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„Man kann diese wunderbare Theorie nicht studieren, ohne bisweilen die
Empfindung zu haben, als wohne den mathematischen Formeln selbständi-
ges Leben und eigener Verstand inne, als seien sie klüger als wir, klüger sogar als
ihre Erfinder, als gäben siemehr heraus, als seinerzeit in sie hineingelegt wurde.“

“We cannot study this wonderful theory without at times feeling as if an indepen-
dent life and a reason of its own dwelt in thesemathematical formulas; as if they
were wiser than we were, wiser even than their discoverer; as if they gave out
more than had been put into them.”

Heinrich Rudolf Hertz1

1
In 1889, Hertz remarked in a lecture referring to Maxwell’s equations for electromagnetic light theory (Maxwell,

1865), “that an equation, once discovered, sometimes seems wiser than its discoverer” (Shour, 2021). The

article containing the quote has been published as Hertz (1890), the English translation of the quote is taken

from Boltzmann (1893).
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Abstract

Phase �eld approaches to fracture have steadily gained popularity to compute complex

crack patterns in statics and dynamics, including the formation of cracks and determination

of unknown crack paths. The smooth approximation of cracks by introducing an additional

scalar �eld, the phase �eld, and gradual degradation of material sti�ness without the need

to track the exact position of the crack are key features of the method, which is said to

result in mesh independent solutions. However, current approaches inevitably exhibit

some limitations which do not seem to be obvious and are therefore neglected in many

investigations. The research presented in this dissertation focuses on the analysis of the

approach and discusses speci�c constitutive choices along with the approach. For example,

the assumption of isotropic sti�ness degradation by the scalar phase �eld parameter does

not capture the anisotropy introduced by a macroscopic crack and severely restricts

the scope of application. Widely used tension-compression splits violate the speci�c

conditions at cracks like traction-free crack surfaces and, in addition, reintroduce mesh

orientation dependency. In order to satisfy crack boundary conditions the phase �eld

approach has to be modi�ed by taking the orientation of the crack into account.

As a second subject, the problem of Hertzian indentation fracture in brittle solids is

analyzed. First, the concept of �nite fracture mechanics is applied to investigate crack

formation from an initially defect-free surface. The method assumes the spontaneous

formation of a small, yet �nite, crack and employs a stress-based as well as an energetic

criterion. In evaluating the energetic part of the fracture criterion a semi-analytical

and a numerical approach, the latter involving standard �nite element simulations, are

compared. The functionality of the hybrid (two-part) criterion in application to indentation

fracture is analyzed in principle and, moreover, its predictive capabilities are illustrated by

comparison with experimental �ndings. Then, the formation and subsequent growth of

cracks in brittle solids caused by indentation loading is investigated in a holistic manner

using the phase �eld approach. While this methodology, at �rst glance, appears to be a

promising tool for handling problems like the present one including crack initiation in

absence of a pre-crack, its actual application reveals a number of critical issues. Inherent

shortcomings of common phase �eld models for fracture based on a variational structure

are illustrated and appropriate modi�cations are discussed which render the method —

at least to some extent — suitable for the simulation of indentation fracture. Particular

emphasis is placed on the signi�cance of the material’s tensile strength and fracture

toughness as independent physical properties necessary for the quantitative description

of crack formation. Numerical predictions are compared with results obtained by �nite

fracture mechanics as well as experimental �ndings from the literature.
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Kurzfassung

Die Phasenfeldmethode zur Beschreibung von komplexen statischen und dynamischen

Bruchvorgängen hat stetig an Bedeutung gewonnen, einschließlich der Bildung von Ris-

sen und der Bestimmung unbekannter Risspfade. Die glatte Approximation von Rissen

durch die Einführung eines zusätzlichen skalarwertigen Feldes, des Phasenfeldes, und

die sukzessive Reduktion der Materialstei�gkeit ohne die Notwendigkeit, die genaue

Position des Risses zu verfolgen, sind die Hauptmerkmale der Methode, die zu netzu-

nabhängigen Lösungen führen soll. Die derzeitigen Ansätze weisen jedoch zwangsläu�g

einige Einschränkungen auf, die nicht o�ensichtlich zu sein scheinen und daher in vielen

Untersuchungen vernachlässigt werden. Die in dieser Dissertationsschrift vorgestellten

Untersuchungen konzentrieren sich auf die Analyse der Methode und erörtern spezi�sche

konstitutive Ansätze, die im Zusammenhang mit der Methode stehen. Zum Beispiel erfasst

die Annahme einer isotropen Degradation der Stei�gkeit durch den skalaren Phasenfeld-

parameter nicht die durch einen makroskopischen Riss erzeugte Anisotropie und schränkt

den Anwendungsbereich stark ein. Die weit verbreiteten Zug-Druck-Zerlegungen ver-

letzen die spezi�schen Randbedingungen an Rissen, wie z.B., dass Ober�ächen frei von

Zugspannungen sein müssen, und führen darüber hinaus wieder eine Abhängigkeit von

der Ausrichtung des Netzes ein. Um Rissrandbedingungen zu erfüllen muss die Pha-

senfeldmethode modi�ziert werden, indem die Orientierung des Risses berücksichtigt

wird.

Als zweites Thema wird das Problem des Hertz’schen Kegelrisses in spröden Festkör-

pern mit zwei verschiedenen Ansätzen betrachtet. Zunächst wird das Konzept der �niten

Bruchmechanik angewendet, um die Rissbildung von einer ursprünglich defektfreien

Ober�äche aus zu untersuchen. Die Methode geht von der spontanen Bildung eines klei-

nen, aber endlich langen Risses aus und verwendet sowohl ein spannungsbasiertes als

auch ein energetisches Bruchkriterium. Bei der Bewertung des energetischen Teils des

Bruchkriteriums werden ein semi-analytischer und ein numerischer Ansatz verglichen,

wobei letzterer auf Simulationen mit einer gewöhnlichen Finite-Elemente-Methode basiert.

Die Funktionsweise des hybriden (zweiteiligen) Kriteriums bei der Anwendung auf den

Kegelriss wird analysiert, darüber hinaus wird dessen Vorhersagefähigkeit durch den

Vergleich mit experimentellen Ergebnissen aufgezeigt. Anschließend wird die Entstehung

und das anschließende Wachstum von Rissen, welche durch Eindruckbelastung auf spröde

Festkörper verursacht werden, mit Hilfe der Phasenfeldmethode ganzheitlich untersucht.

Während diese Methode auf den ersten Blick ein vielversprechendes Werkzeug für die

Behandlung von Problemen wie dem vorliegenden zu sein scheint, einschließlich der Simu-

lation der Rissbildung bei fehlendem Anfangsriss, o�enbart die tatsächliche Anwendung
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Kurzfassung

eine Reihe von kritischen Punkten. Die Unzulänglichkeiten gängiger Phasenfeldmodelle,

welche auf einer variationellen Struktur beruhen, zur Simulation von Bruchvorgängen

werden veranschaulicht und geeignete Modi�kationen diskutiert, die der Methode – zu-

mindest bis zu einem gewissen Grad – die Simulation von Kegelrissen erlauben. Besonders

hervorgehoben wird die Bedeutung der Zugfestigkeit und der Bruchzähigkeit des Mate-

rials als unabhängige physikalische Größen, die für die quantitative Beschreibung der

Rissbildung maßgeblich sind. Die numerischen Vorhersagen werden mit Ergebnissen

der �niten Bruchmechanik sowie mit experimentellen Erkenntnissen aus der Literatur

verglichen.

Schlüsselwörter: Bruch, Risswachstum, Phasenfeldmethode, Zug-Druck-Zerlegung,

Rissrandbedingung, rissinduzierte Aniotropie, Rissober�ächenfunktion, kritische Phasen-

feldanalyse, Degradationsfunktion, Phasenfeldübergang, Rissentstehung, komplexes Riss-

muster, �nite Bruchmechanik, hybrides Bruchkriterium, Hertz’scher Kegelriss, Auerbach-

Bereich
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1 Introduction

1.1 Motivation

Flaws of di�erent size and geometry are present in almost all solid bodies. When subjected

to loads, �aws may act as a nucleus for fracture, i.e. the separation of a body by one

or several cracks. But even in the absence of �aws or initial cracks, fracture may be

initiated from stress concentrations. Possible fracture is often a critical and thus a limiting

constraint in engineering applications, e.g., in iron-based structures (Kirkaldy, 1863), �uid

and gas pipelines (Ives et al., 1974) and reactor pressure vessels (Cheverton et al., 1981). In

the worst case, the formation and growth of cracks eventually lead to catastrophic failures

like the spectacular loss of T1 and T2 tankers and Liberty ships in the 1940s (Kobayashi and

Onoue, 1943; Williams and Meyerson, 1949) and two airplane crashes of the de Havilland

Comet in 1954 (Cohen, 1955). These well-known early incidents have promoted research

activities in the �eld of fracture mechanics signi�cantly.

The fundamental question if, when, and how cracks propagate is always present as well

as the question whether inherent �aws will become critical or not. While separation of

material is a process at the microscopic scale, fracture of bodies in engineering applications

is typically treated by geometrically and physically idealized concepts on the macroscopic

scale. Therefore, they are based on the well-developed concepts of continuum mechanics.

Since the direct application of stress or strain to characterize the loading condition at crack

tips usually does not succeed, i.e. they may be in�nitely large, a comprehensive theoretical

framework including di�erent fracture hypotheses has been established. For some speci�c

cases, for instance, crack propagation of perfect pre-cracks in elastic bodies caused by

quasi-static loads, analytical solutions exist. Apart from that, laboratory experiments are

still one important source of information (e.g. Ravi-Chandar, 2004). Because experiments,

depending on their exact set-up, may be di�cult to achieve and are thus time-consuming

and expensive, the use of computational methods attracts much interest. Since the �rst

works on this subject (e.g. Chan et al., 1970; Levy et al., 1971; Tracey, 1971) di�erent

numerical approaches to simulate fracture have been developed. The ever increasing

computing power has had an enormous e�ect on their development. But, although

numerical methods have become a widely used and accepted tool, the modeling of fracture

implying discontinuous and singular mechanical �elds is a challenge, arising from missing

theory, insu�cient numerical approaches or missing computing power. Thus, both the

methods and their application for solving speci�c fracture problems are still a very active

and attractive �eld of research.
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1 Introduction

1.2 Background and state of the art

The �eld of fracture mechanics, as it is known today, is basically founded on the pioneering

works of Gri�th (1921) and Irwin (1957). More than one century ago, Alan Arnold Gri�th

established the fundamental criterion, that the amount of energy required for a crack

to propagate, i.e. to separate material and create new surfaces, must be provided by the

release of the potential energy of the mechanical system, quanti�ed by the energy release
rate. While this criterion, known as the Gri�th criterion, is generally valid regarding the

onset of crack growth, it does not provide any speci�c information about the crack path.

Thus all possible con�gurations must be considered. A few years later, it was George

Rankine Irwin who introduced fracture criteria of practical relevance. He separated

the loading of cracks according to their opening modes as mode I (“tensile opening”),

mode II (“in-plane shear”), and mode III (“out-of-plane shear” or “anti-plane shear”). This

allowed to normalize the singular stress �eld in the vicinity of a stationary crack tip

(1/
√
@ -singularity with @ being the radial distance from the crack tip) to describe the

stress distribution in terms of a so-called crack-tip �eld and to quantify the loading by

a stress intensity factor. Its comparison to the fracture toughness, a material parameter,

determines the onset of straight (mode I) crack growth. For mixed mode I+II loading,

di�erent failure criteria exist. The most prominent ones are the maximum energy release

rate criterion, the maximal hoop stress criterion (Erdogan and Sih, 1963), and the principle

of local symmetry (Gol’dstein and Salganik, 1974). In the absence of perfect pre-cracks,

e.g. at blunt notches or V-notches, weaker stress concentrations are present and the above

criteria are not valid anymore. As a remedy, the concept of �nite fracture mechanics (FFM)

has been suggested, which considers the instantaneous formation of a crack of small, yet

�nite, length instead (e.g. Hashin, 1996; Leguillon, 2001; Taylor et al., 2005; Li and Zhang,

2006). In this context, Leguillon (2002), for example, proposed a hybrid (two-part) fracture

initiation criterion based on two well-de�ned material parameters: the (tensile) strength

and the (fracture) toughness (Weißgraeber et al., 2016).

Although in the context of structural mechanical analysis the �nite element method (FEM)

has become a widely used and extremely versatile numerical tool since its practical

introduction in the 1950s (Argyris, 1955; Turner et al., 1956), its predictive capabilities

regarding fracture processes are still limited and an active research topic. Over the years,

a vast number of numerical methods have been developed to simulate the macroscopic

behavior of a single or multiple cracks, including the complete separation of material as

well as the computation of loading states at the crack front. In this respect, cracks are

either introduced as discrete separation or modeled in a “smeared”, continuous manner.

A discrete crack representation is based on the tracking of the crack to incorporate

the discontinuity, e.g. by making use of remeshing techniques. In the extended �nite
element method (X-FEM), mainly introduced by Moës et al. (1999) and named as such

by Dolbow (1999), a discontinuous approximation is obtained by locally enriching the

displacement �eld with discontinuous shape functions, still based on the partition of

unity (Melenk and Babuška, 1996). In addition, the vicinity of the crack front is enriched

with known analytical solutions, e.g. crack-tip �elds. This method was very popular for a

2
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while (Belytschko and Black, 1999; Daux et al., 2000; Dolbow et al., 2001; Belytschko et al.,

2003; Huang et al., 2003; Zi and Belytschko, 2003), but appears at least from a technical

point of view to be very demanding in three dimensions (Sukumar et al., 2000; Moës

et al., 2002; Areias and Belytschko, 2005). In addition, as mentioned above, it is based

on analytical solutions, thus it cannot predict situations apart from known solutions, e.g.

from classical fracture theories. By contrast, a continuous crack representation is typically

based on a continuum damage description (Kachanov, 1958; Rabotnov, 1959; Rabotnov,

1969) by introducing one or several additional order parameters that represent the state

of damage, i.e. successive sti�ness degradation with increased loading. The concept has

been further developed for di�erent applications, e.g., anisotropic media (Sidoro�, 1981),

concrete (Bažant and Oh, 1983; Mazars and Lemaitre, 1985; Ortiz, 1985; Ramtani et al.,

1992) and ductile materials (Coleman and Hodgdon, 1985). Since direct implementation

into the �nite element method results in mesh dependency (Lasry and Belytschko, 1988;

Needleman, 1988), non-local or gradient enhanced continuum damage approaches have

been developed (Hall and Hayhurst, 1991; Sluys, 1992; Bažant, 1994; Peerlings et al.,

1995).

The variational theory of fracture has been introduced by the pioneering work of Francfort

and Marigo (1998). It can be regarded as a generalization of Gri�th’s theory. However, only

the spatial regularization of cracks by Bourdin (1998) made the method, nowadays known

as the phase �eld approach to fracture, also accessible for a standard numerical treatment,

i.e. with the �nite element method. With its di�use representation of the crack by a scalar

�eld, it does not require tracking of cracks and shows some similarities to the non-local

continuum damage models mentioned above. Because of dimensional reasons, spatial

regularization introduces an additional internal length parameter. At the same time, there

have been several attempts in the physics community to adapt phase transition models

to fracture mechanics (e.g. Aranson et al., 2000; Karma et al., 2001; Henry and Levine,

2004; Karma and Lobkovsky, 2004). Although their structure is similar, they typically

do not rely on the Gri�th criterion. The phase �eld method has become a very popular

computational technique for analyzing phenomena involving the formation of cracks as

well as their propagation along a priori unknown paths including complex topologies such

as branching without additional assumptions, simply by the solution of partial di�erential

equations. In recent years, a number of notable modi�cations of the original method

(Bourdin, 2007a; Bourdin, 2007b; Bourdin et al., 2000) have been developed. The quasi-

static phase �eld approach to fracture has been successfully extended to the dynamic

setting by including inertia terms (Borden et al., 2012; Hofacker and Miehe, 2012; Schlüter

et al., 2014). Extensive studies on the properties of dynamic fracture like limit speeds have

been presented by Schlüter et al. (2016) and Bleyer et al. (2017). To account for the di�erent

behavior of most brittle materials under tension and compression and to incorporate the

e�ect of crack closure, several modi�cations, so-called tension-compression splits have been

proposed. Basically motivated by similar approaches in continuum damage mechanics,

the most prominent of them are based on the volumetric-deviatoric decomposition (Amor

et al., 2009; Lancioni and Royer-Carfagni, 2009) and the spectral decomposition of the

strain tensor (Freddi and Royer-Carfagni, 2010; Miehe et al., 2010c). Since they have
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been assumed to be fully working, these splits have been used in phase �eld analyses

all the time (e.g. Hofacker and Miehe, 2013; May et al., 2015; Kiendl et al., 2016; Bilgen

et al., 2019; Mang et al., 2019). Also modi�cations of the spatial regularization of cracks

have been proposed in di�erent ways. Regularization by using higher-order phase �eld

derivatives to obtain a better approximation accuracy and a higher rate of convergence

has been proposed by Borden (2012) and was further discussed, e.g., by Borden et al.

(2014) and Weinberg and Hesch (2015). Other types of the local crack description have

been introduced by Pham et al. (2011) and Wu (2017), among others. The treatment of

the related bound-constrained problem has been discussed by Pham et al. (2011), Wu

(2017) and Gerasimov and De Lorenzis (2019). Modi�cations of the polynomial sti�ness

degradation function, mainly to modify the transition between elastic and crack surface

energy, have been proposed and analyzed by Borden et al. (2012) and Kuhn et al. (2015).

Other types of degradation functions are, for example, exponential functions (Wilson

et al., 2013; Sargado et al., 2018; Steinke and Kaliske, 2019), rational functions (Lorentz

and Godard, 2011) or trigonometric functions (Yin and Kaliske, 2019). The transition of

the phase �eld variable has been analyzed for spatially homogeneous (e.g. Pham et al.,

2011; Borden, 2012; Kuhn, 2013) and spatially inhomogeneous phase �eld solutions (e.g.

Aranson et al., 2000; Karma et al., 2001; Henry and Levine, 2004; Benallal and Marigo, 2007;

Pham and Marigo, 2008; Kuhn and Müller, 2013; Kuhn et al., 2015; Wu, 2017). Thereby, the

role of the internal length parameter has been revealed to be connected to the strength of

the material (e.g. Pham et al., 2011).

The phase �eld method for fracture has also been extended to, e.g. ductile fracture (Ambati

et al., 2015b; Alessi et al., 2018a), rubbery polymers (Miehe and Schänzel, 2014; Schänzel,

2015), heterogeneous materials (Nguyen et al., 2015; Kuhn and Müller, 2016), cohesive

fracture (Verhoosel and Borst, 2013; Vignollet et al., 2014; May et al., 2015; Wu, 2017),

pressurized or hydraulic fracture (Wheeler et al., 2014; Mikelić et al., 2015; Wilson and

Landis, 2016; Ehlers and Luo, 2017; Singh et al., 2018; Luo, 2019; Kienle and Keip, 2019),

cracks in porous media (Cajuhi et al., 2017; Cajuhi et al., 2018; Cajuhi, 2019), thermal

fracture (Schlüter et al., 2015), electromechanical fracture (Miehe et al., 2010b), and fatigue

(Alessi et al., 2018b; Lo et al., 2019). In most of these applications, propagation of already

existing cracks is regarded. Crack formation in the absence of a perfect pre-crack has

been studied by using a phase �eld method from circular notches (Kuhn and Müller,

2013) and V-notches (Kuhn, 2013) and has been compared to experimental results and

theoretical predictions based on �nite fracture mechanics (Leguillon, 2001; Hebel, 2010).

Both �nite fracture mechanics and the phase �eld method were able to capture size e�ects,

despite some deviations (Kuhn, 2013). Tanné et al. (2018) used a phase �eld approach

to investigate crack formation at V-notches with varying opening angle (Leguillon and

Sanchez-Palencia, 1987) with a good correlation to experimental data.

A far more complex situation of crack formation is obtained for the mixed mode I+III

loading, where the crack front breaks up into multiple fragments (Pham and Ravi-Chandar,

2014; Pham and Ravi-Chandar, 2016). In addition to the original “parent” crack, numerous

“daughter” cracks, also called echelon cracks, are formed by mode I along the crack front,

most likely in the direction perpendicular to the maximum principal stress (Knauss,
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1970). The echelon cracks are connected by a second type of daughter crack (Pham

and Ravi-Chandar, 2016). In a comprehensive three-dimensional analysis, Pham (2015)

successfully simulated with the phase �eld method the formation of echelon cracks as well

as subsequent crack growth, shielding e�ects and facet coarsening. Although the speci�c

phase �eld approach has been selected carefully, the spacing between the fragments has

not been captured correctly (Pham and Ravi-Chandar, 2017).

Another challenging fracture problem is that of indentation fracture. Indentation fracture

describes the formation and further evolution of cracks caused by the compression of

a sti� indenter onto the initially defect-free surface of a brittle solid. Since the early

investigations by Heinrich Rudolf Hertz at the end of the nineteenth century and later

named after him, see e.g. Fischer-Cripps (2007) or Lawn (1993), it has been (and still is to

date) subject of numerous experimental and theoretical studies. Much work on the subject,

for instance, has been motivated by the practical application of indentation fracture for

determining the fracture toughness of brittle materials such as glass and ceramics; see,

e.g., the review articles by Ostojic and McPherson (1987), Lawn (1998) or Kocer (2003b).

In the case of cylindrical or spherical indenters and isotropic materials, Hertzian fracture

proceeds essentially in two stages: At some critical load a ring crack of short extension

“spontaneously” forms at the free surface somewhat outside the contact region, while

subsequently it grows in a stable manner into a cone-shaped crack of almost constant

angle.

Early theoretical studies on indentation fracture, e.g. Frank and Lawn (1967), were essen-

tially based on the analytically known pre-fracture indentation stress �eld in an elastic

half-space. Yet, later numerical investigations have shown the necessity to account for

changes of this stress �eld in the course of fracture in order to correctly predict the crack

path. The latter was analyzed in the framework of �nite element methods (Lawn et al.,

1974; Yingzhi and Hills, 1991; Kocer and Collins, 1998; Kocer, 2003a), boundary element

methods (Bush, 1999; Selvadurai, 2000; De Lacerda and Wrobel, 2002) and extended �nite

element methods (Tumbajoy-Spinel et al., 2013) as well as by semi-analytical techniques

such as weight functions (Fett et al., 2004) or ring dislocation representations (Wang et al.,

2008). It is important to note that in all these approaches the pre-existence of the initially

forming ring crack was assumed so that classical fracture criteria could be employed to

analyze its further growth. Conceptually more di�cult than tracking the evolution of

an existing crack is the prediction of the sudden formation of the ring crack at some

critical load. From a fracture mechanics point of view, this is not surprising since crack

formation lies beyond the scope of classical fracture hypotheses. Studies on indentation

fracture initiation, therefore, either assumed the pre-existence of a statistical distribution

of surface �aws, e.g. Fischer-Cripps (2007), or the axial extension of the ring crack was

taken as a free parameter in an analysis involving crack propagation stability arguments,

e.g. Mouginot and Maugis (1985). A detailed discussion of these approaches is not aimed

in the present work and may be found, for instance, in the review article of Kocer (2003b).

Yet, it should be mentioned that various researchers have conjectured a likelihood of the

formation of shorter cracks closer to the contact region from the strong variation of the

indentation stress �eld with distance from the indenter and depth from the free surface,
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e.g. Lawn et al. (1974), Mouginot and Maugis (1985) and Fischer-Cripps (1997). It was

also emphasized the prerequisite of a su�ciently strong tensile loading acting on �aws

of a certain size in order to cause fracture; a sound criterion, however, remained lacking.

Indentation fracture involves further interesting issues such as the in�uence of geometry

and material properties on the location and extension of the initial ring crack as well as

on the shape of the subsequently evolving cone crack. For instance, it is found that the

ratio of the ring crack radius to the indenter radius decreases with increasing indenter

radius, e.g. Mouginot and Maugis (1985), and that the cone crack angle mainly depends

on Poisson’s ratio of the fracturing solid, e.g. Kocer and Collins (1998). In addition, it

was very early observed by Felix Auerbach, a contemporary of Hertz (e.g. Lawn, 1993;

Fischer-Cripps, 2007), and later studied experimentally and theoretically (e.g. Tillett, 1956;

Roesler, 1956b; Finnie et al., 1981; Mouginot and Maugis, 1985) that the dependence of

the critical load on the indenter radius displays two distinct regimes, with one being

commonly referred to as the Auerbach range.

1.3 Scope and outline of the work

The aim of this thesis is to provide a thorough and thus critical analysis of the phase �eld

approach to brittle fracture and to address the problem of Hertzian indentation fracture —

more speci�cally — the formation and growth of cracks caused by the compression of a

sti� cylindrical indenter onto the surface of a brittle solid.

Related challenges are manifold: Initial crack formation in the course of Hertzian indenta-

tion fracture cannot be tackled by classical fracture hypotheses. Thus, the quest for the size

of the crack (“critical �aw”) initially created is to be solved by the concept of �nite fracture

mechanics (FFM). According to a coupled two-part fracture criterion, e.g. Leguillon (2002),

crack formation is assumed to take place once the material’s tensile strength is exceeded

by the normal stress along this crack and the energy released per area by its formation

exceeds the fracture toughness. Applied to indentation fracture initiation, FFM provides a

unique determination of the size (axial length) and location (radius) of the spontaneously

formed ring crack as well as the critical load — without any additional assumptions. The

dependence of these quantities on the indenter radius includes a size e�ect commonly

referred to as Auerbach’s law in the literature on indentation fracture, e.g. Fischer-Cripps

(2007), which is shown to be also captured by FFM. In this speci�c approach, the Auerbach

range corresponds to the range where crack formation is controlled solely by the energetic

criterion instead of both (energy and strength) criteria being active.

In the existing literature the two stages of indentation fracture, i.e. initial crack formation

and subsequent crack propagation, have been analyzed separately. While FFM provides

essentially a fracture initiation criterion, the holistic description of the entire process of

Hertzian indentation fracture requires numerical simulation techniques. As mentioned in

the previous section, the phase �eld approach is able to reproduce complex phenomena

involving the formation of cracks as well as their propagation along a priori unknown
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paths. It therefore appears to be well suited for studying situations such as indentation

fracture. However, owing to the “smeared” description of fracture in phase �eld models,

the role of fracture related physical parameters is much less clear than, for instance, in FFM.

This is particularly so as these parameters occur in conjunction with several further phase

�eld modeling ingredients such as degradation functions, the (non-local) internal length

parameter, the crack surface function or the coupling between mechanical �elds and

crack driving force. These ingredients bring into play some arbitrariness and at the same

time may lead to con�icts with physical requirements which unfortunately are seldom

addressed in the vast body of literature on phase �eld fracture modeling. Thus, a profound

understanding of the approach is necessary to apply it appropriately to the situation

of interest. Only in a few recent publications have the limited predictive capabilities

of this methodology been the subject of thorough investigations, e.g. Klinsmann et al.

(2015) or Sargado et al. (2018). During the course of this work, it was found out that the

application of so-called tension-compression splits in phase �eld approaches to fracture

tends to fail in most situations by not predicting the macroscopic mechanical response

of a crack correctly (Strobl and Seelig, 2015; Strobl and Seelig, 2016). Consequently, own

results as well as results from literature including phase �eld induced cracks subjected to

compression or shear have to be handled with caution. The purpose of the present study,

therefore, is two-fold: on the one hand side, the entire process of indentation fracture is

analyzed numerically, including crack initiation at some a priori unknown location as

well as the subsequent evolution of the cone-shaped crack, thereby studying the in�uence

of geometrical and material parameters. On the other hand, this non-standard fracture

problem serves as a paradigm for a thorough assessment of the phase �eld methodology.

This involves a critical investigation of various modeling aspects as well as the development

of modi�cations necessary for the reliable simulation of indentation fracture. Parts of this

work have been published as

“Strobl M., Dowgiałło P., Seelig T., 2017; Analysis of Hertzian indentation fracture

in the framework of �nite fracture mechanics; Int. J. Frac. 206 (1), 67–79”
‡

and

“Strobl M., Seelig T., 2020; Phase �eld modeling of Hertzian indentation fracture;

J. Mech. Phys. Solids 143, 104026”.
¶

The dissertation is organized as follows: Recent works on phase �eld modeling of brittle

fracture and previous works on Hertzian indentation fracture are reviewed in Chapter 1.

As a basis for the present work, the �rst section of Chapter 2 provides a brief introduction

to continuum mechanics, mainly focused on the small deformation theory which is

relevant in subsequent chapters. Besides a summary of the essential balance equations

and constitutive requirements of a solid body, the solution of mechanical problems is

discussed and di�erent variational principles are introduced. Selected fundamentals of

fracture and damage mechanics are subject of the second section. In particular, the classical

‡
Reproduced with permission from Springer Nature.

¶
Reproduced with permission from Elsevier Ltd.
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concepts of linear elastic fracture mechanics (LEFM) are presented with special attention

to the energetic consideration introduced by Gri�th, providing the basis of the phase

�eld approach to fracture. Additionally, topics like cohesive behavior, continuum damage

mechanics and the hybrid fracture initiation criterion are introduced. The latter can be

used to determine crack initiation in absence of a well established pre-crack, e.g. from a

blunt notch, a hole or from other stress concentrations. In addition, a variational treatment

of fracture is presented, which provides the basis for the phase �eld approach to fracture.

Chapter 3 is devoted to the theoretical and numerical treatment of brittle fracture in the

framework of phase �eld modeling. The spatial regularization of the variational approach

to fracture allows to set up a general framework of phase �eld modeling, which is pre-

sented in the �rst two sections of the chapter. Within this framework, di�erent modeling

choices are available regarding the degradation of elastic sti�ness, the distribution of

surface energy in the vicinity of a crack and the incorporation of the irreversibility of

fracture. These aspects are investigated and discussed in the subsequent sections. One

key aspect of the work is the tension-compression asymmetric response of cracks. Since a

crack introduces anisotropy aligned with its (normal) direction, the common isotropic

sti�ness degradation in the phase �eld approach fails in reproducing the behavior of

cracks. Boundary conditions at cracks are discussed along with their incorporation into

phase �eld models. The last section of the chapter is concerned with additional numerical

investigations.

The fascinating problem of Hertzian indentation fracture is analyzed in Chapter 4. The

speci�c indentation fracture problem setting along with the analysis of the stress �eld

prior to fracture is provided in the �rst section. Based on the framework of �nite fracture

mechanics, crack formation in absence of a pre-crack is analyzed by applying a hybrid

fracture initiation criterion in the second section. The study provides, without any

additional assumptions, a new insight into the spontaneous formation of the initial ring

crack, both qualitatively and quantitatively. In the third section, a holistic description

of the entire process of Hertzian indentation fracture from nucleation to ultimate cone

crack propagation by employing a phase �eld method is presented. For this purpose,

essential modi�cations of ingredients of the phase �eld approach, also based on the

previous investigations of the method, are discussed. Studying the in�uence of geometric

and material parameters on the fracture process and a comparison of the results with

experimental �ndings from the literature complement the chapter.

Finally, the main outcomes of this work and their implication on fracture modeling using

the phase �eld method are summarized in Chapter 5. Based on the current �ndings,

future research perspectives are identi�ed.

Further details on di�erent phase �eld ingredients, their computational treatment and

numerical implementation are provided in the Appendix. Along with analytical solu-

tions used to analyze the indentation fracture problem, such as the pre-fracture stress

distribution, the appendix also provides results regarding the variation of the underlying

hybrid fracture criterion.
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2 Foundations of solid mechanics

This chapter is devoted to provide some fundamental concepts, principles and basic

equations of solid mechanics which are used in subsequent chapters. It includes a brief

introduction into the subjects of continuum mechanics, the challenges of fracture and

damage and some insight into the numerical treatment of mechanical (initial) boundary

value problems. In addition, the chapter provides an introduction to a variational approach

to fracture.

2.1 Fundamentals of continuum mechanics

In this work, the mechanical behavior of solid bodies is described based on continuum

mechanics. A continuum model assumes that bodies consist of an in�nite number of

material points (implying an at least piecewise continuous distribution of material). It

ignores the fact that material is made of discrete atoms with discontinuities in-between.

This assumption simpli�es the mathematical description of the body and all related

physical quantities drastically. Continuum approaches are widely used in physics and

engineering approaches and mostly provide the basis of an accurate description as long as

the mechanical e�ects are of length scales much greater than that of inter-atomic distances
1
.

Thus, the continuum based approach does not rely on the microscopic and molecular

structure and no detailed knowledge on these scales is needed. Besides fundamental

physical balance laws as the conservation of mass, the conservation of linear and angular

momentum and the conservation of energy, which are shortly introduced in the following,

the study of static and dynamic body deformations and stresses is of main interest. The

following sections makes reference to the widely used textbook of Holzapfel (2000).

In addition, constitutive relations to complete the set of mechanical equations and to

incorporate the speci�c behavior of materials are discussed. Throughout the work mainly

the common bold face notation of vectors (usually indicated by lowercase letters) and

tensors of second order (indicated by uppercase letters) is used while speci�c components

1
Typical distances between the nuclei of atoms in solid materials are on the order of 1 . . . 10 Å (1 Å= 10

−10
m),

see e.g. Daams et al. (2006) for metals and alloys. Brittle materials like glass possess an amorphous structure,

which are characterized by greatly varying inter-atomic distances. However, they are still of the same order

of size as in other solid materials (Shelby, 2005).
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2 Foundations of solid mechanics

are occasionally indicated. Further details on de�nitions and the notation are provided in

App. A.1.

2.1.1 Kinematics, strain and and stress measures

To introduce the basic kinematics, we regard a continuum body which continuously moves

in space. The physical reason for the movement is irrelevant for now. The body moves

from its initial position at a certain instant of time B = B0 (which we take as reference) to

its current position at a later instant of time B > B0 as depicted in Fig. 2.1.

5T(^ , B )

F1

F2

F3
O

^ P

xP

d^ dx

P(B0) P(B )u (^ P, B )

u (^ P + d^ , B )

Ω0

Ω

n0 n

Figure 2.1: Solid body shown in reference placement (at time B0) and current placement (at B > B0) to illustrate

the transformation of a particle P(^ P, B0) .

The position of every particle P inside the body is given with respect to a �xed origin O
by the position vector ^ P in the reference placement and the position vector xP in the

current placement. Thus, the current position of all particles is described by the generally

non-linear vector �eld

x = 5
T
(^ , B ) (2.1)

with respect to �xed material coordinates ^ , the so-called material or Lagrangian de-

scription, which is favored for solid bodies and used in the following. Alternatively, by

presuming a unique mapping between both placements, the inverse relation (spatial/Eule-

rian description) is given by the inverse motion ^ =7
T
(x , B ) which is the description

with respect to �xed spatial coordinates x . The displacement vector �eld is de�ned by the

di�erence between the current and initial positions of particles

u (^ , B ) := x − ^ = 5
T
(^ , B ) − ^ (2.2)

and in general contains rigid body translation (homogeneous displacement) and rotation

(homogeneous change of orientation) and, for deformable solids, also the change of shape

and size of the body. To study the deformation, the motion of a particle located at an
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2.1 Fundamentals of continuum mechanics

in�nitesimal distance d^ from particle ^ can be described by means of the Taylor series

expansion in material coordinates as

x (^ + d^ , B ) = x (^ , B ) + mx

m^︸︷︷︸
=: L

(^ , B ) · d^ + m
2x

m^ 2
(^ , B ) d^ 2 + . . .︸                    ︷︷                    ︸
≈ 0

. (2.3)

Since higher order derivatives vanish due to |d^ |2 ≈ 0 the deformation related to a particle

at position ^ is given by the �rst spatial derivative, the deformation gradient

L (^ , B ) :=
m5

T
(^ , B )
m^

=
mx

m^
. (2.4)

The deformation gradient is a fundamental quantity in nonlinear continuum mechanics

and has in general nine distinct components (it is in general not symmetric since the

tensor refers to both placements). It maps the in�nitesimal line element d^ from the

reference placement to its current length and orientation by

dx = L · d^ . (2.5)

An in�nitesimal surface of area �0 and orientation n0 (given by the normal of the surface)

which is spanned by two in�nitesimal line elements according to d�0 n0 = d^ A × d^ B is

mapped by “Nanson’s formula”

d� n = dxA × dxB = · · · = det(L ) d�0 L
−T · n0 (2.6)

from the reference to the current placement. Accordingly, an in�nitesimal volume element

spanned by three in�nitesimal line elements d+0 = (d^ A × d^ B) · d^ C is mapped by

d+ = (dxA × dxB) · dxC = · · · = d+0 det(L )︸ ︷︷ ︸
:= �

(2.7)

from the reference to the current placement. The volume ratio, the Jacobian determinant,

is

� := det(L ) = d+

d+0

. (2.8)

To guarantee unique mapping between both placements (requires invertible functions as

mentioned above), to preserve the orientation and to prevent unphysical self-penetration

of material points the requirement � > 0 (no negative volumes) must hold for every point.

In addition to the deformation gradient (2.4), the closely-related displacement gradient

N (^ , B ) :=
mu

m^
=
m(x − ^ )

m^
= L − O . (2.9)

is introduced. By the polar decomposition

L = X ·[ = \ · X , (2.10)
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the deformation gradient can be multiplicatively decomposed into a proper orthogonal

rotation tensor X and either the right stretch tensor [ (which corresponds to stretch

before rotation) or the left stretch tensor\ (corresponds to stretch after rotation). Since

[ 2 = L T · L and \ 2 = L · L T
both stretch tensors are symmetric and positive de�nite.

The positive (real) eigenvalues, the principal stretches _1...3, are equal for both stretch

tensors. Accordingly, the spectral decomposition of the right stretch tensor is

[ =

3∑
U=1

_U ñ0U ⊗ ñ0U or [ · ñ0U = _U ñ0U . (2.11)

The meaning of the principal stretches is found by regarding the deformation of a material

line element d
˜^ 1 := d(1 ñ0 1 with length d(1 in the direction of the �rst principal eigen-

value ñ0 1. The line element in the current placement dx̃ 1 := dA1 ñ1 with the length dA1

and direction ñ1 yields, by using (2.5), (2.11) and the property ñU = X · ñ0U , the relation

dA1 ñ1 = dx̃ 1 = L · d ˜^ 1 = d(1 X ·[ · ñ0 1 = _1 d(1 X · ñ0 1 = _1 d(1 ñ . (2.12)

Thus, the principal stretches in (2.11) correspond to the ratios between current and initial

lengths _1...3 = dA1...3/d(1...3 with respect to the principal directions ñ0 1...3.

Strain measure

While the displacement is a quantity de�ned by the di�erence between two con�gurations

as introduced above, the de�nition of strain measures always relies on a strain concept.

According to e.g. Bažant and Cedolin (2010), a valid strain tensor must

• be symmetric,

• vanish for all rigid body motions (transitions and rotations),

• be a function of displacement gradients, which is continuous, continuously di�er-

entiable and monotonic,

• approach ∇su =
(
∇u + (∇u)T

)
/2 as | |∇su | | → 0.

Considering these requirements, an in�nite number of di�erent strain tensors could

be introduced, but only some became practically relevant. Hill (1968)
2
, for example,

introduced a generalized strain concept with a family of strain tensors according to

K (m) :=
1

2;
([ 2; − O ) . (2.13)

2
Hill’s general strain concept is based on the one-dimensional strain measure proposed by Seth (1964). However,

in Doyle and Ericksen (1956) the same relation had been published a few years earlier.
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They depend on the choice of the parameter ; ∈ R (including the Hencky strain ; = 0).

Due to its formulation in terms of [ , all strain tensors are symmetric. A common strain

measure in the material description is the Green-Lagrange strain tensor

KG (^ , B ) :=
1

2

(L T · L − O ) = 1

2

([ 2 − O ) = 1

2

(N +N T +N T ·N ) , (2.14)

which is obtained from (2.13) by setting ; = 1. The Green-Lagrange strain measure is

based on the change of the squared length of the line element

dA 2 − d(2 = dx · dx − d^ · d^ = d^ · L T · L · d^ − d^ · d^
= d^ · (L T · L − O ) · d^ . (2.15)

Small deformation theory

Brittle materials often undergo only small stretches _1...3 ≈ 1 before failure occurs. Thus,

the strain of interest is small. If, in addition, rigid body rotations are considered to be

in�nitesimally small, i.e. X ≈ O , the norm of the displacement gradient (2.9) becomes

| |N | | =
√
N 2 =

√
(X ·[ − O )2

≈
√
([ − O )2 =

√
(_1 − 1)2 + (_2 − 1)2 + (_3 − 1)2 � 1 . (2.16)

The Green-Lagrange strain tensor (2.14) can be linearized (N T · N → 0) to the small

(in�nitesimal) strain tensor

YYY :=
1

2

(N +N T) = 1

2

(
∇u + (∇u)T

)
= ∇su , (2.17)

which obviously is symmetric. In fact, this was already a prerequisite for the formulation

of a valid strain measure. Consequently, the linearization of all other strain measures at

| |∇su | | → 0 gives the same result, thus YYY is also called the linearized strain tensor. Its main

diagonal elements describe the change in length. Thus, the trace is equal to the volume

change of an in�nitesimal volume element d+ , i.e. the volumetric strain

Yvol :=
d+ − d+0

d+0

=
d+

d+0

− 1 = tr(YYY) = O .. YYY . (2.18)

The o�-diagonal elements of the in�nitesimal strain tensor are related to the change in

angle (shearing). The in�nitesimal strain tensor can be additionally decomposed into a

traceless symmetric tensor, the deviatoric strain tensor

YYYdev := YYY − 1

3

tr(YYY) O = YYY − 1

3

Yvol O (2.19)

and the volumetric strain tensor

YYYvol := YYY − YYYdev =
1

3

tr(YYY) O =
1

3

Yvol O . (2.20)
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2 Foundations of solid mechanics

The volumetric (or spherical) term describes the volume change while the deviatoric

strain describes a pure distortion at constant volume. Additionally, we de�ne fourth order

projection tensors

Pvol :=
1

3

O ⊗ O and Pdev := Isym − Pvol = Isym −
1

3

O ⊗ O (2.21)

which are orthogonal to each other (Pdev .. Pvol=O) to map the strain tensor to the corre-

sponding volumetric and deviatoric strain tensors

YYYvol = Pvol .. YYY and YYYdev = Pdev .. YYY , (2.22)

respectively. Due to its symmetry, the in�nitesimal strain tensor can be represented by

real eigenvalues YU and corresponding eigenvectors

YYY
nU according to

YYY =

3∑
U=1

YU
YYY
nU ⊗

YYY
nU , (2.23)

see App. A.5 for further details. Since eigenvectors are not unique in case of equal

eigenvalues one might use projection tensors instead. In a Cartesian coordinate system

with basis e 7 and in the principal coordinate system with base vector n 7 the in�nitesimal

strain tensor is

[
YYY
]
{e 7 } =


Y11 Y12 Y13

Y12 Y22 Y23

Y13 Y23 Y33

 and

[
YYY
]
{n 7 } =


Y1 0 0

0 Y2 0

0 0 Y3

 , (2.24)

respectively, usually with the convention Y1 ≥ Y2 ≥ Y3.

For the small deformation theory, both the material and spatial description are the same

and x ≈ ^ applies. Consequently, transformations of line, surface and volume elements

(2.5–2.7) become

dx ≈ d^ , d� n ≈ d�0 n0 and d+ ≈ d+0 , (2.25)

respectively. The velocity and acceleration of a particle are given by the �rst and second

time derivative of the displacement �eld

.
u (x , B ) = du/dB and

..
u (x , B ) = d

2u/dB 2
. Due to

the assumption of small deformations the velocity and acceleration are

.
u (x , B ) = mu

mB
and

..
u (x , B ) = m2u

mB 2
. (2.26)

Stress measure

Another fundamental measure in continuum mechanics is stress, which might be caused by

external or internal forces and is a source for/consequence of the deformations discussed

14



2.1 Fundamentals of continuum mechanics

above. To reveal internal stresses, a solid body is (hypothetically) cut by a plane surface

(de�ned by its normal vector n) as depicted in Fig. 2.2a. Due to the interaction of both

parts, forces are transmitted across the plane. An internal force of size Δf acts on a small

surface element of the area Δ� on the cutting plane. By relating this force to the area we

obtain in the limit state Δ� → 0 the stress vector

t := lim

Δ�→0

Δf

Δ�
=

df

d�
. (2.27)

It depends on the position as well as on the orientation of the cut surface n . The stress

vector acting on the opposite surface −n is, due to Newton’s law of action and reaction, −t .

The stress vector can be decomposed into a traction vector perpendicular to the surface

(parallel to the normal vector)

t ‖ := (t · n) n = T · t (2.28)

and a traction vector in the plane of the surface (perpendicular to the normal vector)

t⊥ := t − t ‖ = t − (t · n) n = (O − T ) · t , (2.29)

see Fig. 2.2b. Corresponding projections are given by the dyads T := n ⊗ n and O −n ⊗ n .

The signed normal stress f = t · n ∈ R is said to be a tensile stress if f > 0 and is

compressive if f < 0, while the magnitude of the shear stress g =
√
t · t − f2

is always

non-negative (g ∈ R≥0).

a) F1

F2

F3

n

t

−n

−t

d�

b)
n

t

d� t ‖

t⊥

Figure 2.2: a) Solid body hypothetically cut by a plane with normal vector n , b) decomposition of stress vector

into perpendicular and parallel portions.

The linear dependency between the normal vector n and the corresponding stress vec-

tor t (n) can be expressed by the Cauchy stress tensor 2 as

t = 2T · n . (2.30)

Relation (2.30) is known as the Cauchy theorem. In contrast to the stress vector, the

stress tensor 2 (x ) fully characterizes the stress state at a position. As will be shown in

Sect. 2.1.2 the stress tensor is symmetric, thus the Cauchy theorem (2.30) is often simpli�ed

to t = 2 · n . Due to its symmetry, the Cauchy stress tensor can be represented by real

eigenvalues and corresponding eigenvectors by its spectral decomposition

2 =

3∑
U=1

fU nU ⊗ nU , (2.31)

15



2 Foundations of solid mechanics

see also App. A.5. In a Cartesian coordinate system with basis e 7 and in the principal

coordinate system with base vector n 7 the Cauchy stress tensor is

[
2

]
{e 7 } =


f11 f12 f13

f12 f22 f23

f13 f23 f33

 and

[
2

]
{n 7 } =


f1 0 0

0 f2 0

0 0 f3

 (2.32)

respectively, usually with the convention f1 ≥ f2 ≥ f3. The corresponding components

are depicted in Fig. 2.3.

a)

F1

F2

F3

f11

f12

f13

f21

f22

f23

f31

f32

f33

b)

F1

F2

F3

b1

b2

b3

f1

f2

f3

Figure 2.3: In�nitesimal volume element with stress components given in the a) reference Cartesian coordinate

system, b) principal axis system.

2.1.2 Balance laws

Balance laws are axioms, which postulate the change of di�erent physical quantities in

continuum mechanics. They are required to describe the physical behavior of a continuum

body and are valid in the whole body volume Ω, but also in any arbitrary part of the body

(described, e.g., by the control volume % ⊆ Ω). A balance law postulates that the change

of a physical quantity Ψ (which is described by a smooth tensor �eld k (x , B ) of order <)

with time is equal to the sum of internal production >k and supply Ak of the quantity in

the bulk % and �ux qk across the boundary m% . This fundamental statement is expressed

by the global master balance law (Holzapfel, 2000)

.

Ψ =
d

dB

∫
%

k (x , B ) d% =

∫
%

>k (x , B ) d+ +
∫
%

Ak (x , B ) d+ +
∫
m%

qk (x , B ) · n (x ) d� .

(2.33)

Due to the small deformation theory (2.16), the control volume % is constant in time, thus

di�erentiation with respect to time and integration over the volume can be exchanged

according to

d

dB

∫
%

k (x , B ) d+ =

∫
%

mk

mB
d+ . (2.34)
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2.1 Fundamentals of continuum mechanics

In addition, by using the divergence theorem (A.40), one obtains∫
m%

qk · n d� =

∫
%

div(qk ) d+ , (2.35)

with qk being a tensor �eld of order < + 1. Finally, inserting (2.34) and (2.35) into (2.33)

yields ∫
%

(
mk

mB
− >k − Ak − div(qk )

)
d+ = 0 . (2.36)

Since (2.36) must be valid for any chosen control volume % ⊆ Ω the local form of the

master balance is
.
k = >k + Ak + div(qk ) . (2.37)

Balance of mass

Mass is a fundamental physical property of every continuum body. Regarding the macro-

scopic scale, mass is assumed to be distributed, at least piecewise continuously over all

particles. The total mass of a body of volume Ω is

; =

∫
Ω

d (x , B ) d+ (2.38)

with d (x , B ) being the mass density (mass per unit volume). In classical mechanics
3

mass

can neither cross the boundary of a closed system
4
, thus the �ux term in (2.33) is q d = 0,

nor can be produced (@d =0) or destroyed (Ad =0). With the small deformation theory (2.16),

thus % is constant in time, the change of the mass in a control volume % ⊆ Ω is

.
; =

d

dB

∫
%

d (x , B ) d+ =

∫
%

md

mB
d+ =

∫
%

.
d d+ = 0 (2.39)

and states the conservation of mass. Due to the arbitrary choice of the control volume % ,

for which (2.39) must hold, the local form of the mass balance is

.
d =

md

mB
= 0 . (2.40)

This speci�c form of the continuity (mass) equation, where the mass density d (x , B ) is

also a conserved quantity, is the outcome of the small deformation theory.

3
In special relativity, the mass of an object increases with the velocity with respect to the observer. For small

velocities (compared to the speed of light) and small masses, relativistic e�ects can be neglected and special

relativity agrees with Newtonian mechanics.

4
A closed system is de�ned as a �xed amount of mass (control mass), which is related to a region % with a

boundary m% . By contrast, an open system is based on a �xed amount of volume (control volume) with a

boundary, across which mass can enter and leave.
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2 Foundations of solid mechanics

Balance of linear momentum

The linear momentum (also translational momentum) of a body of volume Ω is

p :=

∫
Ω

d
.
u d+ . (2.41)

Subjected to surface tractions t acting on the outer surface mΩ of the body and volume

forces f (e.g. gravity loading per volume), the resultant force on the body is

L (B ) =
∫
mΩ

t d� +
∫
Ω

f d+ . (2.42)

The linear momentum of a control volume % ⊆ Ω is

R (B ) :=

∫
%

p d+ =

∫
%

d
.
u d+ . (2.43)

Following Newton’s second law, which states that the rate of change of momentum of

a body is equal to the applied force and that the directions of the applied force and the

change of momentum correspond, the global form of the balance of linear momentum

is

.

R =
d

dB

∫
%

d
.
u d+ =

∫
m%

t d� +
∫
%

f d+ . (2.44)

With the Cauchy theorem (2.30) and the divergence theorem (A.44) it is∫
m%

t d� =

∫
m%

2T · n d� =

∫
%

div(2T) d+ , (2.45)

so (2.44) yields

d

dB

∫
%

d
.
u d+ =

∫
%

div(2T) d+ +
∫
%

f d+ . (2.46)

By inserting the continuity equation (2.40) and with the requirement that (2.46) must be

valid for arbitrary choices of the control volume % , the local form of the linear momentum

balance is derived as

d
..
u = div(2T) + f . (2.47)

The local form of the balance of linear momentum is also known as equation of motion.
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2.1 Fundamentals of continuum mechanics

Balance of angular momentum

The angular momentum (also rotational momentum) of a body of volume Ω is de�ned

as

P (B ) :=

∫
Ω

r (x ) × (d .
u) d+ , (2.48)

with the distance vector r (x ) = x − x ref from a reference point x ref . Subjected to surface

tractions t acting on the outer surface mΩ of the body and volume forces f , the resultant

moment (or resultant torque) on the body is

S (B ) =
∫
mΩ

r (x ) × t (x ) d� +
∫
Ω

r (x ) × f (x ) d+ . (2.49)

By neglecting distributed resulting couples, the global balance of angular momentum of a

control volume % ⊆ Ω is postulated as

.

P =
d

dB

∫
%

r (x ) × (d .
u) d+ =

∫
m%

r × t d� +
∫
%

r × f d+ . (2.50)

It states, that the rate of change of angular momentum is equal to the applied momentum,

and that the direction of momentum change corresponds to the direction of the applied

momentum from an external source. Using the Cauchy theorem (2.30) and the divergence

theorem (A.44) it is∫
m%

r × t d� =

∫
m%

r × (2T · n) d� =

∫
m%

E7 89 @8 f:9 <: e 7 d� =

∫
%

m

mF:

(
E7 89 @8 f:9

)
e 7 d+

=

∫
%

E7 89 X8 : f:9 e 7 + E7 89 @8
mf:9

mF:
e 7 d+ =

∫
%

E .. 2 + r × div(2T) d+ .

(2.51)

The application of the conservation of mass (2.40) on the global balance of angular mo-

mentum (2.50) yields∫
%

r ×
( .
p − f − div(2T)

)
d+ =

∫
%

E .. 2 d+ . (2.52)

Finally, since the balance must hold for an arbitrary control volume % , the local balance

of angular momentum is

r ×
( .
p − f − div(2T)

)
= E .. 2 . (2.53)

By inserting the equation of motion (2.47) one obtains

E .. 2 =


f23 − f32

f31 − f13

f12 − f21

 = 0 , (2.54)
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2 Foundations of solid mechanics

which states the symmetry of the Cauchy stress tensor
5

2 = 2T . (2.55)

Balance of energy

Energy can exist in several forms in a continuum body. The kinetic energy of a body of

volume Ω is

 :=

∫
Ω

1

2

d
.
u · .

u d+ . (2.56)

The sum of all forms of energy stored inside the body is given by the internal energy
6

� :=

∫
Ω

4 d+ , (2.57)

with 4 (x , B ) being the internal energy per unit volume. The rate of work done by stresses

inside the continuum body is called internal stress power and given by

%int :=

∫
mΩ

2 ..

.
YYY d+ . (2.58)

In the case that only mechanical energy exists, it is

.

� = %int. The sum of kinetic and

internal energy is called total energy of the body. The external mechanical power, i.e. the

mechanical energy transport into the body, is

%ext :=

∫
mΩ

t · .
u d� +

∫
Ω

f · .
u d+ (2.59)

and contains terms related to external tractions t acting on the surface of the body mΩ
and volume forces f . In general, there are also non-mechanical (e.g. thermal, chemical,

electric) energy �uxes into the body, which are denoted by& here. With the change of

total energy being equal to the energy transport into the body, the global form of the

energy balance of a control volume % ⊆ Ω is

d

dB

∫
%

1

2

d
.
u · .

u d+ + d

dB

∫
%

4 d+ =

∫
m%

t · .
u d� +

∫
%

f · .
u d+ +& (2.60)

5
The symmetry property of the stress tensor is a consequence of the model assumption, that no distributed

resulting couples in the body exist. In micropolar continua, e.g. for the Cosserat continuum, the symmetry (2.55)

is not ful�lled and might be introduced additionally as constitutive assumption (Altenbach and Eremeyev,

2013).

6
The concept of internal energy has been introduced by Rudolf J.E. Clausius and William J.M. Rankine

(Truesdell, 1980).
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2.1 Fundamentals of continuum mechanics

or, in short notation,

d

dB
( + � ) = %ext +& , (2.61)

also known as the �rst law of thermodynamics. It should be noted, that by considering

only mechanical energy, i.e.& = 0, the energy balance is a consequence of the equation

of motion and no additional postulate. This can be shown by inserting the relation∫
m%

t · .
u d� =

∫
m%

(2T · n) · .
u d� =

∫
%

div(2T · .
u) d+

=

∫
%

div(2T) · .
u + 2T

.. ∇s

.
u︸︷︷︸

=
.
YYY

+2T

.. ∇a

.
u︸    ︷︷    ︸

= 0

d+ (2.62)

into

d

dB
( + � ) =

∫
%

d
..
u · .

u + 2 ..

.
YYY d+

(2.47)

=

∫
%

f · .
u + div(2T) · .

u + 2 ..

.
YYY d+

=

∫
%

f · .
u d+ +

∫
m%

t · .
u d�

(2.59)

= %ext . (2.63)

In case of

.

 = 0, the acceleration is

..
u = 0 and the problem is called quasi-static.

By taking also thermal energy into account (other energies are beyond the scope of this

work), the total heat supply is

& :=

∫
Ω

A\ d+ −
∫
mΩ

q \ · n d� , (2.64)

with the heat supply in the bulk per unit volume A\ (x , B ) and the heat �ux q \ (x , B ) across

the boundary. The last term in (2.64) has a negative sign since the normal vector n points

outward, but heat �ux into the body is assumed to be positive. By using the conservation

of mass (2.40), the global form of the energy balance (2.60) can then be written as∫
%

(d ..
u · .

u + .
4 ) d+ =

∫
m%

t · .
u d� +

∫
%

f · .
u d+ +

∫
%

A\ d+ −
∫
m%

q \ · n d� . (2.65)

Application of the Cauchy theorem (2.30), the divergence theorem (A.40) and the chain

rule gives∫
m%

t · .
u d� =

∫
m%

(2T · n) · .
u d� =

∫
%

div(2 · .
u) d+ =

∫
%

div(2 ) · .
u + 2 ..

.
YYY d+ (2.66)

and ∫
m%

q \ · n d� =

∫
%

div(q \ ) d+ . (2.67)
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The application of the equation of motion (2.47) yields∫
%

(
d

..
u − f − div(2T)

)︸                     ︷︷                     ︸
= 0

· .u d+ +
∫
%

( .
4 − 2 ..

.
YYY − A\ + div(q \ )

)
d+ = 0 (2.68)

Finally, since (2.68) is independent of the choice of% , the local form of the energy balance

.
4 = 2 ..

.
YYY + A\ − div(q \ ) (2.69)

is obtained.

Balance of entropy

While the energy balances (2.65) and (2.69) govern the energy transfer in a thermome-

chanical body, they do not account for the direction of energy transfer. However, as

it can be observed, in many physical processes a certain direction of energy transfer

exists. Focusing on thermomechanical problems, heat always �ows from regions of higher

temperature to regions of lower temperature. Thus, the direction of the thermal energy

�ow is governed by the entropy[e (x , B ). The entropy ( is a thermodynamic state variable

and is often associated with the amount of disorder at the atomic or molecular scale.

Alternatively, it can be seen as a measure of the unavailability of energy to do work. The

rate of change of entropy of a body of volume Ω is

.

( :=
d

dB

∫
Ω

[e d+ =

∫
Ω

@[ d+ +
∫
Ω

A\

\
d+ −

∫
mΩ

q \
\
· n d� (2.70)

with the entropy production @[ . The heat supply A\ and heat �ux are normalized by the ab-

solute temperature \ > 0, a time dependent scalar �eld. The second law of thermodynamics
states, that the total production of entropy∫

%

@[ d+ =
d

dB

∫
%

[e d+ −
∫
%

A\

\
d+ +

∫
m%

q \
\
· n d� ≥ 0 (2.71)

must be non-negative. It is also known as the Clausius-Duhem inequality. By applying the

Gauss’s divergence theorem (A.40) in combination with the product rule (A.45), i.e.∫
m%

q \
\
· n d� =

∫
%

div

(q \
\

)
d+ =

∫
%

1

\
div(q \ ) d+ −

∫
%

1

\ 2
∇\ · q \ d+ , (2.72)

and due to the arbitrary choice of the control volume % , the local form of (2.71) is

@[ =
.
[

e
− A\
\
+ 1

\
div(q \ ) −

1

\ 2
∇\ · q \ ≥ 0 . (2.73)
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The heat supply term in (2.71) is eliminated either by using the energy balance (2.61) in

conjunction with the de�nition of the total heat supply (2.64) to reveal the dissipation

inequality

Ddiss := %ext +
∫
%

\
.
[

e
d+ −

∫
%

1

\
∇\ · q \ d+ − d

dB
( + � ) ≥ 0 (2.74)

or by using (2.68), which results in the equivalent expression

Ddiss :=

∫
%

\
.
[

e
− ( .4 − 2 ..

.
YYY) d+ −

∫
%

1

\
∇\ · q \ d+ ≥ 0 , (2.75)

consisting of a local and a non-local term. By introducing the Helmholtz free energy

k := 4 − \ [e (2.76)

(per unit volume) with

.
k =

.
4 −

.

\ [e − \
.
[

e
, it is

Ddiss :=

∫
%

.

\ [e −k + 2 ..

.
YYY d+ −

∫
%

1

\
∇\ · q \ d+ ≥ 0 . (2.77)

The dissipation inequality must hold for the local (Clausius-Planck inequality) and non-

local term (heat conduction inequality) independently, i.e.∫
%

2 ..

.
YYY − (k +

.

\ [e) d+ ≥ 0 and −
∫
%

1

\
∇\ · q \ d+ ≥ 0 . (2.78)

While the heat conduction inequality can be satis�ed by an adequate choice of the re-

lation between the heat �ux q \ and the temperature gradient ∇\ , e.g. by the Fourier

law q \ = −^∇\ with the heat conductivity ^ > 0, the local term is often used to derive

restrictions on the constitutive relation. Its local form gives the internal dissipation or

local production of entropy

Dint := 2 ..

.
YYY −k +

.

\ [e ≥ 0 . (2.79)

2.1.3 Constitutive relations

The preceding section yields a number of universal equations to describe the thermo-

mechanical behavior of continuum bodies. To illustrate the necessity of additional equa-

tions, we focus on isothermal problems, which contain 15 unknowns: the displacement

�eld u (x , B ), the strain �eld YYY (x , B ) and the stress �eld 2 (x , B ). On the other hand, the

kinematic relation (2.17) yields six equations. With the equation of motion (2.47) there

are three more equations available to determine the unknowns. Note, that the density

23
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is constant because of the assumption of small deformations (2.16). Thus the mass bal-

ance (2.40) does not provide an additional equation. The momentum balance provides the

symmetry of the stress tensor (2.55) as already used above. According to (2.63) the energy

balance (2.69) does not provide any additional information. Thus six additional equations

are required, which describe the speci�c material behavior by giving the relations between

stresses and strains.

In general, there are di�erent classes of material behavior such as elastic, plastic, rate-

dependent (viscous) or damaging behavior and di�erent combinations thereof. Elasticity,

for instance, is governed by reversibility of strain energy. Consequently, the stress is only

a function of strain without taking into account, e.g., the history of strain application.

The speci�c relations usually depend on experimental observations and idealize the real

material behavior so that it can be represented mathematically by so-called constitutive
relations. However, they have to ful�ll some restrictions, e.g. those provided by the second

law of thermodynamics (2.79).

With the assumption of thermoelastic material, described by the Helmholtz free en-

ergyk (YYY, \ ) depending on the strain �eld YYY and the absolute temperature \ , the Clausius-

Planck inequality is (
2 − mk

mYYY

)

.. YYY +
(
[e −

mk

m\

)
\ ≥ 0 . (2.80)

It implies the constitutive relations

2 :=
mk

mYYY
and [e :=

mk

m\
, (2.81)

where the �rst equation yields the relation between stresses and strains depending on the

choice of the potential k .

In the following, only elastic material behavior (at isothermal conditions

.

\ = 0) is discussed,

which serves as the basis for brittle damage description. The speci�c choice of a quadratic

free energy function

k =
1

2

YYY .. C .. YYY (2.82)

provides, by using relation (2.81), stresses

2 = C .. YYY (2.83)

linearly depending on the in�nitesimal strain tensor. This choice is known as the linear

elastic constitutive law and represents Hooke’s law of elasticity. The sti�ness tensor (or

elasticity tensor) C = �7 89: e 7 ⊗ e 8 ⊗ e9 ⊗ e : is of fourth order and contains only constant

(material speci�c) parameters. Due to the symmetry of stresses and strains, the elasticity

tensor possesses left and right subsymmetries (regarding the �rst two and last two indices),

also called left and right minor symmetry. By assuming the existence of a strain energy
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2.1 Fundamentals of continuum mechanics

density (as already used above) the elasticity tensor also possesses a main/major symmetry,

i.e.

�7 89: = �9:7 8 = � 8 79: = �7 8 :9 . (2.84)

To obtain non-negative strain energies for all deformations the elasticity tensor must be

positive de�nite, which means, that all eigenvalues of C have to be positive. As a conse-

quence of the symmetries, the number of di�erent possible elasticity tensor components in

the three-dimensional case is reduced from 3
4 = 81 to 21 for the most general anisotropic

case. For the isotropic case, i.e. the material behavior in all directions is identical, the

number of material parameters reduces to two. In terms of the Lamé constants _ ∈ R
and ` > 0 the elasticity tensor reads

�7 89: = _ X7 8 X9: + ` (X79 X8 : + X7: X89 ) (2.85)

or, by using the second order identity tensor (A.6) and symmetric fourth order identity

tensor (A.21),

C = _ O ⊗ O + 2` Isym . (2.86)

By using its spectral decomposition, see (A.26), the eigenvalues of the isotropic sti�ness

tensor are

_1 = 3_ + 2` and _2...6 = 2` , (2.87)

with the �rst principal direction represented by T 1 = 1/
√

3 O (all others are perpendicular

to this one). The inverse relation of the sti�ness tensor is the compliance tensor

(7 89: := (�7 89: )−1 =
1

`
(X79 X8 : + X7: X89 ) −

_

2` (3_ + 2`) X7 8 X9: (2.88)

or, by using (A.6) and (A.21),

S := C−1 =
2

`
Isym −

_

2` (3_ + 2`) O ⊗ O , (2.89)

which possesses the same symmetry restrictions. Alternative representations of the

elasticity tensor are, by using Young’s modulus � > 0 and Poisson’s ratio −1 < a < 1/2
(materials with a < 0 are called auxetics and are out of the scope of this work),

C =
� a

(1 + a) (1 − 2a) O ⊗ O +
�

1 + a Isym (2.90)

or, by using the bulk modulus

 := _ + 2

3

` =
�

3(1 − 2a) > 0 (2.91)

and the shear modulus� := ` > 0,

C =  O ⊗ O + 2�

(
Isym −

1

3

O ⊗ O
)

. (2.92)
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2.1.4 Variational principles

The solution of mechanical problems as illustrated in Fig. 2.4 is governed by three re-

lations, the equation of motion (2.47) with a given volume force f (x , B ), the kinematic

relations (2.17) and a constitutive law, e.g., the linear elastic law (2.83). As already men-

tioned earlier, these �eld equations are valid for any arbitrary control volume % ⊆ Ω in

the continuum body Ω. Since strains and stresses are given by kinematic relations and

a constitutive law, the displacement vector �eld u (x , B ) is the only unknown. On the

surface of the body mΩ, either displacements

u (xu, B ) = ū (xu, B ) for xu ∈ mΩu (2.93)

or tractions

t (x t, B ) = 2T · n = t̄ (x t, B ) for x t ∈ mΩt , (2.94)

with the outer normal vectorn , have to be given. Note, that the boundary conditions are de-

�ned on disjoint parts of the surface, i.e. mΩu ∪ mΩt = mΩ and mΩu ∩ mΩt = ∅. Commonly,

for the type of mechanical problems as given above, displacement boundary conditions

are also called Dirichlet boundary conditions or essential/kinematic boundary conditions,

while traction boundary conditions are also called von Neumann boundary conditions.

External constraints like (2.93) are called holonomic, in the case they are given by an

inequality, they are called nonholonomic (Holzapfel, 2000).

Ω

mΩu

mΩt

n

ū (xu, B )

t̄ (x t, B )

f (x , B )

Γ

Figure 2.4: Elastic body with displacement boundary conditions on mΩu and traction boundary conditions mΩt.

Due to the presence of time derivatives in (2.47), also initial conditions for the displacement

�eld u (x , B =0) = u0 (x ) and the velocity �eld

.
u (x , B =0) = .

u0 (x ) must be given. Note,

that for compatibility reasons, the initial conditions on the displacement boundary must

be ū (xu, B =0) = u0 (xu) and

.

ū (xu, B =0) = .
u0 (xu). The �eld equations in conjunction

with the boundary conditions and initial conditions are the strong form of the initial

boundary-value problem (IBVP). If the problem is independent of time, it is called to be

static and no initial conditions are required. In this case, the �eld equations in conjunction

with the boundary conditions are the strong form of the boundary-value problem (BVP).

Analytical solutions of the (in general) non-linear, partial di�erential equations are only

found for some simple initial boundary value problems. In all other cases, numerical
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2.1 Fundamentals of continuum mechanics

techniques, such as the �nite element method (FEM), can be used to approximate the

solution. Numerical solution techniques are often based on the weak form of the governing

equations, which is introduced in the following. Note, that the existence of an unique

solution cannot be guaranteed for non-linear problems.

The �rst variation of the displacement �eld (at a �xed instant of time) is

Xu := (u + nw ) − u = nw , (2.95)

with a scalar parameter of in�nitesimal size n → 0 and an arbitrary vector �eld w . Also

referred as to virtual displacement �eld, Xu is only virtual (no real displacement) and

independent of the displacement vector u . The �rst variation of a smooth function � (u)
depending only on the displacement is obtained by using the Gâteaux derivative (A.39),

i.e.

X� (u , Xu) = �Xu� (u) =
d

dn
� (u + n Xu)

����
n=0

. (2.96)

Principle of virtual work

In the following, the initial boundary value problem introduced at the beginning of this

section, see Fig. 2.4, is regarded. By multiplying the strong form, i.e. the equation of

motion (2.47), with an vector-valued smooth �eld(
u
(x , B ) and integrating over the whole

domain of the body Ω, the scalar-valued function

5 (u ,(
u
) =

∫
Ω

(
d

..
u − div(2T) − f

)
·(

u
d+ = 0 (2.97)

is obtained, which must vanish. The test function (
u

is arbitrary, but must vanish at the

Dirichlet boundary mΩu, i.e. (
u
(xu, B ) = 0. Application of the product rule (A.47) and the

divergence theorem (A.44) yields

5 (u ,(
u
) =

∫
Ω

[
d

..
u ·(

u
+ 2 .. ∇(u

− f ·(
u

]
d+ −

∫
mΩt

t ·(
u

d� = 0 . (2.98)

Equation (2.98), together with the boundary conditions (2.93) and (2.94) and the slightly

modi�ed initial displacement condition∫
Ω

u (x , B =0) ·(
u

d+ =

∫
Ω

u0 (x ) ·(u
d+ (2.99)

and initial velocity condition∫
Ω

.
u (x , B =0) ·(

u
d+ =

∫
Ω

.
u0 (x ) ·(u

d+ , (2.100)
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2 Foundations of solid mechanics

are the variational form or weak form of the initial boundary value problem. Since the

test function is arbitrary, the equations in the weak form (2.98) and strong form (2.47) are

identical. Accordingly, also their solutions are equal as discussed, e.g., by Hughes (1987).

By replacing the arbitrary test function(
u

in (2.98) with the virtual displacement �eld Xu ,

i.e.

5 (u , Xu) =
∫
Ω

d
..
u · Xu d+ +

∫
Ω

2 .. XYYY d+

︸           ︷︷           ︸
=: X,int

−
[ ∫
Ω

f · Xu d+ +
∫
mΩt

t · Xu d�

]
︸                                    ︷︷                                    ︸

=: X,ext

= 0 ,

(2.101)

the principle of virtual work
7

(or principle of virtual displacement) is obtained. The virtual

displacement �eld Xu must be kinematically admissible, i.e. Xu (xu, B ) = 0. For vanishing

accelerations (

..
u = 0) it states, that the external virtual work X,ext equals the internal

virtual work X,int. To be more precise, the external virtual work X,ext contains the total

amount work done by the body force f and the surface traction t if they are subjected to

a virtual displacement Xu . The internal virtual work X,int represents the total amount of

virtual stress work 2 .. XYYY done by a �xed stress 2 if it is subjected to a virtual strain XYYY . It

should be noted, that the principle of virtual work is not based on further assumptions, e.g.

conservative loads or the existence of a potential. Thus it is applicable to many problems,

including problems of friction and inelastic materials.

Principle of stationary potential energy

By assuming a conservative mechanical system, i.e. the existence of energy functionals

for both the internal potential

Πint (u) =
∫
Ω

k (YYY) d+ (2.102)

and the external potential

Πext (u) = −
∫
Ω

f · u d+ −
∫
mΩ

t · u d� , (2.103)

the total potential energy of the system in static equilibrium is Π = Πint (u) + Πext (u). It

contains the strain energy functionk (YYY) as introduced in (2.82), which describes the elastic

energy stored in the body. Both the body force f and the traction t are assumed to be

“dead” loads, i.e. independent of u . The equilibrium state is obtained for the displacement

7
One should not be confused with the principle of virtual forces or the principle of complementary virtual

work, which is based on the variation of forces (and stresses) instead of displacements (and strains), as used

here.
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2.1 Fundamentals of continuum mechanics

�eld, for which the total potential energy Π is stationary. For this purpose, the directional

derivative as introduced in (2.96) is applied to the total potential energy, i.e.

XΠ(u , Xu) = �XuΠ(u) =
d

dn
Π(u + n Xu)

����
n=0

= 0 , (2.104)

and must vanish in all directions Xu . This is known as the principle of stationary potential
energy. For elastic problems, the solution obtained by (2.104) typically yields the state of

minimum potential energy.

Three-�eld variational principle

Instead of using the kinematic relations (2.17) and a constitutive law to obtain the strain

and stress �eld as function of an unknown displacement �eld u , these relations can

be incorporated by separate variations, similar to the solution of the equilibrium by

the principle of virtual work. Thus, the displacements u , strains YYY and stresses 2 are

independent unknowns. This so-called three-�eld variational principle dates back to the

works of Hai-Chang (1954) and Washizu (1955) and is a generalization of the principle of

virtual work. The Hu-Washizu functional is

XΠHW (u , YYY,2 ) =
∫
Ω

k (YYY) + 2 .. (∇su − YYY) d+ −
∫
Ω

b · u d+ −
∫
mΩ

t · u d� . (2.105)

By applying the directional derivative (A.39), three independent equations are obtained,

which represent the constitutive relation

�XYYYΠ
HW (u , YYY,2 ) =

∫
Ω

(
2 − mk (YYY)

mYYY

)

.. XYYY d+ = 0 , (2.106)

the kinematic relation

�X2Π
HW (u , YYY,2 ) =

∫
Ω

(YYY − ∇su) .. X2 d+ = 0 (2.107)

and the (weak form of the) static equilibrium

�XuΠ
HW (u , YYY,2 ) =

∫
Ω

2 .. X (∇su) − f · Xu d+ −
∫
mΩ

t · Xu d� = 0 . (2.108)

Commonly, by applying appropriate assumptions and using static condensation, the

expressions can be reduced to a problem which, again, depends only on the unknown

displacements. For more details, see e.g. Washizu (1975).
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2 Foundations of solid mechanics

Hamilton’s principle

Hamilton’s principle
8

of stationary action states, that the evolution of a discrete mechan-

ical system, which is described in terms of a �nite number of generalized coordinates

q = {?1, ?2 . . . ?< }, between two states at speci�ed instants of time B1 and B2 is a stationary

point of the action functional

� =

B2∫
B1

!
(
q (B ), .

q (B )
)

dB = stat. , (2.109)

with ! =  ( .q ) −+ (q ) being the Lagrangian of the system including the kinetic en-

ergy  ( .q ) and the potential energy+ (q ). For its application to continuum bodies, we

follow the concept described by Bedford (1985). The de�nition of an admissible mo-

tion ? (x , B ) is introduced as well as the corresponding comparison motion

?∗ (x , B , n) := ? (x , B ) + n [q (x , B ) , (2.110)

with n being a scalar parameter. The scalar �eld [q vanishes on the Dirichlet boundary.

