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Kurzfassung

Zweibeinige Roboter bieten das Potenzial, unterschiedliche Geldndearten zu iiber-
winden und Aufgaben mit hoher Mobilitat und Agilitit auszufiihren. Dennoch bestehen
weiterhin erhebliche Herausforderungen hinsichtlich der Energieeffizienz und der
komplexen hybriden Dynamik. In dieser Dissertation werden Methoden vorgestellt,
die darauf abzielen, die Energieeffizienz periodischer Geh- und Rennbewegungen
eines ebenen zweibeinigen Roboters durch den Einsatz paralleler elastischer Kop-
plungen zu steigern, ohne dabei die Stabilitdt der Lokomotion bei unterschiedlichen
Geschwindigkeiten und Bodenverhéltnissen zu beeintrachtigen.

Es wird ein Fiinf-Segmente-Modell betrachtet, das aus vier angetriebenen Drehge-
lenken und punktférmigen Fiilen besteht. Die Gangplanung erfolgt mithilfe des
Hybriden-Nulldynamik-Regelungskonzeptes, um periodische Bewegungen mit konstan-
ter Durchschnittsgeschwindigkeit zu gewéahrleisten. Insbesondere werden verschiedene
Gangarten untersucht, darunter Gehen mit sowohl instantaner als auch nicht-instantaner
Doppelstiitzphase auf hartem Untergrund sowie Rennen auf hartem und nachgiebigem
Boden. Die periodischen Losungen des daraus resultierenden hybriden Dynamiksys-
tems werden {iber ein MehrfachschiefSverfahren ermittelt, das als numerisches Opti-
mierungsproblem zur Minimierung des Energieverbrauchs (bewertet tiber die Trans-
portkosten) formuliert ist. Zu den Nebenbedingungen zahlen Stabilitatskriterien der
periodischen Bewegung nach der Floquet-Theorie sowie physikalische Bedingungen in
Simulation, beispielsweise das Vermeiden von Rutschen im Fufikontakt. Ein sequen-
tielles quadratisches Programmierungsverfahren 16st das Optimierungsproblem mit
Nebenbedingungen fiir ein breites Spektrum an Lokomotionsgeschwindigkeiten.
Studien zur Energieeffizienz des starren Robotermodells ohne elastische Kopplun-
gen zeigen, dass beim Gehen mit einer instantanen Doppelstiitzphase ein nahezu
linearer Zusammenhang zwischen den Transportkosten und der Ganggeschwindigkeit
besteht. Dabei werden insbesondere in der mittleren Phase des EinzelfufSkontakts
freie Schwingungen der Glieder ausgenutzt, um den Energieverbrauch im Aktuator zu
verringern. Das Einfiihren einer nicht-instantanen Doppelstiitzphase verbessert zwar
das Konvergenzverhiltnis kleiner Stérungen an den Referenz-Grenzzyklus, mindert
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jedoch die Energieeffizienz, da die natiirlichen, freien Systemschwingungen - bedingt
durch das Punktfui-Modell - unterdriickt werden. Auch beim Rennen auf hartem Boden
ist eine lineare Abhdngigkeit der normierten Energiekosten von der Geschwindigkeit
zu beobachten. Ab einer kritischen Ubergangsgeschwindigkeit wird Rennen energieef-
fizienter als Gehen. Auf nachgiebigem Untergrund steigen die Dampfungsverluste,
doch die Bodennachgiebigkeit unterstiitzt die Energiertickgewinnung, was den Energie-
verbrauch im Aktuator insgesamt reduziert. Zudem werden Stofkréfte reduziert, was
die mechanische Belastung verringert.

Die gleichzeitige Optimierung der elastischen Kopplungen und der Gangtrajektorien
bei einer festen Geschwindigkeit zeigt, dass die Einbindung von Nachgiebigkeit in das
Starrkérper-Modell den Energieverbrauch weiter senkt. Die elastischen Komponenten
werden an die natiirlichen Schwingungen der Roboterglieder angepasst und reduzieren
den Aktuatoraufwand. So kann kinetische Energie kurzzeitig als elastische potenzielle
Energie gespeichert werden, was den Energieverlust beim Bremsen durch negative
Aktuatorarbeit verringert. Im weiteren Verlauf der Bewegung wird diese gespeicherte
Energie freigesetzt, um die Segmente zu beschleunigen. Bemerkenswerterweise wirkt
sich die zusitzliche elastische Kopplung nicht wesentlich negativ auf die Gangstabilitt
aus.

Insgesamt zeigt diese Dissertation, dass sich durch den Einsatz optimal gestalteter und
adaptierbarer elastischer Kopplungen die Energieeffizienz zweibeiniger Lokomotion
in verschiedenen Gangarten und Umgebungen deutlich verbessern lasst. Zukiinftige
Forschungsarbeiten umfassen die Weiterentwicklung des optimierungsbasierten Gang-
planungsverfahrens hinsichtlich hoherer numerischer Genauigkeit und Recheneffizienz
sowie die experimentelle Validierung der Ergebnisse an einem realen zweibeinigen
Roboterprototypen.
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Abstract

Bipedal robots offer the potential to traverse diverse terrains and perform tasks with high
mobility and agility. However, they still face significant challenges related to efficiency
and the complexities of hybrid dynamics. This dissertation presents methods for
improving the energy efficiency of periodic walking and running gaits in a planar biped
robot through the use of parallel elastic couplings, while preserving stable locomotion
across varying speeds and ground conditions.

A five-link rigid-body model, comprising four actuated revolute joints and point feet,
is employed. Gait generation is conducted using a Hybrid Zero Dynamics control
framework to ensure stable periodic motions at a constant average speed. In particular,
diverse gaits are systematically studied, including walking with both instantaneous
and non-instantaneous double support phases on rigid ground, as well as running
on both rigid and compliant ground surfaces. Periodic solutions of the resultant
hybrid dynamical system are identified by a multiple shooting method, formulated as a
numerical optimization problem that minimizes energy consumption evaluated by the
cost of transport. Optimization constraints include stability criteria according to Floquet
theory and physical gait feasibility, such as ensuring nonslip foot contact. A Sequential
Quadratic Programming algorithm solves the constrained optimization problem across
a range of locomotion speeds.

Efficiency studies on the rigid-body model without elastic couplings show a nearly linear
dependence of the cost of transport on walking speed when using an instantaneous
double support phase. Exploiting free oscillations of the robot segments, particularly
in the middle of single support, helps reduce actuator effort. Introducing a non-
instantaneous double support phase enhances the convergence of small perturbations
back to the reference limit cycle, though it diminishes energy efficiency by suppressing
the natural dynamics—a result largely attributed to the point foot model. Running on
rigid ground likewise exhibits a linear relationship between cost of transport and speed,
and a critical transfer speed emerges above which running becomes more efficient than
walking. On compliant ground, damping losses increase due to ground deformation,
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but the elasticity aids energy recovery, lowering overall actuator demands. Additionally,
impact forces are smoothed, reducing mechanical stress.

Simultaneous optimization of the parallel elastic couplings and gait trajectories at a
specific speed demonstrates that incorporating compliance into the rigid-body model
reduces energy consumption. The elastic couplings are tuned to align with the natural
oscillations of the robot segments, thereby decreasing actuation requirements. Kinetic
energy is temporarily stored as elastic potential energy, aiding in deceleration and
minimizing losses when the actuator performs negative mechanical work. This stored
energy is subsequently released to accelerate the robot segments later in the cycle.
Notably, adding elastic couplings does not substantially compromise gait stability.
Overall, this dissertation shows that integrating optimally designed and adjustable
elastic couplings can markedly improve energy efficiency in bipedal locomotion across
a wide range of gaits and environments. Future directions include enhancing the
optimization-based gait generation framework for greater numerical accuracy and
computational efficiency, as well as experimentally validating these findings on a physical
biped robot prototype.
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1 Introduction

1.1 Motivation

Humans are capable of traversing intricate terrains at various speeds and inclinations
with notable efficiency and adaptability [95, 162]. This capability is sustained by a
harmonious interaction among muscles, tendons, bones, and neuromuscular control,
wherein energy is stored in elastic tissues and subsequently released to energize the
subsequent stride [101]. Replicating such versatile performance in bipedal robots has
been a long-standing objective in robotics research, as enhancements in energy efficiency,
resilience to disturbances, and wide-ranging applicability result from imitating the
inherent dynamics that characterize human or animal locomotion [145].

The pursuit of achieving efficient, robust, and agile locomotion in engineered bipedal
systems represents a fundamental challenge. This challenge is exacerbated by the un-
deractuated characteristic of bipedal motion, characterized by only partial or point-foot
contacts, and the intrinsic hybrid structure of walking and running, involving ongoing
support phases interspersed with discrete impact and liftoff events [20]. This hybrid,
underactuated environment complicates both the modeling of the robot’s dynamics and
the development of controllers to maintain dynamic stability, particularly under varying
velocities or when confronted with uncertain terrain conditions [159].

Practical applications highlight the essential requirement for adaptable locomotion. In
the domains of disaster response, remote exploration, or daily service operations, bipeds
are required to acclimate to diverse terrains and tasks [38]. Nevertheless, numerous
robots are tailored for narrowly defined environments or demonstrate optimal efficiency
only at a specific speed, with their performance markedly declining outside this range
[182]. This specialization constrains their practical applicability and underscores
the need for systematic strategies to enhance efficiency across a broad spectrum of
operational conditions.

Elastic components, such as springs, have the potential to address these challenges
by facilitating the storage and release of mechanical energy and diminishing peak
torque demands. Research in passive dynamic walking has, in fact, shown that high
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energy efficiency can be realized solely through the utilization of gravity and the
inherent geometry of the system [36, 114]. By expanding upon these concepts, the
integration of elastic couplings, either in series or parallel with the actuator, can enable
robots to synchronize with their inherent gait frequency [193], thereby reducing power
consumption and enhancing efficiency [76].

Building upon these insights, this dissertation concentrates on the incorporation of
elastic couplings into the mechanical structure of a biped and the development of
suitable controllers that leverage compliance to minimize energy consumption. In
particular, the investigation focuses on enhanced energy efficiency across a diverse
array of gait scenarios and varying ground compliances using numerical optimization
methods. Ultimately, a more profound comprehension of how to effectively exploit
compliance for energy-efficient locomotion not only propels advancements in bipedal
robotics but also extends its implications to broader applications, such as wearable
exoskeletons [166], prosthetics [63], and service robots [58].

1.2  State of the Art

This section provides an analysis of the state-of-the-art methodologies employed in the
development of bipedal robotic systems, with a specific focus on control architecture.
Initially, pivotal research topics and challenges encountered in the current advancement
of bipedal robots are scrutinized in 1.2.1. Thereafter, sophisticated control strategies
for bipedal robots are detailed in 1.2.2. Finally, techniques for the integration of elastic
couplings within the rigid body framework of the robot are explored in 1.2.3.

1.2.1 Challenges in Developing Biped Robot
Hybrid Dynamics of Bipedal Gaits

Bipedal robots face unique complexities compared to wheeled [105] or quadrupedal
[99] systems. Specifically, biped walking and running motion exhibit a hybrid system
structure wherein continuous-time dynamics (single support, double support, or flight
phases) are interspersed with discrete foot-strike events [164].

The continuous dynamical phase can be categorized as fully actuated [98], underactuated
[112], or passive [36], depending on the availability of actuators and the degrees
of freedom present. Remarkably, the flight phase within the running gaits induces
additional underactuation due to the brief absence of ground contact by the feet [35].
Discrete transition events occur between the continuous dynamical phases. For example,
the event of contact with the ground is considered either as a discontinuous inelastic
impact or is modeled through ground deformation [52]. A diverse array of foot-ground
interaction models is examined in [43, 103]. These variations collectively constitute
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a sophisticated hybrid dynamical system, which is crucial for the characterization of
cyclic gait motions. To effectively address these challenges, it is imperative to employ
advanced numerical methods that offer both high accuracy and computational efficiency
in determining the numerical solutions of such multibody dynamical systems [47].
Furthermore, the inherent transitions between distinct phases and the delineation of the
transition mapping pose significant complexities in the areas of stability analysis and
control design, as compared to systems characterized by purely continuous dynamics
[20]. The control architecture is structured to ensure stable transitions during impacts, for
instance in the form of a finite-state machine [129], and to provide real-time adaptability,
thereby effectively addressing disturbances and inaccuracies in modeling within both
planar [72, 176] and three-dimensional gait scenarios [61].

Energy Efficiency of Locomotion

One of the primary objectives in the development of bipedal robotic systems is to achieve
autonomous functionality or facilitate teleoperated control by humans, particularly in
remote environments, thereby substituting human presence in contexts such as disaster
response situations or space applications [38]. In these autonomous scenarios, the robot
is required to carry its own energy source, for instance, a battery, which implies that the
energy efficiency essentially determines the operational duration before recharging the
battery.

Nonetheless, the humanoid robot DURUS [143], despite its advanced capabilities,
exhibits inferior efficiency when compared to that of human beings [132]. Specifically,
human locomotion attains notable efficiency in steady cyclic gaits by leveraging the
body’s passive dynamics to minimize actuation. During this process, kinetic energy is
converted into potential energy, attributable to gravitation or tendon elasticity, which
is subsequently utilized to propel the body in a cyclical manner [101]. Furthermore,
as the velocity of locomotion undergoes substantial variation, humans can transition
between walking and running gaits at approximately 2.0 m/s, thereby maintaining high
efficiency for a range of different speeds [46].

In contrast, when bipedal gaits are derived from empirical human motion data, the robot
frequently expends an inordinate amount of energy to uphold balance and gait stability,
necessitating a compromise between efficiency and stability [189]. To elucidate the
disparities between human and robotic gaits, preliminary insights into highly efficient
bipedal walking mechanisms are gleaned from the notion of passive walkers [114].
The research demonstrates that stable, highly efficient walking on gentle slopes can be
achieved without motors, provided the robot’s geometry and mass distribution harness
gravity effectively. Building on this, [36] studies highly efficient robots with minimum
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actuation in hip and ankle joints, emphasizing that the system’s natural dynamics are
essential for improving locomotion efficiency.

Contemporary humanoid robots integrate passive principles within their mechanical
framework by attaching and adjusting serial and parallel compliances. Also, advanced
control strategies are investigated to harness natural dynamics, as reviewed in [87].
However, this approach predominantly depends on meticulous parameter tuning, which
is typically determined only for a specific gait or speed. Consequently, the integration of
energetic efficiency with robust disturbance rejection across a wide array of application
scenarios, wherein the robot’s gait varies significantly, remains an unresolved challenge
in the design of bipedal systems.

In the preliminary stages of development, it is crucial to apply methodologies that
systematically address both the mechanical design and the associated controller tuning
in order to minimize the overall costs of development. To address this unresolved issue,
this thesis introduces an optimization-based approach aimed at exploring the viability
of employing parallel elastic couplings between the robot’s segments to improve bipedal
locomotion, encompassing both walking and running, across various scenarios.

1.2.2 Control Strategies of Actuated Biped Robot

The control architecture for bipedal robots encompasses a series of stages and method-
ologies dedicated to the generation, regulation, and stabilization of gait patterns. [145]
concludes two fundamental steps in advanced biped robot control, including

¢ Motion Planning (or Motion Generation): The process of computing optimal or
feasible gait trajectories, typically formulated as an offline optimization procedure
that accounts for robot dynamics and environmental constraints [89].

¢ Trajectory Tracking (or Trajectory Regulation): The real-time control layer, which
enforces convergence of the robot’s measured joint or limb trajectories to the
desired reference profiles derived from motion planning [130].

In actual practice, the aforementioned two steps are not distinctly delineated. For ex-
ample, sophisticated robotic controllers perform motion generation through a trajectory
governor in real time to improve robustness with respect to disturbances [27]. Notably,
control designs based on learning are particularly adept at adapting to variations in
environmental conditions [73, Section 4], or online system identification to achieve
robust simulation-to-reality transfer while high-speed locomotion [111].

Within the framework of model-based controller design, the control strategy is sig-
nificantly influenced by the abstraction level of the model, particularly concerning its
degrees of freedom and the number of independent actuators. The inverted pendulum
model, serving as a foundational element, initially facilitates the approximation of
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center-of-mass dynamics in bipedal locomotion [184]. The model provides essential
insights into balance and momentum transfer, thus establishing the groundwork for the
development of more sophisticated methodologies. Subsequently, both model-based
controller design and data-driven concepts are explored.

Zero Moment Point

As introduced in [172], the Zero Moment Point (ZMP) control approach stands as one of
the most prevalently employed strategies, specifically tailored for fully or over-actuated
robotic systems equipped with multiple actuators to facilitate both walking [165, 167]
and running gaits [115]. The goal of ZMP control is to keep the Zero Moment Point
within a support polygon, thereby preventing foot rotation or slipping [5].

A succession of humanoid robots has been engineered in Japan, incorporating ZMP-
based controllers. Notably, humanoid robots such as WL and WABIAN, which encom-
pass over 40 degrees of freedom, are equipped with vision systems and voice recognition
capabilities to replicate human sensory and ambulatory functions [102]. The HRP-Series
robots focus on achieving a human-like design with more than 30 degrees of freedom,
and are particularly designed for roles in disaster response [84]. HRP-5P represents
a more recent, large-scale humanoid model designed for demanding applications,
including construction and disaster response. This model integrates high-power joints
utilizing harmonic drive gears alongside advanced sensors, such as LIDAR and RGB-D
cameras, complemented by robust motion planners for the facilitation of autonomous
operations within complex environments [85]. Due to their significant flexibility,
ZMP control criteria are often favored in industrial or service-oriented humanoids
that necessitate accurate balance. However, this preference results in the primary
disadvantage of the control strategy, which is its low energy efficiency.

Contact Wrench Sum

Recent advancements have led to the consideration of the Contact Wrench Sum (CWS)
control criteria, serving as an alternate method to evaluate the combined wrench arising
from contact and gravitational forces compared to the ZMP criteria. This ensemble is
regarded as equivalent to changes in the robot’s translational and rotational momentum
with respect to the center of mass [37]. CWS control notably allows for the analysis of a
broader spectrum of contact scenarios [71].

Consequently, CWS control expands upon the capabilities of traditional ZMP-based
methods, enabling humanoid and bipedal robots to traverse uneven terrains or per-
form sophisticated maneuvers where multiple limbs work in unison to manage load
distribution and balance, as exemplified by the ATLAS humanoid robot [39], a full-scale
humanoid using hydraulic actuators and electric motors developed by Boston Dynamics
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[94]. An instance of scenarios involving multiple contacts is the ATLAS robot’s ability
to open a door and advance through it [14].

Virtual Model Control

Virtual Model Control (VMC) conceptualizes actuators and the interaction between
the robot and its environment as analogous to mechanical components such as virtual
springs, dampers, or virtual linkages [139]. This viewpoint, notably, facilitates the
natural and uncomplicated integration of Series Elastic Actuator (SEA), which consists
of physical compliance and actuators, into the control framework [140]. A high-level
finite state machine orchestrates locomotion gaits by modifying the virtual components
in accordance with specific walking sequences, such as single support phase, double sup-
port phase, or discrete transition events. The simulation and experimental investigations
reported in [141] demonstrate that the force-based controller is proficient in generating
robust transient recovery maneuvers in response to considerable disturbances or in
enabling locomotion across uneven terrain in three-dimensional spaces.

Nevertheless, a significant limitation of this approach is the necessity for a profound
understanding and extensive experience with the specific robotic system to accurately
select appropriate virtual components.

Hybrid Zero Dynamics

Underactuated robotic systems have attracted considerable scholarly attention due
to their enhanced energy efficiency [87]. Within this class of systems, the Hybrid
Zero Dynamics (HZD) controller is recognized as one of the most promising control
methodologies for generating periodic locomotion gaits. This has been successfully
applied to both planar walking [175] and running [188], as well as in three-dimensional
underactuated robots, as documented in [61].

The control strategy is fundamentally predicated on the incorporation of either holo-
nomic or nonholonomic virtual constraints [4, 59], which are enforced via position-based
feedback control on the actuated joints. Consequently, the overall system dynamics of
the biped model are confined to the zero dynamics submanifold of a reduced order,
wherein the underactuated system manifests limit cycles corresponding to the periodic
gait. The stability of the periodic locomotion gait can be assessed by analyzing the limit
cycle of the hybrid zero dynamics using the Poincaré map method as referenced in [175,
176].

Robots, including RABBIT [34], MABEL [60, 161], ATRIAS [74], DURUS [91], and Cassie
[31], have effectively demonstrated robust walking facilitated by HZD controllers. More-
over, advancements extending HZD to three-dimensional and multi-contact scenarios
further expand its range of applicability [57, 61].
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Model Predictive Control

Model Predictive Control (MPC) forecasts the future states of the system model and
employs online optimization to implicitly ascertain the optimal control strategy [153].
Within the domain of bipedal robotic systems, MPC can function as a motion regulator,
with the goal of tracking a reference trajectory formulated through offline optimization
or derived from the observation of human movements. This facilitates agile locomotion
even in the presence of considerable disturbances and environmental variability.

Given the stringent real-time requirements, [62] proposes a real-time iteration framework
utilizing the Sequential Quadratic Programming (SQP) method in conjunction with a
warm-start approach to efficiently address nonlinear-MPC challenges. [123, 124] deploy
this nonlinear-MPC for the control of robots with distinct actuator mechanisms to
accomplish gaits, such as trotting and jumping. [29] employs the Koopman Operator
Theory [23] for data-driven system identification, thereby enhancing the MPC design to
attain superior tracking performance in a soft robot.

Data-Driven Artificial Intelligence Concepts

In recent decades, dynamical systems have been characterized using traditional model-
based methodologies. Despite their mathematical sophistication, these approaches
frequently demand significant human expertise in the areas of modeling, tuning, and
parameter identification. Conversely, contemporary Artificial Intelligence (AI) and
machine learning techniques possess the capability to acquire knowledge from data,
adapt to unforeseen dynamics, and enhance performance progressively [149].

In the field of robotics, encompassing design, control, and perception, Al-related
methodologies are undergoing significant advancements. For example, contemporary
Reinforcement Learning (RL) algorithms acquire control policies through trial and error,
either in simulated environments [78] or on actual hardware [104], and are utilized
to enhance traditional feedback controllers for performance optimization [82]. In the
context of bipedal locomotion, the reward function frequently encodes parameters such
as stability and energy efficiency. Techniques such as domain randomization facilitate
the bridging of the reality gap, enabling the safe transfer of policies from simulation
to physical robots [100]. Gait generators can be trained utilizing motion capture data
from humans [158] to accommodate varying speeds and inclined ground surfaces
[159]. The utilization of learning-based control for online gait adaptation in response
to environmental condition changes is demonstrated through experiments in [77]. Al
algorithms are capable of simultaneously optimizing both a robot’s mechanical structure
and its controller, thus enhancing energy efficiency [33].

The incorporation of classical control techniques, in conjunction with learning-based
and data-driven methodologies, continues to enhance the agility and autonomy of
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bipedal robots. However, learning-based approaches generally necessitate extensive
data collection [119], which can be both costly and hazardous when applied to high-value
humanoid prototypes. Consequently, such learning-based strategies are not addressed
within this thesis, though their consideration is left open for future investigations.

1.2.3 Application of Elastic Mechanisms in Robot Design

Adding elastic elements can substantially boost the energy efficiency of bipedal robots by
storing and releasing kinetic energy and smoothing impacts. Specifically, [87, Section 2]
provides an overview of the concepts of attaching elastic compliance to the rigid body
system of the robot.

Among various approaches, the attachment of compliance mechanisms in either a
serial or parallel configuration to the actuator at a robot’s joint represents two of the
most extensively researched techniques due to their straightforward modeling and
manufacturing processes. Both simulation and experimental studies based on a single
pendulum, as reported in [171], affirm that serial and parallel elastic compliances
contribute to improved energy efficiency of actuators. In particular, the parallel
compliance is adjusted to align with the pendulum’s natural oscillation frequency,
thereby facilitating a reduction in the drivetrain’s torque. Conversely, the serial
compliance is calibrated proximate to the antiresonance frequency to decrease the
actuator speed, consequently leading to a substantial reduction in viscous friction
losses. Furthermore, [19] underscores the critical importance of calibrating the operating
equilibrium point of the parallel compliance to augment actuator efficiency. Therefore,
it is imperative to employ techniques for identifying and modifying the equilibrium
point appropriate to specific operational conditions. For example, [44] introduces the
concept of variable stiffness in actuator design, which involves two distinct actuators:
one generates the driving torque for motion, while the other alters the compliance
characteristics to optimize energy savings.

Series Elastic Actuators

Series Elastic Actuators (SEA) are engineered by incorporating compliant elastic compo-
nents, such as a spring, between the actuator, typically equipped with a gearbox, and the
load. The drivetrain provides notable advantages, including enhanced shock tolerance
attributed to the low-pass filter characteristics and the ability for temporary energy
storage [138]. These actuators are commonly utilized within the Virtual Model Control
framework to achieve precise force control [127], since the output torque is calculated
based on the deflection angle of the spring, which is quantified by an encoder [86].

Building upon the conventional SEA architecture, [128] enhances the mechanical
configuration of both the actuator and the drivetrain, yielding a compact, lightweight
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actuator that exhibits high output power and mechanical efficiency. As introduced
in [97], various SEA configurations have been developed, differing primarily in the
specific placement of integrated compliance within the drivetrain, including a motor
and a gearbox. These adaptations enable the exploration of optimal SEA designs for
application in biped robots. For example, robots such as MABEL [60], ATRIAS [74],
and Cassie [31] demonstrate the effectiveness of SEAs in achieving efficient bipedal
locomotion.

Nevertheless, the compromise lies in the fact that stiffness has a direct effect on the
control bandwidth. Consequently, a balance between impact absorption, necessitating
softer springs, and control bandwidth, demanding stiffer springs, must invariably be
evaluated. Especially during static motion characterized by zero angular velocity, the
motor produces a static torque attributable to the compliance inherent in the serial
connection, leading to the dissipation of electrical energy.

Parallel Elastic Couplings

Parallel elastic couplings represent an alternative technique to introduce elasticity
into rigid body systems [148], thereby altering system resonances to align with step
frequencies [193]. As a result, the actuation efforts required for locomotion are
minimized. For example, springs are incorporated parallel to the knee joint of the
ERNIE robot, which is a planar biped robot comprising five rigid body segments,
to enhance energy efficiency [186]. In the 3D fully actuated STEPPR robot, parallel
springs are also employed, where they play a significant role in supporting quasi-static
loads, resulting in reduced actuator torque demands and increased efficiency [113].
Specifically, the implementation of springs in the hip and ankle joints yields substantial
improvements, whereas the benefits derived from elastic couplings in other joints are
comparatively less pronounced.

In contrast to SEA, the incorporation and modification of elastic couplings parallel to
actuators within joints or between robotic segments are more practicable to implement,
as the drivetrain and mechanical system design remain unaltered. This facilitates
opportunities for advancements in the design of parallel elastic couplings, such as the
implementation of real-time adjustable stiffness in the framework of variable stiffness
actuators [44]. Furthermore, the rigid interface between the load and the actuator
facilitates precise position control, which is beneficial within frameworks such as Hybrid
Zero Dynamics control.
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1.3 Research Goal

This dissertation builds upon the previously established principles by concentrating on
the application of optimized parallel elastic couplings to enhance energy efficiency in
bipedal locomotion, while maintaining gait stability. Due to its superior energy efficiency,
the Hybrid Zero Dynamics control strategy is employed for the generation of bipedal
walking and running gaits. The process of simultaneously creating highly efficient
gaits and determining the optimal nonlinear characteristics of the elastic coupling
is formulated as an offline optimization problem. This problem is resolved using
gradient-based optimization algorithms, thus enabling an efficient numerical evaluation
across a wide range of gait scenarios within the context of the energy efficiency study.
Two key aspects of the research goal include:

e Formulate an optimization strategy designed to generate efficient and stable
locomotion gaits—comprising phases with varying levels of underactuation and
overactuation—within the framework of Hybrid Zero Dynamics control. This
should include an analysis of the resultant gait’s efficiency and stability, as
discussed in Section 1.3.1.

¢ Simultaneously optimize nonlinear characteristics of the elastic couplings and gait
trajectories to improve energy efficiency across various gait patterns, as detailed
in Section 1.3.2.

1.3.1 Variation of Biped Gait Scenarios

This dissertation examines walking and running gaits, which are considered periodic
at a specific constant average speed. The exploration of variation across different gait
scenarios is conducted through the following aspects:

* Variations across a spectrum of target speeds for the periodic walking (at 0.5, 0.6,
..., 1.5m/s) and running (at 1.8, 1.9, .. ., 2.8 m/s) gaits;

e Variations in the duration of the double support phase while walking on rigid
ground, leading to

- Walking with instantaneous double support phase, where the robot model
in single support phase has one degree of underactuation;

- Walking with non-instantaneous double support phase, where the model in
the double support phase is overactuated;

® Variations of rigid and compliant ground models for running, resulting in
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— Running on rigid ground, where the contact is modeled as inelastic impact,
and the model in single support phase has one degree of underactuation;

— Running on compliant ground, where the model in single support phase has
three degrees of underactuation;

Non-Instantaneous Double Support Phase

Within the predominant scholarly discourse pertaining to the Hybrid Zero Dynamics
control framework, the double support phase of walking is typically characterized as
an instantaneous, inelastic impact mapping [175]. During the single support phase,
the absolute orientation of the robot’s body remains unaffected by the joint actuators,
leading to its dynamics being characterized as the zero dynamics of the closed-loop
system. The stability of the periodic gait is assessed through the convergence behavior
of the stable limit cycle inherent to the hybrid zero dynamics. A manifest limitation of
this approach is that the resultant gait stability is not directly mediated by the actuators,
thereby rendering the gait susceptible to significant perturbations.

Given the concerns regarding gait stability when running on compliant surfaces, this
thesis aims to develop methodologies to augment the Hybrid Zero Dynamics control
framework by incorporating overactuated phases to enhance the convergence towards
a stable limit cycle. Specifically, the proposed method is applied within the context of
the non-instantaneous double support phase of periodic walking gaits. Future research
could extend this approach to overactuated phases occurring during running, such as
those generated by a flat foot equipped with an actuated ankle, thereby utilizing the
proposed method.

In particular, when the double support phase is modeled as non-instantaneous, the
biped is able to leverage overactuation for enhancing the gait stability [66]. During this
phase, the robot model is characterized by a closed kinematic chain involving both stance
legs, providing three degrees of freedom and four independent actuators. Although this
introduces additional complexity into the control design, the overactuation is employed
effectively to manage significant disturbances [178, 179]. Since all degrees of freedom
are directly affected by the actuator, the overactuation ultimately facilitates an improved
convergence behavior of the stable limit cycle of the gait, as opposed to the conventional
gait where the double support phase is merely described as inelastic impact [194].
Moreover, overactuation is employed to initiate bipedal motion in scenarios where
there are substantial deviations in initial conditions, such as when the velocity is zero
[40]. Consequently, this enhancement in stability behavior considerably simplifies the
experimental implementation of a bipedal robot.

Furthermore, transient gait sequences involving overactuated phases may be devised to
address significant disturbances in intricate environmental conditions or to initiate

11
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motion from a stationary state in future work. This enhancement broadens the
applicability of the current study, as it primarily focuses on periodic motions. A notable
disadvantage of overactuated systems is their low energy efficiency. Consequently, the
research explores the potential of employing elastic couplings to enhance efficiency.

Rigid and Compliant Ground Surfaces

This thesis endeavors to elucidate the influence of ground compliance on the efficiency
and stability of gait. Specifically, it examines running gaits, which are characterized by
alternating single support and flight phases, across both rigid and compliant surface
conditions. Due to the increased velocities intrinsic to running, the interaction process
between the foot and the ground surface is distinctly defined; consequently, the presence
of concurrent multiple contact points is considered insignificant in the context of running,
thus enabling the derivation of approximate solutions through numerical, event-driven
methodologies.

Contrastingly, the incorporation of the compliant contact model within the formulation
of walking gaits is indeed practicable, albeit with certain constraints. As elucidated in
study [195], the influence of optimal elastic coupling on the energy efficiency of bipedal
walking on compliant surfaces is studied. The compliant contact model is specifically
employed during the single support phase, with the double support phase being
presumed instantaneous. This presumption presents a notable limitation, considering
empirical evidence which indicates that the double support phase is a continuous process.
Efforts to incorporate a non-instantaneous double support phase, while concurrently
considering the compliant contact model at both stance feet, engender significant
numerical challenges for the proposed optimization framework. Consequently, an
analysis of walking on compliant substrates surpasses the purview of this thesis.
However, the investigation of bipedal walking involving a non-instantaneous double
support phase on rigid terrain yields essential insights and control strategies, which
may be extended in subsequent studies to walking on compliant surfaces.

1.3.2 Optimal Parallel Elastic Couplings

The subsequent major contribution pertains to the enhancement of energy efficiency in
newly introduced walking and running gaits through the implementation of parallel
elastic couplings affixed between the robot’s rigid body segments. For practical
application, investigations focus on couplings between adjacent segments. Assuming
the robot model exhibits symmetry, three configurations emerge as a result:

* Coupling between upper-body and thighs in hip joints through two identical
mechanisms;

12
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¢ Coupling between thighs through a single symmetric mechanism;

* Coupling between thighs and shanks in knee joints through two identical mecha-
nisms.

Prior research [17, 18] indicates that the incorporation of elastic couplings in the knee
joints results in only marginal improvements in energy efficiency; therefore, this aspect
is not considered within the scope of the thesis.

A numerical optimization process is employed to simultaneously refine the nonlinear
elastic properties and the parameters governing gait trajectory, as both elements are
critical to determining the gait efficiency [147]. To harness the full potential, the
elastic property is tailored for each specific walking or running speed, where the
locomotion gait is assumed to be periodic. This approach necessitates an auxiliary
actuator, which modifies the elastic property in alignment with the gait condition, akin
to variable stiffness actuators [44]. The practical implementation of the targeted nonlinear,
adjustable stiffness behavior is being explored by the research project collaborator of
the author through the use of compliant systems [187]. The central hypothesis posits
that optimized nonlinear spring elements are capable of aligning a biped’s intrinsic
mechanical resonances with its gait frequency [193] and the characteristics of the ground,
thus diminishing energy consumption across diverse walking and running scenarios.

1.4 Outline

The remainder of this dissertation is organized as follows:

* Chapter 2 delineates the fundamental theories and methodologies pertinent to the
modeling, control, and analysis of bipedal walking and running as explored in
this thesis.

* Chapter 3 elucidates the biped model for walking gaits, characterized by alternating
single support and double support phases; discontinuous transition events, such
as inelastic impacts, are defined to complete the hybrid dynamical model for
formulating cyclic walking sequences.

* Chapter 4 expounds upon the control design within the Hybrid Zero Dynamics
control framework to produce periodic walking gaits, with a discussion on methods
for stability analysis.

¢ Chapter 5 details the biped model for running gaits, which encompass single
support and flight phases, notably introducing contact with rigid and compliant
ground surfaces during the single support phase.

13
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Chapter 6 explores the control design for generating periodic running gaits on both
rigid and compliant ground within the Hybrid Zero Dynamics control framework.

Chapter 7 outlines the optimization framework designed to produce energy-
efficient and stable walking and running gaits, while also addressing the simul-
taneous optimization of elastic coupling and gait trajectories to enhance energy
efficiency.

Chapter 8 presents simulation outcomes of periodic walking and running across
various scenarios, specifically highlighting walking with instantaneous and non-
instantaneous double support phases, alongside running on rigid and compliant
ground surfaces.

Chapter 9 discusses optimization results demonstrating the improved energy
efficiency of the introduced biped locomotion employing optimal parallel elastic
couplings, with particular attention to different configurations of elastic couplings
and the desired properties for specific gaits.

Chapter 10 concludes the research by summarizing findings and identifying
potential avenues for future work.



2  Fundamental Theory and Methods

This chapter elucidates the fundamental methodologies pertinent to the thesis. In the
interest of comprehensiveness, and to furnish a broad perspective within the relevant
literature, analogous methodologies are delineated. Basic academic models are utilized
to critically examine the advantages and disadvantages of the selected methodologies
ultimately employed in the thesis.

The structure of the chapter is delineated as follows: Section 2.1 explicates the notations
pertinent to the mathematical expressions utilized throughout the thesis; Section 2.2
provides a comprehensive overview of state-of-the-art techniques for simulating dy-
namical systems consisting of multiple rigid bodies; Section 2.3 explores the contact
mechanics of multibody dynamical systems through the employment of nonsmooth or
compliant regulation formulations; Section 2.4 articulates methodologies for assessing
the stability of equilibrium points and periodic orbits in dynamical systems; Section 2.5
elaborates on nonlinear control theory with a particular focus on linearization methods;
Section 2.6 investigates advanced numerical methodologies for the identification of
periodic solutions in dynamical systems, particularly in relation to gait generation;
Section 2.7 expounds upon the principles of nonlinear numerical optimization, which
are critical to the thesis for formulating energy-efficient gaits.

2.1 Notation of Mathematical Expressions

This section defines the mathematical notations used consistently throughout the
thesis. The symbol “:=" declares a definition, while “=" denotes equality. Scalars
are represented by lowercase italic letters, e.g., a, b, c.
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Vectors are illustrated as column vectors and are symbolized by bold lowercase letters,
as exemplified in

X1
*2 1 T 1
x:=|_ |eR™  or x:=[x1,x,...,x,]" € R™Y,

Xn

with the transformation of a row vector into a column vector achieved through the
application of the transposition operator “T”. Matrices are depicted using bold
uppercase letters, exemplified in

M::[m1 my ... mk],

wherein each m; € R”, i € [1, k] constitutes a column vector. Consequently, M € R7xk
characterizes a matrix comprising n rows and k columns. A comprehensive summary
of the principal symbols utilized throughout this thesis can be found in Table 2.1.

Table 2.1: Summary of mathematical notations

Symbol | Definition

oo Infinity

O(eh) Asymptotic order of &

R Set of real numbers

R" n-dimensional real space

X Column vector in R"™!

A Matrix in R™*"

AT Transpose of matrix A

I Identity matrix of size n X n

0 Zero vector or matrix of appropriate dimensionality
df/dt Derivative of f with respect to time t, equavelent to f
df [ox Partial derivative of f with respect to x

d"f/dt" | n-th order derivative of f with respect to time ¢

d" f/dx™ | n-th order partial derivative of f with respect to x
Lsh Lie derivative of I with respect to vector field f
Lih n-th Lie derivative of & with respect to vector field f

2.2 Simulation of Multibody Dynamical Systems

Multibody dynamics deal with modeling and simulating mechanical systems composed
of interconnected rigid [180, Chapter 3] or flexible bodies [156, Chapter 4] subjected
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to constraints and external forces. Typical applications include robotic manipulators
[81, Chapter 3] and biomechanical analysis of human motion [7]. As the number of
bodies or the complexity of their interactions grows, the computational demands for
simulating such systems can increase significantly. Consequently, a variety of advanced
techniques have been developed to improve efficiency in constraint enforcement and
handle large-scale models [47, Chapter 10].

In order to attain robust simulations of multibody systems, numerous commercial
software packages, including MSC Adams [117], RecurDyn [185], and Simpack [152],
integrate methodologies such as advanced DAE solvers in Section 2.2.1, index reduction
with constraint stabilization techniques in Section 2.2.2, and ODE solvers employing
generalized coordinates in Section 2.2.3.

2.2.1 Advanced DAE Solvers

Due to holonomic constraints, mechanical multibody systems usually resultin differential-
algebraic equations (DAE) characterized by an index-3 formulation, necessitating three
differentiations for their transformation into ordinary differential equations (ODE). For
example, such a DAE is stated as

M(q)§ = f(q,q,t) +Jw(q)'A, (2.1a)
WY(q) =0, (2.1b)

where q € R" signifies the n generalized coordinates, M(q) stands for the inertia
matrix, f(q, q, t) comprises the generalized forces, and A € R™ pertains to the Lagrange
multipliers that enforce the holonomic scleronomic constraints W(q) with W : R* — R™.
Notably, Ju(q) := dW(q)/dq represents the Jacobian of the constraints with respect to q.
The DAE problem (2.1) can be directly addressed using advanced DAE solvers, such
as RADAU IIA [65], which exhibit competence in handling stiff problems through
adaptive time-stepping, event detection, and sparse linear algebra methodologies. These
solvers are adept at directly integrating constraints (2.1b) within the system equations,
making them especially suitable for high-fidelity models characterized by multiple
interacting components. It is noteworthy that the implementation of implicit integration
techniques requires the solution of a predominantly nonlinear system of equations at
every integration step, which results in significant computational demands.

2.2.2 Index Reduction and Constraint Stabilization

Formulations of DAEs with high indices inherently encounter numerical challenges.
Consequently, the index-3 formulation presented in (2.1) is often transformed into an
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index-1 form through the process of differentiating the constraints (2.1b) twice, thereby
yielding

f(q,9,1)
Jwq

§
A

[M(q) —JL] 2.2)

-Jv¢ O

As the constraints are expressed at the level of acceleration, the approximations and
numerical inaccuracies inherent in integration algorithms can lead to constraint drift, re-
sulting in behavior that may not accurately represent the physical reality. The constraint
stabilization methods delineated in this section are utilized as strategies designed to
mitigate or eradicate this drift, thereby ensuring the consistency of constraints at both
the position and velocity levels [16].

Baumgarte Stabilization

Fundamentally, virtual spring-damping elements are incorporated into the constraint
equation as presented in (2.2), resulting in the augmented constraints delineated in

d?w dw

S S Jvdtlvd =20 -

T W . (2.3)

Within this framework, @ > 0 and 2 > 0 are positive-valued constants signifying virtual
damping and spring elements, which serve to guarantee the asymptotic stability of the
constraints W. Alternatively, these constants can be understood as a representation of a
proportional-derivative (PD) feedback control law, as described in [181, Section 5.9.2].
Owing to its simplicity, the Baumgarte stabilization method incurs moderate computa-
tional overhead and is straightforward to incorporate into existing solvers. Nonetheless,
the approximated dynamics may deviate from the true physical system due to the
presence of virtual damping forces. Typically, the virtual forces result in trajectories that
oscillate around the constraint surface. Moreover, the performance of this method is
highly contingent upon the selection of the parameters a and f.

Coordinate Projection

The coordinate projection method facilitates the projection of position q and velocity
q onto the constraint manifold, incorporating W(q) = 0 and W(q) = 0 at each step of
integration, thereby ensuring precise adherence to constraints even for long simulations.
Specifically, the projection can be structured as an optimization problem necessitating
iterative procedures, consequently requiring substantial computational resources, as
noted in [181, Section 5.9.2]. Furthermore, the high nonlinearity inherent in the
constraints presents a possible obstacle to the convergence process.
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Penalty Formulations

Penalty methods circumvent the direct algebraic resolution of constraint equations by
introducing substantial artificial forces or potentials that impose penalties for deviations
from the constraints, as illustrated in [90]. As the penalty parameter increases, the
solutions are compelled to adhere closely to the constraint manifold. Although the
implementation is straightforward and any constraint can be transformed into a penalty
form, the resultant differential equations generally exhibit significant stiffness contingent
upon the chosen penalty parameter, resulting in heightened numerical evaluation
demands. Furthermore, the constraint surface is never perfectly satisfied.

2.2.3 ODE Solvers using Generalized Coordinates

Rather than imposing constraints through the utilization of Lagrange multipliers or
stabilization techniques, holonomic constraints may be directly incorporated within
the constrained system of differential equations, thereby yielding an ODE problem, as
stated in

d?r

@ = g(r, i', t) ’ (24)

where r € R"™™ represents a minimal set of independent generalized coordinates that
are intrinsically consistent with the constraints. A notable advantage lies in the reduction
of the problem’s dimensionality; however, while constraints are presumed to be satisfied
by design, the actual enforcement is contingent upon the accuracy of the coordinate
transformations and may deviate due to the accumulation of numerical errors. In
dynamical systems characterized by varying structures, particularly hybrid dynamical
systems, the process of deriving the equations of motion necessitates considerable effort,
as the constraints must be meticulously addressed in each distinct phase.

2.24 Academic Example

In order to illustrate various methodologies for imposing constraints within simulations,
the three stabilization methods and the ODE formulation detailed in this study are
analyzed through the simulation of a single pendulum. This pendulum is defined by
the coordinates x and y, which exhibit interdependence due to the holonomic constraint
px,y) = x2+ y2 —L? = 0. The initial conditions for the simulation involving stabilization
methods are chosen with minor deviations from the constraint surface. The violation of
the constraint ¢, as illustrated in Figure 2.1, indicates that the Baumgarte stabilization
method results in an oscillatory path around the constraint surface, which is attributed
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to virtual stiffness-damping forces. As the simulation duration approaches infinity
(t — o0), the oscillations asymptotically converge to zero.
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Figure 2.1: Constraint violation in the simulation of a single pendulum using different formulations.

Analogous to Baumgarte stabilization, the penalty method displays oscillations in
constraint violations. Parameters in both methods are chosen to keep the plotted
outcomes of similar magnitude. However, the penalty method perpetually fails to fully
meet the constraints, as the constraint equation is continually approximated via penalty
potential forces. In contrast, the coordinate projection method and the ODE formulation
employing the generalized minimal coordinate (angular displacement of the pendulum)
strictly comply with the constraints. Notably, the ODE formulation is advantageous due
to its significantly reduced computational requirements.

This thesis predominantly focuses on enhancing the energy efficiency of a biped robot
across various gaits and environments. The efficiency of numerical evaluation is pivotal
for optimization. Additionally, extended simulation durations are unnecessary since
the gaits are characterized as periodic, and thus simulating a single, short step period
suffices. The equations of motion are analytically generated using the software Maple,
facilitating an efficient substitution of holonomic constraints, which encompass both the
constraints arising from contact and the virtual constraints imposed by the controller.
Consequently, the dynamics examined in this thesis are formulated using generalized
minimal coordinates, where feasible.

2.3  Contact Mechanics in Multibody Systems

Contact mechanics within multibody dynamical systems concerns the analysis and
prediction of the interactions between contacting bodies, focusing on force transmission
and deformation at their interfaces [83]. It involves understanding surface interactions at
both microscopic and macroscopic scales, addressing phenomena such as friction, wear,
adhesion, and impact [28]. Consideration of these effects within contact mechanics
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is crucial for the design of reliable mechanical components, optimization of system
behavior, and assurance of safety in diverse applications.

