before diving into an analysis of the bowtie
amplifier, we must first investigate the entanglement of the propagating modes for the BS-SMS, and will do so by
comparing the entanglement generation to the open TMS from Section 3.2. First, we determine the stability criteria
of the open BS-SMS system using the dynamical matrix written in the quadrature basis defined by r̂ = (q̂1, p̂1, q̂2, p̂2):

ABS-SMS =
(
−(κ1/2)I g12J
g12J −(κ2/2)I + λ(− cos(θ)X + sin(θ)Z)

)
. (3.116)

We can determine the Routh-Hurwitz stability criteria for this dynamical matrix:

0 <
(κ1

2 ± λ
)

+ κ2

2 and 0 < 1 + C12 ± Cλ , where C12 := 4g2
12

κ1κ2
, Cλ := 2λ

κ2
. (3.117)
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Figure 3.10: The logarithmic negativity for the output modes of the beam splitter plus single-mode squeezer system,
plotted against the strength of the single-mode squeezer, represented by the cooperativity Cλ = 2λ/κ2. The beam
splitter cooperativity, C12 = 4g2

12/κ1κ2, is fixed along each curve. All baths are assumed to be in the vacuum,
n̄1, n̄2 = 0. The range of stable values of Cλ increases for larger C12, however, the entangling behaviour is the same
along all curves since they all diverge as the squeezing approaches the point of instability, Cλ → 1 + C12.

As with the bowtie amplifier, the single-mode squeezing results in added damping and antidamping on mode a2, and
it is the antidamping which can make the system unstable. Using the dynamical matrix and input-output theory, the
steady-state scattering matrix on resonance for the BS-SMS system is then:

SBS-SMS = − 1
(1 + C12)2 − C2

λ


(1− C2

12 − C2
λ)I

+ 2CλC12(− cos(θ)X + sin(θ)Z)
2
√
C12(1 + C12)J

− 2Cλ

√
C12(cos(θ)Z + sin(θ)X)

2
√
C12(1 + C12)J

+ 2Cλ

√
C12(cos(θ)Z + sin(θ)X)

(1− C2
12 + C2

λ)I
+ 2Cλ(− cos(θ)X + sin(θ)Z)

 . (3.118)

This matrix is not symmetric, and hence neither it nor the corresponding covariance matrix for the output modes
corresponds to that of a two-mode squeezer. Thus, the entanglement is not cleanly related to the amount of squeezing
generated by the SMS interaction, but is instead given by a rather ungainly expression. Assuming vacuum noise at the
inputs, the steady-state output covariance matrix on resonance for the BS-SMS system is σout = 1

2 SBS-SMSST
BS-SMS,

from which the logarithmic negativity for the output mode pair (a1, a2) can be calculated for an arbitrary phase, θ, of
the SMS:

E
(1,2)
N = ln

(
(1 + C12 + Cλ)(1 + C12 − Cλ)

)
(3.119)

− 1
2 ln

(
(1 + C12 + Cλ)2(1 + C12 − Cλ)2 + 32C2

λC12 − 8Cλ

√
C12

√
(1 + C12 + Cλ)2(1 + C12 − Cλ)2 + 16C2

λC12

)
.

The above expression guarantees that the amount of entanglement that may be generated between the output modes
is still unbounded, as it was for the open TMS, as demonstrated in Figure 3.10. The joint state for the output modes
is also perfectly pure in the absence of thermal noise, P(1,2) = 1.

Understanding the interplay between the beam splitter and the single-mode squeezing in generating entanglement
will be important when the bowtie amplifier is finally considered. Since the analysis of the bowtie amplifier will rest
on a circuit decomposition, we will simplify that analysis by first performing a circuit decomposition on the BS-SMS
system in the form of a Bloch-Messiah decomposition. In this case, the resulting equivalent circuit involves a series of
single-mode squeezers sandwiched between two groups of passive elements. For the BS-SMS system, the necessary
elements for the circuit decomposition are the following transformations:

U(1,2) ←→ Û
(1,2)
BS := exp

[
−i arctan

(√
C12

)(
â†1â2 + â1â

†
2

)]
R(2) ←→ Û

(2)
SMS := exp

[
−i12 ln

(
1 + C12 + Cλ

1 + C12 − Cλ

)(
eiθâ†22 + e−iθâ2

2

)]
. (3.120)
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Although this is not a polar decomposition, to keep the notation consistent with that used for the delta amplifier,
we denote passive elements using U and active elements using R. The first transformation, U(1,2), denotes a beam
splitter between the outputs of modes a1 and a2, with the angle set by the beam splitter cooperativity, C12. The
active element, R(2), corresponds to a single-mode squeezer with phase θ applied to mode a2, where the amount of
squeezing is given by,

r = ln
(

1 + C12 + Cλ

1 + C12 − Cλ

)
, (3.121)

which will diverge as Cλ → 1 + C12. Grouping all elements, the BS-SMS system admits the following non-unique
circuit decomposition:

−SBS-SMS = U(1,2) R(2) U(1,2). (3.122)

The covariance matrix for the output modes in the presence of vacuum noise from the baths may then be represented
as

σout = 1
2U(1,2) R(2)

(
R(2)

)T(
U(1,2)

)T

. (3.123)

Taking this one step at a time, the first non-trivial element is the squeezing interaction, which first creates the
covariance matrix of a single-mode squeezed vacuum state (SMSV); the succeeding beam splitters then act to swap
some of these squeezed correlations to the output of mode a1, with the output of mode a2 receiving vacuum correlations
in return. The dependence of Eq. (3.119) on the beam splitter cooperativity C12 is a result of the unequal distribution
of the squeezed correlations between the two modes. The swapping of these correlations will only be perfectly balanced
when the angle of the beam splitter is π/4, which only occurs when C12 = 1. This point is special since the coherent
and dissipative processes in the system are perfectly matched. In this case, the rate at which the squeezing which is
generated at mode a2 leaves through its port is balanced by the rate at which the squeezing is swapped to mode a1
by the beam splitter, where it leaves through this port; the squeezing is then evenly distributed between the two
modes. The logarithmic negativity of the BS-SMS from Eq. (3.119) then simplifies to,

E
(1,2)
N = ln

(
2 + Cλ

2− Cλ

)
when C12 = 1. (3.124)

In this case, and this case only, the logarithmic negativity is given by E(1,2)
N = 2reff , where the effective squeezing

of each mode is half the total squeezing introduced into the system by the single-mode squeezer from Eq. (3.121),
reff = r/2. Even at this point, the system does not behave in the same manner as the TMS since the scattering
matrix is still not symmetric.

Including thermal noise from the input fields therefore complicates the behaviour of the BS-SMS system, since the
circuit decomposition demonstrates that only some of the thermal noise correlations in the output fields are squeezed.
The situation is therefore not entirely analogous to the two-mode squeezed state from Section 3.2.1, where all thermal
noise from the input fields is squeezed. Given that the logarithmic negativity in Eq. (3.119) is complicated enough
without the addition of thermal noise, we forgo an exact analysis of the effects of the thermal noise on entanglement,
although we can surmise based on all previously examined systems that it will be deleterious. Since the system still
acts on the input correlations as a symplectic transformation, the purity of the output state must be identical to
the input, and so the thermal noise in this case will still degrade the purity of the composite output state. If the
input noise is n̄1 and n̄2, then the purity for this reciprocal system must be P(1,2) = 1/(2n̄1 + 1)(2n̄2 + 1), which is
the same as the input and is therefore unchanged by the system. If the initial state has vacuum correlations, the
maximum value of the purity is therefore P(1,2) = 1. With the analysis of this reference system complete, we can now
proceed to characterise the entangling behaviour of the three-mode bowtie amplifier.

3.4.2.2 Circuit Decomposition of the Bowtie Amplifier

In order to model the scattering behaviour of the bowtie amplifier, we perform a matrix decomposition of the
symplectic scattering matrix, S▷◁ ∈ Sp(6,R). The polar decomposition does not provide compact expressions for
this system, so we instead turn to the Bloch-Messiah decomposition [144]. This decomposition allows us to write a
symplectic matrix as O1DO2, where, physically, the orthogonal matrices O1 and O2 correspond to some collection
of passive optical transformations. Sandwiched between these passive elements is the matrix D, which represents a
series of single-mode squeezers. When the scattering between modes a1 and a2 is nonreciprocal, N (1,2) = ±1, the
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Figure 3.11: (a) Circuit descriptions of the bowtie amplifier at the points of perfect nonreciprocal scattering, where
[Left] N (1,2) = ±1, and [Right] N (2,3) = ±1. Two values of loop phase are shown: [Top] ϕ = +π/2, and [Bottom]
ϕ = −π/2, which correspond to the two directions of nonreciprocal scattering. The position of modes a1 and a3
within the circuit diagrams are swapped between the left and right columns, since the combined beam splitter plus
single-mode squeezing (BS-SMS) interaction couples the mode pair (a2, a3) when N (1,2) = ±1, and (a1, a2) when
N (2,3) = ±1. The beam splitter element always couples the mode pair (a1, a3). The input is initially uncorrelated
and moves from left to right. The specific forms of the single-mode squeezing and beam splitter interactions can be
found in Eqs. (3.125) and (3.128). (b) Breakdown of the combined BS-SMS interaction into a single-mode squeezer
applied to mode a2, sandwiched between two identical beam splitter interactions, which are not identical in form to
the beam splitter between the mode pair (a, 1, a3) from (a).

matrix decomposition can be written in terms of the following interactions:

U(1,3)
sgn(ϕ) ←→ Û

(1,3)
BS := exp

[
−2i sgn(ϕ) arctan

(√
C13

)(
iâ†1â3 − iâ1â

†
3

)]
U(2,3) ←→ Û

(2,3)
BS := exp

[
−i arctan

(√
C23

)(
â†2â3 + â2â

†
3

)]
R(2)

23 ←→ Û
(2,3)
SMS := exp

[
− i2 ln

(
1 + C23 + Cλ

1 + C23 − Cλ

)(
eiθâ†22 + e−iθâ2

2

)]
. (3.125)

These two beam splitters and one single-mode squeezer are the three separate interactions present in the Hamiltonian
for the bowtie amplifier, Eq. (3.63), when the loop phase is ϕ = ±π/2 and C12 = C13C23, and are all that is required
to model S▷◁ for these system parameters. For the loop phase ϕ = −π/2 the circuit decomposition takes the form,

−S▷◁ = U(2,3) R(2)
23 U(2,3) U(1,3)

− when ϕ = −π2 and C12 = C13C23, (3.126)

where we have made sure to perform a global phase rotation on the scattering matrix. The first element in this
circuit is a beam splitter, which acts to mix the input signal from modes a1 and a3. The remainder of the elements in
the circuit are identical to the circuit decomposition of the BS-SMS system from Eq. (3.122), and so comprise an
entangling operation between modes a2 and a3. Since the beam splitter between modes a1 and a3 comes first in the
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circuit, followed by the entangling between modes a2 and a3, the input of mode a1 can reach the output of mode a2,
but not the reverse. This perfectly agrees with the direction of the nonreciprocal scattering for this set of parameters,
a1 → a2. Turning now to the opposite loop phase, ϕ−+π/2, the Bloch-Messiah decomposition yields

−S▷◁ = U(1,3)
+ U(2,3) R(2)

23 U(2,3) when ϕ = +π

2 and C12 = C13C23. (3.127)

With the exception of a global change of phase on the beam splitter between a2 and a3, the interactions are the
same as in Eq. (3.126) but applied in the reverse order, as was the case with the delta amplifier. It follows that the
unidirectional transmission represented by this circuit decomposition is the reverse of Eq. (3.126), and so has direction
a2 ← a1.

When the scattering between modes a2 and a3 is nonreciprocal, N (2,3) = ±1, the Bloch-Messiah decomposition
still consists of the beam splitter between modes a2 and a3, but the components forming the BS-SMS entangling
interaction now act on modes a1 and a2:

U(1,2) ←→ Û
(1,2)
BS := exp

[
−i arctan

(√
C12

)(
â†1â2 + â1â

†
2

)]
R(2)

12 ←→ Û
(1,2)
SMS := exp

[
− i2 ln

(
1 + C12 + Cλ

1 + C12 − Cλ

)(
eiθâ†22 + e−iθâ2

2

)]
. (3.128)

Starting with the loop phase ϕ = −π/2, the corresponding linear circuit is,

−S▷◁ = U(1,3)
− U(1,2) R(2)

12 U(1,2) when ϕ = −π2 and C23 = C12C13, (3.129)

where the entangling interaction between modes a1 and a2 comes first in the circuit, followed by the beam splitter
between modes a2 and a3, meaning that the output of mode a1 must be independent of the input of mode a3, and
hence a3 → a1. For the opposite loop phase, ϕ = +π/2, the interactions are naturally reversed,

−S▷◁ = U(1,2) R(2)
12 U(1,2) U(1,3)

+ when ϕ = +π

2 and C23 = C12C13. (3.130)

and so the nonreciprocal scattering now has the direction a3 ← a1. The scattering exhibited by the bowtie amplifier
at the points of perfect nonreciprocity behaves in a similar manner to that of the delta amplifier, discussed in
Section 3.3.3, where the elements in the decomposition are switched when reversing the direction of nonreciprocal
scattering, as shown in Figure 3.11.

3.4.2.3 Output Entanglement in the Presence of Vacuum Noise

With the scattering behaviour of the bowtie amplifier at the points of perfect nonreciprocity now understood, the
behaviour of the logarithmic negativity and purity of the output modes can be analysed. The steady-state output
covariance matrix on resonance for the bowtie amplifier is,

σ▷◁,out = S▷◁σinST
▷◁. (3.131)

The input noise from the three baths is assumed to be uncorrelated, with each having the covariance of a Gaussian
thermal state, resulting in the same input covariance matrix as in Eq. (3.89). We will start with the assumption that
the thermal occupancy for each bath is zero, and so the input covariance matrix is that of a three mode vacuum state,
σin = 1

2 I6, and hence σ▷◁,out = 1
2 S▷◁ST

▷◁. To simplify the expressions for the output covariance matrix, it is useful to
define circuit elements which combine the three interactions comprising the entangling BS-SMS interaction into a
single element:

Q(1,2) := U(1,2) R(2)
12 U(1,2) Q(2,3) := U(2,3) R(2)

23 U(2,3). (3.132)

This element is the entangling operation for the bowtie amplifier in the circuit decomposition, and takes the place
of the two-mode squeezer present in the decomposition of the delta amplifier, thereby allowing us to draw clear
connections between the behaviour of the entanglement and purity for these two amplifiers. One notable difference,
discussed in Section 3.4.2.1, is that open quantum systems described by Eq. (3.132) do not entangle in the same
way as a two-mode squeezer. Regardless, since it is a symplectic operation, the entangled output state is still pure
provided that the input is vacuum noise.

Starting with the case where the scattering between modes a1 and a2 is perfectly nonreciprocal, the output
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covariance matrices for both directions can be constructed using the scattering matrices from Eqs. (3.126) and (3.127):

a1 → a2 : σ▷◁,out = 1
2Q(2,3)

(
Q(2,3)

)T

when ϕ = −π2 and C12 = C13C23 (3.133)

a1 ← a2 : σ▷◁,out = 1
2U(1,3)

+ Q(2,3)
(

Q(2,3)
)T(

U(1,3)
+

)T

when ϕ = +π

2 and C12 = C13C23. (3.134)

For both directions, entanglement is generated between the propagating modes a2 and a3, and it is the placement of
the passive beam splitter element between a1 and a3 in the circuit decomposition which dictates whether the output
of modes a1 and a2 will be entangled. In Eq. (3.134), the entangled state between the propagating modes a2 and a3
is generated first, with the successive beam splitter acting to distribute these entanglement correlations to the other
modes of the system. In Eq. (3.133), the beam splitter precedes the generation of entanglement, and hence it cannot
generate entanglement since there are no entanglement correlations to swap; this is demonstrated in Figure 3.12,
where only E(2,3)

N > 0 at ϕ = −π/2. We can determine when the output modes a1 and a2 are entangled using Simon’s
criterion:

C2
λ

√
C12C23C13

(√
C12

C13C23
+
√
C13C23

C12
+ 2 sin(ϕ)

)
≤ 0. (3.135)

Thus, the state is separable when the conditions for nonreciprocal scattering with direction a1 → a2 are met,
corresponding to the output covariance matrix Eq. (3.133). When a1 ← a2, the beam splitter guarantees that
E

(1,2)
N > 0, and will in certain circumstances dependent on the value of C13, swap all entanglement correlations from

a3 to a1, resulting in E
(2,3)
N = 0.

Moving on to the case where scattering between modes a3 and a2 is nonreciprocal, the covariance matrices are
generated using Eqs. (3.129) and (3.130):

a2 → a3 : σ▷◁,out = 1
2U(1,3)
− Q(1,2)

(
Q(1,2)

)T (
U(1,3)
−

)T

when ϕ = −π2 and C12 = C13C23 (3.136)

a2 ← a3 : σ▷◁,out = 1
2Q(1,2)

(
Q(1,2)

)T

when ϕ = +π

2 and C12 = C13C23. (3.137)

We can see that by exchanging the labels of a1 and a3, and changing the sign of the loop-phase ϕ→ −ϕ, that the
behaviour of the entanglement is identical to the case where scattering between modes a1 and a2 is nonreciprocal. The
entanglement E(2,3)

N is therefore expected to be zero only when the nonreciprocal scattering has direction a3 → a1,
which is evident in Figure 3.12. The separability of the joint output state for modes a2 and a3 at this point may be
confirmed by checking Simon’s criterion:

C2
λ

√
C12C23C13

(√
C23

C12C13
+
√
C12C13

C23
− 2 sin(ϕ)

)
≤ 0. (3.138)

It is apparent from Eqs. (3.135) and (3.138), that the entanglement measures E(1,2)
N and E(2,3)

N are only zero when the
nonreciprocal scattering is directed towards mode a2, a1 → a2 and a3 → a2, respectively. In the bowtie amplifier,
all squeezing and therefore all entanglement correlations originate from mode a2, hence, we can determine that the
absence of entanglement in these cases is due to nonreciprocity blocking squeezed correlations from reaching the
outputs of modes a1 or a3, resulting in no entanglement correlations.

This behaviour has important consequences for the entanglement between the output of modes a1 and a3, which
may be entangled by the bowtie amplifier, as shown in Figure 3.12. This behaviour contrasts with the delta amplifier,
where the output of modes a1 and a3 is always separable. We note that E(1,3)

N can also vanish here when certain
nonreciprocity conditions are met. In order to determine when this occurs for the output state of the (a1, a3) mode
pair, we can once again use Simon’s criterion:

C2
λC12C23C13

(√
C12

C13C23
+
√
C13C23

C12
+ 2 sin(ϕ)

)(√
C23

C12C13
+
√
C12C13

C23
− 2 sin(ϕ)

)
≤ 0. (3.139)

In this instance, the criterion for separability is a product of the Simon’s criteria for the other two output mode
pairs, (a1, a2) and (a2, a3), given in Eqs. (3.135) and (3.138). As a result, E(1,3)

N = 0 when either E(1,2)
N = 0 or

E
(2,3)
N = 0, corresponding to the a1 → a2 and a3 → a2 directions of perfect nonreciprocal scattering, respectively.

This is expected, since by preventing the exchange of entanglement correlations from a2 to either a1 or a3, the joint
output state for (a1, a3) will therefore share no squeezing correlations, and hence it must be separable.

68



Chapter 3. Entanglement Generation in Nonreciprocal Quantum Amplifiers

Figure 3.12: [Top] Logarithmic negativity E(j,k)
N and [Bottom] purity P(j,k) of the stationary output states of the

bowtie amplifier. Results are shown for the bipartite output states of modes a1 and a2 (blue), a2 and a3 (orange),
and a1 and a3 (green). For the symmetric case (solid) the scattering between both mode pairs, (a1, a2) and (a2, a3),
are perfectly nonreciprocal at the loop phases ϕ = ±π/2: the beam splitter cooperativities are C12 = C23 = 0.5 and
C13 = 1, and so both cooperativity balancing conditions, C12 = C23C13 and C23 = C12C13, are met. In the asymmetric
case, only the scattering between the mode pair (a1, a2) is perfectly nonreciprocal (dotted): here C12 = 0.5, C23 = 1,
and C13 = 0.5, so only the condition C12 = C23C13 is met. In both cases, the cooperativity for the squeezing
interaction is Cλ = 1. All baths are in the vacuum state. The dashed black lines at the top of both plots correspond
to the logarithmic negativity and purity for the output state of a reciprocal two-mode system comprised of a beam
splitter plus single-mode squeezer (BS-SMS), C13 = C23 = 0.

3.4.2.4 Rerouting Thermal Fluctuations Using Nonreciprocity

Given the similarities in the circuit decomposition between the bowtie and delta amplifiers at the points of perfect
nonreciprocal scattering, and the consequent likeness in their entangling behaviour when the input fields have vacuum
correlations, we can therefore expect that the bowtie amplifier is also capable of routing thermal fluctuations from the
input fields to obtain high-purity entangled output states. We will focus on the case where the input of mode a1 is
hot, and hence n̄1 has some non-zero value, and attempt to realise a highly pure entangled state between the outputs
of modes a1 and a2 by rerouting this thermal noise.

From Figure 3.12 we can see that the marginal purity of joint output states subject to vacuum input noise can reach
the maximum value of one. In the case of the mode pair (a1, a2), the purity is saturated when Simon’s criterion for
the separability of the (a2, a3) output state from Eq. (3.138) is satisfied. In the case of thermal input noise on mode
a1, we can therefore expect that this condition must also be met for P(1,2) = 1, which will require that nonreciprocal
scattering between a2 and a3 have direction a3 → a2. In order to prevent thermal noise from the input of mode a1
from contaminating the output of mode a2, and thereby reducing the purity, we should also like for scattering to be
directed towards mode a1 and away from mode a2, and therefore also require that the conditions for the a2 → a1
direction of perfect nonreciprocal scattering be met.

Matching both nonreciprocity conditions simultaneously results in a balance of cooperativities we previously referred
to as the symmetric regime, where modes a1 and a3 were said to be impedance matched. In this case, the entanglement
and purity of the output states for the (a1, a2) and (a2, a3) mode pairs are mirrored with respect to the loop phase,
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Figure 3.13: [Top] Logarithmic negativity and [Bottom] purity of the bowtie amplifier output states as a function of
the loop phase in the presence of thermal noise. Two values for the noise from the bath for mode a1 are shown:
vacuum noise n̄1 = 0 (solid), and thermal noise n̄1 = 1 (dashed-dotted line). Modes a2 and a3 only experience
vacuum noise from the bath, n̄2 = n̄3 = 0. The results shown are for the symmetric case where C12 = C23 = 0.5 and
C13 = 1, describing the joint output states of modes a1 and a2 (blue), modes a2 and a3 (orange), and modes a1 and
a3 (green). We also show the results for a BS-SMS system where n̄1 = 1 and n̄2 = 0 (dashed, red). The dashed black
line indicates both the logarithmic negativity and purity for a BS-SMS system in vacuum, C12 = 0.5, and
C13 = C23 = 0. The strength the squeezing in all cases is Cλ = 1.

as shown in Figure 3.12. Here, the cooperativities obey the balancing conditions, C12 = C23 and C13 = 1, and so the
beam splitter between modes a1 and a3 in the circuit decomposition acts to perfectly swap correlations between the
two modes:

U(1,3)
sgn(ϕ),swap ←→ Û

(1,3)
BS := exp

[
sgn(ϕ)π2

(
â†1â3 − â1â

†
3

)]
. (3.140)

The covariance matrix in the symmetric case can now be constructed using two equivalent circuit decompositions, and
since we wish to entangle the outputs of mode a1 and a2, the decompositions at the loop-phase ϕ = +π/2 are chosen:

σ▷◁,out = U(1,3)
+,swap Q(2,3) σin

(
Q(2,3)

)T(
U(2,3)

+,swap

)T

(3.141)

σ▷◁,out = Q(1,2) U(1,3)
+,swap σin

(
U(1,3)

+,swap

)T(
Q(1,2)

)T

. (3.142)

Since n̄1 ̸= 0, the input covariance matrix σin is no longer proportional to the identity matrix and so does not
trivially commute with the passive circuit elements. The result is similar to the delta amplifier, in that a high-purity
entangled state is generated between the output of modes a1 and a2, where P(1,2) = 1 can be realised provided that
the input for modes a2 and a3 corresponds to vacuum noise. While this is not technically a TMSV state, the amount
of entanglement that may be generated is still unbounded, as demonstrated in Figure 3.10.

In the symmetric parameter regime, the output of mode a3 receives all the thermal noise from the input of mode
a1, and is additionally not entangled with the other two modes. This is expected, since perfect nonreciprocity not
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only ensures that noise entering mode a1 is never scattered to mode a2, but also prevents this thermal noise from
being reflected in the output of mode a1 since the condition for blocking reflection from Eq. (3.115) is also met. With
nowhere else to go, the thermal noise must necessarily appear in the output of mode a3. Importantly, as indicated in
Figure 3.13, this noise-swapping behaviour is only observed for the appropriate loop phase ϕ = +π/2. Both E(1,2)

N and
P(1,2) decrease away from the ideal value of ϕ, with the rate of decline increasing for larger thermal fluctuations n̄1.

An important caveat is that this noise swapping scheme is only robust against thermal noise in one mode. Thermal
noise entering mode a2 cannot be rerouted for any parameter regime, as Eq. (3.115) indicates that it is not possible to
block the reflection of input noise from a2 while also generating entanglement in the system, due to the requirement
that Cλ = 0. This same limitation exists for the delta amplifier, indicating that high-purity entangled states cannot
be generated between two hot modes through the use of a single three-mode nonreciprocal amplifier. Despite this, the
ability to reroute some thermal noise will still result in an entangled state with greater fidelity than can be achieved
by the analogous reciprocal two-mode BS-SMS system in Section 3.4.2.1.

3.5 Summary and Outlook
In this chapter, we reviewed how entanglement may be defined for continuous variable Gaussian states, along with
two different ways to characterise the fidelity of entangled states: the logarithmic negativity and the more familiar
notion of purity. The former was shown to provide a measure of entanglement based on Simon’s criterion, where a
state is considered entangled if the partially time-reversed state violates the uncertainty principle, and therefore fails
to be a bona fide quantum state itself. The stronger the uncertainty condition is violated, the larger the value of the
logarithmic negativity. These quantities were used to demonstrate that, in the ideal scenario, the propagating modes
emanating from an open quantum system are pure and can realise unlimited entanglement. Dissipation of the modes
through additional loss channels, in the form of internal losses or unmonitored ports, would result in deviations from
the ideal behaviour, but for the purpose of this work, it is considered to be insignificant compared to dissipation
through the main ports, and hence has been omitted. The presence of thermal noise, however, was detrimental to
both measures, and while the entanglement could be improved by squeezing the system harder, it was not possible to
improve the purity in a two-mode system using Gaussian unitary transformations.

It was proposed that nonreciprocity could be used to handle this noise, and given that the amplifiers realise gain
through the anti-squeezing of their output fields, the two three-mode nonreciprocal amplifier configurations were
selected as test systems. This required analysing the effect of nonreciprocity beyond that of asymmetric scattering
for signal routing, which can also be realised in classical systems, and, in particular, exploring its influence on
quantum correlations and the steady-state entanglement of output fields. While it is not a priori obvious that
it should be possible to entangle outputs from two modes when signal scattering is unidirectional, we show that
this is indeed possible, provided the system is configured correctly. It was demonstrated that for both three-mode
amplifier configurations, the entanglement of the output fields depended strongly on the direction of nonreciprocal
scattering. To explain the entanglement behaviour, a heuristic picture for both systems was developed based on
matrix decompositions of the symplectic scattering matrix. This description allows for the nonreciprocal scattering to
be mapped to sequential Gaussian circuit operations, including passive beam splitters and, more importantly, single
and two-mode squeezers, which generate the necessary entanglement correlations.

The analysis revealed slight differences in the scattering behaviour between the bowtie and delta amplifiers, which
gave rise to differences in the optimum achievable entangled output states. While the delta amplifier could realise a
two-mode squeezed vacuum state, this is not possible with the bowtie amplifier. This difference can be seen as a
result of the fact that the delta amplifier is a phase-preserving amplifier, as is the open two-mode squeezer, as shown
in Section 2.3.3. The generation of a TMSV therefore stems from the ability to amplify all quadratures of the output
fields. The bowtie configuration, on the other hand, is a phase-sensitive amplifier and so is incapable of generating
a TMSV since amplification of one quadrature implies de-amplification of the orthogonal quadrature. Despite this
disparity, both amplifier configurations shared the same qualitative entangling and thermal routing behaviour.

Two interchangeable modes, labelled a1 and a3 in this chapter, were found to always form a separable pair in the
delta amplifier, whereas in the bowtie amplifier, separability only occurred at the points of perfect nonreciprocity.
The circuit picture helps us to see that, while nonreciprocity may not allow for the sharing of entangled correlations
between these two modes, they can still exchange correlations between each other. Provided that the system is
properly tuned, this exchange can be done perfectly, allowing for output correlations to be exactly swapped between
the two modes. The third mode, labelled a2, is the odd one out in these nonreciprocal amplifiers, since it can
never be engineered to exactly swap correlations with the other two modes within the loop. It was found that this
is necessary, since it is the output of this mode which can form an entangled state with the outputs of the other
two indistinguishable modes. It is the direction of nonreciprocal scattering between mode a2 and the others which
determines whether the mode pair is entangled or not: when the unidirectional transmission is directed away from
this mode, then the outputs are entangled, and when it is directed towards the output of this mode the outputs form
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a separable state. For both amplifiers, the circuit decomposition was necessary to understand this behaviour, as well
as the exact nature of the entangled state.

Finally, combining these two behaviours allows us to arrive at the key result: thermal fluctuations from a hot mode
can be directed towards the output of a cold reservoir mode, allowing for the formation of an entangled vacuum state
with the other cold mode in the amplifier loop. The hot mode and cold reservoir mode are the passively coupled a1
and a3 modes, and entanglement is generated between the hot mode and the cold a2 mode. Here, the swap of hot
thermal noise with cold vacuum noise is achieved by matching the coherent and dissipative coupling rates between
modes a1 and a3. At the same time, nonreciprocal scattering is engineered between the hot mode and the a2 mode, so
that the thermal noise from the hot mode is also blocked from the output of the a2 mode, while still allowing for the
output of these two modes to form an entangled state. Provided that the input noise for mode a2 is also vacuum noise,
then the joint output state is optimally entangled and has maximum purity. In this way, the output entanglement can
be made much more robust against thermal fluctuations when compared to a reciprocal two-mode system.

While the three-mode nonreciprocal amplifiers allow for the generation of a highly pure entangled state between
one hot and one cold mode, the same is not possible between hot modes within one loop. A possible way to entangle
the outputs of two hot modes is to use two copies of the nonreciprocal amplifiers and employ a measurement-based
entanglement-swapping protocol [31, 145, 146]. Such a scheme still relies on only one mode in the amplifier being hot,
where the other two must necessarily be cold. In order to entangle two hot modes within the same nonreciprocal
amplifier, more cold modes are required for the routing of thermal fluctuations from multiple sources. Four-mode
nonreciprocal amplifier configurations have been proposed [147], which are capable of realising the necessary routing
behaviour, allowing for the generation of a TMSV between two coupled hot modes, conditioned on the other two
modes in the amplifier being cold. However, unlike the three-mode amplifiers discussed here, there is currently no
experimental realisation of these amplifiers.

This work is relevant to the generation of stationary entanglement of itinerant low-frequency modes, where thermal
occupations can be appreciable even at cryogenic temperatures. The analysis also brings to light the possible uses of
nonreciprocity in entanglement generation. With recent interest in multipartite entanglement in quantum systems
of increasing scale, our work invites the exploration of whether engineered nonreciprocity can be a useful resource
in improving the robustness of multipartite entanglement in low-frequency modes. Beyond entanglement, there is
also interest in the applications of other uniquely quantum correlations which, while not present in classical systems,
can exist in separable, and hence unentangled, mixed quantum states. These nonclassical correlations are known
as quantum discord, and have been shown to be more robust against dissipation. It has been demonstrated that
quantum discord is a resource for certain quantum information applications [148–150], and given that a computable
measure exists for Gaussian states exists [151, 152] an analysis of the effects of nonreciprocity on quantum discord
may therefore also be of interest.
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4 Fast and Efficient Qubit Readout with an Integrated
Nonreciprocal Amplifier

For an experimental platform to be used for quantum computation, it must fulfill several criteria [153], the most
relevant of these criteria for this work is the ability to measure a qubit’s state rapidly and with a high degree of fidelity.
One of the most promising candidates for quantum computation realises qubits in superconducting systems [154–156],
where measurement of the qubit state is performed by scattering a microwave signal off a coupled readout-cavity [10,
157]. The photons from this microwave signal become entangled with the qubit state during this interaction, and
through their detection, the information about the qubit that they carry allows for the determination of its state.

Acquiring knowledge of the qubit state is therefore accomplished by detecting this microwave signal, which is
typically comprised of a small number of photons. Given the relatively low frequency of photons in the microwave
regime, the energy of each photon is correspondingly small, and hence the signal from the measurement system is
weak. Single photon measurement in the microwave regime is currently not feasible due to the low power of the
individual photons, necessitating the use of amplifiers to increase the amplitude of the signal. Since measurement
of the amplified field is not performed in the shielded cryogenic environment, where the superconducting device is
housed, but with devices operating at room temperature, the amount of environmental noise increases dramatically
as the signal moves up the measurement chain. This feeble signal must therefore go through successive stages of
amplification to ensure that it is not swamped by environmental noise as it propagates through the receiver circuit.
The amplifiers themselves add their own noise to the measurement chain and are generally reciprocal devices, and so
will reflect an amplified signal back down the measurement chain towards the qubit, resulting in unwanted qubit
backaction. To avoid this, nonreciprocal signal processing devices in the form of circulators and isolators are placed
between the amplifiers and the measurement system to prevent unwanted backwards propagation.

All of these added components come at the cost of reducing the overall measurement efficiency, which can be
defined as the ratio of qubit-state information observed to the amount of qubit-state information extracted during the
measurement. While a high-fidelity measurement can be obtained by repeating many low-efficiency measurements, this
results in a longer measurement time for superconducting quantum computing. Fast measurements are necessary in
order to implement measurement-based control protocols of the qubit, such as error-correcting codes, and measurement-
based entanglement teleportation. It is therefore paramount that the amount of added noise be kept to a minimum to
improve the efficiency of superconducting qubit measurements.

Given the delicate nature of the signal that initially comes from the cryogenic environment, the first amplifier in
this chain is chosen to be a superconducting parametric amplifier, which is ideally as close to the quantum-noise-limit
as possible [11]. Passive nonreciprocal devices must be placed between the measurement device and the first reciprocal
amplifier. These devices are, by their very nature, large and lossy, being on the order of centimeters, and are made
of ferrimagnetic materials that require the use of magnetic fields to operate. Both of these aspects inhibit their
integration with superconducting circuits, necessitating the use of additional wiring. As a result, the signal, and hence
the measurement efficiency, are significantly degraded even before the first stage of amplification.

Current state-of-the-art measurement chains replace these lossy components with highly efficient microwave
superconducting devices. Replacing these individual components with a directional nonreciprocal amplifier allows for
the signal isolation and amplification to be performed using a single device. Recent advances have seen nonreciprocal
devices connected directly to the qubit measurement cavity with corresponding increases in efficiency [30, 158];
however, the added wiring and connectors mean some additional noise is added to the measurement signal, resulting
in a corresponding reduction in the measurement efficiency.

In an attempt to overcome the intrinsic limitations on efficiency which arise due to losses which occur before
the measurement signal even reaches the first quantum amplifier, we propose a different architecture where the
nonreciprocal amplifier is co-located with the qubit, thereby improving the overall measurement efficiency by integrating
the nonreciprocal amplifier and measurement system. This project is motivated by an existing device operated by
the Advanced Microwave Photonics group from the National Institute of Standards and Technology (NIST); system
parameters are based on those that may be achieved by this device. This work comprises the theory component of
this collaboration. Our goal is to determine how to properly operate an integrated nonreciprocal amplifier in order to
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realise qubit measurement that is sufficiently amplified to protect the measurement signal from sources of noise further
up the measurement chain, and which also reduces the amount of backaction on the qubit due to the amplified noise.
Accurate calculation of the measurement backaction on the qubit, which takes the form of loss of qubit-state coherence
called dephasing, is important for any measurement system. Since the measurement backaction results in the loss of
qubit-state information, it can present a serious limitation if it significantly exceeds the rate at which we can acquire
the qubit-state information. We therefore generalise an existing method for calculating this dephasing, one which is
applicable when the state of the measurement system is guaranteed to be Gaussian. This method uses the fact that
the dynamics of such states can be characterised using their first two moments, as was shown in Section 2.2. As will
be demonstrated here, although the addition of a coupled qubit introduces a highly nonlinear element to the system,
a modified version of this moment method can still be used to calculate the state of the measurement system under
certain circumstances. Before we proceed to this new work, we will introduce the necessary theoretical background to
understand how qubit measurement is performed in superconducting systems. We will start by quantifying the two
elements required for the calculation of the measurement efficiency: the measurement rate and the dephasing rate.

4.1 Fundamentals of Qubit Measurement
4.1.1 Qubit-State Readout with Pointer States
The measurement of a microscopic quantum system requires the use of a sufficiently macroscopic system whose state
is accessible to us [10]. In order to extract information from the quantum system, the coupling to the macroscopic
system must be engineered so that, as the system evolves, the state of the macroscopic system becomes dependent on
the state of the quantum system. The macroscopic system therefore acts as a pointer, and the measurement of the
pointer state thereby allows us to acquire information about the quantum system [159]. For our purposes, the quantum
system is the qubit, and the pointer system is the coupled measurement apparatus, comprised of some number of
harmonic oscillator modes; for the physical systems under consideration, these harmonic modes are resonant modes of
a microwave field confined to a cavity. Our goal is to determine whether the qubit is in the ground or excited state,
|g⟩ or |e⟩, so the qubit-harmonic mode interaction must allow for the oscillator component of the state to become
dependent on the qubit state as the system evolves. If the qubit is initially prepared in a coherent superposition and
is initially uncoupled to the oscillator state |ψ⟩, as the measurement proceeds, the state will evolve into an entangled
qubit-harmonic mode state: (

ce |e⟩+ cg |g⟩
)
|ψ⟩ → eiδce |e⟩ |ψe⟩+ e−iδcg |g⟩ |ψg⟩ . (4.1)

The qubit-state conditioned oscillator states, |ψe⟩ and |ψg⟩, are therefore the pointer states of our system. It is
important to note that, unlike the qubit states |e⟩ and |g⟩, the oscillator system states |ψe⟩ and |ψg⟩ are not necessarily
orthogonal, and as a result, there may be some overlap between the pointer states. The larger the overlap between the
pointer states, the less certain we are about which pointer state was measured, which leads to a larger uncertainty in
our ability to infer the state of the qubit. To improve our chance of correctly discerning the qubit state, it is therefore
crucial that the overlap between the pointer states be minimised, which is achieved by ensuring that the qubit and
harmonic modes have sufficient time to interact.

This interaction, and indeed the process of measurement itself, does come at the cost of disturbing the system,
referred to as backaction. Some of this is unavoidable, like the loss of coherence that occurs in the qubit due to
the extraction of information via the entangled harmonic modes. Backaction can also arise when the observable is
not a constant of motion, that is to say, it does not commute with the Hamiltonian, which results in an increase
in the uncertainty of the observable as the system evolves. This form of backaction is avoidable, however, and
measurements which manage to evade it are termed quantum nondemolition (QND) measurements [160, 161]. A QND
measurement ensures that the pointer states are exactly correlated to their respective qubit state, as in Eq. (4.1).
It is important to note that a QND measurement only preserves the state of the qubit when it is an eigenstate of
the QND-observable, and that in all other instances, the state is collapsed randomly onto one of these eigenstates.
Subsequent measurements of a QND-observable are guaranteed to produce the same result, and the expectation value
of the observable is preserved.

Since we wish to realise a measurement of either |g⟩ or |e⟩, the QND-observable must be σ̂z = |e⟩⟨e| − |g⟩⟨g|. As a
result, the Hamiltonian can only be proportional to the σ̂z operator or the identity operator in the qubit Hilbert
space, which necessarily preserves the probabilities of the superposition in Eq. (4.1). The system Hamiltonian must
therefore be of the form Ĥr + Ĥqrσ̂z, where Ĥr and Ĥqr act solely on the harmonic mode Hilbert space. Under such
an interaction, the harmonic modes evolve under a Hamiltonian which is dependent on the state of the qubit, either
Ĥr − Ĥqr or Ĥr + Ĥqr, which will result in evolution from an initial state |ψ⟩ to one of the pointer states, |ψg⟩ or
|ψe⟩. A pictorial view of this evolution is shown in Figure 4.1.
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Figure 4.1: Time evolution of the cavity oscillator pointer states. In this picture, the oscillator is initially in the
vacuum state, where the wave-function ψ(x) is initially a Gaussian. The qubit and oscillator are coupled so that, as
time progresses, the initial vacuum state (grey) evolves into either a ground (blue) or excited (red) qubit-state
conditioned pointer state. (a) Here, we see slices of the time evolution of the wave function. The qubit-oscillator
coupling is chosen so that the oscillator state remains a canonical coherent state, and as such, still has vacuum
statistics. In this example, the qubit-state information is encoded in the position of the coherent state,
ψe/g(x) = π−1/4 exp[−(x−

√
2Re[αe/g(t)])2/2]. (b) Depicted here is the trajectory of the Gaussian Wigner functions

for the cavity pointer state, represented as error ellipses in phase space. As time progresses, both the displacement
and variance of the Gaussian Wigner functions change depending on the state of the qubit. Shown at the bottom are
the marginal distributions for the final states along the optimum measurement quadrature, showing the overlap
between the two Wigner functions; the choice of the measured quadrature is therefore important, since the marginal
distributions for both pointer states would be indistinguishable along the orthogonal axis. In both diagrams, as time
progresses, the displacement increases, resulting in a decreased overlap and hence increased distinction between the
pointer states. For physical systems, this is not always the case; for example, refer to the top right of Figure 4.2,
where this overlap does not increase monotonically with time.

During this evolution, the output from the system of harmonic modes is monitored, resulting in a time-integrated
measurement signal called the measurement operator, m̂(t). The signal-to-noise ratio (SNR) is then the separation of
the qubit-state conditioned expectation values of m̂(t), divided by the standard deviation of the signal; for ease, we
write the square of the SNR:

SNR2(t) := 1
4
|µe(t)− µg(t)|2

s2
e(t) + s2

g(t) where µσz
(t) = ⟨m̂(t)⟩σz

, s2
σz

(t) = ⟨m̂2(t)⟩σz
− ⟨m̂(t)⟩2σz

, σz = e, g. (4.2)

The variance corresponds to noise in the system, and is a combination of the variance of the Wigner functions along
with other sources of noise which may alter the variance of the output distributions. In this phase-space picture,
the pointer states of the harmonic mode system may be associated with the Wigner functions Wg and We, which
evolve along trajectories determined by the state of the qubit. The qubit state can be distinguished provided that the
overlap between the two Wigner functions is minimal, where the overlap is dependent on which axis in phase space
we choose to integrate over. As shown in Figure 4.1, the overlap is minimised with respect to one quadrature in phase
space, however, the Wigner functions are indistinguishable in the orthogonal quadrature. It is therefore necessary to
pick the appropriate measurement operator such that the SNR is maximised.

As previously stated, this measurement will necessarily result in a loss of the phase coherence for the qubit state.
This can be seen by analysing the off-diagonal element of the reduced qubit density matrix, obtained after tracing
over the harmonic oscillator degrees of freedom:

ρeg(t) = Trr

[
|ψe⟩⟨ψg|

]
e2iδcec

∗
g ≡ e2iδ ⟨ψg|ψe⟩ ρeg(0). (4.3)

The inner product between the two pointer states, 0 ≤ |⟨ψg|ψe⟩| ≤ 1, is generally complex but is bounded to be less
than one for normalised states. The argument of this inner product corresponds to a shift in the qubit frequency,
whereas the magnitude of the inner product alters the magnitude of the off-diagonal element ρeg(t). As the overlap
between the two pointer states decreases, the magnitude of this inner product decreases. While this results in a more
distinct measurement, the magnitude of the off-diagonal element necessarily decreases as well, indicating that phase
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coherence of the qubit has been lost: this process is termed measurement-induced dephasing. If the pointer states
become orthogonal, then all phase coherence is lost, and the qubit ends up in a mixed state. The definition of the
SNR in Eq. (4.2) shows that as the overlap between the pointer state decreases, there is an increase in the signal of
the measurement. These expressions provide a heuristic connection between the measurement and the dephasing: the
more distinct the measurement signal, the larger the backaction from the measurement in the form of dephasing. In
the next section, we will establish the connection between these two quantities in a more rigorous manner.