In addition [q (x , B = B1) = 0 and [q (x , B = B2) = 0 must hold. The kinetic and potential

energy in a continuum body can then be considered to be functions of multiple comparison

motions ?∗
7

and their spatial and time derivatives, i.e.

 ∗ (n) =  (?∗
1
, ?∗

2
, . . . ,∇?∗

1
,∇?∗

2
, . . . ,

.
?
∗
1
,
.
?
∗
2
, . . . ) (2.111)

and

Π∗ (n) = Π∗
int
(n) + Π∗

ext
(n)

= Π(?∗
1
, ?∗

2
, . . . ,∇?∗

1
,∇?∗

2
, . . . ,

.
?
∗
1
,
.
?
∗
2
, . . . ) . (2.112)

Since the expressions based on comparison motions approach the solution for n → 0, the

variational operator (A.38) is introduced to determine

X =
m ∗

mn

����
n=0

and XΠ =
mΠ∗

mn

����
n=0

. (2.113)

Although the principle is only applicable to conservative systems, it is common practice (e.g.

Bedford, 1985) to include also non-conservative generalized forces& , which are assumed

to be work-conjugate to ? . Accordingly, their virtual work is

X, = & X? . (2.114)

8
In analogy to Fermat’s principle (Born, 1980), that light traveling between two points will follow the path that

requires the least time, Hamilton (1834; 1835) formulated a theory for dynamic systems consisting of particles.
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The extended principle for an elastic material states (Bedford, 1985): “among admissible

comparison motions, the actual motion of the material is such that”

B2∫
B1

(
X ( − Π)︸    ︷︷    ︸

=: !

+X,
)
dB = 0 . (2.115)

The functional

! =

∫
Ω

L(?1, ?2, . . . ) d+ =  − Π (2.116)

is called Lagrangian and includes the Lagrangian density L, which depends on admissible

�elds ?7 . In addition, Bedford (1985) extends the fundamental lemma of variational calculus

as follows:

“Lemma1: LetW be an inner product space, and consider a� 0
�eld f : Ω × [B1, B2] →W.

If the equation

B2∫
B1

∫
Ω

f ·w d+ dB = 0 (2.117)

holds for every �∞ �eld w : Ω × [B1, B2] →W that vanishes at time B1, at time B2, and

on mΩ, then f = 0 on Ω × [B1, B2].”

“Lemma 2: Suppose that mΩ consists of complementary regular subsurfaces mΩ1 and mΩ2.

LetW be an inner product space, and consider a function f : Ω2 × [B1, B2] →W that is

piecewise regular and continuous in time. If the equation

B2∫
B1

∫
mΩ2

f ·w d+ dB = 0 (2.118)

holds for every �∞ �eld w : Ω × [B1, B2] →W that vanishes at time B1, at time B2, and

on mΩ1, then f = 0 on mΩ2 × [B1, B2].”

Hamilton’s principle is also known as principle of least action and can be seen as a

generalization of the principle of stationary potential energy (2.104) to continuum dy-

namics. As demonstrated, e.g. by Willner (2003), previous results like the Hu-Washizu

functional (2.105) can be applied to dynamic problems in continuum mechanics by using

Hamilton’s principle, i.e.

�HW =

B2∫
B1

( − Π�, ) dB = stat. (2.119)
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2.1.5 Linear elastodynamics

The governing equations of linear elastodynamics are analyzed by following the compre-

hensive textbook of Ravi-Chandar (2004). Substitution of the kinematic relations (2.17)

and the elasticity law (2.83) in the equation of motion (2.47), see (A.51), yields a hyperbolic

system of three partial di�erential equations

d
..
u = (_ + `) ∇(divu) + ` Δu + f . (2.120)

This set of equations, also known as Navier equations, provides the basic equations of

linear elastodynamics. It depends only on the displacement �eld, but contains deriva-

tives of high order. By neglecting body forces (f = 0) and making use of the iden-

tity ∇(divu) − Δu = curl(curlu), see (A.52), it is

..
u =

_ + 2`

d
∇(divu) + `

d

(
Δu − ∇(divu)

)
(A.53)

=
_ + 2`

d
∇(divu) − `

d
curl(curlu) . (2.121)

Application of the divergence operator on (2.121) with (A.36) extracts the equation for

irrotational deformation (curlu = 0)

d
2

dB 2
(divu) = 2 2

d
Δ(divu) , (2.122)

while the application of the curl operator on (2.121) with (A.37) extracts the equation for

equivoluminal deformations (divu = 0)

d
2

dB 2
(curlu) = 2 2

s
Δ(curlu) . (2.123)

Both relations are known as the Helmholtz wave equations. Alternatively, by introducing

the auxiliary functions q L (x , B ) and 7
L
(x , B ) according to

u = ∇q L + curl7
L

(2.124)

and div7
L
= 0, one obtains the wave equations

..

q
L
= 2 2

d
Δq L and

..
7

L
= 2 2

s
Δ7

L
, (2.125)

also known as Lamé’s solution. Note, that divu = Δq L − 0 and curlu = 0 − curl(curl7
L
).

The Lamé potentials q L and 7
L

correspond to the dilatational wave and shear waves,

respectively. For plane strain problems, e.g. with C3 = 0, k L 1 = k L 2 = 0, the second

relation in (2.125) is simpli�ed to 2 2

s
k L 3,7 7 =

..
k

L 3
.

The coe�cients 2d and 2s consist of material parameters only and can be identi�ed as the

speed of dilatational (longitudinal) waves

2d =

√
_ + 2`

d
=

√
� (1 − a)

d (1 + a) (1 − 2a) (2.126)
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and the speed of shear (distortional, transversal, equivoluminal) waves

2s =

√
`

d
=

√
�

2d (1 + a) . (2.127)

In silica glass, for instance, the wave speeds are about 2d = 5500 m/s and 2s = 3300 m/s

(Ravi-Chandar, 2004). It is interesting to note that the ratio

2s

2

2d

2
=

`

_ + 2`
=

1 − 2a

2(1 − a) < 1 (2.128)

depends only on Poisson’s ratio a . Typically, dilatational waves are about two-times faster

than shear waves, especially in brittle materials. In seismology, these waves are called

primary and secondary waves due to their order of occurrence to an observer.

Dilatational and distortional waves exist inside a solid body. At surfaces or at discontinu-

ities inside the body, these waves are re�ected or partially re�ected, so that the boundary

conditions are ful�lled at any time. A dilatational wave, for instance, is re�ected at a

boundary with �xed displacements with a change of sign. On surfaces, however, a third

form of waves exists, discovered by Rayleigh. They travel only along the free surface and

decay rapidly in the body with increasing distance to the surface. Regarding fracture me-

chanics, they play a crucial role, since fracture creates new surfaces. First, a semi-in�nite

body occupying the upper half space with F2 = 0 being a traction-free surface under plane

strain conditions is regarded. For a wave traveling along the F1-direction the only solution

is, see e.g. Ravi-Chandar (2004),

q L = � exp(−U F2) cos[9 (F1 − 2R B )] (2.129)

and

k L 3 = � exp(−V F2) cos[9 (F1 − 2R B )] , (2.130)

with the wave number 9 and the unknown Rayleigh wave speed 2R. For this particular

case, the Rayleigh function governs the Rayleigh wave speed with

' (2R) = 4

√
1 −

(
2R/2d

)
2

√
1 −

(
2R/2s

)
2 −

(
2 −

(
2R/2s

)
2

)
2

= 0 , (2.131)

which has only one real root in the speed range 0 < 2R < 2s (Achenbach, 1973). As the

Poisson’s ratio a varies from 0 to 0.5, the Rayleigh wave speed 2R increases monotonically

from about 0.8740 2s to 0.9553 2s and is clearly below 2s. The early approximation of the

solution

2R ≈
0.87 + 1.12a

1 + a 2s (2.132)

proposed by Bergmann (1948) is only accurate for a ≥ 0. A polynomial curve �t of data

in the range a ∈ (−1, 0.5) in a least-squares sense provides the more accurate solution

2R ≈
1

1000

(873 + 192a − 35a2 − 43a3) 2s . (2.133)
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2.2 Fundamentals of fracture and damage mechanics

Fracture, in general, describes the separation of a solid body by introducing or extending

crack surfaces within the body domain. From a mechanical point of view, a crack typically

leads to discontinuous mechanical �elds across the crack. Brittle fracture is a sudden

process with (almost) no inelastic deformation before separation starts whereas ductile

fracture occurs after notable inelastic deformations. Some failure hypotheses, based

on simple stress or strain states (before failure), are discussed in Sect. 2.2.1. Classical

fracture mechanics, by contrast, presumes macroscopic cracks causing discontinuous

mechanical �elds. Additionally, the crack front/tip leads to singular �elds where the

application of classical failure criteria fails. Moreover, the creation of new cracks cannot be

predicted. In case of linear elastic material behavior and further assumptions discussed in

Sect. 2.2.2 a number of fracture criteria are presented (Sect. 2.2.3-Sect. 2.2.5). A continuous

separation is modeled by cohesive fracture models, as introduced in Sect. 2.2.7. By contrast,

damage mechanics as discussed in Sect. 2.2.8 is a rather general expression which describes

the ongoing change of material behavior due to the initiation and evolution of voids

and microcracks usually leading to loss of load carrying ability on the macroscopic

scale. The formulation of damage approaches can be strongly motivated by microscopic

mechanisms, but can also be of phenomenological nature. If a damage mechanics approach

leads to the situation that the material looses all strength localized on a plane (in 3D) or

line (2D) the overall mechanical behavior is similar to a discrete crack. In this case, the

continuous material degradation up to total failure can be used to model crack initiation.

Following the comprehensive books on fracture (Gross and Seelig, 2011) and damage

mechanics (Kachanov, 1986; Lemaitre and Desmorat, 2005; Murakami, 2012), a short

introduction of some de�nitions and the basic concepts is provided in the following.

2.2.1 Failure hypotheses

Failure hypotheses are a concept to quantify the onset of non-elastic e�ects like plastic

deformations or material failure. They characterize a limit state, at which the material

behavior typically changes signi�cantly. Strength hypotheses are motivated by experi-

mental observations and can be used to estimate failure loads for simple loading scenarios.

Corresponding material parameters are the tensile, compressive or yield strength, but

also the failure strain. It should, however, be noted, that the onset of failure does not only

depend on the material parameters but also on the loading conditions. While, e.g, for

plastic deformations it is well known that hydrostatic stresses often do not lead to inelastic

states, brittle materials are essentially in�uenced by these stresses. By assuming that

the current material state can be characterized by a simple function of the current stress

state (and does not depend, e.g. on the loading history) a classical strength hypothesis is

formulated according to

� (2 ) = 0 . (2.134)
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2.2 Fundamentals of fracture and damage mechanics

Here, � (2 ) is interpreted as a failure surface in the six-dimensional stress space or three-

dimensional principal stress space. Alternatively, failure criteria can also be formulated in

the strain space.

Failure criterion

Among the in�nite number of possible failure criteria, simple failure criteria are the prin-

cipal stress hypothesis, the principal strain hypothesis, and the strain energy hypothesis.

Yield criteria, such as the von Mises or Tresca condition, and more advanced failure

criteria, like the Coulomb-Mohr or Drucker-Prager hypotheses, which are mainly used

to describe failure of granular or geological materials subjected to compression, and the

Johnson-Cook criterion (Johnson and Cook, 1985), which describes ductile failure after

pronounced plastic deformation, are out of the scope of this work.

According to the principal stress hypothesis

� (2 ) = max

{
f1 − ft, −f3 − fc

}
= 0 (2.135)

(by assuming f1 ≥ f2 ≥ f3), failure is expected if the maximum principal stress reaches

the material tensile strength ft > 0 or the minimum principal stress reaches the (negative)

compressive strength fc > 0. This criterion, however, neglects the in�uence of the other

stress components.

The principal strain hypothesis postulates that failure occurs if the maximum principal

strain reaches a critical value Ycrit > 0. Assuming linear elastic behavior prior to failure,

the failure criterion might be related to the tensile strength ft = � Ycrit. The corresponding

failure criterion reads

� (2 ) = max

{
f1 − a (f2 + f3), f2 − a (f1 + f3), f3 − a (f1 + f2)

}
− ft = 0 . (2.136)

For hydrostatic loading (f = f1 = f2 = f3), in case of tension the criterion predicts failure

for f = ft/(1 − 2a), in case of compression no failure is predicted. In case of uniaxial

compression, however, the criterion predicts failure for f3 = ft/a which is not in line

with experimental �ndings (Gross and Seelig, 2011).

According to the strain energy hypothesis, failure is expected if the strain energy reaches a

critical value Yt. In case of linear elastic behavior prior to failure, the critical strain energy

might be related to the tensile strength ft with kt = f
2

t
/(2� ). By using the stress (2.83)

the failure criterion reads

� (2 ) = (1 + a)
(
(f1 − f2)2 + (f2 − f3)2 + (f1 − f3)2

)
+ (1 − 2a) (f1 + f2 + f3)2 − 3f2

2 = 0 . (2.137)

Due to the presence of tr(2 )2 failure is predicted for hydrostatic compression which

contradicts experimental �ndings.
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Simple hypotheses, as given above, typically fail regarding some speci�c loading conditions.

In case of extensive experimental data, more advanced criteria can be formulated. However,

failure and strength hypotheses can only be applied to continuum problems which are

not in�uenced by macroscopic defects like cracks.

Failure kinematics

The failure criterion determines the load state when failure occurs. In addition, failure is

usually associated with speci�c deformations, e.g. plastic yielding or creation of fracture

surfaces, and only takes place, if the deformations are kinematically admissible. Failure

kinematics might be introduced by physically meaningful assumption based on exper-

imental results. The creation of fracture surfaces, i.e. the separation of material within

speci�c planes, and the corresponding kinematics can only be determined for some simple

scenarios, where usually both the material behavior and the loading play a role. If fracture

is dominated by normal stresses, the normal of the fracture surface coincides with the

maximum principle (tensile) stress, as depicted by Fig. 2.5a. In other cases, the fracture

surface is aligned with the direction of critical shear stresses, see Fig. 2.5b, but also mixed

forms can occur.

a)

f1
f1

n
b)

f1g

n

Figure 2.5: Creation of a fracture surface a) perpendicular to the maximum principle tensile stress, b) aligned

with the direction of a critical shear stress.

2.2.2 Linear elastic fracture mechancis

In fracture mechanics, the in�uence of a crack and its growth are analyzed based on

macroscopic (continuum) quantities only. Neither microscopic aspects, like the breaking

of atomic bonds and the associated energies, nor defects on the mesoscale are considered.

Instead a crack is regarded as a (perfect) cut in a continuous body. The crack’s dimension

is one dimension lower than the dimension of the body. Regarding a three-dimensional

structure the crack introduces a surface with opposite crack �anks or crack faces which

end at the crack front as depicted in Fig. 2.6a. In a two-dimensional problem the crack

forms a line with opposite sides, also denoted as crack faces, which end at the crack

tip (Fig. 2.6b). All fracture processes which cannot be described in terms of continuum

mechanics, such as bond breaking, are comprised in a process zone, which encloses the

crack front or crack tip. To be able to apply a continuum description (using the relations
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provided in Sect. 2.1), so that fracture depends only on macroscopic quantities like strain,

stress and strain energy, the size of the process zone must be negligibly small compared to

all characteristic dimensions of the body (including the size of the crack). For pre-existing

macroscopic cracks, this is ful�lled in many brittle materials, such as glass. Since the crack

is treated as a perfect separation and no external forces are applied at the crack, the crack

�anks are assumed to be traction-free. Obviously, this is only valid for an open crack, i.e.

there is no contact between closed crack faces.

a)

F

G

H

crack flanks

crack front

b)

F

G @

i

crack tip

crack

Figure 2.6: a) Crack in a three-dimensional body, b) local polar coordinate system (in 2D) at the crack tip.

The loading of cracks is typically classi�ed according to their opening mode. It was Irwin

(1957), who found that any load state on a crack can be decomposed into three indepen-

dent modes as depicted in Fig. 2.7. The �rst type, mode I, describes symmetric crack

opening with (positive) separation of the crack faces perpendicular to the crack plane

(“tensile opening”). Mode II denotes an antisymmetric separation of the crack faces in

the crack plane normal to the crack front (“in-plane shear”). Mode III is characterized by

an antisymmetric separation in the crack plane parallel to the crack front (“out-of-plane

shear” or “anti-plane shear”).

mode I mode II mode III

tensile opening in-plane shear out-of-plane shear

FFF

GGG

HHH

Figure 2.7: Crack opening modes as introduced by Irwin (1957).

As already mentioned, brittle fracture is characterized by almost no inelastic deformation

before fracture occurs. For linear elastic fracture, i.e. the material in the entire region of the

body is assumed to behave linear elastic prior to fracture, inelastic processes are restricted

to a negligibly small region at the crack tip. Also plastic deformations, which occur for

37



2 Foundations of solid mechanics

high loads in real materials and blunt the crack tip, are assumed to be limited to a small

region. This e�ect is known as small scale yielding. Consequently, stresses and strains

outside the process zone are analyzed by using linear-elastic relations in order to gain

some insight into the mechanical behavior at the crack tip. In addition, due to the linearity

of the problem solutions can be obtained by superposition of multiple sub-solutions.

2.2.3 Stress intensity factors and K-concept

Investigation of the linear elastic strain and stress distribution in the vicinity of a stationary

crack tip leads to the so-called crack-tip �eld. Without going into details, some relevant

�ndings are summarized. The local concentration of stresses at the vertices of an elliptic

hole (with the major and minor axes 20 and 21) in an in�nite plate was investigated

by Inglis (1913)
9
. Subjected to an uniaxial (tensile) stress f∞ normal to the major axis at

in�nity the maximum stress at the vertex is fmax = f∞ (1 + 20/1). While for a circular

hole (with 0 =1 ) the well-known solution is fmax = 3f∞ the extreme limit of increasing

eccentricity
10 1/0 → 0 results in a �ne straight crack where the maximum stress becomes

singular, i.e. fmax →∞. The application of a strength hypothesis, e.g. the principal stress

hypothesis (2.135), predicts that even a very small tensile load would start crack growth

and tear the material apart. More powerful and elegant than the analysis of an ellipse (in

elliptical coordinates) is the direct application of the complex variable technique
11

to a

straight crack (in Cartesian coordinates) as done by Westergaard (1939).

Stress intensity factors

By introducing a local polar coordinate system (with the radial coordinate @ and the polar

angle i measured relative to a straight crack extension) at the crack tip according to

Fig. 2.6b one observes that the complex stress �eld and displacement �eld are dominated

by a singular expression as @ approaches zero. Additionally, inspired by the results

obtained by Sneddon (1946b) and Williams (1952)
12

, it was Irwin (1957) who showed that

the magnitude of the singular stress �eld is only controlled by three independent stress

9
Wieghardt (1907) discussed the problem of �nding the linear elastic stress �eld in a wedge-shaped domain

loaded by concentrated forces. He �rstly observed the essential factorization of stress �elds into radial terms

and angular functions and demonstrated the square-root singularity of stress components at the crack tip, see

the historical overview written by Rossmanith (1995). However, his �ndings did not expand into a fracture

concept.

10
To be precise, the eccentricity of an ellipse is the ratio of the distance between center and focus and the

distance between center and vertex, i.e. 4 =
√

1 − (1/0)2 with 4 ∈ [0, 1].
11

The analytic solution of any planar elastic problem can be obtained by two complex functions Φ(H) and Ψ(H)
where stress and displacement �eld are considered to be functions a of complex variable H = @ exp(7 i ) or its

conjugate H̄ = @ exp(−7 i ) . By means of Kolosov’s formulas (Kolosov, 1909), these functions can be simply

applied to problems in Cartesian (or polar) coordinates.

12
Williams (1952) used the Airy stress function to derive the linear elastic stress distribution in the vicinity of a

notch. He showed that the degree of the stress singularity depends on the notch opening angle.
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intensity factors  I,  II and  III

13
. They normalize the singular stress �eld, depend on the

sample geometry (including the crack length) and the applied load and can be obtained

by complex analyses or found in the literature (e.g. Tada et al., 2000). Thus, the stress of

the crack-tip (near) �eld is given by

f7 8 (@ , i ) =
1

√
2c @

(
 I f̂7 8 (i ) +  II f̂7 8 (i ) +  III f̂7 8 (i )

)
(2.138)

where f̂7 8 are (dimensionless) angular distributions describing the spatial variation of

the stress �eld only depending on the polar angle i , but independent of external loads

and the geometry. Explicit representations of the stress functions (2.138) as well as the

displacement and strain �eld are provided in App. A.8. They are assumed to be valid in

a region around the crack tip (also called  -determined �eld) which is larger than the

process zone, but much smaller than the characteristic dimensions of the problem, i.e. for

a radius @ � min{0, !} with the crack length 0 and the characteristic body size ! .

K-concept

Since stress intensity factors fully represent the loading at the crack tip, crack propagation

is assumed if a critical material value is reached, the so-called  -concept. For a pure

mode I loading scenario, i.e. applied tension perpendicular to the crack plane, the criterion

is

 I =  Ic (2.139)

where  Ic is the fracture toughness of the material and has to be determined experimen-

tally
14

. In case of pure mode II or mode III loading fracture criteria can be formulated

accordingly, i.e.

 II =  IIc or  III =  IIIc . (2.140)

While this concept is easily applicable to a wide class of problems, two issues should be

mentioned. First, in mixed mode problems, the formulation of a reasonable criterion is

more complex and might be of the format

5 ( I,  II,  III) = 0 . (2.141)

Besides the critical load to determine crack initiation, also the direction of crack extension

must be determined. Only in the case of pure mode I loading a straight crack can be

assumed to propagate in its longitudinal direction. Second, the stress �eld given in (2.138)

exhibits the typical 1/
√
@ -singularity of a crack tip. In case of a V-notch with opening

13
Irwin allegedly chose the letter K to honor his co-worker Joseph A. Kies (Paris, 2014).

14
A material’s fracture toughness  Ic is determined experimentally by correlating stress intensity factor, loading

and crack length of a standardized test specimen (ASTM, 1997), which is initially notched and prepared with

a starter crack caused by oscillating load. The fracture toughness of glass is about 20 . . . 40 MPa mm
1/2

.
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angle 2c − 2U as depicted in Fig. 2.8a the stress �eld at the notch can be represented in a

similar manner, i.e.

f7 8 (@ , q) = @ _−1 f̂7 8 (q) , (2.142)

however, with a di�erent type of singularity, represented by _ ∈ (0, 1]. Complex analysis

yields the expression

sin(2_ U) = _ sin(2U) (2.143)

from which _ ∈ (0, 1] can be calculated. Results depending on the opening angle are

presented in Fig. 2.8b. The limit states U = c/2 and U = c represent a straight outer edge

(without stress concentration) and the (perfect) crack, respectively. It should be noted

that, due to the di�erent type of singularity, the fracture toughness (e.g.  Ic) determined

as material parameter at a perfect pre-crack is no longer applicable. A concept to treat

this class of problems, as well as to treat, e.g. blunt notches with high but non-singular

stress concentrations, is discussed in Sect. 2.2.6.

a)
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G @
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U

notch

b)
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0.50 0.75 1.00

U [c]

_

Figure 2.8: a) Specimen with V-notch of opening angle 2c−2U, b) dependency of stress singularity type f ∼ @_−1

on the opening angle of the notch (_ corresponds to smallest eigenvalue).

2.2.4 Energetic fracture criteria

As mentioned in Section 2.2.1, inelastic processes (such as bond breaking) to create

separated crack surfaces demand a speci�c amount of energy. On the other hand, crack

advance might reduce stresses along the newly formed crack to zero which implicates the

release of elastic energy.

Gri�th’s energy release rate

By regarding the energetic balance including both portions Gri�th (1921) developed a

general criterion to determine crack initiation. In the following, the fracture surface

energy Γ is assumed to be proportional to the crack area �, i.e.

Γ = Gc � . (2.144)
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The proportionality factor Gc is a material constant and called crack resistance. In con-

trast to common surface energies, Γ comprises all inelastic processes related to fracture.

Often the speci�c fracture surface energy Wc is given in the literature
15

. The simple pro-

portionality assumption (2.144) contains the assumptions that the surface energy does

neither depend on the position (homogeneity) nor on the direction (isotropy) of crack

surface creation. Additionally, it implies that Gc is independent of, e.g., the speed of crack

propagation. The energy balance (2.61) supplemented by the surface energy term is

d

dB

(
 + � + Γ

)
= %ext +& . (2.145)

By assuming quasi-static crack advance and neglecting thermal processes the kinetic

energy (including its rate) as well the thermal power are zero and the energy balance is

d

dB

(
� + Γ

)
= %ext . (2.146)

Conservative external forces possess the potential %ext = −dΠext/dB while for purely

elastic material the internal energy is � = Πint. With the total potential Π = Πint + Πext

the energetic balance is

dΠ

dB
+ dΓ

dB
= 0 (2.147)

or equivalently, by regarding the in�nitesimal advance of crack area d� during dB ,(
dΠ

d�
+ dΓ

d�

)
d�

dB
= 0 . (2.148)

The energy release rate is de�ned as the release of potential energy at an in�nitesimal

crack extension

G := −dΠ

d�
. (2.149)

The negative sign is required since the energy release dΠ < 0 for in�nitesimal crack

advance d� > 0 should be positive. In conjunction with (2.144) the balance of energy (2.148)

using

.

� := d�/dB is

(Gc − G)
.

� = 0 . (2.150)

Gri�th originally derived only the energetic equivalence

G = Gc (2.151)

to determine crack initiation. Regarding (2.150), as long as G < Gc the extension of

crack surface

.

� must be zero. Thus, according to the Gri�th criterion (2.151) fracture is

initiated if the energy release during in�nitesimal crack growth is equal to the energy

15
Particular care must be taken since Wc is usually related to a single crack surface. Referred to the crack area it

is Gc = 2Wc.
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required for the corresponding creation of crack surface. Gc is also referred to as critical

energy release rate. However, the energetic balance (2.150) must be satis�ed at any time.

Consequently, in case of crack growth

.

� > 0 the relation (2.151) must hold as well. In

addition, since the fracture process is irreversible the rate of fracture energy must be

non-negative, i.e.

.

Γ = dΓ/dB ≥ 0. By using (2.144) this is equivalent with the non-negative

extension of crack area

.

� ≥ 0.

For linear elastic fracture mechanics the relation between stress intensity factors and the

energy release rate is

G =
1

� ′
(
 2

I
+  2

II

)
+
 2

III

2`
(2.152)

The parameter � ′ takes into account the di�erence between the plane stress state on one

hand with � ′ := � and the plane strain state or three-dimensional assumption on the

other hand with � ′ := �/(1 − a2), see App. A.6. Due to relation (2.152) for pure mode I

loading the  -concept (2.139) and the energetic criterion (2.151) are equivalent.

J-integral

Another approach to compute the energy release rate was introduced independently

by Cherepanov (1967) and Rice (1968a) and is based on the evaluation of a conservation

integral. The so-called � -integral vector is de�ned as

�9 =

∫
m%

(
k (YYY) X89 − f7 8

mC7

mF9

)
︸                      ︷︷                      ︸

=: Σ9 8

< 8 d� (2.153)

and evaluated by integrating over an arbitrary closed surface m% (with the outward unit

normal vector n) inside a homogeneous elastic body (of volume Ω ⊇ % ) by neglecting

volume forces, see Fig. 2.9a. The second order tensor Σ9 8 in (2.153) is the Eshelby stress

tensor (Eshelby, 1951). Since under the presumed circumstances its divergence vanishes,

application of the divergence theorem (A.44) gives the conservation law
�1
�2
�3

 =

∫
m%

� · n d� =

∫
%

div(�) d+ = 0 , (2.154)

which can be utilized in the following. If the volume % contains any inhomogeneities

like defects or cracks the Eshelby stress tensor Σ9 8 becomes discontinuous or singular

and �9 ≠ 0.

In a plane problem the integral in (2.153) can be evaluated by integrating along an arbitrary

closed curve �P with the arc length parameter A . To evaluate the situation at a crack tip, a

straight crack in F-direction with traction-free crack faces is considered, as depicted in
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Fig. 2.9b. The path of the contour integral �P encloses the crack tip and starts and ends at

the opposite crack faces. As discussed e.g. by Gross and Seelig (2011), the quantity �9 (2.153)

characterizes the energy change of an elastic system if any kind of enclosed discontinuity

(surface, line or point defect) undergoes translational movement in 9 -direction. Since the

only kinematically admissible displacement corresponds to crack advance in F-direction

(indicated by d0 in Fig. 2.9b) the corresponding � -integral is

� := �1 =

∫
�P

(
k (YYY) <1 − f7 8 < 8

mC7

mF

)
dA . (2.155)

By using the Cauchy theorem (2.30) and the relation dG = <1 dA , the � -integral (2.155) can

alternatively be written as

� =

∫
�P

(
k (YYY) dG − B7

mC7

mF
dA

)
. (2.156)

Since, as discussed by Rice (1968b), the � -integral corresponds to the energy release for

an in�nitesimal crack advance d0 in crack direction, i.e.

� = lim

Δ0→0

−ΔΠ
Δ0

= −dΠ

d0
= G , (2.157)

it can be directly applied as a fracture parameter and the corresponding fracture crite-

rion � = �c is equivalent to the energy criterion given in (2.151). Furthermore, for linear

elastic material

� =
1

� ′
( 2

I
+  2

II
) + 1

2`
 2

III
, (2.158)

Subjected to a pure mode I, mode II or mode III loading the fracture criterion corresponds

to the  -concept.

a) F1

F2

Ω

m%

n

b) F1

F2

d0

�P

n

Figure 2.9: a) Evaluation of the � -integral by integrating over an arbitrary closed surface m% . b) Contour

path �P enclosing the crack tip with outward pointing normal n to compute the � -integral. Hypothetical crack

movement in F1-direction by d0 .

A key feature of the � -integral, besides the fact that it is not limited to linear elasticity as

the  -concept, is its path independence for unloaded and straight cracks and in absence
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of volume forces. This becomes relevant for numerical approaches, where the appropriate

approximation of the crack tip singularity and evaluation of strong gradients in the vicinity

of the crack tip can be avoided by choosing the integration path at a su�ciently large

distance. If one or several of the requirements are not ful�lled (e.g. in case of a loaded or

curved crack) the � -integral is not path independent any more. In this case the parameter

can only be evaluated if the integration contour �P is shrunk directly to the crack tip

� = lim

@→0

∫
�P

(
k (YYY) dG − B7 C7 ,F dA

)
. (2.159)

2.2.5 Fracture criteria for mixed-mode loading

While for straight crack growth (pure mode I loading) only the critical load must be

determined, e.g. by applying one of the concepts presented above, for mixed loading also

the direction of crack progress is unknown. Apart from some very speci�c situations,

crack advance in case of mixed-mode loading does not take place in tangential direction.

Therefore, fracture criteria to determine both the critical load and the angle (de�ned relative

to straight crack progress) of crack growth have been proposed. The most relevant criteria

for mixed mode I-mode II fracture are the maximum hoop stress criterion, the strain-

energy-density criterion, the maximum energy release rate criterion, and the principle

of local symmetry. It should be noted, that these criteria are based on classical fracture

mechanics. Thus, they do not account for the micro-mechanisms of fracture, which vary

between di�erent materials.

The maximum hoop/tangential stress criterion (MTS) proposed by Erdogan and Sih

(1963), who �rst studied fracture under non-symmetric loading conditions, is based on

the assumption that the crack grows perpendicular to the maximum circumferential

stress fq of the near-�eld solution
16

. In addition, crack growth is assumed to start as

soon as a critical stress some distance in front of the crack tip reaches the critical value

of a pure mode I loading. One outcome is, that for pure mode II loading, the critical load

is  II =
√

3/4 Ic ≈ 0.866 Ic and the de�ection angle is q = −70.6◦.

The strain-energy-density criterion (SED), also known as S-criterion, was proposed by Sih

(1973). It assumes that crack growth takes place in the direction where the (singular)

strain energy density has a minimum. Crack growth starts if a critical energy density is

reached.

In contrast to the criteria mentioned before, the maximum energy release rate crite-

rion (ERR) does not depend on the near-�eld solution prior to crack propagation. Instead,

it is based on Gri�th’s concept of energy release rate. Crack growth takes place in the

direction with the maximum energy release. Numerical methods must be used to evaluate

16
According to the comments by Paris (2014), the experiments did not accurately capture a brittle elastic

response, so the conclusions are in dispute.
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the corresponding relations. The idea was already mentioned by Erdogan and Sih (1963),

but analyzed in more detail by Hussain et al. (1974) and Wu (1978).

The principle of local symmetry (PLS) according to Gol’dstein and Salganik (1974) states

that crack growth takes place in such a way that in-plane shear stresses vanish in the

vicinity of the crack tip, i.e. the mode II stress intensity factor ahead of the propagated

crack is  II = 0. Thus, crack growth starts when  I =  Ic is reached.

2.2.6 Hybrid fracture initiation criterion

Crack initiation from sharp notches with �nite opening angle (V-notches, see Fig. 2.8a),

blunt notches, cavities and holes belongs to a class of problems not accessible to clas-

sical fracture mechanics discussed above where the pre-existence of a well established

crack (with a singular @−1/2
stress concentration) is required. As a remedy and an alterna-

tive to the classical idea of in�nitesimal crack growth controlled by a stress intensity factor

(Sect. 2.2.3) or, equivalently, by the energy release rate (Sect. 2.2.4), several researchers

have suggested to instead consider the instantaneous formation of a crack of small, yet

�nite, length (e.g. Hashin, 1996; Leguillon, 2001; Taylor et al., 2005). As introduced in the

pioneering work of Hashin (1996), this concept is referred to as �nite fracture mechan-
ics (FFM) in the following. Bringing this approach into a rigorous form Leguillon (2002)

proposed a two-part fracture initiation criterion that involves two well-de�ned material

parameters, the (tensile) strength ft and the speci�c (i.e. per area) fracture energy Gc

(toughness). This hybrid fracture initiation criterion states that over the prospective �nite

crack increment (with the area Δ�c) a certain (pointwise) stress measure � (2 ) as well as

the released energy (on average)
¯G := −ΔΠ/Δ�c, with Π being the total potential energy,

must exceed critical values, i.e.

� (2 ) ≥ ft and
¯G ≥ Gc . (2.160)

The quantity
¯G in the latter part of (2.160) is referred to as the average energy release rate

in the following. For brittle materials typical stress measures are the maximum principal

stress

� (2 ) := f1 (2.161)

or the normal stress perpendicular to the �nite crack increment

� (2 ) := n · 2 · n , (2.162)

with n being the normal vector on the surface of the �nite crack increment. Alternatively,

instead to demand the pointwise ful�llment of the stress condition its ful�llment might

only be required in the mean along Δ�c according to (Cornetti et al., 2006)

� (2 ) :=
1

Δ�c

Δ�c∫
0

f1 d� , (2.163)

45



2 Foundations of solid mechanics

which is sometimes referred to as Line Method (Taylor, 2007). According to Gross and

Seelig (2011), the evaluation of (2.163) is more practical in many cases.

As a consequence, the hybrid criterion encompasses the two limiting cases of crack

initiation as elaborated by, e.g., Hebel (2010). In case of a homogeneous stress �eld failure is

controlled essentially by the stress part of the hybrid criterion (2.160). Considering a linear

elastic 1D bar of length ! with the cross-sectional area � and Young’s modulus � subjected

to uniaxial tension f the elastic energy is Π = f2 !/(2� ). By assuming the formation

of a transverse crack (with the area �) the energy part of the hybrid criterion (2.160) is

ful�lled for

! ≥ 2

Gc �

f2
. (2.164)

Thus, if the body is su�ciently large, i.e. the 1D bar is longer than ! = 2Gc �/f2

t
, frac-

ture is controlled solely by the stress part which corresponds to a classical strength

hypothesis (2.134). In the other limiting case, a sharp crack, the stress part of the hybrid

criterion (2.160) is always ful�lled due to the singular stress �eld at the crack tip. Fracture is

then controlled solely by the energy part of the hybrid criterion (2.160) which corresponds

to the established relation of an incremental energy release rate, see Sect. 2.2.4.

By using a hybrid fracture criterion it is then possible to determine crack initiation from

V-notched specimens (e.g. Leguillon, 2002; Yosibash et al., 2006), from circular holes (e.g. Li

and Zhang, 2006), for indentation fracture (Dowgiałło, 2016), and in many other situations

as thoroughly discussed by Weißgraeber et al. (2016). The criterion is, moreover, capable

to predict size e�ects, see e.g. Leguillon et al. (2007). Hertzian indentation fracture where

crack initiation is assumed to take place from a defect-free surface solely due to the

presence of a (nonsingular) stress concentration is analyzed in detail in Chapter 4.

2.2.7 Cohesive zone model

Instead of assuming complete and instantaneous separation of the material at the crack

tip in a process zone of vanishing size, a cohesive zone model treats fracture as a gradual

separation of the crack surfaces in a zone of �nite size ahead of the crack tip. The so-called

cohesive zone is characterized by material bridges between the crack �anks, which are

able to transfer forces depending on the opening state as illustrated in Fig. 2.10. For their

numerical treatment, e.g. in �nite element simulations, cohesive zones are discretized by

cohesive elements of vanishing (initial) thickness. Cohesive behavior is characteristic, e.g.,

for ductile materials, where a large amount of plastic/inelastic deformation appears and

the crack tip is blunted. The state of the plastically deformed crack tip is commonly char-

acterized either by the crack-tip opening displacement (CTOD), independently proposed

by Cottrell (1960) and Wells (1961), or the J-integral (Rice, 1968a). The �rst cohesive zone

approaches date back to the models of Barenblatt (1959) and Dugdale (1960).

Dugdale (1960) introduced a model to analyze the in�uence of a thin, but elongated plastic

zone ahead of the crack tip, which appears in thin plates of ductile material. In this
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case, the plastic zone is idealized as line, but its length 3 can be of the order of the crack

length or the structure size. With the assumption of perfect plasticity, the stress in the

plastic zone is constant (equals the yield stress fy) and independent of the separation X

of the crack �anks, the crack-tip opening displacement. The size 3 of the plastic zone

increases with the applied load f and can be determined from the conditions, that the

stress cannot exceed the yield stress and that the singularity at the tip of the plastic zone

must vanish. While for the limit load (f → fy) plastic collapse occurs with 3 →∞, for

small loads (f � fy) the size of the plastic zone is 3 = c  I

2/(8f2

y
), similar to the zone

size Irwin (1960) obtained for small scale yielding 3ssy =  I

2/(c f2

y
) . In the latter case,

the fracture criterion reduces to that of linear elastic fracture mechanics (2.139).

F1

F2
X

Xc

B (X )

fc

0 3

traction free debonding perfect bond

Figure 2.10: Schematic representation of a crack with cohesive zone ahead of the crack tip.

The model of Barenblatt (1959) is based on a cohesive stress fcoh (X ) to describe brittle

fracture. Thus, the cohesive zone is assumed to be small. The surface energy increases

with crack opening up to a �nite amount of crack opening (large compared to atomic

length) where traction forces vanish and the Gri�th energy Gc is reached. With the

additional assumption, that the stress distribution and crack opening in the cohesive zone

are material dependent and by assuming a vanishing singularity at the tip of the plastic

zone, the concept �nally yields a fracture criterion which is equivalent to linear elastic

fracture mechanics (2.139).

In general, the size of the cohesive zone is not small and depends on the load. A traction

separation or cohesive law of the format B (X ) = 5 (X ) (here only normal crack opening

is regarded) should represent the material behavior and usually depends on a small

number of material speci�c parameters such as the ultimate stress fc with the associated

separation X0 or the maximum separation Xc for which traction exists. Common choices

are, e.g., an exponential law, a function with trapezoidal shape or a bilinear function. The
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energy release rate is equivalent to the area below the traction separation curve. Thus,

the speci�c work of separation is

Gc =

Xc∫
0

B (X ) dX . (2.165)

In the case that the traction separation relation is characterized by two parameters, e.g.

the strength fc and the speci�c work of separation Gc, the cohesive laws can be regarded

as hybrid criterion (Sect. 2.2.6).

2.2.8 Continuum damage mechanics

Most materials exhibit microstructural defects like cracks and voids. Subjected to me-

chanical load, these defects might grow, coalesce to larger defects, and even new defects

can nucleate. The material undergoes microstructural changes, which are considered

to be irreversible in most cases. Di�erent mechanisms on the micro- and mesoscale

change material properties on the continuum scale, which are said to be caused by dam-

age. Continuum damage theories are either formulated based on micromechanical or

phenomenological approaches. Di�erent forms of damage exist, e.g. creep, fatigue or

ductile damage, with each of them caused by one or several di�erent mechanisms. In the

following, only phenomenological approaches for brittle damage are considered. Brittle

damage is mainly governed by initiation and growth of microcracks, eventually leading

to macroscopic cracks as discussed in Sect. 2.2.2 and failure of the structure.

To describe the state of damage in a material phenomenologically, at least one internal

variable, denoted as damage parameter � ∈ [0, 1], has to be introduced. It characterizes

the gradual deterioration of material between two limit states, � = 0 for intact material

and � = 1 at complete loss of integrity which is often interpreted as “fracture” (e.g.

Kachanov, 1986). This concept goes back to the work of Kachanov (1958)
17

. Since “the

direct measuring of damage is impossible” (Kachanov, 1986), the current state of damage

and its evolution must be estimated from changed material properties. From Fig. 2.11, it is

quite obvious to correlate damage (e.g. microcracks) in the cross sectional plane with the

“loss” of area d�D caused by defects. The remaining area is

d� = d�0 − d�D , (2.166)

with �0 being the initial cross sectional area. Accordingly, damage might be introduced

by

� :=
d�D

d�0

= 1 − d�

d�0

(2.167)

17
In Kachanov’s work dealing with rupture after ductile creep (Kachanov, 1958), damage, in fact, was character-

ized by a scalar variable denoted as “continuity” kD with kD = 1 −� . In the original application, continuity

was assumed to be a positive, monotonically decreasing function, i.e.

.
k

D
< 0. The widely-used de�nition

of � seems to emanate from the work of Rabotnov (1959).
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2.2 Fundamentals of fracture and damage mechanics

in relation to the reduced area and the current area
18

, respectively. Starting from the

de�nition of normal stress f = �/�0 without taking notice of damage, the application of

a force � as depicted in Fig. 2.11 yields the e�ective stress

f̃ :=
�

�
=

1

(1 −�)
�

�0

=
f

1 −� , (2.168)

with f̃ →∞ as � → 1. Note, that the de�nitions so far are only valid for the considered

plane. By assuming damage to be isotropic, its behavior and in�uence is equal in all

directions (independent of n). Accordingly, the e�ective stress tensor (related to the

speci�c de�nition of �) is

2̃ :=
2

1 −� . (2.169)

Since the de�nition of cross sectional area in multiple dimensions is cumbersome and,

more important, because the e�ect on stress components in other directions is not clear,

alternative concepts are commonly used.

F1

F2

F3

n

n

L

L �

�

d�

Figure 2.11: Solid body with reduced cross-sectional area (in the plane speci�ed by its normal vector n) due to

damage, subjected to a force L .

Damage equivalence principles

To further identify the notion of damage, the actual stress-strain relation of a solid subjected

to damage

2 = C(�) .. YYY = (1 −�) 2̃ , (2.170)

is considered in conjunction with the e�ective stress de�nition (2.169). Here, the sti�ness

tensor C(�) is assumed to be in�uenced by damage. A second, hypothetical undam-

aged con�guration is introduced, in which the e�ective stress is given in relation to the

hypothetical strain ỸYY by

2̃ := C(� =0) .. ỸYY = C0 .. ỸYY . (2.171)

18
The quanti�cation of damage in ductile materials is based on the same idea, but the void volume frac-

tion 5 := d+D/d+ is used instead (e.g. Gurson, 1977).
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Since the hypothetical undamaged state must correspond with the physical state of no

damage (� = 0), the sti�ness tensor of the undamaged state must be equal to the original

(undamaged) material sti�ness C(� = 0) = C0 with the subscript “0” indicating the

undamaged constitutive law, e.g. the linear elastic law (2.85).

By assuming that strains in both con�gurations (2.170) and (2.171) are equal, i.e. ỸYY = YYY,

the strain equivalence principle (Rabotnov, 1969; Lemaitre, 1971) identi�es the degradation

of sti�ness

C(�) := (1 −�)C0 (2.172)

with increasing damage. In this context the “e�ective stress” is identi�ed to be

2̃ := C0 .. YYY :=
1

1 −� C .. YYY . (2.173)

The concept implies, that the “strain behavior is modi�ed by damage only through the

e�ective stress” (Lemaitre, 1985). Alternatively, the equivalence of strain energies in both

con�gurationsk (YYY) = k̃ (ỸYY) can be postulated, with (by assuming linear elastic behavior

prior to damage)

k (YYY) = 1

2

2 .. YYY and k̃ (ỸYY) = 1

2

2̃ .. ỸYY . (2.174)

With (2.169), the e�ective elastic strain is ỸYY = (1 −�) YYY and sti�ness degradation due to

damage according to the energy equivalence principle is

C(�) := (1 −�)2C0 . (2.175)

Note, that both concepts do not make any statement about the evolution of � .

Thermodynamic consideration of damage

To investigate dissipation associated with the appearance of damage, for further details

see Holzapfel (2000), the Helmholtz free energy function

k (YYY,�) = (1 −�)k0 (YYY) (2.176)

is introduced, with the (scalar) internal damage variable � and the e�ective strain-energy

function k0 being a function depending only on strains. Di�erentiation with respect to

time yields

.
k = (1 −�) mk0 (YYY)

mYYY

..

.
YYY −k0 (YYY)

.

� . (2.177)

Application of the Clausius-Planck inequality (2.79) yields

Dint =

(
2 − (1 −�) mk0 (YYY)

mYYY

)

..

.
YYY +k0 (YYY)

.

� ≥ 0 . (2.178)
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While the actual stress is given by

2 = (1 −�) mk0 (YYY)
mYYY

= (1 −�) 2 0 , (2.179)

the non-negative energy dissipation attributed due to damage is

Dint = k0 (YYY)
.

� . (2.180)

The introduction of the thermodynamic force 5D which is work conjugate to the damage

variable in (2.180) yields, by using (2.176),

Dint = 5D
.

� with 5D = k0 (YYY) = −
mk (YYY,�)

m�
. (2.181)

The thermodynamic force 5D quanti�es the amount of energy release per unit volume

(Holzapfel, 2000), which is here the e�ective strain energy.

Damage evolution should represent the irreversible structural changes in the material and

is formulated, e.g. in terms of strains or strain energy. A simple assumption to illustrate

the thermodynamic properties would be

� (U) = U

1 + U (2.182)

with the phenomenological variable

U = max

g ∈[0, B ]
k0 (g) (2.183)

related to the maximum strain energy (density) obtained in history (the closed time

interval g ∈ [0, B ]) which acts as threshold value for further damage. The damage

function in the strain space is

� (YYY, U) = 5D (YYY) − U ≤ 0 (2.184)

and is the damage criterion. While for � < 0 no damage occurs, for � = 0 damage occurs

with three possible cases

.

5
D
< 0 (unloading),

.

5
D
= 0 (neutral loading), and

.

5
D
> 0 (loading).

Only the latter case is relevant for the evolution of the phenomenological parameter U,

i.e.

.
U =

{ .

5
D
= 2 .. YYY if � = 0 and

.

5
D
> 0 ,

0 otherwise.

(2.185)

From (2.179), the stress evolution takes the form

.
2 =


[
(1 −�)C0 ..

.
YYY − m�

mU
2 0 ⊗ 2 0

]

..

.
YYY if � = 0 and

.

5
D
> 0 ,

(1 −�)C0 ..

.
YYY otherwise,

(2.186)

with the e�ective elasticity tensor C0 := m2k0/mYYY2
as already introduced. In the �rst case

of (2.186), the second term represents stress softening due to damage evolution, while in

the second case this term is missing due to a constant amount of damage (

.

� = 0) during

unloading or elastic loading below the damage threshold.
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Tension-compression asymmetry of damage

Many materials show a di�erent damaging behavior when subjected to tensile or compres-

sive loads. Brittle materials like rocks (Shao and Rudnicki, 2000), concrete (Berthaud et al.,

1990; Mazars et al., 1990), ceramics (Chaboche et al., 1995) or glass typically sustain much

larger compressive forces than tensile forces. In addition, as brittle damage is governed

by microcracks, the elastic behavior is di�erent for closed cracks under compression,

i.e. contact between closed crack �anks allows partial or even full sti�ness recovery so

that damage-induced area reduction (2.167) has no e�ect. While the �rst e�ect can be

incorporated by relating damage evolution only to, e.g. positive principle strains or a

combination thereof (Mazars, 1982), the second e�ect is accounted for by modifying the

stress-strain relation (2.179). In the literature, this e�ect is often referred to as “quasi-

unilateral crack condition” (Ladeveze and Lemaitre, 1984; Lemaitre, 1996), “crack closure

e�ect” (Murakami, 1988), “activation” (Ju, 1989) and “deactivation” (Skrzypek, 2015) of

cracks, “active” or “passive” crack states (Murakami, 2012) or — much more general —

tension-compression asymmetry. Typically, the sti�ness is not fully degraded by the fac-

tor 1 −� but only some portion related to (micro-) crack opening. Since brittle fracture

is known to be dominated by normal stresses (Sect. 2.2.1) Ladeveze and Lemaitre (1984)

and Mazars (1986), for example, independently from each other introduced a continuum

damage model with a split
19

based on the spectral decomposition
20

of the Cauchy stress

tensor

2 = 2+ + 2− (2.187)

with

2+ :=

3∑
U=1

〈fU〉
2
nU ⊗

2
nU and 2− := −

3∑
U=1

〈−fU〉
2
nU ⊗

2
nU . (2.188)

Not much later, Ortiz (1985) proposed a model with a similar split in the strain space, i.e.

YYY = YYY+ + YYY− (2.189)

with

YYY+ :=

3∑
U=1

〈YU〉
YYY
nU ⊗

YYY
nU and YYY− := −

3∑
U=1

〈−YU〉
YYY
nU ⊗

YYY
nU , (2.190)

see also the notes by Ju (1989). Consequently, only the portion of the strain energy density

related to “crack opening” is a�ected, i.e. degraded. In the latter case, the stress is

2 = (1 −�)
mk+

0
(YYY)

mYYY
+
mk−

0
(YYY)

mYYY
(2.191)

19
For this purpose, the bracket operator 〈F 〉 :=

(
|F | + F

)
/2 to provide the (unique) additive decomposition of

a scalar quantity F into its positive and negative portions F = 〈F 〉 +
(
− 〈−F 〉

)
is used, for more details see

App. A.9.

20
The application of the bracket operator requires scalar quantities, e.g. principal values or invariants of the

strain or stress tensor. For further details on the spectral decomposition, see App. A.5.
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based on the strain energy density portions

k+
0

:=
_

2

〈tr YYY〉2 + `
(
〈Y1〉2 + 〈Y2〉2 + 〈Y3〉2

)
and (2.192)

k−
0

:=
_

2

〈− tr YYY〉2 + `
(
〈−Y1〉2 + 〈−Y2〉2 + 〈−Y3〉2

)
, (2.193)

while the �rst model yields similar, but more lengthy expressions. Alternatively, by

following the continuum damage models proposed and discussed by, e.g., Comi and

Perego (2000) and Lemaitre and Desmorat (2005) crack closure can also be modeled based

on the volumetric-deviatoric decomposition. In this case, the stress (2.191) is derived from

the strain energy density portions (here somewhat simpli�ed compared to the original

models)

k+
0

:=
 

2

〈tr YYY〉2 + ` (YYYdev .. YYYdev) and (2.194)

k−
0

:=
 

2

〈− tr YYY〉2 , (2.195)

with the deviatoric strain YYYdev according to (2.19).

2.3 Variational formulation of brittle fracture

The analysis of initial boundary value problems with numerical techniques like the �nite

element method has become a standard approach in engineering. With the appearance

of cracks, however, internal surfaces are created. They introduce additional boundaries

which can lead to discontinuous and singular mechanical �elds. Thus, the problem does

not correspond with the continuity requirements of classical �nite element approaches.

It has long been a challenge to simulate nucleation and growth of cracks numerically,

and it still is. Instead of modeling cracks in a discrete manner (e.g. with the extended

�nite element method) or in a continuous manner (with non-local or gradient enhanced

continuum damage formulations) a variational treatment is introduced in the following.

The application of Gri�th’s theory as discussed in Sect. 2.2.4 to simulate crack growth re-

quires both an initial crack (yields incremental crack growth) and some a-priori knowledge

about the crack path, e.g. by additionally using one of the criteria introduced in Sect. 2.2.5.

Ambrosio and Braides (1995) and, later on, Francfort and Marigo (1998) proposed a method

based on the minimization of the sum of stored elastic energy and surface energy of dis-

placement discontinuity sets. While the �rst work was assigned to stationary cracks, the

latter approach enables crack evolution under quasi-static conditions. The main feature of

the so called variational approach to fracture is that the crack path/topology does neither

have to be known a priori nor crack extension is predicted by classical fracture criteria.

Crack growth is a result of energetic considerations only. In the limit case of straight crack

growth of a pre-crack, the approach corresponds to Gri�th’s theory. In addition, it can
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also handle cases like G > Gc or crack initiation from di�erent types of singular points or

non-singular settings. This becomes bene�cial for far more complex three-dimensional

situations which are naturally included in the formulation without additional e�ort.

Here, Ω denotes a smooth bounded connected open domain of R< with the dimen-

sion < ∈ [1, 3] to represent the crack-free con�guration with a smooth boundary mΩ.

While in classical fracture mechanics only a single pre-crack or a small number of pre-

cracks is considered, a set with a large number of defects is possible, represented by closed

subdomains of Ω̄ = Ω∪ mΩ. The shape of the defects is not restricted, but their dimension

is not greater than < − 1. In the following, only cracks with < − 1 are regarded, which are

comprised in the crack set S ⊂ Ω̄. Due to physical reasons, it is reasonable to limit the

geometry and size of a crack at time B by its predecessors (at all A < B ). Thus, the current

crack set S (B ) ∈ Ω̄ contains previous crack sets

S (A ) ⊆ S (B ) , (2.196)

which is an irreversibility constraint. According to Gri�th’s theory, the surface energy of

a crack is proportional to its surface area (2.144). With the proportionality factor Gc, the

surface energy Γ associated to the crack set S is

Γ(S ) = Gc H n−1 (S ) , (2.197)

with H n−1
being the <−1-dimensional Hausdor� measure. The Hausdor� measure

21

is a surface measure for smooth hypersurfaces (e.g. Evans and Gariepy, 1992). In the

remaining part of the domain the body is assumed to behave elastically. Due to absence of

smoothness of Ω\S , a smooth domain Ωu is constructed such that Ωu ∩ mΩ = mΩu. Only

displacement boundary conditions ū (x , B ) on mΩu are admissible, while the remaining

part of the boundary mΩf = mΩ \ mΩu and the crack lips are assumed to be traction free.

Since cracks can also occur along the displacement boundary, the displacement �eld in

the body is subjected to

u (x , B ) = ū (x , B ) on mΩu \S (B ) . (2.198)

The set of kinematically admissible displacement �elds depends on the imposed load-

ing (2.198) and the crack set S and is introduced, according to Francfort and Marigo

(1998), as

C (S , ū) = {u ∈ � 1 (Ωu \S ;R<) | u = ū (x , B ) in Ωu \ Ω̄} , (2.199)

21
The German mathematician Felix Hausdor� (1868-1942) introduced fundamental concepts to assign, e.g.,

volume and area measures to non-integer dimensions (Hausdor�, 1918). In particular, the Hausdor� measure

assigns a number in [0,∞) to each set in, e.g., R< (Rogers, 1998). The length of a simple curve in R< , for

instance, is given by the one-dimensional Hausdor� measure.
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with the Sobolev space � 1
. With the assumption of small deformations (2.16), which,

however, is no prerequisite for the approach (Dal Maso et al., 2005), the elastic energy in

the bulk for any kinematically admissible �eld u ∈ C is

�el (S ,u) =
∫

Ω\S

1

2

YYY (u) .. C .. YYY (u) d+ . (2.200)

Finally, the key idea of the variational approach to fracture is to �nd the pair of a kinemat-

ically admissible displacement �eld u and an irreversible crack set S for which the total

energy

�tot (S , ū) = �el (S , ū) + Γ(S ) (2.201)

is a global minimum.

A signi�cant restriction of the original approach is the unavailability of surface tractions

and body forces. In the example outlined by Francfort and Marigo (1998; 2005), an elastic

body of some size Ω is subjected to a traction force t at mΩt. If, as one possible (and

admissible) solution, the loaded part of the boundary is cut-o� by a crack from the rest

of the domain, i.e. S = mΩt, the surface energy is Γ = Gc H n−1 (mΩt), while the elastic

energy in the bulk is �el = 0. The movement of the loaded boundary is parametrized

by u ≡ _ t , so that the corresponding work of external forces −
∫
mΩt

t · u dH n−1
can be

added to the total energy

�tot = −2 _ + Γ(S ) , (2.202)

with a constant positive 2 . It is obvious, that �tot → −∞ as _→∞. Thus, the energy is

not bounded from below and no global minimizer exists.

Global or local minimization?

Global minimization as driving principle is advertised as one of the key merits of the

approach Francfort and Marigo (1998). The example above, however, might motivate the

usage of local minimization instead. De�nitions of globally and locally stable equilibrium

states are given by Charlotte et al. (2000) as follows. By considering only displacements,

an admissible �eld u corresponds to the globally stable equilibrium state if the total

energy �tot (u ,S ) is less or equal than the total energy �tot (v ,S ) of the domain in any

admissible state, i.e.

�tot (u ,S ) ≤ �tot (v ,S ) ∀v admissible . (2.203)

Here, admissible means, that u and v are piecewise smooth and satisfy the kinematic

boundary conditions. By contrast, an admissible �eld u corresponds to the locally stable

equilibrium state if the total energy �tot (u ,S ) is less than the total energy �tot (v ,S ) of

the domain in any admissible state in a neighborhood of u , i.e.

�tot (u ,S ) < �tot (v ,S ) ∀v admissible, ∃X (u) > 0,

| |v − u | | ≤ X (u), u ≠ v . (2.204)
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The solution obtained by local minimization might be in�uenced by the “choice of the

distance between admissible test �elds” (Francfort and Marigo, 2005). To elaborate physical

implications of global and local minimization, two boundary value problems are analyzed

brie�y.

A one-dimensional bar subjected to an increasing displacement C̄ > 0, see Fig. 2.12a, was

already analyzed by Charlotte et al. (2000). The globally stable equilibrium state predicts

elastic response up to Ccrit =
√

2Gc !/� . For C̄ = Ccrit fracture occurs at an arbitrary

point Fcrack ∈ ! . The bar is then unloaded, i.e. C (F) = 0 for F < Fcrack and C (F) = C̄
for F > Fcrack. Thus, global minimization predicts fracture, as soon as the elastic energy in

the bar su�ces to create crack surfaces according to Gri�th’s theory. With increasing bar

length (! →∞), the critical stress at which failure occurs, i.e.

fcrit =

√
2Gc �

!
, (2.205)

approaches zero (fcrit → 0), which contradicts the concept of ultimate stress/strength

emanating from experimental observations, see Sect. 2.2.1. By contrast, the locally stable

equilibrium state yields the load, at which fracture occurs, to be Ccrit = fc !/� .

a)

!

F
C̄

� , �, Gc

b)

C̄
0

1

2

P1 ? P2 ?

33

: → ∞: → ∞: → ∞

Figure 2.12: Global versus local energy minimization examples: a) crack formation in elastic bar, b) crack

progress in elastic specimen with V-notch and rounded-o� notch.

A second example is used to analyze the impact of di�erent stress concentrations in an

in�nitely long elastic strip of �nite width 1 , as depicted in Fig. 2.12b. Far away from

the boundary and from each other, a V-notch of length 0 and a rounded-o� notch of

length 2 > 0 are introduced. While the V-notch introduces a stress singularity, the

stress concentration at the rounded-o� notch is expected to be �nite. For a large enough

displacement load (C̄ →∞), a through-cracked state (no bulk energy), either with the crack

set S = P1 or S = P2 is obtained. Since the surface energy related to Γ(P2) ∼ 1 − 2
is obviously smaller than the surface energy related to Γ(P1) ∼ 1 − 0 , the globally stable

equilibrium state is obtained for a crack initialized at the rounded-o� notch. By contrast,

the locally stable equilibrium state takes into account each loading increment separately to

search a stable solution in a neighborhood to its prior con�guration. Thus, minimization

of the total energy predicts crack growth starting at the “more critical” tip of the V-notch,

which �nally results in the crack set S = P1, although the energy consumption is larger

compared to a crack emanating from the rounded-o� notch.

56



2.3 Variational formulation of brittle fracture

As demonstrated by an one-dimensional analysis (Charlotte et al., 2000), the elastic solution

is always a local minimizer of the total energy in absence of a singularity, e.g. caused by

an initial crack. This can be circumvented by replacing Gri�th’s surface energy in (2.197)

by a cohesive surface energy, in particular Barenblatt’s model as introduced in Sect. 2.2.7,

to allow crack nucleation in absence of singularities also for local minimization. Such a

model is analyzed, e.g., by Francfort (2006).

Results obtained by the application of the method on di�erent boundary value problems

have been published in the literature. Francfort and Marigo (1998) compared the results of

two examples, uniaxial tension of a cylinder and the tearing of a reinforcement cylinder,

with the exact solution. The problem of antiplane shear was analyzed by Dal Maso and

Toader (2002) and Francfort and Larsen (2003). Chambolle (2003) analyzed a planar elastic

problem. It should be noted, that above investigations are made with some restrictive

assumptions, e.g., the assumption of monotonically increasing loads. In addition, only

fracture problems are analyzed for which the “no-contact condition” 2T · n = 0 (with the

crack surface normal vector n) holds a priori.

Types of crack growth

As in Gri�th’s theory (Sect. 2.2.4), the type of displacement/stress singularity at, e.g., a

V-shaped notch, plays an essential role also in the variational approach of fracture. Thus,

Francfort and Marigo (1998) provided an analysis of the crack growth behavior in planar

problems, which is summarized as follows. For an initial crack set S0, which might be

empty, and the external load ū0 the elastic equilibrium in terms of the displacement is

u0 ≡ u (S0, ū0) on Ω \S0 . (2.206)

By assuming that there is a single singular point x s, at least in the neighborhood, it is

useful to represent the displacement �eld (as sum of its eigenfunctions û (U) )

u0 (@ , \ ) = u0 (x s) + @ U û (U) (\ ) + . . . (2.207)

in polar coordinates (@ , \ ) with the origin at x s. The �rst exponent U denotes the type

of singularity in the displacement �eld (by being dominant for @ → 0) and is restricted

to U ∈ (0, 1). While the upper bound ensures the singular character of the displacement

�eld at x s, the lower bound ensures the �niteness of bulk energy. It is assumed, that crack

growth starts from the singularity. Leguillon (1989) provided the asymptotic expansion of

the bulk energy

�el (S0

⋃
Sl, ū) = �el (S0, ū0) −

(
 : 2U + O(: 2U)

)
(2.208)

for a small added crack of length : , which constitutes the crack set Sl.  is a positive

factor depending on the defect shape and singularity strength, but not on its length : . With

the assumption that crack growth is caused by a monotonically increasing displacement

load ū , Francfort and Marigo (1998) provides the following cases (equipped with proofs):
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2 Foundations of solid mechanics

• Crack growth at a strong singularity U ∈ (0, 1/2) is progressive and starts as

soon as load is applied (zero initiation time). As noted by Kuhn (2013), this type

of singularity is typical for isolated points and becomes weaker, as soon as crack

growth takes place.

• From the tip of a perfect pre-crack (U = 1/2), with

√
@ -singularity in the displace-

ment �eld, crack growth is also progressive and starts at a �nite load ūcrit 1 (non-zero

initiation time). In this particular case, the variational approach of fracture coincides

with Gri�th’s theory in Sect. 2.2.4.

• Crack growth from a weak singularity U ∈ (1/2, 1) takes place with a crack

increment of �nite length denoted as “brutal crack growth” (Francfort and Marigo,

1998) at a �nite load ūcrit 2 (non-zero initiation time). According to classical Gri�th’s

theory, the energy release rate at a weak singularity is zero. Thus, no crack growth

is possible for energetic reasons, which is contrary to the variational approach of

fracture.

By also considering the case of a non-singular/regular displacement �eld (U = 1), either

no crack growth occurs or the crack grows with a crack increment of �nite length at a

�nite load ūcrit 3 (non-zero initiation time).

According to this analysis, progressive crack growth takes place only at

√
@ -singularities

or stronger singularities. The energy release of an in�nite crack increment in non-singular

problems or at weak singularities is not su�cient to create corresponding crack surfaces.

Thus, crack initiation always starts with a crack length of �nite length. This is in accor-

dance with results obtained by �nite fracture mechanics (Sect. 2.2.6), see also Leguillon

(2002). In addition, crack initiation always starts in �nite time.

Incorporation of non-interpenetration condition

To avoid possible interpenetration of crack lips, Francfort and Marigo (1998) illustrated

ways to incorporate “unilateral contact” without friction. For convenience, the additional

boundary conditions on the crack set S are given here in the form of Karush Kuhn-

Tucker (KKT) conditions

Xn := [[u]] · n ≥ 0 , fnn := 2T

.. (n ⊗ n) ≤ 0 , Xn fnn = 0 , (2.209)

with [[u (x c)]] := u+ (x c) − u− (x c) being the displacement jump across the crack at a

point x c ∈ S and n (x+
c
) = −n (x−

c
) being the outward normal vector. In contact mechan-

ics, (2.209) is the classical complementary condition. The �rst requirement limits crack

opening Xn to non-negative values, the second condition restricts the normal stress fnn to

non-positive values (compressive stress in case of crack closure), and the third condition

enforces either crack opening (fnn = 0) or crack closure (Xn = 0).
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2.3 Variational formulation of brittle fracture

In Francfort and Marigo (1998), two approaches to incorporate (2.209) in the variational

approach of fracture are proposed. Either the surface energy associated to the crack

set S (2.200) is extended according to

Γ(S ,u) =
∫
S

Gc (x c,n , Xn) dH n−1 (x c) (2.210)

with Gc (x c,n , Xn<0) = ∞ or the set of kinematically admissible displacements (2.199) is

modi�ed to

C (S , ū) = {u ∈ � 1 (Ωu \S ;R<) | u = ū (x , B ) in Ωu \ Ω̄ | Xn ≥ 0 on S } . (2.211)

In the �rst case, the surface energy term becomes energetically unfavorable for inter-

penetration of crack lips while the latter case excludes displacement �elds with crack lip

interpenetration from the solution. The implementation of both approaches would require

special attention since all involved parameters have to be adequately de�ned (Evans and

Gariepy, 1992) and the �nding of solutions is not trivial since, e.g., bounded variation type

spaces come into play (Ambrosio, 1989).
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3 Phase �eld approach to brittle
fracture

In the recent one and a half decades, the phase �eld approach to fracture has enjoyed

great popularity in academic research. This can be traced back to the method’s clear

concept, its simple numerical implementation, robust solution algorithms, and increas-

ing computing power. Thus, phase �eld fracture models enjoy a good reputation and

a wide variety of extensions has been developed, e.g., to compute fracture in the con-

text of large deformations, plasticity, fatigue, anisotropy and inhomogeneous problems.

This chapter introduces a phase �eld description of fracture in brittle materials. A key

issue is the coupling of elastic �elds with the phase �eld. Constitutive ingredients of

common phase �eld approaches to fracture are carefully examined to identify and dis-

cuss severe consequences of the models presently available. A novel requirement for

the continuous representation of macroscopic cracks is formulated and incorporated

in the phase �eld approach. Furthermore, constitutive aspects of the crack’s regular-

ization as well as issues of the discrete numerical treatment are discussed. All issues

are demonstrated by means of representative analytical analyses or numerical examples.

3.1 Regularization of free discontinuity problems

The variational formulation of fracture (Sect. 2.3) provides very promising features to

investigate non-standard problems of fracture mechanics, such as crack formation in

absence of pre-cracks. Especially compared to methods of discrete crack representa-

tion, which often rely on existing cracks, and methods of smeared crack representation,

which usually are not primarily intended to represent the state of complete material

separation, a variational approach to �nd the minimum of the sum of volume and sur-

face energies appears superior. Such problems form the wide class of free discontinuity
problems (e.g. Braides, 1998; De Giorgi, 1991) and are present in many mathematical and

physical problems such as image segmentation (Mumford and Shah, 1985) or more general,

signal processing, harmonic maps (Brezis et al., 1986), and statics of liquid crystals Er-

icksen (1976). Due to the unknown set of crack surfaces, which is part of the solution

and might cause discontinuities in the displacement �eld, the variational formulation of

brittle fracture cannot be treated numerically by a direct implementation into, e.g., the
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3 Phase �eld approach to brittle fracture

�nite element framework. Thus, at least two fundamentally di�erent numerical methods,

both based on the key procedure of energy minimization, have been developed in recent

years. In the �rst approach, the discretization is adapted to take (potential) crack surfaces

into account (Bourdin et al., 2000; Fraternali, 2007). Instead of discretizing a continuous

functional the discretization itself is part of the minimization procedure. Besides simple

discretization techniques, e.g. triangulation, the implementation of Bourdin et al. (2000)

relies on mesh optimization realized by introducing an additional variable and using

anisotropic mesh generation. Crack evolution does not su�er from local crack tip singu-

larities due to the overall energy minimization procedure. In the second approach, the

(potential) crack surfaces and corresponding displacement discontinuities are regularized,

i.e. “smeared”, in an appropriate manner to provide a continuous functional (Bourdin

et al., 2000), which can then be discretized. Both approaches are strongly inspired by the

solution of similar problems in the well-developed �eld of image segmentation. While the

�rst approach (Chambolle and Dal Maso, 1999; Bourdin and Chambolle, 2000) is based on

the Mumford-Shah functional, the second approach (Bourdin, 1999) also uses the elliptic

approximation introduced by Ambrosio and Tortorelli (1990; 1992), as summarized below.

Due to its implementation simplicity, only the second approach is used in the following.

Image segmentation: extraction of edges

Image segmentation is a typical problem of image analysis. Usually, an image on a

domain Ω consists of pixels with di�erent gray levels, described by 6 ∈ [0, 1]. The image

might consist of several objects/regions separated by boundaries/edges, which occur in

terms of gray level discontinuities. However, also shadows, meaningless details, noise

and other small irregularities can be the source of discontinuities. To partition images

the object boundaries (combined in the hypersurface or, in two dimensions, the edge

set  ) have to be extracted by ignoring these irregularities. This is achieved by using

piecewise smooth functions C , which represent the original image gray level 6 on Ω \  ,

are thus separated by the edges, and give much better results than global smoothing (see

e.g. Rosenfeld, 1982). For this purpose, Mumford and Shah (1985; 1989) developed a

minimization procedure for image segmentation based on the functional

� (C,  ) =
∫

Ω\ 

V (C − 6 )2 + |∇C |2 dF + UH <−1 ( ) , (3.1)

withΩ ⊂ R< being an open bounded set, the image domain.  is a su�ciently closed subset

of Ω representing the union of all edges, and H <−1
is the <−1-dimensional Hausdor�

measure as introduced in Sect. 2.3, which, in the two-dimensional case, gives the edge

length of all edges in  . The �xed parameters U>0 and V>0 weight the contributions

of the gray level approximation (�rst term) and the edge set (third term) relative to the

gradient term. The Mumford-Shah functional (3.1) penalizes large edge sets  as well as

large gradients of C outside the edge set. Thus, C varies smoothly and, in addition, must

be a good approximation of 6 on Ω \  .
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3.1 Regularization of free discontinuity problems

De Giorgi et al. (1989) proposed the functional

� (C, (u) =
∫
Ω

V (C − 6 )2 + |∇C |2 dF + UH <−1 ((u) (3.2)

and proved it to be equivalent to (3.1), see also Dal Maso et al. (1992). The functional (3.2),

however, is based on the space of special bounded variation functions, i.e. C ∈ SBV(Ω) as

introduced by De Giorgi and Ambrosio (1988) and Ambrosio (1989). Thus, C is allowed to

be discontinuous along a set of codimension one, i.e. the discontinuity set (u.

To approximate (3.2) by an elliptic functional de�ned on the Sobolev space, the discontinu-

ity must be regularized appropriately. For this purpose, an additional variable D ∈ [0, 1] is

introduced to replace the jump set (u by a continuous approximation. The regularization

is controlled by a small parameter n. Di�erent functionals have been proposed, e.g.,

by Ambrosio and Tortorelli (1990; 1992), Bellettini and Coscia (1994), and Richardson and

Mitter (1997). Their equivalence with the original problem is often discussed in terms of

the so-called Γ-convergence as elaborated, e.g., by (Dal Maso, 1993). Usually, the proof

contains steps to show the convergence relative to the lower and upper bounds as n → 0,

i.e.

� (C,D ) ≤ lim inf

n→0

�n (C,D ) and lim sup

n→0

�n (C,D ) ≤ � (C,D ) , (3.3)

respectively. Accordingly, minimum points of the regularized functional �n (C,D ) converge

to the minimum points of the limit functional � (C,D ), see also Braides (1998; 2002). In

order to prove Γ-convergence of the approximation Ambrosio and Tortorelli (1990), for

example, formally introduced the elliptic functional

� ñ (C, D̃ ) =
∫
Ω

V (C − 6 )2 + (|∇C |2 + |∇D̃ |2) (1 − D̃2)2/ñ + U2

4ñ2
D̃2

dF , (3.4)

which has been the �rst approximating functional of this type, equipped with the “con-

trol variable” D̃ := 1 − D acting on the gradient term of C and ñ = U n. Because of the

term (1 − D̃2)2/n the functional cannot be discretized as n → 0 (Bourdin, 1999). Alterna-

tively, Ambrosio and Tortorelli (1990) also proposed the functional

� ñ (C,D ) =
∫
Ω

V (C − 6 )2 + D2 |∇C |2 + U
2

4ñ
(1 − D )2 + ñ |∇D |2 dF , (3.5)

which is “formally very similar” to the functionals used by Ericksen (1976) in the context

of the equilibrium theory of liquid crystals. After some minor modi�cations, Ambrosio

and Tortorelli (1992) �nally introduced the functional

�n (C,D ) =
∫
Ω

V (C − 6 )2 + (D2 + 9n) |∇C |2 + U
(
(1 − D )2

4n
+ n |∇D |2

)
dF , (3.6)

63



3 Phase �eld approach to brittle fracture

which contains the small positive parameter 9n � 1 to circumvent numerical di�culties

in case of D → 0.