The study in [52] examines two advanced methodologies for characterizing contact-
impact events in multibody dynamics: the nonsmooth formulation as introduced
in Section 2.3.1, and the regulation formulation utilizing compliant contact models
as outlined in Section 2.3.2. These two methodologies act as foundations for the
development of locomotion gaits on both rigid and compliant surfaces within the scope
of this thesis.

2.3.1 Nonsmooth Dynamics with Unilareral Constraints

Nonsmooth dynamical systems under unilateral contact constraints commonly manifest
in diverse physical contexts distinguished by discontinuities or rapid changes in velocity
or acceleration [134, 135]. Examples that elucidate these concepts include impact
phenomena that lead to instantaneous modifications in velocity, as described in [133,
Section 12.1], and frictional constraints often modeled through Coulomb friction, which
result in stick-slip transitions, as discussed in [133, Section 13.1]. To address the
fundamental theory, a prototypical dynamical system is constructed as

M(q)§ = f(q,q,t) +JpA, (2.5a)
D(q) >0, A>0, ATd(q) =0, (2.5b)

wherein f(q, q, t) signifies the smooth, applied force, while J{ A delineates the nonsmooth
impulsive force, stemming from m unilateral constraints @ : R* — R™. For example,
®(q) is characterized by the separation distance between colliding entities, thereby
functioning as a gap measurement for identifying a collision occurrence. The term
Jo 1= 0®(q)/dq refers to the Jacobian associated with the constraint.

Due to the limitations of smooth ODE and DAE solvers in handling sudden velocity
transitions q, two numerical methods are introduced: event-driven and time-stepping
complementarity methods, following the notation in [1] and [28, Section 5.7].

Event-Driven Method

Event-driven methodologies facilitate the integration of continuous dynamics while
simultaneously managing the identification of discrete collision events assessed by the
gap function ®(q). Upon the detection of a constraint violation ®(q) > 0, the solver
pauses temporarily, executes instantaneous modifications to the state, such as revising
velocities in accordance with the impact law, and then proceeds with its operation.
The precise timing of event occurrences can be determined through the application of
root-finding algorithms, thereby guaranteeing high accuracy.
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The primary advantages of this approach include enhanced accuracy during events, and
efficiency when handling sparse contacts. In contrast, this methodology demands the
implementation of rigorous mechanisms for the detection and management of events,
may face performance difficulties in scenarios characterized by frequent or simultaneous
contacts, and demonstrates a considerable reliance on the capabilities of the solver’s
event detection functions alongside the associated numerical tolerances.

Time-Stepping Complementarity Method

Time-stepping methodologies for nonsmooth dynamics manage discrete occurrences,
such as collisions and friction, within each discrete time interval without explicitly
identifying collision instances. Rather, they construct a complementarity problem, as
outlined in (2.5b), within each interval to impose contact constraints and frictional laws
in an integrated manner, in accordance with the procedure in [1].

The advantages encompass efficient management of frequent or concurrent events, seam-
less integration with optimization frameworks [32, 137], and improved scalability for
intricate systems [10]. Conversely, the disadvantages involve the potential introduction
of numerical damping and minor temporal inaccuracies due to fixed-step discretization,
as well as the necessity for specialized solvers in handling large complementarity
systems.

Academic Example

To elucidate the characteristics of the discussed methodologies, Figure 2.2 presents
the comparative simulation outcomes of a bouncing ball employing event-driven and
time-stepping complementarity methods.

Specifically, the event-driven method efficiently assesses the system’s behavior during
the initial four seconds. Nevertheless, once the simulation exceeds the four-second
mark, where contact events become frequent, the event-driven method encounters
a significant escalation in the number of iteration steps, each represented by circles
as elaborated in Figure 2.2. Conversely, the time-stepping complementarity method
exhibits enhanced scalability by circumventing the computational challenges associated
with dynamic event detection during frequent interactions. This example utilizes a
forward Euler integration scheme with a fixed step size of df = 1 ms in the formulation
of the time-stepping approach.

Within the framework of simulating bipedal locomotion, the frequent occurrence of
contact events is typically not a primary concern. Specifically, this thesis examines gaits
of a periodic nature wherein the contact events are distinctly separated. Nonetheless,
precise identification of these contact events is essential for the adjustment of reference
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Figure 2.2: Simulation of a bouncing ball using event-driven and time-stepping complementarity methods.

trajectories within the control system. Therefore, the event-driven method is considered
the foundational principle of the simulation framework.

2.3.2 Compliant Contact Model

The formulation of nonsmooth dynamics as delineated in Section 2.3.1 addresses the
interaction between non-deformable bodies. Alternatively, rigid impacts are approx-
imated through compliant contact between deformable materials, resulting in elastic
or viscoelastic deformation dynamics at the interface [49]. These models commonly
represent the behaviors of real-world materials (e.g., steel, rubber, soft tissues) and assist
in predicting phenomena such as collisions and friction.

The normal contact force can be characterized using two fundamental modeling ap-
proaches: the static Hertz contact model, which involves purely elastic deformation
without explicit damping dissipation; and viscoelastic models, which incorporate
both elastic and damping components, thereby facilitating a more precise depiction
of rebound and energy dissipation.

Static Hertz Contact Model

Hertz contact theory establishes a fundamental framework for the modeling of elastic,
quasi-static contacts, initially described in [70]. For two spherical bodies, the normal
force F induced by an indentation 6 is characterized as

F(5) = kuzd?
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where kpz represents a material-dependent constant. A significant limitation of the
Hertz model lies in its omission of critical factors such as damping dissipation, friction,
and plasticity.

Viscoelastic Contact Models

Due to the inherent energy dissipation observed in real-world impacts, the limitations of
the Hertz model necessitated the advancement of viscoelastic extensions. As depicted
in Figure 2.3a, viscoelastic models improve the depiction of contact dynamics through
the integration of a velocity-dependent damping term, as delineated by a general form
written as

F(o, 6) = Felastic(6) + Fdamp(él 6) ’ 620,

wherein Fejastic may conform to a 53 law in alignment with the Hertzian paradigm or
employ a linear spring model k6, while the damping force Fyamp incorporates velocity
dependencies, which are predominantly nonlinear, to account for energy dissipation.
This section provides a succinct overview of significant contact models, including the
Kelvin-Voigt model and the Hunt-Crossley model [75].
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(a) General form of a viscoelas-  (b) Normal contact force over (c) Contact velocity 6 over penetra-
tic contact model. penetration 6. tion 6.

Figure 2.3: [llustration of viscoelastic contact model and corresponding responce behaviors.

Kelvin-Voigt Model illustrates the interaction via a basic parallel arrangement of a
linear spring and damper, expressed as

F(6,5)=ka(5+CKv5, 6=>0.
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While the simplicity of the model presents certain advantages, a notable limitation arises
from the linear viscoelastic behavior cxyd, which leads to an unrealistic discontinuity
in the response force at the initial instance of contact and separation, as illustrated in
Figure 2.3b. Additionally, another non-physical issue observed is the generation of a
negative reaction force towards the conclusion of the contact period.

Hunt-Crossley Model , as originally proposed in [75], integrates the Hertzian frame-
work with a damping component that increases proportionally to 52, as delineated
in

620,

F(5,8) = kycd? (1 + Mi) )

2 5

where ¢, serves as the damping coefficient, and 6(~) represents the velocity of approach
at the moment of impact. This formulation eradicates damping in the event of 6 = 0,
thereby averting the manifestation of non-physical negative forces when the entities
are not in contact, as well as eliminating the abrupt change in the response force at the
moment of impact.

In addition, the trajectories depicted in Figure 2.3c for both the Hertz model and the Hunt-
Crossley model are developed employing the same nominal stiffness parameter, namely
kuc = kuz. It is apparent that the neglect of energy dissipation in the Hertz model
leads to an overestimation of the maximum penetration into the ground. Furthermore,
the hysteresis of the response force observed in the Kelvin-Voigt model and the Hunt-
Crossley model in Figure 2.3b is attributed to the presence of damping dissipations.

In conjunction with the previously outlined compliant models, a multitude of alternative
approaches have been proposed, as documented in studies [6, 30, 51, 110], to address the
resolution of the normal contact force on compliant surfaces. The research presented in
[55] examines the interaction of coupled normal and tangential compliant contacts.
Investigations, such as [67], propose simulation techniques to account for friction
at the contact point. Sophisticated finite element simulations further facilitate the
approximation of intricate contact behaviors within data-driven approaches for complex
surfaces [108], whereas alternative data-driven methodologies depend on empirical
measurements [103].

From a practical perspective, the determination of suitable ground parameters is
essential for the implementation of compliant contact models, as these parameters often
hinge on the geometric and material characteristics of the colliding entities [53]. The
damping terms, in particular, necessitate meticulous experimentation, such as drop tests
and impact assessments [154]. Furthermore, large stiffness and damping parameters
frequently result in stiff differential equations, necessitating implicit integration schemes
for both efficiency and numerical stability [50]. Additionally, the presence of multiple
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contacts increases complexity, particularly in contact detection during simulation. This
thesis employs the models and associated parameters proposed in [155] and [30] to
simulate running gaits on compliant terrain, as expounded in Section 5.2.1.

24  Stability Theory

The stability of a dynamical system delineates the trajectory behavior near an operating
point when influenced by minor perturbations in initial conditions or parameters.
In particular, this section considers an autonomous system of nonlinear ordinary
differential equations expressed as

% =f(x), (2.6)
wherein the vector field f : R" — R" maintains continuous differentiability C* within
the neighborhood of an equilibrium point xeq € R”, namely f(xeq) = 0.
This section offers an overview of fundamental stability principles pertinent to nonlinear
autonomous dynamical systems, as exemplified by (2.6). It includes the analysis of
Lyapunov stability of equilibrium points as discussed in Section 2.4.1, an evaluation of
local stability via linearization around equilibrium points, as outlined in Section 2.4.2,
an assessment of orbital stability of limit cycles as described in Section 2.4.3, and the
investigation of Lyapunov Exponents pertinent to chaotic dynamics, as indicated in
Section 2.4.4.

241 Lyapunov Stability

As per [122, Section 1.4], the equilibrium point xeq of the autonomous system (2.6) is
categorized as

* Lyapunov stable if a solution initiated close to the point xq also remains close
enough for all time ¢ > t;

* Asymptotically stable if a solution initiated close to the point x4 is stable and in
addition converges to Xeq for t — co.
Direct Lyapunov Method

According to [116, Section 2.1], the direct Lyapunov method bypasses the need to solve
the system explicitly. Instead, a continuous, Lyapunov candidate function V : R” — R
is constructed, which is characterized as positive definite around xq, evaluated as

V(x) >0 for X#Xeq, and V(xeq)=0.
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Subsequently, the time derivative of V along the trajectories, delineated by V(x) :=
(dV(x)/dx)f(x), serves as an indicator of the stability of xeq:

e Lyapunov stable if V(x) < 0, in accordance to [116, Section 2.2];
* Asymptotically stable if V(x) < 0, in accordance to [116, Section 2.3].

The direct Lyapunov method serves as a potent instrument for analyzing the stability
of nonlinear dynamical systems. However, the selection of an appropriate Lyapunov
candidate function necessitates expertise and a deep understanding of the system design
[122, Section 1.4.5]. In addition to its application in stability analysis, the Lyapunov
function is employed within the control design framework to enhance stability in the
context of bipedal locomotion, as discussed in the works [8, 54, 144].

2.4.2 Local Analysis of Stationary Solutions

Owing to its inherent simplicity, the local stability of the system (2.6) is typically
examined in practice through its first-order approximation, or linearization, around the
equilibrium point Xeq. In this regard, the Hartman-Grobman theorem provides essential
verification of the equivalence between the local dynamics of the nonlinear system and
its linearized counterpart.

Hartman-Grobman Theorem

The nonlinear system (2.6) is represented through its first-order approximation [116,
Section 1.2], expressed as
dAx _ Jf(x)

T o AX = J(Xeq)AX, (2.7)

X=Xeq

where Ax = x — X¢q denotes a small perturbation (or variation) from the equilibrium
point xeq. According to the definition provided in [131, Section 2.6], the equilibrium
point xeq is deemed hyperbolic if the Jacobian J(xeq) assessed at the point xeq exhibits
no eigenvalues with real parts equal to zero.

As articulated by [131, Section 2.8], the Hartman-Grobman Theorem posits the existence
of a neighborhood U around xeq and a homeomorphism h : U — R", whereby
h(xeq) = 0. The homeomorphism h maps the trajectories of the nonlinear system onto
those of its linear counterpart. Consequently, the nonlinear system (2.6) is topologically
conjugate to its linearization (2.7) within the neighborhood U of the fixed point xeq, and
their phase portraits display qualitative similarity.
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Stability in First Approximation

The Hartman-Grobman Theorem aids in the analysis of local dynamics within a
nonlinear system by studying its linear approximation, thereby considerably simplifying
the stability analysis. Notably, if all eigenvalues of J(xeq) possess strictly negative real
parts, the hyperbolic equilibrium point x.q is locally asymptotically stable. Conversely,
the presence of at least one eigenvalue with a positive real part renders xq unstable [131,
Section 2.9].

In the case of non-hyperbolic equilibrium points, characterized by eigenvalues of the
Jacobian with zero real components, the dynamics can manifest substantial complexity.
The stability of the nonlinear system cannot be reasonably approximated by examining
the linearized version. Therefore, methodologies such as Center Manifold Theorems, as
elucidated in [150, Section 7.6], are employed to facilitate further examination.

2.4.3 Orbital Stability of Periodic Solutions

At a constant average velocity, the periodic locomotion gaits of bipedal robots are
conceptualized as periodic orbits within the hybrid dynamical system, exhibiting
nonsmooth characteristics due to discontinuous transitions. As noted in [163, Section 7],
these isolated closed orbits, denoting the absence of other periodic solutions in their
vicinity, constitute limit cycles of the closed-loop system. Owing to the phase-dependent
design principle, the closed-loop system formulated on the basis of the Hybrid Zero
Dynamics controller is deemed autonomous. Within this framework, a periodic solution
curve ®(xo, t) for the example system (2.6) is established as

D(xp, t +T)=Dd(xp,t), VEeR, (2.8)

demonstrating periodicity T and adhering to the initial condition ®(xp,t = 0) = Xo.
Unlike the stability analysis of a stationary solution as previously described, a limit cycle
is deemed orbitally stable (or Poincaré stable) if trajectories originating in its vicinity
maintain a close proximity concerning distance to the orbit, albeit potentially with a
phase shift [122, Section 1.4.3]. The assessment of orbital stability is conducted using
the Poincaré return map and Floquet theory.

Poincaré Return Map

As reported by [122, Section 3.3], a prevalent methodological approach in the analysis
of limit cycles involves the establishment of a Poincaré section, a hypersurface that is
transverse to the flow, and the examination of the successive intersections of trajectories
with this section. This methodological approach results in the formulation of a Poincaré
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return map, which effectively transforms a continuous-time system into a discrete map
of reduced dimensionality, as evidenced

x[k +1] = P (x[k]) ,

where x[k] denotes the point of intersection at the k-th crossing. The limit cycle is
represented by a fixed point of x* = P(x"), with its stability being determined by the
eigenvalues of the Jacobian Jp(x*) := dP(x)/dx |x:x* at that fixed point.

[177, Section 4.2] examines the utilization of the Poincaré return map approach for
hybrid dynamical systems that incorporate impulsive effects. Furthermore, an extended
Poincaré return map is suggested in [168] for considering uncertainties in the guard
function, which locates the transition events, to improve the robustness of the resultant
gait with respect to uncertain terrain. Nevertheless, the assessment of the Poincaré
map is carried out numerically, resulting in demanding computations throughout the
optimization process, as discussed in [118]. Consequently, the Poincaré return map
method is considered a validation procedure for the stability analysis established in this
thesis within the framework of Floquet Theory.

Floquet Theory

As elucidated in [122, Section 3.2], Floquet theory is primarily concerned with the
dynamics of a perturbation 0x () imposed on the periodic solution ®(xo,t), these
dynamics being dictated by the differential equations

dox _ df(x)

aox dox  of(x)
dt ~ ox

dt ~ ox

ox + O(||6x|%) , or o . (2.9)
The n-independent solutions of the linearized differential equations (2.9) constitute
the fundamental matrix solution 6X(f) € R, which is assessed at the period t =T,
thereby yielding the monodromy matrix D = 6X(T). The monodromy matrix D
specifically elucidates the evolution of perturbations over the given period T, thereby
defining the stability characteristics of the periodic solution. Within this framework, the
eigenvalues of D, known as Floquet multipliers, are evaluated to quantify orbital stability.
As evidenced in [122, Section 3.2], autonomous systems inherently possess a trivial
multiplier equal to unity, indicative of a phase shift in the flow direction. Consequently,
a limit cycle is deemed asymptotically stable when all nontrivial multipliers are less
than unity.

In order to accommodate nonsmooth dynamics, the study presented in [3] augments the
monodromy matrix through the employment of the saltation matrix, which precisely
addresses the first-order approximation of the variation update as it traverses discrete
transition events [92]. Nonetheless, the eigenvalue analysis for hybrid dynamical systems
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remains unaltered. Owing to its high numerical efficiency in handling limit cycles of
high dimensionality, Floquet Theory is employed in this thesis to conduct stability
analysis.

2.4.4 Lyapunov Exponents and Chaotic Systems

In addition to fixed points and limit cycles, numerous dynamical systems demonstrate
chaotic behavior, characterized by trajectories that exhibit extreme sensitivity to initial
conditions. Lyapunov Exponents serve to quantify the average exponential rates at
which proximate trajectories diverge (or converge), thus playing a crucial role in stability
analysis [122, Section 7.8]. Specifically, the identical linearized perturbation dynamics,
as defined in (2.9), are considered for deriving the Lyapunov Exponents, which are
expressed as

= _ .1 [[ox (t)]] .
Ai = tlggo n In (m) , ie[l,n]. (2.10)
A limit cycle is deemed stable when one of its Lyapunov Exponents equals zero, whereas
the other exponents assume negative values. In contrast, chaotic dynamics is indicated by
the existence of a Lyapunov Exponent that possesses a positive value. Additionally, the
derivation of Lyapunov Exponents for dynamical systems with discontinuous transitions
follows the methodology proposed in [120]. However, owing to the asymptotic nature
of the method that necessitates numerical evaluations as outlined in f — oo, it is deemed
unsuitable for application in numerical optimization.

2.5 Nonlinear Control Theory

Nonlinear control theory is concerned with the investigation and development of control
strategies for systems governed by nonlinear differential equations. Unlike linear
systems, for which the principles of superposition and established methodologies are
applicable, nonlinear dynamical systems, according to [150, Section 1.1], demonstrate
considerable differences from linear systems in various critical aspects:

1. Superposition Principle: In contrast to linear systems, nonlinear systems are not
governed by the principle of superposition, as elaborated in [107, Section 4.2].
Consequently, the output of a nonlinear system is not a linear aggregate of its
inputs, thereby complicating both analysis and prediction.

2. Equilibria and Stability: Nonlinear systems are capable of having multiple
equilibrium points, each of which may exhibit different stability characteristics, as
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indicated in [163, Section 2.2]. These equilibria can include stable nodes, saddle
points, spiral points, as well as unstable or semi-stable configurations.

3. Complex Dynamics: Nonlinear systems are capable of exhibiting intricate behav-
iors, including limit cycles, bifurcations, and chaotic dynamics, whereby slight
deviations in initial conditions can result in markedly different outcomes, as noted
in [163, Section 9.3].

4. Analysis Techniques: The analysis of nonlinear systems requires the utilization of
specialized tools, such as Lyapunov stability theory as noted in [150, Section 5.3]
and the Poincaré map as described in [122, Section 7.6]. In contrast, linear
systems can be effectively analyzed using more straightforward methodologies,
including eigenvalue analysis as outlined in [11, Section 5.3] and frequency-domain
techniques documented in [107, Section 6.3].

A multitude of methodologies has surfaced to comprehend and manipulate these
nonlinear systems. In particular, the employment of various linearization methods
affords a profound understanding of nonlinear system behaviors by employing control
strategies originally devised for linear systems.

This section expounds upon the fundamental concepts underlying these methodologies,
offering a comprehensive overview of the simplification, analysis, and control of
nonlinear systems. The discussion starts with local Taylor linearization in Section 2.5.1
as a tool to approximate nonlinear dynamics near an operating point. Feedback
linearization in Section 2.5.2 follows, demonstrating how canceling nonlinearities
extends the use of linear control strategies across a wider domain.

2.5.1 Local Taylor Linearization

Local Taylor linearization employs the Hartman-Grobman Theorem, as introduced in
Section 2.4.2, for the development of controllers within a nonlinear system. Specifically,
the nonlinear behavior in the vicinity of an equilibrium point is approximated through
its linearization, allowing the application of linear control laws.

Consider a nonlinear system:

dx
) @11)

with state x € R"” and control input u € R™.
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Let (Xeq, Ueq) be an equilibrium point, meaning f(xeq, Ueq) = 0. A first-order Taylor
expansion around (Xeq, Ueq) is presented as

Jf(x,u Jf(x,u
£ ) = flxeg o) + 20 o X ug), @a2)
X (xeqrueq) — u (xeqrueq) —
P —— AXx — Au
A(xeqrueq) B(xeqrucq)

Given f(Xeq, Ueq) = 0, the linearized system of (2.11) becomes

% = A(Xeq, Ueq) AX + B(Xeg, Ueq)Au . (2.13)
Following the linearization process, the system becomes suitable for the application
of linear control techniques, including the Pole Placement approach outlined in [11,
Section 7.2] and the Linear Quadratic Regulators (LQR) methodologies detailed in
[11, Section 7.5], to achieve stabilization or adjust performance in the vicinity of the
equilibrium point. The linearization approach is supported by the Hartman-Grobman
Theorem, which posits that the local dynamics of the nonlinear system are equivalent
to those of the linearized model, assuming the equilibrium point is hyperbolic.
Although the procedure appears straightforward, its limitations are markedly evident.
Thelocalized approach to managing the nonlinear system results in diminished precision
of feedback control as the system deviates from its equilibrium state. Furthermore, as
the control law is predicated on a first-order approximation, it becomes difficult to
address complex systems with high-order nonlinear terms. Additionally, in scenarios
involving multiple operating points, it is necessary to conduct separate linearizations
for each equilibrium or operational region, thus increasing the implementation effort
required for the control law.

2.5.2 Feedback Linearization

As initially proposed in [79], feedback linearization constitutes a crucial methodology
within the realm of nonlinear control theory. It enables the conversion of a nonlinear
system into an equivalent linear system through the application of state feedback,
drawing upon concepts from differential geometry, especially differentiable manifolds
[174]. In contrast to Taylor linearization, as discussed in Section 2.5.1, the feedback
linearization approach is not restricted to the analysis of local behavior around a
hyperbolic equilibrium point. Extensions, particularly the feedforward linearization
approach cited in [64], employ flatness-based control methods as described in [48] to
improve trajectory tracking efficacy. Subsequent extensions are exemplified in [121, 142],
wherein feedback linearization is applied to facilitate real-time model predictive control.
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The core concept is investigated through a single-input, single-output nonlinear control-
affine system, as described in

% =f(x)+gx)u, (2.14a)
y=hx)=0, (2.14b)

where x := [x1,x2,...,x,]" € R" denotes the state variable, u € R represents the input,
y € R signifies the output, and f : R" — R" along with g : R* — R" are nonlinear,
sufficiently smooth ! vector fields.

In order to construct the state transformation as outlined in z = ®(x), which is identified
as a diffeomorphism in accordance with [174, Definition 1.27], the Lie derivatives of
the output h(x) are performed by following the procedure described in [79, Section 4.1].
This approach yields the sequence

Leh, LeLih, ..., Ly LEn, (2.15)

where Lgh := (dh/dx)g(x) and Lg L¢h := (d.Le¢h/dx)g(x) specifically represent the Lie
derivatives of h and L¢h with respect to the vector field g(x), respectively. The sequence
(2.15) identifies the relative degree of the output function (x) in relation to the system
input u. Formally, the relative degree r is defined as the smallest integer such that

Lo L #0.

When the relative degree r is equal to the system order n = r, full-state feedback
linearization can be attained through the utilization of an input transformation, as
elucidated in

-1 d”y

5 (2.16)

1= a(x) + p(x)o = - (Lglj;’lh) ' Lo+ (Lglj;’lh)
Specifically, -Eg.E;_ll’l is designated as the decoupling matrix, and its invertibility is
imperative for the formulation of the linearization. The new input v := d"y/dt’
demonstrates a linear dependency on the output y through the employment of r
integrators. As a result, feedback techniques devised for linear systems are employed
to design the input (2.16) to facilitate the (asymptotic) convergence of the output y = 0.

1 “Sufficiently smooth” indicates that the function possesses enough differentiability to ensure that

mathematical expressions such as Jacobians, Lie derivatives, and transformations are well-defined and
continuous.
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Zero Dynamics

In contrast, the condition r < n signifies the presence of unobservable (internal)
dynamics with a dimension of n — r. These internal or zero dynamics delineate the
behavior of the system state when the output is restricted to remain at zero or be
maintained at a constant reference value. In other words, zero dynamics are the state
variables that are not controllable or observable [106]. In numerous design frameworks,
it is imperative to ensure the stability of the internal dynamics, as instability in these
unforced dynamics could compromise a control strategy, even if the output accurately
tracks its intended reference.

Zero dynamics have both linear and nonlinear interpretations:

¢ Inalinear system, zero dynamics pertain to the internal modes of the system when
the output is consistently zero. Specifically, these zero dynamics are characterized
by the zeros of the transfer function that relates the output to the input, as
demonstrated in [107, Section 5.5.4]. Should the zero dynamics be unstable (i.e.,
possessing an eigenvalue with a positive real part), the internal states may diverge
even if the output can be perfectly regulated to zero via a feedback law. Such a
system is termed non-minimum phase.

¢ In nonlinear systems, zero dynamics are determined by imposing y(¢) = 0 and
then analyzing the remaining dynamics on the zero dynamics manifold, which
serves as a submanifold embedded within the complete system. Similar to the
linear scenario, if these induced zero dynamics exhibit instability, it is not possible
to correct this instability solely through output-based feedback while preserving
y(t) = 0. Therefore, ensuring the stability of the resulting zero dynamics is crucial
for controller design using the feedback linearization approach.

Virtual Constraints

The notion of zero dynamics is pivotal in the formulation of virtual constraints [157],
particularly in the context of bipedal or hybrid dynamics control. The Hybrid Zero
Dynamics control strategy employs feedback control mechanisms to enforce reference
trajectories within the actuated joints [177, Section 6.1]. Synchronization of the joint
angles with the reference is identified as holonomic virtual constraints. This synchro-
nization facilitates the simplification of complex locomotion system dynamics to the
reduced-dimensional zero dynamics. These reduced dimensions specifically represent
the degrees of freedom that remain uninfluenced by the actuators within the joints.
Consequently, the examination of gait stability is expressed through the stability of the
zero dynamics.
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2.5.3 Academic Example

A first-order nonlinear system is characterized by the differential equation % = 2x2 + u,
where x denotes the state of the system and u signifies the control input. The primary
objective is to regulate x to reach the equilibrium point (Xeq, Ueq) = (0,0). An evaluation
of two distinct linearization methods is conducted, with results illustrated in Figure 2.4.
Simulations are conducted across a range of diverse initial conditions x(t = 0) €
[-2, 3] to assess the effectiveness of both linearization methods. The results suggest
that although local Taylor linearization (Figure 2.4a) shows satisfactory performance
for minor initial perturbations due to its local linearization, feedback linearization
(Figure 2.4b) consistently demonstrates robust performance across a more extensive
range of initial conditions.

4 / 4r
3 3
2 2
= =
w1 w1
0f 0
-1 -1
-2 : : : -2 : : :
0 1 2 3 0 1 2 3
Time ¢ (in s) Time ¢ (in s)
(a) Local Linear Taylor Controller. (b) Feedback Linearization Controller.

Figure 2.4: Output response to varying initial deviations by employing diverse linearization techniques.

2.6 Numerical Methods to Locate Periodic Solutions

A multitude of physical and engineering systems exhibit periodic behavior. In the area
of bipedal robotics, the periodic nature of locomotion gaits is frequently recognized
[87]. The numerical determination of a periodic solution of the form (2.8) is essential for
understanding limit cycles, oscillators, and other recurrent phenomena. As articulated
in [122, Section 6.5], methods formulated in the time domain include the brute-force
simulation approach, finite-difference method, shooting method, and Poincaré map
method. In frequency domain formulation, harmonic balance method approximates
periodic [93, Chapter 2] and quasi-periodic [13] solutions in nonlinear systems with
considerable numerical efficiency.
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Within the framework of generating periodic solutions pertinent to biped locomotion,
which necessitates elevated numerical efficiency and precision [21], this section conducts
an evaluation of three well-established numerical methodologies. These include
the collocation method as articulated in Section 2.6.1, the single shooting method
as deliberated in Section 2.6.2, and the multiple shooting method as explicated in
Section 2.6.3.

2.6.1 Collocation Method

Generating locomotion trajectories with the collocation method can be formulated as a
nonlinear optimization problem in which both the system states x and control inputs u
over a full gait cycle are simultaneously treated as decision variables [69]. The trajectory is
typically represented by discretized, piecewise polynomial segments [88]. The resultant
endpoints (i.e., collocation points) must satisfy dynamic feasibility and other gait-related
constraints, such as joint limits or specified contact events, imposed by the optimization
[12], and augmented stabilization techniques addressing constraint violations [26]. As
the state variables over the entire period are simultaneously considered in the objective
function, the method yields a favorable gradient structure and can improve numerical
conditioning [136].

However, collocation’s performance is highly dependent on the quality of the initial guess
for both the state trajectory x(t) and the gait period T. This sensitivity can be particularly
pronounced in problems featuring multiple distinct solutions. Compared to shooting-
based approaches, which forward-simulate the dynamics from an initial condition
(thereby naturally preserving physical feasibility if they converge), collocation methods
solve a boundary-value formulation and may converge to an unphysical solution if the
initial guess or constraints are not well chosen.

[182] undertakes a comparative analysis of the direct collocation method, configured
with complementary conditions, and the multiple shooting method, and deduces that a
significant limitation of the direct collocation technique is its poor numerical accuracy.
The significance of numerical accuracy is paramount within this thesis, as the behavior on
compliant ground necessitates efficient and precise numerical approximations due to the
intrinsic stiffness characteristic of the underlying differential equations. Consequently,
the collocation method is not employed in this research work.

2.6.2 Single Shooting Method

The single shooting method recasts the computation of a periodic orbit as a root-finding
problem:

D(xo, T)—x =0,
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where ®(xg, T) represents the state of the system after integrating the ODE from t = 0 to
t =T, starting with the initial condition xp. If xq lies on a true periodic orbit of period T,
integrating one full period must bring the system back to xp. Solvers such as Newton’s
method iteratively adjust xg and T to satisfy this periodicity condition.

One notable advantage of the single shooting method is its conceptual simplicity, as
it requires the resolution of only one initial value problem per iteration. Nonetheless,
this approach is often highly sensitive to initial estimates and susceptible to numerical
instabilities. Specifically, owing to the extended integration horizon and the hybrid
characteristics of the system dynamics, slight variations in the initial conditions can lead
to significant modifications in the optimization objectives or constraints. This, in turn,
negatively impacts the gradient’s condition, thereby complicating the convergence of
the optimization process [22, Section 3.3].

2.6.3 Multiple Shooting Method

In order to mitigate certain limitations inherent in the single shooting technique, the
multiple shooting method segments the time interval [0, T] into M shorter equidistant
intervals:

O=ty<thh<---<tpma<tm=T.

This approach effectively diminishes the trajectory solution’s sensitivity to the initial
conditions over the entire interval [22, Section 3.4]. Furthermore, it incorporates
intermediate states x; = x(t;) as variables within the optimization process. Two essential
steps are:

1. The initial value problem must be resolved within each sub-interval ¢ € [#;, t;11],
ensuring that the solution in every segment is consistent with the system’s
dynamics.

2. Continuity at the boundaries of sub-intervals must be maintained, as noted in
xi(ti+1) = xi+1, and a periodic boundary condition is imposed as specified in
XM = Xp.

The full set of unknowns [xg, xlT, e, xZTA_l, T]T is then solved simultaneously using a
nonlinear system solver, such as Newton’s method [41, Section 1.2]. In addition, multiple
shooting is often advantageous because each sub-interval can be tailored to different
phases of the gait (e.g., single support, double support), and advanced ODE/DAE
solvers can be chosen accordingly.

Finally, when combined with solution continuation techniques or model-predictive
control schemes that use warm-starting (i.e., initial guesses derived from neighboring
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solutions), multiple shooting primarily refines an already close approximation as a cor-
rective mechanism. This can substantially improve convergence speed and robustness,
making it a popular method for online [183] and offline [68] trajectory generation and
real-time control [42].

2.7 Nonlinear Numerical Optimization

Optimization is the process of finding the “best” solution to a problem under specified
constraints. The notion of “best” is captured in a scalar-valued objective function,
which typically quantifies cost, profit, performance, or other relevant metrics. A general
nonlinear optimization problem can be formulated as follows:

min f(x),
xeR” (2.17)
subjectto g(x) <0, h(x)=0,

where x represents the decision variables or optimization parameters, f : R" — R is the

objective function. g : R” — R™ and h : R” — R’ denote the inequality and equality

constraints, respectively.

Generating bipedal gaits naturally lends itself to this nonlinear formulation, due to the

complex dynamics and various constraints involved. Consequently, this section high-
lights three major methodologies for solving such problems: the Karush-Kuhn-Tucker

conditions (Section 2.7.1), Interior-Point methods (Section 2.7.2), and Sequential Quadratic
Programming (Section 2.7.3).

2.7.1 Karush-Kuhn-Tucker Conditions

The Karush-Kuhn-Tucker (KKT) conditions constitute a first-order necessary criterion
for determining an optimal solution within the framework of a nonlinear programming
problem, incorporating both equality and inequality constraints as delineated in (2.17).
In particular, the KKT conditions extend the traditional Lagrange multiplier approach,
which solely addresses equality constraints [125, Section 12.3]. Thus, the Lagrangian
function of the constrained optimization problem (2.17) is represented as

L(x,p,A) = f(x) + p"g(x) + ATh(x), (2.18)

wherein y € R™ and A € R” denote the KKT multipliers associated with inequality and
equality constraints, respectively.
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As elucidated in [125, Theorem 12.1], the KKT conditions for a prospective local optimal
solution x* are delineated as follows:

JdL(x, u, A
xp A _ I T ag(x) a7 | 0 219)
oax ex X |y X |y X | _
| —— —_——— N—_— — N— ——
VxL(x*,p,A) VF(x) Vg(x*) Vh(x)
g(x)<0, h(x)=0, (2.19b)
L=0, (2.19¢)
pg(x)=0. (2.194d)

Specifically, condition (2.19a) is termed as stationarity, condition (2.19b) signifies primal
feasibility, condition (2.19¢c) denotes dual feasibility, and finally, condition (2.19d) is
referred to as the complementary condition (or complementary slackness).

The KKT conditions form the cornerstone of algorithms in constrained nonlinear
optimization. The traditional method of Lagrange multipliers, which considers only
equality constraints, posits that at an optimal solution, the gradient of the objective
function aligns as a linear combination with the gradients of the equality constraints.
The KKT conditions extend this principle by incorporating dual variables and the concept
of complementary slackness to encompass inequality constraints. Consequently, active
inequality constraints exert a direct influence on the optimality criteria of a solution.

2.7.2 Interior-Point Methods

Originally developed for linear optimization problems, Interior-Point methods have been
extended to handle general nonlinear programs by introducing barrier functions, often
of a logarithmic form, that penalize any approach to a constraint boundary. According
to [125, Section 19.1], the nonlinear optimization problem (2.17) is rewritten into

min f(x) — logs;,
X8 / HIP; & (2.20)

subjectto g(x)+s=0, h(x)=0,

wherein s € R™ represent the slack variables employed to convert the inequality
constraints g(x) into equalities. The barrier parameter upp > 0 denotes a penalty
term that takes positive values. Consequently, the penalty operator log(-) ensures that
the condition s > 0 is upheld throughout the optimization process.

The barrier subproblem (2.20) is generally addressed through the application of a
Newton or quasi-Newton method. Each iteration necessitates the resolution of a linear
system formulated on the basis of the KKT conditions of the barrier-augmented objective.
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Upon approximation of a local minimizer for the barrier subproblem, adjustment of
pip and subsequent resolution are performed. This process produces a sequence of
solutions that asymptotically converge to a point fulfilling the original constraints at the
limit pp — 0, as presented in [125, Algorithm 19.1].

2.7.3 Sequential Quadratic Programming

Sequential Quadratic Programming (SQP) represents one of the most efficacious ap-
proaches for addressing smooth nonlinear optimization tasks that involve equality and
inequality constraints. SQP is distinguished by its superlinear convergence properties
within the proximity of a solution. Fundamentally, iterative quasi-Newton steps are
employed to fulfill the KKT conditions (2.19) associated with the nonlinear optimization
problem (2.17), wherein these iterative steps are structured as a succession of Quadratic
Program (QP) subproblems.

Specifically, at the k-th iteration (xi, y;, Ax), the QP subproblem with linearized con-
straints is formulated as

: 1, PL(x,pu,A

min  Vf(x)'p+5p" —(8x2y )

Xk b Ak

VL Otk g Ar) (2.21)
subjectto  Vh(xx)"p +h(xx) =0,
Vgxk)'p+8x) <0,

in which VixL(xk, Wy, Ax) represents the Hessian of the Lagrangian function (2.18). This
Hessian is typically approximated by employing a Broyden—Fletcher—Goldfarb—Shanno
(BFGS) algorithm [125, Section 6.1] to enhance computational efficiency while preserving
positive definiteness. The resolution p of the subproblem (2.21) informs the subsequent
iteration xx+1 = Xg + axp, which utilizes either a line search [125, Section 18.4] or a
trust-region approach [125, Section 18.5]. The Lagrange multipliers (y,,,, Ax+1) are
revised based on the violation of the optimization constraints.

Since each iteration of the SQP method may necessitate solving a substantial QP, it
can be computationally intensive for problems characterized by high dimensionality or
significant nonlinearity. Notwithstanding these challenges, SQP is recognized as one
of the most robust and precise methodologies for constrained nonlinear optimization,
especially when solutions of high quality and rapid local convergence are imperative. In
the realm of Model Predictive Control, real-time iteration strategies that leverage warm
starts have been developed to facilitate the application of the SQP algorithm in online
control scenarios [62].
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2.74 Academic Example

The nonlinear optimization problem, as delineated in
min  f(x1,x2) = x% + x%
x1,%2

Subjectto 1—-(x1+x2) <0, —-x<0, -x<0,

demonstrates MATLAB’s fmincon proficiency in solving a simple convex problem by
deploying two nonlinear programming techniques with identical initialization. The
Interior-Point method in Figure 2.5a effectively manages constraints via barrier functions,
resulting in an initial iteration that outperforms the SQP method. However, as the
iterations progress towards the optimal solution, the Interior-Point method does not
exhibit a marked advantage in convergence efficiency, requiring 10 iteration steps.

x N : N\
| N\ 7 " Initialization 7
6 150 — 6
5 [:;::L\ ) 5
'\\\\\\\\\\ O
Q AN
4 s 1 _\\\ 2. Iteration 4
3 N\ 3
0.5 2 \ O\ 2
N 1. Iteration
Final Solution” 1 Final Solution *\* | 1
0 1 1 0 N 11
0 0.5 2 0 0.5 1 1.5 2
x1
(a) Interior-Point method. (b) Sequential Quadratic Programming.

Figure 2.5: Illustration of nonlinear optimization resolved through two distinct nonlinear programming
methodologies.

In contrast, the SQP method outlined in Figure 2.5b demonstrates accelerated conver-
gence proximate to the optimum, necessitating merely 3 iteration steps. This prompt
convergence is predominantly attributed to the linear constraint, which is effectively
represented within the QP subproblem.

Furthermore, the SQP method exhibits substantial performance in contexts involving
solution continuations. This is relevant to the optimization strategy elucidated in this
thesis, as the gait parameters at varying walking and running velocities are utilized for
initializing the neighboring speeds.
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2.7.5 Calculation of Derivatives

The precise computation of derivative information is essential for the efficacy of
optimization algorithms, especially those based on gradients and Newton-type methods.
In instances where analytical computation of derivatives is impractical, practitioners
resort to techniques such as Finite Difference, Complex Step Differentiation, and
Automatic Differentiation.

Finite Difference

Finite Difference methodologies provide an estimation of derivatives through the
perturbation of input values, as articulated in a scalar function f(x):

df(x)  flx+h) - f)

=~

dx h

where I denotes a minor incremental value. In the multivariate case f : R" — R, each
component of x is perturbed in turn. This approach is easy to implement but can be
sensitive to round-off errors (if / is too small) or truncation errors (if & is too large).

Complex Step Differentiation

Using complex perturbations can reduce the numerical cancellation issues of the Finite
Difference method. For areal-valued function f, the derivative at xo can be approximated

by:

df(x) N Im(f(xo + i h))
dx - h '

X=x0

This technique provides highly accurate results if the function can be evaluated for
complex inputs.
Automatic Differentiation

Automatic Differentiation (AD) leverages the chain rule at the level of elementary
operations within a computer program, producing exact derivatives up to machine
precision [125, Section 8.2]. Its two primary modes are:

¢ Forward Mode, propagating derivatives from inputs to outputs (effective when
the number of independent variables is small).

* Reverse Mode, propagating derivatives from outputs to inputs (efficient when
there are many inputs but few outputs, as in neural networks).
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To exploit the advantages of AD in optimizing bipedal walking and running gaits
within this thesis, numerical evaluations of the dynamics are carried out using the
programming language Julia. Notably, Julia’s core design is centered around multiple
dispatch, enabling functions to exhibit behavior contingent upon the types of all their
arguments [24]. This paradigm naturally facilitates the writing of generic code that
seamlessly integrates both numerical operations and their derivative counterparts. AD
tools harness this capability by defining specialized methods for types representing
dual numbers or other AD data structures, thereby allowing derivative calculations to
be seamlessly integrated with standard computation without significant overhead.
Julia’s metaprogramming features, including macros and generated functions, permit
developers to write code that can inspect, transform, and generate other code. AD
frameworks in Julia frequently utilize these capabilities to automatically transform
source code, embedding derivative computations into the code’s abstract syntax tree.
This process, known as source-to-source transformation, is more straightforward in Julia
than in numerous other programming languages.
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3 Model for Bipedal Walking

This chapter elaborates on the dynamical model of the planar bipedal walking robot,
which consists of five rigid body segments. The robot model is well-established
and thoroughly examined within the research community focusing on bipedal robots,
especially those controlled by a hybrid-zero-dynamics controller [175, 177]. Previous
studies typically characterize walking gaits as periodic sequences comprising alternating
continuous single support phases and discontinuous double support phases. This thesis
advances the existing gait sequence by treating the double support phase as continuous.
Section 3.1 presents the comprehensive full-order free-body model that characterizes
the two distinct walking gaits. Furthermore, this chapter describes the distinct walking
gait characterized by an instantaneous double support phase as delineated in Section 3.2,
along with a non-instantaneous double support phase as analyzed in Section 3.3.

3.1 Free-Body Model

The robot model under examination is regarded as planar and consists of five rigid body
segments: one upper body, two thighs, and two shanks, as depicted in Figure 3.1a. These
segments are interconnected through four actuated revolute joints, with two located
in the hip region and the other two positioned in the knee region. Electric drivetrains
are incorporated within the robot’s joints to provide the requisite driving torque. A
point foot is represented at the distal extremity of the shank segment. Consequently,
no torque is conveyed between the ground and the robot body, with the point foot in
contact being modeled as an ideal pivot joint that is free from any resistive forces.

To address the dynamical model of the biped robot, this section is structured in the
following manner: The symbols and terminologies utilized to depict the robot model
and its gait within this thesis are clarified in Section 3.1.1; the derivation of the equations
of motion for the entire biped model is elucidated in Section 3.1.2.
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(a) Coordinates of the free-body (b) Actuators in joint and forces (c) Mechanical parameters of
model. at point foot. model.

Figure 3.1: Specification of coordinates, external forces, torques on the free-body diagram, and mechanical
parameters.

3.1.1 Notation

In the main text, the single support phase is abbreviated as “SSP”, the double support
phase as “DSP”, and the flight phase as “FLP”. During the SSP, when only one leg is
in contact with the ground, the stance leg is designated as “1” and the swing leg as
“2”. The roles of the front and trailing legs remain unchanged during the transition
from SSP to FLP, meaning the leg designations from the SSP carry over into the FLP.
In the DSP, the front leg is designated as “1” and the trailing leg as “2”. According
to this convention, the position r1 := [r1,71,2]" € R? of the front (or stance) foot and,
ry:=[rax, 122" € RZ of the trailing (or swing) foot are defined in the coordinate system
{é’x, EZ}, as depicted in Figure 3.1a.

The comprehensive planar robot model, situated in the coordinate system {Ex,éz},
exhibits seven degrees of freedom. Its dynamical behavior is characterized by the

T € Q c R? x T°, where a five-dimensional torus

coordinates q¢ := [tly,, Onat, q, |
T® = (S')° is formulated as the Cartesian product of five circles S!. The coordinates of
the system q¢ comprehensively include the position rcym = [xcm, zcm] T of the robot’s
center of mass, the absolute orientation Oxar of the upper body, and the angular
coordinates qp := [O1, Om2, Ok1, Ok2] " relevant to the hip and knee joints, which are
powered by the integrated electric motors u := [up1, Ump, Uk, Uk2] ", as demonstrated
in Figure 3.1b. Forces Fy := [F1y,F1.]" and F, := [Fy,Fp.]" can dissipate or be
activated as either applied or constraint forces within the equations of motion of the
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full-order system, depending on the interaction between the robot and its surrounding
environment.

Both walking and running gaits are presumed to exhibit periodicity characterized by a
consistent average velocity vayg, which is delineated as

{ step

van = (31)

tstep '

The step length {yep and step duration fgep are computed based on the specific
arrangement of the gait trajectory. Specifically, the minimal step duration tgep, is typically
constrained to exceed a negligible magnitude in order to preclude the Zeno effect ! (also
referred to as the chattering sequence) from the scope of this thesis.

