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Abstract
Rotors in electric drives are subject to external vibration excitation, particularly in mobile applications. In addition to
fluctuations in the load torque, further axial and radial loads generally act on the rotor of an electrical machine. In
combination with the electromagnetic forces inside the machine, these external loads can lead to large vibration amplitudes.
In the present work, an axial flux machine in the type of a switched reluctance machine is investigated. The rotor dynamics
are modeled in a minimal model by a rigid disk, which can tilt elastically around two axes in a spherical joint coupled
to the shaft and rotates around the axis of symmetry at the motor speed. Under the influence of external excitation and
electromagnetic forces in the air gap, the numerical results show critical operating ranges with high vibration amplitudes
of the rotor disk.

Zusammenfassung
Rotoren in elektrischen Antrieben unterliegen insbesondere im Bereich mobiler Anwendungen einer externen Schwin-
gungsanregung. Neben Schwankungen des Lastmoments wirken im Allgemeinen zusätzliche axiale und radiale Lasten auf
den Rotor einer elektrischen Maschine. Diese äußeren Lasten können in Kombination mit den elektromagnetischen Kräften
im Inneren der Maschine zu großen Schwingungsamplituden führen.
In der vorliegenden Arbeit wird eine Axialflussmaschine in der Bauform einer geschalteten Reluktanzmaschine untersucht.
Die Rotordynamik wird in einem Minimalmodell durch eine starre Scheibe modelliert, welche in einem Kugelgelenk
elastisch an die Welle angekoppelt um zwei Achsen kippen kann und mit der Motordrehzahl um die Symmetrieachse
rotiert. Unter dem Einfluss der externen Anregung und der elektromagnetischen Kräfte im Luftspalt zeigen die numerischen
Ergebnisse kritische Betriebsbereiche mit hohen Schwingungsamplituden der Rotorscheibe.
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1 Introduction

The current trend towards electrified drivetrains requires de-
veloping new electric machines designed to meet the wide
range of different drive concepts. The currently predomi-
nant radial flux machine design has been continuously im-
proved in recent decades to meet new efficiency standards
[14]. Other criteria, such as high power density, a good per-
formance-to-cost ratio, and a robust design, are increasingly
coming into focus, particularly with regard to mobile ap-
plications [6, 13]. Therefore, many other motor topologies
were proposed and investigated. Among them, axial flux
machines are receiving growing attention. Based on gen-
eral sizing equations, the torque of an axial flux machine
scales cubically with the rotor diameter, in contrast to the
quadratic scaling observed in radial flux machines. This as-
sessment implies the potential for higher torque and power
density within a given axial length [11, 12, 22]. Numerous
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Fig. 1 Topology of the investigated axial flux switched reluctance machine: a stator (partially transparent) and rotor, b rotor with ferromagnetic
rotor poles, c side view with single stator pole

studies compare radial and axial flux machines [2, 7, 21,
27]. No universally valid conclusion favoring one topology
over the other can be drawn, as these performance com-
parisons heavily depend on specific boundary conditions
and mechanical design choices. Nonetheless, it can be con-
cluded that axial flux machines offer advantages over radial
flux machines in low-speed ranges and limited axial instal-
lation space. These characteristics make them well-suited
for use in wheel hub drives and hybrid powertrains [24].
The compact axial dimension of axial flux machines arises
from their disk-like rotor geometry. However, this geome-
try also results in a mechanically compliant structure more
susceptible to deformation under the influence of high ax-
ial electromagnetic forces. This poses challenges not only
in mechanical design to ensure structural integrity [24, 28]
but also in NVH-behaviour because vibration excitation of
the disk-shaped structure can lead to high sound radiation
[20]. Therefore, the investigation of rotor dynamics is of
particular interest for this type of machine.

The design of an axial flux switched reluctance machine
considered in this work promises a robust, fault-tolerant
design at low cost, as no rare earths are required for per-
manent magnets and there are no windings at the rotor
[26]. However, improving NVH behavior is still important
in current research for all types of reluctance machines [18,
23]. Previous rotordynamic studies on radial and axial flux
machines focused on the internal excitation caused by un-
balance magnetic pull. The external excitations that occur
especially in mobile applications were mostly ignored and
will be discussed in this paper which is an extension of the
work presented in [1]. The paper is organized as follows:

Section 2 describes the design of an axial flux switched
reluctance machine. The associated minimal model is pre-
sented in Sect. 3. The procedure for analyzing the electro-
magnetic forces should be transferable to other axial flux
machines with a disk-shaped rotor and not be limited to

the selected machine type. Section 4 shows the numerical
methods used to analyze stationary solutions of the rotor
dynamics based on Fourier methods and numerical solu-
tion continuation. The numerical results on the vibration
behavior of the rotor disk under external and internal ex-
citation and the discussion of critical operating ranges are
given in Sect. 5. Section 6 summarizes the main results.

