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Introduction

Magnetism plays an undeniable role in modern life, from storing data in computers, to anti-
lock braking systems in cars, many pieces of technology being commonly used most likely
rely on something magnetic. Recently emerging fields include spintronics [1, 2], in which
spin polarised currents are used to send information more efficiently than charge currents,
magnonics [3] in which magnons are used to send information, as well as materials with a large
magnetoelectric effect, in which only a small current is needed to switch the magnetisation in
a system, implying use in highly efficient memory devices [4]. Fields such as these require an
understanding of the materials which host the complex magnetic structures whose attributes
can be leveraged to create such devices and this is the contribution this thesis hopes to make.

When one first learns of magnetic systems, two types immediately come to mind, ferro-
magnets and antiferromagnets. In a ferromagnet, the individual magnetic moments align,
leading to an overall magnetisation in the system which is easily detectable in an experiment,
even without the presence of a magnetic field. In antiferromagnets, the magnetic moments
anti-align, producing a magnetic state with no-net magnetisation. Such a state can still be
detected, for example, through neutron scattering, where the magnetic moment of the neutron
interacts with the magnetic ions in the lattice, giving magnetic diffraction peaks [5].

These considerations naturally lead to the question as to what else could there be? In
both cases mentioned above, the formation of a magnetically ordered state is associated with
the breaking of a symmetry, in a ferromagnet, order sets in below the Curie temperature
and time-reversal symmetry is broken, while the translation symmetry of the system is main-
tained. In antiferromagnets below the Néel temperature, time-reversal symmetry is broken
and translation of one lattice spacing is also broken, while the combined operation of the two
remains a symmetry. This then suggests that it could be worth investigating what would
happen if the operation in question were not translation but some other operation which
leaves the lattice invariant. If the operation in question is, for example, a rotation, one is left
with something of a relation to an antiferromagnet but with a new set of properties which are
of use in the production of highly efficient electronics. We see a simple depiction of this in
Fig. 1. Such a system would combine the zero net-magnetisation of an antiferromagnet with
the spin-splitting exhibited by ferromagnets. This would allow for the formation of spin cur-
rents used in spintronic devices, without the danger of such devices coupling to one another
through a magnetic field generated by the material [2]. This type of magnetism has been
dubbed an altermagnet, it is related to the Pomeranchuk instability [6] in the spin channel for
higher angular momentum, in which the Fermi surface becomes unstable with respect to de-
formations and can exhibit the symmetries described above. The properties of an altermagnet
make their detection highly non-trivial. One would need a way to test whether a particular
material, which may look like an antiferromagnet, is actually an altermagnet. The fact that
the altermagnet breaks a symmetry of the overall crystal system suggests that it could couple
to strain and can therefore be manipulated by applied strain. There already exists a wealth of
literature dedicated to measurements of strain and strain fluctuations (phonons) [7–9] which
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Introduction

(a) (b) (c)

Figure 1: Magnets can be defined by the symmetries their moments form (red for spin up, blue
for spin down). For example a ferromagnet (panel (a)) breaks time-reversal but keeps translation
invariance, an antiferromagnet (panel (b)) breaks time reversal and translation by a lattice spacing
but keeps the combination of the two constant. Another option is to break a rotational symmetry
and time reversal, keeping the two as a symmetry. Here a different unit cell to that of the
antiferromagnet is enforced by the non-magnetic atoms (green), leaving two magnetic atoms per
unit cell. In the non-magnetic state, the blue and red atoms are identical.

implies that if such couplings exist, they would offer a route to indirectly detect altermag-
netism. We consider the regime where quantum fluctuations of the order parameter are at
their strongest and using group theory, we construct symmetry-allowed coupling terms be-
tween magnetism and strain and see how this is manifested physically through observable
properties of the system.

This thesis is not just restricted to altermagnetism, we also discuss orbital magnetism in
twisted bilayer graphene [10–13] with large magnetoelectric effect, of interest due to applica-
tions in memory devices [4]. Twisted bilayer graphene is an incommensurate system which
allows for an extended elasticity theory and additional couplings not possible in commensurate
crystals. We also briefly discuss the implications of our analysis for nematic order, relevant
to iron-based superconductors [14–16], which, much like altermagnets, break rotational sym-
metry but not time-reversal.

Structure of the thesis

Chapter 1 serves as an introduction to the important concepts needed to understand the
chapters which follow. It is split into four parts, the first of which outlines the theory of
elasticity. Elasticity is described using a field theory which we then use to deduce the dis-
persion relations of the collective modes of lattice deformations, i.e. the phonons. We then
discuss the formation of complex magnetic structures, what properties these structures have
and under which conditions they materialise. These systems will be studied in the regime
at which quantum fluctuations are strong, this happens close to the phase transition at zero
temperature, i.e. the quantum critical point. We will discuss the general behaviour of systems
near such a point and how it affects the finite temperature properties of a system. Once the
field theories of the magnetic structures and elasticity have been established, we will use a
group theoretic analysis to couple the two degrees of freedom and discuss possible experiments
which can then probe this.

Chapter 2 discusses a piezomagnetic coupling, where an altermagnetic order parameter is

x



coupled to strain via mediation by an external magnetic field and is based on Refs. [17]&[18].
The magnetic field allows for both, tuning of the coupling strength and the position of the
quantum critical point. We show that this coupling leads to the emergence of lattice softening
along certain directions, in analogy with the well-studied nematic systems [16, 19]. The
emergence of soft directions changes the universality class of the system, without destroying
the critical point itself. We also find two regimes of behaviour above the critical point, again as
is known for the nematic systems [16]. The behaviour in the higher temperature regime is that
of the bare critical regime (without elastic coupling) but below a magnetic field-dependent
crossover temperature, the behaviour is dominated by the effects of coupling to elasticity. We
show that this elastic quantum critical regime is qualitatively different to that of a Fermi liquid
through a calculation of the elastocaloric effect, a realisation that is not recognised through
a calculation of the heat capacity or single particle self-energy. The qualitative change in
behaviour of observables through the presence of an external magnetic field suggests that
altermagnetism can be indirectly detected. The analysis of the elastocaloric effect also has
implications for criticality in nematic systems.

In Chapter 3, we introduce a dynamic coupling which does not rely on an external field to
materialise and is based on Ref. [20]. Elasticity can be directly coupled to the time derivative
of the magnetic order parameter, an effect that is therefore at its strongest when fluctuations
are strong, i.e. close to the quantum critical point. In this case we find that the magnon
modes and phonon modes hybridise, the anisotropy of the magnetism is then reflected in
the phonon spectrum, leading to a direction-dependent softening of the phonons. If this
softening is detected, then it would allow for the detection of an altermagnetic state and for
the deduction of its symmetries.

In Chapter 4 we use this dynamic coupling again, this time in an incommensurate system,
based on Ref. [21]. The system in question is twisted bilayer graphene. Here anharmonic
terms in the adhesion potential serve to damp the elastic modes, leading to the emergence of
phasons [22]. The elastic modes transform under the same irreducible representation as the
orbital ferromagnetic state which emerges when twisted bilayer graphene is partially aligned
to hexagonal boron-nitride [10, 23, 24]. We see that the coupled mode which retains a pre-
dominantly magnonic character inherits this damping and the system is driven towards the
quantum critical point as damping is increased.

In Chapter 5, we provide a summary of each chapter and discuss the next steps and future
directions of the analysis presented here.
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1 Chapter 1

Fundamentals: Quantum phase
transitions of magnetic structures
coupled to elasticity

We begin with an introduction to the concepts needed to understand the analysis presented in
the following chapters. This thesis concerns itself with complex magnetic structures which are
coupled to elasticity in the vicinity of a quantum critical point (the point at which the tran-
sition temperature between the disordered paramagnetic phase and ordered magnetic phase
is suppressed to zero). The complexity for the systems in question means either possessing
symmetries not found within the standard ferromagnetic or antiferromagnetic systems, or
a type of magnetism possessing a purely orbital nature, with an only marginal input from
the spin degrees of freedom. It is therefore crucial that we first in Section 1.1 provide an
overview of elasticity in crystalline systems and show how this is underpinned by group theo-
retic methods also relevant to the complex magnetic systems we define in Section 1.2. These
systems undergo a quantum phase transition (i.e. a phase transition at zero temperature); in
Section 1.3 we study the general behaviour one could expect to find in systems where these
transitions occur, including how fluctuations of the order parameter affect the finite tempera-
ture properties of a system and how it is possible to find theoretically the point at which the
system orders. Having identified the elastic modes and order parameters we then show how
to deduce possible couplings through a symmetry analysis of the various collective modes in
Section 1.4 and how this is relevant for experimental probing of magnetic structures.

1.1 Field theories of elasticity

There naturally exists a coupling between magnetic degrees of freedom and the lattice; any
change in the lattice parameter a must in turn come with a modification to the exchange
interaction between the individual magnetic moments situated on the lattice [25, 26]. We will
represent this interplay through a long-wavelength collective field theory. This implies that
the coupling of magnetism to the lattice which hosts it is implemented through a consideration
of the collective modes. The collective mode of the magnetism is of course the magnons, which
we will discuss in detail in Section. 1.2, and for the elasticity, the collective modes are phonons.
We begin with a general analysis of long-wavelength field theories of elasticity in crystals.

1



1 Fundamentals: Quantum phase transitions of magnetic structures coupled to elasticity

Figure 1.1: The strain of a tetragonal crystal can be represented through the irreducible repre-
sentations of the crystal symmetry.

The quantity which describes the deformation of the lattice is the symmetrised strain ten-
sor [27]

εij = 1
2
(
∂iuj + ∂jui

)
, (1.1)

where ∂i is a partial derivative with respect to the coordinate xi and uj is a displacement of a
point on the lattice from its equilibrium position in the direction xj . If we consider a tetragonal
crystal (which will be the system used in much of this thesis), we then study Table 1.1 to
see which combinations of ε are symmetry allowed. Each crystal transforms according to a
symmetry group which defines which transformations leave a system invariant. This point
group can be decomposed into the direct sum of a set of irreducible representations of this
group [28], each of which could potentially describe a way under which strain transforms.
The quadratic functions column states which functions transform according to the relevant
irreducible representation, from this we see that the irreducible representations of the strain
are

εA1g = εxx + εyy, εzz, εB1g = εxx − εyy, εB2g = εxy, εE1g =
(
εxz

εyz

)
. (1.2)

These combinations correspond to the irreducible representations which include a quadratic
function. A depiction of these strain elements can be found in Fig. 1.1.

Knowledge of the allowed combinations of strain makes it possible to derive the symmetry
allowed phononic excitations. The free energy density for elastic degrees of freedom is given
by [19]

Fel [u] = Cij,klεijεkl = 1
2uiMijuj , (1.3)

where Cij,kl are the elastic constants and Mij is the dynamic matrix. The point group sym-
metry is used to identify Cij,kl; the symmetries are used to relate certain elements to one
another, reducing the number of independent elements [27]. The free energy of a tetragonal

2



1.1 Field theories of elasticity

crystal is then (using the convention of Ref. [19], we note that this sometimes appears with a
coefficient 2 of C44 and C66 [17])

Fel = C11
2
(
ε2

xx + ε2
yy

)
+ C33

2 ε2
zz + C44

2
(
ε2

xz + ε2
yz

)
+ C66

2 ε2
xy + C12εxxεyy + C13

(
εxx + εyy

)
εzz,

(1.4)

with the elastic constants given in Voigt notation. We see that certain elastic constants (for
example those corresponding to terms for ε2

xx and ε2
yy) are the same as a result of the symmetry

a tetragonal crystal possesses in the x− y plane.
The elastic degrees of freedom are described by the action

Sε =
∫
d3x

∫
dt

[
ρ

2 u̇2 + Fel [u]
]
, (1.5)

where ρ is a mass density.
To find the dispersions of the phonon modes, we find the eigenvectors of the dynamic matrix

or solve for
det

(
ρω2 −M

)
= 0. (1.6)

Which, if we simplify by assuming C13 = −C44 and C66 = C11−C12
2 , decoupling the in-plane

and out of plane elasticity (a simplification we make here in order to be able to calculate the
phonon modes analytically but will also be able to justify in other cases), gives the phonon
modes

ρΩ1(q) =
√

1
ρ

(
C44|q2d|2 + C11q2

z

)
,

ρΩ2(q) =
√

1
ρ

(
C11|q2d|2 + C44q2

z

)
,

ρΩ3(q) =

√√√√1
ρ

(
C11 − C12

2 |q2d|2 + C44q2
z

)
, (1.7)

where Ω is the energy of the phonon mode and q2d =
(
qx, qy

)
is the in-plane momentum.

The eigenmodes of the dynamical matrix give the polarisation vectors of the modes with
~λ1(q) = (0, 0, 1)T , ~λ2(q) = 1

|q2d|(qx, qy, 0)T , and ~λ3(q) = 1
|q2d|(−qy, qx, 0)T , respectively. Once

the symmetry of a crystal is known, it is trivial to deduce the dispersions of the phonons
which the lattice hosts and by extension generate a field theory for the elasticity of the crystal
in question.

In crystals, phonon modes are symmetry protected and as such, are not subject to damping.
Alternatively, in addition to phonons there exists another candidate for the elastic collective
mode. In twisted bilayer graphene, long-wavelength fluctuations are dominated by phason
modes [29]. Twisted bilayer graphene is the result of stacking two graphene layers at a relative
twist angle (see Fig. 1.4) [30, 31]. This somewhat complicates the elasticity of the system.
Unlike in commensurate crystals where the collective modes arise as a result of vibrations of a
rigid crystal, in twisted bilayer graphene, the modes correspond to the relative displacement

3



1 Fundamentals: Quantum phase transitions of magnetic structures coupled to elasticity

D4h E 2C4 C2 2C ′
2 2C ′′

2 i Linear functions Quadratic functions
A1g +1 +1 +1 +1 +1 1 - x2 + y2, z2

A2g +1 +1 +1 −1 −1 1 Rz -
B1g +1 −1 +1 +1 −1 1 - x2 − y2

B2g +1 −1 +1 −1 +1 1 - xy

Eg +2 0 −2 0 0 2
(
Rx, Ry

) (
xz, yz

)
A1u +1 +1 +1 +1 +1 −1 - -
A2u +1 +1 +1 −1 −1 −1 z -
B1u +1 −1 +1 +1 −1 −1 - -
B2u +1 −1 +1 −1 +1 −1 - -
Eu +2 0 −2 0 0 −2

(
x, y

)
-

Table 1.1: The character table for point group D4h. The x-axis coincides with the C ′
2 axis [28].

of the two layers. In analogy with the strain tensor, the twist angle can be written as

Ω = ∂xuy − ∂yux. (1.8)

This describes an antisymmetric tensor Ωxy = −Ωyx which is in direct contrast to the elastic
tensor εij . While we discuss this for twisted bilayer graphene, it must be noted that this is not
a unique case, such a term generally enters the elasticity theory for quasiperiodic systems [32–
35]. Disorder in the moiré lattice as a result of disorder in the relative orientation, and thermal
fluctuations serves to damp the collective modes, leading to the formation of overdamped
phason modes [22]. The fact that this elastic component transforms like a rotation around the
z axis means that this transforms like A2g, this is an irreducible representation not applicable
in symmetric elasticity. This will be important later, with regards to constructing coupling
terms. The disorder in the relative displacement is a result of the fact that the twist angle is
neither static nor homogeneous, areas of lattice relaxation form, leading to an inhomogeneity
over the lattice [36]. This leads to dramatically different behaviour despite the similarity of
phasons to acoustic phonons. The similarity is a result of the fact that the elastic theory of
TBG is inherited from the phonon modes of both individual graphene layers [22].

The focus is on the in-plane collective modes of the moiré structure. The fact that the
pattern is an incommensurate superlattice implies that the low energy excitations are damped
phasons, similar to those one would find in quasicrystals [22, 37, 38]. The incommensurate
property of the lattice [35] breaks the translation symmetry which protected the phonons and
so the phasons are instead associated with the invariance of the system under translations of
the layers relative to one another [29], in which what occurs is a shift of the centre of the
beat pattern [39]. For our purposes it is important to know how disorder and anharmonic
vibrations of the graphene layers affect the phason dispersion as shown in Ref. [22].

We consider an inhomogeneous twist angle with variance [22]

¯δθ2

θ̄2
∼ L2

m

π2L2
c

ln
(
Lc

Lm

)
, (1.9)

where bars represent an average over disorder, δθ ≡ θ − θ̄, Lm is the moiré period and Lc is

4



1.2 Complex magnetic structures

the length scale beyond which disorder causes stacking order to be lost.
The inhomogeneity of the twist angle over length scale Lc leads to a gap in the phonon

dispersion. This gap introduces the energy scale [22]

δω ∼ ωZBLm/Lc, (1.10)

where ωZB is the acoustic phonon frequency at the boundary of the moiré Brillouin zone. The
occurrence of a gap in the spectrum is another manifestation of the fact that the phasons
are not protected by a conservation law. This occurs because if the stacking order is lost on
a length scale Lc, the phasons will then acquire a gap on the momentum scale qc = 2π/Lc

and so Eq. 1.10 is derived using the long-wavelength dispersion. This is the result of static
disorder causing the loss of stacking order on finite length scales [22].

It is crucial that we also consider the effects of thermal fluctuations. It is in the effects
of anharmonicity on the dynamical response that the damping has its origins. Thermal
fluctuations which arise from anharmonic contributions to the adhesion potential are the
most relevant here. These contributions stop the linear momentum of each layer being locally
conserved and contribute to the imaginary part of the phason self-energy. The relaxation
rate of the relative momentum between the layers is determined by phason scattering which
converts phason modes from one branch into the other. One finds two regimes: at long
wavelengths, the phasons become diffusive, whereas they are propagating at short wavelengths.
The propagating regime is characterised by a sharp quasiparticle peak in the susceptibility [22].
The dispersion can be seen through the spectral function in Fig. 1.2.

The damping of phason modes will then also affect the magnetic collective modes if the two
are coupled. While the magnetic collective modes are initially undamped, the introduction
of a coupling strength and the hybridisation of the two modes will cause some damping to
be present in the hybridised mode which retains a mostly magnonic character. We therefore
anticipate that the nature of the collective elastic modes will have an important effect on the
magnetic collective modes in Chapter. 4.

1.2 Complex magnetic structures

Having analysed how collective modes of elasticity are deduced, the other half of the coupling
terms, the magnetic structures will now be discussed.

The impact on magnetism in forming the world around us is undeniable, it is a major
component in advancing technology, meaning that from modern society’s formative years
until the current day, magnetism plays at least some role in almost everything we do. As a
result, it is difficult not to get excited about new developments in a field which could, in turn,
lead to significant technological advancements. The considerations presented here represent
a more fundamental theoretical analysis of novel magnetic structures, highlighting that such
works are still near the embryonic stages of their development, while maintaining some view
towards their applications.

In recent years, complex orders of magnetism have gained significant attention. The two
forms pertinent to this thesis are the almost purely orbital magnetism, present in twisted
bilayer graphene aligned with hexagonal boron-nitride [10, 23, 24] and the other, which forms
the bulk of the focus of the following chapters, is altermagnetism [2, 40–56]. Altermagnetism
is a purely multipolar magnetism, meaning that its net dipole moment vanishes by symmetry.
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1 Fundamentals: Quantum phase transitions of magnetic structures coupled to elasticity

(a) (b)

Figure 1.2: The spectral function of the phason mode acquires a damping which gives a dispersive
mode at long wavelengths and propagating at short wavelengths. In the presence of static disorder
the mode acquires a gap (panel (a)), in its absence, the mode is massless (panel (b)) (Figure
adapted from Ref. [22].)

The order parameter then corresponds to a higher order multipole, a toroidal moment or some
configuration of dipoles with a net dipole moment which vanishes by symmetry [20]. This is
the family of systems with which we begin our analysis.

1.2.1 Altermagnetism

To briefly reiterate what has already been said about point groups, every crystal belongs to
a particular symmetry class, determined by the shape of its unit cell and how this unit cell
behaves under various transformations [28]. We will demonstrate in the following sections,
how powerful a concept this is, allowing us to deduce not just how the crystal itself behaves
with regards to the elastic degrees of freedom but also the types of magnetic order that a
lattice is capable of hosting.

Magnetism is associated with a spontaneous breaking of symmetry. Consider a set of
magnetic moments, each situated on a lattice point. In a ferromagnet, below the Curie tem-
perature, it becomes energetically favourable for the magnetic moments to align, such that the
material acquires a finite net-magnetisation and time-reversal symmetry is spontaneously bro-
ken [57]. In an antiferromagnet, the magnetic moments anti-align; this creates a system where
time-reversal symmetry is broken, in addition to a lack of invariance of a translation along a
lattice spacing, while keeping the combined application of the two operations a symmetry of
the system. These properties define the symmetry group for the magnet. In the presence of
spin-orbit coupling, the spins are pinned in certain, symmetry allowed, directions [58]. The
symmetries broken by a magnetic state then match those of the crystal [17, 20, 58], this
leaves a set of irreducible representations, not corresponding to ferromagnets or antiferromag-
nets which could still describe a magnetic system. As the magnet would not transform like a
ferromagnet, it possesses a zero net dipole moment. Something which does not transform like
a dipole cannot represent an object with a dipole moment. A magnet with such properties
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1.2 Complex magnetic structures

can be defined analogously to an antiferromagnet, with the translation replaced by a point
group operation. The class of magnet which breaks these symmetries has been dubbed an
altermagnet [2].

Altermagnets are of great interest, not least because of the exotic symmetries that such
a configuration can have. Altermagnets combine ferromagnetic properties, such as a broken
Kramer’s degeneracy, with properties associated with antiferromagnets where moments al-
ternate in a compensated anti-aligned order [2]. In order to define such states, we use the
symmetry of the system which hosts this state. If we consider the case that translation sym-
metry is not broken, then it suffices to use the point group for the crystal [28]. We again focus
on a tetragonal crystal, belonging to the D4h point group, to demonstrate the concept and
provide a more concrete definition of an altermagnet. The full point group symmetry for a
tetragonal crystal is classified in Table. 1.1. We see a set of irreducible representations which
will define the symmetries of the potential altermagnetic order parameters.

If we consider the case that the altermagnet transforms according to the irreducible repre-
sentation B1g, the character table tells us that this is antisymmetric under a C4 rotation, i.e.
a rotation by π

2 . Given that a magnetic state must also be antisymmetric under time-reversal,
under both transformations, the point group operation and time-reversal in combination, the
system is invariant. The altermagnet spontaneously breaks both symmetries as it orders.
We are therefore able to define a set of possible altermagnetically ordered states just from
the point group table. We need to preserve inversion symmetry, hence only the irreducible
representations with the subscript g are possible candidates. If the point group operation
which connects one moment to its opposite is inversion symmetry then this is not an alter-
magnet but an antiferromagnet [58]. A2g transforms like a rotation around the z-axis and
is hence a ferromagnet aligned along z and Eg is a two component order parameter which
also transforms as a ferromagnet with one component aligned along x and the other along y.
Our options for altermagnets in D4h hence correspond to the trivial representation A1g and
the representations B1g and B2g. The rationale behind using the point group symmetry of
the crystal to define the altermagnets is that even a weak spin-orbit coupling is enough to fix
the magnetic moments along certain directions which then satisfy these symmetries [58]. In
the absence of spin-orbit coupling, a different group-theoretic analysis is required. In some
cases this is resolved with the use of so-called spin groups [2, 52]. The spin groups are, in
fact, only applicable for the case where spin orbit coupling is neglected completely, whereas
the definition of altermagnetism which we present here, based upon the point group of the
crystal, holds for the more physical case in which spin-orbit coupling is present. The presence
of spin-orbit coupling (even in the case that the effect is small) restricts the possible directions
of the magnetic moments and the altermagnet must be defined by the point group symmetry
of the crystal. This method also makes clear the connection between altermagnets and mul-
tipolar order as each of the irreducible representations discussed here is itself associated with
a multipole [58].

To understand the magnetic structure, we consider the form of the order parameter. If the
spins all align out of plane we have [17]

φB1g ∼
∑

k
fB1g

(
k
) 〈
c†

kσ
zck

〉
, (1.11)

where c† and c are fermion creation and annihilation operators respectively, σz is a Pauli
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1 Fundamentals: Quantum phase transitions of magnetic structures coupled to elasticity

matrix in spin space and fB1g is a form factor that corresponds to a B1g order parameter but
actually transforms according to B2g due to the product rules for irreducible representations,
which we will derive in Sec. 1.4. This is simply a single component Ising order parameter.
The form factor must transform in this manner because the expectation value transforms
according to A2g, as it corresponds to a dipole aligned along the z-axis. The product between
this and the form factor gives a B1g order parameter. The form factor defines how local
magnetic moments are distributed within the unit cell. The inhomogeneous distribution of
magnetic moments is the consequence of multiple magnetic atoms per unit cell [20]. A form
factor which transforms like B2g this must transform like xy in the z = 0 plane. In momentum
space, this becomes fB1g

(
k
)

= sin
(
kx
)

sin
(
ky

)
. For a B2g altermagnet we use a form factor

which transforms like B1g and so fB2g

(
k
)

= cos
(
kx
)

− cos
(
ky

)
. For A1g, the form factor

transforms like A2g; this is satisfied by in-plane spins and a form factor which transforms like
Eg. We will focus on the ordered states where the spins are aligned out of plane. These form
factors modulate the expectation value in Eq. (1.11) which is a pseudovector which transforms
like a magnetic dipole [59]. If the form factor transforms trivially, the object φ transforms like
a dipole. Introducing form factors which do not transform like a dipole immediately means
that, by symmetry, the net magnetisation must be zero. In Fig. 1.3 we show a density plot of
the form factors which define the two choices of order parameter for out-of-plane spins. The
form factors of B1g and B2g order parameters produce similar results, that of a quadrupolar
distribution. The angular momentum of a quadrupole corresponds to angular momentum
l = 2, such that the total angular momentum of φ, j = l + 1 = 3. φB1g/B2g

is therefore an
order parameter which describes an octupolar ordered state. In agreement with Table. 1.1,
a rotation by C4 transforms φ → −φ and so, in combination with time-reversal, the order
parameter is invariant. The structure of an A1g altermagnet is more complex, it corresponds
to a hexadecapolar distribution of spins (l = 4) such that the order parameter corresponds
to a dotriacontapole with j = 1 + l = 5. We therefore see that the form factor mediates the
creation of a higher order multipole, as opposed to the l = 0 dipole which condenses when
the form factor is trivial [20].

Multipolar order has gained significant attention due to its potential technological appli-
cations [1, 2, 60–62]. The magnetic structure suggests that the magnetic collective modes
(altermagnons) will be chiral in nature. In antiferromagnets, chiral magnons are degenerate
as a result of protection from inversion and translation symmetry [2, 63], theoretical works
have shown however that in altermagnets there exists non-degenerate chiral spin waves [64].
If we consider two magnetisations m1 and m2 where one transforms into the other under a
π
2 rotation such that the system has a C4 symmetry, then following the principles outlined in
Sec. 1.3 there exists a symmetry allowed term in the free energy

Fani ∝ kxkym2
1 − kxkym2

2, (1.12)

where under C4 rotation xy → −xy and m1 → m2 such that the free energy remains invari-
ant. Such a term gives rise to non-degenerate chiral modes in altermagnets [64]. It has been
suggested [60] that this effect makes altermagnons an attractive possibility in magnonics due
to magnon-generated spin currents of which one can now take advantage [2, 60]. Magnonics
involves using magnons in order to transfer and process information [3]. Magnons in ferro-
magnets also carry spin currents but exist in the GHz range, making them unsuitable due to
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1.2 Complex magnetic structures

(a) (b)

Figure 1.3: A density plot for a form factor which transforms as B1g (panel (a)) corresponding
to a B2g altermagnet and a form factor which transforms like B2g (panel (b)) corresponding to
a B1g altermagnet. We see that the form factors define the distribution of magnetic moments
within the unit cell and define its symmetry. In this case, the state is odd under a C4 rotation, the
minus sign acquired under this rotation can then be cancelled by time-reversal and we therefore
have an altermagnet.

difficulties exciting such quasiparticles [60].
An altermagnet, which breaks invariance under a C4 rotation, possesses a d-wave symme-

try, which suggests the possibility of interactions with unconventional superconductors [2].
Many effects of magnetism on superconductivity are well known; in ferromagnetic systems,
magnetism suppresses spin-singlet superconductivity, allowing other pairing channels to dom-
inate, whereas antiferromagnets can support spin singlet superconductivity, such as in iron
based superconductors [65]. In an altermagnet, the symmetries lead to a set of even num-
bered anisotropic (due to the momentum dependent spin-polarisation) spin-polarised Fermi
surfaces [66]. The number is even in order to enforce net zero magnetisation. There exist spin
degenerate nodal surfaces for which spin-singlet pairing may occur as in antiferromagnets,
however the spin-split momenta can support spin-triplet pairing similarly to a ferromagnet.
In an altermagnet the average of the spins is zero by symmetry. Each split of the Fermi surface
contains its own order parameter [2]. This raises the prospect of new physics emerging not
only in systems where altermagnetism and superconductivity coexist such as the potential for
anisotropic Cooper pairing [2, 65] but also in heterostructures comprised of altermagnetic ma-
terials and superconductors, examples include orientation dependent Andreev reflection [65,
67, 68] and Josephson effect [69, 70], as well as finite momentum Cooper pairing [71].

Another possible application is in the field of spintronics [2]. Much like ferromagnets,
altermagnets break time-reversal symmetry and exhibit spin splitting, which implies they can
be used to recreate the effects of ferromagnetic spintronic devices. In such devices the two spin
channels polarise electric currents. The effects associated with this include spin-transfer torque
and giant/tunnelling magnetoresistance which can be utilised to switch the magnetisations
of two ferromagnetic electrodes between parallel or antiparallel. This effect is leveraged in
commercial memory devices. The vanishing magnetisation in altermagnets suggests the lack
of any stray field and so spintronic devices using altermagnets can be closer together without
the fear of them coupling together (a danger one would have with ferromagnets), this suggests

9



1 Fundamentals: Quantum phase transitions of magnetic structures coupled to elasticity

that altermagnets could be a key component to producing small, highly efficient devices. These
properties make altermagnets incredibly promising for use in spintronics [1, 61, 62].

These applications elucidate which properties make altermagnetic materials important. In
general the zero net magnetisation of these systems makes actually detecting which compounds
are altermagnetic non-trivial. There already exists candidate materials for altermagnetism
such as RuO2 [72, 73] and MnTe [74, 75]. This thesis will focus on theoretical studies for
possible experimental detection through the interaction of altermagnetic order with strain.
This would allow for candidate materials to be verified, before potentially being used in the
technologies considered above.

There currently exist several promising routes, which don’t necessarily rely on strain. Or-
dering of octupolar order means transport properties in altermagnets are also of interest. For
example Hall effects [76], where by symmetry, the anomalous Hall effect is absent but there
exists a finite third-order effect of the form

jα = σH
αβγδEβEγEδ. (1.13)

where j is the associated current, E is an electric field and σH
αβγδ is a third order Hall con-

ductivity coefficient. Detection of such a current would allow one to probe the altermagnetic
state. We will however take a different approach. Rather than investigating the transport
properties of unstrained altermagnets, we will construct a model which couples them to strain
and explore if this suggests new ways of probing such states, in some cases in analogy with
methods already documented for nematic systems [16, 77, 78]. We will also investigate the
elasto-Hall effect in Chapter. 2.

While this is discussed as a new classification of magnetism, the idea of a d-wave (or higher
order multipole) magnet is not new in and of itself. We can see a discussion of similar systems
in the work of Pomeranchuk [6] as far back as 1958. A Pomeranchuk instability describes
an instability in a Fermi surface with respect to deformations. Such a deformation can lead
to a system with the same symmetries that we are currently attributing to altermagnets.
Altermagnets therefore correspond to an even parity spin-triplet instability with l = 2 for a
d-wave altermagnet or l = 4 for g-wave [6, 58].

We see that altermagnets provide a potential foundation for the development of new, highly
efficient technologies. Here, we have provided a robust definition for an altermagnet in the
presence of spin orbit coupling. We will see that the fact that the irreducible representations
of the altermagnet and strain match one another creates natural couplings to strain, some of
which do not exist for an out of plane ferromagnet. This is the result of the lack of an A2g

strain element in commensurate crystals, however given that we also study incommensurate
systems, where such a strain element does exist and the collective modes are more complex, we
can also use strain to probe orbital ferromagnetism in twisted bilayer graphene, a phenomenon
we discuss next.