A key feature of (3.6) is its simple numerical treatment. Variation, discretization and its

(straightforward) �nite element implementation are provided in App. C.1. In contrast

to, e.g., piecewise linear functionals as the one proposed by Bellettini and Coscia (1994),

which require constrained minimization techniques, the quadratic terms in (3.6) impose

natural constraints on D at D = 0 and D = 1. However, strict convexity cannot be guar-

anteed for the mixed term D2 |∇C |2 in (3.6). Thus, Bourdin (1999) proposed the usage

of an alternate minimization scheme. Minimization of �n (C,D ) is carried out separately

for both �elds, i.e. min{C } �n (C,D is �xed) and then min{D } �n (C is �xed, D ), with both

subproblems being strictly convex.

To illustrate the capabilities of the method, the gray level image given in Fig. 3.1a, with

384 × 512 pixels of gray levels ranging from 6 =0 (black) to 6 =1 (white), is segmented.

Here, the mesh is chosen to coincide with the pixels to simplify the input of gray level val-

ues, but the approach in general allows non-regular/unstructured meshes. The numerical

parameters are U = 0.02/:img, V = 0.5/: 2

img
, n = 0.1 :img, 9n = 0.01 in relation to the image

width of 384 :img. Figure 3.1b shows the smooth approximation C , which is close to the

original image some distance away from edges, and Fig. 3.1c depicts the extracted edge

set in terms of the scalar �eld D (with D =0 indicated by black).

a) b) c)

Figure 3.1: Image segmentation by using a discrete formulation of the Mumford-Shah functional with

U = 0.02/:img, V = 0.5/:2
img

, n = 0.1 :img, 9n = 0.01; a) original gray level image with 384 × 512 pixels and

a width of 384 :img, b) approximated (smoothed) gray level C , c) �nal edge set represented by D .

Fracture mechanics: physical incorporation of crack surfaces

Inspired by the promising results of the image segmentation problem based on a standard

�nite element implementation with the so-called alternate minimization algorithm (Bour-

din, 1999), Bourdin et al. (2000) used a straightforward adaption of the algorithms to solve
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3.1 Regularization of free discontinuity problems

problems of the variational approach to fracture as introduced in Sect. 2.3. For this purpose,

a sharp crack S (see Fig. 3.2a) is approximated in a smooth manner by an additional

scalar-valued �eld variable, here denoted by S(x ) ∈ [0, 1]. It describes the current state

of the material between S=0 directly at the position of the crack and S=1 some distance

away, where the material is in its virgin, fully intact state.

a)

Ω
mΩu

mΩt

n

S

b)

ΩmΩu

mΩt

2ℓ

n S(x )

Figure 3.2: Elastic body with a) sharp crack described by the crack set S and b) corresponding phase �eld

approximation S(x ) of the crack with smooth transition between broken and intact material state.

The regularized description of the crack set S by the “crack �eld” S(x ) (e.g. Bourdin et al.,

2008) and discontinuity approximation of the (vector-valued) displacement �eld u across

the crack resembles the approximation of the edge set and the gray level by the scalar

�elds C and D , respectively. While edges are extracted from given (and thus �xed) image

pixels, a crack set typically results from previous and current mechanical loads. According

to this, the strain energy (2.200) is approximated by

�e (u , S) =
∫
Ω

1

2

YYY (u) ..

[
(S2 +[n) C0

]

.. YYY (u) d+ , (3.7)

while the approximation of the crack surface energy (2.197) is given by

Γ(S) = Gc

∫
Ω

(1 − S)2
2�

+ �
2

|∇S|2 d+ . (3.8)

The small parameter � has the dimension of a length and controls the width of the

transition zone between the two limit states (see Fig. 3.2b). Finally, the solution of the

regularized approach is obtained by minimizing the total free energy

�tot (u , S) =
∫
Ω

[
1

2

YYY (u) ..

[
(S2 +[n)C0

]

.. YYY (u) + Gc

(
(1 − S)2

2�
+ �

2

|∇S|2
)]

d+ (3.9)

with the alternate minimization algorithm (Bourdin et al., 2000) and the backtracking

algorithm, which has been introduced later on (Bourdin et al., 2008). For functionals of

the type of (3.9), it has been discussed in terms of Γ-convergence, that the approximated
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3 Phase �eld approach to brittle fracture

solution converges to that of the sharp crack topology as the parameter � → 0, see

e.g. Bourdin et al. (2000). Accordingly, the zero set of S(x ), which is de�ned by

Ss = {x ∈ Ω : S(x ) = 0} , (3.10)

approaches the crack set S . It is noted that the subscript A is used to refer to the approx-

imated solution. In addition, the approach is said to be able to solve a wide variety of

fracture problems like crack initiation, crack growth and crack branching by common

�nite element techniques without additional assumptions (Bourdin et al., 2000).

3.2 General framework and governing equations

As already stated by Bourdin et al. (2000), the straightforward adaptation of the regular-

ization technique of the Mumford-Shah problem to the variational formulation of brittle

fracture resembles the approach of regularized phase transition problems. In this spirit,

Kuhn and Müller (2008) reinterpreted the approach introduced above as phase transition

problem and the state variable S as the corresponding “phase �eld order parameter”, see

also Kuhn (2013). Later on, Miehe et al. (2010a); Miehe et al. (2010c) used the term “crack

phase �eld” for a similar approach.

To avoid confusion, it should be noted that there is a number of alternative fracture

modeling approaches which stem directly from phase transition physics, see e.g. Aranson

et al. (2000), Karma et al. (2001), Henry and Levine (2004), Karma and Lobkovsky (2004),

Gugenberger (2009), Hakim and Karma (2009), Spatschek et al. (2011). They include similar

terms, however, the underlying models and approximated physical quantities deviate

signi�cantly. Most signi�cantly, crack propagation is controlled by an auxiliary energetic

barrier between the intact and broken state instead of relating the (smeared) surface energy

with the energy release, i.e. according to the Gri�th criterion. Thus, in the remainder of

the work, the regularized approach as introduced in Sect. 3.1 is used, but in conjunction

with the terminology “phase �eld”.

For a broader discussion of the approach, the energy functional of the regularized version

of the variational approach to fracture (3.9) is rewritten in a more general manner. It can

be seen as a general framework of phase �eld modeling of (brittle) fracture. Inspired by

the previous derivation, a more general form of (3.9) is given by the total energy

�tot (YYY, S) =
∫
Ω

ke (YYY, S) +

=: ks (S,∇S)︷                             ︸︸                             ︷
Gc

1

2� 2w

(
E (S) + �2 |∇S|2

)
︸                         ︷︷                         ︸

=: W� (S,∇S)

d+ , (3.11)

where ke (YYY, S) is the strain energy density degraded by the phase �eld and ks (S,∇S)
is the crack surface energy density. Typically, the strain energy density is isotropically
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degraded (the sti�ness in all directions is degraded in the same manner). This is achieved

by introducing a degradation function 6 (S), which relates the change of the phase �eld

parameter to the corresponding loss of sti�ness. A simple choice, in accordance with (3.9),

is the full degradation (the whole strain energy is degraded) by a quadratic degradation

function 6 (S) := S2 +[n with the small remaining sti�ness parameter 0<[n�1, i.e.

ke (YYY, S) := 6 (S)k0 (YYY) =
1

2

YYY ..

[
6 (S)C0

]

.. YYY . (3.12)

Following the terminology introduced in the �eld of continuum damage mechanics (see

Sect. 2.2.8) the e�ective stress tensor according to (2.169), i.e. the Cauchy stress tensor for

intact, not degraded material, is identi�ed to be

2̃ := C0 : YYY =
2

6 (S) (3.13)

in phase �eld models with full and isotropic degradation.

Meanwhile, the regularized crack is represented by the crack surface density function

W� (S,∇S), which consists of a local part described by the functionE (S) and a non-local

part based on the phase �eld gradient ∇S. To incorporate the non-local part, an internal

length parameter � is required for dimensional reasons, which acts as regularization

parameter. The scaling parameter 2w depends on the choice of the local crack surface

functionE (S) and ensures the fundamental property

∞∫
−∞

W� (S,∇S) dFn = 1 , (3.14)

where Fn denotes the coordinate normal to the fracture surface. In a domain of �nite size,

e.g. in (3.11), the property (3.14) is ful�lled for a vanishing length of the regularization

parameter � → 0. The surface energy of a discrete crack is represented by a volume

integral ∫
Γ

Gc d� ≈
∫
Ω

GcW� (S,∇S)d+ (3.15)

and de�ned in the whole domain Ω. In accordance with (3.9), a common choice of the

local crack surface function is the quadratic functionE (S) := (1 − S)2 with 2w = 1.

3.2.1 Application of Hamilton’s principle

The governing equations of phase �eld approaches to fracture are typically derived from

variational principles, see, e.g., Kuhn and Müller (2010a) and Miehe et al. (2010a; 2010c).

The application of Hamilton’s principle of stationary action, as introduced in Sect. 2.1.4,

yields the coupled set of Euler-Lagrange-equations, which provides the strong form of

the governing equations. Dynamic phase �eld fracture models have been introduced
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structurally similar to one another by Borden et al. (2012), Hofacker and Miehe (2012)

and Schlüter et al. (2014).

By following Borden et al. (2012), we start from the Lagrangian

! ( .u , YYY, S,∇S) =  − �tot

=

∫
Ω

1

2

d
.
u · .

u d+ −
∫
Ω

ke (YYY, S) d+ −
∫
Ω

GcW� (S,∇S) d+ , (3.16)

with the kinetic energy (2.56) and the total free energy, which is the sum of strain energy

and crack surface energy according to (3.11). To conserve the mass of the body, the kinetic

energy  is not a�ected by the phase �eld, see Hofacker and Miehe (2012) and Borden

et al. (2012). In addition, by treating the critical energy release rate Gc as constant, it is

assumed to be independent of the crack speed. Correspondingly, the Lagrangian density

is

L( .u , YYY, S,∇S) = 1

2

d
.
u · .

u −ke (YYY, S) − GcW� (S,∇S) . (3.17)

Applied body forces
¯f and boundary tractions t̄ can be non-conservative. In addition,

there might be a viscous regularization of the crack advance, controlled by the viscosity

parameter [vc. These contributions are included in terms of generalized forces& . Their

virtual work (2.114) is

X,f =

∫
Ω

¯f · Xu d+ , X,t =

∫
mΩB

t̄ · Xu d� and X,[ =

∫
Ω

(
[vc

.
S
)
XS d+ ,

(3.18)

respectively. According to the principle of stationary action, the actual displacement

�eld u and phase �eld S must ful�ll

B2∫
B1

(
X! +

∫
Ω

¯f · Xu d+ +
∫
mΩB

t̄ · Xu d� +
∫
Ω

(
[vc

.
S
)
XS d+

)
dB = 0 . (3.19)

Further steps are based on the detailed derivation of the governing equations provided

by Schlüter et al. (2014). With the exchange of integration over the domain and variation,

the �rst term in (3.19) is rewritten

B2∫
B1

( ∫
Ω

XL d+ +
∫
Ω

¯f · Xu d+ +
∫
mΩB

t̄ · Xu d� +
∫
Ω

(
[vc

.
S
)
XS d+

)
dB = 0 . (3.20)
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3.2 General framework and governing equations

The variation of the Lagrangian density with respect to the unknown �eldsu and S results

in, by applying the product rule (A.47),

XL =
mL
m

.
u
· X .

u + mL
mYYY

.. XYYY +
mL
mS

XS + mL
m∇S · ∇XS

=
d

dB

(
mL
m

.
u
· Xu

)
− d

dB

mL
m

.
u
· Xu − div

(
mL
mYYY

)
· Xu + div

(
mL
mYYY
· Xu

)
+ mL
mS

XS − div

(
mL
m∇S

)
XS + div

(
mL
m∇S XS

)
. (3.21)

Integration over time (in the interval [B1, B2]) and domain and employment of the diver-

gence theorem (A.40) �nally yields

B2∫
B1

∫
Ω

XL d+ dB =

B2∫
B1

∫
Ω

[
− d

dB

mL
m

.
u
− div

(
mL
mYYY

)]
· Xu d+ dB

+
B2∫

B1

∫
Ω

[
mL
mS
− div

(
mL
m∇S

)]
XS d+ dB

+
B2∫

B1

∫
Ω

[
mL
mYYY
· n

]
· Xu d� dB +

B2∫
B1

∫
Ω

[
mL
m∇S · n

]
XS d� dB

+
∫
Ω

[
mL
m

.
u
· Xu

]
d+

����B2
B1

(3.22)

With the domain Ω being independent of time, the order of integration of time and domain

can be exchanged according to∫
Ω

[
mL
m

.
u
· Xu

]
d+

����B2
B1

=

∫
Ω

[
mL
m

.
u
· Xu

] ����B2
B1

d+ = 0 , (3.23)

which vanishes, if Xu (x , B1) = Xu (x , B2) = 0 is chosen. By employing the fundamental

Lemmas of variational calculus, see (2.117) and (2.118), the square bracket terms in (3.22)

must vanish independently, i.e. for each admissible variation Xu and XS. Thus, the coupled

set of Euler-Lagrange equations of the variational expression (3.18) is given by

¯f − d

dB

mL
m

.
u
− div

(
mL
mYYY

)
= 0 (3.24)

[vc

.
S + mL

mS
− div

(
mL
m∇S

)
= 0 (3.25)

mL
mYYY
· n + t̄ = 0 on mΩB (3.26)
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3 Phase �eld approach to brittle fracture

and

mL
m∇S · n = 0 on mΩA . (3.27)

By using the actual expressions of the Lagrangian density L( .u , YYY, S,∇S), see (3.17), one

�nally obtains from (3.24-3.25) the momentum balance

d
..
u = div2 + ¯f (3.28)

with the Cauchy stress tensor

2 =
mke (YYY, S)

mYYY
= 6 (S) mk0 (YYY)

mYYY
(3.29)

and the phase �eld equation

[vc

.
S + dke (YYY, S)

dS
+ dks (S,∇S)

dS
− Gc

�

2w

ΔS

= [vc

.
S + d6 (S)

dS
k0 (YYY)︸          ︷︷          ︸

=: 5s (YYY, S)

+Gc

2w

(
1

2�

dE (S)
dS

− � ΔS
)
= 0 (3.30)

where ΔS denotes the Laplacian of the phase �eld. Equation (3.30) governs the evolution

of the phase �eld driven by the elastic energy. In absence of any phase �eld constraints

the phase �eld evolution is driven by the strain energy only. Consequently, in terms

of thermodynamic forces the second term in (3.30) can be identi�ed as crack driving
force 5s (YYY, S) while the third term is the crack resistance force (Miehe et al., 2015). While

displacement boundary conditions u = ū are prescribed on mΩu (see Fig. 3.2), the traction

boundary conditions

2 · n = t̄ on mΩt , (3.31)

with n being the outward normal vector on mΩ = mΩu ∪ mΩt with mΩt ∩ mΩu = ∅, as well

as the boundary condition for the phase �eld

∇S · n = 0 on mΩ (3.32)

are obtained from the variational principle (3.26-3.27). In addition, initial cracks can

be modeled by the phase �eld, e.g., by imposing phase �eld boundary conditions S = 0

along Ss, see App. C.4.

3.2.2 Leaving the variational scheme

A variational principle has been used to obtain the coupled set of partial di�erential

equations and the corresponding boundary conditions (3.28-3.32). Foremost, using a

variational principle enforces the energy transfer from the elastic �eld to the phase �eld to

be fully consistent, i.e. there is no arti�cial loss of energy besides the viscous regularization.
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3.2 General framework and governing equations

However, there are several reasons to break the variational derivation of the governing

equations of the phase �eld approaches to fracture, some of them are discussed in the

remainder of this work.

The coupling of both �elds, the displacement �eld and the phase �eld, is clearly visible

from the momentum balance (3.28) in conjunction with stress degradation (3.29) and the

evolution equation (3.30), where the elastic energy drives the phase �eld evolution. While

the momentum balance (3.28) typically remains unchanged, the phase �eld evolution

equation is reformulated as

[vc

.
S + d6 (S)

dS
�s (YYY) +

Gc

2w

(
1

2�

dE (S)
dS

− � ΔS
)
= 0 , (3.33)

with the modi�ed crack driving energy �s (YYY). In comparison with (3.30), the speci�c

choice of

�s (YYY) := k0 (YYY) = YYY .. C0 .. YYY/2 (3.34)

corresponds to the variationally “consistent” version as obtained in Sect. 3.2.1. For all

other possible choices of �s (YYY), the present set of equations (3.28) and (3.33) cannot be

derived from a variational principle since the underlying energy functional does not exist.

Note, that the crack driving energy can also be formulated in terms of the e�ective stress

tensor (3.13), which is an isotropic function of the strain tensor (Sect. 2.1.3). For the sake

of clarity the modi�ed crack driving energy formulated in the e�ective stress space is

denoted by �s (2̃ ). A variational structure — though mathematically pleasant — is neither

necessary nor su�cient for the physical correctness of a model and its governing equations.

It should also be emphasized that the basic structure of the evolution equation (3.30) is

still retained in (3.33) by keeping the derivative d6 /dS as a scaling factor in front of the

crack driving energy �s (YYY) in order to render the energy transfer from the elastic �eld to

the phase �eld consistent. A more detailed discussion is provided in Sect. 3.5.4.

3.2.3 Incorporation of crack irreversibility

As introduced in Sect. 2.2, macroscopic fracture describes material separation which

is assumed to be of irreversible nature, so e�ects of crack healing are not considered
1
.

The equations obtained from the variational principle (Sect. 3.2.1) or their somewhat

modi�ed version (Sect. 3.2.2), however, do not take the irreversible character of fracture

into account. The phase �eld variable S can evolve freely in both directions (between 0

and 1) only depending on the current loading conditions. If, for example, external loads

are reduced after a crack (described by the phase �eld) has been formed, the phase

1
Crack healing, which means at least partial reestablishment of bonding between crack surfaces, can take place

on a microscopic level in many di�erent materials, e.g. in vulcanized rubber due to the rearrangement of

inherent sulfur cross-linked networks (Xiang et al., 2015) or in soda-lime glass Wiederhorn and Townsend

(1970). Since in this work only macroscopic cracks are considered, these e�ects are out of the scope.
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3 Phase �eld approach to brittle fracture

�eld might regenerate towards its initial value S = 1. By regarding the phase �eld

evolution equation (3.30) or (3.33) it is evident that the phase �eld is driven only by strain

energy and that strain energy and surface energy can be converted in both direction.

From the conceptual perspective, there are two di�erent approaches to incorporate crack

irreversibility, which are presented in the following.

Crack-like irreversibility

The “crack-like” irreversibility constraint

Ss (B ) ⊆ Ss (B + dB ) ∀dB > 0 (3.35)

is close to the original idea, that the current crack set contains all previous cracks (2.196),

and has been introduced by Bourdin et al. (2000). Therefore, the phase �eld is �xed by

applying suitable constraints as soon as a crack is formed, i.e. the cracked “state” S = 0 is

reached. To allow further crack growth, indicated in the model by further evolution of S(x ),
the phase �eld is only constrained directly at the crack, e.g. by imposing Dirichlet-type

boundary conditions

S(B + dB ) !

= 0 if S(B ) ≤ Stol ∀dB > 0 . (3.36)

As introduced in Section 3.1, the crack in the phase �eld approach is indicated by the zero

set of the phase �eld (3.10). For numerical reasons, usually a small threshold value

0 < Stol � 1 (3.37)

is used, which de�nes the phase �eld crack set

Ss = {x ∈ Ω : S(x ) ≤ Stol} . (3.38)

A reasonable choice is, for example, Stol = 10
−8

(Schlüter, 2018). Dirichlet boundary

conditions can be imposed by reformulating the system of algebraic equations. The

corresponding procedure for the “crack-like” irreversibility in the phase �eld approach

has been proposed by Kuhn (2013).

After the release of all mechanical loads (and by neglecting viscosity) the local and non-

local term of the phase �eld are in equilibrium with each other, i.e.

dE (S)
dS

= 2�2 ΔS . (3.39)

Since the phase �eld on Ω \Ss is still governed by its evolution equation (3.33) it can

recover with

.
S > 0. This is also the case before Stol is reached. Thus, by applying “crack-

like” irreversibility constraints, the phase �eld acts as an “auxiliary indicator �eld for

cracks” (everywhere where it does not regularize a crack), see Kuhn (2013).
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3.2 General framework and governing equations

Damage-like irreversibility

Conceptually di�erent is the “damage-like” irreversibility, which has been introduced in

di�erent versions by Kuhn and Müller (2008), and Miehe et al. (2010a; 2010c). As the name

indicates, the phase �eld variable S(x ), to be more precise, its counterpart 3 := 1 − S is

interpreted as damage parameter. It quanti�es locally the amount of damage and via the

degradation function 6 (S) the related permanent loss of sti�ness, see Sect. 2.2.8. Thus,

the phase �eld is non-increasing with

.
S ≤ 0 . (3.40)

The conversion of kinetic and elastic energy into crack surface energy is a unidirectional

process for every, also partial, phase �eld evolution. Instead of directly constraining

the direction of phase �eld evolution, Miehe et al. (2010a) proposed the modi�cation

of the crack driving energy based on the non-variational approach given in Sect. 3.2.2.

By introducing a “local history �eld of maximum positive reference energy”H(k0) the

approach is, in general, given by

�s := H(k0) = max

g ∈[0, B ]
k0 (YYY (x ,g)) . (3.41)

Imposing irreversibility by arti�cial viscosity

As discussed by Kuhn (2013), the phase �eld evolution equation (3.30) can also be derived

from considering the balance law in a microforce system
2
. For this purpose, Kuhn and

Müller (2008) introduced the kinetic “mobility parameter” " with

" :=
1

[vc

. (3.42)

While the evolution equation with a constant non-negative mobility corresponds to the

classical Ginzburg-Landau equation, a more general form allows the mobility itself to be

non-constant (Gurtin, 1996), i.e.
˜" (S, .S, . . . ), to form the evolution equation

.
S = − ˜"

[
d6 (S)

dS
k0 +

Gc

2w

(
1

2�

dE (S)
dS

− � ΔS
)]

. (3.43)

The rate-independent limit case of phase �eld evolution is reached for the mobility being

a constant with
˜" = " →∞, which is equivalent to [vc = 0 in (3.30). To enforce a

“crack-like” irreversibility constraint, Kuhn (2013) proposes to apply

˜" (S) =
{
" if S > 0

0 else

, (3.44)

2
Gurtin (1996) uses a microforce balance law to set up a framework for Cahn-Hilliard and Ginzburg-Landau

type equations. Both equations describe the evolution of order parameters in two-phase systems. While the

�rst describes the transport of atoms between unit cells the latter describes the ordering of atoms within unit

cells on a lattice.
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3 Phase �eld approach to brittle fracture

while the “damage-like” irreversibility is obtained by

˜" ( .S) =
{
" if

.
S ≤ 0

0 else

. (3.45)

In both cases, the unintended behavior, either the release of the phase �eld from its

minimum value S = 0 or its positive evolution

.
S > 0 is suppressed by imposing locally a

zero mobility, which corresponds to an (almost) in�nite amount of arti�cial viscosity.

Similar approaches to enforce a “damage-like” irreversibility constraint have been proposed

by Miehe et al. (2010c). One of them is based on a three-�eld approach, where a separate

auxiliary �eld equation handles phase �eld-related forces. Another one is a common two-

�eld approach with an “arti�cial viscous hardening” term that penalizes the unintended

increase of the phase �eld

.
S > 0. The phase �eld evolution equation in this context is

then

nir 〈
.
S〉 + d6 (S)

dS
k0 +

Gc

2w

(
1

2�

dE (S)
dS

− � ΔS
)
= 0 , (3.46)

with nir � 0 being a penalty parameter, which has to be chosen as large as possible in

relation to the time step size the conditioning number of the system (Miehe et al., 2010c).

It should be noted, that in absence of the enforcement of irreversibility, additional viscous

damping is not required in dynamic models as stated by Borden et al. (2012) and Hofacker

and Miehe (2012).

3.2.4 Weak form and numerical solution

The set of coupled partial di�erential equations (3.28) and (3.30) or its modi�ed ver-

sion (3.33) for the displacement �eld u (x ) and the phase �eld S(x ) is solved by the �nite

element method. By introducing test functions Xu , XYYY :=∇sXu and XS, the weak forms of

the momentum balance (3.28) and phase �eld evolution equation (3.33) are

−
∫
Ω

[
Xu ·

(
d

..
u
)
+ XYYY .. 2 (YYY, S)

]
d+ +

∫
Ω

Xu · ¯f d+ +
∫
mΩt

Xu · t̄ d� = 0 (3.47)

and∫
Ω

[
XS

(
[vc

.
S
)
+ XS 6 ′(S)�s (YYY) + XS

(
Gc

� 2w

E ′(S)
)
+ ∇XS ·

(
Gc � ∇S

) ]
d+ = 0 , (3.48)

respectively. In case of a variationally consistent approach the crack driving energy

in (3.48) is given by�s (YYY) = k0 (YYY) , if a local history �eld is used the crack driving energy is

�s (YYY) = maxg ∈[0, B ] k0 (YYY (x ,g)), see (3.41). After time integration and spatial discretization
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3.2 General framework and governing equations

(more details are provided in App. C.2) the global system of coupled equations in terms of

internal forces P and external forces F is

R = F − P(d ,
.

d ,
..

d ) = 0 , (3.49)

with d being the vector of unknown displacements u and phase �eld values S.

In order to solve the resulting coupled set of algebraic equations two solution procedures

are available: a monolithic approach and an alternate minimization procedure, also referred

to as staggered scheme (Miehe et al., 2010b). To achieve reliable solutions small time/load

steps are necessary in most situations. In a monolithic solution scheme the governing

equations for both unknown �elds are solved simultaneously. Since in the quasi-static

case convexity with respect to both unknown �elds cannot be guaranteed (Bourdin,

2007a; Bourdin et al., 2000), this can be accomplished by either introducing an arti�cial

viscosity (e.g. Kuhn and Müller, 2010a), a special type of line search algorithm (Gerasimov

and De Lorenzis, 2016) or by including inertia (Borden et al., 2012; Schlüter et al., 2014;

Steinke et al., 2017). By contrast, by using an alternate minimization procedure the

displacements u and the phase �eld S are computed separately in an alternating manner

based on the respective other results (Bourdin et al., 2000). The main advantage is that two,

yet much smaller systems of equations have to be solved, where each problem is convex.

Moreover, any modi�cation of the phase �eld evolution equation (Sect. 3.2.2) would

cause unsymmetric entries in the coupling terms of the tangent matrix in a monolithic

approach resulting in higher computational costs (Zienkiewicz et al., 2013). In addition to

small time/load steps, several iterations in each load step between the solutions of both

equation systems might be necessary until convergence for the coupled problem is reached.

According to Bourdin et al. (2000), convergence can be assumed when the change of the

phase �eld between consecutive iterations is below a tolerance Xs as illustrated in Fig. 3.3,

see also Borden (2012) and Wheeler et al. (2014). Keeping track of only the phase �eld is

su�cient for a converged solution, since without further change in the phase �eld solution

also the displacement solution does not change anymore. Moreover, the phase �eld is a

dimensionless quantity and therefore eligible to check convergence. Alternative criteria

to control convergence of alternate minimization have been investigated by Ambati et al.

(2015a). The number of iterations strongly depends on the choice of the speci�c phase

�eld formulation, the load step size, the state of crack propagation and also the �nite

element mesh
3
. Miehe et al. (2010a) proposed a “robust”

4
alternate minimization procedure

(there called staggered scheme) in which both �eld solutions are not reiterated. Also used

by Borden et al. (2012), Hofacker and Miehe (2012), Hesch and Weinberg (2014), Streich

(2015), Nguyen et al. (2016), Molnár and Gravouil (2017), to name a few, solutions obtained

by this scheme might not be in equilibrium even for small load steps, especially at the

3
Without providing a systematic investigation, a too coarse �nite element mesh in the zone of crack growth

(thus the spatial and temporal approximation are of low quality) seems to converge much better/faster.

4
In fact, the scheme is extremely simple and robust and almost always yields a solution. However, one cannot

make sure it is the correct one. E.g. phase �eld evolution at rapid failure might take place over many time

steps, while unphysical loading can still be applied.
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3 Phase �eld approach to brittle fracture

onset of crack growth. Thus, crack formation and propagation is often delayed, which

can be easily avoided by allowing for reiterations.

Alternate minimization for load increment <:

→ initialization: 9 = 1, set u(0)< = u<−1 and s(0)< = s<−1

→ alternate minimization cycle 9 ≥ 1

→ solve s(9 )< with constraint u< = u(9−1)
<

→ solve u(9 )< with constraint s< = s(9 )<

repeat cycle with 9 + 1→ 9 until ‖s(9 )< − s(9−1)
< ‖∞ < Xs = 10

−5

Figure 3.3: Alternate minimization solution procedure; u and s denote sets of all nodal displacements and phase

�eld values as introduced in App. C.2.

3.3 Distribution of crack surface and sti�ness
degradation

The phase �eld evolution equation (3.30) or (3.33) governs the energy transfer between the

strain �eld and the phase �eld. In this context, the exact form of the (sti�ness) degradation

function 6 (S), which is also present in the momentum balance equation (3.28), and the

function E (S), in the following referred to as (crack) surface function, play key roles,

which are analyzed in this section.

a)

1.0
0.0

1.0

0.0 S

6
(S
)

???

6 (0) = 0, 6 ′(0) = 0

6 ′(S) > 0

6 (1) = 1, 6 ′(1) & 0, 6 ′′(1) ≠ 0

b)

1.00.0
0.0

1.0

S

E
(S
)

?
?

?

E (0) > 0,E ′(0) < 0

E ′(S) < 0

E (1) = 0,E ′(1) = 0

Figure 3.4: Illustration of a) degradation functions 6 (S) and b) surface functionsE (S) in combination with

typical requirements.
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3.3 Distribution of crack surface and sti�ness degradation

In fact, the functions describe the local distributions of sti�ness degradation and crack

surface, respectively. Figure 3.4 illustrates typical degradation and surface functions in

conjunction with some of their requirements. Since the regularization of the crack is

meaningful without any elastic contribution, the discussion starts with the surface function.

Since most of the following discussion is regarded in the context of one-dimensional

equations, spatial derivatives are rather indicated by comma notation, i.e. ,F for the �rst

and ,FF for the second spatial derivative, than by symbolic notation. By contrast, derivatives

with respect to the phase �eld S are given by

6 ′(S) :=
d6 (S)

dS
and E ′(S) :=

dE (S)
dS

. (3.50)

3.3.1 Surface function

The key ingredient of the phase �eld approach to fracture is the smeared representation

of the crack surface, see Sect. 3.1. This feature is based on the crack surface density

W ˜� (S,∇S,ΔS, . . . ) =
1

2
˜� 2̃w

(
00E (S) + 01

˜�
2 |∇S|2 + 02

˜�
4 (ΔS)2 + . . .

)
, (3.51)

which consists of a local and a non-local part. The local part is typically formulated in

terms of the surface function E (S), while the non-local part is based on the �rst until

<-th spatial derivative of the phase �eld S(x ). There is a scaling constant 2̃w and, for

dimensional reasons, the internal length parameter
˜�. In the most general context, each

summand in (3.51) is weighted by a factor 00, 01, . . . , 0< . This work is focused on crack

surface densities including only the �rst spatial derivative of the phase �eld. Accordingly,

the crack surface density (3.51) is

W� (S,∇S) =
1

2� 2w

(
E (S) + �2 |∇S|2

)
. (3.52)

Note, that due to the scaling by � = ˜�
√
01/00 and 2w = 2̃w/

√
00 01 the weight factors

cannot be chosen independently in this speci�c case. The scaling parameter can then be

obtained from

2w = 2

1∫
0

√
E (S) dS , (3.53)

see App. B.3. A crack surface density which also includes higher-order spatial derivatives,

more speci�cally the Laplacian ΔS, has been introduced by Borden (2012) and is further

discussed by Borden et al. (2014) and Weinberg and Hesch (2015).

In absence of external and internal mechanical forces the current phase �eld solution

S(x , B ) is governed by the equilibrium between the local, described by the functionE (S),
and non-local forces (3.39) and related �rst- and second-type boundary conditions S = 0

on Ss and (3.32), respectively. The crack surface densityW� (S,∇S) approximates the crack
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3 Phase �eld approach to brittle fracture

surface � in terms of a Dirac delta distribution along the crack S as outlined by Verhoosel

and Borst (2013). Thus, obtained phase �eld solutions resemble Dirac distributions. Based

on a point-wise de�nition, the dimensionless functionE (S) relates the fractured surface

area to the total cross sectional area. For this purpose, fundamental requirements on the

local part of the surface descriptionE (S) are

E (S=1) = 0 and E (S=0) = 1 . (3.54)

In addition, it must be ensured that the energy release is non-positive as the phase

�eld decreases. This in typically ensured by requesting the functionE (S) to be strictly

monotonically decreasing between the two limit states, i.e.

E ′(S) < 0 ∀S ∈ (0, 1) . (3.55)

In order to give the natural solution S = 1 if neither mechanical forces nor non-natural

boundary conditions are present, it is required that

E ′(S=1) = 0 . (3.56)

This is no physically motivated restriction, but from the modeling standpoint of view, a

pleasant property and simpli�es the implementation and solution as discussed below.

Quadratic surface function

A common basis for the surface functionE (S) in (3.52) is one of the quadratic functions

EV (S) := V S2 − (V + 1) S + 1 . (3.57)

By considering all essential requirements from above, i.e. (3.54) and (3.55), the coe�cient is

limited to V ∈ [−1, 1], as derived in App. B.2. Moreover, the quadratic function with (B.81)

ful�lls the optional requirement (3.56) only for V = 1. Not only because it was the �rst

approach Bourdin (1998), but also since the choice

EV=1 (S) = (1 − S)2 (3.58)

is bene�cial for implementation reasons (see below), it is the most widely used phase

�eld approach to fracture in the literature. The function is sometimes denoted as “single-

well potential” (e.g. Ambati et al., 2015a; Levitas et al., 2018), loosely referring to the

terminology of multi-phase physics and to distinguish it from the double-well potential

used by Karma et al. (2001). Since it is the only quadratic function with a single well (in

the range of de�nition), this speci�c choice is here referred to as quadratic single-well
function.

A special case of (3.57) is the linear surface function (V =0)

EV=0 (S) = 1 − S , (3.59)
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3.3 Distribution of crack surface and sti�ness degradation

which has been analyzed in the context of phase �eld fracture by Pham et al. (2011).

Another quadratic function is the concave quadratic function with V =−1

EV=−1 (S) = 1 − S2 , (3.60)

which has been proposed and analyzed by Wu (2017). The scaling parameter for the

quadratic function (3.57) can then be calculated as, see (B.23) and (B.24),

2w =



1

4V

[
(1 − V)2√
−V

(
arcsin

(
1 + V
1 − V

)
− c

2

)
+ 2(1 + V)

]
∀V ∈ [−1, 0)

4

3

∀V = 0

1

4V

[
− (1 − V)

2√
V

arcosh

(
1 + V
1 − V

)
+ 2(1 + V)

]
∀V ∈ (0, 1)

1 ∀V = 1

. (3.61)

Treatment of unbounded solutions

For all choices of V ≠ 1 the resulting problem becomes a bound-constrained minimization

problem, where the phase �eld is not guaranteed to be smaller or equal to one if not

treated adequately. Thus, special solution techniques such as bound-constrained solvers

are required, see, e.g., the discussions by Wu (2017). Bleyer et al. (2017) for example, use a

bound-constrained optimization solver integrated in the PETSc library, while Pham et al.

(2011) use the large-scale bound-constrained quadratic optimization solver included in

the Matlab Optimization Toolbox. As an alternative, Gerasimov and De Lorenzis (2019)

applied a penalization technique to enforce S ≤ 1. For this purpose, the additional penalty

term

%n =
ns

2

∫
Ω

〈S − 1〉2 d+ (3.62)

has to be added to the energy functional (3.11). The choice of the penalty parameter ns � 0

is critical, since a too small penalty parameter is not able to keep the phase �eld in a

meaningful range. A too large penalty parameter, however, results in ill-conditioning

of the system. Thus, Gerasimov and De Lorenzis (2019) also provide a procedure to

calculate the lower bound of the penalty parameter to obtain a su�ciently accurate crack

approximation (in terms of crack surface energy).

To avoid both special solution techniques and the global treatment of su�ciently local

problems, a further alternative is to incorporate a penalization term in the formulation
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3 Phase �eld approach to brittle fracture

itself by superimposing the desired surface function, e.g.EV with V ≠ 1, and a penalizing

function >n (S), see App. B.4. In case of the quadratic surface function, this yields

En (S) :=EV (S) + >w (S)
= V S2 − (V + 1) S + 1 + (1 − V)

[
exp

(
nw (S − 1)

)
− 1

]
/nw . (3.63)

Figure 3.5 shows the function graphs for two speci�c choices of V depending on the choice

of the penalty parameter nw. It should be noted, that the approximation in the range S < 1

is quite accurate for nw = 10
2
. The scaling parameter 2w can be calculated by numerical

integration of (3.53). All corresponding values and their deviation due to penalization are

provided in Tab. B.1 in App. B.4.
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Figure 3.5: Surface functionEn (S) depending on the choice of the penalty parameter nw to approximate a) the

linear surface functionE (S) ≈ 1 − S and b) the concave surface functionE (S) ≈ 1 − S2
.

3.3.2 Degradation function

The degradation function 6 (S) introduced in (3.12) establishes the coupling between

the strain �eld and the phase �eld. Its role is twofold: On the one hand it describes the

decay of the elastic sti�ness in (3.29) towards a vanishing sti�ness with the phase �eld

evolution S → 0, on the other hand its �rst derivative 6 ′(S) quanti�es the elastic energy

contribution to the phase �eld evolution in (3.33).

To be consistent with the original material behavior in the intact state (S=1) and the

(almost) complete loss of sti�ness at the crack (S=0), the degradation function is subject

to the conditions

6 (S=1) = 1 and 6 (S=0) = [n , (3.64)

with 0 < [n � 1 being a small parameter to avoid an ill-posed (zero) sti�ness. From a

spatially homogeneous consideration, [n must be large enough so that the conditioning

number of the resulting algebraic system remains well-posed. However, since the fully

degraded state does not a�ect large regions, it is omitted here for brevity (e.g. Borden,
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3.3 Distribution of crack surface and sti�ness degradation

2012; Kuhn, 2013). To guarantee positive energy release from the strain energy density at

every instant of phase �eld evolution (

.
S < 0) between the two limit states, i.e.

− 6 ′(S) �s (YYY)︸︷︷︸
> 0

.
S > 0 , (3.65)

with a positive de�nite crack driving energy �s (YYY), the degradation function must be

strictly monotonically increasing, i.e. its �rst derivative must be

6 ′(S) > 0 ∀S ∈ (0, 1) . (3.66)

Note, that the combination of (3.64) and (3.66) already contains the requirement

6 (S) > 0 ∀S ∈ (0, 1] , (3.67)

which ensures the positive de�niteness of the degraded strain energy. Aforementioned

conditions are similar to those introduced in continuum damage mechanics formulations,

see Sect. 2.2.8. Moreover, the phase �eld evolution has to seize in the fully broken state to

keep S non-negative, which is enforced by the additional condition

6 ′(S=0) = 0 . (3.68)

Accordingly, the phase �eld approaches zero as �s (YYY) → ∞ because the crack driving

strain energy term 6 ′(S)�s (Y) has to be eliminated. Note that the other limit state (keep-

ing S ≤ 1), which is important e.g. if no strain energy is present, has to be either ensured

by an appropriate choice of the local crack surface functionE (S) or by special solution

techniques, see Sect. 3.3.1. In conjunction with the quadratic single-well function (3.58),

Borden et al. (2012) additionally postulates

6 ′(S=1) ' 0 (3.69)

to perturb the homogeneous response S = 1, see also Kuhn et al. (2015). In the following,

di�erent choices of 6 (S) are discussed.

Polynomial degradation function

The simplest polynomial degradation function which satis�es all essential requirements

from above is the quadratic function

6 (S) = S2 . (3.70)

This function has already been used in (3.9) as introduced by Bourdin et al. (2000) and is

extensively used in the literature, see e.g. Miehe et al. (2010c), Kuhn and Müller (2010a) and

Steinke et al. (2017). In conjunction with the quadratic single-well function (3.58) its major

drawback is that phase �eld evolution (and hence the sti�ness degradation) starts already
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3 Phase �eld approach to brittle fracture

at minimal strains, see also the analysis in Sect. 3.4. This gives rise to a signi�cantly

non-linear stress-strain response prior to fracture, which is unrealistic for brittle materials.

To some extent, this behavior can be avoided by using the cubic degradation function

6 (S) = (3 − 0s) S2 + (0s − 2) S3
(3.71)

as suggested by Borden et al. (2012). With

6 ′(S) = 2(3 − 0s) S + 3(0s − 2) S2 = S
[
6(1 − S) + (3S − 2) 0s

]
(3.72)

the parameter 0s with

0 < 0s := 6 ′(S=1)�1 (3.73)

takes the requirement (3.69) into account and serves to circumvent the numerical di�cul-

ties in detecting the onset of material degradation mentioned in Kuhn et al. (2015). Even

though 0s has been introduced for numerical reasons, it can also be used as a modeling

parameter (Schlüter, 2018) in its valid range 0s ∈ (0, 3]. With 0s = 2 the degradation

function corresponds to the quadratic choice (3.70).

Karma et al. (2001) used a quartic degradation function, but in conjunction with the

fundamentally di�erent crack surface regularization by a double-well potential. Kuhn

et al. (2015) analyzed the quartic degradation function in conjunction with the quadratic

single-well function. By using the parameter 0s, the quartic degradation function is

6 (S) = (4 − 0s) S3 + (0s − 3) S4 . (3.74)

Inspired by the speci�c choice of cubic and quartic degradation functions, Strobl and Seelig

(2018) proposed a speci�c family of higher-order polynomial degradation functions

6 (S) = (< − 0s) S<−1 + (0s − < + 1) S< (3.75)

with the exponent < ∈ N, < > 2. Its construction is discussed in detail in App. B.5. Ev-

idently, the function satis�es all requirements discussed above and the choice of the

exponent < is, in fact, not restricted to natural numbers. With 0s = 0 the degradation

function (3.75) can be simpli�ed to

6 (S) = < S<−1 − (< − 1) S< = A<−1 [< − (< − 1) S] . (3.76)

One motivation to increase the polynomial order of the degradation function in this way is

related to the role of the internal length parameter � which governs the material strength

as discussed in detail in Sect. 3.4.
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Other types of degradation functions

To provide a wide overview of possible degradation functions and their underlying moti-

vation, some di�erent types are presented in the following. To model brittle fracture in

piezoelectric ceramics
5
, Wilson et al. (2013) introduced the degradation function

6 (S) = U
[
1 −

(
0 − 1

0

) (1−S)2 ]
(3.77)

with U ∈ (1, ∞) being a modeling parameter. In contrast to the quadratic degradation

function (3.70), which results for U � 1 in the region of interest (S ∈ [0, 1]), degradation

with (3.77) massively suppresses the crack driving term in the unphysical region S > 1. As

discussed by Wilson et al. (2013), this is necessary for the proposed piezoelectric model

and seems to be an issue of the coupling with the electric �eld, denoted as “anti-damaging”

e�ect.

Sargado et al. (2018) introduced and discussed a family of degradation functions based on

the exponential function. The most general form is

6 (S) = (1 −Edeg)
1 − exp(−9 S<)

1 − exp(−9 ) +Edeg 5corr (S) (3.78)

with the modeling parameter 9 > 0, the exponent < ≥ 2, a weighting factorEdeg ∈ [0, 1]
and the “corrector function” 5corr (S). While increasing the modeling parameter 9 reduces

the e�ect of non-linear behavior prior to fracture, it also increases some kind of snap-back

behavior of the spatially homogeneous solution. Thus, Sargado et al. (2018) propose to

chose 9 in accordance with the order < , i.e.

9 (<) = (< − 2) (1 − S∗) + 1

< (1 − S∗) (S∗)< (3.79)

with

S∗ =


2

3

for < = 2

1 + (< + 1) −
√

5<2 − 6< + 1

2(<2 − 2<) for < > 2 .

(3.80)

Since for large values of 9 (<) the crack driving force becomes almost zero long before

reaching the broken state, Sargado et al. (2018) propose to add the corrector function

5corr (S) = 02 S
2 + 03 S

3
(3.81)

with

02 =
3(1 − S∗)2 − 3

3(1 − S∗)2 − 1

and 03 =
2

3(1 − S∗)2 − 1

(3.82)

5
To model fracture in piezoelectric ceramics, the phase �eld has to be coupled with both the displacement �eld

and an additional electric �eld.
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to increase the slope of 6 (S) in the post-failure range. Since the function 5corr (S) does not

satisfy all requirement of the degradation function, i.e. 5corr (S) > 0 for some states S ∈
(0, 1), the weighting factor Edeg and thus the impact of 5corr (S) should be “kept small”

(Sargado et al., 2018).

Another degradation function based on the exponential function has been proposed by

Steinke and Kaliske (2019). It is given by

6 (S) = exp[U (1 − S)] − exp(U) [1 + U (S)]
(U − 1) exp(U) + 1

(3.83)

with U > 0 and constructed in such a way, that it approaches for U →∞ the propor-

tional behavior between 6 (S) and S, i.e. 6 (S) ≈ S, however, by taking the fundamental

requirement (3.68) into account.

Other types of degradation functions are the rational function

6 (S) = S2

1 + U (1 − S)2 (3.84)

used by Lorentz and Godard (2011) (in combination with a di�erent surface function) with

a positive parameter U > 0 and the trigonometric function

6 (S) = 1 − cos

(c
2

S
)

. (3.85)

introduced and used by Yin and Kaliske (2019) and Yin et al. (2020).

3.3.3 Threshold function

Based on the non-variational treatment of the phase �eld equations introduced in Sect. 3.2.2,

Miehe et al. (2015) proposed alternative “crack driving criteria”. For this purpose, the (non-

variational) phase �eld evolution equation (3.33) in conjunction with the quadratic single-

well function (3.57) and the quadratic degradation function (3.70) is rescaled according

to

−[̃vc

.
S︸︷︷︸

“evolution”

= S max

g ∈[0, B ]
D(g)︸           ︷︷           ︸

“driving force”

−
[
(1 − A ) + �2 ΔS

]
︸                ︷︷                ︸
“geometric resistance”

. (3.86)

with the scaled viscosity [̃vc := [vc/(Gc/�). The crack driving energy is also rescaled

to reveal the dimensionless “crack driving state function” D := 2�s (YYY)/(Gc/�). In this

format, the phase �eld evolution equation is a dimensionless function of S only and reveals

the “driving force” to be the decisive constitutive choice. Di�erent proposals have been

made, most guided by the introduction of a critical threshold, which must be exceeded
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3.3 Distribution of crack surface and sti�ness degradation

to obtain phase �eld evolution (Karma et al., 2001). While the “strain criterion without

threshold” resembles the original formulation with

D =
2k0 (YYY)
Gc/�

(3.87)

also the “strain criterion with threshold”

D =

〈
k0 (YYY)
kc

− 1

〉
(3.88)

is introduced, with kc being a critical energy density. Based on the Legendre trans-

formation k̃0 (2̃ ) = supYYY [2̃ .. YYY − k0 (YYY)] in terms of the e�ective stress tensor (3.13),

i.e. 2̃ := 2/S2
, the “stress criteria with and without threshold”

D =
2k̃0 (2̃ )
Gc/�

and D =

〈
k̃0 (2̃ )
kc

− 1

〉
(3.89)

and a “principal tensile stress criterion with threshold”

D = Z

〈
3∑

U=1

(
〈f̃U〉
fc

)
2

− 1

〉
, (3.90)

have been introduced by Miehe et al. (2015). The additional parameter Z > 0 controls the

slope in the post-critical range while fc is a critical amount of stress. It is also noted, that

a “pure Rankine-type criterion” can be constructed by

D = Z

〈
1

f2

c

max

(
〈f̃1〉2, 〈f̃2〉2, 〈f̃3〉2

)
− 1

〉
, (3.91)

which is close to classical failure hypotheses, see Sect. 2.2.1. According to Miehe et al.

(2015), aforementioned criteria can be understood as generalization of the phase �eld

approach and resemble damage models, either by introducing a speci�c fracture energy

per unit volume kc or by de�ning a failure stress fc.

While the regularization controlled by the internal length parameter � is still present due

to the nonlocal term in (3.86), the threshold based criteria as proposed by Miehe et al.

(2015) do not take the critical fracture energy Gc into account. To overcome this, the strain

and stress criteria with threshold are reformulated by reintroducingkc = Gc/(2�). In this

case, the strain energy based criterion (3.88) can be rewritten as

D =
2

Gc/�

〈
k0 (YYY) −

1

2

Gc/�
〉

(3.92)

to �t into the original structure

[vc

.
S + d6 (S)

dS

〈
k0 (YYY) −

1

2

Gc/�
〉
− Gc

(
1 − S
�
+ � ΔS

)
= 0 . (3.93)
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By comparing the evolution equations (3.33) and (3.93) it is evident that by introducing the

threshold value, the early phase �eld evolution dS < 0, i.e. at small strains, is suppressed

until “su�cient” energy is available to form the cracked state. In a more general version

the phase �eld evolution equation can be constructed according to

[vc

.
S + d6 (S)

dS
〈k0 (YYY) −kc〉 +

Gc

2w

(
1

2�

dE (S)
dS

− � ΔS
)
= 0 , (3.94)

also used by Morand (2015) and Strobl and Seelig (2016).

3.4 Analysis of phase �eld transition

In order to discuss the impact of di�erent degradation functions 6 (S) and surface func-

tionsE (S) on the behavior of the coupled problem, a symmetric, homogeneous, initially

elastic one-dimensional problem of length 2! with applied displacements

C (F =±!) = C0 ≥ 0 (3.95)

as depicted in Fig. 3.6 is analyzed thoroughly. In addition, basic properties of the phase

�eld approach to fracture can be shown.

C0 C0

! !

F
� , Gc, ℓ

Figure 3.6: Uniaxial tension of 1D bar with symmetric boundary conditions.

The problem is kept simple by only regarding the quasi-static limit state (inertia and

viscous damping are out of the scope of the present investigation) and neglecting traction

and volume forces. The set of governing equations consists of the momentum balance,

the constitutive relation and the phase �eld evolution equation

f,F = 0 , (3.96)

f = 6 (S) � Y , (3.97)

0 =
1

2

6 ′(S) � Y2 + Gc

2w

(
E ′(S)

2�
− � S,FF

)
, (3.98)

the kinematic relation Y (F) = C,F and the natural boundary condition S,F (F =±!) = 0.

Here, C,F , f,F , and S,F denote the �rst spatial derivatives of the displacement C , the

stress f the phase �eld S (with respect to the coordinate F) and S,FF denotes the second
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spatial derivative of the phase �eld S. Note, that in general, neither the displacement

�eld C (F), nor the strain �eld Y (F), nor the phase �eld S(F) are homogeneous, i.e. they

do not possess a constant solution independent of the location F . By contrast, the stress is

always homogeneous due to the ful�llment of the momentum balance (3.96). The strain in

the domain is related to the displacement imposed at the boundary C (F =±!) = ±C0 by

± C0 =

±!∫
0

Y (F) dF . (3.99)

With the constitutive relation (3.97) and the introduction of ℎ (S) := 1/6 (S) − 1 (Wu, 2017)

it is possible to rewrite (3.99) as

± C0 =

±!∫
0

1

6 (S)
f

�
dF =

±!∫
0

(
1 + ℎ (S)

) f
�

dF = ±f
�
!︸︷︷︸

=: Celast

+ f
�

±!∫
0

ℎ (S) dF︸           ︷︷           ︸
=: ±Xs/2

. (3.100)

The �rst summand can be identi�ed to be the elastic response, while the remaining part

depends on the phase �eld solution S(F) and might be interpreted in terms of a crack
opening displacement (cf. Sect. 2.2.7)

Xs = [[C]] = 2

f

�

!∫
0

ℎ (S) dF = 2

f

�

!∫
0

(
1

6 (S) − 1

)
dF , (3.101)

which corresponds to the displacement jump between crack �anks [[C]] := C+ − C−. For

fracture (causing f → 0) crack opening is determined by the applied displacements,

i.e. Xs → 2C0. In combination with the current stress f it yields a “traction separation”

behavior similar to that of cohesive zone models, see Sect. 2.2.7. Its speci�c behavior,

however, depends on the choice of the degradation function 6 (S) and the spatial formation

of S(F) during phase �eld evolution, also governed by the surface functionE (S).

The application of (3.96) on (3.97) reveals

f,F =
(
6 (S) � Y

)
,F = 6 ′(S) S,F � Y + 6 (S) � Y,F = 0 . (3.102)

For Y > 0, it yields the relation between the spatial derivatives of strain and phase �eld

Y,F = −
6 ′(S) Y
6 (S)︸   ︷︷   ︸
> 0

S,F . (3.103)

Thus, a spatially decreasing phase �eld, e.g. when approaching a crack, is directly linked to

a spatially increasing strain, independent of the choice of the degradation function 6 (S).
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3.4.1 Phase �eld in absence of mechanical forces

In absence of mechanical loads, i.e. C (F =±!) = 0, the phase �eld solution is governed by

the evolution equation (3.98) only, which is

E ′(S) − 2�2 S,FF (F) = 0 . (3.104)

Evidently, the solution does not depend on the choice of degradation function 6 (S) and is

independent of the scaling constant 2w. The solution of the perhaps nonlinear second-order

ordinary di�erential equation (3.104) strongly depends on the choice of the local crack

surface functionE (S). As already mentioned in the preceding section, typical choices of

the local crack surface function are quadratic, so that the evolution equation (3.104) is

linear.

Solution on an in�nite domain

The “cracked” solution, usually referred to as phase �eld pro�le, represents the ultimate

state of fracture. In an in�nite domain (! →∞) the solution is obtained by solving (3.104)

with the speci�c boundary conditions (assuming a crack at F = 0)

S(F =0) = 0 and S,F (F =±∞) = 0 (3.105)

as done in App. B.6. The phase �eld “pro�le” for the quadratic single-well function (3.58)

is given by

S(F) = 1 − exp

(
− |F |
�

)
(3.106)

and depicted in Fig. 3.7 for di�erent choices of �. For some other choices of V of the

general quadratic surface function (3.57) solutions are given in the literature. As discussed,

e.g., by Pham et al. (2011), the solution for the linear surface function consists of several

pieces, i.e.

S(F) =


1 for F ≤ −2�

1 −
(
1 − |F |

2�

)
2

for − 2� ≤ F ≤ 2�

1 for F ≥ 2� .

(3.107)

The concave surface function presented by Wu (2017) also yields a piecewise solution

given by

S(F) =


1 for F ≤ −(c/2) �

sin

(
|F |
�

)
for − (c/2) � ≤ F ≤ (c/2) �

1 for F ≥ (c/2) � .

(3.108)
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Figure 3.7: Phase �eld pro�le S(F) = 1 − exp(−|F |/�) valid in F ∈ (−∞, ∞) for varying �.

In�uence of �nite domain size

To analyze the speci�c in�uence of a �nite domain (i.e. free boundaries at F = ±!), the

phase �eld formulation based on the quadratic single-well function (3.58) is investigated.

By applying the phase �eld boundary conditions S(F =0) = 0 and S′(F =±!) = 0, the

speci�c solution for a crack at F = 0 is

S(F) = 1 − cosh

(
|F |
�

)
± tanh

(
!

�

)
sinh

(
|F |
�

)
(3.109)

as derived in App. B.6. In this context, the phase �eld value at the free boundary is, by

using the relation cosh
2 (F) − sinh

2 (F) = 1,

S(F =±!) = 1 − cosh

(
!

�

)
+ tanh

(
!

�

)
sinh

(
!

�

)
=

cosh(!/�) − 1

cosh(!/�) . (3.110)

For �/! → 0, it approaches the undamaged state S(F =±!) = 1 and (3.109) approaches

the well-known solution (3.106).

3.4.2 Homogeneous degradation of sti�ness

For a number of speci�c approaches the spatially homogeneous problem has already

been investigated in the literature. In conjunction with the single-well surface function,

Pham et al. (2011) and Kuhn (2013) analyzed the quadratic degradation function. In

addition, both Borden (2012) and Schlüter (2018) discussed a cubic degradation function

with transition to the quadratic one. Kuhn et al. (2015) investigated the cubic and quartic

degradation function, which often is used in models inspired by phase transition problems
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(e.g. Aranson et al., 2000; Henry and Levine, 2004; Karma et al., 2001). The behavior based

on other surface functions, e.g. the linear function, has been analyzed by Pham et al.

(2011) and Wu (2017). In the following, general relations in the phase �eld approach are

pointed out and used to discuss qualitative and quantitative features of di�erent, also new

approaches.

General discussion

Although not relevant from a physical point of view, the investigation of the spatially

homogeneous phase �eld solution and the related degradation of the stress/sti�ness is of

practical importance. If the analysis starts from a homogeneous problem, e.g. without

pre-cracks as it is the case in many initiation problems, the homogeneous behavior and

succeeding localization are relevant.

Since the phase �eld is assumed to be spatially homogeneous, i.e. S,F = S,FF = 0, also

the strain �eld must be homogeneous as a direct consequence of (3.103), i.e. Y,F = 0.

Relation (3.99) can then be simpli�ed to C0 = ! Y . From (3.98) one obtains the strain based

relation

6 ′(S) � � 2w

Gc

Y2 +E ′(S) = 0 (3.111)

or, by inserting (3.97) in (3.98), the stress based relation

6 ′(S)(
6 (S)

)
2

� 2w

Gc �
f2 +E ′(S) = 0 (3.112)

for the spatially homogeneous problem. The strain as function of the phase �eld value

is

Y (S) =

√
−E

′(S)
6 ′(S)

Gc

� � 2w

=

√
−E

′(S)
¯� ′(S)

Gc

� 2w

, (3.113)

where the material sti�ness function
¯� (S) := 6 (S) � and the related change caused by the

phase �eld
¯� ′(S) = 6 ′(S) � are used. By using (B.2) the stress can be written as a function

of the phase �eld value

f (S) =
√
−
(
6 (S)

)
2 E ′(S)
6 ′(S)

Gc �

� 2w

=

√
E ′(S)(

1/6 (S)
) ′ Gc �

� 2w

=

√
E ′(S)
¯( ′(S)

Gc

� 2w

. (3.114)

Inspired by Pham and Marigo (2009), the material compliance function
¯( (S) := 1/

(
6 (S) �

)
is introduced. Its change due to phase �eld evolution is

¯( ′(S) :=
d

dS

(
1

¯� (S)

)
=

1

�

d

dS

(
1

6 (S)

)
=

1

�

(
1

6 (S)

) ′
, (3.115)
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3.4 Analysis of phase �eld transition

as already used in (3.114). Evidently, (3.113) and (3.114) depend on the speci�c choice

of the degradation function 6 (S) and the surface functionE (S). More speci�cally, both

relations reveal their functional dependency with the dimensionless expressions

5Y (S) := −E
′(S)

6 ′(S) , (3.116)

5f (S) :=
E ′(S)(

1/6 (S)
) ′ = −(6 (S))2 E

′(S)
6 ′(S) , (3.117)

which are relevant for the further investigation. In addition, by using (3.116), it is

5f (S) =
(
6 (S)

)
2

5Y (S) . (3.118)

With

5 ′Y (S) :=
d5Y (S)

dS
=
E ′(S) 6 ′′(S) −E ′′(S) 6 ′(S)(

6 ′(S)
)

2
, (3.119)

the derivative of (3.113) with respect to S is

Y ′(S) :=
dY (S)

dS
=

1

2

5 ′Y (S)√
5Y (S)

√
Gc

� � 2w

=
1

2

E ′(S) 6 ′′(S) −E ′′(S) 6 ′(S)(
6 ′(S)

)
2

√
− 6

′(S)
E ′(S)

√
Gc

� � 2w

. (3.120)

Similarly, the derivative of (3.114) is

f ′(S) :=
df (S)

dS
=

1

2

5 ′f (S)√
5f (S)

√
Gc �

� 2w

=
1

2

2 5Y (S) + 6 (S) 5 ′Y (S)√
5Y (S)

√
Gc �

� 2w

, (3.121)

with

5 ′f (S) :=
d5f (S)

dS
= −26 (S) E

′(S)
6 ′(S) +

(
6 (S)

)
2 E

′(S) 6 ′′(S) −E ′′(S) 6 ′(S)(
6 ′(S)

)
2

= − 26 (S) E
′(S)

6 ′(S) +
(
6 (S)

)
2 E

′(S) 6 ′′(S)(
6 ′(S)

)
2
−

(
6 (S)

)
2 E

′′(S)
6 ′(S) . (3.122)

Alternatively, by using relation (3.118), it is

f ′(S) = 26 6 ′(S) 5Y (S) +
(
6 (S)

)
2

5 ′Y (S) . (3.123)

By directly using the constitutive relation (3.97), it is

f ′(S) :=
df (S)

dS
= 6 ′(S) � Y (S) + 6 (S) � Y ′(S) (3.124)
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3 Phase �eld approach to brittle fracture

and thus, the stress-strain relation is governed by

df (S)
dY

=
df (S)

dS

dS

dY
=

[
6 ′(S) Y (S)
Y ′(S) + 6 (S)

]
� . (3.125)

With the above relations at hand, it is possible to discuss some general requirements

on 6 (S) andE (S) and the impact of their speci�c choice on the behavior of the modeling

approach. All points are discussed only for the range of interest, i.e. S ∈ (0, 1), and both

limiting states S=1 and S=0. Since some function values are unde�ned or indeterminate,

l’Hôspital’s rule
6

is utilized to evaluate the function. In particular, if 6 (S = 1) → 0, the

limit state ofE ′(S)/6 ′(S) is determined by the limit state ofE ′′(S)/6 ′′(S) as S → 0. The

most important facts are:

• If 6 (S) andE (S) are polynomial functions, (3.116) and (3.117) are rational functions

with 6 ′(S) being the denominator. To obtain a continuous transition from the limit

state S=1 to S → 0, the denominator, i.e. the slope of the degradation function,

must not vanish. In fact, 6 ′(S) > 0 was already a requirement according to (3.66)

for exactly this reason.

• In the case that a quadratic single-well function is combined with a degradation

function with 6 ′(S=1) ≠ 0, the phase �eld starts to decrease from the limit strain

and stress zero.

• By contrast, for a combination of the single-well function with a degradation

function with 6 ′(S=1) = 0, the strain and stress limits of the intact state (S=1) are

determined byE ′′(S)/6 ′′(S), which yields a �nite value if 6 ′′(S=1) ≠ 0. This is

an additional requirement not given in Sect. 3.3.2 (but already added in Fig. 3.4a).

• While the dimensionless stress function (3.117) approaches zero as S → 0, the

dimensionless strain function continuously increases to in�nity ifE ′(S=0) ≠ 0.

• Depending on the choice of 6 (S) and E (S), the stress function either possess a

maximum at S < 1 or reaches its maximum at the limit state S = 1. In the �rst

case, which is relevant if 5 ′f (S → 1
−) < 0, the maximum stress in the homogeneous

problem is obtained from

ft = sup

S∈(0, 1]

√
E ′(S)(

1/6 (S)
) ′ Gc �

� 2w

, (3.126)

see, e.g., Pham et al. (2011).

6
Although the rule was published in Guillaume de l’Hôspital’s book about di�erential calculus (De L’Hôpital,

1696) the rule was introduced to him by Johann Bernoulli in 1694 (Sonar, 2016).
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3.4 Analysis of phase �eld transition

In the following, some relevant combinations of degradation functions and surface func-

tions are analyzed by using the above relations. Figure 3.8 shows the functions 5Y (S)
and 5f (S) for speci�c combinations of the polynomial degradation function 6 (S) with

the surface functionE (S).
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Figure 3.8: Qualitatively di�erent relations for di�erent combinations of 6 (S) andE (S) between a) strain and

phase �eld evolution, represented by the function 5Y (S) and b) stress and phase �eld evolution, represented by

the function 5f (S) .
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Figure 3.9: Qualitatively di�erent stress-strain relations for di�erent combinations of 6 (S) andE (S) .
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3 Phase �eld approach to brittle fracture

By combining 5Y (S) and 5f (S) the stress-strain relation of the homogeneous phase �eld

problem can be obtained as depicted in Fig. 3.9 for the same combinations of 6 (S) andE (S).
All combinations exhibit two loading regimes: Starting from the unloaded state 5f = 5Y = 0,

both stress and strain functions increase while, after exceeding a speci�c state strain

softening takes place, i.e. the stress decreases for increasing strain. By regarding the stress,

strain and phase �eld graphs in Figs. 3.8 and 3.9, it is evident that the choice of 6 (S) has

a strong impact on the approach and features qualitatively di�erent behavior, but must

always be discussed in conjunction with the choice ofE (S).

Single-well surface function in combination with quadratic degradation

At �rst, the combination of the single-well surface function (3.58) with the quadratic

degradation function (3.70) is investigated. By using the strain and stress relations (3.116)

and (3.117) and their derivatives (3.119) and (3.122), respectively, the corresponding limit

states are

lim

S→0
+
5Y (S) = ∞ , lim

S→0
+
5 ′Y (S) = −∞ , lim

S→1
−
5Y (S) = 0 , lim

S→1
−
5 ′Y (S) = −1 , (3.127)

lim

S→0
+
5f (S) = 0 , lim

S→0
+
5 ′f (S) = 0 , lim

S→1
−
5f (S) = 0 , lim

S→1
−
5 ′f (S) = −1 . (3.128)

Due to (3.1273), phase �eld evolution dS < 0 starts already at a minimum strain, as

also depicted in Fig. 3.8a (indicated by “EV=1, 62”). As a consequence, the stress-strain

response is not linear, see Fig. 3.9, as it is supposed to be in brittle materials. This is

also indicated by (3.1283), i.e. phase �eld evolution starts from a minimum stress. As

depicted in Fig. 3.8b, the stress reaches a maximum at the speci�c value 0 < At < 1, which

is obtained by solving (3.126). In particular, either by setting (3.122) or (3.125) equal to

zero, the stress maximum is obtained at

St =
3

4

. (3.129)

Inserting this result into (3.114) and (3.113) one obtains the maximum stress

ft := f (St) =
√

27

256︸ ︷︷ ︸
:= 5gw

√
Gc �

�
≈ 0.325

√
Gc �

�
. (3.130)

In this regard, 5gw quanti�es the relation between ft and �, and the strain at maximum

stress

Yt := Y (St) =
√

1

3

√
Gc

� �
≈ 0.577

√
Gc

� �
. (3.131)

Note, that (3.131) is signi�cantly (> 75 %) larger than the (linear) elastic strain would be.

As shown in Fig. 3.9 the stress slowly decreases in the post-peak range.
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3.4 Analysis of phase �eld transition

To return to the original question of the 1D problem (Fig. 3.6) the homogeneous phase

�eld response for a given displacement C0 > 0 is

S =
Gc

Gc + � � Y2
=

Gc !
2

Gc !2 + � � C2

0

. (3.132)

and obtained from (3.113). It decreases strictly monotonically with increasing displacement.

Combination of (3.132) and (3.97) yields the corresponding stress

f =

(
Gc

Gc + � � Y2

)
2

� Y =

(
Gc !

2

Gc !2 + � � C2

0

)
2

�

!
C0 , (3.133)

which increases up to the maximum stress (3.130) at (3.131), i.e.

Ct := C0 (ft) =
√

1

3

√
Gc

� �
! . (3.134)

Single-well surface function in combination with higher-order degradation

The limit states of (3.116), (3.117), (3.119) and (3.122) for the combination of the single-well

surface function (3.58) with a higher order degradation function (3.76), for simplicity 0s = 0

is assumed, are

lim

S→0
+
5Y (S) = ∞ , lim

S→0
+
5 ′Y (S) = −∞ , lim

S→0
+
5f (S) = 0 , lim

S→0
+
5 ′f (S) = 0 , (3.135)

lim

S→1
−
5Y (S) =

2

< (< − 1) , lim

S→1
−
5 ′Y (S) = −

2(< − 2)
< (< − 1) , (3.136)

lim

S→1
−
5f (S) =

2

< (< − 1) , lim

S→1
−
5 ′f (S) = −

2(< − 2)
< (< − 1) . (3.137)

By contrast to the quadratic degradation function, the strain and stress limit states (3.1361)

and (3.1371) are of �nite size. Consequently, phase �eld evolution dS < 0 does not start

before a speci�c strain Ylin > 0 and stress flin > 0 are exceeded. This is also visible in

Figs. 3.8a and b (indicated by “EV=1, 63”), where, for illustration purposes, a cubic degra-

dation function (< = 3) has been used.

Due to the speci�c choice of the surface function and the way how the degradation function

is constructed (see App. B.5), the strain relation (3.114) has a quite simple structure

Y (S) =

√
2(1 − S)

S<−2 (1 − S) < (< − 1)

√
Gc

� �
=

√
1

S<−2

2

< (< − 1)

√
Gc

� �
(3.138)
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3 Phase �eld approach to brittle fracture

and thus, is easily invertible. The strain increases monotonically as the phase �eld

decreases, see also Fig. 3.8a. Obviously, the original function (3.138) has multiple roots.

Thus, the homogeneous phase �eld solution for a given displacement C0 > 0 is

S =


1 for C0 ≤

√
2

< (< − 1)

√
Gc

� �
!

[
2

< (< − 1)
1

C2

0

Gc !
2

� �

]
1/(<−2)

for C0 >

√
2

< (< − 1)

√
Gc

� �
!

. (3.139)

The �rst solution (S = 1) governs the elastic range for Y < Ylin, see the linear stress-

strain dependency in Fig. 3.9 starting at zero. While this solution is always valid from a

mathematical point of view, the second solution is invalid for small strains (Y < Ylin), since

it would result in S >1, but becomes preferable for Y > Ylin from an energetic point of

view. The speci�c strain and stress, where phase �eld evolution starts and the stress-strain

relation becomes non-linear is given by the intersection point of the two branches (3.139),

i.e.

Ylin =

√
2

< (< − 1)

√
Gc

� �
and flin = � Ylin =

√
2

< (< − 1)

√
Gc �

�
. (3.140)

Since the limit (3.1372) is positive, the stress increases as the phase �eld starts to evolve

from S = 1 until the stress reaches its maximum (Fig. 3.8b). In this state, the stress-strain

response is also non-linear. By solving (3.126), either by setting (3.122) or (3.125) equal to

zero, the stress maximum is obtained at

St =
<2

<2 + < − 2

. (3.141)

Inserting this result into (3.114) and (3.113) one obtains the maximum stress

ft =

√
8<

(< − 1) (< + 2)2

(
<2

<2 + < − 2

)<
︸                                       ︷︷                                       ︸

= 5gw

√
Gc �

�
(3.142)

and the strain at maximum stress

Yt =

√
2<3

<2<

(<2 + < − 2)<−2

(< − 1)

√
Gc

� �
. (3.143)
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For the cubic (third order) degradation function (3.71), for example, the phase �eld value

at maximum stress, the maximum stress and corresponding strain are

St =
9

10

(3.144)

ft =

√
2187

6250

√
Gc �

�
≈ 0.592

√
Gc �

�
(3.145)

Yt =

√
10

27

√
Gc

� �
≈ 0.609

√
Gc

� �
, (3.146)

while for the quartic (fourth order) degradation function (3.74) the phase �eld value at

maximum stress, the maximum stress and corresponding strain are

St =
8

9

(3.147)

ft =

√
32768

177147

√
Gc �

�
≈ 0.430

√
Gc �

�
(3.148)

Yt =

√
27

128

√
Gc

� �
≈ 0.459

√
Gc

� �
. (3.149)

As a measure of non-linear behavior prior to the peak stress, the strain at the peak stress is

compared with the (linear) elastic solution. In case of the cubic degradation function (3.146),

the strain is about 3 % larger and in case of the quartic degradation function (3.149) it is 7 %

larger. In both cases, this is far below the > 75 % obtained for the quadratic degradation

function. It should be noted, that it is possible to construct other polynomial degradation

functions so that 5 ′f (S) ≥ 0. In this case, the maximum stress is obtained for St = 1. One

speci�c example with 5 ′f (S) = 0 is the 4th-order degradation function

6 (S) = S4 − 4S3 + 4S2 , (3.150)

for further details, see App. B.5. The impact of this degradation function on strain and

stress relations is shown in Figs. 3.8 and 3.9 (indicated by “EV=1, 6̃4”).

The function f (S) is illustrated in Fig. 3.10a for di�erent orders < . In addition, the peak

stress (3.142) is illustrated for various orders of the degradation function in Fig. 3.10b. For

increasing order < the maximum stress decreases. As shown in Fig. 3.9 the stress slowly

decreases in the post-peak range. By taking (3.135–3.137) into account, the limit states

of (3.125) at the branching point are equal, i.e.

lim

S→1
+

df (S)
dY

= � , lim

S→1
−

df (S)
dY

= lim

S→1
−

[
1

Y ′(S)︸︷︷︸
< 0

6 ′(S)︸︷︷︸
→ 0

Y (S)︸︷︷︸
> 0

+ 6 (S)︸︷︷︸
= 1

]
� = � ,

(3.151)

and the transition is smooth. From a numerical point of view, this might be a drawback

since it is not possible to distinguish both solutions at the bifurcation point. This can
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3 Phase �eld approach to brittle fracture

result in delayed or even suppressed bifurcation. For this purpose, the parameter 0s (3.73)

and the requirement (3.69) have been introduced by Borden et al. (2012). As an alternative,

a small perturbation on the numerical solution can be applied as discussed by Kuhn et al.

(2015).
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Figure 3.10: a) Function f (S) :=
√
5f (S)

√
Gc �/� for polynomial degradation functions of di�erent order <,

b) maximum stress of the spatially homogeneous solution ft depending on order < > 3 of degradation func-

tion 6 (S) . The particular solution for the 4th order degradation function utilized in Sect. 4.3 is indicated.