4.1.2 Intrinsic Limits on Measurement
In the same way that the SNR can be used to characterise the information gained during measurement, we can
also define a rate of dephasing, Γd(t), to quantify the loss of phase coherence in the qubit state as a result of this
measurement. As above, this is defined in terms of the off-diagonal element of the reduced qubit density matrix:

|ρeg(t)| = exp
[
−
∫ t

0
Γd(τ) dτ

]
|ρeg(0)| . (4.4)

There is an intimate relationship between these two quantities which places a fundamental upper limit on what we
can expect a measurement scheme to achieve. Specifically, the rate at which we acquire information about the qubit
state cannot exceed the rate at which information is destroyed in the qubit due to the measurement:

SNR2(t) ≤
∫ t

0
Γd(τ) dτ. (4.5)

The ratio of these two quantities can be used to define a measurement efficiency, which has an upper bound of one
when the measurement is perfectly efficient. In the case where a steady state exists for the harmonic mode system,
these quantities reach their respective steady-state rates,

Γmeas := lim
t→∞

SNR2(t)
t

and Γd := lim
t→∞

1
t

∫ t

0
Γd(τ) dτ (4.6)

where Γmeas is termed the measurement rate and Γd is the dephasing rate. In the steady state, the measurement
efficiency can then be defined as

η := Γmeas

Γd
, 0 ≤ η ≤ 1. (4.7)

Proof of the bounds in Eq. (4.7) can be found in Ref. [10] using a quantum noise approach. We will take a slightly
different approach motivated by a Bayesian interpretation of the measurement from Ref. [162], and provide a
demonstration of Eq. (4.5), which will by extension imply Eq. (4.7). This relies on the fact that the reduced qubit
density matrix must be a positive semi-definite Hermitian matrix, which means that the matrix elements must obey
the inequality

|ρeg(t)| ≤
√
ρee(t)ρgg(t). (4.8)

The left-hand side can be replaced by the time-integrated dephasing from Eq. (4.4), whereas the right-hand side is
simply the probabilities that the qubit is in the ground or excited state, which are constant for a QND measurement.
Importantly, the above inequality is also valid regardless of the realisation of the measurement. For a single realisation
of the quadrature ⟨m̂⟩, we can rewrite the above inequality as P (|ρeg(t)| | ⟨m̂⟩) ≤ P (

√
ρee(t)ρgg(t) | ⟨m̂⟩), where the

inequality is now conditional on the realisation of ⟨m̂⟩. The expressions are dependent on time, but this is omitted to
simplify the notation. By integrating over all possible realisations of ⟨m̂⟩, we retrieve the new inequality:∫

P (|ρeg(t)| | ⟨m̂⟩)P (⟨m̂⟩) d⟨m̂⟩ ≤
∫
P (
√
ρee(t)ρgg(t) | ⟨m̂⟩)P (⟨m̂⟩) d⟨m̂⟩

≤
∫ √

P (e |⟨m̂⟩)P (g |⟨m̂⟩)P (⟨m̂⟩) d⟨m̂⟩. (4.9)

A lot of new terms are introduced, so we will go through them slowly. First, in order to integrate over all realisations
⟨m̂⟩, we must integrate over the distribution P (⟨m̂⟩), which corresponds to the probability of realising a particular
value of ⟨m̂⟩ at a specific time:

P (⟨m̂⟩) := P (e)P (⟨m̂⟩| e) + P (g)P (⟨m̂⟩| g). (4.10)

Here we have introduced more variables: P (e) and P (g) are the probabilities that the qubit is in the excited or
the ground state, respectively. Since the measurement is QND, these are constant and equal to their initial values,
P (e) = ρee(0) and P (g) = ρgg(0). The distributions, P (⟨m̂⟩|σz) where σz = e, g, give the probability that ⟨m̂⟩ is
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realised given the qubit was in the state |σz = e, g⟩. Provided that the qubit is in state |σz⟩, then the harmonic mode
system is in one of the pointer states, and the probability distribution is just a marginal distribution of the associated
Wigner function for the pointer state. Assuming that the Wigner functions are Gaussian, we can write,

P (⟨m̂⟩|σz) := 1√
2πs2

σz
(t)

exp
[
−
(
⟨m̂⟩ − µσz

(t)
)2

2s2
σz

(t)

]
(4.11)

where the mean µσz
(t) and variance s2

σz
(t) are the same quantities used to define the SNR in Eq. (4.2). The definition

of the distribution P (⟨m̂⟩) given in Eq. (4.11) is therefore a weighted sum of two pointer state Wigner distributions.
On the left-hand side of Eq. (4.9), we made the replacement P (

√
ρee(t)ρgg(t) | ⟨m̂⟩) =

√
P (e |⟨m̂⟩)P (g |⟨m̂⟩), where

the distributions P (σz |⟨m̂⟩) correspond to the probability that the qubit was in the state |σz = e, g⟩ given that ⟨m̂⟩
was measured. We can invert these posterior probabilities by invoking Bayes’ theorem,

P (σz |⟨m̂⟩) = P (⟨m̂⟩|σz)P (σz)
P (⟨m̂⟩) . (4.12)

With all necessary components defined, we can simplify the right-hand side of Eq. (4.9):∫ √
P (e |⟨m̂⟩)P (g |⟨m̂⟩)P (⟨m̂⟩) d⟨m̂⟩ =

√
ρee(0)ρgg(0)

∫ √
P (⟨m̂⟩| e)P (⟨m̂⟩| g) d⟨m̂⟩

=
√
ρee(0)ρgg(0)

(
1
2

(
se(t)
sg(t) + sg(t)

se(t)

))−1/2
exp
[
−
(
µe(t)− µg(t)

)2

4(s2
e(t) + s2

g(t))

]
≤
√
ρee(0)ρgg(0) exp

[
− SNR2(t)

]
. (4.13)

Moving on to the left-hand side, this may be simplified under the assumption that the qubit dephasing resulting from
measurement is independent of the realisation of the measurement:∫

P (|ρeg(t)| | ⟨m̂⟩)P (⟨m̂⟩) d⟨m̂⟩ = |ρeg(t)|
∫
P (⟨m̂⟩) d⟨m̂⟩ = |ρeg(t)| . (4.14)

The right-hand side can therefore be replaced by Eq. (4.4). Assuming that the qubit is initially in a coherent state,
|ρeg(0)|2 = ρee(0)ρgg(0), we retrieve the expression

exp
[
−
∫ t

0
Γd(τ) dτ

]
≤ exp

[
− SNR2(t)

]
(4.15)

thereby confirming that the qubit dephases as a result of the measurement at least as fast as we can measure the state
of the qubit, as expressed in Eq. (4.5). While it should be intuitive that this relation is true, given that this chapter is
concerned with the efficiency of a novel measurement apparatus, it was important to give concrete justification for
Eq. (4.5). This section relied on an information-theoretic argument to establish this connection; in the next section,
we will demonstrate how these two quantities are related physically when performing a dispersive measurement of the
qubit.

4.1.3 Qubit Measurement in Circuit QED
4.1.3.1 Engineering Light-Matter Interactions in Circuit QED

Although the methods applied in this chapter are not restricted to a specific paradigm, as stated in the introduction,
the motivation comes from the field of superconducting circuits. Superconducting qubits and microwave photons
in superconducting circuits can be engineered to allow for a strong interaction, allowing for the realisation of qubit
control, the application of one and two-qubit gates, and, critically, fast qubit measurement [157]. These systems can
be understood through the field of circuit quantum electrodynamics (circuit QED) [163], an outgrowth of the older
field of cavity quantum electrodynamics [164]. In this section, we will provide as brief an introduction as possible to
the quantum mechanical model for the measurement setup, along with all necessary approximations involved to go
from the Hamiltonian describing the circuit model to the final light-matter Hamiltonian. We will then proceed to
show how a QND measurement of the qubit state can be performed, before finishing the introduction with a review of
the qubit measurement procedure in circuit QED.
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Circuit Quantisation
To obtain a quantum mechanical model of the superconducting circuit, we start with a well-understood classical
physical model of the system, and then, through some procedure, turn this classical system into a quantum model
through a process known as quantisation. In the standard approach to circuit quantisation [165], Kirchhoff’s laws
are used to construct a Lagrangian for the lumped-element circuit model in terms of the charge and flux variables.
Canonical momenta are then defined, and a Legendre transformation is performed to move to a Hamiltonian formalism
with canonically conjugate charge and flux variables. The canonical quantisation procedure of Dirac [166] is then
performed, and the system finally moves to the Hilbert space, yielding a pair of non-commuting charge and flux
operators. While circuit quantisation has proved to be an incredibly successful approach in describing the quantum
behaviour of superconducting circuits, the “process” of quantising a classical system is rife with technical details that
must be considered for anything beyond the simplest models. As a result, there is no single unifying procedure by
which one may quantise a system, and the procedure for quantising circuits is still a matter of debate.

Nonlinear systems have to deal with the fact that no quantisation procedure will yield a set of commutation relations
which preserves all classical Poisson bracket relations between nonlinear polynomials of conjugate variables [34]. For
nonlinear elements which give rise to periodic variables, canonical quantisation will fail since it is not possible to
define a conjugate pair of operators on such spaces [167], though the system may still be quantised using different
operators [168]. An example of this is the phase variable of the Josephson junctions, where the nonlinear dependence
of the inductance on the magnetic flux [54, 55, 169] gives rise to a potentially1 2π-periodic phase variable. Kirchhoff’s
laws may also result in systems where the conservation of charge and energy results in constraints on the variables in
the Lagrangian. In such constrained systems, the canonical variables are not independent, and so the Lagrangian is
said to be singular, meaning no Legendre transformation can be defined. Since there is no Hamiltonian description,
the system cannot be canonically quantised for a singular system using the standard method [171]. To handle this,
Dirac and Bergmann proposed their own solutions to the quantisation of constrained systems [172–174]. Recent works
in the field have taken a variety of approaches based on the geometry of the system configuration space, such as using
the related quantisation method of Faddeev–Jackiw for constrained systems [175], or starting with a Hamiltonian
description of the system to avoid dealing with the Lagrangian formalism altogether [176]. Other works have even
argued that Kirchhoff’s laws cannot be used as variable constraints when quantising superconducting circuits [177,
178]. For this work, we will ignore any such technicalities and individually quantise the linear measurement resonator
and nonlinear transmon qubit.

Linear Resonator
The first circuit component that we will consider is the linear resonator, which contains the “light” component of the
circuit QED model in the form of microwave photons. The linear resonator is effectively just a lump of superconducting
material through which electrical current flows. In principle, quantisation of the electromagnetic field depends on the
type of resonator in use [157, 165, 179, 180], however, the general approach uses the fact that the finite boundary
conditions of the resonator results in an electromagnetic field within the resonator with a discrete spectrum of normal
modes. The normal modes of this resonator may be modelled as LC-circuits, with some capacitance C and inductance
L, whose values come from the physical parameters of the superconducting material, along with the frequency of the
normal mode, ωr = 1/

√
LC. Oscillations in the electromagnetic field are a result of the current generated by the flow

of the electron condensate within the superconducting circuit. The current in the superconducting circuit can be
treated as a single macroscopic degree of freedom, which, using the LC-circuit model, generates a magnetic field in
the inductor by transferring the energy stored in the electric field of the capacitor, and vice versa. These oscillations
are harmonic in nature, leading to a simple quantisation procedure since the system is entirely linear. The resulting
Hamiltonian for the quantised LC-circuit is then simply equivalent to a quantum harmonic oscillator,

ĤLC = Φ̂2

2L + Q̂2

2C where [Φ̂, Q̂] = i. (4.16)

The canonical variables for the oscillator are the electric charge, Q̂, and the magnetic flux, Φ̂. The quantised charge
and flux operators can be expressed in terms of the creation and annihilation operators for the cavity electromagnetic
field as

Φ̂ = Φzpf(â+ â†) Q̂ = −iQzpf(â− â†). (4.17)

where Φzpf =
√
Zr/2 and Qzpf =

√
1/2Zr are the zero-point fluctuations in the magnetic and electric fields, and

Zr =
√
L/C is the characteristic impedance. The superconductivity of the circuit is essential to ensure long-lived

oscillations in the absence of any external couplings, as the resistance within the circuit would otherwise dampen
these oscillations over time.

1There is still some contention about whether the phase of the Josephson junction is a compact or extended variable [170].
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Since measurement requires that the resonator be populated with microwave photons, which must then be collected,
the ends of the resonator are capacitively coupled to external transmission lines, which will act as the input and
output ports of the resonator. Since the resonator is now an open system, the individual normal modes now have
some characteristic linewidths, which are assumed to be identical. The model of the normal modes as individual
LC-resonators only holds for frequencies which are very close to the individual resonances, and hence it must be
assumed that the system is always at these points. To this end, in order to make sure that the normal modes are
distinct and well separated, the quality factor of the resonator, Q = ω0/κ, must be large to avoid significant overlap
in the mode response functions in frequency space. Here, ω0 is the frequency between the different normal modes,
and κ = κext + κint is the mode linewidth, which is a combination of the loss rate through the monitored ports, κext,
along with additional internal losses within the circuit itself, κint. In addition, for the purpose of this section, we
assume that only one of these normal modes is close enough in frequency to couple to the superconducting qubit,
with the remainder being too far off-resonant to be physically relevant.

Transmon Qubit
While linear components are important for quantum information processing applications, true quantum computation
requires some nonlinearity in the system, even in the case of Gaussian quantum computation [98]. This is the “matter”
component of the light-matter interaction, which takes the form of an atom placed in the cavity in cavity QED,
whereas in circuit QED this is realised using a so-called artificial atom in the form of a nonlinear circuit termed a
superconducting qubit. While there are numerous ways to realise superconducting qubits [156, 181–184], motivated by
the device at hand, we will focus on the transmon qubit [185], a relative of the earlier Cooper pair box [186].

A basic requirement of all superconducting qubits is that the energy levels of the system have non-uniform spacing,
an effect achieved by the use of a nonlinear circuit, allowing for the system to be approximated by a spectrally
separated two-level system since transitions to other energy levels are highly disfavoured. This nonlinear effect is
introduced by the use of a Josephson junction, where two superconductors are separated by a thin insulating barrier.
A supercurrent can flow between these across the barrier in the form of tunnelling Cooper pairs of electrons, a
phenomenon known as the Josephson effect [54, 169]. Replacing the inductor of the LC-circuit with the Josephson
junction results in a nonlinear circuit whose quantum state can be characterised by the net-number of electron Cooper
pairs which have tunnelled across the junction, |m⟩ where m ∈ Z, referred to as charge states2 which can take positive
or negative values depending on the direction of the current flow. The Hamiltonian for this nonlinear circuit is a
combination of the charging energy for the Cooper pairs, along with a potential term from their tunnelling across the
junction,

ĤTMN =
∞∑

m=−∞

(
4EC(m− ng)2 |m⟩⟨m| − EJ

2
(
|m⟩⟨m+ 1|+ |m+ 1⟩⟨m|

))
(4.18)

where EC is the charging energy of one electron, EJ is the Josephson energy, and ng is an offset in the total charge
energy due to an external electric field. The behaviour of Eq. (4.18) is well known to be analogous to a planar
quantum rotor under a cosine potential, with the charge states taking the place of the angular momentum eigenstates.
We can therefore express the Hamiltonian in an equivalent form

ĤTMN = 4EC (n̂− ng)2 − EJ cos φ̂ (4.19)

where we can define the cosine potential in terms of the phase operator cos φ̂ := (eiφ̂ + e−iφ̂)/2. These operators have
the following definitions in the charge basis

n̂ =
∞∑

m=−∞
m |m⟩⟨m| eiφ̂ =

∞∑
m=−∞

|m⟩⟨m+ 1| e−iφ̂ =
∞∑

m=−∞
|m+ 1⟩⟨m|

with the associated commutation relations3

[eiφ̂, e−iφ̂] = 0 [n̂, eiφ̂] = eiφ̂ [n̂, e−iφ̂] = −e−iφ̂. (4.20)

2Depending on the configuration, one side of the Josephson junction may form an island of superconducting current while the other
side is connected to ground, or both sides of the junction may form superconducting islands. In the latter case, each island has some
number of Cooper pairs N1 and N2, where the quantum number m counts the difference in the number of Cooper pairs between the
two islands, |m⟩ ≡ |N1 + m, N2 − m⟩.

3It is commonly claimed in works on the transmon qubit that the bare phase operator and the charge operator are conjugate variables,
[φ̂, n̂] = i. It has been known for a long time that this relation is fallacious, and that these two operators do not in fact form a conjugate
operator pair [167]. The defectiveness of this commutation relation is evident here when taking a matrix element in the charge basis,
where the assumption that n̂ is Hermitian leads to a contradictory result: ⟨m|[φ̂, n̂]|m′⟩ = i ⟨m|m′⟩ → (m′ − m) ⟨m|φ̂|m′⟩ = iδmm′ .
Along with this, the bare phase variable is also ill-posed and leads to an unphysical uncertainty relation. The solution is to only work
with the periodic phase operators, such as the unitary operator pair defined in Eq. (4.20) [168].
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To find the eigenstates of this nonlinear circuit, it is simplest to express Eq. (4.19) in the basis of phase states, |φ⟩,
where φ ∈ [0, 2π). The resulting Schrödinger equation is then equivalent to Mathieu’s differential equation, whose
solutions are the 2π-periodic Mathieu functions [182]. They are termed the transmon states, but for convenience, we
write these eigenstates as |j⟩ where j ∈ N, and define ωj as the associated eigenenergies. The energy spectrum of this
Hamiltonian is controlled by the ratio of the charge and Josephson energies, EJ/EC . A charge qubit is realised when
EJ/EC ≪ 1 [186–188]; in this regime, the eigenstates |j⟩ become highly localised functions in the charge basis |m⟩,
and so fluctuations in charge noise coming from the external field, represented as ng, result in a loss of coherence in
the charge qubit. This effect is so severe that research into charge qubits has largely been abandoned. A transmon
qubit is realised in the opposite regime, where EJ/EC ≫ 1 [185, 189], where the lowest lying eigenstates become
highly localised in phase and are centred at the minimum of the cosine potential. Due to the high degree of phase
localisation, the eigenstates do not see the entire nonlinear potential, and can be approximated by the eigenstates of a
weakly anharmonic oscillator. In this limit, the eigenenergies of the anharmonic oscillator are independent of the
external field ng, and so the low-lying states are no longer susceptible to charge noise4. This protection comes at the
cost of a reduction in the nonlinear spacing between the lowest energy levels in the transmon, an effect which comes
into play when considering qubit measurement.

Light-Matter Interaction
Now that the models of the two main elements have been described, we can proceed to couple them. By capacitively
coupling the microwave resonator and transmon qubit, the offset charge in Eq. (4.19) is now dependent on the charging
energy of the LC-circuit, and so is replaced by an operator, ng → −n̂r, which is necessarily dependent on Q̂. Making
sure to include the free Hamiltonian of the LC-circuit, the coupled circuit Hamiltonian is

ĤTMN−LC = 4Ec (n̂+ n̂r)2 − EJ cos φ̂+
(

Φ̂2

2L + Q̂2

2C

)
where n̂r ∝ Q̂. (4.21)

Expanding the (n̂+ n̂r)2 term would reveal that the capacitive coupling has also shifted the charging energy, and
hence the fundamental frequency, of the LC-circuit. To retrieve the desired light-matter interaction between these
two elements, we first replace the LC-circuit operators with the photon-field operators, and express the transmon
component in terms of its basis states:

ĤTMN−LC = ωrâ
†â+

∞∑
j=0

ωj |j⟩⟨j|+
∑
j,j′

gj,j′ |j⟩⟨j′|
(
â† + â

)
. (4.22)

The interaction term at the end comes from the coupling n̂Q̂ which arises when expanding (n̂+ n̂r)2 from Eq. (4.21),
where the coupling energy gj,j′ = g∗j′,j is a function of numerous system parameters. The charge operator n̂ is dense
in the basis of the transmon states of ĤTMN, and so can generate any state transition. Thankfully, most of the
state transitions in Eq. (4.22) can be safely ignored based on several criteria. As the anharmonicity of the potential
decreases by increasing EJ/EC , the charge operator only strongly couples nearest neighbours, and so we can restrict
transitions to j ↔ j + 1. To explain this, we recall that the transmon behaves as a weakly anharmonic oscillator, and
so the lower transmon states can be approximated as perturbed Fock states in a region around the potential minimum.
In this regime, the charge operator can also be roughly approximated as conjugate to phase, and in analogy with
the harmonic oscillator system, begins to obey the same properties as a momentum-type operator. As with a true
weak anharmonic oscillator, the transition is strongest for nearest neighbours, ⟨j|n̂|j + 1⟩, and we expect that the
other transitions vanish entirely as EJ/EC increases, limEJ /EC→∞ ⟨j|n̂|j + k⟩ → 0 [185]. Applying the rotating-wave
approximation, we eliminate interactions which do not preserve total quanta as off-resonant, resulting in the following
Hamiltonian

ĤTMN−LC ≈ ωrâ
†â+

∞∑
j=0

ωj |j⟩⟨j|+
∑

j

gj,j+1

(
|j⟩⟨j + 1| â† + |j + 1⟩⟨j| â

)
. (4.23)

As a final step, we assume that there is still enough nonlinearity in the system to permit us to operate this system as
a qubit by restricting ourselves to two transmon states with the lowest energy. Defining the computational basis as
|j = 0⟩ := |g⟩ and |j = 1⟩ := |e⟩, we at last arrive at the Jaynes-Cummings Hamiltonian

ĤJC = ωrâ
†â+ ωq

2 σ̂z + g(â†σ̂− + âσ̂+) (4.24)

4Beyond charge noise, noise from magnetic flux is also present in such systems. Although flux noise is typically about two orders of
magnitude weaker than charge noise, it still significantly contributes to the relaxation and dephasing of transmon qubits [190, 191].
Since transmon qubits are innately susceptible to flux noise its suppression is correspondingly difficult; this has lead to the development
of new qubit architectures which are better protected against errors from both types of noise [184, 192, 193].
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where σ̂z = |e⟩⟨e| − |g⟩⟨g|, σ̂+ = |e⟩⟨g|, and σ̂− = |g⟩⟨e|. While this approximation will form the basis for the
measurement theory, in reality it is known that resonator photons will create excitations during the measurement
process, resulting in unwanted transitions within the transmon to states outside the computational subspace [185,
194, 195], a topic that will come up again when we move to the dispersive regime.

4.1.3.2 The Dispersive Regime

In order to perform efficient qubit-state measurement, it is a requirement that σ̂z be a QND-observable of the system
Hamiltonian, a property which is not, on the face of it, obeyed by the Jaynes-Cummings Hamiltonian in Eq (4.24). It
is, however, possible to bring the Jaynes-Cummings into a regime where σ̂z becomes a QND-observable of the effective
Hamiltonian; this is known as the dispersive regime. In the dispersive regime, the detuning between the qubit and
resonator, ∆ = ωq − ωr, is much larger than the coupling strength, |∆| ≫ g [47]. As a result of this large detuning,
the exchange of excitations between the qubit and resonator is highly disfavoured, and the two only interact via
virtual photon processes; in the absence of particle exchange, the qubit effectively no longer experiences transitions
between its excited and ground state. Since the qubit state is now conserved, σ̂z is a conserved quantity of the
effective dispersive regime Hamiltonian, and so measurement of the qubit state is QND.

To bring ĤJC into the dispersive regime, we must first diagonalise the Jaynes-Cummings Hamiltonian. This is
possible because a Jaynes-Cummings interaction preserves the total number of quanta in the system, and so the
diagonalisation can be performed on the individual subspaces. Writing the qubit-resonator state as |qubit, resonator⟩,
each of these subspaces consists of two states with total quanta n, |e, n− 1⟩ and |g, n⟩, with the exception of the
ground state |g, 0⟩. Restricting Eq. (4.24) to the two-state subspace, the occupation of the resonator becomes a fixed
parameter, so the Hamiltonian now takes the form of a two-level system, Ĥn = (ωr + 1/2)n+ ∆σ̄z/2 + g

√
nσ̄x [196].

In this subspace, |e, n− 1⟩ and |g, n⟩ correspond to the excited and ground states, respectively, with corresponding
spin-operators σ̄z and σ̄x. This Hamiltonian is diagonalised through a rotation of the σ̄z eigenstates using the
unitary operator Ûn = exp[−iθnσ̄y/2] where the angle of rotation is θn = arctan(2ε

√
n), and ε = g/∆. To write this

unitary operator in terms of the original qubit-resonator operators, we have to replace n with an operator N̂ which
counts the total quanta, and the spin-operator σ̄y with a suitable operator which acts on the full state space using√
nσ̄y → i(â†σ̂− − âσ̂+). The set of unitary operators Ûn can now be collected into a single unitary operator acting

on the full system [197]:

ÛD = exp
[
Λ(N̂)

(
â†σ̂− − ââ†

)]
where Λ(N̂) =

arctan
(
2ε
√

N̂
)

2
√

N̂
and N̂ = â†â+ |e⟩⟨e| . (4.25)

The operator N̂ corresponds to the total number of quanta in the system, and so commutes with the original
Jaynes-Cummings Hamiltonian since this is a conserved quantity. This unitary operator brings the Jaynes-Cummings
Hamiltonian to the following dressed form:

ĤD = Û†DĤJCÛD = ωrâ
†â+ ωq

2 σ̂z −
∆
2

(
1−

√
1 + 4ε2N̂

)
σ̂z. (4.26)

The ground state of the dressed Hamiltonian is unchanged, while the remainder of the dressed eigenstates can be
written as follows [164]:

|g, n⟩ = cos(θn/2) |g, n⟩ − sin(θn/2) |e, n− 1⟩ |e, n− 1⟩ = sin(θn/2) |g, n⟩+ cos(θn/2) |e, n− 1⟩ . (4.27)

When the qubit and resonator have similar frequencies, ∆ ∼ 0, the dressed states are highly entangled combinations
of the bare qubit and resonator states. Since the qubit states are not well-defined, the measurement of the qubit
state is naturally not QND. As previously stated, for the purposes of measurement and general quantum information
processing, we want to work in the dispersive regime, where the qubit-resonator detuning is much larger than
the coupling strength, |∆| ≫ g. Expanding the square root in Eq. (4.26), and truncating higher order terms in
ε = g/∆≪ 1, we retrieve the dispersive Hamiltonian:

Ĥdisp = ωrâ
†â+ ω̃q

2 σ̂z + χâ†âσ̂z where χ = g2

∆ , ω̃q = ωq + g2

∆ . (4.28)

Before we consider using this Hamiltonian as a model for our qubit measurement, we have one final constraint
to consider: the dispersive regime ensures that the original angle θn = arctan(2g

√
n/∆) is now approximated by

θn ≈ 2g
√
n/∆. In order to ensure that the qubit state is well-defined, we require that θn ≪ 1, an assumption that can

be broken even in the dispersive regime if the resonator occupancy is too large. The maximum allowable value of the
photon occupancy must therefore be well below a certain critical photon number so that the entanglement between
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the qubit and resonator is guaranteed not to be too strong, n ≪ ncrit = ∆2/4g2. This criterion is also necessary
to ensure that any virtual interactions between the resonator and higher energy levels of the transmon qubit are
negligible; the necessity of this requirement is apparent if we had instead first applied the dispersive approximation to
the generalised Jaynes-Cummings Hamiltonian in Eq. (4.23), which contains couplings between the different energy
levels of the transmon [185, 198].

Up to this point, we have conspicuously ignored the fact that these elements are all open-quantum systems, so
to more accurately model the open system, the coupling between the system and collective environment should be
included in the form of a system-bath Hamiltonian. For the microwave resonator, as mentioned previously, this
consists of external losses through the monitored transmission lines, which are desirable for measurement, as well as
internal losses, which can arise due to unmonitored ports or defects in the material. These internal losses will result
in inefficiencies in the measurement, but for the purpose of this work, they are assumed to be negligible compared to
the external losses necessary for measurement. For the transmon qubit, there are numerous sources of loss, which can
originate from the wiring, imperfections in materials, and extrinsic sources of noise, among others. The collective
effect is energy relaxation and loss of state coherence, which results in an overall decrease in the lifetime of the qubit
state, however, advances in engineering and fabrication are leading to steady improvements over time [156]. The
system-bath Hamiltonians used to model all of these processes are not unchanged when moving to the dispersive
regime, where the formerly independent system-bath couplings of the resonator and qubit become intertwined [197].
Deriving an effective qubit master equation in this regime allows one to see that the qubit relaxation time becomes
dependent on the photon loss rate, κε2, which is a result of qubit decay through the resonator loss channel, known as
the Purcell effect [199]. These corrections are at least quadratic in ε, and so their inclusion leads to a breakdown in
the QND nature of the physical model. In this work, these correction terms are taken to be weak, and so they are
safely ignored.

4.1.3.3 Backaction from the Dispersive Shift

Now that we are operating in the dispersive regime, σ̂z finally commutes with the dispersive Hamiltonian Ĥdisp, and
so measurement of the qubit will be QND. In a dispersive measurement, the dispersive coupling in Ĥdisp results in a
shift of the resonant frequency of the harmonic mode conditioned on the state of the qubit, (ωr + σzχ)â†â, where
σz = ±1. To acquire this information, the resonator is populated with photons, resulting in a displaced state within
the resonator. Using the measurement description from Eq. (4.1), as the system evolves and the resonator extracts
the qubit information, this state will evolve depending on the state of the qubit, either under Ĥdisp,e = (ωr + χ)â†â
or Ĥdisp,g = (ωr − χ)â†â, into one of two coherent pointer states, |αe⟩ or |αg⟩, respectively. In phase space, the
dispersive Hamiltonian corresponds to a rotation of the state about the origin, and therefore if we rotate at the
resonant frequency of the oscillator ωr, the action of Ĥdisp,e and Ĥdisp,g will correspond to rotations in opposite
directions. The dispersive shift therefore only results in a difference of phase between the two pointer states, and so
their displacement vectors must necessarily have the same magnitude in phase space. As a result, for arbitrary time,
the coherent pointer states can be expressed as |αe⟩ = |eiθα⟩ and |αg⟩ = |e−iθα⟩.

The QND nature of the measurement also results in a minimisation of the qubit dephasing during measurement.
Since the virtual interaction results in no energy exchange between the resonator and qubit in our idealised model,
there is no backaction resulting from the qubit absorbing photon energy. There is still backaction on the qubit from
the dispersive measurement in the form of a frequency shift, often called an ac-Stark shift, and qubit dephasing. The
qubit frequency shift is a result of the non-zero photon occupation in the resonator, and can be inferred from the
dispersive coupling, (ω̃q/2 + χ⟨â†â⟩)σ̂z. The dephasing results from the same interaction, and can be understood as
a broadening of the qubit-linewidth resulting from resonator photon number fluctuations in the form of shot noise
[200–203], which translates to an increase in qubit-state fluctuations and a corresponding loss of coherence.

We know that the qubit dephasing is related to the overlap of the pointer states through Eq. (4.3); assuming that
these pointer states are the two coherent states above, we can express this overlap as |⟨αe|αg⟩| = e−|α|

2(1−2 cos(2θ)). In
the steady-state, the rate of dephasing of the qubit is then Γd ∝ |α|2 sin2(θ). This confirms the expectation that the
dephasing increases as the pointer states become more distinguishable through a larger photon occupation |α|2, and
phase separation θ. Calculating the measurement rate is another matter, since it is acquired not from the intracavity
resonator state, but from the measured output field.

4.1.3.4 Measurement of the Output Signal

The output signal from the transmission line must pass through the entire chain of off-chip devices before being
measured. The effects of this measurement chain on the output signal differ depending on the setup and conventions
used when defining certain quantities, such as the measurement rate. These details are not pertinent for this theoretical
work, and so the description will be in broad brushstrokes. We start with the output resonator field, which can be
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obtained using standard input-output theory, âout(t) = √κextâ(t) + âin(t) + √κintb̂(t), where the b̂(t) operator is
included to account for any additional noise introduced due to internal loss channels, which we assume to be Gaussian
white-noise processes. Each element of the measurement chain has a characteristic bandwidth, which is assumed to be
larger than the bandwidth of the initial output field. The effect of the measurement chain on the signal bandwidth
can be gathered into a single filter function, which is convolved with the signal of the output mode:

âf (t) =
∫ ∞
−∞

f(t− τ) âout(t) dt. (4.29)

The filter is assumed to be a normalised function over the entire time domain, a requirement which must be met in
order to preserve the canonical commutation relation for the filtered output fields, [âf (t), â†f (t)] = 1. This allows for
the definition of position and momentum-like quadratures for the filtered output field,

q̂f = 1√
2

(
â†f + âf

)
p̂f = i√

2

(
â†f − âf

)
. (4.30)

At the end of the measurement chain, the output signal is transformed into a voltage signal with a characteristic
amplitude and phase, which can be parametrised in terms of the in-phase and quadrature component operators, Î
and Q̂, respectively. These signals can be expressed in terms of the filtered output fields, along with additional noise
arising from the measurement chain. Definitions of the component operators vary, and in some cases are treated as
oscillating functions of q̂f and p̂f . For simplicity, we assume that we are in a rotating frame where the component
operators are treated as fixed combinations of the time-dependent output fields, and define the operators as follows:

Î(t) = V [cos(ϕ)q̂f (t) + sin(ϕ)p̂f (t)] + V̂noise,I(t) Q̂(t) = V [cos(ϕ)p̂f (t)− sin(ϕ)q̂f (t)] + V̂noise,Q(t). (4.31)

The voltage amplitude V of the signal is dependent on all prior components in the measurement chain, both passive
and active, and so is a function of the gain of the amplifiers, transmittance of the circulators, losses from these
components, and other parameters from the numerous signal-processing devices. The operators V̂noise,I/Q(t) represent
the collective added noise from these off-chip components. The commutator of this noise can be inferred from the
fact that the in-phase and quadrature component operators represent orthogonal components of an electromagnetic
field, and so must form a pair of canonically conjugate variables, [Î(t), Q̂(t)] = i. The measured signal is a weighted
combination of these two operators, integrated over the course of the measurement, and can be represented by the
measurement operator:

m̂(t) :=
∫ t

0

(
wI(τ)Î(τ) + wQ(τ)Q̂(τ)

)
dτ. (4.32)

The weight functions, wI = ⟨Î⟩e − ⟨Î⟩g and wQ = ⟨Q̂⟩e − ⟨Q̂⟩g, correspond to an additional final filter applied to the
measurement signal to ensure that the qubit-state information acquired is maximised [204, 205]. For example, if the
qubit information acquired by the pointer states is found entirely in Î, then no part of Q̂ will be measured since
the mean is independent of the qubit state, and so no unnecessary signal is recorded in the measurement. Looking
at this from the I − Q phase space, the axis defined by the integrand, wI(τ)Î(τ) + wQ(τ)Q̂(τ), is always the one
which contains the largest displacement between the two pointer states, thereby maximising the distinction during
the measurement. This definition also ensures that the weights are larger when the pointer states are more easily
distinguished, and so these contribute more to the entire integral. Finally, this definition ensures that the signal at
long times is given minimal weight, which is necessary since the qubit relaxes during the measurement, resulting in a
gradual loss in the distinguishability of the pointer states [163]. With the measurement operator defined, we can
finally rewrite the SNR in Eq. (4.2) in terms of a physically meaningful variable,

SNR2(t) := |⟨m̂(t)⟩e − ⟨m̂(t)⟩g|2

⟨m̂2
N (t)⟩e + ⟨m̂2

N (t)⟩g
where m̂N (t) = m̂(t)− ⟨m̂(t)⟩σz , σz = e, g. (4.33)

In this work, we will apply several approximations to the measurement operator in Eq. (4.32); these assumptions
will serve to maximise the above SNR, and so by invoking them we will obtain the maximum amount of qubit
information allowed by theory. The first assumption is that internal losses in the resonator are minimal, and so the
only contribution to the cavity linewidth comes from coupling to the transmission line; this ensures that all qubit
information extracted by the resonator is collected through the output port, and none is lost due to internal losses.
In addition, we assume for simplicity that the measurement chain has infinite bandwidth, meaning that the filter
function in Eq. (4.29) is a Delta distribution, and so the filtered output can be replaced by the usual output operators
in all subsequent definitions. Additionally, we assume that the added noise corresponds to Gaussian white-noise
processes, which are uncorrelated with the output quadrature operators. As a result of this final assumption, the
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expectation values of the off-chip noise operators are zero, ⟨V̂noise,I/Q(t)⟩ = 0, and so their presence does not reduce
the measurement efficiency by degrading the signal component of the SNR in Eq. (4.33). By assuming that this
off-chip noise is uncorrelated with the output quadratures, the noise component of the SNR is therefore the sum of
two components: the noise from the output signal and the noise of the off-chip components.

Assuming that the qubit relaxation time is far longer than the duration of the measurement, and that a steady state
exists for the system, in the long-time limit of the measurement, the component operators will also reach a steady
state. In this regime, the integrand in Eq. (4.32) converges to a constant value, and the square of the SNR scales
linearly in time as a result. This motivates the definition of a steady-state measurement rate, as was done in Eq. (4.6).
A new time-independent representation of the measurement operator M̂(t) is now required. This can be defined using
the steady-state value of the output fields, which correspond to the Fourier-transformed output operators, q̂out[ω] and
p̂out[ω], at the resonance frequency of the system. Combining the various phases from Eqs. (4.31) and (4.32), and
moving to the frequency domain, the steady-state measurement operator can be expressed entirely in terms of the
output field quadratures:

M̂ [ω] = cos(ϑ) q̂out[ω] + sin(ϑ) p̂out[ω]. (4.34)

The trigonometric functions of the angle ϑ are the normalised weight functions for this time-independent measurement
operator5, which may be constructed analogously to those used in the definition of the time-dependent measurement
operator from Eq. (4.32):

cos(ϑ) = wq[ω]√
wq[ω]2 + wp[ω]2

sin(ϑ) = wp[ω]√
wq[ω]2 + wp[ω]2

, (4.35)

where,
wq[ω] = ⟨q̂out[ω]⟩e − ⟨q̂out[ω]⟩g wp[ω] = ⟨p̂out[ω]⟩e − ⟨p̂out[ω]⟩g. (4.36)

The off-chip noise operators, V̂noise,I/Q, have been ignored in this definition of the measurement operator, but their
effect on the measurement will not be omitted. The collective noise from these off-chip sources can be collected into a
constant number of added photons, n̄add, which is independent of the qubit state. With this definition, and assuming
that the cavity resonance is ωr, the steady-state measurement rate is:

Γmeas = lim
t→∞

SNR2(t)
t

= |⟨M̂ [ωr]⟩e − ⟨M̂ [ωr]⟩g|2 /4
S̄MM,e[ωr] + S̄MM,g[ωr] + 2n̄add

. (4.37)

Where |⟨M̂ [ωr]⟩e − ⟨M̂ [ωr]⟩g|2 now corresponds to the measurement signal, and the standard deviation in the SNR
has been replaced with the symmetrised output noise-power of the resonator:

S̄MM,σz
[ω] = 1

2

∫ ∞
−∞

〈
(M̂(t)− ⟨M̂(t)⟩σz

) (M̂(0)− ⟨M̂(0)⟩σz
) + (M̂(0)− ⟨M̂(0)⟩σz

) (M̂(t)− ⟨M̂(t)⟩σz
)
〉

σz

eiωt dt (4.38)

= 1
2

∫ ∞
−∞

〈
(M̂ [ω]− ⟨M̂ [ω]⟩σz ) (M̂ [ω′]− ⟨M̂ [ω′]⟩σz ) + (M̂ [ω′]− ⟨M̂ [ω′]⟩σz ) (M̂ [ω]− ⟨M̂ [ω]⟩σz )

〉
σz

dω′,

where the Fourier transform of an operator is defined in Eq. (2.92).

4.1.3.5 Qubit Readout in the Dispersive Regime

We are now in a place where we can examine how well the standard dispersive measurement setup, comprising a
single qubit and resonator cavity, measures the state of the qubit by characterising the time-dependent SNR as well
as the steady-state measurement rate. In order for the cavity state of the resonator to acquire qubit information, its
state must be displaced, which is achieved by the addition of a drive term to the dispersive measurement setup. The
effects of the transmission line are included through the addition of a dissipation channel to the cavity. Applying
the Born-Markov approximation when modelling the transmission line, and working in the frame-rotating with the
applied drive, the system can be modelled by the following Lindblad master equation [206]:

d

dt
ρ̂ = −i[Ĥs, ρ̂] + κD[â](ρ̂) where Ĥs = ∆râ

†â+ ω̃q

2 σ̂z + χâ†âσ̂z +
(
ϵ(t)â† + ϵ∗(t)â

)
, (4.39)

5A caveat: while these weights will maximise the signal component of the measurement rate, it is not guaranteed that they will necessarily
maximise the measurement rate overall for every set of parameters. If the noise along the quadrature with maximum signal is sufficiently
amplified, then it may decrease the measurement rate enough that the measurement of another quadrature will yield a higher value for
the measurement rate. For the systems under consideration here, this edge case is not relevant, and so these weights are always used.
This will not be an issue if the noise is identical along every possible measurement quadrature.
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where ∆r = ωr − ωd is the cavity-drive detuning. The loss channels for the qubit are omitted for the moment since
they do not impact the dephasing induced by the measurement, but will be included when a more general method for
dephasing calculations is introduced in Section 4.2.1. In the absence of any squeezing or thermal noise, the pointer
states start as the vacuum state |0⟩, and gradually evolve into their corresponding canonical coherent states, |αe(t)⟩
and |αg(t)⟩. The time evolution of the field amplitudes can be determined by calculating the time evolution of the
expectation values ασz

= ⟨â⟩σz
, where σz = e, g, using Eq. (2.45). The Hamiltonian can be split into a resonator-only

and qubit-resonator component, Ĥs = Ĥr + Ĥqrσ̂z, where Ĥqr = χâ†â. The effective Hamiltonian governing the
evolution of each pointer state is then dependent on the state of the qubit, ⟨σ̂z⟩ = ±1, so Ĥs = Ĥr + Ĥqr when the
qubit is in the excited state, and Ĥs = Ĥr − Ĥqr when it is in the ground state. The dynamical equations can now be
obtained for the field amplitude of the pointer states, which evolve independently of one another,

d

dt
αe(t) =

(
−κ2 − i(∆r + χ)

)
αe(t)− iϵ(t) d

dt
αg(t) =

(
−κ2 − i(∆r − χ)

)
αg(t)− iϵ(t). (4.40)

As we have established, the SNR as well as the accumulated dephasing are related to the intracavity field of the
pointer states directly through the relations [205]:

SNR2(t) = κ

2

∫ t

0
|αe(τ)− αg(τ)|2 dτ

∫ t

0
Γd(τ) dτ = 2χ

∫ t

0
Im[αg(τ)α∗e(τ)] dτ. (4.41)

This expression demonstrates that the SNR increases as the distance between the coherent pointer states increases; in
the absence of added photons, the noise contribution of the SNR will always be that of a vacuum state. Using the
differential equations in Eq. (4.40), the expressions for the SNR and dephasing can be shown to be equivalent when
using the optimal weights for the SNR [205]. Before the introduction of off-chip noise, the maximum efficiency of the
measurement is therefore one, η = 1, and so the rate at which qubit information is destroyed by the measurement is
equal to the rate of an optimal measurement.

This does not mean that any choice of parameters will lead to the best measurement. The innate relaxation and
dephasing of the qubit as also present and will destroy the qubit state over time, meaning that the measurement should
proceed as quickly as possible. To see how the parameters of the system affect the timescale of the measurement, we
will solve the cavity amplitudes in the steady-state, and so assume that the drive takes a constant value, ϵ(t)→ ϵ.
The steady-state response is simply:

αe/g = −ϵ
(∆r ± χ)− iκ/2 or

∣∣αe/g

∣∣ = ϵ√
(κ/2)2 + (∆r ± χ)2

, arg(αe/g) = arctan
(

∆r ± χ
κ/2

)
. (4.42)

The detuning between the drive and cavity strongly affects the amplitude and phase of the intracavity fields. If
this detuning is large, the result is a very small field amplitude, resulting in very weak entanglement between the
resonator and qubit; the measurement rate, and hence dephasing, are very small in this regime and so it is optimal
for situations where the minimal decoherence of the qubit state is desired, such as the application of qubit gates
[207]. For the purposes of measurement, the opposite regime is chosen, where there is no detuning ∆r = 0. In this
case, the pointer states are rotated by the dispersive shift in opposite directions, with identical field amplitude. The
steady-state measurement and dephasing rates are then,

Γmeas , Γd = 2 |ϵ|2 χ2κ

(κ2/4 + χ2)2 = 16 |α|2 χ(2χ/κ)
(1 + (2χ/κ)2)2 . (4.43)

As we can again see, in the ideal case where there is no off-chip noise, the measurement is perfectly efficient since
both rates are identical, Γmeas/Γd = 1. The measurement rate is controlled by the amplitude of the drive field, |ϵ|2,
and the ratio of the dispersive coupling with the cavity loss rate, χ/(κ/2). Populating the cavity with more photons
by increasing |ϵ|2 will increase the coupling between the qubit and cavity, as well as the strength of the output signal,
naturally resulting in a faster measurement. This improvement is not without limits, as this increases the intracavity
photon population of the resonator, eventually resulting in a breakdown of the model when approaching the critical
photon number ncrit. In this regime, there is stronger entanglement between the resonator and qubit, resulting in
a breakdown of the dispersive approximation and an increase in energy exchange between the qubit and resonator.
The stronger interaction will also result in a non-negligible increase in the transition rate to higher transmon states,
so we can no longer approximate the transmon as a two-level system. Both processes cause the measurement to be
non-QND and hence reduce the efficiency of the measurement scheme.

The ratio χ/(κ/2) can be seen as balancing two rates: χ, which represents the rate at which a photon can acquire
qubit information, and κ/2, which corresponds to the lifetime of a photon created in the cavity before it decays
through the output port. The measurement rate is maximised when these two rates are perfectly balanced, and so
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Figure 4.2: [Top] Steady-state intracavity fields for the excited (red) and ground (blue) pointer states, with
accompanying paths traced by the Wigner functions in phase space. The error ellipses correspond to vacuum noise.
The drive amplitude is fixed at ϵ =

√
κ and the dispersive coupling is set to χ/2π = 2.5 MHz. Three regimes are

displayed, (A) 2χ/κ = 1/4, (B) 2χ/κ = 1 , and (C) 2χ/κ = 10, with corresponding points marked in the bottom left
plot. [Bottom left] Steady-state dephasing and measurement rate, Γd and Γmeas, plotted as a function of 2χ/κ, where
the drive amplitude is set to ϵ = −

√
κ. [Bottom right] Marginal probability distributions of the excited (red) and

ground (blue) qubit-state conditioned pointer states with respect to the measurement operator m̂. The signal
component of the SNR corresponds to the distance between the means of the marginal distributions, while the noise
corresponds to the standard deviation of the Gaussian. Marginal distributions can be obtained by integrating the full
Gaussian Wigner functions. This diagram is inspired by a figure in Ref. [157].

χ/(κ/2) = 1 [206, 208]. As shown in Figure 4.2, the measurement rate will decrease as one rate starts to dominate
the other. In the regime where χ ≪ κ/2, the lifetime of the photon in the cavity is too short to acquire enough
qubit information before it exits through the output, evidenced by the minimal difference in the relative phase of the
pointer states. The reason for the decrease in the χ≫ κ/2 regime is more subtle. Here, the increase in the decay rate
results in a large variance in the average photon lifetime within the cavity compared to the time it takes to acquire a
discernible phase shift due to the dispersive coupling; this increase in the photon variance results in an increase in the
uncertainty of the measurement, decreasing our ability to determine the state of the qubit. The measurement rate can
also be increased by keeping χ/(κ/2) fixed, and increasing the value of the dispersive shift χ. An increase in χ also
has limits, since higher-order interactions will need to be included when expanding the Jaynes-Cummings Hamiltonian
in the dressed frame. Given that the critical photon number decreases with increasing χ, ncrit = ∆/4χ, the dispersive
model will at some point no longer hold as the allowable upper limit on the intracavity photon population decreases.

While this measurement is perfectly efficient in the ideal case, the amount of added off-chip photons significantly
increases the noise in the SNR and measurement rate beyond vacuum noise. Since the increase in the signal strength
is limited by the model, the efficiency necessarily suffers, but the inclusion of a directional amplifier as the first
component of the measurement chain can help to improve this efficiency [17, 30]. Integrating the amplifier with the
qubit in an attempt to improve the efficiency even further is the next step, however, this integration comes at the
cost of additional dephasing beyond the measurement rate [209]. In this case, the pointer states are no longer pure
coherent states, and so do not satisfy the assumptions used to characterise the dephasing in this section. To calculate
the dephasing for the significantly more complicated setup involving a nonreciprocal amplifier, we will use a method
based on the properties of Gaussian distributions in the Wigner phase space, which will be introduced in the next
section.
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4.2 Gaussian Moment Method For Calculating Measurement Backaction
In order to accurately characterise the efficiency of the qubit-state measurement, it is critical to be able to calculate the
qubit dephasing that results from the backaction of the coupled harmonic modes which form the on-chip measurement
apparatus. While calculating the SNR or measurement rate is straightforward, the dephasing is another matter. In
practice, this calculation involves solving the dynamics of the coupled harmonic modes and then tracing over their
Hilbert space; this process will also allow us to calculate the qubit frequency shift. One popular method involves
applying a polaron-type transformation to move to a dressed displaced frame where the oscillator pointer states
appear as vacuum states [197, 206]. Tracing over the harmonic mode Hilbert space is simple in this displaced frame,
and after finally transforming back to the lab frame, the added dephasing from the harmonic modes will then appear
in the reduced master equation for the qubit. While this method is exact, it is limited for two reasons: the polaron
transformation becomes significantly more complicated upon the inclusion of squeezing, and it is unable to handle
thermal states.