1.2.2 Orbital ferromagnetic ordering in twisted bilayer graphene

As well as altermagnetism, we also study a complex type of ferromagnetism, originating in
twisted bilayer graphene partially aligned with hexagonal boron-nitride. Such a system hosts
an almost entirely orbital type of ferromagnetism [10, 23, 24]. Twisted bilayer graphene is
composed of two graphene layers stacked at a relative twist angle. Such a system corresponds
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(a) (b)

Figure 1.4: A moiré pattern is created by taking two graphene layers (a) and stacking them at
a slight twist angle (b), this creates a periodic beat pattern.

to an incommensurate crystal with a broken rotational symmetry for a generic twist angle,
creating a moiré superlattice. The moiré lattice is characterised by a beating pattern which
arises from the fact the triangular lattices are periodic [29], we depict this in Fig. 1.4. Using the
twist angle as a tunable parameter creates a way to change the properties of a system, without
changing the chemical composition of the material. The two layers are coupled through an
adhesion potential [22].

The tunability of the twist angle has a crucial effect on the band structure of the material. At
so-called ’magic angles’, two bands become almost flat [31, 79]. In these flat bands the Fermi
velocity at the moiré Dirac points vanishes, this leads to the presence of electrons which possess
a greatly diminished kinetic energy, such that the total energy is dominated by interactions.
The fact that adjusting this twist-angle has such an effect on the band structure suggests a
strong coupling between the elastic theory associated with this angle and various electronic
degrees of freedom, this is something which we will leverage to our benefit in Chapter. 4. A
system where interactions dominate provides fertile ground for the study of strongly correlated
systems; in twisted bilayer graphene, unconventional superconductivity [80, 81] and correlated
insulators [82] are both observed depending on the electron density [83]. The focus of this
section will be spontaneous Ising ferromagnetism, this is observed in a system composed
of twisted bilayer graphene partially aligned with hexagonal boron-nitride near 3/4 filling,
which then displays a large anomalous Hall effect (AHE) [10, 11, 13, 23]. The detection of
an AHE in twisted bilayer graphene prompted the search for the spontaneous time-reversal
symmetry breaking state which this relies on. We will discuss in this section, the origins
of the time-reversal breaking. The stray fields from ferromagnetic states have already been
observed through superconducting interference devices (SQUIDs) [12] as has a large magnetic
hysteresis [23, 84] and chiral edge conduction [23].

Ordinarily the spontaneous magnetic moment of a material arises as a result of both spin and
orbital degrees of freedom. These orbital degrees of freedom usually account for a relatively
small part of the total magnetisation, as this part is formed from loop currents at the atomic
scale and is thus considered a secondary effect. However, in TBG the current loops form on
the scale of the moiré length, promoting it to a primary effect [85]. To understand how a
set of orbital magnetic moments can order spontaneously without spin-orbit coupling (which
is low in twisted bilayer graphene [10]), we need to consider the band structure topology of
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1 Fundamentals: Quantum phase transitions of magnetic structures coupled to elasticity

twisted bilayer graphene.
One can consider first, a more trivial example of orbital magnetism [85]. A 2D electron gas

in a strong magnetic field leads to cyclotron motion and a set of Landau levels. When the
Fermi level lies between two Landau levels, electrons drift perpendicular to an electric field
due to a lack of scattering. As a result, the material exhibits a Hall conductivity related to
topological invariants carried by the Landau levels (we will discuss this momentarily) [86]. A
key element to the properties of this model, is the fact that the Landau levels are flat and so
the Coulomb interactions become the dominant effect [85]. This strongly suggests that twisted
bilayer graphene would be the perfect system with which to study the physics discussed here.

To understand the origin of the AHE and orbital magnetism in twisted bilayer graphene we
must consider the topology of the flat bands. The presence of an AHE is dependent on a non-
zero Berry curvature. The Berry curvature is defined as the phase an eigenstate acquires when
parameters are changed adiabatically around a loop in parameter space [87]. If a Hamiltonian
depends on a set of parameters x with eigenstates

H (x)
∣∣∣n (x)

〉
= ε (x)

∣∣∣n (x)
〉
. (1.14)

Allowing this state to vary gives a phase

∣∣∣ψn (t)
〉

= eiγn(t) exp
[
− i

~

∫ t

0
dt′εn

(
x
(
t′
))] ∣∣∣∣n (x (t)

)〉
. (1.15)

The first exponential is the Berry phase, which as we shall see is, in general, crucial for
understanding some electronic properties of systems. We can use this to define the Berry
vector potential

γn =
∫

C
dx · An (x) , (1.16)

where the introduction of a vector potential suggests analogies with electrodynamics and as
such, we can introduce a Berry curvature

Ωn
µν (x) = ∂

∂xµ
An

ν (x) − ∂

∂xν
An

µ (x) . (1.17)

Integrating the Berry curvature over a closed manifold gives the number of monopoles con-
tained within the manifold, this is referred to as the Chern number [87]. The Berry curvature
requires a broken time-reversal or inversion symmetry in order to be non-zero. The Berry
curvature is responsible for the introduction of an anomalous velocity which gives a current
perpendicular to the electric field [87]

vanom = − e

~
E × Ωn

(
k
)
, (1.18)

and a Hall conductivity

σxy = e2

~

∫
BZ

d2k

(2π)2 Ωkxky . (1.19)

The Chern number n is directly related to the Hall conductance and is thus needed for a
quantum Hall effect to manifest itself in the system. This leads to a boundary current, which
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is associated with a non-zero orbital magnetisation. In the absence of a magnetic field, this is
caused by a spontaneous orbital ordering. Systems which exhibit a quantum anomalous Hall
effect are also called Chern insulators [88].

This discussion can now be focussed on the graphene itself, rather than more generic con-
siderations. Twisted bilayer graphene has Bloch states consisting of four flavours, given by
the spin and valley degrees of freedom [89]. The two valleys are mapped onto one another by
time-reversal symmetry and hence a spontaneous valley polarisation (for example caused by
electron correlations [29]), where each valley has a different number of charge carriers, breaks
the time-reversal symmetry of the system. This then allows for a non-zero Chern number of
the bands (in this case a Chern number C = 1 is observed [84, 90]). The mapping of one valley
to another is the result of an unbroken C2T symmetry, i.e. a π rotation and time-reversal.
Breaking such a symmetry would then introduce a finite gap at the Dirac crossings, this can
be achieved with partial alignment with hexagonal boron-nitride [11, 91–94]. If the Fermi
level is situated in the gap for an odd number of Bloch state flavours, then the QAH effect
materialises [89, 95] and is dependent on the, now ordered, orbital magnetic moments.

For each superlattice point, there exists a set of orbitals. The orbitals related to local
magnetic moments aligned out of plane are the p+ = px + ipy and p− = px − ipy orbitals. A
finite magnetic moment is generated by an imbalance in occupation of the two orbitals. The
order parameter is then

φ (r) = 1
2c

† (r)σzc (r) , (1.20)

where σz acts in orbital space, such that the order parameter counts Np+ − Np− , i.e. the
difference in p+ and p− occupations. From what we have already established for altermagnetic
systems, we see this order parameter is of a similar structure to that of an altermagnet with
a trivial form factor, meaning it does indeed transform like a dipole.

The flat bands possess a large Berry curvature, which gives a giant orbital magnetoelectric
effect. This manifests itself physically via a very low current needed to switch the direction of
the magnetisation. As a result, like altermagnetic systems, TBG could also be useful in the
field of the manufacture of highly efficient devices, in this case low power memory devices [4].

1.3 Quantum phase transitions

The magnetic structures discussed in the previous section are capable of undergoing a quantum
phase transition, where the transition temperature is reduced to zero. Close to such phase
transitions, quantum fluctuations are greatly enhanced and the finite-temperature properties
of the system are impacted. This can be discussed in terms of a general Ising variable φ [57].

Many phase transitions correspond to phenomena with which we are familiar through our
everyday lives, from seeing an ice cube melt in a cold drink on a summer day to boiling
water in a kettle to make a cup of tea. These are all finite temperature phase transitions (or
classical/thermal phase transitions) [96] governed by a system which is, in general, forced to
minimise its free energy, given by [57]

F = E − TS, (1.21)

where E is the internal energy of a system, T is the temperature and S is the entropy. We
see then that these phase transitions are governed by the interplay between the temperature
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1 Fundamentals: Quantum phase transitions of magnetic structures coupled to elasticity

and entropy of a system [57]. It is possible that a phase transition is associated with some
broken symmetry. In the case of water freezing and turning to ice, the initially disorganised
water molecules order into ice crystals, a process which breaks the rotational symmetry which
was present in the water [57]. This theory of thermal phase transitions does not however
describe all types of phase transition one can consider within condensed matter physics. In
this subsection, we will discuss the existence and analyse the behaviour of phase transitions
occurring at zero temperature and how even the existence of such a transition has a profound
impact on the finite temperature properties of systems. The phase transitions occurring in
water represent first order transitions, where latent heat is input during the change of phase.
The processes we will be focusing on are second order transitions, where the two phases in
question do not coexist [97]. Such transitions have been of great interest ever since 1869
when Andrews set about analysing the phase diagram of carbon dioxide [98]. He found that
at a temperature of 31◦C and a pressure of 73 atmospheres, the liquid and gaseous phases
are impossible to distinguish, causing the carbon dioxide to strongly scatter light, in what
is called critical opalescence [99]. A situation where two phases become indistinguishable is
known as a critical point. In the years following this, other critical points were found. The
most pertinent for a thesis about magnetic structures being by Pierre Curie in iron at the
ferromagnetic transition [100]. In these cases, as the transition is approached, the fluctuations
diverge such that the typical length and time scales on which these fluctuations decay also
diverge [99]. It is this behaviour which we will not only analyse, but also leverage in order to
determine the existence and position on the phase diagram of a quantum phase transition.

The phase transitions which constitute our focus belong to the family of phase transitions for
which the transition temperature can be suppressed to zero. This is carried out experimentally
through the tuning of an external control parameter, denoted r in Fig. 1.5. r can take the
form of many tunable non-thermal parameters of the system, for example transitions can be
induced through an applied pressure [101, 102] or doping strength [103, 104]. The point at
which the transition temperature reaches zero is referred to as the quantum critical point
(QCP) [105]. While this point occurs, by definition, at zero temperature, we will see that the
existence of a QCP is responsible for a wide-ranging set of behaviours of a system, even at
finite temperature.

While quantum phase transitions exist for a wide variety of states, this thesis will focus on
transitions from disordered paramagnetic systems to systems which become magnetic in the
ordered state. This describes, however, only a very small sample of the eclectic range of phase
transitions which can occur at zero temperature. Others include the transition to a nematic
state [16, 106], Mott insulating states [107, 108] and spin glasses [109, 110]. A large array of
states and behaviours can be obtained via a quantum phase transition and hence their study
is an enduringly important aspect of condensed matter physics; for example, it is also common
for the area around a magnetic quantum critical point to host superconductivity due to strong
fermion-fermion interactions [111]. As previously mentioned, these phase transitions can be
associated with some kind of spontaneous symmetry breaking, in the case of magnetism, as
the magnetisation becomes finite, the system spontaneously breaks time-reversal symmetry.

Before discussing the QCP itself, we summarise some of the important aspects of quantum
statistical physics. The partition function of a system governed by the Hamiltonian H is [112]

Z
(
β
)

= Tre−βH , (1.22)
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1.3 Quantum phase transitions

where β = 1
T .

Given the partition function in Eq. 1.22, we notice the similarity to the time evolution
operator U = e−iHt. If we now allow the system to evolve over an imaginary time period
t = −iβ, they become the same expression [112]. The partition function can be calculated via
a path integral, which when written in terms of a transfer matrix reveals a correspondence
with the classical problem in d+1 dimensions, where the imaginary time dimension extends to
a length β [112, 113]. We hence see that the quantum path integral at imaginary time and d+1
dimensional statistical mechanics bear a striking analogy. This happens due to the correlations
in time which occur when one considers the quantum problem. This correspondence will be
relevant to the following analysis with regards to scaling and the renormalisation group as the
strength of fluctuations in a system is heavily influenced by its dimensionality.

The analogy between time evolution and thermal averaging through the introduction of
imaginary time can also be constructed in terms of frequency. To this end we consider Matsub-
ara frequencies. These are frequencies defined as ωn = 2nπT for bosons and ωn = π (2n+ 1)T
for fermions, where n ∈ Z. Only certain values of ω contribute and integrals over frequency
become sums on the imaginary axis.

1.3.1 Landau theory

We can construct a simple theory of phase transitions, using initially the assumption that the
fluctuations of some order parameter which we denote φ are, in any case, small. This will allow
us to gain some intuition about the importance of symmetries, and the tuning parameter r.
In magnetic systems, we are fortunate that there exists an obvious choice of order parameter,
we will use the magnetisation of the system. The order parameters we will discuss can all be
described by a single-component Ising order parameter [57]. In the disordered state

〈
φ
〉

= 0
and in the ordered state

〈
φ
〉

6= 0, of course once the system orders, a finite magnetisation
must be acquired. The effects of fluctuations are diminished in higher dimensions, above
some upper critical dimension, which we will show later, they can be considered negligible. If
fluctuations are small, it is possible to replace φ by its averaged value and carry out a mean-
field analysis for the system. We can consider a Landau expansion [114], which provides a
phenomenological understanding for second-order phase transitions. The free energy density
becomes

f
[
φ
]

= f0 + hφ+ r

2φ
2 + u

4φ
4, (1.23)

where h is a magnetic field, u governs the strength of interactions and r is a parameter which
is used to tune the system through the QCP. We deduce this form from the symmetry of a
magnetic order parameter. φ is time reversal odd and must therefore appear in even powers,
such that the free energy is time-reversal even, or coupled to a conjugate field h (which is
also time-reversal odd). If φ is a ferromagnet, h is the magnetic field aligned along the same
direction as the magnetisation. It is also possible to continue the expansion and include
higher order terms. If h = 0, calculating the minima of f

[
φ
]
, we see that to obtain physical

results, the interaction strength u > 0. For r > 0, the only minimum is at φ = 0, implying a
disordered state. For r < 0, there exists a finite minimum. On this basis, we see that r is a
tuning parameter which tunes the system through the phase transition.
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1 Fundamentals: Quantum phase transitions of magnetic structures coupled to elasticity

1.3.2 Critical fluctuations

The theory presented up to this point constitutes a simple mean-field analysis of phase transi-
tions, useful to see how a system behaves in the absence of fluctuations. However, fluctuations
are crucial when considering the effects of a QCP on the finite temperature properties of a
system. The nature of these fluctuations depends on the regime the system finds itself in.
Within the system, there exists two energy scales, one given by the temperature, kBT , and
the other is the characteristic frequency of long range order parameter fluctuations ~ωc. If
the thermal scale is much larger than the quantum one (for example at high temperatures),
the thermal fluctuations dominate, destroying long-range order and the system is disordered
(see Fig. 1.5). If instead the quantum fluctuations dominate, at r > rc the system is effec-
tively in a disordered ground state [105]. Directly above the QCP there exists a crossover
region in which both types of fluctuation are important. This region persists at relatively high
temperatures, which in turn drive the system away from criticality. If there exists order at
finite-temperatures, there is a true phase transition (rather than merely a crossover regime)
with thermal fluctuations the most relevant close to the phase boundary but diminishing as
the temperature decreases. The QCP is then the endpoint of this phase boundary located at
T = 0 [105]. The fact that the QCP is responsible for strong fluctuations at finite temperatures
is the effect alluded to when discussing the effect of a QCP on the phase diagram.

The coupling of order parameter fluctuations to other modes is also crucial to understanding
quantum critical behaviour [105]. Any complete description of the system contains, not only
collective modes related to fluctuations of the order parameter, but also a potential coupling
of these modes to fermions. However, provided there are no gapless fermions in the system,
then near the QCP, the order-parameter fluctuations are the only low-energy excitations. In
this case fermions can be integrated out of the theory without introducing divergences [105].
We integrate out degrees of freedom by rewriting Eq. 1.22 in the language of an action S. For
the degrees of freedom, for example, φ and u this becomes

Z =
∫
DφDu exp

{
−S

[
φ, u

]}
. (1.24)

Provided the degree of freedom in the partition function is Gaussian, we can use the usual
identity ∫ ∞

−∞
dx exp

{
−
(
ax2 + bx+ c

)}
=
√
π

a
exp

{
b2

4a − c

}
, (1.25)

where by integrating out the degree of freedom u, we obtain a theory in φ where the effects
of u become included in the φ propagator, this is referred to as an effective theory in φ.

If there does exist a coupling to low-energy fermions, then it can still be possible to write
a theory in terms of the order parameter only, but now non-analytic terms such as Landau
damping are introduced to the effective theory. Fermions are included through a coupling term
to bosons. Landau damping for a B1g (see Sec. 1.4) nematic in an iron-based superconductor
was calculated in Ref. [16]. In some cases however, the fermions cannot be integrated out and
a theory must be composed of both degrees of freedom [105].

In the case that both bosonic and fermionic excitations must be taken into account, one finds
the existence of critical bosons and fermions [115], rather than the conventional quasiparticles,
near the QCP. Such particles can be the cause of phenomena such as a non-Fermi liquid (NFL)
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quantum disordered

quantum critical

ordered state

{classical
critical

Figure 1.5: A schematic phase diagram for a quantum phase transition shows that there exists
not only the ordered and disordered regimes but also a quantum critical regime, close to which
quantum fluctuations are strong. This represents a crossover regime and hence dotted lines are
used to separate these regions. A solid line denotes a true phase transition(Figure adapted from
Ref. [105]).

regime [105]. An example of this is observed in magnetic systems [115]. If one analyses the
fermionic excitations, a divergence in the effective mass m∗ is observed through a divergence
of the electronic specific heat coefficient and the usual Fermi liquid theory no longer applies.
In studies of nematic systems [16, 116–118] it has been shown that the electron-electron
interaction becomes long-ranged, electrons again become unusually massive and acquire a
reduced lifetime. As a result, as well as a divergence in the specific heat coefficient, the
electron self energy is altered and the Fermi-surface becomes hot. If Fermi liquid theory breaks
down completely, meaning the base assumptions have been rendered invalid, as opposed to
slight deviations that can still be described within a Fermi liquid framework, then the main
options to model such behaviours are either new weakly interacting quasiparticles or perhaps
no quasiparticles are able to form and the excitations are incoherent [119].

This gives some concrete examples of the effects of a QCP on the finite-temperature prop-
erties of a system.

1.3.3 The renormalisation group and scaling

We can use the divergence of fluctuations in second order phase transitions as a clear signifier
that a change of phase has occurred. At the phase transition, order parameter fluctuations
cause the correlation length, ξ to diverge. In the disordered phase, while the average of
the order parameter is zero, the fluctuations are not. Close to the critical point, the spacial
correlations of order parameter fluctuations become long-ranged. At this point, there exists no
characteristic length scale which, in turn, leads to the emergence of scaling laws which define
the universality class of the system [120]. Knowing a system’s universality class allows us to
make statements about entire classes of second order phase transitions, without necessarily
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1 Fundamentals: Quantum phase transitions of magnetic structures coupled to elasticity

knowing everything about the system. In fact, different transitions belonging to the same
universality class can occur in very different systems. The necessary pieces of information
to deduce the scaling laws are the symmetry of the order parameter and the dimensionality
of the system [105]. The lack of any characteristic length scale means that all lengths can
be rescaled and parameters adjusted such that the correlation length retains its value. For
example the free energy density of a ferromagnetic system scales with [99]

f
(
r, h, T

)
= b−

(
d+z
)
f
(
rb1/ν , hbyh , T bz

)
, (1.26)

where r is the distance to the quantum critical point and b is the function used to rescale
length in the system. The dimensionality d of the system appears in the scaling relations, as
well as a dynamical exponent which defines how temperature scales (T ′ = Tbz), due to the
fact that an extensive quantity scales with the effective dimension. The correlation length
exponent ν defines how the correlation length diverges. Given that the scaling parameter
rescales momentum and must therefore be considered a length scale, b1/νr ∼ 1 defines the
correlation length

ξ ∝ r−ν . (1.27)

To see how this scales with temperature, we use again

b = r−ν . (1.28)

Then if
bzT = r−zνT ∼ 1, (1.29)

this suggests r scales with temperature as r ∼ T 1/νz. The correlation length then scales as

ξ ∼ T−1/z, (1.30)

and the correlation time as [99]
τc ∼ ξz ∼ T−1, (1.31)

where τc is the time scale on which fluctuations decay. We therefore see that both diverge.
The scaling parameter b is arbitrary, however we will determine a set of scaling equations

using b = el where l is the parameter through which length scales are varied. This analysis
will allow us to make statements about the transition which go beyond a mean-field theory.
To do so, we will calculate a set of renormalisation group (RG) equations. The concept of
RG is perhaps best known within particle physics but as we have seen, an imaginary time
formulation of quantum field theory is analogous to the calculation of partition functions. It
therefore comes as no surprise that RG is also well at home within the quantum field theoretic
methods used in condensed matter physics (although there still exist major differences in the
actual methods within the two fields due to the coarse graining approach used in condensed
matter [121]). We will consider an Ising model as it is most applicable to the calculations pre-
sented in the following chapters, this should however also serve as a more general introduction
to the concept of RG. From the Ising model, we can perform a Hubbard-Stratonovich trans-
formation. This allows us to translate a theory of a set of interacting spins to a continuum
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1.3 Quantum phase transitions

field theory [57]. A system in an insulating state near the QCP is governed by the action

S =
∫

q,ωn

(
r + q2 + ω2

n

c2

)
φ
(
q
)
φ
(
−q
)

+ u

∫
x
φ (x)4 , (1.32)

where φ represents the scalar field related to the spin degrees of freedom of the Ising model,
it describes the magnons in the system, i.e the magnetic collective modes, c is the magnon
velocity and ωn = 2πnT denotes the Matsubara frequencies; this action is written on the
imaginary axis. The integral over Matsubara frequencies is, hence, a discrete sum∫

ωn

f (ωn) =̂T
∞∑

n=−∞
f (ωn) , (1.33)

which is approximated as an integral in the limit T → 0. Note the similarity to the Landau
theory we deduced after expanding the free energy density in powers of the order parameter,
now with gradient terms as the order parameter is not homogeneous in time and space.

Within this action for the magnetic system, there is no Landau damping term, i.e. we
have not considered fermion interactions. The reason for this is that in writing down this
action, we consider a Mott insulator, this is something we will also do in Chapter. 4. The
consequence of this is that we only have terms related to fluctuations in space and time of the
order parameter and not due to interactions on the Fermi surface as there is no Fermi surface
if the Fermi level is situated in the gap. To give some physical intuition, Mott insulators can
be described by a Hubbard model with a hopping term t and on-site Coulomb interaction
U [122]. Provided the Coulomb interaction dominates such that U/t is large, the electrons
become localised with one on each site and the material acts like an insulator. The strong
electron-electron interactions which can create magnetic states can also lead to insulating
states, even in cases where the band theory suggests that a material should be a conductor.
When one wishes to consider conducting systems, this is not sensible and we must consider
fermionic excitations, we discuss such a case in Chapter. 2.

We can now use the fact that in momentum space we are able to scale q′ = bq and the order
parameter φ′

(
q′
)

= b−ρφ
(
b−1q′

)
. By power counting, this yields r′ = b2r and ω′

n = bωn (such
that z = 1). Also by power counting we find that u′ = ub4−d−z. This sets the upper critical
dimension of the system where fluctuations destroy the Landau theory, for d < 4 − z, the
interaction strength, u, becomes a relevant variable, i.e. it grows with l. In a classical system
the upper critical dimension would be set at d = 4, this is a manifestation of the fact that it
is possible to map a quantum system onto the higher dimensional classical equivalent. One
obtains the same upper critical dimension via a direct perturbation theory which diverges
for d < duc, this divergence is caused by long wavelength fluctuations q → 0. Given that
fluctuations on all length scales are important, a fact we can deduce from the very concept
of scaling, we integrate out long wavelength fluctuations, just leaving shell integrations for
Λ/b < q < Λ where Λ ∼ a−1 is a cutoff generated by the lattice constant, a [123].

The term ω2
n which now appears in a quantum treatment of the problem has its own scaling

dimension, which affects the effective dimensionality of the system. Scaling for both space and
time must be considered and so if for example z = 2, we now see the upper critical dimension
is d = 2, meaning the fluctuations are small and a mean-field treatment can be used for a
three dimensional system. Through a perturbation of the order parameter, fluctuations are
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1 Fundamentals: Quantum phase transitions of magnetic structures coupled to elasticity

taken into account. Formally, this corresponds to a summation over Feynman diagrams [123].
Adding in terms corresponding to vertex corrections up to one-loop order to the φ2 term as
well as the interaction term φ4, followed by the application of the aforementioned rescaling,
gives the following flow equations

dr

dl
= 2r + 3u d

dl

∫ >

q
χ0
(
q
)

− 3ur d
dl

∫ >

q
χ0
(
q
)2
,

du

dl
= εu− 9u2 d

dl

∫ >

q
χ0
(
q
)2
, (1.34)

dT

dl
= T, (1.35)

where we have expanded the propagator, χ = 1
r+q2+ω2/c2 , for small r, ε = 4 − d − z, we use

ωn = 2πnT to determine how the temperature scales and the momentum integral is taken over
a shell Λb−1 < q < Λ. We can solve these equations for d = 3 such that ε = 0 by expanding
in small ε and then taking ε → 0 at the end. We have integrated out the long-wavelength
modes which led to divergences below the upper critical dimension in the direct perturbation
theory. We see that below the upper critical dimension, we need to consider the next leading
order terms as u grows with l.

At the quantum critical point, due to the divergence of ξ, we expect the theory to be scale
invariant and hence r and u should not change with l. A QPT can only occur at T = 0 and so
approximating the Matsubara sums as integrals in the manner mentioned above and finding
the point where r and u stop scaling, we can find the location of the critical point. To do so,
we must first calculate the shell integrals. In general, scaling affords us the freedom to assume
that b ≈ 1, such that we can expand in l, this gives

d

dl

∫ >

q
F
(
q
)

= d

dl

w

Λe−l<
∣∣q<Λ

∣∣
ddq

(2π)d

∫ ∞

−∞

dω

2πF
(∣∣q∣∣, ω)

= KdΛd

(2π)d

∫ ∞

−∞

dω

2πF
(
Λ, ω

)
,

where Kd = 2πd/2

Γ[d/2] . Including the integral over the Matsubara frequencies, we obtain for the
shell integrals

d

dl

∫ >

q
χ0
(
q
)n = KdΛd

(2π)d

∫ ∞

−∞

dω

2π
1(

Λ2 + c−2ω2
)n

= KdcΛd−2n+1

(2π)d+1
√
π

Γ
(
n− 1

2

)
Γ (n) . (1.36)
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It follows

d

dl

∫ >

q
χ0
(
q
)

= KdcΛd−1

2 (2π)d
,

d

dl

∫ >

q
χ0
(
q
)2 = KdcΛd−3

4 (2π)d
, (1.37)

and we obtain the flow equations

dr

dl
= 2r + 3uKdcΛd−1

2 (2π)d
− 3urKdcΛd−3

4 (2π)d
,

du

dl
= εu− 9u2KdcΛd−3

4 (2π)d
. (1.38)

If we introduce dimensionless variables

g = 9Kdc

4 (2π)d
Λd−3u,

m = r

Λ2 ,

the flow equations simplify to

dm

dl
= 2m+ 2

3g − 1
3gm,

dg

dl
= εg − g2.

We can then deduce the fixed point by finding the values of m and g which correspond to
dm
dl = dg

dl = 0. There is an unstable Gaussian fixed point at m = g = 0 and the fixed point
of interest g∗ = ε and m∗ = − ε

3 . If we consider deviations δg = g − g∗ such that δ is small
(as well as ε as we must be close to the upper critical dimension for such an expansion to be
trusted) then we find the flow equations become

d

dl

(
δm
δg

)
=
(

2 − 1
3ε

2
3 + 1

9ε
0 −ε

)(
δm
δg

)
. (1.39)

The equation has two eigenvalues λ1 = 2 − 1
3ε and λ2 = −ε. The eigenvector of the positive

eigenvalue is
(
1, 0
)
. The eigenvector in the stable direction (i.e. belonging to the negative

eigenvalue) is
(
−1

3 + ε
18 , 1

)
. It points along the critical surface. Fig. 1.6 shows the flow above

and below the upper critical dimension. We see that above the critical dimension, only the
Gaussian fixed point is present and that it is stable. Below the upper critical dimension, we
have another fixed point which corresponds to the Ising transition, we see that this critical
surface points from the Gaussian fixed point to the Ising fixed point. Away from this surface
m diverges. The critical surface hence defines a surface where the system flows to the fixed
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1 Fundamentals: Quantum phase transitions of magnetic structures coupled to elasticity

d>3 d<3(a) (b)

Figure 1.6: We show the flow of the RG equations above the upper critical dimension d = 3.5
(panel (a)), we see that the Gaussian fixed point at

(
0, 0
)

is stable. Below the upper critical
dimension, d = 2.5 (panel (b)), the Gaussian fixed point becomes unstable with the flow moving
away from this point in all directions, a new fixed point emerges which is stable along the critical
direction and unstable in m, i.e. we see that away from this critical direction, m diverges.

point. From this, a distance to the fixed point can be deduced and is given by [57]

t = m− g

(
−1

3 − ε

18

)
. (1.40)

The positive eigenvalue corresponds to the inverse correlation length exponent

ξ ∝ δm−ν , (1.41)

with λ1 = ν−1. To leading order in ε follows:

ν = 1
2 + ε

12 . (1.42)

We therefore see that scaling and RG equations are a powerful tool for the analysis of
quantum field theories and for the theoretical detection of quantum critical points. This
analysis is carried out at T = 0, however the same flow equations are also applicable at finite
temperature. A finite temperature crossover analysis T � Λc must be considered in order to
deduce the boundary of finite-temperature phase transitions. We use

χ0 = 1
q2 + ω2

n/c
2 . (1.43)

Using the dimensionless variables

q̃ = q/Λ, (1.44)
ω̃ = ω/

(
cΛ
)
, (1.45)
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we rewrite the propagator as
χ0 = 1

q̃2Λ2 + ω̃2
nΛ2 . (1.46)

We must now set about calculating the shell integrals, we now do this specifically in three
dimensions. Integrating over the momentum first, yields

d

dl

∫ >

q
χm

0
(
q
)

= d

dl

∫
Λe−l<

∣∣q∣∣<Λ

d3q

(2π)3T
∞∑

n=−∞
χm

0

(∣∣q∣∣, ωn

)
= d

dl

∫
Λe−l<

∣∣q∣∣<Λ

q2 sin
(
θ
)
dqdθdφ

(2π)3 T
∞∑

n=−∞
χm

0

(∣∣q∣∣, ωn

)
= 4πΛ4−2mc

(2π)3 T̃
∞∑

n=−∞
χ̃m

0
(
1, ω̃n

)
(1.47)

= 4πΛ4−2mc

(2π)3 Fm
(
T
)
, (1.48)

where the functions Fm
(
T
)

are dependent on the Matsubara sums.
This leaves the flow equations

dr

dl
= 2r + 3u4π Λ2c

(2π)3F1
(
T
)

− 3ur4π c

(2π)3F2
(
T
)
,

du

dl
= εu− 9u24π c

(2π)3F2
(
T
)
. (1.49)

We switch to dimensionless variables

g = 3uc
(2π)3 , m = r

Λ2 . (1.50)

The flow equations are now

dm

dl
= 2m+ 4πgF1

(
T
)

− 4πgmF2
(
T
)
,

dg

dl
= εg − 3g24πF2

(
T
)
. (1.51)

In order to solve these equations, we use the method outlined in Ref. [124]. We first take the
limit T → 0 in order to identify the quantum critical point. At the transition, m and g no
longer scale with l and so by setting the derivatives to zero, we find to first order in ε

(
m∗, g∗

)
=
(

− εF1 (0)
6F2 (0) ,

ε

12πF2 (0)

)
, (1.52)

such that the distance from the critical point t = m+bg where b = 2πF1 (0). We can calculate
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the Matsubara sum directly

F1 = T̃
∞∑

−∞

1
1 + (2πnT )2 = 1

2 coth
(

1
2T

)
, (1.53)

and so F1 (0) = 1
2 such that t = m+πg. We now consider the case that T is finite but remains

in a crossover regime T � cΛ. We can solve for g

g
(
l
)

= g0
1 + 12πg0lF2

(
T
) . (1.54)

We see that as long as g0 is small, we can disregard thermal fluctuations as these only enter
at O

(
g2

0

)
. We instead just take the T = 0 solution. For m we use the ansatz

m = m0e
ξ
(

l
)
h
(
l
)
. (1.55)

This solves our flow equation when

ξ
(
l
)

= 2l − 4π
∫ l

0
g
(
l′
)
F2
(
l′
)
dl′,

h
(
l
)

= 1 + 4π
m0

∫ l

0
e−ξ
(

l′
)
F1
(
l′
)
g
(
l′
)
dl′,

(1.56)

and so
m = eξ

(
m0 + 4π

∫ l

0
e−ξ
(

l′
)
F1
(
l′
)
g
(
l′
)
dl′
)
. (1.57)

We can write
F1
(
T
)

= 1
2 coth

(
1

2T

)
= 1

2 + 1
e

1
T − 1

, (1.58)

This then gives the full expression for the distance from the critical point

t
(
l
)

= eξ

(
m0 + πg0 + 4π

∫ l

0
e−2lg0

1
e

1
T − 1

dl′
)
. (1.59)

If we use the transformation x = 1
T0
e−l and the fact that at the critical point we can, by

definition, scale infinitely such that l → ∞, we then get

t
(
l
)

= eξ

m0 + πg0 + 4πT 2
0 g0

∫ 1
T0

0

x

ex − 1dx

 , (1.60)

and so the equation for Tc is,

m0 + πg0 + 4πT 2
c g0

(
π2

6 + 1
Tc

log
[
1 − e− 1

Tc

]
− Li2

[
e− 1

Tc

])
= 0, (1.61)

where Li2 is the polylogarithm. This equation is not solvable analytically; we resort to nu-
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1.4 Magnetoelastic coupling

Figure 1.7: Using the RG equations, we are able to calculate at what temperature the Ising
model orders (shaded region) depending on the bare dimensionless magnon mass m0. This is
plotted for g0 = 1.

merical methods to obtain the transition temperature, we see the results of this in Fig. 1.7.