3.1.2 Full-Order System Dynamics

Provided the coordinates q; and the associated velocities ¢¢ of the comprehensive
full-order robot model as referenced in Figure 3.1a, the kinetic energy Ky is determined
as

1 1 Mg 0 0 fcm
Ke(qr, g¢) = quT Mi(qr)gs = 5 [ily Ouar a)]| 0  Min M| |6uar| , 32)
0 Mt Mixn|| b

where My denotes the mass-inertia matrix of the multibody model. It is important to
highlight that the (2 X 2)-dimensional submatrix 2 Mg g0 = Miotala represents the robot’s
overall mass m;ota, Which is ascertained by

Miotal = MHAT + 2M¢ + 25 . (3.3)
The expression for the gravitational potential energy Vi is presented in
Vf(qf) = Miotal §ZCM = Myotal§ [0 1 0] qs , (3.4)

which is then utilized in the derivation of the Lagrangian as demonstrated in Lf = K¢— V.

As delineated in [20, Section 2.2], the Zeno effect in hybrid dynamical systems is characterized by the
manifestation of an infinite number of discrete events or transitions occurring within a finite time interval,
which presents difficulties for simulation and necessitates meticulous modeling to address.

This submatrix is identified as the leading principal minor of order two, which is constructed by retaining
the initial two rows and columns of the complete matrix.
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The dynamics of the comprehensive full-order robot model are governed by the equations
of motion, which are derived through Lagrange’s equations of the second kind as

fom I'to 0
d JL JdL . ’
Ea_'f - a—f = M(qf) |Orar | + |Ti1| = 0| u+ GF + G F,, (3.5)
qr  Iqr ;
db I'so I4
~——— —— ——
13 Te(qr.9¢) B¢

wherein It represents the generalized forces, encompassing both Coriolis and gravi-
tational forces, and B; denotes the actuation projection matrix, composed of the zero
matrix 0 alongside a (4 X 4)-dimensional identity matrix I4. The forces F; and F, acting
at the stance foot are incorporated into the equations via Jacobian G; := (Jdr1/dq¢) and
G, := (dr2/dqs), adhering to the principle of virtual work.

3.2 Walking with Instantaneous DSP

As illustrated in Figure 3.2, the periodic walking gait is conceptualized as a series of
alternating sequences comprising a single support phase (S55P) and a double support
phase (DSP). In particular, the dynamical model of the robot during the continuous SSP
is elucidated in Section 3.2.1. Conversely, the instantaneous DSP is characterized as a
discontinuous mapping, as examined in Section 3.2.2. These models are articulated in
state space, culminating in a hybrid dynamical system as delineated in Section 3.2.3.

gvirt
Stance Leg -
Swing Leg Inelastic
— Impact
——
—> Single Support Phase —»  Double Support Phase —>

Figure 3.2: Periodic walking gait with an instantaneous double support phase. The red line indicates the
virtual leg defined in the single support phase.
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3.2.1 Single Support Phase

The equations of motion for the SSP on rigid ground are derived by enforcing the
condition that the stance foot remains fixed without slipping, a condition guaranteed
through the application of holonomic scleronomic constraints [9], as cited in ﬁs 1 Q>
R?; qf > hy(qg), which are defined with respect to the position r; of the stance foot.
These constraints, alongside their time derivatives, are articulated as

hs(qr) :==11(qs) = 0, (3.6a)
A . ar . .
ho(qe, 4r) = 5—dr = G1de =0, (3.6b)
qs
= L . dGy, .o
hs(qs, qs, Gf) := G14s + d—thf =G1G4r +G1qr =0. (3.60)

The mutual linear independence of the two constraints referenced in h, as elaborated in
€, and €, respectively, indicates the presence of a full-rank Jacobian G1, which consists of
normal vectors pertinent to the constraint surface. Specifically, for non-slipping contact
to be maintained, both the positional ﬁs = 0 and velocity constraints ﬁs = 0 must be
rigorously enforced. In the event of hs # 0, an imminent detachment of the stance foot
from the ground is foreseen, manifesting either as a slip along the tangent of the ground
surface or as a lift-off from the ground.

In contrast, the sustained contact within the SSP is delineated in fls =0, as elaborated in
[133, Section 6]. Accordingly, by integrating the acceleration constraints hg = 0 derived
from equation (3.6¢c) into the equations of motion (3.5) of the full-order system, one
attains a Differential-Algebraic Equation (DAE) system characterized by a differentiation
index of one 3, which is stated as

M; —Gir qs _

-G 0 F,
with initial conditions specified in [qs (to)", qe(to)" ,F1(to)"]". Herein, q¢ and ¢
represent the state variables of the system, while the magnitude of the constraint

—I'¢+ Bfu

- 37
Grie (3.7)

The differentiation index is defined as the minimum number of differentiations needed to transform the
algebraic equations into an ordinary differential equation (ODE) system. When the acceleration constraints
hs = 0are integrated into the formulation (3.7), only a single time differentiation is necessary to derive the
time derivative F;, thus yielding an ODE. In contrast, when the position constraint ﬁs = 0 is incorporated
with the complete equations of motion, it necessitates three time differentiations to convert the DAE into
an ODE, thereby resulting in an index-three DAE problem. This poses considerable challenges in terms
of obtaining a solution.
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force F; functions as the Lagrange multipliers. Specifically, F; is formulated by omitting
gs from the equation system (3.7), resulting in the expression

Fy = [iﬂ = (GiM;'G7) 1 (G1M; T - GiM; 'Bru - Guay) - (3.8)
174

An alternative approach for ascertaining the constraint force F; becomes essential due to

the particular structure of the Jacobian Gy. The first two columns of G; are represented

by a unit matrix, denoted as [I, 0] G1 = (dr1/drcm) = L. By specifically extracting

the first two rows from the complete system of equations (3.7), the resulting expression

is obtained as

Fi = mytalofom + [L - 0] T (3.9)

The prerequisite for non-slipping contact hs is governed by the presence of static friction.
In accordance with Coulomb’s frictional law [133, Section 6.2], both the tangential F;
and orthogonal forces F; ; are required to remain within the friction cone at all times
within the SSP, thus leading to the constraints:

uFiz > F1x > _[JFLZ ’ (3.10)

characterized by the static friction coefficient 1 = 0.6. Simultaneously, unilateral contact
demands a positive orthogonal force F; ., which signifies

Fi.>0. (3.11)

Specifically, the inequalities (3.10) and (3.11) are regarded as prerequisites for the
feasibility of a SSP on rigid surfaces. These prerequisites are articulated as inequality
constraints within the numerical optimization framework elucidated in Chapter 7.

Formulation with Minimal Coordinates

The direct solution of the DAE problem, as detailed in (3.7), demands considerable
computational resources, as noted in Section 2.2. Consequently, assuming the strict
satisfaction of conditions (3.10) and (3.11) for unilateral contact, the equations of motion
in the SSP can be reformulated as ordinary differential equations. This entails the use
of five independent and minimal generalized coordinates, which correspond to the five
degrees of freedom inherent to the SSP system.
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3.2 Walking with Instantaneous DSP

By considering the contact on rigid ground as an ideal pivot, the dynamics of the system
are succinctly articulated via a reduced set of generalized coordinates §s € Qs, defined
as

OHAT

A

S -

€ Q; = {qs € Q| hy(qs) = 0} . (3.12)

The configuration space Q, and its corresponding tangent space qués, wherein the
velocities éis € qués c RS are articulated, collectively constitute the tangent bundle
Tés of the model in the SSP. In this context, the position rCM| a. = rcm(qs) and velocity
i'CM|T a. = tom(4s, é[s) of the center of mass are represented as functions of §s and ﬁs.

In a similar manner, acceleration TCM|TT a = fom(qs, éls, ﬁs) is evaluated within the

second tangent bundle TTQ,, complying with the holonomic constraints (3.6a) and their
linearized conditions of the first and second order. This acceleration 'I:CM|TT a. is utilized
in deriving the constraint force Fy, as elucidated in equation (3.9).

Accordingly, the kinematic relations enable the reconstruction of the full-order model
coordinates qf and s, as delineated in

R . A A a A
T s . T s, s _ArCM( ) A
q| = CNi(q )] ’ qs = CM(? q)}: B * ds - (3.13)
& 9 e s Is
~————™/™ ™ ™
Jqs(é[s)

The evaluation of the robot’s kinetic energy K during the single support phase is
performed, as delineated in

iy A A 1 A A
Ks(qs, qs) = Equ (Jgst(qf)Jqs) B
Qs
¥,(G) (3.14)
_ qu ( Men Men) ((9r(:M)T arCM) 4
27 \[Mg21 Mo "\ 04 ) 94 4 >

in conformity with [177, Equation (3.88)]. Subsequently, the potential energy Vs, which
arises from gravitational influences, is calculated as exemplified in

Vs(éls) = Miotal§ ZCM

T Miotal§ [O 1] rem(§s) (3.15)

s

thereby culminating in the formulation of the Lagrangian Ls = K, — V.
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Within the manifold TQ,, the derivation of the equations of motion is accomplished
through the application of Lagrange’s equations of the second kind, resulting in the
following system of second-order, ordinary differential equations:

d aLAs aLAs _ Ms,ll Ms,l2 OHaT fs,1 _ |0
dt 9. 94, |V Y T e | = u, (3.16)
dt aQS aqS Ms,21 Ms,ZZ db rs,z I

— S~—— S~
Ms(qs) ‘is fs(q:sféls) ]A;s

wherein Ty encompasses Coriolis and gravitational forces. The coordinate Oyar de-
lineates the dynamics of underactuation in relation to the actuators u within the SSP
model.

3.2.2 Double Support Phase

The Double Support Phase (DSP) is comprehended as a momentary transition event
marked by an inelastic impact of the swing leg with the rigid ground, coupled with
the interchange of the leading and trailing legs. This modeling technique is utilized
to simulate the single-step period requisite for the depiction of periodic walking gaits.
During this impact, the prior stance leg detaches from the ground, ceasing further
interaction.

The inelastic impact * is approximated through the integration of the full-order system
dynamics from (3.7) for an infinitesimally brief period from ¢~ to t*, resulting in the
formulation of the momentum equation

t+
Mi(a)a; e = lim [ GIF:dt = GI(qf (3.17)

This equation delineates that the velocities ¢ undergo an impulsive modification
during the impact. In contrast, the positional configuration qf is preserved, i.e.,
q = qf‘| .- Specifically, the system configuration q; immediately antecedent to the

impact is assessed within the SSP configuration space Q.. Correspondingly, the position

= rcm(qs) and velocity i = tcm(ds, 45) of the center of mass just prior to

rEM'éS : M|T(,§s :
the impact are articulated as functions of q; and q; within the SSP manifold TQ;.
Immediately following the inelastic impact, the stance foot comes to rest without slipping,

implying

.+ ._ 9r2(qp) . .
i = > qf = Ga(qf)gf =0. (3.18)
a lgi=qf
4 System state variables and time before impact are indicated with a “-”, and after impact with a “+”.
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3.2 Walking with Instantaneous DSP

Therefore, equations (3.13), (3.17), and (3.18), in conjunction with the maintenance of
the body configuration qf = q;, are integrated into a system of linear equations that
pertain to the unknown variables ¢/ and F, post-impact, as denoted by

_ drem
[Mf(qf GT] [ ] ) [Mf(qf) 2 lg,-q0 | &c (3.19)
0 I
W'lm(qs ) Hw,rhs(qg)

Inverting ° the matrix IT,, 1ns results in the system states immediately after the impact.
Considering also the swap of the front and trailing legs, the complete mapping in the
instantaneous DSP is evaluated by

4 =R!G)q;, & =[0 RE5) O|MY Tl meds , (3.20)

utilizing the (5 X 5)-dimensional relabeling matrix R*(5), which is characterized as

10000
00100

R'G):=[0 1 0 0 0 (3.21)
0000 1
000710

Specifically, R(5) is an involutory matrix, implying that R*(5)R*(5) = Is. Additionally,
the impact forces F, are determined based on

" E
F2 = [AZ,X

) :| [0 12] I} w lhs I, rhsqs ’ (3.22)
z

which are analyzed under the friction cone condition to avert slipping, as delineated in
[JﬁZ,z > ﬁZ,x > _[lﬁZ,z ’ (3.23)

employing the static friction coefficient u = 0.6. Furthermore, unilateral contact is
secured through a positive normal impact force, leading to

F.>0. (3.24)

5 According to [177, p. 56], the matrix II,, 1 is invertible. LU factorization is applied in this thesis for

numerically solving the system of linear equations with a dimension of nine.
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3 Model for Bipedal Walking

3.2.3 State Space Expression

In order to facilitate the design of controllers, a coordinate transformation is executed
during the continuous SSP. Thereafter, the SSP and DSP are articulated through state-
space expressions, which coalesce into a hybrid dynamical system that represents the
walking gait.

Coordinate Transformation

A coordinate transformation is applied to the model (3.16) to aid in the establishment
of a state-dependent control framework. Unlike a time-dependent control law, a
state-dependent controller is considered more robust owing to its ability to adjust
to unexpected occurrences, such as perturbations, utilizing real-time measurements
[126]. A prevalent method for engineering controlled gaits in a state-dependent context
involves identifying an appropriate state variable of the robot and utilizing it as the
independent coordinate for control design. It is imperative for the state variable to
monotonically increase or decrease throughout the entire phase to ensure that the
control feedback can be distinctly determined.

Empirical analyses of human locomotion suggest that the conceptual virtual leg, which
can be visualized as a linear segment extending between the hip and the stance foot
as depicted in Figure 3.2, demonstrates a behavior that is approximately monotonic,
as documented in [175]. Specifically concerning the mechanical structure depicted in
Figure 3.1¢, it is posited that the lengths of the robot’s thigh and shank are equal. This
assumption consequently yields a linear expression for the orientation Oyt of the virtual
leg in relation to the configuration g, as represented by

0 N
Ouine = Onar + O + —+ = [1 1 0§ 0]§s. (3.25)

Consequently, to enhance the formulation of the subsequent control strategy, the
orientation of the virtual leg 6y, is utilized as a substitute for Oyar in (3.16) to define the
robot’s body orientation. This approach establishes the generalized coordinates qs € Qs,
symbolized as

6Vir Al A A
qs = [ q t} €Qs = {qus| gs € Qs} ’ (3.26)
b
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3.2 Walking with Instantaneous DSP

which are ascertained through a linear and invertible transformation of the configu-
ration space Qs by virtue of the kinematic relation elucidated in (3.25). Herein, the
transformation matrix H and its inverse H! are presented as

11030 1 -1 0 -3 0

01000 01 0 0 0
Hy=[0 01 0 0of, H'={0 0 1 0 0 (3.27)

00010 00 0 1 0

00001 00 0 0 1

As delineated in [177, Section B.4.10], the coordinate transformation qs = Hsqs is
established as alocal diffeomorphism, attributable to the invertible matrix Hy = dqs/dqs -
Consequently, the kinetic energy K manifests in the form elucidated in

. 1, . 1. ST A vry— )
Ks(qs, qs) = Eq;rMs(qs)qs = zq; (Hs TMs(qs)Hsl) 9s , (3.28)
Qs

contingent upon the transformed coordinates qs € Qs and velocities qs = Hséls. In
subsequent analysis, the gravitational potential energy V; is determined as

Vs(qs) = Miotal§ 2CM ’ (3.29)

Qs

thereby leading to the Lagrangian Ls = K; — V5. Within the context of the manifold
TQ,, the derivation of the equations of motion is achieved through the utilization
of Lagrange’s equations of the second kind, which result in a system of ordinary,
second-order differential equations

29% _ 9L _ [Ms,ll Ms,lZ] [é:zirt} N [rs,l] _ [0] u (3.30)
dtdqs dqs |Ms21 Ms»| | b Isp I
——— — e N—— ——
M;(qs) gs I's(qs,9s) Bs

In this framework, §s = Hsﬁs, I's = H; T, and B, = H; TB, = B, establish the
connections to the equations of motion as exemplified in (3.16). Furthermore, the
dissection of equation (3.30) results in the formulation of the expression articulated in

M 110yirt + Mg 12Gp = —Ts1, (3.31a)
M 21 Oyirt + Ms 226 = —Tsp +u. (3.31b)

55



3 Model for Bipedal Walking

The absence of the actuators u within the expression (3.31a) renders the dynamics
associated with coordinate 0+ uncontrollable through actuation u, with the notion
of controllability being outlined in [160, Section 3.3]. By isolating Oyt from equation
(3.31a) and incorporating it into equation (3.31b), the inverse dynamics formulation is
subsequently derived, as documented in

u= (Ms,ZZ - M1 M %1Ms,12) b + (rs,Z - M1 Mg %11"5,1) . (3.32)
——
— w —
Ms,rg rs,rg
SSP in State Space

The state space
Xs=TQs:={[q],4]]" 1 qs € Qs, g5 € T, Qs C R} (3.33)

of the second-order system within the SSP is constituted by the tangent bundle TQ; of
the configuration space Qs. The velocity vector qs € Ty, Qs associated with a specific
configuration qs is determined within the tangent space Tq Qs at the point qs. Expressed
in terms of the state variables x5 € TQs, the vector field Xsrr(xs, u) = fo(xs) + 8s(xs)u,
denoted as

4 0
[qJ [M ( I +Bsu)] [ s | + Ms—lBS u (3.34)
—_—— - - =

Xs ;5 (xs) Bs(x)

governs the dynamics of position qs and velocity §s with respect to time. This
formulation is precisely derived by inverting the positive definite ® mass-inertia matrix
M; and transferring it to the right-hand side of the equations of motion (3.30).

In this chapter, each rigid-body segment of the robot model possesses a positive mass and non-zero
moments of inertia about their respective centers of mass. Furthermore, the SSP model as referenced
in (3.30) is characterized by a minimal set of generalized coordinates, strategically excluding those that
are redundant or constrained. This configuration guarantees the positive definiteness of the mass-inertia
matrix.
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3.2 Walking with Instantaneous DSP

As an alternative, considering the acceleration w := ¢y, of the actuated joints as the
system input results in the vector field X ;(xs, W) := £5(x;) + gs(Xs)w, which is delineated

as
o) [ @ 0
Ovirt | = [-M_ 1, Ts1 |+ [-M [ Ms 2 [ w, (3.35)
w 0 Iy

Xs fs(xs) 8s(xs)

with Oyir derived from equation (3.31a). A comparative analysis of the vector field f(s,r,
as detailed in (3.34), demonstrates that the formulation presented in (3.35) eliminates
the necessity of inverting the (5 x 5)-dimensional mass-inertia matrix Ms. In particular,
the controller initially determines the system input w (acceleration) in accordance with
the feedback law. Subsequently, w is integrated into the inverse dynamics procedure
outlined in (3.32) to identify the actuators u.

Therefore, due to its high computational efficiency, the two-stage approach is imple-
mented in the closed-loop simulations to impose virtual constraints on the actuated
joints within this thesis, aimed at validating the controller design. The formulation of
vector fields related to the physical actuators u is employed for controller development,
adhering to the conventions established in the literature [177].

DSP in State Space

The transition mapping delineated in manifold TQ; of Section 3.2.2 is reformulated
as functions of the state variables x; € TQs through the application of the coordinate
transformation (3.26). To accomplish this, integrating §s = H;'qs and §s = H;'¢gs into
the mapping (3.20) results in

Q¢ = Aw,q.qs = H.R*(5)H;'q; , (3.36a)

1 H;'q;. (3.36b)
4s=H; q5

q; = AW,CIS (qs_) qs_ = Hs [0 Rt(5) 0] (H\jvl,lhsnwfrhs)

With the system states x; := [(q5)",(q5)"]" before and x{ := [(q¥)7,(qf)T]" after
impact, the mappings (3.36) are presented in state space as

X = Awi () = [Aw,g, Awg, (95)] [gi] , (3.37)

with the subscript “w, i” referring walking with instantaneous DSP on rigid ground.
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3 Model for Bipedal Walking

Hybrid Dynamics in State Space

The hybrid dynamical system for walking on rigid ground is formulated by combining
the continuous dynamics in (3.34) and the discrete mapping in (3.37), yielding

Xs = fs(Xs) + gs(xs)u ’ Xs ¢ Ss,
Lwi:1x$ = Awi(x7), x; €8s, (3.38)
Ss = {xs € TQs| gi—(xs) =0, rZ,X(XS) >0} .

Within this framework, the switching surface S; is identified precisely at the moment
when the swing foot makes contact with the ground, as determined by the guard
function g¥(x;) := r2,:(xs) with ¢ : TQ; — R. This contact specifically occurs ahead
of the stance foot r; = 0 due to the constraint (3.6a). Consequently, the condition is
articulated as 7 x(xs) > 0.

At thisjuncture, the conclusion of a complete step cycle is established, and the subsequent
step ensues with the rearrangement of the anterior and posterior leg configurations,
taking into account the gait’s periodic nature. Accordingly, the configuration x; is
utilized to compute the step length {ep, which is expressed as

bstep = [I12(x5) = 1105) [l = lIr2(x5) = Ol - (3.39)

3.3 Walking with Non-Instantaneous DSP

As depicted in Figure 3.3, the walking pattern characterized by a non-instantaneous
DSP is delineated by alternating sequences of the continuous single support phase,
as elucidated in Section 3.2.2, and the continuous DSP, as illustrated in Section 3.3.1.
These sequences are interspersed with distinct transitions, specifically termed touch-
down in Section 3.3.2 and lift-off in Section 3.3.3. These continuous dynamics and the
discontinuities are represented within the state space, culminating in a hybrid dynamical
model, as expounded in Section 3.3.4.

3.3.1 Double Support Phase

The Double Support Phase (DSP) is characterized by the condition in which both stance
feet remain in contact with the ground without any slippage, thus ensuring a constant
and nonzero step length {ep > 0. Assuming the point foot is modeled as an ideal pivot
joint, this arrangement causes the two stance legs to establish a closed kinematic chain.
Consequently, the robotic model during the DSP exhibits three degrees of freedom. In
association with the full-order robot model, which comprises seven degrees of freedom,
there are four holonomic scleronomic constraints ﬁd : Qf — R%; qs f\d(qf) that are
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3.3 Walking with Non-Instantaneous DSP

Oyi
virt Gvirt

Inelastic Impact
+

Trailing Lig Leg Swap

Stance Leg -

Swing Leg
", Front Leg v 88

— Double Support Phase —p> Lift-Off = Single Support Phase = Touch Down —3

Figure 3.3: Periodic walking gait with a non-instantaneous double support phase. The red line indicates the
virtual leg defined in the single and double support phases.

defined in relation to the stance foot positions r; and ry, as illustrated in Figure 3.1a.
These constraints, along with their respective time derivatives, are articulated as

ha(qe) = Eﬁgg] =0, (3.40a)
A . [ dr1(qf)/dq¢ | . G| .
h = = = 0 '4 b
a(gs, qf) | 9t(q) /9 =g, qG =0, (3.40b)
: o (G| .  [Gi].
ha(qg, g5, Gf) = Gi qr + G;] qi =0. (3.40¢)
—_—— N
Gd Gd

The full-rank Jacobian matrix Gy is derived from the four normal vectors associated
with the linearly independent constraint surfaces defined in hg(q¢) = 0. It is particularly
crucial that the step length fsiep = [|12(q¢) — r1(qs)|l, > 0 remains nonzero; otherwise, the
constraint surfaces ri(q) and r>(q¢) would become identical, leading to the Jacobian G4
losing its full rank.

Incorporating the acceleration constraints hy from (3.40c), which are presupposed to
be strictly satisfied, into the equations of motion (3.5) for the full-order system yields a
DAE system characterized by a differentiation index of one, as expressed in

M¢ —GI —G;— ds —I't + Bsu
-G; 0 0 [|F|=| Gige |, (3.41)
-G, 0 0 |[F Gogs
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3 Model for Bipedal Walking

with initial conditions articulated in [q¢ (to)" , q¢ (to)" ,F1(fo)" ,F2(to)']T. The mag-
nitudes of the constraint forces F; and F, (Lagrange multipliers) are determined by
eliminating ¢ from the equation system (3.41), which is stated as

Fl,x
Fi| |Fiz| _ PR -1 -1 5
= = Gde Gd Gde Ff—Gde Bru — Ggqs) - (3.42)
F, Fa
FZ,Z

The non-slipping contact condition as established in the holonomic constraints (3.40) is
fulfilled by static friction. Consequently, Coulomb’s frictional law is employed to derive
the inequality constraints

HFl,z > Fl,x > _[Jpl,z 7 ,UFZ,Z > F2,x > _PFZ,Z s (343)

involving the static friction coefficient u = 0.6. Concurrently, unilateral contact necessi-
tates positive normal forces F; ; and F ;, which are written as

Fl,z >0, Fz/z >0. (344)

Formulation with Minimal Coordinates

To circumvent the direct resolution of the DAE system delineated in (3.41), the dynamics
of three degrees of freedom are articulated through a minimal set of generalized
coordinates 4q € Qq, as defined in

OtiaT Onar| R
qa : i |~ Om1 | € Qa == {qr € Q| ha(qr) = 0, [|r2(qr) — 11(qp)ll, > 0}, (3.45)
' Ox1

and illustrated in Figure 3.4.

Herein, Qq represents a three-dimensional configuration space embedded within Q.
Notably, the independent coordinates qqi := [On1, Ok1]" signify the joint angles of the
hip 01 and knee Ox; in the leading leg, adhering to the notation as delineated in
Section 3.1.1. The correspondmg velocity vector qq € Ty de C R3 is articulated within
the tangent space Ty Qd of Qq. These elements collectively constitute the tangent bundle
TQq associated w1th the DSP, which is characterized as a smooth manifold possessing a
dimensionality of six.
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3.3 Walking with Non-Instantaneous DSP

Ouat
eHl evirt
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Trailing Leg g\ . Leading Leg
H2 \ é
é. \ |
t e, Ok \
_ gstep _

Figure 3.4: Specification of coordinates during the non-instantaneous double support phase. The red line
signifies the virtual leg with orientation Oyirt.

According to the holonomic kinematic relationship, the angular position and velocity

0 . . 90(qa) ; L
qdd = [ HZ} =0(qq), qad = Eqd)qd =Ja(qd)qa , (3.46)
Ox2 dqq

of the joints in the trailing leg are expressed as functions dependent on qq, enabled by
an explicit mapping ) : Q4 — T2, as derived in Appendix A. The robot’s kinetic energy
Kjq is assessed during the DSP, as outlined in

The potential energy Vg, derived from gravitational effects, is computed as illustrated in

A A __1;\‘|'" A NA __1,:-|— aqf
Ka(qd,9qq) = 2qud(CId)qd = 5% ((c%]d

)TM( .24
fqf a‘A]d

da - (3.47)
Q

Va(qq) = Miotal§ zcm (3.48)

7

Qq

ultimately leading to the derivation of the Lagrangian Ly = Kq—Vy. Utilizing Lagrange’s
equations of the second kind facilitates the derivation of the equations of motion, which
are expressed as the following system of ordinary, second-order differential equations

ddLy JLg _ [Md,n M 12| | Onar N [fcm] _ [0 | pr [HH2| (5 40)
dt 9§y d4d  |Maz Max| | Gai Lap L [ua] "0 uka|’
—_———— —— —_—— —_—— ——
M4 (§a) 4a f4(q4,44) i Ud
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3 Model for Bipedal Walking

with [’y including Coriolis and gravitational forces. Given that the number of indepen-
dent actuations, which is four, exceeds the system’s degrees of freedom, which is three,
the DSP system is characterized as overactuated.

3.3.2 Touch-Down

The touch-down event is modeled as an inelastic collision at both stance feet with the
rigid ground. Notably, variables prior to the impact are denoted by the symbol “-”, while
those following the impact are represented by “+”. The integration of the complete
system dynamics as outlined in (3.41), conducted over a negligibly brief time interval
extending from ¢~ to t¥, results in the momentum equation

t+
Mf(q;')qz' _Mf(qf_)qf_ = tli—r>rtl+ ‘/t (GIFl + G;Fz) dt = Gir(qf_)Fl +G;(qf_)F2 , (3.50)

wherein the configuration qf | Qs
Following the inelastic collision, the stance feet instantaneously halt their motion without

= qf‘i 4. remains unchanged due to the impact.

any slippage, strictly complying with the holonomic constraints (3.40), as articulated in

P
it = r;(qf) 4 =Gi(q)g; =0, (3.51a)
qf qr=q;
or
iy = ;(qf) q; = Ga(qf)gf =0. (3.51b)
a lg=q;

As a result, equations (3.50) and (3.51) are formulated into a system of linear equations
involving the unknown variables ¢, F;, and F, following the impact, which is denoted

as
Mi(qr) -Gi -Gy [gr] [Miap)] | 2reu _
G 0 0 [[Fi|=]| o % la=a5 45 (3.52)
G, 0 0o ||F 0 I
I-[w,n,]hs (q;) Hw,n,rhs(q;)

The numerical solution of the system of equations (3.52) is accomplished via the LU
factorization of the (11 x 11)-dimensional matrix Il n ns(q5), wherein the position
gs € Q, is delineated in the SSP immediately preceding the impact.

The simulation of the periodic walking gait, incorporating a non-instantaneous DSP,
recognizes the single-step period, wherein the leading and trailing legs are exchanged
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3.3 Walking with Non-Instantaneous DSP

at the touch-down event. This exchange is facilitated through the multiplication of the
system state variables by the (3 X 5)-dimensional relabeling matrix R¢ as defined in

00
0 0. (3.53)
0 1

As a result, the dimensionality of the independent coordinates decreases from five
during the SSP to three in the DSP. Importantly, both the post-impact position q} and
velocity qg are expressed within the manifold TQq, as elaborated in

R, A= [0 RN M 6549

Additionally, the computations related to the impact forces are detailed in

ﬁl,x

le . ﬁl,z -1 Ao

[f"z} = ﬁz,x = [0 I4] Hw,nllthW,n,rhqu ’ (3.55)
FZ,z

being examined under the friction cone condition to prevent slipping, as described in
[Jﬁl,z > ﬁl,x > _,Uﬁl,z ’ ,UﬁZ,z > ﬁZ,x > _Hﬁ2,z ’ (3.56)

utilizing the static friction coefficient u = 0.6. Moreover, unilateral contact is maintained
through a positive normal force, resulting in

Fi.>0, F.>0. (3.57)

3.3.3 Lift-Off

The transition of the system state variables from the DSP to the SSP is formulated in the
discrete lift-off event. In particular, according to [133, Section 6], lifting off one of the
stance feet is measured by the violation of the acceleration constraint fld(qf, q¢, qs) # 0,
which is, according to the definition in (3.40c), a function of the acceleration ¢ and
thus also a function of the torque provided by the drivetrain. In other words, it is
physically feasible to assume that the position and velocity undergo a continuous
transition throughout the lift-off mapping.

In accordance with the notation convention outlined in Section 3.3.2, variables preceding
the transition are represented by the symbol “-”, whereas those succeeding the transition
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3 Model for Bipedal Walking

are denoted by “+”. The position §; and velocity g within the manifold TQ, of the SSP
are ascertained by the mapping

I

A+=Rs [qa ZRS[AQE ] , ;\+=Rs |:q(; =R > ;\_’ (358)
=% | qua 6 Lla@Ey %= qaa o, - Ual@y) da
and the relabeling matrix
100 00
01000
Ri:=10 0 0 1 0 (3.59)
00100
00001

3.3.4 State Space Expression

In alignment with the state space representation (3.33) of the SSP, a coordinate transfor-
mation is established in the non-instantaneous DSP. Essentially, the orientation Oy; of
the virtual leg is incorporated as an independent coordinate within the DSP domain, as
illustrated in Figure 3.3. Subsequently, the continuous dynamics are integrated with the
discrete transition events to constitute a hybrid dynamical model formulated in state
space.

Coordinate Transformation

Assuming the virtual leg is located in the anterior leg during the continuous DSP, as
illustrated in Figure 3.4, the orientation Oy, of the virtual leg is determined utilizing the
equation (3.25). Specifically, the orientation 6y functions as an independent coordinate
that defines the robot’s absolute orientation, attributable to its monotonic increase in the
DSP. The coordinate transformation is articulated as a linear mapping, as exemplified

in
Gvirt A A A
qd = € Qq := {Hqqal §a € Qa}, (3.60)
qdi
with
111 1 -1 -1
Hg=|0 1 0|, H'=l0 1 0. (3.61)
0 0 1 0 0 1
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3.3 Walking with Non-Instantaneous DSP

The coordinate transformation qq = Hq§q essentially constitutes a local diffeomorphism,
attributed to the invertibility of the transformation matrix Hy = dqq/dqq . Consequently,
the integration of the coordinate transformation (3.60) into the equations of motion (3.49)
culminates in the formulation depicted in

UH2
U2

UH1
Uuxi

T

Q

. . 0
Ma(qd)qd + Ta(qd, qa) = [12 = Bgu, (3.62)

synthesizing components Mg = H;TMH;! and Iy = H;'T4. Additionally, the
mapping q4qq = Q(qq) = Q (Ha1 qd) withQ: Qq — T?, considering qq as independent
coordinates, is derived from the equation (3.46). Consequently, the Jacobian is articulated
as Ja(qq) := 9Q(qq)/dq4 = ](A)Hal. Moreover, By € R34 is derived by reorganizing
the actuators on the right-hand side of equation (3.62), thereby ensuring the presence
of the ordered actuator u := [umn, U, k1, Uk2] ', as specified using the notations in
Section 3.1.1.

Virtual Actuators in DSP

The system characterized by the equations of motion in (3.62) demonstrates three
degrees of freedom while accommodating four physical actuators, thus signifying an
overactuated system. In addressing such redundant overactuation, techniques such
as least-squares projection are explored in [151]. In a more general formulation, the
preceding study in [194] establishes an actuator projection technique to virtually couple
the physical actuators by two independent virtual actuators post-projection. This notably
leads to one degree of underactuation in the DSP, similar to the underactuated SSP, which
corresponds with the Hybrid Zero Dynamics control framework.

In light of the thesis’” objective to employ the continuous DSP for the enhancement of
gait stability, it is advantageous to construct a fully actuated model within the DSP
framework, where the degrees of freedom are equivalent to the number of independent
virtual actuators. This approach circumvents the intricacies associated with resolving a
redundant overactuated problem, while concurrently allowing for direct control over all
degrees of freedom to achieve enhanced stability. Consequently, an actuator projection
matrix Py (3 € R¥3 is delineated to facilitate the generation of three independent virtual
actuators ii3) € R?, which are represented in

li@)a

u= Pu/(g)ﬁ(3) = Pu/(g) ﬂ(3),2 . (363)

li3)3
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To prevent arbitrary scaling of virtual actuators during the projection process, the norm
of each row of the projection matrix Py (3) is constrained to unity. Furthermore, linear
independence in the projection is guaranteed by imposing the condition that the inner
product of any two distinct rows is zero. These stipulations are fulfilled through equality
constraints within the numerical optimization framework. The incorporation of the
projections delineated in (3.63) into the equations of motion specified in (3.62) results in
a fully actuated model governed by the equations

Mgydq +T'q = Bl , with B(3) := BaPy,3) - (3.64)

In this context, Bz € R¥3 possesses full rank, namely rank(Bg)) = 3. To further
refine the controller’s formulation predicated upon the models delineated in (3.64),
the projection matrix B(3) in equation (3.64) is transformed into a lower triangular
configuration. This is accomplished through the implementation of three Givens
rotations G;, i € {1,2,3}, as detailed in [56, Section 5], with the aim of eliminating
the components associated with the index number (2,1), (1, 1), and subsequently (1, 2)
within the matrix Byz), represented as

o 0 0 1%(3),13

G3G2G1Bi =| 0 Baxn Bpas|- (3.65)
Bpe)s1 B@E32 B@)ss

P&(B)

B

The application of these Givens rotations ultimately leads to the derivation of an orthog-
onal projection matrix Pg € R3*3, characterized by PEPC = PCPE = I3. Subsequently,
applying projection matrix P¢, to equations of motion in (3.64) results in the transformed
form as depicted in

PeMg Gq + Pl = E(3)ﬁ(3) . (3.66)
——— ——
My, La@)

Equation (3.66) expressing the fully actuated model is structured as

Mg 311 0virt + My 3)126i + Ta,3)1 = By 1sii3)3 » (3.67a)
. ) 0 B ii B .
My, (3),21 Ovirt + My, 3),22di + I'q,3)2 = [~ ~(3),22} [~(3),1 N ~(3),23] By
Bp)s1  B@)32] @) B(3),33

———— . N
B@)21 )12 B2

(3.67b)
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3.3 Walking with Non-Instantaneous DSP

Given the system’s (virtually) fully actuated nature, the dynamics linked to the coordi-
nate Oyirt, which signifies the absolute orientation of the robot’s body, can be precisely
controlled via the virtual actuators, particularly i) 3, as depicted in equation (3.67a).
Then the acceleration Gyir is eliminated from both equations (3.67), resulting in the
inverse dynamics expression

~ ~(3),32 1
~ u " BB B v .. = o ~
(3,12 :[ (3)’1] Z[ Poaiez B%’“ My, ddi tTa,6) + Ba)lie)s |, (3.68)
’ S~——

i), Tom ~
(3(3),21)71
with
My,3) := M ,3)22 — Md,(a),zlMd_,l(g),uMd,@),lz / (3.69a)
Ta,3) = 4,02 ~ Ma,3)21M (311 7a,0)1 - (3.69b)
Ba,(3) := Ma,(3)21M 511815 — B 22 - (3.69¢)

The inverse dynamics formulation delineated in (3.68) reveals that the initial two virtual
actuators 1i(3)1» € 03 are contingent upon the acceleration wy := {gj, as is the third
redundant ” virtual actuator fiz)3 € #3). This property is harnessed in formulating
control objectives aimed at directly influencing the convergence behavior of the periodic
solution pertaining to the walking gait, as elaborated in Section 4.2.1.

DSP in State Space

The state space
Xa=TQq:={[q], 411" |94 € Qq,4a € Tg,Qq c R*} (3.70)

of the second-order system within the DSP consists of the tangent bundle TQq linked
to the configuration space Q4. The velocity vector qq € Tq,Qq is specified within the
tangent space Ty, Qq at the point qq.

In accordance with the equations of motion governing the virtually fully actuated DSP
dynamics as described in (3.66), the vector field f(d,f(xd, ) = fd,f(xd) +84,f(xa)l(3)12 +

7 Theterm “redundant” is employed because setting the actuator ii3)3 = Otozeroresults in the configuration

of an underactuated DSP.
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3 Model for Bipedal Walking

Fld,f(Xd)ﬁ(?,),?) is constructed in relation to the state variables x4 € TQg and the three
virtual actuators 1i3), as referenced in

b
da| ~ M3l (T + Bele)

——
X4
. 0 0 3.71)
_[ dd } I fl(g,) 12 + 0 17[(3)3
= _nm-1 -1 B 2 . -1 B ~c
Mialam| Mg Be [0] M; 3B H
[ S —
B — ~—  ——
fa,:(xa)

8a,6(xa) hq ¢(xq)

Notably, the redundant virtual actuator ii(3) 3 is differentiated from the other two
actuators {i(3) 1o due to their distinct roles in the control design. Specifically, the
two actuators #3),1» are primarily responsible for imposing virtual constraints on the
actuated joints, while the redundant actuator ii3) 3 is employed to enhance the stability
characteristics of the periodic solution.

To facilitate the controller design for the virtual constraints, the actuators @i 3) 1, have been
substituted with the acceleration wq in accordance with the inverse dynamics relation
delineated in (3.68). Consequently, the vector field Xq (x4, wg, fi3)3) = fq,6(xq) +
84,£(xa)wq + hg £(xq)7l(3) 3 is expressed as a function of the state variable xq4 € TQq, the
acceleration wy, and the redundant virtual actuator #i(3) 3 € #i3). This is encapsulated by

qd qd 0 0

Ovirt | = —M;,1(3),11rd,(3),1 + _M;,1(3),11Md,(3),12 wg+ M5,1(3),113(3),13 fi3)3, (3.72)
W4 0 I, 0

X4 fa,(xa) 8d,£(xd) hg 1(xq)

where Oy is derived from equation (3.67a).

Discrete Mappings

The discrete mappings, which include touch-down as referenced in Section 3.3.2 and
lift-off as cited in Section 3.3.3, are articulated within the state space expression.
The touch-down mapping (3.54) delineates the transition of the system state x; :=
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3.3 Walking with Non-Instantaneous DSP

[(q5)7,(qs)"]" € TQs at the termination of the SSP domain to the initial state variables
x5 = [(q))",(q))"]" € TQq of the DSP domain, as represented by

~ H4R{H g
Hgqy [0 RS 0] I} Hw,n,rthglq; .

w,n,lhs

X; =Am(x;): (3.73)

Notably, the coordinate transformations §; = H;'q; and §; = H;'qZ, with matrix H;!
described in (3.27), are executed for coordinates q; € és within the SSP. In a parallel
manner, the transformations q} = Haqqj and q = Hdﬁg, as detailed in (3.60), are
applied to coordinates q € Qg4 within the DSP.

The lift-off mapping (3.58) is reformulated by utilizing the state variables x; :=
[(q7)",(q3)7]" € TQq at the termination of the DSP, and x{ := [(q7) ", (qs)"]" € TQ; at
the initiation of the SSP, resulting in

H‘lq‘}
SRS d 1d
d [O(q;)

I3 L
H.R® ~
d [Jn(qd>] G

Hybrid Dynamical System in State Space

x; = Ao (x3) = (3.74)

The hybrid dynamical system pertaining to walking with a non-instantaneous double
support phase is synthesized using the state space expressions (3.34) and (3.72) during
the single support phase and the double support phase, respectively, in conjunction
with the transition events encompassing touch-down (3.73) and lift-off (3.74).
Consequently, the SSP domain is initially defined as

Xs = Es(xs) + gs(xs)u ’ Xs & Sg ’
Zwssp i 1X7 = Ao (X5) , x; €84, (3.75)
S;i = {xs € TQ| g;i(xs) =0,7(xs) > 0},

wherein the switching surface S¢ is determined by the guard function g&(xs) := 2 (xs)
with the parameter g¢ : TQ; — R. Furthermore, it is imperative for the touchdown
position to be situated anterior to the stance foot r; = 0 (as a result of the constraint
(3.6a)), as imposed by the inequality condition 72 x(xs) > 0.
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3 Model for Bipedal Walking

The DSP model (3.71) is used to specify the DSP domain, as illustrated in

Xd = fa,6(xa) + 8a,f(xa)li3) 12 + ha f(xa)il3)5, Xa &S5,
T 4 = Bio (xg) x; €S, (3.76)
S5 = {xa € TQq| g5(xa) = 0},

wherein the switching surface S5 is delineated by the guard function g5(xa) :=
(|1 0] xqa = 6Lo) = (Buirt — Oro) with g5 : TQq — R.

Specifically, 010 details the phase-specific event that initiates the controller’s action to
disengage the trailing leg from contact with the ground, thereby concluding the double
support phase. Importantly, 010 is identified as a critical gait parameter that affects
the energy efficiency and stability of the periodic walking gait. Consequently, 010 is
optimized while finding optimal gaits through the optimization framework as detailed
in Chapter 7.
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4  Control Design for Walking

The principal objective of Hybrid Zero Dynamics (HZD) control is to develop a time-
invariant controller that facilitates the generation of periodic walking and running
gaits for a bipedal robot. In particular, feedback controllers impose holonomic virtual
constraints on the actuated joints, thereby aligning the rotation angles of these joints
with a reference trajectory defined by a phase-dependent, high-order polynomial. Upon
the mitigation of synchronization errors, the dynamics of the full-order system during
the continuous phase are reduced to the invariant zero dynamics submanifold of a lower
dimension. By considering discrete transition events, periodic solutions to the resultant
hybrid zero dynamics are ascertained through numerical methods conceptualized as an
optimization problem. As a result, a stable limit cycle within the hybrid zero dynamics
manifold is indicative of a stable periodic walking gait of the full-order robot system.
The HZD controller has already been well established for generating stable and energy-
efficient walking and running gaits, as demonstrated in [177]. This thesis employs the
established framework and further extends it to account for variations in gait and envi-
ronmental conditions. Indeed, Section 4.1 articulates the control design methodology
for the generation of periodic walking gaits that incorporate an instantaneous double
support phase, a subject extensively examined in the pertinent literature. Consequently,
it provides a foundational framework with a high degree of adaptability for various gaits
or differing environmental conditions, which this thesis extends. In particular, Section 4.2
adapts the controller to accommodate walking gaits that feature a non-instantaneous
double support phase on rigid ground.

4.1 Walking with Instantaneous DSP

The periodic walking gaits of the robot are characterized through a hybrid dynamical
system as delineated in (3.38). To mitigate the dimensional complexity of this system, a
feedback controller, as presented in Section 4.1.1, is utilized to impose virtual constraints
on the four actuated joints, thereby synchronizing the rotation angle with the reference
trajectory. Upon the elimination of the synchronization error, the comprehensive system
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4 Control Design for Walking

dynamics are articulated on the invariant zero dynamics submanifolds, as elucidated
in Section 4.1.2. The stability assessment of the resultant periodic orbit of the hybrid
system is conducted using Floquet theory, as expounded in Section 4.1.3.

4.1.1 Feedback Control in SSP

The primary function of the feedback controller is to ensure the synchronization of the
actuated joints qp with the designated reference trajectory qys(6virt). To achieve this, a
vector-valued function q,s : S L T Byine qr,s(Ovirt) is established using high-order
polynomial expressions. The vector hg(qs), which describes the synchronization error as
elaborated by hs : Q; — R4 qs — hs(qs), constitutes the control output ys, formulated
as

¥s == hs(qs) = qb — qr,s(Ovirt) - (4.1)

Synchronization in hg(qs), as elucidated in [177, Section 5.1], is termed virtual holonomic
constraints, as they emerge from feedback control laws rather than traditional passive me-
chanical kinematic linkages. According to the definition presented in [181, Section 5.1],
the virtual constraints articulated in (4.1) are identified as holonomic and scleronomous,
attributable to the absence of explicit time dependency within the constraint. Notably,
the time dependency is implicitly contained within the independent phase variable
Ovirt(t), which is regarded as a monotonic function of time during locomotion.

A significant distinction between the virtual constraints and the classical constraints,
which manifest as passive mechanical linkages, involves the analysis of the work of
the constraint forces. Specifically, the virtual work of the reaction forces associated
with ideal holonomic constraints is nullified in accordance with the classical d’Alembert
principle [96, Section 4.1]. For ideal constraints that are scleronomous, the actual work
of the constraint forces also becomes null, as specified in [181, Section 5.5].

However, it is crucial to recognize that this nullification does not apply to virtual
constraints that are classified as non-ideal [169, 170]. Consequently, although the
actuator derived from feedback is regarded as reaction forces of the virtual holonomic
scleronomous constraints, the actual work associated with them does not diminish.
Rather, the minimization of this actual work, with an emphasis on reducing the positive
mechanical work, is considered the foremost optimization objective in order to attain
highly efficient locomotion gaits.