2 Axial flux switched reluctancemachine

The type of machine investigated in this publication was
proposed by Labak [17] and is shown in Fig. 1. The param-
eters used later are based on the design of a prototype from
the Venus motor project funded by the European Union [9].

The rotor of the axial flux switched reluctance machine
consists of a paramagnetic rotor disk with nr = 8 ferromag-
netic rotor poles attached to its circumference. The stator
consists of ns = 12 stator poles, which are positioned along
the circumference of the rotor disk. Each stator pole has a
ferromagnetic iron core in the shape of a c (c-core), which
is wound by an electromagnetic coil and surrounds the rotor
disk. Reluctant forces act on the rotor poles when a current
I is applied to the coils. If the excitation currents are con-
trolled properly, these forces lead to a resultant torque and
drive the rotor.

3 Modeling approach

The modeling shown here focuses on a simple model that
represents the primary interaction between structural pa-
rameters of the rotor disk under the influence of electro-
magnetic forces and an axial external excitation. The axial
excitation appears to be the most relevant external excita-
tion, as it causes a change in the air gap between the rotor
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a b

Fig. 2 a Minimal model of mechanical subsystem, b position of one rotor pole ri

and stator and thus directly influences the electromagnetic
forces during operation.

3.1 Mechanical subsystem

The minimal model for the rotor of the machine shown in
Fig. 2 is used to investigate the described relationships. It
consists of a rigid rotor disk, which is elastically connected
to the shaft in a spherical joint and can tilt around the
x- and y-axis with the tilting angles 'x and 'y . The rigid
disk has the mass m, the axial mass moments of inertia Ja,
the polar mass moment of inertia Jp and the eccentricity
e. The stiffness c and the viscous damping d should be
selected so that the model represents the first two orthogonal
vibration modes of the elastic rotor disk. For example, the
stiffness and damping parameters can be determined from
the discretization of a Kirchhoff plate using a Ritz ansatz,
as shown in [10]. The model should thus enable a separate
investigation of the first vibration modes in terms of modal
reduction. However, an extension to further modes is easily
possible in the future.

For the following investigations, a constant angular ve-
locity P� = ˝ is assumed. The influence of the axial external
excitation is considered via a given axial displacement zax
of the shaft. Linearized for small tilting angles 'x and 'y ,
the following equations of motion result for the mechanical
subsystem:

Ja R'x + d P'x + Jp P� P'y + c'x = Mmag;x − me Ŕax sin .�/

Ja R'y + d P'y − Jp P� P'x + c'y = Mmag;y + me Ŕax cos .�/

P� = ˝ = const:

(1)

The contained electromagnetic tilting torques Mmag,x and
Mmag,y are discussed in the next subsection.

3.2 Electromagnetic subsystem

The next step in modeling deals with the electromagnetic
forces acting on the rotor disk. These forces are determined
by magneto-quasistatic calculations on a finite element
model in the software Ansys Maxwell. In the magneto-
quasistatic approximation of Maxwell’s equations used,
the calculated magnetic field and thus the electromag-
netic forces depend only on the currents in the stator coils
I = ŒI1; : : : ; Ins

�T and the position of the rotor, which is
given by the coordinates 'x , 'y , � and zax. Thus, a character-
istic field of the electromagnetic forces F

�
'x; 'y; �; ´ax; I

�

can be approximated by several finite element calculations.
The complexity of the finite element model needs to be

reduced for the investigation as part of the minimal model.
Due to the spatial separation of the rotor poles in the topol-
ogy under consideration, it is assumed that the forces acting
on one rotor pole are only slightly dependent on the position
of adjacent rotor poles. Furthermore, the rotor poles are rep-
resented by a point due to their small expansion. As a result,
the characteristic field F i .�i ; ´i ; I/ of the forces acting on
one rotor pole i can be calculated only as a function of its
angular position �i , the axial deflection zi and the current
excitation I in the stator. The resulting electromagnetic tilt-
ing torques acting on the whole rotor disk can be calculated
by superimposing the torques arising from one rotor pole,
where a small-angle approximation for 'x and 'y is used:

�i = � + i
2�

nr

; i = 1; : : : ; nr ;

´i � R sin .�i /'x − R cos .�i /'y + ´ax ;

Mx;i = Fi;´R sin .�i /; My;i = −Fi;´R cos .�i / ;

Mmag;x =
nrX

i=1

Mx;i ; Mmag;y =
nrX

i=1

My;i :

(2)
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The assumptions described above enable to reduce the num-
ber of required finite element calculations, as only the forces
on one pole need to be calculated depending on a smaller
number of parameters. Substituting Eq. (2) into Eq. (1) re-
sults in the complete equations of motion for the mechanical
minimal model, which still depends on the current excita-
tion I in the stator. To determine the current excitation, the
dynamics of the electrical subsystem must be considered,
which depend on the current control used in the electrical
circuit and the feedback of the mechanical system. In this
publication, the first step is to consider a given current ex-
citation, which corresponds to an ideal current control in
which the controller compensates for the feedback of the
mechanical subsystem and other influences.

3.3 Harmonic analysis of electromagnetic forces

In an idealized operating condition, the reference value for
the current control of the individual stator coils has a pe-
riodic behavior in the rotor angle � . Fig. 3 shows that in
an idealized operating condition, a coil is always energized
when a rotor pole is directly in front of it in the circum-
ferential direction. This results in a force Ftan acting in the
circumferential direction, which pulls the rotor pole ri un-
der consideration into alignment with the subsequent stator
pole. The reference value for the current of the overlapping
stator pole is then set to zero so that the rotor does not ex-
perience an opposing force as it continues its rotation [5].
Even if the block-shaped reference value and, in particular,
the sudden change in current cannot be achieved in real op-
eration, a current controller will set an approximately peri-
odic behavior of the currents Ij .�/ at a stationary operating
point.

If this periodic current is assumed, the characteristic
curve of the forces acting on the rotor will also behave
periodically. For example, specifying a current excitation
as in Fig. 3 results in the characteristic curve in Fig. 4a
for the axial forces acting on the rotor pole, which are the
relevant forces for the minimal model. The discontinuities
result from the assumption of an idealized block-shaped
current. With a different current excitation, the shape and in
particular the influence of different harmonics of the force
characteristic can be significantly influenced.

The periodic behavior in the angle � allows a harmonic
analysis that provides access to the structure of the acting
forces. The periodicity is represented by a Fourier series

Fi;´ =
c0 .´i /

2
+

HX

k=1

�
sk .´i / sin

�
k

2�

�
�i

�

+ck .´i / cos

�
k

2�

�
�i

�� (3)

a

b

Fig. 3 a Topology of the reluctance machine with exemplary labeling
of different stator poles and one rotor pole, b developed view along
the circumference and qualitative block-shaped reference value of the
current excitation in the stator

with the wavelength � = 2�
ns

and H harmonics. Due to the
non-constant behavior in the axial direction, the coefficients
of the Fourier series sk and ck depend on the axial deflection
of the rotor pole zi. To describe this axial behavior, a cubic
polynomial

F
.m/
i;´ .´i / = k

.m/
1 ´i + k

.m/
3 ´3

i ; m = 0; : : : ; N − 1 (4)

is chosen as ansatz. The coefficients k
.m/
1 and k

.m/
3 are fit-

ted to the characteristic curve at N equidistant supporting
sections

�
.m/
i = �0 + m��; �� =

�

N
(5)

over one period. Two exemplary supporting sections are
shown in Fig. 4a.
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Fig. 4 Characteristic curves of the forces acting axially on a rotor pole
at a block-shaped current of 50 A and 22 windings: a Characteristic
with N supporting sections along �i , b linear interpolation in between
two supporting sections

The coefficients of the Fourier series can subsequently
be approximated using a discrete Fourier transform

ck .´i / =
2

�

N−1X

m=0

F
.m/
i;´ cos

�
k

2�

�
�

.m/
i

�
;

sk .´i / =
2

�

N−1X

m=0

F
.m/
i;´ sin

�
k

2�

�
�

.m/
i

� (6)

and only depend on zi. If an approach for interpolation be-
tween the different supporting sections is used, the exact
coefficient integrals of the Fourier series can also be eval-
uated. Eq. (6) correspond to a linear interpolation between
individual supporting sections along �i .