An RG analysis allows us to take into account the logarithmic corrections due to fluctu-
ations which occur at the upper critical dimension. The phase transition at zero and finite
temperature can be found through the application of scaling, with the understanding that
there exists no preferred length scale at the phase transition. As discussed already, the exotic
phenomena exhibited near the type of quantum critical point we have found in this simple
model can have a profound effect on the phase diagrams for the systems which we will study
in this thesis. We reiterate that the φ4 theory presented here is already applicable to a wide
variety of systems, including the magnetic systems we consider. In this thesis, we will use
these methods to see how different parameters affect the location of the quantum critical
point, given by the critical value of m.

Having established a theory of elasticity as well as the relevant magnetic structures and their
fluctuations near the QCP, we can now deduce how these modes can be coupled together.

1.4 Magnetoelastic coupling

It is well known that there exist numerous systems in which the coupling of electronic de-
grees of freedom to the lattice, in the form of electron-phonon coupling, plays a crucial role
in understanding the properties and observables of the system. Examples include supercon-
ductors, where electron-phonon coupling enables the formation of Cooper pairs [125, 126],
or electron-phonon scattering, which affects the transport properties of a system [127, 128].
In this section, we will take the time, not only to show how the procedure of constructing
the relevant terms in the Hamiltonian is carried out, but also some noteworthy examples in
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1 Fundamentals: Quantum phase transitions of magnetic structures coupled to elasticity

magnetic systems which will feature in the upcoming chapters. Having carried out an analysis
for the order parameters we are focusing on in the preceding sections, we will continue with
the use of an Ising order parameter. It should be mentioned that this describes, not only mag-
netic systems but also nematic systems [16], p-wave superconductors [129] and others which
undergo second order phase transitions, making it an incredibly rich and widely applicable
universality class. Here we analyse the formation of hybridised modes, which we refer to as
magnon-like or phonon-like polarons [130], depending on whether the mode retains more of
the uncoupled magnon or phonon mode character respectively.

1.4.1 Group theory of elasticity-order parameter coupling

There is an extensive catalogue of phonon-magnon coupling terms which hybridise the relevant
collective modes. One of which is the coupling between magnetic and elastic collective modes
which exhibits magnetostriction [130, 131] with a coupling term

Hc =
∫
d3rNijklεij (r)φk (r)φl (r) . (1.62)

The magnetostriction response tensor Nijkl, couples the strain to the staggered magnetisation.
It is defined by εij = NijklMkMl. This, creates a hybridisation effect [130, 131], opening up
a gap when the dispersions cross. In opening up a gap, it becomes possible to promote
topological effects within the system, with bands acquiring finite Chern numbers [132, 133].
Magnetostriction allows for the changing, for example, of volume (Niijj) when magnetic order
sets in. We hence see how the microscopic theory, which describes the interplay of the exchange
interaction and the value of the lattice parameter manifests itself in the language of the
collective modes. Another important effect, which emerges from the interplay of lattice degrees
of freedom and magnetic order, is piezomagnetism. This is defined through the tensor εij =
ΛijkMk [134]. In this case we see that a distortion of the lattice can create a magnetisation
and conversely, that magnetic fields can lead to lattice distortions [135, 136].

In order to deduce a more complete range of effects which arise from the hybridisation of
collective modes, we need to understand how the symmetry groups of such modes allow us to
write down terms in the Hamiltonian or action which couple the two degrees of freedom. Most
importantly, we need to know how the product of two objects, which transform according to
particular irreducible representations of the point group, itself transforms. In order to be
symmetry allowed, the product of these objects must transform trivially, such that the energy
of the system does not depend on the angle at which it is observed, anything else would of
course, make no physical sense.

We take, initially, the example of a tetragonal system D4h. We reiterate that it is possible
to use the set of functions in Table. 1.1 to expand the symmetrised strain εij in a set of
symmetry allowed terms [29]

εB1g = εxx − εyy, (1.63)
εB2g = εxy, (1.64)
εA1g = εxx + εyy, εzz, (1.65)

εEg =
(
εyz

−εxz

)
. (1.66)
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1.4 Magnetoelastic coupling

The realisation that the strain elements transform according the irreducible representations
of the point group, in much the same way the possible altermagnetically ordered states in
the presence of spin-orbit coupling do, means that we can start to deduce coupling terms.
The conditions for a term to be symmetry allowed are that it is even under time-reversal
and that the term transforms according to the trivial irreducible representation A1g. We
need to know the product rules for the irreducible representations; in order to do this we
follow the method presented in Ref. [137]. We consider a multiple component Ising parameter
with components

{
φa
}
, which we initially couple with strain components {εa} (we will also

have to couple magnetic field components but once we know how to find the product of two
objects, one just repeats the process for the third). The components transform according
to the group symmetries g ∈ G according to the representations ρ. In order to couple the
objects, we need to know how the composite object

{
φaεb

}
transforms. We define the unitary

group representations according to the Hilbert space symmetry operators, U
(
g
)

(which are a
unitary group representation)

U−1 (g)φaU
(
g
)

=
dimφ∑
b=1

ρφ
ab

(
g
)
φb, (1.67)

U−1 (g) εaU
(
g
)

=
dimε∑
b=1

ρε
ab

(
g
)
εb, (1.68)

such that the composite object transforms according to

U−1 (g)φaεbU
(
g
)

=
dimφ∑
b=1

ρφ
acρ

ε
bd

(
g
)
φbεd, (1.69)

or according to the direct product ρφ
(
g
)

⊗ ρε
(
g
)

of the two representations. We change basis
such that the direct product is block diagonal for all g, where these matrices on the diagonal
are denoted ρλi

(
g
)
, where λ denotes the irreducible representation and is hence the direct

product of irreducible representations. The basis change is then given by a matrix M such
that

M−1ρφ (g)⊗ ρε (g)M =


ρλ1

(
g
)

0 0 . . .
0 ρλ2

(
g
)

0
0 0 ρλ3

(
g
)

... . . .

 ≡ ρλ1
(
g
)

⊕ ρλ2
(
g
)

⊕ ρλ3
(
g
)

⊕ . . .

(1.70)
We do this by first diagonalising the individual matrices i.e. the various matrices arising from
ρφ
(
g
)

⊗ ρε
(
g
)
.

To find the product of the irreducible representations, we first find the individual matrices
ρλi

(
g
)
. For the one-dimensional irreducible representations, we can just read this off the

character table, for example, looking at Table. 1.1, we see that ρA2g
(
C4z

)
= 1. We then find

the corresponding sets of λ which satisfy

ρλ1
(
g
)

× ρλ2
(
g
)

= ρλ3
(
g
)
, (1.71)
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1 Fundamentals: Quantum phase transitions of magnetic structures coupled to elasticity

⊗ A1g A2g B1g B2g

A1g A1g A2g B1g B2g

A2g A2g A1g B2g B1g

B1g B1g B2g A1g A2g

B2g B2g B1g A2g A1g

Table 1.2: The product table for the one-dimensional irreducible representations of D4h.

to find the product table given in Table. 1.2. It is simple to deduce which products are
symmetry allowed for 1D representations. The product of an irreducible representation with
itself gives the trivial representation and is therefore symmetry allowed.

We must also consider how to carry out the equivalent procedure for higher dimensional
irreducible representations, for example the product of a one and two-dimensional irreducible
representation. In this case we use a single component Ising parameter φ and a strain which
transforms according to Eg, which is a two-dimensional irreducible representation. We will
consider how the product looks for different one dimensional irreducible representations of φ.
Constructing a vector from the Kronecker product

v =
(
φε1, φε2

)
, (1.72)

where ε1 and ε2 refer to the Eg components of strain given in Eq. (1.66).
We transform this vector for each choice of φ.
The product of the two, should still transform like Eg. We deduce this from the fact that

the multiplication of a one and two-dimensional irreducible representation has to yield a two-
dimensional irreducible representation, of which Eg is the only option within D4h. We must
find a unitary matrix M such that

M−1ρλ (g)⊗ ρE (g)M = ρE (g) . (1.73)

As already mentioned, we identify the ρ for the one-dimensional representations from the
character table. For the Eg representation the generators are

ρEg
(
C4z

)
=
(

0 −1
1 0

)
, ρEg

(
C2x

)
=
(

1 0
0 −1

)
, ρEg

(
C2d

)
=
(

0 1
1 0

)
, (1.74)

which represent a π
2 rotation around the z and half rotation around x and d = x+ y+ z axes

respectively. This is deduced purely from the consideration of which matrices represent the
correct rotations in coordinate space.
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1.4 Magnetoelastic coupling

We then use the matrix, M to rotate the vector, v, to find

A1g ⊗ Eg =
(
ε1φ
ε2φ

)
, (1.75)

A2g ⊗ Eg =
(

−ε2φ
ε1φ

)
, (1.76)

B1g ⊗ Eg =
(
ε1φ

−ε2φ

)
, (1.77)

B2g ⊗ Eg =
(
ε2φ
ε1φ

)
. (1.78)

In doing so, we ensure that the matrices corresponding to group elements such as rotations
are identical for each case. The products above all therefore correspond to Eg for the various
choices of φ.

The last case we need to consider for D4h is that of two two-dimensional irreducible rep-
resentations corresponding to

(
φ1, φ2

)
and

(
ε1, ε2

)
multiplied together. The product can be

written as
Eg ⊗ Eg = A1g ⊕A2g ⊕B1g ⊕B2g. (1.79)

We deduce this from the great orthogonality theorem [28] which states that this sum is unique.
Using the generators of the group we can find the characters for the character table from the
trace

χρ
(
g
)

= Tr
{
ρ
(
g
)}
. (1.80)

The trace is of course invariant under a change of basis. Using

χρ1⊕ρ2 = χρ1 + χρ2 , (1.81)

and
χρ1⊗ρ2 = χρ1 × χρ2 , (1.82)

we deduce Eq. 1.79 from Table. 1.1. We see that from the set of objects given by
(
φ1, φ2

)
⊗(

ε1, ε2
)
, we have to deduce which combinations transform like each one-dimensional repre-

sentation. The change of basis matrix M in this case is the matrix which simultaneously
diagonalises ρE

(
C4z

)
⊗ ρE

(
C4z

)
, ρE

(
C2x

)
⊗ ρE

(
C2x

)
and ρE

(
C2d

)
⊗ ρE

(
C2d

)
. In general

this is found using the eigenvalues and eigenvectors of the generators and then comparing the
eigenvalues to the character table to discern which column of M corresponds to each one-
dimensional irreducible representation (We show this in full in Appendix. A.1). This yields
the result

A1g = ε1φ1 + ε2φ2, (1.83)
A2g = ε2φ1 − φ2ε1, (1.84)
B1g = φ1ε1 − φ2ε2, (1.85)
B2g = φ1ε2 + φ2ε1, (1.86)
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1 Fundamentals: Quantum phase transitions of magnetic structures coupled to elasticity

where, to be specific about the basis we use for these calculations(
Hx

Hy

)
∈ Eg, Hz ∈ A2g, (1.87)

εx2−y2 ∈ B1g, εxy ∈ B2g,

(
εyz

−εxz

)
∈ Eg. (1.88)

These rules effectively provide a recipe for deducing coupling terms in the action. It also
elucidates how the altermagnetic terms are constructed. Using a magnetic dipole which, as
we see above, transforms with A2g and then constructing a form factor to mediate this dipole
throughout the unit cell, the form factor is chosen such that the product of the irreducible
representations of the dipole and form factor, according to the rules above, corresponds to an
altermagnet with the desired symmetry.

To briefly summarise, the general method for finding the correct products consists of con-
structing a vector, v, from the Kronecker product of φ and ε, we then find the change of basis
matrix using the eigenvectors of the product representations of the generators. This allows
us to find the desired M such that

M−1ρλ1
(
g
)

⊗ ρλ2
(
g
)
M =

⊕
i

ρλi
(
g
)
, (1.89)

where the subscript i runs over the λ which correspond to the direct sum deduced from
the character tables [28]. This matrix can be used to rotate v such that M−1v yields the
combinations of φa and εa which correspond to the representations in the direct sum. In
Appendix. A.1, we show this method in more detail for the product of two Eg irreducible
representations in D4h, which can be extended to irreducible representations of even higher
order and crystals belonging to other point groups. We also include full product tables for
the tetragonal group D4h (Tab. A.1), hexagonal group D6h (Tab. A.2) and cubic group Oh

(Tab. A.3) as a reference for deriving symmetry allowed coupling terms.
We can apply these rules to already studied systems. Consider the case of nematoelastic

coupling [16]
Scoupling = λ

∫
d3rdtφ

(
r, t
)
εΓ+

(
r, t
)
, (1.90)

where Γ denotes the irreducible representation that the object transforms under and the
superscript + is used to denote a time-reversal even object. For a nematic system such
a coupling is symmetry allowed, provided that φ also transforms according to Γ+. This
coupling has been thoroughly studied [16, 19]. In such systems we see a softening of the
elastic constants [19], leading to a structural phase transition, as well as an elastic quantum
critical region where the heat capacity remains Fermi liquid-like around the QCP, in distinction
to the bare quantum critical behaviour one derives from an electron only theory where the
heat capacity becomes non-Fermi liquid-like [16]. This coupling, while symmetry allowed for
nematics, must be adjusted for magnetic degrees of freedom. If φ now denotes a magnetic
order parameter, it is odd with respect to time-reversal. Some other parameter must be
introduced to correct this, for example a magnetic field. Instead consider the coupling term

S = λH

∫
d3rdtφ

(
r, t
)
εΓ+

(
r, t
)
. (1.91)
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1.4 Magnetoelastic coupling

The introduction of the magnetic field H, ensures that the term is time-reversal even. Both
φ and H are time-reversal odd, such that their product is even. The condition for this term
to be symmetry allowed is then

Γ−
φ ∈ Γ−

H ⊗ Γ+
ε . (1.92)

If this condition is met, then the term transforms trivially or at the very least, contains a
symmetry allowed element. We can briefly consult Table. 1.2 and see that this condition
holds because the product of an irreducible representation with itself gives an element which
transforms according to the trivial representation. If φ is a ferromagnet aligned along z and
H = Hêz such that both terms transform according to A2g then the coupling is

S = λHz

∫
d3rdtφ

(
r, t
) (
εxx

(
r, t
)

+ εyy
(
r, t
))
, (1.93)

yielding the well-known piezomagnetic coupling term where ferromagnetism is coupled to a
change in volume, mediated by an external magnetic field [138]. In the case that both the
strain and magnetic field transform like Eg, we must then find the correct combination of
components which matches the irreducible representation under which φ transforms. We can
use Eq. 1.85 to demonstrate this. If φ transforms under B1g and the strain components

and magnetic field components are
(
εyz

−εxz

)
and

(
Hx

Hy

)
respectively, the combination which

transforms under B1g is then Hxεyz +Hyεxz such that the coupling term is

S = λ

∫
r,t

(
Hxεyz +Hyεxz

)
φB1g . (1.94)

This corresponds to the piezomagnetic term for an altermagnet which transforms under B1g

in a magnetic field aligned in the x − y plane. The above analysis therefore allows for the
construction of terms which couple to symmetry breaking strain. The enhanced set of sym-
metries which altermagnets possess leads to new types of coupling to the lattice, which were
not possible with the usual ferromagnetic and antiferromagnetic order parameters. While
altermagnetic states are, due to their symmetry enforced net-zero magnetisation, difficult to
detect, the coupling to the lattice provides a potential path to indirectly observing the sym-
metry breaking these systems are expected to display, thus identifying which materials are
actually altermagnetic and which are merely antiferromagnets. A symmetry breaking strain
allows for the formation of a net magnetisation, which a magnetic field is then able to couple
to. We will analyse the effects of piezomagnetism in Chapter 2. Another option to account
for the fact that φ is now time-reversal odd is to couple to dynamics

Scoupling = λ

∫
d3rdt∂tφ

(
r, t
)
εΓ+

(
r, t
)
, (1.95)

where the condition for this to be symmetry allowed is

Γφ = Γε. (1.96)

In this case strain then couples to fluctuations of the order parameter, which as we discussed
in Sec. 1.3 become strong close to the QCP. The time derivative accounts for the fact that
φ is time-reversal odd. We will analyse this coupling in Chapter 3 and Chapter 4. We also
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1 Fundamentals: Quantum phase transitions of magnetic structures coupled to elasticity

see here that the fact that in TBG there is an element of strain which transforms according
to A2g now allows for a coupling to the ferromagnetism aligned along z which would not be
possible in a commensurate lattice; a result of the fact that ferromagnetism also transforms
according to A2g when aligned along z in TBG.

The coupling of Eq. 3.10 can also be obtained alternatively by following the approach
of Refs. [139, 140] (also used in Ref. [20]), which shows that a consideration of infinitesimal
strain is completely consistent with the group theory approach. If we consider a fermionic field
operator c (x) that is a spinor in spin and orbital space, performing a deformation of the lattice
with non-symmetrized strain ε̃αβ = ∂αuβ, corresponds to the coordinate transformation

x′ = Γ̂ (t)T x, (1.97)

where
Γ̂ (t) = eε̃. (1.98)

We consider an arbitrary strain field such that Λ̂ (t) is an arbitrary matrix with a positive
determinant. The fermionic field transforms as [139]

cε̃ (x) =
√

det Γ c
(
ΓT x

)
. (1.99)

If the change is small, then ε̃ → ε̃+ δε̃

∂

∂ε̃αβ
cε̃ (x) = δαβ

2 cε̃ (x) + x′
α

∂

∂x′
β

cε̃ (x) . (1.100)

Setting ε̃ = 0 allows for the study of an infinitesimal change, such that x′ = x. The infinites-
imal transformation is then:

cε̃ (x) =

1 − i
∑
αβ

ε̃αβLαβ

 c (x) , (1.101)

where
Lαβ = iδαβ

2 + ixα
∂

∂xβ
= −1

2
(
xαpβ + pβxα

)
. (1.102)

We then denote the generator denoting to rotations in internal space as Sαβ and consider the
total angular momentum Jαβ = Lαβ + Sαβ. Specific examples, can be found in Refs. [139,
140]. Jαβ is even under parity, odd under time reversal and its symmetric part transforms
like a symmetric second rank tensor, i.e. just like a multipolar order parameter. The field
operator cε̃ (r) of the strained system is therefore related to the unstrained case via:

cε̃ (x) = e
−iTr

(
ε̃T J

)
c (x) = U (t) c (x) , (1.103)

with strain generators Jαβ = −1
2

(
xαpβ + pβxα

)
+ i

8

[
σα, σβ

]
. x and p = −i∇ are the position

and momentum operators and the Pauli matrices σα act in orbital space.
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1.4 Magnetoelastic coupling

U (t) represents a time-dependent transformation such that

Sc = −i
∫
dτd3xc†(x)U (t) d

dt

(
U (t)−1

)
c(x). (1.104)

The coupling term that emerges from the relation between the strained and unstrained system
is hence [139, 140] Sc =

∫
dτd3x

∑
αβ ε̃αβ

d
dτ c

†Jαβc. Such that it couples strain to the time
derivative of a fermionic bilinear that transforms like a multipolar magnetic order parameter.
The coupling to dynamics that we deduced from symmetry can therefore also be derived from
the generators of infinitesimal strain.

1.4.2 Experimental probing of order coupled to elasticity

The fact that there exists a natural coupling between electronic degrees of freedom and strain
has led to a great number of possible experiments for probing states [78, 141]. One of which
that is of particular importance to Chapter. 2 is the elastocaloric effect. This is defined as
the adiabatic change in temperature with respect to a changing strain [78, 141]. Given that
strain is one of the options available to us as a parameter which allows for a system to be
tuned through the QCP [142], it is clear that this represents a crucial method for probing
ordering. The elastocaloric effect is measured by applying an AC strain to a material, the
adiabatic temperature change of the sample is then measured as the strain is applied and
then released [141]. Experiments of this type have many uses in terms of probing order, for
example in the determination of phase diagrams of unconventional superconductors [142] or
carrying out the experiment in different symmetry channels to reveal something about the
symmetry of the order parameter. In nematic systems it has been used to rule out certain
types of nematic ordering [77]. The fact that this experiment is so prevalent in its use with
regards to nematic systems already suggests an importance to the altermagnetic, this is a
direct result of the similarities in the symmetries of the relevant order parameters.

We can utilise a simple calculation based on a Landau expansion in order to give some intu-
ition as to how the elastocaloric effect probes order in the classical regime [78] (the quantum
equivalent will be shown in Chapter 2). The change in temperature with respect to strain
(also called by the elastocaloric coefficient η) is given by

η = dT

dε

∣∣∣∣∣
S

= − ∂S/∂ε

∂S/∂T
, (1.105)

where S is entropy and ε is in this case a strain which forms a symmetry allowed coupling
to some altermagnetic order parameter φ (i.e. it breaks a symmetry). We know from basic
thermodynamics that

∂S

∂T
= Cε

T
, (1.106)

where Cε is the specific heat at constant strain. We know that

dS

dε
= − d2F

dTdε
, (1.107)

where F is the free energy. Writing down a Landau expansion for the free energy of the
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1 Fundamentals: Quantum phase transitions of magnetic structures coupled to elasticity

coupled degrees of freedom, as outlined in Section. 1.3 gives

F = 1
2χ

−1 (T )φ2 + C0
2 ε2 + λHφε, (1.108)

where χ
(
T
)

is the altermagnetic susceptibility and diverges as the system orders, C0 is the
elastic constant (or combination of elastic constants) associated with the strain ε and H is
a magnetic field which facilitates a piezomagnetic coupling between magnetism and strain.
The product of ε and φ must, once again, contain the same irreducible representation as the
magnetic field for such an expansion to be symmetry allowed. Note that we ignore any terms
above second order, this is reasonable provided we are close to the transition such that φ
is small. We can then minimise the free energy with respect to φ, this is the equivalent of
integrating out the electronic degrees of freedom, doing so renormalises the elastic constant

C = C0 − λ2H2χ
(
T
)
. (1.109)

Taking the necessary derivatives of the free energy yields an expression for the elastocaloric
change in temperature

η = −λ2H2 T

Cε

dχ

dT
ε. (1.110)

We see immediately from this expression why this is a useful method to probe ordering; at
a second order transition, χ diverges and this will be reflected in the elastocaloric change in
temperature. This shows clearly that elastocaloric measurements provide a method to probe
the critical fluctuations present close to a second order phase transition [78].

Another measure of the onset of order in systems which couple to elasticity can be seen
from Eq. 1.109, in particular for specific values of T , H, λ, the elastic constant becomes soft,
which then leads to a structural distortion, this lattice softening is also detectable through
experiment in the case of nematics [143] and therefore, with a strong enough coupling, should
also be relevant in altermagnetic systems.

Other methods for probing order involve the measurement of phonons. Phonons can be
measured for example through pump-probe measurements [144], in which phonons are first
excited by an initial pumping laser, followed by a less powerful probe laser. The probe laser
then provides data on quantities such as the reflectivity, Raman scattering, induced absorption
etc. Theoretical calculations yield how phonons are affected by hybridisation, which would
then allow for one to indirectly detect magnetic collective modes by measuring phonon spectra,
this will be a focus of Chapter. 3.

This analysis provides evidence for how powerful the concept of symmetry is in consid-
erations of order parameter-strain coupling, even beyond magnetism and that the new and
considerably more varied symmetries of an altermagnet and of the elastic degrees of freedom
in TBG create opportunities to study exotic phenomena through the effects of magnetism on
strain.
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2 Chapter 2

Critical fluctuations in altermagnets

Above an altermagnetic and nematic critical point, fluctuations drive a divergence in the heat
capacity and elastocaloric change in temperature which is no longer consistent with Fermi liq-
uid theory. Nematic order parameters are able to couple directly to symmetry breaking strain;
in such cases, the divergence in the heat capacity is suppressed, leading to the appearance
of Fermi liquid behaviour of heat capacity and single-fermion lifetime at leading order [16].
This creates a region of elastic quantum criticality (QC) above the critical point and below a
crossover temperature to the bare quantum critical regime. The symmetries of an altermagnet
allow for a coupling with similar structure, a piezomagnetic coupling to symmetry breaking
strain. This creates a coupling between altermagnetism and strain with effects which are then
tuned by the strength of an external magnetic field. The two regions which exist close to the
critical point can then be tuned by the magnetic field, allowing for the bare QC regime to
be expanded all the way down to the QCP, creating a region of non-Fermi liquid behaviour
which is not accessible in nematic systems. In Ref. [17] (which most of this chapter either
adapts or quotes from) an analysis is presented of this elastic QC regime showing that it is
not a true Fermi liquid. Coupling to strain leads to gapless modes along specific directions
in momentum space. Observables such as the heat capacity and single particle self-energy are
not sensitive to these gapless modes, the contributions thereof are subleading (leading to FL
behaviour). In order to detect what we call singular Fermi liquid behaviour, an analysis of the
collective modes of the fermions must be carried out. One can measure the temperature change
with respect to a varying a.c. strain, known as the elastocaloric coefficient. An analysis of
this quantity shows that while the effect becomes less singular in the elastic quantum critical
regime, it is sensitive to these modes and retains divergences, thus proving that this state is
not a Fermi liquid. This chapter will focus on altermagnetic systems, however the results also
hold for nematic systems [17].

2.1 Introduction

Nematic and altermagnetic order parameters can, in many cases, break the same rotational
symmetries. This allows for similar couplings to strain in both systems. We briefly recount
what is known about nematic systems in the interest of contextualising the altermagnetic
equivalent. In nematic systems it has been shown that critical fluctuations can drive non-Fermi
liquid behaviour [15, 116, 117, 145–151]. This is manifested physically in two dimensional
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2 Critical fluctuations in altermagnets

systems as anomalous powerlaw dependencies in the single-particle lifetime and the electronic
specific heat, and as marginal Fermi-liquid behaviour in three dimensions [152]. Nematic
states break rotational symmetry and leave translation invariance unaffected [57], this allows
for a coupling to acoustic phonons of the same symmetry; this coupling takes the form

Hnem−latt = λ

∫
d3xεΓ+

φ
(x)φ (x) , (2.1)

where λ is the nematoelastic coupling strength, Γ+
φ is the irreducible representation of the

nematic order parameter φ (x), where the superscript indicates that it is even under time-
reversal. εΓ+

φ
is the strain field that transforms under Γ+

φ . An analysis of this coupling was
carried out in Ref. [19] in which it was shown that coupling to strain leads to a softening of
the shear modulus at the nematic transition [153–155]. The renormalised elastic constants,
related to the symmetry channel of strain which the nematic order parameter couples to, is
given by [19, 153]

C−1
ren = C−1 + λ2

C2χnem, (2.2)

where C is the bare elastic constant, the value of which is approached at high temperatures
where the nematic susceptibility, χnem, is small. The nematic susceptibility diverges at the
second order transition, leading to a renormalised elastic constant which vanishes. Ref. [19]
showed that when nematic fluctuations cause the lattice to soften, long-range strain forces act
back onto the nematic modes, leading to a crossover to mean-field behaviour [156, 157].

Another analysis of these systems is given in Ref. [16], in which it was shown that in addition
to the non-Fermi liquid behaviour around the QCP, there exists a region of quantum critical
behaviour strongly altered by the elastic degrees of freedom, which we hereafter refer to as
the elastic quantum critical region. In this region, the leading order behaviour of the heat
capacity and single-particle lifetime is Fermi liquid-like. At higher temperatures there exists
the bare quantum critical regime where these observables exhibit non-Fermi liquid behaviour
at leading order. In the absence of this coupling, the bare quantum critical region persists
down to the quantum critical point and the Sommerfeld coefficient γ(T ) = c(T )/T , with
specific heat c(T ), diverges like γ ∼ log

(
T0/T

)
, like in a marginal Fermi liquid [152] with

temperature scale

T0 = 1
3πα

(
Λ
kF

)3

EF , (2.3)

determined by the Fermi energy EF, the bosonic cut off Λ, the Fermi wave vector kF , and the
dimensionless coupling constant α of electrons to nematic collective modes.

Ref. [16] showed that the existence of a coupling between the nematic modes and the lattice
changes the universality class of the QCP and the Sommerfeld coefficient saturates below the
temperature

T∗ ∼ λ3

C3/2J3T0, (2.4)

where J is an energy scale which characterises the total band width of the nematic collective
mode. C is the bare elastic constant of Eq. 2.2 that governs the symmetry channel of the
nematic order parameter. Hence, the expected divergence γ ∼ log

(
T0/T

)
is suppressed and
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replaced by γ ∼ log
(
T0/T∗

)
. Similar behaviour also occurs for the single-particle self-energy.

This behaviour originates from a sound velocity which now vanishes along isolated lines in
momentum space, giving rise to non-analytic, long-range order parameter interactions which
suppress both classical and quantum fluctuations. At the QCP, the heat capacity and single
particle lifetimes are indistinguishable from a Fermi liquid, provided one only considers the
leading order low T contribution and therefore as far as the fermions are concerned, this
region is a Fermi liquid. It is therefore interesting to see whether there exists an observable
which does distinguish between the elastic QC and a Fermi liquid at leading order. Fermi
liquid theory describes fermionic quasiparticles alongside their collective modes. To reiterate,
in Ref. [16] coupling to strain re-establishes well-defined fermionic quasiparticles. One might
therefore conclude that a nematic QCP and, as we will soon see, by analogy, an altermagnetic
QCP in an external field is governed entirely by Fermi liquid physics, with the remaining
QCP-associated soft modes contributing only subleading corrections. However, our analysis
reveals that the situation is more nuanced: the elastocaloric effect exhibits behaviour that
deviates from standard Fermi liquid predictions. Importantly, this deviation does not stem
from an independent anomaly in the systems elastic properties. We will show that this result
can alternatively be derived from the fermionic contribution to the entropy. Taking a strain
derivative, as is done in the elastocaloric effect, amplifies what would otherwise appear as a
subleading correction. This motivates the characterisation of such a state as a singular Fermi
liquid. While this analysis of the QC regime is applicable to nematic systems, we will focus
here on its applicability to altermagnetic systems.

A proper analysis of the elastic QC regime therefore lies in an analysis of the fermionic
collective modes, carried out by considering the elastocaloric effect [17]. This effect is out-
lined in Sec. 1.4 and allows for the performing of high accuracy measurements [158]. The
measurements are of the adiabatic temperature change with respect to an applied strain, i.e.