In accordance with the feedback linearization method elucidated in Section 2.5.2, the
nonlinear characteristics associated with the output ys are mitigated through nonlinear
state feedback. The formulation of this feedback involves the computation of the Lie
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4.1 Walking with Instantaneous DSP

derivative of the output function hs(qs) along the vector field X r(xs, 1) := fo(xs)+ 8s(xs)u
on TQ;, as delineated in (3.34), leading to

. Iqrs 0
Ys = H B ] O] ([ Ms‘lBJ “)
a I8 - (9 1,8 - .
= [_agﬂfﬂ 14] qs + ([ ag 14] 0+0 (MslBS)) u. (4.2)
-Cf’hs(‘]S/qs) -Eghs(qs):()

Subsequently, the second Lie derivative is expressed as

ys=[[—aes;ﬂwrt o g ]|yt

I

92 ) ; ]
- [l o Mslfs)+([—as;; pcn)e 6
virt
L3 Lsh(ge)

-E/Z;hs(qs,qs)

Considering Lghs = 0 in equation (4.2) and L L¢hs # 0 in equation (4.3), the current
control system exhibits a vector-valued relative degree {rs 1, 752, s 3, s 4} = {2,2,2,2} for
defining the control output y; in relation to the input u, as delineated in [2, Definition 33].
Consequently, for the design of a flat control output according to [2, Section 3.2], the
polynomials qrs(Ovirt) in output (4.1) are required to be at least twice continuously
differentiable with respect to the independent variable Oyiy, i.e., qrs € C2(S"). Within
this study, sixth-order Bézier polynomials are utilized as reference trajectories that
meet the flatness criterion, attributable to their smooth properties as C*-functions and
C™ C C2. Asa result, the control input is formulated as an algebraic function of the flat
output and a finite number of its derivatives.

Moreover, the total relative degree (Z?zl 75,; = 8)is less than the dimension of the system’s
state space (dim(xs) = 10); this discrepancy indicates the presence of a two-dimensional
internal dynamics, which is not directly controllable through the input u. Consequently,
the system is delineated into two distinct subsystems: a two-dimensional nonlinear
internal dynamics subsystem and an eight-dimensional subsystem that can be linearized
through nonlinear state feedback, as will be further elaborated upon below.

State Feedback for Linearization

The construction of the nonlinear state feedback is predicated on the Lie derivatives
as identified in (4.2) and (4.3). The principal aim of this feedback is to convert the
nonlinear control problem, wherein virtual constraints as specified in (4.1) are imposed,
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4 Control Design for Walking

into a linear and controllable configuration. Specifically, by establishing v := ¥ as a
new system input, the system manifests a linear double integrator behavior between the
input vs and the output ys.

In essence, the imposition of virtual constraints is examined through the study of
convergence behavior in proximity to the equilibrium point y? = 0 of the double
integrator. This linearization process is effected by the nonlinear state feedback:

0= (s @) = (Le L) (v - L2hu(as ) (@4

which is defined in an open subset Qs o C Qs, where the decoupling matrix Lz £ ths(qs)
is invertible, i.e. det(.[:g.[:fhs(qs)) #0,Yqs € Qs .

Coordinate Transformation for Linearization

To enhance comprehension, the partition of the system into two subsystems is demon-
strated through a coordinate transformation derived from the Lie derivatives in (4.2) and
(4.3). As elucidated by the method in [79, Section 5.1], the coordinate transformations
N1 = Y¥s = hs(xs) and 15, = L j;hs(xs), characterized by their linear independence
and smoothness, exemplify the linearizable partition, which is actualized through the
state feedback in (4.4). Particularly, the research focus is directed towards examining
the stability characteristics at the equilibrium point y? = hy(x?) = 0 of the linearized
subsystem.

To articulate the dynamics of the residual subsystem (specifically, the internal dynamics),
two independent coordinates, & := [&s 1, &s2] T, are arbitrarily selected, provided that the
Jacobian corresponding to the coordinate transformation is non-singular, as delineated
in [79, Proposition 4.1.3]. Consequently, the coordinates &g are chosen such that the
internal dynamics remain unaffected by the input actuators u. This necessitates that
the Lie derivatives L3&s1 = 0, L3&s2 = 0 with respect to the vector field gs(xs)u, as
elaborated in (3.34), must vanish. Therefore, the decoupling of the internal dynamics
from the actuators u enables the formulation and examination of the solution within these
coordinates through a simplified autonomous system characterized by a diminished
system order.

Notably, &1 = Oyirt serves as an independent coordinate, determined through a linear
scalar function cg : Qs — R, articulated as

Ovirt = co(qs) == [1 0] gs . (4.5)

As established in Section 3.2.3, Oy is linearly independent from the actuated joint
angles qp, and consequently, from the output function hs(qs). In accordance with the
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4.1 Walking with Instantaneous DSP

recommendation in [175], the second coordinate &;» = o arises as a result of the scalar
function ¢, : Qs X Tq, Qs — R, represented as

Os = CU(qS/ qs) = [1 0] Ms(qs)qs ’ (4-6)

wherein o denotes the generalized momentum conjugate to the coordinate 6yit. These
coordinate transformations establish the mapping ¥ : TQs — R0, xg > Wy(x,) as
delineated in

Ms1 hy(qs)

Zs = 115,2 — \I]S(xs) = ‘ths(qS/ qs) (47)
és,l Cg(qs)
55/2 CU(qS/ qs)

The Jacobian Jy s := dW¥s/dxs = [&\I/s /9qs , IVs/ 8(’15] is anticipated to be non-singular
owing to the linear independence of the transformed coordinates, thus evaluated in Qs .
Owing to the presence of a smooth inverse xs = W;!(zs), the mapping W is recognized
as a diffeomorphism in accordance with [2, p. 262]. Subsequently, the system dynamics
are articulated in the Byrnes-Isidori form utilizing the coordinates zg:

ils,l 2'15,2 0

: 2h L

,?S’Z _ Lf s (Xs) + -[,gths (xs) u. (4.8)
fa| | LpEar (x) 0

55,2 LféS,Q (XS) XS:\ys—l(Zs) 0 Xs:\ygl(ZS)

Representing the feedback u = ug (‘Ifs‘l(zs)) from (4.4) as a function of the coordinates
z; and reintegrating it into the Byrnes-Isidori form as in (4.8) reveals the identical
characteristics of the double integrator behavior between the input vs and the output 1, ;.
This linearizable subsystem is delineated by the coordinates 7, ; and 7, ,. Concurrently,
the two-dimensional nonlinear internal dynamics, defined by &1 and &, remain
unaffected by the feedback u = us (W;!(zs)) due to the necessity for arbitrary selection
as required by L3&1 =0, L3 = 0.

Linear Feedback Controller

In addressing the linearizable subsystem, methodologies originating from linear control
theory are employed to secure asymptotic stability proximate to the equilibrium point
112 1= y? = 0. This approach ensures the enforcement of the nonlinear virtual constraints
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4 Control Design for Walking

as stipulated in (4.1). Owing to its inherent simplicity and efficiency, the design of a
linear, high-gain PD-feedback controller

Vs = _Kp,SYS - Kg,s¥s , (4.9)

has been implemented, wherein positive definite matrices Ky s € R** and Kg s € R¥4
function as feedback gains. Thus, the entire closed-loop structure is illustrated in
Figure 4.1.

Vs = Vs I/O—Lin— Clr,s(9vm) Vs, ¥s
P carization [P —> et /i e-vm—»?_ —>>

Figure 4.1: Configuration of the closed-loop control architecture for the imposition of virtual constraints on
the actuated joints during the single support phase.

To achieve improved convergence, it may be beneficial to consider control strategies with
increased design complexity. Nevertheless, the central aim of the thesis is to produce
highly efficient reference gaits, under the presumption that the conditions related to
virtual constraints are reliably fulfilled, as denoted in ys = 0. Consequently, convergence
around the equilibrium point ’?2,1 =y? = 0 assumes a secondary importance in the gait
optimization process. Therefore, alternative feedback methodologies are not explored.

Two-Stage Control Law

The Lie derivatives described in equations (4.2) and (4.3) are employed to construct state
feedback mechanisms for linearization. To enhance numerical efficiency, a two-stage
formulation is implemented to impose the virtual constraints as outlined in (4.1). Notably,
the Lie derivative of the output function hs(qs) is conducted along the vector field
X +(xs, W), which is defined in relation to the acceleration w as specified in (3.35),
yielding

-1
- J s . J 1,8 _M M ,12
yo= -5k 1 qﬁ([-aéi;;t 14]‘”"[ K l)w (410

=0
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Subsequently, the second Lie derivative is expressed as

. 82qrs 20 8qrs aqrs
Ys = ( aeslrt 6v1rt 90virt Ms 11rs 1]+ (14 + — 20uin Ms 11Ms 12 (4.11)
LXthS(qs)

2 .
Lhs(qs,95)

Employing the feedback law detailed in (4.4), the acceleration w is derived as

= (Lgths(qS))_l (Vs - szrhs(qu qs)) ’ (4.12)

under the assumptlon of an invertible decoupling matrix Ly Lyhs (qs) close to the
equilibrium point 17 1 = y? = 0. Thereafter, the actuator u = M ;z;w + T g is delineated
in alignment with the inverse dynamics as outlined in (3.32).

4.1.2 Zero Dynamics

In light of the hybrid dynamical attributes inherent in a periodic walking pattern,
the corresponding zero dynamics exhibit both a continuous dynamical domain and a
discontinuous transition mapping. Within this context, the zero dynamics are defined
as hybrid invariant ! if they are preserved under the continuous dynamics of the
closed-loop system as well as the discrete impact mapping. Notably, hybrid invariance
is essential in reducing the dimensionality of the full-order system dynamics to a
simplified lower-order representation within the zero dynamics.

Continuous Invariance

Dynamics of the closed-loop system at the equilibrium point 112 ; = 0 form the zero
dynamics manifold Zs, defined as

Zs,r = {xs € TQS,0| hs(xs) =0, ths(xs) = 0} ’ (4.13)

which is a two-dimensional submanifold embedded in TQs . Thus, the equilibrium
point y? = hs(x?) = 0 of the linearized subsystem aligns with an equivalent equilibrium
point x? of the vector field )N(s,r(xs, u) with x5 € TQ o of the closed-loop system.

[177, Section 4.4] asserts that “hybrid invariance” arises under conditions in which a submanifold remains
both forward invariant and impact invariant. Continuous invariance, as termed in this thesis, pertains
to forward invariance. This work further extends the notion of impact invariance, herein referred to
as discontinuous invariance, to encompass a broader spectrum of discontinuous transitions, including
phenomena such as take-off and landing that are characteristic of running gaits.
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By employing the local coordinates &, := [&s1, Es2]T € sy, the system states xs € TQs o
within the SSP state space are ascertained through the inverse mapping W;! of the
diffeomorphism, articulated as

q rls,l =0
Xs| = [] =Wl |n,,=0 ) (4.14)
Zs,r qS Zs,r gS

I NV

The process of implementing linearizing state feedback at the equilibrium point qg , =0is
realized through the assumption of a negligible feedback error vy = —Kp sy? —Kq sy = 0
within the context of expression (4.4), consequently leading to

0:

ug 1= us(qs, gs) (4.15)

-1
= - ,E*L”hs(qs) ‘£2~hs(q51 qS)
Zs,r ( ¢ f ) f

Zs,r

By adhering to the rationale elucidated in [79, p. 170] and utilizing the expression
outlined in [177, Equation (5.36)], the feedback u} guarantees that the vector field
X0 = £,(x0) + gs(x?)u! is tangential to the zero dynamics manifold Z, residing within
the nullspace of the gradient (Jhs/dxs) of the constraint surface, thereby aligning with
the expression L7hs(x)) = (Jhs/dxs )|xs=x2 x! = 0in (4.13), as illustrated in Figure 4.2.

( Ohg

Oxsg

—0
Xs =X

Figure 4.2: Representation of the invariant zero dynamics manifold Zsr, in which the red arrow indicates
the tangent vector )'((S) of a solution curve &(t), whereas the blue arrow represents the gradient of the virtual
constraints surface orthogonal to xJ.

Consequently, a trajectory &,(¢) initialized at the condition &,(0) € Zs » persists within
Zs,r as time progresses, unfalteringly contained within the virtual constraints manifold.
Hence, the zero dynamics maintain their invariance under the closed-loop dynamics.
The continuous invariant zero dynamics describe the internal dynamics subsystem
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within the equation system (4.8) and are expressed in the local coordinates &; :=
[£s,1, &s2]T € Zsr as a set of ordinary differential equations:

-Lfés,l (Xs)

L7&s2 (xs) (410

és 1
L = fS s =
[55,2:| zD(&s)

_ [Ks,l (55,1 )55,2}
Ks,Z(és,l)

in which the formulations « 1(&s,1) and x2(&s 1) bear resemblance to those documented
in the scholarly literature [175, Equations (28)-(29)].

Discontinuous Invariance

The discrete impact mapping within the state space as delineated in (3.38) constitutes
a one-dimensional submanifold Zs, N Ss embedded in TQsy. By employing local
coordinates &; € Zs, N S on the impact surface, the impact mapping is expressed in
the form

_ [c@(x:)] ’ AHZD (&) = [CG(Aw,i (XE))] ‘ , 4.17)
esl) CoBui 6] |7 s,

where the system states x; = W1 ([07,07, (£;)7]") are derived from the diffeomorphism
in (4.14). &7 signifies the zero dynamics coordinates post-impact, thereby providing the
initial conditions for the subsequent step period.

The formation of a periodic solution within the hybrid zero dynamics requires that the
post-impact states & € Zs, remain confined within the zero dynamics manifold Zs,,
ie., AS’ZiD (Zsr N'Ss) € Zs r, which exhibits discontinuous invariance upon impact. The
impact surface is defined by the guard condition function g7 ;,, : Zsr — R expressed
as

8 nzn(&s) = g2(xs)| =0, (4.18)
Zs,r

obtained by assessing ¢*(x;) in the context of expression (3.38) on the zero dynamics
manifold Zg ;.

The resolution of the impact mapping (4.17), particularly the associated linear equa-
tion system (3.19), necessitates the application of a numerical factorization method,
specifically LU decomposition, thereby precluding the acquisition of a closed-form
solution. Considering that the generalized momentum &, = o5 relative to the stance
foot serves as the second local coordinate within the zero dynamics framework, an
alternative formulation of the impact mapping is consequently developed by utilizing
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the conservation of generalized momentum with respect to the impact point during the
impact, as indicated in [177, Section (3.5.5)].

In particular, the former swing foot collides with the rigid ground and thus serves
as the impact pivot. Adopting the notation in Section 3.1.1, the angular momentum
with respect to the impact point is indicated as o_, for before and o7, for after impact,
respectively. o, is determined by applying the equation [177, Equation (3.107)], yielding

. (4.19)
Zs,rmss

0;2 = G;l_mtot ((VZ,Z(XS) - rl,z(xs))xCM(Xs) - (rZ,x(xs) - rl,x(xs))ZCM(xs))

where iy is the total mass of the robot. Resulting from swapping the leading and
trailing legs, the initial generalized momentum o for the new step period is determined

by the angular momentum o> around the impact point, i.e. 0f =0}, = 0_,.
Additionally, the remaining zero dynamics coordinate &1 = Oyir is resolved in closed

form through the relabeling of the coordinates.

Hybrid Invariant Zero Dynamics

Analogous to the methodology presented in [175, Equation (37)], the hybrid zero
dynamics pertaining to gait with an instantaneous double support phase on rigid terrain
are articulated within the state-space framework as comprehensively described in

ZHZD : {55 = fs,ZD(és) ’ Es_ ¢ Zs,r N Ss ’ (420)

W& = AIZD(E) &€ 2N S,

w,i

with illustrations provided in Figure 4.3.

AVHV,ZiD(Zs,r N Ss) Zs,r N Ss

Figure 4.3: The zero dynamics manifold during the single support phase and the transition surface are
depicted. A solid line represents the solution curve within the continuous domain, whereas a dashed line
denotes the discrete transition mapping.
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In accordance with the definition provided in [177, Section 4.1.2], the solution &,(t) =
D, i(&;, t) of the hybrid dynamical system (4.20), which encompasses impulsive effects,
isrepresented as a trajectory within Zs r, with its initial condition &(f = 0) = @, (&5, ¢ =
0) = &, specified on the impact surface S;.

The discrete transition in the state variable, as induced by the impact mapping and
denoted as & = AS,ZiD(EST ), is initially executed. Subsequently, a right-continuous
solution curve ®, zp (&7, t) of the vector field fs zp(&,) within the continuous dynamical
domain is obtained through numerical integration, considering the initial condition &;
post-impact.

The impact time ¢, is characterized by the satisfaction of the guard condition referenced
in (4.18), specifically g7 \;,1,(&(ts)) = 0. Given the assumption that the impact mapping
occurs instantaneously, the impact time £, is equivalent to the step duration specified
in tgep = ts. Periodic solutions that comply with condition @y (&, t) = @y (5, £ + £s)
are discerned through a multiple shooting technique analogous to the methodology
outlined in [68].

4.1.3 Orbital Stability

In Chapter 7, numerical optimization is employed to ascertain periodic orbits within
hybrid zero dynamics. As introduced in Section 2.4.3, the assessment of orbital stability
is conducted using Floquet theory and the Poincaré return map.

Floquet Theory

Given a periodic orbit of the hybrid zero dynamics with period s obtained through
optimization, the associated monodromy matrix Dy, ; is articulated in compliance with
[3] as

Do : = 0Dy i (&5,ts)  IPszD (&2,t)
e &g N b=t

Cs (&) - (4.21)

Fs(ts)

For a solution <I>S,ZD(§;r , 1) with the specified initial condition 6: within the continuous
domain delineated in (4.20), the fundamental matrix solution Fs(t) = 9®s zp(&7,t) /9&F

is computed via numerical integration of the variational equation F, = (0fs,zp/dE, )Fs,
employing the initial condition Fs(t = 0) = I,.

Alternatively, Fs(t;s) can be ascertained by computing the partial derivative of ®s 7p (&7, ts)
with respect to the initial condition ®s zp(&7,0) = &7 utilizing an Automatic Differenti-
ation algorithm.
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4 Control Design for Walking

An additional factor to consider is that the state variation experiencing the discontinuous
impact mapping & = AHZD(.SS ) is approximated to the first order by the saltation matrix
C; (&), as defined accordmg to [92] as

9AHZD(§S) agt
HZD(g ) fs7p (&7) — —5g fs7n(&s )) 8 iz ‘e
Co(s)=—5 = o - : (4.22)
s & fs,ZD(és )
s gszég

Taking into account the normal vector n*(&,) := (J g:HZD / d&,) to the impact surface,
the requirement n* (& )fs zp(&5) # 0, & € Zsr N Ss within the expression (4.22) is met
if the periodic solution &(t) approaches the impact surface in a transverse fashion, a
condition assumed in [177, Section 4.1] for bipedal locomotion.

According to Floquet theory, as expounded in [122, Section 3.2], the monodromy matrix
Dy, i conveys the perturbations 0&, in the system state & from the commencement of
the period to its termination, i.e., 6&, (ts) = Dw i 6&, (0), as illustrated in Figure 4.4.

&€, € ZsrNSs

Figure 4.4: A periodic trajectory of the hybrid zero dynamics related to locomotion. The initial perturbation,
denoted by the red arrow 6& (0), is applied to the state variables & and subsequently mapped into the
perturbation 6& (ts) (indicated in blue) after the completion of one period t;.

Analyzing the eigenvalues of the monodromy matrix D, ;, termed Floquet multipliers,
elucidates the orbital stability of the periodic solution. Specifically, a (1 X n)-dimensional
monodromy matrix encompasses n Floquet multipliers: one trivial multiplier Ag = 1,
which signifies the phase shift in the direction of the flow and does not influence orbital
stability; and n — 1 nontrivial multipliers, which signify perturbations perpendicular to
the orbit and determine local orbital stability.

Given that the tangent vector fs zp(&;) of the solution curve serves as the eigenvector of
D,y i associated with the trivial multiplier Ay = 1, the utilization of the projection

A

Dw,i = Pw,ti,iPw,i (423)
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4.2 Walking with Non-Instantaneous DSP

facilitates the reduction of the monodromy matrix D, ; within the subspace orthogonal
to the tangent vector f; zp(&;) of the trajectory, thereby nullifying the influence of the
trivial multiplier Ag = 1. The symmetric orthogonal projector Py, ;, denoted by

fs,70(&5 s, zp(&5) T

PWiZZ I, - — — ’
' 2 £ (&) TEs 2 (E5)

(4.24)

is thoroughly examined in [15, Chapter 7].

The projection transforms the (2 x 2)-dimensional matrix Dy ; into a structure of rank
one, resulting in a nullity of one, which corresponds to the dimensionality of the matrix’s
nullspace (solutions to ]A)W,ix = 0). Consequently, one eigenvalue is zero, whereas the
other 2, linked with the nontrivial multiplier A, characterizes the evolution of the state
perturbations orthogonal to the flow. The periodic orbit remains stable provided that
the magnitude of A is less than one, i.e., |A| < 1.

Poincaré Return Map

As introduced in [163, Section 8.7], the Poincaré return map Py, : Zsr N Ss = Zsr N Ss;
& = Pw(&;) offers an alternative approach for calculating the Floquet multipliers of a
periodic orbit. A fixed point &; = Pw(&;) denotes a periodic orbit.

Specifically, the Poincaré return map $y is determined through numerical integration us-
ing event detection techniques due to the impact. The associated Jacobian 9Py (&;)/9E;

of the Poincaré map is computed by employing an automatic differentiation algorithm,
which requires extensive evaluations. Consequently, the Poincaré return map method
is solely utilized to validate the resulting Floquet multiplier via the monodromy matrix
and is not incorporated into the optimization framework for generating the reference
gait.

4.2 Walking with Non-Instantaneous DSP

Consequent to the virtual actuator projection as delineated in (3.66), the overactuated
non-instantaneous DSP is converted into a fully actuated model, wherein three degrees
of freedom are regulated by three independent virtual actuators. In particular, two
virtual actuators are applied to establish virtual constraints on the independent joints
qai, as detailed in Section 3.3.1, thereby aligning them with the reference trajectory
qr,d(Ovirt). The additional virtual actuator serves a supplementary control purpose aimed

2 Considering that the matrix ]A)W,i is of dimension 2 X 2 and exhibits a nullity of one, the unique non-zero

eigenvalue is equal to the trace tr(Dy ;) of Dy ;.
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4 Control Design for Walking

at improving gait stability, which is developed in accordance with the methodology
described in [177, Section 10.4].

The reference trajectory necessitates a vector-valued mapping qr4 : S' — T%; Oyir =
qr,d(Ovirt) that articulates the intended angular progression through sixth-order Bézier
polynomials. Specifically, the phase-dependent trajectory qr 4(Ovirt) is constructed with
respect to the orientation Oy of the virtual leg as its independent variable, due to Oyirt
exhibiting a monotonic progression throughout the DSP.

4.2.1 Feedback Control in Fully Actuated DSP

Thereafter, the synchronization hg(qq) with hg : Q4 — R? achieved through feedback
control is regarded as holonomic virtual constraints, articulated as a function of the
coordinates qq € Qqg. This approach concludes with the articulation of the control
output yq, as delineated by

yd = ha(qa) = qdi = qr,d(Ovirt) - (4.25)

In subsequent steps, two Lie derivatives are applied to control output (4.25) along
the vector field Xd,f(Xd, 11(3)) of the virtually fully actuated DSP, as delineated in (3.71),
resulting in

Ya = L7 ha(aa, 40) = [-324 1|4, (4.26a)
. 82qr,cil 2 P -1
Y4 = (_—892 Qvirt — [——agv:i Iz] Mdr(3)l"d,(3)

virt

2 .
Lﬁfhd(qd,%)

~ 99 1 5 |0f) -
)u(3),12 + ([— agvgi Iz] Md,l(g)B(a) H) U@3)3 -

LgLf tha(qa) L L ha(qa)

aq;, -1 P IZ
+ ([‘aavii 12] M, 5)Bo) [0

(4.26b)

The structure in (4.26) elucidates a vector-valued relative degree {rq 1,742} = {2,2}
between the input 1i3) 1, and the output yg.

Itis crucial to acknowledge that the two-dimensional output y4 is simultaneously affected
by three distinct virtual actuators @3). Specifically, the exclusion of the redundant
actuator #i(3) 3 within expression (4.26b) results in a configuration equivalent to a virtually
underactuated DSP, a topic not addressed within this thesis but explored in [194].
Consequently, the actuators 1i(3) 1, are identified as those responsible for enforcing the
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4.2 Walking with Non-Instantaneous DSP

virtual constraints (4.25), while the redundant actuator ii3) 3 is employed for additional
control objectives to improve gait stability.

State Feedback for Linearization

The linearizable subsystem is characterized by the dynamics intrinsic to a double
integrator that establishes a connection between the newly introduced system input
V4 := ¥4 € R? and the output y4. The state feedback associated with the linearization is
articulated in

-1
)12 = (Lg,fﬁ f,fhd(qd)) (Vd - L},fhd(%, qa) — Lﬁ,fﬁfjfhd(qd)ﬁ(s)s) , (427)

and it is pertinent within an open subset Q49 C Qg located near the equilibrium point
Yd = 0, especially in regions where the decoupling matrix L L7 tha(qa) € R>2 remains
non-singular. Therefore, the stabilization of the equilibrium point is achieved through
the use of a high-gain PD-feedback as described in

vq = _Kp,de -Kgayq - (4.28)

The proportional and derivative gain constants are fulfilled by positive definite matrices
Ky, 4 and Kg 4, each having a dimensionality of (2 x 2).

Coordinate Transformation for Linearization

The articulation of the two-dimensional internal dynamics is enabled by the coordinates
&q:=[&4,1,Ea2]T, which are deliberately chosen to remain invariant with respect to the
input Gi(3)1 in (4.27), that is, L5 €41 = 0, L5 €42 = 0, considering that the actuators
11(3) 12 are solely tasked with the enforcement of the virtual constraints for the coordinates
qai in (4.25).

Notably, the orientation g1 = Oyiry of the virtual leg functions as an independent
coordinate, determined through a linear scalar function cgq : Q4 — R, which is
expressed as

Ovirt = co,a(qa) == [1 0] qa. (4.29)

The transformation matrix Hg, possessing full rank in expression (3.60), ensures the
linear independence of the coordinate 8+ with respect to the actuated joints qq;, and
consequently, the output hq(qq).
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4 Control Design for Walking

The second coordinate pertaining to the internal dynamics, £q2 = 04, denotes the
generalized momentum, as delineated in

04 = C5,d(qd, 9qd) == [1 0] Mg,3)(qd) da , (4.30)
N— ————
04,0(qd)

where ¢, q : Qq X Tq;Qq — R constitutes a scalar function, and Mg (3) = Pc,(3)Md refers
to the inertia matrix as articulated in (3.66).
Consequently, the coordinate transformation W4 elaborated in

N4 ha(qq)
Lzh , 9
z4 = gj'i =Wy(xq) := f’i@i((zi)qd) , (4.31)
Edp Co,d(qd, qd)

constitutes a diffeomorphism as per [2, p. 262], given that the Jacobian Jy g4 := dWq/dxq =
[8\Pd /994 , ¥4/ 8qd] is anticipated to maintain regularity as a result of the linear
independence of the transformed coordinates, as evaluated in Qq 0.

Two-Stage Control Law

A comparable approach to zero the control output yq in (4.25) in the fully actuated DSP
considers the acceleration wy as the system input. Consequently, the Lie derivatives
of yq with respect to the vector field Xq (X4, Wq, i(3) 3) specified in (3.72) are executed,
leading to

. . 99 .
Va = Lr,Ma(qa, qa) = [—agv; Iz] qd (4.32a)
. 8qr,d 1 ~ ~ 8qr,d -1
yd = (_—89m Mg 3)11B3)13 ) fi3)3 + |12 + Fde,(g),uMd,Q),u Wy
L Ly ha(qa) Lo Ly ha(qa)

07qr d 1 52(,11. d 5o

=2 Mgyl - —05; 4.32b

( 0y BB d,3),1 ag\zlirt virt ( )

£7 ha(qa,4a)
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4.2 Walking with Non-Instantaneous DSP

Feedback linearization is developed by implementing vq := ¥4 to establish a double-
integrator behavior between v4 and ygq, as delineated in

Wa = (LgsLysha(qa)) ™ (Vd ~ L7 ha(qa, qa) - Lh,fﬁf,fhd(qd)ﬁ(a)s) , (4.33)

contingent upon the invertibility of the decoupling matrix L, L thq(qq). The deploy-
ment of PD-feedback (4.28) facilitates asymptotic stability near the equilibrium point
ya = 0. The control methodology (4.39) prescribes the procedure for selecting the
redundant actuator i3)3, which is integrated into the feedback configuration (4.33).
Thereafter, inverse dynamics (3.68) are employed to ascertain the remaining virtual
actuators ) 12.

4.2.2 Zero Dynamics with Full Actuation

This section examines the internal dynamics and orbital stability of the fully actuated DSP.
In particular, the employment of the redundant actuator 7i3) 3 is crucial in modulating the
internal zero dynamics of the fully actuated model, thereby improving the convergence
rate of the periodic orbit generated for walking.

Continuous Invariance

The dynamics, constrained at the equilibrium point ng 1 = 0 as a consequence of
the virtual constraints (4.25), form the zero dynamics manifold Z4. This manifold is
characterized by

Za = {xq € TQ4,0l ha(xa) = 0, L ha(xq) = 0}, (4.34)

and constitutes a two-dimensional submanifold embedded within TQq 9. Considering
the local coordinates & := [Eq1, £q2]" € Zy, the system states x4 € TQq, within the
DSP state space are determined via the inverse mapping W' of the diffeomorphism,
expressed as

qa N41 =0
x4| = [ ] =Wl |ng,=0 i (4.35)
z dllz, &a

E4€Zd

The internal dynamics subsystem is delineated by the coordinates &4 := [£4,1, £4,2] T and
is regulated by the differential equations presented in

, (4.36a)

dan=Lrar=[1 0] qa
Z4
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4 Control Design for Walking

. 19040(qa)" , < s
Edp = daa—Qd —T4,3)1 + Bp)as|  #@3)3. (4.36b)
dd Zd Za
——
Ly lap Ly i€ap

which are derived through the application of the Lie derivative along the vector field
f(d,f(xd, 1(3)), as elucidated in (3.71). The impact of the actuators @) 1o = [#i(3)1, fi(3)2]"
is specifically nullified as a consequence of the stipulation L3 ¢£q1 = 0, L5 2 = 0
during the selection of the coordinates &y.

Control Law for Convergence Rate

The equations (4.36) that govern the partitioning of internal dynamics can be directly
controlled by the redundant virtual actuator ii(3)3. Pursuant to the methodology
presented in [177, Section 10.4.3], a supplementary control objective, besides that in
(4.25), is formulated as

Yoq =04 — Ur,d(evirt) . (437)

which is designed to influence the stability characteristics (convergence rate) of the
periodic solution of the associated gait. In particular, the mapping o4 : S' — R;
Ovirt > 0r,d(Ovirt) serves as a reference trajectory, with the purpose of modulating
the generalized momentum o4 as elucidated in (4.30) during the DSP. The reference
trajectory treats the virtual leg angle 0,i¢ as an independent variable and is delineated
through a sixth-order Bézier polynomial, whose parameters are regarded as optimization
variables.

The objective of nullifying the control output y,, can be effectively addressed by
employing a simple proportional feedback mechanism,

do d -
- GViI‘t = _K(de(id s (438)

wherein K, > 0 denotes the feedback gain characterized by a positive magnitude. This
approach involves deriving the redundant virtual actuator 7 3) 3 through the substitution
of 64 = &4, into the internal dynamics equation (4.36b), resulting in

N -1(dorq -
ii3)3 = (i;;,féd,z) (Wi’i&m — KoglYou = Lfsaz] - (4.39)

It is essential that the component £j (&4 = B(g),13| Z of the projection matrix 3(3), as
delineated in (3.65), remains non-zero, thus guaranteeing the existence of a valid inverse

in equation (4.39).
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4.2 Walking with Non-Instantaneous DSP

Consequently, upon substituting equation (4.36b) with the error dynamics in (4.38), the
internal dynamics of the fully actuated DSP are governed by the ordinary differential
equations c",'d = fq7zpD(&4), as evidenced in

. LY I
Gar=[1 0] qa =11 o]| % [ ] 42, (4.40a)
[t ol Z [t o 04,0(qa) 1
d
. 004 -
5d,2 = (_,devirt - Kad yad) (440b)
aevirt Z4

Notably, the precise determination of the feedback gain value K,, within equation
(4.40Db) significantly influences the solution curve.

Discontinuous Invariance

The discontinuous invariance is defined for both touch-down and lift-off events, as
referenced in Section 3.3.2 and Section 3.3.3, respectively. In particular, the touch-down
mapping (3.73) is defined on the surface Z » NS¢, which constitutes a one-dimensional
submanifold embedded within TQ; . Utilizing the local coordinates &; € Zsr N SS, the
mapping is articulated in the zero dynamics manifold as

o feoa () = AP (57) = [Cefd(ATD("S_)) , (4.41)

&;d Co,d (X:i) P Co,d (Atp (xs_))] ‘Zsrﬂsf

Z4 ’
where &} € Z4 represents the local coordinates within the DSP zero dynamics subman-
ifold, in accordance with the definitions in (4.29) and (4.30), respectively. Consequently,
the condition A%%D (Zs,r N SS) € g4 evaluates the invariance of the solution to the
touch-down mapping. The point at which the solution curve intersects the touch-down
surface is ascertained by the guard function specified in (3.75), which is expressed in
the zero dynamics coordinates &, € Zsr as

gS,HZD(és) = gg(xs) =0. (4.42)
Zs,r

Analogously, the lift-off mapping (3.74) is delineated on the surface Zgq N S} at the
termination of the DSP. The solution trajectory of the zero dynamics remains invariant

with respect to the lift-off event under the condition A{I(%D (Zd al 83) € Zs,r, Where the
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HZD
LO

described in

mapping A 1 Za N S; — s, is articulated using zero dynamics coordinates as

& = [Ce(x;)H - a0 (55) = | [0 ) , (4.43)
Z.

° Co (X;') Co (ALO (X:i))

ZanS;
The coordinates & € Zs, are derived by assessing the transformation (4.5) and (4.6)
on the zero dynamics manifold s, within the SSP. The determination of whether the
solution curve intersects the lift-off surface is accomplished through the application of
the guard function defined in (3.76), as detailed in

8amzp(éa) = galxa)| =0. (4.44)
Z4

Hybrid Invariant Zero Dynamics

The hybrid zero dynamics model relevant to walking, characterized by a fully actuated
non-instantaneous DSP, is constructed through the amalgamation of vector fields (4.16)
and (4.40) within the zero dynamics manifolds of SSP and DSP, respectively. The
transitions that maintain discontinuous invariance, as delineated in (4.41) and (4.43),
are interposed between these two continuous phases. As a result, the comprehensive
hybrid zero dynamics can be represented as follows:

& =f7mm(&), & ¢Z,nSI,
Ei=AP (&), & eZunS,
Sa=fazn(8q), &3¢ZanSy,
& =857 (5)  &€ZanSy.

Zoap: (4.45)

This system is defined as hybrid invariant if the zero dynamics ensure continuous
invariance relative to the dynamics of the closed-loop system while demonstrating
discontinuous invariance with respect to the transition mappings. The associated
solution curve ®,, 4 (&;,t) consists of the trajectories ®;zp (&5, t) and ®qzp (&, 1)
within the SSP and DSP domains, respectively.

Moreover, the intervals t; within the SSP domain and t4 within the DSP domain are
determined based on phase-dependent transition events. As a result, the step duration
twd = ts + tq is obtained by summing the intervals of these two domains. Periodic
solutions that satisfy the condition @ q(&;,t) = Pw,a (&5, f +tw,q) are identified
through the employment of the multiple shooting method.
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4.2 Walking with Non-Instantaneous DSP

4.2.3 Orbital Stability with Full Actuation

The assessment of orbital stability for a periodic solution @, q(&;, f) = Puy,a(Es, £+ tw,d)
derived through optimization is conducted utilizing the monodromy matrix, as detailed

in
oo St _, 9P4,zp (85t _
Dy g = M = F, (t;) C5 (gd) # Cg (&),
dés 2% | (4.46)
=td
Fa(ta)
and demonstrated in Figure 4.5.
g-al ) [ [Gezns

@470 (£5.1)

Ter - a0
/7

665 (O) 6_ c ZsrﬂSd

Figure 4.5: A periodic trajectory of the hybrid zero dynamics is depicted. The red and blue arrows represent
the initial perturbation 6& (0) at the touch-down surface and 6&; (t,, 4) following the completion of one period
tw,d, respectively.

In this context, the fundamental matrix solution F; (t;) is specified in equation (4.21).
Analogously, F4(t) = d®q4zp (&5, t) /&) is ascertained via the variational equations
Fy = (df4,zp/9&q)Fq, with initial conditions Fq (t = 0) = I, applied in the DSP domain.
The saltation matrices C5, (§7) and C¢ (&) are delineated as

+) _ 9815 (&4 SN
aAEgD (&5) (fs,ZD (&) - %fd,ZD(gd)) n(&y)

Ca(8q) = ) 447
aléa) P n5(&))faz0(E,) (4472)
f) _ OMEPE) dyem
oazo &2 (fazn (87) - 2Bt 0(E) ) nd(e0)
C(&):= : ) 1.47b
(&) d&s ’ nd(&)fs,zp(&7) ( )
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4 Control Design for Walking

wherein the normal vectors n(&4) := (J g;’HZD / d&4) associated with the lift-off surface

and nd(&,) := (8gSHZD / d¢&,) related to the touch-down surface.
The singularity in the division mentioned in (4.47) is precluded when the trajectory
D, 4 (&, 1) intersects the transition surfaces transversally, as articulated by

nd(E) (&) #0, & €Z,nSY, (4.48a)
n(&4)fa,zp(&3) # 0, 4 €EZaNSy. (4.48b)

From a physical standpoint, condition (4.48a) stipulates that the velocity of the swing
leg foot remains non-zero as it approaches ground contact. Furthermore, condition
(4.48Db) posits that the velocity GVHt| s # 0 of the virtual leg does not reduce to zero
when the controller initiates the hft—off of the trailing stance leg.

Owing to the inherent characteristics of the autonomous system, the eigenvector
associated with the trivial eigenvalue A = 1 is aligned with the tangent vector fs zp(&;)
of the trajectory. Consequently, the implementation of an orthogonal projection via the
projector Py, 4, delineated as

s,ZD(‘gs_)fs,ZD(‘SS_)T
fs,7zp(&5) s zp(&5)

Du,d = Pw,aDw,aPw,a , with Py q:= (I - (4.49)
serves to effectively negate the impact of the trivial multiplier A9 = 1. The remaining
nontrivial multiplier A = tr(Dy, 4) is associated with the trace of the projected mon-
odromy matrix D, 4, attributable to the nullity of one. A periodic solution is classified
as stable if the magnitude of the multiplier |A| < 1 is less than one.
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5 Model for Bipedal Running

The periodic running gait of a bipedal robot model is articulated through a sequence of
alternating single support and flight phases. Within prevailing scholarly discussions,
as indicated in [177], the ground surface is conventionally presumed to be rigid. This
presumption is employed to focus on the macroscopic dynamics of the robotic model
during its running locomotion. The transition from the flight phase to the single support
phase is thus described by a discontinuous, inelastic impact mapping. The assumption
of no slipping during contact with the rigid ground allows for a reduction in the
dimensionality of the equations of motion of the robot model, thereby streamlining the
procedure for gait generation. Notably, the single support phase of running is analogous
to that of walking, as elucidated in Chapter 3.

To accurately simulate running gaits on compliant surfaces, where ground deformation
is pronounced and the contact period is extended, the contact procedure in the single
support phase is augmented by implementing a compliant viscoelastic model, as
succinctly introduced in Section 2.3.2.

The foundation of this chapter, rooted in the dynamical model of bipedal running
on rigid surfaces as elucidated in Section 5.1, enables a thorough examination of the
expanded model outlined in Section 5.2, which addresses running on compliant surfaces.

51 Running on Rigid Ground

As depicted in Figure 5.1, running gaits consist of two continuous dynamical phases
and two discrete mappings. Specifically, the continuous single support phase (SSP)
mirrors that of walking, as outlined in Section 3.2.1; the flight phase (FLP) is detailed in
Section 5.1.1. Upon concluding the SSP, the system states transition to the FLP via the
take-off event outlined in Section 5.1.2, which ends with the landing event discussed in
Section 5.1.3; the state space expression is addressed in Section 5.1.4, regarding periodic
running as alternating sequences: - -- = SSP = take-off = FLP = landing = - --
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Inelastic Impact

Leg Swap Stance Leg-

Swing Leg
o

— Flight Phase e Landing = Single Support Phase = Take-Off —

Figure 5.1: Periodic running gait on rigid ground. The red line delineates the virtual leg defined in the single
support phase.

5.1.1 Flight Phase

In the FLP model, air drag is disregarded L By setting the forces F; and F; in the free
body dynamics equations (3.5) to zero, the equations of motion become

Me(qs)qr = —T¢(qs, q¢) + Bru . (6.1)

The dynamics linked to rcy and Ogar cannot be controlled directly by the inputs u.
Decomposing the system of equations (5.1) yields

. . 0
Mg gofem = Miotaifom = —I'ro = — [ } , (5.2a)
Miotal§
M110naT + Mi12dp = —Th1, (5.2b)
M 21 0pat + Mo, = —Tio +u. (5.20)

Especially in (5.2a), the mass matrix Mgy = Miorall2 represents the total mass of the
robot, while Ity embodies the gravitational effects. By eliminating Oyjat from equations
(5.2b) and (5.2¢), the inverse dynamics,

u= (Mf,22 - Mf,legllle,lz) w+ (Ff,z - Mf,lef_llllrf,l) , (5.3)

M Tt

is deduced. Consequently, the acceleration w := §p, is regarded as an input to the system
within the FLP.

1 In the preceding chapters, air drag was not factored into the analyses of single and double support phases

of walking.
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5.1 Running on Rigid Ground

5.1.2 Take-Off

Considering the system states represented by position §; and velocity gz of the SSP
model just before take-off, position rcym(d;) and velocity tom(ds, §5) of the center of
mass of the robot are determined as functions of §; and §, in accordance with the
kinematic relation (3.13) in the SSP.
It is postulated that during the take-off event, state variables undergo a seamless
transition, leading to the mapping

~n— . A— A— 8rCM
- rem(qs) . . tcm(9s, 4s) & | | A
Q¢ =g, = [ 1 } MR [ T8 | lamgr |G, (54)
q9s 1 Iy

where the position qgf and velocity qfff denote the system states in the FLP immediately
subsequent to take-off, thereby establishing the initial conditions for the subsequent
FLP.

Taking into account coordinate transformations §; = H;'q; and §; = H;'q;, alongside
the matrix H;! as outlined in (3.27), the take-off mapping (5.4) is specified by

. [remEq9)
9 ¢ = ATO,qi4 (qs)-=[ Hs‘lsq ;s , (5.5a)
Q;GM
47 = Brog, (q5) g5 = | 7% Bt H;'q; . (5.5b)
4

5.1.3 Landing

The FLP is terminated once a swing leg touches the rigid ground surface, which is
modeled as an inelastic impact between the point foot and the ground. For expressing
the mapping, position q; and velocity ¢ are assigned for the last instance of the FLP,
and q;ts = [rem(§9) 7, (@) 7] and qgs = [tem(§, )7, (@) T]T at the beginning of the
subsequent SSP after landing.

Following the inelastic collision, the position coordinates q;; = qf*/S remain unchanged,
while the velocity i, = G2(q;ts)q;ts = 0 of the stance foot 2 is reduced to zero, as delineated
by equation (3.18) established for walking with an instantaneous double support phase.

2 The stance leg after landing is the former swing leg in the FLP. Thus, following the notations announced

in Section 3.1.1, the foot is denoted with the index “2”.
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5 Model for Bipedal Running

Considering that the momentum equation (3.17) applicable to walking is also relevant
to running, the impact mapping is expressed analogously to the system of equations
(3.19) as follows:

Mi(qr) —Gj | |4f,| _ |Mi(qpp) i . 5.:6)
G» 0 F> 0 ¢

—_— —_———
Hr,lhs(q;,f) Hr,rhs(quf)

The integration of the impact mapping (5.6) with the exchange of the leading and trailing
legs facilitates the simulation of single stride intervals within the formulation of periodic
gaits. This process involves coordinate transformations q¢ = Hsq and ¢¢ = Hsq! as
defined in (3.26), resulting in

@=H[0 ROy, @ =H[0 RG) |} Mady,  67)
The specification of the (5 X 5)-dimensional relabeling matrix R*(5) can be found in

(3.21). The impact force,

" E - .
F = [ﬁi"“] = [0 L]0} T mep,, (5.8)
,Z

satisfies the conditions of static friction (with friction coefficient y = 0.6) and unilateral
contact, yielding the inequality constraints

uFr. > Fry > —pby ., (5.9a)
Fr,>0. (5.9b)

5.1.4 State Space Expression

The continuous FLP in Section 5.1.1 as well as the discontinuous take-off in Section 5.1.2
and landing in Section 5.1.3 are formulated in state space.

FLP in State Space

Considering the second-order characteristics of the FLP dynamics as referenced in (5.1),
the state space

Xe=TQs:={[q], 41" | qr € Q;, s € Tq, Q¢ C R”} (5.10)
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5.1 Running on Rigid Ground

is represented by the tangent bundle of the configuration space Q. The input to the
system is provided by either the acceleration w := {, of the actuated joints or by the
actuators u.

As per the equations of motion that regulate the FLP dynamics as described in (5.1),
the vector field Xf/r()(f, u) = ff,r(xf) + 8¢ r(Xf)u is articulated in correlation with the state
variables x; € T@Q; and the actuators u, as referenced in

[ ] [M (rf+Bfu)] [erf] [ Ole

——
* ff,r<xf) gmxf)

(5.11)

In an alternative approach, the vector field X; ,(x¢, w) := f¢ 1(x¢) + 8¢ (X¢)W is constructed
by employing the acceleration w as system input, as illustrated in

qr qs 0

fom | Mf_éorfo 0 w

Onat| anrfl anMfl2 ’ (5.12)
w 0 Iy

X fe (x¢) 8t (xf)

where oy and Gyar are obtained from equations (5.2a) and (5.2b), respectively.