Using the procedure described, a general periodic char-
acteristic curve of the axial forces can be approximated as
a function of the coefficients k

.m/

1 and k
.m/

3 . However, for
interpreting the results in the following section, a simpli-
fied consideration is useful to clarify the influence of the

non-linear terms in the axial direction. For this purpose,
only two supporting sections within a period are selected,

as shown in Fig. 4b. In the range �i 2
h
0; �

ns

i
, the char-

acteristic curve is linearly interpolated along �i and set to

zero in the following range �i 2
�

�
ns

; 2�
ns

	
corresponding to

an excitation with the idealized block-shaped current. After
evaluating the coefficient integrals, this results in a closed
form representation of the Fourier coefficients as a function
of the parameters k

.0/
1 , k

.0/
3 , k

.1/
1 and k

.1/
3 at both supporting

sections:

c0 =

�
k

.0/
1 + k

.1/
1

	
´i +

�
k

.0/
3 + k

.1/
3

	
´3

i

4
;

ck =
1 − .−1/k

�2k2

h�
k

.0/

1 − k
.1/

1

	
´i +

�
k

.0/

3 − k
.1/

3

	
´3

i

i
;

sk =

�
k

.0/
1 − .−1/k k

.1/
1

	
´i +

�
k

.0/
3 − .−1/k k

.1/
3

	
´3

i

�k
:

(7)

For the topology considered in the results section with
ns = 12 stator poles and nr = 8 rotor poles, a closed-form
representation for the linear terms of the electromagnetic
tilting torques can also be given by evaluating Eq. (2):

Mmag;x = cmag'x +O
�
'3

x;y

	
; (8)

Mmag;y = cmag'y +O
�
'3

x;y

	
; (9)

with

cmag = R2
�
k

.0/

1 + k
.1/

1 + 3
�
k

.0/

3 + k
.1/

3

	
´2

ax

	

+
R2

�
k

.0/
1 − k

.1/
1 + 3

�
k

.0/
3 − k

.1/
3

	
´2

ax

	

2�
1X

k=1

4

k
sin .2kns�/:

(10)

After insertion into the equations of motion (1), it can be
seen that the electromagnetic tilting torques cause a neg-
ative, non-linear stiffness component and thus reduce the
restoring force in the tilting of the rotor disk. Taking into
account the constant angular velocity P� = ˝, a parametric
excitation of the restoring force in the frequencies 2kns˝

is apparent, which is additionally coupled with frequencies
from the axial excitation zax.
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4 Numerical methods

Due to external axial excitation in combination with para-
metric excitation, periodic or quasi-periodic stationary so-
lutions of the rotor can be expected. Among numerical for-
ward simulation, two different Fourier methods and numer-
ical solution continuation are used to investigate these so-
lutions. The Fourier methods are roughly described in this
section, followed by a method for initializing the quasi-pe-
riodic solution branches, as this can generally cause prob-
lems. For a detailed explanation of the methods themselves,
the interested reader is referred to [25] and [3], for example.

We consider the transformation of the equations of mo-
tion (1) to a first-order system

Px = f .x; ˝t/; x 2 R
N ;

f .x; ˝t/ = f .x; ˝t + 2�/
(11)

with state vector x = Œ'x; P'x; 'y; P'y�T and N = 4 where
the right-hand-side f is 2�-periodic in ˝t . For simplic-
ity, the case of a quasi-periodic solution x�.t/ of Eq. (11)
with only two incommensurable base frequencies ˝ and !

is considered, where ! describes an apriori unknown au-
tonomous base-frequency. Such a solution can generally be
described by a torus function Z.�1; �2/ W T2 ! R

4, where
the torus coordinates �1 and �2 are defined as a function of
the incommensurable base frequencies:

x�.t/ = Z .�1.t/; �2.t// = Z.˝t; !t/: (12)

Since, for an incommensurable frequency base, the torus is
filled densely in time, one can restrict oneself to the deter-
mination of the torus function instead of the actual quasi-
periodic solution evolving on it. By introducing the torus
coordinates as hyper-time variables, the time derivative can
be transformed to

d.�/
dt

=
@.�/
@�1

˝ +
@.�/
@�2

!: (13)

Inserted into Eq. (11), the result is the so-called invariance
equation, which describes, in combination with periodic
boundary conditions the torus function as a partial differ-
ential equation:

@Z

@�1

˝ +
@Z

@�2

! = f .Z ; �1/

Z .�1; �2/ = Z .�1 + 2�; �2/

Z .�1; �2/ = Z .�1; �2 + 2�/

(14)

There are several methods for solving it, two of which are
used and shortly described below.