η(T ) = dT

dε0

∣∣∣∣∣
S

, (2.5)

where ε0 denotes strain which transforms trivially under point group operations. An analysis
of η

(
T
)

shows that it behaves differently to that of a Fermi liquid in the elastic QC regime,
suggesting that even at the lowest temperatures, this is not a Fermi liquid state with regards to
the collective modes of the fermions (although it is less singular in this temperature range) [17].
In Table. 2.1, we see the temperature dependence of the heat capacity and elastocaloric effect
in both the elastic and bare QC regimes.

c
(
T
)

η
(
T
)

Fermi liquid ∝ T ∝ T

bare quantum critical ∝ T log T ∝ T 1/3/ log T
elastic quantum critical ∝ T ∝ T log T

Table 2.1: Heat capacity c(T ) and elastocaloric effect η(T ) as function of temperature in the
Fermi liquid, the bare quantum critical (for d = 3 and without coupling to the lattice), and the
elastic quantum critical regimes. From the perspective of the heat capacity (and the single particle
life time) the elastic QC below T ∗ is indistinguishable from the Fermi liquid, while the elastocaloric
effect is able to discriminate between the two regimes (Table reprinted from Ref. [17]).
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2 Critical fluctuations in altermagnets

The coupling between nematic order and strain given in Eq. (2.1) takes a very similar form
to that of a piezomagnetic coupling in an altermagnetic system. Like nematics, altermagnets
also break a symmetry which can be a rotation; the distinction between the two systems comes
from the fact that altermagnets break time reversal symmetry and hence another time-reversal
odd parameter must be introduced to any coupling term. In order to achieve a piezomagnetic
effect, the parameter chosen is the magnetic field and the piezomagnetic [134, 135] coupling
is given by

Ham−latt =
∑

i

∑
α

λa
α,iHα

∫
d3xεΓ+

i
(x)φa (x) . (2.6)

It is symmetry-allowed, provided that Γ−
φ ∈ Γ−

Hα
⊗ Γ+

εi
, i.e. the product representation of the

α-th component of the magnetic field Γ−
Hα

and strain Γ+
εi

must contain the order parameter
representation Γ−

φ . It is this coupling which we will analyse here, with mention of the analogy
with the nematic case [16, 17]. We see that the two couplings are of a very similar form, with
the introduction of a magnetic field in the altermagnetic case which can now be used to tune
the coupling strength. Given that the crossover temperature between the bare and elastic QC
regimes is dependent on the coupling strength [16], this suggests that the two regions can be
tuned by an applied magnetic field. In Fig. 2.1, we show a schematic representation of the
piezomagnetic coupling. Initially the unstrained altermagnet has a net-zero magnetisation
within the unit cell; once a strain is applied, the symmetries which previously forbade the
formation of a magnetisation are broken. The induced magnetisation in strained altermagnets
is given by [20, 58, 159–161]

Mµ = Λµγδεγδ, (2.7)

where Λµγδ is the piezomagnetic tensor and Mµ is the component of the magnetisation density
aligned along the µ direction. A magnetic field can then couple to the induced magnetisation.

In this chapter we will show that a piezomagnetic coupling between an altermagnetic order
parameter and the lattice leads to the formation of a direction selective criticality and the
emergence of gapless bosons along these directions. For reference, we will give a list of the
possible piezomagnetic couplings and coupling to fermions for a tetragonal system in this
chapter and for hexagnonal, cubic and orthorhombic systems in Appendix. B. We will use the
coupling to fermions to show that the magnons acquire a Landau damping term which, unlike
for nematic systems [16] is not dependent on the direction of momentum q. We will show how
gapless bosons give two regimes of behaviour, the aforementioned elastic and bare QC regimes
and through calculations of the electron self-energy and heat capacity, that these regions are
tunable via an applied field. This will allow for an experimentally accessible region of NFL
behaviour above the critical point which is not accessible in the nematic systems studied in
Ref. [16]. We see this summarised in the schematic diagram in Fig. 2.2. An analysis of the
elastocaloric effect will prove that the elastic QC is not a Fermi liquid, or more accurately the
collective modes do not display Fermi liquid behaviour at leading order in low temperatures,
a result of which is actually relevant for both nematic and altermagnetic systems. We will
show that this is consistent with an analysis of the generalised scaling behaviour near the
elastic QC regime. This scaling behaviour is outlined in Ref. [162]. We will also show that the
piezomagnetic coupling has an analogy with the Hall effect in strained altermagnets insofar
as the strains which induce a finite magnetisation can also induce a finite Berry curvature and
hence, nonzero Hall current.
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Figure 2.1: The physical origin of the coupling considered here is simple to visualise. An alter-
magnet which transforms according to the irreducible representation B2g has the order parameter
φB2g ∼

∑
k fB2g

(
k
) 〈
c†

kσ
zck

〉
. Spins aligned along the z direction are distributed in the unit cell

according to the irreducible representation B1g, such that the object transforms like B2g. There
exists no net magnetisation and the magnetic field cannot couple. Breaking this symmetry by ap-
plying a B1g strain allows for the formation of a ferromagnetic moment and allows for a coupling
to an external magnetic field. (Figure reprinted from Ref. [17])

Fermi
liquid

ordered
state
(nematic,
altermagnetic)

bare quantum critical

elastic
  QC

QCP
Figure 2.2: Phase diagram near a nematic or altermagnetic quantum critical point (QCP). The
phase is tuned by the non-thermal parameter m2. The coupling to elastic degrees of freedom gives
rise to a change in the universality class of the QCP [16] from the bare quantum critical to the
elastic quantum critical regime at the crossover temperature T∗. In an altermagnetic system, T∗
can be tuned by applying an external magnetic field, where T∗(H = 0) = 0. (Figure reprinted
from Ref. [17])
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2 Critical fluctuations in altermagnets

2.2 Piezomagnetic coupling in altermagnets

The piezomagnetic coupling of Eq. (2.6) is underpinned by the group theory outlined in
Sec. 1.4, which is then used to deduce which components of λa

α,i are nonzero and how many
are independent. We consider an altermagnet with an order parameter denoted φa, this order
parameter corresponds to multipolar magnetism meaning that, as discussed in Sec. 1.2, it
breaks time-reversal symmetry, keeps translation unchanged and does not transform like a
magnetic dipole. The latter ensures that the net-moment in the unit cell is zero by symmetry.
a labels the components of the order parameter, an index that we drop if we consider single-
component systems. For a g-dimensional representation, a = 1 · · · g labels the components.

The symmetry-allowed coupling of φa to lattice fluctuations will be crucial for our subse-
quent analysis. In order to provide a concrete set of interaction terms, we performed a group
theory analysis (Appendix. B) for several important point groups. These couplings allow
for the probing of an altermagnetic order parameter through measurements in the change of
magnetisation with respect to the strain∑

a

λa
α,iφ

a = ∂Mα/∂εΓ+
i
. (2.8)

Choosing the appropriate field direction and strain symmetry then allows to determine the
otherwise rather hidden altermagnetic order parameter. The symmetry allowed piezomag-
netic couplings for a tetragonal system are listed in Table 2.2. In addition we summarize the
couplings for systems with hexagonal (Table B.2), cubic (Table B.3), and orthorhombic (Ta-
ble B.1) symmetries in the Appendix B.1. In these tables we also list the symmetry-allowed
coupling of φa to fermionic modes of a single band system. The latter was discussed in the
context of protected nodal lines of the Zeeman splitting [58]. These couplings will be crucial
when we analyse the dynamics near altermagnetic quantum critical points due to the Landau
damping which arises as a result.

The list of possible couplings reveals several aspects which are worth noting: the piezomag-
netic coupling can also be constructed for ferromagnetic systems. These are indicated in grey
in the tables. Secondly, in some cases, such as tetragonal crystals, piezomagnetic couplings
can be used to uniquely identify the symmetry of an altermagnetic state, this is however, not
the case for other symmetries, such as cubic and hexagonal systems. Finally, there also exist
altermagnetic states that cannot be detected through first order piezomagnetic couplings. The
state identified in the systems discussed here is the order parameter that transforms under
A−

1g in cubic crystals, see table B.3. This state is a combination of a spin dipole and a charge
hexadecapole that forms a dotriacontapolar state. It can still be identified if one simultane-
ously applies strain of T+

2g and E+
g symmetries and analyses piezomagnetic effects that are

nonlinear in the strain fields, however the fact that this is a higher order effect suggests that
it is much smaller in comparison with the other couplings listed.

2.3 Classical fluctuations

While the focus of this chapter is on quantum critical fluctuations, an analysis of the classical
fluctuations of a piezomagnetically coupled altermagnet reveals important characteristics,
including of the structural phase transition discussed in nematics [16, 19] and how fluctuations

40



2.3 Classical fluctuations

D4h (4/mmm) point group
AM irrep coupling to fermions piezomagnetic coupling
A−

1g gφkz

(
kyσx − kxσy

)
λφ
(
εyzHx − εxzHy

)
B−

1g

gφkz

(
kyσx + kxσy

)
g′φkxkyσz

λφ
(
εyzHx + εxzHy

)
λ′φεxyHz

B−
2g

gφkz

(
kxσx − kyσy

)
g′φ

(
k2

x − k2
y

)
σz

λφ
(
εxzHx − εyzHy

)
λ′φεx2−y2Hz

FM irrep

A−
2g gφσz

λφεA1gHz

λ′φ
(
εzxHx + εyzHy

)

E−
g g

(
φ1σx + φ2σy

) λεA1g

(
φ1Hx + φ2Hy

)
λ′εx2−y2

(
φ1Hx − φ2Hy

)
λ′′εxy

(
φ1Hy + φ2Hx

)
λ′′′
(
φ1εxz + φ2εyz

)
Hz

Table 2.2: The coupling of altermagnetic (AM) and ferromagnetic (FM) order parameters φ to
fermions and to simultaneous magnetic and strain fields (piezomagnetism) for the tetragonal point
group D4h (4/mmm). Ferromagnetic φ have been listed (in grey) for the sake of completeness.
The first column indicates the irreducible representation (irrep) according to which φ transforms.
g and λ are coupling constants, kα is the momentum, σα are Pauli matrices, εαβ is the strain
tensor, and Hα is the magnetic field. The possibility of having g′ 6= g and λ′ 6= λ is a result of the
fact that there exists magnetic anisotropy in the system. εA1g are the strain components which
transform trivially. The coupling to lattice fermions is deduced by replacing kα with sin kα. The
results of this and other tables agree with Ref. [58] where they overlap. (Table reprinted from
Ref. [17])
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are suppressed by the resulting soft modes. These realisations will also be important for the
quantum analysis which follows.

2.3.1 Field-induced lattice softening

We see that the coupling Eq. (2.6) allows for analogies to be constructed with respect to
nematic systems, by absorbing the magnetic field into the coupling constant

λH = λα,iHα, (2.9)

the system essentially behaves as a nematic system, yet with different symmetries of the
strain field, as dictated by Table 2.2 and Tables B.1-B.3. One can then follow the analysis of
Ref. [153] to investigate how this coupling affects the elastic degrees of freedom. If we assume
the lattice is stable at zero field, the order parameter, φ, is the dominant order parameter
that is responsible for the transition and drives the critical behaviour, while ε is field induced
and secondary, meaning it will not order on its own. In this case we can write for the classical
many-body action of the problem

Stot
[
φ, ε

]
= S

[
φ
]

+
∫
ddx

(
C0
2 ε2 − λHφε− hφφ− σε

)
. (2.10)

Here S
[
φ
]

is some non-linear action which describes a system near a critical point. The
explicit form of S

[
φ
]

is not crucial for what follows. Since ε is the secondary order parameter,
it is reasonable to ignore higher order couplings or terms that are non-local in space or time,
i.e. we assume that the bare action of the secondary order parameter is Gaussian. We
include two external fields hφ and σ that couple to the altermagnetic order parameter and
strain respectively. hφ does not, of course, correspond to an actual magnetic field as it must
transform under the same representation as φ, which as discussed, does not transform like
a dipole. At first glance, it seems that such a field is not easily realisable in the laboratory,
however, in the presence of a magnetic field, stress essentially plays the role of this conjugated
field. This gives rise to a close relation between the altermagnetic susceptibility

χam = − ∂2F

∂h2
φ

∣∣∣∣∣∣
hφ→0,σ=0

, (2.11)

and the elastic constant
C−1 = − ∂2F

∂σ2

∣∣∣∣∣
hφ=0,σ→0

. (2.12)

For λH = 0, it holds that C equals the bare elastic constant C0.
For the Free energy

dF = − 〈ε〉 dσ −
〈
φ
〉
dhφ, (2.13)

with Hooke’s Law
C0 〈ε〉 = σ + σint, (2.14)
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where the internal stress is given by

σint = λH

〈
φ
〉
. (2.15)

This gives the equation of state

〈ε〉 = −∂F

∂σ
= σ

C0
+ λH

C0

〈
φ
〉

= σ

C0
− λH

C0

∂F

∂hφ
. (2.16)

For the two order parameters we expect two coupled equations of state. One of which requires
an actual solution of the critical behaviour due to S

[
φ
]

which is therefore is hard to determine,
the other is given above and establishes a simple relationship between 〈ε〉, stress and the
primary order parameter

〈
φ
〉
. For σ = 0 both order parameters are proportional to each

other, in agreement with

Mα = − 1
V

∂F

∂Hα

∣∣∣∣∣
H→0

=
∑
i,a

λa
α,iεΓ+

i
φa. (2.17)

From the equation of state we find

∂ 〈ε〉
∂σ

= 1
C0

− λH

C0

∂2F

∂hφ∂σ
, (2.18)

∂ 〈ε〉
∂hφ

= −λH

C0

∂2F

∂h2
φ

. (2.19)

The relationship between the derivative with respect to σ and hφ allows us to derive a relation
between the two order parameter susceptibilities:

∂ 〈ε〉
∂σ

= 1
C0

− λ2
H

C2
0

∂2F

∂h2
φ

. (2.20)

It follows
C−1 = C−1

0 + λ2
H

C2
0
χam. (2.21)

This is an exact relation. The divergence of the altermagnetic susceptibility at a second order
phase transition gives rise to a field induced lattice softening. If we are now specific about
the symmetry of the altermagnetic order parameter, we can consider a B2g altermagnet with
coupling

Sc = λHz

∫
x

(
εxx − εyy

)
φB2g (2.22)

where λ is the coupling strength and Hz is an external magnetic field, aligned along the z
direction. This coupling term holds as the magnetic field aligned along z transforms under
A2g. The product of the order parameter, magnetic field and strain therefore transforms
according to A1g. The elastic constant related to the B1g strain element is 1

2
(
C11 − C12

)
and

this is the combination of elastic constants which vanishes at the transition. This combination
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2 Critical fluctuations in altermagnets

of elastic constants vanishes at the phase transition in a B1g nematic system [16, 19]. The
irreducible representation of the order parameter differs as a nematic order parameter can be
coupled directly to strain without another parameter to mediate this coupling.

This would in theory allow for a measurement of the altermagnetic susceptibility, however in
many currently known altermagnetic materials, the small energy scales of the field compared
to the ordering temperature make this difficult to observe [163]. Following Ref. [19], we can
still use an RG calculation to show the regime where this softening occurs and understand
how this softening affects fluctuations.

2.3.2 Critical behaviour

We mentioned in the introduction that in nematic systems, when nematic fluctuations cause
the lattice to soften, the long-range strain forces drive the nematic modes to a mean-field
regime. This analysis was carried out in Ref. [19] and we can perform a very similar analysis
for the altermagnet. Following the method of Ref. [19] and integrating out the strain field
gives a φ4 theory with a modified propagator

S =
∫

q
χ0
(
q
)
φqφ−q + u

4

∫
x
φ4

x, (2.23)

with a propagator that softens along specific directions:

χ0
(
q
)−1 = r + q2 + h1Λ2

(
q2

x − q2
y

)2

q4 + h2Λ2 q
2
⊥
q2 , (2.24)

where hiΛ2 = − λ2H2
z(

C11−C12
)2µi where Λ is the momentum cutoff and (see Ref. [19] Appendix.

A)

µ1 = 1
8

c11 + c66 − (c11 − c66)2

c12 − c66

 , µ2 = c44. (2.25)

This creates a soft direction along qx = ±qy, while all other directions, denoted by q⊥ are
hard. There are two approaches one can take to number the hard and soft directions. The
method used in Ref. [19] suggests using m = d − 2 soft directions. This yield an upper
critical dimension of 2. The approach we will take here is to consider a d dimensional system
where m directions are soft and d − m directions are hard. Both approaches are equivalent
in d = 3, however using m = 1 is correct in both two and three dimensions. We will see
from the scaling analysis in Sec. 2.5 that hard dimensions are counted twice, whereas soft
directions scale as usual. This gives an effective dimension of deff = 2

(
d−m

)
+ m where

deff = 5 when d = 3 and m = 1. We therefore see that the presence of hard and soft directions
suppresses fluctuations through a higher effective dimension. This also yields an upper critical
dimension of duc = 2.5 [162] and therefore in two dimensional systems an epsilon expansion
can be applied.
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2.3 Classical fluctuations

We can perform a one-loop RG for this model, which yields the usual flow equations [57]

dr

dl
= 2r + 3u d

dl

∫ >

q
χ0
(
q
)

− 3ur d
dl

∫ >

q
χ0
(
q
)
χ0
(
q
)
,

du

dl
=

(
4 −D

)
u− 9u2 d

dl

∫ >

q
χ0
(
q
)
χ0
(
q
)
, (2.26)

where
∫>

q · · · stands for integrating out the shell Λ/b < q2 < Λ with b = el and the integrals
are taken at r = 0. The flow equations for h1,2 are given as

h1,2
(
l
)

= h1,2e
2l, (2.27)

which follows from power counting. Given the non-analytic character of the terms that are
proportional to the hi no shell integration will be able to give higher order corrections. Hence,
these are the exact flow equations for h1,2 [19]. One then needs to perform the shell integrations
which yields ∫ >

q
χ0
(
q
)

= lΛd−2Ad

(
h1, h2

)
,∫ >

q
χ0
(
q
)
χ0
(
q
)

= lΛd−4Bd

(
h1, h2

)
. (2.28)

where [19]

Ad

(
h1, h2

)
= Kd−2

(2π)d−1

∫ 1

0
dy

yd−3√(
1 + h2y2

)(
1 + h2y2 + h1

(
1 − y2

)2
) ,

Bd

(
h1, h2

)
= πKd−2

(2π)d

∫ 1

0
dy

yd−3
(

2 + 2h2y
2 + h1

(
1 − y2

)2
)

((
1 + h2y2

)(
1 + h2y2 + h1

(
1 − y2

)2
))3/2 , (2.29)

where we introduced y = q⊥/Λ and Kd = 2πd/2

Γ[d/2] . Again following Ref. [19], the renormalised
hi will always eventually become large and so for hi � 1 it holds

Ad

(
h1, h2

)
= ad√

h1h
d−2
2

,

Bd

(
h1, h2

)
= bd√

h1h
d−2
2

, (2.30)

where ad = Γ
(

3−d
2

)
/

(
2d−1π

d+1
2

)
and bd = 3−d

2 ad.
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This yields the flow equations

dr

dl
= 2r + 3Λd−2 adu√

h1h
d−2
2

− 3rΛd−4 bdu√
h1h

d−2
2

,

du

dl
=

(
4 − d

)
u− 9Λd−4 bdu

2√
h1h

d−2
2

. (2.31)

Introducing the dimensionless coupling constant ũ and mass r̃

ũ = 9ΛD−4bD
u√

h1h
D−2
2

, r̃ = 3bD

aD

r

Λ2 . (2.32)

The flow equations become

dr̃

dl
= 2r̃ + ũ− 1

3 r̃ũ,

dũ

dl
= 2

(
5
2 − d

)
ũ− ũ2. (2.33)

As expected the upper critical dimension is duc = 2.5, this is in contrast to Ref. [19] due to
the different choice for counting hard and soft modes. We can also calculate the correlation
length exponent from this. From the analysis in Sec. 1.3, the pertinent fixed point is ũ∗ = ε,
r̃∗ = − ε

2 . We then look at deviations from this fixed point with r̃ = δr̃+ r̃∗ and ũ = δũ+ ũ∗,
which gives

d

dl

(
δr̃
δũ

)
=

 2
(
1 − ε

6

)
1 + ε

6
0 −ε

( δr̃
δũ

)
. (2.34)

The positive eigenvector is then 2 − ε
3 , which gives ν = 1

2 + ε
12 . If d = 2, then ε = 1 and we

have
ν = 7

12 . (2.35)

In Ref. [19] it is noted that this analysis breaks down at a length scale, l∗ where hi
(
l∗
)

≈ 1.
Considering this point allows one to determine where the mean-field behaviour is valid [19].
In this case

h2
(
l∗
)

h1
(
l∗
) = h2 (0)

h1 (0) ≈ h2
(
l∗
)
. (2.36)

This holds as h1
(
l∗
)

≈ 1 and both hi scale in the same way. Consider the correlation length
exponent ν, we’re interested in the mean-field behaviour so we take D ≈ 2.5 such that ν = 1

2 .
If we take the mean-field exponent and then consider how r scales, we have

r
(
l?
)

∼ r (0) e2l∗ ≈ r (0)
h1 (0) . (2.37)

We can then relate this to ξ using the critical exponent, i.e. if r scales with e2l then ξ scales
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2.4 Criticality at an altermagnetic QCP

with e−l

ξ
(
l∗
)

= ξ (0) e−l∗ = ξ (0)
√
h1 (0). (2.38)

We then know that the analysis breaks down at the point where ξ
(
l∗
)
< a, i.e. the correlation

length is smaller than the lattice spacing. Using the value of h1 (0)

h1 (0) = − λ2
H(

C0
)2 Λ2

µ1, (2.39)

where we already know from the analysis of the elasticity in Ref. [19] that c0 and µ1 are
combinations of elastic constants. So we now have that the mean-field behaviour is valid in
the regime

ξ (0) > aΛC0
λH

√
µ1

≈
√
C0
λ2

H

, (2.40)

where we used Λa ≈ 1 and that µi ∼ C0, the experimental data which justifies this for nematic
systems can be found in Ref. [164], for altermagnetic systems we use the data from Ref. [165].
Using the mean-field exponents we find ξ2 = χam such that we now have the condition for the
mean-field regime in terms of the altermagnetic susceptibility

χam >
C0
λ2

H

. (2.41)

Looking at how the elastic constants are renormalised by the piezomagnetic coupling, we
immediately notice that when the mean-field condition is met, λ2

H
C0
χam > 1 and we get a large

renormalisation of the elastic constants. The elastic constants hence soften in the same region
as the region where the behaviour can be described by a mean-field theory.

This calculation shows that, just like for nematic systems [16, 19, 162], when altermagnetic
fluctuations cause the lattice to soften, the long range strain forces, act back on the altermag-
netic mode and cause a crossover to mean-field behaviour. Coupling to strain also introduces
an effective spacial dimension and changes the universality class of the system. Unlike for
nematic systems, this only holds for the case that a magnetic field is applied.

2.4 Criticality at an altermagnetic QCP

We can use the coupling rules given in Table 2.2 to construct a coupling term for a B2g

altermagnet in an arbitrary magnetic field. This is the symmetry of the order parameter
which we will consider in the following analysis, however it is a relatively simple endeavour to
carry out the same analysis for other order parameter symmetries. If we consider an arbitrary
magnetic field, the allowed coupling is

S =
∫

x
φ (x)

(
λzHz

(
εxx (x) − εyy (x)

)
+ λ⊥

(
εxzHx − εyzHy

))
, (2.42)

where λz is the coupling to B1g strain, mediated by the magnetic field in the z direction and
λ⊥, the coupling to E1g strain, mediated by the in-plane magnetic field. One crucial element
to the following analysis is that while the magnetic field modifies the properties of the QCP,
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2 Critical fluctuations in altermagnets

it does not destroy it entirely. This is in contrast to the case where a ferromagnet has a field
applied along the easy direction. If we just consider a magnetic field along the z direction,
the coupling term reduces to Eq. (2.22). It is this coupling term which will use in the analysis
which follows for the remainder of this chapter. This is equivalent to the nematic coupling
term with a B1g nematic order parameter, although we now have a coupling that is linear in
the applied field, allowing us to tune the coupling strength with an external parameter.

2.4.1 Direction selective criticality

We will now consider one-loop corrections to the bosons and fermions from the coupling to
elasticity and electrons at the Fermi surface following the analysis of Ref. [16]. We consider
the following action

S = Sc + Sφ + Sε + Sε−φ + Sc−φ, (2.43)

which consists of the part that describes free fermions with band dispersion ξ(k):

Sc = −
∑

σ=↑,↓

∫
k
c†

σ(k)(iω − ξ(k))cσ(k), (2.44)

with
∫

k · · · = T
∑

ω

∫ d3k
(2π)3 · · · and k = (ω,k) combining frequency and momenta. Aside from

the Landau damping, that we discuss below, our results will not depend on the details of
the dispersion ξ(k). We consider a spherical Fermi surface in the main text, however our
results are unchanged if we consider a cylindrical Fermi surface; this is a direct consequence
of the fact that we will see the critical lines of soft phonons are in the x− y plane, where the
symmetries of the two Fermi surfaces are identical. (The results are qualitatively different for
a magnetic field along x as this creates a soft mode along the z direction, we consider this
case in Appendix. B.2) Hence, for now we use ξ(k) = |k|2

2m − µ. The altermagnet is described
by a single component Ising order parameter with the corresponding action

Sφ = 1
2

∫
q
φ(q)

(
m2 + ω2 + v2

φ|q|2
)
φ(−q), (2.45)

where vφ, which has dimension of a velocity, determines the spatial stiffness of altermagnetic
fluctuations and m2 now denotes the distance to the critical point. We do not include non-
linear interactions ∼ φ4 of the Ising degree of freedom as it is an irrelevant correction at the
QCP. The elastic degrees of freedom are given in Sec. 1.1 but we reiterate the analysis here
for the sake of completeness. The elastic degrees of freedom are determined by

Sε =
∫

x

[
ρ

2
∑

i=x,y,z

(∂τui)2 + Fel[{ui}]
]
, (2.46)

where ρ is the mass density,
∫

x · · · =
∫
dτ
∫
d3x · · · , and the elastic energy [19]

Fel[ui] = C11
2 (ε2xx + ε2yy) + C33

2 ε2zz + C44
2 (ε2xz + ε2yz)

+ C66
2 ε2xy + C12εxxεyy + C13(εxx + εyy)εzz, (2.47)
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2.4 Criticality at an altermagnetic QCP

is determined by the usual elastic constants Cij , given in Voigt notation and with strain field
εij = 1

2

(
∂iuj + ∂jui

)
expressed in terms of the displacement ui. This term determines the

dispersion relations and polarisation vectors for the elastic modes. For example, with the
assumptions C13 = −C44, C66 = C11−C12

2 [20], we obtain the elastic modes Ωi(q):

ρΩ2
1(q) = C44|q2d|2 + C11q

2
z ,

ρΩ2
2(q) = C11|q2d|2 + C44q

2
z ,

ρΩ2
3(q) = C11 − C12

2 |q2d|2 + C44q
2
z , (2.48)

where the polarization vectors of the elastic modes are ~λ1(q) = (0, 0, 1)T , ~λ2(q) = 1
|q2d|(qx, qy, 0)T ,

and ~λ3(q) = 1
|q2d|(−qy, qx, 0)T , respectively, with q2d =

(
qx, qy

)
. Due to the assumptions made

for the elastic constants, the elastic mode Ω3(q) of Eq. (2.48) leads to a soft plane at qz = 0
when C11,ren ≈ C12,ren. This is a fine-tuned result. In the generic case, only the lines with
qx = ±qy, qz = 0 form the softening manifold [16, 19] for the D4h symmetry group. Despite
this, calculating the phonon modes for a generic choice of elastic constants gives the same
qualitative results, this is due to the form factor ~λ3(q), involved in the renormalized mass of
the boson, which lifts the degeneracy to the lines qx = ±qy, qz = 0.

The action is Gaussian in the elastic modes and we can therefore integrate out the phonons
using the method outlined in Sec. 1.3. For a generic magnetic field this introduces the
direction-dependent correction to the order parameter action:

∆S(am)
ε−φ = −1

8

∫
q
φ(q)φ(−q)

λ2
⊥(Hxqx −Hyqy)2

ρΩ2
1(q)

+ 1
|q2d|2

(
λzHz(q2

x − q2
y) − λ⊥qz(Hxqx −Hyqy)

)2

ρΩ2
2(q)

+ 1
|q2d|2

(
2λzHzqxqy − λ⊥(Hyqx +Hxqy)qz

)2

ρΩ2
3(q)

. (2.49)

Choosing H = Hẑ, the mass is renormalized and becomes

m2(q,Hz) = m2 − (λHz)2

4ρ
1

|q2d|2
((q2

x − q2
y)2

Ω2
2(q) +

4q2
xq

2
y

Ω2
3(q)

)
. (2.50)

In analogy with the nematic case [16], m(q,Hz)2 has minimum value

m2
min(Hz) = m2 −m2

∗H , (2.51)

where m2
∗H = λ2H2

z

2
(

C11−C12
) , along the two lines qx = ±qy. It is along these lines where the

boson mass drops to zero and the system becomes critical. Coupling to the lattice hence leads
to the emergence of a direction selective criticality. The hard and soft directions are depicted
in Fig. 2.3. We see that by varying the magnetic field strength, the position of the critical
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2 Critical fluctuations in altermagnets

Figure 2.3: A density plot of
m2
(

q,Hz

)
−m2

min

λ2H2
z

shows two directions where the bosons become
critical (i.e. the soft directions discussed in the main text), where qx = ±qy in the qz = 0 plane.
This is plotted for C11 = 1, C12 = 0 and C44 = 1. (Figure adapted from Ref. [17])

point is also moved but never destroyed. This means that a transition can be field-induced
(see Fig. 2.7). The renormalized critical mass (mmin = 0) can be approximated near the high
symmetry directions

m2(q,H) ≈


m2

∗H
q2

2+q2
z

q2
1
, |q1| � |q2|, |qz|,

m2
∗H

q2
1+q2

z

q2
2
, |q2| � |q1|, |qz|,

m2
∗H , |qz| � |q1|, |q2|,

(2.52)

where q1 = qx+qy√
2 , q2 = qx−qy√

2 . Here we set the coefficients to be 1 for simplicity. Note that
we use the notation m2

∗H to show the field dependence at criticality. We will see that this
relation implies a magnetic field dependent crossover temperature T ∗ proportional to H3

z .
The soft directions obtained from this consideration of quantum fluctuations correspond to

the soft directions that emerge from the lattice softening calculation with the same choice of
irreducible representation B2g in Sec. 2.3.1. Once the choice of order parameter and magnetic
field orientation makes it clear that the coupling is to B1g strain, the corresponding elastic
constant C11 − C12 becomes soft and the sound velocity vanishes along qx = ±qy [19].

2.4.2 Landau damping

As well as the coupling to elasticity, the boson is also renormalised as a result of coupling
to fermions. In nematics, whether this coupling leads to the addition of a Landau damping
term in the boson propagator is dependent on the Fermi surface geometry, the choice of an
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2.4 Criticality at an altermagnetic QCP

isotropic dispersion over, for example, a tight binding model is therefore not unreasonable as
it would not affect the results [16]. The coupling of electrons to the order parameter is given
by

S
(am)
c−φ =

∫
k,q
φ(q)c†

α(k + q/2)
[
g1hz(k)σz

αβ + g2

(
hx(k)σx

αβ + hy(k)σy
αβ

)]
cβ(k − q/2), (2.53)

where it follows with the help of Table 2.2 that

h(k) = (hx(k), hy(k), hz(k))
= (− sin kx sin kz, sin ky sin kz, cos kx − cos ky). (2.54)

The spin Pauli matrices are a consequence of the broken time-reversal symmetry, leading to an
extended form factor when compared to the equivalent calculation for a nematic system [16].

The one-loop correction to the order-parameter propagator due to the fermion-boson cou-
pling is given by

∆Sc
φ = 1

2

∫
q
φ(q)φ(−q)

[
g2

1Dz(q) + g2
2

(
Dx(q) +Dy(q)

)]
, (2.55)

where tr[σiσj ] = 2δij was used, while

Di(q) = 2
∫

k
h2

i (k)G(k − q/2)G(k + q/2)

= −2i
∫

d3k

(2π)3h
2
i (k)

θ(ξk−q/2) − θ(ξk+q/2)
Ω + i(ξk−q/2 − ξk+q/2) , (2.56)

where, i = x, y, z and q = (Ω,q).
With the assumption of a spherical Fermi surface (ξk = |k|2

2m − µ) and a low temperature
approximation, we find

Di(q) ≈ 2i
vF

∫
d3k

(2π)3h
2
i (k)δ(k − kF) vFq · k̂

Ω − ivFq · k̂
, (2.57)

where vF, kF and k̂ are the Fermi velocity, wave vector and the normalized radial vector
respectively. To determine the fermion-induced dynamics, we introduce the quantity ∆Di(q),
given by

∆Di(q) ≡ Di(Ω,q) −Di(0,q)

= 2
vF

∫
d3k

(2π)3hi(k)δ(k − kF) 1
1 − ivFq · k̂/Ω

. (2.58)

The term Di(0,q) modifies m2 and gives a |q|2 term, related to the bare kinetic term of the
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2 Critical fluctuations in altermagnets

boson. Converting to spherical coordinates, we can obtain the following results:

∆Sc
φ ≈

∫
q

1
2φ(q)k

2
F(kFa)4

4π3vF

g2
1ηx(θq, φq, α)

+ g2
2

(
ηy(θq, φq, α) + ηz(θq, φq, α)

)φ(−q), (2.59)

where θq, φq are the polar and the azimuthal angles of the momentum q, respectively, while
α = |Ω|

vF|q| . The functions ηx, ηy and ηz are given by

ηx =
∫

dθdφ sin5 θ cos2(2φ)
1 + α−2[cos θ cos θq + cos

(
φ− φq

)
sin θ sin θq]2

, (2.60)

ηy =
∫

dθdφ sin3 θ cos2 θ cos2 φ

1 + α−2[cos θ cos θq + cos
(
φ− φq

)
sin θ sin θq]2

, (2.61)

ηz =
∫

dθdφ sin3 θ cos2 θ sin2 φ

1 + α−2[cos θ cos θq + cos
(
φ− φq

)
sin θ sin θq]

, (2.62)

where we have suppressed the θq, φq and α dependence of the η’s and the integrals are taken
over the unit sphere.