A more tractable approach uses the characteristic function of the Wigner phase-space representation for Gaussian
states. Here, the dynamics of the harmonic mode state can be entirely described using the equations of motion for
the moments, and the trace over the Hilbert space becomes a phase-space integral of a Gaussian distribution. This
method has been used to solve for the dephasing and frequency shift for dispersively coupled single-mode systems
in the presence of driven vacuum noise [202], thermal noise [210], and single-mode squeezing [209], in addition to
measurement setups with a different dispersive qubit-harmonic mode coupling [211, 212], and measurements which are
approximately QND only at short times [213]. This section aims to demonstrate how this phase-space moment method
can be extended to multimode systems coupled to a single qubit. This method can also be applied to multimode
dispersive measurement [214], longitudinal measurement [207, 215, 216], and any other measurement schemes [217]
which obey the properties to be discussed in the next section.

4.2.1 Gaussian Master Equations
4.2.1.1 Scope of the Method

The use of the moment method places certain constraints on the allowable form of the master equation that may
be used to model the system. In order to detail what interactions are allowed, we start by expressing the master
equation for the joint qubit-harmonic mode density operator ρ̂ as a sum of three Lindblad super-operators,

d

dt
ρ̂ =

(
Lr + Lq + Lqr

)
(ρ̂) (4.44)

where Lr represents the open system dynamics for the harmonic modes, Lq is the open system dynamics for the qubit
only, and Lqr comprises the interacting terms between the qubit and the harmonic modes. The joint qubit-harmonic
mode density operator can be written as follows in the basis of the excited and ground states of the qubit, |e⟩ and |g⟩,
respectively:

ρ̂ = ρ̂ee |e⟩⟨e|+ ρ̂gg |g⟩⟨g|+ ρ̂eg |e⟩⟨g|+ ρ̂ge |g⟩⟨e| ≡
(
ρ̂ee ρ̂eg

ρ̂ge ρ̂gg

)
(4.45)

where ρ̂ge = (ρ̂eg)†. Tracing over the qubit Hilbert state will return a harmonic mode state which corresponds to the
sum of the two pointer states, ρ̂ee + ρ̂gg, which is guaranteed to be a true density operator. As a result, the Wigner
function associated with ρ̂ee + ρ̂gg is guaranteed to always be a real-valued function, where integrating over the entire
phase space returns a value of one. By definition, the same is not true for the off-diagonal elements, ρ̂eg and ρ̂ge, which
in general are not properly normalised Hermitian operators. As a result, their respective Wigner quasiprobability
distributions (QPDs) correspond to complex functions which are not properly normalised, and so integrating these
functions over the entire phase space will yield complex numbers. As will be seen later in this section, this is required
if we are to calculate the backaction of the measurement on the qubit, where the magnitude of this complex number
will yield the induced dephasing, and the phase will correspond to a measurement-induced shift of the qubit frequency.

Although it may seem counter-intuitive to talk of a complex-valued Wigner QPD, this to be expected when dealing
with non-Hermitian operators; the Wigner distribution for the annihilation operator â = (q̂ + ip̂)/

√
2 is of course a

complex-valued function in the phase space with real-valued q-p quadrature coordinates. Additionally, the Wigner
QPDs for ρ̂eg and ρ̂ge will always be integrable over the entire phase space. This is a result of the fact that Eq. (4.45)
must still be a positive semi-definite matrix even after integrating over the resonator degrees of freedom, Trr[ρ̂] ≥ 0.
This demand therefore results in the following inequality, |Trr[ρ̂eg]|2 ≤ Trr[ρ̂gg]Trr[ρ̂ee]. Since both ρ̂ee and ρ̂gg

correspond to true density operators upon proper rescaling, their phase-space integrals always converge to some
positive finite value which is equal to their trace, 0 ≤ Trr[ρ̂gg],Trr[ρ̂ee] ≤ 1. As a result, the integral of the Wigner
QPD for ρ̂eg over the entire phase space must converge since |Trr[ρ̂eg]|2 will always take some positive finite value.
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We can rest assured that mapping ρ̂eg to the Wigner phase space is a sensible operation and that we can define
equations of motion for the resulting Wigner QPD. To use the moment method to calculate the dynamics of the
harmonic mode components of Eq. (4.45), it is necessary that the elements have the following property:

• The operator ρ̂jk, j, k ∈ {e, g}, can be described entirely by its first and second moments, along with its norm.

For ρ̂ee and ρ̂gg this condition means that their Wigner QPDs will be non-normalised real-valued Gaussian distributions,
whereas ρ̂eg and ρ̂ge map to non-normalised complex Gaussian distributions. In order for these components to remain
Gaussian for all time, the initial state must naturally obey this condition, and the system dynamics must preserve
it. This will constrain the different terms that can be included in the Lindbladian, which must also conform to the
following conditions:

• The component of the dynamics acting on the harmonic modes, present in the super-operators Lr and Lqr,
must be Gaussian channels, as discussed in Section 2.2.2.

• The only qubit operator that may be present in the super-operators Lq and Lqr is the spin-z operator, σ̂z. If
this is not the case, then the elements ρ̂jk will couple to one another, and the resulting operator cannot, in
general, be characterised by its first two moments.

The second property is necessary not just for the mathematical machinery to work, but as discussed in Section 4.1,
was also a requirement for the measurement of the qubit state to be QND. We can see that if the measurement fails to
be QND that the dynamics of the pointer state density operators, ρ̂ee and ρ̂gg, will be coupled, whereupon the pointer
states become superpositions of two Gaussians and are no longer uniquely dependent on the ground or excited state
of the qubit. Since the sum of two nonidentical Gaussian distributions does not result in a Gaussian distribution, the
resulting states cannot be characterised by only the means and covariances, and so the moment method is incapable
of handling them. These two properties are therefore inextricably linked.

4.2.1.2 General Form of the Master Equation

Using these two conditions, we can provide general expressions for the Lindblad master equation. Since the component
of the dynamics acting purely on the harmonic modes must correspond to a Gaussian channel, the form of the
Lindbladian Lr comes directly from Section 2.2.2:

Lr(ρ̂) = −i[Ĥr, ρ̂] +
2N∑

j,k=1
Γjk

(
r̂kρ̂r̂j −

1
2 [r̂j r̂k, ρ̂]+

)
(4.46)

where the Hamiltonian Ĥr is at most a quadratic polynomial of the quadrature operators. Since the Lindbladian
containing the purely qubit dynamics, Lq, can only depend on σ̂z, it only comprises one coherent and one dissipative
process:

Lq(ρ̂) = −i ω̃q

2 [σ̂z, ρ̂] + Γφ

2 D[σ̂z](ρ̂). (4.47)

By describing the qubit state as a vector on or within the Bloch sphere, this coherent interaction simply results in a
rotation of the vector around the z-axis. The dephasing term, D[σ̂z], results in a gradual collapse of the vector onto
the z-axis, representing a loss of coherence. Importantly, σ̂z is a QND-observable of this Lindbladian, L†q(σ̂z) = 0,
and so this open-system dynamics can be handled by our method. As a result, the probability of observing the qubit
in the ground or excited state is preserved.

Things are slightly more complicated for the qubit-harmonic mode component of the dynamics due to the fact that
dissipation terms coupling the modes and qubit are technically allowed. In general, Lqr can take the following form

Lqr(ρ̂) = −i[Ĥqrσ̂z, ρ̂] +
2N∑

j,k=1

(
Γjk,z0 J [r̂kσ̂z, r̂j ](ρ̂) + Γjk,0z J [r̂k, r̂j σ̂z](ρ̂) + Γjk,zz J [r̂kσ̂z, r̂j σ̂z](ρ̂)

)
, (4.48)

where, for convenience, we have defined a new super-operator to handle the complicated form of the dissipation terms:

J [L̂1, L̂2](ρ̂) := L̂1ρ̂L̂
†
2 −

1
2 [L̂†2L̂1, ρ̂]+ where J [L̂, L̂](ρ̂) ≡ D[L̂](ρ̂) := L̂ρ̂L̂† − 1

2 [L̂†L̂, ρ̂]+. (4.49)

The Hamiltonian Ĥqr is again at most a quadratic polynomial of the quadrature operators, and does not contain any
qubit operators. Since coupled qubit-harmonic mode dissipation terms are generally not included in physical models,
no physical interpretation will be considered. The coherent coupling between the modes and the qubit, on the other
hand, is the source of the added backaction on the qubit that we wish to calculate.
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Qubit Dissipation
An important consequence of our constraints is that the qubit dissipation terms, so-called T1-processes, have been
omitted. These T1-processes couple the diagonal elements of the density operator, ρ̂ee and ρ̂gg, meaning that the
pointer states no longer perfectly correlate to the state of the qubit, resulting in a non-QND measurement. This loss
of correlation between the pointer states and their respective qubit state increases over the course of the measurement,
resulting in a decrease of measurement efficiency [218]. In order for the master equation in Eq. (4.44) to be a valid
model for our measurement scheme, we therefore require that the rate of these T1-processes be very slow in comparison
to every other process in the system, so that by the time they are relevant, the measurement will be finished. In
practice, it is assumed that the timescale on which these T1-processes occur is infinite compared to the rest of the
system, a safe assumption as transmon qubit lifetimes increase year-on-year [156].

However, when calculating the dephasing, it is only required that ρ̂eg and ρ̂ge do not couple to other elements
of the density operator, and so retain their Gaussian-like properties. For dephasing calculations, we can therefore
reintroduce certain qubit dissipation terms to our calculations, as discussed in Appendix E. The moment method is
then able to handle qubit Lindbladians of the form

Lq(ρ̂) = −i ω̃q

2 [σ̂z, ρ̂] + Γ−D[σ̂−](ρ̂) + Γ+D[σ̂+](ρ̂) + Γφ

2 D[σ̂z](ρ̂), (4.50)

and qubit-harmonic mode Lindbladians of the form

Lqr(ρ̂) = −i[Ĥqrσ̂z, ρ̂] +
2N∑

j,k=1

(
Γjk,− J [r̂kσ̂−, r̂j σ̂−](ρ̂) + Γjk,+ J [r̂kσ̂+, r̂j σ̂+](ρ̂)

+ Γjk,z0 J [r̂kσ̂z, r̂j ](ρ̂) + Γjk,0z J [r̂k, r̂j σ̂z](ρ̂) + Γjk,zz J [r̂kσ̂z, r̂j σ̂z](ρ̂)
)
. (4.51)

In both cases, the only difference from the previous expressions is the inclusion of additional dissipation terms.
Coherent interactions which result in transitions between the ground and excited state cannot be handled since they
couple the off-diagonal elements ρ̂eg and ρ̂ge with the diagonal elements ρ̂ee and ρ̂gg; this includes the Jaynes-Cummings
Hamiltonian. We note that Lqr includes combined qubit-harmonic mode dissipation and dephasing terms; these can
arise when applying the dispersive transformation to the Jaynes-Cummings master equation [197], though in general
they are weak corrections. As a result, we will ignore any joint qubit-harmonic mode decay terms for the remainder of
this section, however, qubit dissipation will be included in the following sections in the form of thermal noise coming
from a bosonic bath.

4.2.1.3 Reduced Master Equations

In order to establish the connection between the dynamics of the harmonic mode system and the added backaction on
the qubit, we will now examine the master equations that one obtains for the qubit after tracing over the harmonic
mode degrees of freedom, as well as the effective master equations one obtains for the harmonic modes. We start
with the Lindbladian for the full density operator defined by Eq. (4.44), where the mode dynamics are described by
Eq. (4.46). Assuming that the modes and the qubit are coherently coupled, and that the qubit is additionally coupled
to a bath which results in fluctuations of the qubit energy, Lq and Lqr can be expressed as

Lq(ρ̂) = −i ω̃q

2 [σ̂z, ρ̂] + Γ−D[σ̂−](ρ̂) + Γ+D[σ̂+](ρ̂) + Γϕ

2 D[σ̂z](ρ̂) and Lqr(ρ̂) = −i[Ĥqrσ̂z, ρ̂]. (4.52)

The qubit dissipation has been reintroduced to demonstrate how it impacts the total dephasing. Tracing over the
harmonic mode degrees of freedom in the total master equation will yield a reduced qubit master equation. Since
we have ensured that σ̂z is a QND-observable for both Lr and Lqr, the extra interactions that these will contribute
to the reduced qubit master equation must also have σ̂z as a QND-observable, and the only two interactions which
satisfy this requirement are a coherent frequency shift and some added qubit dephasing. The reduced qubit master
equations must therefore take the following form

d

dt
ρ̂q = − i2(ω̃q +B(t))[σ̂z, ρ̂

q] + Γ−D[σ̂−](ρ̂q) + Γ+D[σ̂+](ρ̂q) + Γφ + Γd(t)
2 D[σ̂z](ρ̂q), (4.53)

where B(t) and Γd(t) are the induced frequency shift and dephasing, respectively. ω̃q is the frequency of the qubit in
this frame, and Γ± are the coupling rates of the qubit with a bosonic bath, where n̄q is the thermal occupation of
said bath. Γφ is the dephasing rate of the qubit due to coupling to the environment. The operator ρ̂q is the density
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operator obtained after tracing over the harmonic mode degrees of freedom, defined as

ρ̂q := Trr[ρ̂]. (4.54)

If we expand the reduced qubit density operator in the basis of ground and excited states,

ρ̂q = ρq
gg |g⟩⟨g|+ ρq

ee |e⟩⟨e|+ ρq
eg |e⟩⟨g|+ ρq

ge |g⟩⟨e| ≡
(
ρq

ee ρq
eg

ρq
ge ρq

gg

)
, (4.55)

then, using the reduced qubit master equation, we obtain the following set of equations:

d

dt
ρq

ee = −Γ−ρq
ee + Γ+ρ

q
gg

d

dt
ρq

eg =
[
−i (ω̃q +B(t))−

(
Γ+ + Γ−

2 + Γφ + Γd(t)
)]

ρq
eg. (4.56)

The equations for the other two elements can be obtained using ρq
gg = 1 − ρq

ee and ρq
ge(t) = (ρq

eg(t))∗. It is the
dynamics of the off-diagonal elements that are of most interest since they contain the added backaction from the
readout modes. The dynamical equation for the ρq

eg(t) component has the following solution,

ρq
eg(t) = exp

[
−t
(
iω̃q + Γ+ + Γ−

2 + Γφ

)
−
∫ t

0
[iB(τ) + Γd(τ)] dτ

]
ρq

eg(0). (4.57)

Both dissipation terms in the reduced qubit master equation therefore contribute to the dephasing. The exchange of
excitations with the bosonic bath will naturally result in dephasing as the coherence of the qubit state is lost due
to thermalisation; this process proceeds at the rate (Γ+ + Γ−)/2. The other dephasing process, occurring with rate
Γφ, is a result of the bath coupling causing fluctuations in the transition frequency of the qubit [197]. Both of these
processes define relaxation and pure dephasing times for the qubit, T1 := 2/(Γ+ + Γ−) and T2 := 1/Γφ, respectively.

Calculating B(t) and Γd(t) requires that the dynamics of the modes be solved and then traced over. To model the
dynamics of the harmonic modes, the decomposition Eq. (4.45) of the total density operator is used; the elements
of this decomposition, ρ̂jk(t), contain a mix of harmonic mode and qubit dynamics. Using the Lindbladians from
Eq. (4.46) and Eq. (4.52), we can construct effective equations of motion for the off-diagonal element ρ̂eg(t):

d

dt
ρ̂eg = Lr(ρ̂eg)−

(
iω̃q + Γ+ + Γ−

2 + Γφ

)
ρ̂eg − i[Ĥqr, ρ̂eg]+. (4.58)

The rotation and dissipation terms coming from the qubit can be eliminated by defining

ρ̂eg(t) = e−t(iω̃q+Γ̃ϕ)ρq
eg(0)ρ̂r

eg(t) (4.59)

where Γ̃φ = Γφ + (Γ+ + Γ−)/2 is the total innate dephasing rate of the qubit. This quantity can be used to define a
dephasing time in the absence of any measurement, which we define as T ∗2 := 1/Γ̃φ = 2T1T2/(2T1 + T2). We recall
from the definition Eq. (4.54) that the qubit density matrix is obtained by partially tracing over the mode Hilbert
space, so the elements of the qubit density matrix in Eq. (4.55) can be related to the above expressions by applying
the partial trace:

ρq
eg(t) ≡ Trr[ρ̂eg(t)] = e−t(iω̃q+Γ̃φ)ρq

eg(0)Trr[ρ̂r
eg(t)]. (4.60)

Finally, provided that our ansatz for the reduced qubit master equation Eq. (4.53) is correct, comparing the above
expressions to the solutions in Eq. (4.57) allows us to relate the trace of ρ̂r

eg(t) and ρ̂r
ge(t) to the induced dephasing

and frequency shift,

Trr[ρ̂r
eg(t)] = exp

[
−
∫ t

0
[iB(τ) + Γd(τ)] dτ

]
. (4.61)

We can rewrite these to obtain expressions for the frequency shift and dephasing,

Γd(t) = d

dt
Re
[
− ln

(
Trr[ρ̂r

eg(t)]
) ]

and B(t) = d

dt
Im
[
− ln

(
Trr[ρ̂r

eg(t)]
) ]
. (4.62)

The expressions in terms of ρ̂r
ge are similar. The final step in this process is to substitute the expressions for the

combined qubit-harmonic mode operators from Eq. (4.59) into the dynamical equations in Eq. (4.58) to obtain
dynamical equations for ρ̂r

eg and ρ̂r
ge only,

d

dt
ρ̂r

eg = Lr(ρ̂r
eg)− i[Ĥqr, ρ̂

r
eg]+ and d

dt
ρ̂r

ge = Lr(ρ̂r
ge) + i[Ĥqr, ρ̂

r
ge]+. (4.63)

90



Chapter 4. Fast and Efficient Qubit Readout with an Integrated Nonreciprocal Amplifier

The coherent qubit-harmonic mode interaction Ĥqrσ̂z results in an anti-commutator term in Eq. (4.63), and so these
equations of motion are not of Lindblad type. As a result, ρ̂r

eg(t) and ρ̂r
ge(t) are not true density operators. This has

two consequences for these operators: the norm in no longer preserved under the evolution defined by Eq. (4.63), and
ρ̂r

eg(t) and ρ̂r
ge(t) are in general not Hermitian. However, so long as we assume that the harmonic mode system is

initially in a Gaussian state, the elements ρ̂r
jk(t) will retain one crucial feature: they can be described entirely by

their first and second moments along with their norm, since the dynamics in Eq. (4.63) is entirely linear.
It is evident from Eq. (4.62) that a complex and non-normalised trace means that there is backaction on the

qubit. We recall from Eq. (4.3) that this is related to the overlap of the pointer states, and here we apply the
same interpretation: as the pointer states become mode distinct the trace of the off-diagonal element will become
smaller, leading to larger backaction from the multimode system in accordance with Eq. (4.62). This heuristic
explanation works well when considering only pure states, however, the connection is less clear in this case since the
joint qubit-harmonic mode state could be mixed. Even though we can no longer directly relate the dephasing with the
dynamics of the pointer states, as we will see, the moment method will still allow us to discern how interactions in Lr

and Lqr impact the dephasing. In particular, we gain the ability to see how the inclusion of squeezing, thermal noise,
and non-dispersive coupling affects the qubit dephasing. Having worked out the necessary expressions in Hilbert space,
we will now pass over to Wigner space to obtain an explicit expression for the moments of the multimode operators.

4.2.2 The Moment Method
4.2.2.1 Working in the Wigner Phase Space

When passing over to Wigner phase space, we must take into account the fact that the operator ρ̂r
eg is not a true

density operator because it neither Hermitian nor has a trace of one, and hence does not correspond to a probability
distribution in phase space. To reiterate a point from Section 4.2.1.1, it follows that the corresponding Wigner
function, Weg(r), will be complex valued and will not have a properly normalised phase-space integral, these being
the equivalent properties in phase space as discussed in Section 2.1.3. As per usual, it is not the Wigner function
itself but the associated characteristic function that we are interested in when defining equations of motion for the
moments. In this instance, the characteristic function takes the form:

weg(ξ) = exp
[
−1

2ξ
Tσξ + iµT ξ − υ

]
. (4.64)

Since Weg(r) is a complex function, the covariance matrix σ and the means µ will be complex. The definition of
the covariance matrix is still the same with σjk = σkj , so although the covariances are complex-valued, the matrix
itself is still symmetric, σ = σT ; although complex-symmetric matrices of central second moments are often referred
to as pseudo-covariance matrices, we will still refer to σ as the covariance matrix. In addition, we have included
a new term in the characteristic function, υ, equivalent to account for the fact that the total mass of the Wigner
QPD, obtained from the phase-space integral of Weg(r), is in general not equal to one. The trace of ρ̂r

eg, and hence
the induced dephasing and frequency shift, can be related to the υ parameter, using the fact that the trace of this
operator must be

Trr[ρ̂r
eg] =

∫
R2N

Weg(r) dr = weg(0), (4.65)

and so the trace of the time-dependent operator is

Trr[ρ̂r
eg(t)] = exp [−υ(t)] . (4.66)

As discussed in Section 4.2.1.1, Weg(r) must always be integrable over the entire phase space, and hence weg(0) is
always some finite complex number. The trace of ρ̂r

eg was also calculated in the previous section, so combining the
above with Eq. (4.61), we can relate υ(t) to the induced backaction from the multimode system,

υ(t) =
∫ t

0
[iB(τ) + Γd(τ)] dτ, (4.67)

or equivalently,
Γd(t) = Re[υ̇(t)] and B(t) = Im[υ̇(t)]. (4.68)

In order to calculate υ̇(t), the equations of motion for the covariances and means must be solved. The approach here
is the same as in Section 2.2.2; we therefore convert the dynamical equation for the operator ρ̂r

eg to an equivalent PDE
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for Weg(r), and then perform a Fourier transform over the phase-space coordinates to obtain another PDE for weg(ξ):

d

dt
ρ̂r

eg
Wigner−−−−→ ∂

∂t
Weg(r) Fourier−−−−→ ∂

∂t
weg(ξ). (4.69)

The system of ODEs for the moments can then be generated from this final PDE. The full details for performing these
calculations can be found in Appendix B. We start with the dynamical equation for ρ̂r

eg from the previous section,

d

dt
ρ̂r

eg = −i[Ĥr, ρ̂
r
eg]− i[Ĥqr, ρ̂

r
eg]+ +

N∑
j,k=1

Γjk

(
r̂j ρ̂

r
eg r̂k −

1
2 [r̂kr̂j , ρ̂

r
eg]+

)
. (4.70)

For what follows the Hamiltonians Ĥr and Ĥqr will be expressed as

Ĥr = 1
2 r̂

TH(2)
r r̂ + r̂Th(1)

r + h(0)
r and Ĥqr = 1

2 r̂
TH(2)

qr r̂ + r̂Th(1)
qr + h(0)

qr (4.71)

where H
(2)
r and H

(2)
qr are real symmetric matrices, h

(1)
r and h

(1)
qr are real-valued vectors, and h

(0)
r and h

(0)
qr are

real-valued constants. In addition, the dissipation rates Γjk form a Hermitian matrix, Γ = Γ†. The phase-space PDE
for the Wigner function can then be written as

∂

∂t
Weg(r) =

[
− ∂rTΩh(1)

r −
1
2∂r

T
(
ΩRe[Γ]Ω

)
∂r − ∂rT

(
ΩH(2)

r + ΩIm[Γ]
)
r

− 2ih(0)
qr − 2irTh(1)

qr −
i

4∂r
T
(
ΩH(2)

qr Ω
)
∂r − irTH(2)

qr r

]
Weg(r). (4.72)

In the above, taking Γ to be Hermitian allowed for the replacements Im[Γ] = −i(Γ− ΓT )/2 and Re[Γ] = (Γ + ΓT )/2,
since the transpose is equal to element-wise conjugation of the matrix, ΓT = Γ∗. The above PDE can be seen as a
generalised Fokker-Planck equation, and so provided that the function is initially Gaussian, the solution will always be
a Gaussian, albeit a complex unnormalised Gaussian function. As can be seen, the complex nature comes about due
to qubit-coupling, which introduces imaginary terms into the PDE, and so the real part of the PDE comes entirely
from the open-system dynamics within the harmonic mode system. Finally, transforming to Fourier space yields the
following PDE for the characteristic function,

∂

∂t
weg(ξ) =

[
− iξTΩh(1)

r + 1
2ξ

T (ΩRe[Γ]Ω) ξ + ξT
(
ΩH(2)

r + ΩIm[Γ]
)
∂ξ

− 2ih(0)
qr + 2∂ξTh(1)

qr + i

4ξ
T
(
ΩH(2)

qr Ω
)
ξ + i∂ξTH(2)

qr ∂ξ

]
weg(ξ). (4.73)

Substituting the expression for the characteristic function from Eq. (4.64) into the above expression, we can finally
obtain time-dependent expressions for the moments.

4.2.2.2 Moment Differential Equations and Dephasing

For a system of N harmonic modes, the total set of differential equations involves N(2N + 1) ODEs for the complex
covariances, 2N for the complex means, and a single ODE for υ. Prior works using the moment method considered
specific single-mode systems and did not consider extending and generalising the method. The results here present
a generalised system of equations that can be used to quickly generate systems of ODEs to calculate the induced
backaction without having to churn through a phase space derivation for every unique system configuration. Since
the number of ODEs grows quickly with the number of modes, we have expressed the system of ODEs as differential
equations for σ, µ, and υ. The result is a so-called Riccati matrix differential equation (RMDE) for the covariance
matrix, and a simple linear matrix differential equation for µ. Details of this calculation can again be found in
Appendix B, and the resulting equations of motion are:

σ̇ = Aσ + σAT − σBσ + C

µ̇ = (A− σB)µ + f − σg

υ̇ = −ϖ + gTµ + 1
2µ

T Bµ + 1
2Tr [Bσ] . (4.74)
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The arrays in the above expressions can be written in terms of the elements of Ĥr, Ĥqr, and Γ:

A = ΩH(2)
r + ΩIm[Γ] B = 2iH(2)

qr C = − i2ΩH(2)
qr Ω−ΩRe[Γ]Ω

f = Ωh(1)
r g = 2ih(1)

qr ϖ = −2ih(0)
qr . (4.75)

Substituting in the expressions for the arrays in the above equations, we can write an equation for υ̇(t) entirely in
terms of the elements of Ĥqr:

d

dt
υ(t) = i

(
2h(0)

qr + 2µTh(1)
qr + µTH(2)

qr µ + Tr
[
H(2)

qr σ
])
. (4.76)

Using Eq. (4.68), we can write explicit expressions for backaction terms, starting with the frequency shift

B(t) = 2h(0)
qr + 2Re[µ]Th(1)

qr + Re[µ]TH(2)
qr Re[µ]− Im[µ]TH(2)

qr Im[µ] + Tr
[
H(2)

qr Re[σ]
]
. (4.77)

Analysis of the dephasing is more important for this work, and it can be understood to be comprised of two unique
contributions, which we will term the parasitic and measurement dephasing:

Γd(t) = −
(

2Im[µ]Th(1)
qr + Re[µ]TH(2)

qr Im[µ] + Im[µ]TH(2)
qr Re[µ]

)
︸ ︷︷ ︸

Γd,m : measurement dephasing

− Tr
[
H(2)

qr Im[σ]
]

︸ ︷︷ ︸
Γd,p : parasitic dephasing

. (4.78)

The parasitic dephasing only arises when the imaginary component of the covariance matrix is non-zero, and therefore
is not always present. From the differential equation for σ in Eq. (4.74), it can be seen that the covariance matrix is
entirely real only when −σBσ + iIm[C] = 0, which corresponds to the expression 4σH(2)

qr σ = −ΩH
(2)
qr Ω. This is

satisfied when the covariance matrix is that of the vacuum state, σ = I2N/2. For this to occur, the coherent part of
the dynamical matrix A can only contain passive phase shifters and beam splitters, so that ΩH

(2)
r is unitary. The

modes must also be coupled to uncorrelated baths, which can only be sources of vacuum noise. Provided this is
satisfied then 4σH(2)

qr σ = H
(2)
qr , and so in addition, it is required that H

(2)
qr = −ΩH

(2)
qr Ω. The covariance matrix is

then constant, σ̇ = 0, resulting in no parasitic dephasing, so long as H
(2)
r and H

(2)
qr contain only passive processes.

Parasitic dephasing is thus absent when no squeezing or thermal noise is present, or else when there is no quadratic
coupling between the qubit and the cavity system. This contribution to the dephasing is termed parasitic because
it corresponds to additional measurements which are not observable in the displaced output field. This parasitic
measurement can arise due to qubit state information being acquired by the phase and magnitude of the squeezed
cavity state. For the measurement signal, this results in changes to the noise of the signal and not the displacement.
The presence of thermal noise increases the variance in the intra-mode photon fluctuations, which can enhance the
dephasing. This can, in turn, be used to measure the thermal occupation of the multimode system by observing the
qubit dephasing [210]; since the qubit state measurement is not enhanced by the presence of thermal noise, we also
consider this to be a parasitic measurement.

The measurement-induced dephasing comes from µ, and so is a result of the displacement of the internal fields of
the harmonic modes. This is a combination of measurements from the quadratic, H(2)

qr , and linear, h(1)
qr , couplings. It

is this component of the dephasing which provides an upper bound for the measurement rate, though in general it
will always be larger, Γd,m ≥ Γmeas. The exact conditions that must be met for both rates to be identical have not
yet been determined. Since the differential equation for µ is dependent on σ, the measurement-induced dephasing is
dependent on the variance of the intra-mode fields, and by extension, the parasitic dephasing rate.

The system of ODEs in Eq. (4.74) is easily solved using numerical integration; however, obtaining analytic results
is more difficult. If we assume that the dynamics rapidly approach a steady state during measurement, then it is
possible in certain circumstances to obtain analytic results for the dephasing and frequency shift. The most difficult
part is solving the steady state of the RMDE, commonly called the continuous algebraic Riccati equation (CARE).
Specific details on solving the CARE are given in Appendix F, along with worked examples for relevant systems.

4.2.2.3 Pointer States

Calculating the dynamics of ρ̂r
eg and ρ̂r

ge is considerably more involved compared to the dynamics of the pointer states.
The same moment method can be used to calculate the state of these intra-modal fields. Since T1-processes couple
the two pointer states, as seen in Eq. (4.56), they alter the probabilities of the two pointer states over time, rendering
the measurement non-QND. While T1-processes could be included when we calculated the dephasing, they must
therefore be excluded in order for the mode system to be Gaussian. The ansatz for the reduced qubit master equation
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takes on a slightly different form from Eq. (4.53):

d

dt
ρ̂q = − i2(ω̃q +B(t))[σ̂z, ρ̂

q] + Γφ + Γd(t)
2 D[σ̂z](ρ̂q). (4.79)

The relevant coefficients in the expansion of the full density operator from Eq (4.45) can then be written as
ρ̂ee(t) = ρ̂r

ee(t)ρq
ee(0) and ρ̂gg(t) = ρ̂r

gg(t)ρq
gg(0), where the coefficients ρq

ee(0) and ρq
gg(0) are constant, indicating that

there are no transitions between the ground and excited states. The pointer states, ρ̂r
ee and ρ̂r

gg, will correspond to
true density operators by construction. Effective equations of motion can be written for these two elements in a
similar manner to Eq. (4.63):

d

dt
ρ̂r

ee = Lr(ρ̂r
ee)− i[Ĥqr, ρ̂

r
ee] and d

dt
ρ̂r

gg = Lr(ρ̂r
gg) + i[Ĥqr, ρ̂

r
gg]. (4.80)

These equations of motion are of Lindblad type, so we can use the moment expressions from Section 2.2.2:

σ̇ = Aσ + σAT + C

µ̇ = Aµ + f . (4.81)

The form of the arrays depends on the state of the qubit, which determines the sign of the qubit-harmonic mode
Hamiltonian Ĥqr:

ρ̂r
kk , k = e, g : A = Ω

(
H(2)

r + σzH
(2)
qr

)
+ ΩIm[Γ] C = −ΩRe[Γ]Ω f = Ω

(
h(1)

r + σzh
(1)
qr

)
, (4.82)

where |e⟩ → σz = +1 and |g⟩ → σz = −1. It is desirable to relate the moments of the two pointer states to those
used to calculate the dephasing from Eq. (4.74). This relation is clear when using the previously discussed dressed
frame approach to calculate the dephasing for dispersive measurement [197, 206], in which case the two pointer states
are just coherent states. This relation can also be established using the moment method, where the dephasing can
be extracted entirely from the displacement of the vacuum states. Since the pointer states have vacuum statistics,
this comparison is simple, as there is no parasitic dephasing present. The inclusion of squeezing and thermal noise
complicates the analysis, and so a direct connection in the case of non-vacuum statistics has not yet been established.

4.3 Dispersive Qubit Measurement with an Integrated Nonreciprocal Amplifier
Having introduced the measurement rate along with a general method to calculate the induced dephasing on a qubit
from an integrated measurement device, we will now investigate how one can use a three-mode nonreciprocal amplifier
to perform a dispersive qubit measurement. To begin, the three harmonic modes are passively coupled by three beam
splitter interactions to form a loop which may be operated as a circulator. Amplification is realised by squeezing on
mode a, hereafter called the amplifier mode. The displacement needed to determine the qubit state will come from a
drive applied to mode b, which will therefore act as the interface between the on-chip components and the rest of the
measurement chain. Mode b will therefore be termed the buffer mode. Finally, the qubit is located inside a resonator,
and following the circuit QED model, is dispersively coupled to a single resonant mode, labelled mode c. The other
two modes are engineered so as not to couple to the qubit, and therefore acquire qubit state information via the beam
splitter coupling to the cavity mode. A clear choice of name for the dispersively coupled mode c is simply the cavity
mode. The Hamiltonian for this setup is then

Ĥ = gab

(
â†b̂+ âb̂†

)
+ gbc

(
b̂†ĉ+ b̂ĉ†

)
+ gac

(
eiϕâ†ĉ+ e−iϕâĉ†

)
+ λ

2
(
eiθâ†2 + e−iθâ2)+√κb |α|

(
eiφb̂† + e−iφb̂

)
+ χĉ†ĉσ̂z + ω̃q

2 σ̂z (4.83)

where â, b̂, and ĉ are the bosonic mode operators. Additionally, the three bosonic modes are coupled to individual
baths and so experience photon creation and annihilation due to thermal noise. The qubit is also modelled as an open
system, and experiences dissipation and decay due to its bath couplings; however, we invoke the assumption that the
decay rate is slow compared to the measurement rate and so remove it from the system dynamics. The Lindblad
master equation for this open system is in the rotating frame, then

d

dt
ρ̂ = −i[Ĥ , ρ̂] + Γφ

2 D[σ̂z](ρ̂) +
∑

z=a,b,c

κz

(
(n̄z + 1)D[ẑ](ρ̂) + n̄zD[ẑ†](ρ̂)

)
. (4.84)
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Figure 4.3: Mode diagram of the nonreciprocal amplifier which acts as our “measurement loop.” The amplifier mode
a, buffer mode b, and cavity mode c are all coupled parametrically via beam splitter interactions, gjk. The tunable
loop phase ϕ is placed on the interaction between the cavity and amplifier modes. Amplification is realised by the
single-mode squeezer at the amplifier mode, which has its own amplitude λ and phase θ. A drive is applied to the
buffer mode to create a displaced coherent state, with magnitude √κb |α| and phase φ. Since readout is performed
through the buffer mode, its linewidth is much larger than the cavity and amplifier modes, κb ≫ κa, κc. Lastly, the
cavity mode is the only mode directly coupled to the qubit via a dispersive interaction, χ.

In order to properly operate this system, we must understand the effects of circulation and squeezing on the qubit
measurement, which we will analyse separately. There are three physical properties which must be considered:

• Buffer Mode Output: Since this is a single-port measurement, the displaced coherent state created by the drive
on the buffer mode must pass the cavity mode to acquire information about the qubit state, and then pass the
amplifier mode to become a squeezed state, before returning to the buffer mode and leaving through its port to
be measured. To ensure that the output of the buffer contains as much information as possible about the qubit
state, the amount of the signal lost through the ports of the other two modes must be minimised.

• Minimising Measurement Backaction: The added noise from the amplifier mode will necessarily increase the total
dephasing of the qubit, and therefore it is preferable that any signal leaving the amplifier mode be circulated
away from the cavity mode.

• Optimising the Squeezing: To enhance the separation between the two pointer states, the phases of the drive
and the amplifier must be appropriately chosen to enhance the difference between the two pointer states. The
trade-off here is that the noise will be necessarily larger than that of a vacuum state if the measured quadrature
is amplified, and so increasing the signal will also necessarily increase the noise component of the measurement
rate.

The final point was answered in Eddins et al [209], where the effect of single-mode squeezing on a single cavity
readout apparatus was investigated. The relevant results, and their application to our nonreciprocal amplifier, will be
presented in Section 4.3.2. The first two points concern how the signals are circulated within the passive three-mode
loop, and therefore can be answered by analysing the effect of a multimode circulator on dispersive qubit measurement.
Such a measurement scheme has not yet been investigated, and as a result, we will first undertake a detailed analysis
of the composite circulator-qubit system. Having completed that, will then bring the circulator and amplifier together.

4.3.1 Optimising The Mismatched Circulator
4.3.1.1 Balancing beam splitters and Dissipation

Operating the passive three-mode loop as a circulator requires that the coherent and dissipative processes be perfectly
balanced to ensure that the input of one mode exits through the port of a neighbouring mode, thereby appearing in
its output signal. This behaviour is useful when we wish to use the passive three-mode loop as a multiport device, but
is not ideal when using the passive loop for a single-port measurement, since we wish for the signal to enter and exit
through the same mode: the buffer mode. The input signal must therefore be reflected to the output of the buffer
mode after traversing the loop. We will demonstrate here how the system parameters can be tuned to achieve this,
beginning by showing how the usual choice of parameters fails through an analysis of the usual circulator scattering
behaviour. This is more easily done in the basis of creation and annihilation operators, where for ease the operator
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basis will be ordered as follows as â◦ = (â, b̂, ĉ, â†, b̂†, ĉ†). The Heisenberg-Langevin equations are then

d

dt
â◦(t) = Ã◦â◦(t)−

√
κ◦â◦,in(t) (4.85)

where κ◦ = diag(κa, κb, κc, κa, κb, κc), and Ã◦ is the following dynamical matrix:

Ã◦ =


−κa/2 −igab −ieiϕgac 0 0 0
−igab −κb/2 −igbc 0 0 0
−ie−iϕgac −igbc −κc/2− iσzχ 0 0 0

0 0 0 −κa/2 igab ie−iϕgac

0 0 0 igab −iκb/2 ie−iϕgbc

0 0 0 ieiϕgac igbc −κc/2 + iσzχ

 . (4.86)

The dispersive coupling between the qubit and the cavity mode results in a shift of the resonant frequency of the
cavity mode by ±χ, depending on whether the qubit is in the ground or excited state, σz = ±1. As a result, when
calculating the scattering matrix, the resonance frequency is no longer ω = 0 in the rotating frame. However, since
the state of the qubit is unknown before the measurement, when calculating the scattering properties, we will split
the difference between the resonance frequencies ω = ±χ of mode c, and so will continue to examine the behaviour of
the scattering at zero frequency, ω = 0. We then write the full scattering matrix in block form

S̃◦ =
(

S◦ 03
03 S◦

)
(4.87)

where S◦ is the scattering matrix for the annihilation operator fields, and S◦is the scattering matrix for the creation
operator fields, where these two matrices are by definition the element-wise complex conjugate of each other. We only
need to consider one of the submatrices, and so pick the scattering matrix for the annihilation operator fields:

S◦ = 1
D


D + 2(1 + Cbc + iσzX ) −2

(
i
√
Cab + eiϕ

√
CacCbc

)
+2σz

√
CabX

−2
(
ieiϕ
√
Cac +

√
CabCbc

)
−2
(
i
√
Cab + e−iϕ

√
CacCbc

)
+2σz

√
CabX

D + 2(1 + Cac + iσzX ) −2
(
i
√
Cbc + eiϕ

√
CabCac

)
−2
(
ie−iϕ

√
Cac +

√
CabCbc

)
−2
(
i
√
Cbc + e−iϕ

√
CabCac

)
D + 2(1 + Cab)

 (4.88)

where D = −(1 + Cab + Cac + Cbc)− iσzX (1 + Cab) + 2i
√
CabCacCbc cos(ϕ).

Here, the cooperativities are Cjk := 4g2
jk/κjκk, and we have also defined a dimensionless parameter for the dispersive

coupling strength by balancing it with the decay rate on the cavity mode, X := 2χ/κc. The loop phase controls
the direction of the circulation within the passive three-mode loop. This can be realised in the above by setting
the dispersive coupling to zero, X = 0, and rendering every scattering process nonreciprocal by balancing the
cooperativities using the relation Cjk = CjlClk, where (j, k, l) is some permutation of (a, b, c). When the three
balancing conditions are met then every cooperativity must be equal to one, Cjk = 1, meaning the rate of the beam
splitter interaction is exactly balanced by the decay rates of the two coupled modes, g2

jk = (κj/2)(κk/2). We can
write the scattering matrices corresponding to the two optimal loop phases, ϕ = ±π/2, when no dispersive coupling is
present, χ = 0, as:

ϕ = −π2 : S◦ =

0 0 1
i 0 0
0 i 0

 ϕ = +π

2 : S◦ =

0 i 0
0 0 i
1 0 0

 . (4.89)

The two values of the loop phase therefore correspond to the following circulation directions within the loop:

ϕ = −π2 : b→ c→ a→ b ϕ = +π

2 : b→ a→ c→ b. (4.90)

Given the graphical configuration we have selected for the system, the circulation is counter-clockwise (CCW) when
the loop phase is ϕ = −π/2, and clockwise (CW) when ϕ = +π/2.

The two circulator scattering matrices in Eq. (4.89) make it clear that for the purposes of qubit readout, we cannot
operate the passive three-mode loop as a traditional circulator. By perfectly matching the beam splitter and decay
rates, the input signal of one mode can be transmitted to the neighbouring mode, but because the decay rate is
matched, this signal is immediately lost in the output channel of this neighbouring mode, and hence signal reflection
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is not possible. In order to recover reflection in the output of buffer mode, there must therefore be some asymmetry
between the strength of the beam splitters and the decay rates, Cjk ̸= 1; we will refer to this new mode of operation
as the mismatched circulator.

If the decay rates are larger than the beam splitter couplings, indicating that Cjk < 1, then the beam splitters are
not strong enough to overcome the decay. There is increased reflection, but since this is just a result of the signal
preferentially leaving through the same port immediately, there is no circulation around the loop, and any reflected
signal will not contain much qubit information. To ensure that the beam splitters circulate the signal around the loop
before it can be decayed away through the intermediate modes, it is required that Cjk > 1. However, since the signal
ideally only exits through the buffer mode, excess dissipation in the cavity and amplifier modes must be avoided. The
decay rates for these two modes should therefore be small compared to the decay rate of the buffer mode. The amount
of the reflected signal that we could hope to collect in the output can be determined by examining the magnitude of
the scattering matrix element (S◦)bb; if this scattering element is less than one, then some loss has occurred within
the loop. The magnitude squared is given since the expression is simpler:

∣∣(S◦)bb

∣∣2 = (−1 + Cab + Cbc − Cac)2 + X 2(1− Cab)2

(1 + Cab + Cbc + Cac)2 + X 2(1 + Cab)2 . (4.91)

For finite parameter values we can see that the above scattering amplitude is always less than one,
∣∣(S◦)bb

∣∣2 < 1, and
additionally, that it vanishes exactly for the circulator cooperativity values of Cjk = 1. This confirms that no qubit
information can be collected by this port when no signal is reflected. It can also be seen from this expression that the
amplitude of the reflected signal approaches one as the cooperativities are increased, as expected. This behaviour
indicates that, even in the ideal case, some qubit information will always be lost on the way to the buffer mode,
resulting in a measurement which can never be perfectly efficient. This will be confirmed when the measurement
efficiency is calculated in a subsequent section.

4.3.1.2 Nonreciprocity and Measurement Backaction

Circulation in the passive loop is a result of nonreciprocal scattering between all mode pairs, and although perfect
circulation inhibits qubit readout for a one-port device, we would still like to keep some nonreciprocity between the
modes. The hope is that by diverting excess noise away from the dispersively coupled cavity mode, and by extension,
away from the qubit, measurement backaction on the qubit can be minimised. To this end, we will examine the
measurement-induced dephasing on the qubit at the necessary loop phases, ϕ = ±π/2. We assume that there is
thermal noise at the input of every harmonic mode in the loop. As a result, parasitic dephasing will also be present;
however, the analytic expression for Γd,p is far too complicated and so it may only be analysed through numerical
computation. The measurement-induced dephasing for the ideal loop phase, on the other hand, may be expressed as
follows,

Γd,m =
8 |α|2 X 2Zth

(
sgn(ϕ)

√
CabCac −

√
Cbc

)2((
1 + Cab + Cbc + Cac

)2 −X 2
(
1 + Cab

)2
)2

+ 4X 2Z2
th

(4.92)

Zth = (2n̄a + 1)
(√
CabCbc + sgn(ϕ)

√
Cac

)2
+ (2n̄b + 1)

(
sgn(ϕ)

√
CabCac −

√
Cbc

)2
+ (2n̄c + 1) (1 + Cab)2

.

The function sgn(ϕ) is a convenient shorthand to represent the global change in phase for the two optimal loop phases.
The conditions for nonreciprocal scattering can be obtained from the matrix Eq. (4.88) when the qubit coupling is
turned off, so there is no dispersive detuning, and are summarised in the following table:

Balance Condition Cooperativity Condition ϕ = −π/2 ϕ = +π/2
gabκc/2 = gacgbc Cab = CacCbc a→ b a← b
gbcκa/2 = gabgbc Cbc = CabCac b→ c b← c
gacκb/2 = gabgac Cac = CabCbc c→ a c← a

. (4.93)

As previously stated, the conditions which control the scattering to and from the cavity mode are of most interest to
us, so we will start by applying the conditions individually. The effect of nonreciprocal scattering between the buffer
and amplifier modes, b and a, will therefore be ignored.

We start by realising nonreciprocal scattering between modes a and c. The expressions reveal that when the
scattering has direction c → a, the thermal and vacuum noise terms from mode a drop out of the measurement
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Figure 4.4: Parasitic dephasing Γd,p of the mismatched circulator due to thermal noise in mode a, n̄a = 0.1 (blue)
and n̄a = 0.5 (orange), plotted as a function of the loop phase ϕ. All other thermal noise sources are in the vacuum
state, n̄b = 0 and n̄c = 0. Decay rates for the three modes are κa/2π = 0.2 MHz, κb/2π = 40.0 MHz, and
κc/2π = 0.2 MHz. The beam splitter rates are gab/2π = 5.0 MHz, gbc/2π = 5.0 MHz, and gac/2π = 1.25 MHz. Qubit
and mode c are coupled dispersively, χ/2π = 2.5 MHz. Cooperativities are given by Cab = 12.5, Cbc = 12.5, and
Cac = 156.25 = 12.52. The cooperativities are balanced to ensure nonreciprocal scattering, c→ a when ϕ = −π/2,
and a→ c when ϕ = +π/2.

dephasing, which may be written in this instance as

Cac = CabCbc , ϕ = −π2 : Γd,m = 8 |α|2 X (Cbc(n̄b + 1) + (n̄c + 1))(
(1 + Cbc)2 −X 2

)2 + 4X 2 (Cbc(n̄b + 1) + (n̄c + 1))2 . (4.94)

This is in fact the measurement-induced dephasing that is obtained when all couplings to mode a are turned off, that
is Cab and Cac = 0. As a result, as far as the measurement-induced dephasing is concerned, there is no mode a in the
measurement system. It is surprising that it is possible to cancel the contribution from mode a exactly here due to
the detuning of mode c shifting the resonance frequency. If we examine the parasitic dephasing, shown in Figure 4.4
as a function of the loop phase, the effect of thermal noise from mode a is still present. This indicates that it is not
possible to exactly cancel the backaction from this source of noise, which we can interpret to be a result of the finite
bandwidth of the nonreciprocal behaviour along with the dispersive shift detuning the system from resonance. Here
we can see that the parasitic dephasing due to n̄a is minimised but still non-zero when the scattering has direction
c→ a, and is maximised for the opposite direction of the nonreciprocal scattering, a→ c.