Discrete Mappings

The discrete transition mappings defined for running on rigid ground are expressed
using state variables x; € TQs in the SSP (Section 3.2.3) and x; € TQs in the FLP
(Section 5.1.4). Specifically, the take-off mapping in (5.5) is rewritten as

x{ = Ao (x5) =

ATO,QH (qs_ ) }
PN (5.13)
ATO,(]f,f (qs ) qs

with states xg = [(q5)",(45)"]" before and x; := [(q;)7,(q])"]" after take-off. The
landing event, expressed as

X\ =80 (x;) = [Hs [0 R*(G)] H.[0 R*(5) O]IL} Mo l:;l (5.14)

maps the last states x; := [(q;)7,(q;)"]" of the FLP to the initial states xJ :=
(@)™, (g9)T]T of the SSP, according to (5.7).
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5 Model for Bipedal Running

Hybrid Dynamics in State Space

The derivation of a hybrid dynamical system elucidating the periodic running gait on
rigid ground is achieved through the integration of the flow within the SSP, governed
by the vector field (3.34) and the take-off mapping (5.13),

Xs = Es(xs) + gs(xs)u ’ Xs & S£ ’
Zrssp : \x{ = Ao (X7) x; € Sf, (5.15)
Sfi= {xs € TQ4| gf(xs) = 0},

as well as the flow within the FLP, regulated by the vector field (5.11) alongside the
discrete landing event (5.14),

x¢ = fo(X¢) + B r(xp)u, xi € S;,
Y FLp i {X5 = Ap (Xf_) p x; €8¢, (5.16)
SF = {xt € TQ| g;(x¢) = 0, r2,x(x¢) = 71,x(x) > 0} .

Within the context of the SSP expression (5.15), the transition surface S! is encountered
through the assessment of the guard function gg (xs) := [1 0] Xs — 010 = Ovirt — O10 With
¢! TQ, — R, which is influenced by a controller parameter 010 that determines the
exact (phase-dependent) moment for the robot to transition into the FLP. Consequently,
010 is considered a gait parameter to be optimized. Furthermore, the reaction force
Fy := [F1,x, F1,2]" exerted on the stance foot by the ground, as specified in equation (3.8),
must be nullified, a condition maintained through constraints implemented within the
numerical optimization process.

In relation to the FLP expression (5.16), the transition surface S; is delineated by the
moment at which the front foot, having previously functioned as the swing foot in
the preceding SSP, makes contact with the ground surface, as indicated in the guard
function ng(Xf) = 1p,,(x¢) with g TQs — R. Moreover, the touchdown position is
required to be situated anterior to the preceding stance foot of the last SSP, as enforced
by the inequality condition r »(x¢) — r1,x(x¢) > 0.

5.2 Running on Compliant Ground

As illustrated in Figure 5.2, running gaits on compliant surfaces are structured by
alternating sequences of single support and flight phases. Notably, the flight phase is
analogous to the case of running on rigid ground. The single support phase, however,
is distinguished by contact with the compliant ground.
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5.2 Running on Compliant Ground

Leg Swap

— Flight Phase —>»  Landing — Single Support Phase — Take-Of —

Stance Leg ~

Swing Leg
J

Figure 5.2: Periodic running gait on compliant ground.

In order to comprehensively address running gaits, this section is structured as follows:
Section 5.2.1 delineates the contact model applicable to compliant ground surfaces;
Section 5.2.2 elucidates the single support phase by considering the compliant contact
at the stance foot; Section 5.2.3 examines the discrete take-off and landing events;
Section 5.2.4 articulates the introduced models within a state space framework.

5.2.1 Compliant Contact Model

Section 2.3.2 provides a comprehensive overview of the formulation of compliant contact
models found within the literature. For the purposes of the thesis study, two specific
variations of the ground model are selected, in accordance with the investigations
reported by Silva et al. in [155] and Carvalho et al. in [30]. Attributed to the kinematic
relations inherent in the full-order system, the foot indentation 6(qs) along with its time
derivative S(qf, ), are ascertained as functions reliant upon the state variables q¢ and
q¢, producing

Fy sitva = Ky 0x(qf) + Bx(sz(qf)éx(qf/ qt) , (5.17a)
F. sitva := K202(qs) + B2 (52(qe)™ d2(qr, ) , (5.17b)

wherein, the nonlinear damping parameters B, and B; are accordingly derived from

B B
Bx = X P BZ = —209 , (518)
5z,max (6z,max) :

serving as corrective terms to address nonlinear damping by employing linear damping
parameters Ex = 625Nsm ! and EZ =715 Nsm_l, in conjunction with stiffness K, =
43405Nm™" and K, = 56840 Nm™!, as specified for the material peat in [155, Table II].
0z,max represents the maximum magnitude of the vertical indentation 0, occurring
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5 Model for Bipedal Running

within the contact period, ascertained through the application of the infinity-norm
0z,max = [|0z]]co-

As highlighted in [30], an intrinsic limitation of the normal force formulation as
delineated in (5.17b) is its propensity to generate negative values. These values
signify non-physical adhesive reaction forces emerging from the ground, predominantly
attributable to numerical inaccuracies, especially when multiple forced contact points are
simulated simultaneously. For the unilateral contact considered in this thesis, the issue
of undesired adhesive forces is mitigated by employing the recommended formulation
as proposed in [30, Equation (40)], given by

Fz,exp = Kexpéz(qf)veq b=(ad) ’ (5.19)

wherein the exponential function ensures exclusively positive values. Parameters Kexp,
7, and v are ascertained through the application of least-squares parameter fitting to
align with the specified value in the model (5.17) and a nominal maximum magnitude
0z,max of ground penetration, as depicted in Figure 5.3.

600 0.6
500
Z 0.4+
2 40| @
\0_: A 0.2+
© 300r g >
&= -,
o 2001 b L
s} 3] 0
€ G
3 100+ =
~ -0.2
0 —Silva
—Carvalho
-100 : : : : -0.4 : : : :
0 2 4 6 8 0 2 4 6 8
Deformation (in mm) Deformation (in mm)
(a) Reaction force over deformation 0. (b) Velocity &, over deformation 6.

Figure 5.3: Parameter fitting to generate similar contact responces using models suggested by Silva in (5.17b)
(in red) and by Carvalho in (5.19) (in blue).
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5.2 Running on Compliant Ground

5.2.2 Single Support Phase on Compliant Ground

The compliant contact law is derived from the models presented in Section 5.2.1, as
articulated in

_ Ky 6x(qs) + Bxéz(qf)(sx(qf/ qr)

- [ Kexpéz(qf)ven b2(qr,qr) ’ (5.20)

F1,(qs, C'If)}

Fi(qt, q) = [Pl,z(qf’ qr)

concerning its application at the stance foot ri(q¢). In particular, the tangential and
normal forces are derived from the formulations (5.17a) and (5.19), respectively, acknowl-
edging that the tangential force may assume positive or negative values contingent upon
the robot’s motion, whereas the normal force is constrained to be positive.

By incorporating the reaction force Fi(qs, ¢¢) of (5.20) into the free-body dynamics (3.5)
via the principle of virtual work and eliminating the force F, in the swing leg, the
equations of motion are formulated as

M¢(q¢)ds = — (Te(qr, q¢) — G| Fa(qs, 4¢)) +Beu,, (5.21)

Tep(qs,9r)

thereby resulting in an underactuated model. Specifically, three degrees of freedom,
indicated by the coordinates [rl,;, Onar]’, are not directly governed by the actuators
u. The generalized forces I, along with the ground reaction G{Fy, are collectively
represented using the abbreviation I'cp(qt, §5), with the subscript “cp” indicating the
compliant ground. The system of equations (5.21) is segmented into components as
indicated in

M gofcm = Mitaiom = = [I 0] Tp, (5.22a)
Mi1100aT + M 1285 = = [0 1 0] Tep, (5.22b)
M 21 05aT + Mendy = — [0 L] T +u, (5.22¢)

wherein it elucidates the inverse dynamics of the SSP on compliant ground, as repre-
sented in

u= (Mf/22 - Mf,21Mf_,llle/12) W+ ([0 14] l"cp - Mf/21Mf_,111 [0 1 0] Fcp) . (5.23)

M, Tep

Within this formulation, the actuator u is represented as a function of the acceleration
W := {p, thereby serving as an alternative input to the system.
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5 Model for Bipedal Running

5.2.3 Take-Off and Landing on Compliant Ground

The interaction mechanism with a deformable ground surface is represented through
the continuous dynamics of ground deformation, ensuring smooth transitions between
system states during distinct take-off and landing events. In this context, simulation of
a single step period exemplifies the periodic running gait, necessitating the interchange
of roles between the front and trailing legs at the landing event.

The transition events are articulated with the following notation: the system states
(position q;tf and velocity q;tf) are defined at the inception and (q; , §; ) at the conclusion
of the FLP. Similarly, (q;, 4 ) are defined at the commencement and (q; , q;) at the
termination of the SSP.

The continuous take-off event is delineated as

EHEE TV L Y (5.24)

and is followed by the exposition of the landing event as

Tstep (q;, f)
0

qfs = Aip,g;, (g g) = RE(7)qp; - .4, =RY 7G5, (5.25)

The swapping of the front and trailing legs is achieved through the (7 X 7)-dimensional
relabeling matrix R*(7), defined as

I,

0
o R (5)] ) (5.26)

Ri(7) = [
with the (5 x 5)-dimensional R*(5) as referenced in (3.21). The augmented matrix R¥(7)
integrates two additional degrees of freedom, which are specified by the coordinates
rcm of the center of mass. Furthermore, the displacement rstep(qgf) corresponding to one
step period is deducted within the landing mapping to preserve periodic step sequences.
Thus, more precisely, the expression “smooth transition” refers to the absence of sudden
velocity variations during both the take-off and landing events. In the framework under
consideration, discontinuities manifest as a result of the reset mechanism employed to
maintain periodic gaits, as single step periods are simulated to generate the complete
periodic gait. Conversely, when the simulation is arranged to accommodate sequences of
multiple steps, the positional transitions display continuity across all discrete mappings.
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5.2 Running on Compliant Ground

5.2.4 State Space Expression
SSP in State Space

Within the state space manifold X = TQy, the equations of motion (5.21) define the
vector field ch(Xfls,u) = ?Cp(Xf/S) + 8ep(xgs)u in association with the state variables
x¢s € TQs and the actuators u, as cited in

. , .
[flf} =[ L& a* }+[ 0 }u. (5.27)
qr M;"! (-T¢p + Bru) -M;'T,|  [M;'Bs

—— S
X fop(x;) Eep(xt.)

Considering the acceleration w := {j, of the actuated joints as the input to the system,
the vector field Xcp(xts, W) := fop(Xts) + gep(Xt,s)W is articulated as shown in

qs qs 0

. -1

fom M}, [ 0] T 0

. = Xep(Xts, W) = 2 + _ w,

BuaT pALS —Mflll1 [0 1 o]Ty —Mflllle,u (5.28)
w 0 Iy

—_———

Xgs fcp(xf,s) ng(xf,s)

wherein components ¥cy and Oyt are derived following the expressions in equations
(5.22a) and (5.22b), respectively.

Discrete Mappings

In state space representation, the take-off mapping in (5.24) is articulated as

+ _ v —
Xf _xf,S =

qf,s

qf,s

, (5.29)

where x; _ represents the states preceding take-off, and x{" signifies the states in the FLP
succeeding take-off. The process of landing, delineated in (5.25) and expressed as

+

X{, = Aip (x7) = (5.30)

ALD,qf,S (qf_, f)
RED)ag, |’

facilitates the transition of the final states X of the FLP to the initial states x;rs of the SSP.
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5 Model for Bipedal Running

Hybrid Dynamics in State Space

The hybrid dynamical model characterizing the running gait is synthesized by the flow
within the SSP, as articulated by

Xf,s = fcp(xf,s) + gcp(xf,s)u ’ Xfs & 55 ’
Tepssp : \X{ = X;, X;, € St, (5.31)
Sti= {xgs € TQ gl(xes) = 0},

and the FLP flow, delineated by

i = fr o (x¢) + & r(xp)u, xi ¢ S,
LepFLP 0 1 Xpg = Ap (X;) , X; € st , (5.32)
S8 1= {x; € TQf| §3(x¢) = 0, r2,x(x¢) = r1,2(x¢) > 0},

with state variables x¢ € TQy in the FLP. Specifically, the switching surface Sf from the
SSP to the FLP is attained when the normal reaction force during the unilateral contact
phase becomes null. This event is represented by the guard function gf(x;s) := F1 . (x¢ ),
which measures the magnitude of the normal reaction force on the compliant ground,
as outlined in (5.20).

The other switching surface st transitioning from the FLP to the SSP is defined by the
moment at which the swing foot contacts the ground surface, as determined by the
guard function ng(Xf) = 1 ,(x¢) with gfs : TQs — R, closely resembling the event defined
for running on rigid ground as depicted in (5.16).

While the system states are presumed to evolve in a continuous fashion, i.e., without
abrupt jumps being pertinent, a hybrid dynamical model remains indispensable due to
the variation of the vector fields across discrete transition events. As demonstrated in
Section 6.2.3, this variability significantly affects the examination of the orbital stability
of the resulting periodic solution.
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The Hybrid Zero Dynamics (HZD) control approach, utilized for the development of
periodic bipedal running gaits, has been rigorously investigated through simulation
studies, as indicated in [35], and substantiated by experimental assessments as described
in [109]. In these analyses, the ground is presumed to be perfectly rigid. The
principal contribution of this chapter resides in extending the HZD control framework
to incorporate compliant interactions with deformable ground surfaces.

The organization of this chapter is as follows: the design of the controller dedicated to
the development of running gaits on rigid surfaces is thoroughly examined in Section 6.1,
while the extension that accounts for compliant contact during the single support phase
of running is explicated in Section 6.2.

6.1 Running on Rigid Ground

The periodic running gaits are delineated by the hybrid dynamical model as introduced
in Section 5.1.4. The feedback controller utilized during the SSP for running is analogous
to that specified in the SSP for walking, as described in Section 4.1.1. In the interest of
completeness, the controller employed in the FLP is discussed in Section 6.1.1. Assuming
that control errors in the SSP and FLP are negligible, the full-order system dynamics can
be simplified to the zero dynamics of a reduced order, as demonstrated in Section 6.1.2.
The orbital stability of periodic solutions arising from the resultant hybrid zero dynamics
is assessed through the application of Floquet theory, as elaborated in Section 6.1.3.

6.1.1 Feedback Control in FLP

The feedback controller is engineered to eliminate the discrepancy between the actuated
joints qp and the reference trajectory q¢(xcm), which necessitates a vector-valued
mapping gy : R = T4 xcm — qu ¢(xcm) that characterizes the desired angle progression
through the utilization of high-order polynomials. In particular, the phase-dependent
trajectory qys(xcm) is organized with consideration of the horizontal position xcm of the
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center of mass as its independent phase variable, due to xcm demonstrating a monotonic
increase throughout the FLP.

Subsequently, the synchronization error h¢(q¢), where hs : Qf — R? is regarded as
holonomic virtual constraints, is expressed as a function of the coordinates q¢ € Qy. This
process concludes with the derivation of the control output y¢, expressed as

yt :=he(q) = gb — qrs(xcm) - (6.1)

To facilitate the construction of state feedback intended to linearize the control task as
specified in (6.1), the calculation advances with the Lie derivative of y; in relation to the
vector field Xf,r(Xf, u) = Ef,r(Xf) + 8¢ r(xf)u with state variables x; € TQs as outlined in
(5.11), resulting in

ve = Lrhe(qy, q¢) = [—@ 0 14] qr - 6.2)

Ixem

Following this, the formulation of the second Lie derivative is delineated as

. 82 rf . P2l - d _
yf:(_ax‘;l B 2 0 LM (-2 0 LM (69)
CM

L Lhe(qr)
L)Z;hf(qf,fh) o

According to the notation outlined in [2, Definition 33], the vector-valued relative
degree {r¢ 1, 1e2, 1e3, 114} = {2,2,2,2} is determined by the controller architecture, which
engages input u and output y;. The discrepancy between the total relative degree
(Z?zl re; = 8) and the system dimension (dim(x¢) = 14) suggests the existence of a
six-dimensional internal dynamical subsystem that remains uncontrollable by the input
actuators u.

State Feedback for Linearization

In addition to these nonlinear internal dynamics, the linearizable component of the
system is characterized by a double integrator behavior between the newly defined
system input v¢ := ¥ and the output y;. The linearization emerges as a result of the
implementation of a static state feedback, denoted by

u= (Lgthf(qf))_l (Vf - £J2;hf(qf, Qf)) . (6.4)
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6.1 Running on Rigid Ground

This feedback is predicated on the assumption that the decoupling matrix Lz £ fhf(qf)
retains its invertibility within the vicinity of the equilibrium point yf = 0, which is
stabilized through high-gain PD-feedback as delineated in

vi = =K, ryr — Ka 1y5, (6.5)

with positive definite matrices K,  and Kg  functioning as proportional and derivative
feedback gains, respectively.

Coordinate Transformation for Linearization

The system dynamics are divided into nonlinear internal dynamics and a linearizable sub-
system, as illustrated via a coordinate transformation. Principally, the six-dimensional
internal dynamics embody the three degrees of underactuation within the FLP. The six
coordinates &; := [cfle, éfTZ]T that characterize these internal dynamics may be selected
arbitrarily, as referenced in [79, Section 5.1].

The implementation of condition L3&;; = L3&¢, = 0 facilitates the formulation of the
internal zero dynamics employing these coordinates & independent of the controller
input u. Subsequently, the solution, in conjunction with the inverse dynamics as
delineated in (5.3), is utilized to ascertain the actuator torques u. Thus, the coordinates
& are defined by

&1 i= [;CM ] = cg1(qs) == [13 0] qr , (6.6a)
HAT

I 0 0

I, 6.6b
0 Msii(qr) Mgia(qr) o (6.6b)

I .
& 1= [ CM] = czo(qr, qf) = [
ocM

with the mappings cg,1 : Q — R3 and ¢g, : Q¢ X Tg,Qs — R® serving as coordinate
transformations for &; and & ,, respectively. In expression (6.6b), the angular momen-
tum ocm with respect to the center of mass is conjugate to Ogar and remains conserved
throughout the FLP, i.e., 6cm = 0, due to the gravitational force being the only external
influence exerted on the robot.
Furthermore, the coordinates pertinent to the linearizable subsystem are obtained via
the Lie derivative, as demonstrated in (6.2), and are elucidated in
[nm] | e
Ni2

Lrhi(qr, q¢)| ©7)
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The extensive coordinate transformation [/ ,n/,,&{;,&[,1T = Wi(x) is delineated
through the mapping W : TQ; — R, x¢ — We(x¢), which forms a diffeomorphism,
attributable to an invertible Jacobian Jy ¢ := JW¢/dx; = [8\I’f /9qs , dW¥¢/ qu].

Two-Stage Control Law

An alternative formulation to accomplish the virtual constraints in the FLP as referenced
in (6.1) is achieved via the application of the Lie derivative to y; with respect to the
vector field X;,(x¢, w) as described in (5.12), yielding

axCM

¥ = Lhi(a a) = |22 0 Lar. (63)

Subsequently, the expression of the second Lie derivative is articulated as

a2qrf 2 aqrf
Tl [ P> RA VLNV R PR 6.9
ys ( &XéM CM 8xCM M 4 ( )
Lg-[:fhf

L?hf(qf:qf)

with ¥cpm = 0 in the expression szchf in (6.9), due to the absence of air drag during
the flight. The system’s linearizable component is delineated by a double integrator
behavior connecting the newly defined system input v := ¢ and the output y¢. This
linearization emerges as a result of the state feedback, as described in

w=1I (Vf - -Cj%hf(CIf/ éﬁ)) : (6.10)

The decoupling matrix Ly Lhg = 14 is evidently non-singular and invertible within the
neighborhood of the equilibrium point y¢ = 0, which is stabilized via the PD-feedback as
expounded in (6.5). Subsequently, the inverse dynamics depicted in (5.3) are employed
to ascertain the actuator u = Mfw + ff.

6.1.2 Zero Dynamics

The high-gain feedback (6.5) guarantees the presence of a stable equilibrium point
ys = 0, which corresponds to the linearizable partition of the full-order system. At this
equilibrium point, the residual internal dynamics are considered as zero dynamics of
the FLP, which are then combined with the zero dynamics of the SSP in Section 4.1.2 to
construct the hybrid zero dynamics of running.
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Continuous Invariance

At the equilibrium point y¢ = 0, the zero dynamics manifold Z¢ is described as
Zi = {x¢ € TQ| he(x¢) = 0, Lrhe(x¢) = 0}, (6.11)

forming a six-dimensional submanifold embedded within TQ;. This submanifold
is defined by the local coordinates &; as established in (6.6), which are utilized for
representing the system states x; € TQ; within the FLP state space, articulated as

. =0
= gt |2 ) (6.12)

¢ &€Zs

where \I’f_l signifies the inverse of the diffeomorphism W¢. The elimination of the control
error yr = y¢ = 0 on the submanifold Z¢ converts the feedback (6.4) for linearization into

-1
o= - (LeLrhda)) Lihe(ar, dr) (6.13)

Zs

Furthermore, the invariance of FLP zero dynamics with respect to the dynamics of the
closed-loop system utilizing state feedback u” is consistently preserved. This occurrence
is attributed to the vector )'(? = ff,r(x?) + gf,r(x?)uo, which delineates the progression of
the state variable x? € Zs, continuously maintaining tangency to the zero dynamics
manifold Z;, associated with the condition £ f-hf(X?) = (Jdhyg/ aXf)|xf:x0 )'(? =01in (6.11).
The invariant zero dynamics delineated in Zf are ascertained throagh a system of
ordinary differential equations, analogous to [177, Equation (9.18)]. The resultant zero

dynamics &; = f; zp(&;) are articulated in coordinates &1 and & ,, as delineated in

. 1 0 0

&1 0= [;}CIZAT] = Lié&a| = 0 ; 10 |&,, (6.14a)
< _Mf_,111Mf/12 a:cr;[ 0 Mf_,lll
xe,1(Ef1)

.. 0
&t 1= [;CM] = Li&n| = |8 (6.14b)

M Z 0

—_——

Kf2
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The term GHAT, as mentioned in (6.14a), is deduced from equation (6.6b), considering
the virtual constraints qbl 7, = duf and c]b| 7= (dqy,¢/dxcm )Xcm that are consistently
applicable to the zero dynamics manifold Zs.

Discontinuous Invariance

The notion of discontinuous invariance is explicated with regard to both take-off and
landing phenomena, as referenced in Section 5.1.2 and Section 5.1.3, respectively. Initially,
the take-off mapping (5.13) is defined on the surface Zs, N S!, a one-dimensional
submanifold embedded within TQg o. Employing coordinates &; € Zs, N S! pertaining
to the zero dynamics in the SSP, the take-off mapping is represented as

o A [Er Btreend | 6.15)

= =A 5
€z ("f+ ) Z v 22 (80 0 ))} .Zs,rm%

where the system states x; = W71 ([07,07,(&;)T]7) are obtained from the diffeomor-
phism described in (4.14) at the precise moment preceding take-off. Furthermore,
discontinuous invariance at the take-off is established if, following the mapping, the
system states remain on the zero dynamics manifold associated with the subsequent
FLP, as demonstrated in A?C%D (Zsx N Sf) € Z:.

The determination of whether a trajectory achieves intersection with the surface Zs ;N S!
is facilitated through the assessment of the guard function gf(xs) in accordance with
(5.15); this process is executed on the zero dynamics manifold Zs as

=0. (6.16)
Zs,r

gi,HZD(gs) = gi(xs)

Furthermore, the landing mapping (5.14) is defined on the surface Zf N S, which
constitutes a one-dimensional submanifold embedded within T@Q;. The zero dynamics
coordinates &; € Z¢ N S} in the FLP articulate the landing as

& = [EZ g::ﬂ 'Z‘ = AMZD (57) = Zj Eiz E:::;; o (6.17)

where & € Z;, signifies the initial states for the SSP following the impact. Thus, the

landing is considered a discontinuous invariance if condition A{'sP (Zf N st) € Zs,is
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6.1 Running on Rigid Ground

consistently fulfilled. The guard function g7 (x¢) delineated in (5.16) is articulated within
the FLP zero dynamics coordinates &; € Zs as

Siuzp(&e) = g(x)| =0. (6.18)
Zs

Hybrid Invariant Zero Dynamics

The formulation of the hybrid zero dynamics pertaining to periodic running gaits is
accomplished through the combination of the vector fields within the zero dynamics
manifolds of the continuous SSP (specified in equation (4.16)) and FLP (described in
equation (6.14)), alongside the discrete transition mappings given in the equations (6.15)
and (6.17). Therefore, the formulation of the hybrid zero dynamics is presented in

és = fS,ZD(gs) ’ gs_ ¢ Zs,r N Sg ’
HZD & =A5P (&), & €Zo:nSE,
T E = fip(8), & eZinSy,

& =05 (&) & eZinSt,

(6.19)

accompanied by graphical representations in Figure 6.1.

Z, NSt

AFEP (2i N SF)
ATEP (Z,, NS zZnsS;

Figure 6.1: The zero dynamics manifolds for running are depicted. A solid line represents the solution curve
within the continuous domain, whereas a dashed line denotes the discrete transition mapping.

This system is defined as hybrid invariant if the zero dynamics ensure continuous
invariance relative to the dynamics of the closed-loop system while demonstrating
discontinuous invariance with respect to the transition mappings. In such an invariant
system, the solution ®,,r (&5, ) involves the integration of both discrete impulsive
jumps and continuous trajectories @, zp (&7, t) and @¢zp (&, t) within the SSP and FLP
domains, respectively.
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6 Control Design for Running

In a more precise manner, the right-continuous trajectory, referred to as the solution
curve @, 7p (&5, t) of vector field f zp(&,), is delineated within the SSP domain, whereas
the solution curve ®;zp (E,’;r, ) of vector field f;zp(&;) is delineated within the FLP
domain. The initial condition ®pyn (&5, =0) = &, € Zsr N S£ of the overall solution
@un,r (&, 1) is prescribed on the transition surface before take-off. Subsequently, the
states &/ = A?OZD (&) € Zs are employed to initialize the solution curve ®¢zp (&7, ).
Similarly, the landing event facilitates the transition of the states at the conclusion of the
FLP to SSP, as represented by & = AHZD (&7) € Z, ..

Furthermore, the intervals ¢s and t; within the SSP and FLP domains, respectively,
are ascertained according to phase-dependent transition events. Consequently, the
step duration frnr = fs + f¢ is derived by aggregating the intervals of these two
domains. Periodic solutions that fulfill the condition ®rynr (&5, t) = Pruny (&5, t + trun,r)
are identified via the multiple shooting method.

6.1.3 Orbital Stability

Upon obtaining a periodic solution ®unr (&5, 1) = Prunr (&5, ¢ + trun,r) through opti-
mization, its orbital stability is evaluated by determining the monodromy matrix !, as
articulated in

0@ 7p (&, 1)
&f

aq’run,r (55_/ trun,r) S [ c—
Drun,r = 85; = Fs (ts) Cf (gf )

ct(&) .
(6.20)

F ¢(tf)

Specifically, the fundamental matrix solution F; (f5) in the SSP corresponds exactly to
that established for the walking gait as delineated in equation (4.21). In the FLF, F, ¢(f) =
9Pszp (&, 1) /9&} is deduced from the variational equation F,¢ = (9f;zn/0&;)F, s,
employing the initial conditions F, ¢ (t = 0) =

The saltation matrices C¢ (&; ) and Cf (&;) are delineated as

IAHZD (57 fs,70 (&5) = ngfsf )ff zp(&¢) | ng(&r)
+ 7
233 ni(&; ), zp(&)

C (&) = (6.21a)

It should be noted that the choice of the hyperplane for evaluating the monodromy matrix is arbitrary
as long as the solution trajectory intersects the hyperplane transversally. Pertaining to running on
rigid ground, the FLP features three unactuated degrees of freedom, whereas the SSP has only one.
Consequently, the dimension of the monodromy matrix evaluated within the FLP is (6 x 6), while in
the SSP, it is (2 x 2). Despite both resulting in the same magnitude of the largest Floquet multiplier,
considering system states in the SSP streamlines the process of determining the resultant eigenvalues.
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6.1 Running on Rigid Ground

IATED(ED)

8A¥SD (gs—) . (ff/ZD (52—) - Tfs,ZD(é;s_)) ng(‘s;)

C£ S_ = —
(&)= —5 nl(8)fs 0 (7

, (6.21D)

characterized by normal vectors nf(&f) := (dg{11p / dé&;) associated with the landing

surface and nf(&;) := (8g§,HZD / &) related to the take-off surface. In particular,

conditions
nf(E)E (&) 0, & € Z,nSE, (6.22a)
n; (& )fezp(&;) # 0, & €ZinNS;, (6.22b)

hold true provided that the trajectory ®unr (&5, 1) intersects the transition surfaces
transversely, according to [177, Section 9.4]. With respect to the running gait, the
condition (6.22a) implies that the angular velocity Qvirt|z st # 0 of the robot’s body

remains non-zero upon approaching the take-off surface gf(xs) := [1 0] Xs — O10.
Furthermore, the condition (6.22b) is satisfied when the vertical velocity of the contacting
foot is non-zero.

The monodromy matrix Dyyn » characterizes the evolution of an initial deviation 6&; (0)
in the system states along the trajectory after one period cycle tyyn,r. This phenomenon
is represented by the monodromy matrix Drunr as 0&g (trunr) = Drunyr 0&(0). The
determination of whether the deviation 6&, (0) diverges from or converges towards zero
is defined as orbital stability, which is assessed through the eigenvalues, known as
Floquet multipliers, of the (2 X 2)-dimensional monodromy matrix Dyyn -

Notably, a trivial multiplier Ag = 1 emerges due to the inherent autonomous nature of
the hybrid dynamical system; the other nontrivial multiplier is indicative of the stability
of the solution curve. The tangent vector f;zp(&;) of the trajectory functions as the
eigenvector associated with the trivial eigenvalue Ag = 1. An orthogonal projection
of the monodromy matrix Dyynr is achieved through the application of a symmetric
orthogonal projector Pryn r, denoted as

fs,7z0(&5 )fs,zn(&5) T
£570(85) fs,20(&5) |

ﬁrun,r = Prun,rDrun,rPrun,r ’ with Prun,r = 12 - (623)
which effectively nullifies the effect of the trivial multiplier Ag = 1. Consequently, the
nontrivial multiplier A = tr(Dyyn ) corresponds to the trace of the projected monodromy
matrix ]ADmnlr, due to the nullity of one. The constraint on the solution space for the
optimization of stable running gaits is established as an inequality, represented by
|A] < 1.
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6 Control Design for Running

6.2 Running on Compliant Ground

The Hybrid Zero Dynamics (HZD) control framework is implemented for the running
model on compliant ground as delineated in Section 5.2.4. Fundamentally, the controller
shares similarities with that formulated for running on rigid ground, as presented in
Section 6.1. The primary distinction between these environmental scenarios lies in the
augmented degrees of freedom, which remain unaffected by the actuators u in the
joints. Consequently, the controller within the SSP is elaborated in Section 6.2.1, and
it is integrated with the previously established controller in the FLP in Section 6.1.1 to
construct a hybrid zero dynamics model of reduced order as detailed in Section 6.2.2.
The orbital stability of the periodic solution trajectory of the resulting hybrid zero
dynamics is examined in Section 6.2.3.

6.2.1 Feedback Control in SSP

The feedback controller is constructed to enforce virtual constraints on the actuated
joints qp, thus synchronizing them with the reference trajectory qy,cp(xcm). In particular,
the vector-valued mapping qr,cp : R — T xom — qr,cp (xcm) is delineated by high-order
polynomials that consider the center of mass position xcm as the independent phase
variable, necessitated by the monotonic progression of xcy during the SSP. Subsequently,
the synchronization error he,(qf) with hep @ Qf — R* is identified as the control output
Yep, articulated as

Yep = hcp(qf) =q9p — qr,cp(xCM) . (6.24)

Feedback linearization is achieved by differentiating the nonlinear control output yp
twice utilizing the Lie derivative along the vector field )?CP(Xf,S, u), as described in (5.27),
with the state variables x¢ s € TQy, thereby yielding

- - 991, .

Yep = Lihep(qs, qf) == [_% 0 I4] qs (6.25a)

. Pqu s, J - J _

Vep = (—%xéM -5 0 LM |+ (-5 0 | MB)u,
*em

Ly Lihep(qr)
szghcp(qf:qf) e

(6.25b)

Owing to Lzhey, =0and L3 L fhcp # 0, the characterization of the vector-valued relative
degree {1,762, 763, ra} = {2,2,2,2} is determined by the controller architecture with
respect to the control input u and output ycp.
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6.2 Running on Compliant Ground

State Feedback for Linearization

The disparity between the total relative degree (i, 7¢; = 8) and the system dimen-
sion (dim(x¢s) = 14) indicates the presence of a six-dimensional internal dynamical
subsystem that remains invariant to the input u. Moreover, apart from these nonlinear
internal dynamics, the linearizable aspect of the system exhibits a double integrator
behavior between the newly defined system input v, := J, and the output ycp. This
linearization arises consequent to the application of state feedback, denoted by

u= (£§£fth(qf))_1 (vcp — Lihep(q, qf)) , (6.26)

on the premise that the decoupling matrix £; £ fhcp(qf) maintains its invertibility in
the neighborhood of the equilibrium point y; = 0. The equilibrium point is stabilized
through the implementation of a high-gain PD-feedback, specified as

Vep = —Kp,cpyCp - Kd,cp}"cp . (6.27)

In this context, positive definite matrices Kp ¢p and Kg ¢, function as the proportional
and derivative gain constants, respectively.

Coordinate Transformation for Linearization

In relation to the control task (6.24), the system is decomposed into the nonlinear internal
dynamics of six dimensions and the eight-dimensional linearizable subsystem via state
feedback. Specifically, the internal dynamics are associated with three degrees of
underactuation occurring within the SSP on compliant ground. The coordinates &, :=
[ ch,1/ ‘SCTP,Q]T are selected to ensure the condition L3&, 1 = L3&,» = 0, consistent with
the rationale detailed in Section 6.1.1. The coordinates &, are expressed as

cMm -
= = = |1 p 6.28
Eep 1 [GHAT] éa(qr) = [Is 0] g (6.28a)
fonim [PCM] = Gea(ar a0 = I 0] Mdap)dr, (6.28b)
ocMm
gcp,O(qf)

with mappings &1 : Q — R3 and &, : Q X T Q — R3 serving as coordinate
transformations for &, ; and &, 5, respectively. In this context, &, , encompasses the
translational momentum pcym and the angular momentum oy relative to the position
rcm of the center of mass. Moreover, the coordinates relevant to the linearizable
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subsystem are derived through the application of Lie derivatives, as demonstrated in
(6.25), and are comprehensively elucidated in

ncp,l =
ncp,2

The coordinate transformation [nCTP 1,11ch 2,5; 1,5; o7 = Wep(xss) is characterized

th (qr)

) . 6.29
-Ljfhcp(qf/ qf) ( )

by the mapping W, : TQs — RM; xqs — Wep(xis), which constitutes a diffeo-
morphism due to the presence of a non-singular Jacobian Jyp = W /dxis =

[a\Ifcp/8qf , 8\Ifcp /8qf ] .

Two-Stage Control Law

An alternative methodology involves linearizing the control output y, by applying two
Lie derivatives along the vector field Xcp(xts, W) := fop(Xts) + 8ep(Xts)W, as delineated
in (5.28), thereby resulting in

. . Iqyr,c .
Vep = Lrhep(qg, 4f) = [— 0 14] qaf (6.30a)
a2qr cp .o dqr cp
Yep ( Qxé " Xem Ixent Xcm 4W ( )
8zqr cp .o aqr cp
= -5yt ot i o|Te|+ LW, 6.30c
( 8xéM M &XCM Miotal cp 4 ( )
Lgthcp

L}hcp(qfrqf)

where ¥cm = — [1 [ Miotal 0] I, within (6.30b) is deduced from the equation (5.22a).
Furthermore, the aspect of the system that can be linearized demonstrates a double
integrator dynamic between the newly defined system input v, := ¥ and the output
Yep- This linearization arises as a consequence of the state feedback, as articulated in

w =14 (Ve — Lhep(ar, 1)) - 6.31)

Itis apparent that the decoupling matrix L L¢hep = Iy maintains its invertibility near the
equilibrium point y¢ = 0. The stabilization of this equilibrium point is achieved through
the application of a high-gain PD feedback, as detailed in (6.27). Subsequently, the inverse
dynamics described in (5.23) are utilized to determine the actuator u = Mcpw + l_"cp.
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6.2 Running on Compliant Ground

6.2.2 Zero Dynamics

The application of high-gain feedback (6.27) enables the achievement of an asymptotically
stable equilibrium point y¢ = 0, where the residual internal dynamics manifest as the
zero dynamics of the SSP on compliant ground. These dynamics are then combined with
the zero dynamics of the FLP, as detailed for running on rigid ground in Section 6.1.1,
to construct the hybrid zero dynamics relevant to running on compliant ground.

Continuous Invariance

At the equilibrium point y¢ = 0, the zero dynamics manifold Z, is established as
-Zcp = {x¢s € TQ hcp(xf,s) =0, ~£J?hcp(xf,s) =0}, (6.32)

which is a six-dimensional submanifold embedded within T@Q;. The coordinates &,
elucidated in (6.28) facilitate the representation of the system states x;s € Z., within
the submanifold, as given by

ncp,l =0
=0
xio| = [‘?f} = wl| T2 . (6.33)
Zcp qs Zcp écp,l

6Cp,2 }_;Cp c Zcp

This representation employs the inverse ‘I’gr} of the diffeomorphism coordinate trans-
formation W¢p. In particular, within transformation (6.33), the velocity component g
presented in Z, is expressed as

ohy 171
Iqs

Ucp,()(qf)

qr

ohy |71 0
Iq¢ [I } Ecp,Z , (6.34)
O'cp,O(qf) 3

ncp,Z =0 —
gcp,Z

ZCP

making use of 0¢p,0(qs) as delineated in equation (6.28b). Assuming a vanishing control
error yf = yr = 0 converts the feedback (6.26) for linearization on the submanifold Z,
into

, (6.35)

-1
= — (L:Lheo(q))  L2heo(qs, )
( §=~frcp ) f P Zcp

which provides the invariance of the SSP zero dynamics with respect to the closed-loop
system.
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6 Control Design for Running

The zero dynamics corresponding to Scp = fcp,ZD(chp) as described in Zp, are articulated
in the form of a system of ordinary differential equations, as specified in

ohy |71 0
Iqs [I } Eep2 s (6.36a)
0cp,()(qf) 3

=[5 0]
Zcp

écp,l = [IS 0] qf

<p

Kep,1 (gcp,l)

900"
= (q;rpaqu - [IS 0] l—‘cp) ’ (6.36b)

<p

écp,2 = Lf‘fcp,Z

<p

ch,Z(EcpJ /gcp,Z)

with qf| Zo in equation (6.36a) deduced from equation (6.34).

Discontinuous Invariance

The discontinuous invariance of the solution curve with respect to the transition
mappings of take-off and landing, as described in Section 5.2.3, is examined. Specifically,
it is hypothesized that the transition of state variables during take-off, from interaction
with the compliant ground to the flight phase, is smooth, as articulated in equation
(5.29). The discontinuity refers to the fact that the vector field differs before and after
the transition.

Utilizing zero dynamics coordinates as outlined in &, € Zcp within the SSP and &; € Z;
within the FLP facilitates the articulation of the take-off as expressed in

(V] (X;’) » B cs1 (Xf_ )
& = ( +) = AP (5Cp) = ( _'S) ) (6.37)
cso[x cso | x 5
@2z 2\ ) zn8
The states of the system, x; = \PC‘I} ([OT,OT,(EC_p)T]T), Ep € Zop N Sg, are deter-

mined in accordance with the transformation delineated in (6.33). The discontinuous
invariance relative to the take-off is established through the condition specified in
AP (Zo 0 8) € 20

The guard function §f(x; s), responsible for assessing whether the trajectory intercepts
the switching surface Sf specified in (5.31), is formulated on the zero dynamics manifold
Zep, as delineated in

=0. (6.38)
ZCP

g;,HZD(gcp) = g:g(xf,s)

118



6.2 Running on Compliant Ground

Similarly, the landing event as outlined in (5.30) is articulated within the zero dynamics
manifolds Z, and Z¢ of the SSP and FLP, respectively, as

Cs (X;r ) ~ _ Cs1 (ALD (Xf_ ))
=10 =NEP (&) =" ) ) , (6.39)
A 22 (8o ()|
Cp f

wherein the system states x; = \I’f_l ([07,07,(5)"17), & € Zkn Sf’ are established in
accordance with the transformation described in (6.12).
The discontinuous invariance pertaining to landing is characterized by condition

A{%D (Zf N st) € Zep- In this context, the interaction on the switching surface st
defined in (5.32) is evaluated on the zero dynamics manifold Z; as

=0. (6.40)
Zs

ng,HZD(éf) = gfs(xf)

Hybrid Invariant Zero Dynamics

The formulation of hybrid zero dynamics related to periodic running gaits on compliant
ground is achieved by integrating the vector fields within the zero dynamics manifolds
of the continuous SSP (as specified in equation (6.36)) and FLP (detailed in equation
(6.14)), in conjunction with the discrete transition mappings outlined in equations (6.37)
and (6.39). Consequently, the hybrid zero dynamics can be delineated as follows:

Sp = fCP,ZD(écp) , ~§C_p ¢ ZepN sz ,
syzn |67 = 88" (65) - &5 Zon L,
&= frzn(&p), & eZinS;,
g =ME (&), & ezinS;.

(6.41)

The hybrid invariance of the zero dynamics is characterized by the continuous invariance
of the overall solution curve @y p (Ef_, t) with respect to the closed-loop system,
alongside its discontinuous invariance concerning the discrete transition events.
Specifically, trajectories ®cp zp (ggp, t) and ®; 7p (5;, t) constitute the solutions to the
vector field within the continuous SSP and FLP domains, respectively. These trajec-
tories are interconnected to compose the comprehensive solution curve ®;yn,cp (éf’, t),
facilitated through the discrete transitions of the system state variables as elucidated in
(6.41).

The differential equations governing the SSP are identified as stiff due to the contact
interactions with the compliant ground. Consequently, minor adjustments in the
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gait trajectory through numerical optimization can result in significant variations in the
ground reaction force, complicating the optimization convergence to a feasible minimum.
Conversely, the differential equations in the FLP exhibit less stiffness, primarily defining
a parabolic trajectory for the center of the mass position. To enhance optimization
performance, the initial condition for the overall solution trajectory Drun,cp (};;, t) is
determined at the conclusion of the FLP, specifically at the landing surface & € ZfN st
Moreover, the intervals f; and t; within the SSP and FLP domains, respectively, are
determined in accordance with phase-dependent transition events. As a result, the
duration of the step tuncp = fs + ¢ is obtained by the summation of the intervals
from these two domains. Periodic solutions that satisfy condition ®uncp (éf_, t) =
Drun,cp (ig,t + tmnlcp) are identified through the application of the multiple shooting
method.

6.2.3 Orbital Stability

Considering a periodic solution @unep (&7 ,t) = Pruncp (7t + trun,cp) With period
trun,cp for the hybrid zero dynamics system (6.41), the assessment of orbital stability is
conducted through the computation of the monodromy matrix, as articulated by

0®p, 7D (Ez—p! f)
9L,

OPrun,cp (&5, trun, < (e
Drun,cp = - Cpa(gi ik Cp) = Fr,f (tf) Cg (gcp)
f

C (&), (642)

t=ts

Fr,cp (ts)

with the fundamental matrix solution F, ¢ (f) adopted from the FLP in the monodromy
matrix in (6.20). Analogously, F;p, (ts) represents the fundamental matrix solution

within the SSP domain. The saltation matrices, denoted by Cf (é;c_p) and C? (&), are

defined as

3 _ 9AHZD (cff_) (fcp,ZD( :p) - LS&‘(Ef)ff ZD(‘ff )) ~s(€f)

S (- LD 4
A R o) o oA
RHZD (- fizo (&7) — 6 o) g (&cp) | RE(ES)
3 IATS (5cp) bZD 15 i pZDiGep) [Tsloep
¢t (5gp) S — — _ , (6.43b)
€Cp ns(gcp)fcp,ZD(gcp)
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wherein the normal vectors fif(&) := (d ng’HZD / d&;) pertain to the landing surface and

ﬁg(&cp) = (d g;HZD / dé.p) correspond to the take-off surface. Notably, the conditions
specified in

A8 )fpzn(Ep) 20, &5, € Zp NS, (6.44a)
A (& )frzp(&;) # 0, &ezinSs, (6.44b)

are satisfied given that the trajectory ®,un,cp (Ef_, t) intersects the transition surfaces in a
transverse manner.

The (6 x 6)-dimensional monodromy matrix Drun,cp is characterized by six eigenvalues,
commonly referred to as Floquet multipliers. Asexpounded by the Abel-Ruffini theorem
in [80, Section 4], it is generally impractical to solve equations of degree higher than
four by radicals . Since the eigenvalue problem involves determining the roots of
the characteristic polynomial, the resolution of these six eigenvalues necessitates the
utilization of iterative algorithms. Indeed, the orthogonal projection described in (6.23)
produces a matrix of equivalent dimension with a nullity of one. This suggests that
the trivial multiplier A9 = 1 becomes zero following the projection, even though it
still necessitates iterative determination, which requires considerable computational
resources.

Nonetheless, to reduce computational effort and enhance convergence behavior, it is
crucial to minimize the number of eigenvalues requiring computation. Consequently, an
alternative methodology has been formulated to directly reduce the dimensionality of
the monodromy matrix by utilizing orthogonal projection. A (6 x 5)-dimensional matrix
Q. , composed of five basis vectors forming its columns, is constructed through the
application of Algorithm 1 in Appendix B. These basis vectors establish the orthogonal
complement to the specified eigenvector f; 7p(&; ) associated with the trivial eigenvalue
Ao =1, which symbolizes the tangent vector of the solution curve at the landing surface.
Subsequently, the (6 x 6)-dimensional monodromy matrix Dyun,cp is projected onto the
orthogonal subspace, as outlined in

ﬁrun,cp = QIDrun,chJ_/ (6.45)

where the five eigenvalues of the projected monodromy matrix ]A)run,cp € R are
determined through the iterative Algorithm 2 in Appendix B.