4.1 Semi-discretization: Spectral system

The first method is used in this paper in particular to sim-
plify the initialization of the second method later on. Here,
the ansatz

Z s
a = as

0.�2/

+

H�1X

k=1



as

c;k.�2/ cos .k�1/ + as
s;k.�2/ sin .k�1/

� (15)

is chosen to solve Eq. (14). The upper index s is introduced
to distinguish the semi-discretization method from the full
discretization method with upper index f described later.
The ansatz (15) represents the periodicity in the first hyper-
time �1 by a Fourier series with the harmonic order H�1

.
However, the coefficients remain variable in the second hy-
per-time �2 to allow for possible periodicities. Defining a
residual function

r.Z a/ =
@Za

@�1

˝ +
@Za

@�2

! − f .Z a; �1/; (16)

for Eq. (11), the residual rs
a = r.Z s

a/ is projected by a
Galerkin ansatz onto the ansatz-functions of Eq. (15):

1

2�

2�Z

0

1 � rs
a.�1; �2/d�1 = 0

1

2�

2�Z

0

cos.k�1/ � rs
a.�1; �2/d�1 = 0; k = 1; : : : ; H�1

1

2�

2�Z

0

sin.k�1/ � rs
a.�1; �2/d�1 = 0; k = 1; : : : ; H�1

(17)

Sorting the resulting equations for the coefficients in a state-
vector

Y =

2

66666
4

as
0.�2/

as
c;1.�2/

as
s;1.�2/

:::

as
s;H�1

.�2/

3

77777
5

; Y 2 R
.2H�1

+1/N (18)
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and eliminating the apriori unknown frequency ! by in-
sertion of the transformation �2 = !t yields the so-called
spectral system

d
dt Y

‚ …„ ƒ2

666
4

d
dt

as
0.�2/

d
dt

as
c;1.�2/

d
dt

as
s;1.�2/
:::

3

777
5

=

f s.Y /
‚ …„ ƒ

−˝

2

666
4

0

as
s;1

−as
c;1
:::

3

777
5
+

2

6666666666
4

1
2�

2�R

0

1 � f .Z s
a; �1/d�1

1
2�

2�R

0

cos.�1/ � f .Z s
a; �1/d�1

1
2�

2�R

0

sin.�1/ � f .Z s
a; �1/d�1

:::

3

7777777777
5

(19)

as a system of .2H�1
+ 1/ N ordinary differential equations.

Periodic solutions with period T of this spectral system
correspond to quasi-periodic solutions of the full system
with ! = 2�

T
. It should be noted that the spectral system

can also be used to find periodic solutions of the full system
since an equilibrium of the spectral system corresponds to
the well-known equations in the harmonic balance method
(see e.g. [15]).

4.2 Full discretization: Fourier-Galerkinmethod

In the second method, also the periodicity in �2 is taken
into account in the ansatz as a multi-dimensional Fourier
series

Z f
a = a

f
0 +

X

k2H

h
a

f

c;k cos .k � �h/ + a
f

s;k sin .k � �h/
i

;

k = Œk�1
; k�2

�T ; �h = Œ�1; �2�
T

(20)

with multi-index k and vector of hyper-times �h. H is a
finite set of 2-dimensional multi-indices and in this work,
chosen as H = ff1; : : : ; H�1

g � f−H�2
; : : : ; H�2

g [ f0g �
f1; : : : ; H�2

gg � Z
2. As for the first method, the ansatz is

inserted into the residual function r
f
a = r.Z f

a / and a pro-
jection in the sense of Galerkin onto the multi-dimensional

ansatz functions results in a system of Nf = .2jHj + 1/N

purely algebraic equations

1

.2�/2

2�Z

0

2�Z

0

rf
a � 1d�1d�2 = 0

2

.2�/2

2�Z

0

2�Z

0

rf
a � cos .k � �h/ d�1d�2 = 0; k 2 H

2

.2�/2

2�Z

0

2�Z

0

rf
a � sin .k � �h/ d�1d�2 = 0; k 2 H

(21)

which define the Nf unknown coefficients in Eq. (20). Since
the autonomous frequency ! is generally unknown, the
system has Nf + 1 unknowns, and it can be extended by
different phase conditions for a better-posed problem (see
e.g. [3]).

4.3 Initialization procedure

The calculation of quasi-periodic solutions from the semi-
discretization method is often slow compared to the full
discretization method because one usually has to combine
it with further time-domain-based methods to find periodic
solutions, e.g. shooting methods. Furthermore, spurious bi-
furcations that are not present in the full system can arise.
Also, the stability of solutions of the spectral system is not
necessarily identical to the stability of the full system [19].