Although similar behaviour is observed when realising nonreciprocal scattering between the buffer and cavity modes,
b and c, there is one major difference in this case: not only is the contribution due to thermal noise from b on the
measurement dephasing cancelled, the measurement dephasing itself is exactly zero when the scattering has direction
c → b. Since photons from the drive enter the loop through the buffer mode, this behaviour is expected; if the
displaced photons can never reach mode c then they can never dephase the qubit. For the opposite direction, b→ c,
the displaced drive photons are directed to mode c, and hence the measurement-induced dephasing is always non-zero.
The ability to set the measurement dephasing to zero by cancelling noise coming from the buffer mode is not useful,
since this implies that the measurement rate must also be zero. In fact, it will be seen in the next section that the
measurement rate will go to zero for both directions of nonreciprocal scattering between the cavity and buffer modes.

Finally, the above expressions indicate that it is not possible to cancel the thermal noise from c, since this mode
is coupled directly to the qubit. We can therefore conclude that the best we can do is to redirect noise from mode
a. Since this will act as the amplifier mode, it is critical that we are able to redirect noise from this mode so as to
minimise backaction on the qubit. Having covered the backaction, we can now examine the effect of nonreciprocity on
the measurement efficiency of the circulator.

4.3.1.3 Measurement Efficiency of the Mismatched Circulator

While in the previous section we were focused on decreasing the excess dephasing on the qubit due to thermal noise,
the goal here is to see what sort of asymmetry can be expected between the measurement rate and the measurement
dephasing. Since only the signal from the buffer mode contributes to the measurement, the steady-state measurement
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operator evaluated on resonance, ω = 0, may be written as a combination of the respective output quadratures

M̂ [0] = cos(ϑ)q̂b,out[0] + sin(ϑ)p̂b,out[0]. (4.95)

To maximise the signal, the phase of the measurement operator is chosen using the ideal weights from Eq. (4.35),
where it may be determined that for the ideal values of the loop phase, the optimal phase for the measurement
operator happens to coincide with the phase of the drive applied to the buffer mode, ϑ = φ. The trade-off in reducing
the measurement backaction using nonreciprocal scattering is that the extra noise, which is directed away from the
cavity mode, must go somewhere, and so instead ends up in the measurement signal leaving through the buffer
mode port, thereby reducing the measurement rate. We must therefore find a way to enhance the strength of the
measurement signal to make the measurement rate robust against the extra noise.

In order to determine the optimum behaviour of the measurement, from this point we set the thermal noise in every
mode to zero, so all sources of input noise are only vacuum noise. In this case, the measurement rate is identical for
both values of the loop phase, ϕ = ±π/2. Using Eq. (4.37), and assuming that no noise is added by off-chip processes,
the measurement rate can be expressed as:

Γmeas = 8 |α|2 X 2(CabCac − Cbc)2(
(1 + Cab + Cbc + Cac)2 + X 2 (1 + Cab)2

)2 . (4.96)

We can see that the measurement rate is zero when the cooperativities are balanced to ensure that the scattering
between the buffer mode b and the cavity mode c is nonreciprocal, Cbc = CabCac. This can be easily explained for
both scattering directions. When c→ b, no displacement ever reaches the cavity mode, and so the output cannot
contain any qubit information, whereas if b→ c, the displaced signal does acquire qubit state information; however,
the signal never makes it back to the output of the buffer mode. In both cases, no information about the qubit state
is present in the output signal of the buffer mode.

We also work out the measurement dephasing, which is the only contribution to the total dephasing from the
measurement loop in the absence of thermal noise:

Γd =
8 |α|2 X 2(sgn(ϕ)

√
CabCac −

√
Cbc

)2(1 + Cab)(1 + Cab + Cbc + Cac)(
(1 + Cab + Cbc + Cac)2 + X 2 (1 + Cab)2

)2 . (4.97)

The measurement rate and dephasing are shown in Figure 4.5 as functions of the loop phase. The behaviour of
the measurement dephasing shows that, even though the conditions for circulation are not met here, there is still
a preferred direction for circulating the photons around the passive loop. This is evidenced by the fact that the
dephasing is higher for ϕ = −π/2, where photons are preferentially circulated in the CCW direction, and so are
directly swapped to the cavity mode after entering the buffer mode. When ϕ = +π/2, where the photons preferentially
move CW in the loop, the photons pass by mode a first, and hence some are decayed away. Therefore, fewer photons
reach the dispersively coupled c mode when circulation is preferentially in the CW direction as compared to the CCW
direction. This results in different values for the displacement of the c mode state, and as a consequence, there is less
measurement-induced dephasing when the displaced measurement signal from mode b passes by mode a first.

The measurement rate, on the other hand, is identical for both directions because the average photon loss experienced
by the measurement signal is independent of the direction of the signal through the loop, so that the same number
of photons exit the buffer mode. Since the noise is always vacuum, this means that the total displacement of
the measurement signal is identical for both directions of circulation, and in fact, the displacement will always be
independent of the sign on the loop phase, even when thermal noise and squeezing are introduced. Things are different
for the noise, since the rotation of the cavity state by the dispersively coupled qubit means that, in principle, it is
different for the two directions of circulation. This will not be the case for measurements performed on passive systems
with thermal noise from the inputs, such as this one, since the variance of the cavity states is the same along every
quadrature axis. Asymmetry in the noise of the measurement signal is therefore only expected to become relevant
when amplification is introduced, since the variances will be squeezed along different axes in phase space.

To determine how we can best maximise the measurement rate in comparison to the dephasing, we turn to the
measurement efficiency:

η = Γmeas

Γd
=

(
sgn(ϕ)

√
CabCac +

√
Cbc

)2(
1 + Cab + Cbc + Cac

)(
1 + Cab

) . (4.98)

This expression only applies when Cbc ̸= CabCac since otherwise the measurement rate, and hence the measurement
efficiency, would be zero. For physical values of the cooperativity, Cjk > 0, it is not possible for the measurement to
be perfectly efficient, and so η < 1. This is to be expected since some photons carrying information about the qubit
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Figure 4.5: [Left] Measurement-induced dephasing Γd,m/ |α|2 (orange) and measurement rate Γmeas/ |α|2 (blue) of the
mismatched circulator normalised by the strength of the drive, and hence unitless, plotted as a function of the loop
phase ϕ. [Right] The corresponding measurement efficiency, η = Γmeas/Γd,m, is also plotted against the loop phase.
Thermal noise contributions are zero for all modes: n̄a, n̄b, n̄c = 0, and no additional off-chip noise has been included.
All other physical parameters are identical to those in Figure 4.4.

state will be lost when travelling from the cavity mode to the buffer mode, and so the measurement rate must always
be lower than the rate of dephasing.

Since we wish to make the scattering between modes a and c nonreciprocal, we now apply the condition Cac = CabCbc

to the measurement efficiency:

ϕ = −π2 : η = (1− Cab)2Cbc

(1 + Cab)2(1 + Cbc) ϕ = +π

2 : η = Cbc

1 + Cbc
. (4.99)

In both cases, we can see that the measurement efficiency will approach unity η → 1 as Cab, Cbc →∞; since the value
of Cac is tied to the other two cooperativities, improved measurement efficiency requires that it grow faster than Cab

and Cbc. In this parameter regime, the strength of the beam splitters is much larger than the decay rates, and so the
displaced photons will make it back to the buffer mode to be measured faster than they can be decayed away in the
other two modes. Since more photons are measured, the measurement rate can approach the dephasing rate, thereby
improving the efficiency of the measurement. The efficiency for CCW circulation is dependent on Cab, unlike CW
circulation, since the photons containing qubit information must first pass mode a, and so the measurement efficiency
is attenuated.

Finally, it is not only the cooperativities which must be balanced to maximise the measurement rate. We recall
from Section 4.1.3.5, that the ratio of the dispersive coupling and the linewidth of the dispersively coupled c mode,
2χ/κc =: X , should also be considered when examining the measurement rate. There exists a critical ratio marking
the transition from the weak to strong dispersive measurement regimes where the measurement rate is maximised.
In the case of the measurement loop, the other two modes act to modify the effective linewidth and detuning
on mode c. As a result, the optimum ratio between the innate cavity linewidth and detuning, κc/2 and χ, is
X = (1 + Cab + Cbc + Cac)/(1 + Cab). If the beam splitters between the modes are set to zero, the standard ratio X = 1
is obtained.

4.3.2 Adding Amplification
With the behaviour of the mismatched circulator fully characterised, we can now add single-mode squeezing to the
system to turn the three-mode measurement loop into a nonreciprocal amplifier. There are two new parameters which
must be optimised here for the purposes of improving qubit measurement. The first is the phase of the single-mode
squeezing, which controls which quadrature is squeezed and which is amplified, or anti-squeezed. The second property
is the magnitude of the single-mode squeezing, which is tied to the amount of gain of the output signal, but is also
constrained to ensure that the system is stable.

As previously mentioned, the presence of parametric amplification at the measurement mode was first discussed in
Eddins et al [209]. In the paper, it was found that increasing the amount of single-mode squeezing, and hence the gain
of the amplifier, led to a higher measurement rate along with an increase in the parasitic and measurement-induced
dephasing rates. The increase in the parasitic dephasing could be compensated for by applying a stronger measurement
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drive, where the larger drive amplitude naturally increased both the measurement rate and the measurement-induced
dephasing, and resulted in the parasitic dephasing becoming a comparatively smaller part of the total induced
dephasing. Higher efficiency could therefore be achieved through a combination of driving and single-mode squeezing.
This is limited in practice, however, since a strong drive resulted in nonlinear effects, and stimulated transitions to
higher energy levels of the transmon, thereby leading to a breakdown of the system model. It was also found that the
increased amount of noise in the measurement signal due to the amplification was, in fact, not detrimental to the
overall measurement efficiency. The reason was that the amplified noise in the measured quadrature overwhelmed the
off-chip noise, and so it was important to improve the overall measurement efficiency.

4.3.2.1 Drive and Amplifier Phase

With this in mind, we start by examining the interplay between the phases of the drive, the amplifier, and the passive
loop. The goal is to establish how the different components of the nonreciprocal amplifier shift and rotate the signal
as it moves through the loop. For the two loop phases, ϕ = ±π/2, we provide a heuristic picture to explain the
interplay between the drive and amplification by tracking the behaviour of the displaced signal as it circulates in its
preferred direction around the loop. It must be emphasised that this is only a rough explanation; although there
is a preferred direction of circulation, in reality, there are counter-propagating signals in the circuit, and it is their
interference which gives rise to the steady-state behaviour.

Phase Space Description of the Interactions
Starting with the simplest component, the drive eiφb̂† + e−iφb̂, this term displaces the buffer mode Wigner function
along the vector defined by (qb, pb) = (cos(φ− π/2), sin(φ− π/2)) in phase space. For example, if the drive phase
is φ = 0 then the displacement in phase space will be along the negative pb-axis. The effect of the beam splitter
interaction eiϕâ†j âk + e−ϕâj â

†
k is to swap the distribution between the two modes aj and ak. The exact behaviour is

not important, and for the purpose of this explanation, it is only relevant that when the phase is ϕ = 0 the Wigner
distribution is rotated into an orthogonal axis as it is swapped to the other mode, whereas the distribution will be
swapped to a parallel axis when the phase is ϕ = ±π/2.

The final interaction we have to consider is the single-mode squeezer, eiθâ†2 + e−iθâ2. Here, amplification is along
the axis (qa, pa) = (cos[ 1

2 (θ+π/2)], sin[ 1
2 (θ+π/2)]), and so the Wigner function will be squeezed along the orthogonal

axis, (qa, pa) = (cos[ 1
2 (θ − π/2)], sin[ 1

2 (θ − π/2)]). If the amplifier phase is θ = π/2, the amplification will be along
the qa-axis, and so the squeezing is along the pa-axis. As a result, any displacement parallel to the qa-axis will be
enhanced, whereas any displacement in the pa-axis is shrunk due to the squeezing. Correspondingly, the variance of
the Wigner function will increase along the qa-axis, and will become narrower along the pa-axis. When the amplifier
phase is set to θ = −π/2, the behaviour is reversed, so that the amplification is along the pa-axis, and the squeezing
is along the qa-axis.

Evolution of the Circulating Signal
We can now explain the ideal behaviour for each direction of circulation. We will start with the counter-clockwise
circulation around the loop, corresponding to the loop phase ϕ = −π/2. We recall that this results in preferred
circulation of the signal from the buffer mode, to the cavity mode, to the amplifier mode, and then back to the
buffer mode. A graphical representation is provided in Figure 4.6. To start, a drive with phase φ is applied to the
buffer mode, creating a coherent state displaced in the (qb, pb) = (cos(φ − π/2), sin(φ − π/2)) direction. As this
displaced state is swapped to the cavity mode, it is rotated and so lies along (qc, pc) = (cos(φ − π), sin(φ − π)).
The dispersive coupling to the qubit proceeds to rotate the coherent state as it sits in the cavity mode, so that
the acquired displacement that allows us to discriminate between the two qubit states is along the orthogonal axis,
(qc, pc) = (cos(φ−π/2), sin(φ−π/2)). The Wigner function is then swapped by the beam splitter to the amplifier mode,
where the difference between the pointer-state Wigner functions now lies along the (qa, pa) = (cos(φ−π/2), sin(φ−π/2))
axis. To enhance the displacement between these two states, the amplification must be applied along this axis, and
therefore the phase of the single-mode squeezing must be θ = 2φ−π/2. Finally, the third beam splitter swaps the state
back to the buffer mode, where the separation between the pointer states is now along the (qb, pb) = (cos(φ), sin(φ))
axis. In order to maximise the measurement efficiency, the measurement quadrature should therefore have the same
phase as the original drive.

Things are slightly different when the signal propagates clockwise through the loop, corresponding to a loop phase
of ϕ = +π/2. Here, the coherent state in the buffer mode is first swapped to the amplifier mode. The coherent state
therefore lies along the (qa, pa) = (cos(φ− π), sin(φ− π)) axis when it is swapped to the amplifier mode. Since it
has not acquired any qubit information, the optimal behaviour of the amplifier is to maximise the displacement, so
the amplification should be applied along the same axis as the displacement, and hence the single-mode squeezing
should have the phase θ = 2φ+ π/2. The amplified signal is then swapped to the dispersively coupled cavity mode,

101



4.3 Dispersive Qubit Measurement with an Integrated Nonreciprocal Amplifier

Cavity Mode

Counter-Clockwise
Buffer Mode Input

Amplifier Mode Buffer 
Mode

 

 

Buffer 
ModeCavity Mode

Amplifier
Mode

Clockwise
Buffer Mode Input

Figure 4.6: Wigner distribution confidence ellipses of the modes for the two circulation directions.
[Top] Counter-clockwise circulation: the initial coherent state entering the buffer mode is swapped to the cavity mode,
where it rotates as a result of the dispersively coupled qubit. The signal is then amplified in the amplifier mode, and
then this amplified signal is swapped to the buffer mode. There is an attenuation of the displacement and squeezing
of the pointer state when swapping from the amplifier to the buffer mode. [Bottom] Clockwise circulation: the initial
coherent state entering the buffer mode is swapped to the amplifier mode, where it is amplified. The signal then
moves to the cavity mode, where the dispersive measurement of the qubit occurs, and then is swapped to the buffer
mode. The displacement and squeezing of the final pointer state in the buffer mode are again attenuated.

acquires some qubit information, and then is swapped back to the buffer mode, where the signal now lies along the
(qb, pb) = (cos(φ− π), sin(φ− π)) axis.

Although this explanation is not exact, the steady-state Wigner distributions of the various modes do closely
correspond to those in Figure 4.6. In particular, the distribution of the amplifier mode shows almost no dependence on
the qubit state for CW circulation, and the distribution for the cavity mode is nearly that of a vacuum state for CCW
circulation. Since the true behaviour is very close to the ideal, we can make some predictions regarding the induced
dephasing and measurement rate. We expect that the total induced dephasing is much larger for CW circulation
compared to CCW circulation since the cavity mode state is highly squeezed in the former, and is nearly the vacuum
state for the latter. Comparatively, the amount of noise in the measurement is expected to be larger for CCW
circulation than for CW circulation since the qubit information is acquired after passing the single-mode squeezer
when circulating CW, and so the noise seen in the measured quadrature is somewhere between perfectly amplified
and squeezed noise. Since the single-mode squeezer is passed after the qubit measurement for CCW circulation, the
noise in the measured quadrature is ideally amplified and squeezed for the orthogonal quadrature. The signal for both
directions is the same, as will be shown in Section 4.3.3, meaning that more noise will be present in the measurement
for CCW circulation, which will result in a lower measurement rate.

4.3.2.2 Stability and Amplifier Gain

Having thoroughly described the phase behaviour of the nonreciprocal amplifier, we will now provide limits on the
amplitude of the squeezing. These limits come from the requirement that our system be stable, which is guaranteed if
the normal modes have positive decay rates. To determine whether this is the case, we start with the dynamical
matrix of the nonreciprocal amplifier, written in the quadrature basis given by r̂ = (q̂a, p̂a, q̂b, p̂b, q̂c, p̂c):

A =

−(κa/2)I + λ(− cos(θ)X + sin(θ)Z) gabJ gac(cos(ϕ)J + sin(ϕ)I)
gabJ −(κb/2)I gbcJ

gac(cos(ϕ)J− sin(ϕ)I) gbcJ −(κc/2)I + σzχJ

 . (4.100)
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Figure 4.7: Stability plots for the nonreciprocal amplifier, as a function of the loop phase, ϕ, and strength of the
squeezing on the amplifier mode, λ/2π. Stable regions are indicated in white, and unstable regions are coloured in
red. The dispersive coupling to the qubit results in an effective detuning of the cavity mode, ∆c, which is dependent
on the state of the qubit, σz = ±1. Three cases are displayed, [Left] the qubit is in the ground state resulting in
∆c = −χ, [Right] the qubit is in the excited state where the detuning is ∆c = +χ, and [Middle] the dispersive
coupling to the qubit is omitted so there is no detuning, ∆c = 0. The dispersive coupling between the qubit and
cavity mode is χ/2π = 2.5 MHz. The decay rates for the three modes are κa/2π = 0.2 MHz, κb/2π = 40.0 MHz, and
κc/2π = 0.2 MHz. The beam splitter couplings are gab/2π = 5.0 MHz, gbc/2π = 5.0 MHz, and gac/2π = 1.25 MHz.
For these parameters, the necessary balancing condition required for nonreciprocal scattering between the amplifier
and cavity mode is met, gac = gabgbc(2/κa). At this point, and this point only, the maximum strength of the
squeezing λ allowed for the system to be stable is independent of the detuning of the cavity mode, provided the loop
phase is set to the necessary values of ϕ = ±π/2. The condition which sets the maximum value of the squeezing,
Cλ < 1 + Cab, can be rewritten as λ < (κa/2) + g2

ab(2/κb). For these parameters, this indicates that the system
becomes unstable for squeezing magnitudes at and beyond λ/2π = 1.35 MHz; this value is marked by a horizontal
black line in all three plots.

As a reminder, σz is the realisation of the qubit measurement and so only takes the values σz = ±1. The stability
criterion is equivalent to the requirement that the real part of the eigenvalues of this dynamical matrix be strictly
negative. In order to check this, we must calculate the roots of the characteristic polynomial,

det[A − sI6] = P0(s,+λ)P0(s,−λ) + 4g2
abg

2
bcg

2
ac cos2(ϕ) + χ2Pχ(s,+λ)Pχ(s,−λ)− 4σzχ gabgbcgacPχ(s, 0) cos(ϕ)

where P0(s,±λ) = g2
ab

(κc

2 + s
)

+ g2
bc

(κa

2 ∓ λ+ s
)

+ g2
ac

(κb

2 + s
)

+
(κa

2 ∓ λ+ s
)(κb

2 + s
)(κc

2 + s
)
,

and Pχ(s,±λ) = g2
ab +

(κa

2 ∓ λ+ s
)(κb

2 + s
)
. (4.101)

The stability criteria are therefore independent of the phase of the squeezing, and are identical for the ideal values
of the loop phase, ϕ = ±π/2. The Routh-Hurwitz criterion provides the necessary and sufficient conditions to
render this system stable, equivalent to the requirement that all eigenvalues have a negative real part. However, the
Routh-Hurwitz criteria for the general system are too complicated to analyse, and so provide little insight into the
parameters required for stability. Consequently, the system must be simplified so that the criteria are manageable,
which can be accomplished using nonreciprocity to reduce to number of independent parameters in the amplifier.

We recall from Section 4.3.1 that the mismatched circulator can block thermal noise originating at the amplifier
mode from reaching the cavity mode by rendering the scattering between these two modes nonreciprocal. Realising
nonreciprocity between the cavity and amplifier modes is also of interest for our nonreciprocal amplifier, since it
allows us to reduce the backaction of the measurement on the qubit, provided that the signal is circulated CCW. By
applying the necessary balancing condition for the cooperativities, Cac = CabCbc, the stability requirements become
independent of the dispersive coupling χ at the ideal values of the loop phase, ϕ = ±π/2, as shown in Figure 4.7. The
detuning of the cavity mode due to the qubit can then be removed when analysing the system stability in this regime,
greatly reducing the complexity of the stability criteria.

Applying these simplifications to the characteristic polynomial of A , the stability of the system is then wholly
dependent on the behaviour of the roots of P0(s,+λ)P0(s,−λ). It can be shown that the Routh-Hurwitz criteria are
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always fulfilled for the polynomial P (s,−λ) but not for P (s,+λ), so we only need to consider the latter. The stability
criteria for the system at the points of nonreciprocity are then:

0 < κa(1− Cλ) + κb + κc

0 < κaκb (1− Cλ + Cab)
(
κa(1− Cλ) + κb

)
+ κaκc (1− Cλ + CabCbc)

(
κa(1− Cλ) + κc

)
+ κbκc

(
2κa(1− Cλ) + (1 + Cbc) (κb + κc)

)
0 < κaκbκc (1 + Cbc)

(
1− Cλ + Cab

)
. (4.102)

where we define the cooperativity for the squeezing as Cλ := 2λ/κa. The first condition indicates that the squeezing
results in anti-damping on the amplifier mode; however, the system is guaranteed to be stable so long as the net
dissipation rate of the system is still positive. This condition is easily satisfied for the nonreciprocal measurement
loop, since the decay rate of the buffer mode is engineered to be large, κb ≫ κa, κc, to prevent dissipation of the signal
within the loop. The second condition is the most complicated and difficult to interpret; however, the calculations
shown in Figure 4.7 show that for physically motivated parameters, the stability of the system rests solely on the
third condition. Since the decay rates and cooperativities must all be positive quantities, the third stability condition
can be recast as,

Cλ < 1 + Cab. (4.103)

This criterion sets the maximum allowable value of Cλ, and therefore dictates the absolute upper limit for the
magnitude of the single-mode squeezer, λ, the value of which is directly related to the gain of the amplifier. Since we
are only monitoring the input and output of the amplifier through the buffer mode, the gain can be characterised by
the scattering element b̂out = Sbb[0]b̂in, which we evaluate at ω = 0. Unlike the stability calculation, here we include
the dispersive shift when calculating the scattering matrix. This reflection term is identical for both loop phases
ϕ = ±π/2, and is given by:

Sbb[0] = 1
(1 + Cab + Cbc + Cac)2 − C2

λ(1 + Cbc)2 + X 2((1 + Cab)2 − C2
λ)

×
[
X 2 (−1 + C2

ab + C2
λ

)
+ 2iσzX

(
CabCac − Cbc

(
1− C2

λ

))
+ (1 + Cab + Cbc + Cac)(−1 + Cab + Cbc − Cac)− C2

λ

(
−1 + C2

bc

) ]
. (4.104)

We note that this scattering element is independent of the choice of phase for the single-mode squeezer. Applying the
nonreciprocity condition reduces this scattering matrix element to a particularly simple form:

Sbb[0] = −
(
(1− Cab)(1 + Cab)− C2

λ

)(
1− Cbc + iσzX

)(
(1 + Cab)2 − C2

λ

)(
1 + Cbc + iσzX

) . (4.105)

Using this quantity we can define two measures of gain; the amplitude gain, which is calculated using the magnitude
of the scattering element, |Sbb[0]|, and the power gain, which is calculated from the power of the output signal, that is
the magnitude squared, |Sbb[0]|2. For this work, we will use the power gain, and so

√
Gbb := |Sbb[0]|. The gain can

also be expressed in units of decibels as follows:

Gbb(dB) = 10 log10 |Sbb[0]|2 where |Sbb[0]|2 =
(
(1− Cab)(1 + Cab)− C2

λ

)2((1− Cbc)2 + X 2)(
(1 + Cab)2 − C2

λ

)2((1 + Cbc)2 + X 2
) . (4.106)

We can convert back from decibels using the definition Gbb := 10Gbb(dB)/10. In the above expression, we notice that as
the squeezing approaches the point of instability, Cλ → 1 + Cab, the gain Gbb will diverge, so in theory there is no limit
to how strongly the signal can be amplified; in practice this is of course not the case. When the single-mode squeezer
is off, Cλ = 0, Eq. 4.106 returns a negative value for the gain, indicating that the amplitude of the scattering element
is less than one, |Sbb[0]| < 1. This is to be expected, since there is inevitably some loss through the other two modes
as the displaced signal circulates around the loop. As a result of this loss, in order for the signal to have a gain of
zero, Gbb = 0 dB or |Sbb[0]|2 = 1, the amplitude of the single-mode squeezer must be non-zero. After turning on the
single-mode squeezer, the amplifier mode must therefore initially do some work to overcome the attenuation in the
reflected signal in order to realise positive gain, and hence amplification. For completeness, we can relate the amount
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of squeezing to the power gain as follows,

C2
λ = 1 + Cab

Gbb ((1 + Cbc)2 + X 2)− ((1− Cbc)2 + X 2)

×
[
− 2Cab

√
Gbb ((1 + Cbc)2 + X 2) ((1− Cbc)2 + X 2)

+ Gbb(1 + Cab)
(
(1 + Cbc)2 + X 2)− (1− Cab)

(
(1− Cbc)2 + X 2) ]. (4.107)

4.3.3 The Dispersive Measurement
With the analysis of each sub-component completed, we can compile everything that we have learned to examine the
optimum behaviour when performing a dispersive qubit measurement with our single-port nonreciprocal amplifier. A
lot has been covered, so the important points will be summarised first for clarity:

• For the single-port measurement to succeed, we require that as little signal as possible be lost through the other
two modes. To accomplish this, the beam splitter rates should be larger than the decay rates, and ideally be as
large as possible. This requirement can be written in terms of the cooperativity as Cjk ≫ 1.

• To minimise the backaction on the qubit due to noise coming from the amplifier mode, nonreciprocal scattering
can be used to direct the signal away from the dispersively coupled cavity mode. This condition, c→ a, requires
that the loop phase be set to ϕ = −π/2, which naturally circulates the signal in the counter-clockwise direction.
Realising nonreciprocal scattering requires that the beam splitter cooperativities be set to Cac = CabCbc, or
equivalently, gac = gabgbc(2/κb).

• To amplify the output and thereby maximise the measurement rate, the single-mode squeezing should be
as strong as allowed by the stability conditions and the critical photon numbers. This is also necessary to
compensate for added off-chip noise. In addition, the drive and squeezing should have a relative phase of
θ − 2φ = −π/2 for CCW circulation to enhance the displacement between the pointer states.

Although some of these properties have only been heuristically explained, or else only shown to work in the absence
of single-mode squeezing, all will be confirmed to apply to the nonreciprocal amplifier as well in this section. To
demonstrate this, we will examine the behaviour of the qubit dephasing as well as the measurement rate, before
finishing with an analysis of measurement efficiency. For contrast, the results for CW circulation will also be analysed.

4.3.3.1 Measurement Backaction

We will start by characterising the induced backaction using the moment method in Section 4.2.2.2. The expressions
which are necessary for calculating the dephasing will be given here, with full details provided in Appendix F.4. The
total induced dephasing can be expressed as a combination of the parasitic and measurement-induced dephasing rates:

Γd = Γd,p + Γd,m where Γd,p = 1
2Re

[
Tr [Bσ]

]
= −χIm[σqcqc

+ σpcpc
],

and Γd,m = 1
2Re

[
µT Bµ

]
= −χIm[µ2

qc
+ µ2

pc
]. (4.108)

Since the focus is on the rate of dephasing when the system is in the steady state, the arrays σ and µ are the solutions
to the following algebraic matrix equations

0 = Aσ + σAT − σBσ + C 0 = (A− σB)µ + f . (4.109)

When defining the arrays in these expressions we work in the quadrature basis, r̂ = (q̂a, p̂a, q̂b, p̂b, q̂c, p̂c). The matrix
A is the dynamical matrix of the nonreciprocal amplifier in the absence of any coupling to the qubit:

A =

−(κa/2)I + λ(− cos(θ)X + sin(θ)Z) gabJ gac(cos(ϕ)J + sin(ϕ)I)
gabJ −(κb/2)I gbcJ

gac(cos(ϕ)J− sin(ϕ)I) gbcJ −(κc/2)I

 . (4.110)

The matrix C contains the usual vacuum and thermal noise terms from the baths, along with an added term which is
present due to the coupling between the cavity mode and the qubit. This coupling also gives rise to the B matrix,
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which generates a quadratic term in the matrix equation for σ. These matrices take the form:

B =

0 0 0
0 0 0
0 0 2iχI

 C = 1
2

κa(2n̄a + 1)I 0 0
0 κb(2n̄b + 1)I 0
0 0 (iχ+ κc(2n̄c + 1))I

 . (4.111)

Lastly, the vector f in the equation for µ comes from the drive term in the Hamiltonian:

f =
√

2κb |α|
(
0 0 sin(φ) − cos(φ) 0 0

)T
. (4.112)

These matrix equations are not solvable analytically over most of the parameter space, and so, with the exception of
some specific system parameter values, they must be solved numerically.

Parasitic Dephasing
The parasitic component of the dephasing, as previously discussed in Section 4.2.2.2, arises when the variance of
the system state is not identical to the vacuum state. Variances in the photon fluctuations above or below the
vacuum enhance the dephasing by performing a parasitic measurement which does not impact the displacement of the
pointer states, and is therefore unwanted. In Gaussian systems, the two processes which can cause this are single and
two-mode squeezing, and thermal noise fluctuations from the environment. Squeezing must be present in the system
to amplify the measurement, whereas thermal noise does nothing to enhance the measurement.

Since the coupling to the qubit rotates the state of the cavity mode, if this state is squeezed, then the parasitic
measurement is a result of qubit information being lost due to the rotation of the squeezed and amplified quadratures
of the cavity mode. This rotation is independent of the initial phase of the squeezed state that enters the cavity
mode, and hence Γd,p must be independent of the single-mode squeezing phase. This fact is shown explicitly in
Appendix F.4. The rotation of the quadrature due to the dispersive coupling will occur even if the squeezed state is
not displaced, demonstrating that the parasitic dephasing is present even if the drive is off.

By circulating in the CCW direction, Cac = CabCbc and ϕ = −π/2, thereby ensuring that noise from the amplifier
mode is directed away from the cavity mode, we ideally expect that the state in the cavity mode is a displaced vacuum
state coming from the drive on the buffer mode. For CW circulation, where ϕ = +π/2, we therefore expect that
the squeezed state is swapped directly from the amplifier mode to the cavity mode. The parasitic dephasing should
then be at its lowest when circulating CCW, and highest when circulating CW, which can be seen in Figure 4.8,
where Γd,p is plotted against the loop phase. The parasitic dephasing is directly dependent on the amplitude of the
single-mode squeezing, λ, or equivalently amplifier gain, Gbb, since this corresponds to an increase in the variance of
photon fluctuations in the dispersively coupled cavity mode; this is also shown in Figure 4.8. Additionally, we note
that the parasitic dephasing does not vanish exactly when ϕ = −π/2, indicating that the state in the cavity mode is
squeezed, if only slightly. This is expected, since we cannot perfectly apply the nonreciprocity condition across all
frequencies.

To better demonstrate the differences in behaviour for the two circulation directions, the parasitic dephasing can be
solved analytically for arbitrary values of the amplifier phase θ at specific values of the loop phase, that is, when
ϕ = ±π/2:

Γd,p = −1
2(κa + κb + κc) + 1

2Re
[√

r1(+λ) +
√

r2(+λ) +
√
r3(+λ) +

√
r1(−λ) +

√
r2(−λ) +

√
r3(−λ)

]
, (4.113)

where rk(±λ) are the roots of the following cubic polynomial,

0 = s3 + v2(±λ)s2 + v1(±λ)s+ v0(±λ, sgn(ϕ)) = (s− r1(±λ))(s− r2(±λ))(s− r3(±λ)). (4.114)

The coefficients have long expressions, and so are defined in Eq. (F.87) in Appendix F. The sign of the loop phase is
only present in the v0(±λ, sgn(ϕ)) term, and hence this is the only place where the direction of circulation appears
when calculating the parasitic dephasing. Part of the effects of nonreciprocity on the parasitic dephasing can be
gleaned from examining the v0(±λ, sgn(ϕ)) term on its own, where applying the nonreciprocity condition between
the amplifier and cavity modes removes the thermal noise contribution from the amplifier mode. The contributions
from the squeezing are, however, untouched when applying the nonreciprocity condition to this term, along with the
other two coefficients from the polynomial. The complicated form of the cubic roots, rk(±λ), means that it is not
possible to explain the strong dependence of the parasitic dephasing on the circulation direction using the known
analytic expressions. The effect of nonreciprocity on the squeezing is therefore currently only evidenced in numerical
calculations, as seen in Figure 4.8, which serves to confirm the theoretical prediction that circulating in the CCW
direction will minimise Γd,p. Despite the difficulty in interpreting the analytic results, obtaining these expressions was
necessary for calculating the measurement-induced dephasing.
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Figure 4.8: Parasitic dephasing Γd,p of the nonreciprocal amplifier due to noise from the single-mode squeezer at
mode a. [Top] Γd,p as a function of the loop phase ϕ for three values of the squeezing λ, labelled in the plot using the
related values of amplifier gain as measured at ϕ = ±π/2 in the absence of a dispersively coupled qubit: Gbb = 0 dB
or λ/2π ≈ 0.4025 MHz (green), Gbb = 10 dB or λ/2π ≈ 1.0155 MHz (blue), and Gbb = 20 dB or λ/2π ≈ 1.2347 MHz
(orange). Note that although the function is smooth and continuous over the entire range of loop phases, due to the
instability of the pointer states, certain values of the loop phase are not accessible for λ/2π ≈ 1.0155 MHz and
1.2347 MHz as indicated in Figure 4.7. [Bottom] Γd,p as a function of the amplitude of the single-mode squeezer λ for
two values of the loop phase: ϕ = −π/2 corresponding to CCW circulation (blue), and ϕ = +π/2 corresponding to
CW circulation (blue). No thermal noise is present in the system n̄a, n̄b =, and n̄c = 0. All other system parameters
are as in Figure 4.7.

Measurement Dephasing
In contrast to the parasitic dephasing, the measurement dephasing yields a comparatively simple form:

Γd,m = |α|2 χ2κb

(
z1(+λ)

(
sgn(ϕ)gabgac − gbc(κa/2− λ)

)2(
z0(+λ)− χ2z2(+λ)

)2 +
(
χz1(+λ)

)2
(
1 + sin(θ − 2φ)

)
+
z1(−λ)

(
sgn(ϕ)gabgac − gbc(κa/2 + λ)

)2(
z0(−λ)− χ2z2(−λ)

)2 +
(
χz1(−λ)

)2
(
1− sin(θ − 2φ)

))
where z0(±λ) =

(
g2

abκc/2 + g2
bc(κa/2∓ λ) + g2

acκb/2 + (κa/2∓ λ)(κb/2)(κc/2)
)2

z1(±λ) =
[
κa(2n̄a + 1) (gabgbc + sgn(ϕ)gacκb/2)2

+ κb(2n̄b + 1) (sgn(ϕ)gabgac − gbc(κa/2∓ λ))2

+ κc(2n̄c + 1)
(
g2

ab + (κa/2∓ λ)(κb/2)
)2
]

z2(±λ) =
(
g2

ab + (κa/2∓ λ)(κb/2)
)2
. (4.115)
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The zk(±λ) coefficients are derived from the roots rk(±λ) of the polynomial in Eq. (4.114), which appeared when
calculating the parasitic dephasing:

−v0(±λ, sgn(ϕ)) = −χ2z2(±λ) + iχz1(±λ) + z0(±λ) = r1(±λ) r2(±λ) r3(±λ). (4.116)

The measurement dephasing can also be expressed in terms of the cooperativities for easier analysis:

Γd,m = 4 |α|2 X
(
Z1,+

(
sgn(ϕ)

√
CabCac −

√
Cbc(1− Cλ)

)2(
Z0,+ −X 2Z2,+

)2 +
(
XZ1,+

)2
(
1 + sin(θ − 2φ)

)
+
Z1,−

(
sgn(ϕ)

√
CabCac −

√
Cbc(1 + Cλ)

)2(
Z0,− −X 2Z2,−

)2 +
(
XZ1,−

)2
(
1− sin(θ − 2φ)

))
where Z0,± = ((1 + Cab + Cbc + Cac)∓ Cλ(1 + Cbc))2

Z1,± =
[
(2n̄a + 1)

(√
CabCbc + sgn(ϕ)

√
Cac

)2

+ (2n̄b + 1)
(
sgn(ϕ)

√
CabCac −

√
Cbc(1∓ Cλ)

)2

+ (2n̄c + 1) (Cab + (1∓ Cλ))2
]

Z2,± = (Cab + (1∓ Cλ))2
. (4.117)

The measurement dephasing for the nonreciprocal amplifier Eq. (4.117) naturally reduces to the previously defined
measurement dephasing for the passive mismatched circulator in Eq. (4.92) when the single-mode squeezer is turned
off, λ = 0. Despite the addition of squeezing, the measurement-induced dephasing for the nonreciprocal amplifier and
the mismatched circulator behaves similarly. In the above expression, it is still not possible to cancel thermal noise
coming from the buffer mode or the cavity mode. Though it may seem possible with certain combinations of the
cooperativities, loop phase, and relative amplifier-drive phase, the result is invariably either not physically possible
since it violates one of the stability criteria, or else is uninteresting because the measurement dephasing goes to zero.

Cancelling thermal noise from the amplifier mode is still possible as before by applying the conditions for
nonreciprocal scattering in the c→ a direction, ϕ = −π/2 and Cac = CabCbc. Although it is not immediately obvious,
the nonreciprocal scattering not only cancels the noise from n̄a it also cancels the contributions from the squeezing
exactly. The measurement dephasing becomes,

Cac = CabCbc , ϕ = −π2 : Γd,m = 8 |α|2 X (Cbc(n̄b + 1) + (n̄c + 1))(
(1 + Cbc)2 −X 2

)2 + 4X 2 (Cbc(n̄b + 1) + (n̄c + 1))2 , (4.118)

which is identical to the previous result for the mismatched circulator in Eq. (4.94). The contribution from noise
sources originating from the amplifier mode has disappeared, and the measurement dephasing is identical to the result
we would have obtained by decoupling the amplifier mode entirely, Cab and Cac = 0. This result is independent of the
value of the relative phase between the single-mode squeezer and the drive, θ − 2φ, as demonstrated in Figure 4.9.
Although these noise terms have disappeared here, they are still present in the parasitic dephasing. This can be
explained by remembering that the measurement dephasing comes purely from the drive on the buffer mode, and
will vanish if the amplitude of that drive is zero, |α|2, indicating that the measurement dephasing is then entirely
due to the net displacement of the cavity mode. As evidenced by the parasitic dephasing, nonreciprocity does not
perfectly shield the cavity mode state from amplifier mode noise since we are not circulating perfectly, indicating that
there are counter-propagating signals reaching the cavity state. The combination of these signals does not result in
a state with the same variance as the vacuum state, resulting in the observed non-zero parasitic dephasing. What
nonreciprocity does is combine the displacements of these different signals, destructively cancelling the contribution
from the amplifier mode. As evidence, we can calculate the displacement of the cavity mode’s internal field by solving:

(qccw
c,int, p

ccw
c,int) = 2

√
2 |α|

√
Cbc/κc

(1 + Cbc)2 + X 2

(
(1 + Cbc) cos(φ) + X sin(φ), (1 + Cbc) sin(φ)−X cos(φ)

)
−→

∣∣αccw
c,int

∣∣2 = 4 |α|2 Cbc/κc

(1 + Cbc)2 + X 2 . (4.119)

These expressions are entirely independent of the squeezing λ, and so explain why the measurement dephasing is also
independent of λ. Note that the effect of thermal noise on the measurement dephasing is still not well understood,
since this only affects the variance and not the displacement of the internal state. Also, even in the absence of thermal
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Figure 4.9: Measurement dephasing Γd,m (solid) and measurement rate Γmeas (dotted) of the nonreciprocal amplifier,
normalised by the amplitude of the buffer mode drive |α|2. Quantities are plotted against the relative phase between
the single-mode squeezer and the drive, θ − 2φ. The plotted rates correspond to two values of the loop phase:
ϕ = −π/2 (blue) and ϕ = +π/2 (orange). The amplitude of the squeezer corresponds to a gain of Gbb = 10 dB or
equivalently λ/2π ≈ 1.0155 MHz. All other system parameters are identical to those in Figure 4.8.

noise, the above expression does not imply that the measurement dephasing can be trivially calculated from the
internal state of the cavity mode in all cases.

When the scattering direction is reversed, a→ c, the displacement of the cavity mode state and the measurement
dephasing are dependent on the phase and amplitude of the single-mode squeezer. This dependence is depicted in
Figure 4.9, where it can be seen that the measurement dephasing for CW circulation reaches a maximum value when
θ − 2φ = +π/2, where the measurement dephasing increases along with the amplifier gain. Conversely, it reaches a
minimum value at θ− 2φ = −π/2, where the dephasing decreases as a function of the gain; see Figure 4.10. Since the
first choice of phase corresponds to amplification along the displaced quadrature, the measurement dephasing will
increase due to the enhancement of the cavity mode displacement. This can be demonstrated explicitly by calculating
the magnitude of cavity mode displacement in phase space:

∣∣αcw
c,int

∣∣2 = 4 |α|2 Cbc/κc

(1 + Cbc)2 + X 2 ×
(1− Cab − Cλ)2

(1 + Cab − Cλ)2 when θ − 2φ = π/2. (4.120)

We notice there is a similarity to the CCW value, however, the presence of the amplifier increases the expected
displacement. If the squeezing is along the displaced quadrature, then the amplifier is working to decrease the amount
of displacement, leading to a decrease in the dephasing with increases in gain.

We also note that, depending on the phases, the measurement dephasing for CW circulation exceeds the rate for
CCW circulation. We know that the measurement rate is ultimately tied to this rate of dephasing, and so we analyse
this rate in the next section to determine whether the extra dephasing that comes with CCW circulation can also
result in faster measurement of the qubit.

4.3.3.2 Measurement Rate

The analysis of the measurement rate will rest on the intuition developed in Section 4.3.2.1, where we determined that
the phase of the measurement quadrature should match that of the drive when the loop phase is ϕ = ±π/2 to optimise
the signal component. The steady-state measurement operators for the nonreciprocal amplifier and mismatched
circulator are therefore identical for both of the optimum values of the loop phase,

M̂ [0] = cos(φ)q̂b,out[0] + sin(φ)p̂b,out[0]. (4.121)

The behaviour of the measurement rate at these ideal loop phases also matches the expected behaviour from the
heuristic explanation given in Section 4.3.2.1 exactly; this is demonstrated in Figure 4.9 where the measurement rate
is at a maximum when the relative amplifier-drive phase is θ − 2φ = ±π/2. At this value of the relative phase, the
amplification enhances the separation between the pointer states for CCW circulation, while for CW circulation, the
amplification serves to increase the magnitude of the displacement before qubit measurement, thereby resulting in a
larger signal as the pointer states rotate apart. These effects are enhanced with an increase in the amplifier gain. At
the opposite relative phase, θ − 2φ = ∓π/2, these quantities are squeezed, thereby decreasing the signal and lowering
the overall measurement rate.
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Figure 4.10: [Left] Measurement dephasing Γd,m and [Right] measurement rate Γmeas of the nonreciprocal amplifier,
normalised by the amplitude of the buffer mode drive |α|2. Quantities are plotted against the amplitude of the
single-mode squeezer λ. The plotted rates correspond to two values of the loop phase: ϕ = −π/2 (blue) and
ϕ = +π/2 (orange). The relative phase between the squeezer and the drive is tuned to realise amplification (solid) or
squeezing (dotted) of the measurement signal. When the loop phase is ϕ = −π/2, the dephasing is independent of the
amplifier phase, and so these lines are identical. All other system parameters are identical to those in Figure 4.8.

Figure 4.9 also demonstrates that, for the same set of coupling strengths and decay rates, CW circulation can
realise a faster measurement rate compared to CCW circulation. We can understand this by examining the individual
parts of the total measurement rate. Starting with the signal component,

1
4 |⟨M̂ [0]⟩e − ⟨M̂ [0]⟩g|2 = 2 |α|2 χ2κ2

b

det[A ]2

(
g2

abg
2
ac − g2

bc

(
κ2

a

4 − λ
2
)

+ 2 sgn(ϕ)λgabgacgbc sin(θ − 2φ)
)2

, (4.122)

where det[A ] is the determinant of the dynamical matrix for our nonreciprocal amplifier, A , defined in Eq. (4.100).
Only one term in the above expression is dependent on the various phases of our system, and it is through this term
that we can see that the signal is identical for CW and CCW circulation when θ − 2φ has the opposite phase:

sin(θccw − 2φccw) = − sin(θcw − 2φcw) −→ θccw − 2φccw = θcw − 2φcw ± π. (4.123)

The maximum obtainable signal is therefore identical for both directions of circulation, and so the number of photons
reaching the output of the buffer mode must be identical. This was also seen in the mismatched circulator, where the
overall measurement rate was identical since the noise of the output state was always in vacuum. The reason for the
difference here is that the output noise power is not identical for both directions of circulation; exact expressions
may be found in Appendix F.4. Since amplification occurs before the qubit measurement during CW circulation, the
dispersive coupling to the qubit will rotate some of the amplified noise out of the measurement quadrature, so the
output noise power is somewhere between squeezed and amplified noise. For CCW circulation amplification occurs
after measurement, so the output noise-power of the measurement quadrature corresponds almost entirely to amplified
noise, resulting in an inherently noisier measurement in comparison.