Linear surface function in combination with quadratic degradation

In the following, the combination of the linear surface function (3.58) with the quadratic

degradation function (3.70) is brie�y discussed in order to highlight qualitatively similar

and distinct features. Due to the choice of the linear surface function the scaling constant

according to (3.61) is 2w = 4/3. The relevant limit states of (3.116), (3.117), (3.119) and (3.122)

are

lim

S→0
+
5Y (S) = ∞ , lim

S→0
+
5 ′Y (S) = −∞ , lim

S→1
−
5Y (S) = 1/2 , lim

S→1
−
5 ′Y (S) = −1/2 ,

(3.152)

lim

S→0
+
5f (S) = 0 , lim

S→0
+
5 ′f (S) = 0 , lim

S→1
−
5f (S) = 1/2 , lim

S→1
−
5 ′f (S) = 3/2 .

(3.153)

Qualitatively similar to the previous case, phase �eld evolution does not start before

exceeding a speci�c strain Ylin > 0 or stress flin > 0 as indicated by (3.1523) and (3.1533),

respectively. This is also visible in Figs. 3.8a and b (indicated by “EV=0, 62”). However,

with (3.1534) being positive, the maximum stress is obtained for S = 1. As a consequence,

the transition from the linear range is not smooth any more (Fig. 3.9). From the strain

relation (3.114)

Y (S) =
√

1

2S

√
Gc

� � 2w

(3.154)
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the solution

S =


1 for C0 ≤

√
3

8

√
Gc

� �
!

3

8

1

C2

0

Gc !
2

� �
for C0 >

√
3

8

√
Gc

� �
!

(3.155)

is obtained. Note, that the linear solution S = 1 is not obtained by the phase �eld approach

but has to be enforced by appropriate solution techniques, see the corresponding remarks

in Sect. 3.3.1. The characteristic parameters of this approach are St = 1,

Yt = Ylin =

√
3

8

√
Gc

� �
≈ 0.4330

√
Gc

� �
(3.156)

and

ft = flin =

√
3

8︸︷︷︸
= 5gw

√
Gc �

�
≈ 0.4330

√
Gc �

�
. (3.157)

For comparison, the (almost) linear surface function (3.63), whereE ′(S=1) = 0 is incor-

porated by a penalization term, is investigated in the same way. Due to the penalization

with an exponential function, the solution can only be expressed in terms of the Lam-

bert, function
7
. Because of this, and to compare the resulting critical values, a penalty

factor nw = 100 is chosen. Note, that due to the slight deviation of the phase �eld approx-

imation the scaling parameter 2w = 1.3211 (see Tab. B.1) must be considered. The limit

values are

lim

S→0
+
5Y (S) = ∞ , lim

S→0
+
5 ′Y (S) = −∞ , lim

S→1
−
5Y (S) = 0 , lim

S→1
−
5 ′Y (S) = −nw/2 , (3.158)

lim

S→0
+
5f (S) = 0 , lim

S→0
+
5 ′f (S) = 0 , lim

S→1
−
5f (S) = 0 , lim

S→1
−
5 ′f (S) = −nw/2 . (3.159)

The phase �eld value of the peak stress is

St =
1

nw

[
,

(
3 exp(3) exp(nw)

)
− 3

] nw=100≈ 0.965 . (3.160)

With this value, both the strain at the peak stress

Yt =
nw

2,
(
3 exp(nw + 3)

) √
Gc

1.3211� �

nw=100≈ 0.4376

√
Gc

� �
(3.161)

7
The function, named after Johann Heinrich Lambert, cannot be expressed in terms of elementary functions

and possess the important property H =, (H) exp

(
, (H)

)
=,

(
H exp(H)

)
with H ∈ C.
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and the peak stress

ft = −
[
,

(
3 exp(nw + 3)

)
− 3

]
3

2n3

w

(
3

,
(
3 exp(nw + 3)

) − 1

) √
Gc �

1.3211 �

nw=100≈ 0.4028

√
Gc �

�
(3.162)

are obtained. Note the slight deviation from the original formulation (3.156) and (3.157).

Concave surface function in combination with quadratic degradation

In a similar manner, the combination of the concave surface function (3.60), here with

V → −1, with the quadratic degradation function (3.70) is investigated. With the speci�c

choice of the concave surface function the scaling constant is 2w = c/2. From (3.116),

(3.117), (3.119) and (3.122) the relevant limit states are

lim

S→0
+
5Y (S) = 1 , lim

S→0
+
5 ′Y (S) = 0 , lim

S→1
−
5Y (S) = 1 , lim

S→1
−
5 ′Y (S) = 0 , (3.163)

lim

S→0
+
5f (S) = 0 , lim

S→0
+
5 ′f (S) = 0 , lim

S→1
−
5f (S) = 1 , lim

S→1
−
5 ′f (S) = 4 . (3.164)

The model’s overall behavior regarding the linear behavior up to a speci�c strain Ylin > 0

or stress flin > 0 is qualitatively similar to the one based on the linear surface function, see

also Figs. 3.8a, b and 3.9 (indicated by “EV=0, 62”). It also exhibits a non-smooth transition

to the post-peak range. However, for V = −1 the concave surface function yields a constant

strain

Y (S) =
√
−2S

2S

√
Gc

� � 2w

(3.165)

as depicted in Fig. 3.8a. The critical quantities in this approach are St = 1,

Yt = Ylin =

√
Gc

c/2� � (3.166)

and

ft = flin =

√
Gc �

c/2 � =

√
2

c︸︷︷︸
= 5gw

√
Gc �

�
≈ 0.7979

√
Gc �

�
. (3.167)

In conjunction with the smoothly decreasing stress f (S) as the phase �eld value decreases,

this yields an almost vertical drop in the stress-strain curve (already for the spatially

homogeneous problem!), see Fig. 3.9.
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3.4 Analysis of phase �eld transition

Quadratic single-well function in combination with quadratic degradation and
threshold

The phase �eld evolution equation (3.94) including an energetic thresholdkc is investigated

in combination with the single-well surface function (3.58) and the quadratic degradation

function (3.70). It is assumed, that the threshold value scales with

kc := Uc

Gc

�
, (3.168)

with Uc ≥ 0 being a dimensionless parameter. The homogeneous phase �eld response of

the 1D problem (Fig. 3.6) for a given displacement C0 > 0 is

S =


1 for C0 ≤

√
2Uc

Gc

� �
!

Gc !
2

Gc (1 − 2Uc) !2 + � � C2

0

for C0 >

√
2Uc

Gc

� �
!

. (3.169)

After the threshold is exceeded, i.e. � Y2/2 > kc, the phase �eld decreases strictly mono-

tonically with increasing displacement. Thus, the stress-strain relation is linear up to

Ylin =

√
2Uc

Gc

� �
. (3.170)

The stress for the homogeneous phase �eld response is

f (Y) =
(

Gc

Gc + 〈� � Y2 − 2Uc Gc〉

)
2

� Y . (3.171)

For Uc ≥ 1/8, which is equal to

kc ≥
1

8

Gc

�
, (3.172)

the stress-strain relation is linear up to the maximum at (3.170), for 0 < Uc < 1/8 there is

a linear and non-linear part. The stress maximum is

ft =



√
27

Gc �

�
(1 − 2Uc)

16(1 − 2Uc)2
at Yt =

√
Gc

3� �
(1 − 2Uc) for 0 ≤ Uc < 1/8

√
2Uc

Gc�

�
at Yt =

√
2Uc

Gc

� �
for Uc ≥ 1/8

. (3.173)

To obtain a linear response it is

5gw =
√

2Uc ≥ 0.5 . (3.174)
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3 Phase �eld approach to brittle fracture

From an energetic point of view, it should be noted that the strain energy in an elastic

bar of length ! and cross sectional area � at failure (which here is assumed at maximum

strain) is

�e = ! �

Yt∫
0

f (Y) dY and for Uc ≥
1

8

it is �e = ! �
f2

t

2�
, (3.175)

while the surface energy is �s = Gc �. For Uc > 1/8, the (quasi-static) energetic require-

ment �e ≥ �s is ful�lled if � ≤ Uc ! , which is always the case due to the requirement � � !

in phase �eld approaches to fracture. Thus, phase �eld evolution according to (3.94) in

homogeneous problems is clearly controlled by the stress state (motivated by a 1D equiva-

lent).

3.4.3 Inhomogeneous solution after exceeding stability limit

As discussed by Benallal and Marigo (2007), Pham and Marigo (2008) and Kuhn and Müller

(2013) among others, the spatially homogeneous solution is stable before exceeding the

stability limit Ystab. The stability limit is slightly above the strain at maximum stress,

i.e. Ystab > Yt with Yt serving as lower bound. After passing this limit, the phase �eld

starts to localize and becomes inhomogeneous, eventually it forms a crack. In fact, the

di�erence between both states is negligible in the common case that � � ! (Kuhn and

Müller, 2013). For this reason, the maximum stress of the spatially homogeneous solution

can be interpreted as material strength. Following the analyses of Hakim and Karma

(2009), Borden et al. (2012) and Kuhn et al. (2015), the spatially inhomogeneous phase �eld

solution is investigated.

The combination of the constitutive relation (3.97) and the phase �eld evolution equa-

tion (3.98) yields the non-linear ordinary di�erential equation

6 ′(S)(
6 (S)

)
2

� 2w

2Gc �
f2 + E

′(S)
2

− �2 S,FF = 0 . (3.176)

In the following, it is assumed that the problem is symmetric as depicted in Fig. 3.6.

Thus, localization takes place at the center F = 0 and is quanti�ed by the phase �eld

value Sloc := S(F =0). Moreover, the solution of (3.176) must be di�erentiable at every

point except the center. The di�erential equation (3.176) is supplemented with the far-�eld

boundary conditions limF→±∞ S,F = 0. In this speci�c case, there is a smooth transition

of S(F) to the homogeneous response limF→±∞ S = Shom (f), which is a function of the

stress as worked out in the preceding section. Figure 3.11 shows a function which contains

all requirements speci�ed above. To �nd the solution, the di�erential equation (3.176) is

integrated with respect to S over the interval [Sloc, S(F)], i.e.

S (F)∫
S

loc

(
6 ′(S̄)(
6 (S̄)

)
2

� 2w

2Gc �
f2 + E

′(S̄)
2

− ¯�
2

S̄,FF

)
dS̄ = 0 . (3.177)
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Figure 3.11: Sketch of non-homogeneous phase �eld solution S(F) displaying minimal value S
loc

at F = 0

and S
hom

at F → ∞. S
hom

is obtained from the homogeneous phase �eld solution and only depends on the

stress, i.e. S
hom
(f) .

By making use of the fact that the stress is homogeneous (3.96), i.e. independent of S(F),
and by utilizing (B.1) and (B.2) one obtains

1

6 (S)
� 2w

2Gc �
f2 − E (S)

2︸                         ︷︷                         ︸
=:+e� (S)

+�
2

2

(S,F )2︸     ︷︷     ︸
=:+kin (S,F )

=
1

6 (Sloc)
� 2w

2Gc �
f2 − E (Sloc)

2︸                               ︷︷                               ︸
=:+e� (Sloc)

. (3.178)

Following the interpretation of Hakim and Karma (2009) that (3.178) is a conservation

law which yields an “equation of motion” (Karma et al., 2001), terms of “e�ective po-

tential” energy+e� (S) and “kinetic” energy+kin (S,F ) can be identi�ed. Note, that since

S,F (F → ±∞) = 0, evaluation of (3.178) for F → ±∞ returns the homogeneous state, i.e.

+kin (S,F ) = 0 and+e�

(
S(F)

)
=+e�

(
Shom

)
. Since the minimum value of the phase �eld Sloc

is unknown for a speci�c stress f (Shom), it must be determined from

+f (S) :=+e� (S) −+e� (Shom) . (3.179)

In general, the function +f (S) has positive function values at the limit states S → 0

and S → 1 and is negative in a speci�c interval in between. Thus, the function has two

roots. Figure 3.12a shows +f (S) for di�erent stress levels for the combination of the

single-well function with the quartic degradation function. The root closer to one (marked

by upward pointing triangles) corresponds to the homogeneous solution, i.e. the phase

�eld limit far way from F = 0, and increases as f decreases. The other root (marked by

downward pointing triangles) is located closer to zero. It corresponds to the minimum
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3 Phase �eld approach to brittle fracture

value of the inhomogeneous solution Sloc and decreases as f decreases. At the stability

limit ft both solutions coincide. Integration of (3.178) �nally yields the inverse relation

F (S) = sgn (F)
S∫

S
loc

�√
2+e� (Sloc) − 2+e� (S̄)

dS̄ (3.180)

By evaluating (3.180) for (many) values S ∈ (Sloc, Shom), phase �eld pro�les for each load

level can be constructed. The result obtained for the single-well surface in conjunction

with the quartic degradation function is shown in Fig. 3.12b. In case of the cracked state

(with f = 0), the solution reduces to the well-known solution (3.106).
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Figure 3.12: Evaluation of the inhomogeneous problem for di�erent load levels f ∈ [0, ft ] for the single-well

surface in conjunction with the quartic degradation function, a) evaluation of+f (S) with roots indicated, b)

inhomogeneous phase �eld solution S(F) .

By comparing the graphs in Fig. 3.12b for di�erent evolution states, the phase �eld value

some distance away from the center increases as Sloc → 0. The maximum increase of the

phase �eld can be evaluated by the di�erence between the �nal phase �eld pro�le and the

phase �eld value during evolution from Sloc = Shom to Sloc = 0 at each location, i.e.

Srel (F) := max

S
evol

{
S(F, Sloc=0) − S(F, Sloc=Sevol)

}
with Sevol ∈ [0, Shom] , (3.181)

The corresponding results obtained for the single-well function in conjunction with the

quadratic (see App. B.7) and the quartic degradation function are shown in Fig. 3.13.

Interestingly, in case of the quadratic degradation function, the phase �eld increases at

every point but the center, i.e.

Srel (F) > 0 ∀F \ {0} . (3.182)

For the quartic degradation function, there is a �nite location around the center where

the phase �eld only decreases during localization.

In this context, the application of a “damage-like” irreversibility constraint as introduced

in Sect. 3.2.3 seems to be questionable, since it hinders the phase �eld to approximate
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3.4 Analysis of phase �eld transition

the intended solution. One severe consequence is, that the sti�ness away from the crack

is erroneously reduced by 6 (St), for the quartic degradation function 6 (St=3/4) ≈ 0.56.

In addition, the surface energy is overestimated by ≈ 3!/� %, which, in fact, is a drastic

deviation as �/! → 0.
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Figure 3.13: Maximum release of phase �eld S during evolution from the unloaded intact state f = 0, S = 1 via

the maximum load f = ft to the broken state f = 0, S(F0) = 0.

3.4.4 Numerical assessment

In addition to the analytical considerations above, the e�ect of di�erent degradation func-

tions on the numerical solution, obtained by the �nite element method (see App. C.2), is in-

vestigated. For this purpose, the 1D problem given in Fig. 3.6 is slightly modi�ed as shown

in Fig. 3.14a. Instead of applying the displacement at both ends, one end is �xedC (−!) = 0,

while the other end is loaded by an linearly increasing displacement C (B ) = 2C B . Since

the analysis is meant to be static, i.e. neither inertia (d =0) nor viscosity ([vc=0) exist, this

modi�cation does not have an e�ect on the behavior. The mesh consists of either 200, 500

or 1000 regular quadrilateral elements.

Due to its importance for further studies, the focus is on the phase �eld approach based

on the single-well surface function (3.58) in conjunction with the polynomial degradation

functions (3.70) and (3.76). In a �rst step, both the monolithic solution scheme and the

alternate minimization procedure are used. As long as no perturbation is present, only

the homogeneous solutions are obtained for each C →∞, even above the stability limit.

All simulation results are in accordance with the analytical results obtained above. Once

there is a small (accidental) perturbation after the stability point is exceeded the solution

is expected to become inhomogeneous. In this case, the static monolithic scheme usually

fails in �nding a solution while the alternate minimization procedure is still able to �nd a
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3 Phase �eld approach to brittle fracture

solution (the inhomogeneous one), although many iterations might be necessary. To also

obtain inhomogeneous solution by a monolithic solution scheme, an additional viscosity,

as small as possible, must be applied (Kuhn, 2013; Schlüter, 2018). For this purpose, the

alternate minimization procedure is preferred in the following.
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Figure 3.14: Uniaxial tension of 1D bar: a) boundary value problem, b) normalized load-displacement curves

for polynomial degradation functions of di�erent (2
nd

. . . 20
th

) order.

From an energetic point of view, localization at one of the bar ends is preferred, since only

one half of the fracture energy is required while the energy release is independent of the

location of the crack. To investigate fracture at the center of the problem the location of

the localization is prescribed, typically by reducing the fracture toughness Gc at the center

by about 10
−2

%. This also avoids the problem of incomplete surface energy approximation

if localization starts too close to the free/�xed boundary. Figure 3.14b shows the load-

displacement curves for polynomial degradation functions of di�erent order. Since neither

in the homogeneous nor the inhomogeneous state there is a noticeable di�erence between

the three di�erent meshes, only results of the �ne mesh are shown. Before the peak

stress is reached, all curves show the result of the homogeneous response, while shortly

after exceeding the maximum stress, the results are governed by the inhomogeneous

(localized) solution. The approach based on the quadratic degradation function (3.70)

behaves strongly nonlinear prior to the peak stress. By contrast, an almost perfectly

linear response is obtained up to a point flin somewhat below the peak stress by using

higher-order degradation functions (with 0s = 10
−4

). This represents the behavior of

brittle materials much better than the formulation based on the quadratic degradation

function does. As indicated by Fig. 3.14b, the peak stress decreases with increasing order

of the degradation function, as already analyzed before.
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3.4 Analysis of phase �eld transition

3.4.5 Discussion of consequences

Ambiguous role of the internal length parameter

As discussed in the previous section, in the framework of phase �eld modeling, the peak

stress value of the homogeneous solution can be interpreted as the material’s tensile

strength ft, which is immediately followed by strain localization controlled by the phase

�eld equation. The peak stress depends on the choice of the degradation function 6 (S),
the surface function E (S), the internal length � and the material parameters � and Gc.

With ft being a given material parameter, along with � and Gc, and a speci�c choice

of 6 (S) andE (S), the value of the internal length parameter

� = 5gw

2
Gc �

f2

t

(3.183)

is given via

5gw =


1

√
2w

sup

S∈(0, 1]

√
5f (S) for lim

S→1
−
5 ′f (S) < 0

1

√
2w

√
lim

S→1
−
5f (S) else

. (3.184)

Since it is directly related to the material strength, it can be regarded as material parameter.

For this reason, it is important to note that for phase �eld evolution in absence of pre-

cracks, the internal length � parameter is not only a regularization parameter of the crack

and thus cannot be chosen from purely geometric considerations.

If the internal length � is determined by the material strength and controls the width of

the regularization zone, two potential di�culties arise:

• � is small: The regularized zone must be adequately resolved by the mesh. If

the problem of interest is comparatively large (compared to �), the numerical

solution is extremely costly, if not impossible. In the case that the location of

crack onset is known a-priori, local mesh re�nement can be used. However, if

a location of potential crack onset/progress is not re�ned adequately, fracture is

suppressed by the discretization and the correct solution cannot be obtained. As an

alternative, Kuhn and Müller (2010b) proposed to use exponential shape functions

(instead of “expensive” mesh re�nement) to better approximate the phase �eld

in the vicinity of cracks for small values of the regularization parameters �. The

phase �eld approximation of stationary cracks in absence of mechanical forces

turned out to be very accurate even for coarse meshes (Kuhn and Müller, 2011;

Kuhn, 2013). Challenges are the construction of a valid element approximation,

especially for non-regular meshes, the numerical integration and that the elements

must be adjusted to the crack location and orientation. Besides these technical

issues, the requirement of vanishing sti�ness across open cracks (typically causing

107



3 Phase �eld approach to brittle fracture

broadening of the broken state in the phase �eld over one �nite element as discussed

in Sect. 3.7.3) does not seem to be ful�lled for coarse meshes
8
.

• � is large: Regularization sets a lower bound for the correct representation of phys-

ical e�ects. If the e�ect of interest is comparatively small (compared to �), e.g. the

length of a crack, it is not possible to use the model. In particular, this becomes

relevant in Sect. 4.3.

The �rst point is rather a technical issue. In addition, by an appropriate choice of the

degradation function, there are possibilities to increase the critical stress to in�nity, so �

increases equivalently. To circumvent the second point, there are only limited possibilities.

As indicated above, degradation functions of higher polynomial order may give rise to

smaller values of the internal length. However, a major drawback of such higher-order

degradation functions is the vanishing crack-driving energy in the phase �eld evolution

equation long before reaching the broken state, thus hampering a further decay of the

phase �eld as observed by Strobl and Seelig (2018). This does not much in�uence the

sti�ness degradation (which is almost completed), but leads to a wrong approximation of

the crack surface energy (3.15).

By introducing a threshold function in the phase �eld evolution equation, e.g. according

to (3.94), it is possible to decouple the internal length � from the material strength ft

to some extent as analyzed in Sect. 3.4.2. However, as � → 0 for a given set of material

parameters (� , Gc, ft) the parameter Uc must decrease, but is limited to Uc ≥ 1/8. Thus,

this helps in the �rst, but not in the second case (from above).

Width of the crack zone

As already discussed in Sect. 3.4.2, the choice of the quadratic single-well function (3.58)

to approximate the crack surface density (3.52) requires the application of a higher-order

degradation function to prevent an unrealistic non-linear stress-strain response prior to

fracture. An alternative for this might be seen in linear surface function (3.59), which in

conjunction with the quadratic degradation function (3.70) yields a linear stress-strain

response prior to fracture (Sect. 3.4.2). This formulation has recently received great

attention and is sometimes claimed to provide a more narrow transition zone between the

intact material state and the crack than the quadratic single-well function, e.g., Schneider

et al. (2016), Bleyer et al. (2017), Gerasimov and De Lorenzis (2019).

In the following, the quantitative e�ects of these formulations are brie�y analyzed and

compared to each other. At this point, one mainly focuses on the size of the internal

length parameter which is related to the material strength (see the discussion above)

and the formation of the regularized zone in the vicinity of a crack. Since the internal

8
In fact, Kuhn (2013) introduced a priori “one extra layer of thin elements” at the location of the pre-existing

and along the propagating crack.
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3.4 Analysis of phase �eld transition

length parameters of the di�erent formulations cannot be directly compared to each other,

they are related in a �rst step to the corresponding peak stress (Sect. 3.4.2). Using the

linear surface function (3.59) with 2w = 4/3 in conjunction with the quadratic degradation

function (3.70) the internal length is

�V=0 =
3

8

Gc �

f2

t

= 0.375

Gc �

f2

t

, (3.185)

whereas the analysis in Sect. 3.4.2 yields

�V=1 ≈ 0.185

Gc �

f2

t

(3.186)

for the single-well surface function (3.58) in combination with the quartic degradation

function (3.74).
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Figure 3.15: Localized 1D phase �eld solution S(F) in the vicinity of a crack (at F =0) in absence of

mechanical load; comparison of the linear surface function EV=0
= (1 − S) with regularization parameter

�V=0
=0.375 Gc �/f2

t
and the quadratic single-well surface function EV=1

= (1 − S)2 with regularization pa-

rameter �V=1
≈0.185 Gc �/f2

t
.

In a second step, the inhomogeneous phase �eld solutions S(F) of both formulations in

the ultimate (“cracked”) state, see Sect. 3.4.1, are compared. Figure 3.15 shows both phase

�eld solutions (3.106 and 3.107). Note, that the two formulations do not only give rise to

the di�erent values (3.185) and (3.186), but that �V=0 and �V=1 occur in di�erent ways in the

phase �eld pro�les. While the width of the transition zone for the quadratic single-well

function is in�nite and the length parameter �V=1 quanti�es the (inverse) slope of S(F) at

the crack, the length parameter �V=0 is equal to one fourth of the width of the regularized
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zone resulting from the linear surface function. Hence, with the ratio �V=0 ≈ 2�V=1

from (3.185) and (3.186) accounted for in Fig. 3.15, it is obvious that both formulations lead

to very similar crack pro�les and, correspondingly, crack surface energy approximations.

In a similar fashion, the application of the concave surface function (3.60) in conjunction

with the quadratic degradation function (3.70) yields with (3.167)

�V=−1 ≈ 0.637

Gc �

f2

t

. (3.187)

The resulting width of the transition zone c�V=−1 = 2 is even larger than the width of the

transition zone of the linear surface function with 4�V=0 = 1.5.

3.5 Tension-compression asymmetric response

Degradation of the complete strain energy, or in other words, full sti�ness degradation

at a crack (i.e. for S=0 depicted in Fig. 3.16a) as introduced without further discussion

in (3.7) and (3.12) has two major �aws. First, crack closure (e.g. caused by compression

perpendicular to a crack) does not cause any elastic response, which results in unphysical

interpenetration of the crack �anks as illustrated in Fig. 3.16b. Second, positive (tensile)

and negative (compressive) mechanical forces contribute to phase �eld evolution in the

same manner, see the phase �eld evolution equation (3.30). In case of pure shear (mainly

mode II loading) the phase �eld model predicts symmetric crack growth in the tensile and

compressive regime, see Fig. 3.16c, which clearly contradicts experimental evidence and

theoretical predictions (Sect. 2.2.5). Both issues have already been reported by Bourdin

et al. (2000).
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Figure 3.16: Illustration of negative consequences of full sti�ness degradation: a) pre-crack modeled by the

phase �eld with S → 0, b) interpenetration of crack surfaces under compressive loading, c) symmetric phase

�eld evolution in the tensile (lower half) and compressive regime (upper half).
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3.5 Tension-compression asymmetric response

Strain energy decomposition

To account for both problems while keeping the variational structure of the method (as

introduced in Sect. 3.2) di�erent modi�cations of the strain energy density have been

proposed (Amor et al., 2009; Freddi and Royer-Carfagni, 2010; Miehe et al., 2010a). All

approaches have in common, that the strain energy density (2.82)

k0 (YYY) = k(1)0 (YYY) +k(2)0 (YYY) + · · · +k(<)0 (YYY) =
1

2

YYY .. C0 .. YYY (3.188)

is additively split into several portions k(1)0 . . .k(<)0, where each portion has to be non-

negative for any possible strain state. This entails that none of the energy portions

in (3.188) exceeds the strain energy density (2.82), i.e.

0 ≤ k(7 )0 (YYY) ≤ k0 (YYY) (3.189)

with 7 ∈ [0, <]. Note, that the subscript “0” here indicates the undegraded (linear) elastic

case. By degrading (or not degrading) each portion by a separate degradation function

(following the restrictions provided in Sect. 3.3.2) it is guaranteed in advance that the

strain energy dissipation is positive in case of phase �eld evolution (dS<0). This results

in the strain energy density

ke (YYY, S) = 6 (1) (S)k(1)0 (YYY) + 6 (2) (S)k(2)0 (YYY) + · · · + 6 (<−1) (S)k(<−1)0 (YYY) +k(<) 0 (YYY) ,

(3.190)

where one (here the last) portion k(<)0 (YYY) is assumed to be not degraded. Variation with

respect to both unknowns (according to Sect. 3.2.1) �nally yields the Cauchy stress

2 (YYY, S) :=
mke (YYY, S)

m YYY

= 6 (1) (S)
mk(1)0 (YYY)

mYYY
+ · · · + 6 (n−1) (S)

mk(<−1)0 (YYY)
mYYY

+
mk(<)0 (YYY)

mYYY
, (3.191)

the sti�ness

C(YYY, S) :=
m2ke (YYY, S)

m YYY2

= 6 (1) (S)
mk(1)0 (YYY)

mYYY
+ · · · + 6 (n−1) (S)

mk(<−1)0 (YYY)
mYYY

+
mk(<)0 (YYY)

mYYY
(3.192)

and the (variationally consistent) crack driving force

5s (YYY, S) :=
mke (YYY, S)

m S

=
d6 (1) (S)

dS
k(1)0 (YYY) + · · · +

d6 (n−1) (S)
dS

k(n−1)0 (YYY) . (3.193)

Note, that the undegraded strain energy portion k(<)0 (YYY) does not appear in the crack

driving force (3.193). Consequently, the related strain portions are decoupled from the

phase �eld equation.
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3 Phase �eld approach to brittle fracture

The energetic portions k(1)0 . . .k(<)0 (and the degradation functions 6 (1) . . . 6 (<−1) ) must

then be speci�ed in order to both realize a non-interpenetration condition by (3.191)

or (3.192) and prevent phase �eld evolution under compression in (3.193). Typically, this

is done by a split in only two strain energy density portions, one related to tensile states

which is degraded by the degradation function 6 (S), and one related to compressive states

which is not degraded, i.e

ke (YYY, S) = 6 (S)k+
0
(YYY) +k−

0
(YYY) . (3.194)

In the case of only two portions, the choice of one portion directly yields the other portion,

either

k−
0
=

1

2

YYY .. C0 .. YYY −k+0 or k+
0
=

1

2

YYY .. C0 .. YYY −k−0 . (3.195)

In the literature, they are referred to as “positive” or “negative” (Li et al., 2016; Miehe et al.,

2010a), “active” or “passive” (Strobl and Seelig, 2016), “active” or “non-active” (Cajuhi,

2019), “crack driving” or “persistent” (Steinke and Kaliske, 2019), “tensile” (Ambati et

al., 2015a), “tension sensitive” (Hesch et al., 2017) or “fracture insensitive” (Hesch and

Weinberg, 2014), to name a few.

Clear situation in 1D

As a continuation of the one-dimensional problem analyzed in Sect. 3.4 (see Fig. 3.6) the

constitutive choice of the energetic portions in one dimension is discussed. To separate

positive and negative portions of a scalar quantity F ∈ R the bracket operator
9

〈F〉 :=
1

2

(
|F | + F

)
=

{
0 ∀F ≤ 0

F ∀F > 0

, (3.196)

is used. The decomposition reads

F ≡ 〈F〉︸︷︷︸
≥ 0

+
(
− 〈−F〉

)︸     ︷︷     ︸
≤ 0

, (3.197)

where the �rst term is related to the positive portion of F and the latter term is related to

the negative portion of F . For more details see App. A.9.

9
Most often named after the British mathematician William Herrick Macauley, the bracket operator notation

was �rst introduced by Clebsch (1862) to calculate beam de�ections. At this time, Rudolf Friedrich Alfred

Clebsch held the chair of theoretical mechanics at the Carlsruhe Polytechnicum (Ben-Menahem, 2009). In

German-speaking countries the mathematical notation is named after August Föppl, who extended Clebsch’s

idea, see e.g. Weissenburger (1964).
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3.5 Tension-compression asymmetric response

The application of the additive decomposition (3.197) on the strain Y = 〈Y〉 − 〈−Y〉 or,

equivalently, the undegraded stress f0 = 〈� Y〉 − 〈−� Y〉 allows to (uniquely) identify the

elastic energy density portions related to tension and compression

k+
0
(YYY) :=

1

2

� 〈Y〉2 and k−
0
(YYY) :=

1

2

� 〈−Y〉2 , (3.198)

respectively. Substitution in (3.194) yields the strain energy density

ke (Y, S) = 6 (S) 1

2

� 〈Y〉2 + 1

2

� 〈−Y〉2 , (3.199)

with the degradation function being the only constitutive choice. The corresponding

Cauchy stress is

f (Y, S) = 6 (S) � 〈Y〉 − � 〈−Y〉 =
{
� Y ∀Y ≤ 0

6 (S) � Y ∀Y > 0

(3.200)

while the crack driving force is

5s (Y, S) = 6 ′(S) 1

2

� 〈Y〉2 =


0 ∀Y ≤ 0

6 ′(S) 1

2

� Y2 ∀Y > 0 .
(3.201)

In case of compression (Y<0) the mechanical response (3.200) is independent of the phase

�eld value. Thus, the original sti�ness is recovered and no interpenetration of the crack

�anks occurs. The latter can be seen by regarding the crack opening displacement which

is, by using (3.100) and (3.101),

Xs =


0 ∀Y ≤ 0

2

f

�

!∫
0

1

6 (S) − 1 dF ∀Y > 0 ,
(3.202)

and, consequently, non-negative. In addition, according to (3.201) no phase �eld evolution

takes place under compression. For tension (Y>0) both (3.200) and (3.201) yield the

behavior analyzed in Sect. 3.4. Note, that for S ≠ 1 the di�erent treatment of the positive

and negative part in (3.200) introduces non-linearity.

Ambiguous situation in 3D

The bracket operator (3.196) can be applied on scalar quantities only. Thus, a straight-

forward extension of the approach discussed above to two or three dimensions is not

possible. Besides this technical reason, the states of “tension” and “compression” are

unclear when applied to more than one dimension, at least they are not uniquely de�ned.
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3 Phase �eld approach to brittle fracture

To illustrate some conceptual possibilities, di�erent scalar projections of the strain tensor

(see Sect. 2.1.1) are regarded, i.e. the volumetric strain and principal strains

Yvol = O .. YYY , Y1 =
YYY

T 1 .. YYY , Y2 =
YYY

T 2 .. YYY , Y3 =
YYY

T 3 .. YYY (3.203)

with

YYY

T U :=
YYY
nU ⊗

YYY
nU . Each of the four projections and combinations thereof (in conjunc-

tion with elastic parameters, e.g., _ and `) can be separately decomposed by (3.197) into

its positive and negative portion as long as each resulting strain energy density portion is

non-negative for any possible strain state to ful�ll (3.189). In present phase �eld models

to fracture this is, to some extent, a constitutive choice (Strobl and Seelig, 2016). In the

following, a simple test to validate the mechanical response of a phase �eld induced crack

is presented, before two speci�c and widely-used phase �eld approaches based on strain

energy decomposition are analyzed in detail.

Test to validate the mechanical response at a crack

In contrast to damage models, where the notion of “damage” — quite often — is rather

unspeci�c (see Sect. 2.2.8), the phase �eld S in the present approach is dedicated to

approximate cracks. This concerns both the energetic balance of the surface energy

according to the idea of Gri�th, see Sect. 3.1, as well as the mechanical behavior at cracks.

The latter comprises not only non-interpenetration of the crack �anks. In particular, the

state of the material for S = 0 should reproduce the behavior of a macroscopic crack,

i.e. crack opening and (frictionless) sliding of the crack surfaces should not cause any

traction while there are compressive surface forces in case of crack closure. To validate the

mechanical behavior of phase �eld models at cracks a simple numerical test was introduced

by Strobl and Seelig (2015). An elastic block with initial through-crack is subjected to

di�erent loads in terms of displacements relative to the crack orientation. The key aspect

is that the initial crack has to be consistently modeled by the phase �eld
10

as shown in

Fig. 3.17a, either by imposing S = 0 on a double row of nodes or, alternatively, by applying

an initial crack driving force as discussed in App. C.4. Of course, initial cracks can also be

modeled without using the phase �eld by free surfaces/double nodes
11

, however, newly

grown cracks (modeled by the phase �eld) should also behave correctly. In particular,

positive and negative relative displacements normal to the crack plane are imposed to

test homogeneous tension (Fig. 3.17b) and compression states (Fig. 3.17c). The tensile

loading should cause crack opening without any elastic response while compression

should yield the well-known elastic behavior (also including Poisson’s e�ect). The left and

10
At the time when the test was proposed, the single-edged notched test was one of the standard “benchmarks”,

typically with the initial crack modeled by a discrete crack, i.e. with double nodes. Thus, the speci�c (perhaps

wrong) model response at phase �eld induced cracks was not immediately apparent.

11
In fact, Klinsmann et al. (2015) compared the results for pure mode I loading in the case where the initial

crack is prescribed by free surfaces and the case where the initial case is modeled by the phase �eld. While

the results for the phase �eld modeled initial crack show convergence to analytical results (as � → 0) results

for the mesh induced initial crack deviate signi�cantly.
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3.5 Tension-compression asymmetric response

right boundaries of the tension and compression test are traction-free to capture lateral

elastic e�ects.

Furthermore, as proposed by Strobl and Seelig (2016), the through-cracked block can be

tested by applying opposite displacements parallel to the crack as shown in Fig. 3.18a (shear

loading). Note, that this test is carried out witha = 0 and vertical displacement constraints

are prescribed at the left and right boundary (Fig. 3.18a) to apply a homogeneous shear

loading. In case of a frictionless crack surface one would expect both parts sliding on each

other without causing any elastic response as illustrated in Fig. 3.18b.

a) b) c)

0.00

0.25

0.50

0.75

1.00S

ℎ/2

ℎ/2

ℎ/2

ℎ/2

!!

C

C

C

C

S = 0S = 0

FF

GG

Figure 3.17: Elastic body with initial through-crack modeled by the phase �eld S ≈ 0 a) phase �eld solution of

the initially unloaded specimen, b) crack subjected to tension, c) crack subjected to compression.
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Figure 3.18: Elastic body with initial through-crack modeled by the phase �eld S ≈ 0 a) crack subjected to shear

deformation, b) expected deformation.

3.5.1 Models based on spectral decomposition

Brittle fracture is dominated by normal stresses, i.e. the fracture surface is typically

oriented perpendicular to the largest principal positive stress. Thus, a common assumption

115



3 Phase �eld approach to brittle fracture

in models of continuum damage mechanics is that (micro) crack opening and growth is

induced by positive principal strains or stresses, see Sect. 2.2.8.

Spectral strain decomposition

In terms of the phase �eld approach to fracture, Hofacker et al. (2009) introduced a tension-

compression asymmetric response based on the spectral decomposition of strains (2.23).

For simplicity, this approach is referred to as spectral strain decomposition in the following
12

.

In particular, the elastic strain energy density is decomposed into portions related positive

and negative principal strains and a portion related to the positive or negative �rst strain

invariant IY := tr YYY (cf. App. A.4), i.e.

k+
0
(YYY) :=

_

2

〈tr YYY〉2 + `
(
〈Y1〉2 + 〈Y2〉2 + 〈Y3〉2

)
, (3.204)

k−
0
(YYY) :=

_

2

〈− tr YYY〉2 + `
(
〈−Y1〉2 + 〈−Y2〉2 + 〈−Y3〉2

)
. (3.205)

Obviously, the approach is guided by the idea, that crack closure is (partially) detected by

negative strain eigenvalues related to three mutually perpendicular planes in combination

with volume reduction. It, however, should be noted that the orientation of the planes is

determined by the principal strain directions and not by a crack surface. This will result

in serious problems as analyzed below.

Although the approach is sometimes referred to as being anisotropic (e.g. Hofacker,

2014; Kiendl et al., 2016; Miehe et al., 2010c), it is in fact non-linear but isotropic. The

choice resembles the approach (2.192) used in continuum damage mechanics. Substitution

of (3.204) into (3.194) and variation provides both the Cauchy stress tensor

2 (YYY, S) = 6 (S)
[
_ 〈tr YYY〉 O + 2`

(
〈Y1〉

YYY

T 1 +〈Y2〉
YYY

T 2 +〈Y3〉
YYY

T 3

) ]
− _ 〈− tr(YYY)〉 O − 2`

(
〈−Y1〉

YYY

T 1 +〈−Y2〉
YYY

T 2 +〈−Y3〉
YYY

T 3

)
, (3.206)

already including the relation mYU/mYYY =
YYY

T U , and the crack driving force

5s (YYY, S) = 6 ′(S)
[
_

2

〈tr YYY〉2 + `
(
〈Y1〉2 + 〈Y2〉2 + 〈Y3〉2

) ]
. (3.207)

Due to its motivation related to brittle fracture, the approach was over years (the perhaps

most) widely used, e.g. by Hofacker and Miehe (2012), Borden et al. (2012), Klinsmann

et al. (2015), May et al. (2015), among others and extended to �nite deformations by Hesch

and Weinberg (2014).

12
To be precise, it should be noted that the split/decomposition of strain, stress or energy itself is at �rst only a

reformulation. Separate treatment of each portion, in the speci�c case by di�erent degradation, constitutes

the core of each formulation. Nevertheless, naming the formulation after the used split is quite common in

the phase �eld community and thus used in the following.
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3.5 Tension-compression asymmetric response

Inaccurate model behavior at cracks subjected to compression

In a �rst step, the model response caused by uniaxial compression perpendicular to

a phase �eld modeled initial crack as depicted in Fig. 3.17a and c is investigated. As

already discussed by Strobl and Seelig (2015), the approach based on the spectral strain

decomposition is not able to reproduce a homogeneous stress response for a ≠ 0. This is

caused by the fact that positive lateral strains cause erroneous sti�ness degradation in the

plane of the crack where S < 1. The corresponding results showing the inhomogeneous

stress response and the resulting inhomogeneous deformations are depicted in Fig. 3.19a

and b. Compared to the e�ects discussed next, this inaccuracy, however, appears to be

secondary.

a) b)

f
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Figure 3.19:Validation of mechanical behavior of the phase �eld approach based on spectral strain decomposition

at a crack subjected to compression (witha = 0.3), a) inhomogeneous stress response as consequence of erroneous

degradation due to (positive) lateral strains at the crack, b) resulting inhomogeneous deformations at the degraded

zone.

Inadequate model behavior at cracks subjected to shear

One of the main requirements on the phase �eld approach to fracture is the correct,

i.e. traction-free, separation of crack �anks. By contrast, the correct modeling of crack

closure is an additional feature which is only required in situations where existing cracks

are closed. The purpose of the strain energy modi�cation discussed in this section is to

provide this additional feature (Miehe et al., 2010c). In addition to the tensile (not shown)

and the inaccurate compressive state (see above), the model response caused by shear

as depicted in Fig. 3.18a investigated. The initial crack is consistently modeled by the

phase �eld as depicted in Fig. 3.17a. As shown by the deformed mesh in Fig. 3.20a the

result does not correspond to the expected deformation in Fig. 3.18. The upper and lower

part in Fig. 3.20a are sticking on each other along the phase �eld modeled crack (S ≈ 0).

Obviously, the crack surfaces are transmitting signi�cant forces across the crack surface,

which is depicted in Fig. 3.20b. As a consequence, elastic deformations are present in the
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3 Phase �eld approach to brittle fracture

whole domain. Thus, the phase �eld approach based on the spectral strain decomposition

is not able to reproduce the correct behavior. With increased shear displacement the phase

�eld in the vicinity of the crack decreases due to non-zero traction forces across the crack,

making the crack to “grow” in thickness direction. In addition, unphysical crack growth

also occurs along the outer boundaries, see Fig. 3.20c.
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Figure 3.20:Validation of mechanical behavior of the phase �eld approach based on spectral strain decomposition

at a crack subjected to shear: a) erroneous sti� elastic response, b) load-displacement curve showing sti� “elastic”

response, c) unphysical expansion of the phase �eld caused by not traction-free crack surfaces.

As shown above, the phase �eld approach based on the spectral decomposition does not

provide traction-free crack surfaces if the crack direction does not coincidentally coincide

with one of the principal strain directions. Klinsmann et al. (2015) investigated mode I

dominated fracture from an initial phase �eld modeled crack where the spectral strain

decomposition model did not fail. The failure of the model is further demonstrated by

the single-edge notched specimen shown in Fig. 3.21a subjected to shear (Strobl and

Seelig, 2016). With increased load, the crack does not start do expand at the crack tip.

At �rst, phase �eld evolution takes place at the boundary. With increased displacement,

an additional crack forms with an inclination of ≈ 45
◦

at both sides of the crack tip as

depicted in Fig. 3.21b. It should be noted, that some problems have also been made public

by May et al. (2015). They compared the test with a discrete initial crack and a phase �eld

modeled initial crack. In the latter case, the results are similar to Fig. 3.21b. However, May

et al. (2015) concluded that the “phase �eld model for brittle fracture is sensitive to the

exact form of the applied boundary conditions”, i.e. the erroneous behavior was related

to the application of phase �eld boundary conditions at the crack and not related to the

spectral strain decomposition.

Taking into account these results it must be concluded that the phase �eld approach based

on the spectral strain decomposition completely fails in reproducing traction-free crack

surfaces for arbitrary loading scenarios. Therefore, this approach cannot be used to model

cracks. In this context, however, Ambati et al. (2015a), Kiendl et al. (2016) and Pham

et al. (2017) published “single-edge notched shear test” and “mixed-mode I + II loading”

simulations, with the initial crack modeled by the phase �eld. Although subjected to shear

the phase �eld model based on the spectral strain decomposition did not fail. This is in
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3.5 Tension-compression asymmetric response

contradiction to the �ndings above, thus the applied initial crack conditions or modeling

techniques in the aforementioned publications raise some questions.
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Figure 3.21: Single-edge notched shear test with phase �eld modeled initial crack: a) boundary value problem,

b) erroneous phase �eld evolution caused by not traction-free crack surfaces as predicted by the phase �eld

model based on the spectral strain decomposition.

Spectral (e�ective) stress decomposition

As an alternative to the spectral strain decomposition, the elastic energy density can be

decomposed in the e�ective stress-space. For this purpose, the linear elastic (undegraded)

relation (3.13) is used to calculate the principal values of the e�ective stress tensor

f̃U = _ tr YYY + 2` YU , (3.208)

with U ∈ [1, 3]. The elastic strain energy density is then decomposed into a portion

related to the positive or negative �rst e�ective stress invariant

If̃ := tr 2̃ = (3_ + 2`) tr YYY (3.209)

and portions related positive and negative principal e�ective stresses, i.e.

k̃+
0
(2̃ ) :=

1

4`

(
〈f̃1〉2 + 〈f̃2〉2 + 〈f̃3〉2

)
− _

4` (3_ + 2`) 〈tr 2̃ 〉
2 , (3.210)

k̃−
0
(2̃ ) :=

1

4`

(
〈−f̃1〉2 + 〈−f̃2〉2 + 〈−f̃3〉2

)
− _

4` (3_ + 2`) 〈− tr 2̃ 〉2 . (3.211)

Substitution of (3.208) into (3.194) and variation provides both the Cauchy stress tensor

2 (2̃ , S) = 6 (S)
[

1

2`

(
〈f̃1〉 ˆS 1 + 〈f̃2〉 ˆS 2 + 〈f̃3〉 ˆS 3

)
− _

2`
〈tr 2̃ 〉 O

]
− 1

2`

(
〈f̃1〉 ˆS 1 + 〈f̃2〉 ˆS 2 + 〈f̃3〉 ˆS 3

)
+ _

2`
〈tr 2̃ 〉 O , (3.212)
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and the crack driving force

5s (2̃ , S) = 6 ′(S)
[

1

4`

(
〈f̃1〉2 + 〈f̃2〉2 + 〈f̃3〉2

)
− _

4` (3_ + 2`) 〈tr 2̃ 〉
2

]
. (3.213)

It should be noted, that with

mIf̃

mYYY
= (3_ + 2`) O and

ˆS U :=
mf̃U

mYYY
= _ O + 2`

YYY

T U , (3.214)

the stress (3.212) still depends on the principal strain directions, not on the orientation of

the crack. Thus, the spectral e�ective stress decomposition does not improve the phase

�eld approach to model existing cracks. For a = 0 (which means _ = 0), the spectral

e�ective stress decomposition and the spectral strain decomposition are equal.

Generalized spectral decomposition

Inspired by the decomposition in the (e�ective) stress space, which is a linear transfor-

mation from the strain space up to the split and separate treatment of each portion, one

might think of other spectral decompositions. For this purpose, the auxiliary projected

tensor

(̃ :=
(
C0

)[̃

.. YYY (3.215)

with [̃ ∈ R is introduced. By using the principal values of the sti�ness tensor (2.87), the

principal values of the projected tensor are

[̃U =
1

3

(
(3_ + 2`)[̃ − (2`)[̃

)
tr YYY + (2`)[̃ YU , (3.216)

with U ∈ [1, 3]. Its �rst invariant is

I[̃ := tr (̃ = (3_ + 2`)[̃ tr YYY . (3.217)

The (undegraded) strain energy (2.82) can be rewritten in terms of the projected ten-

sor (3.215) according to

k0 =
1

2

(̃ ..

(
C0

) (1−2[̃)

.. (̃ . (3.218)

Accordingly, the generalized spectral decomposition is

k̃+
0
((̃) :=

1

6

[
(3_ + 2`)1−2[̃ − (2`)1−2[̃

]
〈tr (̃〉2

+ 1

2

(2`)1−2[̃
(
〈[̃1〉2 + 〈[̃2〉2 + 〈[̃3〉2

)
, (3.219)

k̃−
0
((̃) :=

1

6

[
(3_ + 2`)1−2[̃ − (2`)1−2[̃

]
〈− tr (̃〉2

+ 1

2

(2`)1−2[̃
(
〈−[̃1〉2 + 〈−[̃2〉2 + 〈−[̃3〉2

)
. (3.220)

120



3.5 Tension-compression asymmetric response

By substituting (3.219) into (3.194), variation provides with

mI[̃

mYYY
= (3_ + 2`)[̃ O (3.221)

and the projection tensor

S U :=
m[̃U

mYYY
=

1

3

(
(3_ + 2`)[̃ − (2`)[̃

)
O + (2`)[̃

YYY

T U (3.222)

both the Cauchy stress tensor

2 ((̃ , S) = 6 (S)
[
1

3

(
(3_ + 2`)1−[̃ − (3_ + 2`)[̃ (2`)1−2[̃

)
〈tr (̃〉 O

+ (2`)1−2[̃
(
〈[̃1〉S 1 + 〈[̃2〉S 2 + 〈[̃3〉S 3

) ]
− 1

3

(
(3_ + 2`)1−[̃ − (3_ + 2`)[̃ (2`)1−2[̃

)
〈− tr (̃〉 O

− (2`)1−2[̃
(
〈−[̃1〉S 1 + 〈−[̃2〉S 2 + 〈−[̃3〉S 3

)
, (3.223)

and the crack driving force

5s (2̃ , S) = 6 ′(S)
[
1

6

[
(3_ + 2`)1−2[̃ − (2`)1−2[̃

]
〈tr (̃〉2

+ 1

2

(2`)1−2[̃
(
〈[̃1〉2 + 〈[̃2〉2 + 〈[̃3〉2

) ]
. (3.224)

Since the stress of the generalized spectral decomposition (3.223) depends via (3.222) on

the principal strain directions instead of the crack orientation it does not improve the

phase �eld approach to model existing cracks. It should be further noted, that also in the

special case [̃ = 0.5 the crack driving force

5s (2̃ , S) = 6 ′(S) 1

2

(
〈[̃1〉2 + 〈[̃2〉2 + 〈[̃3〉2

)
(3.225)

including

[̃U =
1

3

(√
3_ + 2` −

√
2`

)
tr YYY +

√
2` YU (3.226)

and the stress tensor

2 ((̃ , S) = 6 (S)
√

2`
(
〈[̃1〉S 1 + 〈[̃2〉S 2 + 〈[̃3〉S 3

)
−

√
(2`

(
〈−[̃1〉S 1 + 〈−[̃2〉S 2 + 〈−[̃3〉S 3

)
, (3.227)

with

S U =
1

3

(√
3_ + 2` −

√
2`

)
O +

√
2`

YYY

T U , (3.228)

still contain _. Thus, the stress in the crack plane is erroneously degraded.
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3 Phase �eld approach to brittle fracture

Further spectral decompositions

By Freddi and Royer-Carfagni (2010) the tension-compression asymmetry is also intro-

duced based on the spectral decomposition. However, they propose a slightly di�erent

treatment of the principal strain values (by also taking Poisson’s ratio into account) so that

only negative principal stresses exists. This treatment was inspired by the “no-tension”

masonry-like material which has been formulated by Del Piero (1989).

Dally and Weinberg (2017), and later on, Bilgen et al. (2018) and Bilgen and Weinberg

(2019) proposed a spectral strain decomposition according to

k0 = k
+
0
+k−

0
=

1

2

YYY+ .. C0 .. YYY
+ + 1

2

YYY− .. C0 .. YYY
−

(3.229)

with the positive and negative strain tensors according to (2.190). However, as discussed in

App. B.8, the decomposition does not comply with (3.189) if not all principal strains have

the same sign or a = 0. Since the positive and negative energy portions are not related to

the energy of the sound material, (3.229) is no valid decomposition.

3.5.2 Models based on volumetric-deviatoric decomposition

The second widely-used approach is based on the volumetric-deviatoric decomposition. In

terms of phase �eld modeling to fracture
13

. Amor et al. (2009) introduced their so-called

“unilateral contact” model with the clear intention to “avoid crack interpenetration in

compression”. The formulation is guided by the idea that crack closure can be detected

by a negative volume change Yvol = tr YYY < 0. Therefore, the volumetric strain energy is

decomposed into positive and negative portions. Since crack opening is governed by

volume expansion and distortion both portions must be degraded by the phase �eld to

provide a traction-free crack surface. Accordingly, the strain energy portions for (3.194)

are

k+
0
(YYY) :=

 

2

〈tr YYY〉2 + ` (YYYdev .. YYYdev) , (3.230)

k−
0
(YYY) :=

 

2

〈− tr YYY〉2 . (3.231)

Approaches based on the volumetric-deviatoric decomposition of strain energy have

already been used in continuum damage mechanics for similar reasons, see, e.g., (2.194) in

Sect. 2.2.8. Further, it should be noted, that the original decomposition (3.230) is based

on a dimension-dependent bulk modulus  n := _ + 2`/<dim with <dim ∈ [1, 3] (Amor

et al., 2009) and has further been used by Schlüter et al. (2014) and Ambati et al. (2015a;

2015b). Since most related fracture problems (Sect. 2.2) are, however, discussed in terms of

plane strain, plane stress or axisymmetric settings (which in fact are three-dimensional)

13
In fact, Amor et al. (2009) called their approach “regularized formulation of the variational brittle fracture”.
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3.5 Tension-compression asymmetric response

only the bulk modulus  according to (2.91) is regarded here. Variation provides both the

Cauchy stress tensor

2 (YYY, S) = 6 (S)
[
 〈tr YYY〉 O + 2` YYYdev

]
−  〈− tr YYY〉 O , (3.232)

and the crack driving force

5s (YYY, S) = 6 ′(S)
[
 

2

〈tr YYY〉2 + ` (YYYdev .. YYYdev)
]

. (3.233)

Since the last term in (3.232) is not degraded the non-interpenetration of crack lips (at 6 = 0)

is to be ensured by a hydrostatic stress state. In addition, because of the partial coupling

of strain energy and the phase �eld in (3.233), phase �eld evolution is only governed by

volume expansion and distortion.

Inadequate model behavior for uniaxial compression

By continuing the one-dimensional analysis of Sect. 3.4 also for compression, e.g. for the

quadratic single-well function in combination with the quadratic degradation function,

the maximum compressive stress (absolute value) is

fc =

√
81

512 (1 + a)

√
Gc �

�
, (3.234)

which in fact can be interpreted as strength. By utilizing (3.130) the ratio of compressive

strength to tensile strength is

fc

ft

=

√
3

2 + 2a
≈


1.225 for a = 0.0

1.074 for a = 0.3

1 for a → 0.5 .

(3.235)

As already reported by Amor et al. (2009) and further analyzed by Li et al. (2016), the

comparatively small di�erence between the compressive and tensile strength does not

correspond to experimental results, especially for brittle materials. Thus, phase �eld

evolution and consequently sti�ness degradation take place even under compression if

the load is not hydrostatic.

In order to further investigate the non-local asymmetric response a bar with plane strain

conditions as depicted in Fig. 3.22a is separately subjected to tension and compression.

For monotonically increasing loading C > 0 the phase �eld homogeneously decreases

until S ≈ St = 0.75 is reached, see (3.129). Then the phase �eld solution becomes inho-

mogeneous and the strain localizes, leading to a sudden drop of the stress response to

zero as shown in Fig. 3.22b. Applying a monotonically decreasing displacement C < 0

also leads to a homogeneously decreasing phase �eld in a quite similar manner as for
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3 Phase �eld approach to brittle fracture

tension. The maximum negative stress |fc | obviously is of similar size which corresponds

with (3.235). However the solution does not localize, so no crack is formed and the sti�ness

continuously degrades. This might be explained by the quite complex hydrostatic stress

state obtained under compression.
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Figure 3.22: Numerical evaluation of tension and compression response: a) boundary value problem, b) global

stress response.

Inadequate model behavior at cracks subjected to compression

The capability of the phase �eld model based on the volumetric-deviatoric split to ap-

proximate crack closure and thus prevent interpenetration of the crack �anks is tested

by compressing a through-cracked block (Fig. 3.17c). The initial crack is modeled by the

phase �eld as proposed by Strobl and Seelig (2015), see Fig. 3.17a. Since the deviatoric

stress is degraded to zero at a crack (6 = 0) uniaxial compression perpendicular to the

crack results in a hydrostatic stress state at the crack. Therefore the stress response is

inhomogeneous as depicted in Fig. 3.23a and does not correspond with the expected

(homogeneous) uniaxial stress state. Moreover, the unphysical hydrostatic stress state at

the crack requires compressive forces parallel to the crack, which in fact are equal to the

normal stress. In the case that the phase �eld modeled crack crosses a traction-free outer

boundary there are no forces from outside. In addition, shear forces are almost completely

degraded in the vicinity of the crack. Thus extremely large displacements in the crack

plane occur as shown in Fig. 3.23b. They are causing extremely large shear forces in

the undegraded con�guration which then are degraded by a factor of almost zero and

provide the required normal forces. However, if the fully broken state S ≈ 0 is wider than

a single row of elements, even in�nite lateral displacements do not cause a signi�cant

hydrostatic stress any more and thus the hydrostatic stress and corresponding mechanical

contact forces across the crack surface tend to zero. Thus, if the crack crosses a free outer

boundary the model completely looses its ability to cause elastic response or causes elastic

response at the expense of almost in�nite displacements. This problem does not occur
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3.5 Tension-compression asymmetric response

if the crack is completely enclosed by material or (potentially arti�cial) displacement

boundary conditions are imposed where the crack crosses the free outer boundary as

done, e.g., by Schlüter et al. (2014). Due to the dominating compressive hydrostatic stress

state in the vicinity of a phase �eld modeled crack the model’s mechanical response can

be characterized as “�uid-like” behavior. In the compressed block test, a layer of liquid

is compressed between the upper and lower part of the solid. As long as the boundary

is “sealed o�” and the liquid cannot run out the contact force is equal to the liquid’s

pressure, but as soon as the boundary is not adequately prepared the liquid leaks out and

the pressure (and with it the contact force) drops to zero.

a) b)

f
approx
FF ≠ 0

Figure 3.23: Validation of mechanical behavior of the phase �eld approach based on volumetric-deviatoric

decomposition at a crack subjected to compression: a) inhomogeneous stress response due to (unphysical)

hydrostatic stress state at the crack, b) resulting deformations with extremely large displacements in the degraded

zone.

Further volumetric-deviatoric decompositions

The volumetric-deviatoric decomposition can also be applied on the e�ective stress tensor.

Since the traces of e�ective stress and strain are proportional to each other, i.e.

tr 2̃ = tr

(
 tr YYY O + 2` YYYdev

)
= 3 tr YYY , (3.236)

their sign is equal. Thus, with 2̃dev = 2` ỸYYdev the volumetric-deviatoric split of the e�ective

stress tensor results in

k+
0
(YYY) :=

1

18 
〈3 YYY〉2 + 1

4`
(4`2 YYYdev .. YYYdev) =

 

2

〈YYY〉2 + ` (YYYdev .. YYYdev) , (3.237)

k−
0
(YYY) :=

1

18 
〈−3 YYY〉2 =  

2

〈−YYY〉2 (3.238)

and is identical with the volumetric-deviatoric decomposition in the strain space (3.232).

Lancioni and Royer-Carfagni (2009) also introduced a phase �eld approach to fracture

based on the volumetric-deviatoric decomposition. Their focus, however, was on the

modeling of shear-like fracture as it appears in the ashlar masonry work of the French
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3 Phase �eld approach to brittle fracture

Panthéon. Thus, the intention rather lies on the modi�cation of the crack driving force to

promote “mode II fracture” caused by coalescence of micro-cracked shear bands. This is

done by coupling only the deviatoric strain energy portion via a degradation function 6 (S)
with the phase �eld. The corresponding strain energy density portions are

k+
0
(YYY) := ` (YYYdev .. YYYdev) , (3.239)

k−
0
(YYY) :=

 

2

(tr YYY)2 . (3.240)

3.5.3 First conclusion on isotropic strain energy decompositions

The incorporation of a tension-compression asymmetry by decomposing the elastic en-

ergy density and applying only a partial coupling with the phase �eld is an elegant but,

regarding the outcome (see above sections), also limited approach. By regarding only the

correct mechanical behavior at a (macroscopic) crack, both widely-used approaches, the

volumetric-deviatoric and the spectral decomposition, fail in some situations. With both

approaches, it is not possible to obtain a homogeneous stress response for compression

due to erroneous degradation of the lateral stress components (except the spectral strain

decomposition if a = 0). More severely, the spectral split fails in reproducing traction-

free sliding of the crack surfaces while the volumetric-deviatoric split causes unphysical

hydrostatic stress states in the vicinity of the crack, which make the model to fail if the

crack crosses the free boundary. Thus, the question arises, how to model the response of

a macroscopic crack correctly, e.g. by �nding an appropriate split?

F

G

H

n+

t

t ‖ = Bn n
+

t⊥ = Bt
t − Bn n

+

√

t · t − B 2n

upper crack flank

lower crack flank

Figure 3.24: Regarding a discrete crack with a hypothetical traction vector t and its in-plane component Bt and

out-of-plane component Bn.

For this purpose a hypothetical discrete crack with its �anks as depicted in Fig. 3.24 is

regarded. The orientation of the crack surface is described by its outward normal vector n+.
Since in terms of in�nitesimal deformations the orientation of the opposite surface does

not change, the orientation of the opposite crack surface (partially shown in Fig. 3.24)

is given by n− = −n+. To obtain the orientation independent of the positive or negative
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3.5 Tension-compression asymmetric response

crack �ank (the decomposition is independent of the direction of the vector) the second

order tensor

T c := n+ ⊗ n+ = n− ⊗ n− (3.241)

is used. The mechanical response of the crack is characterized by a non-positive normal

stress and, in case of a frictionless crack surface, by a zero tangential stress, i.e. Bn ≤ 0

and Bt = 0. In a homogeneous setting without the hypothetical discrete crack, the stress

tensor can be decomposed according to

2 = 2nn + 2nt + 2� . (3.242)

It consists of the normal stress normal to the crack plane

2nn := (2 .. T c︸ ︷︷ ︸
≤ 0

)T c (3.243)

and a stress tensor related to the tangential stress on the crack plane

2nt := 2 · T c + T c · 2 − 2(2 .. T c)T c . (3.244)

The third stress tensor 2� contains stresses in the plane and is for now irrelevant. The

focus lies on the shear stress tensor which should vanish for tension and compression,

i.e.

2nt

!

= 0 . (3.245)

Since the crack direction is — so far — not available in the phase �eld approach and thus

a priori unknown the relation (3.245) must be ful�lled for any direction. By using the

principal stresses f1 . . . f3 and related directions T 1 . . .T 3 (aligned with the principal

strain directions) and making use of T 3 = O − T 1 − T 2 one obtains

2nt =
(
f1 − f3

)
T 1 · T c +

(
f1 − f3

)
T c · T 1 − 2

(
f1 − f3

) (
T 1 .. T c

)
T c

+
(
f2 − f3

)
T 2 · T c +

(
f2 − f3

)
T c · T 2 − 2

(
f2 − f3

) (
T 2 .. T c

)
T c = 0 . (3.246)

Equation (3.246) is either satis�ed if one principal stress/strain direction coincidentally

corresponds to the crack direction, e.g. T 1 = T c, or if all principal stresses are equal, i.e.

f1 = f2 = f3 . (3.247)

Since the crack direction is �xed while principal strain directions depend on the applied

loading/deformation the �rst case is not obtained in general. Thus, the shear stress on

a crack surface vanishes only in the case of a hydrostatic stress state. As discussed in

Section 3.5.2, severe problems related to a non-zero hydrostatic stress state occur. Thus, it

can be concluded, that in the present (isotropic) phase �eld framework no decomposition

of the strain energy density exists, which is able to reproduce the mechanical behavior of

a macroscopic crack appropriately.

Apart from the physical situation, phase �eld approaches using tension-compression

splits increase the computational costs. Since the spectral strain decomposition contains
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3 Phase �eld approach to brittle fracture

six di�erent cases (in three dimensions), corresponding phase �eld approaches converge

signi�cantly slower to the solution compared to models based on the volumetric-deviatoric

decomposition, which includes only two di�erent cases (see also Ambati et al., 2015a). In

addition, the volumetric-deviatoric decomposition is more robust. Since the decomposition

is carried out at each integration point separately and the cases can alternate in every

iteration, there might be the situation that no convergence is obtained. Thus, it is a

common practice to increase the convergence tolerance when using the spectral strain

decomposition. Another solution can be the regularization of the non-smooth stress-strain

relation (Schmitt et al., 2015). For example, the one-dimensional sti�ness in (3.200) can be

approximated by the function

˜� (nk) =
�

2

[ (
1 − 6 (S)

)
tanh(−Y/nk) + 1 + 6 (S)

]
(3.248)

with the additional regularization parameter 0 < nk � 1 to compute the stressf = ˜� (nk) Y .

Figures 3.25 shows the negligible di�erence between the original non-smooth and the

smooth regularized function as nk → 0. While in 1D problems convergence is usually

obtained, regularizations of the type of (3.248) might improve the situation in two- and

three-dimensional problems. Since the present work is focused on the physical aspects,

improvements on the numerical robustness are out of scope.
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Figure 3.25: Comparison of stress calculations for the original non-smooth tension-compression split in 1D

(dashed line) and the smooth regularized function as n
k
→ 0. Here, the tensile sti�ness is degraded by 6 (S) = 0.3.

3.5.4 Application in evolution equation only

The changing physical conditions caused by opened or closed cracks and the related

sti�ness degradation in continuous approaches to fracture are clear, thus they can be

assigned as boundary conditions. By contrast, the crack driving forces and related crack

formation and propagation can vary between di�erent materials, e.g. to account for

di�erences between ductile and brittle behavior, see Sect. 2.2. Thus, their modeling

has to be adaptable (to some extent), i.e. they have to be constitutively chosen. This
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3.5 Tension-compression asymmetric response

contradicts the variational approach (at least for the current structure of the approach),

which is typically used to derive the governing equations in phase �eld models to fracture

(Sect. 3.2).

As already introduced in Sect. 3.2.2, it is possible — at least to some extent — to chose the

crack driving energy independent from the strain energy density degradation. If cracks

remain open once they have formed, the sti�ness recovery to model closed cracks is

not required. Accordingly, the stress tensor is not decomposed and all components are

degraded according to

2 := 6 (S)C0 : YYY . (3.249)

Mainly to suppress phase �eld evolution caused by compression, but also to be �exible

regarding the modes of crack driving forces, the crack driving energy is constitutively

chosen. Since cracks in brittle materials tend to propagate in mode I, an obvious assumption

is that they are driven by positive normal strains Miehe et al. (2010c) or stresses Miehe

et al. (2015). Accordingly, the crack driving energy in phase �eld models can be formulated

as

�s (YYY) :=
_

2

〈tr YYY〉2 + `
(
〈Y1〉2 + 〈Y2〉2 + 〈Y3〉2

)
(3.250)

or, in terms of the e�ective stress tensor (3.13), more precisely, its spectral decomposition

2̃ =

3∑
U=1

f̃U nU ⊗ nU , (3.251)

as

�s (2̃ ) :=
1 + a
2�

(
〈f̃1〉2 + 〈f̃2〉2 + 〈f̃3〉2

)
− a

2�
〈tr(2̃ )〉2 . (3.252)

In conjunction with (3.249), these choices neglect possible crack closure e�ects, i.e. crack

�anks can interpenetrate in each other, but automatically guarantees a traction-free crack

for S → 0. It should be noted, that the e�ective stress based driving energy (3.252) contains

positive addends (in fact energetic contributions) with negative sign. For this reason a

separate treatment (i.e. degradation) of each addend might arti�cially increase
14

the

internal energy. By contrast, strain based crack driving energies with separate treatment

of each strain energy portion, e.g.

�s (YYY) := ` 〈Y1〉2 or �s (YYY) :=
_

2

〈tr YYY〉2 + ` 〈Y1〉2 , (3.253)

14
The formulation of arbitrary crack driving forces 5s neither depending on the current phase �eld value nor based

on portions of strain energy, see e.g. Bilgen and Weinberg (2019), entails the risk of being thermodynamically

inconsistent. While additional dissipation of strain energy in the event of damage or fracture might be

motivated by physics the arbitrary creation of energy, i.e. the creation of surface energy without supplying

other forms of energy, does not seem to be a reasonable approach.
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can be formulated. By using the generalized spectral decomposition (3.219) formulated in

terms of the auxiliary projected tensor (3.215) a generalized crack driving energy might

be

�s ((̃) :=
>0

6

[
(3_ + 2`)1−2[̃ − (2`)1−2[̃

]
〈tr (̃〉2

+ 1

2

(2`)1−2[̃
(
>1 〈[̃1〉2 + >2 〈[̃2〉2 + >3 〈[̃3〉2

)
, (3.254)

with >0, >1, >2, >3 ∈ [0, 1] if [̃ ≥ 0.5 and >0=>1=>2=>3 with >0 ∈ [0, 1] if [̃ < 0.5.

Primarily to improve the computational e�ciency
15

, Ambati et al. (2015a) proposed

the use of (3.249) in combination with (3.250) and an additional criterion to prevent the

interpenetration of crack faces as so-called “hybrid” phase �eld formulation (one should not

be confused with the “hybrid fracture initiation criterion” introduced in Sect. 2.2.6). They

also worked out the link between non-variational phase �eld approaches to fracture and

(non-local) gradient damage models. It should be noted, that in absence of the variational

structure only some portion of the dissipated energy is transferred to the surface energy.

To show its thermodynamic consistency, a short discussion on the dissipated energy,

which must be non-negative, is provided in the following.

Discussion of non-negative energy dissipation

The following discussion serves to clarify the amount of arti�cial energy dissipation

introduced by giving up the variational structure in phase �eld modeling of fracture. We

start from the balance of internal and external power (at a given state u and S)∫
Ω

d
..
u · .

u d+︸           ︷︷           ︸
=

.

 

+
∫
Ω

2 ..

.
YYY d+ =

∫
mΩt

t̄ · .
u d�

︸       ︷︷       ︸
= %ext

(3.255)

and the rate of change of elastic energy

.

� el =
d

dB

∫
Ω

kel (YYY, S) d+ =

∫
Ω

(
mkel

mYYY︸︷︷︸
= 2

..

.
YYY + mkel

mS

.
S

)
d+ . (3.256)

On account of the choice of a full strain energy degradation (3.12) the corresponding

elastic energy density can be written as

kel (YYY, S) = 6 (S)k0 el(YYY) (3.257)

15
After comparing a phase �eld model based on the spectral strain decomposition (there called “anisotropic”)

and their “hybrid” formulation, Ambati et al. (2015a) concluded that “this formulation was shown to lead to

results very similar to those of the available anisotropic models, at a small fraction of their computational cost”,

without discovering the severe shortcomings of the spectral strain decomposition discussed in Sect. 3.5.1.
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where k0 el(YYY) denotes the elastic energy density of the intact material. The latter can,

equivalently, be expressed in terms of the e�ective stress tensor 2̃ introduced in (3.13)

as

k̃0 el(2̃ ) = k0 el(YYY) . (3.258)

Combining (3.255) and (3.256) and inserting (3.257) and (3.258) yields

%ext −
.

 −
.

� el = −
∫
Ω

6 ′(S) k̃0 el(2̃ )
.
S d+ . (3.259)

On the other hand, the rate of change of crack surface energy (3.15) is

.

� s =
d

dB

∫
Ω

Gc

[
(1 − S)2

2�
+ �

2

|∇S|2
]

︸                     ︷︷                     ︸
= W� (S,∇S)

d+ = −
∫
Ω

Gc

[
1 − S
�
+ � ΔS

]
.
S d+ (3.260)

and inserting the phase �eld evolution equation (3.33) yields

.

� s = −
∫
Ω

6 ′(S)�s (2̃ )
.
S d+ . (3.261)

Combining (3.259) and (3.261) one gets

%ext −
.

 −
.

� el =
.

� s −
∫
Ω

6 ′(S)
(
k̃0 el(2̃ ) −�s (2̃ )

) .
S d+︸                                          ︷︷                                          ︸

=: Dart

(3.262)

with the arti�cial dissipation Dart inspired by (2.74). The choice of the crack driving

energy �s (2̃ ) in (3.252) is guided by the property

0 ≤ �s (2̃ ) ≤ k̃0 el(2̃ ) (3.263)

which can easily be shown by using the Cauchy-Schwarz inequality. Hence, the arti�cial

dissipation Dart introduced in (3.262) by which the rate of energy release %ext −
.

 −
.

� el

exceeds the rate of crack surface energy

.

� s is non-negative for crack growth

.
S < 0.

The amount of arti�cially dissipated energy depends on the presence of negative e�ective

stresses in the region where the phase �eld evolves with

.
S < 0. For the constitutive

choice �s (2̃ ) = k̃0 el(2̃ ) the phase �eld model would be identical with the variationally

derived model of Bourdin et al. (2000) and corresponds to the classical Gri�th theory

(with Dart=0) discussed in Sect. 2.2.4. In the other limiting case �s (2̃ ) = 0 the phase �eld

solution is only governed by the equality between the local and non-local part of the

surface energy (3.15) with

.
S = 0 and consequently Dart = 0.
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3 Phase �eld approach to brittle fracture

If a phase �eld model is used in conjunction with the “crack-like” irreversibility constraint

(described in App. C.3) the phase �eld can recover (

.
S > 0) where the broken state is not

reached and arti�cially dissipated energy Dart can thus recover in regions where no crack

is formed. As explored later on (Sect. 4.3.5), this behavior is bene�cial to reduce the

amount of erroneously degraded elastic energy.

3.6 Incorporation of crack boundary conditions

All phase �eld approaches discussed above have in common that the decomposition of

the strain energy density in portions related to crack opening and closing are isotropic

functions of the strain tensor. As a result, the mechanical response at the crack, also

including the determination of an open or closed crack state, depends on the particular

constitutive choice and current strain state, which usually does not correspond to the

behavior of a macroscopic crack. In particular, the appearance of a discrete (“real”) crack

in a solid introduces two surfaces with speci�c boundary conditions on the crack plane,

i.e. frictionless crack faces should be free of shear forces and positive normal forces. In a

continuous setting the positive normal stress perpendicular to the crack surface and shear

stresses on the crack plane should vanish, i.e. must be degraded to zero by the degradation

function 6 (S). As already indicated in Sect. 3.5.3, it appears to be necessary to take

the crack orientation into account. In the following, the focus lies on the incorporation

of a crack boundary conditions by a speci�c constitutive choice of the strain energy

decomposition.