However, a useful application lies in the initialization of
the full-discretization method when a Hopf bifurcation of
the spectral system occurs. In this case, an equilibrium posi-
tion of the spectral system is continued first, corresponding
to a periodic solution of the full system. At a Hopf bi-
furcation point, an initial periodic solution of the spectral
system can be determined tangentially to the central mani-
fold, corresponding to a quasi-periodic solution of the full
system. This procedure can be particularly advantageous
for unstable quasi-periodic solutions, as an initial solution
for the large number of unknowns and the apriori unknown
autonomous frequency is generally difficult to find and can
be obtained from the following procedure.

4.3.1 Initial periodic solution of the spectral system at hopf
point

One exemplary procedure to find an initial periodic solu-
tion in a hopf point with a non-vanishing first Lyapunov
coefficient is described in [16]. For this purpose, the Jakobi
matrix of the spectral system (19)

J H =
@f s.Y /

@Y

ˇ̌
ˇ̌
Y =Y H

; (22)
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evaluated at a hopf bifurcation point Y H and the corre-
sponding normalized critical eigenvectors q, Nq to the eigen-
values i!0, −i!0 are determined. An initial periodic solu-
tion Y � with the autonomous frequency ! = !0 is then
given by

Y �.t/ = Y H + 2".<.q/ cos.!t/ − =.q/ sin.!t// (23)

where " denotes a small constant.

4.3.2 Multi-dimensional Fourier coefficients at Hopf point

To initialize the full discretization method from a periodic
solution Y �.t/ with base frequency ! of the spectral sys-
tem, the solution can generally be inserted into Eq. (15)
under consideration of the inverse transformation t = �2

!
,

yielding the approximate solution in state space as the torus
function Z s�

a .�1; �2/. The multi-dimensional Fourier coeffi-
cients in the ansatz of the full discretization method (20) are
readily calculated by the multi-dimensional Fourier trans-
form, yielding the following expressions:

a
f
0 =

1

2�

2�Z

0

1 � as�

0 .�2/d�2 (24)

a
f

c;Œ0;k�2
�T
=

1

�

2�Z

0

cos.k�2
�2/ � as�

0 .�2/d�2 (25)

a
f

s;Œ0;k�2
�T
=

1

�

2�Z

0

sin.k�2
�2/ � as�

0 .�2/d�2 (26)

a
f

c;Œk�1
;k�2

�T
=

1

2�

2

4
2�Z

0

cos.k�2
�2/ � as�

c;k�1
.�2/d�2

−sgn.k�2
/

2�Z

0

sin.k�2
�2/ � as�

s;k�1
.�2/d�2

3

5

(27)

a
f

s;Œk�1
;k�2

�T
=

1

2�

2

4
2�Z

0

cos.k�2
�2/ � as�

s;k�1
.�2/d�2

+sgn.k�2
/

2�Z

0

sin.k�2
�2/ � as�

c;k�1
.�2/d�2

3

5

(28)

For the previously shown initialization at a Hopf point, it
is known by Eq. (23) that the solution is only one-periodic
in the autonomous frequency ! and the corresponding co-
efficients with k�2

2 f−1; 0; 1g in the hyper-index k should
be sufficient. Furthermore, the Fourier-integrals in (24–28)
can be directly replaced by the corresponding coefficients
in (23).

5 Numerical results

The following standard structural parameters, which are
based on the system in [9], are selected for the numeri-
cal evaluations:

c = 1:2 � 106 Nm Ja = 0:033665 kgm2

Jp = 0:06683 kgm2 d = 0:04Nms

m = 10 kg R = 145mm

e = 0:01mm

(29)

These correspond to a rotor disk with a natural frequency
of f = 950 Hz and a damping ratio D = 0:0001 of the
first vibration mode. For the external and electromagnetic
excitation, the parameters

ns = 12 nr = 8

H = 10 N = 20

´a = 0:1mm I = 50A

(30)

were selected. With these parameters, the finite element
calculations yield the force characteristic shown in Fig. 4a.