(a) (b)

Figure 2.4: Panel (a) shows that ηx a term linear in Ω everywhere, apart from at θq = 0 and
φq = (2n+ 1) /4π, where n = 0, 1, 2, 3 where the damping is approximately quadratic in Ω. A
density plot of ηy + ηz shows a term linear in Ω when θq = 0, π. This suggests that when the two
are summed, the main contribution comes from the linear Ω term at low energies everywhere on
the Fermi surface. This is plotted at α = 0.1. (Figure reprinted from Ref. [17])

It suffices to carry out a numerical analysis. We find that there always exists a damping
term regardless of the Fermi surface geometry, which we show in Fig. 2.4; this is in direct
contrast with the nematic case. This is a result of the introduction of Pauli matrices in the
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2.4 Criticality at an altermagnetic QCP

form factor which give extra terms when compared with the form factor for a nematic order
parameter [16]. We approximate this damping term in the low energy limit as

∆Sc
φ ≈ ξ2

2

∫
d4q

(2π)4φ(q) |Ω|
vF|q|

φ(−q), (2.63)

where ξ =
√

6παvφkF and α is a dimensionless coupling constant

α = g2

12π2vF v2
φ

. (2.64)

for the coupling strength to fermions.
The energy scale ξ sets the strength of the Landau damping. The result of this is the

order-parameter action
Sφ = 1

2

∫
q
φ(q)χ(q)−1φ(−q), (2.65)

with susceptibility

χ
(
q, ω

)
=
(
m2(q,Hz) + ω2 + v2

φ|q|2 + ξ2 |ω|
vFq

)−1
. (2.66)

This result is dependent on the shape of the Fermi surface as Landau damping is generated by
the creation of particle-hole pairs, where the soft directions characterising the critical regions
are parallel to the Fermi surface, hence this theory would not be applicable for a system with
nested Fermi surfaces or van Hove points.

2.4.3 Fermionic self-energy

A calculation of the fermion self-energy allows one to deduce a crossover from the bare to
elastic QC regime, an analysis at T = 0 and no magnetic field also allows one to deduce
the characteristic energy scale T0, below which, quantum critical behaviour sets in. The
self-energy is given by

Σ
(
k, ωn

)
∝ g2h2

k

∫
q,ω′

Gk+q
(
ω + ω′

)
χq
(
ω′
)
, (2.67)

where Gk (ω) is the electron propagator, χq (ω) is the boson propagator, hk is a form factor
discussed in the Landau damping section and k � q such that we can ignore the q dependence
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2 Critical fluctuations in altermagnets

of the form factor and move this outside of the integral. The self-energy is then given by

ΣkF
≈ g2h2

kF

∫ ∞

−∞

∫
d3q

(2π)3
dω′

2π
1

v2
φq

2 + ξ2 ω−ω′

vF q

1
iω′ − vfq⊥

(2.68)

≈ g2h2
kF

∫ ∞

−∞

dω′

2π

∫
d2q‖

(2π)2
1

v2
φq

2
‖ + ξ2 ω−ω′

vF q‖

∫
dq⊥
2π

1
iω′ − vfq⊥

(2.69)

= −i
g2h2

kF

4vF v2
φ

∫
dω′

2π sign
(
ω′
) ∫ Λ

0

q2
‖dq‖

q3
‖ + ξ2

∣∣ω−ω′
∣∣

v2
φ

vF

(2.70)

≈ −iω
g2h2

kF

12π2vF v2
φ

log

Λ3v2
φvF

ξ2 |ω|

 . (2.71)

If the imaginary part of the self energy on the real axis is

ImΣ (ω) = −π

2α |ω| θ
(
T0 − |ω|

)
, (2.72)

with the dimensionless coupling α, this then implies that on the imaginary axis

Σ (ω) = −α

ω log
(
T0
|ω|

)
− i

π

2 |ω|

 , (2.73)

and so
Σ
(
iω
)

= −
∫ ∞

−∞

dε

π

ImΣ (ε)
iω − ε

= −iωα log
(
T0
|ω|

)
. (2.74)

We can compare this with Eq. (2.71) to obtain the energy scale

T0 =
Λ3v2

φvF

ξ2 , (2.75)

at which the system crosses over to the bare QC regime.
We can now consider how the magnetic field affects the contributions to the self energy

from the relevant areas of momentum space. Far away from the critical directions qz � q1, q2,
the direction dependence of the mass can be ignored and m

(
q,Hz

)
≈ m. An analysis of

the boson propagator then gives a temperature above which the mass is negligible. If we use
Eq. 2.66 then if m2 ∼ v2

φq
2, then rearranging this for q and substituting this into the Landau

damping term, assuming that ω ∼ T , we see the terms are comparable at

T∗ = m3vf/ξ
2vφ. (2.76)

Using the known equations for ξ and T0 gives the expression

T∗ = m3
∗H

v3
φΛ3T0. (2.77)

54



2.4 Criticality at an altermagnetic QCP

We now see the emergence of a crossover scale T∗ ∝ H3
z (from the magnetic field dependence

m∗H ∝ Hz) below which the mass term must be taken into account. The two regimes can
therefore be tuned with the magnetic field. We always assume T0 � T∗, i.e. the elastic
couplings are not of a strength at which behaviour is affected up to the Fermi energy. Above
this temperature m can be neglected and the self-energy acquires a non-Fermi liquid form [16,
117, 118] Σ

(
iωn

)
∝ |ω|2/3 in 2D and Σ

(
iωn

)
∝ ωn log |ωn| in 3D. Below this temperature the

corrections are Fermi liquid type.
At low energies we need to take the contributions from the gapless bosons into account.

We would expect hot spots in the regions where the critical directions are parallel to the
Fermi surface. We follow the method presented in Ref. [16]. Ignoring prefactors in order to
determine the frequency dependence of the self-energy, we expand the propagator close to the
critical direction

χ
(
q ≈ q2

)
= q2

2 +m2
∗H

q2
1 + q2

z

q2
2

+ |νn|
q2

. (2.78)

This allows us to write the self-energy as

S
(
iωn

)
=
∫

q,νn

q2
2

q4
2 +m2

∗H

(
q2

1 + q2
z

)
+ |νn| q2

1
iωn + iνn − q1 cos θkF − q2 sin θkF

+
(
θkF → θkF + π/2

)
,

(2.79)
where cos

(
θkF

)
= n̂kF · q̂1 and n̂kF is the normal to the Fermi surface. The two critical

directions are perpendicular to one another such that for q2 to be parallel to the Fermi
surface θkF ≈ 0. Introducing ξ = q1 cos θkF + q2 sin θkF and η = −q1 sin θkF + q2 cos θkF such
that q2 = η cos

(
θkF

)
+ ξ sin

(
θkF

)
and q1 = ξ cos

(
θkF

)
− η sin

(
θkF

)
.

The leading order contribution comes from the fermion pole, we integrate over ξ just con-
sidering this pole∫ Λ

−Λ
dξ

1
iωn + iνn − ξ

= log
(
iωn + iνn − Λ
iωn + iνn + Λ

)
≈ −iSgn (ωn + νn)π. (2.80)

This also restricts the integral over ν, given that the integral is even in ν. After integrating
over qz and ignoring the ξ dependence having only considered the fermion pole

S
(
iωn

)
= −iSgn (ωn)

m∗H

∫ |ωn|

0
dνn

∫ 1

0
dη

 η2 cos
(
θkF

)2√
η4 cos

(
θkF

)4
+m2

∗Hη
2 sin

(
θkF

)2
+ νnη cos

(
θkF

)
 ,

(2.81)
where the integral over η is given a cutoff of 1. The leading frequency dependence is determined
by νn = 0 and so

S
(
iωn

)
= −iωn

m∗H
f
(
θkF

)
, (2.82)
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where

f
(
θkF

)
=
∫ 1

0
dη

 η2 cos
(
θkF

)2√
η4 cos

(
θkF

)4
+ r0,Hη2 sin

(
θkF

)2

 , (2.83)

such that this contribution is FL-like. We can then also find the contribution from the
subleading term to obtain ImΣ. To find this, we expand in νn and assume θkF is small as we
expect hotspots around n̂kF = q̂1.

S
(
iωn

)
subleading = iSgn (ωn)

m∗H

∫ |ωn|

0
dνnνn

∫ 1

ν1/3
dη

1(
η2 +m2

∗Hθ
2
kF

)3/2 , (2.84)

which yields

Ssubleading = iSgn (ωn) |ωn|4/3

m∗H
, θkF � |ωn|1/3

m∗H
. (2.85)

which is a subleading non-Fermi liquid like correction to the self-energy. Whether these
hotspots survive is now dependent on the form factor. Along the critical directions the form
factor is zero and hence these hotspots are rendered cold. In this case the main contribution
comes far from the critical directions and yields the crossover T∗ for the elastic to bare QC
crossover. The identification of such a crossover which is dependent on the field allows for
the deduction of a phase diagram using the pertinant parameters. We show this in Fig. 2.5.
These results are equivalent to those of a nematic system, as reported in Ref. [16], but with
a now field dependent crossover temperature.

2.4.4 Specific heat

Much like the calculation of the electron self-energy, an analysis of the heat capacity also
allows one to determine different regimes of behaviour above the QCP and the crossover
temperature T ∗ between the two (This is also carried out for nematic systems in Ref. [16]).
The free energy of the system is given by

F = T

2
∑
ω

∫
d3q

(2π)3 logχ−1(ω,q)

= −
∫

d3q

(2π)3

∫ ∞

0

dω

2π coth βω2 tan−1
ξ2ω

|q|vF

v2
φ|q|2 +m2(q,Hz) , (2.86)

where the Matsubara frequency summation is evaluated via a contour integral. The Sommer-
feld coefficient γ(T ) = −∂F 2

∂2T
is then given by

γ = γ0g
(
T̄ , Λ̄,Hz

)
, (2.87)

where
γ0 = 3

π
αρF (2.88)
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bare quantum critical

Paramagnetic FL

Altermagnet

bare quantum critical

elastic
   QC

Figure 2.5: The full phase diagram for an altermagnet in a magnetic field shows initially at
zero field an altermagnetically ordered regime and a disordered paramagnetic FL phase, the phase
boundaries of which meet at a QCP, around this point is a region of NFL behaviour. Turning
on the magnetic field increases the area of the ordered regime and introduces a new region of
quantum critical elasticity around the QCP, distinct from the Fermi liquid paramagnetic phase.
Phase changes are marked with solid lines and crossover behaviour with dotted lines. (Figure
reprinted from Ref. [17])

and

g
(
T̄ , Λ̄,Hz

)
=
∫
d3q̄

∫ ∞

0
dx

x

ex − 1

|q̄|3
(

|q̄|2 + m̄2(q̄,Hz)
)3

[
|q̄|2

(
|q̄|2 + m̄2(q̄,Hz)

)2
+ x2T̄ 2

]2 , (2.89)

where ρF = k2
F

2π2vF
is the density of states at the Fermi surface and we used the following

dimensionless variables

m̄
(
q,Hz

)
= m

(
q,Hz

)
m∗H

, q̄ = vφq

m2
∗H

, T̄ = T

T∗
, (2.90)

as well as Λ̄ =
(
T0/T∗

)1/3
and the crossover temperature scale Eq. 2.77, which we also deduced

from the calculation of the fermion self-energy.
The third power of the coefficient is due to the dynamical scaling exponent of the problem

being z = 3. We will see that this temperature scale sets the crossover from a Fermi liquid
type heat capacity to the onset of non-Fermi liquid behaviour for the heat capacity as well.

In the case that there is no magnetic field present, there is no direction dependent criticality
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and m̄
(
q, 0

)
= 1. The calculation of the Sommerfeld coefficient is then

γ(T, 0) = γ0

∫
d3q̄

∫ ∞

0
dx

x

ex − 1

|q̄|3
(

|q̄|2 + 1
)3

[
|q̄|2

(
|q̄|2 + 1

)2
+ x2T̄ 2

]2 . (2.91)

In this case we find non-Fermi liquid behaviour which is robust all the way down to the QCP
with

γ
(
T
)

= 2π3

9 γ0 log
(
T0
T

)
. (2.92)

The introduction of an external magnetic field means the calculation requires a more subtle
approach. The mass term becomes direction dependent with three important regions given
in Eq. 2.52. If we consider first the region (iii) where the boson modes are gapped, we can
analyse Eq. 2.89 for T̄ � 1 and T̄ � 1. Far above the crossover temperature, the logarithmic
divergence remains as it is not affected by the magnetoelastic coupling, however below T∗ the
Sommerfeld coefficient simplifies to

γ ≈ γ0
π2

6

∫ Λ̄

0
d3q̄

1
q̄
(
m̄2 (q̄)+ q̄2

) . (2.93)

The mass only depends on the orientation of the momentum, q̂ = q∣∣q∣∣ and so this simplifies to

γ ≈ γ0
2π2

3

∫
dq̂

4π log Λ̄
m̄
(
q̂
) . (2.94)

This shows that the logarithmic divergence is now cut off by the crossover temperature T ∗

such that

γ(iii)(T ) ≈ 2π3

9 γ0

log T0
T∗
, T � T∗

log T0
T , T � T∗ .

(2.95)

The temperature crossover is again the temperature at which the boson mass becomes neg-
ligible. Although this analysis is restricted to the momentum space corresponding to (iii) in
Eq. (2.52), we extend the integration over all momenta and so the numerical coefficient is
overestimated.

The other two regions are equivalent by symmetry and so we need only consider one of
these. These regions are governed by the soft lines which only occur when an external field is
present. To proceed we use spherical coordinates

q̄1 = q̄ cos θ, q̄2 = q̄ sin θ cosφ, q̄z = q̄ sin θ sinφ, (2.96)

and set the largest momentum as q̄ cos θ. We enforce this through the choice 0 < θ < θ0 � 1
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2.4 Criticality at an altermagnetic QCP

such that |q̄1| � |q̄2|, |q̄z|. The contribution is then

g(i)(T̄ , Λ̄,Hz) ≈ 4π
∫ Λ̄

0
dq̄

∫ θ0

0
dθ

∫ ∞

0
dx

x

ex − 1
q̄5θ(θ2 + |q̄|2)3[

|q̄|2(θ2 + |q̄|2)2 + x2T̄ 2
]2 . (2.97)

We should first analyse this expression at T = 0, in this case γ(i)(0, 0) ≈ π2

9 θ
2
0 log

(
T0

T∗θ3
0

)
such

that it is finite. At finite temperatures a numerical calculation shows that the contribution
has the same T dependence as for the previous case and combining them leads to the two
regimes of behaviour at T � T∗ and T � T∗

γ(T ) ≈ 2π3

9

log T0
T∗
, T � T∗,

log T0
T , T � T∗.

(2.98)

Below the crossover temperature T∗, the specific heat is Fermi liquid-like with no divergence,
while above T∗ the system is in the bare QC regime where it exhibits marginal Fermi liquid
behaviour, as reported for nematic systems in Ref. [16]. In agreement with the calculation of
the fermion self-energy, T∗ is now field dependent.

2.4.5 Elastocaloric effect

Having calculated the impact of the magnetoelastic coupling on the phase diagram of an
altermagnet, it appears that, taking into account only the effect at lowest order at low tem-
peratures, coupling to the lattice introduces an area of Fermi liquid behaviour around the
QCP, however an explicit calculation of the elastocaloric effect shows that it is sensitive to a
deviation in Fermi liquid behaviour in the elastic QC regime all the way down to the QCP.
We can write the elastocaloric change in temperature in terms of the Sommerfeld coefficient
calculated in the previous section:

η = − 1
γ

∂S

∂ε
. (2.99)

The free energy remains governed by Eq. 2.86 but now the mass m
(
q,Hz

)
→ m

(
q,Hz, ε

)
,

where ε is the strain element which transforms trivially under point group operations. Calcu-
lating the necessary derivatives, we find

− ∂S

∂ε
= − ∂F 2

∂ε∂T
≡ −γ0Γ∗,0Tf(T̄ , Λ̄,Hz), (2.100)

where
Γ∗,0 = − Λ3

32π4m2
∗

1
γ0T0

∂m2

∂ε
(2.101)

and

f(T̄ , Λ̄,Hz) =
∫
d3q

∫ ∞

0
dx

∣∣q̄∣∣x2csch2
(

x
2

)
(
xT̄
)2

+ q̄2
(
m̄2 (q,Hz

)
+ q̄2

)2 . (2.102)
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2 Critical fluctuations in altermagnets

Let’s again consider the high temperature limit where the mass can be neglected, the integral
then simplifies to

f(T̄ , Λ̄,Hz) ≈ 32π4bT̄−2/3, T̄ � 1 (2.103)

where b =
2Γ
(

4
3

)
ζ

(
4
3

)
35/2π2 . This result is consistent with that reported in Ref. [166].

Considering the low temperature behaviour of the elastocaloric effect, if this were to be
Fermi liquid-like, the T̄ dependence in the numerator of Eq. (2.102) can be neglected. Car-
rying out the integral of the momentum magnitude leaves the angular integral

∫
dq̂ 1

m2
(

q̂
) .

This integral diverges logarithmically due to the contributions from the soft directions. This
suggests that the behaviour in this regime is not Fermi liquid-like and we must investigate
the momentum space occupied by the gapless modes. Using the same spherical coordinates
as before, we obtain

f (i)(T̄ , Λ̄,Hz) = f (ii)(T̄ , Λ̄,Hz)

≈ 4π
∫ Λ

0
dq

∫ θ0

0
dθ

∫ ∞

0
dx

θq3x2csch2
(

x
2

)
(
xT̄
)2

+ q2
(
θ2 + q2

)2 . (2.104)

The analysis of the integral in the low-T limit is straightforward and yields

f (i)(T̄ , Λ̄,Hz) ≈ 8π3

9 log θ
3
0
T̄
, T̄ � 1. (2.105)

To obtain this result we divided the integral into regions 0 ≤ q̄ ≤ 1, and 1 ≤ q̄ ≤ ∞. The first
region diverges as T → 0, giving the dominant contribution, while the other yields a constant
4π3

3 log
(
1 + θ2

0

)
. Hence, the origin of the low-T logarithmic divergence are the gapless low

energy excitations along the remaining soft lines in momentum space. At high-T the second
integral dominates and is the cause of behaviour in agreement with the bare critical point,
while the first integral over the interval 0 ≤ q̄ ≤ 1 decays faster as T∗/T . Combining all the
findings yields the result of Eq. (2.106). Notice, the two expressions don’t match at T ≈ T∗,
a consequence of the fact that in the crossover regime, terms that are subleading at low and
high-T must be included.

As a result,

∂S

∂ε0
≈ −16π3γ0Γ∗,0T∗


1
9

T
T∗

log T∗
T , T � T∗,

2πb
(

T
T∗

)1/3
, T � T∗,

(2.106)

where, as before, the temperature scale T0 for the bare and T∗ for the elastic QCP are given
in Eqs. (2.3) and (2.77), respectively. At high-T we recover the bare QCP behavior, while the
new result is the logarithmic dependence at low T , due to soft lines in momentum space.

Using the results of Eq. (2.98) for the Sommerfeld coefficient and the above results, we
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2.4 Criticality at an altermagnetic QCP

Figure 2.6: The Grüneisen parameter, η/T , as a function T/T∗ at the elastic quantum critical
point. This is obtained from a numerical analysis of Eq. (2.102). At low temperature (T � T∗),
the Grüneisen parameter shows log T behaviour which is indicated by the red dashed lines and
T−2/3/ log

(
T0/T

)
behaviour in the high temperature regime (T � T∗), indicated by the green

dashed line. A broad crossover regime which occurs due to higher order terms than those calculated
in the text is clearly visible. (Figure reprinted from Ref. [17])

deduce the elastocaloric coefficient:

η ≈ −72Γ∗,0T∗


1
9

(
T/T∗

)
log T∗

T

log T0
T∗

, T � T∗,

2πb
(

T/T∗
)1/3

log T0
T

, T � T∗.

(2.107)

This is the behaviour listed in Tab. 2.1. Fig. 2.6 shows a broad crossover regime where
subleading corrections are the cause for the two elastocaloric terms not being the same at the
crossover temperature. Most importantly, in agreement with our analytic analysis, the low
temperature behaviour of η does not follow the Fermi liquid theory, even if the coupling to
strain is taken into consideration. In Sec. 2.5 we discuss that this distinct behaviour is due
to the fact that critical contributions to the heat capacity are subleading, while they are the
dominant one for the elastocaloric effect.

As a result, the elastocaloric change in temperature is a good measure for the existence of a
direction selective gapless mode of the boson due to magnetoelastic coupling. The difference
in the elastocaloric effect when above or below T∗ suggests that such an experiment would
allow one to deduce whether the system is in the elastic QC or bare QC regime.

The free energy expression of Eq. (2.86) is the contribution due to the bosonic altermagnetic
excitations where the propagator χ

(
ω, q

)
is modified by the coupling to fermions and strain.

We could alternatively write this in terms of the coupling constant integration [167]

F = F0 −
∫ 1

0

dλ

λ
T
∑
ω

∫
d3q

(2π)3 Π
(
ω, q

)
χ
(
ω, q

)
, (2.108)
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where F0 is the free energy at g = 0 and Π
(
ω, q

)
the bosonic self energy that is responsible

for the Landau damping in χ
(
ω, q

)
. As usual we replaced the coupling constant g by λg and

consider the solutions for different λ. The resulting heat capacity expressions of Eqs. (2.92)
and (2.88), with and without the coupling to strain, respectively are identical to those of a
purely fermionic system with self energy Σ

(
ω,k

)
and Green’s function G

(
ω,k

)
. This is to be

expected as the same free energy can alternatively be written as [167]

F = F0 + 2
∫ 1

0

dλ

λ
T
∑
ω

∫
d3k

(2π)3 Σ
(
ω,k

)
G
(
ω,k

)
. (2.109)

This reflects the fact that the corrections to the free energy due to electron-boson interaction
cannot be allocated to only one of the two coupled degrees of freedom. Hence, as the degrees of
freedom are coupled, the same anomaly that is responsible for the non-Fermi liquid behavior
of the elastocaloric effect is equally present in the electronic self energy. While the underlying
non-analytic corrections are sub-leading for the self energy itself, they become dominant if
one considers strain derivatives that are important for the elastocaloric effect.

2.4.6 Field tuning of elastic criticality

In an altermagnetic system, the coupling strength is tuned via an external magnetic field.
This tunability suggests a method to approach the elastic QCP from the Fermi liquid regime,
characterized by a finite m value, by increasing the magnetic field, see Fig. 2.7. Changes
to the Sommerfeld coefficient and elastocaloric effects due to variations in the magnetic field
therefore offer an interesting route to identify the elastic QCP.

To calculate the γ and η for a general value of magnetic field strength, we use the following
approximated renormalised mass obtained from Eq. (2.50):

m(q,H)2

m2
∗H

≈


1 − H2

H2
cr

+ H2

H2
cr

q2
2+q2

z

q2
1
, |q1| � |q2|, |qz|

1 − H2

H2
cr

+ H2

H2
cr

q2
1+q2

z

q2
2
, |q2| � |q1|, |qz|

1, |qz| � |q1|, |q2|,

, (2.110)

where Hcr =
√

2(C11−C12)m2
∗H

λ2 . When H = 0, it reduces to m∗ in every momentum space which
corresponds to a Fermi liquid regime, alternatively it reduces to Eq. (2.52) when H = Hcr.

2.4.6.1 Specific heat

At zero magnetic field, the system possesses a bare QC point, close to this point, in the
paramagnetic Fermi liquid regime (see Fig. 2.2), the Sommerfeld coefficient shows the following
behaviour [16],

γ(T ) ≈ 2π3

9 γ0


log T0

TFL
, T � TFL,

log T0
T , T � TFL,

(2.111)
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Altermagnet

Paramagnetic FL

(a)

(c)

(b)

(d)(c)

Figure 2.7: The phase diagram in the T = 0 plane (a) clearly shows that an increased magnetic
field creates an enhanced altermagnetic regime, allowing for a tunable QCP. It is experimentally
feasible to measure the heat capacity along two lines, along the critical line (blue), or by using
a magnetic field to tune through the critical point (red). The second option is the easiest to
carry out in an experiment as it only involves tuning one parameter. As the magnetic field
reaches its critical value, Hcr, the Sommerfeld coefficient (panel (b)) is not sensitive to the gapless
modes and thus remains Fermi liquid like, while the presence of the gapless modes can be detected
through measurements of ∆γ (panel (c)) where the dotted line shows the T 2/3 behaviour exhibited
in the low temperature regime. The clearest indication of a critical point however comes from
elastocaloric measurements (panel (d)) which diverge logarithmically (dotted line) in the low
temperature regime due to a sensitivity to the gapless modes not present in calculations of the
heat capacity. (Figure reprinted from Ref. [17])
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2 Critical fluctuations in altermagnets

Figure 2.8: The behaviour of an altermagnetic system changes depending on the temperature
regime. The heat capacity (panel (a)), diverges in the bare QC regime above T∗, below this
temperature, the heat capacity behaves like a Fermi liquid and hence the lines overlap. The
elastocaloric effect (panel (b)) is able to distinguish between these two regimes, as gapless bosons
which form along critical lines when the system is coupled to elasticity lead to a divergence in
both the elastic QC and bare QC regimes, although the bare QC regime is more singular. (Figure
reprinted from Ref. [17])

where the temperature TFL(m) is the bare quantum critical crossover temperature between
the paramagnetic Fermi liquid phase at low temperature and the non-Fermi liquid phase at
high temperature as shown in Fig. 2.2 and Fig. 2.5. This temperature is given by

TFL(m) =
(
m

νφΛ

)3

T0. (2.112)

We see that the heat capacity shows the same T dependence in the paramagnetic and elastic
QC regimes, and so no distinction is made between the two. We see this in Fig. 2.8 and also
depicted with several different magnetic field strengths in Fig. 2.7(b).

As the heat capacity is not sensitive to the effect of the gapless excitations induced by the
magnetoelastic effect, we consider ∆γ(T,H), given by

∆γ(T,H) ≡ γ(T,H) − γ(T, 0), (2.113)

for a fixed m.
In ∆γ(T,H), given that gapless bosons only exist when the magnetic field is switched on,

the contributions from the phase space where m(q) ≈ m and the bosons are gapped, will be
cancelled. This leaves only the phase space of the reduced boson mass. To demonstrate this,
we consider ∆γ(T,H) at the elastic quantum criticality (m

(
q
)∣∣∣

min
= 0). This contribution is

∆γ(T,Hcr) ≈ 4π
3 γ0

(
c0 − c1

(
T

T∗

)2/3 )
, T � T∗, (2.114)

where c0 and c1 are constants independent of the momentum cutoff, magnetic field, temper-
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2.4 Criticality at an altermagnetic QCP

ature and m.
The T 2/3 dependent contribution is a product of gapless boson mode. This has also been

discussed in Ref. [16]. The presence of gapless modes is only possible with an external mag-
netic field and so performing an experiment with and without an external field, provides the
potential to extract the T 2/3 dependence of the heat capacity originating from the gapless
mode.

Fig. 2.7(c) shows ∆γ(T,H) − ∆γ(0,H) for various magnetic fields. In the low temperature
limit, the dashed red line shows the T 2/3 behaviour exhibited by a system with an external
field which approaches Hcr.

2.4.6.2 Elastocaloric change

In the Fermi liquid regime, it is possible to tune the bare mass m2 of the altermagnetic boson
using a strain which transforms according to the A1g irreducible representation. For D4h,
the corresponding strains are εxx + εyy and εzz, such that m2(ε) ∼ cxx−yy(εxx + εyy) + czzεzz.
According to Ref. [166], the elastocaloric change near the bare quantum critical point with
the finite m2 of an altermagnet is given by:

η(ε, T,H = 0) ≈ −72ΓFL,0TFL


1
9

(
T/TFL

)
log T0

TFL

, T � TFL,

2πb
(

T/TFL
)1/3

log T0
T

, T � TFL,

(2.115)

where ΓFL,0 = − Λ3

32π4m2
∂m2

∂ε
1

γ0T0
and TFL is given by Eq. (2.112) which is now strain dependent

through m2(ε). Note that ΓFL,0 and TFL are identical to Γ∗,0 and T∗ respectively, at the point
where the bare mass m = m∗,H . We see that the behaviour of the elastocaloric effect in the
Fermi liquid regime is qualitatively different to the results from the elastic QC regime.

As the magnetic field approaches its critical value, η(H)
η(H=0) , where H is the magnetic field,

exhibits log T enhancement meaning that the ratio diverges as the system approaches the
location of the elastic QCP in the low-temperature regime, as shown in Fig. 2.7(d).

2.4.7 Crossover temperature

Using the microscopic parameters of the system, we can estimate the regime where the field-
induced altermagnetic coupling to the lattice becomes measurable. In order to estimate the
magnitude of the the piezomagnetic coupling, we must first determine the dimensionless ratio
λµBB/

(
C1/2J

)
where C is the bare elastic constant and J = vφΛ corresponds to the energy

scale which characterises the bandwidth of the altermagnon mode as well as determining
the ratio T∗/T0. We rewrite the magnetoelastic coupling with λ = ζ/

√
JV0 where ζ is the

dimensionless strength and V0 is the volume of the unit cell. If Λ ∼ kF and the dimensionless
coupling constant α ∼ 1, this implies that T0 is a significant fraction of EF . We assume at
least T∗/T0 ∼ 10−3 gives an experimentally observable crossover regime. At an experimentally
viable magnetic field B = 10 T and using C = 100 MPa, J/kB = 100 K, and V0 = a3 with
a = 5 × 10−10 m, one gets ζ ∼ 102. This would represent a value significantly larger than
those measured in insulating altermagnets, such as MnTe [163], where ζ ∼ 0.1. However,
one would expect piezomagnetic effects in metallic systems to be significantly larger. There
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exist cases of giant piezomagnetism which have indeed been discussed in Ref. [159]. If one
considers a soft material (such that C is low) with a large g-factor it becomes possible to reach
values T∗/T0 ∼ 10−3 with ζ ∼ 1 ∼ 5. Hence, while the task of observing elastic quantum
criticality in altermagnets provides a more staunch challenge than that posed by nematic
systems, where such regimes are certainly accessible (in iron-based superconductors such as
Ba
(
Fe1−xCox

)
2

As2 a conservative estimate for the crossover temperature gives a value of at
least 10K [16]), there is some optimism that these regimes are in fact within reach.

2.5 Scaling of the elastocaloric effect

The scaling theory of quantum critical elasticity has already been formulated in Ref. [162].
This theory is based upon the critical contribution to the free energy density that obeys

fcr
(
r, T

)
= b−

(
deff+z

)
fcr
(
b1/νr, bzT

)
, (2.116)

with correlation length exponent ν, dynamic scaling exponent z and effective dimension deff ,
while r is a dimensionless measure of the distance to the QCP, such that r ∝ m2 − m2

∗. At
criticality soft lines emerge when the external field is switched on and the effective phonon
spectrum behaves as

ω
(
q
)2 ∼ c2q2

⊥ + aq4
soft, (2.117)

where we again make the choice that the system has m soft dimensions and d − m hard
directions, such that it is valid in both two and three dimensions. Then, to deal with this
spectrum we can make the substitution q2

⊥ → q′4
⊥ . As discussed in Refs. [162, 168] such a

spectrum amounts to an effective dimension deff = 2
(
d−m

)
+ m. For d = 3 the effective

dimension is therefore deff = 5. In addition, Landau damping at a field-tuned altermagnetic
QCP gives the dynamic exponent z = 3, while the correlation-length exponent takes the
mean-field value ν = 1

2 . If we make the choice b = T−1/z for the scaling factor in Eq. (2.116)
we obtain for the critical contribution scr = −T∂fcr/∂T to the entropy density

scr
(
r, T

)
= T

deff
z Φ

(
rT− 1

νz

)
, (2.118)

with scaling function Φ (x). We can calculate for the temperature and strain derivatives at
criticality and using r ∝ ε0 for symmetry-preserving strain:

∂scr
∂T

= uTT
deff −z

z ,

∂scr
∂ε0

= uεT
deff −ν−1

z . (2.119)

uT and uε are constant coefficients. We can now add these critical contributions to the
Fermi liquid background terms we obtained by dividing the elastocaloric effect by T , i.e. the
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appropriate dimensionless quantity that scales like the Grüneisen parameter:

η/T = −
∂sFL
∂ε0

+ ∂scr
∂ε0

T ∂sFL
∂T + T ∂scr

∂T

= −ΓFLγFL − uεT
deff −ν−1−z

z

γFL + uTT
deff −z

z

, (2.120)

where ΓFL is the constant Grüneisen parameter of a Fermi liquid. Let us first analyse the
denominator, i.e. c/T , for deff = 5, ν = 1/2, and z = 3. It follows c/T = γFL +uTT

2/3 ≈ γFL,
i.e. for the heat capacity the critical contribution is sub-leading. This is consistent with
the explicit calculation of the heat capacity where we found that at leading order, the heat
capacity maintained a Fermi-liquid type form in the elastic QC regime. The situation is
different for the numerator, where the exponent deff−ν−1−z

z → 0, which should be interpreted
as logarithmic behaviour. Hence, for the numerator, i.e. for the thermal expansion of the
system, the critical contribution is the dominant one, such that

η/T ∝ log T, (2.121)

which is again, fully consistent with our explicit analysis. Hence, elastic quantum criticality
gives only sub-leading effects to the heat capacity but is the dominant contribution to the
elastocaloric effect, leading to a divergence from the Fermi liquid behaviour one might have
expected having calculated the other observables. The scaling argument is rather general and
holds for both altermagnetic systems in an exterior magnetic field and nematic systems [17].