4.3.3.3 Measurement Efficiency

With the backaction and measurement rate now fully characterised, we can now proceed to calculate the efficiency
of the measurement. In the ideal case, there is either no added noise coming from other sources acting to decrease
the measurement rate, n̄add = 0. We also assume that the phases are all tuned to their optimum values, and the
backaction coming from parasitic measurements is sufficiently minimised. The last point can be achieved by increasing
the amplitude of the drive so that it is much smaller in magnitude compared to the dephasing from the measurement
drive, Γd,p ≪ Γd,m. Provided these assumptions are met, the measurement efficiency can be approximated as,

η = Γmeas(n̄add)
Γd,p + Γd,m

≈ Γmeas(0)
Γd,m

where Γmeas(n̄add) = |⟨M̂ [0]⟩e − ⟨M̂ [0]⟩g|2 /4
S̄MM,e[0] + S̄MM,g[0] + 2n̄add

. (4.124)

The threshold for drive amplitude at which the measurement dephasing overpowers the parasitic dephasing is
considerably different for CCW vs CW circulation. In Figure 4.11, the parasitic component is overwhelmed when the
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Figure 4.11: [Left] The measurement efficiency η = Γmeas/Γd of the nonreciprocal amplifier plotted against squeezing
strength, λ/2π, with the drive amplitude set to |α|2 /2π = 0.1 MHz. [Right] Here, the measurement efficiency is
plotted against the drive amplitude |α|2 /2π, with the amplifier gain fixed to Gbb = 20 dB, equivalent to
λ/2π ≈ 1.2347 MHz. Results for the two optimum values of the loop phase are shown, and for both values, the
relative phase of the single-mode squeezer and drive are tuned so as to amplify the measurement signal. The plotted
phase values are then: ϕ = −π/2 and θ − 2φ = −π/2 (blue), and, ϕ = +π/2 and θ − 2φ = +π/2 (orange). For these
two sets of phases, we consider the case where there is no added off-chip noise, n̄add = 0 (solid), and where there is
ten photons of added noise, n̄add = 10 (dashed). All other system parameters are identical to those in Figure 4.8.
Although the right plot includes large values of |α|2, the entire range is not accessible since the cavity mode
occupation must be well below the critical photon number, defined in Section 4.1.3 for the single mode case. Applying
that result here, and assuming a cavity-qubit mode detuning of roughly ∆/2π ∼ 1 GHz, the critical photon number is
on the order of ncrit = ∆/4χ ∼ 100. Using the classical cavity occupations from Eqs. (4.119) and (4.120), we arrive at
rough photon occupations of

∣∣αccw
c,int

∣∣2 ≈ 0.31 |α|2 (MHz/2π)−1 and
∣∣αccw

c,int
∣∣2 ≈ 132.5 |α|2 (MHz/2π)−1. When

circulating CCW the measurement dephasing safely overwhelms the parasitic dephasing before the cavity occupation
becomes a problem, while for CW circulation the parasitic dephasing is not sufficiently minimised in comparison to
the measurement dephasing until |α|2 ∼ 100, by which point the internal occupation of the cavity mode has far
surpassed the critical photon number, rendering the model unphysical.

efficiency becomes independent of increases in |α|2. Using the provided parameter values, for CCW circulation this
behaviour does not occur until roughly |αccw|2 ≳ 0.1, while for CW circulation the required drive amplitude is two
orders of magnitude larger, |αcw|2 ≳ 10. The reason is that the parasitic dephasing is orders of magnitude smaller
due to the circulation of amplifier noise away from the cavity mode. This is evident in Figure 4.8, where, for example,
the difference is roughly Γcw

d,p ∼ 500 Γccw
d,p for all values of the single-mode squeezer amplitude λ.

Since it is easy to render the parasitic dephasing irrelevant with CCW circulation, we will continue our focus on this
direction. Omitting any sources of thermal noise, the measurement dephasing can be written directly from Eq. (4.118):

Γccw
d,m = 8 |α|2 X 2Cbc(1 + Cbc)

((1 + Cbc)2 + X 2)2 . (4.125)

The measurement rate for CCW circulation, assuming no added off-chip noise, and an optimum relative phase of
θ − 2φ = −π/2 between the squeezer and drive, can be expressed as

Γccw
meas = (−1 + Cab + Cλ)2

(−1 + Cab + Cλ)2 + 4Cab
× 8 |α|2 X 2C2

bc

((1 + Cbc)2 + X 2)2 . (4.126)

As mentioned previously, Γccw
d,m is equivalent to the drive-induced dephasing for a measurement apparatus comprised

of two modes coupled via a beam splitter where both modes only experience vacuum noise from their baths. Things
are slightly different for the measurement rate Γccw

meas, which, as seen above, can be expressed as the product of two
parts. The term dependent on Cbc is the measurement rate for the passively coupled two-mode system with dephasing
given by Eq. (4.125). The other term is dependent on the beam splitter between the amplifier and buffer mode,
Cab, along with the amplifier strength, Cλ. This term arises because, unlike the passively coupled two-mode system,
the measurement signal is circulated past the amplifier mode before reaching the buffer. Despite the presence of
amplification, the loss incurred by passing the amplifier mode attenuates the measurement rate so that it is below
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that of the passively coupled two-mode system. This is the result of amplification of the measured quadrature, and is
the price we pay to minimise the backaction on the qubit.

Assuming that the drive amplitude is sufficiently large, the efficiency can be approximated as follows:

ηccw ≈ (−1 + Cab + Cλ)2

(−1 + Cab + Cλ)2 + 4Cab
× Cbc

Cbc + 1 ≡
1

1 + 4Cab/(−1 + Cab + Cλ)2 ×
1

1 + 1/Cbc
. (4.127)

In order to maximise this measurement efficiency, we can take a lesson from the mismatched circulator and make the
beam splitter couplings as large as possible to swap the measurement signal to the buffer before it can be decayed
away. In the regime where Cab, Cbc →∞ it can be confirmed that ηccw → 1, and that this upper limit is independent
of the strength of the amplifier Cλ.

It is also important to analyse the dependence of the efficiency on the gain of the amplifier, which can be done
by varying Cλ while fixing Cab. If the beam splitter rate is faster than the decay rates, Cab > 1, then this function
increases over the range of single-mode squeezing amplitudes permitted by the stability criterion, Cλ ∈ [0, 1 + Cab).
The measurement efficiency is therefore maximised when the system approaches instability, and so increasing the
distinguishability of the signal outweighs the increase in output noise power. We can write a series expansion for the
efficiency about the point of instability:

lim
Cλ→1+Cab

ηccw≈ 1
1 + 1/Cbc

(
1

1 + 1/Cab
− 1 + Cab − Cλ

(1 + Cab)2 +O
[
(1 + Cab − Cλ)2]) . (4.128)

To approach ηccw → 1, we therefore still require that the beam splitter rates be as large as possible to overcome any
attenuation in the system.

The efficiency exhibits strange behaviour when the decay rates match or overwhelm the beam splitter rate, Cab ≤ 1.
In this regime the efficiency goes exactly to zero, ηccw = 0, when Cλ = 1 − Cab. The signal is therefore gone, and
there is no way to distinguish between the pointer states. At this point the gain of the amplifier is actually negative,
and is smaller than the gain that would be realised if the squeezer was turned off, Gbb(Cλ = 1− Cab) ≤ Gbb(Cλ = 0)
for Cab ≤ 1. This implies that the measurement signal is, in fact, squeezed and not amplified. This behaviour is not
explained by the intuition that we have built to this point because this was based on the assumption that the signal
propagates perfectly in one direction through the circuit with a negligible amount of loss. Although the efficiency
does increase as Cλ is increased over the range Cλ ∈ [1− Cab, 1 + Cab), we have no explanation for the behaviour of
ηccw in this regime.

For comparison, we examine the optimal measurement efficiency for CW circulation by assuming that |α| is
sufficiently large, the phase condition θ − 2φ = +π/2 is met, and that there is no added noise. Unlike before, the
expressions for both rates are not compact. Motivated by the fact that numerical simulations show that the efficiency
increases as the amplitude of the squeezer approaches the point of instability, we again examine the efficiency for CW
circulation in this limit:

lim
Cλ→1+Cab

ηcw≈ 1− (1 +Cab−Cλ)2 (1 + Cbc)2((1 + Cbc)2 + 4CabCbc

)
+ 2X 2(1− C2

bc) + X 4

16X 2CabC2
bc(1 + Cab)2 +O

[
(1 +Cab−Cλ)3]. (4.129)

This behaviour contrasts heavily with what was observed for CCW circulation, where the efficiency still relied on
making Cab and Cbc as large as possible to optimise efficiency. No such limitation exists for the CW circulation
efficiency. Here we can see that the measurement efficiency is limited mainly by the gain of the amplifier, and can
theoretically approach perfect efficiency, regardless of the beam splitter rates. This indicates that the presence of
amplified noise improves the measurement efficiency, an effect seen in other works [215, 217, 219], and can help
overcome any losses in the cavity mode before the signal moves to the buffer mode. Compared to CW circulation,
CCW circulation has to contend with the problem of loss, since the signal is still nearly a vacuum state when it is in
the cavity mode, and will experience added loss as it passes to the amplifier mode. This occurs when the cooperativity
between modes a and c is small, Cac ≪ 1, although and is not seen directly due to the absence of Cac in Eq. (4.127) as
a result application of the nonreciprocity condition having been applied.

Although Eq. (4.129) may appear to be optimal behaviour, in reality, the increase in the intracavity occupation due
to a large |α| will cause a breakdown in the model before then, as was observed in Eddins et al [209]. As demonstrated
in Figure 4.11, a näıve calculation shows that the critical drive strength for CW circulation will be reached at much
smaller drive magnitudes compared to CCW circulation, |αcw

crit|
2 ∼ 430 |αccw

crit |
2, demonstrating that circulating noise

away from the cavity mode is also important to prevent the breakdown of our model.
The final point of concern is: how well does the nonreciprocal amplifier compensate for added off-chip noise? Using

the definition for added noise from Eq. (4.124) we can see that to compensate for any decrease in efficiency due to
n̄add, that the output noise-power should be much larger to swamp this extra noise S̄MM,e/g[0]≫ n̄add. The signal
component of the measurement rate must also increase as well so that the measurement efficiency does not decrease;
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as shown in Figure 4.11, we can realise this behaviour for both CW and CCW circulation. We can re-examine the
ideal behaviour for CCW circulation when additional off-chip noise is taken into account:

ηccw ≈ (−1 + Cab + Cλ)2

4CabCλ + (2n̄add + 1)(1 + Cab − Cλ)2 ×
Cbc

Cbc + 1 . (4.130)

This expression makes it clear that the added noise term is diminished as the strength of the single-mode squeezing
approaches the point of instability, Cλ → 1 + Cab, corresponding to increased amplifier gain and hence larger output
noise-power. This behaviour is observed in Figure 4.11, where the curves with and without added noise converge to
the same value for larger values of the squeezer amplitude λ. This figure also demonstrates that the same logic holds
true for CW circulation, and that this is to be expected even when the parasitic dephasing is non-negligible.

4.4 Summary and Outlook
In this chapter, we provided a review of the fundamental limits for the QND measurement of the state of a qubit. We
showed that the rate at which information about the qubit state is acquired by the measurement apparatus cannot
exceed the rate at which the measurement dephases the qubit. Both quantities are necessary to determine the efficiency
of the measurement, but while calculating the former quantity is easy, the latter is difficult. To accurately characterise
the dephasing, we expanded a previously used method using the moments of a complex-valued non-normalised
Wigner function, allowing for rapid solution of the dephasing for multimode systems involving active processes and
environmental noise beyond vacuum fluctuations.

We then proceeded to investigate the use of a three-mode nonreciprocal amplifier dispersively coupled to the qubit
to realise fast and efficient measurement. This device was taken to be a single-port amplifier due to the constraints of
the motivating physical system, where the measurement signal was injected and collected through the same port; an
investigation of different measurement schemes using this amplifier was not undertaken, but would also be of interest
for comparison. A detailed analysis allowed us to determine the optimum operational regime for the nonreciprocal
amplifier, where it was found that nonreciprocity could be used to protect the qubit against excessive dephasing by
only allowing signal transmission from the cavity mode to the amplifier mode with near-negligible transmission in the
reverse direction. The addition of the amplifier allowed for an increase in the measurement rate beyond a single-mode
setup, with added amplifier noise also helping to overwhelm added noise from further down in the measurement
chain. This more than compensated for any loss of efficiency that resulted from signal loss within the nonreciprocal
amplifier due to the increased number of bosonic modes. For the opposite direction of nonreciprocal scattering, it
was found that increasing amplifier gain also helped to overcome off-chip noise. However, using physically motivated
parameters, it was found that eventually the excess parasitic dephasing caused by amplified noise in the cavity mode
would become a significant part of the total qubit dephasing, reducing the achievable measurement efficiency.

While it is well understood how the measurement-induced dephasing and the measurement rate are affected by
changes in the system parameters, the behaviour of the parasitic dephasing is not entirely understood. The analysis in
this chapter demonstrated that the parasitic dephasing resulting from the presence of amplification is minimised when
the loop phase and cooperativities are set such that this noise is directed away from the dispersively coupled cavity
mode. How the choice of parameters affects the magnitude of the parasitic dephasing, however, is still unknown.
Unlike the other rates, the parasitic dephasing cannot be written solely in terms of the various cooperativities, resulting
in a more complicated analysis due to the dependence on the bare dissipation and coupling rates. The difficulty in
understanding the effect of varying the numerous parameters is compounded by the intractable analytic expression
for the dephasing. Performing the full analysis is of critical importance since optimum efficiency requires that the
parasitic dephasing be significantly smaller in magnitude compared to the measurement dephasing, which, due to
physical limitations, cannot always be made arbitrarily large through increases in the drive amplitude. Based on the
fact that parasitic dephasing arises only when the noise is above vacuum, it may be possible to glean some information
from the covariance matrix of the dispersively coupled mode’s internal state.

4.4.1 The Dispersive Regime
This work was performed under the assumption that the Hamiltonian in Eq. (4.83) can be obtained by bringing a
system consisting of some parametrically coupled modes coupled to a two-level artificial atom into the dispersive
regime. Such a derivation would be important to demonstrate the validity of the model and would provide insight into
the conditions that will have to be fulfilled for this approximation to be valid. One of the most important conditions
that we need to fulfill is the critical photon number. If the occupation of the bosonic modes is not well below their
critical photon numbers, then higher energy levels of the transmon become accessible. This is of particular interest for
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this system since the gain of the amplifier will alter this limit6, and so will impact which gain values are physically
attainable for a given drive amplitude. Working in the rotated frame, and including the necessary detunings, our
initial Hamiltonian could look like

Ĥ = ∆aâ
†â+ ∆bb̂

†b̂+ ∆cĉ
†ĉ+ ∆q

2 σ̂z + λ

2
(
eiθâ†2 + e−iθâ2)+ gq

(
ĉ†σ̂− + ĉσ̂+

)
+ gab

(
â†b̂+ âb̂†

)
+ gbc

(
b̂†ĉ+ b̂ĉ†

)
+ gac

(
eiϕâ†ĉ+ e−iϕâĉ†

)
. (4.131)

The goal here is to obtain a dispersive Hamiltonian like in Eq. (4.83), however, the addition of squeezing and multiple
bosonic modes complicates the use of the usual method, described in Section 4.1.3 for a Jaynes-Cummings Hamiltonian.
The introduction of squeezing also means that the total number of quanta is no longer conserved, however, a linearised
unitary transformation which solves this been proposed for a single mode system with squeezing [220], providing
insight into how to approach the inclusion of single-mode squeezing when transforming the nonreciprocal amplifier to
the dispersive regime.

The dispersive limit for a system consisting of multiple bosonic modes, on the other hand, has not been investigated
in the literature. For the passive three-mode loop, the total quanta is still a conserved quantity, and so the Hamiltonian
can be brought to a multimode Jaynes-Cummings form by means of a rotation of the bosonic modes. Including the
squeezing complicates things, since the form of the Hamiltonian is now a multimode Rabi Hamiltonian when written
in the normal mode basis. While it is possible to bring the Rabi Hamiltonian, along with other models not within the
RWA regime, to the dispersive regime [221–223], such methods have not, as of yet, been applied to our multimode
Hamiltonian.

4.4.2 Extending the Moment Method
The moment method, as formulated in this section, can be applied to a system comprised of a single qubit coupled
to a multimode system. A quantum computer requires that the states of multiple qubits be read out efficiently
and simultaneously [153], and such multiplexed qubit readout has long since been realised using the circuit QED
architecture [224, 225]. Extending the moment method to multiple qubits is straightforward, but requires some
modification to our initial assumptions. We recall that, for a single qubit system, T1-processes were necessarily
excluded when applying the method to the pointer states because the distinguishability of the pointer states was
destroyed through qubit state transitions, however, this was not a concern when calculating the dephasing. When
extending the method to multiplexed qubit readout, this is no longer the case, and all processes which stimulate
qubit state transitions must be excluded, even for dephasing calculations. To demonstrate exactly why, we consider a
two-qubit system. The state can be written as a matrix in the tensor product basis as

ρ̂ =
(
ρ̂ee ρ̂eg

ρ̂ge ρ̂gg

)
=


(
ρee,ee ρee,eg

ρee,ge ρee,gg

) (
ρeg,ee ρeg,eg

ρeg,ge ρeg,gg

)
(
ρge,ee ρge,eg

ρge,ge ρge,gg

) (
ρgg,ee ρgg,eg

ρgg,ge ρgg,gg

)
 . (4.132)

Focusing on one of the qubits in this multi-qubit system, the presence of T1-processes results in transitions between
the excited and ground states of that qubit, ρ̂ee and ρ̂gg. Consequently, these state components contain information
about the coherence of the other qubit through the matrix elements ρee,eg and ρgg,eg. For the Gaussian moment
method to be used, these elements cannot couple to each other, and so all processes which result in qubit transitions
must be excluded. As a result, the measurement must preserve the probability of the pointer states, and hence have
the Pauli spin-z operators as QND-observables. The only non-trivial operators which do this are the individual Pauli
spin-z operators, as well as combinations of these operators, such as ZZ-couplings. This same logic can be applied to
any number of qubits, as well as combinations of finite-level systems with more than two energy levels, all of which
have relevance in cases where excitation to higher energy levels of the transmon is non-negligible [226].

Extending the method to include nonlinear mode dynamics is also of interest, though the resulting dynamics is
considerably more complicated. Although the expressions in Eq. (4.62) relating the dephasing and frequency shift to
the norm of the Wigner functions still hold, the non-linear equations of motion will no longer preserve the Gaussianity
of the Wigner functions. The higher order central moments then become independent quantities, and the closed set of
differential equations in Eq. (4.74) becomes an infinite set which must be truncated to be solvable. If, however, the
nonlinearity is sufficiently weak so that the system may be approximated with sufficient accuracy by a linearised
model, then the original method as presented here will still be usable.

6As an example, for the dispersive measurement in Ref. [209] it was found that the single-mode squeezing altered the critical photon
number by ncrit = (∆2/4g2)(1 + λ2/∆2)2, resulting in a dispersive coupling of the form χ = (g2/∆)(1 + λ2/∆2)−1 [220], where λ is
the amplitude of the squeezing as in Eq. (4.131), and all other parameters are identical to those used in Section 4.1.3.2.
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5 Conclusion

Nonreciprocal quantum amplifiers were originally conceived to perform two signal processing tasks: the amplification of
weak signals and the directional routing of amplified signals to prevent backaction on sensitive quantum systems. Their
realisation was desirable because they could replace bulky and noisy classical devices with better noise characteristics
determined by the standard quantum limit. The integration of both functions in one device also reduced the need
for multiple components in certain parts of the measurement chain. Since they are at their core quantum devices,
they are also suited to integration with quantum circuits. While all of these properties are desirable, their main
purpose is to replace classical devices with quantum ones when performing the usual signal processing applications.
In this dissertation, we investigated further uses for these nonreciprocal quantum amplifiers, specifically two possible
configurations called the delta and bowtie amplifiers. The results demonstrate that nonreciprocal quantum amplifiers
have utility beyond just signal processing, and that their inherently quantum nature allows for novel applications
specific to the quantum realm.

In Chapter 3, the use of nonreciprocal amplifiers to generate high fidelity entangled states was first investigated,
prompted by the possibility that they could distribute states to modes within a quantum network. While it was not
apparent at the outset if entanglement would be possible between modes which scatter nonreciprocally, it was found
that not only is this not an impediment, but that nonreciprocity can be used to improve the purity, and hence, the
fidelity of flying states. This is accomplished by using the directional signal routing capabilities to redirect unwanted
thermal noise away from the output of hot modes by swapping it with input noise from a cold mode acting as a
reservoir. This allowed for a hot mode to generate high-fidelity propagating entangled states with another cold mode
in the amplifier, while the thermal noise ended up in the output of the cold reservoir. This behaviour was observed for
both the delta and bowtie amplifiers, demonstrating that it is not specific to one configuration and can be extended
to other nonreciprocal amplifiers.

It was also observed that the three-mode configurations are unable to handle multiple sources of thermal noise, and
so high fidelity entanglement of multiple hot modes necessitates the use of multiple amplifiers and an entanglement
swapping protocol, or amplifier configurations with a larger number of modes. In addition, it was noted that there
exist further nonclassical correlations in quantum systems which do not necessarily involve entanglement, termed
quantum discord. Whether the routing ability of these nonreciprocal amplifiers is of any benefit for the generation of
these other quantum correlations remains an open question.

Chapter 4 introduced the problem of qubit measurement in circuit QED, where the use of a quantum amplifier as
the preamplifier in a measurement chain is necessary to improve the efficiency of the readout. Even if this preamplifier
is a nonreciprocal quantum amplifier, loss has already occurred as the measurement signal is transferred from the
measurement resonator. The proposed solution was to integrate the nonreciprocal amplifier with the qubit, where it
could perform the dual function of measurement resonator and amplifier.

To accurately characterise the efficiency, both the measurement rate and the rate of the qubit dephasing due to
measurement must be calculated. In order to calculate the latter quantity, an existing method using the Wigner
phase-space representation was extended to accommodate measurement systems with an arbitrary number of modes,
allowing for the calculation of the dephasing from an easily constructed system of ordinary differential equations. The
expanded method allowed for the exact calculation of the steady-state dephasing of the qubit due to the nonreciprocal
amplifier, in this case, the bowtie configuration, during a measurement. Here, it was found that when the amplifier is
operated at its optimal point, the directional signal propagation protects the qubit from excess dephasing due to
the amplification. It was also found that while the upper limit of the measurement efficiency is initially limited in
comparison to simpler measurement schemes, the ability to amplify the measurement signal at the source more than
compensates for this, rendering the signal more robust against added noise from further up the measurement chain.

With the general moment method developed, the analysis of a myriad number of measurement setups becomes a
comparatively simple affair. Although this work demonstrated the usefulness of a single measurement configuration, that
of an integrated one-port nonreciprocal amplifier directly coupled to a qubit measurement. Use of the moment method
allows for the analysis of the time-dependent and steady-state efficiencies of other measurement apparatuses, such as
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multi-port nonreciprocal amplifiers, or other measurement schemes beyond the traditional dispersive measurement.
Additionally, the moment method also opens up the possibility of reevaluating the efficiencies of previous experiments
involving on-chip amplifiers and other signal processing components, which, although not directly coupled to the
qubit, still form a larger collective quantum system due to their coupling to the readout resonator. Since quantum
computers would require that simultaneous readout of multiple qubits be performed through a single amplifier, the
method should also be further generalised to accommodate such multiplexed readout schemes.
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A Phase Space Formulation of Quantum Mechanics

A basic understanding of the Wigner phase-space representation of quantum mechanical states and operators is
essential for the work done in this dissertation. The treatment of phase-space representations in optics books is often
focused on very specific applications and so is lacking in details which provide the connection between quantum
mechanics in Hilbert space and phase space. The goal of this section is to provide a summary of how these two are
connected, starting with a short historical summary, followed by some definitions for phase-space quasi-probability
distributions and their related expectation values. Finally, we move on to the Wigner representation and show how
dynamics can be performed here using the noncommutative Moyal product.

A.1 A Brief History
The formulation of quantum mechanics in terms of phase-space quasi-probability distributions is nearly as old as
the original wave function and matrix formulations of quantum theory, both of which date to 1925 [227, 228]. The
first mapping from phase space to Hilbert space was introduced in 1927 by Hermann Weyl [229], who provided a
correspondence rule to transform phase-space functions to symmetrised functions of quantum mechanical operators.
The inverse map, from operator space to phase space, was introduced in 1932 by Eugene Wigner [230]; this mapping
defines the celebrated Wigner function. Another fundamental contribution to this field comes from Groenewold in his
1946 doctoral dissertation [34]. It was demonstrated in this work that it is not possible to define a general linear map
from all possible phase-space functions to Hermitian quantum mechanical operators such that all classical Poisson
bracket relations are also preserved by the corresponding operator commutation relations, now known as Groenewold’s
theorem. The same dissertation also introduces a phase-space star product, which is the phase-space equivalent to the
noncommutative operator product. This star product was an attempt to define a consistent phase-space bracket,
and allows for the quantum operator calculus to be mapped exactly to phase space. Importantly, the resulting
phase-space functions are not equivalent to the classically expected ones, and often involve correction terms involving
ℏ. A relation using the Fourier transform, equivalent to the star product, had in fact been demonstrated years earlier
by von Neumann, but the result was not fully appreciated at the time [231]. This star product is sometimes called the
Weyl-Groenewald product, or more commonly the Moyal product, largely in honour of Moyal’s contributions in the
field.

The goal of this early approach to quantum mechanics in phase space was to establish a connection between smooth
functions in real space and operators in Hilbert space which obeyed the canonical commutation relations, [q̂, p̂] = iℏ.
The phase-space treatment also provided a connection between quantum theory and classical statistical physics, a
topic expounded upon by Moyal [35]. For systems which do not obey these relations, such as finite-dimensional
systems, systems with rotational symmetry, et cetera, there are other phase-space formulations. The construction of
these alternative formulations depends on which properties one wishes to preserve when defining the phase-space
mapping. In the brief history provided here, the main motivation was to systematically establish the transition from
classical to quantum systems, a process known as quantisation. The phase-space approach is specifically referred to
as deformation quantisation, since the traditional phase-space structures must be modified, or deformed with the
aforementioned correction terms involving ℏ, in the classical to quantum transition.

The phase-space treatment has proven to be popular in quantum optics, as well as other fields where the semiclassical
treatment of systems is practical, and even more recently in quantum information. In these cases, it is the representation
of quantum states in a classical-like phase space which is of interest. In addition to the aforementioned Wigner
representation, two other phase-space mappings are commonly used in quantum optics: the Husimi Q representation
developed in 1940 by Kôdi Husimi [232], and the Glauber–Sudarshan P representation, developed independently in
1963 by Roy Glauber [233] and George Sudarshan [234]. These two representations, along with the original from
Wigner, belong to the same class of phase-space representations and correspond to different ordering prescriptions
between phase-space symbols and quantum mechanical operators.
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A.2 Quasi-Probability Distributions

A.2 Quasi-Probability Distributions
At the beginning of the previous section, we referred to phase-space distributions corresponding to quantum states as
quasi-probability distributions (QPDs) because, while they allow for the calculation of statistical quantities of the
quantum state, they do not obey all the properties of true probability distributions [235]. Despite this, they permit a
unique perspective in the study of quantum mechanics and provide a link between it and classical physics. In order to
discuss exactly how these quantum QPDs fail to be true probability distributions, we start by listing the Kolmogorov
axioms for a probability distribution:

1. A probability distribution is a real-valued and non-negative function.

2. The probability for the entire sample space is one.

3. For a set of disjoint events, the probability of the union of these events is equal to the sum of the probabilities
of the individual events.

As previously stated, unlike in classical physics, phase-space distributions in quantum mechanics are QPDs because
they do not obey all of these axioms [236]. The first axiom is broken in general by our phase-space functions since
they can take on negative values [230], although, importantly, the size of an individual negative region is constrained
to never be larger than ℏ. Since exact locations in phase space are obscured by the uncertainty principle, this size
restriction guarantees that the area of uncertainty around a point in phase space includes some area with positive
probability density. The meaning of these regions of negative probability is still a matter of debate; despite this, the
integral of the QPD for a density operator ρ̂ over the entire phase space is still equal to one since the density operator
must have unit trace, and so the second axiom is obeyed. Lastly, no events in phase space are truly disjoint since
this would again violate the uncertainty principle, meaning that points in phase space which are close to each other
on the order of ℏ are generally correlated, so the third axiom is also violated; in practical calculations this occurs
as a result of the replacement of usual scalar multiplication by the nonlocal Moyal star product. The uncertainty
relation between position and momentum variables also means that it is not physically meaningful to consider points
of definite position and momentum in phase space, which must again be replaced by area elements on the order of ℏ or
larger. As a final note, although some phase-space distributions will always obey the first axiom, such as states with
Gaussian phase-space representations, they will still violate the third axiom and are therefore still considered QPDs.

Despite this, QPDs still allow for the calculation of expectation values of operators through the computation of
integrals over phase space, or by taking derivatives of their associated characteristic function. It is also still possible
to obtain physically meaningful marginal distributions by integrating over some subset of the entire phase space. The
first step is to define a characteristic function for a density operator which consists of N bosonic modes:

ws(ξ) := Tr
[
ρ̂eiξ·r̂

]
es|ξ|2/4. (A.1)

where r̂ is a vector of 2N operators in the quadrature basis, and ξ is a vector of associated variables in the Fourier
space of the same length. The free parameter s denotes the ordering of the expectation values encoded in the moments
of the characteristic function, with respect to the basis of creation and annihilation operators for the system modes.
Three particular values are of interest: s = −1 corresponds to antinormal ordered expectation values, s = 0 to
symmetric ordering, and s = 1 to normal ordering [237]. Of course, expectation values for any ordering can be
extracted from any characteristic function since the ordering of the mode operators can always be shuffled using the
canonical commutation relations. We can define the QPD associated with this characteristic function as usual, by
applying the Fourier transform:

Ws(r) := 1
(2π)2N

∫
R2N

ws(ξ)e−iξ·r d2Nξ. (A.2)

The above expression returns one of the three most commonly used phase-space representations depending on
the choice of the ordering parameter: s = −1 corresponds to the Husimi Q representation, s = 0 to the Wigner
representation, and s = 1 to the Glauber–Sudarshan P representation [237]. As stated previously, this QPD must be
normalised since the trace of ρ̂ is one: ∫

R2N

Ws(r) d2Nr = 1, (A.3)
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Appendix A. Phase Space Formulation of Quantum Mechanics

which may be demonstrated by using Eq. (A.2):∫
R2N

Ws(r) d2Nr = 1
(2π)2N

∫
R2N

∫
R2N

ws(ξ)e−iξ·r d2Nr d2Nξ

=
∫
R2N

ws(ξ)δ(ξ) d2Nξ where δ(ξ) := δ(ξ1)δ(ξ2) . . . δ(ξ2N )

= ws(0) = Tr[ρ̂] = 1. (A.4)

Partial traces can be obtained by integrating over pairs of noncommuting quadratures in phase space. Specific details
concerning these three distributions, and their relation to specifically ordered expectation values, can be found in
several sources [45, 46]. The symmetrically ordered Wigner functions have the specific property that the marginal
distributions correspond to expectation values of the density operator, a property which is shared by no other QPD
[236]. The marginal probability distribution over the quadrature r corresponds to the expectation value of the
observable r̂, and is obtained by integrating over all other quadratures, labelled rint, in the phase space,

⟨r|ρ̂|r⟩ =
∫
R2N−1

W (r) d2N−1rint. (A.5)

Since Wigner QPDs are the only quantum phase-space functions which produce the correct marginals, we will therefore
focus solely on this representation. As previously mentioned, the Wigner representation corresponds to symmetrically
ordered expectation values, the details of which we will now consider. From this point onward, we will use the following
notation for the characteristic function and QPD of the Wigner representation, w0(ξ) ≡ w(ξ) and W0(r) ≡W (r). We
begin by writing again the symmetrically ordered characteristic function, this time for only a single mode for clarity:

w(ξq, ξp) := Tr
[
ρ̂ei(ξq q̂+ξpp̂)

]
. (A.6)

Raw moments can be extracted from the characteristic function by differentiation:

⟨(q̂mp̂n)S⟩ = (−i)m+n ∂m+n

∂ξm
q ∂ξ

n
p

w(ξq, ξp)
∣∣∣
ξq,ξp=0

. (A.7)

The expression (q̂mp̂n)S denotes the symmetrically ordered combination of these operators, which are given by [238]:

(q̂mp̂n)S := 1
2m

m∑
k=0

(
m

k

)
q̂kp̂nq̂m−k ≡ 1

2n

n∑
k=0

(
n

k

)
p̂kq̂mp̂n−k. (A.8)

We can apply the inverse Fourier transform and instead represent this expectation value as an integral over the entire
phase space,

⟨(q̂mp̂n)S⟩ =
∫
R2
W (q, p) qmpn dq dp. (A.9)

In the case of Gaussian states, Isserlis’ theorem can be used to further decompose higher-order moments into products
of first- and second-order moments. The above formulae will be important when defining equations of motion for the
means and covariances of Gaussian states, since dynamical equations for the state map to partial differential equations
(PDEs) in phase space and the associated Fourier space. In order to construct these PDEs systematically, we will now
introduce some additional machinery to describe how one maps not just a density operator but any operator to phase
space, and how products of operators are mapped to phase space.

A.3 The Wigner Representation
The Wigner function can be seen as a map from Hilbert space to phase space, so to complete this description, we
need the inverse map from phase space to Hilbert space, or in other words, a quantisation procedure. As mentioned
earlier, this was first provided by Hermann Weyl, and is known as Weyl quantisation. It is possible to characterise
this map entirely from the following correspondence [48]:

(
uq̂ + vp̂

)k Weyl
←−−−−−−−−−−−−−−→

Wigner

(
uq + vp

)k
. (A.10)
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A.3 The Wigner Representation

The Weyl quantisation map that performs this is [229],

Q[f(r)] := 1
(2π)2N

∫
R2N

f(r)e−iξ·(r̂−r)d2Nξ d2Nr, (A.11)

and the map to phase space comes from Wigner [230],

W
[
f̂(r̂)

]
:= 1

(2π)2N

∫
R2N

Tr
[
f̂(r̂)eiξ·(r̂−r)

]
d2Nξ. (A.12)

Here we have used an arbitrary operator f̂ , and have defined its Wigner representation as f(r). These two maps are
naturally the inverses of each other, Q−1[f̂ ] ≡ W[f̂ ], and together form the Wigner-Weyl transform. By substituting
Eq. (A.12) into Eq. (A.11), we can retrieve the following relation

Q[f(r)] ≡ 1
(2π)2N

∫
R2N

Tr
[
f̂(r̂)eiξ·r̂

]
e−iξ·r̂d2Nξ. (A.13)

With the exception of expressions which take the same form as Eq. (A.10), in general, the form of f̂ will not match
the form of f(r). In addition to this, when mapping the product of two operators to phase space the result will not
generally be equal to the scalar multiplication of the individual distributions, W[f̂ ĝ] ̸=W[f̂ ]W[ĝ] for all possible f̂
and ĝ. It is natural that scalar multiplication of distributions in phase space will not yield the correct distributions
and is hence not equal to the operator product, and so we must define an additional noncommutative product which is
the phase-space equivalent of the noncommutative operator product. The answer is the renowned Moyal star product
[34, 35, 235]:

W
[
f̂ ĝ
]

=W
[
f̂
]
⋆W

[
ĝ
]
, or equivalently, Q[f ]Q[g] = Q[f ⋆ g]. (A.14)

There are numerous formulations of this star product; the form most used in this dissertation is the differential
operator form

f(r) ⋆ g(r) := f(r) exp
[
iℏ
2
←−
∂rTΩ

−→
∂r

]
g(r) (A.15)

where f(r) and g(r) are arbitrary phase-space functions, and Ω is the symplectic form. The vector ∂r has elements
∂/∂rk, and we take the transposition operation to only apply to the shape of the vector. The overhead arrows, ←−∂
and −→∂ , denote that these are directional derivatives which act to the left or right. From Eq. (A.15) we can see that
the Moyal star product is associative and noncommutative. Using this form, we can also write the Moyal star product
in terms of so-called Bopp shifts [239]:

f(r) ⋆ g(r) ≡ f
(
r + iℏ

2 Ω
−→
∂r

)
g(r) ≡ f(r) g

(
r − iℏ

2 Ω
←−
∂r

)
. (A.16)

The final common form for the Moyal star product casts it as a Fourier transform over the two functions [231, 235,
240]:

f(r) ⋆ g(r) ≡ 1
(πℏ)2N

∫
R2N

∫
R2N

f(ra) g(rb) exp
[

2i
ℏ

(ra − r)T Ω (rb − r)
]
d2Nra d

2Nrb

≡ 1
(πℏ)2N

∫
R2N

∫
R2N

f(r + ra) g(r + rb) exp
[

2i
ℏ
rT

a Ω rb

]
d2Nra d

2Nrb. (A.17)

Every phase-space representation will have a unique form of the star product, which plays the role of the Hilbert
space operator product. The Wigner phase-space star product has another singular feature that is not shared with
any of the other phase-space distributions defined by Eq. (A.2): within an integral over the entire phase space, exactly
one star product may be “cancelled,” that is:

Tr
[
f̂ ĝ
]
≡
∫
R2N

f(r) ⋆ g(r) d2Nr =
∫
R2N

g(r) ⋆ f(r) d2Nr =
∫
R2N

f(r) g(r) d2Nr. (A.18)

Using this result, the expectation value ⟨f̂⟩ ≡ Tr[ρ̂f̂ ] can be easily retrieved by solving the following integral,

Tr
[
ρ̂f̂
]

=
∫

R2N

W (r) f(r) d2Nr, (A.19)
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where we have used the definitions f(r) :=W[f̂ ] and W (r) :=W[ρ̂]. Lastly, it is possible to obtain probabilities for
specific measurement outcomes from the Wigner representation; as an example, integrating W (q, p) along the line
uq + vp = z in phase space provides the probability that a measurement of uq̂ + vp̂ on the state ρ̂ has the result
z. If we generalise this to the N mode system, expressing observable as u · r̂, then the probability of measuring z
corresponds to the integral

P
(
⟨u · r̂⟩ = z

)
=
∫
R2n

W (r) δ(u · r − z) d2Nr. (A.20)

In fact, the Wigner representation can be uniquely determined as the phase-space representation satisfying Eqs. (A.18)
and (A.20), with the additional property that for all Hermitian operators, the Wigner representation is a real valued
function [241, 242]. Now that we have defined a noncommutative phase-space product, we can move on and define
dynamics on the phase space. The time derivative commutes with the Wigner transformation, which allows us to
write,

W
[
d

dt
f̂

]
= d

dt
W[f̂ ]. (A.21)

The commutator, normalised by the factor −i/ℏ, maps to the so-called sine bracket, also termed the Moyal bracket:

− i
ℏ

[f̂ , ĝ]←→ 1
iℏ

(
f(r) ⋆ g(r)− g(r) ⋆ f(r)

)
= 2

ℏ
f(r) sin

[
ℏ
2
←−
∂rTΩ

−→
∂r

]
g(r) =: {{f, g}}. (A.22)

The Moyal bracket obeys the same properties as the commutator, and by extension, the Poisson bracket. Importantly,
it is anticommutative {{f, g}} = −{{g, f}}, linear in the first and second arguments, obeys the Leibniz rule, and
the Jacobi identity. As with the star product, it is also possible to express this as a Fourier transform of the QPDs,
however, we only give this form since it will be heavily used for calculations in this dissertation. With the definition
of this bracket, the Heisenberg and von Neumann equations can now be mapped to phase-space PDEs:

d

dt
Â = i

ℏ
[Ĥ, Â]←→ d

dt
A = {{A,H}} and d

dt
ρ̂ = − i

ℏ
[Ĥ, ρ̂]←→ d

dt
W = {{H,W}}. (A.23)

We can see that the Heisenberg equation has mapped to an equation which is similar in form to the famous Hamilton’s
equation from classical physics, but where the Poisson bracket {f, g} has been replaced by the Moyal bracket {{f, g}};
the same has also happened with von-Neumann equations, which shares a similar relation with Liouville’s equation.
In addition to this, the anticommutator, which will appear in dynamical equations containing dissipation, can also be
expressed as a similar cosine bracket [240]:

[f̂ , ĝ]+ ←→
(
f(r) ⋆ g(r) + g(r) ⋆ f(r)

)
= 2

ℏ
f(r) cos

[
ℏ
2
←−
∂rTΩ

−→
∂r

]
g(r) =: ((f, g)). (A.24)

Now that the necessary expressions for solving quantum mechanical problems exactly in phase space have been
provided, we will give a short review of how these expressions relate to the classical to quantum transition.

A.4 Star Products and the Classical Limit
Here we will review some aspects of phase-space star products and the link they provide between classical physics and
quantum mechanics. In general, a star product is a differential function acting on two parameters, which is written as,

f ⋆ g = fg +
∞∑

n=1
(iℏ)nCn(f, g) (A.25)

where ℏ is the deformation parameter [243]. Classical phase space expressions should be retrieved in the limit ℏ→ 0; it
is termed the deformation parameter because it allows for the smooth deformation of classical phase-space structures
to quantum ones. The functions Cn(f, g) consist of n-th order derivatives of the phase-space functions f and g,
and will in general cause this product to be noncommutative, f ⋆ g ̸= g ⋆ f , except when one of them is a number,
1 ⋆ f = f ⋆ 1 = f . We also require that this product be associative, (f ⋆ g) ⋆ h = f ⋆ (g ⋆ h), which places considerable
constraints on the form that the Cn(f, g) can take [43]. The restrictions placed on the star product functions are as
follows [244]:

• The O[ℏ0] order term is the usual multiplication, f ⋆ g = fg +O[ℏ]. This ensures that, in the classical limit
ℏ→ 0, the star product reduces to the normal commutative multiplication.
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• The first term in the series should have the property that C1(f, g)− C1(g, f) = {f, g}. This constraint ensures
that the Poisson bracket is retrieved in the classical limit,

lim
ℏ→0

1
iℏ
{{f, g}} = {f, g}, (A.26)

providing a connection between classical and quantum dynamics. It is important to note that in this limit, the
functions f and g will also have lost any dependence on ℏ, and will also be reduced to their equivalent classical
phase-space distributions.

• Demanding that the star product be associative yields the following relation among the Cn terms:∑
k+l=n

Ck(Cl(f, g), h) =
∑

k+l=n

Ck(f, Cl(g, h)). (A.27)

• The star product should be Hermitian, f ⋆ g = ḡ ⋆ f̄ , which follows from the identical property from Hilbert
space, (f̂ ĝ)† = ĝ†f̂†.

In addition, the linearity of the derivative is enough to ensure that the star product obeys the rest of the properties
of multiplication. Many star products can be constructed which satisfy these criteria, each of which corresponds to
its own mapping between phase space and Hilbert space. Therefore, it is also possible to define the Wigner-Weyl
transform just from the definition of the Moyal product, Eq. (A.15). The star product can be defined for other
phase-space formulations beyond the Wigner phase-space representation, including the popular Glauber–Sudarshan
P and Husimi Q representations, where the different ordering prescriptions result in orderings of the differential
operators. The star products for these representation are usually more easily expressed in the optical phase-space
basis, that is the phase-space symbols corresponding to the ladder operators, a := (q + ip)/

√
2 and a∗ := (q − ip)/

√
2,

rather than the quadrature basis. The star-product is a necessary tool for the exact treatment of quantum mechanics
in phase space, but despite this, it seems to receive little attention in the optics community when using phase-space
methods, and it was this common oversight which motivated this review of its basic properties.
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B Linking Master Equations and Differential Equations of
Gaussian Moments

In this section, it will be shown how one can map equations of motion for operators acting on a Hilbert space to
PDEs in phase space, along with the associated Fourier space. From there, these PDEs will be used to generate
systems of ODEs for the moments of Gaussian Wigner functions. This can be used for the open system dynamics
from Section 2.2. These results go beyond coherent and open system dynamics, and are critical for the moment
method used for calculating the cavity backaction on a qubit from Section 4.2, where the dynamics does not preserve
any properties of a density operator.

B.1 From Hilbert Space to Phase Space
The first step is to map cavity operator terms to expressions involving phase space symbols and their derivatives.
A property of phase space distributions is that linear operators map to an associated phase space symbol, r̂k → rk;
the partial derivative with respect to this phase space coordinate will be denoted ∂rk := ∂/∂rk. The Fourier space
coordinate associated with the phase space variable rk will be denoted ξk, and similarly, the derivative with respect
to this coordinate will be represented using the notation ∂ξk := ∂/∂ξk. In order to work out the corresponding phase
space expressions for operator products, the Moyal star-product from Appendix A.3 will be used, which may be
written as:

f(r) ⋆ g(r) = f(r) exp
[
iℏ
2
←−
∂rTΩ

−→
∂r

]
g(r). (B.1)

Any element in the operator expressions can be expressed as a combination of a commutator and anti-commutator,
along with a “jump”-term for components of second order. As was also discussed in Appendix A.3, the phase-space
equivalents of the commutator and anti-commutator are the sine and cosine brackets:

− i
ℏ

[f̂ , ĝ]←→ 1
iℏ

(
f(r) ⋆ g(r)− g(r) ⋆ f(r)

)
= 2

ℏ
f(r) sin

[
ℏ
2
←−
∂rTΩ

−→
∂r

]
g(r) =: {{f, g}}

[f̂ , ĝ]+ ←→
(
f(r) ⋆ g(r) + g(r) ⋆ f(r)

)
= 2

ℏ
f(r) cos

[
ℏ
2
←−
∂rTΩ

−→
∂r

]
g(r) =: ((f, g)). (B.2)

Expressions for important terms will be worked out and then combined to obtain PDEs of the Wigner function and
the associated characteristic function. Natural units will also be used, and so we set ℏ = 1 from here. Lastly, in order
to transform from phase space to Fourier space coordinates, the following Fourier transforms will be used:

F [rn
j r

m
k W (r)] = (i∂ξj)n(i∂ξk)mw(ξ) F [∂rn

j ∂r
m
k W (r)] = (iξj)n(iξk)mw(ξ)

F [rj∂rkW (r)] = −(δjk + ξk∂ξj)w(ξ). (B.3)

Einstein summation notation is used throughout this section, and so repeated indices imply summation over that index.
The transpose is also denoted

(
AT
)

jk
≡ Akj . Additionally, when the directional arrow is omitted, the differential

operator is to be treated as if it is acting to the right, like the usual derivative.