The influence of different axial excitation frequencies
on the system behavior is evaluated first by forward time
simulation. For this purpose, several run-up simulations are
carried out in which the axial excitation is given periodically
by multiples of the rotor angular velocity ˝:

´ax = ´a sin.kax˝t/ (31)

The result is shown in Fig. 5. The color scale corresponds
to the maximum axial deflection at the edge of the rotor
disk R sin 'x . Several areas with increased amplitudes are
apparent, which can be interpreted using the equations of

Fig. 5 Maximum axial deflection on the rotor’s circumference during
run-up with axial excitation
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Fig. 6 Modified Campbell-diagram

motion (1) and the structure of the electromagnetic tilting
torques (10).

5.1 Fundamental parametric combination
resonances

The vertical lines in Fig. 5, independent of the axial excita-
tion frequency, correspond to regions where the conditions
for a fundamental parametric resonance are fulfilled. In this
case, the parametric excitation frequency must correspond
to a double natural frequency or the sum or difference of
two natural frequencies of the system. Amodified Campbell
diagram is proposed for interpretation, shown in Fig. 6. It
depicts the double natural frequencies and the sum or dif-
ference of the two rotor’s natural frequencies in forward
whirl !1 and backward whirl !2.

The solid black lines correspond to the parametric exci-
tation frequencies from the electromagnetic excitation (cf.
Eq. (10)), and the intersections with other lines therefore
represent potential areas of parametric resonance or anti-
resonance. In Fig. 5, however, only the fundamental para-
metric sum-combination resonances up to k = 4 with in-
creased amplitudes are apparent for the system under con-
sideration:

2kns˝ = !1 + !2; k = 1; : : : ; 4: (32)

The influence of higher multiples disappears as the ampli-
tude of the parametric excitation in Eq. (10) decreases with
increasing k.

5.2 Resonance due to axial excitation

The line marked with I in Fig. 5 is in particular due to
resonance from the axial excitation in Eq. (1), where the
condition

.kax ˙ 1/ ˝ = !i (33)

is fulfilled. In addition, the fundamental parametric combi-
nation resonance from the frequencies of the axial excitation
in Eq. (10) corresponds to this range and is given by the
following condition:

2kax˝ = !1 + !2 : (34)

For the case kax = 15, these conditions are shown in
Fig. 6 with dashed black lines. The increased ampli-
tudes correspond to the resonance in rotor’s forward
whirl .kax + 1/ ˝ = !1, the resonance in backward whirl
.kax − 1/ ˝ = !2 and the parametric combination reso-
nance 2kax˝ = !1 + !2.

5.3 Fundamental parametric combination
resonances from the coupling of excitations

The remaining lines with slightly increased amplitudes ap-
pear in areas of parametric resonance with a parametric ex-
citation frequency, which is due to a multiplicative coupling
of the axial and electromagnetic excitation in the second
term of Eq. (10). In these areas, the condition of parametric
sum-combination resonance is fulfilled again:

2kns˝ ˙ 2kax˝ = !1 + !2: (35)

As k increases, the amplitude of the resulting disk oscilla-
tion decreases.

5.4 Further investigation using Fourier methods

In this subsection, results are shown for the particular case
kax = 11 in the ranges of the pure fundamental combi-
nation resonance ˝ 2 Œ480; 495� rad/s and the resonance
from axial excitation ˝ 2 Œ537; 539� rad/s using the Fourier
methods shown in Sect. 4.

Periodic solutions are initialized by time simulation of
the full system and afterward continued as equilibrium so-
lution of the spectral system in (19) using the software
MatCont [8]. Quasi-periodic solutions are initialized by the
procedure described in Sect. 4.3.1 and continued with the
full discretization method. The algebraic equation system
is continued by the arc-length continuation scheme imple-
mented in the software NLvib [15]. The numbers of har-
monics H�1

= 14 and H�2
= 1 are chosen. A stroboscopic
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map, which can also be understood as a Poincaré map, is
selected for comparison. For each angular velocity, starting
from a steady state, m points are plotted at a time interval
of �t = 2�

˝
. The stroboscopic map is always started at a

point of maximum amplitude of the rotor disk.
The two small peaks of the periodic solution in Fig. 7a