S

n

p

qS = 0

Figure 3.26: Schematic of isosurface with S = 0 representing the (hypothetical) crack surfaces. The direction of

the crack surface is represented by its outward normal vector

S
n and corresponding Cartesian coordinates with

tangential directions p and q .

The decomposition of strains/stresses with respect to the crack surface obviously requires

the knowledge of the crack orientation. Initially, for the construction of equations, the

orientation of the crack plane in the phase �eld approach is taken for granted. Further

details about the determination of the crack direction are provided later in Sect. 3.6.1.

The orientation of a single crack surface is speci�ed by its outward normal vector

S
n . For

simplicity a local Cartesian coordinate system with

S
n , p and q is introduced, aligned

with the crack surface as depicted in Fig. 3.26. Note, that the other two directions are not
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3.6 Incorporation of crack boundary conditions

uniquely determined and thus two arbitrary unit vectors p and q , which are perpendicular

to each other and form a right-handed system are introduced, i.e.

|p | = |q | = 1 ,
S
n · p =

S
n · q = p · q = 0 , q =

S
n × p . (3.264)

The direction of

S
n changes with the surface. Thus, in a continuous setting it is more

appropriate to use the second order tensor

S

T =
S
n ⊗ S

n , see (3.241), which is independent

of the individual crack surface.

3.6.1 Crack orientation dependent degradation

Identi�cation of relevant stress and strain portions

In order to decompose elastic portions related to the kinematic states of a crack (opened

and closed) the equivalence between a discrete crack and its “smeared” representation is

regarded. In particular, the deformations of two through-cracked in�nitesimal elements

and their equivalent in the phase �eld approach as depicted in Fig. 3.27 are analyzed.

a) b)

<<< <

>>> >

dCn dCn
dCpdCp

_, `_, ` _, `, S → 0 _, `, S → 0

d>d> d>d>

d<
d< d< d<

Xn Xn

Figure 3.27: Identi�cation of elastic and inelastic portions by comparing discrete crack opening and its “smeared”

representation. Initial con�gurations are indicated by red color. Crack opening (under plane strain conditions)

can be caused by a) (positive) displacement normal to crack plane, b) normal displacement in the crack plane.

In the �rst case, crack opening is caused by a displacement normal to the crack plane

(Fig. 3.27a) with dCn = Xn + Ynn d< . Since no elastic response is expected in the discrete set-

ting the (normal) distance of crack opening is Xn = dCn. Its counterpart in the continuous

setting (no discrete crack opening exists) is represented by

˜Xn = dCn =��Xn + Ynn d< . (3.265)

To be consistent, the normal stress in the continuous setting must vanish, i.e.

fnn = �nn Ynn = 0 , (3.266)

fpp = �pn Ynn = 0 , (3.267)

fqq = �qn Ynn = 0 . (3.268)

Obviously, the three elastic components�nn,�pn and�qn must be fully degraded as S → 0

at an open crack. In the second case, crack opening is caused by a displacement in the
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3 Phase �eld approach to brittle fracture

crack plane (in the >-direction) with dCp = Ypp d> > 0 (see Fig. 3.27b). For a > 0 the crack

opens due to the Poisson e�ect some distance Xn. The total displacement in the crack

normal direction is

dCn = Xn + Ynn d<
!

= 0 . (3.269)

With the opened crack being traction-free, the normal strain is

Ynn = − _

_ + 2`
Ypp . (3.270)

Thus, the (normal) distance of crack opening and its representation in the continuous

setting are

Xn =
_

_ + 2`
Ypp d<

!

= ˜Xn . (3.271)

The non-zero stress components are

fpp =

[
_ + 2` − _2

_ + 2`

]
Ypp and fqq =

[
_ − _2

_ + 2`

]
Ypp . (3.272)

Since the response of the continuous setting must be equal, the stress-strain relations

are

fnn = �nn︸︷︷︸
→ 0

Ynn +�np Ypp = 0 , (3.273)

fpp = �pn︸︷︷︸
→ 0

Ynn +�pp Ypp =

[
_ + 2` − _2

_ + 2`

]
Ypp , (3.274)

fqq = �qn︸︷︷︸
→ 0

Ynn +�qp Ypp =

[
_ − _2

_ + 2`

]
Ypp . (3.275)

While the elastic component �np must be fully degraded as S → 0 at an open crack, the

components �pp = _ + 2` − _2/(_ + 2`) and �qp = _ − _2/(_ + 2`) are identi�ed. Ac-

cordingly, if crack opening is caused by a displacement in the ?-direction the compo-

nents �nq → 0, �pq = _ − _2/(_ + 2`), and �qq = _ + 2` − _2/(_ + 2`) are obtained. Su-

perposition of the crack opening distances (3.265), (3.271) and its counterpart caused by a

displacement in the ?-direction reveals the non-negative crack opening equivalent in the

continuous setting

˜Xn = Ynn d< + _

_ + 2`
Ypp d< + _

_ + 2`
Yqq d<

=

[
Ynn +

_

_ + 2`
Ypp +

_

_ + 2`
Yqq︸                         ︷︷                         ︸

=: −Ỹ

]
d< ≥ 0 (3.276)
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3.6 Incorporation of crack boundary conditions

with Ynn − Ỹ ≥ 0 indicating an opened crack.

Strobl and Seelig (2015) started from the requirement of a non-positive normal stress on

the crack surface, which also leads to an inequality condition. For isotropic linear elastic

material this restriction can be written in terms of strain including the material parameters

and the normal strains in lateral directions

fnn ≤ 0 ⇐⇒ Ynn ≤ −
_

_ + 2`
(Ypp + Yqq) =: Ỹ , (3.277)

or equivalently, Ynn − Ỹ ≤ 0, which indicates a closed crack. In order to enforce this

condition and prevent a positive normal stress some parts of the sti�ness must be degraded

by the phase �eld. By means of the bracket operator (3.196) the normal strain Ynn can be

rearranged by using the identity (3.197) as

Ynn = 〈Ynn − Ỹ〉︸     ︷︷     ︸
crack opening

−〈Ỹ − Ynn〉 + Ỹ︸            ︷︷            ︸
crack closure

. (3.278)

The �rst bracket term is identi�ed to be related to crack opening and the rest corresponds

to crack closure. Due to the fact that the constitutive behavior in case of compression

should remain una�ected, so-called passive, only the sti�ness which is responsible for

a positive normal stress is degraded by the phase �eld via a degradation function 6 (S),
see Sect. 3.3.2. The preceding split of the normal strain permits the identi�cation of the

individual parts related to the opened and closed crack state in (3.278). The normal stress

on the crack surface is

fnn = (_ + 2`)
[
6 (S) 〈Ynn − Ỹ〉 − 〈Ỹ − Ynn〉 + Ỹ

]
+ _ (Ypp + Yqq)

=


6 (S)

[
(_ + 2`) Ynn + _ (Ypp + Yqq)

]
for Ynn − Ỹ ≥ 0 (open crack)

(_ + 2`) Ynn + _ (Ypp + Yqq) for Ynn − Ỹ < 0 (closed crack) .

(3.279)

Applying this approach to the normal stresses in the crack plane results in

fpp = _
[
6 (S) 〈Ynn − Ỹ〉 − 〈Ỹ − Ynn〉 + Ỹ

]
+ (_ + 2`) Ypp + _ Yqq

=


6 (S) _ Ynn +

6 (S) _2 + 4_ ` + 4`2

_ + 2`
Ypp +

6 (S) _2 + 2_ `

_ + 2`
Yqq for Ynn − Ỹ ≥ 0

(_ + 2`) Ypp + _ (Ynn + Yqq) for Ynn − Ỹ < 0

(3.280)
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and

fqq = _
[
6 (S) 〈Ynn − Ỹ〉 − 〈Ỹ − Ynn〉 + Ỹ

]
+ (_ + 2`) Ypp + _ Yqq

=


6 (S) _ Ynn +

6 (S) _2 + 2_ `

_ + 2`
Ypp +

6 (S) _2 + 4_ ` + 4`2

_ + 2`
Yqq for Ynn − Ỹ ≥ 0

(_ + 2`) Yqq + _ (Ynn + Ypp) for Ynn − Ỹ < 0 ,

(3.281)

respectively. Interestingly, the normal stress response in the crack plane given by (3.280)

and (3.281) is a�ected by the tension-compression split. In case of an open crack the

normal stresses parallel to the crack are partially degraded. Assuming a frictionless crack

surface the shear stresses on the crack plane vanish independent of an open or closed

crack

fnp = 6 (S) 2` Ynp (3.282)

and

fnq = 6 (S) 2` Ynq . (3.283)

The shear stress component in the crack plane

fpq = 2` Ypq (3.284)

remains una�ected by the crack. Alternatively, the crack orientation dependent degrada-

tion can also be carried out in terms of undegraded (e�ective) stresses according to

2 = 6 (S) 2̃+ + 2̃− . (3.285)

This results in an identical approach as elucidated in App. B.9.

The resulting elasticity tensors are

Copen (S) =
6 (S) _2 + 2_`

_ + 2`
O ⊗ O + 2` Isym +

(
6 (S) − 1

) 2_ `

_ + 2`

[ S

T ⊗O + O ⊗
S

T
]

+
(
1 − 6 (S)

) 4` (_ + `)
_ + 2`

S

T ⊗
S

T +
(
6 (S) − 1

)
2`Ns (3.286)

for an opened and

Cclosed (S) = _ O ⊗ O + ` Isym +
(
1 − 6 (S)

)
2`

S

T ⊗
S

T +
(
6 (S) − 1

)
2`Ns (3.287)

for a closed crack for a �xed crack direction and contains the fourth order symmetrized

tensorNs de�ned by (B.90). The Voigt notations of (3.286) and (3.287) provided in App. C.2

by (C.80) and (C.81), respectively, reveal the correction term Λ̃g (S) := (6 (S) − 1) Λ in the

lateral directions with the elastic portion

Λ :=
_2

_ + 2`
. (3.288)
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3.6 Incorporation of crack boundary conditions

It is required to obtain plane stress conditions in the plane of the opened crack.

In both cases the elasticity tensors (3.286) and (3.287) describing the crack-induced

anisotropy display a special form of transverse isotropy with symmetry about the crack

normal. The �ve parameters required to quantify transverse isotropic behavior are combi-

nations of the elastic material parameters (e.g. _ and `) and the degradation function 6 (S).
All details are provided in App. B.10.

Approximation of the crack orientation

The crack orientation dependent degradation requires a reliable approximation of the

crack normal direction. Since in the phase �eld approach neither the crack position nor its

direction are explicitely tracked a reliable determination becomes a di�cult task. However,

the smeared crack representation by the phase �eld o�ers some possibilities.

From a theoretical point of view, the crack normal direction in a continuous setting can

be computed from the gradient of the phase �eld according to

S
n := − ∇S|∇S| (3.289)

as proposed by Strobl and Seelig (2015). The negative sign is caused by the fact that the

crack normal points outward and the phase �eld value slopes towards the crack. Accord-

ingly, the dyadic product of the crack normal direction which describes the orientation

independent of the sign is

S

T :=
∇S ⊗ ∇S
|∇S|2 . (3.290)

Since in the phase �eld approach to fracture the crack is approximated in a “smeared”

sense, all related equations and decompositions must be applicable in the whole domain,

not only at the location of the limit state S = 0. There are situation where the computation

of the crack normal direction appears to be di�cult. Directly at the crack a �nite region

can reach S = 0 or far away from the crack it is S = 1 with vanishing gradient in both cases.

While the latter case is irrelevant since the decomposition plays no role, the �rst case is

very decisive. Close to the crack tip, however, no unique phase �eld gradient is available.

The situation is depicted in Fig. 3.28. While the crack normal

S
n at A computed from the

phase �eld gradient clearly indicates the crack direction, the normal vector computed at B
and C are incoherent. Moreover, the physical meaning of the crack direction at or in front

of the crack tip is unclear. Under no circumstances, the phase �eld gradient in front of the

crack tip does represent the original idea of strain energy decomposition related to open

and closed cracks. Thus, Strobl and Seelig (2015) proposed to use the crack orientation

dependent degradation only some distance (≈ �) behind the crack tip. This, however,

requires either the decomposition of the problem into two subdomains, one “behind the

crack tip” and one “ahead of the crack tip”, or a smooth transition between two modeling

approaches, one based on the crack direction and one which is isotropic (not taking the
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3 Phase �eld approach to brittle fracture

phase �eld and its gradient into account). Both options are discussed in Sect. 3.6.2. Up to

this point, this remains an open issue.

S = 0

A

B

C

S

n (xA)

S

n (xB)

S

n (xC)

Figure 3.28: Schematic of the crack tip with the crack normal direction computed from the phase �eld gradient

pointing in di�erent directions.

From a technical point of view, the approximation of the crack orientation from the phase

�eld according to (3.289) or (3.290) is sensitive to the orientation of the �nite element

mesh. Since the phase �eld is approximated by �nite elements of Lagrangian type (see

App. C.2) the discretized solution Sh is only piecewise di�erentiable (C
0
-continuous). Thus,

the approximated phase �eld gradient ∇Sh is discontinuous at �nite element edges and

does not necessarily represent the intended direction at every (integration) point. In

fact, it turns out, that the approximation of the orientation by the phase �eld gradient

inside the �nite element is very sensitive. Deviations between integration points can

be large, so that a local (element-wise) smoothing does not work. Note, that the phase

�eld gradient is a key ingredient of the phase �eld approach (3.11), but only its scalar

product ∇Sh · ∇Sh which represents a norm is used which is much more accurate. Thus,

the original procedure (3.289) works only in situations with a regular �nite element mesh

which is aligned with the crack.

There are a number of references, where the phase �eld approach for fracture is used in

conjunction with the normal direction of the crack. Usually, the methods are also based on

the phase �eld gradient (3.289) or are only applicable to very special situations (Verhoosel

and Borst, 2013; Mauthe and Miehe, 2015; Kienle and Keip, 2019). Singh et al. (2018)

propose the bi-sectioning-based segmentation scheme and Verhoosel et al. (2015) use

a U-contour to compute the normal direction of the crack surface for pressure loads. Other,

very promising options to compute the crack direction are:

• Higher-order approximation: By using an approximation with a higher order con-

tinuity the phase �eld gradient can be computed smoothly in the whole domain.

This can be done by the framework of isogeometric analysis (IGA), see, e.g., Cottrell

(2009). In the context of phase �eld models to fracture Borden (2012) and Borden

et al. (2014) were the �rst who used isogeometric analysis. However, they only used
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3.6 Incorporation of crack boundary conditions

the formulation based on the spectral strain decomposition (Sect. 3.5.1) without

any attempts to approximate the crack direction.

• Least-square projection: The approximated phase �eld gradient can be smoothened

over the whole domain by using a least square projection, e.g. a lumped L2 projec-

tion (Govindjee et al., 2012). Typically, such projections are used to post-process

element variables. Stresses or other variables computed at the integration points

can be projected (component-wise) to nodes to obtain a continuous representa-

tion (Zienkiewicz et al., 2013). The normal vector

S
n represents a direction with

one angle in two dimensions and three angles in three directions. Since averaging

angles (with large di�erences) is ambiguous it is more practical to project the

components of the second order tensor (3.290).

• Separate approximation of crack direction: Yoshioka and Naumov (2019) presented

and compared two methods to quantify the crack opening displacement in phase

�eld approaches, see also Yoshioka et al. (2020). In case of hydraulic fracturing

crack propagation is driven by the �uid pressure, which depends on the crack

opening displacement. To compute the crack opening displacement also the crack

normal direction is required. One approximation is based on the line integral

method (Chukwudozie et al., 2019), the other one is based on a level-set function (Lee

et al., 2017).

Regarding the e�ort, the least square projection is by far the simplest approach.

Accurate model behavior at cracks

In order to show the correct behavior of the crack orientation dependent degradation,

the test of a through-cracked block as introduced in Sect. 3.5 is applied. The initial

crack is modeled by the phase �eld as depicted in (Fig. 3.17a). Due to the regular mesh

which is perfectly aligned with the crack orientation, the crack normal is obtained from

the phase �eld gradient (3.289). In case of tension (Fig. 3.17b) the model shows crack

opening without any contractions in lateral direction and elastic response (not shown).

For compression according to Fig. 3.17c the model is able to approximate crack closure.

The elastic response is homogeneous with the expected uniaxial stress (Fig. 3.29a) and

with a homogeneous lateral expansion. Lastly, the model’s ability to reproduce frictionless

sliding (Fig. 3.18) is validated. As shown by the deformed mesh in Fig. 3.29b the upper

and lower parts are sliding on each other without showing elastic deformations. This

correspond perfectly to the expected deformation shown in Fig. 3.18. So, in contrast to

the phase �eld models based on the spectral strain decomposition (Sect. 3.5.1) or the

volumetric-deviatoric decomposition (Sect. 3.5.2) the phase �eld model based on the crack

orientation dependent degradation is able to treat opened and closed cracks consistently.

It should be noted, that no (strain or stress) inhomogeneities occur in the vicinity of the

crack. In isotropic formulations (with and without split), they are either caused by the

Poisson e�ect or erroneous degradation of lateral components, see Figs. 3.19 and 3.23.
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a) b)

f
approx
GG = f

analyt
GG = const.

Figure 3.29: Validation of mechanical behavior of the phase �eld approach based on crack orientation dependent

decomposition, a) homogeneous stress response in case of compression (with a = 0.3), b) perfect sliding of both

parts without elastic response.

For a closed crack, the crack orientation dependent degradation degrades only two shear

components while for an opened crack the model corrects the Poisson e�ect by (3.288)

Regarding transversely isotropic behavior, the elastic component _ + 2` − _2/(_ + 2`)
sometimes appears as one of the Young’s moduli (depending on the given parameters),

see, e.g. Torquato (2002). The treatment of crack-induced anisotropy and the correction of

the Poisson e�ect, both introduced by Strobl and Seelig (2015), are new features in phase

�eld approaches to fracture and — to the best of the author’s knowledge — haven’t been

used in (continuum) damage mechanics of isotropic materials either.

3.6.2 Further conceptual improvements

The approach introduced in Sect. 3.6.1 raises the question how to determine crack progress.

While the approach was constructed so that it treats the situation at the opened and

closed crack correctly (at least if the crack normal direction can be computed) it is so far

unclear how to incorporate phase �eld evolution. A variationally consistent treatment

would require, besides the variation with respect to u and S, also the variation with

respect to the crack direction. This appears to be questionable from a physical perspective.

Especially possible reorientation in the vicinity of existing cracks would demand additional

irreversibility criteria. Moreover, as already mentioned, the current normal direction ahead

of the crack tip (in particular relevant for the crack progress) has no physical meaning

and should thus not be of interest for crack growth. Figure 3.30 shows the situation for

possible crack progress in case of mode I and mode II loading. While the crack normal

computed at A is obvious and does not change, the crack directions computed at B and C
change with crack progress. More relevant is the fact, that it appears to be di�cult to

decide at which state of crack growth the reorientation is completed. It does not seem

to be possible to make it dependent on local (i.e. point-wise) values like the phase �eld

value.
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Figure 3.30: Schematic of the crack tip with the crack normal direction computed from the phase �eld gradient

pointing in di�erent directions. In addition, they change their direction with crack advance, for example, caused

by a) mode I loading, b) mode II loading.

A conceptually simple approach would be to combine the crack orientation dependent

degradation (Sect. 3.6.1) withkopen
andk closed

at small phase �eld values (to approximate

the crack) with one of the isotropic decompositions, e.g. the spectral strain decomposi-

tion (Sect. 3.5.1), with k act
and kpas

at phase �eld values close to one (to compute phase

�eld evolution at crack initiation and crack progress). Such a formulation would look

like

k (YYY, S) = 5s0 (S)
[
6 (S)kopen (YYY) +k closed (YYY, S)

]
+ 5s1 (S)

[
6 (S)k act (YYY, S) +kpas

]
,

(3.291)

with a function 5s0 (S) which fades in the �rst part as S → 0 and a second function 5s1

which fades out the second part as S → 0. There are, in general, at least two reasons

against this: Close to the crack the decomposition is based on the crack direction while

far away the decomposition is based on the principal strain direction. If the strain is not

aligned with the crack normal, there is an inhomogeneous transition zone between both

states (due to the change of orientation and di�erent degradation). The second reason

is that arti�cial reorientation due to the transition between both parts occurs at crack

progress. Close to the crack front, the crack orientation dependent degradation would be

still dominating due to the small phase �eld value while some distance away, the other

driving mechanism starts to degrade the phase �eld.

Based on the crack orientation dependent degradation, Steinke and Kaliske (2019) enforced

the approach to predict crack progress by using additional assumptions and constraints. A

key assumption is, that the crack normal direction is aligned with the maximum principle

strain direction during phase �eld evolution S → 0. This direction is locally stored in

combination with the maximum positive (crack driving) strain energy obtained at every

integration point by using history variables, similar to those introduced in Sect. 3.2.3. A

reorientation of the crack direction is only possible if the current crack driving energy

exceeds the previously stored one. While storing the direction seems to be bene�cial in

situations where the phase �eld gradient is not available (e.g. in a fully degraded �nite

element), there are a number of drawbacks of this rather technical approach. Some of

them are:
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1. In this approach, the orientation of the crack (given by the localized phase �eld

solution) is, in general, independent of the locally stored direction given by the

mechanical response shortly before the �nally broken state has been reached. Phase

�eld evolution might lead to equal directions, but conformity is not guaranteed.

2. In this context, a local change of the principal (strain) direction during localization

results in a wrong crack direction. This can only be prevented by applying mono-

tonic loading normal to the crack direction (proportional loading) during crack

growth.

3. The possible reorientation of the crack direction in the vicinity of the crack tip

(especially in front of the crack tip) strongly depends on the local criterion to

exceed a critical energy. The orientation of a kinking crack, for example, might be

updated on its “tensile” side and remain unchanged on the other side, see Steinke

and Kaliske (2019, Figure 42).

4. Initial cracks must be initialized by imposing information on direction and a critical

energy for reorientation at all integration points.

To further investigate these e�ects in a structured manner, Storm et al. (2019; 2020) started

to develop the concept of representative crack elements, which should provide a framework

to consistently derive crack kinematics and crack driving forces.

3.7 Further numerical studies

One of the unbeatable advantages of the phase �eld approach to fracture is its simple

implementation to existing �nite element codes. For this work, the phase �eld approach

as provided in App. C.2 has been implemented in di�erent versions into FEAP (Finite

Element Analysis Program), Version 8.4 (Taylor, 2014). With some exceptions, most of the

implementation can be done on element level.

3.7.1 Mesh orientation dependency

In order to account for the asymmetric tension-compression response of a crack, the

elastic energy density is decomposed into at least two di�erent portions k+
0

and k−
0

,

where only one is degraded at a crack. As already discussed in Sect. 3.5, isotropic splits

which do not account for the crack direction like the volumetric-deviatoric or spectral

strain decomposition generally violate crack boundary conditions and thus lead to an

unphysical behavior. For this reason, the crack orientation dependent degradation has

been introduced (Sect. 3.6). However, it has been observed that all kinds of tension-

compression decompositions reintroduce a mesh orientation dependency. This behavior

results from the only partial (split-dependent) degradation of sti�ness components in

conjunction with the limited kinematics of �nite elements as analyzed in the following.
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Figure 3.31: Through-cracked block subjected to simple shear: a) initial crack modeled by imposing S≈0 on at

least one continuous row of �nite elements, b) non-vanishing reaction force for mesh not aligned with crack

orientation.
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Figure 3.32: Phase �eld modeled crack for a) structured quadrilateral mesh aligned with crack direction,

b) unstructured mesh rotated by about 45
◦

at the crack.

Strobl and Seelig (2018) used the already known test of a through-cracked block subjected

to simple shear as depicted in Fig. 3.31a. Both a regular mesh aligned with the through-

crack and a mesh not aligned with the crack (quadrilateral �nite elements rotated by

about 45
◦

at the crack) are compared. To minimize erroneous elastic e�ects, the through-

crack is modeled by imposing S≈0 on at least one continuous row of elements (App. C.4),

i.e. on three rows of nodes along the initial crack due to the rotated element con�guration.

Figure 3.32 shows the phase �eld approximation for the structured and unstructured

mesh. Due to its simplicity, only the volumetric-deviatoric split (Sect. 3.5.2) is regarded

in the following. In case of the �nite mesh being aligned with the crack direction, the

volumetric-deviatoric split correctly reproduces the behavior of the through-cracked block

with almost no reaction force (see Fig. 3.31b). By contrast, using the same split, a mesh
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3 Phase �eld approach to brittle fracture

which is not aligned with the crack yields a sti� elastic response as shown by the load-

displacement diagram in Fig. 3.31b. A qualitatively similar result is obtained when using

the crack orientation dependent degradation, in addition with the di�culty to approximate

the crack direction correctly. The reintroduction of mesh orientation dependency is only

avoided when all sti�ness components are degraded according to (3.249).

Investigation of strain approximation in �nite elements

The situation of �nite element deformations and approximations at the phase �eld modeled

crack is investigated in more detail. For this purpose, the through-cracked block is

evaluated analytically. Figures 3.33–3.36 illustrate the situation of �nite elements along a

(horizontal) phase �eld modeled crack, in particular for homogeneous meshes consisting

of (linear) triangular and quadrilateral �nite elements. To reduce the sti�ness across the

crack, scenarios where a vanishing phase �eld (S = 0) is imposed at two rows of nodes

(Fig. 3.33), three rows of nodes (Fig. 3.34) and four rows of nodes (Fig. 3.35) are regarded

and full sti�ness degradation is assumed. In the latter two cases, it should be noted that

all nodes within the fully degraded zone (indicated by white background) can move freely

without causing any elastic response.
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Figure 3.33: Element deformation at phase �eld crack (2 rows of nodes) with a) quadrilateral elements, b) trian-

gular elements not aligned with crack.

This can be avoided by applying a remaining sti�ness 0 < [n � 1 as introduced in (3.7),

which however is neglected for simplicity. By applying horizontal displacements C ≥ 0

and vertical displacements D ≥ 0 on the upper and lower part, frictionless sliding and

crack opening are studied. It is assumed, that all (localized) deformations take place in the

zone of fully degraded sti�ness without showing any elastic response. Thus, all nodes

in the upper and lower part of the block are subjected to homogeneous displacements C

and D , indicated by blue and green arrows, respectively. The antisymmetry and symmetry

about the crack plane is used in the following to discuss possible nodal displacements,

i.e. C = D = 0 along the line of symmetry. Due to the continuity of deformations nodes

between the line of symmetry and the sti� upper and lower part move by C̃ := Uu C

and D̃ := Uv D in horizontal and vertical direction with Uu, Uv ∈ [0, 1]. The quadrilateral

mesh is rotated by 45
◦

(Fig. 3.33a), while triangular elements are either placed with one
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edge being vertical (not aligned with the crack, see Fig. 3.33b) or with one edge being

horizontal (aligned with the crack, see Fig. 3.36). In each row of elements (which contribute

to sliding and crack opening displacements) one element is representative for the whole

row of elements and thus highlighted by red color, see Figs. 3.33–3.36.
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Figure 3.34: Element deformation at phase �eld crack (3 rows of nodes) with a) quadrilateral elements, b) trian-

gular elements not aligned with crack.
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Figure 3.35: Element deformation at phase �eld crack (4 rows of nodes) with a) quadrilateral elements, b) trian-

gular elements not aligned with crack.

After subtracting homogeneous displacements, all highlighted elements are captured in

the test depicted in Fig. 3.37. In particular, the situations depicted in Fig. 3.36 are captured

by Fig. 3.37a, the situations depicted in Fig. 3.33b, Fig. 3.34b and Fig. 3.35b are captured by

Fig. 3.37b, and the situations depicted in Fig. 3.33a, Fig. 3.34a and Fig. 3.35a are captured

by Fig. 3.37c. The outer length of the square geometry is

√
2ℎ . Two nodes are kept at �xed

positions while two are moved by C and D or C̃ and D̃ . In the following, the approximation

of strains (C.31) and their implications on the tension-compression asymmetric response

(see Sect. 3.5 and 3.6) are analyzed, based on the discretized quantities provided in App. C.
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3 Phase �eld approach to brittle fracture

All elements are evaluated at their integration points indicated by ¬ and ­ for the

triangular mesh and ¬, ­, ® and ¯ for the fully integrated quadrilateral element.
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Figure 3.36: Element deformation at phase �eld crack with triangular element edges aligned with crack, phase

�eld crack modeled by a) 2 rows of nodes, b) 3 rows of nodes.
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Figure 3.37: Evaluation of strain and stress approximation for typical deformations at the phase �eld modeled

crack (assumed to be horizontal), a) triangular elements aligned with crack, b) triangular elements not aligned

with crack, c) quadrilateral element not aligned with crack.

For the discretization with two triangular elements as depicted in Fig. 3.37a (their horizontal

edges correspond to the direction of the crack plane) the strain approximations at the

integration points are

YYY¬
h
=


0

D/ℎ
C/ℎ

 and YYY­
h
=


0

Uv D/ℎ
Uu C/ℎ

 (3.292)

yielding

tr YYY¬
h
= D/ℎ > 0 and tr YYY­

h
= Uv D/ℎ > 0 . (3.293)

146



3.7 Further numerical studies

Since neither for horizontal nor for vertical displacements tr YYYh < 0 the stress response of

the volumetric-deviatoric decomposition (3.232) is zero as expected.

For the discretization with two triangular elements as depicted in Fig. 3.37b (their vertical

edges do not correspond to the direction of the crack plane) the strain approximations at

the integration points are

YYY¬
h
=


(C − Uu C)/(2ℎ)
(D + Uv D )/(2ℎ)

(C + Uu C + D − Uv D )/(2ℎ)

 , (3.294)

YYY­
h
=


(−C + Uu C)/(2ℎ)
(D + Uv D )/(2ℎ)

(C + Uu C − D + Uv D )/(2ℎ)

 , (3.295)

with

tr YYY¬
h
= (C − Uu C + D + Uv D )/(2ℎ) , (3.296)

tr YYY­
h
= (−C + Uu C + D + Uv D )/(2ℎ) . (3.297)

For simple shear (D =0) it is by assuming Uu < 1 (the horizontal displacement cannot be

constant across the crack)

tr YYY¬
h
= (C − Uu C)/(2ℎ) > 0 and tr YYY­

h
= (−C + Uu C)/(2ℎ) < 0 . (3.298)

Due to the negative trace of the strain tensor at the second integration point the stress

response of the volumetric-deviatoric decomposition (3.232) is non-zero.

For the discretization with one quadrilateral element as depicted in Fig. 3.37c (no edge

corresponds to the direction of the crack plane) the strain approximations at the integration

points are

YYY¬
h
=


0

(D + D/
√

3 + Uv D − Uv D/
√

3)/(2ℎ)
(C + C/

√
3 + Uu C − Uu C/

√
3)/(2ℎ)

 , (3.299)

YYY­
h
=


(C/
√

3 − Uu C/
√

3)/(2ℎ)
(D + Uv D )/(2ℎ)

(C + Uu C + D/
√

3 − Uv D/
√

3)/(2ℎ)

 , (3.300)

YYY®
h
=


0

(D − D/
√

3 + Uv D + Uv D/
√

3)/(2ℎ)
(C − C/

√
3 + Uu C + Uu C/

√
3)/(2ℎ)

 , (3.301)

YYY¯
h
=


(−C/

√
3 + Uu C/

√
3)/(2ℎ)

(D + Uv D )/(2ℎ)
(C + Uu C − D/

√
3 + Uv D/

√
3)/(2ℎ)

 , (3.302)
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with

tr YYY¬
h
= (D + D/

√
3 + Uv D − Uv D/

√
3)/(2ℎ) , (3.303)

tr YYY­
h
= (C
√

3 − Uu C/
√

3 + D + Uv D )/(2ℎ) , (3.304)

tr YYY®
h
= (D − D/

√
3 + Uv D + Uv D/

√
3)/(2ℎ) , (3.305)

tr YYY¯
h
= (−C/

√
3 + Uu C/

√
3 + D + Uv D )/(2ℎ) . (3.306)

For simple shear (D =0) and by assuming Uu < 1 it is

tr YYY¬
h
= 0 , tr YYY­

h
=(C
√

3 − Uu C/
√

3)/(2ℎ) > 0 , (3.307)

tr YYY®
h
= 0 , tr YYY¯

h
=(−C/

√
3 + Uu C/

√
3)/(2ℎ) < 0 . (3.308)

Due to the negative trace of the strain tensor at the fourth integration point the stress

response of the volumetric-deviatoric decomposition (3.232) is non-zero.

As demonstrated above, the volumetric-deviatoric decomposition does not yield homo-

geneous tension or compression states after discretization. This applies also to all other

decompositions. In general, the strain approximation in �nite elements yields parasitic

strains, which make it impossible to apply any kind of decomposition, if the element edge

is not aligned with the crack as in Fig. 3.36. In all other cases, although the parasitic strains

might be small, it should be kept in mind that they are multiplied by the full sti�ness,

which eventually results in signi�cant deviations from the traction-free state. The applica-

tion of higher order Lagrangian shape functions does not improve the situation in general.

In addition, neither the application of an Assumed Natural Strain (ANS) approach, where

stresses are constructed via sampling points with smaller errors (Dvorkin and Bathe, 1984),

nor an Enhanced Assumed Strain (EAS) approach, where additional degrees of freedom
16

are introduced to enable a partial decoupling of strains (Simo and Rifai, 1990), can reliably

tackle the deformation modes depicted in Fig. 3.37b and c. Only by degrading all stress

components (see Sect. 3.5.4) or by remeshing the partially and fully degraded zone with

elements aligned with the crack (thus the crack orientation is required, see Sect. 3.6.1),

traction-free cracks can be guaranteed.

3.7.2 Surface energy “consumption” at crack tip

The smeared crack representation is introduced in (3.15) in such a way that it should con-

sume the same amount of energy as a discrete crack surface. The internal length � in (3.52)

acts as a regularization parameter and for � → 0 the phase �eld recovers the discrete

16
The additional degrees of freedom are introduced on the element level and can the be condensed out. Thus,

the additional deformation modes are not continuous across element boundaries, which would be bene�cial

in the present situation. The enhancement of �nite element deformation modes, based on the Hu-Washizu

functional (2.105), to model fracture is a key component of the embedded discontinuity approach, see the

pioneering works of Dvorkin et al. (1990; 1991), Klisinski et al. (1991) and Simo et al. (1993).
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crack Γ, i.e. the so-called Γ-convergence is obtained, see e.g. Braides (1998), and (3.14) holds.

However, to retain the corresponding surface energy in the �nite element discretization

the phase �eld S(x ) of the smeared crack has to be adequately resolved. Therefore, a lower

bound of the internal length is given by the element size ℎe, e.g. by �/ℎe ≥ 2 (Miehe et al.,

2010c). The energy consumption of a smeared crack is approximated quite well for a small,

yet non-vanishing, internal length � as long as the latter is several times smaller than the

domain size. However, the di�use phase �eld representation of the crack tip consumes

additional energy which is not accounted for in the approximation (3.52).
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Figure 3.38: a) Crack of length 0 from the free surface modeled by imposing Dirichlet boundary condition S=0

on a single row of nodes, b) accuracy of crack surface energy approximation in absence of mechanical load

depending on crack length 0 .

To illustrate the in�uence of the additional energy consumed by the crack tip for a non-

vanishing internal length �, the plane 2D situation in Fig. 3.38a in absence of mechanical

load is considered. A single edge crack of length 0 from the free surface is modeled in the

phase �eld setting by imposing a Dirichlet boundary condition S = 0 on a single row of

�nite element nodes to approximate the crack surface energy (in absence of the mechanical

load) as good as possible. In Fig. 3.38b the surface energy approximated through the phase

�eld

�
approx

s
=

∫
Ω

GcW� (S,∇S) d+ (3.309)

is compared with the surface energy (per unit thickness) of a discrete crack

�
analyt

s
=Gc 0 . (3.310)

The deviation of the approximated surface energy from the theoretical value is quite

signi�cant unless the crack is several times longer than the internal length �, see also Sicsic

and Marigo (2013). Obviously, this requirement cannot be ful�lled during crack formation

in absence of a pre-crack. The inevitable consequence is an inaccurate approximation of

the surface energy during crack nucleation. In general, this e�ect also appears for kinking

and bifurcation, see the detailed discussion by Freddi (2019). However, latter cases usually

appear in conjunction with comparatively long cracks. Thus, the amount of erroneously

dissipated energy is much smaller.
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3.7.3 Parameter recalibration

In the discretized (FE) setting the purely geometric phase �eld representation of a crack

(i.e. absence of mechanical load) with S=0 in single (crack) nodes is altered by the applica-

tion of mechanical loading in such a way that the crack becomes mechanically represented

by zero sti�ness of �nite elements lying on the crack. As already noted by Bourdin et al.

(2008) and further discussed by Strobl and Seelig (2018), this leads to a broadening of the

phase �eld pro�le, i.e. the broken state S ≈ 0 expands over at least one element, and hence

to an overestimation of the crack surface energy. This e�ect is illustrated in Fig. 3.39 for

the 1D example of a tensile bar with an initial through-crack. By contrast to the preceding

section, this e�ect is no inherent shortcoming of the phase �eld method but attributed

to the numerical solution procedure. More precisely, as the phase �eld solution localizes

to S = 0 at nodal values, there is still non-zero stress computed at neighboring integration

points. The overestimation of the surface energy can be almost eliminated, as suggested

by Bourdin et al. (2008), by replacing the actual material fracture toughness Gc by an

alleviated value

˜Gc :=
Gc

1 + 0.5ℎe/�
, (3.311)

where ℎe denotes the �nite element size at the location of the crack. Of course, such a

modi�cation is non-trivial in case of an unstructured mesh with di�erent element sizes.

Since a too coarse mesh can considerably delay or even prevent crack initiation. Thus

mesh re�nement must be applied.
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Figure 3.39: Phase �eld solution S(F) in a 1D bar in the vicinity of a crack (at F = 0), comparison of the case

without mechanical loading and the case with mechanical load after the broken state S ≈ 0 expands over one

element (ℎe = �/4) to reduce the sti�ness at the crack to zero.

The extension of the broken state over two elements, e.g. provoked by perfectly symmetric

conditions (as shown by Li et al., 2016) or in the case of exploited symmetry at the crack
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path, the recalibration can be done from a theoretical point of view with the double

correction

˜̃Gc :=
Gc

1 + ℎe/�
. (3.312)

In this speci�c case, the choice of the parameter[n > 0 as introduced in Sect. 3.2 is essential.

However, such situations should be avoided, also because of the fact that the width of the

zone with minimum (or zero) sti�ness spans over two elements, with the center nodes

being (almost) freely movable if not constrained by boundary conditions.

�/ℎe 2 4 8 16 32

Adjusted fracture toughness acc. to (3.311)

˜Gc/Gc 0.800 0.889 0.941 0.970 0.985

Adjusted fracture toughness acc. to (3.312)

˜̃Gc/Gc 0.667 0.800 0.889 0.941 0.970

Adjusted internal length and fracture toughness acc. to (3.313)

�∗/� = 1 − 0.5ℎe/� 0.750 0.875 0.934 0.969 0.984

G∗
c
/Gc = 1 − 0.5ℎe/� 0.750 0.875 0.934 0.969 0.984

Comparison of discretizations

ℎe/� 0.500 0.250 0.125 0.063 0.031

ℎe/�∗ 0.667 0.286 0.133 0.065 0.032

Table 3.1: Numerical recalibration of parameters Gc and � for varying discretization ℎe.

In the case that the tensile strength ft is used as an independent material parameter and

thus is related to a non-vanishing internal length � the modi�ed toughness (3.311) a�ects

the internal length parameter (� → �∗) which, again, reenters (3.311). Hence, keeping

the degradation function 6 (S) as well as the parameters � , Gc, ft, ℎe �xed, we end up

with (3.184) two equations for the two modi�ed parameters

G∗
c

:=
1

1 + ℎe/2�∗
Gc =

2� − ℎe

2�
Gc , �∗ := ( 5gw)2

Gc �

f2

t︸        ︷︷        ︸
= �

−ℎe

2

, (3.313)

see also Strobl and Seelig (2019). From the latter expression it is obvious that the modi�ca-

tion is only possible if the mesh is �ner than one half of the original length parameter � to

get �∗ > 0. Table 3.1 gives values for typical discretizations (quanti�ed by the ratio �/ℎe)

as used later on in Sect. 4.3. Such a readjustment of the fracture toughness and the internal

length parameter guarantees that in numerical simulations the prescribed tensile strength

as well as the speci�c crack surface energy (fracture toughness) are correctly reproduced.
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This is shown in Fig. 3.40 for the 1D example of a fracturing tensile bar (cf. Fig. 3.14a)

with ℎe ≈ �/4. While in the numerical simulation either the surface energy is overesti-

mated when using the original parameters Gc and � (Fig. 3.40a) or the bar breaks before

reaching the material strength when using only the alleviated toughness
˜Gc (Fig. 3.40b),

the calibration of both parameters according to (3.313) results in perfect agreement with

the intended behavior.
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Figure 3.40: Numerical simulation of 1D tensile bar (see Fig. 3.14a) using the quartic degradation function (3.74)

with ℎe≈ �/4. Comparison of results obtained by using original parameters (Gc and �), using only the alleviated

toughness
˜Gc according to (3.311) in combination with �, and both parameters G∗

c
and �∗ calibrated according

to (3.313): a) surface energy evolution, b) load-displacement curves.

3.7.4 Limiting crack velocity and crack branching

After initiation, cracks can quickly accelerate depending on the actual conditions. How-

ever, inertia e�ects limit the crack tip velocity. Fast cracks can become unstable regarding

their propagation direction or branch into multiple macroscopic cracks or initiate addi-

tional microscopic cracks. Although these e�ects of dynamic crack propagation have

been investigated for decades a generally accepted theory, including, e.g., a reliable crack

branching criterion, is still missing. As already discussed in Sect. 2.1.5, the wave propaga-

tion at free surfaces is governed by the Rayleigh wave speed 2R. By regarding the dynamic

crack tip �eld, see Gross and Seelig (2011), the ratio of the normal stress normal to the

direction of crack progress to the normal stress in the direction of crack progress decreases

ahead of the crack tip with increasing crack speed. As the crack speed approaches 2R

crack propagation straight ahead (de�ection angle i =0
◦
) becomes impossible. Based

on these theoretical considerations, the Rayleigh wave speed is an upper limit for crack

propagation. However, from experiments with many di�erent materials it is known that

the mode I crack tip velocity usually does not exceed 0.6 2R, see Ravi-Chandar and Knauss

(1984). Only by constraining crack propagation to a weak plane (e.g. an interface) higher

crack tip velocities can be observed. The limiting velocity depends on both the material

behavior and the experimental setup. At constant (high) crack tip velocity the stress
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intensity factor and surface roughness increase (Broberg, 1996). Both e�ects, as well as the

formation of microcracks, can be attributed to increased energy dissipation and balance

the energy �ux into the process zone (see Sect. 2.2.4) caused by, e.g., increased energy

release. If the energy release rate is su�cient to create two or multiple new cracks one

necessary condition for macroscopic crack branching is ful�lled (Ramulu and Kobayashi,

1985). Since the phase �eld approach does not require any speci�c assumptions regarding

the direction of crack advance the method seems to be well suited to investigate crack tip

speed limits and branching phenomena.
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Figure 3.41: Pre-cracked plate used to investigate the limiting speed of crack propagation: a) geometry and

loading conditions, b) initial crack modeled by imposing S≈0 along one continuous row of �nite elements.

Inspired by the dynamic crack branching problem in a pre-cracked glass sheet discussed

by Song et al. (2008), Borden et al. (2012) investigated the limiting speed of crack propa-

gation and crack branching by using the phase �eld method. In the following, a similar

problem is studied by using a rectangular plate (plane strain conditions) including a

pre-crack as depicted in Fig. 3.41a. The pre-crack is modeled by imposing S≈0 along one

continuous row of �nite elements (Fig. 3.41b), see also App. C.4. In order to compare the

results to the results obtained by Borden (2012), the same set of material parameters for

“glass” (Song et al., 2008) is used, i.e.

• Young’s modulus � = 32 GPa,

• Poisson’s ratio a = 0.20,

• density d = 2.45 g/cm
3,

• crack resistance Gc = 3 J/m
2. (3.314)

With the relations of linear elastodynamics discussed in Sect. 2.1.5, the dilatational (2.126),

shear (2.127), and Rayleigh wave speeds (2.132) are

2d = 3809.5 m/s , 2s = 2332.0 m/s , 2R = 2126.8 m/s , (3.315)

respectively. The dimensions of the plate are ! = 80 mm, ℎ = 40 mm, and !0 = 30 mm.

The regularization length is chosen to be � = 0.5 mm, which is two times the �nite ele-

ment size ℎe = 0.25 mm of the regular mesh. According to (3.311) the overestimation of
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3 Phase �eld approach to brittle fracture

surface energy is eliminated by using
˜Gc = 2.4 J/m

2
instead. Since cracks remain open

once they have been formed the sti�ness is fully degraded by the quartic degradation

function (3.74) according to (3.249), while phase �eld evolution is only driven by pos-

itive normal strains (3.250). Note, that in the present problem, the plate is loaded by

imposed displacement boundary conditions C̄ (B ) = D0 B at the top and bottom (Fig. 3.41a),

similar to Hofacker and Miehe (2013), instead of applying traction boundary condi-

tions B̄ (B ) typically used, c.f. Borden (2012), Schlüter et al. (2014) and Schlüter (2018).

The resulting stress is fGG = D0

√
(_ + 2`) d (e.g. Meyers, 1994). To obtain the intended

tensile stress fGG = 1 MPa (Borden et al., 2012), which is according to (3.148) clearly

below the material’s tensile strength ft ≈ 5.33 MPa, the applied velocity on the bound-

ary is D0 = 0.113 mm/ms. For time integration the implicit Newmark method with the

standard set of parameters (V = 0.25 and W = 0.50) is used (see App. C.2), although a

modi�ed version with V = 0.5 might allow for larger times steps at the cost of intro-

ducing additional dissipation (Schlüter et al., 2017). To obtain accurate solutions the

alternate minimization procedure (Sect. 3.2.4) with multiple iterations between both �eld

solutions and a very small time increment (in the context of implicit methods) is chosen

with ΔB = ℎe/2R ≈ 1 × 10
−7

s. In addition, the maximum F-coordinate and the minimum

and maximum G -coordinates where S < 0.1 are tracked in each time step to obtain the

crack tip position(s). The speed of crack propagation is then calculated according to

Dct ≈
d

dB

√
dFct

2 + dGct

2 . (3.316)

Figures 3.42 shows the crack path predicted by the phase �eld method and the corre-

sponding velocity of the crack tip. At the beginning the crack accelerates and propagates

without any de�ection from its initial direction (i =0
◦
). After the velocity reaches a

plateau (B ≈17 µs) the crack starts to widen at B ≈26 µs. It further accelerates until a maxi-

mum velocity is obtained (B ≈31 µs). At this point in time the crack branches symmetrically.

The branched cracks propagate at an almost constant velocity signi�cantly below the

maximum crack tip velocity, but the paths of the upper and lower crack branches oscil-

late. One reason for oscillating crack paths might be re�ected waves traveling from the

upper and lower boundary with 2d � Dct. The de�ection of the upper crack shortly after

branching is (i1≈16.3◦) which is in the range of experimental observations, see the table

including theoretical predictions and experimental �ndings provided by Kobayashi and

Ramulu (1985). Despite somewhat di�erent boundary conditions, the crack tip velocity

obtained by Borden (2012) by extracting and interpolating iso-curves in a post-processing

step (see Fig. 3.43) are quite similar regarding the maximum crack speed and the average

values. It should be noted, that during the whole event of crack propagation and branch-

ing, the crack velocity Dct is clearly below 0.6 2R = 1276 m/s, which is the limit found by

experiments (see above), signi�cantly lower than the Rayleigh wave speed.
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Figure 3.42: Investigation of limiting speed of crack advance and dynamic crack branching, a) crack path

predicted by phase �eld approach, b) corresponding crack tip velocity as function of crack advance in horizontal

direction.
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Figure 3.43: Comparison of computed crack tip velocity Dct with phase �eld study from literature (Borden,

2012).
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3 Phase �eld approach to brittle fracture

3.7.5 Mode I+II fracture

Further numerical investigations are carried out in order to verify the phase �eld response

under mixed mode I-mode II loading conditions. Similar to the investigation of crack tip

velocities (Sect. 3.7.4), both the critical load at which crack progress starts and the direction

of crack advance must be predicted by the phase �eld method. Di�erent well-established

concepts are introduced in Sect. 2.2.5, all based on speci�c assumptions concerning the

energy density or the stress �eld in the vicinity of a crack tip without taking the micro-

mechanisms of fracture into account. Inspired by the study proposed by Pham (2015), the

(in-plane) mixed mode loading is studied by using a square plate (plane strain conditions)

including a pre-crack as depicted in Fig. 3.44.

� /2

� /2

�/2�/2
F

G

ū = uXK ( I,  II)

Figure 3.44: Geometry and discretization of the square plate used to investigate fracture caused by (in-plane)

mixed mode loading. Di�erent zoom levels show the re�ned mesh with (ℎe = 0.0025 mm) in the zone of interest.

The pre-crack is modeled by the phase �eld by imposing S≈0 along one continuous row of

�nite elements (Fig. 3.45a), see also App. C.4, with � = 0.01 mm. In relation to � = 0.01, the

problem dimensions are chosen to be � /2=�/2=1000�=10 mm. Di�erent combinations

of mode I and II displacements, see (A.93) and (A.99) provided in App. A.8, are applied at

the outer boundary according to

ū = uXK
( I,  II) :=

[
CF ( I)

CG ( I)

]
+

[
CF ( II)

CG ( II)

]
. (3.317)

According to Pham (2015), this is “adequate to recover the elastic solution at large distances

from the local perturbations near the crack tip” caused by (constitutive and modeling

choices) of the phase �eld method. The ratio of mode II to mode I loading is varied by

XK :=
 II

 I +  II

, (3.318)

with XK = 0 corresponding to pure mode I and XK = 1 corresponding to pure mode II

loading. Simulations are carried out quasi-statically by proportionally increasing  I
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3.7 Further numerical studies

and  II (at constant XK) with very small increments until the crack propagates. The set of

material parameters includes

• Young’s modulus � = 100 MPa,

• Poisson’s ratio a = 0.25,

• crack resistance Gc = 10 J/m
2. (3.319)

In the region of interest, i.e. in a zone around the crack tip (see Fig. 3.44), the mesh is regular

and re�ned with elements of the size ℎe = 0.0025 mm (more than 96000 quadrilateral

elements in total). According to (3.311) the overestimation of surface energy is eliminated

by using
˜Gc = 8.88 J/m

2
instead. Since cracks remain open once they have been formed

the sti�ness is fully degraded by the quadratic (3.70), cubic (3.71) or quartic degradation

functions (3.74) according to (3.249), while phase �eld evolution is only driven by positive

normal strains (3.250). In this setting, the alternate minimization procedure (Sect. 3.2.4)

with multiple iterations between both �eld solutions is used to obtain accurate solutions.

0.00 0.25 0.50 0.75 1.00
S

a) b)

c) d)

i (XK=0.0)=0
◦

i (XK=0.5) ≈−57
◦

i (XK=1.0) ≈−73
◦

Figure 3.45: Crack progress for mixed mode I-mode II loading computed by the phase �eld method. a) Initial

crack modeled by imposing S≈0 on one continuous row of �nite elements. Crack propagation for b) XK = 1.0,

c) XK = 0.5, d) XK = 0.0 with corresponding de�ection angles.

Crack progress is investigated for XK = {0.0, 0.25, 0.50, 0.75, 1.0}. Figures 3.45b to d

show the crack path predicted by the phase �eld method (with quadratic degradation).

As expected, with increased mode II loading the crack de�ection angle increases (in

absolute values). For pure mode II loading the de�ection angle is i ≈ −73
◦

(with negative
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3 Phase �eld approach to brittle fracture

sign due to the direction of de�ection). In Figure 3.46a, all de�ection angles obtained

in the study (somewhat varying for di�erent degradation functions) are compared with

theoretical predictions based on the concepts introduced in Sect. 2.2.5 and the results

obtained by Pham (2015). Here, common abbreviations are used, i.e. MTS denotes the

maximum hoop/tangential stress criterion, ERR the maximum energy release rate criterion,

SED the strain-energy-density criterion (depending on a ), and PLS the principle of local

symmetry. For the evaluation of the ERR criterion and the PLS criterion the stress intensity

factors of a kinked crack calculated by Leblond (1999) are used, while the SED criterion

is evaluated by using the expressions provided by Gross and Seelig (2011). In addition,

the critical loads at which crack progress start (normalized by the fracture toughness  Ic)

are compared in Fig. 3.46a. In this context, crack initiation is assumed as soon as S < 0.2

occurs on average at an element outside the pre-crack.

Both Figure 3.46a and b clearly indicate that results from phase �eld simulations driven

by positive normal strains (3.250) are in good agreement with theoretical predictions for

(in-plane) mixed mode loading, especially with the ERR criterion. Moreover, the study

shows that phase �eld approaches based on full sti�ness degradation do not fail to model

traction-free cracks, see the discussion in Sect. 3.5, and thus can reasonably predict crack

growth emanating from phase �eld modeled initial cracks. Deviations in the present

study, according to Fig. 3.46b the critical load predicted by phase �eld simulations is

underestimated for all cases, have to be seen in the light of modeling choices and di�erent

possible criteria to detect crack initiation.
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Figure 3.46: Comparison of analytical results with predictions computed by the phase �eld method for mixed

mode I-mode II loading, a) crack de�ection angle i , b) critical combinations of mode I and mode II loading in

terms of the fracture toughness  Ic. For comparison, also results from the literature (Pham, 2015) are given.
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4 Analysis of Hertzian indentation
fracture

The formation and further evolution of cracks caused by the compression of a sti� indenter

onto the surface of a brittle solid is a fascinating problem of fracture mechanics and was

already investigated by H. Hertz at the end of the nineteenth century. In absence of

initial defects, however, its prediction is still a challenging task since crack nucleation

is caused by a rather weak stress concentration in the contact near-�eld which cannot

be described by classical fracture mechanics concepts. To predict crack initiation, a

hybrid fracture criterion in the concept of �nite fracture mechanics (FFM) is applied

to the indentation fracture problem. The method is used to analyze the in�uence of

geometric parameters on the initial crack formation at some a priori unknown location

outside of the contact region. In a further step, a phase �eld approach is utilized to

holistically describe the entire indentation fracture process, including crack formation

and the subsequent growth of a cone crack. Motivated by the FFM analysis, particular

emphasis in the phase �eld formulation is placed on the signi�cance of the material’s tensile

strength and fracture toughness as independent physical properties necessary for the

quantitative description of crack formation. Results obtained by phase �eld simulations

are compared with FFM results as well as experimental �ndings from the literature.

4.1 Indentation fracture problem setting

The boundary value problem investigated in this chapter is speci�ed as follows. The �at

and initially defect-free surface of an isotropic linear elastic body with Young’s modulus �

and Poisson’s ratio a is subjected to indentation loading by a rigid cylindrical punch of

radius 0 (Fig. 4.1). Axisymmetry is assumed (thus a cylindrical coordinate system with @ ,

H and q is used) and loading by the axial indenter force � is imposed through a prescribed

vertical displacement 3 in the contact region @ ≤ 0 , which is assumed frictionless. In case

of a half-space, the relation between force and indenter displacement prior to fracture has

already been analyzed by Boussinesq (1885) and is given by

� =
2� 0 3

1 − a2
. (4.1)
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frictionless
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rigid cylindrical
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Figure 4.1: Schematic of axisymmetric boundary value problem with isotropic elastic solid subjected to indenta-

tion by rigid cylindrical punch; the two stages of fracture (ring crack formation at radius @0 with extension H0,

cone crack propagation with inclination i ) are indicated.

4.1.1 Idealization of fracture problem

According to numerous experimental studies, e.g. Tillett (1956) and Mouginot and Maugis

(1985), the fracture process is understood to proceed in two stages (Fig. 4.1):

1) A ring crack of radius @0 > 0 and small extension H0 from the free surface sponta-
neously forms somewhat outside the contact region at a critical load.

2) Afterwards and with increasing load, it turns into a cone-shaped crack that grows in

a stable manner at an approximately constant angle i which depends on Poisson’s

ratio a of the material.

This observation holds for cylindrical as well as spherical indenters. Considering here a

cylindrical indenter (instead of a spherical one as in most studies) bears the advantage

that the contact region remains constant and thus can not extend over the ring crack with

increasing load so that di�culties discussed e.g. by Chen et al. (1995) and Chai (2006) are

avoided. The usefulness of a �at punch was already recognized by Roesler (1956a; 1956b)

and was later exploited, e.g., by Mouginot and Maugis (1985).

The present model set-up involves a number of idealizations with respect to real inden-

tation tests which are considered to be not very severe for this fundamental study, yet

deserve some comments. In contrast to the here assumed rigid punch, the in�uence of a

�nite sti�ness of (spherical) indenters was analyzed by Johnson et al. (1973) who state

that more compliant indenters lead to ring cracks of smaller radii and ascribe this to

reduced frictional e�ects with smaller elastic mismatch between indenter and substrate.
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4.1 Indentation fracture problem setting

The in�uence of frictional contact on the indentation stress �eld was (likewise for spheri-

cal indenters) studied in detail by Andersson (1996). In case of a cylindrical punch, the

e�ect of rounded corners (as prevailing in reality) on the indentation stress �eld was

discussed by Ciavarella et al. (1998). Finally, it should be mentioned that the here assumed

axisymmetry may be not fully established in the initial stage of ring crack formation as

reported by Chai (2006).

With regard to the analysis of indentation fracture in the following sections, it appears

instructive to provide already here some measures relevant in conjunction with the

occurrence of Hertzian indentation fracture in real materials. In particular, material

properties representative of borosilicate glass — investigated by Mouginot and Maugis

(1985) whose experimental data will be considered later on — are

• Young’s modulus � ≈ 80 GPa,

• Poisson’s ratio a ≈ 0.22,

• speci�c (per area) work of fracture Gc ≈ 9 J/m
2

• tensile strength ft ≈ 50 . . . 150 MPa. (4.2)

The fracture strength ft of glass is not considered in Mouginot and Maugis (1985) and

is generally known to be rather unclear. Therefore, a range of values is accounted for in

view of the strong scatter of this property in case of glass (e.g. Lawn, 1993).

4.1.2 Initial stress �eld

Analogous to previous work on the above problem, e.g. Frank and Lawn (1967), Mouginot

and Maugis (1985) and Fischer-Cripps (1997), the stress �eld in an uncracked half-space

under indentation loading plays a key role in the following analyses. Due to linearity of

the boundary value problem prior to fracture the stress components can be written (in

the cylindrical coordinate system given in Fig. 4.1) as

f7 8 (@ , H) = �
3

0
k7 8

( @
0
,
H

0
,a

)
(4.3)

where k7 8 are dimensionless functions. While the complete axisymmetric stress �eld f7 8
(and corresponding dimensionless functions k7 8 ) can be found in App. D.1 only those

components relevant for the analysis of the indentation problem are brie�y recapitulated

here. Figure 4.2 shows the variation of the normal stress components, normalized according

to (4.3), at the surface (H =0) in radialk@@ and circumferential direction kqq and normal

to the free surface kHH . Inside the contact region (@ ≤0) all normal components are

compressive and even singular at the indenter edge. According to Fig. 4.2, the only

positive (tensile) stress is the moderate radial stress f@@ outside the contact region (@ >0),

which is at the free surface f@@ (@ , H =0) = � 3/0 k0 with

k0

( @
0
,a

)
:= k@@

( @
0
,
H

0
=0,a

)
=

1

c

(
1 − 2a

1 − a2

)
1

(@ /0)2
. (4.4)

161



4 Analysis of Hertzian indentation fracture

-1.5

-1.0

-0.5

0.0

0.5

0.0 0.5 1.0 1.5 2.0

@0/0

n
o
rm

al
iz
ed

st
re
ss
k

k@@

kqq

kHH

Figure 4.2: Variation of pre-fracture normal stress components at substrate surface H = 0 for a = 0.22. Stress

components are normalized as k7 8 := f7 8 0/(� 3) .
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Figure 4.3: Normalized radial stress k@@ outside the contact region (@ >0): a) radial stress depending on radial

position @ /0 for di�erent depths H/0 = {0, 0.02} and varying a ; b) radial stress depending on depth H/0 for

di�erent radii @ /0 = {1.05 . . . 1.5} and a = 0.22 (dashed lines illustrate linear stress approximation used in

Sect. 4.2).

Note, that the variation of f7 8 with the coordinates @ and H as well as its dependence

on the indenter displacement 3 in (4.3) scales with the indenter radius 0 which is prior

to fracture the only characteristic length in the boundary value problem. According

to (4.4) the radial stress at the free surface is positive for a < 0.5 and thus understood to be

responsible for the formation of the ring crack observed in experiments. Some details of

the axisymmetric radial stress distribution outside the contact region (@ ≥0) where crack

initiation is expected are presented in Fig. 4.3 in terms of the dimensionless function k@@
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introduced in (4.3). Figure 4.3a shows the radial variation of the radial stress at the free

surface (H =0) and at a small distance below (inside the half-space). It can be seen that,

except for H = 0, a local stress maximum exists and that the stress level strongly depends

on Poisson’s ratio with f@@ (@ , H =0) = 0 for a → 0.5 according to (4.4). The rapid decay

of the radial stress with distance H from the free surface, especially close to the contact

radius @ = 0 , is depicted in Fig. 4.3b. It should be noted that f@@ (∼ k@@ ) decreases almost

linearly with increasing H in the range where f@@ is positive. This fact will be exploited

below in the FFM analysis (Sect. 4.2) to evaluate the stress state and to calculate the energy

release rate.

4.2 Analysis of indentation fracture using the
framework of FFM

In this section only the �rst stage of the indentation problem (Fig. 4.1) — the spontaneous

ring crack formation — is analyzed by applying a hybrid fracture initiation criterion as

introduced in Sect. 2.2.6. The question to be analyzed is when, i.e. at which critical load 3 ,

and where, i.e. at which radius @0, this spontaneous crack formation of likewise unknown

length H0 takes place. The subsequent cone crack growth is outside the scope of the FFM

study.

To be more precise, by assuming the formation of a crack with a �nite length H > 0

we look for the minimum load 3c (in terms of indenter displacement) which satis�es

both (i.e. stress and energy) parts of the hybrid fracture criterion for the same radial

position @0 and length H0 of the ring crack. Based on experimental observations, the crack

orientation thereby is assumed normal to the free surface (cylindrical crack), though this

is a principal stress direction only at the free surface. Thus the stress part of the hybrid

criterion (2.160) is formulated in terms of the radial stress f@@ , which at the free surface

is indeed the maximum principal stress (Fig. 4.2). By applying this assumption to the

pointwise ful�llment of the stress criterion (2.161) it is

f@@ (H) ≥ ft , (4.5)

here referred to as local stress criterion, which means that the radial stress must reach

or exceed the tensile strength ft at every point H ∈ [0, H0] along the hypothetical crack

extension H0 (measured from the free surface H = 0).

Alternatively, by applying the above assumption to (2.163) it is

f̄@@ (H) =
1

H0

H0∫
0

f@@ (H)dH ≥ ft . (4.6)
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4 Analysis of Hertzian indentation fracture

In this case the radial stress must reach or exceed the tensile strength only in the mean, in

the following this type of approach is referred to as average stress criterion. The energy

part of the hybrid criterion (2.160) for a cylindrical crack is

¯G(H0) =
1

Δ�c

Δ�c∫
0

Gd� =
1

H0

H0∫
0

GdH ≥ Gc , (4.7)

here called the average energy release rate, where G = −dΠ/d� is the standard energy

release rate (2.149) and d� = 2c @0dH and Δ�c = 2c @0 H0 are the increment of cylindrical

crack area at radius @0 and the total crack area, respectively.

In the following, both parts of the criterion are �rst analyzed separately before they are

combined in Sect. 4.2.3 and �nally compared with experimental data in Sect. 4.2.4. It is

noteworthy with regard to the present boundary value problem that the hybrid fracture

criterion is also capable to predict size e�ects as pointed out in Sect. 2.2.6. In the context

of indentation fracture, one such size e�ect manifests itself in the so-called Auerbach law

(Sect. 4.2.4).

4.2.1 Stress criterion

The stress part of the hybrid criterion can either be ful�lled by a local criterion (4.5)

or on average (4.6). From Figure 4.3b it can be seen that the radial stress f@@ (∼ k@@ )

decreases monotonically with increasing H at �xed @ . It is hence su�cient for satisfying

the local stress criterion (4.5) at some radius @ = @0 that f@@ (@0, H0) ≥ ft where H0 denotes

the length of the �ctitious ring crack measured from the free surface (H =0). Using the

representation (4.3), the stress part of the hybrid criterion can thus be written as

�
3

0
k

(@0

0
,
H0

0
,a

)
≥ ft (4.8)

or, by extracting the indenter displacement (normalized by 0),

3

0
≥ ft

�

1

k
(@0

0
,
H0

0
,a

) (4.9)

with

k := 〈k@@ 〉 (4.10)

for the local stress criterion (4.5). Correspondingly, for the average stress criterion (4.6), it

is

3

0
≥ ft

�

1

k
(@0

0
,
H0

0
,a

) (4.11)
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with (by using the substitution Z :=H/0 and thus dH =0dZ )

k :=

〈
1

H0/0

H0/0∫
0

k@@

(@0

0
, Z ,a

)
dZ

〉
. (4.12)

The bracket operator 〈F〉 := ( |F | + F)/2 (see also App. A.9), is introduced in the above

equations to preclude negative stresses (found at some distance below the surface, see

Fig. 4.3b) from contributing to the stress criterion. As depicted in Fig. 4.3b the radial

stress decreases almost linearly with H from the surface value given by (4.4) to k@@ (H/0 =
H∗/0) = 0 at some depth H∗/0 (relative to the indenter radius) which depends on the

radial position @0/0 (and on a ). Instead of evaluating the radial stress k@@ for each H/0
separately the almost linear stress distribution is exploited in the following by using the

linear stress approximation

k@@ ≈ klin := k0

(
1 − H/0

H∗/0

)
. (4.13)

Only H∗/0 needs to be determined numerically for each radial position @0/0 . Figure 4.4

shows the corresponding results for di�erent Poisson’s ratios a = {0.1, 0.22, 0.3}.
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Figure 4.4: Variation of (normalized) depth H∗/0 of zero radial stress k@@ (H∗/0) = 0 with radial position @0/0 .

By using the linear stress approximation (4.13) the dimensionless function in the local

stress criterion (4.9) is

k :=
1

c

(
1 − 2a

1 − a2

)
1

(@0/0)2

〈
1 − H0/0

H∗/0

〉
(4.14)

with k > 0 for H < H∗, while the dimensionless function in the average stress crite-

rion (4.11) by evaluating (4.12) is

k :=
1

c

(
1 − 2a

1 − a2

)
1

(@0/0)2

〈
1 − 1

2

H0/0
H∗/0

〉
(4.15)
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4 Analysis of Hertzian indentation fracture

with k > 0 for H < 2H∗. Note, that for H > H∗ where the radial stress is negative the

stress distribution might not be linear any more (Fig. 4.3b). Corresponding deviations

between the exact stress evaluation and its linear approximation used here are discussed in

App. D.6. Equality in (4.9) and (4.11) determine the load (in terms of indenter displacement)

3f (@0, H0) and 3f (@0, H0) necessary to form a cylindrical crack of length H0 at radius @0

according to the local or the average stress criterion, respectively.
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Figure 4.5: Dimensionless function k−1
given in (4.14) for a = 0.22 and a set of varying crack lengths H0/0 =

{0.005 . . . 0.11}.

The dependence of 3f on the radius @0 and the length H0 of the crack is shown in terms of

the dimensionless quantity

3∗f :=
3f �

0 ft

= k−1
(4.16)

in Fig. 4.5 for di�erent crack lengths H0/0 = {0.005 . . . 0.11}. The value of Poisson’s

ratioa = 0.22 is chosen here already in correspondence to real material data for borosilicate

glass (4.2) considered in Sect. 4.2.4. The analogous relation based on the average stress

criterion

3∗
f

:=
3f �

0 ft

= k
−1

(4.17)

is shown in Fig. 4.6 for the same set of crack lengths H0/0 . Both versions of the stress

criterion yield qualitatively similar results and indicate that the critical load to cause

fracture according to the stress criterion increases with increasing length of the �ctitious

crack. Note, that the average stress criterion is ful�lled for smaller loads since 1/k < 1/k
for each @0 and H0. Moreover, with the linear stress approximation (4.13) utilized in both

formulations it is

k
−1

(@0

0
, 2
H0

0
,a

)
= k−1

(@0

0
,
H0

0
,a

)
, (4.18)

which means that the critical load to create a crack of length 2H0 with the average stress

criterion is equal to the critical load to create a crack of half the length H0 with the
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4.2 Analysis of indentation fracture using the framework of FFM

local stress criterion. It should also be noted that the critical load as a function of crack

radius @0/0 displays local minima well outside the contact region @ = 0 . In the evaluation

of the hybrid fracture criterion in Sect. 4.2.3 and 4.2.4 the average stress criterion (4.6)

with results depicted in Fig. 4.6 is used while the e�ect of utilizing the local stress criterion

in the version (4.5) is discussed in App. D.4.
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Figure 4.6: Dimensionless function k
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given in (4.15) for a = 0.22 and a set of varying crack lengths

H0/0 = {0.005 . . . 0.11}.

It should be mentioned that the idea of a critical tensile stress acting over the entire

length of some (�ctitious) �aw being necessary for initial ring crack formation was already

suggested in Mouginot and Maugis (1985) as an explanation for the observation that the

ring crack forms at some distance (@0>0) outside the contact region where the stress

gradient (see, e.g., Fig. 4.3) is less severe.

4.2.2 Energy release criterion

The evaluation of the energy criterion (4.7) in the present problem of indentation fracture

is carried out by two di�erent approaches. First, the energy release is computed semi-

analytically by imposing the �ctitious ring crack to the pre-existing stress �eld in the

uncracked half-space from Sect. 4.1.2. Second, in order to overcome (and study) the

simplifying assumptions made in the semi-analytical approach, detailed �nite element

analyses of the boundary value problem of the half-space including the ring crack (Fig. 4.1)

are performed and the energy release is computed numerically.

With regard to the application of the concept of �nite fracture mechanics in general, it

appears noteworthy that the assumption of �nite crack formation (or extension) yields

results which depend on the “type” of loading, i.e. prescribed force or displacement. While

in case of (“classical”) in�nitesimal crack advance the type of loading enters only in the
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4 Analysis of Hertzian indentation fracture

analysis of crack propagation stability, this issue is anticipated in FFM by the assumed

�nite crack extension. This e�ect is tacitly neglected in the evaluation of the average

energy release rate
¯G in the following by utilizing the pre-fracture stress �eld in the semi-

analytical approach and by considering only the case of prescribed indenter displacement

in the numerical analysis. As brie�y worked out in App. D.7 the average energy release

rate of FFM is generally larger when a prescribed force is considered than in case of a

prescribed displacement.

Semi-analytical evaluation

Similar to earlier approaches, e.g. Frank and Lawn (1967), Mouginot and Maugis (1985)

and Fischer-Cripps (1997), the calculation of the energy released by the formation of

the ring crack is here based on the key assumption that the stress �eld prevailing in the

uncracked half-space (Sect. 4.1.2) can be considered as an imposed external loading and is

not altered by the presence of the crack. This allows to compute the mode I stress intensity

factor approximately from the relation

 I (H) = 2

√
H

c

H∫
0

f@@ (H̄)√
H2 − H̄2

5sf (H̄)dH̄ (4.19)

with

5sf (H̄) := 1.3 − 0.3

(
H̄

H

)
5/4

(4.20)

for a crack of length H emanating from a free surface and subjected to a spatially varying

normal load f@@ (H̄), e.g. Tada et al. (2000, p. 197). Note, that in earlier approaches (men-

tioned above) the factor 5sf (H̄) is taken equal to 1 which corresponds to half an internal

crack of length 2H , thus neglecting the e�ect of the free surface which is analyzed in

App. D.3.

The average energy release rate for a crack of length H0 according to (4.7) is then computed

by using the relation

G =
1 − a2

�
〈 I〉2 , (4.21)

which takes only positive stress intensity factors into account, as

¯G(H0) =
1 − a2

�

1

H0

H0∫
0

〈 I (H)〉2dH . (4.22)

Since the radial stress decreases almost linearly with H (as depicted in Fig. 4.3) the

stress f@@ (H) can be approximated by a linear function (4.13), as shown in for the nor-

malized stress. This allows, together with the simpli�cation of the factor (4.20) according

to 5sf (H̄) ≈1 + 0.3(1 − H̄/H), the evaluation of the integrals in (4.19) and (4.22) in closed

168



4.2 Analysis of indentation fracture using the framework of FFM

form as carried out in App. D.2. Analogous to the stress �eld (4.3), the average energy

release rate can then be written as

¯G = � 0

(
3

0

)
2

qana

(@0

0
,
H0

0
,a

)
(4.23)

where qana is a dimensionless function. By using the auxiliary expressions

jK := 1.3
c

2

− 0.3 ≈ 1.742 and [K := 1.3 − 0.3
c

4

≈ 1.064 (4.24)

the distance from the free surface where  I becomes negative is

H∗∗ := H∗
jK

[K

≈ 1.637 H∗ . (4.25)

As analyzed in Appendix D.2, the dimensionless function used to express the average

energy release rate (4.23) of the present boundary value problem is

qana =



Φa

(@0/0)4

[
j2

K

2

H0

0
− 2

3

jK[K

1

H∗/0

( H0

0

)
2

+
[2

K

4

1

(H∗/0)2
( H0

0

)
3

]
for H ≤ H∗∗

Φa

(@0/0)4
1

12

1

H0/0

(
j2

K

[K

H∗

0

)
2

for H > H∗∗

(4.26)

with the prefactor

Φa =
4

c3

(1 − 2a)2

1 − a2
. (4.27)

Results are shown in Fig. 4.8 along with those obtained from �nite element analyses

discussed in the following.