First Order Terms
Since the commutator is related to a sine series of the differential operators, and the Hamiltonian is at most linear in
the quadrature operators, this expansion may be terminated at the linear term in phase space. We start with the
commutator:

−i[r̂j , ρ̂] Wigner−−−−→ 2rj sin
[

1
2
←−
∂rk Ωkl

−→
∂rl

]
W (r) = Ωjl∂rlW (r) Fourier−−−−→ iΩjlξlw(ξ). (B.4)
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B.1 From Hilbert Space to Phase Space

Things are even simpler for the anti-commutator involving linear combinations of quadrature operators, where the
result is just multiplication as the second-order differential terms vanish:

[r̂j , ρ̂]+
Wigner−−−−→ 2rj cos

[
1
2
←−
∂rkΩkl

−→
∂rl

]
W (r) = 2rjW (r) Fourier−−−−→ 2i∂ξjw(ξ). (B.5)

Second Order Terms
The commutator term containing combinations of operators up to second order still results in simple expressions,
since the differential terms of order greater than one in the sine series will vanish:

−i[r̂j r̂k, ρ̂] Wigner−−−−→ 2(rj ⋆ rk) sin
[

1
2
←−
∂rlΩlm

−→
∂rm

]
W (r)

=
(
rjrk + i

2Ωjk

)(←−
∂rlΩlm

−→
∂rm

)
W (r)

= (rjΩkl + rkΩjl) ∂rlW (r)
Fourier−−−−→ ξl

(
− Ωkl∂ξj − Ωjl∂ξk

)
w(ξ)

= ξl

(
Ωlk∂ξj + Ωlj∂ξk

)
w(ξ). (B.6)

The anti-commutator term is slightly more complicated, since a second-order differential term is now present:

[r̂j r̂k, ρ̂]+
Wigner−−−−→ 2(rj ⋆ rk) cos

[
1
2
←−
∂rlΩlm

−→
∂rm

]
W (r)

=
(
rjrk + i

2Ωjk

)[
2− 1

4
←−
∂rl
←−
∂rl′ΩlmΩl′m′

−→
∂rm
−→
∂rm′

]
W (r)

=
(

2rjrk + iΩjk + 1
2ΩljΩkm∂rl∂rm

)
W (r)

Fourier−−−−→
(
−1

2ΩljΩkmξlξm + iΩjk − 2∂ξj∂ξk

)
w(ξ). (B.7)

We must make sure to note that in the above sum, that although the (∂rl(rj))(∂rl′(rk)) and (∂rl(rk))(∂rl′(rj))
terms are distinct, both terms make identical contributions to the sum. We now consider the jump terms, which are
expanded simply using the star product since there is no special bracket that may be used here:

r̂j ρ̂r̂k
Wigner−−−−→ rj ⋆ W (r) ⋆ rk = rj ⋆

(
rk −

i

2Ωkm∂rm

)
W (r)

=
(
rjrk + i

2Ωjk −
i

2rjΩkl∂rl + i

2rkΩjl∂rl + 1
4ΩjlΩkm∂rl∂rm

)
W (r)

Fourier−−−−→
(

1
4ΩljΩkmξlξm −

i

2Ωjk −
i

2ξlΩlk∂ξj + i

2ξlΩlj∂ξk − ∂ξj∂ξk

)
w(ξ). (B.8)

Dissipation Terms
Lastly, we consider the dissipation terms acting on the cavity, which can be written as follows:∑

k

γkD[zk](ρ̂) =
∑
j,k

hjk

(
r̂kρ̂r̂j −

1
2 [r̂j r̂k, ρ̂]+

)
where hjk = h∗kj . (B.9)

The hjk are elements of a positive definite Hermitian matrix, which has the dissipation rates γk as its eigenvalues.
The individual terms in the sum can be worked out:

r̂kρ̂r̂j −
1
2 [r̂j r̂k, ρ̂]+

Wigner−−−−→
(
iΩkj −

i

2rkΩjl∂rl + i

2rjΩkl∂rl −
1
4 (ΩlkΩjm + ΩljΩkm) ∂rl∂rm

)
W (r)

Fourier−−−−→
(

1
2 (ΩlkΩjm + ΩljΩkm) ξlξm −

i

2ξlΩlj∂ξk + i

2ξlΩlk∂ξj

)
w(ξ). (B.10)

We could use the fact that ΩlkΩjm = ΩmjΩkl and that the labels l,m are arbitrary, to make the above expression
more compact, but this form is easier to work with later.
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Appendix B. Linking Master Equations and Differential Equations of Gaussian Moments

Thermal Bath Terms
The thermal noise terms combine several of the above results, however, they deserve special attention since they are
usually expressed in the basis of ladder operators, rather than the quadrature basis. Here, for clarity, we focus on a
single-mode system. The usual thermal dissipation can be expressed as follows in the quadrature basis:

κ(n̄+1)D[â](ρ̂)+κn̄D[â†](ρ̂) = κ

(
n̄+ 1

2

)(
D[q̂](ρ̂)+D[p̂](ρ̂)

)
− iκ2

(
q̂ρ̂p̂− 1

2 [p̂q̂, ρ̂]+
)

+ iκ

2

(
p̂ρ̂q̂ − 1

2 [q̂p̂, ρ̂]+
)
. (B.11)

We use the convention (q̂, p̂) = (r̂1, r̂2), so that associated phase space and Fourier space variables are (r1, r2) and
(ξ1, ξ2), respectively. We can then write:

κ(n̄+ 1)D[â](ρ̂) + κn̄D[â†](ρ̂) Wigner−−−−→ κ

2

[
(2 + r1∂r1 + r2∂r2) +

(
n̄+ 1

2

)(
∂r2

1 + ∂r2
2
)]
W (r)

Fourier−−−−→ − κ

2

[
(ξ1∂ξ1 + ξ2∂ξ2) +

(
n+ 1

2

)(
ξ2

1 + ξ2
2
)]
w(ξ). (B.12)

Collecting the Fourier space coordinates into a vector, this can be rewritten in the following compact form:

κ(n̄+ 1)D[â](ρ̂) + κn̄D[â†](ρ̂)→ −κ2

[(
ξT∂ξ +

(
n̄+ 1

2

)
ξT ξ

)]
w(ξ). (B.13)

This expression can then be generalised to the case of uncorrelated thermal noise acting on N cavity modes:(
ξT

(
−1

2κ
)
∂ξ − 1

2ξ
T Dξ

)
w(ξ) where κ =

N⊕
k=1

κkI2 and D =
N⊕

k=1
κk

(
n̄k + 1

2

)
I2. (B.14)

B.2 From Phase Space PDE to Moment ODEs
Combining the various terms from the previous section, it can be concluded that, provided the equation in Hilbert
space is at most a quadratic polynomial of the quadrature operators, the associated PDEs will be at most linear
second-order differential equations. Combining these terms, the phase-space PDE for the Wigner function can, in
general, be written as

∂

∂t
W (r) =

[
ϖ − ∂rT f − rT g + 1

2∂r
T C∂r − 1

2r
T Br − ∂rT Ar

]
W (r), (B.15)

which is a Fokker-Planck equation for the Wigner function W (r). The constant coefficients are generally assumed to
be complex-valued. It is easier to access the moments of W (r) through its characteristic function w(r), so in order
to generate differential equations for the moments, we start by Fourier transforming this PDE to generate another
Fokker-Planck equation in terms of the Fourier space coordinates:

∂

∂t
w(ξ) =

[
ϖ − iξT f − i∂ξT g− 1

2ξ
T Cξ + 1

2∂ξ
T B∂ξ + ξT A∂ξ

]
w(ξ)

=
[
ϖ − ifjξj − igj∂ξj −

1
2Cjkξjξk + 1

2Bjk∂ξj∂ξk + Ajkξj∂ξk

]
w(ξ). (B.16)

Since the terms Bjk∂ξj∂ξk and Cjkξjξk will sum over identical terms twice, the matrices by construction are symmetric,
and so Bjk = Bkj and Cjk = Ckj . Assuming that the Wigner function is a Gaussian, and for the sake of the dephasing
calculations, a potentially complex-valued non-normalised Gaussian, the associated characteristic function must
therefore take the form:

w(ξ) = exp
[
−1

2ξ
Tσξ − iξTµ− υ

]
= exp

[
−1

2ξjσjkξk − iξkµk − υ
]

where σjk = σkj . (B.17)

Provided the Wigner function corresponds to a true quantum state, then the normalisation condition for the state
Tr[ρ̂] = 1 implies that w(0) = 1, and therefore υ = 0 always. Since the Wigner function will always be a Gaussian,
the time-dependence can be assigned to the moments of the Gaussian. To work out the system of ODEs for these
moments, we apply the PDE to w(ξ) and pair up the coefficients of the ξj and ξjξk terms on the left and right-hand
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B.2 From Phase Space PDE to Moment ODEs

side of the equation. Starting with the left-hand side, the time derivative of the characteristic function is:

∂

∂t
w(ξ) =

[
−1

2ξj σ̇jkξk − iξkµ̇k − υ̇
]
w(ξ). (B.18)

Now, considering the right-hand side, we only need to work out the derivatives with respect to the Fourier space
coordinates. The terms which have a single derivative become:

∂ξjw(ξ) =
[
−1

2δjlξkσlk −
1
2δjlξkσkl − iδjaµa

]
w(ξ)

=
[
−1

2ξa (σja + σaj)− iµj

]
w(ξ). (B.19)

The second derivative terms are then:

∂ξk∂ξjw(ξ) = ∂ξk

[
−1

2ξbσjb −
1
2ξaσaj − iµj

]
w(ξ)

=
([
−1

2δkbσjb −
1
2δkaσaj

]
+
[
−1

2ξb′σkb′ − 1
2ξa′σa′k − iµk

] [
−1

2ξbσjb −
1
2ξaσaj − iµj

])
w(ξ)

=
(
i

2ξaµj [σka + σak] + i

2ξaµk [σja + σaj ]− µjµk

+ 1
4ξaξb [σka + σak] [σjb + σbj ]− 1

2 (σjk + σkj)
)
w(ξ) (B.20)

The differential equation σ̇ab can be constructed from terms proportional to ξaξb. Similarly, the differential equation
µ̇a comes from terms proportional to ξa only, and the υ̇ differential equation is constructed from the terms with no
dependence on the Fourier space coordinate. Putting everything together, the general form of the ODEs for the
various moments are as follows:

σ̇ab = 1
2Aak (σkb + σbk) + 1

2Abk (σka + σak)− Bjk

8

[
(σka + σak) (σjb + σbj) + (σja + σaj) (σkb + σbk)

]
+ Cab

µ̇a = Aakµk −
Bjk

4 [µj (σka + σak) + µk (σja + σaj)] + fa −
gk

2 (σka + σak)

υ̇ = −ϖ + gkµk + Bjk

2

(
µjµk + 1

2 (σjk + σkj)
)
. (B.21)

We can convert these into the following vector and matrix equations:

σ̇ = 1
2A

(
σ + σT

)
+ 1

2
(
σ + σT

)
AT − 1

4
(
σ + σT

)
B
(
σ + σT

)
+ C

µ̇ = Aµ− 1
2
(
σ + σT

)
Bµ + f − 1

2
(
σ + σT

)
g

υ̇ = −ϖ + µT g + 1
2µ

T Bµ + 1
4Tr

[
B
(
σ + σT

)]
. (B.22)

The covariance matrix, as defined in Eq. (2.9), is always symmetric, even when the expectation values are complex.
Using this fact, we can simplify the above expressions to arrive at the following result:

σ̇ = Aσ + σAT − σBσ + C
µ̇ = (A− σB)µ + f − σg

υ̇ = −ϖ + µT g + 1
2µ

T Bµ + 1
2Tr [Bσ] . (B.23)
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Appendix B. Linking Master Equations and Differential Equations of Gaussian Moments

B.3 From Lindblad Master Equation to Moment ODEs
Now that the machinery to convert dynamical equations for Gaussian operators from Hilbert space to phase space has
been established, we will apply it to the Lindbladian for a Gaussian state. We start with a Lindblad master equation
for N cavity modes of the form

d

dt
ρ̂ = Lr(ρ̂) where Lr(ρ̂) = −i[Ĥr, ρ̂] +

2N∑
j,k=1

Γjk

(
r̂j ρ̂r̂k −

1
2 [r̂kr̂j , ρ̂]+

)
. (B.24)

The Hamiltonian is written as

Ĥr = 1
2 r̂

TH(2)
r r̂ + r̂Th(1)

r = 1
2 r̂k

(
H(2)

r

)
kl
r̂l +

(
h(1)

r

)
k
r̂k (B.25)

where H
(2)
r is a real-symmetric matrix, and h

(1)
r is a real-valued vector. We then proceed to work out the terms for

the first and second order components in the Fourier coordinate space:

−i[r̂k

(
h(1)

r

)
k
, ρ̂]→ i

(
h(1)

r

)
k
Ωkjξjwρ(ξ) = −iξTΩh(1)

r wρ(ξ) (B.26)

and

− i2 [r̂j

(
H(2)

r

)
jk
r̂k, ρ̂]→ ξl

2
(
H(2)

r

)
jk

(
Ωlk∂ξj + Ωlj∂ξk

)
wρ(ξ)

= ξl

2

(
Ωlk

(
H(2)

r

)
kj
∂ξj + Ωlj

(
H(2)

r

)
jk
∂ξk

)
wρ(ξ)

= ξT (ΩH(2)
r )∂ξwρ(ξ). (B.27)

Finally, we work out the dissipation terms:

N∑
j,k=1

Γjk

(
r̂kρ̂r̂j −

1
2 [r̂j r̂k, ρ̂]+

)
→

N∑
j,k=1

Γjk

(
1
4ξl (ΩlkΩjm + ΩljΩkm) ξm −

i

2ξlΩlj∂ξk + i

2ξlΩlk∂ξj

)
wρ(ξ)

=
N∑

j,k=1

(
1
4ξmΩmjΓjkΩklξl + 1

4ξmΩmkΓ∗kjΩjlξl

− i

2ξlΩljΓjk∂ξk + i

2ξlΩlkΓ∗kj∂ξj

)
wρ(ξ)

=
(

1
4ξ

TΩ (Γ + Γ∗)Ωξ − i

2ξ
TΩ (Γ− Γ∗)∂ξ

)
wρ(ξ). (B.28)

The term Γ∗ denotes element-by-element conjugation, and so is not the conjugate transpose. Assuming that the
matrix Γ is Hermitian, we can replace this with the transpose Γ∗ = ΓT . The terms can then be replaced by the real
and imaginary components of the matrix Γ using Re[Γ] = (Γ + ΓT )/2 and Im[Γ] = (Γ − ΓT )/2i. Combining the
coherent and dissipative terms will result in the following expression:

∂

∂t
wρ(ξ) =

[
− iξT

(
Ωh(1)

r

)
+ 1

2ξ
T (ΩRe[Γ]Ω) ξ + ξT

(
ΩH(2)

r + ΩIm[Γ]
)
∂ξ

]
wρ(ξ). (B.29)

With the PDE defined, we can plug the arrays into the expressions from the previous section to write a system of
ODEs for the moments

σ̇ = Aσ + σAT + C µ̇ = Aµ + f (B.30)

where the arrays are
A = Ω

(
H(2)

r + Im[Γ]
)

C = ΩRe[Γ]Ω f = Ωh(1)
r . (B.31)
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B.4 Calculating Mode Backaction with Moment ODEs
The moments can also be used to calculate the backaction of a cavity on coupled qubits. Here we consider a
qubit-cavity mode system that is coherently coupled, where the master equation is

d

dt
ρ̂ = Lr(ρ̂)− i[Ĥqrσ̂z, ρ̂]. (B.32)

Lr is the cavity Lindbladian defined in Eq. (B.24) in the previous section, and the qubit-cavity mode Hamiltonian is
Ĥqrσ̂z, where the cavity component is a Gaussian transformation:

Ĥqr = 1
2 r̂

TH(2)
qr r̂ + r̂Th(1)

qr + h(0)
qr = 1

2 r̂k

(
H(2)

qr

)
kl
r̂l +

(
h(1)

qr

)
k
r̂k + h(0)

qr , (B.33)

where H
(2)
qr is a real-symmetric matrix, h(1)

qr is a real-valued vector, and h
(0)
qr is a real constant. Calculating the

backaction of the cavity on the qubit involves solving the dynamics of the norm of the ρ̂eg sub-component of the total
qubit-cavity state ρ̂, which is not a true quantum state, using the equation

d

dt
ρ̂eg = Lr(ρ̂eg)− i[Ĥqr, ρ̂eg]+. (B.34)

where the commutator is replaced with an anti-commutator due to the σ̂z coupling; this is taken from Eq. (4.63). The
solution to the Lr component of the dynamics is identical to the previous section. We therefore only have to solve for
the terms which arise due to the qubit-cavity mode interaction Hamiltonian. The constant term usually arises when
the Hamiltonian is not a symmetrically ordered function of the creation and annihilation operators, and contributes
the term:

−i[h(0)
qr , ρ̂eg]+ → −2ih(0)

qr weg(ξ). (B.35)

Next, the first and second order terms in the quadrature operators are:

−i[r̂k

(
h(1)

qr

)
k
, ρ̂eg]+ → 2

(
h(1)

qr

)
k
∂ξkweg(ξ) = 2∂ξTh(1)

qr weg(ξ), (B.36)

along with,

− i2 [r̂j

(
H(2)

qr

)
jk
r̂k, ρ̂eg]+ →− i

(
1
4Ωjl

(
H(2)

qr

)
jk

Ωkmξlξm + i

2Ωjk

(
H(2)

qr

)
jk
−
(
H(2)

qr

)
jk
∂ξj∂ξk

)
weg(ξ)

= i

(
1
4ξlΩlj

(
H(2)

qr

)
jk

Ωkmξm + ∂ξj

(
H(2)

qr

)
jk
∂ξk

)
weg(ξ)

= i

(
1
4ξ

TΩH(2)
qr Ωξ + ∂ξTH(2)

qr ∂ξ

)
weg(ξ). (B.37)

Since the dynamics is linear, these terms can be combined with the PDE in Eq. (B.29) to yield

∂

∂t
weg(ξ) =

[
− 2ih(0)

qr − iξT
(
Ωh(1)

r

)
+ 2∂ξTh(1)

qr + 1
2ξ

TΩ

(
i

2H
(2)
qr + Re[Γ]

)
Ωξ

+ ξT
(
ΩH(2)

r + ΩIm[Γ]
)
∂ξ + i∂ξTH(2)

qr ∂ξ

]
weg(ξ). (B.38)

Combining this expression with the results from Appendix B.2 linking PDEs of the form Eq. (B.16) to the moment
ODEs in Eq. (B.23), the expressions used to calculate the cavity backaction detailed in Section 4.2.2.2 of the main
text can be obtained.
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C Gaussian States and Transformations

C.1 The Symplectic Group
As stated in Section 2.1.5, all covariance matrices can be diagonalised by symplectic transformations, which correspond
to certain unitary transformations acting on the Hilbert space. For a system of N bosonic modes, the full set of
unitary transformations corresponds to the real symplectic group, Sp(2N,R), which has dimension N(2N + 1) and
can be defined as a subset of the group of 2N × 2N invertible matrices, M2N×2N ,

Sp(2N,R) = {S ∈M2N×2N (R) : STΩS = Ω}, (C.1)

where Ω is the symplectic form. The associated Lie algebra may be denoted sp(2N,R), and is defined as

sp(2N,R) = {X ∈M2N×2N (R) : ΩX + XTΩ = 0}. (C.2)

These two sets are related in the usual way, through the exponential map, exp : sp → Sp. There is one caveat,
the exponential map from the symplectic Lie algebra to the group fails to be surjective, and as a result there are
elements of the symplectic group which cannot be represented by eX ; this results from the fact that the symplectic
group is connected but not compact. It is, however, possible to represent any element of the real symplectic group
using the product of at most two exponentials of elements in the symplectic Lie algebra, or in other words, for all
S ∈ Sp(2N,R) there exists two elements X1,X2 ∈ sp(2N,R) such that S = eX1eX2 . As a result, at most only two
unitary transformations, involving quadratic Hamiltonians, are required to represent any symplectic transformation
acting on a Gaussian covariance matrix.

Williamson’s Theorem tells us that any valid covariance matrix can be represented as a symplectic transformation
on a Gaussian thermal state, representing the state of the system’s normal modes. This decomposition provides a
useful way to relate the possibly complicated physical processes encapsulated in the covariance matrix to some effective
unitary transformation on the normal modes of the Gaussian state. Provided that the Hamiltonian is quadratic,
and so can be written as Ĥ = 1

2 r̂
THr̂, where H is a 2N × 2N symmetric matrix, then the corresponding unitary

operators acting on the Hilbert space are equivalent to symplectic transformations of the quadrature operators through
the following relations:

Û = eiĤ = eir̂T Hr̂/2 → Û†r̂Û = e−ir̂T Hr̂/2r̂eir̂T Hr̂/2 = eΩH r̂. (C.3)

The final replacement with eΩH r̂ results from the use of the BCH identity, along with the fact that the canonical
commutation relation in the quadrature basis can be expressed as [r̂j , r̂k] = iΩjk. Using the fact that the symplectic
form Ω is anti-symmetric, it may be shown using the above definitions that ΩH is an element of the symplectic Lie
algebra, and eΩH an element of the symplectic Lie group.

To understand these unitary processes, we would therefore like to characterise every element of the symplectic Lie
algebra, which may be divided into two subsets: the N(N + 1) elements representing active processes in the system,
single and two-mode squeezing, and the N2 elements representing passive processes, phase shifters and beam splitters.
Translations will also be included, which correspond to a displacement of the Gaussian state. Combining these gives
us the group of symplectic-affine transformations. As a reminder, affine transformations are linear translations of the
form r̂ → Ar̂ + d, comprising both a linear displacement by the vector d, along with multiplication by an invertible
matrix A, which in this instance is a symplectic matrix. From the main body of the text, recall that a unitary
transformation corresponds to a symplectic-affine transformation on the quadrature operators through,

r̂ → Û†r̂Û ≡ Sr̂ + d. (C.4)
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C.2 Bloch-Messiah and Polar Decompositions

Considering a state ρ̂ with a Gaussian Wigner function of the form,

W (r) = 1
(2π)N

√
det[σ]

exp
[
−1

2(r − µ)Tσ−1(r − µ)
]
, (C.5)

applying the Gaussian unitary transformation to this state, Û ρ̂Û†, results in the following transformation on the
moments of the Gaussian state,

µ→ Sµ + d and σ → SσST . (C.6)

This set of operations is also termed the canonical transformations, since they may be represented as transformations on
the canonical coordinate system of the Wigner phase space. From this equivalent viewpoint, the unitary transformation
transforms not the moments of the Gaussian, but the coordinate system,

W (r)→W (S−1(r − d)). (C.7)

In this appendix, we will provide the unitary transformations Û , along with the corresponding matrix transformations,
where all provided expressions will be written in the quadrature basis. Physically relevant Gaussian Wigner functions
and their moments will also be given. Important matrix decompositions for the elements of the symplectic group are
also provided. Finally, for full details on the use of the symplectic group in quantum mechanics, consult the papers
from R Simon in Refs. [33, 245, 246].

C.2 Bloch-Messiah and Polar Decompositions
The Bloch-Messiah and polar decompositions allow for arbitrary symplectic matrices, which represent Gaussian
unitary transformations, to be broken down into a series of potentially simpler symplectic matrices. Since it can be
difficult to understand what processes are represented in a symplectic transformation, these decompositions can be
used to break the transformation up into passive and active processes [246].

Passive processes are interactions where photon number is conserved, which correspond to combinations of single
mode processes of the form â†kâk, or two mode processes of the form eiθâ†kâl + e−iθâkâ

†
l when expressed in the basis

of the ladder operators. Since they conserve total quanta, a symplectic transformation consisting entirely of passive
processes leaves the trace of the covariance matrix unchanged, Tr[SσST ] = Tr[σ] [247]. This implies that ST = S−1,
meaning that passive processes correspond to orthogonal matrices.

Active processes, on the other hand, do not preserve the trace of the covariance matrix, and correspond to
combinations of single and two-mode squeezing processes: eiθâ†2k + e−iθâ2

k and eiθâ†kâ
†
l + e−iθâkâl. The symplectic

matrices corresponding to active processes cannot be orthogonal, but are instead symmetric matrices. With this
information, we can now provide a physical interpretation to the following matrix decompositions.

Bloch-Messiah Decomposition
Also called the Euler decomposition, this is simply the singular value decomposition (SVD) applied to a symplectic
matrix [143]. The content of the decomposition is that a symplectic matrix can be written in the form

S = OaSrOb where Sr =
N⊕

k=1

(
erk 0
0 e−rk

)
. (C.8)

The matrices Oa and Ob are orthogonal matrices, and so purely consist of passive processes, such as single-mode
phase shifters and two-mode beam splitters. The matrix Sr is a real positive-definite matrix, and corresponds to a
series of single-mode squeezing interactions acting in parallel on the modes, with some amount of squeezing rk. The
physical interpretation of this decomposition is that the action of any Gaussian unitary transformation is equivalent
to a passive multi-mode interaction, followed by individual squeezing interactions applied to each mode, followed by
another passive multi-mode interaction [144, 248, 249].

Polar Decomposition
A symplectic matrix can be written in polar form, either using the left polar decomposition or the right polar
decomposition [142, 143], written as

S = RLUL and S = URRR, (C.9)

respectively. Here, UL,UR ∈ Sp(2N,R) ∩ O(2N,R) are real symplectic orthogonal matrices, whereas the terms
RL,RR ∈ Sp(2N,R) ∩ Sym+(2N) are real symplectic symmetric positive definite matrices. In general, the matrices
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RL and RR are not identical, while the matrices UL and UR must be similar matrices. It is possible to calculate the
elements in both decompositions using different powers of the symplectic matrix S:

Left polar decomposition: RL =
(
SST

)1/2 and UL =
(
SST

)−1/2S

Right polar decomposition: RR =
(
ST S

)1/2 and UR = S
(
ST S

)−1/2
. (C.10)

The interpretation of this is similar to the Bloch-Messiah decomposition: the matrices UL and UR correspond to a
passive multi-mode interaction, whereas the matrices RL and RR are comprised of only active multi-mode interactions,
and therefore represent some combination of squeezing interactions. The polar decomposition then says that any
Gaussian unitary transformation is equivalent to a passive multi-mode interaction followed by multi-mode squeezing
interactions for the left decomposition, and the opposite in the case of the right decomposition, and that the active
interactions involved in both will not necessarily be identical.

Comparing The Decompositions
These two decompositions are closely related, and it is possible to use the form of one to determine the other. Starting
with the Bloch-Messiah decomposition, we can write S = (OaSrOT

a )(OaOb) or S = (OaOb)(OT
b SrOb) since Oa and

Ob are orthogonal. The elements of the left and right polar decomposition can then be read off:

Left polar decomposition: UL = OaOb and RL = OaSrOT
a

Right polar decomposition: UR = OaOb and RR = OT
b SrOb. (C.11)

The forms of RL and RR follows from the fact that they are both real symmetric matrices, and so may be diagonalised
by orthogonal matrices; diagonalisation by Oa or Ob is guaranteed to be unique, up to choice of an orthonormal basis.
In addition, since these matrices are positive definite, their eigenvalues must be positive definite, a property which
is fulfilled by the diagonal matrix Sr. Writing symplectic matrices in this form also tells us that any combination
of squeezing process may be represented by a passive transformation, followed by single-mode squeezing with fixed
phase, followed by the inverse of the first passive transformation. We can also see from the above that the passive
matrices from the left and right polar decompositions are similar matrices, UR ∼ UL.

C.3 Transformations on Gaussian States
Displacement Operator
The displacement operator in quantum optics acts as a shift operator on the first moments of the Wigner function, or
equivalently, as a shift of the field operators. The usual convention is to define the displacement operator acting on a
single mode as,

D̂(α) := exp
[
αâ† − α∗â

]
= exp [−i (p̂q̄ − q̂p̄)] where α = 1√

2
(q̄ + ip̄), (C.12)

which will therefore transform the ladder operators as D̂†(α)âD̂(α) = â + α. The inverse of this operator is by
definition a transformation by −α, D̂†(α) = D̂(−α). In this work, displacement of the cavity mode often occurs due
to drive terms in the Hamiltonian, which we express as ϵâ† + ϵ∗â. Since a different convention is used in the definition
of this drive term, we define the corresponding displacement operator for a drive as follows:

ÛD := exp
[
−i
(
ϵâ† + ϵ∗â

)]
= exp

[
−i
√

2 (Re[ϵ]q̂ + Im[ϵ]p̂)
]
. (C.13)

This is the only transformation which is not symplectic, and is purely a translation. The coordinate transformation in
this instance is given by

r̂ → Û†Dr̂ÛD = r̂ + d where d =
√

2
(

Im[ϵ]
−Re[ϵ]

)
, (C.14)

where r̂ = (q̂, p̂). For completeness, displacement by D̂(α) results in the following phase space transformation:

r̂ → D̂†(α)r̂D̂(α) = r̂ + d where d =
(
q̄
p̄

)
. (C.15)

This is the only Gaussian transformation which displaces the Gaussian state; all others that will be considered are
symplectic transformations which can alter the first moments but cannot generate any displacement if none is present.
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Phase Shifters and Rotations
When working with harmonic modes, terms of the form θâ†â in the system Hamiltonian correspond to the frequency
of the mode with respect to the choice of frame. The corresponding unitary operation, appropriately symmetrised, is
given by:

ÛR := exp
[
−iθ2

(
â†â+ ââ†

)]
= exp

[
−iθ2

(
q̂2 + p̂2)] . (C.16)

This unitary transforms the ladder operators as Û†RâÛR = e−iθâ, and so this operation is termed a phase shifter.
Working in the quadrature basis, r̂ = (q̂, p̂), the Hamiltonian may be expressed as a simple matrix diagonal in the
quadrature basis:

HR = θ

(
1 0
0 1

)
. (C.17)

The unitary transformation can therefore be written as

r̂ → Û†Rr̂ÛR = exp [ΩHR] r̂ = R(θ)r̂ where ΩHR = θ

(
0 1
−1 0

)
. (C.18)

Calculating the matrix exponential, the symplectic transformation corresponds to an orthogonal rotation matrix,
RT (θ) = R(−θ), acting on the quadrature basis:

R(θ) =
(

cos(θ) sin(θ)
− sin(θ) cos(θ)

)
. (C.19)

Applying this transformation to the Wigner distribution results in a rotation of the Wigner function in phase space
about the origin. For an N -mode system, there are N phase shifter operations, one for each mode.

Beam Splitters and Two-Mode Rotations
The other set of passive transformations that may be applied to Gaussian systems are beam splitters, which give rise
to the following unitary transformation acting on a two-mode system Hilbert space:

ÛB := exp
[
−iθ

(
eiϕâ†1â2 + e−iϕâ1â

†
2

)]
= exp

[
−iθ

(
cos(ϕ)(q̂1q̂2 + p̂1p̂2) + sin(ϕ)(p̂1q̂2 − q̂1p̂2)

)]
. (C.20)

This unitary transformation will not only shift the phases of the different ladder operators but will also rotate the
field operators between the two modes. The above unitary operator may be written as an operator acting on the
basis of quadrature operators r̂ = (q̂1, p̂1, q̂2, p̂2) as follows:

HB = θ

(
0 cos(ϕ)I− sin(ϕ)J

cos(ϕ)I + sin(ϕ)J 0

)
. (C.21)

This beam splitter unitary transformation will then transform the quadrature vector as,

r̂ → Û†B r̂ÛB = exp [ΩHB ] r̂ = B(θ, ϕ)r̂ where ΩHB = θ

(
0 cos(ϕ)J + sin(ϕ)I

cos(ϕ)J− sin(ϕ)I 0

)
. (C.22)

The symplectic transformation in the Wigner phase space takes the form of the following two-mode rotation matrix:

B(θ, ϕ) =
(

cos(θ)I sin(θ) (cos(ϕ)J + sin(ϕ)I)
sin(θ) (cos(ϕ)J− sin(ϕ)I) cos(θ)I

)
. (C.23)

This matrix is necessarily orthogonal, BT (θ, ϕ) = B−1(θ, ϕ). The set of phase shifters and beam splitters acting on
N -modes corresponds to the unitary group U(N), which forms a subgroup of Sp(2n,R); since the dimension of U(N)
is N2, removing the phase shifters means that the number of distinct beam splitter operations for an N -mode system
is N(N − 1).

Single-Mode Squeezing
As with the displacement operator, the single-mode squeezing operator is usually defined using the following convention
in the quantum optics literature:

Ŝ1(r, φ) := exp
[
−r2

(
eiφâ†2 − e−iφâ2)] = exp

[
−i r2

(
sin(φ)(q̂2 − p̂2)− cos(φ)(q̂p̂+ p̂q̂)

)]
. (C.24)
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The squeezing operator acts to squeeze or anti-squeeze the quadrature fields, with the axis of the squeezing given by
the choice of phase φ. For example, when φ = 0, the position quadrature is squeezed, Ŝ†1(r, 0)q̂Ŝ1(r, 0) = e−r q̂, and
the momentum quadrature is anti-squeezed, Ŝ†1(r, 0)p̂Ŝ1(r, 0) = erp̂. However, given the expressions for single-mode
squeezing that are used in the Hamiltonians within this work, the following unitary operator is more convenient in
certain circumstances:

ÛS1 := exp
[
−i r2

(
eiϕâ†2 + e−iϕâ2)] = exp

[
−i r2

(
cos(ϕ)(q̂2 − p̂2) + sin(ϕ)(q̂p̂+ p̂q̂)

)]
. (C.25)

We can convert between these two conventions through a change of the squeezing phase, ϕ→ φ−π/2. The symmetric
Hamiltonian matrix is written in the quadrature basis, r̂ = (q, p), as:

HS1 = r

(
cos(ϕ) sin(ϕ)
sin(ϕ) − cos(ϕ)

)
(C.26)

The transformation of the quadrature operators proceeds as follows,

r̂ → Û†S1r̂ÛS1 = exp [ΩHS1] r̂ = S1(r, ϕ)r̂ where ΩHS1 = r

(
sin(ϕ) − cos(ϕ)
− cos(ϕ) − sin(ϕ)

)
, (C.27)

where the symplectic transformation, S1(r, ϕ), is a real and positive-definite matrix:

S1(r, ϕ) :=
(

cosh(r) + sin(ϕ) sinh(r) − cos(ϕ) sinh(r)
− cos(ϕ) sinh(r) cosh(r)− sin(ϕ) sinh(r)

)
. (C.28)

All possible single-mode squeezing operations on a single mode can be constructed using a linear combination of
two orthogonal elements of the symplectic Lie algebra; for an N -mode system, the subset of single-mode squeezing
operations therefore has size 2N .

Two-Mode Squeezing
The final active process to be considered is the two-mode squeezer, which is conventionally defined as follows:

Ŝ2(r, φ) := exp
[
−r
(
eiφâ†1â

†
2 − e−iφâ1â2

)]
, (C.29)

However, we again choose to use a different phase, ϕ→ φ− π/2, in our definition:

ÛS2 := exp
[
−ir

(
eiϕâ†1â

†
2 + e−iϕâ1â2

)]
= exp

[
−ir

(
cos(ϕ)(q̂1q̂2 − p̂1p̂2) + sin(ϕ)(p̂aq̂2 + q̂1p̂2)

)]
. (C.30)

The associated matrix of coefficients in the two-mode squeezer Hamiltonian is,

HS2 = r

(
0 cos(ϕ)Z + sin(ϕ)X

cos(ϕ)Z + sin(ϕ)X 0

)
, (C.31)

so the quadrature operators transform as

r̂ → Û†S2r̂ÛS2 = exp [ΩHS2] r̂ = S2(r, ϕ)r̂

where ΩHS2 = r

(
0 − cos(ϕ)X + sin(ϕ)Z

− cos(ϕ)X + sin(ϕ)Z 0

)
. (C.32)

The symplectic transformation is therefore given by the following positive-definite symmetric matrix:

S2(r, ϕ) :=
(

cosh(r)I sinh(r) (− cos(ϕ)X + sin(ϕ)Z)
sinh(r) (− cos(ϕ)X + sin(ϕ)Z) cosh(r)I

)
. (C.33)

The total size of the subset of sp(2N,R) representing active processes is N(N + 1), and after removing the single-mode
squeezing processes, the number of distinct two-mode squeezing operations for an N mode system is therefore
N(N − 1).
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C.4 Standard Gaussian States
Vacuum and Displaced States
Perhaps the most important Gaussian state is the vacuum state of the harmonic oscillator Hamiltonian, |0⟩, from
which many other states can be generated through symplectic-affine transformations. The Wigner function for the
vacuum state is just a simple Gaussian distribution centred at the origin of the phase space, with an associated
characteristic function given by:

W0(q, p) = 1
π

exp
[
−1

2(q2 + p2)
]

Fourier−−−−→ w0(ξq, ξp) = exp
[
−1

4
(
ξ2

q + ξ2
p

)]
. (C.34)

Also of interest are the states generated by applying the displacement operator to the vacuum state, resulting in
so-called displaced states, also termed the canonical coherent states. Using the quantum optics convention for the
displacement operator from Eq. (C.12), the displaced state is generated from the vacuum state via |α⟩ = D̂(α) |0⟩.
Using α = (q̄ + ip̄)/

√
2, the Wigner function and associated characteristic function are:

Wα(q, p) = 1
π

exp
[
−(q − q̄)2 − (p− p̄)2] Fourier−−−−→ wα(ξq, ξp) = exp

[
−1

4
(
ξ2

q + ξ2
p

)
− iq̄ξq − ip̄ξp

]
. (C.35)

Defining the quadrature basis vector as r = (q, p), the statistical moments for the displaced state may be written as

σα = 1
2

(
1 0
0 1

)
µα =

(
q̄
p̄

)
. (C.36)

The moments for the vacuum state can be retrieved by setting α = 0.

Squeezed States
Squeezed states are perhaps the most important states for this work, since the presence of anti-squeezing is an
indication of gain from the amplifier. The sharing of squeezed correlations between two or more modes is also a
necessary component for the generation of entanglement between Gaussian states. A single-mode squeezed-vacuum
(SMSV) state can be realised by applying the squeezing operator to the vacuum state, |SMSV⟩ = Ŝ1(r, φ) |0⟩, where
the squeezing operator used here is given in Eq. (C.24). The Wigner function and characteristic function are given by:

WS1(q, p) = 1
π

exp
[
−e−2r

(
q cos φ2 + p sin φ2

)2
− e2r

(
q sin φ2 − p cos φ2

)2
]

Fourier−−−−→ wS1(ξq, ξp) = exp
[
− 1

4

(
ξ2

q (cosh(2r) + cos(φ) sinh(2r)) + ξ2
p (cosh(2r)− cos(φ) sinh(2r))

− 2ξqξp sin(φ) sinh(2r)
)]
. (C.37)

Reading off the moments from wS1, the statistical moments for the SMSV state are therefore:

σS1 = 1
2

(
cosh(2r) + cos(φ) sinh(2r) − sin(φ) sinh(2r)

− sin(φ) sinh(2r) cosh(2r)− cos(φ) sinh(2r)

)
µS1 =

(
0
0

)
. (C.38)

Rather than going through the effort of computing the Wigner function and then performing the Fourier transform to
obtain these moments, we can use the previously defined symplectic transformation for single-mode squeezing from
Eq. (C.28) and transform the moments of the vacuum state directly using Eq. (C.6). Since the covariance matrix for
the vacuum state is proportional to the identity matrix, the above covariance matrix for an SMSV is therefore more
easily obtained using,

σS1 = S1(r, φ− π/2)σ0S
T
1 (r, φ− π/2), (C.39)

with the means unchanged since the vacuum state has no displacement, µS1 = µ0.
The transformation matrices make it easier to generate any state we wish. As an example, we will look at the

difference between a displaced squeezed state, D̂(α)Ŝ1(r, φ) |0⟩, and a squeezed coherent state, Ŝ1(r, φ)D̂(γ) |0⟩, which
in general are distinct since the two operations do not commute. Applying the single-mode squeezing and displacement
transformations to the moments of the vacuum state results in the following set of moments:

D̂(α)Ŝ1(r, φ) |0⟩ : σ = S1σ0S1 and µ = S1µ0 + dα = dα

Ŝ1(r, φ)D̂(γ) |0⟩ : σ = S1σ0S1 and µ = S1(µ0 + dγ) = S1dγ . (C.40)
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The second moments are the same no matter the order in which the operators are applied, since the displacement
only affects the first moments of the state. For the displaced-squeezed state the final displacement in the same as
the coherent state |α⟩, whereas for a squeezed-coherent state the squeezing alters the displacement of the final state,
which is squeezed or anti-squeezed along an axis determined by the phase of Ŝ1. In order for the final displacement to
be the same, we can set S1dγ = dα, and after some matrix multiplication, retrieve γ = α cosh(r) + α∗eiφ sinh(r); this
is equivalent to solving D̂(α)Ŝ1(r, φ) = Ŝ1(r, φ)D̂(γ).

The final squeezed state that we will consider is the two-mode squeezed-vacuum (TMSV) state, |TMSV⟩ = Ŝ2(r, φ) |0⟩.
Here we can ignore the Wigner function and work directly with the covariance and means of the two-mode vacuum
state; since additional modes correspond to a direct sum, the covariance matrix of the vacuum is just the 4× 4 identity
matrix, while the means are all zero. The means for the TMSV will be unchanged, µS2 = µ0, while the covariance
matrix is,

σS2 = 1
2

(
cosh(2r) I − sinh(2r) (cos(φ)Z + sin(φ)X)

− sinh(2r) (cos(φ)Z + sin(φ)X) cosh(2r) I

)
, (C.41)

which is obtained by calculating σS2 = S2(r, φ− π/2)σ0S
T
2 (r, φ− π/2).

Thermal States
There is one Gaussian state which cannot be obtained by applying canonical transformations to the vacuum state, and
that is the thermal state. In order to work out the covariances, we start with the density operator for an uncorrelated
cavity in a thermal state, written as follows:

ρ̂β =
(
1− e−βω

) ∞∑
n=0

e−βΩk |n⟩⟨n| =
∑

n

(n̄)n

(n̄+ 1)n+1 |n⟩⟨n| . (C.42)

We can relate the thermodynamic β to average thermal occupation n̄, assuming thermal equilibrium, through the
relation n̄ = 1/(eβω − 1), or equivalently βω = ln[(n̄+ 1)/n̄]. The Wigner function for this can be obtained using
the series expansion of the thermal state in the number eigenstate basis, along with the following expression for the
Wigner function of the number eigenstates, |n⟩:

Wn(q, p) = (−1)n

π
Ln

[
2(x2 + p2)

]
exp

[
−(x2 + p2)

]
. (C.43)

The Wigner function for the thermal state is then a weighted sum over these Wigner functions,

Wβ(q, p) =
∑

n

(n̄)n

(n̄+ 1)n+1Wn(q, p), (C.44)

which may be evaluated using the generating function for the Laguerre polynomials,∑
n

snLn[z] = (1− s)−1 exp[−sz/(1− s)]. (C.45)

The Wigner function for the thermal state, along with the characteristic function, is then,

Wβ(q, p) = 1
π(2n̄+ 1) exp

[
− 1

2n̄+ 1(q2 + p2)
]

Fourier−−−−→ wβ(ξq, ξp) = exp
[
−1

2

(
n̄+ 1

2

)(
ξ2

x + ξ2
p

)]
, (C.46)

where the thermal occupation plus vacuum in the above is equal to 2n̄+ 1 = coth(βω/2). The statistical moments for
a thermal state are then easily read off from the characteristic function,

σβ = 1
2

(
2n̄+ 1 0

0 2n̄+ 1

)
µβ =

(
0
0

)
. (C.47)

A larger temperature increases n̄, leading to an increase in the variance of the state in Wigner phase space. In the
absence of any photon occupation, equivalent to the low-temperature limit, it can be seen that the thermal state is
equal to a vacuum state.
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D Further Details on The Entangling Properties of the Delta
Amplifier

D.1 Comparison of the Scattering Properties of the Delta Amplifier and the
Open Two-Mode Squeezer

The delta amplifier can be optimised to allow swapping of thermal noise from mode a1 to mode a3 by setting the
TMS cooperativities to be identical, C12, C23 = C, and the BS cooperativity to C13 = 1. We additionally set the loop
phase to ϕ = +π/2 so that modes a1 and a2 are entangled. Substituting these values into Eq. (3.81), the steady-state
scattering matrix on resonance written in the quadrature basis matrix will then have the following form:

S∆ =


0 2

√
C

1− C X −1 + C
1− C J

0 −1 + C
1− C I − 2

√
C

1− C Z

−J 0 0

 . (D.1)

Replacing the cooperativity with the squeezing parameter, r = artanh[2
√
C/(1 + C)], we can rewrite the above

scattering matrix as follows:

S∆ ≡

 0 sinh(r)X − cosh(r)J
0 − cosh(r)I − sinh(r)Z
−J 0 0

 . (D.2)

This makes clear the behaviour of the system at this point of nonreciprocity. Modes a1 and a2 are independent of the
input noise on mode a1, which only appears in mode a3, showing how the noise is rerouted there. Meanwhile, modes
a2 and a3 share some squeezed correlations. We can also calculate the steady-state scattering matrix for an open
system with a TMS Hamiltonian given by ĤTMS = ig12(â†1â

†
2 − â1â2) using Eq. (3.56):

STMS =

−
1 + C
1− C I − 2

√
C

1− C Z

− 2
√
C

1− C Z −1 + C
1− C I

 . (D.3)

Note that selecting the TMS phase to be zero is not appropriate here, this comes from the polar decomposition in
Eq. (3.85). Defining the squeezing in terms of the cooperativity in the same way as with the delta amplifier, we arrive
at the following scattering matrix:

STMS ≡
(
− cosh(r)I − sinh(r)Z
− sinh(r)Z − cosh(r)I

)
. (D.4)

While the covariance matrix of the TMS and modes a1 and a2 from the delta amplifier will be identical, the scattering
behaviour is markedly different. This is expected given the circuit decomposition for the delta amplifier; since the
squeezing is swapped from mode a3 to mode a1 by a beam splitter, the quadratures are rotated during this swap in a
manner that cannot be replicated in a TMS alone.
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D.2 A Reciprocal Three-Mode Loop Cannot Route Thermal Fluctuations And
Generate Entanglement

In order to reroute thermal noise away from the output of one mode in the delta and bowtie amplifiers, it is required
that the input noise not be reflected into the output field. Additionally, if this mode is to be entangled with another
mode in the amplifier, the scattering between the pair of modes must be made nonreciprocal to prevent this thermal
noise from appearing in the output field of the other mode in the entangled pair.

It is simple to demonstrate that it is not possible to do both in a three-mode system where the scattering between
the pair of modes is reciprocal. We consider an example three-mode system, where the goal is to entangle modes a1
and a2, and route thermal noise coming from the input of mode a1 away from the entangled state. If the scattering
between modes a1 and a2 is reciprocal, this scattering matrix must take the form:

S =

 0 0 S13
0 S22 S23

S31 S32 S33

 . (D.5)

Writing the initial covariance matrix in block-form as σin = diag(σ1,in,σ2,in,σ3,in), the covariance matrix for the
output of modes a1 and a2 is then

σ12,out =
(S13σ3,inST

13 S13σ3,inST
23

S23σ3,inST
13 S22σ2,inST

22 + S23σ3,inST
23

)
(D.6)

which is independent of σ1,in, as desired. Assuming that Eq. (D.5) is a valid scattering matrix, it must be symplectic
and hence satisfy the condition SΩ3ST = Ω3 where Ω3 = diag(Ω1,Ω1,Ω1) is the symplectic form. Using this
condition for the scattering matrix, it is possible to come up with conditions for the block elements of Eq. (D.5):S13Ω1ST

13 S13Ω1ST
23 S13Ω1ST

33
S23Ω1ST

13 S22Ω1ST
22 + S23Ω1ST

23 S22Ω1ST
32 + S23Ω1ST

33
S33Ω1ST

13 S32Ω1ST
22 + S33Ω1ST

23 S31Ω1ST
31 + S32Ω1ST

32 + S33Ω1ST
33

 =

Ω1 0 0
0 Ω1 0
0 0 Ω1

 . (D.7)

First, it may be determined from the above expression that S13Ω1ST
13 = Ω1, which indicates that S13 ∈ Sp(2,R).