It is generally observed that the eigenvalues of the orthogonal complement to an
eigenvector of a given matrix may differ from those of the original matrix. In specific cases

2 Asolution expressed in radicals constitutes a closed-form expression that incorporates algebraic operations

including addition, subtraction, multiplication, and division.
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such as symmetric matrices, the eigenvalues of the orthogonal complement coincide
with those of the original matrix, except for the eigenvalue associated with the particular
eigenvector used for projection. The primary objective of the eigenvalue problem
addressed herein is to determine the orbital stability of the periodic solution curve
rather than to compute the exact eigenvalues. Employing orthogonal projection as
a coordinate transformation for the fundamental matrix solution facilitates a deeper
understanding of the subspace orthogonal to the flow direction, thereby elucidating the
convergence or divergence behavior of state perturbations.

Consequently, the eigenvalues of the projected monodromy matrix ﬁrun,cp are identified
as the nontrivial Floquet multipliers A, which are evaluated according to the criterion for
orbital stability. Specifically, the periodic solution curve is considered stable provided
that the magnitude of the largest multiplier satisfies |A| < 1.
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7  Numerical Optimization

The process of generating highly energy-efficient walking and running gaits for the
examined biped model is conceptualized as an optimization problem, with the ultimate
objective of minimizing energy consumption during locomotion. Constraints of physical
feasibility and gait stability in the simulation are incorporated into the optimization
framework. This constrained optimization problem is addressed using a Sequential
Quadratic Programming (SQP) algorithm.

Specifically, the previously developed Hybrid Zero Dynamics (HZD) controller ensures
synchronization of the robot’s movement with reference motion, which is parameterized
through high-order polynomials. The associated polynomial parameters are considered
as gait parameters subject to optimization. Additionally, to maintain flexibility in
redesigning the mechanical system post the production phase of a biped robot, elastic
compliant mechanisms are employed to connect adjacent rigid body segments. The
characteristics of these elastic couplings are deemed mutable mechanical parameters
that can also be optimized.

The formulated optimization problem seeks to simultaneously optimize these gait
parameters of the controller and the elastic coupling parameters to enhance the energy
efficiency across varying gaits and environments. Evidently, a salient advantage of
the simultaneous optimization formulation is that it ensures the optimized gait aligns
closely with the mechanical system’s resonance behavior, thereby minimizing actuator
efforts required for locomotion across diverse scenarios.

This chapter expounds upon an optimization problem structured as follows: in Sec-
tion 7.1, the objective function subject to minimization is articulated; in Section 7.2, the
configuration of elastic couplings among the robot’s rigid body segments is delineated;
in Section 7.3, the incorporation of Bézier curves as high-order polynomial reference
trajectories into the controller design is outlined; in Section 7.4, optimization-targeted
gait parameters for bipedal walking and running are derived; in Section 7.5, optimization
constraints ensuring physically feasible and stable periodic gaits are described; and in
Section 7.6, a synopsis of the formulation as a nonlinear constrained optimization
problem is presented.
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7 Numerical Optimization

7.1  Objective Function of Optimization

The goal of the optimization is to enhance the energy efficiency of locomotion, which
is assessed using the dimensionless metric known as the cost of transport (CoT). The
CoT is conceptualized as the ratio of the aggregate energy consumption to the product
of the travel distance and the robot’s total mass. In simulation scenarios, periodic gaits
are treated as repetitions of singular step periods; consequently, the energy expenditure
during a single step is utilized to assess the Col, as expressed in

tS €]
?:1 /(.J P max (0, Pmech,i) dt

Miotal § gstep

fobj(‘gopt) = Col':= ’ (71)
while the total mass Mty is described in (3.3). The exhaustive array of optimization
parameters, as elucidated in &, includes both the mechanical design parameters of the
compliant mechanisms operating as elastic couplings, as specified in Section 7.2, and
the gait parameters relevant to walking or running, as outlined in Section 7.4.

The mechanical power Pmech,i = ifb,i, I € [1,4] is ascertained from the torque u; € u
generated by the electric drivetrain in conjunction with the angular velocity gv; € qp
of the joint. The recuperation of electrical energy during actuator deceleration is disre-
garded, thereby excluding negative mechanical power, which signals the motor operating
in generator mode, through the application of the max(-) operator. Furthermore, in this
preliminary analysis, Ohmic losses are omitted based on the presumption I?R < Prnech,i,
i € [1,4], wherein I denotes the electric current and R represents the electrical resistance.

7.2  Parallel Elastic Couplings

The studies presented in [17, 18] have investigated improvements in the energy effi-
ciency of bipedal locomotion facilitated by parallel elastic couplings. These researches
particularly focus on the walking gait of robotic models with three and five segments
operating on a rigid, flat surface. Building on their findings, the present thesis extends
the framework to include a range of complex gaits and varied environmental conditions,
as previously elaborated in the earlier chapters.

Acknowledging the dependency of elastic potential energy V¢ «(q¢) on the configuration
q¢, the equations of motion (3.5) are augmented by the generalized force Te(qs) :=
IVt e(qr)/dqs resulting from the elastic couplings, as delineated in

Mg + Ff(qf, qf) + l“e(qf) = Biu + GIFI + G;Fz . (7.2)
—_——
rgen(qf/qf)
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It is noteworthy that the integration of all generalized forces, particularly the recently
introduced elastic coupling as referenced in l"gen(qf, q¢), does not alter the derivation
process of the control design nor the resultant hybrid zero dynamics pertaining to
walking and running, as previously discussed. Consequently, the control design
employed is derived from scenarios wherein elastic coupling is absent. Of greater
significance is the parameterization of the elastic coupling, which is introduced as
mechanical design parameters that require optimization.

In practical applications, parallel elastic coupling is achieved through the utilization of
torsional springs, which serve to interconnect multiple rigid body segments. These tor-
sional springs are implemented via compliant mechanisms, exhibiting nonlinear torque-
angular displacement characteristics [187]. Within the framework of simulation-based
efficiency analysis, these properties are modeled using cubic splines ! characterized by
nsp = 9 independent control points. In particular, one of the control points is located at
the neutral angle, corresponding to zero elastic torque, whereas the remaining ns, —1 = 8
control points modulate the nonlinear characteristics of the spline, namely, a € RS.
The optimization process involves the simultaneous optimization of both the design
parameters of the compliant mechanisms and the gait parameters in the controller,
seeking to harmonize the gait with the mechanical system, thereby enhancing energy
efficiency across various scenarios.

7.2.1 Configuration of Parallel Elastic Couplings

Theoretically, any pair of segments exhibiting relative rotational motion can be elastically
coupled. However, the principal aim of this research is to demonstrate the feasibility
of elastic coupling within a robotic prototype via empirical experimentation. To ensure
practical applicability, this investigation is confined to the elastic coupling of adjacent
segments, resulting in three distinct configurations, as specified in

* Upper body - Thigh (UT): Coupling between upper-body and thighs through two
identical mechanisms in Figure 7.1a;

¢ Thigh - Thigh (TT): Coupling between thighs through a single symmetric mecha-
nism in Figure 7.1b;

¢ Thigh - Shank (TS): Coupling between thighs and shanks through two identical
mechanisms in Figure 7.1c.

and depicted in Figure 7.1.

1 Cubic splines provide smooth, C?-continuous curves that interpolate all given data points, making them

ideal for applications requiring high smoothness, such as data fitting. Their piecewise definition allows for
efficient representation of long, complex curves, while local control ensures that changes to one segment
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(a) Elastic coupling between the (b) Elastic coupling between the (c) Elastic coupling between the
upper body and both thighs. thighs. thigh and the shank.

Figure 7.1: Configurations of elastic couplings between the neighboring rigid body segments.

Earlier investigations in [17, 18] indicate that the integration of elastic couplings between
the thighs and shanks (TS) at the knee joints results in merely negligible improvements in
energy efficiency. Hence, this aspect is excluded from the scope of this thesis. Owing to
the symmetry intrinsic to the robot model, the UT configuration permits the integration
of two identical compliant mechanisms within both left and right legs. The neutral angle
@urt,0, defined as the position where the elastic torque vanishes, can be modified through
specific design and assembly procedures. Accordingly, these angles are considered as
parameters for optimization. The design parameters are formulated as

aur = [pur, @) ;] €R™, (7.3)

with a yr serving as the control points to define a cubic spline.

In contrast, to achieve symmetry, a singular coupling is employed between the two
thighs. In particular, the relative angle of zero between the thighs coincides with the
neutral angle g7t,0 = 0 of the elastic compliant mechanisms, characterized by an absence
of elastic torque. Furthermore, the characteristic curve exhibits rotational symmetry
with respect to the neutral angle. Consequently, the design parameters are constituted
by the control points of the cubic spline, specifically

arr = apr € RO»V/2 (7.4)

affect only nearby sections. Flexible boundary conditions (e.g., natural or clamped) further enhance their
adaptability to various scenarios.
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7.3 Reference Trajectory in Controller

The reference trajectory is integral to the specification of holonomic virtual constraints
within the framework of HZD control. Essentially, the implementation of these virtual
constraints is linearized through the application of feedback linearization. This method-
ology is supported by coordinate transformations that operate as local diffeomorphisms.
To achieve this, high-order, smooth (C*) Bézier curves, as characterized in Appendix C
are utilized to delineate the reference trajectories.

As per the controller specified in Section 4.1.1, the parameter set > a5 € R**"*+1) jg
employed to define four independent Bézier curves of order n, which function as the
reference trajectory q.(s, as) € T* during the single support phase. Given that the
optimization determines both the initial 0’ , and terminal orientation 0__ , of the virtual
leg, the independent variable O € [G‘fm, 0
increasing behavior, is subjected to normalization via the mapping s : S — R, as

], which demonstrates monotonically

outlined by

6vir’c - 9+~
9_—6:1“ €[0,1], (7.5)

virt virt

s = 5(Ovirt) =

which is utilized for defining the reference qrs(6virt) = qr(s(Oyirt), as) of the virtual
constraint (4.1). An analogous formulation, which accounts for the differentiation
relationship dOyirt = (0, — G\Tirt

for the partial derivatives dqy,s/d6virt and 82qus/ 20

)ds resulting from the normalization (7.5), is employed

3irt in equations (4.2) and (4.3),

respectively. Particularly, the evaluation of the reference trajectory s at the initial

(Byirt = Q:;irt) and terminal points (Oyirt = 9;irt) is presented as
qr,s(e‘_;irt) = qr(s/ as) = &s,0, Qr,s(e;m) = qr(S/ as) = Qs (76)
s=0 s=1
followed by the corresponding partial derivatives,
aqr,s(Gvirt) _ 1 &qr(sl as) - 51— &sp (7.7a)
IWvirt g O =00 95 L Ouie = Ol
aqr,s(evirt) _ 1 961r(5, as) - &sn — Qs p—-1 7 7b)
IOirt  |o- Oire — Ogint ds s=1 O5ire = Ogine

virt

While the reference trajectory qy is specified within the configuration space @, ¢ T* of the actuated
joints qp € @), which exists as an open subset of a four-dimensional torus T4 = (S1)%, itis imperative
to recognize that the control points a5 may be positioned outside the unit circle. This occurs because
the resultant Bézier curve is confined within the convex hull of these control points, without necessarily
intersecting the control points themselves, as elucidated in Figure C.1 in Appendix C. Consequently,
as € Ris presumed, and the resultant reference q, € Q,, is restricted through optimization constraints.
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As the parameterization of the reference trajectory pertaining to the virtual constraints
in the other continuous phases is applied in a comparable manner, a detailed description
is deemed unnecessary.

7.4  Optimization Parameter for Gait

To enhance clarity, the optimization parameters are delineated for the introduced gait
scenarios. Specifically, Section 7.4.1 provides a summary of the gait parameters character-
izing walking with an instantaneous double support phase on rigid ground; Section 7.4.2
examines walking with a non-instantaneous double support phase; Section 7.4.3 and
Section 7.4.4 explicate running on rigid and compliant ground surfaces, respectively.

7.4.1 Walking with Instantaneous DSP

The objective of parameter specification is to establish a periodic solution on the zero
dynamics manifold, which epitomizes a periodic walking gait. Fundamentally, the zero
dynamics manifold is formulated by reference trajectory parameters as € R*>"*1 with
n = 6, which are instrumental in defining the virtual constraints (4.1) during the SSP.
Alterations in reference trajectory parameters as lead to variations in the corresponding
gait, thereby influencing energy efficiency.

Subsequently, the initial conditions & := [é;l, 5;2]T € Zsr N'S; on the impact surface,
alongside the period duration ¢;, constitute essential parameters for ensuring a periodic
solution that fulfills condition ®;(&;,t) = Py, (&, +15) on the zero dynamics
manifold Z ;.

For a simpler expression of the equality constraints which will be discussed in Sec-

tion 7.5.3, it is equivalent to regard the angle 0_; . and velocity 0. . of the virtual leg

virt
immediately before impact as optimization parameters, instead of & . This equivalence
is provided by the boundary characteristics of the Bézier curve at & a1= va, as specified
in (7.6) and (7.7b). This yields the state space variables x; := [(q5)",(qs)"]" € Ss before

impact evaluated as

- evirt} [
q = [ = virt v1rt (7.83)
i Zsr P Zs NS5 dr, S(6V1rt) Xs,n
o Ovi . 1 .
9| = [ .V‘”} = | Jax:(6 m> Oire = l” won=asit | Oy - (7.8b)
Zs,r qb Zs,ris aevirt 0 6;1rt evm

virt

Ultimately, by substituting the expressions (7.8) into the definitions provided for the
virtual leg angle &1 = Oyire and the conjugate generalized momentum &, = o5 within
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the contexts of (4.5) and (4.6), respectively, one can derive the local coordinates &; :=
[£s,1, &s2]T € Zsr on the zero dynamics manifold Zs .

Notably, the initial virtual leg angle 0, . at the commencement of the SSP is included
within the expression (7.8b) and is thus considered an additional optimization parameter.
In summary, the optimization parameters pertinent to walking with an instantaneous
double support phase are elucidated as °

Soptw = [O5ines Ovives Oy £, vec(ars) 1T € T2 X R? X RS . (7.9)

7.4.2 Walking with Non-Instantaneous DSP

Walking gaits that include a non-instantaneous DSP are characterized by periodic
solutions that progress through continuous single and double support phases. For
the hybrid zero dynamics system (4.45), periodic solutions that satisfy the condition
Dy (&5, 1) = Py g (&5, t + tw,q) include solution curves @ zp (&7, t) and @g zp (£, 1)
within the SSP and DSP domains, respectively. In this study, the discontinuous mappings
&= A{IOZD (‘55) and E; = A%%D (&5 ) are utilized to ascertain the state variables at the
commencement of the SSP and DSP, respectively.

Subsequently, &; is parameterized in a way analogous to the approach detailed in
Section 7.4.1. Similarly, the state variables &7 := [éd‘ll, 551_,2]T e ZaN S; on the lift-off
surface are deduced from the associated configuration q3 and velocity q3, through the
application of coordinate transformations (4.29) and (4.30).

Furthermore, these variables are determined with respect to the angle 6. , and

irt,d
velocity Qvirt, d of the virtual leg, together with the reference trajectory qr,d(9v1rt,d),

as demonstrated in

- _ Ovirt,d _ 9;111 d 6;irt,d (7.10a)
Z4 Qi llz,nss |9 (054 4 dn
: 1
- Ovirt,d - 1
a3 = [ Vi ’ = | 99r,d(6virt,d) Qvirt,d = | Ldn=dp v1rtd (7.10b)
Zd qdl Zdn‘sz aGVirt’d e;lrtd 6vm:d evirt,d

The overall duration t, g = ts + tq of the step is determined by aggregating the intervals
from these two domains, which are considered additional optimization parameters
subject to discrete transition events.

Furthermore, the controller in a fully actuated DSP exerts a direct influence on the
convergence rate by ensuring the synchronization of the generalized momentum o4

3 The vectorization transformation, represented by operator vec(-), reorganizes a matrix with a dimension

of n X m into a column vector with a dimension of nm.
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with its reference trajectory o 4(Ovirt), as explicated in (4.37). This reference trajectory is
characterized by a sixth-order Bézier curve involving parameters a, € R’.
Nonetheless, as the zero dynamics are delineated by the dynamics of the feedback error,
as defined in (4.38), the solution space of the reference trajectory oy q(6virt) becomes
indefinitely large. Notably, owing to the high gain feedback K;,, the generalized
momentum o4(t4) eventually aligns with the reference o, q(6yirt) at the conclusion of a
step, irrespective of the magnitude of the initial error. This results in challenges in the
numerical optimization, as the solution may oscillate between various parameterizations
of the reference o, 4(Ovirt), thereby causing poor convergence.

To confine the solution space of the reference trajectory oy 4(6virt), the initial Bézier
parameter a0 € @, is determined by the initial generalized momentum o4(tq = 0)
at the commencement of the DSP, specifically a,,o = or,d(Q:irt, d) = o4(tq = 0), by
employing the boundary property of the Bézier curve as demonstrated in (7.6). Thus,
the remaining Bézier parameters &, € R® € a, are then positioned for optimization.
Furthermore, the projection matrix Py (3) € R, as delineated in (3.63), constitutes the
residual optimization parameters, which are encapsulated as

o-...,0

—— T - —
Eopt,d 1= [G;rirt,s, virts’ ts, vec(as) T, OF 0 0

virt,d’ “virt,d’ virt,d’td’
vec(aq)', @, vec(Py3) 1" (7.11)

ET?XRZXRB X T2 xR?xR* xR x R1Z .

virt,s”

7.4.3 Running on Rigid Ground

The parameters of the reference trajectory as € R¥*("*1) in the SSP and & € R*("*1 in
the FLP are crucial for formulating a periodic solution for biped running. To ensure
uniformity, two specifications are delineated through identical polynomial orders n = 6.
Specifically, the SSP parameters as mirror those utilized in walking with instantaneous
DSP; meanwhile, the FLP parameters are instrumental in defining the reference trajectory
qrf(xcm) within the virtual constraints, as defined in (6.1). The differentiation between
the two trajectories is attributed to the employment of the virtual leg angle 8, as the
independent phase variable in the SSP, whereas the robot’s center of mass position xcm
serves as the independent variable in the FLP.

In accordance with the hybrid zero dynamics delineated in (6.19), a periodic solution
is delineated by the condition ®unr (&5, 1) = Prunr (&5, t + trun,r), Which comprises
the solution trajectories @, zp (&7, t) in the SSP and ®;zp (&, t) in the FLP. For each
trajectory, initial conditions & and & are identified as optimization parameters. Notably,
&= e1,€5,]" € Zsrin the SSP is defined analogously to walking with instantaneous

DSP; specifically, the angle 6. . and velocity G':;irt of the virtual leg serve as the

optimization parameters.
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In the FLP, initial condition 6; is defined in accordance with the expressions in (6.6),

where the state space variables q; and ¢/ post-take-off are evaluated utilizing the

reference trajectory qr,f(XCM) at xéM, presented as

+ +

. em fem fom
_ — + — o+
q; L OnAT = Ofar | = |6fiar| - (7.12a)
f +
L 9b | A¥OZD(Zs,r ﬂSSf)EZf _ql‘,f(xCM) @£0
i .
r. i +
fom QSM Tem
qf| = |Onar = HAT = Ofiar . (7.12b)
Z . gy f(xcm) %+ p1—®fo -+
L 9 | APED(Z,nSh)eZ; ] Jdxcm Lo M Tom—*om~ M

Thus, configuration [(rfy,)", 0} ,r] and velocity [(i&,,) T, QITI A7) are considered optimiza-
tion parameters. Duration of the step trunr = ts + ¢ is ascertained by the sum of the SSP
time t; and the FLP time t;. Although f; is recognized as an optimization parameter,
the flight time f; = (xg, — x&y,)/ %5y is governed by the flight distance and the constant
N

velocity x5,

To conclude, the optimization parameters relevant to running on rigid ground surfaces
are expounded as

[+ - A+ T (ot \T p+ + \T A+
Eopt,r = [0 Osires Oines s, veclas) , (xeyy) ™, Ofyags (Ey)  + Ofpars
xcpr vee(ar) ']’ (7.13)

eR*xR® xR” xR?.

7.4.4 Running on Compliant Ground

In the context of running on compliant surfaces, the center of mass position xcw is treated
as an independent variable in both the SSP and the FLP. Correspondingly, the reference
trajectory is defined by parameter sets a5 € R¥*"*1) in the SSP and a; € R*("+1) in the
FLP, with n = 6 indicating the Bézier curve order.

Given the similarity in the specification of optimization parameters to those utilized for
running on rigid surfaces, these parameters are collectively represented as

‘SOP"J = [(rEM,s)T’ Q;IAT,S’ (fEM,s)T’ Q;IAT,S’ xEM,s’ ts, VeC((XS)T,
(réM,f)T’ QITIAT,f’ (fEM,f)T' Q;IAT,f’ XM, f7 vec(arp) '] (7.14)

eR¥XR® xR” xRS,

without elaborate descriptions.
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7.5 Optimization Constraints

Equality and inequality constraints * play a crucial role in maintaining the feasibility
and stability of the simulated periodic walking and running gaits. Specifically, the
simulation feasibility of these dynamical models during continuous phases is enhanced
by the inequality constraints elucidated in Section 7.5.1. These constraints are integrated
with the constraints for discrete transitions to construct periodic walking and running
gaits, as elucidated in Section 7.5.2. Furthermore, the utilization of the multiple shooting
method to determine periodic solutions is bolstered by the enforcement of equality
constraints, as described in Section 7.5.3.

7.5.1 Feasible Continuous Phases

The characterization of periodic walking and running gaits is accomplished through
hybrid dynamical models, which encompass both continuous dynamic domains and
discrete transition events. The constraints presented in this section pertain to ensuring
feasibility within a particular continuous phase. Specifically, these constraints apply
to the single support and double support phases on rigid ground, the single support
phase on compliant ground, and the flight phase.

It is important to recognize that the i-th inequality constraint /1;(tx) < 0 in conjunction
with i, k € Z is formulated at a designated time step i € [0, teng] during the phase of an
overall duration fenq. These time steps are estimated numerically through ODE solvers
within the framework of multiple shooting. Consequently, the aggregate number of
constraints depends on the step size of the numerical solution. Despite the potentially
substantial total number of constraints, sophisticated nonlinear optimization algorithms
exploit the activity properties of the inequality constraints to enhance convergence
speed.

In nonlinear optimization, “active” inequality constraints are those that equate at a
certain point, thus defining the local feasible region, whereas “inactive” constraints
are strictly satisfied and presently do not impact the solution. Sequential Quadratic
Programming (SQP) algorithms adeptly tackle large-scale problems by directly inte-
grating these active constraints into a quadratic subproblem, thereby circumventing
cumbersome penalties and more effectively utilizing structural features, as outlined in
[125, Section 18.2]. To maintain clarity and simplicity in definition, the time steps are
excluded from the constraints” expression.

4 In this context, equality constraints are denoted as g, while inequality constraints are indicated by .
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Single Support Phase (SSP) on Rigid Ground

A crucial prerequisite for the reduction of the robot’s system dynamics, from seven
degrees of freedom to those in the single support phase with five degrees of freedom,
is the non-slippage of the contacting stance foot on the ground. This is governed by
the static friction condition as described in (3.10) and the unilateral contact condition
detailed in (3.11), which culminate in the formulation of inequality constraints,

hi:=-Fi., hy:=-pF1z-Fix, h3:=—-pF1:+Fix. (7.15)

Subsequently, the orientation of the upper body Onar is constrained to an upward
direction. The range of the knee joint angle is constrained to values akin to those typical
of a human, which notably diverges from the morphology observed in avian species.
Specifically, this implies that when the knee joint is in full extension, the knee joint angle
is approximately zero degrees; it can bend to approximately 135°-140° in a deep squat
posture [146]. These configurations are enforced by the inequality constraints,

Tt Tt
hs = =Onar = =, hs := Onar — 5 he := —6k1 , (7.16a)
h7 :== —6k>, hg =61 — 7, hg :=0xp —T. (7.16b)

In addition, to prevent the swing foot from coming into contact with the ground surface,
the position r; := [ra,x, 12,2] " is constrained to remain above the ground level, leading to
the inequality constraint,

th =1 (717)

Double Support Phase (DSP) on Rigid Ground

Throughout the continuous DSP, both stance feet maintain unilateral contact on the
ground without slippage, a condition facilitated by static friction at the foot’s point of
contact, as detailed in (3.43) and (3.44). Consequently, this leads to the establishment of
inequality constraints,

hi1:==Fy., hi2 := —uFy1, = F1x, hi3 := —uF1; + F1x, (7.18a)
hiy:=-F,., his = —uFs, —Fa,, hig == —uFa, + Fa 5 . (7.18b)

In order to produce motion that resembles human behavior, the body configuration
constrained by the inequality restrictions (7.16) is applicable within the continuous DSP.
As per the definition (3.45) of the configuration space Qg of the non-instantaneous DSP,
the two stance feet are prohibited from occupying the same spatial position. Therefore, it
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is imperative that the step length lsep = [|r2 — 11]|, remains non-zero, which necessitates
the establishment of an inequality constraint,

h17 == step = —||1‘2 - r1||2 . (7.19)

Single Support Phase (SSP) on Compliant Ground

In the SSP on a compliant ground surface, as outlined in Section 5.2.2, the condition
of the static friction cone at the stance foot is preserved. Furthermore, the unilateral
contact condition mandates that the normal reaction force exerted by the ground onto
the stance foot must remain positive. This requirement is implicitly fulfilled through the
implementation of the force law of component F ., as detailed in (5.20), given that the
position r; := [r1,x,71,.]" of the stance foot is situated below the undeformed ground
level. These considerations are encapsulated within the inequality constraints,

hig =11, hig := —uFy1, —F1, hoo == —uF1, +Fpx . (7.20)

Moreover, the inequality constraint (7.17) is utilized to ensure that the swing foot
1y := [r2,x, 12,2]" does not come into contact with the ground surface. The geometry of
the deformable ground is intentionally omitted in this constraint formulation, as the
deformation is negligible relative to the trajectory of the swing foot. This simplification
substantially enhances the efficiency of numerical computations.

Flight Phase (FLP)

To generate motion that emulates human movement, the body configuration is subject
to inequality constraints (7.16) within the FLP. Furthermore, the positions of both feet
are restricted to remain above ground level, resulting in the inequality constraints,

]’121 =1z, hzz =1 (7.21)

7.5.2 Feasible Walking and Running Gaits

In order to address discontinuous transition events and ensure comprehensive gait
stability, this section delineates equality and inequality constraints relevant to completing
the periodic gait cycles. These constraints are integrated with those described for each
continuous phase in Section 7.5.1 to enable the generation of highly efficient and stable
gaits through numerical optimization. Additionally, the constraints in this section are
defined either exclusively for the transition instance or for the entire periodic gait,
meaning that the number of constraints remains unaffected by the step size of the
numerical solutions.

134



7.5 Optimization Constraints

Initially, the consistent average speed vayg of locomotion, as articulated in (3.1), must
align with the desired average speed v4, thereby leading to the equality constraint,

¢ step

8v = 0d — Uavg = U4 — (7.22)

tstep ‘
An overarching condition pertinent to both walking and running is the requirement for
the orbital stability of the periodic solution to be fulfilled. In accordance with Floquet
theory, the stability is assured when the magnitude of the resultant Floquet multiplier A
remains below unity, as denoted by |A| < 1. This is considered an inequality constraint,

hai=|Al-1. (7.23)

Walking with Instantaneous DSP

The walking pattern encompassing an instantaneous DSP incorporates a continuous
SSP and an inelastic impact mapping within the DSP, as delineated in Section 3.2.2. In
particular, the impact surface S, expressed within the state space in (3.38) is defined
by the guard function g¥(xs) := r2-(xs), indicating the precise moment at which the
swing foot contacts the ground surface. This circumstance is expressed as an equality
constraint,

g1 =840x5), x5 €Ss, (7.24)

enforced at the conclusion of the SSP. The corresponding impact force F, = [ﬁzrx, ﬁzrz]T
derived in (3.22) is subject to the condition of the friction cone and unilateral contact as
specified in (3.23) and (3.24), respectively. These are formulated as inequality constraints,

hyi=—F,,, oy = —uFy, —Fy, hys = —ufy, + F . (7.25)

Walking with Non-Instantaneous DSP

Two distinct transition mappings, namely touch-down as referenced in Section 3.3.2 and
lift-off as referenced in Section 3.3.3, are incorporated within the periodic walking gait
featuring a non-instantaneous DSP. The initial condition under which the touch-down
event surface S¢ is attained is defined within the state space expression (3.75), contingent
upon the fulfillment of the guard function ¢3(xs) = 12,2(xs) = 0. This denotes the instance
where the swing foot makes contact with the ground surface.

Subsequently, the assessment of the lift-off event surface is based on the state space
expression (3.76), evaluated in the guard function gZ(xd) = Oyirt — B0 = 0. In this
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context, the phase variable 010 = Qwrt d
parameter. The specified criteria are articulated as equality constraints,

€ &opt,d is delineated in (7.11) as an optimization

8= 880¢) =:06), x5 €8, g3:=g30xg) = 6, — 6o, x5 €85, (7.26)
and an inequality constraint,
hoe = =12:(x;), x5 €SY, (7.27)

which stipulates that the swing foot makes ground contact anterior to the stance foot.
During the touch-down event, the impact forces F; and F, at both stance feet adhere to
the conditions of static friction (3.56) and unilateral contact (3.57), which are expressed
as inequality constraints,

hyy == —F1 ., hog == —uF1, - F1 ., hyg == —uFy, +F1y, (7.28a)
hao := —Fa h31 = —ufs, — Fay, hap = —uFy, + Fay . (7.28b)

While designing virtually independent actuators, the projection matrix Py (3) in (3.63) is
restricted to prevent any scaling of the virtual inputs by the projection. Additionally, the
projection onto the four physical actuators retains mutual independence. At the outset,
the projection matrix is presented via its column vectors, as illustrated in the form

Py = [Pu@i1 Pu@e Puwsl (7.29)

which are further formulated as equality constraints,

g=[Pueal, -1, gs=lPueal, -1, go=[Puesl, -1, (7:302)
87 =Pu@ - Pup,  8=Pue Pues, 89 =Py Pues. (7.30b)

Running on Rigid Ground

As presented in the state space in (5.15) and (5.16), running gaits include two transition
events, namely take-off as described in Section 5.1.2 and landing as described in
Section 5.1.3. The surface Sf of the take-off event is defined by the guard function
gi(xs) := Ovirt — 010 = 0, wherein the phase variable 010 = 0, , € éopt,r is considered as
a controller parameter to be optimized as outlined in (7.13). The initiation of the take-off
event is consequently triggered by event-based control, contingent upon this parameter
O1o0. Moreover, from a physical perspective, the reaction force Fy := [Fyx, F1.]" exerted
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by the ground on the stance foot, as described in equation (3.8), is required to be nullified
at the take-off event. These conditions are represented as equality constraints,

810:= 810G) = O = 010, g1 = Fi.(x), gn:=Fi.0¢), x5 €SI (731)

Furthermore, the determination of the landing event surface S; is governed by the
guard function g7 (x) := r2,2(xs) = 0, which is distinguished by the foot’s position. This
is further complemented by the prerequisite that the prior swing leg from the preceding
SSP makes contact with the ground in advance of the other leg, thus enabling a running
motion analogous to that seen in human locomotion. These parameters are articulated
as the equality g13 and inequality constraint /33, as elaborated in

813:= 80 ) = 1r22(xp),  haz =) —r2x(X), X €57 (7.32)

The impact force F, = [ﬁ2,x,ﬁ2’z]T conforms to the conditions of static friction and
unilateral contact as delineated in (5.9). These conditions are structured as inequality
constraints analogous to those presented in (7.25) for walking with instantaneous DSP.

Running on Compliant Ground

The state space formulations in (5.31) and (5.32) pertaining to running on compliant
ground reflect the take-off and landing events analogously to those observed on rigid
ground. Notably, the landing event is equivalent to those specified for rigid ground, as
delineated in the constraints (7.32), which are therefore not elaborated upon.

The occurrence of the take-off event is contingent upon the normal reaction force F1(q¢, qs)
from the ground, as delineated in (5.20), diminishing to zero. This phenomenon does
not result from direct actuation by the controller. It is articulated through the guard
function gf(xs) := F1 (s s), which is subsequently treated as equality constraints, ®

gu=Fix(¢), gi5:=Fa0x), x €8 (7.33)

7.5.3 Multiple Shooting

The multiple shooting method is a numerical strategy designed for solving boundary
value problems in the context of ordinary differential equations. This technique offers
an improvement over the more basic single shooting method, specifically designed to
enhance numerical stability and robustness in the presence of stiff equations, sensitive

The guard function requires only the nullification of the vertical component Fy . of the force. Due to the
condition of the friction cone, the tangential component Fy , is implicitly rendered null. Nevertheless, to
enhance the local convergence of the optimization, both components are incorporated within the equality
constraints.
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initial conditions, or large integration intervals. Essentially, the boundary value problem
isreformulated as an initial value problem, where the satisfaction of boundary conditions
is transformed into a nonlinear system of equations. This system is then approximately
solved using numerical techniques such as Newton’s method. Alternatively, solving
the resulting system of equations can be achieved through equality constraints of
optimization, as illustrated in [68].

Fundamentally, the periodic gaits explored in this thesis are characterized through
hybrid dynamical models that encompass both continuous dynamics and discontinuous
transition events. The continuous phases are independently simulated from the adjoin-
ing phases using suitable numerical solvers provided by the library Differential Equations.jl
in the programming language [ulia. Discontinuities, along with the conditions for
periodic gaits, are expressed as equality constraints within the optimization process.
A clear advantage of this approach is the ability to employ various advanced ODE or
DAE solvers to manage different stiff numerical problems. This versatility is particularly
crucial for accurately simulating the running gait on compliant surfaces. In this context,
the contact phase is approximated by a stiff ordinary differential equations system
necessitating meticulous numerical methods, whereas during the flight phase, the use
of an efficient numerical solver is beneficial for enhancing evaluation efficiency, since
the movement is described by a parabolic trajectory of the robot’s center of mass.

Walking with Instantaneous DSP

To formulate a periodic solution for walking incorporating an instantaneous DSP,
the optimization parameters &, ,, in (7.9) are utilized in the expression (7.8) that
encompasses the boundary characteristics of the Bézier curve, expressing the state
space variables xg 0= [(qs 0T, (9s 0T € Zsr NS on the impact surface. Following
this, the transition mapping x{ = Aw,i(xs_’o), as delineated in (3.37), establishes the
initial condition x; for the subsequent SSP post-impact. Thereafter, the solution curve
@, 7p(&7, t) of the vector field fs zp(&,) within the hybrid zero dynamics model (4.20) is
derived through a numerical ODE solver.

At the final temporal instance t; € &y, Which is regarded as an optimization
parameter, it is imperative that the state variables x; correspond precisely with the
initial configuration xg 0, as depicted in the equality constraints,

816 1= xs_’O -X; € R, xs_’o,x; €Z:NSs. (7.34)

Walking with Non-Instantaneous DSP

In the scenario where the DSP is non-instantaneous, the optimization parameters
&opt,d as delineated in (7.11) are utilized within the boundary expressions (7.10) of the
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Bézier curve to ascertain the state variables x;" := [(qy’ T, (q"O)T]T € Zq N Sj at the
conclusion of the DSP. Concurrently, the states x; V= (50T, (@) € Zer N S¢ at
the termination of the SSP on the impact surface are specified according to the parameter
set éopt 4- Subsequently, the transitions x = Ap (x;) and x} = Aro (x ) delineated
in (3.73) and (3.74), respectively, are 1mp1emented to derive the initial conditions for
the continuous SSP and DSP zero dynamics, which are independently resolved using
suitable ODE solvers.

At the final time step £s € &,y 4 in the SSP and t4 € & g in the DSP, the ultimate state
variables xg in the SSP and x in the DSP must correspond with the respective initial
configurations, resulting in the equality constraints,

817 = xs_’0 -X; € R, x;’o, X; € Zsy N Ssd , (7.35a)
gis =x"—xg R, x;0,x;€ZanSy. (7.35b)

Running on Rigid and Compliant Grounds

The methodology for determining periodic solutions pertaining to running on both rigid
and compliant surfaces is analogous; however, a principal distinction is that running on
compliant terrain entails a larger number of degrees of freedom, thereby augmenting
the quantity of equality constraints. To eliminate unnecessary repetition, the specific
details of the running gait are exclusively discussed in the context of rigid ground.
Initially, the optimization parameters & ,, as defined in (7.13), are utilized to articulate
the state space variables x.° := [(q7)T, (¢:°)7]" € Zsrand o 0 = [(q;” 0T, (q;fO)T]T €
Z; at the outset of the SSP and FLD, respectively. Importantly, the boundary character-
istics of the Bézier curve, as delineated in (7.8) ® and (7.12), are employed to ascertain
these states on the zero dynamics manifold.

Subsequently, the solution curves for the SSP and FLP are independently derived
utilizing numerical ODE solvers. The terminal state variables x; € s and x; € Zs are
subjected to transition events, such as take-off x; = Aro(x;) and landing x{ = ALD(xf‘),
as illustrated in the mappings (5.13) and (5.14). Post-transition, the alignment of state
variables with the initial configuration is imperative, resulting in the equality constraints,

N B 10 +0 _+

g10:=%x;" —x;s €ER”, x;7,x3 € Zsy, (7.36a)
. +,0 14 +,0

go:=X" —xf eER™, X7, x € Z;. (7.36b)

6 Notably, expression (7.8) is assessed at the concluding position 0., of the SSP. Owing to the analogous

formulation of the partial derivatives as articulated in (7.7), this expression is readily adapted to the initial
position 07, , of the SSP.
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7.6  Constrained Optimization Problem

In conclusion, a constrained optimization problem is established to derive stable periodic
walking or running gaits characterized by high energy efficiency, as delineated in

r?in fobj (50})’[)

opt

subjectto g, =0,

gopt = 0, (7.37)

hopt<0/
hA<0,

The objective function delineated in (7.1) evaluates energy consumption and is mini-
mized through optimization. The selection of equality gopt = 0 and inequality constraints
hopt < 0 from the aforementioned descriptions is contingent upon the specific gait
considered. Additionally, two universally applicable conditions are maintained: the
equality constraint g, = 0, outlined in (7.22), which governs the average speed, and the
inequality constraint 5 < 0, prescribed in (7.23), which ensures the orbital stability of
the periodic solution.

During the analysis of elastic couplings, the configuration parameters, as specified in
Section 7.2.1, are incorporated alongside the gait parameters to constitute the complete
set of optimization parameters &,.. This methodology enables the optimization
problem articulated in (7.37) to simultaneously optimize both the gait trajectory and
the mechanical design (elastic coupling) within a unified framework, thereby ensuring
high energy efficiency. This synergy is attained by aligning the gait with the mechanical
design such that the robot’s locomotion occurs in close proximity to the mechanical
system’s resonance, significantly diminishing the energy requirements of the actuator.

The optimization problem is tackled through the application of a SQP algorithm, as
provided in Artelys Knitro, which constitutes a commercial software package tailored for
addressing large-scale nonlinear optimization challenges. The associated derivatives
are obtained through the employment of Automatic Differentiation algorithms.
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8 Simulation without Elastic Coupling

This chapter investigates periodic walking and running patterns derived from the
optimization procedure previously presented, with an emphasis on examining the
impact of gait and environmental variations on energy efficiency and stability. The
analysis encompasses four different scenarios: two kinds of walking gait on rigid surfaces
and running on both rigid and compliant surfaces. Such periodic gaits are generated
across a range of average speeds, while elastic couplings are not yet incorporated into
the study.

The chapter is organized as follows: Section 8.1 delineates the model parameters of
the robot and offers an overview of the variations in both gaits and environments;
Section 8.2 describes the optimal walking gaits featuring an instantaneous double
support phase on rigid ground; Section 8.3 presents the optimized walking gaits
incorporating a non-instantaneous double support phase on rigid ground; whereas
Section 8.4 and Section 8.5 elucidate the optimal running gaits on rigid and compliant
grounds, respectively. Section 8.6 concludes the study, omitting consideration of elastic
coupling within this chapter.

8.1 Simulation Setup

The walking and running gaits examined in this thesis are characterized by periodicity
at a constant average speed. To address the gait efficiency and stability, periodic walking
gaits are analyzed at v € [0.5,0.6,...,1.5] m/s, while running gaits are assessed at
v € [1.8,19,...,2.8] m/s. This section delineates the parameters pertaining to the
robot model as presented in Section 8.1.1, followed by an exposition on the variations in
environmental conditions and gaits as elaborated in Section 8.1.2.

8.1.1 Model Parameters

The mechanical design of the robot is symmetric, with parameters of the mechanical
components included in Table 8.1. These parameters are determined through a pa-
rameter identification method based on the homotopy optimization approach, which is
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8 Simulation without Elastic Coupling

introduced in [173] and implemented on a robot prototype presently under development,
as detailed in the study [191].

upper body thigh shank
mass moment of inertia (in 107> kg m?) 40.53 2528  8.78
mass (in kg) 7.00 2.69 1.33
length (in m) 0.23 030  0.30
center of mass position (in m) 0.14 0.16 0.09

Table 8.1: The configuration parameters for the robot model comprising five rigid body segments.

8.1.2 Variation of Gaits and Ground Compliance

The present investigation delves into walking and running gaits, which are generated
through the application of the Hybrid Zero Dynamics (HZD) control methodology.
Walking gaits, in particular, are delineated by the alternation between single support
(SSP) and double support phases (DSP). Two distinct categories of walking gaits are
identified by configuring the DSP as either instantaneous or non-instantaneous. In
contrast, running gaits are characterized by alternations between single support and
flight phases (FLP). Running gaits on both rigid and compliant ground surfaces are
differentiated by the SSP model, while the FLP remains consistent across these running
gaits.

8.2 Walking with Instantaneous DSP on Rigid
Ground

Walking with instantaneous DSP on rigid surfaces has been extensively studied within
the academic literature. For comparison with alternative gaits, energy efficiency and
gait stability are detailed in Section 8.2.1 and Section 8.2.2, respectively.

8.2.1 Efficiency Study

The efficiency analysis encompasses two primary perspectives: cost of transport (CoI)
and energy losses. Within this framework, the periodic gaits are conceptualized as
limit cycles within the hybrid zero dynamics of reduced dimensionality, resulting in a
constant system energy level. At a stationary operating velocity of the periodic motion,
the energy input, assessed through the Col, equates to the cumulative energy losses.
These losses comprise motor loss during the actuator’s deceleration phase and the losses
related to the ground contact. Figure 8.1 illustrates this energy level across varying
speeds v € [0.5,0.6,...,1.5] m/s.
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Figure 8.1: [llustration of optimized cost of transport and the corresponding energy losses.

Cost of Transport and Energy Loss

As characterized in (7.1), the CoI quantifies the total input energy from the actuators,

which is normalized by travel distance and robot weight, resulting in a dimensionless

metric for assessing the energy efficiency of locomotion. The Col' demonstrates an

approximately linear correlation with operating speed, as emphasized in Figure 8.1a.
Notably, an augmentation in walking speed corresponds to a reduction in the efficiency

of locomotion. For comparative purposes, the energy losses incurred during one step

period are normalized by the weight of the robot and the distance traveled (step length),
which aligns with the calculation of the CoI as presented in equation (7.1).

As illustrated in Figure 8.1b, actuator deceleration constitutes a substantial portion of
the total energy loss. During the deceleration phase, the actuator generates negative

mechanical power, indicating that kinetic energy is converted into electrical energy.
This regenerative process often leads to significant increases in voltage within the
motor controller, potentially damaging the electrical circuit. Consequently, most direct
current controllers are equipped with a “brake chopper” to monitor the voltage within
the controller. When the voltage unexpectedly surpasses a certain threshold, the brake
chopper activates, redirecting the surplus energy to a braking resistor, thereby converting
the electrical energy into thermal energy losses.

According to the observations documented in the Bachelor’s thesis [201], the low transfer
efficiency suggests that no electrical energy is reused for battery recharging. Thus,
negative mechanical power represents a considerable portion of the total energy loss
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8 Simulation without Elastic Coupling

that occurs during locomotion. As walking speeds increase, the loss incurred during
the deceleration phase follows almost linearly.

Conversely, the phenomenon of contact loss with the ground is also illustrated in
Figure 8.1b. In particular, an inelastic impact is modeled at the end of the single
support phase when the swing foot makes contact with the rigid ground. The impact
loss is mitigated by optimizing the walking gait across the examined speeds, thereby
maintaining a nearly constant magnitude. Specifically, the optimized gait strategy
involves decelerating the motion just prior to contacting the ground surface in order
to diminish the impact loss. Consequently, there is an increase in deceleration-related
energy loss in the motor, but a reduction in impact loss. At lower walking speeds, the
impact loss exerts a more considerable effect on the overall energy loss, as minimal
actuation is required to facilitate the forward motion.

Step Length and Frequency

Figure 8.2 presents step length and step frequency of optimized walking gaits across
various speeds. Notably, the product of step length and step frequency determines
the operational speed, indicating an interdependence between these two variables.
However, Figure 8.2a demonstrates that at lower speeds (below 0.9 m/s), the robot
tends to markedly increase the step length while maintaining nearly constant step
frequencies to achieve increased speed with minimal energy expenditure. Once the
walking speed exceeds 1.0 m/s, it becomes advantageous to enhance the step frequency
to accommodate a higher speed.
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(a) Step length of the optimized gaits. (b) Step frequency of the optimized gaits.

Figure 8.2: Illustration of step length and frequency of the optimized walking gaits at varying speeds.
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8.2 Walking with Instantaneous DSP on Rigid Ground

Optimal Gait and Posture

The optimized posture of the walking motion is depicted in Figure 8.3, Figure 8.4, and
Figure 8.5 corresponding to the speeds v = 0.5, v = 1.0, and v = 1.5 m/s, respectively.
Specifically, the torque requirements of the actuators are represented by the intensity of
color within the actuated joints.

Upon analyzing the speeds presented, it becomes apparent that the optimal gait at
lower speed (v = 0.5 m/s) is characterized by minimal segmental movement. Notably,
the relative movement of the thighs is insignificantly small, with the walking motion
primarily relying on the free oscillation of the shanks, thereby necessitating minimal
actuator work while achieving high energy efficiency, as illustrated in Figure 8.3.