Numerical evaluation of average energy release rate

The average energy release rate due to formation of the cylindrical ring crack (Fig. 4.1) can

be calculated from the change of the total potential energy Π between the uncracked and

the cracked con�guration at the same load. With the latter speci�ed in terms of prescribed

indenter displacement 3 and due to linearity of the boundary value problem one has

ΔΠ =
3

2

Δ� =
3

2

(�crack − �0) (4.28)

where �crack is the indentation force on the cracked half-space and �0 that on the uncracked

half-space according to (4.1). In both (linear elastic) con�gurations the force is proportional

to � , 0 and 3 so that

�crack = � 0 3 ˜�crack

(@0

0
,
H0

0
,a

)
(4.29)
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and

�0 = � 0 3 ˜�0 (a) (4.30)

where
˜�crack and

˜�0 are dimensionless functions. The average energy release rate according

to (4.7) can thus be written as

¯G = − ΔΠ
Δ�c

=
� 0

4c

(
3

0

)
2

02

@0 H0

[
˜�0 (a) − ˜�crack

(@0

0
,
H0

0
,a

)]
(4.31)

or in compact form analogous to (4.23) as

¯G = � 0

(
3

0

)
2

qnum

(@0

0
,
H0

0
,a

)
(4.32)

whereqnum is a dimensionless function to be determined numerically (e.g. by �nite element

analyses) from the force di�erence Δ� on the cracked and the uncracked half-space.
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Figure 4.7: Axisymmetric �nite element model used for the evaluation of average energy release rate with

magni�cation of contact region.

For the numerical evaluation of the axisymmetric boundary value problem including

the ring crack (Fig. 4.1), the �nite element package ABAQUS 6.13 is used and the half-

space is approximated by a �nite domain of height � and radius ' . Some aspects of

the model consisting of about 10
5

four-node linear displacement elements with reduced

integration (of type CAX4R, see Abaqus (2013) for further details) are shown in Fig. 4.7. The

discretization is highly re�ned in the region comprising the contact edge @ = 0 and the ring

crack (@ =@0>0). There, a regular mesh is used (see Fig. 4.7) in order to accurately represent

the crack by introducing double nodes over a length H0 extending perpendicular to the

free surface by using the “seam” function, see Abaqus (2013). Generation of the variety of

�nite element meshes containing a thus modeled crack with a wide range of radii @0 and

lengths H0 as well as the computations are automatized using Python scripting (Puri, 2011).

Frictionless loading by the indenter displacement 3 is modeled by prescribing constant
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4.2 Analysis of indentation fracture using the framework of FFM

vertical displacements to nodes inside the contact region (@ ≤0 , H =0). Convergence studies

are performed to ensure that numerical results are not a�ected by the �nite domain size,

for further details see Dowgiałło (2016), and a dimension of � = ' = 1000 is �nally used

in the simulations. Nevertheless, for consistency the indenter force �0 on the uncracked

domain is — instead of using the analytical relation (4.1) — also computed numerically

(using the same discretization as for the cracked domain, yet without double nodes).

Numerical results for the average energy release rate along with those from the semi-

analytical approach above are collectively shown in Fig. 4.8 in terms of the dimensionless

functions qnum and qana introduced in (4.32) and (4.23), respectively. For clarity, results are

depicted only for a small number of crack lengths H0/0 = {0.005 . . . 0.115}. Obviously, the

deviations between qnum and qana are rather small which indicates that the assumption

made in the semi-analytical approach, that the presence of the ring crack does not much

a�ect the pre-fracture indentation stress �eld, is not very severe. As expected, however, the

deviations become larger for larger crack lengths. In this case the semi-analytical approach

(employing the stress �eld una�ected by the crack) leads to a small overestimation of the

energy release (see maxima of curves in Fig. 4.8). The local maxima in the energy release

rate with respect to crack radius @0 — present for all crack lengths H0, yet at di�erent @0 —

indicates a propensity to crack formation at the respective radii.
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Figure 4.8: Dimensionless measure q of average energy release rate for crack lengths H0/0 = {0.005 . . . 0.115}
and a = 0.22. Solid lines indicate results computed from �nite element analyses while dashed lines represent

analytical results according to (4.26).
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4 Analysis of Hertzian indentation fracture

Critical load from energy criterion

With the average energy release rate given by (4.23) or (4.32) the energetic criterion
¯G ≥ Gc

in (4.7) can be written as

3

0
≥

√√√ Gc

� 0

1

q
(@0

0
,
H0

0
,a

) . (4.33)

Equality in (4.33) determines the load (indenter displacement) 3c (@0, H0) necessary to form

a cylindrical crack of length H0 at radius @0 according to the energy criterion. Analogous

to (4.16) this critical load can be represented in dimensionless form as

3∗c :=
3c �

0 ft

=

√
Gc �

0 f2

t

1

√
q

. (4.34)

The dependence of this critical load on the radius @0 and the length H0 of the crack is

shown in terms of the dimensionless quantity 1/
√
q in Fig. 4.9. Note, that in view of the

small di�erence between the semi-analytical and the numerical evaluation of the average

energy release rate (Fig. 4.8) these are taken equal qana ≈ qnum and q = qana is used in the

following. From Figure 4.9 it can be seen that the critical load to cause fracture according

to energy criterion decreases with increasing length H0 of the �ctitious crack (contrary to

the e�ect of the stress criterion in Fig. 4.6) and that local minima of this critical load exist

with respect to the crack radius @0.
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Figure 4.9: Dimensionless function q−1/2
given in (4.26) for a = 0.22 and a set of varying crack lengths H0/0 =

{0.005 . . . 0.11}.
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4.2 Analysis of indentation fracture using the framework of FFM

For typical values of the material parameters � , Gc and ft given in (4.2) and an indenter

radius of 0 = 1 mm the prefactor of 1/
√
q in (4.34) is approximately√

Gc �

0 f2

t

≈ 0.18 . . . 0.54 . (4.35)

Considering this in conjunction with Fig. 4.9 and comparison with Fig. 4.6 indicates that

the critical loads (indenter displacements normalized in the same way) according to the

stress criterion and the energy criterion are of similar magnitude; a quantitative evaluation

is subject of Sect. 4.2.4.

4.2.3 Combined (hybrid) criterion

The hybrid fracture initiation criterion (2.160) formulated by means of the critical inden-

ter displacements 3f and 3c satisfying the stress (4.11) and the energy criterion (4.33),

respectively, can be expressed as

3c = min

{@0, H0 }
max

{
3f (@0, H0), 3c (@0, H0)

}
(4.36)

where3c is the indenter displacement that actually causes fracture. By taking the maximum

of 3f and 3c in (4.36) it is guaranteed that both criteria are ful�lled, while minimizing

over the whole range of @0 and H0 determines the critical load as well as the radius and the

length of the crack.

Prior to a quantitative evaluation of the criterion for real material data and a comparison

with experiments in Sect. 4.2.4, it appears worthwhile to look at the mode of operation

of the hybrid criterion in principle when applied to the present situation of indentation

fracture. Therefore, the critical indenter displacement (4.36) is written in dimensionless

form, analogous to (4.17) and (4.34),

3∗
c

:=
3c �

0 ft

= min

{@0, H0 }
max

{
1

k
,

√
Gc �

0 f2

t︸  ︷︷  ︸
=
√
:c/(0 Yc)

1

√
q

}
(4.37)

where k and q depend only on @0/0 , H0/0 and a . The characteristic length

:c :=
Gc

ft

(4.38)

introduced in (4.37) can be taken as a measure of toughness while

Yc :=
ft

�
(4.39)
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is a measure of strength, so that the dimensionless parameter

√
:c/(0 Yc) can be interpreted

as the ratio of toughness to strength for a certain indenter radius 0 . The normalized critical

load 3∗
c

hence depends on material properties and indenter geometry only through the

parameter

√
:c/(0 Yc).
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Figure 4.10: Ratio of critical loads 3c/3f from energy and stress criterion for

√
:c/(0 Yc) = 0.34 and a = 0.22.

It also seems instructive to look at the ratio of critical loads according to the energy and

stress criteria

3c

3f
=

√
:c

0 Yc

k
√
q

(@0

0
,
H0

0
, a

)
(4.40)

which determines the range in which either of the two criteria controls crack initiation.

For 3c/3f > 1 the energy criterion is dominant (and vice versa) so that relation (4.40)

predicts for larger values of

√
:c/(0 Yc) (toughness/strength) a stronger in�uence of the

energy criterion — as expected. In addition, for �xed material properties the energy

criterion is favored by smaller indenter radii 0 . The ratio 3c/3f of critical loads vs. crack

radius @0/0 shown in Fig. 4.10 for various crack lengths H0/0 indicates that at a �xed crack

radius the formation of short cracks is more prone to be controlled by the energy crite-

rion (3c/3f > 1) whereas longer cracks are likely to be controlled by the stress criterion

(3c/3f < 1). The application of the hybrid fracture criterion in principle is illustrated in

the following by considering for clarity a limited set of only three di�erent crack lengths

H0/0 = {0.02, 0.05, 0.08}, whereas its exact evaluation in Sect. 4.2.4 involves a continuous

variation of H0/0 over a wide range. Figure 4.11 shows the normalized critical loads (inden-

ter displacements) according to the stress criterion (dashed lines) and the energy criterion

(solid lines) separately for values of

√
:c/(0 Yc) = 0.34 (Fig. 4.11a) and

√
:c/(0 Yc) = 0.44

(Fig. 4.11b). Points A (H0/0 = 0.02), B (H0/0 = 0.05) and C (H0/0 = 0.08) in Fig. 4.11a indi-

cate the minimum load by which both criteria are satis�ed for each of the crack lengths

considered here. They also determine the corresponding radius @0/0 of the ring crack.
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4.2 Analysis of indentation fracture using the framework of FFM

Among the three crack lengths considered in Fig. 4.11a the lowest critical load is found

for H0/0 = 0.05 (point B). That means that according to the hybrid fracture criterion, crack

initiation would take place at the critical load 3∗ = 13.7 by the formation of a crack of

length H0 = 0.050 and radius @0 ≈ 1.270 , i.e. well outside the punch contact zone (@ =0)

which is in qualitative agreement with experimental observations (as mentioned in the

introduction, see Fig. 4.1). Note, that in this case the critical load (point B) is found at

the intersection point of the 3∗
f

- and 3∗c -curves (there having slopes of di�erent sign),

which means that for crack initiation both stress criterion and energy criterion are sat-

is�ed exactly and thus both criteria are active. The critical load in case of the shorter

crack (H0/0 = 0.02) is found at a local minimum of the 3∗c -curve (point A) whereas the

critical load in case of the longer crack (H0/0 = 0.08) is found at a local minimum of the

3∗
f

-curve (point C). At the former point (point A) the stress criterion is clearly over-satis�ed

and crack initiation hence would be controlled solely by the energy criterion. By contrast,

at the latter point (point C) the energy criterion is over-satis�ed so that crack initiation

would be controlled solely by the stress criterion.
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Figure 4.11: Normalized critical loads in terms of indenter displacements 3∗ from stress criterion (dashed

lines 3∗
f

) and energy criterion (solid lines 3∗c ) for varying crack lengths H0/0 = {0.02, 0.05, 0.08} and a = 0.22;

a)

√
:c/(0 Yc) = 0.34, b)

√
:c/(0 Yc) = 0.44.

Increasing the parameter

√
:c/(0 Yc) from 0.34 to 0.44 leads to the situation depicted in

Fig. 4.11b where now the minimum critical load (indicated by point D) is found for the

largest of the three considered crack lengths (again at the intersection point of the 3∗
f

-

and 3∗c -curves). Comparison of Figures 4.11a and b shows that increasing the parame-

ter

√
:c/(0 Yc) leads to ring crack formation with a larger (normalized) radius @0/0 and

length H0/0 at higher critical loads.

4.2.4 Comparison with experiments

For a quantitative evaluation of the hybrid fracture initiation criterion material data of

borosilicate glass given in (4.2) is used. Figure 4.12 lists the consecutive evaluation steps
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based on the considerations of the previous sections and App. D. First, a �nite number of

possible crack lengths H̃0/0 and radial crack positions @̃0/0 (both quantities normalized

by 0) are chosen. Then, for each of these combinations and a speci�c Poisson’s ratio a ,

the normalized depth H∗/0 where the radial stress is zero must be found (step 2), and

functions k (representing the stress criterion, step 3) and q (representing the energetic

criterion, step 4) are calculated. After the choice of further material parameters (� , ft

and Gc, step 5), the minimum load where both the stress criterion and the energetic

criterion are ful�lled must be found. This is done for a �nite number of indenter radii 0

(step 6).

FFM analysis of Hertzian indentation fracture initiation:

1. Choose speci�c a and select a discrete set of ; initial crack lengths IZ= {(H̃0/0)1, . . . , (H̃0/0); }
and < radial crack positions IR= {(@̃0/0)1, . . . , (@̃0/0)< } with (H̃0/0)7 ∈ [0, Hmax/0],
(@̃0/0)8 ∈ (1, @max/0] and Hmax and @max su�ciently large.

2. Compute depths H∗/0 of zero stress from initial radial stress �eld (D.13) for set IR.

3. Calculate critical load from stress criterion (4.16) or (4.17) by evaluation of (4.10), (4.14), (4.15),

(D.35), (D.38) or (D.40) for each H̃0/0 ∈ IZ and @̃0/0 ∈ IR.

4. Evaluate dimensionless function q−1/2
which represents the ful�llment of the energy criterion

by using (4.26), (D.45) or corresponding values obtained by FE analyses (4.32) for

each H̃0/0 ∈ IZ and @̃0/0 ∈ IR.

5. Select a discrete set of > indenter radii IA= {01, . . . , 0> } with 09 > 0 and choose speci�c material

parameters � , ft and Gc.

6. Search minimum load 3c/0 according to (4.37) in sets of values from step 3 (1/k ) and

step 4 (1/
√
q ) over all IZ × IR for each 09 ∈ IA. Position of critical load in sets of values yield

both initial crack length H0/0 = (H̃0/0)7 and radial crack position @0/0 = (@̃0/0)8 .

Figure 4.12: Work�ow of FFM analysis to determine indentation fracture initiation (critical load 3c, radial crack

position @0 and initial crack length H0).

The critical load in terms of normalized indenter displacement 3c/0 thus computed from

the criterion (4.36) is depicted in Fig. 4.13 as a function of indenter radius 0 . Obviously,

the fracture strength ft becomes irrelevant for small indenter radii, i.e. in the range

where solely the energetic criterion controls fracture initiation as discussed above. This

can also be anticipated from (4.37) resolved for 3c/0 where ft cancels out when the

energy criterion (q−1/2
-term) is dominant. Moreover, Figure 4.13 shows good agreement

between FFM results for a high tensile strength of ft = 150 MPa and the experimental

data from Mouginot and Maugis (1985).

In Figure 4.14 the normalized radius @0/0 and length H0/0 of the ring crack predicted

from (4.36) are shown as functions of the indenter radius 0 . Both quantities decrease with

increasing indenter radius. This means that indenters with a larger radius give rise to the

formation of (relatively) shorter cracks (relatively) closer to the contact edge (@ = 0) which

is in qualitative agreement with experimental observations by, e.g., Mouginot and Maugis

(1985) and Chai (2006). For a quantitative comparison, experimental data from Mouginot

and Maugis (1985) are included in Fig. 4.14a. Deviations between those and the predicted
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4.2 Analysis of indentation fracture using the framework of FFM

values have to be seen in the light of various idealizations made in the present FFM analysis

as well as the scatter in the experimental data (Mouginot and Maugis, 1985, Fig. 19).
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ft=100MPa

ft=150MPa

Exp. data

Figure 4.13: Variation of normalized critical indenter displacement 3c/0 with indenter radius 0 , experimental

data taken from Mouginot and Maugis (1985).

Rather striking, however, is the predicted “saturation” value of @0/0 ≈ 1.35 for small

indenter radii which is even more pronounced for small tensile strengths. It underestimates

the experimental data in Mouginot and Maugis (1985) where @0/0 is found to increase

monotonically with decreasing indenter radii. This saturation regime for small indenter

radii — also seen in Fig. 4.14b in terms of the relative crack length H0/0 with the saturation

value of H0/0 ≈ 8.1 × 10
−2

— is not present when the local stress criterion (4.9) is employed

as depicted in Fig. D.10d of App. D.4 (at least for the same set of material parameters

and indenter radii). Thus, it appears to be an artifact of the hybrid fracture criterion

applied here. It corresponds to the range where crack initiation is solely controlled by

the energy criterion 3c/3c ≈ 1 (with the stress criterion oversatis�ed 3c/3f > 1), while

otherwise both criteria are active. A case where only the stress criterion controls crack

initiation does not exist. By using the dimensionless parameter

√
:c/(0 Yc) introduced in

Sect. 4.2.3 the range where only the energy criterion is active is

√
:c/(0 Yc) ' 0.450, which

corresponds to the indenter radii

0 /
1

0.450
2

Gc �

f2

t

=


1.42 mm for ft = 50 MPa

0.36 mm for ft = 100 MPa

0.16 mm for ft = 150 MPa

(4.41)

shown in Fig. 4.14. The critical load, when solely determined by the energy criterion,

displays a local minimum with respect to the relative crack radius and length (local
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4 Analysis of Hertzian indentation fracture

maximum of q (@0/0, H0/0,a), Fig. 4.8) at @0/0 ≈ 1.35 and H0/0 ≈ 0.08 (also discussed in

conjunction with Fig. 4.10). These are the saturation values seen in Fig. 4.14 which depend

only on Poisson’s ratio a . A change of the indenter radius 0 or of material parameters

(except a ) in this regime only a�ects the critical load 3c but not the “optimal” values

of @0/0 and H0/0 .

a)

1.0

1.1

1.2

1.3

1.4

1.5

1.6

0.0 0.5 1.0 1.5 2.0 2.5

@ 0
/0

0 [mm]

ft=50MPa

ft=100MPa

ft=150MPa

Exp. data

b)

0.00

0.02

0.04

0.06

0.08

0.10

0.0 0.5 1.0 1.5 2.0 2.5

H
0
/0

0 [mm]

ft=50MPa

ft=100MPa

ft=150MPa

Figure 4.14: Variation of a) normalized crack radius @0/0 and b) normalized crack length H0/0 with indenter

radius 0 for di�erent tensile strengths ft = {50, 100, 150} MPa, experimental data taken from Mouginot and

Maugis (1985).

A measure for comparison of critical loads obtained from theoretical and experimental

analyses is suggested by the experimental �ndings of Auerbach (see, e.g., Fischer-Cripps,

2007) who shortly after Hertz stated that the critical force to initiate indentation frac-

ture is approximately proportional to the radius d of the (at that time used) spherical

indenter (Auerbach, 1891), i.e.

� ∼ d . (4.42)

The contact radius 0 of a spherical indenter depends on the radius d of the latter and the

indentation depth X according to

0 =
√
d X . (4.43)

As calculated by Hertz (1882a) the applied indentation force � is related to the indentation

depth (with the assumption of a rigid indenter) by

� =
4

3

�

1 − a2

√
d
√
X 3 , (4.44)

so that, by inserting (4.43) and (4.44) into (4.42), the critical load in Auerbach’s experiments

scales with the contact radius as

� ∼ 03/2 . (4.45)

In the (experimental) literature hence the range of indenter radii where �c/03/2 ≈ const.

is referred to as the Auerbach range, e.g. Fischer-Cripps (2007). Using this measure of
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4.2 Analysis of indentation fracture using the framework of FFM

critical load, results obtained from the hybrid fracture criterion (4.36) are depicted in

Fig. 4.15 as a function of indenter radius 0 . Note, that in case of the cylindrical �at

punch considered here (Fig. 4.1) the indenter radius is identical to the contact radius

in the above considerations, and that the stress �elds outside the contact zone due to

spherical or �at indentation are very similar, e.g. Fischer-Cripps (2007). Also included in

Fig. 4.15 are experimental data from Mouginot and Maugis (1985) which (see Fig. 21 in the

original paper) display some amount of scatter. The stationary value of about 70 MN/m
3/2

in Fig. 4.15 predicted for small indenter radii is in reasonable quantitative agreement

with the experimental �ndings. This range of constant �c/03/2
which here extends up

to 0.16 mm for the fracture strength ft = 150 MPa or 1.42 mm for ft = 50 MPa corresponds

to the above mentioned Auerbach range. Also well predicted according to Fig. 4.15 is the

increase of the apparent critical load to about 120 MN/m
3/2

for larger indenter radii up

to 0 = 2.5 mm. With regard to experimentally observed critical loads causing indentation

fracture it should be noted that some amount of uncertainty also arises from the load

increase between the onset of fracture and its complete encirclement of the contact area

as reported in Chai (2006).
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Figure 4.15: Variation of apparent critical load �c/03/2
with indenter radius 0 , experimental data taken

from Mouginot and Maugis (1985).
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4 Analysis of Hertzian indentation fracture

4.3 Simulation of indentation fracture using the
phase �eld method

A particular challenge in the theoretical analysis of Hertzian indentation fracture is

the initial ring crack formation from a defect-free surface which cannot be described by

classical fracture mechanics concepts as discussed in Sect. 4.1. The shortcoming of classical

fracture mechanics to describe crack formation can be overcome by utilizing a coupled

two-part fracture criterion in the concept of �nite fracture mechanics (FFM). Its application

to the present problem in Sect. 4.2 has shown reasonable qualitative and quantitative

predictive capabilities with respect to the critical load as well as the location and extension

of initial ring crack formation — without any additional assumptions. However, FFM

provides essentially a fracture initiation criterion but not a tool for tracking subsequent

crack growth. This section provides a holistic description of the entire fracture process by

employing a phase �eld methodology.

Crack formation takes place in a complex stress �eld as worked out in Sect. 4.1.2. Outside

the indenter at the free surface the radial stress is the only positive stress component

(Fig. 4.2) and thus is understood to be responsible for crack initiation. Below the sur-

face (H >0) the stress �eld varies continuously, see App. D.1, yet still with severe gradients,

and the maximum radial stress is found somewhat outside the contact region (@ >0), see

Fig. 4.3a, where in fact crack initiation takes place as sketched in Fig. 4.1. This means that

the initial ring crack formation is caused by a rather weak tensile stress concentration

within a strongly varying stress �eld, which renders the quantitative prediction of fracture

initiation a di�cult task.

The reason for the predictive capabilities of FFM can be seen in the fact that the method-

ology involves (tensile) strength ft and speci�c fracture energy (toughness) Gc as two

independent, physically well de�ned materials parameters. Phase �eld modeling of brittle

fracture in the present section hence is strongly guided by the claim to likewise prescribe

strength and toughness as independent quantities. As thoroughly discussed in Sections 3.4

and 3.7.3, this requirement essentially determines the intrinsic length � of the non-local

phase �eld representation. From the material data (4.2) a material speci�c characteristic

length may be deduced as :mat := � Gc/f2

t
≈ 0.032 . . . 0.29 mm. For indenter radii in the

range of 0 = 0.5 . . . 2.5 mm as considered by Mouginot and Maugis (1985) as well as in

the present numerical simulations, an extension of the spontaneously formed ring crack

(see Fig. 4.1) of

H0 ≈ 0.04 mm (4.46)

is estimated by the FFM study in Sect. 4.2.4. Hence, a strong correlation between this

initial ring crack length (to be resolved in the numerical simulations), the above material

speci�c length :mat and the characteristic length introduced by the phase �eld modeling is

anticipated and will be subject of thorough analyses in this section.
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4.3 Simulation of indentation fracture using the phase �eld method

4.3.1 Critical issues and current phase �eld approach

As already addressed in Chapter 3, a severe shortcoming of common versions of the phase

�eld approach to fracture is the unphysical occurrence of fracture under compression

and the inadequate treatment of traction-free open cracks. Since in the present boundary

value problem (see Sect. 4.1) large regions, especially below the indenter, are loaded by

compression this becomes particularly relevant here. Therefore, the introduction of an

asymmetric tension-compression behavior in the phase �eld method plays a crucial role.

However, as discussed in Sect. 3.5 common isotropic tension-compression splits do not

account for the crack orientation. Thus, they generally violate crack boundary conditions

and may lead to non-physical crack growth. In the following the severe e�ects of these

shortcomings in application to indentation fracture are shown.

Utilizing the volumetric-deviatoric decomposition (3.230) phase �eld evolution and corre-

sponding sti�ness degradation starts right at the indenter edge (Fig. 4.16a). The zone of

broken material then further grows below the indenter (Fig. 4.16b), since deviatoric strains

drive the phase �eld evolution even under compression as already noted in Sect. 3.5.2.

0.00 0.25 0.50 0.75 1.00
S

a) b)

Figure 4.16: Simulation of indentation fracture using the volumetric-deviatoric split of strains (3.230): a) onset

of degradation right at the indenter edge, b) unphysical phase �eld evolution S → 0 in the compressive zone

below the indenter.

Using the spectral decomposition (3.204), sti�ness degradation also starts right at the

indenter edge (Fig. 4.17a). Further loading yields a larger zone of broken material in this

region. Since the spectral split does not result in traction-free (open) cracks for S→0, see

Sect. 3.5.1 for further details, especially in regions where shear loading dominates like at the

indenter edge signi�cant tensile stresses are still present and lead to unphysical broadening

of the broken zone (Fig. 4.17b). Obviously, common phase �eld approaches based on the

above splits totally fail in reproducing the experimentally observed behavior.

0.00 0.25 0.50 0.75 1.00
S

a) b)

Figure 4.17: Simulation of indentation fracture using the spectral decomposition of strains (3.204): a) onset of

degradation right at the indenter edge, b) further di�use phase �eld evolution and unphysical broadening.

181



4 Analysis of Hertzian indentation fracture

The physically correct treatment of crack boundary conditions (including closure) gener-

ally requires a tension-compression split based on the normal direction of the crack surface

as discussed in Sect. 3.6. The incorporation of this split, however, is rather laborious and

still leads to problems in conjunction with the FE mesh orientation, see Sect. 3.7.1 for more

details. In the present situation of indentation fracture, fortunately, cracks once formed

remain open (i.e. traction-free). As a pragmatic approach, therefore, it is justi�ed here to

omit any split of the stress tensor and consider the degradation of all sti�ness components

by a degradation function 6 (S) according to (3.249) which automatically guarantees a

traction-free crack for S → 0. Nevertheless, a tension-compression split is still required in

the phase �eld evolution equation (3.33) in order to avoid the phase �eld to be driven by

compressive elastic energy. Since brittle materials tend to fail normal to the maximum

principal tensile stress it appears reasonable to assume phase �eld evolution (starting

here from the intact state) to be driven by positive principal stresses rather than strains.

This assumption is in the present context supported by the pre-fracture distribution of

the maximum principal strain Y1 and stress f1 in the vicinity of the indenter depicted in

Fig. 4.18. Except for the peak values of both quantities prevailing at the surface (H =0)

at the indenter edge, the contour plots in Fig. 4.18 illustrate that large values of f1 are

found in the near surface region outside the contact zone (Fig. 4.18b) where indentation

fracture actually is expected (see Sect. 4.1). In contrast, large values of Y1 prevail only

at the indenter edge (Fig. 4.18a) where approaches assuming phase �eld evolution to be

driven by the maximum principal strain erroneously predict fracture initiation (Fig. 4.17a).

In conjunction with the quadratic single-well function (3.58), the phase �eld evolution

equation (3.33) is thus re-written as

d6 (S)
dS

�s (2̃ ) − Gc

(
1 − S
�
+ � ΔS

)
= 0 (4.47)

with the crack driving energy according to (3.251).

0.00
Y1<0 Y1>0
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3

f1

Figure 4.18: Pre-fracture contour plots of a) maximum principal strain Y1 with concentration at the indenter

edge and b) maximum principal stress f1 with maximum values at the free surface outside of the indenter. Red

and orange colors indicate positive values.

As a pragmatic approach, therefore, it is justi�ed here to omit any split of the stress tensor

and consider the degradation of all sti�ness components by a degradation function 6 (S)
according to (3.249). According to Sect. 3.3.2, the degradation function 6 (S) establishes

the coupling between mechanical �elds and the phase �eld. With the quadratic single-

well function (3.58) and ft (along with � and Gc) �xed as material parameters according
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4.3 Simulation of indentation fracture using the phase �eld method

to (4.2), the relation (3.126) yields the internal length � in dependence on the degradation

function 6 (S), quanti�ed by 5gw introduced in Sect. 3.4.2. For instance, in case of the cubic

degradation function (3.71) one obtains

� =
2187

6250

Gc �

f2

t

≈ 0.350

Gc �

f2

t

=

{
0.1008 mm for ft=50 MPa

0.0112 mm for ft=150 MPa .
(4.48)

In this regard, as discussed in Sect. 3.7.2, the regularized representation of the crack

erroneously captures the surface energy at the crack tip depending on the size of �.

Especially during crack nucleation (with the crack length H ≈ 0) and for short cracks

(H ≈ �) this energy portion plays a crucial role. As a compromise, the crack surface energy

should be reasonably approximated at least in the mean over the fracture initiation process.

Therefore, the internal length parameter � has to be chosen su�ciently small compared

to the extension H0 of the “spontaneously” formed ring crack (see Fig. 4.1). However. the

internal length calculated in (4.48) is too large to be suitable as a regularization parameter

in view of the expected initial crack length H0 for the studied indenter radii (4.46). A poor

approximation of the surface energy would be a serious consequence (see Fig. 3.38b).

According to Fig. 3.38b a value of at least

� <
H0

10

. . .
H0

4

(4.49)

is required to approximate the crack surface energy during crack initiation in a satisfactory

manner. From the 1D example in Fig. 3.14 it is obvious that the quadratic degradation

function (3.70) does not lead to a linear material behavior prior to fracture and is therefore

not an option here. The relation (3.183) with the prefactor 5gw discussed in Sect. 3.4.2

for di�erent formulations can be used to �nd the optimal degradation function. Since

the cubic degradation function (3.71) yields too large values of the internal length (4.48)

and, on the other side, degradation functions of much higher order are inappropriate as

pointed out in Sect. 3.4.2, the quartic degradation function (3.74) with 0s= 10
−4

is used

here as a compromise. Evaluation of (3.126) yields the internal length as

� =
32768

177147

Gc �

f2

t

≈ 0.185

Gc �

f2

t

. (4.50)

For � and Gc �xed according to (4.2) the internal length thus varies monotonically as a

function of the tensile strength with values in the range

� ≈
{

0.0533 mm for ft=50 MPa

0.0059 mm for ft=150 MPa .
(4.51)

It should be noted that the requirement (4.49) in conjunction with the estimate H0≈0.04 mm

is still violated for low tensile strengths. Therefore, in the following, the numerical

investigation is focused on tensile strengths above ft=115 MPa for which � ≤ 0.01 mm.

183



4 Analysis of Hertzian indentation fracture

In the present problem the irreversibility of the fracture process is accounted for using

the “crack-like” constraint (3.36) on the phase �eld, since convergence studies by Borden

(2012) and a detailed investigation by Linse et al. (2017) revealed that the application of the

“damage-like” irreversibility (3.40) is in general not suitable to reproduce the crack surface

energy. Details on the implementation of the irreversibility constraint are provided in

App. C.3.

4.3.2 Simulation of indentation fracture process

According to the present boundary value problem (Sect. 4.1) an axisymmetric �nite element

formulation with bilinear shape functions of Lagrangian type is employed, with details

provided in App. C.2. To solve the resulting coupled set of algebraic equations the alternate

minimization procedure described in Sect. 3.2.4 is preferred, where displacements u and

phase �eld S are computed in an alternating manner. This choice prevents unsymmetric

entries in the tangent matrix caused by the physically motivated separate choice of

sti�ness degradation (3.249) and crack driving energy (3.252). Reliable solutions are

achieved by small load steps and by performing several iterations between the solutions

of both equation systems in each step. Due to the absence of a strong stress concentration

and the comparatively small zone which is a�ected by crack formation, convergence

between both �eld solutions is checked by comparing the phase �eld solution between

consecutive iterations instead of using a global energetic stopping criterion as proposed,

e.g., by Ambati et al. (2015a). The maximum number of iterations between switching from

one �eld computation to the other (200 per load increment), is very seldom attained so

that in general an equilibrated solution is obtained. Despite the “spontaneous” character

of initial ring crack formation, inertia is neglected in the present study. This is motivated

from the FFM study of indentation fracture (Sect. 4.2) which has shown that the quasi-

static energy balance is satis�ed in the mean during ring crack formation and subsequent

crack growth is stable.

The size of the discretized domain (see Fig. 4.19) with 1000 × 1000 (0 = indenter radius) is

chosen large compared to the region where crack initiation and propagation takes place,

since results are partly to be compared with analytical solutions obtained for a half-space.

Boundary conditions of zero normal displacement and zero shear stress are applied at the

bottom and on the left hand side (symmetry axis) as depicted in Fig. 4.19. On the right

hand side the boundary is traction-free. Loading (indenter displacement 3) is imposed by

prescribed vertical nodal displacements in the friction-less contact region (@ ≤0). The load

increment Δ3 . 10
−60 is adaptively controlled to accurately capture fracture initiation.

The �nite element mesh is re�ned in such a way that the phase �eld at the crack is

accurately resolved. Small �/ℎe-ratios (with ℎe being the �nite element size) lead to a very

poor approximation of the regularized crack and an overestimation of the corresponding
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4.3 Simulation of indentation fracture using the phase �eld method

crack surface energy. Experience shows, that the ratio �/ℎe ≈ 2 usually given in the

literature is not su�cient. Therefore the element size is chosen to be

ℎe ≈
�

4

(4.52)

in the region of interest. Since the position of the initial crack is a priori unknown, the

re�ned area must be su�ciently large as shown in Fig. 4.19. The area below the indenter

is also re�ned by elements of the size ℎe ≤ 0/100. One main problem is that the element

size is coupled via � to material parameters (� , Gc, ft) as discussed in Sect. 3.4.2 while

the domain size scales with the indenter radius 0 . Since the indenter radii to be studied

range from 0.5 mm to 2.5 mm, i.e. vary by a factor of 5, the size of the re�ned area varies

as well, while the elements are of a constant size. This makes the numerical analysis very

expensive. It should be emphasized that the mesh is not re�ned locally, since it should not

trigger the position of the initial crack.

zoom level 1

zoom level 2

zoom level 3 zoom level 3

33

fine mesh (ℎe = 0.0007mm): coarse mesh (ℎe = 0.003mm):

Figure 4.19: Discretization of boundary value problem at di�erent zoom levels showing re�ned mesh (ℎe =

{0.0007, 0.003}mm) in the zone of interest.

To eliminate the overestimation of the crack surface energy caused by the discretization

as discussed in Sect. 3.7.3 a recalibration of both the fracture toughness Gc and the

internal length � is carried out according to (3.313). This readjustment of parameters with

values given in Tab. 4.1 guarantees that in numerical simulations the prescribed tensile

strength as well as the speci�c crack surface energy (fracture toughness) are correctly
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4 Analysis of Hertzian indentation fracture

reproduced. Note, that this calibration does not eliminate the error caused by the phase

�eld approximation of the crack tip (see Sect. 3.7.2).

Given parameters: Gc = 9 × 10
−3

N/mm

ft [MPa] 115 125 150

ℎe [10
−3

mm] 2.5 2.0 1.5

Corresponding internal length according to (4.50)

� [10
−3

mm] 10.071 8.524 5.919

Adjusted internal length and fracture toughness acc. to (3.313)

�∗ [10
−3

mm] 8.821 7.524 5.169

ℎe/�∗ 0.283 0.266 0.290

G∗
c

[10
−3

N/mm] 7.883 7.944 7.860

Table 4.1: Numerical recalibration of parameters Gc and � to simulate Hertzian indentation fracture.

With the modi�cations discussed above and in Section 4.3.1 the phase �eld method is

in the following applied to the simulation of the entire process of indentation fracture.

This includes crack formation at some a priori unknown location outside of the contact

region as well as the development of a cone crack with increasing load, as observed in

experiments and discussed in Sect. 4.2.

The progression of the fracture process with increasing load (indenter displacement 3) is

illustrated in terms of the evolution of the phase �eld (S=1→ 0) in Fig. 4.20. Here, an

indenter radius of 0 =0.5 mm and a tensile strength of ft=115 MPa are considered, with

the remaining material parameters given in (4.2). The spatial phase �eld evolution initially

takes place in a rather di�use manner (Fig. 4.20a) with values far above the irreversibility

threshold S0 = 0.05. Yet, with increasing load the phase �eld localizes, recognizable by

an intense phase �eld drop. By falling below the threshold S<S0, the localized phase

�eld features a crack which extends almost normal from the free surface well outside the

contact region (Figs. 4.20b–d). Note, that during phase �eld localization and formation of

this ring crack, a recovery with

.
S>0 of the initially di�use phase �eld seen in Fig. 4.20a

takes place outside the vicinity of the crack. Quantitatively, the fracture process can also

be tracked from the accompanying evolution of the fracture surface energy depicted in

Fig. 4.21. For instance, the “spontaneous” character of the ring crack formation (discussed

in Sect. 4.2) can be seen in Fig. 4.21 from the abrupt increase of the fracture surface energy

at an indenter displacement slightly above 3 ≈ 0.009 mm. After that, the crack grows

into the well-known cone shape with increasing load (Figs. 4.20d–g). The fracture surface

energy (Fig. 4.21) then displays a progressive growth due to the nonlinear increase of cone

area with crack extension.
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Figure 4.20: Simulation of Hertzian indentation fracture: phase �eld contour plots display a) slight phase �eld

evolution at the free surface outside the contact region, b)–d) localization of the phase �eld within a few load

steps resulting in crack initiation, e)–g) subsequent crack growth and formation of a cone. The radial position

of the ring crack is @0 =0.62 mm (indicated by the vertical line). Note, that only a small part of the discretized

domain (Fig. 4.19) is shown here.

For the situation considered above (0 =0.5 mm, ft=115 MPa), a radius of crack initia-

tion @0=0.62 mm is obtained (vertical line in Fig. 4.20). Much less clear is the vertical

extension H0 of the spontaneously formed ring crack (cf. Fig. 4.1) which, however, can be

estimated from the sudden jump Δ�s of the crack surface energy in Fig. 4.21. By assuming

a cylindrical crack surface of radius @0 its axial extension is approximated as

H0 ≈
Δ�s

2c @0 Gc

. (4.53)

With Δ�s ≈ 8.8 × 10
−7

J from Fig. 4.21 and Gc ≈ 9 J/m
2

one obtains

H0 ≈ 2.51 × 10
−2

mm , (4.54)
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4 Analysis of Hertzian indentation fracture

a value not too much di�erent from (4.46) estimated using FFM in Sect. 4.2. Due to

partial recovery of the phase �eld outside the vicinity of the crack and a therefore unclear

contribution of the corresponding surface energy to crack initiation, one might instead

use Δ� ∗
s
≈ 1.14 × 10

−6
J as also indicated in Fig. 4.21 which leads to

H0 ≈ 3.25 × 10
−2

mm . (4.55)

These values for H0 also correspond well to the amount of initial vertical crack growth

reported by Kocer (2003b).
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Figure 4.21: Evolution of crack surface energy �s. Fracture initiation is indicated by the sudden jump Δ�s

which is utilized to estimate the spontaneous ring crack extension H0.

While the above results indicate that the present phase �eld method allows a reasonable

reproduction of the indentation fracture process, a more detailed study of physical param-

eter in�uences and a comparison with experimental �ndings is provided in the following

two sections.

4.3.3 Initial ring crack formation

The in�uence of the indenter radius on fracture initiation, in particular the required

critical load but also the location of the initially forming ring crack, has been subject of

extensive research as discussed in the Introduction. For comparison with the experimental

study by Mouginot and Maugis (1985) on borosilicate glass, in the following, simulations

are focused on the range of indenter radii 0 =0.5 . . . 2.5 mm considered by these authors.

Moreover, since the tensile strength of glass ft is a rather unclear material parameter, a

range of reasonable values is adopted here.
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Figure 4.22: Fracture initiation for small indenter with 0 =0.5 mm and di�erent tensile strengths: a) ft =115 MPa,

b) ft =125 MPa, c) ft =150 MPa.

For di�erent indenter radii and strength values, the contour plots in Figs. 4.22 and 4.23

show ring cracks shortly after initiation, i.e. somewhat after the sudden jump of the

surface energy Δ�s (cf. Fig. 4.21) discussed in Sect. 4.3.2. These �gures indicate that the

radial crack position @0 decreases with increasing material strength ft. Furthermore, from

the comparison of Fig. 4.22 with Fig. 4.23 one can deduce that (for constant material

strength) a larger indenter provokes ring crack formation at a relatively smaller radial

position @0/0 . For further quantitative insight, Fig. 4.24 shows the relative radial posi-

tions @0/0 of fracture initiation depending on the indenter radius 0 and the material’s

tensile strength ft. Present simulation results (solid lines with symbols) are displayed

along with those obtained from FFM (dashed lines) presented in Sect. 4.2 and experimental

data by Mouginot and Maugis (1985). The general trend of smaller relative crack radii @0/0
with increasing indenter radii 0 is clearly visible. The phase �eld prediction of smaller @0/0
with increasing material strength ft also quantitatively agrees with results from FFM

(Sect. 4.2). However, quantitative deviations between the two theoretical/numerical studies

and the experimental data may be attributed to increasing in�uences of the idealizations

in the theoretical model discussed in Sect. 4.1.1 as well as a decreasing accuracy of the

smeared crack representation in the phase �eld approach for smaller indenters.
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Figure 4.23: Fracture initiation for large indenter with 0 =2.5 mm and di�erent tensile strengths: a) ft =115 MPa,

b) ft =125 MPa, c) ft =150 MPa.
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Figure 4.24: Relative radial positions @0/0 of fracture initiation depending on indenter radius 0 shown for

di�erent tensile strengths ft in comparison with FFM results (dashed lines) from Sect. 4.2 and experimental data

by Mouginot and Maugis (1985).
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It should be mentioned that results for ft = 100 MPa and ft = 75 MPa, which strictly

speaking fall outside the range of applicability of the present phase �eld method as

discussed in Sect. 4.3.1, are shown here only for the sake of completeness and are to be

taken with caution. Moreover, the phase �eld result for ft = 75 MPa and 0 = 0.5 mm has

been omitted in Fig. 4.24 (as well as in the following Fig. 4.25) since in this case the ring

crack position @0/0 could not be identi�ed as discussed in Sect. 4.3.5 below.
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Figure 4.25: Critical indenter displacement 3c/0 for fracture initiation depending on indenter radius 0 shown

for di�erent tensile strengths ft in comparison with FFM results (dashed lines) from Sect. 4.2 and experimental

data by Mouginot and Maugis (1985).

In Figure 4.25 the critical load (normalized indenter displacement) 3c/0 to initiate fracture

is depicted as a function of the indenter radius. Presented in this way, a very good

agreement between the present phase �eld results and those by FFM from Sect. 4.2 as well

as the experimental data by Mouginot and Maugis (1985) is found. Lower values of the

critical load, of course, are obtained for smaller tensile strengths ft. Moreover, a better

agreement between numerical and experimental results in terms of a global quantity such

as 3c/0 than in terms of a local one such as @0/0 is not very surprising.

Just for comparison of predictions by the present phase �eld approach with FFM, the

in�uence of Poisson’s ratio on crack initiation is explored, again in terms of the initial

crack position @0 and critical load 3c. Therefore a �ctitious material with varying a ,

but constant � and Gc according to (4.2) and ft = 115 MPa, is considered. Figure 4.26a

shows that the initial crack position @0 (normalized by a �xed 0 = 0.5 mm) increases

with increasing Poisson’s ratio. This relation qualitatively corresponds to the results

obtained from FFM (dashed line in Fig. 4.26a), however, the initial crack position predicted

by the phase �eld simulations is closer to the indenter, similar to the results shown in

Fig. 4.24. Furthermore, results from phase �eld simulations show that the critical load 3c

increases with increasing Poisson’s ratio, which is qualitatively and quantitatively in good

agreement with the FFM results as shown in Fig. 4.26b.
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Figure 4.26: E�ect of Poisson’s ratio a on crack initiation (keeping � , Gc, ft =115 MPa and 0 =0.5 mm �xed):

a) radial position @0/0 of initial crack, b) critical load 3c/0 for fracture initiation. Solid lines with symbols

indicate phase �eld results while dashed lines represent results obtained by FFM following Sect. 4.2.

4.3.4 Cone crack propagation — e�ect of Poisson’s ratio

Once the initial ring crack has formed, subsequent fracture evolution turns into a cone-

shaped crack as discussed in Sect. 4.1. The angle of this cone depends on Poisson’s ratio a

as reported, e.g., by Lawn et al. (1974) and Kocer (2003b). Individual experimental data

for di�erent materials can be found in the literature, e.g. i = 24.5◦ ± 1
◦

for fused silica

with a = 0.16 (Benbow, 1960), i = 24
◦

for Pyrex glass with a = 0.20 (Conrad et al., 1979),

i = 22.4◦ ± 2.8◦ for soda-lime glass with a = 0.21 (Kocer and Collins, 1998), i = 22
◦

for borosilicate glass with a = 0.22 (Mouginot and Maugis, 1985) and i = 21.5◦ ± 1
◦

for

silicate glass with a = 0.25 (Roesler, 1956a). The ordering of smaller angles for larger

Poisson’s ratio was also obtained in earlier numerical studies with FEM (Kocer, 2003b)

and X-FEM (Tumbajoy-Spinel et al., 2013), both assuming pre-existence of an initial ring

crack. In the following, the continuous evolution of the cone-shaped crack is simulated

with the phase �eld method. The focus is on an indenter radius of 0 = 0.5 mm and a

tensile strength of ft = 115 MPa. The assumption that the cone angle depends essentially

on Poisson’s ratio a allows to compare di�erent materials without taking their di�erent

values of � , Gc and ft into account.

For Poisson’s ratio in the range a = 0.0 . . . 0.3 and � and Gc according to (4.2), Fig. 4.27

shows the simulated cone cracks with the inclination denoted by the angle i . In qualitative

agreement with the above mentioned experimental and numerical literature �ndings,

larger values of a give rise to smaller cone angles. Note, that some minor amount of phase

�eld evolution is observed at the indenter edge with increasing Poisson’s ratio (Figs. 4.27c

and d) owing to the dependence of the driving energy (3.252) on a .
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Figure 4.27: Simulated cone cracks with inclination angle i shown for di�erent values of Poisson’s ratio: a)a =0,

b) a =0.1, c) a =0.22, d) a =0.3. The area below the indenter up to the symmetry axis is shown to illustrate the

initial crack position @0 and cone crack extension in relation to the indenter radius (here 0 =0.5 mm).

In Figure 4.28 the present simulation results are quantitatively compared with those from

literature (see above) and a reasonable agreement can be observed. In particular, an almost

linear variation of the cone angle i with Poisson’s ratio is found which corresponds to

the FEM results by Kocer (2003b). It appears that the simulated cone angles from the

present study somewhat overestimate those from the literature. However, in the latter, see

also Mikosza and Lawn (1971), the cone angles have been determined at signi�cantly larger

amounts of crack extension than in the present simulations (see Fig. 4.27) where the cone

cracks are still in an early stage. Extending the phase �eld simulations beyond the situation

in Fig. 4.27 to more “mature” cone cracks would yield somewhat smaller inclination angles
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4 Analysis of Hertzian indentation fracture

and thus a better agreement than in Fig. 4.28. Early phase �eld investigations of the

indentation fracture problem (Morand, 2015; Strobl et al., 2016) su�er from the choice of

split in the momentum balance equation not resulting in traction-free (opened) cracks.

Thus, cone crack angles are predicted signi�cantly larger (Fig. 4.28).

15

20

25

30

35

40

45

50

0.00 0.05 0.10 0.15 0.20 0.25 0.30

a

i
[◦
]

Present work

Exp. silicate glass

Exp. fused silica

Exp. Pyrex glass

Exp. borosilicate gl.

Exp. soda-lime gl.

FEM

X-FEM

Early ph. f. study

Figure 4.28: Cone crack angle i depending on Poisson’s ratio a in comparison with experimental �ndings

for silicate glass (Roesler, 1956a), fused silica (Benbow, 1960), Pyrex glass (Conrad et al., 1979), borosilicate

glass (Mouginot and Maugis, 1985), soda-lime glass (Kocer and Collins, 1998), numerical studies using FEM (Kocer,

2003b) and X-FEM (Tumbajoy-Spinel et al., 2013) and an early phase �eld investigation by Morand (2015).

4.3.5 Further issues of phase �eld modeling of indentation
fracture

Results presented in the preceding sections illustrate that the phase �eld methodology

relying on the modi�cations discussed in Sect. 4.3.1 well captures a number of physical

aspects of indentation fracture. However, particularly in the context of the present

application, some general issues of phase �eld modeling deserve a closer inspection as

discussed in the following subsections.

In�uence of crack driving energy formulation

In Section 4.3.1 the crack driving energy �s (2̃ ) is introduced as a constitutive choice

based on positive e�ective stresses. Since such an expression o�ers many possibilities the

in�uence of di�erent choices for �s on crack initiation as well as subsequent cone crack

propagation is investigated here.
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4.3 Simulation of indentation fracture using the phase �eld method

As an alternative to (3.252) with �s (2̃ ) ∼ k (f̃1, f̃2, f̃3), a crack driving energy is intro-

duced where the phase �eld is driven by only the largest positive e�ective stress f̃1 in

the @ -H-plane in conjunction with a positive hydrostatic stress according to

�s :=
1 + a
2�
〈f̃1〉2 − Uv

a

2�
〈tr(2̃ )〉2 . (4.56)

This formulation is in the following referred to as �s ∼ k (f̃1, Uv) and incorporates the

factor Uv ∈ [0, 1] to describe the in�uence of positive hydrostatic e�ective stress on the

phase �eld evolution, which bears some additional arbitrariness. It should be noted that,

by applying (4.56), according to (3.190) generally negative values of the driving energy

may occur
1

which then have to be suppressed. This, however, is not an issue in the present

situation. Simulation results for the di�erent choices of �s are shown in the following for

an indenter of radius 0 =0.5 mm and a tensile strength of ft=115 MPa with the remaining

parameters according to (4.2).
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Figure 4.29: E�ect of di�erent crack driving energies �s a)–d) somewhat after crack initiation (at equal

load 3 =9.4×10
−3

mm), e)–h) on further crack propagation (equal amount of crack progress).

1
See also the discussion in Sect. 3.5.4 about the construction of thermodynamically “consistent” crack driving

energies.
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Figures 4.29a–d show the phase �eld at a �xed indenter displacement of 3 = 9.4 × 10
−3

mm

brie�y after crack initiation for four di�erent choices of the crack driving energy �s. For

the same cases of �s, Figs. 4.29e–h illustrate the situation at later instants with a common

amount of crack advance (at di�erent load levels). Additionally, Fig. 4.30 displays the evo-

lution of the fracture surface energy with indenter displacement. Obviously, the location

(radius @0 ≈ 0.62 mm) of crack initiation as well as the critical load (3c ≈ 9.14 × 10
−3

mm)

are fairly independent of the choice of �s. This is not surprising since the portions of

the pre-fracture stress �eld (cf. Sect. 4.1.2) entering �s are identical for all choices of �s,

i.e. prior to crack initiation tr 2̃ = 0 at the free surface and only the radial stress f@@ is

positive there. After crack initiation, the redistribution of stress leads to di�erent contri-

butions to the di�erent crack driving energy formulations thus giving rise to di�erent

amounts of crack growth for the same loading stage (Figs. 4.29a–d). In particular the

e�ect of hydrostatic stress plays a crucial role as visible for the di�erent Uv values in

Figs. 4.29a–d. Remarkably, despite the strong in�uence of the choice of �s on the crack

growth rate after initiation, it does hardly a�ect the crack path (i.e. cone angle) as seen

in Figs. 4.29e–h. The fracture surface energy in Fig. 4.30 accordingly evolves with the

indenter displacement for the di�erent choices of �s.
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Figure 4.30: Evolution of surface energy �s for di�erent crack driving energy formulations �s.

E�ect of irreversibility constraint

Another critical issue in the phase �eld modeling of fracture is the treatment of the ir-

reversibility of cracking. This becomes particularly subtle in the present situation of
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indentation fracture where the site of crack initiation is not pre-determined and frac-

ture takes place somewhere in the region of only weak stress concentration outside the

indentation contact zone (cf. Sect. 4.1.2). The continuous transition of the material’s

state from “intact” to “broken” in the phase �eld description of fracture gives rise to a

non-proportional stress redistribution and, at the same time, induces some arbitrariness

to the de�nition of an irreversibly broken state. As mentioned in Sect. 3.2.3, two ways of

accounting for the irreversibility of fracture in its phase �eld approximation are used in

the literature: either a “crack-like” constraint (3.36) is imposed on the phase �eld once

it becomes close enough to the limit S = 0, or its evolution is “damage-like” constrained

to

.
S ≤ 0 (3.40). Both approaches may cause problems, particularly in the present situation

of an a priori undetermined crack initiation site, as will be illustrated in the following by

simulating indentation fracture with an indenter radius 0 =0.5 mm and a tensile strength

of 115 MPa.
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Figure 4.31: Phase �eld evolution for di�erent irreversibility constraints: at crack initiation (3 = 9.3 × 10
−3

mm)

a) without irreversibility constraint, b) using the “crack-like” irreversibility constraint with S0 = 0.05 and c) using

the “damage-like” irreversibility constraint

.
S < 0; after some crack progress (3 = 1.0 × 10

−2
mm) d) without

irreversibility constraint, e) using the “crack-like” irreversibility constraint with S0 = 0.05 and f) using the

“damage-like” irreversibility constraint

.
S < 0.

Figure 4.31 shows the phase �eld solution under the e�ect of di�erent irreversibility

constraints at two loading stages, i.e. Figs. 4.31a–c at crack initiation (3 = 9.3 × 10
−3

mm)

and Figs. 4.31d–f after further crack progress (3 = 1.0 × 10
−2

mm), respectively. More

precisely, the progress of indentation fracture is compared for three cases: without any

irreversibility constraint (Figs. 4.31a and e), the “crack-like” irreversibility constraint

with a threshold of S0 = 0.05 (Figs. 4.31b and e) and the “damage-like” irreversibility

constraint

.
S < 0 (Figs. 4.31c and f). Results for the phase �eld approach without any

irreversibility and the one with the “crack-like” irreversibility constraint are identical in
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terms of the initial crack position @0=0.62 mm and the critical load 3c = 9.14×10
−3

mm for

crack initiation. Neither the shape of the crack shortly after fracture initiation (Figs. 4.31a

and b) nor after further crack progress (Figs. 4.31d and e) show any di�erence. The “crack-

like” irreversibility is not activated during fracture initiation until the phase �eld reaches

the threshold of S0 = 0.05. Thus, no di�erence compared to the case without irreversibility

occurs. During localization, in both cases the phase �eld can recover to larger values

.
S > 0

outside the localized zone, whereas it tends to zero at the crack. Due to the monotonic

loading the localized zone remains stable without applying an irreversibility condition, so

that no di�erence to the “crack-like” constraint occurs in the range of crack advance shown

in Fig. 4.31. However, much further crack growth leads to massive stress redistribution

with local unloading, so that without irreversibility constraint the phase �eld recovers

even at a fully evolved crack S = 0. Beside the fact that this behavior is unphysical, it

usually ends up in convergence problems.

Simulation results using the “damage-like” irreversibility constraint look quite di�erent

since the phase �eld evolution is constrained (

.
S ≤ 0) already from the beginning on. This

causes a softer material response in a large area at the free surface which delays localization

signi�cantly (Fig. 4.31c), so fracture occurs at a much higher load (3c = 9.35 × 10
−3

mm).

In addition, the zone of fully evolved phase �eld at the crack is much broader (Fig. 4.31f)

compared to the solution with the “crack-like” constraint in Fig. 4.31e. This typically

leads to an erroneous computation of the crack surface energy as mentioned at the end of

Sect. 4.3.1

The above analysis clearly shows that the phase �eld — in order to describe brittle fracture

and prevent signi�cant permanent sti�ness reduction in large areas outside the crack —

should behave irreversible only when a “su�ciently mature” crack (S ≈ 0) has formed. For

that reason the “crack-like” constraint has been utilized in the simulations in Sects. 4.3.2,

4.3.3, and 4.3.4. However, a drawback of this approach shall be discussed in the following.

The focus is on the special case of a low tensile strength offt = 75 MPa and a small indenter

with radius 0 = 0.5 mm. Though rejected from the numerical studies in Sect. 4.3.3 because

of the resulting large internal length this case is considered here for illustration purposes.

The succession of snap-shots in Fig. 4.32 shows the phase �eld evolution with increasing

indenter displacement 3 . At a value of 3 = 8.15 × 10
−3

mm the phase �eld starts to localize

at a radial position of approximately @ = 0.68 mm (Fig. 4.32a). Since the phase �eld has

not yet decreased to the threshold S0 = 0.05 the “crack-like” irreversibility constraint

is not activated. With further loading, instead of evolving to S0 at the aforementioned

position and forming a fully developed crack, the localized zone is relocated in outward

direction (Fig. 4.32b). This behavior continues (Fig. 4.32c) until at some point of the

localized zone the irreversibility constraint takes e�ect, in the present case this happens

at @ = 0.77 mm (Fig. 4.32d). Quantitatively, this is also shown in Fig. 4.33 by the radial

variation of the phase �eld at the free surface for the di�erent load levels. The main reason

for this unphysical “moving crack phenomenon” can be seen in the lack of a su�ciently

strong initial stress concentration (in the present situation of indentation fracture) that
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would �x the crack initiation site from the beginning on. But it is also attributed to the

smeared description of the crack and the fact that the phase �eld is able to attain any value

between 0 and 1. In the particular case considered here, the localized phase �eld gets stuck

at a small but �nite value (see, e.g., Fig. 4.32a). With further loading the minimum value of

the phase �eld decreases but also changes its position. This e�ect is also provoked by the

non-vanishing internal length �, which penalizes the formation of sharp gradients and

thus hampers the phase �eld to decrease to zero. The occurrence of this “moving crack

phenomenon” is the reason why results for the present case (ft = 75 MPa, 0 = 0.5 mm)

had to be excluded from Figs. 4.24 and 4.25.
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Figure 4.32: Increasing indenter displacement 3 provokes horizontal movement of localized phase �eld

with 0< S �1 until “crack-like” irreversibility constraint is activated for S ≤ S0 =0.05.
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Choosing a larger irreversibility threshold S0 would, of course, �x the position of the

localized phase �eld earlier (e.g. right at the onset of localization) and thus would prevent

such a “moving crack phenomenon”. However, a larger irreversibility threshold would

also a�ect the phase �eld solution in the vicinity of the crack so that this is not suitable to

numerically reproduce the fracture surface energy Gc as discussed above for the “damage-

like” constraint (3.40). The irreversibility threshold of S0 = 0.05 used in the present study

is a compromise to avoid horizontally moving cracks for tensile strength above 115 MPa

(Sect. 4.3.3) and to allow phase �eld recovery outside the crack to adequately reproduce Gc.
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Figure 4.33: Radial variation of phase �eld S at free surface (H = 0) for di�erent load levels 3 . Localized zone

does not drop immediately to A0 or below and, as a consequence, moves horizontally with increasing load.

Mesh independence

The main advantage of non-local approaches in general is to avoid dependence of the

numerical solution of localization problems on the discretization. This concerns both

the size and the orientation of the mesh. It should be noted, that utilizing a tension-

compression split to formulate the crack driving energy, e.g. (3.252) or (4.56), might lead

to a deviation of the crack path caused by the alignment of the mesh as reported by Pham

et al. (2017). Preliminary investigations using triangular and unstructured quadrilateral

�nite elements (i.e. with a mesh di�erent from Fig. 4.19), however, haven’t shown a

deviation of the initial crack position nor the cone crack angle, as long as the element size

is small enough to accurately resolve the smeared crack. In the following, the in�uence of

di�erent �nite element sizes in the range between ℎe = 0.0007 mm and ℎe = 0.003 mm (see

Fig. 4.19) is investigated for the case of a material strength ft = 115 MPa and an indenter
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4.3 Simulation of indentation fracture using the phase �eld method

radius 0 = 0.5 mm utilizing the “crack-like” irreversibility constraint as in Sects. 4.3.2–

4.3.4.

Figure 4.34 shows contour plots of the phase �eld solution after crack initiation

(3 =9.4 × 10
−3

mm) and after some further crack progress (3 =10
−2

mm), respectively.

Note, that due to the varying �/ℎe-ratio, both the internal length � and the fracture tough-

ness Gc have to be recalibrated according to (3.313) in conjunction with the particular

element size ℎe (see the discussion in Sects. 3.7.3 and 4.3.2). Corresponding values are

given in Tab. 4.2.
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Figure 4.34: Phase �eld solutions for di�erent discretizations: brie�y after crack initiation (3c =9.4 × 10
−3

mm)

for mesh with a) ℎe =0.0007 mm, b) ℎe = 0.0015 mm and c) ℎe =0.003 mm; after further crack progress (3c =

10
−2

mm) for mesh with d) ℎe =0.0007 mm, e) ℎe =0.0015 mm and f) ℎe =0.003 mm.

Given parameters: ft = 115 MPa, Gc = 9 × 10
−3

N/mm

ℎe [10
−3

mm] 0.7 1.5 2.0 2.5 3.0

Adjusted internal length and fracture toughness according to (3.313)

�∗ [10
−3

mm] 9.72 9.32 9.07 8.82 8.57

ℎe/�∗ 0.07 0.16 0.22 0.28 0.35

G∗
c

[10
−3

N/mm] 8.69 8.33 8.11 7.88 7.66

Table 4.2: Numerical recalibration of parameters Gc and � to simulate Hertzian indentation fracture for varying

element size ℎe.
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4 Analysis of Hertzian indentation fracture

Numerical results for both loading stages show only minor in�uences of the discretization;

nevertheless, these shall be brie�y discussed in the following. In case of the coarse mesh

(Figs. 4.34c and d) the zone of phase �eld localization to S ≈ 0 (i.e. the approximated crack)

is slightly broader than for the �ner meshes. This, however, is quantitatively compensated

by the parameter recalibration according to Tab. 4.2. For �ner meshes, a more smooth

transition from fracture initiation to the cone crack is observed. A small e�ect of the

“moving crack phenomenon” (discussed in Sect. 4.3.5) is visible between the two loading

stages (Fig. 4.34) in case of the �ne meshes; this e�ect, however, is of the order of the

element size. After some amount of crack growth the crack in the coarse mesh (Fig. 4.34f)

is somewhat longer than those in the �ner meshes at equal load. However, this has no

in�uence on the cone angle.

In Fig. 4.35 the ratios of crack initiation radius @0 and the critical load 3c to the results

obtained for the mesh with element size ℎe = 0.0025 mm (used in the previous sections) is

depicted. The deviation of both parameters is in the range of 1 . . . 3%.
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Figure 4.35: Deviation of the radial position @0 and critical load 3c depending on the �nite element size ℎe

(relative to mesh with element size ℎe =0.0025 mm).

4.3.6 Discussion of phase �eld results on indentation fracture

In the present section, the entire process of indentation fracture — starting from instanta-

neous crack nucleation at an initially defect-free surface up to the ultimate stable growth

of a cone-shaped crack — has been studied numerically. A particular challenge lay in

the fact that indentation fracture initiates from a rather weak stress concentration and

both the location of crack initiation and the subsequent crack path are a priori unknown.

This non-standard problem of fracture mechanics has been treated in the framework of a

phase �eld regularization. Yet, despite the wide-spread application of this computational

technique, extensive modi�cations compared to common phase �eld fracture models were
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4.3 Simulation of indentation fracture using the phase �eld method

necessary for a reliable analysis of indentation fracture. In particular, the approach used

in the present section was guided by the following key requirements:

• In order to feature brittle fracture, the phase �eld a�ected material response should

be essentially linear elastic up to failure.

• Motivated by the success of techniques such as �nite fracture mechanics or cohesive

zone models in predicting crack nucleation in absence of a perfect pre-crack, the

material’s tensile strength and fracture toughness (speci�c crack surface energy)

should be incorporated as two independent, physically well-de�ned quantities.

• Crack boundary conditions (e.g. traction-free crack faces) should be correctly

represented in the phase �eld setting.

• Crack nucleation and propagation should be driven in a physically reasonable

manner.

These requirements are typically not all ful�lled in approaches to phase �eld fracture mod-

eling found in the literature and, moreover, the commonly used frameworks do not allow

to incorporate all aspects at once as thoroughly analyzed in Sect. 4.3.1. Correspondingly,

it has been shown that those approaches fail in application to indentation fracture. The

aim of this study, therefore, was not only the analysis of indentation fracture but also a

careful assessment of phase �eld fracture modeling with indentation fracture serving as a

paradigm.

A key aspect in the present work is the incorporation of a material strength parameter,

necessary to capture crack nucleation, which together with the fracture toughness intro-

duces a material length scale. This inevitably leads to a non-vanishing internal length �

of the phase �eld model, which in 1D can be explicitly computed from the strength and

toughness in conjunction with some choice for the degradation function and the local

crack surface function. With the phase �eld model’s internal length being thus �xed, it

does no longer play the role of a mere regularization parameter and the limit process � → 0

(in the sense of so-called Γ-convergence) is ruled out.

The internal length in the present application, however, has to be su�ciently small for an

energetically reasonable approximation of the surface energy of the small crack nucleating

at the onset of indentation fracture. This was to some extent accomplished by carefully

selecting the degradation function, which besides controlling the smooth transition from

intact to broken material also a�ects the energy driving the phase �eld evolution.

This two-fold role of the degradation function stems from the joint derivation of the

mechanical (momentum) balance equation and the phase �eld evolution equation from a

variational principle. It has been shown that the particular forms of sti�ness degradation

and phase �eld (crack) driving energy so obtained in common phase �eld fracture models

do not comply with the above-listed requirements. Rather, the present approach was

focused on a phenomenological crack description instead of persisting in consistency of

the total energy. Thus, to enable both traction-free crack faces and a physically reasonable

crack evolution one is forced to give up the commonly preferred variational structure by
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4 Analysis of Hertzian indentation fracture

independently prescribing the sti�ness degradation and the phase �eld driving energy

portion. In particular, physically motivated crack driving energies based on positive

principal e�ective stresses (in the sense of damage mechanics) have been introduced.

The basic structure of the phase �eld evolution equation (i.e. occurrence of degradation

function), however, has been kept for a consistent transfer of elastic energy to crack

surface energy.

Another issue of the phase �eld description of cracks by a smooth transition from an

intact to a broken material state is the realization of the irreversibility of fracture. This

has been shown to be particularly critical in the present application where the crack

initiation site is not �xed by some pre-existing crack or notch. The continuous evolution

of the phase �eld localization zone accompanied by a continuous change of the stress

�eld may either lead to signi�cant sti�ness degradation in a large region (in case of a

“damage-like” irreversibility constraint) or to a relocation of the localization zone (in case

of a “crack-like” irreversibility condition) prior to the full establishment of the crack. Both

phenomena are unphysical and require special attention. The present approach relied

on a “crack-like” irreversibility constraint to accurately approximate the surface energy.

Thus, at the beginning of its evolution the phase �eld has been used in its role as a crack

indicator, not to model damage, i.e. subsequent sti�ness degradation. However, to improve

the robustness of the numerical approach a combination of both types of irreversibility

constraint has been developed which allows for the reliable simulation of indentation

fracture initiation at least in some range of geometric and material parameters.

Moreover, to overcome in the discrete �nite element setting the incongruity between

the “geometric” description of cracks with nodal phase �eld values approaching zero and

the “mechanical” manifestation of cracks by traction-free crack faces, a recalibration of

the fracture toughness and the internal length parameter was necessary. The proposed

strategy guarantees consistency of the numerically computed fracture surface energy

with the physically prescribed value.

With the phase �eld model tailored as discussed above it was possible to simulate the

entire process of indentation fracture consistently from nucleation to ultimate cone crack

propagation. As carefully analyzed, the range of the reliable applicability of the present

model so far is restricted to indenter radii and material tensile strength values above certain

limits. In this range, however, a reasonable qualitative — and to some extent quantitative

— agreement between numerical results and experimental data as well as other theoretical

�ndings from the literature was obtained. That is, the present simulations well capture

various aspects of fracture initiation such as the in�uence of the indenter radius on the

location and extension of the initially forming ring crack as well as the critical load. A good

agreement is observed between phase �eld and �nite fracture mechanics (FFM) results

which are both based on the same boundary value problem and material data. Absolute

di�erences between numerical results and experimental data, of course, have to be seen

in the light of uncertain material parameters and idealizations in the theoretical model

(e.g. absence of micro-defects) which become more pronounced for smaller indenters.

Also well predicted was the almost linear variation of the ultimate cone crack angle with
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Poisson’s ratio of the fracturing material. The rate of growth of the cone crack was shown

to depend on the particular constitutive choice for the phase �eld driving energy which

might be further calibrated by (presently not available) experimental data on the crack

extension with increasing load. The critical load, the location of crack initiation and the

cone angle, however, are not a�ected by this choice.

The present approach of modeling indentation fracture is a purely macroscopic one and

the considered values of material parameters are in fact e�ective (homogenized) properties

in view of distributed micro-�aws prevailing on a �ner length scale. On the length scale of

the actual boundary value problem (Sect. 4.1) this appears justi�ed since the �aw size in

as-received glass is typically below 1`m, e.g. Lawn (1993). These �aws, however, manifest

themselves in a rather strong scatter of the macroscopic strength of glass with values

signi�cantly smaller than the intrinsic strength of the un�awed material. Di�erent from

the present modeling approach, it is also conceivable to explicitly consider a pre-existing

population of �aws and to describe the surrounding material by its intrinsic properties.

In case of crack-like initial �aws this would avoid the need to model crack nucleation

and allow the application of linear elastic fracture mechanics or a phase �eld model

based on Gc alone; the strength ft then would not occur and the intrinsic length � would

retain its role as regularization parameter. Such an approach, however, besides bearing

the di�culty to determine the intrinsic material parameters, would cause an enormous

computational expense due to the necessarily extremely �ne mesh and the need to do

repeated simulations with di�erent (yet statistically equivalent) realizations of the �aw

distribution to get results independent (in the sense of ensemble averaging) from its

particular choice.
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perspectives

In the present work, di�erent constitutive ingredients of the phase �eld approach to

fracture have been analyzed. Based on the outcome of this analysis, the method has been

used to study the problem of Hertzian indentation fracture revealing critical issues and

shortcomings of the method in general. For comparison, the application of hybrid fracture

criteria (in the framework of �nite fracture mechanics) on indentation fracture initiation
provided new insights into the process of “spontaneous” crack formation.

At the beginning, the work outlines the successive development of the phase �eld ap-

proach to fracture, including the minimization of energy (showing remarkable parallels to

Gri�th’s idea) by applying a variational principle, the regularization of cracks emanating

from image segmentation and its application on elastic �eld equations. In this approach,

fracture is indicated by a scalar �eld equation — the phase �eld — varying between zero

and one. The application of Hamilton’s principle of stationary action �nally yields a set of

coupled partial di�erential equations which can be solved with standard techniques in time

and space to simulate fracture. Although the story has often been told, it is of practical

relevance to understand the motives behind each step. In its original version (Bourdin,

1998) the phase �eld model already contained speci�c constitutive choices, which have

been reworked in recent years.

Thus, the present work is concerned with a comprehensive analysis of constitutive ingredi-

ents of the phase �eld approach to fracture. For instance, the degradation of elastic energy

with phase �eld evolution o�ers some �exibility regarding the constitutive behavior of

the material prior to fracture. In this context, the local crack surface function, i.e. the

distribution of the surface energy across the regularized crack, also plays a crucial role.

With both constitutive choices at hand, the transition from one limiting state to the other

has been analyzed, e.g. to identify quantitative e�ects at crack formation.

Another key aspect of the work is the di�erent behavior of the phase �eld model subjected

to tension or compression. This concerns the mechanical response caused by crack

opening or closing in the vicinity of already existing cracks, so-called crack closure

e�ects, and the tension-compression asymmetric behavior at crack progress. It was found,

that phase �eld models including the widely-used approaches based on the spectral or

volumetric-deviatoric decomposition are in general not able to describe crack boundary

conditions appropriately. Either they fail to reproduce traction-free crack surfaces when

subjected to tangential movement/shear or fail to reproduce compressive forces in cases
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where no hydrostatic response is possible, e.g. close to traction-free outer boundaries. It

has been shown, that no isotropic strain energy decomposition exists which ful�lls all

requirements at the same time. Since macroscopic cracks induce anisotropy in nature,

they cannot be described by the underlying isotropic degradation, i.e. independent of

the crack orientation, which is present in most phase �eld models. By taking the crack

orientation into account, it has been shown to reproduce accurate results, leading to an

anisotropic degradation of the elasticity tensor. Although the problem has been identi�ed

and the approach to modify the degradation of the sti�ness tensor has been derived in

the present work, its theoretical incorporation into the general framework, mainly in

conjunction with the phase �eld evolution, is still missing. In this regard, at least three

questions have occurred:

• How can the crack orientation be identi�ed?

Besides taking the (only piecewise continuous) phase �eld gradient ∇S into ac-

count, a phase �eld approximation with higher order continuity (Borden, 2012), a

least-square projection of the phase �eld gradient (see Sect. 3.6.1) or its separate

approximation as used for, e.g., hydraulic fracturing (Yoshioka et al., 2020), can

be used to identify the crack orientation in the vicinity of an already existing

crack. But, apart from the technical treatment, the question arises, what does the

inhomogeneous crack orientation ahead of the crack front/tip mean?

• Is the approach in�uenced by the mesh?

Due to the only piecewise continuous strain �eld approximation in standard �nite

elements, both the identi�cation of the crack orientation and decomposition of

strains/stresses su�er from mesh orientation e�ects (Sect. 3.7.2). This applies for

the isotropic decompositions based on eigenvalues or the volumetric-deviatoric

split, see Strobl and Seelig (2018), but also for the crack orientation dependent

degradation. Thus, mesh orientation dependency is reintroduced.

• How does the crack evolution have to be formulated, so that fracture under mixed-

mode loading conditions can occur?

From a conceptual point of view, especially the last question is still open. A concurrent

incorporation of the crack orientation dependent degradation and a physically meaningful

(anisotropic) phase �eld evolution was not possible so far in the present structure of

the phase �eld approach. The introduction of anisotropic degradation in conjunction

with reasonable crack propagation under mixed-mode loadings (brittle materials are still

dominated by mode I crack growth) adds a large amount of complexity to the method,

far beyond common practices. Steinke and Kaliske (2019), for example, proposed a more

technically motivated approach, which does not answer all questions from above. It is also

based on the crack orientation dependent degradation, but still includes an isotropic crack

driving force. Therefore, the pragmatic approach of neglecting the e�ect of crack-closure

and decomposing only the crack driving energy is strongly encouraged, however, at the

price of introducing some amount of arti�cial energy dissipation (see Sect. 3.5.4). This

approach is valid as long as cracks, once they have formed, remain open. In general,

challenges regarding the tension-compression asymmetric behavior conceptually seem to
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emanate from the transfer of the phase �eld method from image segmentation, where it

governs the scalar gray level �eld, to mechanics, where it governs tensorial �elds.

The implementation of the phase �eld approach into a �nite element code is quite straight-

forward regarding most of its constituents. In particular, the additional �eld equations

including irreversibility constraints can be incorporated at the element level. Thus, all

approaches of interest have been implemented into the �nite element code FEAP. The

application of special solution techniques, e.g. bound-constrained solvers, would require

further modi�cations, which is out of the scope of this work.