We also have to satisfy S13Ω1ST
23 = 0 in order for SΩ3ST = Ω3 to hold; since S13Ω1 ∈ Sp(2,R) must be invertible

it follows that ST
23 = (S13Ω1)−10 and so S23 = 0. As a consequence, the off-diagonal blocks in Eq. (D.6) vanish,

indicating that the output of modes a1 and a2 are never entangled. It is therefore not possible to realise thermal
noise rerouting and entanglement in a reciprocal three-mode loop.

D.3 Steady-State Scattering as a Coherent Process
In Chapter 3, it was shown that, in the steady state, the scattering of the propagating modes off the internal modes
of a Gaussian system could be modelled as a coherent process. In particular, the steady-state scattering matrix for
the delta and bowtie amplifiers at points of perfect nonreciprocity can be decomposed into circuits comprised of the
individual elements found within their respective Hamiltonians, with the original coherent coupling strengths replaced
with couplings in terms of the cooperativities. In this section, we will show why this is the case for the delta amplifier.
For the delta amplifier system, the scattering matrix may be related to a pseudo-coherent process when ϕ = ±π/2 as
follows:

−S(±π/2)
∆ r̂ = (Û±∆ )†r̂Û±∆ where Û±∆ = exp

[
−i 1

Carcosh
(

1 + C2

1− C2

)
H̃±∆

]
, C =

√
C12 − C13 + C23. (D.8)

The Hamiltonian for the pseudo-coherent process is

H̃±∆ =
√
C12

(
â†1â
†
2 + â1â2

)
+
√
C13

(
â†1â3 + â1â

†
3

)
±
√
C23

(
iâ†2â

†
3 − iâ2â3

)
, (D.9)

which is remarkably similar to the true Hamiltonian for the delta amplifier at these values of the loop phase:

Ĥ
(±π/2)
∆ = g12

(
â†1â
†
2 + â1â2

)
+ g13

(
â†1â3 + â1â

†
3

)
± g23

(
iâ†2â

†
3 − iâ2â3

)
. (D.10)
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Working in the quadrature basis, we can write both Hamiltonians as

Ĥ
(±π/2)
∆ = 1

2 r̂
TH±∆ r̂ , and H̃∆ = 1

2 r̂
T H̃±∆ r̂ −→ H̃±∆ = 2κ−1/2H±∆κ−1/2. (D.11)

Using the definition Cjk = 4g2
jk/κjκk, the elements of H̃±∆ are then just square roots of the cooperativities. At this

point, using this definition, we can establish the connection in Eq. (D.8) by rewriting the scattering matrix in terms
of H̃±∆ :

−S(±π/2)
∆ = −I6 − κ1/2

(
A(±π/2)

∆

)−1
κ1/2 where A(±π/2)

∆ = −1
2κ + ΩH±∆

= −I6 + 2
(

I6 − 2κ−1/2ΩH±∆κ−1/2
)−1

= −I6 + 2
(
I6 −ΩH̃±∆

)−1 since [κ,Ω] = 0

= exp
[

1
Carcosh

(
1 + C2

1− C2

)
ΩH̃±∆

]
. (D.12)

The ability to write the scattering matrix so simply in terms of the matrix exponential comes down to the spectrum of
the matrix ΩH̃±∆ . Since the system is stable, it is guaranteed from the Routh-Hurwitz criterion that the cooperativities
satisfy 0 < C12 − C13 + C23 < 1. The eigenvalues of ΩH̃±∆ are coincidentally,

ν =
(
±0,±

√
C12 − C13 + C23,±

√
C12 − C13 + C23

)
= (0,±C,±C) , (D.13)

and are therefore entirely real and in the range 0 < |ν| < 1. The last line in Eq. (D.12) is obtained by performing
a diagonalisation, ΩH̃±∆ = QDQ−1, after which the following equation must then be solved to convert the matrix
inverse into a matrix exponential:

Q
(

2 (I6 −D)−1− I6

)
Q−1 = QeaDQ−1 → 2

1 + ν
− 1 = eaν , a ∈ R. (D.14)

This is trivially satisfied for ν = 0, and so only yields two unique equations to solve for the two degenerate eigenvalues:

2
1∓ C − 1 = e±aC, a ∈ R→ a = 1

C ln
(

1 + C
1− C

)
= 1

Carcosh
(

1 + C2

1− C2

)
, |C| < 1. (D.15)

In this way, the last line of Eq. (D.12), and hence the simple connection between the scattering matrix and a coherent
process with a similar form, is established with little effort. This simple relation only holds for the loop phase
ϕ = ±π/2 due to the fact that the eigenvalues of H̃±∆ are zero, or else are real-valued and have identical magnitude,
allowing for the expression in Eq. (D.14) to have a single solution. So although the relation is useful, it is highly
specific to this particular system and these particular parameters, and does not generalise to other values of the loop
phase. The expression for the scattering matrix in terms of the matrix exponential,

−S(±π/2)
∆ = exp

[
1
Carcosh

(
1 + C2

1− C2

)
ΩH̃±∆

]
(D.16)

is also what allows for the simple circuit representations obtained for the delta amplifier at the points of perfect
nonreciprocity. This follows from the fact that the interactions in H̃±∆ form a closed subset of the full sp(6,R) Lie
algebra, equivalent to sp(2,R):

[â†1â
†
2 + â1â2, â

†
1â3 + â1â

†
3] = i

(
iâ†2â

†
3 − iâ2â3

)
[â†1â3 + â1â

†
3, iâ

†
2â
†
3 − iâ2â3] = i

(
â†1â
†
2 + â1â2

)
[iâ†2â

†
3 − iâ2â3, â

†
1â
†
2 + â1â2] = −i

(
â†1â3 + â1â

†
3

)
. (D.17)

The interactions in ΩH̃±∆ therefore form the same sub-algebra, and so −S(±π/2)
∆ belongs to an Sp(2,R) sub-group of

Sp(6,R), where the latter group represents the full set of scattering matrices acting on three-mode bosonic systems.
For the circuit decomposition, it is important that any element of Sp(2,R) can be written as a product of operator
exponentials

−S(±π/2)
∆ = eX1eX2eX3 , (D.18)
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where X1,X2, and X3 span the entire Lie algebra sp(2,R). This means that −S(±π/2)
∆ can be written as a product of

symplectic matrices, where the Xk can be related to the three coherent processes in H̃±∆ as follows:

{X1, X2, X3} ←→ {u12(â†1â
†
2 + â1â2), u13(â†1â3 + â1â

†
3), u23(iâ†2â

†
3 − iâ2â3)}. (D.19)

The assignment is arbitrary, meaning that an Xk can correspond to any of the unitary processes generated by the
operators on the right. The different orderings of the coherent processes which may be chosen will only change the
coefficients ujk, with some orderings resulting in simpler functional forms for the ujk compared to others. These
coefficients are not necessarily simpler at points of perfect nonreciprocity, however, it was found that out of all
the possible orderings, only one ordering would provide simple forms for the ujk coefficients, and consequently a
simple representation of the scattering matrix. The simplest orderings happened to correspond to particular polar
decompositions of the symplectic matrix, and are listed in the table below:

NR Scattering Decomposition Coop. Condition Phase (ϕ) Stability Criteria
a1 → a2 R(2,3)

− U(1,3) C12 = C13C23 −π/2 0 ≤ C13 & 0 ≤ C23 < 1

a1 ← a2 U(1,3)R(2,3)
+ C12 = C13C23 +π/2 0 ≤ C13 & 0 ≤ C23 < 1

a2 → a3 U(1,3)R(1,2) C23 = C12C13 −π/2 0 ≤ C13 & 0 ≤ C12 < 1
a2 ← a3 R(1,2)U(1,3) C23 = C12C13 +π/2 0 ≤ C13 & 0 ≤ C12 < 1

a1 → a3 R(2,3)
− R(1,2) C13 = C12C23 −π/2 0 ≤ C12 < 1 & 0 ≤ C23 < 1

a1 ← a3 R(1,2)R(2,3)
+ C13 = C12C23 +π/2 0 ≤ C12 < 1 & 0 ≤ C23 < 1

. (D.20)

The expressions of the symplectic matrices in the decomposition were provided in Eq. (3.83), and are listed below for
completeness:

R(1,2) ←→ Û (1,2) := exp
[
−2i artanh

(√
C12

)(
â†1â
†
2 + â1â2

)]
U(1,3) ←→ Û (1,3) := exp

[
−2i arctan

(√
C13

)(
â†1â3 + â1â

†
3

)]
R(2,3)

sgn(ϕ) ←→ Û (2,3) := exp
[
−2i sgn(ϕ) artanh

(√
C23

)(
iâ†2â

†
3 − iâ2â3

)]
. (D.21)
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E Further Details on Gaussian-State Preserving Qubit-Cavity
Interactions

E.1 Preserving Gaussian Cavity Operators
It has been stated many times in the text that only Lindblad master equations which preserve the Gaussian nature
of the Wigner distribution of the harmonic modes can be handled using the moment method. The case of a single
qubit coupled to an arbitrary number of cavity modes is considered in Section 4.2.1.2, where the general form of the
Lindblad master equation is discussed. The restrictions listed are necessary to use the moment method for calculating
the cavity backaction on the qubit. The restrictions on the cavity terms are discussed in Section 2.2; here, it will be
shown how the restrictions on the qubit operator terms are determined.

In order to establish the limitations on the coherent terms, we can write a general Hamiltonian in the σ̂z basis as
follows

H⃗ · σ⃗ =
(
Ĥ0 + Ĥz Ĥx − iĤy

Ĥx + iĤy Ĥ0 − Ĥz

)
≡
(
Ĥ0 + Ĥz Ĥ+
Ĥ− Ĥ0 − Ĥz

)
where Ĥ†k = Ĥk, k = 0, x, y, z. (E.1)

We have defined a vector of Hamiltonians which act on the cavity Hilbert space, H⃗ = (Ĥ0, Ĥx, Ĥy, Ĥz), and a vector
of Pauli operators, σ⃗ = (σ̂0, σ̂x, σ̂y, σ̂z), where the Pauli operators have the usual definitions:

σ̂0 =
(

1 0
0 1

)
σ̂x =

(
0 1
1 0

)
σ̂y =

(
0 −i
i 0

)
σ̂z =

(
1 0
0 −1

)
. (E.2)

Only Hamiltonians which conserve the qubit state probabilities will preserve the Gaussian nature of the cavity
operator, which can be shown by calculating the commutator of H⃗ · σ⃗ and ρ̂. In order to calculate this, the state ρ̂
will be decomposed as in Eq. (4.45):

ρ̂ =
(
ρ̂ee ρ̂eg

ρ̂ge ρ̂gg

)
where ρ̂†ee = ρ̂ee, ρ̂

†
gg = ρ̂gg, ρ̂

†
eg = ρ̂ge. (E.3)

The commutator can then be written as

[H⃗ · σ⃗, ρ̂] =
(

[Ĥ0 + Ĥz, ρ̂ee] + Ĥ−ρ̂ge − ρ̂egĤ+ [Ĥ0, ρ̂eg] + [Ĥz, ρ̂eg]+ + Ĥ−ρ̂gg − ρ̂eeĤ−

[Ĥ0, ρ̂ge]− [Ĥz, ρ̂ge]+ + Ĥ+ρ̂ee − ρ̂ggĤ+ [Ĥ0 − Ĥz, ρ̂gg] + Ĥ+ρ̂eg − ρ̂geĤ−

)
. (E.4)

In order for the dynamics to preserve the Gaussian nature of the cavity operator, the dynamics of ρ̂jk can only depend
on ρ̂jk, where j, k = e, g, and no other terms from the Gaussian cavity operator. This is required since the sum of two
non-identical Gaussians is not a Gaussian. The only form for the coherent dynamics is therefore H⃗ · σ⃗ = Ĥ0σ̂0 + Ĥzσ̂z,
where the off-diagonal elements of H⃗ · σ⃗ must be zero. Therefore, cavity-qubit Hamiltonians that do not preserve the
populations of the qubit states cannot be modelled using the moment method, which includes the Hamiltonian for the
Rabi model, σ̂xq̂, as well as the Jaynes-Cummings model, σ̂+â+ σ̂−â

†.
Things are more difficult for dissipation terms, however, the general form is still solvable. We can follow a similar

procedure and proceed to write a general non-Hermitian jump operator expanded in the qubit basis:

z⃗k · σ⃗ =
(

ẑk,0 + ẑk,z ẑk,x − iẑk,y

ẑk,x + iẑk,y ẑk,0 − ẑk,z

)
≡
(

ẑk,e ẑk,+
ẑk,e ẑk,g

)
. (E.5)

The elements of z⃗ act on the cavity Hilbert space only, and can only consist of linear combinations of cavity quadrature
operators for the Gaussian assumption to hold. Assuming that the cavity-qubit system undergoes Lindblad-type
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evolution, the dissipation terms can, in general, be written as follows,

J
[
(⃗z1 · σ⃗), (⃗z2 · σ⃗)

]
(ρ̂) = (⃗z1 · σ⃗)ρ̂(⃗z2 · σ⃗)† − 1

2 [(⃗z2 · σ⃗)†(⃗z1 · σ⃗), ρ̂]+ (E.6)

where there are two possibly distinct jump operators present. This can be expanded similarly to the coherent terms,
and terms which do not preserve the Gaussian state can be eliminated by again demanding that the dynamics of
ρ̂jk can only depend on ρ̂jk. The conditions for the diagonal elements ρ̂ee and ρ̂gg are different from those for the
off-diagonal elements ρ̂eg and ρ̂ge, and so will be listed separately. To summarise, the Gaussianity of the cavity
components ρ̂eg and ρ̂ge is preserved in the following cases:

• For k = 1, 2, if ẑk,+ = 0 and ẑk,− = 0, then any values for ẑk,e and ẑk,g will preserve Gaussianity. The
corresponding dissipation term is of the form:

J
[
(ẑ1,0σ̂0 + ẑ1,zσ̂z), (ẑ2,0σ̂0 + ẑ2,zσ̂z)

]
(ρ̂). (E.7)

• For k = 1, 2, if ẑk,+ = 0 and ẑk,− ≠ 0, or, ẑk,+ ̸= 0 and ẑk,− = 0, then we must have ẑk,e = 0 and ẑk,g = 0 for
Gaussianity to be preserved. The corresponding dissipation terms are:

J
[
(ẑ1,+σ̂+), (ẑ2,+σ̂+)

]
(ρ̂) or J

[
(ẑ1,−σ̂−), (ẑ2,−σ̂−)

]
(ρ̂). (E.8)

• If ẑk,+ ̸= 0 and ẑk,− ̸= 0, then preserving Gaussianity is not possible.

As a result, the jump operators can only contain the qubit operators σ̂z, σ̂+, or σ̂− jump operators in order for the
moment method to be used to calculate the state of ρ̂eg and ρ̂ge; this corresponds to the Lindbladians in Eq. (4.50)
and (4.51). Next, the conditions for the components ρ̂ee and ρ̂gg can be summarised as:

• For k = 1, 2, if ẑk,+ = 0 and ẑk,− = 0, then any values for ẑk,e and ẑk,g will preserve Gaussianity. The
corresponding dissipation term is of the form:

J
[
(ẑ1,0σ̂0 + ẑ1,zσ̂z), (ẑ2,0σ̂0 + ẑ2,zσ̂z)

]
(ρ̂). (E.9)

• If ẑk,+ ̸= 0 or ẑk,− ̸= 0, then preserving Gaussianity is not possible.

Ignoring the identity σ̂0, the only qubit operator allowed in a jump term is therefore σ̂z. The operators σ̂− and σ̂+,
which correspond to qubit T1-processes, therefore render the diagonal components non-Gaussian. Applying this
condition will yield the Lindbladians from Eq. (4.49).

E.2 Dressed Dephasing of the Qubit
When performing the transformation to the dispersive regime, the effects of the transformation on the dissipation
terms present in the full cavity-qubit Lindblad master equation are usually ignored. The effect of the transformation on
dissipation is, in fact, not trivial, and the result is dissipation terms which couple the cavity system to the qubit [157,
196, 197]. The most interesting of these are the dressed dephasing terms, which take the form γ∆(D[â†σ̂−] +D[âσ̂+]);
here extra dephasing on the qubit state arises from qubit state transitions driven by photons in the cavity system
[157]. As was shown above, these terms only preserve the Gaussian nature of the off-diagonal components of the
cavity state, and so can be included in dephasing calculations for single-qubit systems.

In this section, we will demonstrate how terms from the dissipators coupling the cavity and qubit would appear
in our equations of motion for the density matrix elements. Using expressions from Appendix B, these terms can
then be included in future dephasing calculations. We first consider the dissipators D[ẑσ̂−] and D[ẑσ̂+], where ẑ is an
arbitrary linear combination of cavity quadrature operators:

D[ẑσ̂−](ρ̂) = σ̂−ẑρ̂σ̂+ẑ† − 1
2 [σ̂+σ̂−ẑ†ẑ, ρ̂]+ = 1

2

(
−[ẑ†ẑ, ρ̂ee]+ −ẑ†ẑρ̂eg

−ρ̂geẑ†ẑ 2ẑρ̂eeẑ†

)

D[ẑσ̂+](ρ̂) = ẑσ̂+ρ̂σ̂−ẑ† − 1
2 [σ̂−σ̂+ẑ†ẑ, ρ̂]+ = 1

2

(
2ẑρ̂gg ẑ† −ρ̂eg ẑ

†ẑ
−ẑ†ẑρ̂ge −[ẑ†ẑ, ρ̂gg]+

)
. (E.10)
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Using the above, the expression for the dressed dephasing term is:

(
D[â†σ̂−] +D[âσ̂+]

)
(ρ̂) = 1

2

(
2âρ̂ggâ

† − [ââ†, ρ̂ee]+ −(ââ†ρ̂eg + ρ̂egâ
†â)

−(ρ̂geââ
† + â†âρ̂ge) 2â†ρ̂eeâ− [â†â, ρ̂gg]+

)

= 1
2

(
2âρ̂ggâ

† − [ââ†, ρ̂ee]+ −[â†â+ 1/2, ρ̂eg]+
−[â†â+ 1/2, ρ̂ge]+ 2â†ρ̂eeâ− [â†â, ρ̂gg]+

)
. (E.11)

The dressed dephasing therefore gives rise to an anti-commutator term in the dynamics of the off-diagonal elements, and
so behaves as dissipation on the cavity without the usual jump term. Transforming the full dispersive regime Lindblad
master equation also results in dissipation terms coupling cavity operators to the σ̂z operator [197]. Unlike dressed
dephasing, the physical effect of these terms is usually ignored, however, expressions are provided for completeness:

D[ẑσ̂z](ρ̂) = ẑσ̂z ρ̂σ̂z ẑ† − 1
2 [ẑ†ẑ, ρ̂]+ =

(
D[ẑ](ρ̂ee) −2ẑρ̂eg ẑ† +D[ẑ](ρ̂eg)

−2ẑρ̂geẑ† +D[ẑ](ρ̂ge) D[ẑ](ρ̂gg)

)

D
[
ẑe |e⟩⟨e|+ ẑg |g⟩⟨g|

]
(ρ̂) =

(
D[ẑe](ρ̂ee) ẑeρ̂eg ẑ†g − 1

2 ẑ†eẑeρ̂eg − 1
2 ρ̂eg ẑ†g ẑg

ẑgρ̂geẑ†e − 1
2 ẑ†g ẑgρ̂ge − 1

2 ρ̂geẑ†eẑe D[ẑg](ρ̂gg)

)
. (E.12)
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F Explicit Solutions for the Qubit Dephasing and
Measurement Rate

F.1 The Matrix Riccati Equation
For the physical systems which are of interest to us, the cavity backaction on the qubit rapidly approaches a constant
value during the measurement process. Therefore, calculation of the steady state of the matrix equations from
Eq. (4.74) is of importance. While analytic solutions are possible in certain instances, obtaining them can take some
effort since the differential equation for σ is nonlinear:

d

dt
σ = Aσ + σAT − σBσ + C. (F.1)

This differential equation is a type of differential equation called a Riccati matrix differential equation (RMDE),
while the equation for the steady state solution belongs to a well-studied class of matrix equations called continuous
algebraic Riccati equations (CARE). It is possible to solve the CARE by first linearising the RMDE. The solution for
the CARE can be extracted by solving for the space of stable solutions of the linearised differential equations [250,
251]. This is not a straightforward process, and so it deserves a review. We will start with the generic form of the
RMDE for a matrix X:

d

dt
X = AX + XD + XBX + C. (F.2)

The RMDE, and by extension the CARE, are closely related to the following system of linear matrix differential
equations:

d

dt

(
U
V

)
= H

(
U
V

)
where H =

(
D B
−C −A

)
. (F.3)

The proposed relation is that provided that U ,V are solutions to the above system of equations, where U is an
invertible matrix, then X = V U−1 is a solution to the RMDE. If X is a steady-state solution then Ẋ = 0, and using
the above relations we can determine that V̇ = XU̇ . Substituting in the expressions from Eq. (F.3) and multiplying
by U−1 from the right, we can retrieve the CARE:

0 = (XU̇ − V̇ )U−1 = (X(DU + BV ) + (CU + AV ))U−1 = XD + XBV U−1 + C + AV U−1

= AX + XD + XBX + C using V U−1 = X. (F.4)

The stable steady-state solution to X, and therefore the solution to the CARE, can be obtained by solving for U and
V . Additionally, in order for V U−1 to be a solution to the CARE, it is required that (U V )T ∈ V be H-invariant,
that is multiplying any element of the space V by H returns another element of that space, HV ∈ V. In order for V
to be H-invariant, there must exist a matrix L such that H(U V )T = (U V )T L. For this to be true, then L must
satisfy the relations L = U−1(DU + BV ) and V L = −(CU + AV ). Substituting the expression for L into the
expression for V L, the CARE is again retrieved:

V L = V U−1(DU + BV ) = −(CU + AV )
→ 0 =

(
V U−1DU + V U−1BV + CU + AV

)
U−1

→ 0 = AX + XD + XBX + C using V U−1 = X. (F.5)

This confirms that solutions for the CARE can be found in H-invariant subspaces. Since we are interested in stable
solutions for X, we are interested in solutions (U V )T that lie in the stable subspace of the differential system
Eq. (F.3). In order to find the stable subspace, we must find the eigenvalues of H with negative real part and their
corresponding eigenvectors, which span the stable subspace. By definition, the span of a single eigenvector is an
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invariant subspace, so the stable subspace must be H-invariant. The N × 2N matrix (U V )T is therefore a solution
if the columns of the matrix span the entire stable subspace, and if U is non-singular. Additionally, the N eigenvalues
of L correspond to the eigenvalues of H with negative real part. The existence of a solution for the CARE is therefore
dependent on the spectrum of the 2N × 2N matrix H.

We can now apply this to Eq. (F.1), and therefore obtain solutions for the covariance matrix using σ = V U−1.
The linearised system of differential equations takes the following form:

d

dt

(
U
V

)
=
(

AT −B
−C −A

)(
U
V

)
. (F.6)

As stated above, provided that the stable solution does exist, then the eigenvalues of L = AT −Bσ must have a
negative real part. The same must then be true of the transpose of L, LT = A−σB. This has interesting consequences
for the differential equation for µ:

d

dt
µ = (A− σB)µ + f − σg ≡ LTµ + f − σg. (F.7)

Since the eigenvalues of LT all must have negative real part if the CARE has a solution, the existence of a stable
solution for σ guarantees that a stable solution exists for the differential equation for µ.

As a final point, the availability of analytic solutions for σ is dependent on the spectrum of H, which may become
too difficult to handle for sufficiently complicated systems. The solutions for some sample dispersively coupled systems
which admit analytic solutions will be provided in the remaining sections of this appendix to demonstrate the invariant
subspace method in practice.

F.2 Single Cavity-Mode System
F.2.1 Cavity Induced Dephasing
The system under consideration is a single cavity dispersively coupled to a qubit, with a drive applied to enable
readout, and a single-mode squeezing interaction to realise amplification. A detailed solution to the steady-state
dephasing of this system is provided to demonstrate the moment method from Section 4.2 in action. The Hamiltonian
under consideration is

Ĥ = χâ†âσ̂z + λ

2
(
eiθâ†2 + e−iθâ2)+

√
κ |α|

(
eiφâ† + e−iφâ

)
, (F.8)

and the Lindblad master equation for the cavity-qubit system is

d

dt
ρ̂ = −i[Ĥ, ρ̂] + Γφ

2 D[σ̂z](ρ̂) + κ(n̄+ 1)D[â](ρ̂) + κn̄D[â†](ρ̂). (F.9)

In order to solve the time dynamics of the dephasing, it is required that we solve the matrix differential equations for
the moments,

d

dt
σ = Aσ + σAT − σBσ + C d

dt
µ = (A− σB)µ + f (F.10)

where the arrays are given by

A =
(
−κ/2 + λ sin(θ) −λ cos(θ)
−λ cos(θ) −κ/2− λ sin(θ)

)
B =

(
2iχ 0
0 2iχ

)
C = 1

2

(
iχ+ κ(2n̄+ 1) 0

0 iχ+ κ(2n̄+ 1)

)
f =
√

2κ |α|
(

sin(φ)
− cos(φ)

)
. (F.11)

The moment arrays can also be written as

σ =
(
σqq σqp

σqp σpp

)
µ =

(
µq

µp

)
. (F.12)
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Instead of solving the expressions for arbitrary amplifier phase θ, we solve them for a specific phase θ = π/2, where
the expressions for the variances are

d

dt
σ̃qq = 2

(
−κ2 + λ

)
σ̃qq − 2iχ

(
σ̃2

qq + σ̃2
qp

)
+ iχ

2 + κ

2 (2n̄+ 1)

d

dt
σ̃pp = 2

(
−κ2 − λ

)
σ̃pp − 2iχ

(
σ̃2

pp + σ̃2
xp

)
+ iχ

2 + κ

2 (2n̄+ 1)

d

dt
σ̃qp = −κσ̃qp − 2iχσ̃qp (σ̃qq + σ̃pp) . (F.13)

The covariance for an arbitrary amplifier phase can then be retrieved by combining the above expressions:

σ = 1
2

(
(1 + sin(θ))σ̃qq + (1− sin(θ))σ̃pp + 2 cos(θ)σ̃qp − cos(θ)(σ̃qq − σ̃pp) + 2 sin(θ)σ̃qp

− cos(θ)(σ̃qq − σ̃pp) + 2 sin(θ)σ̃qp (1− sin(θ))σ̃qq + (1 + sin(θ))σ̃pp − 2 cos(θ)σ̃qp

)
. (F.14)

We note that the trace of the matrix is independent of the choice of the phase of the squeezing, σqq + σpp = σ̃qq + σ̃pp,
and so the parasitic dephasing must also be independent of the choice of amplifier phase. Next, we find the steady-state
solutions to Eq. (F.13). Since the steady-state solution for the cross-covariance is σ̃qp = 0, the other covariances are
then just roots of a quadratic polynomial:

σ̃qq = i

2χ

[(κ
2 − λ

)
−
√(κ

2 − λ
)2
− χ2 + iχκ (2n+ 1)

]

σ̃pp = i

2χ

[(κ
2 + λ

)
−
√(κ

2 + λ
)2
− χ2 + iχκ (2n+ 1)

]
. (F.15)

We will now demonstrate that the solution method from Section F.1 will yield the same results. This will allow for the
steady-state covariances to be more easily solved as the number of cavity modes increases. Recall that the invariant
subspace method requires us to solve the following linear matrix differential equation:

d

dt

(
U
V

)
= H

(
U
V

)
where H =

(
AT −B
−C −A

)
. (F.16)

The solution for the covariance matrix is then σ = V U−1, which lies in the stable subspace of H. For simplicity, we
will solve for the stable eigenspace of H when the phase of the amplifier is θ = π/2. The characteristic polynomial of
H is independent of this choice of phase and is

0 =
[
s2 +

(
χ2 − iκχ(2n̄+ 1)− (κ/2− λ)2) ][s2 +

(
χ2 − iκχ(2n̄+ 1)− (κ/2 + λ)2) ], (F.17)

and so the four eigenvalues are

±
√
r(±λ) where r(±λ) = (κ/2∓ λ)2 − χ2 + iκχ(2n̄+ 1). (F.18)

The stable subspace is spanned by the eigenvectors associated with the stable eigenvalues −
√

r(±λ), which may be
written as follows:

v(+λ) =
(

κ/2−λ+
√

r(+λ)
κ(n̄+1/2)+iχ/2 0 1 0

)T

v(−λ) =
(

0 κ/2+λ+
√

r(−λ)
κ(n̄+1/2)+iχ/2 0 1

)T

. (F.19)

The matrix solution, therefore, has the form (U V )T = (v(+λ) v(−λ)), and so we have the following steady state
solution to the above system of differential equations:

U = 1
κ(n̄+ 1/2) + iχ/2

(
κ/2− λ+

√
r(+λ) 0

0 κ/2 + λ+
√

r(−λ)

)
V =

(
1 0
0 1

)
. (F.20)

It should be noted that any set of vectors which spans the stable subspace of H constitutes a valid solution, so
any normalisation factor will come out in the wash when calculating V U−1. The above solutions for U and V are
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therefore not unique. We can now solve the covariance matrix:

(
σ̃qq σ̃qp

σ̃qp σ̃pp

)
=

 κ(n̄+1/2)+iχ/2
κ/2−λ+

√
r(+λ)

0

0 κ(n̄+1/2)+iχ/2
κ/2+λ+

√
r(−λ)

 = i

2χ

(
κ/2− λ−

√
r(+λ) 0

0 κ/2 + λ−
√
r(−λ)

)
. (F.21)

When substituting the expressions for r(±λ), we can confirm that this is the same solution that we obtained by
solving the differential equations directly. The means are now easily calculated by solving the linear matrix equation,
after which expressions for the steady-state dephasing can be constructed. We know that the contributions to the
cavity-induced dephasing can be calculated from the moments using the following expressions:

Γd,p = 1
2Re [Tr[Bσ]] = χRe [i (σqq + σpp)] Γd,m = 1

2Re
[
µT Bµ

]
= χRe

[
i
(
µ2

q + µ2
p

)]
. (F.22)

Looking at the individual components, the parasitic dephasing is equal to

Γd,p = −κ2 + 1
2Re

[√
r(+λ) +

√
r(−λ)

]
where r(±λ) = (κ/2∓ λ)2 − χ2 + iχκ(2n̄+ 1)

= −κ2 + 1
2
√

2

√√√√(κ
2 − λ

)2
− χ2 +

√[(κ
2 − λ

)2
− χ2

]2
+ χ2κ2(2n̄+ 1)2

+ 1
2
√

2

√(κ
2 + λ

)2
− χ2 +

√[(κ
2 + λ

)
− χ2

]2
+ χ2κ2(2n̄+ 1)2. (F.23)

Given the above expressions, in the case where the squeezing and thermal noise vanish, λ = 0 and n̄ = 0, the parasitic
dephasing goes to zero. Next, the measurement-induced dephasing is equal to

Γd,m =κ |α|2 Re
[
iχ

(
1

r(+λ) (1 + sin(2φ− θ)) + 1
r(−λ) (1− sin(2φ− θ))

)]
= |α|2 χ2κ2 (2n̄+ 1)

[
1− sin(θ − 2φ)

((κ/2− λ)2 − χ2)2 + χ2κ2(2n̄+ 1)2 + 1 + sin(θ − 2φ)
((κ/2 + λ)2 − χ2)2 + χ2κ2(2n̄+ 1)2

]
. (F.24)

The expressions for the dephasing in the presence of squeezing but with no thermal noise [209], and in the presence of
thermal noise but with no squeezing [210], can both be obtained from the above expressions. In particular, we can
write a series expression for Γd,p about small values of the thermal occupation n̄ in the absence of squeezing to obtain
the widely cited expression:

Γd,p = 4κχ2

κ2 + 4χ2 n̄+O
[
n̄2] . (F.25)

F.2.2 Measurement Rate
In this section, we will calculate the measurement rate. Using the Hamiltonian from Eq. (F.8), the Heisenberg-Langevin
equations can be written in the quadrature basis as

d

dt

(
q̂
p̂

)
=
(
−κ/2 + λ sin(θ) χ⟨σ̂z⟩ − λ cos(θ)
−χ⟨σ̂z⟩ − λ cos(θ) −κ/2− λ sin(θ)

)(
q̂
p̂

)
+
√

2κ |α|
(

sin(φ)
− cos(φ)

)
−
√
κ

(
q̂in
p̂in

)
. (F.26)

We make the assumption that the input noise is Gaussian white noise, with the thermal fluctuations characterised by
the number of thermal quanta in the thermal bath state, n̄. In addition, we assume that the system is stable, and
hence the eigenvalues of the dynamical matrix, −κ/2±

√
χ2 + λ2, are negative. From here, we move to frequency

space. Using the input-output relations, we can write the output fields as(
q̂out[ω]
p̂out[ω]

)
= S[ω]

(
q̂in[ω]−

√
2 |α| sin(φ)

p̂in[ω] +
√

2 |α| cos(φ)

)
(F.27)
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where the scattering matrix is

S[ω] = 1
(κ/2 + iω)2 − λ2 + χ2

×
(
−
(
(κ2/4 + κλ sin(θ) + (ω2 + λ2 − χ2)

)
κ (−χ⟨σ̂z⟩+ λ cos(θ))

κ (χ⟨σ̂z⟩+ λ cos(θ)) −
(
κ2/4− κλ sin(θ) + (ω2 + λ2 − χ2)

)) . (F.28)

The expressions for the expectation values of the output quadratures on resonance, ω = 0, are:

⟨q̂out[0]⟩ =
√

2 |α|
κ2/4− λ2 + χ2

((
κ2/4 + κλ sin(θ) + λ2 − χ2) sin(φ) + κ (−χ⟨σ̂z⟩+ λ cos(θ)) cos(φ)

)
⟨p̂out[0]⟩ = −

√
2 |α|

κ2/4− λ2 + χ2

((
κ2/4− κλ sin(θ) + λ2 − χ2) cos(φ) + κ (χ⟨σ̂z⟩+ λ cos(θ)) sin(φ)

)
. (F.29)

We can now work out the output noise-power matrix on resonance, assuming thermal noise from the input fields. For
practical purposes, this is calculated in the same manner as the output covariance matrix:

S̄[0] = (n+ 1/2)
(κ2/4− λ2 + χ2)2


κ2 (−χ⟨σ̂z⟩+ λ cos(θ))2

+
(
κ2/4 + λ2 − χ2 + κλ sin(θ)

)2
−2κλ

[
(κ2/4 + λ2 − χ2) cos(θ)

+κχ⟨σ̂z⟩ sin(θ)
]

−2κλ
[
(κ2/4 + λ2 − χ2) cos(θ)

+κχ⟨σ̂z⟩ sin(θ)
] κ2 (χ⟨σ̂z⟩+ λ cos(θ))2

+
(
κ2/4 + λ2 − χ2 − κλ sin(θ)

)2

 . (F.30)

We can now calculate the measurement rate using the following measurement operator:

M̂ = cos(ϑ)q̂out + sin(ϑ)p̂out. (F.31)

The ground and excited-state conditioned expressions can then be combined to get the necessary expectation values
for the measurement quadrature. We begin with the expectation values:

⟨q̂out[0]⟩e − ⟨q̂out[0]⟩g = −2
√

2 |α|χκ
κ2/4− λ2 + χ2 cos(φ) ⟨p̂out[0]⟩e − ⟨p̂out[0]⟩g = −2

√
2 |α|χκ

κ2/4− λ2 + χ2 sin(φ) (F.32)

The signal part of the measurement rate is then:

⟨M̂ [0]⟩e − ⟨M̂ [0]⟩g = −2
√

2 |α|χκ
κ2/4− λ2 + χ2 cos(ϑ− φ) (F.33)

In order to maximise the difference in the displacement, it is required that ϑ = φ, and so the phase of the measurement
quadrature should be identical to the phase of the drive. Moving on, the output noise-power of the measurement
quadrature can be written in terms of the matrix elements of S̄[0] as:

S̄MM,e/g[0] = cos2(ϑ)S̄qq,e/g[0] + 2 cos(ϑ) sin(ϑ)S̄qp,e/g[0] + sin2(ϑ)S̄pp,e/g[0] where S̄[0] ≡
(
S̄qq[0] S̄qp[0]
S̄qp[0] S̄pp[0]

)
.

(F.34)
The different components of the output noise power are as follows:

S̄qq,e[0] + S̄qq,g[0] = 2(n+ 1/2)
(κ2/4− λ2 + χ2)2

[
κ2 (χ2 + λ2 cos2(θ)

)
+
(
κ2/4 + λ2 − χ2 + κλ sin(θ)

)2
]

S̄pp,e[0] + S̄pp,g[0] = 2(n+ 1/2)
(κ2/4− λ2 + χ2)2

[
κ2 (χ2 + λ2 cos2(θ)

)
+
(
κ2/4 + |λ|2 − χ2 − κλ sin(θ)

)2
]

S̄qp,e[0] + S̄qp,g[0] = −4κ(n+ 1/2)
(κ2/4− λ2 + χ2)2

(
κ2/4 + λ2 − χ2)λ cos(θ). (F.35)
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Combining these expressions and using the fact that the measurement phase ϑ = φ is optimal, we arrive at the
following expression for the averaged output noise power of the measurement quadrature:

S̄MM,e[0] + S̄MM,g[0] = 2n+ 1
(κ2/4− λ2 + χ2)2

[
κ2χ2 + 1

2
(
(κ/2− λ)2 − χ2)2 (1− sin(θ − 2φ))

+ 1
2
(
(κ/2 + λ)2 − χ2)2 (1 + sin(θ − 2φ))

]
. (F.36)

If there are zero quanta of added off-chip noise, then the measurement rate is:

Γmeas = 2 |α|2 χ2κ2

(2n+ 1)

(
1
2

[(
(κ/2− λ)2 − χ2)2 + κ2χ2

]
(1− sin(θ − 2φ))

+ 1
2

[(
(κ/2 + λ)2 − χ2)2 + κ2χ2

]
(1 + sin(θ − 2φ))

)−1

. (F.37)

With expressions for the measurement rate and dephasing, we can now calculate the maximum efficiency of the
dispersive measurement. This is achieved when there is no squeezing or thermal noise, in which case the cavity-induced
dephasing and measurement rate are identical:

Γmeas , Γd = 2 |α|2 χ2κ2

(κ2/4 + χ2)2 = 8 |α|2 X 2

(1 + X 2)2 . (F.38)

There is only drive-induced dephasing here, with no parasitic dephasing present. Since these quantities are the
same, the measurement efficiency is therefore η = Γmeas/Γd = 1. By appropriately balancing the strength of the
dispersive coupling and the damping rate for the cavity mode, these rates can be maximised so that the measurement
is performed as quickly as possible; the optimum values are then χ = κ/2. Defining a dimensionless parameter,
analogous to the cooperativity, X := 2χ/κ, the measurement rate is then maximised when X = 1.

F.3 Two Passively Coupled Cavity-Modes
F.3.1 Cavity Induced Dephasing
Here we work out the expressions for a two-mode system where one mode is dispersively coupled to the qubit while a
measurement drive is applied to the other qubit. The two modes are coupled via a beam splitter interaction and
are subject to thermal noise from their baths. All other qubit terms in the Hamiltonian, along with their innate
dissipation and dephasing, are omitted in this calculation. The Hamiltonian for this system is,

Ĥ = χâ†2â2σ̂z + g12

(
eiϕâ†1â2 + e−iϕâ1â

†
2

)
+√κ1 |α|

(
eiφâ†1 + e−iϕâ1

)
, (F.39)

and the Lindblad master equation has the form

d

dt
ρ̂ = −i[Ĥ, ρ̂] +

∑
k=1,2

κk

(
(n̄k + 1)D[âk](ρ̂) + n̄kD[â†k](ρ̂)

)
. (F.40)

The phase of the beam splitter does not affect this calculation, so we set it to ϕ = 0. To extract the steady state of
the cavity-induced dephasing, we must solve the following matrix equations:

0 = Aσ + σAT − σBσ + C 0 = (A− σB)µ + f . (F.41)

The matrices are written in the quadrature basis r̂ = (q̂1, p̂1, q̂2, p̂2) in block form as follows:

A =
(
−(κ1/2)I gJ
g12J −(κ2/2)I

)
B =

(
0 0
0 2iχI

)
C = 1

2

(
κ1(2n̄1 + 1)I 0

0 (iχ+ κ2(2n̄2 + 1))I

)
. (F.42)

Additionally, the vector in the equation for the means is:

f =
√

2κ1 |α|
(
sin(φ) − cos(φ) 0 0

)T
. (F.43)
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The steady state of the covariance matrix and means will have the following forms

σ =


σq1q1 0 0 σq1p2

0 σp1p1 σp1q2 0
0 σp1q2 σq2q2 0

σq1p2 0 0 σp2p2

 µ =
(
µq1 µp1 µq2 µp2

)T
, (F.44)

and so the parasitic and measurement dephasing can be extracted using the following expressions:

Γd,p = 1
2Re [Tr[Bσ]] = χRe [i (σq2q2 + σp2p2)] Γd,m = 1

2Re
[
µT Bµ

]
= χRe

[
i
(
µ2

q2
+ µ2

p2

)]
. (F.45)

Following the method from Section F.1 to solve the matrix equation for σ, we start by constructing the matrix,

H =
(

AT −B
−C −A

)
(F.46)

The columns and rows are then reordered to yield the matrix H̃, which is constructed so that it may be written in
block form as follows:

H̃ =
(

H+ 04
04 H−

)
where H± =


κ1/2 ±g12 0 0
∓g12 κ2/2 0 2iχ

κ1(n̄1 + 1/2) 0 −κ1/2 ±g12
0 κ2(n̄2 + 1/2) + iχ/2 ∓g12 −κ2/2

 (F.47)

The characteristic polynomial for H+ and H− are identical, so the characteristic polynomial for H can be written as

0 =
[
s4 + v1s

2 + v0

][
s4 + v1s

2 + v0

]
(F.48)

with the coefficients defined as follows:

v1 = χ2 − iχκ2(2n̄2 + 1) + 2g2
12 −

((κ1

2

)2
+
(κ2

2

)2
)

v0 = −χ2
(κ1

2

)2
+ iχκ1

[
g2

12(2n̄1 + 1) + κ1

2
κ2

2 (2n̄2 + 1)
]

+
(
g2

12 + κ1

2
κ2

2

)2
. (F.49)

This polynomial is solvable and has the following 4 distinct eigenvalues,

±
√
r1,±

√
r2 each with multiplicity of 2. (F.50)

The parameters r1 and r2 are the two roots for the quadratic polynomial:

0 = s2 + v1s+ v0 and so r1 = 1
2

(
−v1 +

√
v2

1 − 4v0

)
, r2 = 1

2

(
−v1 −

√
v2

1 − 4v0

)
. (F.51)

The four eigenvectors for the two degenerate eigenvalues, −√r1 and −√r2, can then be used to construct the stable
subspace for the matrix H. After some matrix multiplication, we get the following expressions for the covariances of
mode a2:

σq2q2 , σp2p2 = i

2χ

(κ1

2 + κ2

2 −
√
r1 −

√
r2

)
. (F.52)

Combining everything, the parasitic dephasing should be:

Γd,p = −1
2(κ1 + κ2) + Re

[√
r1 +

√
r2
]
. (F.53)

Using the solution for the covariance matrix and the means, the measurement-induced dephasing can be readily
calculated:

Γd,m = 2 |α|2 χ2κ2
1g

2
12zth[

(g2
12 + κ1κ2/4))2 − χ2(κ1/2)2

]2 + χ2κ2
1z

2
th

where zth = g2
12(2n̄1 + 1) + (κ1κ2/4)(2n̄2 + 1). (F.54)
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F.3.2 Measurement Rate
Once again, we will now calculate the measurement rate for this system. Since the drive is applied to mode a1, it is
the output fields of this mode that will be used to collect the measurement. The measurement quadrature is then
defined as

M̂ = cos(ϑ)q̂1,out + sin(ϑ)p̂1,out. (F.55)

Due to the added drive, the input noise operators of mode a1 have the following forms:

q̃1,in[ω] = q̂1,in[ω]−
√

2 |α| sin(φ) p̃1,in[ω] = p̂1,in[ω] +
√

2 |α| cos(φ). (F.56)

The bare input noise is Gaussian white noise, and so has an expectation value of zero; the non-zero value of the
expectation value for the above input fields is then due to the presence of the drive. The signal component is then

⟨M̂ [0]⟩e − ⟨M̂ [0]⟩g = −2
√

2 |α|χκ1g
2
12(

g2
12 + κ1κ2/4

)2 + χ2(κ1/2)2
cos(ϑ− φ). (F.57)

Once again, the signal is maximised when the phase M̂ matches the phase of the drive ϑ = φ. The qubit state-dependent
noise-power spectra of the measurement quadrature can be calculated using the values for the quadratures as follows

S̄MM,e/g[0] = cos2(ϑ)S̄q1q1,e/g[0] + 2 cos(ϑ) sin(ϑ)S̄q1p1,e/g[0] + sin2(ϑ)S̄p1p1,e/g[0]. (F.58)

The averaged noise-power spectrum is then

S̄MM,e[0] + S̄MM,g[0]

= 1
2
(

(g2
12 + κ1κ2/4)2 + χ2(κ1/2)2

)((2n̄1 + 1)
[(
g2

12 − κ1κ2/4
)2 + χ2(κ1/2)2

]
+ (2n̄2 + 1)g2

12κ1κ2

)
(F.59)

In the absence of added noise, these two expressions can be combined to yield the following expression for the
measurement rate:

Γmeas = 2 |α|2 χ2κ2
1g

4
12

(g2
12 + κ1κ2/4)2 + χ2(κ1/2)2

(
(2n̄1 + 1)

[(
g2

12 − κ1κ2/4
)2 + χ2(κ1/2)2

]
+ (2n̄2 + 1)g2

12κ1κ2

)−1
. (F.60)

With this defined, we can determine the maximum efficiency of a measurement. This will occur when there is no
thermal noise from either of the baths, resulting in no parasitic dephasing. In this instance, the dephasing and
measurement rate are easily expressed:

Γd =
2 |α|2 χ2κ2

1g
2
12
(
g2

12 + κ1κ2/4
)(

(g2
12 + κ1κ2/4)2 + χ2κ2

1/4
)2 Γmeas = 2 |α|2 χ2κ2

1g
4
12(

(g2
12 + κ1κ2/4)2 + χ2κ2

1/4
)2 . (F.61)

The measurement efficiency is then:

η = Γmeas

Γd
= g2

12
g2

12 + κ1κ2/4
≡ C12

C12 + 1 . (F.62)

The measurement is never perfectly efficient due to the fact that mode a1 is not directly coupled to the qubit; however,
by increasing the cooperativity of the beam splitter interaction, C12 = 4g2