1% tetep 20% tstep 40% tetep 60% tstep 80% tstep 100% ttep

Figure 8.3: Snapshots of the optimized walking gaits at speed v = 0.5 m/s.
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Figure 8.4: Snapshots of the optimized walking gaits at speed v = 1.0 m/s.
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Figure 8.5: Snapshots of the optimized walking gaits at speed v = 1.5 m/s.

At high velocities, as demonstrated in Figure 8.4 and Figure 8.5, significant actuation is
required at both the initiation and termination of the single support phase. Specifically,
the hip actuator is critical in maintaining upper body orientation after impact and in
accelerating the swing leg for the subsequent step period at the beginning of the single
support phase. Just prior to the contact event, the actuators are tasked with decelerating
the motion to reduce the approach velocity of the swing foot towards the ground,
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8 Simulation without Elastic Coupling

thus mitigating impact loss. Mid-step period observations reveal that the actuators
predominantly remain inactive, as the robot exploits the segments’ free oscillation to
facilitate forward motion.

8.2.2 Gait Stability

The stability of the periodic walking gait encompasses two perspectives: first, the
asymptotic stability of the high-gain feedback controller, which is crucial for ensuring
that the robot’s motion remains constrained within the zero dynamics manifold, is
imperative. Secondly, the stability properties of the periodic solution of the hybrid zero
dynamics are assessed by examining the magnitude of the nontrivial Floquet multiplier,
as discussed in this section. The verification of the ensuing gait stability is performed
by evaluating initial perturbations in closed-loop simulations.

Floquet Multiplier

The two-dimensional characteristics of the zero dynamics linked with walking on rigid
ground result in a single nontrivial Floquet multiplier, as demonstrated in Figure 8.6
across varying speeds. In particular, the magnitude of this nontrivial multiplier is
constrained to be less than one, a requirement that is formulated as an inequality
constraint within the optimization framework. Consequently, it is evident that the
periodic solutions remain stable within the considered speed range.
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Figure 8.6: Magnitude of the nontrivial Floquet multiplier over different walking speeds.

Closed-Loop Simulation

To evaluate the stability attributes of the resultant walking gaits, initial perturbations
in the system state variables are analyzed within the closed-loop simulations. As
illustrated in Figure 8.7, 20 % deviations are introduced into the initial velocities of
the robot with respect to the reference velocity qrefs, i-€., qs(t = 0) = 80 % qrefs(t = 0).
For the PD-feedback in the simulation, the gain parameters are set at K, = 1000 and
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8.3 Walking with Non-Instantaneous DSP on Rigid Ground

K4 = 100. The stability of the walking gaits at velocities v = 0.5 and v = 1.5 m/s is
corroborated by the Floquet multiplier as described in Figure 8.6, wherein the simulated
trajectories (represented by dotted lines) progressively converge to the reference limit
cycle (depicted by solid lines). In other words, the perturbed gait invariably converges
to the stable periodic reference walking motion ascertained through optimization.
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(a) Walking speed v = 0.5 m/s. (b) Walking speed v = 1.5 m/s.

Figure 8.7: Illustration of the simulated joint configurations q, and angular velocities gy, denoted by dotted
lines, considering initial deviations. The reference trajectory is depicted using solid lines.

Furthermore, the Floquet multiplier also signifies the convergence rate of the perturbed
periodic solution. A smaller magnitude of the Floquet multiplier indicates a faster
convergence rate. As the associated Floquet multipliers in Figure 8.6 for walking are
generally slightly less than one, numerous step periods are required for the perturbation

to converge close enough to zero.

8.3 Walking with Non-Instantaneous DSP on Rigid
Ground

In comparison to locomotion with an instantaneous DSP, the full actuation during a
continuous DSP enables the controller to actively improve gait stability. Nonetheless,
this enhancement is accompanied by reduced energy efficiency. To address this issue, an
efficiency analysis is undertaken in Section 8.3.1, and stability is examined in Section 8.3.2.

8.3.1 Efficiency Study

Gait patterns with a non-instantaneous DSP are examined within the same speed range
v €[0.5,0.6,...,1.5] m/s as those incorporating an instantaneous DSP, as documented
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in Section 8.2.1. For the purpose of comparison, both instantaneous (represented in blue
lines) and non-instantaneous DSP (represented in red lines) assumptions are depicted

in Figure 8.8.
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Figure 8.8: Depiction of the optimized cost of transport alongside the associated energy loss for walking with
non-instantaneous DSP, represented in red, and instantaneous DSP, represented in blue.

Cost of Transport and Energy Loss

The CoT presented in Figure 8.8a demonstrates an approximately linear relationship
with the target average walking speed, indicating that an increase in walking velocity
reduces the energy efficiency of locomotion. Moreover, compared with the gait featuring
instantaneous DSP (illustrated in blue), a consistent discrepancy exists in the optimized
CoT. To elucidate the underlying reasons for this disparity, the research detailed in
[194] considers various strategies to modify the walking gait with instantaneous DSP.
Specifically, the effects of step length and touch-down conditions are examined between
gaits employing diverse DSP formulations. One of the primary distinctions between
the two gaits is that both stance feet must remain in contact with the ground without
slipping, thereby forming a closed kinematic chain during the DSP. In scenarios where
the DSP is instantaneous, the preceding stance foot is lifted immediately following the
impact of the swing leg with the ground.

The hypothesis from the study is that the key factor in the efficiency gap is the adoption
of a point foot model. Consequently, maintaining the closed chain configuration within
the DSP results in decreased efficiency, as the robot is unable to exploit the natural
dynamics of the system for locomotion. In contrast, human walking gaits can achieve
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8.3 Walking with Non-Instantaneous DSP on Rigid Ground

high energy efficiency in a non-instantaneous DSP due to the employment of a rolling
foot geometry. Therefore, future research should examine robot models with non-point
foot geometry to assess their effectiveness during the non-instantaneous DSP to test the
hypothesis.

Analysis of energy dissipation across diverse gait patterns yields critical insights into
variations in resultant energy efficiency. As demonstrated in Figure 8.8b, the impact
energy loss on rigid terrain displays similar magnitudes across both gait configurations.
Notably, at elevated velocities, particularly at v > 1.3 m/s, the enforcement of a
non-instantaneous DSP results in diminished impact loss, primarily attributed to the
actuators’ propensity to decelerate the motion immediately prior to impact to mitigate
such losses. Moreover, decreasing the velocity of the swing foot as it nears the ground is
essential to uphold the condition preventing the stance feet from slipping post-impact, a
prerequisite for forming a closed kinematic chain configuration in the DSP. Nonetheless,
this deceleration necessitates substantial effort from the actuator operating in generator
mode, which is associated with the marked deceleration loss depicted by the dotted
lines in Figure 8.8b.

Step Frequency and Proportion of SSP

A notable feature of the walking gait characterized by non-instantaneous DSP is that the
step length remains approximately constant across varying speeds, particularly within
the range {siep € [0.33,0.43] m. This behavior markedly contrasts with observations of
the gait exhibiting instantaneous DSP, as illustrated in Figure 8.2a, where the optimal
step length exhibits a near-linear dependence on the target speed.

However, the step frequency of the optimal gaits demonstrates a comparable dependence
on the walking velocity, as indicated in Figure 8.9a. Specifically, the step frequency
associated with the gait characterized by non-instantaneous DSP is generally lower than
that of the instantaneous DSP configuration across the range of speeds examined. A
primary factor contributing to the enhanced energy efficiency of the gait incorporating
instantaneous DSP is the robot’s ability to exploit the natural oscillation of its segments
during motion. This means the optimal step frequency is matched with the system’s
free oscillation frequency, thereby necessitating only minimal actuation.

Particularly, due to the utilization of a point foot model, the closed kinematic chain
inherent in the non-instantaneous DSP constrains the controller’s capability to fully
leverage the natural oscillation to produce a feasible gait. Consequently, substantial
actuator effort is required to prevent slippage of the point foot on the substrate, which
degrades energy efficiency.

To enhance efficiency, the optimization process adjusts the distribution of the DSP
duration relative to the step period as the walking speed varies. As illustrated in
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Figure 8.9: Illustration of step frequency and proportion of the SSP of the optimized walking gaits.

Figure 8.9b, the significance of the SSP increases with greater walking speeds. The
contact constraints in the SSP are more readily satisfied compared to those in the DSP,
thereby allowing the substantial amplitude of the robot segments’ free oscillation to be
harnessed for improved efficiency.

Optimal Gait and Posture

The optimized posture of the walking motion is illustrated in Figure 8.10, Figure 8.11, and
Figure 8.12, corresponding to the speeds v = 0.5, v = 1.0, and v = 1.5 m/s, respectively.
The step length of the walking gaits with non-instantaneous DSP exhibits minimal
variation with respect to speed, as depicted in these snapshots.
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Figure 8.10: Snapshots of the optimized walking gaits at speed v = 0.5 m/s.

Compared to gaits with instantaneous DSP, those with non-instantaneous DSP typically
exhibit a lower center of mass position. This characteristic is crucial for the controller
to uphold the constraints defined at the contact foot during the non-instantaneous DSP,
encompassing unilateral contact and static friction conditions. Even during the SSP, the
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Figure 8.11: Snapshots of the optimized walking gaits at speed v = 1.0 m/s.
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Figure 8.12: Snapshots of the optimized walking gaits at speed v = 1.5m/s.

swing leg is slightly elevated from the ground to ensure that the vertical velocity of
approach towards the ground before impact remains minimal. The marked difference
in optimal gaits underscores the fact that the natural dynamics are not harnessed in the
gait with a non-instantaneous DSP, resulting in reduced energy efficiency compared to
the instantaneous DSP gait.

Figure 8.13 elucidates the torque requirements for the four physical actuators integral
to producing optimal walking gaits at a uniform velocity of v = 0.5 m/s. Owing
to the optimal projection of virtual actuators in the DSP, the actuators positioned at
the knee joint of the trailing leg and the hip joint of the leading leg are pivotal for
propelling forward motion, while the other two actuators remain inactive, as illustrated
in Figure 8.13a. Subsequent to the lift-off event, both hip joint actuators become critical,
particularly at the commencement and conclusion of the SSP. Specifically, substantial
actuation is imperative to maintain the orientation of the upper body at the start of
the SSP and to decelerate movement to mitigate impact loss at the SSP’s conclusion.
Midway through the SSP, all actuators exert comparatively minimal torque as the
robot predominantly exploits the segment’s free oscillation for motion. Conversely, the
instantaneous DSP gait, as portrayed in Figure 8.13b, demands considerably reduced
torque from all actuators, as the resulting walking gait is chiefly derived from the
segment’s free oscillation with high energy efficiency, as demonstrated by the body
posture exhibited in Figure 8.3.

Figure 8.14 presents the actuator torques resulting from two walking gaits at an increased
speed of v = 1.5 m/s, where the proportional share of the DSP is diminished to 3.3% of
the complete step duration tstep, in accordance with Figure 8.9b. In the simulations, as
actuator saturation is not accounted for, the optimal gait configuration relies on a notably
large actuator torque within the knee joint of the trailing leg during the DSP to avert the
breach of constraints at the stance feet, as illustrated in Figure 8.14a. Nevertheless, during
the SSP, the actuator magnitudes exhibit behavior akin to that observed in gaits with
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Figure 8.13: Illustration of the four actuators u for walking at speed v = 0.5 m/s.

an instantaneous DSP, as illustrated in Figure 8.14b. This indicates that the diminution
in energy efficiency is chiefly attributable to the non-instantaneous character of the
DSP, wherein the natural dynamics of the closed kinematic chain cannot be effectively

harnessed for locomotion.
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Figure 8.14: Illustration of the four actuators u for walking at speed v = 1.5 m/s.

Furthermore, a primary discrepancy between the optimal body postures presented in
Figure 8.5 and Figure 8.12 lies in the foot-ground contact condition: both stance feet
remain on the ground without slippage under a non-instantaneous DSP. In contrast,
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8.3 Walking with Non-Instantaneous DSP on Rigid Ground

should the DSP be regarded as instantaneous, the formerly trailing stance leg is
immediately lifted off, leading to a non-zero foot velocity; this scenario aligns more
closely with the free oscillation of the body segments, yielding enhanced efficiency.

8.3.2 Gait Stability

One of the principal advantages of considering the DSP as non-instantaneous is the
enhanced stability of the periodic gait. In contrast to the conventional walking gait
with instantaneous DSP, the fully actuated DSP is employed to exert an influence on the
perturbations in the periodic solution, even though the SSP remains invariant across
both gaits. Crucially, minor deviations from the periodic orbit are mitigated to zero
through the control law that is directly formulated on the zero dynamics coordinate, as
delineated in Section 4.2.1. In this section, the augmented stability is evidenced by the
Floquet multiplier and validated through closed-loop simulations.

Floquet Multiplier

For comparative purposes, two distinct feedback gains K,,, within the scope of control
design (4.40b) are examined in the assessment of the Floquet multiplier, as illustrated
in Figure 8.15. In light of the fully actuated nature of the DSP, the magnitude of the
nontrivial Floquet multiplier pertaining to the periodic gait is adjusted to approach zero
upon the selection of a substantial gain K.
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Figure 8.15: Magnitude of the nontrivial Floquet multiplier for different feedback gains Ky -

Closed-Loop Simulation

Owing to the enhanced stability characteristics observed in walking with non-instantan-
eous DSP, a greater initial error is accounted for in the velocity of the robot’s segments,
specifically qq(t = 0) = 60 % qrer,d(t = 0), where qrer,a(t = 0) represents the reference
initial velocities in the DSP of the periodic gait. For the PD-feedback in the simulation,
the gain parameters are set at K;, = 10, K, = 1000 and Kq = 100. As illustrated in
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8 Simulation without Elastic Coupling

Figure 8.16, the steady periodic limit cycle is attained after fewer steps in comparison to
the gait employing instantaneous DSP, as shown in Figure 8.7.
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(a) Walking speed v = 0.5 m/s. (b) Walking speed v = 1.5 m/s.

Figure 8.16: Illustration of the simulated joint configurations q, and angular velocities g, denoted by dotted
lines, considering initial deviations. The reference trajectory is depicted using solid lines.

The augmented convergence behavior facilitated by the implementation of a non-
instantaneous DSP may be employed in experimental investigations involving biped
robots. Particularly, in the context of initializing locomotion, the effort required for
adjusting the initial conditions of the coordinates and velocity of the segments can be
significantly reduced if the initiation of the gait occurs during the DSP. Once the robot
attains a steady walking motion incorporating a non-instantaneous DSP, transient steps
can be effectively executed by refining the reference gait within the controller, thereby
ultimately achieving a periodic gait characterized by less optimal convergence behavior.
Owing to the uniform HZD control framework, the reference gait can be effortlessly
reprogrammed in real-time within the controller. Furthermore, the improved stability
attributes associated with the non-instantaneous DSP gait can be leveraged in scenarios
where environmental conditions pose substantial challenges.

8.4 Running on Rigid Ground

Periodic running gaits on rigid ground surfaces are demonstrated with regard to their
energy efficiency and stability attributes, as examined in Section 8.4.1 and Section 8.4.2,

respectively.
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8.4 Running on Rigid Ground

8.4.1 Efficiency Study

The analysis of the efficiency study focuses on the Col and energy losses, as illustrated
in Figure 8.17. Specifically, this analysis is performed within the running speed range
of v € [1.8,1.9,...,2.8] m/s. In order to enable a comparison between walking and
running on rigid surfaces, the speed range for walking, which includes an instantaneous
DSP, is extended tov € [1.8,1.9, ...,2.3] m/s, thereby illustrating the intersection of the
Col between running and walking.

The speed range can indeed be extended to align with the running speed range. However,
for the investigated robot model, which possesses a height of 0.83 m, the extended
walking speeds exceed the realizable limits. For example, reference [25] denotes that
individuals of average height, measured at 1.77 m, generally achieve a maximum walking
speed of less than 2.5 m/s. The utilization of this extended speed range is confined
to academic investigations, enabling a comparative analysis of walking and running
within simulation settings, particularly concerning the transitional speed between these

gaits.
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Figure 8.17: Depiction of the optimized CoT alongside the associated energy loss for running (illustrated in
red) and walking (depicted in blue).

Cost of Transport and Energy Loss

Figure 8.17a suggests a nearly linear relationship between the optimized Col and
running speed. The intersection point of the CoT for walking and running occurs at
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8 Simulation without Elastic Coupling

approximately 2.2 m/s, indicating that below 2.2 m/s, walking is more energy-efficient,
while above this threshold, running exhibits greater efficiency.

The representation of normalized energy loss in Figure 8.17b illustrates that the loss
of impact energy during walking and running is significantly less than the energy loss
experienced by the actuator when functioning in generator mode during deceleration.
Specifically, an increase in locomotion speed leads to an augmentation in the actuator’s
energy loss. Furthermore, although running gaits incur a higher per-step impact loss
compared to walking, the normalization process, taking into account the robot’s weight
and the significantly greater step length in running as detailed in Figure 8.18a, renders
the normalized impact loss to be of comparable magnitude and nearly invariant across
the range of speeds examined.

Step Length and Frequency

As illustrated in Figure 8.18a, achieving high energy efficiency in running necessitates a
substantial adjustment of step length in accordance with the average running speed. Con-
versely, the step frequency of running remains largely unaffected by speed, contrasting
markedly with observations in walking gaits. Specifically, Figure 8.9a demonstrates that
walking, with either instantaneous or non-instantaneous double support phases, adjusts
the step frequency to correspond with variations in walking speed. This discrepancy
arises because running gaits incorporate a flight phase, which facilitates higher speeds
with minimal actuator effort.
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Figure 8.18: Illustration of the step length and frequency of the optimized running gaits.
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8.4 Running on Rigid Ground

Optimal Gait and Posture

The optimized posture of running motion at speeds v = 1.8, v = 2.3, and v = 2.8 m/s is
illustrated in Figure 8.19, Figure 8.20, and Figure 8.21, respectively. Initial observations
suggest that the orientation of the upper body remains relatively constant regardless of
speed variations. Notably, the approach angle of the swing leg’s foot is adjusted to be
nearly vertical to the ground surface immediately prior to landing, thereby aiding in the
reduction of impact loss.

5 % 5 3 5 X

1% betep 20% tstep 40% tegep 60% tstep 80% tstep 100% ftep

Figure 8.19: Snapshots of the optimized running gaits at speed v = 1.8 m/s.
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Figure 8.20: Snapshots of the optimized running gaits at speed v = 2.3 m/s.
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Figure 8.21: Snapshots of the optimized running gaits at speed v = 2.8 m/s.

To accommodate the increase in speed, both the step length and the relative duration of
the flight phase within a step cycle are augmented. Specifically, as the effect of energy
dissipation due to air resistance during the flight phase is neglected, the trajectory of the
robot’s center of mass is characterized by a parabolic path. Consequently, a longer flight
duration results in an increased distance between the robot and the ground surface, as
evidenced by the presented gaits.

8.4.2 Gait Stability

The stability of gait is assessed using the Floquet multiplier, which is employed for
both walking and running on rigid ground for comparative analysis, as illustrated
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8 Simulation without Elastic Coupling

in Figure 8.22a. Both gaits are generated by utilizing the inequality constraint (7.23),
which requires the magnitude of the nontrivial multiplier to remain below one. Upon
optimization, it is noted that the nontrivial Floquet multiplier for running consistently
remains slightly below one across all tested speeds, although it exceeds that observed

in walking.
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Figure 8.22: The nontrivial Floquet multiplier and its impact on the cost of transport.

The parameter study outlined in Figure 8.22b provides valuable insights into the
relationship between the CoI and the stability characteristics of running gaits. In
particular, modifications to the posture during the underactuated flight phase can
readily influence the stability of the running gait, resulting in a diverse array of distinct
Floquet multipliers. A reduction in the Floquet multiplier corresponds to an increase in
the Col, implying that enhancing gait stability diminishes energy efficiency. Given that
efficiency is regarded as the optimization objective, solutions characterized by a Floquet
multiplier slightly less than one invariably represent the optimization minimum.

8.5 Running on Compliant Ground

Periodic running gaits on compliant ground surfaces are evaluated concerning their
attributes of energy efficiency and stability, as investigated in Section 8.5.1 and Sec-
tion 8.5.2, respectively. Furthermore, these gaits are compared to running on rigid
ground, as documented in Section 8.4.

8.5.1 Efficiency Study

An efficiency analysis of running on both compliant and rigid ground surfaces is
performed over a speed range of v € [1.8,1.9,...,2.8] m/s, as depicted in Figure 8.23.
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8.5 Running on Compliant Ground

This examination encompasses an evaluation of the Col and the energy dissipation
associated with the periodic gaits. In the tangential force (5.17a), the damping coefficient
B, is set to 69440 Nsm ™!, and the stiffness K, is 43405 Nm™'. For the vertical force (5.19),
the parameters are Kexp, = 152042 Nm™!, v =1.5 and n=12
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Figure 8.23: Depiction of the optimized CoT alongside the associated energy loss for running on compliant
(illustrated in red) and rigid ground (depicted in blue).

Cost of Transport and Energy Loss

As demonstrated in Figure 8.23a, in contrast to running on rigid surfaces, the optimal
CoT displays minimal dependency across the assessed running velocities. Therefore, at
speed v = 1.8 m/s, the efficiency of running on both types of surfaces is comparable.
However, as velocity increases, the gaits on compliant surfaces exhibit greater efficiency
than those on rigid ground.

Figure 8.23b illustrates that the impact loss experienced on rigid ground is significantly
less than the energy dissipation caused by damping on compliant ground. Conversely,
the energy loss linked to actuator deceleration is diminished when operating on
compliant ground. In addition, this motor loss remains almost unchanged with varying
running speeds. In essence, the robot’s motion on compliant ground more closely
resembles its natural oscillation, allowing it to effectively utilize the elastic energy
temporarily stored due to the ground’s elasticity for the running motion. Consequently,
despite the higher damping dissipation, running on compliant ground proves to be
more energy-efficient.
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8 Simulation without Elastic Coupling

Step Length and Frequency

The step length and frequency while running on both rigid and compliant ground
surfaces are illustrated in Figure 8.24. Essentially, step length exhibits an increase with
the augmentation of running speed across both ground types, whereas step frequency
demonstrates minimal responsiveness to speed variations.
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Figure 8.24: Illustration of the step length and frequency of the optimized running gaits.

Notably, running on compliant ground is characterized by an extended step length
coupled with a reduced frequency. The variation in optimal step frequency stems from
leveraging the stiffness of the compliant ground to minimize the effort required for
locomotion. Since rigid ground can be represented with an infinitely large stiffness
parameter, a gradual increase in the stiffness parameter may result in a higher optimal
step frequency, situated between the cases illustrated in Figure 8.24b.

Additionally, Figure 8.25 elucidates the relative distribution of flight phase duration
within a step period tstep and the allocation of the cost of transport CoTy, that is assessed
during the single support phase, in relation to the overall Col of the periodic gait.
Notably, Figure 8.25a identifies that the optimal running gait on compliant surfaces is
associated with a substantially large proportion of the flight phase relative to the total
step period. In the absence of air dissipation considerations, an extended flight phase
contributes to minimizing the actuator’s effort in facilitating locomotion.

Concerning energy consumption, Figure 8.25b demonstrates that a significant portion of
the total energy expended during locomotion on a rigid surface occurs during the SSP,
i.e., over 97 %. Conversely, the act of running on compliant ground, which leverages the
elasticity of the deformable ground, results in a reduction of relative energy consumption
to approximately 85 %. This phenomenon can be explained by the transient conversion
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8.5 Running on Compliant Ground
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Figure 8.25: The relative duration of the flight phase with respect to tstep, and the allocation of CoTs during
the SSP in relation to the total CoT.

of kinetic energy into elastic energy stored within the ground substrate. Despite
considerable damping dissipation, this stored elastic energy is subsequently released
during the phase of contact separation, facilitating the robot’s lift-off from the ground.
Consequently, the overall energy efficiency is enhanced when contrasted with movement
on rigid ground.

Actuator and Reaction Force in Ground

Additional insights into the contact mechanics can be gleaned from the analysis of
actuator power and torque, as depicted in Figure 8.26 and Figure 8.27, respectively. In
particular, Figure 8.26 illustrates the mechanical power Prech i = Uidbi, I € {1, 2, 3, 4}
that is generated by four actuators. The CoT is calculated by integrating the positive
mechanical power, while the deceleration loss, as depicted in Figure 8.23b, is determined
by integrating the negative mechanical power.

In the context of running on compliant ground, as illustrated in Figure 8.26a, the
mechanical power exhibits a gradual increase during the restitution phase, followed by
a gentle decrease during the separation phase of the contact period. During the mid-
contact phase, substantial actuation, predominantly from the hip joints, is necessitated
for the stabilization of the body. Furthermore, at the commencement of the flight phase,
significant deceleration (negative mechanical power) in the hip of the former stance leg
is essential for preserving an optimal body configuration during flight.

Conversely, running on rigid ground, as depicted in Figure 8.26b, demands considerable
deceleration in the hip of the stance leg immediately following the inelastic impact at the
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Figure 8.26: Actuator’s mechanical power for running at 2.3 m/s on both compliant and rigid ground surfaces.

onset of the SSP, to absorb the impact and retain upper body orientation. Subsequent to
this marked deceleration, positive mechanical power is imperative for re-accelerating the
segments for the subsequent step period. During the mid-point of the SSP, the actuators
operate with minimal activity. Towards the conclusion of the SSP, both the hip and knee
actuators in the stance leg are required to exert considerable positive work to propel the
body off the ground, owing to the absence of recoverable elastic energy from the rigid
surface.

It is characteristic that the actuators remain largely inactive during the flight phase.
However, towards the conclusion of the flight, actuation becomes necessary to adjust
body configurations in order to achieve optimal landing, thereby minimizing contact
loss, whether in the form of damping dissipation on compliant surfaces or impact loss
on rigid surfaces.

Subsequently, Figure 8.27 demonstrates the torque produced by the actuators under the
same conditions. In a comparable manner, Figure 8.27a illustrates that the actuator torque
experiences a gradual increase and decrease throughout the contact phase while running
on compliant ground. Conversely, Figure 8.27b suggests that a substantial jump occurs
in the hip actuators following the inelastic impact on rigid ground. Consequently, from
a perspective focused on reducing potential harm to the actuators and transmissions,
running on compliant ground offers a significant benefit.

The reaction force during the SSP on compliant and rigid ground is illustrated in
Figure 8.28. Similar to the behavior of the actuator torque, the reaction force for running
on compliant ground, as shown in Figure 8.28a, also demonstrates a gradual increase
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8.5 Running on Compliant Ground
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Figure 8.27: Torque generated by the actuator for running at 2.3 m/s on both compliant and rigid ground
surfaces.

and decrease during the contact period, differing from that on rigid ground, as depicted
in Figure 8.28b.
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Figure 8.28: Solid lines indicate reaction forces Fy := [F1x, F17]" on both rigid and compliant ground during
the SSP of running at 2.3 m/s. Dashed lines show the maximum horizontal force without slippage, per
u=0.6.

In the realm of optimization, the static friction cone condition, as discussed in (7.15) and
(7.20) for rigid and compliant surfaces respectively, defines the maximum permissible
horizontal force magnitude F; . (depicted as red lines) in relation to the vertical force
F1,; (represented by blue lines) to guarantee a non-slipping contact. With regard to
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8 Simulation without Elastic Coupling

running on compliant surfaces in Figure 8.28a, the occurrence of critical slippage is
predominantly constrained to the initial and terminal phases of the contact interaction,
attributable to the consideration of a soft material, particularly in the vertical direction.
Conversely, on rigid surfaces, slippage occurring midway through the contact phase
is of elevated concern, thereby potentially complicating the control strategy due to the
necessity for the controller to perpetually assess the contact conditions. Moreover, a
reduced running velocity contributes to the mitigation of the critical slippage condition
during the mid-contact phase, as demonstrated in Figure 8.29 for a speed of 1.8 m/s.
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Figure 8.29: Solid lines indicate reaction forces F; := [Fy x, F1,;]" on both rigid and compliant ground during
the SSP of running at 1.8 m/s. Dashed lines show the maximum horizontal force without slippage, per
u=0.6.

Furthermore, the investigations illustrated in Figure 8.28 and Figure 8.29 reveal that
the peak magnitudes of reaction forces generated by both compliant and rigid surfaces
are comparable. This implies that while the surface elasticity does not diminish the
maximum magnitude of the reaction force, it effectively mitigates abrupt variations in
reaction force and actuator torque during transitional events.

Optimal Gait and Posture

The optimized running posture at velocities of v = 1.8, v = 2.3, and v = 2.8 m/s is
depicted in Figure 8.30, Figure 8.31, and Figure 8.32, respectively. In contrast to those
observed on rigid ground, the running patterns on compliant ground exhibit a notable
division of the flight phase, resulting in an increased maximum distance between the
robot’s body and the ground during flight. Furthermore, the postures remain consistent
across varying speeds. As previously discussed, adaptation to different speeds is
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8.5 Running on Compliant Ground

primarily accomplished through the elongation of the flight phase and the extension of

step length.
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Figure 8.30: Snapshots of the optimized running gaits at speed v = 1.8 m/s.
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Figure 8.31: Snapshots of the optimized running gaits at speed v = 2.3 m/s.
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Figure 8.32: Snapshots of the optimized running gaits at speed v = 2.8 m/s.

8.5.2 Gait Stability

Nontrivial Floquet multipliers are computed for locomotion over both rigid and com-
pliant surfaces, with the objective of evaluating the stability of periodic running gaits.
Subsequently, closed-loop simulations are conducted to confirm the stability of these
running gaits when exposed to initial disturbances.

Floquet Multiplier

Figure 8.33 elucidates the magnitude of the largest Floquet multiplier associated with
running on rigid and compliant surfaces. Through optimization, these multipliers are
deliberately restricted to values slightly below unity. Specifically, a singular nontrivial
multiplier pertains to running on a rigid surface, which is precisely determined through
the orthogonal projection of the monodromy matrix, as documented in Section 6.1.3.
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Figure 8.33: Magnitude of the nontrivial Floquet multiplier for running on compliant and rigid grounds.

Conversely, the scenario of running on compliant surfaces results in the determination
of five nontrivial multipliers via an iterative QR-algorithm, as delineated in Section 6.2.3.
Consequently, the multipliers derived for the compliant ground case exhibit minor
fluctuations attributed to numerical inaccuracies. Crucially, the orthogonal projection is
indispensable for forming stable running gaits on compliant ground, owing to the stiff
differential equations system imposed by the compliant contact within the hybrid zero
dynamics.

Closed-Loop Simulation

Figure 8.34 presents closed-loop simulations of running on both rigid and compliant
surfaces, incorporating initial perturbations in the velocities of the robot’s segments.
To enhance the visualization of convergence behavior, the magnitude |A| of the largest
nontrivial Floquet multiplier is constrained to a value smaller than 0.9. Additionally, a
minimal initial deviation is incorporated, attributed to the sensitivity of the numerical
ODE solver. For the PD-feedback in the simulation, the gain parameters are set at
Kp = 1000 and K4 = 1000.

The inelastic impact on rigid ground results in significant discontinuities in the simulated
trajectories of the actuated joints at the moment of landing, as illustrated in Figure 8.34b.
In contrast, simulating the ground as compliant leads to smoother transitions in the
trajectories.
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Figure 8.34: Illustration of the simulated joint configurations q, and angular velocities qp, denoted by dotted
lines, considering initial deviations. The reference trajectory is depicted using solid lines.

8.6 Concluding Remarks

This chapter rigorously assesses periodic walking and running gaits across a range of
speeds and diverse environmental conditions, with a primary emphasis on efficiency
and stability. Notably, both walking and running motions are optimized on rigid ground,
while running is additionally investigated on a compliant surface. The principal findings
and insights obtained from this chapter are outlined below:

* Walking with Instantaneous DSP on Rigid Ground:
— The optimized walking gaits rely predominantly on the natural swing of the

leg and require relatively small actuator effort, particularly in mid-stance.

- As walking speed increases, the CoI grows approximately linearly, indicating
a decline in energy efficiency. At higher speeds, deceleration immediately
before impact helps curb inelastic losses but raises deceleration losses in the

actuators.

— Stability is confirmed by Floquet multipliers slightly less than one. Perturba-
tion studies in closed-loop simulations show slow, but eventual, convergence
to the steady walking limit cycle.

* Walking with Non-Instantaneous DSP on Rigid Ground:

— Fully actuated double support phases enable faster perturbation convergence
and simplify the initialization of robot at the cost of increased actuator
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8 Simulation without Elastic Coupling

effort and thus higher Col across all investigated speeds. Compared to
instantaneous DSP, the robot exploits fewer natural oscillations due to the
closed kinematic chain constraints, which reduces efficiency.

— To develop highly efficient walking gaits that include a non-instantaneous
DSP, it is imperative to use advanced foot models. These models facilitate
the exploitation of the foot’s rolling motion, thereby harnessing the inherent
dynamics of the system to minimize energy consumption [112].

— The numerical findings indicate that utilizing a non-instantaneous DSP in
walking may provide advantages under challenging conditions, such as
significant disturbances or when rapid management of initial gait conditions
is required.

* Running on Rigid Ground:

— Periodic running motions are optimized over a range of speeds from 1.8 m/s
to 2.8 m/s. Similar to walking, CoT increased nearly linearly with speed.

- An intersection speed around 2.2 m/s is observed, beyond which running
proved more energy-efficient than walking.

- Floquet multipliers remain below one, confirming asymptotic stability. How-
ever, aggressive deceleration occurs in the hip immediately after foot impact,
resulting in torque spikes.

* Running on Compliant Ground:

- Despite higher damping losses, running on compliant ground achieved lower
overall CoT at increased speeds because the robot effectively harnesses elastic
energy stored in the substrate.

— The reaction force, actuator torque, and power profiles are smoother com-
pared to rigid-ground running, mitigating impact spikes and possibly reduc-
ing mechanical stress on components.

— Numerical simulations, however, are more sensitive on compliant terrain due
to stiff ground-contact dynamics. Minor deviations in the reduced-order
dynamics can grow if not carefully managed with robust numerical methods
and projection schemes.

The process for generating stable running gaits on compliant ground using the presented
framework demonstrates extreme sensitivity to minor variations in gait parameters and
initial conditions during the single support phase. This sensitivity arises from the stiff
nature of the reduced dynamics during the contact period with the compliant ground.
Specifically, the force law depends on the position and velocity of the stance foot, which
are further expressed as functions of the virtual constraints in the actuated joints.
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8.6 Concluding Remarks

Although the virtual constraints are theoretically substituted into the full-order dy-
namics, numerical errors accumulate during the integration of the resulting ordinary
differential equations system of reduced order, eventually leading to minor unphysical
violations of the constraint manifold. Particularly, the constraint surface is not explicitly
stabilized. These minor violations, in turn, significantly affect the ground force,
precisely due to the large stiffness parameter, thus impacting the resultant running
gait. Notwithstanding the numerical challenges, the proposed optimization technique,
employing the multiple shooting method, exploits sophisticated ODE and DAE solvers to
identify stable running gaits. To augment numerical stability further, it is recommended
to exercise enhanced control over the constraint surface, such as the potential future
implementation of the stabilization methods introduced in Section 2.2.2.

Despite this, the present chapter underscores the importance of fundamental solutions
in locomotion, specifically in walking and running. It provides a benchmark for future
comparative analyses as elastic couplings are incorporated.
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9 Efficiency Study of Elastic Coupling

Building on the exhaustive analysis of diverse gaits and environmental conditions as
described in Chapter 8, this chapter examines the incorporation of elastic couplings
within the structural architecture of the bipedal robot, which comprises rigid body
segments, to improve the energy efficiency of bipedal locomotion, including both
walking and running. The resulting optimal nonlinear properties of the elastic couplings
are considered.

The structure of this chapter is delineated as follows: Section 9.1 elucidates the
optimization framework aimed at the simultaneous optimization of gait parameters
and elastic couplings. Section 9.2 and Section 9.3 examine the enhanced energy
efficiency in walking, ascribed to elastic couplings, employing both instantaneous and
non-instantaneous double support phase (DSP) formulations, respectively. Section 9.4
and Section 9.5 explore the improved energy efficiency of running enabled by elastic
couplings on rigid and compliant ground surfaces, respectively; Section 9.6 concludes
the analysis presented in this chapter.

9.1 Setups of Optimization Framework

To realize the full potential of elastic couplings in augmenting energy efficiency, both
the reference gait trajectory and the characteristics of elastic coupling are optimized
simultaneously at a specified speed. Especially within the context of biped walking
with overactuation and running, the application of elastic coupling remains a topic that
has yet to be systematically examined in the literature. The methodology presented in
this chapter asserts that the elastic properties are precisely customized for each distinct
locomotion speed, signifying that, for each particular speed, both the reference gait
parameter and the elastic coupling parameter are subjected to optimization.

Nevertheless, it is noteworthy that for each individual operational speed, the elastic
properties necessitate modification via an auxiliary actuator, such as the variable
stiffness actuators discussed in [44]. The associate collaborator on this research project
is exploring the practical application of the intended nonlinear, adjustable stiffness
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9 Efficiency Study of Elastic Coupling

behavior through the utilization of compliant mechanisms [187]. Therefore, this method
diverges from the one proposed in [147], which assumes the constancy of elastic coupling
across varying locomotion velocities.

9.2 Walking with Instantaneous DSP

Two configurations of attaching elastic couplings in the mechanical design of the robot
are presented, namely coupling the upper body to each thigh (noted as “UT”), and
coupling both thighs (noted as “TT”). It is noteworthy that the investigation into the
enhanced energy efficiency of a biped walking robot featuring an instantaneous DSP
has been methodically conducted in [17]. To ensure comprehensiveness and facilitate
comparisons with alternative gaits, the outcomes have been replicated in this section
utilizing the proposed optimization framework in conjunction with the multiple shooting
method.

This section delineates the enhancement in energy efficiency attributable to the imple-
mentation of elastic couplings as discussed in Section 9.2.1, subsequently followed by
an examination of the consequent gait stability as analyzed in Section 9.2.2.

9.2.1 Improvement of Energy Efficiency

Figure 9.1 illustrates the diminished CoI and energy loss resulting from the implemen-
tation of optimal nonlinear elastic couplings between the rigid segments of the robot’s
structure. Specifically, Figure 9.1a demonstrates that mean energy reductions of 74.2 %
and 75.9 % are achieved via the optimal elastic couplings positioned between the thighs
and between the upper body and thighs, respectively.

The enhancement in energy efficiency is primarily ascribed to a marked decrease in
deceleration losses within the actuator. This is achieved through two specific strategies:
75.9 % via the coupling of the thighs, and 76.5 % via the coupling of the upper body and
thighs, as illustrated by the dashed lines in Figure 9.1b. By employing elastic torques for
the deceleration of movement, there is a reduced need for actuator-based deceleration.
Consequently, locomotion primarily arises from the inherent free oscillation of the
mechanical system, which is adjusted by the optimal elastic couplings, thereby reducing
the exertion required from the actuators.

Furthermore, as indicated by Figure 9.1b, the reduction in impact loss can be attributed
to the effects of elastic coupling. Specifically, the contributions to diminished impact
losses, namely 62.3 % and 72.0 %, arise from the elastic couplings between the thighs
and between the upper body and thighs, respectively. This attenuation can be ascribed
to a reduction in step length, as illustrated in Figure 9.2a, which results in a decreased
approach velocity of the swing foot toward the ground surface immediately prior to
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Figure 9.1: Cost of transport and energy losses of walking with or without elastic couplings.

impact. Notably, when the post-impact velocity is reduced to zero following an inelastic
collision, a lower pre-impact velocity consequently leads to diminished impact loss.

0.37
|—No Elastic Coupling —TT —UT]

—~0.257
g
=
= 0.2
=
0
g
— 0.15¢
2,
2
2 01f

0.05 ‘

0.5 1

Speed (in m/s)
(a) Step length of the optimized gaits.

Step Frequency (in Hz)

10

©

‘—No Elastic Coupling —TT —UT‘

0.5 1 15
Speed (in m/s)

(b) Step frequency of the optimized gaits.

Figure 9.2: Step length and frequency of optimized walking with or without elastic couplings.
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Step Length and Frequency

Implementing elastic couplings in accordance with both examined configurations results
in an elevated step frequency, as shown in Figure 9.2b. Consequently, the optimal step
length diminishes when compared to the system without elastic couplings, as depicted
in Figure 9.2a. The investigation presented in [193] employs a simplified pendulum
model to elucidate that the optimal double step frequency aligns with the robot’s natural
oscillation frequency, attributed to the elastic coupling between the thighs. This suggests
that the robot operates near system resonance, thereby enhancing energy efficiency. This
phenomenon similarly applies to the coupling of the upper body and thighs, as it also
leads to an increased step frequency due to the positive stiffness parameter.

Optimal Gait and Posture

The optimal gaits featuring optimal elastic couplings between the thighs are illustrated
in Figure 9.3, Figure 9.4, and Figure 9.5 for the respective speeds of v = 0.5, v = 1.0, and
v=15m/s.

1% tegep 20% tegep 40% tetep 60% tstep 80% fotep 100% ftep

Figure 9.3: Walking with optimal elastic couplings between thighs (TT) at speed v = 0.5 m/s.

b3 }

1% tegep 20% tegep 40% tegep 60% tstep 80% totep 100% ftep

h

1% tstep 20% tstep 40% tstep 60% tstep 80% tstep 100% fstep

Figure 9.4: Walking with optimal elastic couplings between thighs (TT) at speed v = 1.0 m/s.

Figure 9.5: Walking with optimal elastic couplings between thighs (TT) at speed v = 1.5 m/s.

174



9.2 Walking with Instantaneous DSP

In comparison with the gait without elastic couplings, as demonstrated in Section 8.2.1,
these movements are characterized by a notably reduced step length. Additionally,
the actuator torques, denoted by the intensity of the joint color, diminish significantly,
particularly at the commencement and conclusion of the single support phase.

The gaits characterized by optimal elastic coupling between the upper body and thighs
are illustrated in Figure 9.6, Figure 9.7, and Figure 9.8 for speeds of v = 0.5, v = 1.0, and
v = 1.5m/s, respectively.

1% tstep 20% tstep 40% tstep 60% tstep 80% tstep 100% tstep

Figure 9.6: Walking with optimal elastic coupling between the upper body and thighs (UT) at speed v = 0.5
m/s.

1% tstep 20% tstep 40% tstep 60% tstep 80% tstep 100% tstep

Figure 9.7: Walking with optimal elastic coupling between the upper body and thighs (UT) at speed v = 1.0
m/s.

1% tstep 20% tstep 40% tstep 60% tstep 80% tstep 100% tstep

Figure 9.8: Walking with optimal elastic coupling between the upper body and thighs (UT) at speed v = 1.5
m/s.

In contrast to the elastic characteristics present between the thighs, optimizing the
neutral angle @yt o of the elastic coupling between the upper body and thighs leads to
an optimal upper body orientation across varying speeds, leading to less deceleration
loss. In particular, Figure 9.9 provides a comparative analysis of the mechanical power
contributed by the actuators during ambulation both without and with elastic couplings
at the velocity of v = 1.5 m/s. As demonstrated in Figure 9.9a, the robot without elastic
couplings requires a substantial deceleration, observed as negative mechanical power in
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both hip joints. This deceleration is crucial for sustaining the optimal orientation of the
upper body immediately following the impact. Subsequent to this deceleration phase,
the actuator imparts significant positive power to accelerate the segments for the ensuing
step period. During the mid-section of the single support phase, the actuator remains
largely inactive, allowing the robot to exploit the inherent oscillation of the swing leg for
locomotion. As the swing phase concludes, actuation is necessary to modify the body
configuration in preparation for ground contact, aiming to minimize impact loss.
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thighs (TT). body and thighs (UT).

Figure 9.9: Mechanical power in the actuators for the configuration without or with elastic couplings at
walking speed v = 1.5m/s.

As indicated in Figure 9.9b and Figure 9.9¢, elastic couplings lead to a marked reduction
in deceleration losses at the onset of the single support phase. This phenomenon suggests
that the kinetic energy present during deceleration is temporarily converted into elastic
energy immediately following impact, as illustrated in Figure 9.10a. To enhance clarity,
the potential energy, encompassing both gravitational and elastic energy, is normalized
to zero at the initiation of a step period. Subsequently, this stored elastic energy is
utilized to accelerate the segments during the new step period, thereby diminishing
positive mechanical power in the mid-step period. Notably, the optimal neutral angle
@urt,o of the elastic coupling between the upper body and thighs results in a substantial
decrease in deceleration using the actuator.

9.2.2 Gait Stability

Moreover, as demonstrated by Figure 9.10b, the introduction of elastic couplings
adversely affects gait stability, as evidenced by the magnitude of the nontrivial Floquet
multiplier. While the gaits remain stable, the rate of convergence deteriorates due to the
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9.3 Walking with Non-Instantaneous DSP

increased step frequency required for walking with elastic couplings, rendering it more
susceptible to minor perturbations around the reference limit cycle.
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Figure 9.10: Depiction of kinetic and potential energy in walking at speed v = 1.5 m/s, and the gait stability
without or with elastic couplings.

9.3 Walking with Non-Instantaneous DSP

The concept of walking with a non-instantaneous DSP is characterized by the existence
of a closed kinematic chain within the continuous DSP, which is enabled by the static
friction at the contact points of the feet. Preliminary efficiency studies reveal that the
integration of elastic couplings between the thighs leads to an elevated cost of transport,
as the actuator must exert additional effort to oppose the coupling in order to preserve
the closed kinematic chain’s integrity. Consequently, the investigation does not consider
the coupling between the thighs within the presented efficiency analysis.

On the other hand, positioning the elastic coupling between the upper body and the
thighs outside the closed kinematic chain enhances energy efficiency. This section
undertakes an analysis of both linear and nonlinear elastic properties, optimized for
distinct average walking speeds, to elucidate the effect of the nonlinearity of the elastic
coupling, especially between the upper body and thighs.

This section elucidates the improvement in energy efficiency resulting from the inte-
gration of elastic couplings as detailed in Section 9.3.1, followed by an analysis of the
resulting gait stability as examined in Section 9.3.2.
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9 Efficiency Study of Elastic Coupling

9.3.1 Improvement of Energy Efficiency

As illustrated in Figure 9.11a, the implementation of elastic couplings with optimized
nonlinear characteristics between the upper body and thighs results in a reduction of up
to 62.5 % in energy consumption within the investigated speed range. Comparatively,
elastic couplings with optimal linear characteristics lead to a reduction of 43.0 % in
energy consumption. It is noteworthy that the decreased CoTl achieved through the
nonlinear elastic couplings closely approximates the Col observed when walking with
an instantaneous DSP in the absence of elastic couplings.
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Figure 9.11: Cost of transport and energy losses of walking with or without elastic couplings.