Another part of the work is focused on the study of the non-standard problem of Hertzian

indentation fracture, including both stages of indentation fracture, the initial crack for-

mation and subsequent cone crack propagation. First, it was illustrated that the concept

of �nite fracture mechanics in the format suggested by Leguillon (2002) is a reasonable

tool for analyzing the indentation fracture initiation. Using a hybrid fracture criterion

comprising a strength (stress) and a toughness (energy) condition it is hence possible to

reproduce experimental �ndings without any assumptions beyond the material properties

“sti�ness” (� , a ), “strength” (ft) and “fracture toughness” (Gc). In particular, the experi-

mentally observed dependence of the critical load as well as the crack location (radius)

on the indenter radius could be qualitatively and — to some extent — also quantitatively

reproduced. This comprises the size e�ect commonly referred to as Auerbach’s law. Quan-

titative deviations from experimental �ndings have to be seen in the light of various

assumptions made in the theoretical analysis. For instance, indentation was idealized as

frictionless with a rigid and perfectly sharp-edged punch; e�ects of rounded indenter

edges and friction on the indentation stress �eld have been examined, e.g., in Ciavarella

et al. (1998). Interestingly, it has turned out that the application of the hybrid (two-part)

criterion of �nite fracture mechanics to indentation fracture gives rise to two regimes: one

in which both the stress and the energy criterion are active, and a second regime where

only the energy criterion is active while the stress criterion is oversatis�ed. The existence

of two regimes with respect to the dependence of the critical load on the indenter radius

has experimentally been shown already by Tillett (1956). However, its relation to the two

regimes predicted by the present theoretical analysis is not yet fully understood. The

comparison of the semi-analytical determination of the average energy release rate with

its numerical computation from detailed �nite element simulations has shown that the

simpli�cation of using the pre-fracture indentation stress �eld for analyzing the initial ring

crack formation is not very severe. However, during subsequent cone crack propagation

the alteration of the initial indentation stress �eld by the presence of the crack is known

to be much stronger and needs to be accounted for (Lawn et al., 1974).

In a second step, the entire process of Hertzian indentation fracture from nucleation to

ultimate cone crack propagation was analyzed by employing a phase �eld method. On

the one hand, it was shown that the phase �eld method is — if constitutive ingredients

have been selected carefully — capable of reproducing both stages of the indentation

fracture problem, i.e. crack initiation at some a priori unknown location as well as the

subsequent evolution of the cone-shaped crack. Thereby, the in�uence of geometrical
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and material parameters was studied. On the other hand, this non-standard fracture

problem served as a paradigm for a thorough assessment of the phase �eld methodology.

Thus, the presented computational study allows to draw several conclusions listed below.

These concern mainly the utilized phase �eld methodology and only to a lower extent the

fracture process itself, since the latter is studied in the framework of a strongly idealized

boundary value problem. In fact, tailoring a phase �eld model capable to capture crack

nucleation as well as propagation in a quantitative manner has provided a deep insight

into this computational technique and has revealed a number of additional critical issues

and shortcomings:

• Common phase �eld models based on isotropic splits (i.e. independent of crack ori-

entation, like the spectral or volumetric-deviatoric decomposition) of the degraded

and crack driving energy portions in the framework of a variational treatment —

as pursued in the majority of the literature — have proven to be not suitable for the

simulation of indentation fracture since they do generally not provide traction-free

faces of open cracks and/or predict an unphysical phase �eld evolution. One may

ask how strongly this shortcoming takes e�ect in other applications.

• The internal length parameter of the phase �eld model is physically determined

(and hence prohibited from being sent to zero) once the material’s strength and

toughness are prescribed independently in order to capture crack nucleation and
propagation.

• The interplay of the degradation function 6 (S) and the local crack surface func-

tionE (S), which are constitutively chosen ingredients of any phase �eld fracture

model and a�ect the internal length as well as the exchange of mechanical and

crack surface energy, is not yet fully explored and requires further investigation.

This concerns the impact of these functions on both the state of crack nucleation

as well as propagation of an existing crack. Besides some quantitative e�ects, the

application of other local crack surface functions, e.g. the linear crack surface

function introduced in Sect. 3.3.1 and further discussed in Sect. 3.4.5, might also

imply qualitative di�erences with respect to crack initiation.

• The smeared representation of cracks in the phase �eld setting with a continuous

transition from intact to broken material raises the issue of how to establish the

irreversibility of fracture. This is particularly critical in situations (as the present)

where crack initiation takes place in the absence of a stress singularity and, hence,

without a �xed location of phase �eld localization.

• Another open issue in phase �eld fracture modeling is how to take into considera-

tion the energy consumed by the di�use crack tip which is not accounted for in

the crack surface density and becomes crucial in the case of short cracks and crack

nucleation.

• Owing to the above-discussed limitations and particularly in view of the rather

large internal length of the phase �eld model it was not possible to extend the

present study to very small indenter radii. As a consequence, the so-called Auerbach
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range (see Sects. 4.1 and 4.2.4) could not be explored in the present study. This

could perhaps be accomplished by further modi�cations of the phase �eld evolution

equation which, however, still has to provide consistency between elastic and crack

surface energy.

• On the other hand, a physically more realistic extension of theoretical/numerical

studies of indentation fracture (by phase �eld or any other methods) to very small

indenter radii presumably should be based on a less idealized boundary value

problem than the one considered here (Sect. 4.1).

It has been shown in the previous chapter, that the requirements stated at the beginning

of Sect. 4.3.6 are essential for the physically sound phase �eld modeling of indentation

fracture. Yet, it seems plausible that these requirements need to be ful�lled also in other

applications of phase �eld fracture modeling. Moreover, only by being aware of the various

open questions regarding constitutive choices and appropriate numerical treatment, the

phase �eld approach to fracture should be applied to complex crack phenomena.

All in all, the framework of phase �eld modeling o�ers great potential to simulate frac-

ture, including a physically sound prediction of crack formation. The suitable choice of

constitutive models and corresponding parameters, however, does require much attention

to reproduce the fracture problem consistently. From the theory standpoint, there are

still many pressing questions, such as if Γ-convergence is required in general and, if so,

it also holds for all the modi�cations presented in this work. One main issue still is the

formulation of a tension-compression asymmetric response which is both able to describe

the e�ects of (macroscopic) crack closure and di�erent behavior of material subjected to

tension or compression. In the context of Hertzian indentation fracture, the impact of

more realistic conditions, e.g., including friction between the indenter and the solid body,

would be of interest. The extension of the study to spherical indenters introduces a contact

area varying with the indenter load. This, however, would require a much more accurate

treatment of irreversibility in conjunction with the gradual formation of the initial ring

crack. For this purpose, the application of a di�erent local crack surface function might

succeed.
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A Some mathematical and
mechanical preliminaries

A.1 Tensor notation, algebra and analysis

Throughout this work, a common bold face notation is used, with lowercase letters indi-

cating a tensor of �rst order (vector) and capital letters indicating a second order tensor.

Tensors of higher order or deviations from the common notation are introduced/indicated

accordingly. Normal font letters denote scalars (tensors of zero order) and, equipped with

subscripts, components of tensors. In some cases, it is convenient to use index notation,

where Latin subscripts take the range {1, 2, 3}. Repeated indices imply summation (Ein-
stein’s summation convention) while a comma indicates partial di�erentiation with respect

to the corresponding coordinate.

To introduce vectors and tensors of higher order, a right-handed and orthonormal co-

ordinate system is introduced, which consists of three base vectors e 1, e 2, e 3 called a

(Cartesian) basis. Their properties are |e 1 | = |e 2 | = |e 3 | = 1 and e 1 × e 2 = e 3, where the

latter expression is equivalent to det( [e 1 e 2 e 3]) = 1. Any vector a in a three dimensional

Euclidean space E3
is represented by a unique linear combination as

a = 01 e 1 + 02 e 2 + 03 e 3 = 07 e 7 , (A.1)

with 07 = a · e 7 being the components of vector a . These components are equivalent

with the projections of the vector onto the basis vectors. Accordingly, tensors of second

order

G = �11 e 1 ⊗ e 1 + �12 e 1 ⊗ e 2 + · · · + �33 e 3 ⊗ e 3 = �7 8 e 7 ⊗ e 8 (A.2)

or any higher order are introduced in an analogous manner. Tensors of �rst order a and

second order G can be represented (e.g. according to a basis e 7 ) as (column) vector and

matrix [
a
]
{e 7 } =


01

02

03

 and

[
G
]
{e 7 } =


�11 �12 �13

�21 �22 �23

�31 �32 �33

 , (A.3)

respectively. The transpose of the second order tensor is

GT
:= (GT)7 8 e 7 ⊗ e 8 = �8 7 e 7 ⊗ e 8 . (A.4)
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It is used to additively decompose a second order tensor G = Gsym + Gskw into a symmetric

tensor and an antisymmetric or skew tensor. Both the symmetric tensor and the skew

tensor are unique for any second order tensor and are

Gsym = (G + GT)/2 and Gskw = (G − GT)/2 , (A.5)

respectively. The identity or unit tensor of second order is denoted (in Cartesian coordi-

nates) by

O := X7 8 e 7 ⊗ e 8 , (A.6)

with X7 8 := 1 for 7 = 8 and X7 8 := 0 for 7 ≠ 8 being the Kronecker delta.

To multiply two tensors of order ; > 0 and < > 0 with each other, there are di�erent

types of multiplication available. The dot operator, e.g. between two vectors a and b
according to

a · b = 07 1 8︸︷︷︸
= 2

e 7 · e 8︸︷︷︸
=: X7 8

= 2 , (A.7)

denotes the inner product or a (single) contraction. Contraction means, that one sums

over the involved indices, the right index of the expression on the left and the left index

of the expression on the right, which then disappear. Thus they are called summation or

dummy indices, in contrast to the indices which remain (free indices). The operation can

be applied to any combination of tensors with ; ≥ 1 and < ≥ 1, e.g. between two second

order tensors according to

G · H = �79 �: 8︸ ︷︷ ︸
= �7 8

(e 7 ⊗ e9 ) · (e :︸   ︷︷   ︸
=: X9:

⊗e 8 ) = �7 8 e 7 ⊗ e 8 = I . (A.8)

The result is a tensor of order < +; − 2. Powers of a second order tensor are de�ned by

using the single contraction according to

G1 = G , G2 = G · G , G3 = G · G · G , . . . (A.9)

(e.g. Başar, 2000). If a second order tensor is nonsingular (det(G) ≠ 0), it is invertible and

a unique inverse G−1
exists with

G · G−1 = G−1 · G = O , (A.10)

which also constitutes the zero power second order tensor

G0 = G2 · G−2 = O (A.11)

with 2 ∈ R. The determinant is de�ned according to the determinant of a matrix,

i.e. detG = det[G]. In absence of whole numbers, powers 2 ∈ R can be evaluated by

214



A Some mathematical and mechanical preliminaries

using the spectral decomposition of a symmetric second order tensor G (with real eigen-

values _U and principal directions nU ), i.e.

G2 =
3∑

U=1

(_U)2 nU ⊗ nU , (A.12)

see App. A.5. A second order tensor or matrix X is orthogonal if XT = X−1
, which is equal

to XT · X = O . Further, it is proper orthogonal if det(X ) = 1, which preserves the sense of

direction, and is improper if det(X ) = −1.

Double contraction is denoted by two (vertically aligned) dots
1

and de�ned as the pairwise

summation, e.g. double contraction two second order tensors G and H results in

G .. H = �7 8 �9:︸ ︷︷ ︸
= 2

(e 7 ⊗ e 8 ) .. (e9 ⊗ e :︸                 ︷︷                 ︸
= X79 X8 :

) = 2 . (A.13)

The operation can be applied to any combination of tensors with ; ≥ 2 and < ≥ 2 and

results in a tensor of order < +; − 4. Double contraction can be also used to extract the

sum of the diagonal elements of a second order tensor according to

trG := O .. G = G .. O = �7 7 = �11 + �22 + �33 , (A.14)

which is known as the trace of the tensor. The norm of a second order tensor is de�ned

by the square root of the double contraction by itself and is non-negative, i.e.

| |G | | :=
√
G .. G ≥ 0 . (A.15)

If the result of a contraction is a scalar (tensor of order zero), as in the examples above,

the product is denoted as scalar product.

The cross (or vector) product is de�ned (by considering two vectors) according to

a × b = 07 1 8 e 7 × e 8︸ ︷︷ ︸
=: E7 89 e9

=


02 13 − 03 12

03 11 − 01 13

01 12 − 02 11

 = c , (A.16)

with the permutation symbol (or Levi-Civita symbol) E7 89 := 1 for even permutations

(1, 2, 3), (2, 3, 1) or (3, 1, 2), E7 89 := −1 for odd permutations (3, 2, 1), (1, 3, 2) or (2, 1, 3)
and E7 89 := 0 for all other cases (containing repeated indices). According to (A.16), it

can be used to obtain the vector c , which is perpendicular to a and b . In addition, it

is introduced as right-handed cross product, i.e. the three vectors form a right-handed

1
Note, that no unique symbolic notation exists. For instance, the double dot product G .. H is de�ned according

to Reddy (2017) as �7 8 � 8 7 , while in Holzapfel (2000) its de�nition is �7 8 �7 8 .
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system. The cross product can be applied to any combination of tensors with ; ≥ 1 and

< ≥ 1 and results in a tensor of order < +; − 1. Although the permutation symbol E7 89
is de�ned only in three dimensions, a cross product-like procedure to calculate perpen-

dicular vectors exists for dimensions < other than three, i.e. for < > 1. By using the

property G · adj(G) − det(G) O = 0, one can build up the square matrix

G =
[
a1 a2 . . . a<−1 ã

]
T

, (A.17)

with the <-dimensional given vectors a 7 and a vector with arbitrary components ã . Finally,

from G̃ = adj(G), the vector c = G̃7< is obtained (< here indicates the last column), which

is perpendicular to the other vectors.

The tensor product, outer product, dyadic product or dyad is de�ned (by considering two

vectors) according to

a ⊗ b = 07 1 8︸︷︷︸
= �7 8

e 7 ⊗ e 8 = I . (A.18)

Any second order tensor can be expressed as a linear combination of dyads with scalar

coe�cients (also known as dyadic), e.g. G = U a ⊗ b + V c ⊗ d + . . . with the vectors a , b ,

c , d , . . . . The tensor product can be applied to any combination of tensors with ; ≥ 1

and < ≥ 1 and results in a tensor of order < +; .

Possible identities of fourth order are

ˆI := X79 X8 : , ˜I := X7: X89 and I := X7 8 X9: = O ⊗ O , (A.19)

so that any second order tensor G is projected according to

ˆI .. G = G .. ˆI = G and
˜I .. G = G .. ˜I = GT . (A.20)

In addition, the symmetric identity

Isym :=
1

2

(X79 X8 : + X7: X89 ) =
1

2

(ˆI + ˜I) (A.21)

and antisymmetric identity

Iasym :=
1

2

(X79 X8 : − X7: X89 ) =
1

2

(ˆI − ˜I) (A.22)

are introduced. Powers of a symmetric fourth order tensor A are de�ned by using the

double contraction (e.g. Itskov and Başar, 2000)

A1 = A , A2 = A .. A , A3 = A .. A .. A , . . . (A.23)

with the zero power symmetric fourth order tensor

A0 = Isym (A.24)
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(Betten, 1982). If a symmetric fourth order tensor is nonsingular (det(A) ≠ 0, the determi-

nant of a matrix representation of the tensor is evaluated, see App. A.7), it is invertible

and a unique inverse A−1
exists with

A .. A
−1 = A−1

.. A = Isym . (A.25)

In absence of whole numbers, powers 2 ∈ R can be evaluated via a spectral decomposition,

i.e. the tensor is converted by using the Kelvin notation, see App. A.7, to a 6 × 6 matrix

and the procedures given in App. A.5 are extended accordingly. Finally, it is

A2 =

6∑
U=1

(_U)2 T U ⊗ T U , (A.26)

with the real eigenvalues _U and principal directions T U = nU ⊗ nU .

In the following, some useful di�erential operators are de�ned, which can be applied on

tensor �elds of di�erent order to obtain their spatial derivatives. In particular, a scalar

�eld 5 (x ), a vector �eld f (x ), and a tensor �elds L (x ) (of second order) are considered.

Since the divergence operator reduces the order of the tensor by one, it can only be applied

on the vector and tensor �eld, i.e.

div

(
f (x )

)
:=

m07

mF7
= 57 ,7 ,

div

(
L (x )

)
:=

m�7 8

mF8
e 7 = �7 8 ,8 e 7 . (A.27)

In the case of div f = 0 the vector �eld f (x ) is divergence-free or solenoidal. The curl op-

erator can be applied on the vector and tensor �eld according to

curl

(
f (x )

)
:= E;<7

m5;

mF<
e 7 = E;<7 5;,< e 7 ,

curl

(
L (x )

)
:= E;<8

m�7;

mF<
e 7 ⊗ e 8 = E;<8 �7;,< e 7 ⊗ e 8 , (A.28)

with E7 89 being the Levi-Civita operator as introduced above. By applying the curl operator

the order of the tensor is unchanged. The vector �eld f (x ) is irrotational or curl-free

if curl f = 0. Gradients of the scalar, vector, and tensor �eld are obtained by applying the

gradient operator according to

grad

(
5 (x )

)
:=

m5

mF7
e 7 = 5,7 e 7 ,

grad

(
f (x )

)
:=

m57

mF8
e 7 ⊗ e 8 = 57 ,8 e 7 ⊗ e 8 ,

grad

(
L (x )

)
:=

m�7 8

mF9
e 7 ⊗ e 8 ⊗ e9 = �7 8 ,9 e 7 ⊗ e 8 ⊗ e9 . (A.29)
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By applying the gradient operator the order of the tensor is increased by one. Note further

the relation tr(grad f ) = div f . The di�erential operators given above are based on the

assumption, that the total derivative of a vector function is

df = grad

(
f (x )

)
dx =

m57 e 7
mF9

e9 · dF8 e 8 =
m57

mF8
dF8 e 7 , (A.30)

so the di�erentiation is carried out from the right hand side (e.g. Malvern, 1969). Thus,

they are more explicitly called right-gradient, right-rotation and right-divergence operator

to distinguish the result from the left-operators, which, in most cases, is di�erent. In this

context, to generalize the application of di�erential operators from the right hand side,

the Nabla or del operator is introduced as a vector according to

∇(•) :=
m(•)
mF7

e 7 = (•),7 e 7 . (A.31)

Accordingly, the di�erential operators operating on a tensor of su�cient order can be

written as

div(•) = • · ∇ , curl(•) = • × ∇ , grad(•) = • ⊗ ∇ . (A.32)

In the following, the Nabla symbol is only used to indicate the gradient, i.e. ∇f := grad f .

Based on the additive decomposition (A.5), symmetric and antisymmetric portions of the

gradient

∇sf :=
1

2

( 57 ,8 + 58 ,7 ) e 7 ⊗ e 8 and ∇af :=
1

2

( 57 ,8 − 58 ,7 ) e 7 ⊗ e 8 (A.33)

can be de�ned with ∇f = ∇sf + ∇af .

Common second derivatives are the Laplacian with

Δ5 (x ) := div(grad 5 ) = m2 5

mF7 mF7
= 5,7 7 ,

Δf (x ) := div(grad f ) = m2 57

mF8 mF8
e 7 = 57 ,8 8 e 7 ,

ΔL (x ) := div(gradL ) =
m2�7 8

mF9 mF9
e 7 ⊗ e 8 = �7 8 ,99 e 7 ⊗ e 8 , (A.34)

and the Hessian with

∇2 5 := grad(grad 5 ) = m2 5

mF7 mF8
= 5,7 8 e 7 ⊗ e 8 ,

∇2f (x ) := grad(grad f ) = m2 57

mF8 mF9
e 7 ⊗ e 8 ⊗ e9 = 57 ,89 e 7 ⊗ e 8 ⊗ e9 ,

∇2L (x ) := grad(gradL ) =
m2�7 8

mF9 mF:
e 7 ⊗ e 8 ⊗ e9 ⊗ e :

= �7 8 ,9: e 7 ⊗ e 8 ⊗ e9 ⊗ e : . (A.35)
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In terms of the Nabla operator (A.31), the Laplacian and Hessian are Δ• = (• ⊗ ∇) · ∇
and ∇2• = • ⊗ ∇ ⊗ ∇, respectively. It should be further noted that

div(curl f ) = 0 (A.36)

and

curl(∇5 ) = 0 (A.37)

for any vector �eld f (x ).

The variation of a quantity is denoted by

Xb (•) :=
m(•)
mb

����
b=0

. (A.38)

In addition, the directional derivative, also known as the Gâteaux derivative, is introduced

according to

X� (u , Xu) = �Xu� (u) =
d

dn
� (u + n Xu)

����
n=0

. (A.39)

Note, that both the variational operator (A.38) and the Gâteaux operator (A.39) are lin-

ear.

A.2 Theorems and useful relations

Integral theorems

Integral theorems are essential in continuum mechanics and relate surface integrals of

�elds to volume integrals. The divergence theorem, also known as Gauss’s divergence

theorem
2
, in particular establishes a relation between the �ux of a vector �eld through a

closed surface and the divergence of this �eld. Suppose f (x ) is a continuously di�eren-

tiable vector �eld de�ned in a three-dimensional Euclidean space with volume Ω, which is

bounded by a smooth closed surface mΩ with the outward normal vector n . The relation

(without further proof) is ∫
mΩ

f · n d� =

∫
Ω

div(f ) d+ (A.40)

2
As traced by Stolze (1978), it was not Carl Friedrich Gauss who stated the divergence theorem. But in Gauss’s

work from 1813 some relations between volume and surface integrals have been proven, which were used by

James Clerk Maxwell in his treatise on electricity and magnetism in 1873. The history of integral theorems

might date back to 1762, when Joseph-Louis Lagrange transformed volume integrals to surface integrals by

using integration by parts. In 1826 Mikhail Vasilyevich Ostrogradskii presented the divergence theorem in

Cartesian coordinate form and gave a general proof (published in 1831). At the same time Siméon-Denis

Poisson, George Green and Frédéric Sarrus independently applied the theorem. Much later on, in 1893, Oliver

Heaviside published the vector form of the theorem.
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with n being the outward normal vector on mΩ. Gauss’s divergence theorem can be

extended to other useful relations for scalars and tensors of second order by replacing

the vector �eld in (A.40) by appropriately. For f (x ) = U a with a constant vector a and a

continuously di�erentiable scalar �eld U (x ) it is

07

∫
mΩ

U <7 d� =

∫
mΩ

(U 07 ) <7 d�
(A.40)

=

∫
Ω

m(U 07 )
mF7

d+ = 07

∫
Ω

mU

mF7
d+ (A.41)

to show the Green-Gauss-Ostrogradski theorem∫
mΩ

U n d� =

∫
Ω

grad(U) d+ . (A.42)

For f = ˜GT · a with a constant vector a and a continuously di�erentiable tensor �eld
˜G (x )

it is

0 8

∫
mΩ

˜�8 7 <7 d� =

∫
mΩ

( ˜�8 7 0 8 ) <7 d�
(A.40)

=

∫
Ω

m( ˜�8 7 0 8 )
mF7

d+ = 0 8

∫
Ω

m ˜�8 7

mF7
d+ (A.43)

to show (with G = ˜GT
) ∫

mΩ

G · n d� =

∫
Ω

div(G) d+ . (A.44)

Similar results are obtained for higher-order tensors as well as for other dimensions than

three.

Partial integration

Di�erentiation of the product of a scalar �eld U (x ) and vector �eld a (x ) gives by using

the product rule

div(U a) = m(U 07 )
mF7

=
mU

mF7
07 + U

m07

mF7
= gradU · a + U diva (A.45)

which can be rewritten as

a · gradU = −U diva + div(U a) . (A.46)

Accordingly, di�erentiation of the product of a vector �eld a (x ) and the transpose of a

tensor �eld G (x ) gives by using the product rule

div(GT · a) =
m(�8 7 07 )
mF8

=
m�7 8

mF8
07 + �7 8

m07

mF8
= divG · a + G .. grada (A.47)
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which can be rewritten as

G .. grada = − divG · a + div(GT · a) . (A.48)

By using the Gauss’s divergence theorem we obtain the expressions for partial integra-

tion (or integration by parts) of a scalar �eld U (x ) and vector �eld a (x ) in multiple

dimensions ∫
Ω

a · gradU d+ = −
∫
Ω

U diva d+ +
∫
Ω

div(U a) d+

(A.40)

= −
∫
Ω

U diva d+ +
∫
mΩ

U a · n d� (A.49)

and ∫
Ω

G .. grada d+ = −
∫
Ω

divG · a d+ +
∫
Ω

div(GT · a) d+

(A.40)

= −
∫
Ω

divG · a d+ +
∫
mΩ

(GT · a) · n d� (A.50)

respectively.

Some useful relations

By substituting the linear elastic law (2.83) and the kinematic relations (2.17) into the

equation of motion (2.47), the system of Navier equations is

d
..
C 7

(2.47)

= f7 8 ,8 + 57
(A.76)

= (_C9 ,9 X7 8 + ` (C7 ,8 + C 8 ,7 )),8 + 57
= _C 8 ,8 7 + ` (C7 ,8 8 + C 8 ,7 8 ) + 57 = (_ + `) C 8 ,8 7 + `C7 ,8 8 + 57 . (A.51)

In addition, the identity

grad(divu) − ∇ × (∇ × u) =

C1,11 + C1,22 + C1,33

C2,11 + C2,22 + C2,33

C3,11 + C3,22 + C3,33

 = Xu (A.52)

the identity

∇(divu) − Δu = curl(curlu) , (A.53)

is useful to derive the Helmholtz wave equations.

221



A Some mathematical and mechanical preliminaries

A.3 Integration by substitution

Integration by substitution is used to evaluate integrals of the form

� (F) =
F1∫

F0

(
5
(
6 (F)

) d6 (F)
dF

)
dF (A.54)

by applying the substitution with the intermediate variable C := 6 (F). Here, 6 (F) is

a di�erentiable function depending on F with a continuous derivative and 5 is also

continuous. Consequently, di�erential expression dC/dF = d6 (F)/dF can be rewritten

as

dC =
d6 (F)

dF
dF . (A.55)

The lower and upper integration boundaries F0 and F1 are substituted accordingly, i.e.

C0 := 6 (F0 ) and C1 := 6 (F1 ) , (A.56)

respectively. Finally, the de�nite integral � (F) can be calculated by

� (C) =
C1∫

C0

5 (C) dC . (A.57)

The application on a functionE
(
S(F)

)
, where the function argument itself depends on

the coordinate S(F) is then, with the given relation dF = 5 (S) dS,

1∫
0

E
(
S(F)

)
dF =

S (1)∫
S (0)

E (S) 5 (S) dS . (A.58)

A.4 Invariants

The three principal invariants of a second order tensor L in a three-dimensional space

are

IF := tr(L ) = �11 + �22 + �33 ,

IIF :=
1

2

[ (
tr(L )

)
2 − tr(L 2)

]
=�11 �22 + �22 �33 + �11 �33 − �12 �21 − �23 �32 − �13 �31 ,

IIIF := det(L ) = �11 �22 �33 − �11 �23 �32 − �12 �21 �33

+�12 �23 �31 + �13 �21 �32 − �13 �22 �31 . (A.59)
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In case of a symmetric tensor G := (L + L T)/2 the principal invariants can be simpli�ed

to

IA := tr(G) = �11 + �22 + �33 = _1 + _2 + _3

IIA :=
(
tr(G)2 − tr(G G)

)
/2 = �11 �22 + �22 �33

+�11 �33 − �2

12
− �2

23
− �2

13
= _1 _2 + _2 _3 + _1 _3

IIIA := det(G) = �11 �22 �33 − �11 �
2

23
− �22 �

2

13

−�33 �
2

12
+ 2�12 �23 �13 = _1 _2 _3 . (A.60)

Alternatively, main invariants can be de�ned instead, which are for the second order

symmetric tensor G

ÎA := tr(G) = �11 + �22 + �33 ,

ÎIA := tr(G2) = �2

11
+ �2

22
+ �2

33
+ 2�2

12
+ 2�2

23
+ 2�2

13
,

ˆIIIA := tr(G3) = �3

11
+ �3

22
+ �3

33
+ 3

(
�11 �

2

12
+ �11 �

2

13
+ �22 �

2

12

+�22 �
2

23
+ �33 �

2

23
+ �33 �

2

13

)
+ 6�12 �23 �13 . (A.61)

The relation between the principal invariants (A.60) and main invariants (A.61) is

IA = ÎA , IIA =
Î
2

A

2

− ÎIA

2

, IIIA =
Î
3

A

6

− ÎA ÎIA

2

+
ˆIIIA

3

, (A.62)

the inverse relation reads

ÎA = IA , ÎIA = I
2

A
− 2IIA , ˆIIIA = I

3

A
− 3IA IIA + 3IIIA . (A.63)

Variables Number of

invariants

List of invariants

v 1 v · v
G 3 trG , tr(G2), tr(G3)
G , v 6 v · G · v , v · G · G · v

and the invariant of v and the three invariants of G

G , H 10 tr(G · H), tr(G2 · H), tr(G · H2), tr(G2 · H2)
and the three invariants of G and the three invariants of H

G , H , v 16 (G · v ) · (H · v )
and the invariant of v , the three invariants of G , the three

invariants of H , the two additional invariants of G , v the

two additional invariants of H , v and the four additional

invariants of G , H

Table A.1: List of invariants of symmetric second order tensors G and H and a vector v in a three-dimensional

space.
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The multiplication of tensors of �rst and second order results in a new set if invariants,

which depend on the invariants of the initial tensors. For example, the invariants of

a vector v and combinations with the symmetric second order tensors G and H in a

three-dimensional space are comprised in Tab. A.1, for more details see, e.g., Boehler

(1977).

A.5 Principal values and directions

Regarding a symmetric second order tensor G in an arbitrary (Cartesian) coordinate system,

in general all elements can be non-zero. In a particular coordinate system, however, only

elements on the main diagonal can be non-zero. The tensor can then be represented by its

spectral decomposition

G =

3∑
U=1

_U nU ⊗ nU , (A.64)

with the principal values _U ∈ R (elements on the main diagonal) and corresponding

principal axes (principal directions) nU . Principal values and axes are the solution of the

homogeneous linear system of equations

(G − _U O ) nU = 0 . (A.65)

A non-trivial solution (n ≠ 0) is obtained only if the determinant det(G − _ O ) vanishes.

Since this solution exists only for some speci�c values of _, the problem (A.65) is also

called eigenvalue problem. Accordingly, the solutions _U and nU are called eigenvalue

and eigenvector, respectively. The vanishing determinant leads to a cubic equation, the

characteristic polynomial

> (_) = det(G − _ O ) = _3 − IA _
2 + IIA _ − IIIA = 0 . (A.66)

Since the roots of the cubic equation are not in�uenced by the coordinate system, also

the scalar coe�cients IA, IIA and IIIA must be independent of the choice of the coordi-

nate system. Therefore, they are the principal invariants of tensor G and are given as

linear, quadratic and cubic functions of the components of G according to (A.60). In accor-

dance with (A.66), the Cayley-Hamilton theorem can be used to obtain the characteristic

equation

G3 − IA G2 + IIA G − IIIA O = 0 . (A.67)

It can be used to compute the inverse of G according to

G−1 =
1

IIIA

(
G2 − IA G + IIA O

)
. (A.68)

Since the solution of eigenvalue problems of symmetric second order tensors or 3 × 3 ma-

trices is a common task, a closed form solution and robust implementation is preferred.

The eigenvalues _U and dyadic products of the eigenvectors T U := nU ⊗ nU can be
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computed explicitly from the invariants. In the following, a slightly modi�ed version of

the approaches proposed by Morman Jr. (1986) and Franca (1989) is presented, which is

also used in widely used textbooks (Simo and Hughes, 1998; Wriggers, 2008). First the

auxiliary parameter

? := I
2

A
− 3IIA ≥ 0 (A.69)

is calculated, which quanti�es the di�erence between the three eigenvalues. In case of

equal eigenvalues (? → 0) the solution is _1...3 = IA/3. Otherwise, with

> := −I
3 + 9

2

IA IIA −
27

2

IIIA (A.70)

the angle
3

\ = arccos

(
>/

√
?3

)
(A.71)

can be computed. The eigenvalues of G are �nally (already arranged in descending

order)

_U =
IA

3

− 2

3

√
? cos

(
\

3

+ 2c

3

U

)
. (A.72)

If all eigenvalues are di�erent (_1 > _2 > _3) the dyadic products of the eigenvectors/prin-

cipal directions are

T U := nU ⊗ nU =
_U

2_3

U − IA _
2

U + IIIA

(
G2 − (IA − _U) G + IIIA/_U O

)
. (A.73)

In the case that two eigenvalues are equal, e.g. _1 > _2 = _3, the dyadic product T 1 is

calculated according to (A.73) while

T 2 + T 3 = O − T 1 . (A.74)

For three equal eigenvalues (_1 = _2 = _3) one obtains

T 1 + T 2 + T 3 = O . (A.75)

In general, the spectral decomposition is not limited to 3x3 matrices, which are used to

represent second order tensors.

A.6 Linear elastic relations

Isotropic linear elastic material serves as a basis for further damage and fracture modeling

in this work. In the following, useful relations are provided to shorten the discussion in

di�erent chapters.

3
For numerical reasons, instead of evaluating the arccosine, usually the function atan2(

√
?3 − @ 2, @ ) is used to

improve the result for ? → 0, see Simo and Hughes (1998).
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The stress-strain relation of an isotropic linear elastic material in terms of the Lamé

constants is

f7 8
(2.83)

= �7 89: Y9:
(2.17)

= �7 89: (C9,: + C: ,9 )/2
(2.85)

= [_ X7 8 X9: + ` (X79 X8 : + X7: X89 )] (C9 ,: + C: ,9 )/2
= _C9,9 X7 8 + ` (C7 ,8 + C 8 ,7 ) . (A.76)

All relevant relations between elastic parameters are given in Tab. A.2.

_, `  ,� � ,� � , a

_ _  − 2

3

�
� (� − 2� )

3� − �
� a

(1 + a) (1 − 2a)

` ` � �
�

2(1 + a)

� ` � �
�

2(1 + a)

 _ + 2

3

`  
� �

3(3� − � )
�

3(1 − 2a)

�
` (3_ + 2`)

_ + `
9 �

3 +� � �

a
_

2(_ + `)
3 − 2�

2(3 +� )
�

2�
− 1 a

Table A.2: Relations between common linear elastic parameters.

Plane stress and strain

In the plane stress state all stress components on a plane, e.g. in H-direction, are equal to

zero, i.e.

fHH = fFH = fGH
!

= 0 . (A.77)

Solving Hook’s law (2.83) by using the conditions in (A.77) the stress components in

isotropic material are

fFF =
�

1 − a2
(YFF + a YGG )

fGG =
�

1 − a2
(YGG + a YFF )

fFG =
�

1 + a YFG (A.78)
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and the non-zero strain components are

YFF =
1

�
(fFF − a fGG )

YGG =
1

�
(fGG − a fFF )

YFG =
1 + a
�

fFG

YHH = −
a

1 − a (YFF + YGG ) . (A.79)

Equivalently, elastic relations for the plane strain state, where all strain components with

respect to a plane, e.g. also in H-direction, are equal to zero, are obtained, i.e.

YHH = YFH = YGH
!

= 0 . (A.80)

The non-zero stress components are

fFF =
�

(1 + a) (1 − 2a)
(
(1 − a) YFF + a YGG

)
=

� ′

1 − a ′2
(YFF + a ′ YGG )

fGG =
�

(1 + a) (1 − 2a)
(
(1 − a) YGG + a YFF

)
=

� ′

1 − a ′2
(YGG + a ′ YFF )

fFG =
�

1 + a YFG =
� ′

1 + a ′ YFG

fHH = a (fFF + fGG ) (A.81)

while the non-zero strain components are

YFF =
1 − a2

�

(
fFF −

a

1 − a fGG
)
=

1

� ′
(fFF − a ′ fGG )

YGG =
1 − a2

�

(
fGG −

a

1 − a fFF
)
=

1

� ′
(fGG − a ′ fFF )

YFG =
1 + a
�

fFG =
1 + a ′
� ′

fFG . (A.82)

As depicted in (A.81) and (A.82), only by substituting the elastic constants with

� ′ := �/(1 − a2) and a ′ := a/(1 − a) the relations in plane strain (A.81) and (A.82) and

plane stress (A.78) and (A.79) are equivalent.

A.7 Matrix-vector notation

Tensors of orders higher than two are di�cult to handle on paper, so a compact notation

would be bene�cial. In addition, symmetric tensors contain many equal components. The

numerical performance of symmetric tensors and matrices can be improved by reducing
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the evaluation of equal expressions. Therefore, some quantities and relations can be

reformulated in simple matrix-vector notations. There are several practical possibilities,

in the following we regard the most common two approaches.

To illustrate common approaches, we regard Hook’s law (2.83), which is given by

f7 8 = �7 89: Y9: , (A.83)

with the symmetric fourth order elasticity tensor �7 89: . The inverse relation reads

Y7 8 = (7 89: f9: , (A.84)

with the fourth-order compliance tensor (7 89: = �
−1

7 89:
. The corresponding matrix-vector

notations would look like

f̂7 = ˆ�7 8 Ŷ8 and Ŷ7 = ˆ(7 8 f̂8 . (A.85)

Voigt notation

As already mentioned above, there is no unique transformation law between the (physically

motivated) tensor notations (A.83) or (A.84) and a technically motivated approach (A.85).

A widely used concept in �nite element codes is the Voigt notation
4
. By using the Voigt

notation the stress and strain tensors are transformed to vectors by skipping all symmetric

components and rearranging the (not uniquely de�ned) order, e.g., according to

−→ 2̂V

=



f11

f22

f33

f12

f23

f13


=



f1

f2

f3

f4

f5

f6


and −→ ŶYYV

=



Y11

Y22

Y33

2Y12

2Y23

2Y13


=



Y1

Y2

Y3

Y4

Y5

Y6


. (A.86)

The factor of two in the shearing components of the strain vector, often referred to as

engineering strain withW7 8 := 2Y7 8 (for 7 ≠ 8 ), appears to ful�ll the physical relation (A.83).

The corresponding elasticity matrix is

−→ ˆI
V

=



�1111 �1122 �1133 �1112 �1123 �1113

�1122 �2222 �2233 �1222 �2223 �1322

�1133 �2233 �3333 �1233 �2333 �1333

�1112 �1222 �1233 �1212 �1223 �1213

�1123 �2223 �2333 �1223 �2323 �1323

�1113 �1322 �1333 �1213 �1323 �1313


. (A.87)

4
Woldemar Voigt, German physicist, 2 Sep. 1850 – 13 Dec. 1919
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It is important to note, that the corresponding compliance tensor, however, is

−→ ˆY
V

=



(1111 (1122 (1133 2(1112 2(1123 2(1113

(1122 (2222 (2233 2(1222 2(2223 2(1322

(1133 (2233 (3333 2(1233 2(2333 2(1333

2(1112 2(1222 2(1233 4(1212 4(1223 4(1213

2(1123 2(2223 2(2333 4(1223 4(2323 4(1323

2(1113 2(1322 2(1333 4(1213 4(1323 4(1313


, (A.88)

and also contains components with pre-factors of two and four to ful�ll the physical

relation (A.84). Due to this modi�cation,
ˆI

V

≠ ( ˆYV)−1
. In addition, the principal values

and directions of
ˆI

V

and
ˆY

V

do not correspond to those of �7 89: and (7 89: , respectively.

Also transformations, e.g. rotations, require adapted rotation matrices.

Kelvin notation

Another matrix-vector representation is the Kelvin notation. The above shown transfor-

mation from given tensors to vectors and matrices is di�erent in the treatment of some

components. Strains and stresses are transformed according to

−→ 2̂K

=



f11

f22

f33√
2f12√
2f23√
2f13


=



f1

f2

f3

f4

f5

f6


and −→ ŶYYK

=



Y11

Y22

Y33√
2 Y12√
2 Y23√
2 Y13


=



Y1

Y2

Y3

Y4

Y5

Y6


. (A.89)

To ful�ll the physical relations (A.83) and (A.84) given by Hooke’s law the elasticity matrix

is

−→ ˆI
K

=



�1111 �1122 �1133

√
2�1112

√
2�1123

√
2�1113

�1122 �2222 �2233

√
2�1222

√
2�2223

√
2�1322

�1133 �2233 �3333

√
2�1233

√
2�2333

√
2�1333√

2�1112

√
2�1222

√
2�1233 2�1212 2�1223 2�1213√

2�1123

√
2�2223

√
2�2333 2�1223 2�2323 2�1323√

2�1113

√
2�1322

√
2�1333 2�1213 2�1323 2�1313


. (A.90)

and the compliance matrix is

−→ ˆY
K

=



(1111 (1122 (1133

√
2(1112

√
2(1123

√
2(1113

(1122 (2222 (2233

√
2(1222

√
2(2223

√
2(1322

(1133 (2233 (3333

√
2(1233

√
2(2333

√
2(1333√

2(1112

√
2(1222

√
2(1233 2(1212 2(1223 2(1213√

2(1123

√
2(2223

√
2(2333 2(1223 2(2323 2(1323√

2(1113

√
2(1322

√
2(1333 2(1213 2(1323 2(1313


. (A.91)
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The advantage of this speci�c matrix-vector notation is, that the principal values and

directions of
ˆI

K

and
ˆY

K

correspond to those of �7 89: and (7 89: . Since these physical

properties are kept in the transformed notation, also mathematical operations like the

inversion
ˆY

K

= ( ˆI K)−1
are valid.

A.8 Crack tip �elds

Depending on the type of crack opening the displacement �eld as well as strain and

stress �elds in the vicinity of a crack tip can be given by compex functions (Westergaard,

1939) or by factorization of stress �elds into radial terms and angular functions by using

the concept of stress intensity factors (see Sect. 2.2.3). In the following, only non-zero

components are given. The parameter ^ is used to distinguish between plane strain and

plane stress conditions with

^ =

{
3 − 4a plane strain

(3 − a)/(1 + a) plane stress

. (A.92)

As reported by Irwin (1960), the �elds can be easily extended to three dimensions since

they are insensitive with respect to the third coordinate.

For pure mode I loading (“tensile opening”) the displacment �eld is{
CF

CG

}
=
 I

2`

√
@

2c
(^ − cos i )

{
cos(i/2)

sin(i/2)

}
, (A.93)

the strain �eld is
YFF

YGG

YFG

 =
 I

2`

√
1

2c @
cos(i/2)


(^ − 1)/2 − sin(i/2) sin(3i/2)

(^ − 1)/2 + sin(i/2) sin(3i/2)

sin(i/2) cos(3i/2)

 (A.94)

with YHH = 0 under plane strain and

YHH = −
a

1 − a (YF + YG ) = −
 I

`

√
1

2c @

a

1 + a cos(i/2) (A.95)

under plane stress conditions and the stress �eld is
fFF

fGG

gFG

 =
 I√
2c @

cos(i/2)


1 − sin(i/2) sin(3i/2)

1 + sin(i/2) sin(3i/2)

sin(i/2) cos(3i/2)

 (A.96)
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with

fHH = a (fF + fG ) =
 I√
2c @

2a cos(i/2) (A.97)

under plane strain and fHH = 0 under plane stress conditions. From (A.93) one obtains

C±G = CG (±c) = ±
 I

2`

√
@

2c
(^ + 1) , (A.98)

which represents the parabola-shaped opened crack subjected to normal tension.

For pure mode II loading (“in-plane shear”) the displacment �eld is{
CF

CG

}
=
 II

2`

√
@

2c

{
sin(i/2) (^ + 2 + cos i )

cos(i/2) (^ − 2 + cos i )

}
(A.99)

and the stress �eld is
fFF

fGG

gFG

 =
 II√
2c @


− sin(i/2)

(
2 + cos(i/2) cos(3i/2)

)
sin(i/2) cos(i/2) cos(3i/2)

cos(i/2)
(
1 − sin(i/2) sin(3i/2)

)
 (A.100)

with fH = a (fF + fG ) under plane strain and fH = 0 under plane stress conditions.

For pure mode III loading (“out-of-plane shear”) the displacment �eld is

CH =
2 III

`

√
@

2c
sin(i/2) , (A.101)

the strain �eld is {
YFH

YGH

}
=

 III

2`
√

2c @

{
− sin(i/2)

cos(i/2)

}
(A.102)

and the stress �eld is {
gFH

gGH

}
=

 III√
2c @

{
− sin(i/2)

cos(i/2)

}
. (A.103)

A.9 Basic properties of the bracket operator

In order to extract the portion of a scalar parameter 0 ∈ R which is larger than a speci�c

scalar value > ∈ R, e.g. a threshold value, the bracket operator 〈•〉 with

〈0 − >〉 :=
1

2

(
|0 − > | + 0 − >

)
=

{
0 ∀0 ≤ >

0 − > ∀0 > >
(A.104)
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is utilized in the following. In the English literature the bracket operator is often denoted

as “Macaulay bracket” (Macaulay, 1919) while it actually has been introduced by Clebsch

(1862) to calculate beam de�ections and became publicly known by the work of Föppl

(1914). Alternatively, the bracket operator can be de�ned by

〈0 − >〉 := max

{
0 − >, 0

}
. (A.105)

The operator is also closely related to the Heaviside (step) function

H{F} :=
1

2

(
sgn (F) + 1

)
=


1 ∀F > 0

1/2 ∀F = 0

0 ∀F < 0

(A.106)

which ful�lls, by de�nition, the identityH{F} + H{−F} ≡ 1 for F ∈ R. With (A.106) the

bracket operator reads

〈0 − >〉 = H{0 − >} (0 − >) . (A.107)

Accordingly, the portion (absolute value) of 0 which is smaller than > is extracted by

〈> − 0〉 :=
1

2

(
|> − 0 | +> − 0

)
= H{> − 0} (> − 0) =

{
0 ∀0 ≥ >

> − 0 ∀0 < >
. (A.108)

With F := 0 − > the de�nition (A.104) yields the widely used relation

〈F〉 = 1

2

(
|F | + F

)
=

{
0 ∀F ≤ 0

F ∀F > 0

, (A.109)

with 〈F〉 ∈ R+
0
. The operator can be considered as a non-smooth ramp function as depicted

in Fig. A.1a. To additively decompose F into positive and negative portions the identity

F ≡ 〈F〉 − 〈−F〉 (A.110)

is utilized. In addition, the property

〈F〉 〈−F〉 = 0 (A.111)

is often used. By using (A.110) and (A.111) one �nds that

F2 =
(
〈F〉 − 〈−F〉

)
2

= 〈F〉2 − 2 〈F〉 〈−F〉︸    ︷︷    ︸
= 0

+〈−F〉2 = 〈F〉2 + 〈−F〉2 . (A.112)

With the introducing of the scalar parameters G ∈ R and H ∈ R the corresponding products

can be decomposed according to

F G =
(
〈F〉 − 〈−F〉

) (
〈G 〉 − 〈−G 〉

)
= 〈F〉 〈G 〉 − 〈−F〉 〈G 〉 − 〈F〉 〈−G 〉 + 〈−F〉 〈−G 〉 (A.113)
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and

F G H =
(
〈F〉 − 〈−F〉

) (
〈G 〉 − 〈−G 〉

) (
〈H〉 − 〈−H〉

)
= 〈F〉 〈G 〉 〈H〉 − 〈−F〉 〈G 〉 〈H〉 − 〈F〉 〈−G 〉 〈H〉 + 〈−F〉 〈−G 〉 〈H〉
− 〈F〉 〈G 〉 〈−H〉 + 〈−F〉 〈G 〉 〈−H〉 + 〈F〉 〈−G 〉 〈−H〉 − 〈−F〉 〈−G 〉 〈−H〉 . (A.114)

The partial derivative are

m 〈F〉
m F

=
〈F〉
F

= H{F} (A.115)

and

1

2

m 〈F〉2
m F

=
〈F〉2
F

= 〈F〉 = H{F} F , (A.116)

see Fig. A.1b, and the partial derivatives of a continuous function 5 (F) are

m 〈5 (F)〉
m F

=
〈F〉
F

m 5 (F)
m F

= H( 5 (F)) 5 ′(F) (A.117)

and

1

2

m 〈5 (F)〉2
m F

= 〈5 (F)〉 m 〈5 (F)〉
m F

= 〈5 (F)〉 5 ′(F) . (A.118)
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Figure A.1: Evaluation of the important ramp function a) 〈F 〉 and b) 〈F 〉2.
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B Additional details on phase �eld
formulations

B.1 Useful relations

In the following some useful relations are given. The �rst and second spatial derivative of

the phase �eld S can be related by using the product rule, i.e.

d

dS

[ (
dS

dF

)
2
]
= 2

d

dS

(
dS

dF

)
· dS

dF
= 2

d

dF

(
dS

dF

)
= 2

d
2S

dF2
. (B.1)

By applying the chain rule on the inverse of the degradation function 6 (S) one obtains

d

dS

(
1

6 (S)

)
=

d

dS

( (
6 (S)

)−1

)
= −

(
6 (S)

)−2 d

dS
6 (S) = − 6 ′(S)(

6 (S)
)

2
. (B.2)

B.2 Crack surface approximation — general quadratic function

The approximation of the crack surface density (3.52) depends on the surface functionE (S),
which describes the local part (Sect. 3.3.1). In general, a polynomial surface function of

<-th order is given by

En (S) :=

<∑
9=1

09 S
9 = 00 + 01 S + 02 S

2 + 03 S
3 + · · · + 0< S< (B.3)

with

E ′(S) :=
dE (S)

dS
= 01 + 202 S + · · · + < 0< S<−1 . (B.4)

With < = 2 and the fundamental requirements (3.54) one obtains for (B.3)

E (S=0) = 00 = 1 ⇔ 00 = 1 (B.5)

and

E (S=1) = 00 + 01 + 02 = 0 ⇔ 01 = −1 − 02 . (B.6)
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By parametrizing the coe�cient of the largest exponent with V = 02 one obtains the

general quadratic function

EV (S) := V S2 − (V + 1) S + 1 (B.7)

with its derivatives

E ′V (S) = 2V S − (V + 1) and E ′′V (S) = 2V . (B.8)

Taking the requirement (3.55) into account yields

E ′(S) = (2S − 1) V − 1 < 0 ∀S ∈ (0, 1) . (B.9)

with the restrictions on V given by

lim

S→0
+
E ′(S) = −V − 1 < 0 ⇒ V ≥ −1

lim

S→1
−
E ′(S) = V − 1 < 0 ⇒ V ≤ 1 . (B.10)

B.3 Scaling factor of the crack surface density

In contrast to the Dirac distribution X (F) which ful�lls

∞∫
−∞

X (F) dF = 1 (B.11)

by de�nition, the phase �eld approximation of the crack surface must ful�ll the property

∞∫
−∞

W� (S,∇S, . . . ) dFn = 1 . (B.12)

If the distribution of S(Fn), with Fn being the coordinate normal to the crack surface, is

assumed to be some kind of Dirac distribution, the scaling of the crack surface is di�erent

from the distribution (B.11) due to the additional contribution of the non-local terms. For

this purpose, the scaling constant 2w is included in W� as introduced in (3.52).

General relation

According to the equilibrium between the local and non-local term in the phase �eld

evolution equation (3.39), it is

2

d
2S

dF2

n

=
1

�2

dE (S)
dS

. (B.13)
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Multiplication of both sides with dS/dFn and integration over Fn yields∫
F

2

d
2S

dF2

n

dS

dFn

dFn =

∫
F

1

�2

dE (S)
dS

dS

dFn

dFn . (B.14)

With the product rule (B.1) one obtains(
dS

dFn

)
2

=
1

�2
E (S) (B.15)

or

dS

dFn

= ± 1

�

√
E (S) , (B.16)

which relates the spatial derivative of the phase �eld with the (local) surface function.

From (B.16) the di�erential relation

dFn =
�√
E (S)

dS (B.17)

is obtained. The scaling parameter 2w can then be calculated by using integration by

substitution (see App. A.3) from

2w =
1

2

∞∫
−∞

E (S(Fn))
�

+ �
(

dS

dFn

)
2

dFn =

∞∫
0

E (S(Fn))
�

+ �
(

dS

dFn

)
2

dFn

(B.15)

=

∞∫
0

E (S(Fn))
�

+ E (S(Fn))
�

dFn = 2

∞∫
0

E (S(Fn))
�

dFn

(B.17)

= 2

S (F=∞)∫
S (F=0)

E (S)
�

�√
E (S)

dS = 2

1∫
0

√
E (S) dS . (B.18)

Application on quadratic surface function

The evaluation of (B.18) for the quadratic surface function (3.57) yields

2w = 2

1∫
0

√
V S2 − (V + 1) S + 1︸                     ︷︷                     ︸

=: 5V

dS (B.19)
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For the case V = 1 one obtains

2w = 2

1∫
0

√
S2 − 2S + 1 dS = 2

1∫
0

√
(1 − S)2 dS = 2

1∫
0

1 − S dS

= 2

[
S − 1

2

S2

]
1

0

= 2

(
1

2

− 0

)
= 1 , (B.20)

while for V = 0 it is

2w = 2

1∫
0

√
−S + 1 dS = 2

1∫
0

(1 − S)1/2 dS

= 2

[
−2

3

(1 − S)3/2
]

1

0

= 2

(
0 + 2

3

)
=

4

3

. (B.21)

According to, e.g., Bronštejn (2015) the undetermined integral of 5V is

�V (S) =
2VS − (V + 1)

4V

√
VS2 − (V + 1) S + 1

− (V − 1)2
8V



−1√
−V

arcsin

©­­«
2VS − (V + 1)√
(V − 1)2

ª®®¬ ∀V ∈ [−1, 0)

1√
V

arcosh

©­­«
|2V S − (V + 1) |√
(V − 1)2

ª®®¬ ∀V ∈ (0, 1) .

(B.22)

Finally, it is for V ∈ [−1, 0)

2w = 2�V (1) − 2�V (0)

=
(V − 1)2

4V

1√
−V

arcsin

(
V − 1

1 − V

)
︸            ︷︷            ︸

= −c/2

+ V + 1

2V
− (V − 1)2

4V

1√
−V

arcsin

(
−(V + 1)

1 − V

)

=
1

4V

[
(1 − V)2√
−V

(
arcsin

(
1 + V
1 − V

)
− c

2

)
+ 2(1 + V)

]
(B.23)
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and for V ∈ (0, 1)

2w = 2�V (1) − 2�V (0)

=
(V − 1)2

4V

1√
V

arcosh

(
|V − 1|
1 − V

)
︸              ︷︷              ︸

= 0

+ V + 1

2V
− (V − 1)2

4V

1√
V

arcosh

(
| − (V + 1) |

1 − V

)

=
1

4V

[
− (1 − V)

2√
V

arcosh

(
1 + V
1 − V

)
+ 2(1 + V)

]
. (B.24)

Note, that the latter result can also be represented in the form

2w =
1

4V

[
(1 − V)2√

V
ln

(
1 − V

1 + 2

√
V + V

)
+ 2(1 + V)

]
(B.25)

as given by Wu (2017).

B.4 Incorporation of lower and upper bounds

In order to construct a function 5 (F) which approaches another function
˜5 (F) within

a speci�c range, e.g. below a speci�c value F < Fupp, and diverges above this value

(for F > Fupp) superimposition can be used to form 5 (F) = ˜5 (F) + >x. Based on the bracket

operator as introduced in App. A.9 the superimposed function might be

>̂upp (F) = nx 〈F − Fupp〉 (B.26)

with the choice of a su�ciently large penalty parameter nx � 0. Note, that (B.26) is not

smooth, and thus, not di�erentiable at Fupp. The same applies for the superimposition

with >̂low (F) = nx 〈Flow − F〉, so that 5 (F) diverges for F < Flow. As an alternative, the

smooth functions

>low (F) = 0 exp

(
nx (Flow − F)

)
+ 2 (B.27)

and

>upp (F) = 0 exp

(
nx (F − Fupp)

)
+ 2 (B.28)

inspired by the work of Kort and Bertsekas (1972) can be used to introduce diverging

terms below Flow and above Fupp, respectively. nx � 0 acts as penalty parameter, in fact it

stretches the function to make it much steeper on one side and more �at on the other side

of the limit value. Since the exponential function has a non-zero function value and slope

at F = 0, the coe�cients are used to adjust the correct function value and slope at Flow

and Fupp, respectively.

In terms of the phase �eld approach, above considerations might be used with Slow = 0

and Supp = 1 to keep the phase �eld S in the desired range S ∈ [0, 1].

239



B Additional details on phase �eld formulations

Application on surface functions

The upper bound of phase �eld values is ensured by the condition E ′(S=1) = 0. If a

surface function is used which does not possess this property, e.g. the quadratic func-

tionEV≠1 (S) = (1 − S), application of (B.28) and incorporation of (3.54) and (3.56) yields

the surface function

En (S) :=EV (S) + 0 exp

(
nw (S − 1)

)
+ 2︸                       ︷︷                       ︸

=: >w (S)
= V S2 − (V + 1) S + 1 + (1 − V)

[
exp

(
nw (S − 1)

)
− 1

]
/nw (B.29)

with its �rst and second derivatives

E ′n (S) = 2V S − (V + 1) + (1 − V) exp

(
nw (S − 1)

)
(B.30)

E ′′n (S) = 2V + (1 − V) nw exp

(
nw (S − 1)

)
. (B.31)

Table B.1 lists the scaling parameter 2w for di�erent choices of V . In addition, it shows the

in�uence of the penalty parameter on the scaling parameter. As discussed in Sect. 3.3.1,

2w scales the energetic contribution of the regularized crack. Thus, the deviations shown

in Tab. B.1 provide information about the accuracy of crack surface energy approximation.

V exact 2w nw = 10
1.0 nw = 10

1.5 nw = 10
2.0 nw = 10

2.5

−1.0 c/2≈1.5708 1.4612 1.5294 1.5566 1.5661

−0.5 1.4584 1.3484 1.4177 1.4446 1.4539

0.0 4/3≈1.3333 1.2365 1.2974 1.3211 1.3293

0.5 1.1884 1.1226 1.1632 1.1797 1.1855

1.0 1.0000 1.0000

Table B.1: Scaling parameter 2w for di�erent choices of V and in�uence of the penalization to keep S ≤ 1.

Application on degradation functions

The lower bound of phase �eld values is ensured by the condition 6 ′(S=0) = 0. If a

degradation function is used which does not possess this property, e.g. the linear func-

tion 6̃ (S) = S, application of (B.27) and incorporation of (3.64) and (3.68) yields the degra-

dation function

6 (S) = 1 6̃ (�) + 0 exp

(
− ng S

)
+ 2 =

S +
[

exp(−ng S) − 1

]
/ng

1 +
[

exp(−ng) − 1

]
/ng

. (B.32)
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It corresponds to the function introduced by Steinke and Kaliske (2019). If, in addition,

also (3.69) should be ful�lled, both functions (B.27) and (B.28) are superimposed on, e.g.,

the linear function 6̃ (S) = S from above. In this case, the result is obtained from

6 (S) = 1 6̃ (S) + 01 exp

(
− ng S

)
+ 02 exp

(
ng (S − 1)

)
+ 2 , (B.33)

by incorporating (3.64), (3.68) and (3.68). For 0s = 0 the result is

6 (S) =
S
(
1 + exp(−ng)

)
+

[
exp(−ng S) − exp

(
ng (S − 1)

)
+ exp(−ng) − 1

]
/ng

1 + exp(−ng) + 2

[
exp(−ng) − 1

]
/ng

(B.34)

Interestingly, for the choice ng = 1, the degradation function

6 (S) = S

3

[
exp(−S) − exp(S − 1) + exp(−1) − 1

]
≈ 3S2 − 2S3

(B.35)

approaches the cubic degradation function (3.71), as can be shown by using the series

expansion of exp(F) = ∑∞
<=0

F</(<!).

B.5 Generalized polynomial degradation function

The construction of a polynomial degradation function

6n (S) :=

<∑
9=1

09 S
9 = 00 + 01 S + 02 S

2 + 03 S
3 + · · · + 0< S< (B.36)

of order < o�ers a lot of freedom. While, at least, a polynomial of third order is required

to incorporate all requirements introduced in Sect. 3.3.2, that are

6 (S=0) = 0 , 6 (S=1) = 1 , 6 ′(S=0) = 0 , 6 ′(S=1) = 0s ' 0 , (B.37)

note the additional requirement 6 ′′(S=1) ≠ 0 found in Sect. 3.4.2, polynomials of higher

order seem to be under-determined. However, since in addition to these requirements

also

6 ′(S) > 0 ∀S ∈ (0, 1) (B.38)

is essential (also to keep 6 (S) ∈ [0, 1]), by far not all combinations of coe�cients are

possible.

Degradation functions of fourth order

The incorporation of the requirements (B.37) yields a general fourth order degradation

function

64 (S) = 04 S
4 + (0s − 204 − 2) S3 + (04 − 0s + 3) S2 . (B.39)
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Figure B.1 shows the function for di�erent choices of the parameter 04. For simplicity,

0s = 0 is assumed. Obviously, the curve for 04 = −5 falls below S=0 in S ∈ (0, ≈0.31) and

the curve for 04 = 5 exceeds S=1 in S ∈ (≈0.69, 1). This goes along with the function

being concave 6 ′′(S=0) < 0 and convex 6 ′′(S=1) > 0, respectively. As a consequence,

both functions have two in�ection points in the range of interest S ∈ (0, 1) in contrast

to the other parameter choices. By allowing just a single in�ection point for S ∈ (0, 1)
the valid parameter range is found to be 04 ∈ [0s − 3, 3 − 20s). The value 04 = 3 − 20s is

excluded to avoid 6 ′′(S=1) = 0 for the reason discussed in Sect. 3.4.2.

0.0

0.2

0.4

0.6

0.8

1.0

0.0 0.2 0.4 0.6 0.8 1.0

S

6
(S
) 04=−5

04=−3

04=0

04=1

04=3

04=5

Figure B.1: Fourth order degradation functions 64 (S) (with 0s = 0) shown for di�erent choices of the parameter

04 = {−5, −3, 0, 1, 3, 5}. Note, that the �rst and last choice are invalid since S<0 and S>0, respectively.

Degradation functions of higher order — a systematic approach

While for degradation functions of fourth and maybe �fth order the allowed coe�cient

ranges might be estimated, the question arises, which criteria can be used additionally to

determine all parameters uniquely. Especially by regarding the inequality constraint (B.38),

this does not seem to be a simple task. The most promising approach is to control

the < − 2 in�ection points S̃7 of the degradation function as already discussed above.

More precisely, all but the single in�ection point S̃1, which is naturally given by the

requirements (B.37) and located at S̃1 ∈ (0, 1), are prescribed outside of this range, i.e.

at (
S̃7 ∈ (−∞, 0]

)
∨

(
S̃7 ∈ (1, ∞)

)
(B.40)

with 1 < 7 ≤ < − 2. Note, that a possible in�ection point at S̃7 = 1 is excluded to avoid

6 ′′(S=1) = 0.. For this purpose, the second derivative of the degradation function is

factorized to prescribe 6 ′′(S̃7 )
!

= 0 according to

6 ′′(S) = (S − S̃1) (S − S̃2) . . . (S − S̃<−2) 5g (S, 0s) , (B.41)
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while 5g (S, 0s) is determined by incorporating (B.37). Note, that multiple (;-fold) in-

�ection points can be introduced by prescribing the second to ;+1-th derivative at this

speci�c function value, i.e.

6 ′′(S̃7 ) = · · · = 6 (;+1) (S̃7 )
!

= 0 . (B.42)

From a purely mathematical perspective, this approach does not provide the most general

solution which satis�es the constraints (B.37–B.38). However, only oscillating solutions

are excluded by this approach, which seems to be reasonable for physical reasons.

Based on this approach, speci�c families of degradation functions are highlighted. All are

based on the assumption, that all ; := < − 2 additional in�ection points 7 = 2 . . .; + 1

are located at the same function value S̃; . In this speci�c case, the degradation function

is constructed from

6 (S) =
[
(S − S̃;);+2
(; + 1) (; + 2) +�1 S +�2

]
︸                                   ︷︷                                   ︸

ℎ1 (S)

(� + � S)︸     ︷︷     ︸
ℎ2 (S)

(B.43)

with its �rst derivative

6 ′(S) =
[
(S − S̃;);+1
(; + 1) +�1

]
︸                    ︷︷                    ︸

ℎ ′
1
(S)

(� + � S)︸     ︷︷     ︸
ℎ2 (S)

+
[
(S − S̃;);+2
(; + 1) (; + 2) +�1 S +�2

]
︸                                   ︷︷                                   ︸

ℎ1 (S)

�︸︷︷︸
ℎ ′

2
(S)

=
(S − S̃;);+1
(; + 1)

(
� + � S + (S − S̃;)(; + 2) �

)
+�1 (� + � S) + (�1 +�2) � (B.44)

and second derivative

6 ′′(S) = (S − S̃;);︸       ︷︷       ︸
ℎ ′′

1
(S)

(� + � S)︸     ︷︷     ︸
ℎ2 (S)

+2
[
(S − S̃;);+1
(; + 1) +�1

]
︸                    ︷︷                    ︸

ℎ ′
1
(S)

�︸︷︷︸
ℎ ′

2
(S)

= (S − S̃;);
(
(� + � S) + 2

(S − S̃;);
(; + 1) �

)
+ 2�1 � . (B.45)
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The coe�cients �, � , �1 and �2 are then obtained from the requirements (B.37). They

are

� = 0 ,

� =
(0s − 2)

(
;2 + 3; + 2

)
[−S̃2

m
−; S̃m +; + 1] (1 − S̃m); + (−1); S̃;+2

m

,

�1 =
� (S) (1 − S̃m); − (−1); S̃;

m
S̃2

m
+ (−1); 0s S̃

;+2
m

(0s − 2) (;2 + 3; + 2) ,

�2 =
(−1);+1 S̃;+2

m

;2 + 3; + 2

(B.46)

with

� (S) = (1 − 0s) S̃2

m
+ (20s − 4 −;) S̃m − 0s +; + 3 . (B.47)

For 0s = 0, the parameters

� =
2;2 + 6; + 4

[S̃2

m
+; S̃m −; − 1] (1 − S̃m); − (−1); S̃;+2

m

,

�1 =
[−S̃2

m
+ (4 +;) S̃m −; − 3] (1 − S̃m); + (−1); S̃;+2

m

2;2 + 6; + 4

(B.48)

can be simpli�ed.

The following functions seem to be promising:

• For S̃; = 0 the higher-order polynomial degradation function

6 (S) = (0s − < + 1) S< + (< − 0s) S<−1
(B.49)

as introduced by Strobl and Seelig (2018) is obtained. With 0s = 0 it can be simpli�ed

to

6 (S) = < S<−1 − (< − 1) S< = A<−1 [< − (< − 1) S] (B.50)

with its �rst and second derivatives

6 ′(S) = < (< − 1) S<−2 − < (< − 1) S<−1 = A<−2 < (< − 1) (1 − S) (B.51)

6 ′′(S) = < (< − 1) (< − 2) S<−3 − < (< − 1)2 S<−2

= A<−3 < (< − 1) [(< − 2) − (< − 1) S)] . (B.52)

• For both limit values S̃; → ±∞ the polynomial degradation function approaches

the cubic one, i.e.

6 (S) = (0s − 2) S3 + (3 − 0s) S2 . (B.53)
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• For ; = 1 and S̃m = 1 +
√

3/3 one obtains with 0s = 0 the 4th-order degradation

function

6 (S) = S4 − 4S3 + 4S2 . (B.54)

In combination with the single-well surface function (3.58) the maximum stress is

obtained (in contrast to other degradation functions) at S = 1, see the discussion in

Sect. 3.4.2.

B.6 Determination of the phase �eld pro�le

To obtain the phase �eld solution S(F) for the quadratic single-well function in absence

of mechanical loads, the inhomogeneous, linear second-order ordinary di�erential equa-

tion

S(F) − �2 S′′(F) = 1 (B.55)

must be solved. The general solution of the homogeneous equation is found by using the

ansatz

S(F) = � exp(_ F) (B.56)

with

S′(F) = � _ exp(_ F) and S′′(F) = � _2
exp(_ F) . (B.57)

Inserting (B.56) in (B.55) yields

� exp(_ F) (1 − �2 _2) = 0 , (B.58)

with its characteristic equation

1 − �2 _2 = 0 ⇔ _ = ± 1

�
. (B.59)

The homogeneous solution is

Ah (F) = �1 4
F/� +�2 4

−F/� . (B.60)

Due to the constant on the right hand side of (B.55) the particular solution is Ap (F) = 1

and the general solution is obtained from

S(F) = Ah (F) + Ap (F) = �1 4
F/� +�2 4

−F/� + 1 . (B.61)

The speci�c solution for a given constraint A0 at F = 0 in a �nite domain with F = ±! can be

obtained by applying the phase �eld boundary conditions S(F =0) = A0 and S′(F =±!) = 0

on (B.61). By using the de�nitions of the hyperbolic sine, hyperbolic cosine and hyperbolic

tangent

sinh(F) :=
4F − 4−F

2

,

cosh(F) :=
4F + 4−F

2

,

tanh(F) :=
sinh(F)
cosh(F) =

4F − 4−F
4F + 4−F , (B.62)
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one obtains the parameters (here only shown for F ≥ 0)

�1 =
(A0 − 1) 4−!/�

4!/� + 4−!/�
=

1

2

(1 − A0)
4!/� − 4−!/�

4!/� + 4−!/�
− 1

2

+ A0

2

=
1

2

(1 − A0) tanh

(
!

�

)
− 1

2

+ A0

2

,

�2 =
(A0 − 1) 4!/�

4!/� + 4−!/�
=

1

2

(A0 − 1) 4
!/� + 4−!/�

4!/� + 4−!/�
− 1

2

+ A0

2

= −1

2

(1 − A0) tanh

(
!

�

)
− 1

2

+ A0

2

. (B.63)

The speci�c solution �nally is

S(F) = 1 +
(
A0

2

− 1

2

) (
4F/� + 4−F/�

)
+

(
�1 +

1

2

− A0

2

)
4F/� −

(
�2 +

1

2

− A0

2

)
(−4−F/�)

= 1 + (A0 − 1) cosh

(
F

�

)
+ (1 − A0) tanh

(
!

�

)
sinh

(
F

�

)
. (B.64)

In case of a crack at F = 0 it is A0 = 0, thus the solution is

S(F) = 1 − cosh

(
F

�

)
+ tanh

(
!

�

)
sinh

(
F

�

)
. (B.65)

For the case of most interest � � ! , it is

lim

�/!→0

tanh

(
!

�

)
= 1 (B.66)

and thus (B.65) approaches the well-known solution

S(F) = 1 − cosh

(
|F |
�

)
+ sinh

(
|F |
�

)
= 1 − cosh

(
− |F |
�

)
− sinh

(
− |F |
�

)
= 1 − exp

(
− |F |
�

)
. (B.67)

Note, that somewhat di�erent results have been reported by Kuhn (2013). By applying

the phase �eld boundary condition for the crack S(F =0) = 0 and constraining the phase

�eld at the boundary S(F =±!) = 1, the latter appears to be questionable, one obtains the

parameters (here only shown for F ≥ 0)

�1 =
4−!/�

4!/� − 4−!/�
=

1

2

(
4!/� + 4−!/�

4!/� − 4−!/�
− 1

)
=

1

2

(
coth

(
!

�

)
− 1

)
,

�2 = −
4!/�

4!/� − 4−!/�
=

1

2

(
−4

!/� + 4−!/�

4!/� − 4−!/�
− 1

)
=

1

2

(
− coth

(
!

�

)
− 1

)
. (B.68)
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The solution is then

S(F) = 1 − 1

2

(
4F/� + 4−F/�

)
+

(
�1 +

1

2

)
4F/� −

(
�2 +

1

2

)
(−4−F/�)

= 1 − cosh

(
F

�

)
+ coth

(
!

�

)
sinh

(
F

�

)
, (B.69)

which corresponds to the result obtained by Kuhn (2013).

B.7 Additional analysis of inhomogeneous phase �eld
evolution

As a continuation of the analysis provided in Sect. 3.4.3, additional results are shown here.

Figure B.2a shows+f (S) for di�erent stress levels for the combination of the quadratic

single-well function with the quadratic degradation function. The root representing the

phase �eld value of the homogeneous solution and the root representing the minimum

value of the inhomogeneous solution are marked by upward and downward pointing

triangles, respectively. Figure B.2b shows the phase �eld pro�les for each of the load levels,

while Fig. B.3 shows the maximum increase of the phase �eld value for each location

during the localization process.
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Figure B.2: Evaluation of the inhomogeneous problem for di�erent load levels f ∈ [0, ft ] for the single-well

surface function in conjunction with the quadratic degradation function, a) evaluation of +f (S) with roots

indicated, b) inhomogeneous phase �eld solution S(F) .
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Figure B.3: Maximum release of phase �eld S during evolution from the unloaded intact state f = 0, S = 1 via

the maximum load f = ft to the broken state f = 0, S(F0) = 0.

B.8 Details on the strain energy decomposition

In some cases, the strain energy decomposition (3.188) presupposing the split of the strain

tensor YYY = YYY+ + YYY− can be formulated according to

k0 (YYY) =
1

2

(YYY+ + YYY−) .. C0 .. (YYY+ + YYY−)

=
1

2

[
YYY+ .. C0 .. YYY

+︸ ︷︷ ︸
=: 2+

0

+YYY− .. C0 .. YYY
−︸ ︷︷ ︸

=: 2−
0

+YYY+ .. C0 .. YYY
−︸ ︷︷ ︸

=: 2−
0

+YYY− .. C0 .. YYY
+︸ ︷︷ ︸

=: 2+
0

]
. (B.70)

While YYY− .. YYY− = 0 is guaranteed because of (A.111), it is

k± := YYY+ .. 2−0 = YYY− .. 2+0 ≠ 0 (B.71)

in general. Moreover, if strain and related stress components in (B.71) have di�erent

signs, their product is negative and the related energy portion k± might be negative.

To be able to degrade the energetic portions in (B.70) separately, all summands must be

non-negative (3.189). Thus, the representation (B.70) does hold if

YYY+ .. 2−0 = YYY− .. 2+0 = 0 . (B.72)

The volumetric-deviatoric decomposition discussed in Sect. 3.5.2, for example, does ful-

�ll (B.72) since YYYvol .. 2dev = 0.