12/κ1κ2, the efficiency can approach one.
This corresponds to an increase in the rate of the beam splitter compared to the decay rates, so the efficiency increases
as the rate of information exchange between modes a1 and a2 becomes larger than the rate at which qubit state
information is lost to the baths. It is also important to balance the dispersive coupling and beam splitter cooperativity
to maximise the magnitude of the measurement rate. This is achieved when the dispersive shift is χ = (κ2/2)(C12 + 1),
or equivalently if the cooperativity is set to C12 =

√
(2χ/κ2)2 + 1. We could again define a dimensionless parameter

balancing the dispersive coupling with the damping rate of the dispersively coupled mode, X := 2χ/κ2. Using this
parameter, the optimum value is then X = C12 + 1, or if we are varying the cooperativity, C12 =

√
X 2 + 1.
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F.4 Three-Mode Nonreciprocal Amplifier
F.4.1 Cavity Induced Dephasing
This section contains a detailed calculation for the added qubit dephasing from the integrated non-reciprocal amplifier
presented in Section 4.3. The Hamiltonian is defined as in Eq. (4.83):

Ĥ = g12

(
â†1â2 + â1â

†
1

)
+ g23

(
â†2â3 + â2â

†
3

)
+ g13

(
eiϕâ†1â3 + e−iϕâ1â

†
3

)
+ λ

2

(
eiθâ†21 + e−iθâ2

1

)
+√κ2 |α|

(
eiφâ†2 + e−iφâ2

)
+ χâ†3â3σ̂z, (F.63)

where we have redefined the modes from Section 4.3 according to, â → â1, b̂ → â2, and ĉ → â3 for notational
convenience. The Lindblad master equation for the cavity-qubit system is given in Eq. (4.84):

d

dt
ρ̂ = −i[Ĥ, ρ̂] + Γφ

2 D[σ̂z](ρ̂) +
∑

k=1,2,3
κk

(
(n̄k + 1)D[âk](ρ̂) + n̄kD[â†k](ρ̂)

)
. (F.64)

Since the expressions used in this work require that we work in the quadrature basis, we will first rewrite the Lindblad
master equation in the following form:

d

dt
ρ̂ = −i[Ĥ, ρ̂] + Γφ

2 D[σ̂z](ρ̂) +
6∑

j,k=1
Γjk

(
r̂j ρ̂r̂k −

1
2 [r̂kr̂j , ρ̂]+

)

where Ĥ = 1
2 r̂

T
(
H(2)

r + σ̂zH
(2)
qr

)
r̂ + r̂Th(1)

r +
(
h(0)

qr + ω̃q

2

)
σ̂z. (F.65)

The vector of quadrature operators is defined as r̂ = (q̂1, p̂1, q̂2, p̂2, q̂3, p̂3), and so the symmetric form is the block
diagonal matrix Ω = diag(Ω1,Ω1,Ω1). The arrays of coefficients which appear in the cavity component of the
Hamiltonian can be expressed as follows,

H(2)
r =

 λ(cos(θ)Z + sin(θ)X) g12I g13(cos(ϕ)I− sin(ϕ)J)
g12I 0 g23I

g13(cos(ϕ)I + sin(ϕ)J) g23I 0

 H(2)
qr =

0 0 0
0 0 0
0 0 χI

 (F.66)

along with the linear contribution from the drive term on the buffer mode

h(1)
r =

√
2κ2 |α|

(
0 0 cos(φ) sin(φ) 0 0

)T
. (F.67)

The term h
(0)
qr = −χ/2 is present because the dispersive coupling χâ†3â3σ̂z term does not correspond to a symmetrically

ordered function of the quadrature operators. Lastly, the decay terms Γjk are elements of the Hermitian matrix Γ:

Γ =

κ1(n̄1 + 1/2)I + i(κ1/2)J 0 0
0 κ2(n̄2 + 1/2)I + i(κ2/2)J 0
0 0 κ3(n̄3 + 1/2)I + i(κ3/2)J

 . (F.68)

We can now start defining the arrays that will be used for the moment method calculation, beginning with the
dynamical matrix arising from the coherent and dissipative cavity processes:

A = Ω(H(2)
r + Im[Γ]) =

−(κ1/2)I + λ(− cos(θ)X + sin(θ)Z) g12J g13(cos(ϕ)J + sin(ϕ)I)
g12J −(κ2/2)I g23J

g13(cos(ϕ)J− sin(ϕ)I) g23J −(κ3/2)I

 , (F.69)
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followed by the other two matrices necessary for the calculation of σ:

B = 2iH(2)
qr =

0 0 0
0 0 0
0 0 2iχI


C = −Ω

(
i

2H
(2)
qr + Re[Γ]

)
Ω = 1

2

κ1(2n̄1 + 1)I 0 0
0 κ2(2n̄2 + 1)I 0
0 0 (iχ+ κ3(2n̄3 + 1))I

 . (F.70)

Lastly, the drive term in the Hamiltonian will give rise to the following vector

f = Ωh(1)
r =

√
2κ2 |α|

(
0 0 sin(φ) − cos(φ) 0 0

)T
. (F.71)

We can now proceed to solve the matrix equations required to calculate the dephasing:

0 = Aσ + σAT − σBσ + C 0 = (A− σB)µ + f . (F.72)

A Note on the Phases
In order for this system to have analytic solutions, the loop phase must be set to ϕ = ±π/2, which corresponds to the
two different directions of circulation. The system is also much easier to solve when the phase of the amplifier is set
to θ = ±π/2. Without loss of generality, we select θ = π/2. The off-diagonal components of the dynamical matrix A,
which arise due to the squeezing, can be rotated away through a rotation by the angle (θ − π/2)/2:

RT (θ)A(θ)R(θ) = A(π/2) where R(θ) = 1√
2

((
cos(θ/2) + sin(θ/2)

)
I +

(
cos(θ/2)− sin(θ/2)

)
J
)
⊗ I3. (F.73)

Due to the form of R(θ), it commutes with the two other dynamical matrices in the CARE:

RT (θ)BR(θ) = B RT (θ)CR(θ) = C. (F.74)

The variances, means, and drive will all experience a rotation, but solutions for arbitrary values of the amplifier phase
θ are easily obtained by appropriately combining the results for the θ = +π/2 case. We will denote the variance for
σ(π/2) ≡ σ̃. When calculating the dephasing, the variances for arbitrary phase are then retrieved using results for the
phase π/2 as follows: σ = R(θ)σ̃RT (θ). The differential equation for σ can now be transformed to the rotated frame:

d

dt
σ = A(θ)σ + σAT (θ)− σBσ + C → d

dt
σ̃ = A(π/2)σ̃ + σ̃AT (π/2)− σ̃Bσ̃ + C. (F.75)

As will be shown, analytic solutions are possible for the steady state of σ̃. When calculating the dephasing, the
parasitic component will necessarily be independent of the value of the amplifier phase due to the cyclic nature of the
trace and the fact that the rotation matrix is orthogonal:

Γd,p = 1
2Re

[
Tr [Bσ]

]
= 1

2Re
[
Tr
[
RT (θ)BR(θ)RT (θ)σR(θ)

] ]
= 1

2Re
[
Tr [Bσ̃]

]
and hence Γd,p = Re

[
iχ
(
σq3q3 + σp3p3

)]
= Re

[
iχ
(
σ̃q3q3 + σ̃p3p3

)]
. (F.76)

If we similarly define µ̃ = R(θ)µ, then we can rotate the equation of motion for the means as follows:

d

dt
µ = (A(θ)− σB)µ + f → d

dt
µ̃ = (A(π/2)− σ̃B) µ̃ + R(θ)f . (F.77)

The steady state of µ can also be expressed as follows:

µ = − (A− σB)−1 f = −R(θ) (A(π/2)− σ̃B)−1 RT (θ)f (F.78)

In this case, the rotation not only simplifies the calculation of σ̃, the inverse matrix required to solve for the means,
(A(π/2) − σ̃B)−1 =: M, now takes on a simpler form as well. Due to the rotation, this matrix has the following
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structure:

M =


Mq1q1 0 0 Mq1p2 Mq1q3 0

0 Mp1p1 Mp1q2 0 0 Mp1p3

0 Mp1q2 Mq2q2 0 0 Mq2p3

Mq1p2 0 0 Mp2p2 Mp2q3 0
Mq1q3 0 0 Mp2q3 Mq3q3 0

0 Mp1p3 Mq2p3 0 0 Mp3p3

 . (F.79)

With this we can obtain an explicit expression for µ = −R(θ)MRT (θ)f :(
µq3

µp3

)
=
√
κ2

2 |α|
(

(cos(φ) + sin(θ − φ))Mp2q3 + (sin(θ − φ)− cos(φ))Mq2p3

(− cos(θ − φ) + sin(φ))Mp2q3 + (− cos(θ − φ)− sin(φ))Mq2p3

)
. (F.80)

The means can then be used to write an expression for the measurement-induced dephasing,

Γd,m = 1
2Re

[
µT Bµ

]
= Re

[
iχ
(
µ2

q3
+ µ2

p3

)]
= − |α|2 χκ2

(
(1 + sin(θ − 2φ))Im

[
M2

p2q3

]
+ (1− sin(θ − 2φ))Im

[
M2

q2p3

])
. (F.81)

This way, when calculating the drive-induced component of the dephasing, we can focus entirely on calculating these
two components of M rather than the entire matrix.

The Detailed Calculation
We begin the actual calculation by setting the phase of the amplifier to θ = π/2 and the phase of the loop to ϕ = ±π/2,
which will simply control the sign on g13 through the function sgn(ϕ). We will use the stable subspace method from
Section F.1 to solve the equation for σ̃, and so must determine the eigenvalues and eigenvectors of the following
matrix:

H =
(

AT (π/2) −B
−C −A(π/2)

)
. (F.82)

For these choices of the phases, we can permute the rows and columns of this matrix, H̃ = PHPT , into two 6× 6
blocks:

H̃ =
(

H+ 06
06 H−

)
where

H± =


−κ1/2∓ λ ∓g12 −sgn(ϕ)g13 0 0 0
±g12 −κ2/2 ±g23 0 0 0

sgn(ϕ)g13 ∓g23 −κ3/2 0 0 −2iχ
−κ1(n̄1 + 1/2) 0 0 κ1/2∓ λ ∓g12 −sgn(ϕ)g13

0 −κ2(n̄2 + 1/2) 0 ±g12 κ2/2 ±g23
0 0 −κ3(n̄3 + 1/2)− iχ/2 sgn(ϕ)g13 ∓g23 κ3/2

 (F.83)

The characteristic polynomial for the H matrix is then the product of the characteristic polynomials for H+ and H−:

0 =
[
s6 + v2(+λ)s4 + v1(+λ)s2 + v0(+λ, sgn(ϕ))

][
s6 + v2(−λ)s4 + v1(−λ)s2 + v0(−λ, sgn(ϕ))

]
. (F.84)

The polynomials are solvable, and we write the 12 eigenvalues of H in the following form:

±
√
rk(+λ) , ±

√
rk(−λ) where k = 1, 2, 3 (F.85)

where the roots rk(±λ) are the solutions to the cubic polynomial

0 = s3 + v2(±λ)s2 + v1(±λ)s+ v0(±λ). (F.86)
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The polynomial coefficients may be written as:

v2(±λ) = χ2 − iχκ3(2n̄3 + 1) + 2
(
g2

12 + g2
13 + g2

23
)
−
[(κ1

2 ∓ λ
)2

+
(κ2

2

)2
+
(κ3

2

)2
]

v1(±λ) = χ2
[
2g2

12 −
((κ1

2 ∓ λ
)2

+
(κ2

2

)2
)]

+ iχ

[
κ1(2n̄1 + 1)g2

13 + κ2(2n̄2 + 1)g2
23 + κ3(2n̄3 + 1)

(
−2g2

12 +
[(κ1

2 ∓ λ
)2

+
(κ2

2

)2
])]

+
(
g2

12 + g2
23 + g2

13
)2 +

[(κ1

2 ∓ λ
)2(κ2

2

)2
+
(κ2

2

)2 (κ3

2

)2
+
(κ1

2 ∓ λ
)2 (κ3

2

)2
]

+ 2g2
12

[(κ1

2 ∓ λ
)(κ2

2

)
−
(κ2

2

)2
]

+ 2g2
23

[(κ2

2

)(κ3

2

)
−
(κ1

2 ∓ λ
)2
]

+ 2g2
13

[(κ1

2 ∓ λ
)(κ3

2

)
−
(κ2

2

)2
]

v0(±λ) = χ2
[
g2

12 +
(κ1

2 ∓ λ
)(κ2

2

)]2
−
[
g2

12
κ3

2 + g2
23

(κ1

2 ∓ λ
)

+ g2
13
κ2

2 +
(κ1

2 ∓ λ
) κ2

2
κ3

2

]2
− iχ

[
κ1(2n̄1 + 1)

(
g12g23 + sgn(ϕ)g13

κ2

2

)2
+ κ2(2n̄2 + 1)

(
sgn(ϕ)g12g13 − g23

(κ1

2 ∓ λ
))2

+ κ3(2n̄3 + 1)
(
g2

12 +
(κ1

2 ∓ λ
)(κ2

2

))2
]
. (F.87)

We note that only one of the coefficients, v0(±λ, sgn(ϕ)), is dependent on the circulation direction. While the roots
of the characteristic polynomial can technically be expressed in terms of radicals, the above coefficients result in
complicated expressions, and so explicit expressions for the roots are omitted. The solutions for the eigenvectors are
also too complicated to be included. However, with much effort, we can write down the expressions for the only two
relevant variances in terms of the roots as follows:

σ̃q3q3 = i

2χ

((κ1

2 − λ
)

+ κ2

2 + κ3

2 −
(√

r1(+λ) +
√

r2(+λ) +
√

r3(+λ)
))

σ̃p3p3 = i

2χ

((κ1

2 + λ
)

+ κ2

2 + κ3

2 −
(√

r1(−λ) +
√
r2(−λ) +

√
r3(−λ)

))
. (F.88)

In general, solving σ would require us to determine the expressions for all 21 unique covariances; however, when
solving σ̃, only 12 of the covariances are non-zero thanks to the choice of amplifier and loop phases. Moving on to µ,
since the measurement-induced dephasing is only dependent on the values of µq3 and µp3 , we will only calculate these
two means. To accomplish this, we solve for the two relevant elements of M:

Mp2q3 = −
(
2 sgn(ϕ)g12g13 − g23[κ1 − 2λ]

)
×
[
g2

13κ2 + g2
23[κ1 − 2λ] + g2

12κ3 + 1
4[κ1 − 2λ]κ2κ3 + iχ

(
4g2

12 + [κ1 − 2λ]κ2
)
σ̃q3q3

− 2iχ (2g12g23 + sgn(ϕ)g13κ2) σ̃q1q3 + 2iχ (−2 sgn(ϕ)g12g13 + g23[κ1 − 2λ]) σ̃p2q3

]−1

Mq2p3 =
(
2 sgn(ϕ)g12g13 − g23[κ1 + 2λ]

)
×
[
g2

13κ2 + g2
23[κ1 + 2λ] + g2

12κ3 + 1
4[κ1 + 2λ]κ2κ3 + iχ

(
4g2

12 + [κ1 + 2λ]κ2
)
σ̃p3p3

− 2iχ (2g12g23 + sgn(ϕ)g13κ2) σ̃p1p3 − 2iχ (−2 sgn(ϕ)g12g13 + g23[κ1 + 2λ]) σ̃q2p3

]−1
. (F.89)

The other covariances which appear in these expressions are difficult to simplify, but with a bit of work, the
denominators can be simplified to yield

Mq3p2 = − sgn(ϕ)g12g13 − g23[κ1/2− λ]√
r1(+λ) r2(+λ) r3(+λ)

Mq2p3 = sgn(ϕ)g12g13 − g23[κ1/2 + λ]√
r1(−λ) r2(−λ) r3(−λ)

. (F.90)
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These expressions can then be used to obtain a compact expression for the sum of the squared means which appear in
the measurement induced dephasing, µT Bµ = iχ(µ2

q3
+ µ2

p3
):

µ2
q3

+ µ2
p3

= |α|2 κ2

(
(sgn(ϕ)g12g13 − g23[κ1/2− λ])2

r1(+λ) r2(+λ) r3(+λ) (1 + sin(θ − 2φ))

+ (sgn(ϕ)g12g13 − g23[κ1/2 + λ])2

r1(−λ) r2(−λ) r3(−λ) (1− sin(θ − 2φ))
)
. (F.91)

Since these are roots of a cubic polynomial, the product in the denominator can be replaced by a coefficient from the
characteristic polynomial for H±. As a reminder, the roots of a cubic polynomial satisfy

(s− r1)(s− r2)(s− r3) = s3 − (r1 + r2 + r3)s2 + (r1r2 + r2r3 + r1r3)s− r1r2r3 ≡ s3 + v2s
2 + v1s+ v0. (F.92)

We can, therefore, replace the product of the roots with the coefficient r1(±λ) r2(±λ) r3(±λ) = −b0(±λ, sgn(ϕ)). It is
worth noting that −b0(±λ, sgn(ϕ)) = det[H±] and so r1(±λ) r2(±λ) r3(±λ) = det[H±]. With this, the worst of the
calculation is complete, and we first proceed to the expression for the parasitic dephasing:

Γd,p = −1
2(κ1 + κ2 + κ3) + 1

2Re
[√

r1(+λ) +
√
r2(+λ) +

√
r3(+λ) +

√
r1(−λ) +

√
r2(−λ) +

√
r3(−λ)

]
. (F.93)

For the measurement-induced dephasing, we start by writing the denominator in a more useful form to highlight the
presence of the dispersive coupling χ:

r1(±λ) r2(±λ) r3(±λ) = −v0(±λ, sgn(ϕ)) = −χ2c2(±λ) + iχc1(±λ, sgn(ϕ)) + c0(±λ). (F.94)

Using this, we can write the measurement-induced dephasing as follows:

Γd,m = |α|2 χ2κ2

(
c1(+λ, sgn(ϕ))

(
sgn(ϕ)g12g13 − g23[κ1/2− λ]

)2[
c0(+λ)− χ2c2(+λ)

]2 +
[
χc1(+λ, sgn(ϕ))

]2 (
1 + sin(θ − 2φ)

)
+
c1(−λ, sgn(ϕ))

(
sgn(ϕ)g12g13 − g23[κ1/2 + λ]

)2[
c0(−λ)− χ2c2(−λ)

]2 +
[
χc1(−λ, sgn(ϕ))

]2 (
1− sin(θ − 2φ)

))
where c0(±λ) =

[
g2

12κ3/2 + g2
23(κ1/2∓ λ) + g2

13κ2/2 + (κ1/2∓ λ)(κ2/2)(κ3/2)
]2

c1(±λ, sgn(ϕ)) =
[
κ1(2n̄1 + 1) (g12g23 + sgn(ϕ)g13κ2/2)2

+ κ2(2n̄2 + 1) (sgn(ϕ)g12g13 − g23(κ1/2∓ λ))2

+ κ3(2n̄3 + 1)
(
g2

12 + (κ1/2∓ λ)(κ2/2)
)2
]

c2(±λ) =
(
g2

12 + (κ1/2∓ λ)(κ2/2)
)2
. (F.95)

F.4.2 Measurement Rate
Assuming no detuning, the measurement rate can be defined as follows in terms of the qubit-state conditioned values
of the output signal and output power noise at the resonance frequency:

Γmeas = |⟨M̂ [0]⟩e − ⟨M̂ [0]⟩g|2/4
S̄MM,e[0] + S̄MM,g[0] + 2n̄add

. (F.96)

Since the measurement is performed through the buffer mode, a2, the measurement quadrature is defined purely in
terms of the buffer mode output quadratures:

M̂ = cos(ϑ)q̂2,out + sin(ϑ)p̂2,out. (F.97)

Due to the added drive term, the input noise operators of the buffer mode have the following forms:

q̃2,in[ω] = q̂2,in[ω]−
√

2 |α| sin(φ) p̃2,in[ω] = p̂2,in[ω] +
√

2 |α| cos(φ). (F.98)

We are again only concerned with the behaviour at the optimal values of the loop-phase, ϕ = ±π/2. The following
expressions are then understood to only apply for these values of the loop phase, and the function of sgn(ϕ) is used
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when there is a sign difference depending on the circulation direction. Therefore, this function only accepts the values
ϕ = ±π/2. We can now work out the following expression for the signal:

⟨M̂ [0]⟩e − ⟨M̂ [0]⟩g = −2
√

2 |α|χκ2

det[A]

( [
g2

12g
2
13 − g2

23
(
(κ1/2)2 − λ2)] cos(ϑ− φ)

+ 2 sgn(ϕ)λ g12g23g13 sin(θ − (ϑ+ φ))
)

(F.99)

where det[A] is the determinant of the dynamical matrix of the system with the qubit state dependent dephasing
included on the dispersively coupled mode a3, and so is equivalent to Eq. (F.69) with an additional term:

A =

−(κ1/2)I + λ(− cos(θ)X + sin(θ)Z) g12J g13(cos(ϕ)J + sin(ϕ)I)
g12J −(κ2/2)I g23J

g13(cos(ϕ)J− sin(ϕ)I) g23J −(κ3/2)I + σzχJ

 , (F.100)

where σz = ±1. The determinant is identical for both the excited and ground qubit state conditioned scattering
matrices, and is also independent of the circulation direction, as well as the value of the amplifier phase θ. The
determinant of the dynamical matrix may be written as:

det[A] =
(
g2

12
κ3

2 + g2
23

(κ1

2 + λ
)

+ g2
13
κ2

2 +
(κ1

2 + λ
) κ2

2
κ3

2

)(
g2

12
κ3

2 + g2
23

(κ1

2 − λ
)

+ g2
13
κ2

2 +
(κ1

2 − λ
) κ2

2
κ3

2

)
+ χ2

(
g2

12 +
(κ1

2 + λ
) κ2

2

)(
g2

12 +
(κ1

2 − λ
) κ2

2

)
. (F.101)

It can be determined that when the loop phase is set ϕ = ±π/2, the optimum value of the phase for the measurement
quadrature is the same phase as the measurement drive, ϑ = φ. With this, we arrive at the following expression for
the measurement signal:

⟨M̂ [0]⟩e − ⟨M̂ [0]⟩g

= −2
√

2 |α|χκ2

det[A]

( [
g2

12g
2
13 − g2

23
(
(κ1/2)2 − λ2)]+ 2 sgn(ϕ)λ g12g23g13 sin(θ − 2φ)

)
= −2

√
2 |α|χκ2

det[A]

[
1
2

(
sgn(ϕ)g12g13 − g23

(κ1

2 − λ
))(

sgn(ϕ)g12g13 + g23

(κ1

2 + λ
))

(1 + sin(θ − 2φ))

+ 1
2

(
sgn(ϕ)g12g13 + g23

(κ1

2 − λ
))(

sgn(ϕ)g12g13 − g23

(κ1

2 + λ
))

(1− sin(θ − 2φ))
]
. (F.102)

For the output noise-power spectra, we use the following expression to combine the results

S̄MM,e/g[0] = cos2(ϑ)S̄q2q2,e/g[0] + 2 cos(ϑ) sin(ϑ)S̄q2p2,e/g[0] + sin2(ϑ)S̄p2p2,e/g[0], (F.103)

The combination of the ground and excited state conditioned output power spectra may be expressed as follows:

S̄MM,e[0] + S̄MM,g[0] = 1
2 det[A]2

(
S̄(+λ, sgn(ϕ)) (1 + sin(θ − 2φ)) + S̄(−λ, sgn(ϕ)) (1− sin(θ − 2φ))

)
. (F.104)

The functions S̄(±λ, sgn(ϕ)) in the above are defined as,

S̄(±λ, sgn(ϕ)) = (2n̄1 + 1)S̄1(±λ, sgn(ϕ)) + (2n̄2 + 1)S̄2(±λ, sgn(ϕ)) + (2n̄3 + 1)S̄3(±λ, sgn(ϕ)), (F.105)
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where the coefficients for the individual bath contributions to the noise are:

S̄1(±λ, sgn(ϕ)) = κ1κ2

(
χ2(g12g23 + sgn(ϕ)g13κ2/2

)2(sgn(ϕ)g12g13 + g23(κ1/2± λ)
)2

+
[(

sgn(ϕ)g13g23 − g12κ3/2
)(
g2

12κ3/2 + g2
23(κ1/2∓ λ) + g2

13κ2/2 + (κ1/2∓ λ)(κ2κ3/4)
)

− χ2g12
(
g2

12 + (κ1/2∓ λ)(κ2/2)
)]2
)

S̄2(±λ, sgn(ϕ)) =
(
κ2

2χ
2(sgn(ϕ)g12g13 + g23(κ1/2± λ)

)2(sgn(ϕ)g12g13 − g23(κ1/2∓ λ)
)2

+
[(
g2

12κ3/2 + g2
23(κ1/2∓ λ) + g2

13κ2/2 + (κ1/2∓ λ)(κ2κ3/4)
)

×
(
g2

12κ3/2 + g2
23(κ1/2± λ)− g2

13κ2/2− (κ1/2± λ)(κ2κ3/4)
)

+ χ2(g2
12 + (κ1/2∓ λ)(κ2/2)

)(
g2
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)
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23(κ1/2∓ λ) + g2
13κ2/2 + (κ1/2∓ λ)(κ2κ3/4)

)2
+ χ2(g2

12 + (κ1/2∓ λ)(κ2/2)
)2
)

×
(
κ2κ3

(
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)2
)
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G. A. Peairs, R. G. Povey, and A. N. Cleland, “Phonon-mediated quantum state transfer and remote qubit
entanglement”, Science 364, 368 (2019).

165

https://doi.org/10.1103/revmodphys.77.513
https://doi.org/10.1103/revmodphys.77.513
https://doi.org/10.1103/revmodphys.79.135
https://doi.org/10.1016/j.physrep.2007.04.005
https://doi.org/10.1016/j.physrep.2007.04.005
https://doi.org/10.1103/revmodphys.84.621
https://doi.org/10.1142/s1230161214400010
https://doi.org/10.1103/physrevlett.80.4084
https://doi.org/10.1103/physrevlett.80.4084
https://doi.org/10.1038/27850
https://doi.org/10.1103/physrevlett.89.137903
https://doi.org/10.1103/physrevlett.89.137903
https://doi.org/10.1103/physrevlett.84.4002
https://doi.org/10.1103/physrevlett.89.137904
https://doi.org/10.1103/physrevlett.89.137904
https://doi.org/10.1103/physrevlett.89.137904
https://doi.org/10.26421/qic1.3-7
https://doi.org/10.1103/physreva.66.032316
https://doi.org/10.1103/physreva.66.032316
https://doi.org/10.1103/physreva.67.062320
https://doi.org/10.1103/physreva.67.062320
https://doi.org/10.1038/nphoton.2010.1
https://doi.org/10.1038/nphoton.2010.35
https://doi.org/10.1126/science.aaw3101
https://doi.org/10.1088/1367-2630/ab90d2
https://doi.org/10.1117/12.2586592
https://doi.org/10.1103/physrevlett.98.030405
https://doi.org/10.1103/physrevlett.98.030405
https://doi.org/10.1103/physrevlett.98.030405
https://doi.org/10.1103/physreva.78.032316
https://doi.org/10.1103/physreva.78.032316
https://doi.org/10.1103/physrevlett.110.253601
https://doi.org/10.1103/physrevlett.110.253601
https://doi.org/10.1103/physrevlett.110.253601
https://doi.org/10.1103/physreva.91.013807
https://doi.org/10.1103/physreva.91.013807
https://doi.org/10.1126/science.aaw8415


[118] S. Barzanjeh, E. S. Redchenko, M. Peruzzo, M. Wulf, D. P. Lewis, G. Arnold, and J. M. Fink, “Stationary
entangled radiation from micromechanical motion”, Nature 570, 480 (2019).

[119] J. Chen, M. Rossi, D. Mason, and A. Schliesser, “Entanglement of propagating optical modes via a mechanical
interface”, Nature Communications 11, 10.1038/s41467-020-14768-1 (2020).

[120] M. B. Plenio and S. Virmani, “An introduction to entanglement measures”, arXiv preprint quant-ph/0504163
(2005).

[121] C. H. Bennett, H. J. Bernstein, S. Popescu, and B. Schumacher, “Concentrating partial entanglement by local
operations”, Physical Review A 53, 2046 (1996).

[122] R. Horodecki, P. Horodecki, M. Horodecki, and K. Horodecki, “Quantum entanglement”, Reviews of Modern
Physics 81, 865 (2009).

[123] G. Vidal and R. F. Werner, “Computable measure of entanglement”, Physical Review A 65, 10.1103/physreva.
65.032314 (2002).

[124] M. B. Plenio, “Logarithmic Negativity: A Full Entanglement Monotone That is not Convex”, Physical Review
Letters 95, 10.1103/physrevlett.95.090503 (2005).

[125] C. H. Bennett, D. P. DiVincenzo, J. A. Smolin, and W. K. Wootters, “Mixed-state entanglement and quantum
error correction”, Physical Review A 54, 3824 (1996).

[126] C. H. Bennett, G. Brassard, S. Popescu, B. Schumacher, J. A. Smolin, and W. K. Wootters, “Purification of
Noisy Entanglement and Faithful Teleportation via Noisy Channels”, Physical Review Letters 76, 722 (1996).

[127] M. Horodecki, P. Horodecki, and R. Horodecki, “Mixed-State Entanglement and Distillation: Is there a “Bound”
Entanglement in Nature?”, Physical Review Letters 80, 5239 (1998).

[128] R. F. Werner and M. M. Wolf, “Bound Entangled Gaussian States”, Physical Review Letters 86, 3658 (2001).
[129] A. Peres, “Separability Criterion for Density Matrices”, Physical Review Letters 77, 1413 (1996).
[130] M. Horodecki, P. Horodecki, and R. Horodecki, “Separability of mixed states: necessary and sufficient conditions”,

Physics Letters A 223, 1 (1996).
[131] P. Horodecki, “Separability criterion and inseparable mixed states with positive partial transposition”, Physics

Letters A 232, 333 (1997).
[132] R. Simon, “Peres-Horodecki Separability Criterion for Continuous Variable Systems”, Physical Review Letters

84, 2726 (2000).
[133] A. Serafini, G. Adesso, and F. Illuminati, “Unitarily localizable entanglement of Gaussian states”, Physical

Review A 71, 10.1103/physreva.71.032349 (2005).
[134] F. G. S. L. Brandão, “Quantifying entanglement with witness operators”, Physical Review A 72, 10.1103/

physreva.72.022310 (2005).
[135] P. Hyllus and J. Eisert, “Optimal entanglement witnesses for continuous-variable systems”, New Journal of

Physics 8, 51 (2006).
[136] L. Lami, B. Regula, X. Wang, R. Nichols, A. Winter, and G. Adesso, “Gaussian quantum resource theories”,

Physical Review A 98, 10.1103/physreva.98.022335 (2018).
[137] G. Giedke, B. Kraus, M. Lewenstein, and J. I. Cirac, “Entanglement Criteria for All Bipartite Gaussian States”,

Physical Review Letters 87, 10.1103/physrevlett.87.167904 (2001).
[138] L.-M. Duan, G. Giedke, J. I. Cirac, and P. Zoller, “Inseparability Criterion for Continuous Variable Systems”,

Physical Review Letters 84, 2722 (2000).
[139] G. Adesso, A. Serafini, and F. Illuminati, “Determination of Continuous Variable Entanglement by Purity

Measurements”, Physical Review Letters 92, 10.1103/physrevlett.92.087901 (2004).
[140] E. J. Routh, A treatise on the stability of a given state of motion, particularly steady motion: being the essay to

which the Adams prize was adjudged in 1877, in the University of Cambridge (Macmillan and Company, 1877).
[141] A. Hurwitz, “Ueber die Bedingungen, unter welchen eine Gleichung nur Wurzeln mit negativen reellen Theilen

besitzt”, Mathematische Annalen 46, 273 (1895).
[142] M. A. de Gosson, Symplectic Methods in Harmonic Analysis and in Mathematical Physics (Springer Basel,

2011).
[143] M. Houde, W. McCutcheon, and N. Quesada, “Matrix decompositions in quantum optics: Takagi/Autonne,

Bloch–Messiah/Euler, Iwasawa, and Williamson”, Canadian Journal of Physics 102, 497 (2024).

166

https://doi.org/10.1038/s41586-019-1320-2
https://doi.org/10.1038/s41467-020-14768-1
https://doi.org/10.1038/s41467-020-14768-1
https://doi.org/10.1103/physreva.53.2046
https://doi.org/10.1103/revmodphys.81.865
https://doi.org/10.1103/revmodphys.81.865
https://doi.org/10.1103/physreva.65.032314
https://doi.org/10.1103/physreva.65.032314
https://doi.org/10.1103/physreva.65.032314
https://doi.org/10.1103/physreva.65.032314
https://doi.org/10.1103/physrevlett.95.090503
https://doi.org/10.1103/physrevlett.95.090503
https://doi.org/10.1103/physrevlett.95.090503
https://doi.org/10.1103/physreva.54.3824
https://doi.org/10.1103/physrevlett.76.722
https://doi.org/10.1103/physrevlett.80.5239
https://doi.org/10.1103/physrevlett.86.3658
https://doi.org/10.1103/physrevlett.77.1413
https://doi.org/10.1016/s0375-9601(96)00706-2
https://doi.org/10.1016/s0375-9601(97)00416-7
https://doi.org/10.1016/s0375-9601(97)00416-7
https://doi.org/10.1103/physrevlett.84.2726
https://doi.org/10.1103/physrevlett.84.2726
https://doi.org/10.1103/physreva.71.032349
https://doi.org/10.1103/physreva.71.032349
https://doi.org/10.1103/physreva.71.032349
https://doi.org/10.1103/physreva.72.022310
https://doi.org/10.1103/physreva.72.022310
https://doi.org/10.1103/physreva.72.022310
https://doi.org/10.1103/physreva.72.022310
https://doi.org/10.1088/1367-2630/8/4/051
https://doi.org/10.1088/1367-2630/8/4/051
https://doi.org/10.1103/physreva.98.022335
https://doi.org/10.1103/physreva.98.022335
https://doi.org/10.1103/physrevlett.87.167904
https://doi.org/10.1103/physrevlett.87.167904
https://doi.org/10.1103/physrevlett.84.2722
https://doi.org/10.1103/physrevlett.92.087901
https://doi.org/10.1103/physrevlett.92.087901
https://doi.org/10.1007/bf01446812
https://doi.org/10.1139/cjp-2024-0070


Bibliography

[144] S. L. Braunstein, “Squeezing as an irreducible resource”, Physical Review A 71, 10.1103/physreva.71.055801
(2005).

[145] J. Hoelscher-Obermaier and P. van Loock, “Optimal Gaussian entanglement swapping”, Physical Review A 83,
10.1103/physreva.83.012319 (2011).

[146] P. van Loock, “Quantum Communication with Continuous Variables”, Fortschritte der Physik 50, 1177 (2002).
[147] G. Liu, A. Lingenfelter, V. Joshi, N. Frattini, V. Sivak, S. Shankar, and M. Devoret, “Fully directional quantum-

limited phase-preserving amplifier”, Physical Review Applied 21, 10.1103/physrevapplied.21.014021
(2024).
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[231] J. v. Neumann, “Die Eindeutigkeit der Schrödingerschen Operatoren”, Mathematische Annalen 104, 570 (1931).
[232] K. Husimi, “Some formal properties of the density matrix”, Proceedings of the Physico-Mathematical Society

of Japan. 3rd Series 22, 264 (1940).
[233] R. J. Glauber, “Coherent and Incoherent States of the Radiation Field”, Physical Review 131, 2766 (1963).

170

https://doi.org/10.1103/physreva.75.042302
https://doi.org/10.1103/physreva.75.042302
https://doi.org/10.1103/physrevb.76.104510
https://doi.org/10.1103/physrevb.76.104510
https://doi.org/10.1209/0295-5075/80/40011
https://doi.org/10.1103/physrevb.78.054507
https://doi.org/10.1103/physrevb.78.054507
https://doi.org/10.1103/physrevlett.115.093604
https://doi.org/10.1103/physrevlett.115.093604
https://doi.org/10.1103/physrevlett.115.203601
https://doi.org/10.1103/physrevlett.115.203601
https://doi.org/10.1103/physrevlett.115.203601
https://doi.org/10.1103/physrevb.93.134501
https://doi.org/10.1103/physrevb.93.134501
https://doi.org/10.1103/physrevlett.120.040505
https://doi.org/10.1103/physrevlett.120.040505
https://doi.org/10.1103/physrevlett.120.040505
https://doi.org/10.1103/physreva.76.012325
https://doi.org/10.1103/physreva.76.012325
https://doi.org/10.1103/physreva.76.012325
https://doi.org/10.1103/physreva.76.012325
https://doi.org/10.1088/1367-2630/15/11/115002
https://doi.org/10.1088/1367-2630/15/11/115002
https://doi.org/10.1103/physrevresearch.2.033046
https://doi.org/10.1103/physrevresearch.2.033046
https://doi.org/10.1103/physrevresearch.2.033046
https://doi.org/10.1103/physrevresearch.2.033046
https://doi.org/10.1103/physreva.80.033846
https://doi.org/10.1103/physreva.80.033846
https://doi.org/10.1103/physreva.80.033846
https://doi.org/10.1103/physreva.80.033846
https://doi.org/10.1103/physrevlett.102.200402
https://doi.org/10.1103/physrevlett.102.200402
https://doi.org/10.1103/physrevlett.102.200402
https://doi.org/10.1103/physrevapplied.10.034040
https://doi.org/10.1103/physrevapplied.10.034040
https://doi.org/10.1103/physreva.85.022305
https://doi.org/10.1103/physreva.85.022305
https://doi.org/10.1103/physreva.85.022305
https://doi.org/10.1103/physrev.28.1049
https://doi.org/10.1103/physrev.28.1049
https://doi.org/10.1007/bf02055756
https://doi.org/10.1103/physrev.40.749
https://doi.org/10.1007/bf01457956
https://doi.org/10.1103/physrev.131.2766


Bibliography

[234] E. C. G. Sudarshan, “Equivalence of Semiclassical and Quantum Mechanical Descriptions of Statistical Light
Beams”, Physical Review Letters 10, 277 (1963).

[235] M. Hillery, R. O’Connell, M. Scully, and E. Wigner, “Distribution functions in physics: Fundamentals”, Physics
Reports 106, 121 (1984).

[236] T. L. Curtright, D. B. Fairlie, and C. K. Zachos, A Concise Treatise on Quantum Mechanics in Phase Space
(World Scientific, June 2013).

[237] K. E. Cahill and R. J. Glauber, “Density Operators and Quasiprobability Distributions”, Physical Review 177,
1882 (1969).

[238] N. H. McCoy, “On the Function in Quantum Mechanics Which Corresponds to a Given Function in Classical
Mechanics”, Proceedings of the National Academy of Sciences 18, 674 (1932).

[239] F. Bopp, Werner Heisenberg und die Physik unserer Zeit (Vieweg+Teubner Verlag, 1961).
[240] G. A. Baker, “Formulation of Quantum Mechanics Based on the Quasi-Probability Distribution Induced on

Phase Space”, Physical Review 109, 2198 (1958).
[241] J. Bertrand and P. Bertrand, “A tomographic approach to Wigner’s function”, Foundations of Physics 17, 397

(1987).
[242] C. Ferrie, “Quasi-probability representations of quantum theory with applications to quantum information

science”, Reports on Progress in Physics 74, 116001 (2011).
[243] A. C. Hirshfeld and P. Henselder, “Deformation quantization in the teaching of quantum mechanics”, American

Journal of Physics 70, 537 (2002).
[244] M. Gerstenhaber, “On the Deformation of Rings and Algebras”, The Annals of Mathematics 79, 59 (1964).
[245] R. Simon, E. C. G. Sudarshan, and N. Mukunda, “Gaussian pure states in quantum mechanics and the

symplectic group”, Physical Review A 37, 3028 (1988).
[246] Arvind, B. Dutta, N. Mukunda, and R. Simon, “The real symplectic groups in quantum mechanics and optics”,

Pramana 45, 471 (1995).
[247] B. Demoen, P. Vanheuverzwijn, and A. Verbeure, “Completely positive maps on the CCR-algebra”, Letters in

Mathematical Physics 2, 161 (1977).
[248] G. Cariolaro and G. Pierobon, “Reexamination of Bloch-Messiah reduction”, Physical Review A 93, 10.1103/

physreva.93.062115 (2016).
[249] G. Cariolaro and G. Pierobon, “Bloch-Messiah reduction of Gaussian unitaries by Takagi factorization”,

Physical Review A 94, 10.1103/physreva.94.062109 (2016).
[250] S. Bittanti, A. J. Laub, and J. C. Willems, eds., The Riccati Equation (Springer Berlin Heidelberg, 1991).
[251] P. Lancaster and L. Rodman, Algebraic Riccati Equations (Oxford University Press, Sept. 1995).

171

https://doi.org/10.1103/physrevlett.10.277
https://doi.org/10.1016/0370-1573(84)90160-1
https://doi.org/10.1016/0370-1573(84)90160-1
https://doi.org/10.1103/physrev.177.1882
https://doi.org/10.1103/physrev.177.1882
https://doi.org/10.1073/pnas.18.11.674
https://doi.org/10.1103/physrev.109.2198
https://doi.org/10.1007/bf00733376
https://doi.org/10.1007/bf00733376
https://doi.org/10.1088/0034-4885/74/11/116001
https://doi.org/10.1119/1.1450573
https://doi.org/10.1119/1.1450573
https://doi.org/10.2307/1970484
https://doi.org/10.1103/physreva.37.3028
https://doi.org/10.1007/bf02848172
https://doi.org/10.1007/bf00398582
https://doi.org/10.1007/bf00398582
https://doi.org/10.1103/physreva.93.062115
https://doi.org/10.1103/physreva.93.062115
https://doi.org/10.1103/physreva.93.062115
https://doi.org/10.1103/physreva.93.062115
https://doi.org/10.1103/physreva.94.062109
https://doi.org/10.1103/physreva.94.062109



	Abstract
	Acknowledgements
	List of Symbols
	Introduction
	Theoretical Background
	Gaussian States in Quantum Mechanics
	Operator Structure
	Moments of a Gaussian State
	Wigner Phase-Space Representation
	Symplectic Transformations
	The Williamson Normal Form

	Open Quantum Systems and Gaussian Transformations
	Coherent Dynamics of Gaussian Moments
	The Lindblad Master Equation
	Open System Dynamics of Gaussian Moments
	The Quantum Optical Master Equation
	Noise from a Thermal Reservoir

	Heisenberg-Langevin Equations and Input-Output Theory
	Derivation of the Dynamical Equations
	Time-Reversed Dynamics and Input-Output Theory
	Scattering Relations and the Frequency Domain

	Applicability of the Lindblad and Heisenberg-Langevin Equations

	Parametric Coupling in Quantum Systems
	Engineering Parametrically Modulated Interactions
	Resonant and Off-Resonant Interactions
	Frequency Conversion and Amplification

	What is Nonreciprocity?
	Nonreciprocity in Classical Electromagnetism
	Nonreciprocity in Dissipative Quantum Systems
	Nonreciprocity Through Engineered Dissipation
	Nonreciprocity Through Scattering Interference
	Equivalence for Gaussian Systems


	Introducing the Nonreciprocal Quantum Amplifiers

	Entanglement Generation in Nonreciprocal Quantum Amplifiers
	Entanglement in Continuous Variable Systems
	Introduction
	Separability of Bipartite States
	Positive Partial Transpose Criterion
	Separability Criterion for Continuous Variable States
	Simon's Criterion

	The Logarithmic Negativity
	Purity of Gaussian States

	Squeezing and Entanglement
	The Two-Mode Squeezed State
	Two-Mode Squeezing in an Open System
	Entanglement of the Intracavity Modes
	Entanglement of the Output Modes


	Delta Amplifier
	System Setup
	Dynamical Equations
	Stability Conditions

	Scattering Properties
	A Change of Basis
	Nonreciprocal Scattering
	Reflection of the Input Fields
	Scattering in the Quadrature Basis

	Circuit Decomposition at Points of Perfect Nonreciprocal Scattering
	Entanglement of Propagating Modes
	Output Entanglement in the Presence of Vacuum Noise
	Rerouting Thermal Fluctuations Using Nonreciprocity


	Bowtie Amplifier
	System Setup
	Dynamical Equations
	Stability Conditions
	Scattering Properties
	Controlling Scattering: Nonreciprocity and Reflection

	Entanglement of Propagating Modes
	A New Reference System
	Circuit Decomposition of the Bowtie Amplifier
	Output Entanglement in the Presence of Vacuum Noise
	Rerouting Thermal Fluctuations Using Nonreciprocity


	Summary and Outlook

	Fast and Efficient Qubit Readout with an Integrated Nonreciprocal Amplifier
	Fundamentals of Qubit Measurement
	Qubit-State Readout with Pointer States
	Intrinsic Limits on Measurement
	Qubit Measurement in Circuit QED
	Engineering Light-Matter Interactions in Circuit QED
	The Dispersive Regime
	Backaction from the Dispersive Shift
	Measurement of the Output Signal
	Qubit Readout in the Dispersive Regime


	Gaussian Moment Method For Calculating Measurement Backaction
	Gaussian Master Equations
	Scope of the Method
	General Form of the Master Equation
	Reduced Master Equations

	The Moment Method
	Working in the Wigner Phase Space
	Moment Differential Equations and Dephasing
	Pointer States


	Dispersive Qubit Measurement with an Integrated Nonreciprocal Amplifier
	Optimising The Mismatched Circulator
	Balancing beam splitters and Dissipation
	Nonreciprocity and Measurement Backaction
	Measurement Efficiency of the Mismatched Circulator

	Adding Amplification
	Drive and Amplifier Phase
	Stability and Amplifier Gain

	The Dispersive Measurement
	Measurement Backaction
	Measurement Rate
	Measurement Efficiency


	Summary and Outlook
	The Dispersive Regime
	Extending the Moment Method


	Conclusion
	Phase Space Formulation of Quantum Mechanics
	A Brief History
	Quasi-Probability Distributions
	The Wigner Representation
	Star Products and the Classical Limit

	Linking Master Equations and Differential Equations of Gaussian Moments
	From Hilbert Space to Phase Space
	From Phase Space PDE to Moment ODEs
	From Lindblad Master Equation to Moment ODEs
	Calculating Mode Backaction with Moment ODEs

	Gaussian States and Transformations
	The Symplectic Group
	Bloch-Messiah and Polar Decompositions
	Transformations on Gaussian States
	Standard Gaussian States

	Further Details on The Entangling Properties of the Delta Amplifier
	Comparison of the Scattering Properties of the Delta Amplifier and the Open Two-Mode Squeezer
	A Reciprocal Three-Mode Loop Cannot Route Thermal Fluctuations And Generate Entanglement
	Steady-State Scattering as a Coherent Process

	Further Details on Gaussian-State Preserving Qubit-Cavity Interactions
	Preserving Gaussian Cavity Operators
	Dressed Dephasing of the Qubit

	Explicit Solutions for the Qubit Dephasing and Measurement Rate
	The Matrix Riccati Equation
	Single Cavity-Mode System
	Cavity Induced Dephasing
	Measurement Rate

	Two Passively Coupled Cavity-Modes
	Cavity Induced Dephasing
	Measurement Rate

	Three-Mode Nonreciprocal Amplifier
	Cavity Induced Dephasing
	Measurement Rate


	Bibliography