The physical implication of this result lies in the fact that changes in strain or stress alter
the excitation spectrum more dramatically than variations in temperature. This is reflected
in the larger scaling dimension associated with a strain derivative in comparison to that of
a temperature variation. Consequently, quantities such as the elastocaloric effect, thermal
expansion, and the Grüneisen parameter exhibit a more singular response than that of the
heat capacity or the single-particle excitation spectrum.

Given the scaling analysis, one can also consider a one-loop RG as we carried out for
classical systems, however once strain coupling is included, the effective spatial dimension of
5 and dynamical exponent of 3 make a small ε impossible.

2.6 Anomalous Hall effect in strained altermagnets

The fact that strain induces a net magnetisation suggests that it would be fruitful to inves-
tigate the potential presence of an anomalous Hall effect. We do so in Ref. [18], which this
subsection quotes from. Transport properties of strained altermagnets are of interest as they
could give rise to observable quantities which not only identify a state as altermagnetic but
also allow for the identification of the irreducible representation according to which the order
parameter transforms. In general, as we will discuss in what follows, the Berry curvature in
an altermagnet averages to zero over the unit cell and hence there is no anomalous Hall effect.
However, Ref. [76] identified a third order in electric field Hall effect given by

j(3)
α = σ

(a)
αβγδEβEδEγ , (2.122)
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where the superscript (a) denotes that it is the antisymmetric part of the conductivity with
respect to the first two indices. While this would potentially suffice to probe altermagnetic
states, it does raise the question as to whether there exists a transport property to first order
in the field. This would represent a quantity which is more practical to measure. One can
instead consider the elastoconductivity ναβγδ, defined as

jα = σαβEβ + ναβγδEβεγδ. (2.123)

In this case elasticity allows for the slight alteration of crystalline symmetries which then
constrains the allowed states of electronic order [169, 170]. Analyses of this type have been
used to investigate semiconductors [171], identify the role of nematic fluctuations in iron based
superconductors [172] and exotic properties of states exhibiting charge density waves [173–
175]. An analysis of elastotransport reveals that under strain, it is possible to generate a finite
anomalous Hall current which is first order in the electric field.

Given that the Hall conductivity vanishes when no strain is applied, the current arising
from the elasto-Hall conductivity response is

jα = ν
(a)
αβγδEβεγδ, (2.124)

where the components ν(a)
αβγδ are those of ναβγδ that are antisymmetric in the first two indices.

The Onsager relations for the conductivity suggest

ναβγδ = −νβαγδ. (2.125)

This then contributes to ν(a)
αβγδ. The symmetry of the strain tensor then gives

ναβγδ = ναβδγ . (2.126)

In altermagnets, we know that a piezomagnetic effect is generated by a symmetry breaking
strain which induces a finite net magnetisation by breaking the symmetry which would oth-
erwise forbid the formation of one. This leads to an interesting analogy with the anomalous
Hall effect in altermagnets, which becomes clear when discussing the Berry curvature of such
materials. The basic principles by which one obtains an anomalous Hall effect are discussed
in Sec. 1.2, albeit in this case with regards to twisted bilayer graphene; the theory linking the
quantities however, remains unchanged.

Here we expand on the information presented in Sec. 1.2. The Berry curvature can be
written as a three-component vector Ω

(
k
)

=
(
Ωyz

(
k
)
,Ωzx

(
k
)
,Ωxy

(
k
))

. Ω
(
k
)

transforms
like an axial vector under time reversal T and parity P

Ω
(
k
) T→ −Ω

(
−k
)
,

Ω
(
k
) P→ Ω

(
−k
)
. (2.127)

It then becomes clear that if a system has time-reversal and inversion symmetry, the Berry
curvature is zero. Exceptions to this arise at Dirac points which act as monopole sources of
Berry curvature. These monopoles manifest with opposite sign for opposite momenta, such
that if one averages the Berry curvature over the momenta and occupied bands, it is zero
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2.6 Anomalous Hall effect in strained altermagnets

(a) (b)

AHE Additional AHE contribution Magnetization

Elasto-Hall conductivity Piezomagnetism

Figure 2.9: Illustration of the anomalous Hall conductivity in a strained B2g altermagnet. There
exists two contributions to this quantity in strained altermagnets, one is associated with the
elasto-Hall conductivity response function (panel (a)) and the other from the piezomagnetic effect
outlined in this chapter (panel (b)). In both cases the symmetry of the altermagnet enforces the
response functions to be zero. The Berry curvature (panel (a)) has a quadrupolar form (blue for
positive and red for negative values) which averages to zero over the unit cell until a symmetry
breaking εB1g

strain allows for the formation of a finite Berry curvature monopole. This manifests
itself physically as the formation of an AHE. The other (typically smaller) contribution comes
from the finite magnetic dipole which forms under symmetry breaking strain. The spin density is
deformed (blue for spin up and red for spin down), creating a finite magnetisation. The current
jy, shown in both panels, is to leading order linear in the electrical field, Ex and the strain
εxx − εyy, giving rise to non-zero elasto-Hall conductivity elements ν(a)

xyxx − ν
(a)
xyyy 6= 0, with ν

(a)
αβγδ

of Eq. (2.123) and piezomagnetic tensor components Λzxx − Λzyy 6= 0, given by Eq. (2.7). (Figure
reprinted from Ref. [18], Copyright American Physical Society (2025))
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2 Critical fluctuations in altermagnets

and there is still no finite Hall conductance. We see that in order to produce a finite Hall
conductivity, the symmetry of the Berry curvature relating momenta of opposite sign to one
another must be changed.

If we know the irreducible representation of the order parameter, it is then possible to
deduce the distribution of the Berry curvature this ordering gives rise to. By definition of
a pure altermagnet (one with no ferromagnetic component) [58], there always exists a point
group symmetry which, in combination with time reversal, leaves the state unchanged. This
usually corresponds to a rotation, under which the Berry curvature transforms with

Ωµ(Rk) = −RµνΩν(−k), (2.128)

where R and R are the representations of rotations R for axial and and polar vectors respec-
tively, such that R = R det

(
R
)
. The minus sign in the prefactor is a result of the magnetic

state being odd under the given rotation, such that it cancels time-reversal symmetry. The
system has inversion symmetry and hence the Berry curvature is even under k → −k. The
symmetry operation of the Berry curvature can therefore be summarised as

Ωµ(Rk) =
(
DΩ(R)

)
µν

Ων(k), (2.129)

where DΩ(R) = DΓ−
φ

(R)R where DΓ−
φ

(R) is the representation of the order parameter. This
implies that DΩ

(
R
)

corresponds to Γ−
φ ⊗ ΓR. If φ transforms according to B2g, the transfor-

mation which cancels time reversal symmetry is therefore a C4 rotation in the x− y plane. A
rotation of this type transforms like A2g and the Berry curvature then transforms according
to B1g. The strain which breaks this symmetry would then produce a finite Berry curvature
monopole. The irreducible representation of the Berry curvature being the product of the
order parameter and a rotation follows the same set of rules as the piezomagnetic coupling,
given that rotations and magnetic fields belong to the same irreducible representations. There
exist two contributions to the Berry curvature, one comes from the interband matrix element
of the strain induced perturbation and the other from the net magnetisation induced by the
piezomagnetic effect. The AHE contribution which originates from the finite magnetisation
is typically the smaller one. The fact that an AHE is induced from a strain-induced net
magnetisation makes the link to piezomagnetism even clearer. We depict both contributions
in Fig. 2.9.

The symmetry analysis up to this point assumes that the order parameter has a single com-
ponent, however to linear order in the order parameter, we can use the piezomagnetic coupling
to deduce the non-zero elements of ναβγδ for multi-dimensional irreducible representations. If
the strain εγδ induces a magnetisation Mµ, then the elements are non-zero for the combination
of indices for which the Levi-Civita tensor εαβµ 6= 0. If we consider the order parameter which
transforms under E2g in D6h, the piezomagnetic coupling induces magnetisations according
to

Mx = λ
(
εyzφ1 − εxzφ2

)
,

My = λ
(
εxzφ1 + εyzφ2

)
,

Mz = λ′
(
2εxyφ1 − εx2−y2φ2

)
. (2.130)
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2.6 Anomalous Hall effect in strained altermagnets

If φ1 6= 0, a magnetisation along y is induced when εxz 6= 0. This implies νzxxz 6= 0. If εyz

is applied with the same magnitude then νzxxz = νyzyz. The order parameter can also order
according to

(
φ1, φ2

)
=
(
1, b
)
. In this case we obtain the relations

νyzyz = νzxxz = −bνyzxz = bνzxyz,

bνxyyy = −bνxyxx = 2νxyxy, (2.131)

where the first line is due to induced magnetic fields which are in-plane and the second from
Mz.

We can repeat this analysis for the two-component order parameter which transforms like
E−

g in Oh, we obtain:
√

3νyzyz = −
√

3νzxxz = −bνyzyz = −bνzxxz = 2bνxyxy. (2.132)

Finally for the three-component order parameter that transforms like T2g in Oh, which we
parametrise as

(
φ1, φ2, φ3

)
= (1, b, c), we find:

νzxxy = −νxyxz = −bνyzxy = bνxyyz = cνyzxz = −cνzxyz,

νyzyy = −νyzzz = bνzxzz = −bνzxxx = cνxyxx = −cνxyyy. (2.133)

These expressions are in agreement with Table. 2.3. We see that more entries exist in Table. 2.3
than can be derived from the piezomagnetic coupling. The reason for this is terms which are
higher order in the order parameter. In order to deduce the full set of non-zero terms and their
relations, we use the Jahn symbols [176], based on the fact that any tensor can be expressed in
terms of a polar vector, V . To clarify the notation [. . . ] denotes symmetric and {. . . } denotes
antisymmetric indices, such that a tensor with Jan symbol

[
V 2
]
V satisfies Aαβγ = Aβαγ ,

whereas a tensor described by
{
V 2
}
V behaves like Aαβγ = −Aβαγ . The other elements we

will need are the rank-0 tensors e = ±1 and a = ±1 which change sign under inversion and
time-reversal respectively. Given that the anti-symmetric part of the conductivity (i.e. the
part which describes the Hall conductivity) must transform like a

{
V 2
}

(with a present to
ensure Onsager reciprocity) then given that the elasticity tensor is symmetric, the elasto-Hall
conductivity has the Jahn symbol a

{
V 2
} [
V 2
]
. We can compare this to the Jahn symbol

of the piezomagnetic tensor. Magnetisation transforms as a time-reversal odd axial vector
aeV , including the strain gives the Jahn symbol aeV

[
V 2
]
. Given that the cross product

of two polar vectors transforms as an axial vector,
{
V 2
}

has the same decomposition into
irreducible representations as eV , the irreducible representations of the two tensors match.
A similar relationship was also noted in Ref. [177]. Using the ISOTROPY software [178] to
identify the magnetic point group and the Bilbao Crystallographic server [179, 180] to obtain
the symmetry allowed tensor components for a tensor with the corresponding Jahn symbol for
the relevant point groups, we were able to find the full allowed components of the elasto-Hall
conductivity tensor as noted in Table. 2.3. It should also be noted that these results agree
(where they overlap) with the first-principle study of anomalous Hall, spin Hall and valley
Hall effects in Nb2SeTeO presented in Ref. [181].
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2 Critical fluctuations in altermagnets

AM irrep. MPG elasto-Hall conductivity
orthorh., D2h (mmm) A−

1g mmm (8.1.24) νyzyz, νzxxz, νxyxy

trigon. D3d (3̄m) A−
1g 3̄m (20.1.71) νxzxx = νzxyy = νzyxy, νxzxz = νyzyz

tetrag., D4h (4/mmm) A−
1g 4/mmm (15.1.53) νyzyz = −νzxxz

B−
1g 4′/mm′m (15.4.56) νyzyz = νzxxz, νxyxy

B−
2g 4′/mm′m (15.4.56) νyzxz = −νzxyz, νxyxx = −νxyyy

hexag., D6h (6/mmm) A−
1g 6/mmm (27.1.100) νyzyz = −νzxxz

B−
1g 6′/m′mm′ (27.5.104) νyzxy = νzxxx = −νzxyy

B−
2g 6′/m′mm′ (27.5.104) νzxxy = νyzyy = −νyzxx

E−
2g (1, 0) mmm (8.1.24) νyzyz, νzxxz, νxyxy

(1, 1√
3) m′m′m (8.4.27) νxyxx, νxyyy, νxyzz, νxzyz, νyzxz

(1, b) 2/m (5.1.12) νxzxx, νxzyy, νxzzz, νxyyz, νyzyz, νxzxz, νxyxy, νyzxy

cubic, Oh (m3̄m) A−
1g m3̄m (29.1.109) -

A−
2g m3̄m′ (32.4.121) νyzyz = νzxxz = νxyxy

E−
g (1, 0) 4/mmm (15.1.53) νyzyz = −νzxxz

(1, 1√
3) 4′/mm′m (15.4.56) νyzyz = νzxxz, νxyxy(

1, b
)
mmm (8.1.24) νyzyz, νzxxz, νxyxy

T−
2g (1, 0, 0) 4′/mm′m (15.4.56) νyzxz = −νzxyz, νxyxx = −νxyyy

(1, 1, 0) m′m′m (8.4.27) νyzxx, νyzyy, νyzzz, νxyxz, νxzxy

(1, 1, 1)3̄m (20.1.71) νxzxy = νzyyy = νyzxx, νxzxz = νyzyz

(1, b, 0) 2′/m′ (5.5.16) νxyxx, νyzxx, νxyyy, νyzyy νxyzz, νyzzz, νxzyz, νxyxz, νyzxz, νxzxy

(1, 1, c) 2/m (5.1.12) νxzxx, νxzyy, νxzzz, νxyyz, νyzyz, νxzxz, νxyxy, νyzxy

(1, b, c) −1 (2.1.3) all elements ναβγδ are nonzero where α 6= β

Table 2.3: Non-vanishing elements of the elasto-Hall conductivity tensor ν
(a)
αβγδ defined in

Eq. (2.124) for all pure altermagnetic order parameters (i.e., those with no symmetry allowed
net magnetic moment in the presence of SOC) in point groups of the orthorhombic (D2h), trigo-
nal (D3d), tetragonal (D4h), hexagonal (D6h), and cubic (Oh), crystal classes. The third column
denotes the magnetic point group (MPG) that results from the condensation of the order param-
eter listed in the second column. The symmetry relations given in Eqs. (2.125) and (2.126) imply
additional elements that occur from the permutation of the first two or the last two indices. For
multi-component order parameters, the allowed tensor elements depend on the relative magnitude
of the components, parametrised as (1, b) or (1, b, c), respectively. Among the point groups anal-
ysed, only an altermagnetic order parameter that transforms under A−

1g of the cubic group Oh

does not display any non-zero elements of the elasto-Hall conductivity tensor. (Table reprinted
from Ref. [18], Copyright American Physical Society (2025))
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2.7 Summary

2.7 Summary

Elastic fluctuations play a crucial role in the alteration of behaviour near a quantum critical
point. Altermagnetic systems which break rotational symmetries couple to the lattice in the
presence of an external field. Such a coupling alters the universality class of the critical point
and leads to a shift in the critical point, which can be tuned by the magnetic field. The
coupled acoustic phonons suppress critical order parameter fluctuations, an effect originating
in the direction selective criticality, where at the altermagnetic transition the sound velocity
vanishes along isolated lines in momentum space.

The main findings shown here are that the piezomagnetic coupling of an altermagnet mirrors
that of a nematic order parameter coupled to the lattice, producing similar results to those
reported in Ref. [16]. When an external field is switched on, the piezomagnetic coupling
causes the formation of an elastic QC regime below a crossover temperature T∗ ∝ H3

z , such
that it is now tunable with an applied magnetic field. This means that altermagnetic systems
allow for the study of a non-Fermi liquid region which is not accessible in nematic systems.
We have shown that the elastic quantum criticality is characterised by a behaviour which
deviates from the Fermi-liquid expectation at leading order in calculations of the elastocaloric
effect [17]. This is contrasted by observables such as the heat capacity and single-particle self-
energy, which exhibit Fermi liquid behaviour at leading order, in agreement with the results
reported for nematics in Ref. [16]. This suggests that while the fermionic quasiparticles are
well-defined, there exists non-analytic properties in the collective modes which are promoted
to a primary effect upon taking a strain derivative, a result which is not only applicable to
altermagnetic systems but more generally to nematic systems. The elastocaloric effect hence
offers a promising tool for the analysis of elastic quantum criticality in altermagnets (and
nematics). The fact that the temperature scale is field-dependent for altermagnets offers a
tunability which could be leveraged in experimental setups to identify gapless modes and
hence altermagnetic states.

This crossover temperature scale T∗ is not currently well-established. It is dependent on the
strength of the piezomagnetic coupling, as well as the magnetic field energy. The small energy
scales of magnetic fields suggest that experimentally accessible crossover scales are more likely
to occur in systems with low overall altermagnetic order energies than in itinerant systems,
even though the piezomagnetic coupling tends to be higher in such systems. The analysis of
altermagnetic materials is still in its infancy and so the hope is that this theory encourages
the search for systems with strong piezomagnetic couplings, large magnetic g-factors, and
moderate magnetic interaction scales.

The piezomagnetic coupling also plays an important role in the formation of a finite Hall
current in altermagnets. Ordinarily a purely octupolar magnetic order produces a Berry
phase with a quadrupolar distribution, hence averaging to zero over the unit cell. Straining
the system with a symmetry breaking strain then allows for the formation of a finite Berry
curvature monopole and a finite Hall conductivity [18]. This follows the same principle as the
formation of a finite magnetisation arising from a symmetry allowed piezomagnetic coupling.
Detection of Hall currents could then also allow for the classification of altermagnetic systems.

Overall these results show that there exist intriguing manifestations of potential couplings
between electronic and lattice degrees of freedom which could form the basis of future exper-
imental work in order to identify and probe altermagnetic states.

While these results were obtained for a coupling to B1g strain, they are valid generally for
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2 Critical fluctuations in altermagnets

any nematic or altermagnetic order parameter which couples to symmetry breaking strain. In
all cases, a momentum dependent coupling emerges, leading to a direction-dependent mass
characterised by minima along certain q directions. Different irreducible representations have
different form factors, which lead to a different set of directions along which the system
becomes critical but specific directions will not affect the behaviour of the elastocaloric effect.
In cubic systems we note that A1g does not have a corresponding piezomagnetic response.
For systems with a higher-dimensional irreducible representation, a cubic term emerges in the
field theory (for altermagnetic systems this is field dependent), inducing a weak first-order
transition and our theory no longer applies [157].
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3 Chapter 3

Dynamic magnetoelastic coupling in
altermagnetic materials

In Chapter. 2 we discussed the effects of a piezomagnetic coupling between strain and alter-
magnetism on the quantum critical behaviour. There exists however, other symmetry allowed
couplings between altermagnetism and strain, we can also analyse the effects of a coupling of
strain to the dynamics of the order parameter. In this case we discuss the effects of such a
coupling on the collective modes of the system as well as on the phase diagram. In contrast
to the piezomagnetic coupling, a coupling to dynamics is present even in the absence of a
magnetic field. If we consider a system close to the quantum critical point, such that the
dynamics of the order parameter are at their most relevant, we can investigate the effect of
quantum fluctuations on the elastic degrees of freedom, mediated by this coupling. Strain can
be decomposed into the main phonon modes of the system, coupling these to an altermagnon
causes the modes to hybridise, forming magnon and phonon-like polarons. The degrees of
freedom then behave in a way analogous to that of two coupled oscillators which form squeezed
states where the fluctuations of one degree of freedom suppress the other. We hence see that
quantum fluctuations corresponding to the magnon-like polaron are enhanced and phonon-like
polarons are suppressed, we will then show how this hybridisation affects the phase diagram
for the system in both two and three dimensions and how an anisotropy in this effect presents
a way to detect altermagnetic states through probing the phonon spectrum. This section is
adapted and in some cases directly quotes from Ref. [20].

3.1 Introduction

Having already discussed altermagnets in great detail in Chapter. 1 and Chapter. 2 we now
consider the dynamics of the order parameter corresponding to the magnetisation. We show
that there exists a subset of altermagnets (and some ferromagnets) which exhibit a non-trivial
coupling between strain and altermagnetism.

We reiterate some of the key points of magnetoelastic coupling before formulating this new
type of coupling in order to highlight the most important points of difference. In ferromag-
nets and antiferromagnets, i.e. dipolar magnetic materials, straining the material changes
the lattice parameter and hence the exchange interaction between spins. One of the conse-
quences of this is a hybridisation of the magnon and phonon modes in the ordered state; these
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3 Dynamic magnetoelastic coupling in altermagnetic materials

hybridised modes are called magnon-polarons [130]. Multipolar materials however, allow for
different types of coupling between magnetisation and strain due to the exotic symmetries
which define the altermagnet [44, 134, 182–184]. The formation of magnon-polarons is of-
ten associated with the magnetostriction response tensor Nijkl, defined as εij = NijklMkMl

and discussed in Sec. 1.4. We have also already discussed how altermagnets exhibit a non-
zero piezomagnetic response, where the piezomagnetic response tensor Λijk, is defined by
εij = ΛijkMk [134]. This can create a situation analogous to nematic order coupling to a
lattice [15, 185, 186] where a lattice distortion can induce a non-zero magnetisation which
possibly breaks a symmetry of the system [135, 136]. The fundamental difference is that
altermagnetism is time-reversal odd and nematicity is time-reversal even, for this reason we
previously used a magnetic field to complete the analogy between nematicity and altermag-
netism. This also suggests an alternative way to couple the altermagnetism and strain is to
introduce introduce a time derivative. If φ is time-reversal odd, then ∂tφ must be time-reversal
even and a coupling to strain is symmetry allowed, provided the strain and order parameter
both transform according to the same irreducible representation of the point group Γ. We
can then write down the coupling

Hdyn
c = λ0

2 c
2
∫
d3xεΓ+(x)π(x). (3.1)

where π is the conjugate momentum to φ introduced by coupling to the time derivative ∂tφ.
The effect of this coupling is reminiscent of the Hall viscosity response [140, 187–190]. We
will expand on this analogy in the following section.

This is in stark contrast to the standard static coupling (magnetostriction) [130, 131]

Hmag−el
c =

∫
d3xNijklεij(x)φk(x)φl(x), (3.2)

where Nijkl is the magnetoelastic tensor introduced above and φi are the components of the
(staggered) magnetisation. Like the coupling we propose in Eq. (3.1), this also hybridises the
phonon and magnon modes [130, 131] but the effect of magnetostriction is most relevant if the
phonon and magnon branches cross. It can then open a gap and potentially promote nontrivial
topological effects [132, 133]. The coupling we propose in Eq. (3.1) is relevant whether or not
the bands cross and the effects of this will be discussed in detail in this chapter. We will
see that the impact of the coupling is actually strongest in the case that the branches do not
cross.

In this chapter we will study how dynamic coupling of the altermagnetism and strain affects
the modes in the disordered phase close to the quantum critical point i.e. just before long
range order sets in. We show that a mixing of the two degrees of freedom would allow for the
detection of altermagnetic states by probing the phonon spectrum. We will see that this is
analogous to two-mode squeezing [191, 192] of elastic and magnetic modes.

We also investigate how this coupling affects the transition from the paramagnetic to the
altermagnetic phase. The results of this are shown in Fig. 3.1. We consider both thermal
and quantum fluctuations. By tuning parameters, we find that a quantum critical point [97,
105, 193, 194] exists, defined as the point where the transition temperature is suppressed to
zero and altermagnetic fluctuations affect the ground state, even in the absence of long-range
order. The dynamic coupling has distinct effects on the two types of fluctuation. Quantum
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Figure 3.1: (a) Altermagnetic transition temperature Tc in a 2D system as a function of the
dynamic strain coupling constant λ0 for different values of the bare altermagnon mass m0 = r0/Λ2.
Note that m0 < 0 (m0 > 0) defines the ordered (disordered) state without the coupling to the
lattice and the φ4 mode coupling. The dynamic coupling to phonons suppresses order at finite
temperature, but enhances or even induces order at zero temperature. (b) Altermagnetic Tc in a
2D system as a function of m0 for different values of λ0. (c) and (d) show the same information
as panels (a) and (b) respectively but for a 3D system. These plots refer to the regime c > vL,T ;
the opposite regime is shown in Fig. 3.8. (Figure reprinted from Ref. [20], Copyright American
Physical Society (2023))

fluctuations are suppressed, leading to an enhanced ordered regime at T = 0 in both 2D and
3D, while thermal fluctuations are enhanced. In 2D this is enough to suppress the transition
temperature, whereas in 3D the quantum fluctuations are still the dominant effect and the
transition temperature increases slightly with increased coupling strength.

The structure of this chapter is as follows, In Sec. 3.2 we are specific about the altermagnetic
order parameter and motivate the dynamic coupling to strain. In Sec. 3.3 we show that this
coupling causes the modes to hybridise and we plot the modes using the effective propagator
for the magnetic collective modes. From this we find that that the effects of coupling are
anisotropic, before reinforcing this by plotting the spectral functions for the hybridised modes.
In Sec. 3.4 we plot the phase diagram for the paramagnetic to altermagnetic phase transition,
to demonstrate how coupling to strain affects the phase boundary. We finish this section with
a short summary and discussion of how this analysis is also relevant for certain ferromagnetic
systems in Sec. 3.5.

3.2 Dynamic magnetoelastic coupling for multipolar order

In order to motivate the proposed coupling of strain to the dynamics of the altermagnetic
magnetisation order parameter, we must consider a more detailed description of multipolar
moments in altermagnets than that previously discussed in Chapter. 1. We consider a general
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3 Dynamic magnetoelastic coupling in altermagnetic materials

order parameter φ which transforms according to some irreducible representation that we
denote Γ− where the superscript "−" denotes that the object is odd under time-reversal, as one
would expect from a magnetic order parameter. A standard ferromagnetic order parameter
must transform like a magnetic dipole under point group operations, we denote this as Γ−

Jα
.

If Γ− = ΓJα then the order parameter is that of a usual ferromagnet

φα (x) ∼
∑
ab

c†
a (x) Jα

abcb (x) , (3.3)

where Jα is an angular momentum operator with indices a and b, which are the spin and
orbital indices for the system. The simplest case that one can consider is that which has Jα

as one of the Pauli matrices but in general one would also expect an orbital moment. Other
representations which are also odd under time reversal but transform differently to Γ−

Jα
form

higher order order multipoles with the form [195]

φ (x) ∼
∑
ab

∫
d3x′f

(
x′
)
c†

a

(
x + x′

2

)
Jµ

abcb

(
x − x′

2

)
, (3.4)

where f
(
x′
)

is the previously discussed form factor which defines the spin and orbital mo-
ment density within the unit cell. We see from this general expression that we recover the
ferromagnetic case by setting f (x) = δ (x). The same is also true for form factors which
transform trivially under point group operations. Introducing a form factor which transforms
nontrivially means Eq. 3.4 now corresponds to higher-order multipoles [59]. If the form factor
transforms according to a d-wave, g-wave or i-wave form factor then the order parameter
corresponds to that of an altermagnet [2, 196]. The distribution of spin and orbital moment
densities is a consequence of multiple atoms within a single unit cell; this holds even in the
case that only one electronic band crosses the Fermi surface. This section will focus on alter-
magnetic order parameters, a calculation dealing with a ferromagnetic system will be given
in Chapter. 4.

Having now motivated different types of coupling between order parameters and strain,
we will focus on the dynamics of the order parameter which allows for a coupling beyond
the standard static couplings usually considered [130, 131]. We will see that this coupling is
direct and hence does not require a magnetic field in order to mediate the interaction. We
must consider now the actual dynamics of φ (x), if the dynamics are fairly general then the
order parameter has a conjugate momentum π (x). We will be carrying out our calculation in
the quantum regime and so this implies the canonical commutation relation

[
φ(x), π(x′)

]
=

i~δ(x−x′). One can also consider the dynamics in the classical regime in which the dynamics
follow from the corresponding Poisson brackets. As has already been well established, the
order parameter is odd under time-reversal, this implies that the conjugate momentum is
even under time-reversal. If there exists a strain which transforms according to Γ+, i.e. the
same way as the order parameter, with the distinction of being time-reversal even, then it is
possible to construct a symmetry allowed coupling. We express this as an action, in which the
conjugate momentum is eliminated and the time derivative of the order parameter assumes
its position

Sdyn
c = λ0

2

∫ β

0
dτ

∫
d3xεΓ+(x, τ)∂τφ(x, τ), (3.5)
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where λ0 is a dimensionless coupling constant, β = 1/T is the inverse temperature and τ is
imaginary time. Given that the coupling is dimensionless, we can assume that a natural value
for this in strongly coupled systems is λ0 ≈ 1.

Dynamic coupling of the type Eq. (3.5) is in direct contrast with static couplings, such as
piezomagnetic coupling, as it does not affect static field configurations. Instead we see a strong
mixing of the dynamics of lattice and magnetic degrees of freedom, which holds even in the
absence of a magnetic field. Given that the dynamics of the lattice (phonons) are observable,
this creates the possibility to observe fluctuations of the mulitpolar order parameter through
Raman [197–201] or neutron scattering [202–206]. This holds even in the disordered state,
due to the presence of fluctuations close to the QCP. The coupling in Eq. (3.5) was derived
in Sec. 1.4.

This coupling mediates an interaction between fluctuations in an altermagnetic order param-
eter, which then induce a non-dissipative stress in direct analogy with the Hall viscosity [190,
207, 208], the antisymmetric terms in the viscosity tensor ηijkl = −ηklij . We can see this
explicitly from Eq. (3.5). Consider the relationship between stress and strain [27]

σij = Cijklεkl − ηijkl∂tεkl (3.6)

with elastic constants Cijkl and viscosity tensor ηijkl. The second term takes into account
stresses at finite speed which are dissipative and produce heat. If we consider the rate of
entropy production in a fluid (just considering the terms related to stress, as terms between
heat flux and stress are independent) [207]

dSε

dt
=
∫ 1
T

(
ηijkl∂tεij∂tεkl

)
dV (3.7)

we see that only the terms which are symmetric in the viscosity i.e. ηijkl = ηklij , contribute to
entropy production; the other terms are then non-dissipative. These terms, due to the Onsager
reciprocal relations, are zero unless time-reversal symmetry is broken [190]. One way to break
time-reversal symmetry is with an external magnetic field, this allows the antisymmetric
components to be nonzero. The following example we discuss in detail is relevant to the D4h

point group. In this case we have the Hall viscosity

ηH = ηxyxx
(
Bz
)

= ηxxxy
(
−Bz

)
(3.8)

such that as well as being antisymmetric, it is also odd under time-reversal. The Hall viscosity
contribution to the action which yields the equation of motion Eq. (3.6) is then

SHall = −1
2η

H
∫
dτd3x

[(
εxx − εyy

)
2∂τ εxy −

(
εxy + εyx

) (
∂τεxx − ∂τεyy

)]
. (3.9)

If we consider Eq.(3.5) with Γ+ = B1g, we can compare the coupling term with the first term
in the equation above, in which we now see that altermagnetic fluctuations ∂tφ play the role
of ηH

(
Bz
)
∂τεxy. The fluctuating field from the altermagnetic order parameter suffices to

induce a non-dissipative stress analogous to the Hall viscosity response, even in the absence
of an external magnetic field.