By contrast, the speci�c strain energy decomposition (3.229) based on a spectral strain

split with (2.190) does not ful�ll (B.72) for arbitrary strains. In particular, individual strain
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energy portions can exceed the total strain energy. For a > 0, this is the case if not all

principal strains have the same sign as demonstrated by the following example. With the

principal strains Y1 = 2Y > 0, Y2 = 0, Y3 = −2Y , the positive strain tensor YYY+ and negative

strain tensor YYY− are (given according to principal directions n 7 )

[YYY+]{<7 } =

2Y 0 0

0 0 0

0 0 0

 , [YYY−]{<7 } =

0 0 0

0 0 0

0 0 −2Y

 . (B.73)

The corresponding (undegraded) positive stress tensor and negative stress tensor are

[2+
0
]{<7 } :=


(_ + 2`) 2Y 0 0

0 _ 2Y 0

0 0 _ 2Y

 , [2−
0
]{<7 } :=


−_ 2Y 0 0

0 −_ 2Y 0

0 0 −(_ + 2`) 2Y

 . (B.74)

Strain energy decomposition according to (B.70) results in

k0 =
1

2

YYY+ .. 2+0︸    ︷︷    ︸
=: k+

+ 1

2

YYY− .. 2−0︸    ︷︷    ︸
=: k−

+ 1

2

YYY+ .. 2−0 +
1

2

YYY− .. 2+0︸                    ︷︷                    ︸
=: k± = −_ 2 2

Y ≤ 0

= 2` 2 2

Y , (B.75)

with a negative energy portion k± (not related to tension or compression) and separate

energy portions k+ and k− being (in sum, possibly also separately) larger than the total

energy, i.e. k+ = k− = (_/2 + `) 2 2

Y , which is unphysical. Thus, (3.229) is no valid strain

energy decomposition.

B.9 Crack boundary conditions rewritten in e�ective stresses

Incorporation of crack boundary conditions as proposed by Strobl and Seelig (2015) and

discussed in Sect. 3.6 can also be carried out in the e�ective stress space. The e�ective

stress tensor (2.173) is decomposed according to

2 = 6 (S) 2̃+ + 2̃− (B.76)

with portions related to crack opening and closure, where only the �rst one is degraded by

the degradation function 6 (S). By using the de�nition of the e�ective stress tensor (3.13)

the expressions of the crack orientation dependent degradation derived in (3.279–3.284) can

be rewritten (in a coordinate system aligned with the crack as shown in Fig. 3.26). Crack

opening is still detected by

Ynn − Ỹ = Ynn −
−_

_ + 2`
(Ypp + Yqq) ≥ 0 (B.77)

which can be rewritten as

(_ + 2`) Ynn + _ (Ypp + Yqq)︸                              ︷︷                              ︸
= f̃nn

≥ 0 . (B.78)

249



B Additional details on phase �eld formulations

For an open crack (f̃nn ≥ 0) normal stress components given in (3.279–3.281) are

f
open

nn
= 6 (S)

[
(_ + 2`) Ynn + _ (Ypp + Yqq)

]︸                                 ︷︷                                 ︸
= f̃nn

f
open

pp
= 6 (S) _ Ynn +

6 (S) _2 + 4_ ` + 4`2

_ + 2`
Ypp +

6 (S) _2 + 2_ `

_ + 2`
Yqq

=
[
(_ + 2`) Ypp + _ (Ynn + Yqq)

]︸                                 ︷︷                                 ︸
= f̃pp

+
(
6 (S) − 1

) [
(_ + 2`) Ynn + _ (Ypp + Yqq)

]︸                                 ︷︷                                 ︸
= f̃nn

_

_ + 2`

f
open

qq
= 6 (S) _ Ynn +

6 (S) _2 + 2_ `

_ + 2`
Ypp +

6 (S) _2 + 4_ ` + 4`2

_ + 2`
Yqq

=
[
(_ + 2`) Yqq + _ (Ynn + Ypp)

]︸                                 ︷︷                                 ︸
= f̃qq

+
(
6 (S) − 1

) [
(_ + 2`) Ynn + _ (Ypp + Yqq)

]︸                                 ︷︷                                 ︸
= f̃nn

_

_ + 2`

(B.79)

while for a closed crack (f̃nn < 0) the normal stress components (3.279–3.281) read

f closed

nn
= (_ + 2`) Ynn + _ (Ypp + Yqq)︸                              ︷︷                              ︸

= f̃nn

f closed

pp
= (_ + 2`) Ypp + _ (Ynn + Yqq)︸                              ︷︷                              ︸

= f̃pp

f closed

qq
= (_ + 2`) Yqq + _ (Ynn + Ypp)︸                              ︷︷                              ︸

= f̃qq

. (B.80)

The shear stresses given in (3.282–3.284) are

fnp = 6 (S) 2` Ynp︸ ︷︷ ︸
= f̃np

, fnq = 6 (S) 2` Ynq︸ ︷︷ ︸
= f̃nq

, fpq = 2` Ypq︸︷︷︸
= f̃pq

(B.81)
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and thus independent of crack closure. Expressions for the open and closed crack can be

combined by using the Heaviside function (A.106) to

fnn = H(f̃nn) fopen

nn
+ H (−f̃nn) f closed

nn
= 6 (S) H (f̃nn) f̃nn︸        ︷︷        ︸

= 〈f̃nn〉

+H (−f̃nn) f̃nn︸          ︷︷          ︸
= −〈−f̃nn〉

fpp = H(f̃nn) fopen

pp
+ H (−f̃nn) f closed

pp

= f̃pp + 6 (S) H (f̃nn) f̃nn︸        ︷︷        ︸
= 〈f̃nn〉

_

_ + 2`
−H(f̃nn) f̃nn︸        ︷︷        ︸

= 〈f̃nn〉

_

_ + 2`

fqq = H(f̃nn) fopen

qq
+ H (−f̃nn) f closed

qq

= f̃qq + 6 (S) H (f̃nn) f̃nn︸        ︷︷        ︸
= 〈f̃nn〉

_

_ + 2`
−H(f̃nn) f̃nn︸        ︷︷        ︸

= 〈f̃nn〉

_

_ + 2`
. (B.82)

Finally, one obtains the active e�ective stress tensor

2̃ act =〈f̃nn〉 nA ⊗ nA + f̃np (nA ⊗ p + p ⊗ nA )

+ f̃nq (nA ⊗ q + q ⊗ nA ) + 〈f̃nn〉
_

_ + 2`
(p ⊗ p + q ⊗ q ) (B.83)

and the passive e�ective stress tensor

2̃pas = − 〈−f̃nn〉 nA ⊗ nA + f̃pp p ⊗ p + f̃qq q ⊗ q

+ f̃pq (p ⊗ q + q ⊗ p) − 〈f̃nn〉
_

_ + 2`
(p ⊗ p + q ⊗ q ) (B.84)

with incorporated crack boundary conditions, which are identical with the expression

utilized by Steinke and Kaliske (2019).

B.10 Transverse isotropy of crack orientation dependent
degradation

The crack orientation dependent degradation as introduced by Strobl and Seelig (2015)

displays a special form of transverse isotropy with symmetry about the crack normal

S
n .

It is bene�cial to rewrite all relations by using the tensor

S

T =
S
n ⊗ S

n and invariants of the

strain tensor. Since

S

T is normalized, multiples of

S

T are equal, i.e.

S

T =
S

T ·
S

T =
S

T ·
S

T ·
S

T (B.85)

and tr(
S

T ) = 1.
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First, the general representation of transversely isotropic material is given. In this context,

the work of Schröder (1995) provides an excellent overview. By assuming that the elastic

energy is quadratic in strains, the elastic energy can be written by all possible combinations

of invariants as

k (YYY,
S

T ) = U01 (tr YYY)2 + U02 tr(YYY2) + U03 tr YYY tr(YYY ·
S

T ) (B.86)

+ U04

(
tr(YYY ·

S

T )
)

2 + U05 tr(YYY2 ·
S

T ) , (B.87)

equipped with �ve parameters U01 . . . U05. The related stress tensor is

2 (YYY,
S

T ) = 2U01 tr(YYY) O + 2U02 YYY + U03

[
(YYY ..

S

T ) O + tr(YYY)
S

T
]

+ 2U04 (YYY ..

S

T )
S

T +U05

[
YYY ·

S

T +
S

T · YYY
]

(B.88)

and elasticity tensor is

C(
S

T ) = 2U01 O ⊗ O + 2U02 Isym + U03

[ S

T ⊗O + O ⊗
S

T
]

+ 2U04

S

T ⊗
S

T +U05Ns (B.89)

with the 4th order symmetrized tensor(
Ns

)
7 89: :=

1

2

(
X79 #8 : + X7: #89 +#79 X8 : +#7: X89

)
. (B.90)

With the above at hand, the �ve parameters for the crack orientation dependent degra-

dation as introduced in Sect. 3.6.1 can be identi�ed. The parameters for the open crack

are

U01 =
6 (S) _2 + 2_`

2_ + 4`
, U02 = ` , U03 =

(
6 (S) − 1

) 2_ `

_ + 2`
,

U04 =
(
1 − 6 (S)

) 2` (_ + `)
_ + 2`

, U05 =
(
6 (S) − 1

)
2` (B.91)

and for the closed crack they are

U01 =
_

2

, U02 = ` , U03 = 0 , U04 =
(
1−6 (S)

)
2` , U05 =

(
6 (S)−1

)
2` . (B.92)

Since the approach describes (partial) degradation of (linear) elastic material, the param-

eters in both cases contain two elastic parameters (_, `) and the phase �eld S via the

degradation function 6 (S).
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C Numerical implementation

The following sections provide a short overview of the �nite element method (FEM) and

related approximations and solution methods used in this work. More details on the

method itself are provided in widely-used textbooks by, e.g., Zienkiewicz et al. (2013),

Hughes (1987) and Belytschko et al. (2014). The notation here mainly follows Taylor

(2013).

The main core of the FEM is the discretization in space, i.e. the subdivision of a large

domain Ω into smaller parts Ωe ⊂ Ω (called �nite elements), and the piecewise approxi-

mation of physical quantities by shape functions, controlled by a �nite number of nodal

values. In the following, the isoparametric concept is used, so the element geometry

is approximated by the same shape functions. Finite elements are typically introduced

as “reference element” (Wriggers, 2008) in natural coordinates (given in local Cartesian

coordinates b7 with 7 ∈ [1, 2, 3] in the domain Ωref
) and then transformed to the (perhaps

distorted) �nite elements in the discretized geometry (given in global coordinates F7 ). For

example, a linear approximation in 2D (b , [ or F , G ) can be realized by a discretization

with three-node triangular elements (<en=3), also called constant strain triangle (CST) el-

ements (Zienkiewicz et al., 2014), or 4-node quadrilateral elements (<en=4). Each element

is de�ned by the Lagrangian shape functions of the three-node triangular element

#1 (b ,[) = 1 − b −[ , #2 (b ,[) = b , #3 (b ,[) = [ (C.1)

or the bilinear shape functions of the 4-node quadrilateral element

#1 (b ,[) = (1 − b ) (1 −[)/4 , #2 (b ,[) = (1 + b ) (1 −[)/4 ,

#3 (b ,[) = (1 + b ) (1 +[)/4 , #4 (b ,[) = (1 − b ) (1 +[)/4 , (C.2)

respectively. In 3D (b , [ , Z or F , G , H), the discretization can be realized by 4-node

tetrahedral elements (<en=4) de�ned by

#1 (b ,[, Z ) = 1 − b −[ − Z , #2 (b ,[, Z ) = b ,

#3 (b ,[, Z ) =[ , #4 (b ,[, Z ) = Z (C.3)

or 8-node hexahedral elements (<en=8) de�ned by the trilinear shape functions

#1 (b ,[, Z ) = (1 − b ) (1 −[) (1 − Z )/8 , #2 (b ,[, Z ) = (1 + b ) (1 −[) (1 − Z )/8 ,
#3 (b ,[, Z ) = (1 + b ) (1 +[) (1 − Z )/8 , #4 (b ,[, Z ) = (1 − b ) (1 +[) (1 − Z )/8 ,
#5 (b ,[, Z ) = (1 − b ) (1 −[) (1 + Z )/8 , #6 (b ,[, Z ) = (1 + b ) (1 −[) (1 + Z )/8 ,
#7 (b ,[, Z ) = (1 + b ) (1 +[) (1 + Z )/8 , #8 (b ,[, Z ) = (1 − b ) (1 +[) (1 + Z )/8 . (C.4)
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The global coordinates in the �nite element (x ∈ Ωe
) are approximated by

x =

<en∑
�=1

#� (b7 ) x � , (C.5)

based on the global coordinates of the �nite element nodes x � . The relation between the

spatial derivatives in local and global coordinates, for a single node � is given by using

the chain rule

#� ,b8
:=

m#�

mb 8
=
m#�

mF8

mF8

mb7
(C.6)

with <ndm being the number of dimensions. Its matrix-vector representation, e.g., in 3D,
m#� /mb
m#� /m[
m#� /mZ

 =


mF/mb mG/mb mH/mb
mF/m[ mG/m[ mH/m[
mF/mZ mG/mZ mH/mZ

︸                             ︷︷                             ︸
=: J


m#� /mF
m#� /mG
m#� /mH

︸      ︷︷      ︸
=: #� ,F8

(C.7)

reveals the Jacobian matrix
1 J := (mx/m/)T. With the approximation (C.5), it can be

computed in the �nite element (x ∈ Ωe
) from

J =
<en∑
�=1

[
F�
m#� (b7 )
mb7

G�
m#� (b7 )
mb7

H�
m#� (b7 )
mb7

]
, (C.8)

so that the spatial derivatives in global coordinates are#� ,F8
= J−1 #� ,b8

. Thus, J is required

to be invertible, which guarantees the unique (and thus physically consistent) mapping

between the global and natural coordinates. Since, the Jacobian determinant describes

the volume ratio, here between global and local coordinates, see (2.8), the Jacobian matrix

must be positive de�nite (det J > 0).

Integral expressions are computed in two steps: First the integral expression of 5 (F, G , H)
is transformed to natural coordinates∫

Ωe

5 (F, G , H) d+ =

∫
Ωref

˜5 (b ,[, Z ) det

(
J(b ,[, Z )

)
db d[ dZ . (C.9)

1
Note, that in the literature, the Jacobian matrix is often de�ned according to J̃ := mx/m/ = JT

(e.g. Taylor, 2013).

This enables to compute the transformations by using the matrices Nb := mN/mb7 and NF := mN/mF based on the

vector of shape functions N := [#1 #2 . . . #<en
]T. Accordingly, it is J̃ = X · Nb with X := [x 1 x 2 . . . x<en

],
and NF = Nb J̃

−1

.
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Then, integration is performed by using numerical integration, usually Gaussian quadra-

ture with <int speci�c integration points (b? , [? , Z? ) and weightsE? , a comprehensive list

is given in Zienkiewicz et al. (2013), i.e.∫
Ωref

˜5 (b ,[, Z ) det

(
J(b ,[, Z )

)
db d[ dZ ≈

<int∑
?=1

˜5 (b? ,[? , Z? ) det

(
J(b? ,[? , Z? )

)
E? . (C.10)

C.1 Image segmentation

For image segmentation, the governing equations derived from the functional (3.6) to

compute the gray level approximation C and edge approximation D from the original

image gray level 6 in Ω are

2V (C − 6 ) − 2(D2 + 9n) ΔC = 0 , (C.11)

2D |∇C |2 − U
(
(1 − D )

2n
+ 2n ΔD

)
= 0 , (C.12)

with the natural boundary conditions ∇C · n = 0 and ∇D · n = 0 on mΩ. This set of coupled

partial di�erential equations is solved by the �nite element method. By introducing test

functions XC , ∇XC , XD and ∇XD the weak forms of (C.11) and (C.12) are

−
∫
Ω

[
XC

(
2V C

)
+ ∇XC

(
2(D2 + 9n) ∇C

) ]
d� +

∫
Ω

XC
(
2V 6 (x )

)
d� = 0 , (C.13)∫

Ω

[
XD

(
2D |∇C |2

)
− XD

(
U
(1 − D )

2n

)
− ∇XD ·

(
2U n ∇D

) ]
d� = 0 . (C.14)

With the bilinear shape functions of Lagrangian type #� , see (C.2), one obtains the

approximation of the gray level �eld

Ch (x ) =
4∑
�=1

#� (x ) C� , XCh (x ) =
4∑
�=1

#� (x ) XC� (C.15)

and edge �eld

Dh (x ) =
4∑
�=1

#� (x ) D� , XDh (x ) =
4∑
�=1

#� (x ) XD� . (C.16)

The spatial derivatives are

∇Ch =

[
C,F
C,G

]
=

4∑
�=1

Bu

� C� , ∇XCh =

4∑
�=1

BXu

� XC� with Bu

� = B
Xu

� =

[
#� ,F

#� ,G

]
(C.17)
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and

∇Dh =

[
D,F
D,G

]
=

4∑
�=1

Bv

� D� , , ∇XDh =

4∑
�=1

BXv

� XD� with Bv

� = B
Xv

� =

[
#� ,F

#� ,G

]
. (C.18)

With the vectors of test functions

Xd =

[ [
Xd 1

]
T

[
Xd 2

]
T

. . .
[
Xd<

nds

]
T

]
T

and Xd � =
[ [
XC�

]
T

XD�

]
T

(C.19)

the discretization of the weak forms (C.13) and (C.14) �nally reads[
Xd

]
T R =

<
el⋃

4=1

<en∑
�=1

[
Xd �

]
T Re

� = 0 , (C.20)

with <nds being the total number of nodes in the problem. The element-wise contribution

of the nodal values with � ∈ [1, 2, . . . , <nds] to the global residual vector R is

Re

� = −
∫
Ωe


#�

(
2V Ch

)
+

[
Bu

�

]
T
(
2(D2

h
+ 9n) ∇C)

−#�

(
2Dh |∇Ch |2

)
+#�

(
U
(1 − Dh)

2n

)
−

[
Bv

�

]
T
(
2U n ∇Dh

)
 d+

︸                                                                                  ︷︷                                                                                  ︸
= Pe

�

+
∫
Ωe


#� 2V 6 (x )

0

 d�

︸                    ︷︷                    ︸
= Fe

�

. (C.21)

Since expression (C.20) holds for an arbitrary choice of the test functions Xd the global

system of coupled equations reads R = F − P(d ) = 0. As proposed by Bourdin (1999), the

problem can be decomposed into two subproblems which are then solved in an alternating

manner, with cycles 9 switching from one �eld computation to the other. With

v (9 ) =
[
D
(9 )
1

D
(9 )
2

. . . D
(9 )
<

nds

]
T

and u(9 ) =
[
C
(9 )
1

C
(9 )
2

. . . C
(9 )
<

nds

]
T

, (C.22)

one �eld computation concerns the unknown edge �eld v (9 ) by using the gray level

approximation u(9−1)
from the previous cycle with

Rv = Fv − Pv (v (9 ) , u !

=u(9−1) ) = 0 (C.23)

and the other one is related to the unknown gray level approximation u(9 ) by using the

edge �eld values from the current cycle v (9 ) obtained from (C.23)

Ru = Fu − Pu (u(9 ) , v !

=v (9 ) ) = 0 . (C.24)
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The systems of equations are solved by Newton-Raphson iterations (counted by 7 ) ac-

cording to Rv

7+1 ≈ R
v

7
− Kvv Δv7 = 0 and Ru

8+1 ≈ R
u

8
− Kuu Δu8 = 0 with the incremental up-

dates v7+1 = v7 + Δv7 and u8+1 = u8 + Δu8 until convergence is obtained. The tangent

matrices are

Kvv = −mR
v

mv
and Kuu = −mR

u

mu
(C.25)

with the element contributions

Kvv

� � =

∫
Ωe

[
−#�

(
2 |∇Ch |2

)
#� −#�

( U
2n

)
#� −

[
Bv

�

]
T
(
2U n

)
Bv

�

]
d� . (C.26)

and

Kuu

� � =

∫
Ωe

[
#�

(
2V

)
#� +

[
Bu

�

]
T
(
2(D2

h
+ 9n)

)
Bu

�

]
d� . (C.27)

C.2 Phase �eld approach for fracture

The weak forms of the momentum balance and phase �eld evolution equation are given

by (3.47) and (3.48), respectively. By using shape functions #� , e.g. of Lagrangian type,

one obtains the approximation of the displacement

uh (x ) =
<en∑
�=1

#� (x )u � , Xuh (x ) =
<en∑
�=1

#� (x ) Xu � (C.28)

and phase �eld

Sh (x ) =
<en∑
�=1

#� (x ) S� , XSh (x ) =
<en∑
�=1

#� (x ) XS� (C.29)

in each �nite element, with <en nodes per element. Following the Bubnov-Galerkin

approach, the primary unknowns (u , S) and corresponding virtual values (Xu , XS) are

interpolated by identical shape functions between their discrete nodal values (u � , S�
and Xu � , XS� ).

Two-dimensional (plane strain) problems

Plane strain boundary value problems of the domain Ω (with the Cartesian coordinates F ,

and G ) are spatially discretized by a �nite number of <el of two-dimensional isoparametric

�nite elements Ωe ⊂ Ω. The displacement and phase �eld is approximated by (C.28)

and (C.29) either by three-node triangles (C.1) or 4-node quadrilateral elements (C.2). By

means of the matrices

Bu

� = B
Xu

� =

[
#� ,F 0 #� ,G

0 #� ,G #� ,F

]
T

and Bs

� = B
X s

� =

[
#� ,F

#� ,G

]
, (C.30)
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corresponding spatial derivatives are approximated by

YYYh =
[
YFF YGG 2YFG

]
T

=

<en∑
�=1

Bu

� u � , XYYYh =

<en∑
�=1

BXu

� Xu � , (C.31)

and

∇Sh =
[
S,F S,G

]
T

=

<en∑
�=1

Bs

� S� , ∇XSh =

<en∑
�=1

BX s

� XS� . (C.32)

Axisymmetric problems

According to the boundary value problem of indentation fracture discussed in Chapter 4

an axisymmetric formulation (with the cylindrical coordinates @ , q and H ) is employed for

the spatial discretization of the domain Ω into a �nite number of <el isoparametric �nite

elements Ωe ⊂ Ω. Accordingly, the displacement and phase �eld is approximated by (C.28)

and (C.29) either by three-node triangles (C.1) or 4-node quadrilateral elements (C.2). By

means of the matrices

Bu

� = B
Xu

� =

[
#� ,@ 0 #� ,H #� /@

0 #� ,H #� ,@ 0

]
T

and Bs

� = B
X s

� =

[
#� ,@

#� ,H

]
, (C.33)

corresponding spatial derivatives are approximated by

YYYh =
[
Y@@ YHH 2Y@ H Yqq

]
T

=

<en∑
�=1

Bu

� u � , XYYYh =

<en∑
�=1

BXu

� Xu � , (C.34)

and

∇Sh =
[
S,@ S,H

]
T

=

<en∑
�=1

Bs

� S� , ∇XSh =

<en∑
�=1

BX s

� XS� . (C.35)

Three-dimensional problems

Three dimensional boundary value problems of the domain Ω (with the Cartesian coordi-

nates F , G and H) are spatially discretized by a �nite number of <el of three-dimensional

isoparametric �nite elements Ωe ⊂ Ω. The displacement and phase �eld is approximated

by (C.28) and (C.29) either by using 4-node tetrahedral elements (C.3), 6-node wedge/tri-

angular prism elements (not considered here) or 8-node hexahedral elements (C.4). By

means of the matrices

Bu

� = B
Xu

� =


#� ,F 0 0 #� ,G 0 #� ,H

0 #� ,G 0 #� ,F #� ,H 0

0 0 #� ,H 0 #� ,G #� ,F


T

and Bs

� = B
X s

� =


#� ,F

#� ,G

#� ,H

 , (C.36)
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corresponding spatial derivatives are approximated by

YYYh =
[
YFF YGG YHH 2YFG 2YGH 2YFH

]
T

=

<en∑
�=1

Bu

� u � , XYYYh =

<en∑
�=1

BXu

� Xu � ,

(C.37)

and

∇Sh =
[
S,F S,G S,H

]
T

=

<en∑
�=1

Bs

� S� , ∇XSh =

<en∑
�=1

BX s

� XS� . (C.38)

Residual vector

The discretization of the weak forms (3.47) and (3.48) �nally reads[
Xd

]
T R =

<
el⋃

4=1

<en∑
�=1

[
Xd �

]
T Re

� = 0 , (C.39)

with

Xd =

[ [
Xd 1

]
T

[
Xd 2

]
T

. . .
[
Xd<

nds

]
T

]
T

and Xd � =
[ [
Xu �

]
T

XS�

]
T

(C.40)

being vectors of test functions. The total number of nodes in the problem is <nds. The

element-wise contribution of the nodal values with � ∈ [1, 2, . . . , <nds] to the global

residual vector R is

Re

� = −
∫
Ωe


#�

(
d

..
u
)
+

[
Bu

�

]
T

2h (YYYh, Sh)

#�

(
[vc

.
Sh

)
+#�

(
6 ′(Sh)�s (YYYh)

)
+#�

GcE
′(Sh)

2� 2w

+
[
Bs

�

]
T

(
Gc �

2w

∇Sh

)  d+

︸                                                                                                      ︷︷                                                                                                      ︸
= Pe

�

+
∫
Ωe


#�

¯f
h

0

 d+ +
∫
mΩe


#� t̄ h

0

 d�

︸                                    ︷︷                                    ︸
= Fe

�

, (C.41)

with the internal forces Pe

�
and external forces Fe

�
. Note, that in case of crack initiation

problems without pre-existing crack it is suggested to replace Gc and � in (C.41) by their

recalibrated values G∗
c

and �∗ (Sect. 3.7.3). Since expression (C.39) holds for an arbitrary

choice of the test functions Xd the global system of coupled equations reads

R = F − P(d ,
.

d ,
..

d ) = 0 . (C.42)
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Time integration

If no time-dependent terms are present in (C.41) the global system of coupled equa-

tions (C.42) becomes

R = F − P(d ) = 0 . (C.43)

This is the quasi-static case which is present, for example, in Sect. 4.3. In all other

cases, the transient terms

.

d and

..

d have to be computed by time integration schemes of

�rst and second order, respectively. For implicit methods, the global system of coupled

equations (C.42) is evaluated at B + ΔB or in time discretized form at B<+1 = B< + ΔB

R<+1 = F<+1 − P(d<+1,
.

d<+1,
..

d<+1) = 0 , (C.44)

withΔB being the time step size. The implicit Newmark method, also called the Newmark V-

scheme, approximates

d<+1 = d< + ΔB
.

d< +
1

2

ΔB 2
[
(1 − 2V)

..

d< + 2V
..

d<+1
]

(C.45)

and
.

d<+1 =
.

d< + ΔB
[
(1 −W )

..

d< +W
..

d<+1
]

, (C.46)

where V and W are parameters which control the stability and numerical dissipation (New-

mark, 1959). For 0.5 ≤ W ≤ 2V the method is unconditionally stable, while for 2V < W the

method is conditionally stable
2

for lmax ΔB ≤ (W/2− V)−1/2
(Hughes, 1987). WithW > 0.5

numerical dissipation is introduced. A typical choice is the trapezoidal rule (assuming

constant average acceleration) with V = 0.25 and W = 0.5, which is unconditionally stable.

With (C.45) and (C.46) the global system of coupled equations (C.44) is

R<+1 = F<+1 − P̃(d<+1,d< ,
.

d< ,
..

d<) = 0 (C.47)

(Taylor, 2013). It is nonlinear and must be solved for the unknowns d<+1. Note, that if

..

d is

not present in (C.42), a time integration scheme of �rst order is su�cient, e.g. the implicit

Euler scheme with the approximation

.

d<+1 =
1

ΔB
(d< + d<+1) . (C.48)

Then, the global system of coupled equations (C.44) is

R<+1 = F<+1 − P̂(d<+1,d<) = 0 . (C.49)

2
According to Hughes (1987), the undamped critical sampling frequency lmax is taken as a conservative

estimate if no modal damping coe�cient is available.
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Monolitic solution scheme

To solve the nonlinear equations (C.47) in every time step for the vector of unknowns (the

current time increment < + 1 is left for brevity)

d =

[ [
d 1

]
T

[
d 2

]
T

. . .
[
d<

nds

]
T

]
T

with d � =
[ [
u �

]
T

S�

]
T

, (C.50)

the Newton-Raphson iteration scheme (iterations are counted by 7 )

R7+1 = R7 + ΔR7 ≈ R7 +�R7 Δd 7+1 = R7 − S7 Δd 7+1 = 0 (C.51)

is applied, with the incremental update d 7+1 = d 7 + Δd 7 until the residual vector (nor-

malized by the norm of the residual vector of the �rst iteration) is below a tolerance,

i.e. | |R(d 7 ) | | < Xd | |R(d 1) | |. The tolerance Xd is typically chosen to be half the machine

precision (Zienkiewicz et al., 2014). The tangent matrix

S = −
[
mR
md
+ mR
m

.

d

m
.

d

md
+ mR
m

..

d

m
..

d

md

]
= K + W

ΔB V
C + 1

ΔB 2 V
M (C.52)

includes the sti�ness matrix K, the damping matrix C and the mass matrix M (Taylor, 2013).

The element sti�ness matrix is

K� � =

[
Kuu

� �
Kus

� �

Ksu

� �
Kss

� �

]
(C.53)

and contains

Kuu

� � =

∫
Ωe

[
Bu

�

]
T m2h (YYYh, Sh)

mYYYh

Bu

� d+ =

∫
Ωe

[
Bu

�

]
T C(Sh) Bu

� d+ , (C.54)

Kus

� � =

∫
Ωe

[
Bu

�

]
T m2h

mSh

#� d+ , (C.55)

Ksu

� � =

∫
Ωe

#� 6
′(Sh)

[
m�s (YYYh)
mYYYh

]
T

Bu

� d+ , (C.56)

Kss

� � =

∫
Ωe

6 ′′(Sh)�s (YYYh)#� #� +
Gc

�
#� #� + Gc �

[
Bs

�

]
T Bs

� d+ (C.57)

with the material tangent C(Sh). Note, that for a separate choice of the crack driving

energy according to Sect. 3.2.2 it is

(Ksu

� � )
T

≠ Ksu

� � (C.58)
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in general. Thus, a numerical solution procedure taking the unsymmetric tangent matrix

into account is suggested, which however is computationally (much) more expensive. The

element damping matrix is

C� � =

[
0<×< 0<×1

01×< Css

� �

]
with Css

� � =

∫
Ωe

[vc #� #� d+ , (C.59)

and the mass matrix is

M� � =

[
Muu

� �
0<×1

01×< 01×1

]
with Muu

� � =

∫
Ωe

d #� #� O <×< d+ . (C.60)

They contain the<dim × <dim matrix with ones in the diagonal O <×< and zero matrices 0;×9
of the indicated size (; rows and 9 columns). In case of crack initiation problems without

pre-existing crack it is suggested to replace Gc and � in (C.57) by their recalibrated

values G∗
c

and �∗ (Sect. 3.7.3).

Alternate minimization procedure

Instead of solving (C.42) for the vector of unknowns (C.50) in a monolithic fashion, the

problem can be decomposed into two subproblems which are then solved in an alternating

manner (with cycles 9 switching from one �eld computation to the other) as applied, e.g.

in Sect. 4.3.2. One �eld computation concerns the unknown phase �eld

s(9 ) =
[
S
(9 )
1

S
(9 )
2

. . . S
(9 )
<

nds

]
T

(C.61)

by using displacements

u(9−1) =
[ [
u (9−1)

1

]
T

[
u (9−1)

2

]
T

. . .
[
u (9−1)
<

nds

]
T

]
T

(C.62)

from the previous cycle

Rs = Fs − Ps (s(9 ) , u !

=u(9−1) ) = 0 (C.63)

and the other one is related to the unknown displacements u(9 ) by using the phase �eld

values from the current cycle s(9 ) obtained from (C.63)

Ru = Fu − Pu (u(9 ) , s !

=s(9 ) ) = 0 . (C.64)

Since, in general, both subproblems are non-linear each of them has to be solved by

Newton-Raphson iterations (counted by 7 ) according to

Rs

7+1 ≈ R
s

7 − S
ss Δs7 = 0 (C.65)

262



C Numerical implementation

and

Ru

8+1 ≈ R
u

8 − S
uu Δu7 = 0 (C.66)

with the incremental updates s7+1 = s7 + Δs7 and u8+1 = u8 + Δu8 until convergence is ob-

tained, typically de�ned by | |Rs (s7 ) | | < Xs | |Rs (s1) | | and | |Ru (u7 ) | | < Xu | |Ru (u1) | |. Note,

that due to the missing second order time derivatives, the implicit Euler method accord-

ingto (C.49) is used for time integration of (C.65). Thus, the tangent matrices are

Sss = −
[
mRs

ms
+ mR

s

m
.
s

m
.
s
ms
+ mR

s

m
..
s

m
..
s
ms︸   ︷︷   ︸

= 0

]
= Kss + 1

ΔB
Css

(C.67)

and

Suu = −
[
mRu

mu
+ mR

u

m
.
u

m
.
u
mu︸   ︷︷   ︸

= 0

+mR
u

m
..
u

m
..
u
mu

]
= Kuu + 1

ΔB 2 V
Muu . (C.68)

The element sti�ness matrices read

Kss

� � =

∫
Ωe

6 ′′(Sh)�s (YYYh)#� #� +
Gc

�
#� #� + Gc �

[
Bs

�

]
T Bs

� d+ (C.69)

and

Kuu

� � =

∫
Ωe

[
Bu

�

]
T m2h (YYYh, Sh)

mYYYh

Bu

� d+ =

∫
Ωe

[
Bu

�

]
T C(Sh) Bu

� d+ (C.70)

with the material tangent C(Sh). The element damping and mass matrices are

Css

� � =

∫
Ωe

[vc #� #� d+ and Muu

� � =

∫
Ωe

d #� #� O <×< d+ , (C.71)

with O <×< being a <dim × <dim matrix with ones in the diagonal. For crack initiation

problems (starting from S=1), solving for the phase �eld (C.65) becomes non-linear as

soon as phase �eld evolution

.
S < 0 takes place. Without pre-existing crack it is suggested

to replace Gc and � in (C.69) by their recalibrated values G∗
c

and �∗ (Sect. 3.7.3). In

the special case that no tension-compression split is present in the momentum balance

equation, i.e. the stress tensor is 2h = C(Sh) YYYh, solving for the displacements (C.66) is a

linear problem.

Material tangent matrix

By using the Voigt notation as introduced in App. A.7, the material tangent matrices for

commonly used tension-compression splits discussed in Chapter 3 are provided. They are

required for implicit time integration schemes to calculate nodal displacements.
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In case of full degradation the sti�ness tensor (3.12) corresponds to the isotropically

degraded elasticity tensor (2.85), i.e.

C(S) = 6 (S)
(
_ O ⊗ O + 2` Isym

)
. (C.72)

For plane strain conditions the corresponding matrix notation in the discretized setting

is

C(Sh) =


6 (Sh)

(
_ + 2`

)
6 (Sh) _ 0

6 (Sh) _ 6 (Sh)
(
_ + 2`

)
0

0 0 6 (Sh) `

 , (C.73)

while for axisymmetric conditions the material tangent matrix (by using � and a ) is

C(Sh) =
6 (Sh) �

(1 + a) (1 − 2a)



1 − a a 0 a

a 1 − a 0 a

0 0
1

2
(1 − 2a) 0

a a 0 1 − a


. (C.74)

For the spectral strain decomposition (3.204) discussed in Sect. 3.5.1 the sti�ness tensor

is

C(S) =
3∑
0

3∑
1

m f0

m Y1

YYY
n0 ⊗

YYY
n0 ⊗

YYY
n1 ⊗

YYY
n1

+ 1

2

3∑
0

3∑
1≠0

f0 − f1
Y0 − Y1

( YYY
n0 ⊗

YYY
n1 ⊗

YYY
n0 ⊗

YYY
n1 +

YYY
n0 ⊗

YYY
n1 ⊗

YYY
n1 ⊗

YYY
n0

)
(C.75)

with

m f0

m Y1
= 6 (S) _ 〈tr(YYY)〉

tr(YYY) + 6 (S) 2`
〈Y0 〉
Y0

X01 − _
〈− tr(YYY)〉

tr(YYY) − 2`
〈−Y0 〉
Y0

X01 (C.76)

and

f0 − f1
Y0 − Y1

= 6 (S) 2` 〈Y0 〉 − 〈Y1 〉
Y0 − Y1

− 2`
〈−Y0 〉 − 〈−Y1 〉

Y0 − Y1
. (C.77)

It contains both derivatives with respect to current principal directions and terms attributed

to the reorientation of principal directions. Its discretization to C(Sh) is straightforward.

To avoid the costly computation of strain eigenvectors

YYY
n 7 , especially in 3D problems, one

can directly use derivatives formulated according to

YYY

T 7 :=
YYY
n 7 ⊗

YYY
n 7 without the need to

explicitly compute eigenvectors as proposed by Miehe (1993). Since (C.76) is only de�ned

for distinct eigenvalues unequal to zero a perturbation technique can be used or di�erent

cases described in App. A.5 must be considered.
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For the volumetric-deviatoric decomposition (3.230) discussed in Sect. 3.5.2 the sti�ness

tensor is

C(S) = 6 (S) _ 〈tr(YYY)〉
tr(YYY) O ⊗ O − _ 〈− tr(YYY)〉

tr(YYY) O ⊗ O + 6 (S) 2` Isym . (C.78)

For plane strain conditions the corresponding matrix notation in the discretized setting is

equal to (C.73) for an opened crack and

C(Sh) =


(
_ + 2

3
`
)
+ 6 (Sh) 4

3
`

(
_ + 2

3
`
)
− 6 (Sh) 2

3
` 0(

_ + 2

3
`
)
− 6 (Sh) 2

3
`

(
_ + 2

3
`
)
+ 6 (Sh) 4

3
` 0

0 0 6 (Sh) `

 (C.79)

for a closed crack.

For the crack orientation dependent degradation (Sect. 3.6.1) the elasticity tensor is given

by (3.286) for an opened and by (3.287) for a closed crack. Its matrix representations in

the discrete setting (the coordinate system is aligned with the crack) are

Copen (Sh) =



6 (Sh) (_ + 2`) 6 (Sh) _ 6 (Sh) _ 0 0 0

6 (Sh) _ _ + 2` + Λ̃g (Sh) _ + Λ̃g (Sh) 0 0 0

6 (Sh) _ _ + Λ̃g (Sh) _ + 2` + Λ̃g (Sh) 0 0 0

0 0 0 6 (Sh) ` 0 0

0 0 0 0 ` 0

0 0 0 0 0 6 (Sh) `


(C.80)

for the open crack and

Cclosed (Sh) =



_ + 2` _ _ 0 0 0

_ _ + 2` _ 0 0 0

_ _ _ + 2` 0 0 0

0 0 0 6 (Sh) ` 0 0

0 0 0 0 ` 0

0 0 0 0 0 6 (Sh) `


(C.81)

for the closed crack. The correction term Λ̃g (Sh) := (6 (Sh) − 1) Λ in the lateral directions

contains the elastic portion Λ := _2/(_ + 2`) to obtain plane stress conditions in the plane

of the opened crack.

C.3 Computational realization of irreversibility constraints

In order to account for the irreversible behavior or fracture additional constraints have to

be incorporated into the system of equations (C.51) or (C.63) related to the phase �eld.
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C Numerical implementation

A common strategy when using the alternate minimization procedure is to incorporate a

local “damage-like” irreversibility (3.40) by replacing the current crack driving energy in

the residual vector (C.41) and the sti�ness matrix (C.69) by the maximum crack driving

energy obtained in history

�s (YYYh) ← max

[
�s

(
YYYh (x , B )

)
, H(x , B )

]
(C.82)

as proposed by Miehe et al. (2010a). This requires the storage of one history variable

H(x , B ) = max

g ∈[0, B )

[
�s

(
YYYh (x ,g)

) ]
(C.83)

per Gauss point.

By contrast, the incorporation of a “crack-like” behavior (3.36), which is the preferred

option to compute fracture, can be realized by applying Dirichlet boundary conditions

s�
!

= 0 (C.84)

on the phase �eld where a nodal phase �eld value s� of the previous state is below an

extremely small threshold value, e.g. Stol = 10
−8

as in Schlüter (2018). This can be done by

manipulating both the sti�ness matrix K (C.53) or Kss
(C.69) and the residual vector Rs

(C.65)

as described by Kuhn (2013).

The application of the constraint (C.84) requires the phase �eld to localize promptly to

the broken state, at least below the threshold Stol, to activate the irreversibility constraint.

If, however, the smallest nodal phase �eld value at a crack is slightly above this threshold

phase �eld recovery will still be possible. In view of the absence of a strong stress

concentration in indentation fracture problem (Chapter 4) and due to the low propensity

of the higher-order degradation functions to approach the broken stage this is particular

critical. Its impact is shown in Sect. 4.3.5, where an unphysical “moving crack phenomenon”

is observed since the threshold for the irreversibility constraint is not attained. Faced to

this situation, directly constraining the phase �eld according to (C.84) by using a higher

threshold value does not solve this problem, since the neighboring nodes are also a�ected

by the constraint. To be able to introduce an irreversibility threshold S0 of �nite value

with

Stol < S0 � 1 (C.85)

and to achieve a robust algorithmic treatment of the irreversibility constraint (C.84) the

phase �eld is prevented to increase locally as soon as the threshold is reached, i.e.

.
S ≤ 0 only if S ≤ S0 . (C.86)

This is done (only for the alternate minimization procedure) by partially replacing the

current crack driving energy in the residual vector (C.41) and the tangent matrix (C.69)

by

�s (YYYh) =
{

max

[
�s

(
YYYh (x , B )

)
, H(x , B )

]
if S ≤ S0

�s

(
YYYh (x , B )

)
otherwise ,

(C.87)
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with the history �eld variableH(x , B ) (see above). In addition, Dirichlet boundary condi-

tions according to (C.84) are applied to keep S non-negative. This approach enables both

to �x cracks once they have formed as well as phase �eld recovery with

.
S > 0 outside the

immediate vicinity of the crack so that the fracture surface energy is correctly reproduced

in the simulation (cf. Sect. 3.7.3). For some other reasons, Steinke and Kaliske (2019)

proposed a similar algorithmic treatment.

C.4 Realization of pre-existing cracks

Closely related to the irreversibility of the phase �eld is the question of how to set crack

boundary conditions in case of pre-existing cracks. There are at least three distinct options

to model initial cracks:

• Initial cracks can be modeled as discrete cracks, i.e. by introducing double nodes

in the �nite element mesh along the crack surface. Consequently, �nite element

edges must be aligned with the crack surface. With applied loading, further crack

progress can take place by phase �eld evolution from the stress concentration at

the crack front/tip. Due to the regularization, the incomplete approximation of the

1/
√
@ -singular stress concentration in standard �nite elements has (almost) no e�ect

on the phase �eld solution (e.g. Hofacker, 2014), as long as the mesh is �ne enough,

e.g., ℎe < �/4. However, Klinsmann et al. (2015) showed that a mesh induced initial

crack delays the progress signi�cantly, since initial localization of the phase �eld

consumes additional energy, see also Sect. 3.7.2. Nonetheless, discrete pre-cracks

are often used in the literature, especially to simulate standard “benchmarks” like

the single-edged notched test, see e.g. Miehe et al. (2010a), Borden (2012) and Hesch

et al. (2017). One reason might be the insu�cient and erroneous approximation

of crack boundary conditions (Sect. 3.5), see also the comparison of initial crack

modeling by May et al. (2015).

• Nodal phase �eld values can be prescribed by applying Dirichlet boundary condi-

tions S = 0 at the crack, more speci�cally, along the crack set Ss. For this purpose,

�nite element edges must also be aligned with the crack surface. If only one row of

nodes is constrained to zero, there is still a signi�cant amount of remaining sti�ness

across the crack. Thus, it is preferred to constrain a double row of nodes along the

crack, with su�ciently small �nite elements in-between. This leads to vanishing

sti�ness, but results in signi�cantly larger errors in terms of the crack surface

energy, which hast to be corrected, e.g. according to the recalibration discussed in

Sect. 3.7.3.

• If the phase �eld formulation includes a strain history �eld H(x ) as introduced

in Sect. 3.2.3, it is possible to modify (i.e. constrain) the crack driving energy by

prescribing initial history values to form a pre-crack. In this case, the modeling of

pre-cracks is independent of �nite element edges. Based on the approach proposed
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by Borden et al. (2012) in the context of isogeometric analysis, Strobl and Seelig

(2016) proposed a slightly modi�ed version with

H(x ) = Gc (1 − S0)
2� S0

〈ℎe − 3s (x )〉
ℎe

, (C.88)

which is independent of the mesh size. It contains the bracket operator (3.196) and

the closest distance 3s (x ) to the surface of the pre-crack. In fact, the width where

the crack driving energy is imposed is limited to two times the element size ℎe to

reduce for � > 2ℎe the width of the fully degraded zone (compared to the original

proposal). Note, that the intended initial phase �eld value at the crack with S0 → 0

has to be chosen, e.g. S0 = 10
−3

(Borden et al., 2012).
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D Further FFM analyses of
indentation fracture

D.1 Pre-fracture stress distribution

For �nite fracture mechanics (FFM) analyses, see Sect. 2.2.6, the knowledge of the stress

�eld distribution is of particular interest. The stress �eld caused by indentation of a

rigid cylindrical punch with radius 0 on the surface of an elastic half-space was partially

given by Boussinesq (1885), long before the full problem was solved by Sneddon (1946a).

Outside the punch it is similar to the stress �eld generated by compression of a spher-

ical indenter, which was explored by Hertz (1882a); Hertz (1882b). In order to analyze

indentation fracture cylindrical indenters are preferred since the indenter radius is equal

to the contact radius and remains, by assuming a rigid indenter, constant. Typographical

mistakes in Sneddon (1946a) were corrected later on by, e.g., Barquins and Maugis (1982).

In Kachanov et al. (2003) the stress �eld is given in the complex form

f0 = f@@ + fqq
f1 = f@@ − fqq + 27 f@q

gH = f@ H + 7 fqH (D.1)

with the elementary functions (here already given for the axisymmetric case in a cylindrical

coordinate system with @ ≥ 0, H ≥ 0 and 0 > 0)

f0 = − �

2c 0

©­­«(1 + 2a)

√
02 − : 2

1

: 2

2
− : 2

1

+
H2 : 4

1
− H2 02 (202 − @ 2 + 2H2)√
02 − : 2

1

(
: 2

2
− : 2

1

)
3

ª®®¬ ,

f1 =
�

2c 0

©­­«−(1 − 2a)

√
02 − : 2

1

: 2

2
− : 2

1

+ (1 − 2a)
20 − 2

√
02 − : 2

1

@ 2

−
0 H

√
: 2

2
− 02 [2: 4

1
+ @ 2 (: 2

1
+ 3: 2

2
− 602)]

: 2

2

(
: 2

2
− : 2

1

)
3

ª®®¬ ,

fHH =
�

2c 0

©­­«
√
02 − : 2

1

: 2

2
− : 2

1

+
H2 : 4

1
+ H2 02 (@ 2 − 202 − 2H2)√
02 − : 2

1

(
: 2

2
− : 2

1

)
3

ª®®¬ (D.2)
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and

gH = −
�

2c 0

H @
√
02 − : 2

1
(3: 2

2
+ : 2

1
− 402)

: 2

2
− : 2

1

, (D.3)

where :1 and :2 are length parameters de�ned by

:1 =
1

2

(√
(@ + 0)2 + H2 −

√
(@ − 0)2 + H2

)
,

:2 =
1

2

(√
(@ + 0)2 + H2 +

√
(@ − 0)2 + H2

)
, (D.4)

with :1 ≥ 0 and :2 ≥ 0 , see also the work of Fabrikant (1988). While fHH is already given

in (D.2) other stress components in a cylindrical coordinate system can be obtained

according to

f@@ =
1

2

Re{f0 + f1 } =
1

2

(f0 + f1 ) ,

fqq =
1

2

Re{f0 − f1 } =
1

2

(f0 − f1 ) ,

f@ H = Re{gH } = gH ,

fqH = Im{gH } = 0 ,

f@q = Im{f1 } = 0 , (D.5)

where the last two components correspond with axisymmetric conditions.

Alternatively, by using the mean contact pressure

>m =
�

c 02
= �

3

0

2

c (1 − a2) (D.6)

the surface stress (H = 0) below the indenter @ ≤ 0 can be written with

r̄ =

√
1 −

( @
0

)
2

(D.7)

according to Maugis (2000) and Fischer-Cripps (2007)

f@@ = >m

1 − 2a

2

1

(@ /0)2
(1 − r̄) − 1

2

>m

1

r̄
,

f\\ = >m

1 − 2a

2

1

(@ /0)2
(r̄ − 1) − >m a

1

r̄
,

fHH = −
1

2

>m

1

r̄
,

f@ H = 0 . (D.8)
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Using the solutions of integral expressions, see Sneddon (1946a),

�10 =
1

√
'

sin(q/2) ,

�01 =
1

@ /0

(
1 −
√
' sin(q/2)

)
,

�21 =
@

0

1

√
'3

sin(3q/2) ,

�20 =

√
1 +

( H
0

)
2 1

√
'3

sin(3q/2 − \ ) ,

�11 =

√
1 +

( H
0

)
2 1

@ /0
1

√
'

sin(\ − q/2) (D.9)

with the parameters

' =

√[( @
0

)
2

+
( H
0

)
2

− 1

]
2

+ 4

( H
0

)
2

,

tan \ =
1

H/0 ,

tanq =
2 H/0

(@/0)2 + (H/0)2 − 1

, (D.10)

the non-zero stress components outside the indenter @ > 0 can be written in compact

form as

f@@ = −
1

2

>m

[
�10 −

H

0
�20 − (1 − 2a) 1

@ /0 �01 +
H/0
@ /0 �11

]
,

f\\ = −1

2

>m

[
2a �10 + (1 − 2a) 1

@ /0 �01 −
H/0
@ /0 �11

]
,

fHH = −
1

2

>m

[
�10 +

H

0
�20

]
,

f@ H = −
1

2

>m

H

0
�21 . (D.11)

271



D Further FFM analyses of indentation fracture

A simple geometric interpretation of the parameters in (D.10) is given, e.g., by Maugis

(2000). At the free surface (H = 0) these stress components are

f@@ (H =0) = >m

1 − 2a

2

1

(@/0)2
= �

3

0

1

c

(
1 − 2a

1 − a2

)
1

(@/0)2
, (D.12a)

f\\ (H =0) = −>m

1 − 2a

2

1

(@ /0)2
= −� 3

0

1

c

(
1 − 2a

1 − a2

)
1

(@ /0)2
, (D.12b)

fHH (H =0) = 0 , (D.12c)

f@ H (H =0) = 0 . (D.12d)

Normalized according to (4.3), the radial stress component k@@ is (only depending on @ /0 ,

H/0 and a )

k@@ =
f@@

�

0

3
= − 1

c (1 − a2)

[
�10 −

H

0
�20 − (1 − 2a) 1

@ /0 �01 +
H/0
@/0 �11

]
, (D.13)

which is at the free surface

k@@ (H/0 =0) = 1

c

(
1 − 2a

1 − a2

)
1

(@/0)2
. (D.14)

Figures D.1–D.6 show contour lines of the stress components given in (D.5) and normalized

according to (4.3). The contour line of zero radial stress k@@ = 0 is marked in Figs. D.1

and D.2.
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Figure D.1: Contour line of the radial stress k@@ under a cylindrical punch for a =0.22. Red and orange colors

indicate positive (tensile) values.
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Figure D.2: Contour line of the radial stress k@@ for a =0.22 at the indenter edge (@ /0 =1). Red and orange

colors indicate positive (tensile) values.
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Figure D.3: Contour line of the normal stress kHH perpendicular to the free surface under a cylindrical punch

for a =0.22.
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Figure D.4: Contour line of the normal stress kqq in circumferential direction under a cylindrical punch

for a =0.22.
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Figure D.5: Contour line of the shear stress k@ H under a cylindrical punch for a =0.22.
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Figure D.6: Contour line of the shear stress k@ H for a =0.22 at the indenter edge (@ /0 =1).

D.2 Analytical evaluation of average energy release rate

The average energy release rate
¯G required for the evaluation of the hybrid fracture

initiation criterion (4.7) of FFM to analyze Hertzian indentation fracture (as done in

Sect. 4.2.2) can be computed analytically, after some simpli�cations, as follows. The mode I

stress intensity factor for the edge crack
1

of length H subjected to a single normal load %

(Fig. D.7) is

 I (H) =
2%
√
cH

1√
1 − (H̄/H)2

5sf (H̄) (D.15)

1
Due to H � @0, the curvature (1/@0) of the ring crack with radius @0 is negligible. Thus, plain strain conditions

can be assumed and corresponding mode I stress intensity factor (independent of @0) is used.
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as given by, e.g., Tada et al. (2000, p. 197) with the factor

5sf (H̄) = 1.3 − 0.3

(
H̄

H

)
5/4

(D.16)

to incorporate the e�ect of the free surface.

H̄
H

%

 I(H)

Figure D.7: Edge crack of length H in semi-in�nite plane subjected to single normal load % located at position H̄ .

In order to obtain the stress intensity factor for the pre-fracture radial stress �eld shown in

Fig. D.1 the single load in (D.15) is replaced by the normal stress f@@ (H̄) which is integrated

over the crack length H . Thus, the corresponding mode I stress intensity factor is

 I (H) =
2

√
cH

H∫
0

f@@ (H̄)√
1 − (H̄/H)2

5sf (H̄)dH̄

= 2

√
H

c

H∫
0

f@@ (H̄)√
H2 − H̄2

5sf (H̄)dH̄ . (D.17)

Replacing 5sf (H̄) in (D.16) by the linear approximation

5sf (H̄) ≈ 1 + 0.3

(
1 − H̄

H

)
(D.18)

the stress intensity factor is

 I (H) = 2

√
H

c


H∫

0

f@@ (H̄)√
H2 − H̄2

dH̄ + 0.3

H

H∫
0

f@@ (H̄) (H − H̄)√
H2 − H̄2

dH̄

 . (D.19)

By also exploiting the almost linear variation of the radial stress with depth H

f@@ (H̄) = f0

(
1 − H̄

H∗

)
(D.20)
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with f0 := f@@ (H =0) from (D.12a) the mode I stress intensity factor in the present problem

is

 I (H) =2f0

√
H

c

[ H∫
0

1

√
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dH̄ − 1
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. (D.21)

The solutions of integrals used in (D.21) are

�1 (H) = arcsin

(
H̄

H

)����H
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With
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the average energy release rate is

¯G(H0) =
1 − a2
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, (D.24)

which can also be written as

¯G = � 0

(
3

0

)
2

q
(@0

0
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0
,a

)
(D.25)
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by means of the dimensionless function

q
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Due to the square of  I in (D.24) a negative stress intensity factor would also contribute to

the average energy release rate. Thus only positive stress intensity factors are evaluated.

Regarding (D.21) the stress intensity factor is positive only for

H

H∗
<
jK

[K

≈ 1.637 or H < H∗ jK/[K =: H∗∗ . (D.27)

For H > H∗∗ the average energy release rate is only evaluated in the range where the stress

intensity factor  I is positive, i.e. from H = 0 to H = H∗∗, so

¯G(H0) =
1 − a2

�

1
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In this case the dimensionless function q in (D.25) is

q
(@0

0
,
H0

0
,a

)
=

4

c3

(1 − 2a)2

1 − a2

1

(@0/0)4
1

H0/0
1

12

(
j2

K

[K

H∗

0

)
2

. (D.29)

D.3 E�ect of free surface on average energy release rate

As discussed in Section 4.2.2, previous analyses of the indentation problem, e.g. Frank

and Lawn (1967) and Warren (1978), evaluate the stress intensity factor in the present

problem (4.19) by using

5sf = 1 , (D.30)

thus neglecting the e�ect of the free surface. Its in�uence on crack initiation is brie�y

discussed here. According to Appendix D.2, the stress intensity factor using (D.30) is

 I (H) = 2f0

√
H

c

H∫
0

1 − H̄/H∗
√
H2 − H̄2

dH̄ = 2f0

√
H

c

[
c

2︸︷︷︸
=: j̃K

− 1︸︷︷︸
=: [̃K

H

H∗

]
, (D.31)
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which is positive for

H

H∗
<
j̃K

[̃K

≈ 1.571 or H < H∗ j̃K/[̃K =: H̃∗∗ . (D.32)

Finally, the average energy release rate is represented analogous to (4.23) by the dimen-

sionless function

q̃ =


4

c3

(1 − 2a)2

1 − a2

1

(@0/0)4

[
c2

8

H0

0
− c

3

(H0/0)2

H∗/0 + 1

4

(H0/0)3

(H∗/0)2

]
for H ≤ H̃∗∗

c

48

(1 − 2a)2

1 − a2

1

(@0/0)4
(H∗/0)2

H0/0
for H > H̃∗∗ .

(D.33)

Figure D.8 shows the critical load according to the energy part of the hybrid criterion

in terms of the dimensionless quantity 1/
√
q̃ . It is signi�cantly larger in the whole

range @0/0 in the case that the free surface is neglected for the stress intensity factor

evaluation according to (4.19). Especially for short cracks the deviation is large.

  0

 50

100

150

200

1.0 1.2 1.4 1.6 1.8 2.0

@0/0

q̃
−
1/
2

H0/0 = 0.005

H0/0 = 0.010

H0/0 = 0.020

H0/0 = 0.050

H0/0 = 0.110

Figure D.8: Dimensionless function q̃−1/2
given in (D.33) for a = 0.22 and a set of varying crack lengths

H0/0 = {0.005 . . . 0.11}. Solid lines indicate results for energy release rate with 5
sf
= 1 in comparison with the

energy release rate accounting for the free surface 5
sf
(H) used in Sect. 4.2 (dashed lines).

Accordingly, as depicted in Figs. D.9a and b the critical load for crack initiation is larger if

the e�ect of the free surface is neglected. Moreover, the stationary value for small indenter

radii in Fig. D.9b is somewhat larger. Figures D.9c and d show that initial cracks occur at

a larger radial position @0/0 and are somewhat longer where the stationary value is not

reached. Interestingly, neglecting the e�ect of the free surface in�uences the range where

the saturation value occurs as well as the saturation value of the initial crack length H0/0
(which is slightly shorter with H0/0 ≈7.8 × 10

−2
) as shown by Figs. D.9c and d, but does

not in�uence the saturation value of the radial position of the crack (@0/0 ≈1.35).
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Figure D.9: E�ect of neglecting the free surface for the average energy release rate evaluation by using (D.30).

Variation of a) normalized critical indenter displacement 3c/0 , b) critical load �c/03/2
, c) normalized crack

radius @0/0 and d) normalized crack length H0/0 with indenter radius 0 for di�erent tensile strengths

ft = {50, 100, 150} MPa. Solid lines indicate results for 5
sf
=1 in comparison with the evaluation in Sect. 4.2

(dashed lines).

D.4 E�ect of local stress criterion

For completeness of the evaluation, results obtained for the critical indenter displace-

ment 3c/0 , the apparent critical load �c/03/2
, the crack radius @0/0 and the initial crack

length H0/0 (analogous to Figs. 4.13, 4.14 and 4.15) are presented when instead of the av-

erage stress criterion (4.6) the local stress criterion (4.5) is used. For instance, Figure D.10a

shows that a higher critical loading (in terms of a larger indenter displacement 3c/0)

is predicted by utilizing the local stress criterion instead of the average stress criterion

(indicated by dashed lines). In accordance with this, Figure D.10b indicates that the use

of the local stress criterion leads to higher apparent critical loads with a value of about

70 MN/m
3/2

for small indenter radii.
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Figure D.10: E�ect of local stress criterion (pointwise evaluation) on indentation fracture initiation. Variation of

a) normalized critical indenter displacement 3c/0 , b) critical load �c/03/2
, c) normalized crack radius @0/0 and

d) normalized crack length H0/0 with indenter radius 0 for di�erent tensile strengths ft = {50, 100, 150} MPa.

Solid lines indicate results for local stress criterion in comparison with average stress criterion used in Sect. 4.2

(dashed lines).

However, in contrast to the average stress criterion, the local stress criterion obviously

does not lead to a stationary value (which might indicate the Auerbach range as discussed

in Sect. 4.2.4) here. The critical load to ful�ll the local stress criterion, especially for

long cracks, is signi�cantly higher (see Fig. 4.5) compared to the average stress criterion

(Fig. 4.6) and thus it is more dominant for the crack initiation process. Therefore, crack

initiation is controlled by both the stress and the energy criterion for all indenter radii 0 ∈
[0.1, 2.5]mm. The absence of a saturation regime for small indenter radii is even more

pronounced in Figs. D.10c and d. Figure D.10c shows the variation of the normalized radial

crack position @0/0 and Fig. D.10d shows the corresponding variation of the normalized

crack length H0/0 with the indenter radius 0 . Both �gures indicate large deviations

between both stress criteria, especially for small tensile strengths. Typically, by using

the local stress criterion shorter cracks (Fig. D.10d) which initiate closer to the indenter

(Fig. D.10c) are predicted.
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Analogous to the analysis of Sect. 4.2.4, by using the dimensionless parameter

√
:c/(0 Yc)

introduced in Sect. 4.2.3 the range where only the energy criterion controls crack initia-

tion (3c/3c ≈ 1) with the stress criterion being oversatis�ed (3c/3f > 1) is

√
:c/(0 Yc) '

2.097, which is much larger than the corresponding parameter obtained for the average

stress evaluation (

√
:c/(0 Yc) ' 0.450). For the material data given by (4.2) and a tensile

strength of ft = 50 MPa this corresponds to the indenter radius 0 / 6.5 × 10
−2

mm which

is much smaller than the indenter size considered here. So, from a theoretical point of

view, the saturation regime also exists when using the local stress criterion as is shown

next. Since for small indenter radii the in�uence of e.g. surface �aws is more severe, a

hypothetical tensile strength of ft = 25 MPa is regarded instead. The saturation regime

occurs for indenter radii

0 /
1

2.097
2

Gc �

f2

t

= 0.26 mm . (D.34)

Figure D.11 shows the appearance of saturation values for crack initiation at the radial

position @0/0 ≈ 1.35 with the crack length H0/0 ≈ 8.1 × 10
−2

. These saturation values are

identical to the values obtained for the average stress criterion in Sect. 4.2.4, since they

correspond to the local maximum of q (@0/0, H0/0,a) in Fig. 4.8 and thus are independent

of the stress part evaluation of the hybrid fracture initiation criterion (2.160).
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Figure D.11: Variation of a) normalized crack radius @0/0 and b) normalized crack length H0/0 with indenter

radius 0 for di�erent tensile strengths ft = {25, 50, 100, 150} MPa. Saturation regime which is present for√
:c/(0 Yc) ' 2.097 is indicated by red color.

D.5 E�ect of cutting negative stress in average stress criterion

By considering the average stress criterion (4.6) the question arises how negative stresses

should contribute to the average. While the evaluation in Sect. 4.2.1 does not distinguish

between positive and negative stresses — only negative average values are excluded

in (4.12) — there is also the possibility to cut negative stress values before taking the
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average. By also exploiting the linear stress distribution in the present problem (4.13) one

obtains the dimensionless function (by using the substitution Z =H/0)

k
pos

:=
1

H0/0

Ẑ∫
0

k@@

(@0

0
, Z ,a

)
dZ ≈


k0

(
1 − 1

2

H0/0
H∗/0

)
H0/0 ≤ H∗/0

1

2

k0

H∗/0
H0/0

H0/0 > H∗/0
(D.35)

with the upper integration bound Ẑ depending on the crack length H0/0

Ẑ :=

{
H∗/0 for H0/0 > H∗/0
H0/0 for H0/0 ≤ H∗/0 .

(D.36)

Obviously, excluding negative stress contribution from the integral expression as done

in (D.35) only takes e�ect for (still hypothetical) cracks which are long enough to reach

the zone where the radial stress becomes negative, see Fig. 4.4. This is the case, e.g.,

for long cracks (large H0/0) at small distances from the indenter (small @0/0). Shorter

cracks are able to appear closer to the indenter without being a�ected by negative stresses,

as depicted in Fig. D.12. Since the critical positions and crack lengths where fracture

initiation occurs for present material parameters and indenter radii, see Sect. 4.2.4, are

within this range the initiation process is not in�uenced by applying (D.35). Thus, results

obtained by cutting negative stress contributions before taking the average are identical

with the results shown in Figs. 4.13–4.15.
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Figure D.12: Dimensionless function k
−1

pos
given in (D.35) (solid lines) in comparison with corresponding

function from average stress criterionk
−1

used in Sect. 4.2.1 (dashed lines, cf. Fig. 4.6) for a = 0.22 and a set of

varying crack lengths H0/0 = {0.00 . . . 0.11}.
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D.6 Veri�cation of linear stress approximation

The analysis of indentation fracture initiation in Sect. 4.2 is carried out by exploiting the

almost linearly decreasing radial stress (D.20) with increasing depth H (cf. Fig. 4.3b), which

�nally leads to simple analytical expressions representing the local stress criterion (4.14),

the average stress criterion (4.15) and the energy criterion (4.26). In the following the accu-

racy of these expressions is compared with exact values or values obtained by numerical

integration.

Pointwise evaluation of local stress criterion

Instead of utilizing the linear approximation (4.13) the local stress criterion (4.10) is

evaluated pointwise. In this case the critical load to initiate fracture is larger as depicted

in Fig. D.13. Especially for long cracks (at a large distance from the indenter) the deviation

between linear approximation and pointwise evaluation of the local stress criterion is

large. Since the radial stress decreases monotonically with increasing H as already pointed

out in Sect. 4.2.1 the local criterion takes only the stress at the end of the hypothetically

formed crack at H =H0 into account. Figure D.14a shows the relative error of the linear

stress approximation (related to the radial stress at the free surface)

Xk :=
klin −k@@

k0

× 100% =

(
1 − H0/0

H∗/0 −
k@@

k0

)
× 100% (D.37)

with depth H0/0 . Only at the surface (H0/0 = 0) and at the depth with zero stress

(H0/0 = H∗/0) the linear stress approximation (4.13) is equal to the (exact) radial stress.

In-between, for 0 < H0 < H∗ (where the radial stress is positive), the linear stress approxi-

mation overestimates the real stress, thus the critical load for fracture initiation is predicted

too small (dashed lines in Fig. D.13).
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Figure D.13: Dimensionless functionk−1
representing the critical load for the local stress criterion. Comparison

of (exact) pointwise evaluation (solid lines) with evaluation by using linear stress approximation (dashed lines,

cf. Fig. 4.5) for a = 0.22 and a set of varying crack lengths H0/0 = {0.005 . . . 0.11}.
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As depicted in Fig. D.14a, the maximum deviation between the exact stress and its linear

approximation is located at H0/H∗ ≈ 0.6 and the maximum relative error increases with the

radial position up to @0/0 ≈ 1.5. In conjunction with the ratio H0/H∗ shown in Fig. D.14b

it is reasonable that deviations for long cracks are larger as depicted in Fig. D.13. For

completeness, Table D.1 lists the radial position @0/0 where the stress for a �xed crack

length H0/0 becomes negative.
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Figure D.14: a) Variation of relative error of linear stress approximation with crack length H0/0 for a set of

di�erent radial positions @0/0 = {1.05 . . . 1.8}. b) Ratio H0/H∗ varying with radial crack position @0/0 for a

set of crack lengths H0/0 = {0.005 . . . 0.11}. Note that H0/H∗ < 1 for the local stress criterion (solid lines) and

H0/H∗ < 2 for the average stress criterion (dashed lines).

H0/0 @0/0 @0/0 @0/0
where H0=H

∗
where H0=2H∗ where H0=H

∗∗

0.005 1.036 1.022 1.025

0.010 1.059 1.036 1.041

0.020 1.098 1.059 1.068

0.050 1.204 1.116 1.136

0.080 1.310 1.169 1.200

0.110 1.421 1.221 1.264

Table D.1: Radial positions where radial stress k@@ , average radial stress k@@ and stress intensity factor  I

become negative for a set of crack lengths H0/0 = {0.005 . . . 0.11}.
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Pointwise evaluation of average stress criterion

By contrast, to verify the linear approximation for the average stress criterion the di-

mensionless function k (4.12) has to be evaluated numerically. Either the trapezoidal

rule

k
trpz

:=

〈
<−1∑
7=1

F7+1 − F7
2

[
k@@

(@0

0
,
H0

0
F7 ,a

)
+k@@

(@0

0
,
H0

0
F7+1,a

)]〉
(D.38)

with < − 1 ≥ 1 partitions of the integration interval

F1=0 < F2 < . . . < F<−1 < F< =1 (D.39)

or, alternatively, Gaussian quadrature

k
Gauss

:=

〈
<∑
7=1

k@@

(@0

0
,
H0

0
F7 ,a

)
E7

〉
(D.40)

evaluated at < integration points adapted to the interval 0 < F7 < 1 and weights

<∑
7=1

E7 = 1 (D.41)

is used.
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Figure D.15: Dimensionless functionk
−1

representing the critical load for the local stress criterion. Comparison

of results obtained by Gaussian quadrature with < = 20 (solid lines) with evaluation by using linear stress

approximation (dashed lines, cf. Fig. 4.6) for a = 0.22 and a set of varying crack lengths H0/0 = {0.005 . . . 0.11}.

Figure D.15 shows only small deviations between results obtained by Gaussian quadrature

(20 integration points are used here) and the linear stress approximation. It should be
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noted that deviations between the pointwise evaluation and linear approximation are

much smaller compared to the local evaluation of the stress criterion discussed above

(Fig. D.13) since the average of the deviation is smaller than the local value and stresses

are partially overestimated (for 0<H <H∗) and underestimated (for H >H∗), see Fig. D.14.

Pointwise evaluation of average energy release rate

In a similar way, the mode I stress intensity factor

 I (H) = �
3

0

√
0^ I

(@0

0
,
H

0
,a

)
(D.42)

with the dimensionless function (using
¯Z := H̄/0 and thus dH̄ =0d

¯Z )

^ I (H) =
2

√
c

√
H/0

H/0∫
0

5sf ( ¯Z )√
(H/0)2 − ¯Z 2

k@@

(@0

0
, ¯Z ,a

)
d

¯Z (D.43)

and the average energy release rate (4.23) are evaluated by numerical integration. However,

since the (dimensionless) stress intensity factor (D.43) is unde�ned in the case that load

is applied right at at the crack tip
¯Z → H/0 (see Fig. D.7) the integral is evaluated

at < integration points by Gaussian quadrature (which avoids evaluation of the singular

endpoint) according to

^ I Gauss (H) :=
2

√
c

√
H

0

<∑
7=1

1.3 − 0.3 F
5/4
7√

1 − F7
k@@

(@0

0
,
H

0
F7 ,a

)
(D.44)

with integration points and weights adapted to the interval 0 < F7 < 1 as done above. The

numerical integration of the average energy release rate is

qGauss := (1 − a2)
;∑
8=1

〈
^ I

(@0

0
,
H0

0
F8 ,a

)〉
2

E8 , (D.45)

which requires the numerical evaluation of the stress intensity factor according to (D.44)

at ; integration points, so ; + 1 numerical integrations are necessary for each @0/0-

and H0/0-value to evaluate the average energy release rate.

In order to verify the accuracy of Gaussian quadrature here a convergence study is done

by comparing the numerical integration (D.45) of the simpli�ed stress intensity factor

(based on the linear stress approximation)

^ I simpl (H) :=
2

√
c

√
H

0

<∑
7=1

1.3 − 0.3 F7√
1 − F7

k0

(
1 − H/0

H∗/0 F7
)

(D.46)
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with its analytical solution given in App. D.2. Figure D.16a shows the convergence of

numerical results in terms of the critical loading q−1/2
for a short crack (H0/0 =0.005) and

a long crack (H0/0 =0.11).
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Figure D.16: Convergence study to determine accuracy of numerical integration of average energy release rate

for short crack (blue/cyan) and long crack (red/orange): a) critical load in terms of q−1/2
for linear approximation

(solid lines) in comparison with Gaussian quadrature (dashed lines), b) relative error of Gaussian quadrature

according to (D.47).
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Figure D.17: Dimensionless function q
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Gauss

given in (D.45) for a = 0.22 and a set of varying crack lengths

H0/0 = {0.005 . . . 0.11} (solid lines) in comparison with the analytical (but simpli�ed) energy release rate used

in Sect. 4.2 (dashed lines).
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In both cases 50 integration points seem to be su�cient, which is also shown in Fig. D.16b

in terms of the relative error

Xq :=
|q−1/2

Gauss
− q−1/2

ana
|

q
−1/2
ana

× 100% , (D.47)

which is less than 1 %.

Finally, pointwise evaluation of the average energy release rate by using Gaussian quadra-

ture according to (D.45) leads to the results depicted in Fig. D.17. They are almost identical

with the results obtained by the simple analytical expression (4.26), which is used for the

FFM study in Sect. 4.2. By taking Figures D.15 and D.17 into account one can conclude

that the results discussed in Sect. 4.2.4 are not signi�cantly in�uenced by the linear stress

approximation.

D.7 E�ect of loading type on average energy release rate

Be �0 the compliance of some uncracked linear elastic body and �1 with �1 > �0 that of

the same body containing a small, yet �nite, crack as considered in the hybrid fracture

criterion. When the body is loaded by a prescribed displacement 3 , the change of the total

potential energy Π upon formation of the crack is

ΔΠd =
3

2

(�1 − �0) (D.48)

where �0 and �1 with �1 < �0 are the corresponding forces on the uncracked and on the

cracked body, respectively. When, instead, the body is loaded by a prescribed force �

(dead loading) one has

ΔΠF =
�

2

(31 − 30)︸        ︷︷        ︸
strain energy

− � (31 − 30)︸        ︷︷        ︸
potential of �

= −�
2

(31 − 30) (D.49)

where 30 and 31 with 31 > 30 denote the displacements at the point where � acts on the

uncracked and the cracked body, respectively. In terms of the compliances �0 and �1 one

obtains

30 = �0 �0 and 31 = �1 �1 . (D.50)

With 30 = 31 = 3 in case of a prescribed displacement the change of the total potential

energy (D.48) can thus be written as

ΔΠd =
3

2

(
3

�1

− 3

�0

)
=
32

2

(
1

�1

− 1

�0

)
(D.51)
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whereas in case of a prescribed force with �0 = �1 = � one obtains from (D.49)

ΔΠF = −�
2

(�1 � −�0 � ) = −
� 2

2

(�1 −�0) . (D.52)

In the uncracked con�guration, however, one has

30 = 3 = �0 �0 = �0 � . (D.53)

Inserting this into (D.51) yields

ΔΠd =
� 2

2

� 2

0

(
1

�1

− 1

�0

)
= −�

2

2

(�1 −�0)
�0

�1︸︷︷︸
< 1

(D.54)

which, by comparison with (D.52), shows that the amount of energy released upon �-

nite crack formation is larger in case of a prescribed force than in case of a prescribed

displacement, i.e.

− ΔΠF > −ΔΠd . (D.55)

The same �nding is obtained by Rosendahl et al. (2017).
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