The diminution of energy losses is elucidated in Figure 9.11b. It is noteworthy that the
impact loss is reduced to nearly negligible levels owing to the presence of both linear
and nonlinear elastic couplings. Due to its predominant influence, the minimization
of deceleration loss emerges as the principal contributor to the improved efficiency
attributable to elastic couplings. In essence, the presence of elastic couplings necessitates
reduced deceleration by the actuator, which otherwise leads to considerable heat
dissipation.

Step Frequency and SSP Duration

The optimized step frequency of walking with non-instantaneous DSP and optimal
elastic couplings is illustrated in Figure 9.12a. Significantly, the incorporation of elastic
couplings into the rigid body model does not augment the optimal step frequency when
the DSP is considered continuous. While the total step duration remains constant, the
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9.3 Walking with Non-Instantaneous DSP

presence of elastic coupling slightly extends the relative duration of the DSP, thereby
reducing the relative duration of the SSP within a step period, as observed in Figure 9.12b.
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Figure 9.12: Step frequency of the optimized walking gaits and the proportion of the single support phase
within each step period.

While the resultant CoT exhibits a comparable magnitude as observed in Figure 9.11a,
Figure 9.12a highlights a marked difference in the optimal step frequency between
walking with an instantaneous DSP and walking with a non-instantaneous DSP when
optimal elastic couplings are employed. It is of particular interest that the considerable
efficiency observed in walking with an instantaneous DSP is attributable to a high
step frequency that nearly coincides with the system’s natural oscillation frequency.
Conversely, when the DSP is continuous, the integration of the elastic coupling is
inclined to regulate the distribution between the DSP and SSP to match with the free
oscillation frequency of the underactuated SSP.

Optimal Gait and Posture

Figure 9.13, Figure 9.14, and Figure 9.15 illustrate the postures of optimized gaits with
elastic couplings exhibiting linear characteristics corresponding to speeds of v = 0.5,
v =1.0,and v = 1.5 m/s, respectively.

At higher speeds, the posture remains comparable to the gait observed in the absence
of elastic coupling as illustrated in Figure 8.11 and Figure 8.12; however, at a reduced
velocity of v = 0.5 m/s, a considerable distinction becomes apparent. Specifically,
Figure 9.13 illustrates that the upper body tends to orient vertically, as its equilibrium
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Figure 9.13: Walking with optimal linear elastic coupling between the upper body and thighs at speed v = 0.5
m/s.
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Figure 9.14: Walking with optimal linear elastic coupling between the upper body and thighs at speed v = 1.0
m/s.

position is modulated by the neutral angle ¢ur, of the elastic coupling between the
upper body and thighs. At low speeds, as noted in Figure 9.12b, the DSP exhibits a
prolonged relative duration within each gait cycle. An optimal vertical alignment of the
upper body, which is chiefly maintained by the influence of elastic torque, markedly
reduces the actuator’s exertion needed to support the upper body’s load.

Analogously, Figure 9.16, Figure 9.17, and Figure 9.18 depict the postures of optimized
gaits with elastic couplings that exhibit nonlinear characteristics, corresponding to
velocities of v = 0.5, v = 1.0, and v = 1.5 m/s, respectively.

Irrespective of the presence of elastic coupling, the formulation of a non-instantaneous
DSP results in a decreased center of mass position. This phenomenon is attributed
to the complex contact constraints inherent to the point foot, which are essential for
constituting the closed kinematic chain within the DSP. Nevertheless, the elasticity in
the multibody system facilitates an optimal distribution of the durations of both the
DSP and the SSP, which further enables the exploitation of free oscillation, particularly
in the underactuated SSP, thereby achieving heightened efficiency.

Optimal Elastic Characteristics

In accordance with the gaits presented, the optimal elastic couplings exhibiting both
linear and nonlinear characteristics are illustrated in Figure 9.19. Specifically, these
characteristics are displayed within the active operating range of the spring. Given the
pronounced differences among the presented gaits at different average speeds, it is plau-
sible to expect considerable variability in the corresponding optimal elastic couplings.
Notably, for a low speed of v = 0.5 m/s, a multistable characteristic is preferred, whereas
for other speeds, a monostable configuration suffices. These nonlinear characteristics
are implemented through compliant mechanisms, as exemplified in [197].
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Figure 9.15: Walking with optimal linear elastic coupling between the upper body and thighs at speed v = 1.5
m/s.
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Figure 9.16: Walking with optimal nonlinear elastic coupling between the upper body and thighs at speed
v=05m/s.

Figure 9.19 demonstrates that the optimized neutral angle ¢yt for both linear and
nonlinear elastic couplings is relatively consistent. This angle signifies a position where
the elastic torque is nullified, thereby playing a critical role in determining the optimal
equilibrium position of the upper body. The primary aim is to reduce the effort needed
by the actuator to maintain the upper body’s weight.

Energy in Periodic Gait

The assessment of potential energy (encompassing both elastic and gravitational com-
ponents) in conjunction with kinetic energy is conducted for locomotion involving
non-instantaneous DSP at a velocity of v = 0.5 m/s, as illustrated in Figure 9.20. Notably,
during the normalized DSP, as delineated in Figure 9.20a, there is a monotonic increase
in elastic energy, signifying that the elastic torque is responsible for generating negative
mechanical work. Conversely, the descent of the center of mass results in a diminution
of gravitational energy. Subsequently, in the ensuing SSP, as shown in Figure 9.20b, the
stored elastic energy is released to assist the actuator in accelerating the segment and
elevating the center of mass.

At an elevated speed of v = 1.5 m/s, as depicted in Figure 9.21, the gravitational and
kinetic energies remain nearly constant due to the brevity of the corresponding DSP and
the insubstantial movement involved, as stated in Figure 9.12b. Nevertheless, the elastic
energy, particularly within the nonlinear elastic coupling, rises notably in a monotonic
fashion. The stored elastic energy is subsequently released during the ensuing SSP to
facilitate movement, as illustrated in Figure 9.21b.

A comparative analysis of the optimal linear and nonlinear elastic characteristics
reveals that the nonlinear characteristic is more congruent with the natural oscillation
of the system in the underactuated SSP, given that acceleration occurs solely at the
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Figure 9.17: Walking with optimal nonlinear elastic coupling between the upper body and thighs at speed
v=10m/s.
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Figure 9.18: Walking with optimal nonlinear elastic coupling between the upper body and thighs at speed
v=15m/s.

commencement of the SSP. Specifically, the elastic potential energy is predominantly
converted into kinetic energy. Following the initial phase of acceleration, the elastic
potential energy gradually diminishes to zero. Conversely, the linear elastic spring
demonstrates significantly larger oscillations in the depicted energy, leading to a slightly
higher step frequency in contrast to the nonlinear elastic coupling at v = 1.5 m/s, as
detailed in Figure 9.12a. Therefore, due to the elastic coupling, the non-instantaneous
DSP is employed to accumulate elastic potential energy, which is subsequently released
during the underactuated SSP. Particularly during the SSP, the system’s free oscillation
is harnessed to enhance the overall energy efficiency of the gait.

9.3.2 Gait Stability

Figure 9.22 presents the resultant magnitude of the single nontrivial Floquet multiplier
with controller gain parameter K,; = 10 when both linear and nonlinear elastic couplings
between the upper body and thighs are considered. Clearly, introducing elasticity
into the multibody system does not adversely affect gait stability, given that the non-
instantaneous DSP is fully actuated. Conversely, incorporating elastic coupling into
the underactuated gait with an instantaneous DSP detrimentally affects stability, as the
resulting Floquet multiplier increases, as demonstrated in Figure 9.10b.
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Figure 9.19: Optimized linear and nonlinear elastic characteristics across varying walking speeds.
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Figure 9.20: Energy profiles during DSP and SSP for locomotion at v = 0.5 m/s without elastic coupling (in
red), with linear elastic couplings (in blue), and with nonlinear elastic couplings (in magenta).
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Figure 9.21: Energy during DSP and SSP for locomotion at v = 1.5 m/s without elastic coupling (in red), with

(b) Energy in normalized SSP.

linear elastic couplings (in blue), and with nonlinear elastic couplings (in magenta).
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Figure 9.22: Magnitude of the nontrivial Floquet multiplier of the gait without or with elastic couplings.

184



9.4 Running on Rigid Ground

9.4 Running on Rigid Ground

The study examines two configurations of elastic couplings in the robotic system:
the coupling between the upper body and both thighs (denoted as “UT”), and the
coupling between the thighs (denoted as “TT”), for applications involving running on
rigid surfaces. Both elastic coupling configurations are characterized through nonlinear
elastic properties and are optimized for each distinct running speed v € [1.8,1.9, ...,2.8]
m/s. This section encompasses the discourse on the enhancement of energy efficiency
attributed to elastic couplings, as explicated in Section 9.4.1, alongside the examination
of gait stability as investigated in Section 9.4.2.

9.4.1 Improvement of Energy Efficiency

Figure 9.23 presents an analysis of the Col and the associated energy dissipation in
bipedal running on rigid surfaces, with considerations for elastic couplings. Asindicated
by Figure 9.23a, connecting the thighs leads to a reduction of 52.2 % in the mean energy
expenditure, while coupling both the upper body and the thighs results in a reduction
of 59.0 % in average energy consumption across various speeds.
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Figure 9.23: Cost of transport and energy losses of running on rigid ground with or without elastic couplings.

The Col without elastic coupling exhibits an approximately linear relationship with
running speed. In contrast, the Col resulting from the utilization of optimal elastic
couplings demonstrates slightly reduced dependence on speed. Elastic components
function by storing energy during the deceleration of the robot’s leg and subsequently
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releasing this stored energy to facilitate acceleration, thereby substantially mitigating
energy loss during deceleration using actuators, as observed in Figure 9.23b. Further-
more, while Figure 9.23b reports an increase in impact loss attributed to elastic coupling,
the aggregate efficiency is enhanced because the impact loss is relatively insignificant.

Step Frequency

Figure 9.24a demonstrates that running gaits devoid of elastic coupling typically
maintain a nearly constant step frequency across various speeds. The implementation of
elastic coupling in the thighs (TT) appreciably elevates the optimal step frequency at all
speeds due to the presence of positive stiffness. The interaction between the upper body
and the thighs (UT) chiefly influences frequencies at moderate and low speeds. In order
to accommodate a broad spectrum of running speeds with heightened energy efficiency,
the flight phase duration in diverse gaits, irrespective of elastic coupling, is adjusted in a
similar manner, as elucidated in Figure 9.24b. Specifically, as the running gait increases
in speed, the flight phase becomes more predominant within a step period, contributing
to a reduction in energy expenditure. Given that the implementation of elastic coupling
in the thighs (TT) leads to an increase in optimal step frequency, and that the utilization
of free oscillation during the single support phase contributes to a reduction in energy
consumption, the alteration in flight phase duration is comparatively less pronounced
than in the other two scenarios.
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Figure 9.24: Optimized step frequency and relative flight duration with respect to entire step period on rigid
ground.
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9.4 Running on Rigid Ground

Furthermore, a notable modification attributed to the elastic coupling is evident in the
distribution of energy consumption within the SSP CoT relative to the total Col over a
step period, evaluated through the ratio Col's/CoT as illustrated in Figure 9.25a.
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Figure 9.25: Relative energy consumption in the SSP with respect to total cost of transport of the gait, and the
normalized cost of transport during FLP.

The simulation omits air dissipation, rendering the energy consumption during the
flight phase negligibly small for all investigated gaits when juxtaposed with the overall
cost of transport associated with the running gait as reported in Figure 9.23a. As
depicted in Figure 9.25b, although the addition of elastic coupling increases the energy
consumption during flight, the negligible minor magnitude has a small influence on
overall CoI. Moreover, the relative allocation of the energy consumption in the SSP
is significantly reduced due to the elastic coupling, indicating that the natural free
oscillation in the SSP is utilized for reducing the overall CoT.

Optimal Gait and Posture

The optimized running posture with elastic coupling between the thighs, observed at
velocities of v = 1.8, v = 2.3, and v = 2.8 m/s, is illustrated in Figure 9.26, Figure 9.27,
and Figure 9.28, respectively. Compared to running gaits without elastic couplings as
shown in Section 8.4.1, gaits incorporating elastic coupling exhibit appreciably reduced
step lengths, thus leading to a decrease in the relative motion of the segments and
consequently reduced actuation.

The optimized running posture, characterized by an elastic coupling between the upper
body and thighs at speeds of v = 1.8, v = 2.3, and v = 2.8 m/s, is illustrated in
Figure 9.29, Figure 9.30, and Figure 9.31, respectively. These gaits are produced even
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Figure 9.26: Optimized running with elastic coupling between thighs (TT) at speed v = 1.8 m/s.
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Figure 9.27: Optimized running with elastic coupling between thighs (TT) at speed v = 2.3 m/s.

using smaller relative movement between the legs in comparison to the gait with elastic
coupling between the thighs.

Energy in Periodic Gait

An additional analysis of the enhanced efficiency is performed with a focus on energy
considerations. Specifically, Figure 9.32 illustrates the kinetic and potential energy
within the SSP and the FLP at a running speed of v = 2.3 m/s.

In the absence of elastic coupling, kinetic energy initially diminishes at the commence-
ment of the SSP due to the deceleration of actuators to achieve an optimal post-impact
posture. As the SSP progresses towards its conclusion, kinetic energy attains its
peak value, facilitating preparation for take-off. Throughout the ensuing flight phase,
kinetic energy decreases monotonically, while gravitational energy exhibits a parabolic
trajectory.

Owing to the additional elasticity, the deceleration immediately after impact is harnessed
for the accumulation of elastic potential energy, which is subsequently released midway
through the SSP to facilitate the acceleration of the segments. The apex of kinetic
energy is achieved prior to take-off. Concurrently, the robot initiates the reloading of
elastic potential energy through the use of actuators and a portion of the kinetic energy.
Furthermore, in the FLP, elastic potential energy is accumulated in a nearly monotonic
fashion.

In summary, elasticity is predominantly utilized to expedite the acceleration of the
segments exclusively during the initial phase of the SSP. In other phases, particularly
during the flight, the elastic couplings function as interim energy storage mechanisms.
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Figure 9.28: Optimized running with elastic coupling between thighs (TT) at speed v = 2.8 m/s.
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Figure 9.29: Optimized running with elastic coupling between upper body and thighs (UT) at speed v = 1.8
m/s.

Mechanical Power in Actuator

At a running speed of v = 2.3 m/s, Figure 9.33 presents the mechanical power output
from the four actuators across various configurations of elastic coupling. To be precise,
Figure 9.33a illustrates that a considerable amount of negative mechanical power is
necessary at the hip joint of the stance leg at the commencement of the SSP, to maintain
body posture after the inelastic impact. Subsequently, both hip joints contribute
significant positive mechanical power to propel the segment, thereby accumulating
the momentum necessary for the take-off. In the following FLP, the hip joint associated
with the former stance foot decelerates the swing leg to ensure an optimal posture for
landing.

Upon the attachment of elastic couplings between the thighs or between the upper body
and thighs, as illustrated in Figure 9.33b and Figure 9.33c respectively, it is no longer
necessary for the actuator to decelerate the movement post-impact. Instead, elasticity
absorbs the deceleration motion, as evidenced by the increase in elastic energy observed
in Figure 9.32a. Since the movement in the SSP is predominantly generated by free
oscillation, modulated by the elastic coupling, there is a resultant decrease in the positive
mechanical power required by the actuator, thereby enhancing efficiency.
Fundamentally, only the knee joint in the stance leg provides significant actuation to
meet the contact condition at the stance foot. Particularly in the FLP, the actuators
tend to produce negligible power. It should be noted that the static actuator torque
is exceptionally high, as indicated by the color intensity in the postures, for instance,
depicted in Figure 9.27 and Figure 9.30 for the same speed v = 2.3 m/s. In fact, the
velocity of the joint nearly reaches zero, leading to minimal mechanical power output.
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Figure 9.30: Optimized running with elastic coupling between upper body and thighs (UT) at speed v = 2.3
m/s.
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Figure 9.31: Optimized running with elastic coupling between upper body and thighs (UT) at speed v = 2.8
m/s.

Consequently, the static actuator torque is crucial for maintaining an optimal posture
during flight.

9.4.2 Gait Stability

Figure 9.34 illustrates the resultant nontrivial Floquet multiplier of the periodic running
gait without or with elastic couplings. Obviously, coupling the rigid body segments
using elastic materials does not negatively impact the gait stability. For certain instances,
the additional elasticity might even improve the stability characteristic, as observed by
a smaller Floquet multiplier at the speed v = 2.1 m/s due to the coupling between the
upper body and thighs.
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Figure 9.32: Energy profiles during SSP and FLP for running at v = 2.3 m/s without elastic coupling (in red),
with elastic couplings between thighs (in blue) and between upper body and thighs (in magenta).
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Figure 9.33: Mechanical power profiles in the actuators for an optimized running gait at v = 2.3 m/s with or
without elastic couplings.
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Figure 9.34: Magnitude of the nontrivial Floquet multiplier without or with elastic couplings.
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9.5 Running on Compliant Ground

The configuration of elastic couplings utilized for running on rigid ground is similarly
applied to compliant ground. Specifically, elastic couplings exhibiting nonlinear
characteristics, optimized for varying speeds, are affixed between the thighs (TT)
and between the upper body and thighs (UT). This section comprises an analysis
of the improvements in energy efficiency facilitated by elastic couplings, as elucidated
in Section 9.5.1, in conjunction with an assessment of gait stability, as explored in
Section 9.5.2.

9.5.1 Improvement of Energy Efficiency

Figure 9.35 demonstrates enhanced energy efficiency through the application of elastic
couplings. More precisely, the implementation of optimal elastic couplings between the
thighs results in a reduction of 26.0 % in the average energy consumption across the
range of speeds examined, while the coupling between the upper body and thighs leads
to a decrease of 18.1 %.
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Figure 9.35: Cost of transport and energy losses of running on compliant ground with or without elastic
couplings.

The reduction is primarily attributed to a decrease in the deceleration loss using actuators,
as illustrated in Figure 9.35b. More specifically, elasticity within the rigid body system
is intended to aid the actuator in decelerating motion, thus momentarily storing kinetic
energy as elastic potential energy, which is subsequently reutilized for the acceleration of
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9.5 Running on Compliant Ground

robot segments. Conversely, the damping dissipation in the compliant ground remains
relatively constant regardless of the presence of elastic coupling.

Step Frequency

The analysis of the improved energy efficiency using elastic coupling is conducted by
the optimal step frequency, as depicted in Figure 9.36a. Specifically, the elastic coupling
between thighs reduces the optimal step frequency, which fundamentally differs from
the effect related to the running gaits on rigid ground.
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Figure 9.36: Optimized step frequency and relative flight duration with respect to entire step period on
compliant ground.

As illustrated in Figure 9.24a, the integration of elastic coupling, whether between the
thighs or between the upper body and thighs, results in an increased step frequency when
the ground is rigid. This frequency aligns with the natural free oscillation frequency,
thereby enabling the robot to operate near resonance at a high frequency. On the
other hand, the compliant nature of the ground significantly affects the free oscillation
frequency of the gait, which is evident from the comparison of running gaits without
elastic coupling on rigid and compliant surfaces, as shown in Figure 8.24b. Notably, the
optimal step frequency is reduced on compliant ground, and the corresponding CoTl
is also lower compared to rigid ground. Consequently, the enhanced energy efficiency
attributable to elastic coupling between the thighs is primarily a result of harnessing
the ground’s stiffness. Consistently, the relative duration of the FLP is diminished, as
reported in Figure 9.36b.
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In contrast, the elastic coupling between the upper body and thighs exerts minimal
influence on the optimal step frequency, thus corresponding to a less significant decrease
in the CoT.

Optimal Gait and Posture

The optimized running posture exhibiting elastic coupling between the thighs, as
observed at velocities of v = 1.8, v = 2.3, and v = 2.8 m/s, is depicted in Figure 9.37,
Figure 9.38, and Figure 9.39, respectively. As a consequence of the diminished flight
duration, the maximal spatial separation between the body and the ground surface is
reduced in comparison to the gait without elastic couplings, as described in Section 8.5.1.
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Figure 9.37: Optimized running with elastic coupling between thighs (TT) at speed v = 1.8 m/s.
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Figure 9.38: Optimized running with elastic coupling between thighs (TT) at speed v = 2.3 m/s.
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Figure 9.39: Optimized running with elastic coupling between thighs (TT) at speed v = 2.8 m/s.
The optimized running posture, with an elastic coupling between the upper body and

thighs at speeds of v = 1.8, v = 2.3, and v = 2.8 m/s, is depicted in Figure 9.40,
Figure 9.41, and Figure 9.42, respectively.
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Figure 9.40: Optimized running with elastic coupling between upper body and thighs (UT) at speed v = 1.8
m/s.
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Figure 9.41: Optimized running with elastic coupling between upper body and thighs (UT) at speed v = 2.3
m/s.

Optimal Elastic Characteristices

Figure 9.43 illustrates the optimized nonlinear characteristics, which are presented
exclusively within the active range of the spring, concerning the elastic coupling
between thighs at varying speeds. Importantly, these optimal characteristics demonstrate
a consistent multistable behavior across various speeds, with an increase in speed
corresponding to larger stiffness. In the midphase of the SSP, the thighs experience minor
angular displacements in proximity to the spring’s equilibrium point, specifically when
the angular displacement is equal to zero. At this stage, the presence of positive stiffness
is crucial for assisting the actuator in facilitating the acceleration of the movement. As
the SSP approaches its conclusion, just prior to take-off, the relative angle between
the thighs approaches its maximum, at which point negative stiffness is employed to
lock the optimal posture for the flight phase, thus increasing the optimal overall step
frequency.

Figure 9.44 posits that the elastic coupling between the upper body and thighs predom-
inantly exhibits linear behavior with positive stiffness under minor angular displace-
ments, a feature characteristic of the intermediate phase of the SSP. As the active angular
displacement attains its minimal value toward the conclusion of the SSP (immediately
preceding take-off) and subsequently remains nearly constant throughout the flight
phase, the inherent nonlinearity enables the adjustment of the body configuration, thus
preserving an optimal posture without requiring actuator intervention.
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Figure 9.42: Optimized running with elastic coupling between upper body and thighs (UT) at speed v = 2.8
m/s.
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(a) Running speed v = 1.8 m/s. (b) Running speed v = 2.3 m/s. (c) Running speed v = 2.8 m/s.

Figure 9.43: Optimized nonlinear elastic characteristics (TT) across varying running speeds.

Energy in Periodic Gait

Figure 9.45 illustrates the energy during a step period of running at a velocity of v = 2.3
m/s. In contrast to running gaits at an equivalent speed on rigid surfaces, as shown in
Figure 9.32, the gravitational potential energy in scenarios involving compliant ground
assumes a more significant role, owing to the additional vertical degree of freedom
present in the SSP. Furthermore, during the flight phase, the increased jump height
suggests that a greater amount of kinetic energy is converted into gravitational energy
at the onset of the FLP, which is subsequently released prior to landing.

Figure 9.45a posits that the deceleration immediately following the impact is predomi-
nantly absorbed by the compliant ground, as opposed to the actuator or elastic couplings,
given the presumption of a higher stiffness parameter associated with the ground.
During this brief interval, the elastic potential energy within the elastic couplings
remains unaltered. This phenomenon partly accounts for the lesser enhancement
in energy efficiency when elastic coupling is integrated into the robot, compared to
conditions involving a rigid ground.

During the mid-stance phase, the elastic energy stored in the ground and elastic
couplings is harnessed to accumulate kinetic energy essential for take-off. Consistent
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Figure 9.44: Optimized nonlinear elastic characteristics (UT) across varying running speeds.
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Figure 9.45: Energy profiles during SSP and FLP for running at v = 2.3 m/s without elastic coupling (in red),
with elastic couplings between thighs (in blue) and between upper body and thighs (in magenta). The solid
lines in panel (a) depict the potential energy stored in the segment-to-segment elastic couplings; they do not
include the elastic energy associated with the deformable ground.

with the findings regarding the gait on rigid ground reported in Figure 9.32, the robot
initiates the accumulation of potential energy within the elastic couplings prior to
take-off. This accumulation of elastic energy persists into the early stages of flight.
Owing to the nonlinearity inherent in the optimal elastic characteristics, the posture
remains approximately unchanged during the subsequent flight phase, resulting in a
nearly constant level of elastic energy.
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Mechanical Power in Actuator

Figure 9.46 presents the mechanical power exerted by the actuator across various
configurations of elastic couplings at a running velocity of v = 2.3 m/s. In the absence
of an elastic coupling, Figure 9.46a demonstrates notable positive mechanical power in
both hip joints during the middle of the SSP, which is crucial for the accumulation of
kinetic energy, as illustrated in Figure 9.45a. Analogous to locomotion on rigid ground,
as shown in Figure 9.33a, the actuator in the knee joint of the stance leg generates
considerable negative mechanical power to avert slippage of the stance foot on either
rigid or compliant surfaces. At the onset of the FLP in Figure 9.46a, a pronounced
deceleration of the hip joint is necessary for adjusting body posture during the flight.
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Figure 9.46: Mechanical power profiles in the actuators for an optimized running gait at v = 2.3 m/s without
or with elastic couplings.

Figure 9.46b and Figure 9.46c demonstrate a considerable reduction in the positive
mechanical power exerted by the actuators, attributed to the assistance provided by the
elastic coupling during the acceleration phase in the middle of the SSP. Immediately after
take-off, an optimal posture for flight is achieved due to the nonlinear elastic properties,
thereby eliminating the necessity for negative mechanical power from the actuators and
consequently reducing deceleration losses. In configurations both with and without
elastic couplings, actuators are typically employed at the conclusion of the FLP to adjust
the body posture, ensuring an optimal landing with minimal contact loss.

9.5.2 Gait Stability

The assessment of gait stability is based on the magnitude of the largest nontrivial
Floquet multipliers, as illustrated in Figure 9.47. Notably, the incorporation of elastic
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coupling does not adversely affect stability behavior. Indeed, at certain speeds, elastic
coupling marginally enhances gait stability, maintaining consistent performance akin to
running on rigid ground, as shown in Figure 9.34.
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Figure 9.47: Magnitude of the nontrivial Floquet multiplier without or with elastic couplings.

9.6 Concluding Remarks

This chapter investigates the feasibility of integrating elastic couplings into a bipedal
robotic model to enhance energy efficiency in locomotion such as walking and running.
Numerical optimizations are conducted across various gait configurations, including
instantaneous versus non-instantaneous double support phases (DSP) in walking, as
well as running on rigid compared to compliant surfaces, each evaluated at diverse
speeds. The results are encapsulated in the following summary:

* Walking with Instantaneous DSP: Adding elastic couplings significantly reduces
both the overall cost of transport (Col') and, in particular, the actuator deceleration
losses. Coupling between the upper body and thighs (UT) or between the thighs
(TT) both yield substantial energy savings (over 70 %), primarily by exploiting free
oscillations of the mechanical system. However, introducing elastic couplings
tends to increase the magnitude of the nontrivial Floquet multiplier of the
underactuated walking gait, reducing the convergence rate to the stable limit
cycle.

¢ Walking with Non-Instantaneous DSP: In the fully actuated non-instantaneous
DSP formulation, adding elastic couplings does not degrade gait stability. Non-
linear elastic couplings placed between the upper body and thighs can reduce
CoT by as much as 60 %, primarily through minimizing deceleration losses in the
underactuated single support phase. Crucially, the system exploits a longer DSP
in which elastic potential energy is accumulated, then released during the SSP to
accelerate the robot’s segments.
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* Running on Rigid Ground: Elastic couplings substantially reduce energy con-
sumption for running on rigid ground: TT and UT couplings reduce Col by
approximately 50 % and 60 %, respectively, across the examined speed range.
Deceleration immediately following impact is largely absorbed by the elastic
couplings, allowing stored energy to be released in mid-stance and reducing
positive actuation requirements. Stability is not adversely affected, and may even
improve at specific speeds.

* Running on Compliant Ground: While introducing compliance into the robot’s
body still yields notable CoT reductions (average savings of around 20 — 30 %), the
presence of an already-compliant substrate means that deceleration is partially
absorbed by the ground, leaving less benefit available from additional elastic
couplings. Nonlinear elastic characteristics tend to be multistable, helping lock
the leg configuration at certain phases (e.g., just before flight), thereby minimizing
extra actuator effort. Gait stability is not compromised and sometimes shows
marginal improvements.

In summary, the findings affirm that incorporating optimally designed elastic couplings
into a bipedal robot’s rigid body structure can greatly enhance energetic efficiency in
both walking and running, provided that the optimal placement of couplings (e.g., UT
vs. TT) and the selection of spring characteristics (e.g., multistable vs. monostable) are
aligned with the natural oscillations of each gait. Specifically, the storage of energy
during deceleration and its release during acceleration significantly diminishes the cost
of transport and reduces the net mechanical work exerted by the actuators.
Nevertheless, this chapter optimized each speed-specific elastic coupling independently
to attain the optimal performance at that specified speed. A practical subsequent
step involves the investigation of a single set of coupling parameters for multiple
speeds, employing more sophisticated numerical methodologies capable of managing
the resulting high-dimensional optimization processes. This multi-velocity approach
will more accurately emulate real-world applications, where modifications to hardware
across varying speeds are typically impractical or undesirable.
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10.1 Conclusions

This dissertation investigates the energy efficiency and stability of periodic walking
and running gaits of a planar biped robot. Utilizing Hybrid Zero Dynamics (HZD)
control, the research explores four primary scenarios: walking with either instantaneous
or non-instantaneous double support phases (DSP) on rigid ground, and running
on either rigid or compliant ground. The robot model is comprised of five rigid
segments (incorporating an upper body, two thighs, and two shanks) equipped with
four actuated revolute joints and point feet. Periodic gait trajectories, which sustain a
constant average speed, are established using a multiple shooting methodology and are
subsequently optimized through a Sequential Quadratic Programming (SQP) algorithm,
with a focus on enhancing locomotion efficiency. Energy efficiency is evaluated through
the application of the dimensionless cost of transport, while gait stability is assessed in
accordance with Floquet theory. The investigation into energy efficiency spans a variety
of locomotion speeds.

The research is ultimately directed towards two primary objectives: firstly, to examine
the impact of gait variation and ground compliance on the efficiency and stability
of locomotion; and secondly, to investigate the feasibility of implementing adjustable
parallel elastic couplings between robot segments as a means to enhance the energy
efficiency across the various explored locomotion scenarios.

The preliminary phase of this research is dedicated to examining bipedal locomotion
through the use of a robotic model that is solely comprised of rigid body segments. The
principal findings of the efficiency analysis are:

* Walking with Instantaneous DSP: Optimal periodic walking gaits are achieved
through the exploitation of the natural oscillation of the swing leg in the midphase
of astep cycle. The associated energy consumption demonstrates an approximately
linear relationship with walking speed. A considerable fraction of the energy dis-
sipation is attributed to the actuator’s role in decelerating motion to either sustain
body posture or reduce the approach velocity prior to ground contact. Although
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asymptotic orbital stability is established (the nontrivial Floquet multiplier below
unity), minor perturbations exhibit a slow convergence to the reference gait.

¢ Walking with Non-Instantaneous DSP: Integrating a non-instantaneous DSP
within the walking sequence facilitates faster disturbance rejection and enhances
gait initialization from rest due to a fully actuated model. However, maintaining
a closed kinematic chain during the DSP restricts the robot’s ability to employ
extensive swing-leg motions, thereby reducing overall energy efficiency compared
to the instantaneous DSP scenario. To realize a highly efficient DSP, it is crucial
to incorporate extended foot models that permit rolling motion on the ground.
Despite its lower efficiency, this approach remains advantageous in scenarios
involving significant perturbations or challenging environments where rapid
convergence is imperative.

* Running on Rigid Ground: The cost of transport during running exhibits an
almost linear relationship with running speed. At speeds exceeding approximately
2.2 m/s, running efficiency surpasses that of walking. Despite inelastic impacts
causing significant force and torque surges at touchdown, the stability analysis
employing the Floquet multipliers verifies the presence of stable limit cycles. A
trade-off is evident whereby gaits demonstrating enhanced stability (indicated by
smaller nontrivial Floquet multipliers) may result in a marginal increase in the
cost of transport (less efficiency).

* Running on Compliant Ground: At high velocities, elastic deformation of the
compliant ground contributes to energy recovery, thereby diminishing the work
demanded from actuators. Although damping losses are present, the overall
cost of transport has the potential to fall below that encountered with rigid
ground. The reaction force and torque profiles exhibit increased smoothness
as a result of impact attenuation, which likely mitigates stress on mechanical
components. The complexity of simulations increases significantly due to the stiff
dynamics and the increased degrees of freedom introduced during the compliant
contact, necessitating more advanced numerical integration and explicit constraint
stabilization methodologies.

Subsequently, an efficiency study incorporating parallel elastic couplings between robotic
segments is undertaken across the same speed range as the configuration without such
elastic couplings. The primary results of the efficiency analysis are as follows:

* Walking with Instantaneous DSP: In underactuated gaits that involve instanta-
neous impact transition events, the incorporation of elastic couplings—whether
between the thighs or between the upper body and thighs—can lead to a reduction
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in the cost of transport by over 70 %. On the other hand, the added elasticity results
in a modest increase in the nontrivial Floquet multiplier, which consequently
decelerates the convergence rate to the reference limit cycle.

¢ Walking with Non-Instantaneous DSP: Fully actuated DSP enhances the robust-
ness of the gait against disturbances. By integrating nonlinear elastic components
between the upper body and thighs, the overall cost of transport is reduced by as
much as 60 %. During the DSP, energy is stored as elastic potential, enabling the
robot to utilize free oscillations in the underactuated single support phase. This
supplementary elasticity, unlike in the underactuated scenario, does not negatively
impact the gait stability.

* Running on Rigid Ground: Elastic couplings positioned either between the
upper body and thighs or between the thighs contribute to enhanced energy
efficiency. This enhancement is quantitatively demonstrated by a reduction in the
cost of transport up to 60 % across the investigated speed range. In particular, the
deceleration subsequent to impact is partly converted into elastic potential energy,
which is then released to aid in propulsion.

* Running on Compliant Ground: Although ground compliance alone results
in a decreased cost of transport compared to rigid ground, the incorporation
of elastic couplings can provide additional savings of up to 26 % by enhancing
ground elasticity during the mid-stance phase. Nonlinear, multistable spring
configurations are capable of securing the leg in place at pivotal moments,
effectively reducing the step frequency and the effort exerted by actuators. Gait
stability remains largely unchanged or may experience slight enhancement.

The thesis presents a diverse range of bipedal walking and running gaits and examines
their energy efficiency and gait stability. By simultaneously optimizing gait trajectory
and elastic coupling characteristics, highly efficient gaits can be identified, wherein the
natural dynamics of the system align with locomotion requiring reduced actuation for
the given scenarios. Depending on the specific application, suitable gaits can be selected
based on the insights generated from this research.

10.2 Future Works

Beyond the settings explored here, additional gait scenarios merit attention. For instance,
[190] and [192] analyze biped walking with instantaneous DSP and the improved energy
efficiency using nonlinear elastic couplings on inclined ground surfaces, which can be
further investigated for running gaits. Walking on stairs with positive and negative
inclinations is preliminarily investigated in [208], where the walking gait sequence is
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designed with single-step or multiple-step periods. For enhancing stability on stairs, the
walking gait with non-instantaneous DSP can be investigated. Also, energy efficiency
improvement using elastic couplings can be considered in this future work.

The investigation into the generation of stable running motion on compliant ground
reveals significant numerical challenges, primarily due to the presence of three unac-
tuated degrees of freedom, which are therefore considered within the zero dynamics
submanifold via ordinary differential equations. Importantly, the enforcement of zero
dynamics necessitates the assumption that virtual constraints on the actuated joints
are impeccably satisfied. Although these constraints are explicitly integrated into the
robot’s full-order dynamics, numerical errors accumulate, resulting in slight unphysical
violations on the constraint surface. Given the substantial stiffness parameter of the
compliant ground, such minor deviations result in considerable reaction forces that
markedly affect robot dynamics. To address constraint violations, explicit stability
methodologies, such as closed-loop simulation following Baumgarte Stabilization or
Coordinate Projection, are advantageous. These approaches enhance the formulation
of optimization frameworks that utilize collocation or multiple shooting methods to
generate periodic gaits. While the dimensionality of the optimization problem may
increase significantly, a reduction in the nonlinearity of the differential equations
is anticipated, leading to an overall improvement in convergence behavior during
optimization. Consequently, future research endeavors are committed to comparing
these methodologies in terms of numerical accuracy and efficiency.

An enhanced optimization framework has the potential to be employed for generating
optimal elastic couplings that are appropriate for a variety of walking and running
scenarios at multiple velocities. While this dissertation focuses on optimizing elastic
couplings for specific speeds, real-world robots often function across a spectrum of
velocities. A singular coupling design, which is optimized across a spectrum of velocities
for various gaits, obviates the requirement for the physical reconfiguration of the robot.
However, the associated optimization challenge engenders heightened computational
complexity owing to its increased dimensionality, thereby requiring highly efficient
numerical methods and optimization formulations.

Moreover, an efficient optimization framework, particularly suited for real-time applica-
tions, facilitates the generation of transient gaits in response to significant perturbations
and complex environmental conditions, contingent upon measured system states.
Specifically, leveraging the insights developed within this thesis, the control principle
devised for the fully actuated non-instantaneous double support phase can be employed
to achieve enhanced stability during transient steps. As a further advancement, the
controller may be applied, for instance, in scenarios involving running with an actuated
flat foot, which is regarded as fully actuated during the single support phase, to augment
gait stability.
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The progression from simulation to hardware implementation holds significant im-
portance. As illustrated in Figure 10.1, a robotic prototype has been designed for the
purpose of experimentation. However, the considerable resistance present in the electric
drivetrain prevents the robot from being utilized to validate highly efficient gaits, where
the passive dynamics (free oscillation) of the segments are essential. Thus, designing
a bipedal prototype equipped with adjustable or replaceable elastic couplings would
facilitate the validation of the proposed control and optimization methodologies in
real-world conditions, which encompass unmodeled dynamics, parameter inaccuracies,
and actuator saturations. Enhanced parameter identification and the development of
robust real-time controllers will be indispensable in bridging the disparity between
theoretical forecasts and empirical performance.

Figure 10.1: Bipedal robot prototype with five rigid body segments.
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A Geometry in Double Support Phase

The explicit holonomic constraint qgq = €2(§q) in Section 3.3.1 is derived according to
the illustration Figure A.1.

Onat
H
O
Y2
o .
0H2 )
5 c f K1
ez_) 2 9 ! le C
T € K2 1
< o >
gstep

Figure A.1: Geometric parameters of the closed kinematic chain established by the two stance legs during the
continuous double support phase.

The vector ryc, extending from the hip to foot 1 is articulated in terms of the thigh fr
and shank {5 as demonstrated by

THC, = 'HC; x€x + THC, 26z (A1)
with accompanying assumptions as detailed in

rHCy,x = b1 sin(Ouat + Om1) + €s sin (Ogar + Ol + Ok1)

(A2)
rHCy,z = {1 cos (OHaT + Om1) + €s cos (Opat + O + Oka) -
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Considering the prescribed step length {sep, the following relation holds

XH =THCy,x — fstep ’

(A.3)
ZH =THC .z -
Consequently, the magnitude of vector rrc, is given by
|rHC2| = x%{ + Z%—I . (A4)

The law of cosines is subsequently employed in the analysis of the triangle present in
leg 2, resulting in

|trc, |* = €5 + 65 — 2¢rbs cos(Ba) - (A.5)

Given the condition of identical segment lengths ¢r = {5, the subsequent expression can
be derived

|thc, |
=arccos |1 - ———|,
& ( 26

(A.6)
n—
Y2 =02 = 2ﬁ2
Therefore, the conclusion follows as
R t "—H) -y -0
O(qa) = ZHZ _ | +arctan (ZH V2 HAT (A7)
K2 2)/2
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B  Matrix Algorithm

This chapter of the appendix elucidates the algorithm for constructing orthogonal basis
vectors of a matrix relative to a specified eigenvector, as well as the iterative QR-algorithm
employed for the determination of eigenvalues for matrices exceeding four dimensions.
The fundamental procedural steps of both algorithms incorporate Givens rotations, as
detailed in [56].

Algorithm 1: Constructing Orthogonal Basis Vectors Using Givens Rotations

Input :Eigenvector v € R”
Output:Orthonormal basis Q := [q1, Q. ] € R"" where q; = u and
Q. :=[q2,...,qx] are orthogonal to u

Normalize the eigenvector: u « v/||v|| // Normalization
Initialize orthogonal matrix: Q « I, // Initialize Q as identity
fork «— nto2do
Compute r — Ju? | +u?
if r = 0 then
| Setce 1,50 // Avoid division by zero
else
L Compute ¢ «— ux_1/r, s <« ug/r // Givens rotation parameters

Form Givens rotation matrix Gi(c, s) acting onrows k —1and k // Zero out
Update u < Gi(c, s)u
Update Q « QG;—(C, s) // Accumulate rotations

return Q = [u, Q, |, where Q, consists of n — 1 orthonormal vectors orthogonal to u

211



_ W N

vl

9

10

B Matrix Algorithm

Algorithm 2: QR Algorithm for Determining Eigenvalues

Input :Matrix A € R™", maximum iterations N
Output: Approximate eigenvalues of the matrix A

Compute Hessenberg form: Hy « Hessenberg(A) // Using Algorithm 3
fork < 1to N do

Compute QR decomposition: Hy_1 = QxR // Using Algorithm 4
L Update matrix: Hx < RxQx // Form next iterate

return Diagonal elements of Hy as approximations to the eigenvalues of A

Algorithm 3: Transforming Matrix A to Upper Hessenberg Form

Input :Ann X n matrix A € R™"

Output: An upper Hessenberg matrix H € R™*"

Initialize H «— A // Initialize H
fork —1ton —-2do

fori —ntok+2do

Compute r « JHZ | +H7,

if r = 0 then

| Setce 1,50 // Avoid division by zero
else

t Compute ¢ < H41k/7, s < H;jx/r // Givens rotation parameters
Form Givens rotation matrix G; x(c, s) actingonrows k + landi // Zero
out Hi,k

Update H « GIkHGi,k // Apply rotation from both sides

return H
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Algorithm 4: QR Decomposition Using Givens Rotations

Input :Matrix A € R"™" withm > n

Output: An orthogonal matrix Q € R and an upper triangular matrix R € R"*"
such that A = QR

Initialize R «— A // Initialize R

Initialize Q « I, // Initialize Q as identity

forj < 1ton do

fori «—mtoj+1do

Compute r « /RJZ.]. + Rfj
if ¥ = 0 then

‘ Setc« 1,50 // Avoid division by zero
else

t Compute c < R;;/r, s« R;;j/r // Givens rotation parameters

Form Givens rotation matrix Gi,j(c, s) actingonrows jandi // Zero out

Rl,]
Update R « GZ.T].R // Apply rotation to R
Update Q « QG // Accumulate rotations into Q

12 return Q, R
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C Definition of Bézier Curve

The delineation of m independent Bézier curves q(s, ) is realized through the mapping
qr : RxR™0H) 5 R™ 5 o+ q,(s, &), with s € [0, 1] operating as the independent
variable confined within a normalized interval. The characteristic features are deter-
mined by the parameters (control points) & := [ay, ..., a,] € R™"*D and n specify
the order of the Bézier curves q.(s, a).

The Bézier curve, along with its first and second partial derivatives with respect to s, are
articulated in alignment with the definitions established in [45, Sections 5.1 and 5.2] as !

Q(s, a) = Z (7)(1 —s)" sl (C.1a)
i=0
N e’
b (s)
n-1

(9qr(S Ck) - Z (71 )(1 _ S)” 1- 151 (Ulz+l ].) , (Clb)

b?fl(s)
&zqr(sra) L n(n—l)nz_i n-—-2 (1—S)n_2_isi(0(' —2a: _;,_a-) (C 1C)

—asz = £ i i+2 i+1 i) s .
by 72(s)

where bl (s) with b : R — R is identified as the Bernstein polynomial, and

(n) _ {Wlk)' forO0<k<mn, C2)
0

k otherwise,

represents the binomial coefficient.

1 For the purpose of clarification, the notation a; € R"*! with i € [0, 1] denotes a column vector within

the parameter matrix a.
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Example Bézier Curve

A quintic (fifth-order) Bézier curve g,(s, &), defined by the equidistant control points
a € R, is depicted in Figure C.1. Its partial derivatives with respect to the independent
variable s € [0, 1] are presented in Figure C.2. It is noteworthy that the commencement
g:(s = 0,&) = [1, 0]a” and conclusion points g,(s = 1,a) = [0, 1]a” of the Bézier
curve g.(s, a) align with the initial and terminal parameters of «, respectively. This
demonstrates the localized influence of control points on the properties of the Bézier
curve.

1r A o

0 ‘o 1 1 1 ]
0 0.2 0.4 0.6 0.8 1

S

Figure C.1: A five-order Bézier curve g;(s, @) is formulated using six equidistant control points a :=
[3,0,1,6,7,4], represented by circled markers. The tangent line at points s = 0 and s = 1 is illustrated
by the blue dashed line.

Moreover, the tangent to the Bézier curve g,(s, &) at both the initial point s = 0 and the
terminal point s = 1 is solely determined by the first pair and the last pair of parameters
in @, as illustrated in Figure C.1. Specifically, the tangent corresponds to the straight
line joining the paired control points. To substantiate this, the slope of these tangents in
Figure C.1 can be directly derived from the first derivative dq,(s, &)/ds, as evidenced
in Figure C.2a.

Attributable to the fifth order of the example curve g.(s, &), its second derivative, as
depicted in Figure C.2b, exhibits a continuous polynomial behavior within the interval
s € [0, 1]. This characteristic inherently facilitates the design of actuator behavior that is
devoid of sudden transitions.

Elevating the polynomial order facilitates the creation of complex gait trajectories,
potentially leading to improved energy efficiency. However, augmenting the polynomial
order also necessitates the optimization of a greater number of parameters. To achieve
an optimal balance, polynomials of the sixth order are chosen for the thesis.
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Figure C.2: The associated partial derivatives of the Bézier curve g.(s, a) discussed in Figure C.1.
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