Up until this point we have kept the discussion of the specific order parameter very general
with the intention of showing how fundamental this coupling is, however to proceed we must
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3 Dynamic magnetoelastic coupling in altermagnetic materials

now decide on a specific altermagetic order parameter. We will initially focus on layered
but three-dimensional systems. If we consider a tetragonal system, it transforms under the
point group D4h [169]. Given that our chosen magnetic order preserves lattice translations,
it suffices to use the irreducible representations of the point group to describe the altermag-
net [58]. As discussed in Chapter. 1, we have three choices of irreducible representation, we
will proceed with an order parameter which transforms according to B1g as was just used
for the Hall viscosity. Modifying the calculation for another choice of symmetry is relatively
straightforward. All of the states of altermagnetic order in D4h can be described as a single
component Ising order parameter, φ [209]. This is also the order parameter which has been
proposed for MnF2 [44, 196]. The coupling to strain is then

Hdyn
c = λ0

2 c
2
∫
d3xεB1g (x)π(x), (3.10)

where εB1g (x) = εxx(x) − εyy(x).

3.3 The effects of coupling on the collective modes

Given that the coupling Eq. (3.5) focuses on the dynamics of the order parameter, naturally we
prefer to look at the regime where quantum fluctuations are strong. Quantum fluctuations are
at their strongest in the quantum critical regime. This is also the regime in which multipolar
order can be described using a long-wavelength collective field theory. We will next introduce
the theory of collective excitations for the case of λ0 = 0, meaning the case where there is no
coupling to strain. Following this we will then use λ0 6= 0 in order to analyse the problem
using a renormalised Gaussian approach. We can justify this given that the upper critical
dimension, duc = 3. We then look beyond the Gaussian theory to include critical fluctuations
and the logarithmic corrections these generate, with a one-loop RG approach.

3.3.1 Effective field theory for coupled collective modes

Initially we will summarise the collective field theory for multipolar order in the absence of
coupling to the lattice. We consider an insulating system in the regime near the QCP, once
again, this is the region where the order parameter dynamics are at their most important.
This is described by an Ising order parameter with the action

Sφ = 1
2

∫
x
φ(x)

(
r0 − c−2∂2

τ − ∇2
)
φ(x) + u

∫
x
φ(x)4. (3.11)

We use x =
(
x, τ

)
to combine imaginary time and spatial coordinates and

∫
x · · · =

∫
d3xdτ . . . ,

r0 is a parameter which tunes the system through the quantum critical point, it is the mass
term for the altermagnons. c is the velocity of the altermagnons, it is of the order of the
typical magnetic interaction J times the lattice constant. The coefficient u of the interaction
term penalises large amplitude fluctuations and bounds the action.

For the case that the order parameter has two components, it is worth noting that the
action looks slightly different, considering the E−

g state of Oh (see also Ref. [58]), the action
is then
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3.3 The effects of coupling on the collective modes

Sφ = 1
2
∑

i=1,2

∫
x
φi(x)

(
r0 − c−2∂2

τ − ∇2
)
φi(x) + u

∫
x

(
φ1(x)2 + φ2(x)2

)2

+ v

∫
x

(
φ1(x)2 + φ2(x)2

)3
+ w

∫
x
φ1(x)2

(
φ1(x)2 − 3φ2(x)2

)2
. (3.12)

This corresponds to the six-state clock model. It has a six-fold degenerate ground state.
Minimising the last term gives the relative amplitude between φ1 and φ2. In the rest of this
section we will focus on the case of an Ising-like altermagnetic order parameter.

If we consider long wavelengths, we can use the longitudinal and transverse phonon modes
to express the elastic action [19]

Sε = −1
2
∑

ν=L,T

∫
x
uν(x)

(
∂2

τ + v2
ν∇2

)
uν(x). (3.13)

Here ν = L and T correspond to longitudinal and transverse phonons with displacement uL

and uT and velocity vL and vT , respectively. The velocities depend upon the elastic constants
of the system and, for the tetragonal crystal under consideration, on the polar angle θ of the
momentum.

v2
T = 1

4(c11 − c12 + 2c44

+ (−c11 + c12 + 2c44) cos
(
2θ
)
), (3.14)

v2
L = 1

2(c11 + c44 + (−c11 + c44) cos
(
2θ
)
),

where we set c13 = −c44 and c66 = c11−c12
2 . For stability we require that vL > vT . Our

choice of elastic constants decouples the other transverse mode present in a three-dimensional
system, such that we only consider the in-plane modes crucial to the point group operations
relevant to a B1g order parameter. We therefore only consider the transverse mode which is
predominantly polarised in-plane.

We can use the definition of the symmetrised elastic tensor, εij =
(
∂iuj + ∂jui

)
to rewrite

the coupling in terms of the transverse and longitudinal modes. We can then Fourier transform
to frequency and Matsubara frequency space to find

Sdyn
c = λ0

∫
q

ωn

|q|
φ
(
q
) [(

q2
x − q2

y

)
uL(−q) − 2qxqyuT (−q)

]
. (3.15)

Here ωn = 2πnT are Matsubara frequencies and q = (q, ωn). Once the coupling is written
in this form, it becomes immediately clear that the coupling is anisotropic. Looking at the
high symmetry directions, at q =

(
qx, 0

)
or q =

(
0, qy

)
, we see that the transverse phonon

completely decouples and only the longitudinal phonon continues to mix with the magnetic
collective mode. Along the other high symmetry directions q =

(
qx,±qx

)
, the longitudinal

phonon completely decouples and only the transverse phonon mixes. An anisotropic coupling
to elastic degrees of freedom signals further evidence of a method to detect altermagnetic
states. Studying the phonon spectrum of a phonon of well-defined symmetry along different
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3 Dynamic magnetoelastic coupling in altermagnetic materials

directions should allow for identification of some trace of the magnon mode which vanishes
along specific high symmetry directions. Doing so not only identifies that an altermagnetic
collective mode is present but also allows for the classification of its symmetry.

3.3.2 Spectral functions and hybridised collective modes

In three dimensions and at zero temperature, the quartic interaction u in Eq. (3.11) is
marginally irrelevant. As a result of this, one expects to find logarithmic divergencies which
can be accounted for using a renormalisation group approach. We anticipate the result of this
analysis and first consider an effective Gaussian theory with r0 replaced by the renormalised
mass r to account for the effects of the dynamic coupling on the elastic and altermagnetic
modes. We consider a mean-field theory where

φ4 → φ2
〈
φ2
〉

(3.16)

At T = 0 this renormalises the mass term such that

r = r0 + u

∫
q,ωn

χ
(
q, ωn

)
(3.17)

where we identify
〈
φ2
〉

with the effective propagator χ for the altermagnons. At the quantum
critical point r = 0 and the altermagnons are massless.

Carrying out this mean-field calculation allows us to to analyse the spectral properties by
integrating out two degrees of freedom and calculating the propagator for the one remaining,
without having to worry about the interaction term as it is now included in the renormalisation
of r.

We initially calculate the altermagnetic propagator; in the absence of the dynamic coupling,
we see that the collective modes are gapped altermagnons in the disordered phase (i.e. alter-
paramagnons), with velocity c. Integrating out the two phonon modes and performing the
analytic continuation to the real axis (iωn → ω + i0+), gives the Gaussian renormalised
altermagnon propagator

χ(q, ω) = 1
r + q2 − ω2

c2 ∆(q, ω)
, (3.18)

where

∆(q, ω) = 1 − c2λ2
0

q2


(
q2

x − q2
y

)2

ω2 − v2
Lq2 +

4q2
xq

2
y

ω2 − v2
T q2

 . (3.19)

For the case c > vL,T , the poles of the propagator are given in Fig. 3.2. In this we considered
qz = 0 such that θ = π

2 . This is the regime where electronic energy scales are larger than the
lattice ones, this is the most common regime and the one we focus on, however for completeness
the other is also discussed below.

We see that despite Fig. 3.2 being a plot of the poles of specifically the altermagnetic
propagator, the modes which initially (i.e. at zero coupling) corresponding to phonons also
appear. This is a direct result of the hybridisation of the modes which is promoted by the
dynamic coupling. The modes are no longer independent once coupling is introduced but
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3.3 The effects of coupling on the collective modes

Figure 3.2: Altermagnon-like (purple), longitudinal phonon-like (blue), and transverse phonon-
like (red) dispersions for momentum directions along high-symmetry lines in the qz = 0 planes,
plotted for different values of the coupling strength λ0. The dispersions of the phonon-like and
altermagnon-like modes are strongly influenced by the coupling. The dashed lines show the “pure”
modes without coupling. The modes mix to a dynamic altermagnon-polaron at large coupling
values, leading to a softening of the phonon-like modes for given directions and a hardening of
the altermagnon-like mode. The modes are shown for λ0 = 0, 0.5, 1, 1.5 with the shades getting
progressively lighter with increased coupling constants. We set here c/vL = 3/2 and c/vT = 3.
The altermagnon gap is given by

√
r

Λ2 = 0.1; Λ is a cutoff, as explained in the main text. (Figure
reprinted from Ref. [20], Copyright American Physical Society (2023))

instead form new collective modes which, inspired by the nomenclature used in Ref. [130], we
call paramagnon-polarons. We can now see from Fig. 3.2 how this hybridisation affects the
modes. We see that the altermagnon-like mode is hardened with dynamic coupling, whereas
the phonon-like modes are softened. We see again, as expected, that the effect of coupling
is clearly anisotropic; only one phonon is softened along each high symmetry direction. At
qx = 0, plotted on the positive x-axis, we see that only the longitudinal phonon softens,
whereas at qx = qy, only the transverse phonon softens. Away from the critical point, the
altermagnon-like mode acquires a gap but at r = 0, three gapless modes emerge.

As previously mentioned, this result is valid for the case c > vL,T . We can also plot the
modes in the other regime, c < vL,T , where we now find a level repulsion, as well as a greatly
diminished softening of the phonon-like mode. We illustrate this regime in Fig. 3.3. This
regime is applicable in systems with very low c, such that the magnetic interaction J is very
small. While such a case is less common, we will make reference to both regimes, while
focusing on the more common regime c > vL,T .

Once we have obtained all three propagators χ, we are then able to calculate the spec-
tral function for each by computing Imχ in each case. We have for the transverse phonon
propagator:

χT

(
q, ω

)
= 1

∆T

(
q, ω

)
− ζT

(
q, ω

)
ω2 + v2

T q2 , (3.20)

where χT is the propagator for the transverse phonon with renormalized coefficient

ζT

(
q, ω

)
= 1 + λ2

0
q2

q2
xq

2
y

r + q2 − ω2

c2

, (3.21)
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3 Dynamic magnetoelastic coupling in altermagnetic materials

Figure 3.3: Dispersions of the altermagnon-like (purple) and longitudinal phonon-like (blue)
mode for coupling constant values λ = 0, 1, 2, 3 along the qx = 0 direction. The dashed lines
show the uncoupled modes and the solid lines show the hybridized modes. Panel (a) refers to
the case c/vL = 1

2 , whereas panel (b) refers to c/vL = 2. In panel (a), there is a level repulsion,
whereas in panel (b), we see the modes softening. In both panels, the altermagnon gap is given
by
√

r
Λ2 = 0.1. (Figure reprinted from Ref. [20], Copyright American Physical Society (2023))

of the dynamic term, while ∆T

(
q, ω

)
corresponds to coupling of the two phonons away from

both high symmetry directions

∆T

(
q, ω

)
=

4λ2
0ω2qxqy

(
q2

x−q2
y

)
q2
(

r+q2− ω2
c2

)


2

−ζL

(
q, ω

)
ω2 + v2

Lq2 , (3.22)

with

ζL

(
q, ω

)
= 1 + λ2

0
q2

(
q2

x − q2
y

)2

r + q2 − ω2

c2

. (3.23)

For the longitudinal phonon propagator we have

χL

(
q, ω

)
= 1

∆L

(
q, ω

)
− ζL

(
q, ω

)
ω2 + v2

Lq2 , (3.24)

where

∆L

(
q, ω

)
=

4λ2
0ω2qxqy

(
q2

x−q2
y

)
q2
(

r+q2− ω2
c2

)


2

−ζT

(
q, ω

)
ω2 + v2

T q2 . (3.25)

In real systems, the modes will have finite lifetimes which arise from damping or other pro-
cesses; in order to model this, we add a small imaginary part to the frequency on the real
axis. Fig. 3.4 shows a density plot of the spectral functions. This very much reinforces what
we learned from Fig. 3.2, although perhaps now it is even clearer. For qx = ±qy the longi-
tudinal phonon-like mode decouples and so for this spectral function there is no trace of the
gapped altermagnon-like mode along this direction, however if we then look along qx = 0,
there is clearly a signal belonging to the altermagnon mode. Alternatively, looking at the
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3.3 The effects of coupling on the collective modes

Figure 3.4: The spectral function for altermagnon (left panels), longitudinal phonon (middle pan-
els) and transverse phonon (right panels) propagators as function of frequency ω and momentum
q along two high-symmetry lines at the qz = 0 plane. Panels (a-c) refer to a non-zero coupling
constant value λ0 = 1.5, whereas panels (d-f) correspond to λ0 = 0. When coupled (a-c), the
modes hybridize and it is possible to detect the altermagnon by measuring the phonon spectrum,
except along the special directions for which the phonon mode decouples from the altermagnon.
This mixing is most prominent close to the critical point where the q = 0 altermagnon excitation
energy is small. We have set here c/vL = 3

2 and c/vT = 3. The altermagnon gap is given by√
r

Λ2 = 0.1. (Figure reprinted from Ref. [20], Copyright American Physical Society (2023))

transverse phonon-like mode along qx = 0, this mode decouples and there is no trace from
the altermagnon-like mode, however along qx = qy we see a gapped mode appear which is
clearly the altermagnon-like mode. We can also see the same information repeated in the
altermagnon propagator, along qx = 0 a signal from the longitudinal phonon-like mode is
present with no signal from the transverse phonon-like mode. Along qx = qy we see the oppo-
site, a signal from the transverse phonon mode with no signal from the longitudinal mode. In
this case the individual phonon modes are identifiable from the condition vL > vT . In both
cases we see a softening from the phonon-like mode which couples. We can see from these
results that although measuring altermagnons represents a difficult task, measuring just the
phonon spectrum is enough to access a signal from the altermagnon-like mode. This is true
even at finite momentum and away from the quantum critical point. By measuring along high
symmetry directions, this even suffices to determine the symmetry of the altermagnetic order
parameter present in the system.

We illustrate this point even further by producing a density plot of the spectral weight for
each branch of the altermagnon propagator determined by

χ(q, ω) =
∑

i

c2Ai(q)
ω2−Ei(q)2 , (3.26)
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3 Dynamic magnetoelastic coupling in altermagnetic materials

Figure 3.5: Anisotropic momentum dependence of the spectral weights of the transverse phonon-
like (a), longitudinal phonon-like (b), and altermagnon-like (c) branches of the altermagnetic prop-
agator for a non-zero coupling λ0 = 0.5. The phonon-like modes decouple from the altermagnon-
like one along high symmetry directions. These figures are plotted for r = 0, c/vL = 3

2 and
c/vT = 3. (Figure reprinted from Ref. [20], Copyright American Physical Society (2023))

where Ai is the weight of the branch and E
(
q
)

is the energy of the mode. We see that the
weight of the transverse phononlike branch drops to zero at qx = 0 or qy = 0. The weight
of the longitudinal phonon propagator drops to zero at qx = ±qy, while the weight of the
altermagnon branch becomes four-fold anisotropic (although of course it never drops to zero).

Fig. 3.3 shows that if one of the phonon velocities is higher than the altermagnon velocity,
we see a crossing of the two modes with a level repulsion introduced by the coupling, provided
that one is not situated directly at the quantum critical point for the altermagnet. In the
directions along which the phonons decouple (qx = ±qy for the longitudinal phonons and
qx,y = 0 for the transverse phonons), this gap disappears. This causes nodal lines of the gap
to form. If we consider two modes

E2
± = 1

2

∆2 + ζkk
2 ±

√(
∆2 + ζkk2

)2
− 4η2k2

(
∆2 + k2

) , (3.27)

with k = cq, ∆ = c
√
r, η = vL

c and ηk = 1 + η2 + λ2
k where the coupling is k-dependent

λk = λ2
0

k2
x − k2

y

k2

2

. (3.28)

We find a crossing point at ∣∣k∣∣ = k0 = ∆√
η2 − 1

. (3.29)

We consider the energy splitting along the diagonal

Ω
(
k
)

= E+
(
k
)

− E−
(
k
)
. (3.30)

Along the diagonal such that λk = 0 we have

Ω
(
k
)

=
√

∆2 + k2 − ηk, (3.31)
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is approximately

Ω
(
k, ϕ = π

4

)
≈ 1 − η2

η

(
k − k0

)
. (3.32)

We can also expand at this point along the φ direction and find that

Ω
(
k0, ϕ

)
≈ k0λ0

∣∣cos 2ϕ
∣∣ ≈ 2k0λ0

∣∣∣∣ϕ− π

4

∣∣∣∣ , (3.33)

and so the magnitude of the in-plane component of the momentum at this nodal line is∣∣∣q‖

∣∣∣ ∼ r1/2√
v2

L,T /c2−1
. Expanding the dispersion near these crossing points reveals a linear

dispersion similar to the one of a Weyl system with vanishing gap. These lines are protected
by the crystalline symmetry of the system, but may nevertheless have implications for surface
states of the combined spectrum.

3.3.3 Coupled oscillator analogy of magnetoelastic coupling

The heart of this entire discussion is, of course, the coupling of the canonical momentum
of one degree of freedom to the coordinate of another. Considering Gaussian theories, this
immediately suggests an analogy to the case of two coupled oscillators, where the momentum
of one is coupled to the displacement of another

H =
∑

i=1,2

(
p2

i

2mi
+ miω

2
i

2 x2
i

)
+ λ

2 p1x2, (3.34)

where using the column ψ =
(
x1, x2, p1, p2

)
, the Hamiltonian becomes

H = 1
2ψ

T Hψ, (3.35)

where

H =


m1ω

2
1 0 0 0

0 m2ω
2
2

λ
2 0

0 λ
2

1
m2

0
0 0 0 1

m2

 . (3.36)

We find, following the approach of Ref. [191] and Ref. [192] that this matrix diagonalises
under the canonical (i.e. preserves commutation relations between ψi and ψj) symplectic
transformation ψ = Sψ′, such that H = 1

2ψ
′T ST HSψ′, where ST HS is diagonal. H then

diagonalises as

ST HS =


Ω2

1 0 0 0
0 Ω2

2 0 0
0 0 1 0
0 0 0 1

 , (3.37)
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where if m1 = m2 = 1

Ω2
1,2 = 1

2

ω2
1 + ω2

2 ±
√(

ω2
1 − ω2

2

)2
+ λ2ω2

1

 , (3.38)

which yields H = 1
2
∑

λ

(
p2

λ + Ω2
λx

2
λ

)
.

The symplectic transformation
(
x1, x2, p1, p2

)
→ S−1 (x1, x2, p1, p2

)
can also be phrased as

a unitary transformation of the operators, such as xi → UxiU
−1 where [191]

U = ei
(

ap1p2+bx1x2
)
. (3.39)

Applied to the vacuum, such an operator creates two-modes squeezed states made by the two
coupled oscillators. We hence see that the fluctuations of one degree of freedom suppress the
other. This is in direct analogy with the hardening and softening of modes observed thus far.

3.3.4 Possible detection of modes in the ordered phase

Our analysis up to this point has focused on the disordered regime, however to make a
connection with potential experiments, we must conduct an investigation which is valid in the
ordered regime. It is already known how the correlation length of an Ising variable depends
on the temperature [210]

r
(
T
)

= A
(
T − Tc

)2ν
, T > Tc (3.40)

= A′ (Tc − T
)2ν

, T < Tc (3.41)

where in three dimensions ν = 1
2 and A/A′ = 4.75 [210]. The now temperature dependent r

can then be inserted into the polaron spectra which have already been calculated. In Fig. 3.6
we depict the temperature dependence of the transverse phonon-like polaron at fixed momen-
tum; we see that this then leads to a change in the spectrum with respect to temperature and
that the effect of a rising temperature now depends on whether the system is in the ordered
or disordered state.

If we consider the case that phonons are excited through photon absorption and then relax
back to their ground state, we can use the temperature profile

T (t) = Teq + ∆Te−t/τ , (3.42)

where Teq is the temperature in equilibrium, ∆T is the jump in temperature following the
photoexcitation process and τ is the relaxation time as the temperature drops back to its
equilibrium value. We then clearly see the temperature dependence of the phonon spectrum
and how this relates to a relaxation time. An experiment to measure such an effect would only
find results such as those displayed in Fig. 3.6 in the case that the phonons and altermagnon
have hybridised. This is a result of the fact that r

(
T
)

only appears in the uncoupled magnon
mode. If the measurement is taken along a direction in which the two modes decouple, this
effect would disappear as r

(
T
)

would not be carried over from the magnon to the phonon
mode. This then provides a method for detecting altermagnetic transitions and through angle
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(a) (b)

Figure 3.6: Using a temperature dependent r, we can see how the phonon-like polaron energy
changes according to temperature (panel (a)). We can also consider the case in which the phonons
are excited and the temperature then decays, we then clearly see how the phase transition affects
the temperature trend that one would expect to measure (panel (b)).

dependent measurements, the symmetry of the altermagnet.

3.4 Effect of dynamic coupling to strain on the
paramagnetic-altermagnetic phase boundary

Having already established that under dynamic coupling of altermagnetic and elastic degrees
of freedom, the phonon and altermagnon modes are hybridised, leading to an anisotropic
softening of the phonon modes and a hardening of the altermagnon mode, we now discuss
how this effect manifests itself in the phase diagram. To determine the phase diagram, we
carry out a one-loop renormalisation group (RG) calculation for the quartic coefficient u and
mass term r. We first demonstrated this method using the standard φ4 model (i.e. for the
altermagnetic degrees of freedom in the absence of coupling) [57] in Sec. 1.3. By virtue of
the fact that we can consider our order parameter as nothing more than a single component
Ising order parameter, the analysis is similar with a modified propagator. We start from the
coupled action. Perturbing the order parameter around the result of the Landau theory we
find a set of flow equations for r and u

dr

dl
= 2r + 3u d

dl

∫ >

q
χ0
(
q
)

− 3ur d
dl

∫ >

q
χ0
(
q
)2
,

du

dl
= εu− 9u2 d

dl

∫ >

q
χ0
(
q
)2
, (3.43)

dT

dl
= T. (3.44)

where ε = 3 − d and we use T to denote the running temperature, whereas the physical
temperature corresponds to T (l = 0). The altermagnon propagator (Eq. (3.18)) is expanded
in r such that χ0 = χ

∣∣
r=0. We integrated out the long wavelength modes leaving us with a set

of shell integrals over Λe−l <
∣∣q∣∣ < Λ, for some momentum cutoff Λ, with l a parameter used
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3 Dynamic magnetoelastic coupling in altermagnetic materials

to vary length-scales. We have employed no cutoff for the Matsubara frequencies, our results
will not depend on this. In Chapter. 4, we will show that there are cases where one must also
apply a cutoff for the Matsubara frequencies, for example when the elastic collective modes
are damped. The sum does not converge due to a damping term linear in ω and a cutoff is
required; here we encounter no such difficulty.

Before solving the RG equations, analysing the propagator for the altermagnon-like polaron
already hints towards how the phase boundary will be altered by the coupling. The effective
action is

S = 1
2

∫
q
φ
(
q
)
χ−1(q)φ

(
−q
)

+ u

∫
φ (x)4 , (3.45)

where χ is given is given in Eq. (3.18). By integrating out the phonons, we are able to consider
a theory in just φ but with the effects from the phonons now included in a renormalisation of
the propagator. Considering first ω � vT,L

∣∣q∣∣
∆(q, ω) ≈ 1 − c2λ2

0
q2

ω2 . (3.46)

We see that the coupling renormalises the coefficient of q2 in the altermagnetic propagator.
Given that q2 is proportional to the inverse squared correlation length, suppressing this term
then suggests that spatial fluctuations are enhanced. This enhancement is of course mediated
by the coupling λ0. On the other hand, when ω � vL,T

∣∣q∣∣ we find

∆(q, ω) ≈ 1 + c2λ2
0

v2
T

, qx = qy, (3.47)

∆(q, ω) ≈ 1 + c2λ2
0

v2
L

, qx = 0. (3.48)

In this regime, it is the altermagnon velocity c that is renormalized by the coupling, which
suppresses quantum fluctuations. This also mirrors the already observed hardening and soft-
ening of the magnon and phonon-like spectra respectively. We now expect, given the role
fluctuations play in the phase diagram, to see this behaviour represented in the RG calcula-
tion.

We aim to create a phase diagram for finite temperatures, to do so we implement the
crossover method [124] already outlined for the generic φ4 theory in Sec. 1.3. The key point
of contrast between the two cases is that now our propagator is anisotropic and so we have
angular variables to integrate over in order to average over these effects. The shell equations
then become

d

dl

∫ >

q
χm

0
(
q
)

= d

dl

∫
Λe−l<

∣∣q∣∣<Λ

d3q

(2π)3T
∞∑

n=−∞
χm

0
(
q
)

(3.49)

= Λ3

(2π)3T
∞∑

n=−∞

∫ 2π

0

∫ π

0
dθdφ sin

(
θ
)
χm

0

(
Λ
)
, (3.50)

where we suppress the dependency of χ0 on ωn, φ and θ. The flow equations at one-loop level
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are then

dm

dl
= 2m+ gΛcF1

(
T
)

− gmc3Λ3F2
(
T
)
,

dg

dl
= εg − 3g2Λ3c3F2

(
T
)
,

dT

dl
= T, (3.51)

where ε = 3 − d and we defined the dimensionless quantities

m = r

Λ2 , g = 3ucΛd−3

(2π)d
, (3.52)

and
Fm

(
T
)

= T
∞∑

n=−∞

∫ 2π

0

∫ π

0
dθdφ sin

(
θ
)
χm

0

(
Λ, ωn, θ, φ

)
. (3.53)

A quantum critical point occurs when the transition temperature Tc is suppressed to zero,
hence we can solve the flow equations in the limit T → 0. Calculating the point at which m
and g stop scaling gives the unstable Gaussian fixed point

(
0, 0
)

and the relevant fixed point

(
m∗, g∗

)
=
(

−1
6ε

F1 (0)
F2 (0) c2Λ2 ,

ε

3Λ3c3F2 (0)

)
, (3.54)

to first order in ε. This implies mc
0 = −bg0 where

b = cΛ
2 F1 (0) . (3.55)

This allows us to define a distance, t, from the critical point [211]

t = m+ cΛ
2 F1 (0) g. (3.56)

We plot the phase diagram in both two and three dimensions in Fig. 3.7 for c > v and for
c < v in two dimensions in Fig. 3.8, the parametrisations of the phonon frequencies, for the
case c > vL,T , that we use throughout this section are given by

vT (θ)
c

= 1
6

√
9
2 + 7

2 cos 2θ,

vL(θ)
c

= 1
3

√
3
2 + 1

2 cos 2θ. (3.57)

As for the case c < vL,T , we considered the following parametrization:

vT (θ)
c

= 1
6

√
450 + 350 cos 2θ,

vL(θ)
c

= 1
3

√
150 + 50 cos 2θ. (3.58)
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3 Dynamic magnetoelastic coupling in altermagnetic materials

Figure 3.7: Ground-state (i.e. T = 0) phase diagram of altermagnetic order as a function of
the control parameter m0 = r0/Λ2 and the coupling constant λ0 with c > vL,T , Eq. (3.57)
for the cases (a) 2D and (b) 3D. We see that at zero temperature, the formation of a dynamic
altermagnon-polaron expands the ordered state (shaded region), since the altermagnetic transition
occurs for higher values of m0. (Figure reprinted from Ref. [20], Copyright American Physical
Society (2023))

We see that in all cases at T = 0 the ordered regime is increased upon increasing the dynamic
coupling λ0. The coupling reinforcing long range altermagnetic order is entirely consistent
with the results obtained above. We found from an analysis of the propagator that the
renormalisation of c suppresses quantum fluctuations and hence a smaller |m0| is necessary
to transition from the disordered paramagnetic state to the altermagnetically ordered state.

We can also solve the flow equations for the case that T is small but still finite, in this case
we can employ a crossover calculation, with the method outlined in Ref. [124]. This crossover
regime is relevant when g0 = g(l = 0) � 1 and T � cΛ. In this regime, to first-order in g0, it
is sufficient to simply use the T = 0 solution for g

(
l
)

[124]

g
(
l
)

= g0
1 + 3c3Λ3F2 (0) g0l

. (3.59)

As in the generic case, thermal fluctuations only enter at O
(
g2

0

)
. To solve for m we consider

the ansatz
m = m0e

ξ
(

l
)
h
(
l
)
. (3.60)

This ansatz solves our flow equations when

ξ
(
l
)

= 2l − Λ3c3
∫ l

0
g
(
l′
)
F2
(
l′
)
dl′,

h
(
l
)

= 1 + Λc
m0

∫ l

0
e−ξ
(

l′
)
F1
(
l′
)
g
(
l′
)
dl′.

(3.61)

Substituting these expressions into the flow equation for m and integrating by parts, we can
find a transcendental equation for Tc to first order in g0. At the critical point we can, by
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3.4 Effect of dynamic coupling to strain on the paramagnetic-altermagnetic phase boundary

(b)

(c)

(a)

Figure 3.8: (a) Ground state phase diagram for a 2D system. (b) Altermagnetic transition
temperature Tc as a function of the dynamic strain coupling constant λ0 for different values of the
bare altermagnon mass m0 = r0/Λ2. (c) Altermagnetic Tc as a function of m0 for different values
of λ0. These plots correspond to the case of a 2D system with c < vL,T , Eq. (3.58). Compared
with Fig.3.1, which refers to the case c > vL,T , the dynamic coupling to phonons has a weakened
impact in the thermal regime, but still a significant impact in the quantum regime. The former
is the result of a lack of softened phonons, whereas the latter is a consequence of the hardened
altermagnon. (Figure reprinted from Ref. [20], Copyright American Physical Society (2023))

definition, scale infinitely and so l → ∞. This gives the expression for Tc

mc
0 + Λcg0

2

∫ 2π

0

∫ π

0
dθdφ sin

(
θ
) 3∑

i=1

Ai

2Ei
+ g0ΛcT 2

c

∫ π

0

∫ 2π

0
dφdθ sin

(
θ
) 3∑

i=1
Ai

(
π2

6E3
i

+ 1
E2

i Tc
log

(
1 − e− Ei

Tc

)
− 1
E3

i

Li2
(
e− Ei

Tc

) = 0,

(3.62)

where Ei is the energy for each mode and Ai the corresponding weight for the three branches.
This is the calculation in three dimensions, however we can also carry out the calculation

in two dimensions. To do so we use an epsilon expansion with ε = 3 − d = 1 (we also use
such an expansion in Chapter. 4 and so a more detailed explanation can be found there).
This calculation is very similar to the three dimensional case taken at θ = π

2 and the only
angular integration being over φ. The motivation for doing this calculation in two dimensions
in addition to three is the existence of two dimensional altermagnetic candidates [196] such
as the quasi-2D oxide insulator V2Se2O [159] and semimetal Cr2O [212].

The equation for Tc is not solvable analytically, we therefore result to numerical methods.
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3 Dynamic magnetoelastic coupling in altermagnetic materials

We plot the phase diagrams for c > vL,T (using Eq. (3.57)) in both two and three dimensions
in Fig. 3.1. We see that in two dimensions, in general, increasing the coupling to phonons
suppresses the transition temperature. This is consistent with the above results, including
in Fig. 3.2, where we see the coupling increases the population of soft phonons, which in
turn suppresses order in the system through thermal fluctuations. At T = 0, this is not the
dominant effect as no phonon modes are occupied at zero temperature. In this case, the
suppressed quantum fluctuations are the dominant effect and order is reinforced in all cases
considered here. We can compare Fig. 3.7 and Fig. 3.1 to see that for a given value of λ0,
unless the value of m0 puts the system in the ordered regime at T = 0, the transition does
not occur. Increasing λ0 increases the magnitude of mc

0 and at the point m0 < mc
0
(
λ0
)
, a

transition can occur; this heavily implies that while the coupling does suppress order at finite
temperatures, it also induces transitions. After this point the initial rise in the transition
temperature is most likely due to being in the regime where the dominant effect is the quantum
one. In three dimensions, the behaviour at T = 0 remains qualitatively identical but at
finite temperature the results differ. Increasing the coupling leads to a slight increase in the
transition temperature as thermal fluctuations are less relevant, leaving quantum fluctuations
as the dominant effect. One could expect there to be a high enough temperature such that
we cross over into a regime where the thermal fluctuations are again relevant, however the
transition temperature begins to plateau. The reason for this is that once the system is at a
high enough temperature it reaches the classical regime, this is equivalent to taking the zeroth
Matsubara frequency. The coupling to phonons is proportional to the Matsubara frequency
and so in this regime there is no coupling to phonons, leaving little to no effect on Tc. These
results are all for the case c > vL,T , we consider the other regime in Fig. 3.8. In this case
we see that the suppression of the transition temperature is somewhat diminished, this is a
result of the very minor phonon softening shown in Fig. 3.3. We only considered this in two
dimensions as this is where the thermal fluctuations are interesting and the level repulsion
shows these fluctuations to be the major point of contrast with the c > vL,T case.