correspond to the system’s resonance in the natural fre-
quency of the rotor’s forward whirl on the left and backward
whirl on the right. They show a left-bended backbone be-
havior, which is due to the softening behavior of the non-
linear electromagnetic forces. The periodic solution loses
its stability between the two peaks due to the parametric
combination resonance in Eq. (34) and quasi-periodic so-
lutions arise. The quasi-periodic solution branches emerge
from two Neimarck-Sacker bifurcations, corresponding to
Hopf-bifurcations in the spectral system. Stability of the
quasi-periodic solution obtained with the full discretization
method was not assessed yet and, hence, it is not shown
in the figure. However, time simulation and the following
stroboscopic maps initialized from the approximate solu-
tions indicate a predominantly stable upper and an unstable
lower solution branch. Fig. 7b and c show stroboscopic
maps for a run-up and run-down time simulation. There,
the periodic and quasi-periodic behavior can also be distin-
guished. In the periodic range, the points are mapped onto
themselves, and in the quasi-periodic range, they would
densely fill the vertical line segments with an increasing
number of maps m. The time simulations indicate an unsta-
ble area of the upper quasi-periodic solution branch in the
area around ˝ � 537; 5 rad/s since a fall down to the peri-
odic solution occurs during run-up and run-down. Although
no method has yet been implemented to evaluate the stabil-
ity and further bifurcations on the quasi-periodic solution
branches, this illustrates the usefulness of semi-analytical
methods for solution continuation. Through pure time sim-
ulation, the again stable quasi-periodic solution branch and
initialization point of Fig. 7b could only be found through
a large number of time simulations with varied initial con-
ditions.

The investigation of the range ˝ 2 Œ480; 495� rad/s in
Fig. 8 shows a similar non-linear system behavior. Due to
the parametric combination resonance, the periodic solu-
tion with vanishingly low amplitude loses stability. How-
ever, the amplitude of the resulting quasi-periodic solution
is limited. Due to the softening behavior, the system’s natu-
ral frequencies decrease with increasing amplitude, and the
condition of the parametric combination resonance can still
be fulfilled during the run-down. Therefore, the run-down
seems more critical for the system shown, as the system
remains on the solution branch of the quasi-periodic so-
lution with higher amplitudes. During run-up without any
perturbation, the system remains on the periodic solution

Fig. 7 Stationary solutions in the operating range ˝ 2 Œ537; 539� rad/s
for kax = 11: a Bifurcation diagram from Fourier methods, b,c Stro-
boscopic map with m = 200 points per angular velocity during run-
up/run-down
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Fig. 8 Stationary solutions in the operating range ˝ 2 Œ480; 495� rad/s
for kax = 11: a Bifurcation diagram from Fourier methods, b/c Stro-
boscopic map with m = 200 points per angular velocity during run-
up/run-down

with a smaller amplitude, which only becomes unstable in
the range ˝ � 493 rad/s.

6 Conclusion

This publication considers the vibration behavior of the ro-
tor disk in an axial flux switched reluctance machine under
the influence of external axial excitation. A minimal model
for the study of tilting vibrations is proposed. The electro-
magnetic forces acting on the rotor are investigated for an
operating point with constant angular velocity by means of
a harmonic analysis. The analysis shows that the electro-
magnetic forces reduce the stiffness in the tilting motion
of the disk. Furthermore, they lead to non-linear soften-
ing behavior and parametric excitation in the equations of
motion, with parametric excitation frequencies depending
on the number of stator poles and the axial excitation fre-
quency.

The stationary solutions show periodic and quasi-peri-
odic behavior due to different excitation mechanisms. Thus,
a procedure is described to initialize the continuation of
quasi-periodic solutions by Fourier methods. The subse-
quent numerical analysis reveals potentially critical operat-
ing ranges with increased vibration amplitudes. The areas
with increased amplitudes are described by several condi-
tions in which an externally forced resonance or a funda-
mental parametric combination resonance of the system is
present. Furthermore, it can be seen that a run-down of the
machine can lead to critical behavior because the non-linear
softening behavior of the electromagnetic forces can result
in a run-down on a solution branch of high amplitudes.

7 Future work

In the future, the dynamics of disk-shaped rotors will be
investigated experimentally. For this purpose, an existing
test rig [4] was extended to include further types of ex-
citation. Fig. 9 shows the flange of the test rig, which is
excited multi-dimensionally by the electric machine behind
it, the axial electromagnetic actuator and a radially act-
ing hydraulic actuator. In addition to this torsional, axial,
and radial excitation of a flange-mounted test specimen, it
should also be possible in future to achieve axial excitation
on the circumference of a disk-shaped test specimen. This
excitation should correspond to the emulation of electro-
magnetic forces in the air gap. In this way, the rotor of an
axial flux machine can be examined as a subsystem under
the influence of various types of excitation present in elec-
tric drives. The test rig will also be used to validate the
simulation results shown in this publication.
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Fig. 9 Test rig for multi-dimensional excitation of disk-shaped test
specimen
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