3.5 Conclusion and discussion

In summary, we showed that it is possible, just through symmetry considerations, to construct
a term in the action which constitutes a dynamic coupling between strain and fluctuations of
a magnetic multipolar order parameter. These results are applicable for the case of altermag-
netic systems in which the magnetisation order parameter can be described as having d-wave,
g-wave, and i-wave symmetries. These are order parameters which, by symmetry, have a net
zero dipole moment and are therefore purely multipolar states of order. We chose to focus on
a B1g order parameter within a system described by a D4h point group (relevant for instance
for the altermagnet candidate MnF2) but this does not suggest that these results are not
applicable more generally, we have also commented on crystals in the Oh point group. We
show that a dynamic coupling allows the possibility to probe altermagnons directly through
the phonon spectrum. This significantly reduces the difficulty that one would otherwise face
in measuring these states with a zero net-magnetisation through the magnetic spectrum.

This coupling corresponds to an internal, fluctuation-induced non-dissipative response. This
induces a stress σij induced by a time-varying strain in the presence of the collective mode.
This is analogous to the case where a strain occurs due to a finite Hall viscosity. The coupling
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induces the creation of altermagnon-polarons, the phonon and magnetic collective modes hy-
bridise, softening the former and hardening the latter. This has a significant effect on the
strength of fluctuations and, by extension, the phase boundary between the disordered para-
magnetic phase and the altermagnetically ordered phase. In two and three dimensions at
T = 0, the suppression of quantum fluctuations reinforces order and increases the altermag-
netic regime. In three dimensions at finite temperatures, the effect is the same, order is
reinforced and the transition temperature, Tc rises. The reason for this is that thermal fluc-
tuations are not the dominant force deciding when the system transitions. In two dimensions,
thermal fluctuations are stronger and we see that increasing the coupling leads to a high oc-
cupation of soft phonons which suppress order. This effect diminishes for the case vL,T > c.
The results in two dimensions are not only relevant for certain quasi-2D systems but also for
highly anisotropic three dimensional systems.

This chapter focused on altermagnets, however there is no reason for the coupling discussed
here not to be applicable to ferromagnetic systems, in very much the same way as the piezo-
magnetic coupling considered in Chapter. 2. The condition for dynamic coupling is that the
magnetisation order parameter and at least one of the strain components transform according
to the same irreducible representation of the point group, with the magnetic degree of freedom
being odd under time-reversal and the strain degree of freedom being even. In tetragonal (D4h)
and hexagonal (D6h) systems, the in-plane moments (Eg and E1g respectively) can couple to
the out of plane shear strain doublet

(
εxz, εyz

)
as this transforms according to the corre-

sponding in-plane magnetic degrees of freedom. Additionally, in D2h each component of the
magnetisation transforms as one of the one-dimensional irreducible representations B−

ig with
i = 1, 2, 3 with the shear strains εxy, εxz, and εyz transforming the same way. This also holds
for the orthorhombic point groups D2 and C2v. The effects discussed in this chapter hence
hold for any orthorhombic ferromagnet. A promising family of materials to search for this
effect are the ferromagnetic Mott insulating perovskites ATiO3, with appropriate rare-earth
A [213]. We will next consider one of the ferromagnetic cases, although not one mentioned in
this section. We will investigate the effect of dynamic coupling on an almost purely orbital
ferromagnet in twisted bilayer graphene which couples to a damped collective mode.
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4 Chapter 4

Orbital ferromagnetism-twist phason
coupling in TBG

In twisted bilayer graphene the two layers combine to form a moiré pattern, an incommensu-
rate superlattice. This creates an additional degree of freedom in the elastic theory, in addition
to those degrees of freedom contained in commensurate lattices. This degree of freedom is a
fluctuation of the relative twist angle between the two graphene layers, the collective mode of
which is a damped phason due to no associated conservation law. In TBG the twist angle has a
profound effect on the electronic structure of the material, leading to flat bands at the so-called
magic angle [31]. When this occurs, the flat bands imply that the energy of electrons is dom-
inated by interactions, making this an important material for the study of strongly correlated
systems. Strong correlations can lead to the emergence of an orbital ferromagnetic state, which
through a group theoretic analysis can be shown to couple to the twist-angle fluctuations, in
analogy with the coupling of altermagnetic fluctuations and a symmetry breaking strain. One
would expect that given the nature of the effect of the twist angle on electronic structure, that
the twist degrees of freedom strongly couple to ferromagnetism. Here we show that, as for a
2D altermagnet, a dynamic magnetoelastic coupling suppresses the ordered regime at finite
temperatures and reinforces it at zero temperature. One must however, also consider the pha-
son damping, which we show suppresses order in both regimes. This section is based on and
in some cases directly quotes from Ref. [21].

4.1 Introduction

To briefly reiterate elements discussed in Sec. 1.2, at a relative twist angle of θ ≈ 1.05◦, flat
bands emerge [31, 79], giving the electrons an infinite effective mass and hence highly localised
orbitals. The kinetic energy of these states is reduced to such a degree that electron-electron
interactions dominate over the kinetic energy. This leads to the emergence of a catalogue
of strongly correlated effects [10] (see Sec. 1.2), including the focus of this chapter, orbital
ferromagnetism.

Partially aligning twisted bilayer graphene with hexagonal boron-nitride at 3/4 reveals an
anomalous Hall effect [10, 23, 24], detected experimentally through a large magnetic hys-
teresis [23, 84] and chiral edge conduction [23]. This anomalous Hall effect is reliant on a
spontaneous time-reversal symmetry breaking as a result of ordering of the orbital magnetic
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moments, which form due to an imbalance of the p+ and p− orbital occupation numbers of
states localised on the superlattice points. This AHE hence acts as a clear indicator of time-
reversal symmetry breaking, which when coupled with a low spin-orbit coupling [10] and the
nontrivial topology of the flat bands, suggests that this symmetry breaking is due to orbital
ordering [85]. This ferromagnetic ordering has itself been observed using SQUID’s to measure
stray fields [12].

It has been shown that only a small current is necessary in order for the magnetisation
to switch direction, this is due to a large magnetoelectric effect which suggests that much
like altermagnets, these systems could be used in the construction of low-power memory
devices [4].

While we have so far only discussed the effect of the magic-angle on the electronic bands,
this twist angle will neither be static, nor homogeneous in an experimental situation where
slight variations in the precise value are commonplace. It is therefore to be expected that
dynamic fluctuations of this twist angle are a low-energy degree of freedom which impact
the moiré structure [29, 214, 215]. These are phason modes which correspond to acoustic
branches of the incommensurate lattice and dominate lattice vibrations on the scale of the
moiré period. If one were to ignore the structural relaxation of the lattice these modes are
directly related to the relative displacement of the two layers [29]. If the displacement field
describing the relative motion of carbon atoms in the two layers is denoted u

(
r, τ

)
then if we

consider an antisymmetric counterpart to the elasticity tensor in commensurate systems

Ωαβ = 1
2
(
∂αuβ − ∂βuα

)
, (4.1)

Ω ≡ Ωxy describes the rotation of the two layers with respect to one another. The source of
finite stiffness for Ω is the adhesion potential between the two layers. These collective modes
are clearly unrelated to any conservation laws of the system and are therefore subjected to
damping introduced via anharmonic terms in the adhesion potential [22].

It is clear from the nature of the impact that the twist angle has on the system that one
should expect a strong coupling to electronic excitations. A crucial aspect of this for our
purposes is the two component spinor structure in orbital space which characterises either a
positive or negative chirality. We will show in this chapter that a dynamic coupling between
the two degrees of freedom is symmetry, allowed such that twist fluctuations induce fluctua-
tions in orbital Ising-type ferromagnetism. We will also show that the damping present in the
phason modes then causes damping in the magnetic collective modes, which in turn affects the
phase boundary between the ferromagnetically ordered and paramagnetic disordered states.

4.2 Field theory of dynamic magnetoelastic coupling

We construct an order parameter along the same lines as was carried out in the altermagnet
chapters, i.e.

φ (r) = 1
2c

†σzc (r) , (4.2)

where the Pauli matrix now acts in orbital space. This order parameter calculates the dif-
ference in occupation number of the p+ = px + ipy and p− = px − ipy orbitals. When an
imbalance occurs, this is manifested physically through a finite magnetic moment. Note that
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this is now clearly a magnetic dipole, due to a lack of form factor transforming under a
non-trivial irreducible representation.

Given the orbital structure we consider here, the order parameter is a ferromagnet with
the dipole moment aligned along the z-axis, it therefore transforms according to the A2
irreducible representation in D6 [29]. We know that the ferromagnet aligned along z must also
transform like a rotation around the z-axis, it is therefore plain to see that we can construct
a coupling term for fluctuations of the orbital ferromagnetism and the twist angle, with the
same structure as for an altermagnetic order parameter coupled to symmetry breaking strain
of the same irreducible representation

Horb-latt = λ0
2 c

2
∫
drdτΩ

(
r, τ

)
π
(
r, τ

)
, (4.3)

where, as before, c is the velocity of the magnon associated with the orbital magnetism, τ is
imaginary time, λ0 is a dimensionless coupling constant and π is the conjugate momentum to
the order parameter, such that

[
φ (r) , π

(
r′
)]

= i~δ
(
r − r′

)
. Expressed in the language of

an action, this becomes

Sorb-latt = λ0
2

∫
drdτΩ

(
r, τ

)
∂τφ

(
r, τ

)
. (4.4)

If we convert the equation for the twist fluctuations to momentum space, we can then see
that it is related to transverse displacements via

Ω
(
q
)

= 1
2
∣∣q∣∣uT

(
q
)
. (4.5)

With this, the coupling is then

Sorb-latt = λ
(
q
) ∫

q
uT

(
q
)
φ
(
−q
)
, (4.6)

with the coupling, which is now non-local in both space and time

λ
(
q, ωn

)
= λ0

2 ωn

∣∣q∣∣ . (4.7)

For the sake of brevity, we have used the notation q =
(
q, ωn

)
.

Due to the strong electron-electron correlations in magic-angle TBG, it has been reported
that the system undergoes a transition to a Mott insulating state (see Sec. 1.3) at 3/4 filling,
i.e. under the same conditions needed for the QAHE to materialise [216]. Analysing a model
which represents an insulating state, close to the critical point, yields the regime where the
dynamics of the order parameter are most important, with the action

Sφ = 1
2

∫
drdτ

(
r0 − ∇2 − c−2∂2

τ

)
φ (r)2 + u

∫
drdτφ (r)4 , (4.8)

i.e. the Ising-type action for insulating systems.
The twist fluctuations can be split in two parts, the aforementioned phason modes and
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spatially homogeneous twists

ε̃αβ

(
r, τ

)
= ε0

αβ (τ) + εαβΩ0 (τ) +
∫

q
iqαuβ

(
r, τ

)
eiq·r, (4.9)

where ε̃αβ = ∂αuβ, i.e. the non-symmetrised strain, ε0
αβ is the homogeneous symmetrised

strain and εαβ is the Levi-Civita tensor. We can then discuss the role of uniform displacement

fields u
(

0
)

β

(
r, τ

)
=
(
ε0

βγ − Ω0εβγ

)
xγ , where xγ denotes spacial coordinates. We can insert

this into the lattice kinetic energy S
(

0
)

kin =
∫
d2rdτ

∑
β

(
∂u

(0)
β

(
r,τ
)

∂τ

)2

. The homogeneous twist

contribution for a region of size L is given by

S

(
0
)

kin ∼ π

2L
4
∫
dτ

(
∂Ω0 (τ)
∂τ

)2

. (4.10)

We then see that for a macroscopic, clean system, this term is penalised by the L4 coefficient
and the dynamics of the q = 0 component are suppressed, i.e. Ω0 (ωn) ∝ δn,0. Given that the
coupling λ

(
q
)

∝ ωn, it is clear that homogeneous twists do not impact the orbital moment
dynamics. We would expect these terms to be relevant in finite systems, for example in the
presence of disorder.

For a generic twist angle, the lattice is incommensurate, leading to the emergence of phason
modes which in the limit of small lattice relaxation can be rationalised as a twist fluctua-
tion [22]. The incommensurate nature of the lattice allows a term in the action

SΩ = K

2

∫
r,ωn

Ω
(
r, ωn

)
Ω
(
r,−ωn

)
, (4.11)

which would otherwise vanish by rotation symmetry. Here K is a finite rotational stiffness
which follows as a consequence of the adhesion potential between the two layers [29]. For
the field theory related to symmetrised strain, we consider the usual action [217], with the
addition of a damping term

S

(
sym
)

latt [u] =1
2

∫
r,ω

(
−ω2

∣∣∣u (r, ω)∣∣∣2 − iγ0ω
∣∣∣u (r, ω)∣∣∣2 + Cijklεij

(
r, ω

)
εkl

(
r,−ω

))
, (4.12)

where εij = 1
2

(
∂iuj + ∂jui

)
with

Cijklεijεkl =C11
(
ε2

xx + ε2
yy

)
+ 2C12εxxεyy + 2

(
C11 − C12

)
ε2

xy, (4.13)

where we have suppressed the space and Matsubara frequency dependency. S
(

sym
)

latt is hence
characterised by two distinct elastic constants. We can convert this to the imaginary axis via
a Kramers-Kronig transformation

f
(
iω
)

= −
∫ ∞

−∞

dε

π

Im
(
f (ε)

)
−ε+ iω

. (4.14)
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When carried out on the action above, this yields

S

(
sym
)

latt [u] =1
2

∫
r,ωn

(
ω2

n

∣∣∣u (r, ωn
)∣∣∣2 + γ |ωn|

∣∣∣u (r, ωn
)∣∣∣2 + Cijklεij

(
r, ωn

)
εkl

(
r,−ωn

))
,

(4.15)

Following a transformation to momentum space, the combined lattice action arising from
symmetric and antisymmetric elasticity is then

Slatt = 1
2

∫
q

((
ω2

n + γ0 |ωn|
)

uq · u−q + uq · D̂
(
q
)

· u−q

)
, (4.16)

on the imaginary axis, with dynamic matrix

D̂
(
q
)

=
(
C11q

2
x + C̃q2

y δCqxqy

δCqxqy C11q
2
y + C̃q2

x

)
. (4.17)

Here we used C̃ = 1
2

(
C11 − C12 + 1

2K
)

and δC = 1
2

(
C11 + C12 − 1

2K
)
. The resulting eigen-

modes are longitudinal with eLq = q̂ and transverse, eT q = ẑ×q̂, with frequencies ωq,µ = vµq,

where µ = L, T , vL =
√
C11 and vT =

√
C11−C12+ 1

2 K

2 . One of the implications of the twist
fluctuation’s finite rotational stiffness is the fact that the transverse velocity can become
larger than the longitudinal velocity: vT > vL. Expanding the displacement in terms of the
longitudinal and transverse modes, uq = −i

∑
µ=L,T eqµuqµ, it follows

Slatt = 1
2
∑

µ=L,T

∫
q

(
ω2

n + γ |ωn| + v2
µq

2
)
uqµu−qµ. (4.18)

We see that the longitudinal phonons decouple and can be integrated out.
The relevant field theory for coupled phason-orbital magnon modes is therefore

S
[
φ, uT

]
= 1

2

∫
q

(
r0 + q2 + c−2ω2

n

)
φ
(
q
)
φ
(
−q
)

+ u

∫
x
φ (x)4 +

∫
q

λ0
2 ωn

∣∣q∣∣uT

(
q
)
φ
(
−q
)

(4.19)

+ 1
2

∫
q

(
ω2

n + γ |ωn| + v2
T q2

)
uT

(
q
)
uT

(
−q
)
.

By integrating out the transverse phonons we obtain the effective theory:

Sorb = 1
2

∫
q
χ(q)−1φ

(
q
)
φ
(
−q
)

+ u

∫
x
φ (x)4 , (4.20)

with
χ(q) = 1

r0 + q2 + ∆
(
q, ωn

) ω2
n

c2

, (4.21)
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where

∆
(
q, ωn

)
=

1 +
1
4λ

2
0c

2q2

ω2
n + γ |ωn| + v2

T q2

 . (4.22)

4.3 Spectra of coupled modes

Analysing the propagator provides some intuition for the effects of magnetoelastic coupling
and phason damping. Considering first the limit γ � ωn reveals effectively the same results
as for the altermagnet coupled dynamically to strain [20] and so we only review them briefly.
If we consider the almost-static, low frequency limit of Eq. 4.21, where ωn � vT

∣∣q∣∣, we have
the usual φ4 model, yet with a renormalized strength of quantum fluctuations

c−2 → c−2
(

1 + 1
4λ

2
0
c2

v2
T

)
. (4.23)

This reduces c and thus suppresses quantum fluctuations. On the other hand, for frequencies
ωn � vT

∣∣q∣∣, we find that

q2 → q2
(

1 + 1
4λ

2
0

)
. (4.24)

Such that spacial fluctuations are renormalised, giving rise to an enhanced correlation length.
The new parameter in this system is, of course, the damping. To gain some insight into how
damping effects fluctuations, we consider a mean-field theory which renormalises r and gives
the condition for a phase transition (i.e. at r = 0):

rc
0 = −u

∫ Λω

0

∫ Λ

0
qχ
(
q, ωn

)
dqdωn, (4.25)

where we have now introduced a cutoff for the frequency Λω, in addition to the momentum
cutoff Λ. This is necessary due to the fact that the term linear in ωn stops the Matsubara sum
from converging. We can extract the effect of damping on the integrand with a density plot
of qχ

(
γ
)

− qχ (0). We see from Fig.4.1 that higher damping produces a larger integrand and
hence a much larger absolute value of r0 is needed to transition, this implies that quantum
fluctuations are strengthened by damping.

Having renormalised r0 → r due to higher order interactions, we can analytically continue
the propagator to the real axis with iωn → ω + i0+

χ(q) = 1
r + q2 − ∆

(
q, ω

)
ω2

c2

, (4.26)

with

∆
(
q, ω

)
=

1 +
1
4λ

2
0c

2q2

−ω2 − iγ0ω + v2
T q2

 . (4.27)

We can plot the spectral function of the effective magnon propagator, we do so in Fig. 4.2.
If we first consider the case that the modes are undamped, the phason-like polaron is soft-
ened and the magnon-like polaron is hardened. We anticipated this following our analysis of
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(a) (b)

(d)(c)

Figure 4.1: The density plot of qχ
(
γ
)
−qχ (0) shows that for lower values of damping (panel (a)),

the integrand is smaller when compared to higher values (panel (b)), this becomes even clearer
when plotting along lines of constant ω. The integrand is again much smaller for lower damping
(panel(c)) than for higher damping (panel (d)). (Figure from Ref. [21])
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altermagnetic systems [20]. If we now include the damping, we see that due to a non-zero
imaginary element in the propagator, the definite modes are lost. Due to finite coupling,
despite the fact that the damping is in the phason part, both modes are now damped.

(a)

(d)(c)

(b)

Figure 4.2: We plot the spectral functions at γ0 = 0 and λ = 0.5(a) and γ0 = 0 and λ = 5 (b).
The phonon-like polaron is softened while the magnon-like polaron is hardened by coupling λ0.
Introducing a finite damping γ0 leads to the loss of well defined modes and the spectrum spreads
over a finite width (c) and (d). These are plotted at v

c = 1
2 and r

Λ2 = 0.5. (Figure from Ref. [21])

In order to get a clearer picture of the spectra when damping is present, we plot a cut
of the spectral function against frequency along constant q. We clearly see that while the
coupled modes are both affected by the damping, the effect is naturally more prevalent for
the phason-like polaron.

4.4 Ferromagnetic phase boundary in coupled systems

Much like the analysis for the altermagnets, we can carry out an analysis of the phase boundary
between the ordered ferromagnet phase and the disordered paramagnetic phase. The one-loop
RG equations are the same as previously (albeit with a new propagator), we restate them here
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4.4 Ferromagnetic phase boundary in coupled systems

Figure 4.3: A 2D cut along q
Λ = 1

2 of the spectral function at λ0 = 3 for different values of
damping. We also use r

Λ2 = 1
2 and v

c = 1
2 . We see that the well defined modes become spread

over a finite width due to damping. (Figure from Ref. [21])

for convenience

dr

dl
= 2r + 3u d

dl

∫ >

q
χ0
(
q
)

− 3ur d
dl

∫ >

q
χ0
(
q
)2
,

du

dl
= εu− 9u2 d

dl

∫ >

q
χ0
(
q
)2
,

dT

dl
= T, (4.28)

Here, ε = 3 − d, l determines the running upper cut off scale Λ(l) = Λe−l and Λω
(
l
)

=
Λωe

zl, where we choose z = 1 and
∫>

q · · · stands for the integral over the shell in momentum
and frequency space. Power counting would initially suggest that damping would allow for
the choice z = 2, while this would put the system at the upper critical dimension, it also
renormalises c such that it diverges with l and the problem becomes static.

While the method here is almost the same as for the altermagnetic case, we must adjust
the method used to calculate the shell integrals, due to the fact that the integral is also a shell
in frequency space. We use a tilde to denote variables written in dimensionless units q̃ = q

Λ ,
ω̃ = ω

Λc , T̃ = T
Λc , γ̃ = γ

cΛ and ṽ = v
c . In terms of these variables, the propagator χ̃0 = χ0Λ2.

For the Matsubara sums we use

T
∞∑

n=−∞
A
(
iωn

)
=
∫ Λn

0

dω

π

dω

π
coth

(
ω/
(
2T
))

ImA
(
ω + i0+

)
, (4.29)

and the fact that to leading order in l∫ Λωbz

Λω

dωA (ω) = zΛωA
(
Λω

)
l + O

(
l2
)
, (4.30)

such that the leading order in l of the shell integrals is

Fm
(
l
)

=

∫ Λ̃ω

0
dω̃ coth

(
ω̃

2T̃

)
Imχ̃0

m (1, ω̃)+ Λ̃ω coth
(

1
2T̃

)∫ 1

0
dq̃q̃d−1Imχ̃m

0

(
q̃, Λ̃ω

) .
(4.31)
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We then use the dimensionless variables

m = r

Λ2 ,

g = 3KdcΛd−3

π
u,

(4.32)

such that the flow equations are now

dm

dl
= 2m+ gF1

(
T̃ , γ̃

)
− gmF2

(
T̃ , γ̃

)
,

dg

dl
= εg − 3g2F2

(
T̃ , γ̃

)
.

(4.33)

Taking the limit T → 0 and solving the flow equations yields an expression for the distance
to the critical point

t = m+ 1
2F1

(
0, γ

)
g. (4.34)

The phase diagram the above expression yields is displayed in Fig. 4.4. The results show,
as expected from our analysis of the propagator, that quantum fluctuations are diminished
through coupling to phasons, leading to a lower |m0| needed to transition. In contrast, damp-
ing enhances quantum fluctuations, leading to a reduced-size ordered regime.

Figure 4.4: At the QCP, increasing λ0 leads to a larger ordered regime due to the suppression
of quantum fluctuations. Increasing the damping γ0 causes a decrease in the ordered regime as
expected from Fig. 4.1. Here, v

c = 1
2 . (Figure from Ref. [21])

Carrying out the calculation in the crossover regime as before (Ref. [124]) yields the tran-
scendental equation for Tct0 +

∫ 1
T0

0
g0

∫ Λ̃ω

0
dω̃

2xTc

eω̃x − 1Imχ̃0
(
1, ω̃

)

+T 2
c

2 Imχ̃0
′ (1, ω̃)+ Λ̃ω

∫ 1

0
dq̃

2xTc

ex − 1 q̃
d−1Imχ0

(
q̃, 1
)

+T 2
c

2 q̃d−1Imχ′
0
(
q̃, 1
)) dx = 0.

(4.35)

Solving this equation numerically yields the phase diagram shown in Fig.4.5. It is not possible
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to have a transition until we reach a value of λ0 and γ0 such that our chosen value of m0 ≤
mc

0
(
λ0, γ0

)
. This suggests that coupling can induce a ferromagnetic transition, we can also

see that the coupling leads to a reduction in the transition temperature, this is due to the
enhanced thermal fluctuations. At T = 0 there are no phonons and so the dominant effect
is the suppression of quantum fluctuations and hence an enhanced ordered regime emerges,
consistent with the results of a 2D altermagnet [20]. The damping γ0 suppresses order and
increasing this drives the system towards the QCP. This is consistent with the T = 0 case in
which order is also suppressed.

Figure 4.5: Magnetoelastic coupling (panel (a)) is able to induce a transition to the ferromagnetic
state, however at higher temperatures, the dominant effect is a high occupation of soft phasons
and the transition temperature is reduced. Increased damping (panel (b)) is able to drive the
system to the QCP for lower values of m0 and the transition temperature is still diminished for
all values of m0. Both phase diagrams are plotted for v

c = 1
2 . (Figure from Ref. [21])

4.5 Conclusion and discussion

Here we have analysed interactions between damped phason modes, which emerge as a result
of the relative motion of the upper and lower layers in TBG, and orbital ferromagnetism. The
fact that both degrees of freedom transform according to the same irreducible representation
implies a symmetry allowed coupling in which orbital magnetism induces fluctuations of the
twist angle.

Orbital magnetism with a huge magnetoelectric effect implies uses for low energy memory
devices [4], it is therefore important to understand how these interactions affect the magnons
which act as the collective modes of orbital magnetism.

We already know from Chapter. 3 that a dynamic magnetoelastic coupling in two dimensions
lowers the transition temperature, such that this ferromagnetic state becomes more difficult
to reach, the additional degree of freedom which one must include in such an incommensurate
system is a damping to the phason modes. This arises as the collective modes have no
associated conservation law. As a result of coupling, the magnon modes inherit this damping
and the sharp spectral peak which would ordinarily categorise the magnons is lost.

The introduction of damping also has a profound effect on the phase diagram, not only
is the transition temperature reduced for increased levels of damping, but it also increases
quantum fluctuations, such that even in the quantum critical regime T = 0, the ordered
regime is significantly diminished. A consequence of this is, in opposition to the results for
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4 Orbital ferromagnetism-twist phason coupling in TBG

the coupling, increasing damping is not able to induce the ferromagnetic transition but rather
drives the system towards the QCP. This damping is therefore detrimental to the use of
twisted bilayer graphene in commercial memory devices and so a method to reduce disorder
would be beneficial.
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5 Chapter 5

Summary and outlook

5.1 Summary

The nature of magnetic moments situated on a lattice suggests there must be some coupling
to strain, as the modification of the lattice constant must also come with a modification to
the exchange interaction. In this thesis we have shown that there exists many such couplings
which manifest themselves in ways both interesting from a phenomenological perspective
but which also allow for the probing and tuning of such states, leveraging the attributes of
complex magnetic structures. Understanding these properties is crucial to their potential use
in devices.

In Chapter. 2, we showed that there exists a piezomagnetic coupling to symmetry breaking
strain, which can be used to identify the symmetries of an altermagnetic order parameter
by straining a system and measuring the induced magnetisation. This coupling also has a
profound effect on the phase diagram of altermagnets. The critical point is shifted in such
a way that a magnetic field can be used to induce a transition. An elastic QC regime also
emerges above the critical point in which the logarithmic NFL behaviour of the heat capacity
saturates at a crossover temperature, giving a leading order FL behaviour of the heat capacity.
A calculation of the elastocaloric effect showed that this region is however, not a true Fermi
liquid, this effect is sensitive to gapless modes which emerge along particular directions which,
while producing a less singular result than that exhibited in the bare QC regime, is still not a
Fermi liquid. This crossover temperature can be tuned with a magnetic field, meaning that,
provided the system has a high enough piezomagnetic coupling, the effects of altermagnetism
are evident through observable quantities of the system. The field-dependent coupling also
allows for a region of NFL behaviour which is not accessible in nematic systems.

In Chapter 3, we analysed a symmetry allowed coupling of strain to the dynamics of an
altermagnetic order parameter, provided that the product of the two degrees of freedom con-
tains the trivial irreducible representation. This creates a coupling, anisotropic in momentum
space, which should be visible through observations of the phonon spectra. The phonon-like
polarons are softened by this coupling, however these phonon modes decouple in certain ar-
eas of momentum space. Measurements of the phonon spectra could then also allow for the
identification of the presence and symmetry of altermagnetic states. This coupling effects the
phase diagram, reinforcing order in the ground state, it can induce an altermagnetic transi-
tion, in 3D it also raises the transition temperature, however in 2D, phonon softening increases
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thermal fluctuations to such a degree that the transition temperature is lowered.
In Chapter. 4, we applied this same dynamic magnetoelastic coupling to the case that

the magnetic order parameter is a purely orbital ferromagnetic state of a moiré superlattice.
In this case the character of the elastic modes is very different. The modes are associated
with the relative displacement of two graphene layers and are therefore not associated with
a conservation law. This leads to damped modes [22]; this damping is then inherited by the
magnon modes. This changes the phase diagram by increasing quantum fluctuations of the
order parameter, such that the area of the ground state ordered phase is diminished and the
system can be driven towards the QCP for systems which transition at finite temperature at
zero damping.

5.2 Outlook

While this thesis has sought to lay theoretical foundations for the understanding of magne-
toelastic coupling on the ordered magnetic phases of twisted bilayer graphene and altermag-
netism, there remains much work to be done with regards to experimental verification.

Experimental techniques such as the elastocaloric effect, which has already proven its worth
in the field of nematics, being used to rule out order parameter symmetries and identify phase
transitions [77], could also be used to identify the behaviour which we discuss in Chapter 2
for altermagnetic systems. Provided the piezomagnetic coupling is high enough, it should also
be possible to observe the structural transition which takes place due to the elastic constant
softening at the transition.

Measurements of phonon spectra in altermagnetic candidates could identify the anisotropic
softening behaviour, we would expect following the calculation presented in Chapter. 3. Mea-
suring phonon spectra in different regions of momentum space and plotting their dispersions
would hopefully reveal an anisotropic sound velocity which could be attributed to hybridisa-
tion with altermagnon modes.

If one could find a way to tune the damping of phason modes, perhaps through adjustments
to disorder in the system, then it would also be possible to plot and potentially confirm the
phase diagram of Chapter 4, where we would see the transition temperature driven to zero.

The future does however, not only stand on the side of experiment. It would be interesting
to see if similar calculations to those carried out in Chapter 4 could also be applied to other
twisted heterostructures.

In all cases we have also only considered single-component order parameters, however it
also stands to reason that we can investigate coupled modes with two or three component
order parameters where the field theories and the RG calculations are more complex.

It would also be interesting to study further the theoretical aspects related to the elas-
tocaloric effect, for example, we considered the elastocaloric effect in the classical regime with
an applied symmetry breaking strain, but what of the quantum regime? This was not consid-
ered in this thesis but would also likely yield interesting insights into what one should expect
from experiment and elucidate the mechanisms behind results already obtained, for example
for the large doping dependence of the elastocaloric effect presented in Ref. [78].

The theory of Chapter 3 could also be expanded to include a much larger list of order
parameters, in order to produce a more complete understanding of how phonon spectra should
be influenced by coupling. This would expand the number of candidate materials this theory
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5.2 Outlook

could be applied to and aid in the identification of altermagnetic materials.
Hopefully following the identification of altermagnetic materials, we will begin to see the

production of commercial devices which consume significantly less power than the current
generation. This could surely be seen as a resounding success for the field which I hope this
thesis has made a small contribution towards.
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A Appendix A

Additional material for Chapter 1

A.1 Product rules for important point groups

We can create a set of product rules for the irreducible representations, which in turn allows
us to deduce the piezomagnetic couplings for crystals transforming according to various point
groups. In this section, we will outline the method used to calculate the product for Eg in
D4h as the product of 2D irreducible representations was not covered in detail in the main
text. This method can then be extended for representations of even higher dimension through
an analogous method.

We first need the representations of the generators of the group for Eg. These can be derived
by considering the effect of the following rotations on an object which transforms with Eg and
gives

ρEg
(
C4z

)
=
(

0 −1
1 0

)
, ρEg

(
C2x

)
=
(

1 0
0 −1

)
, ρEg

(
C2d

)
=
(

0 1
1 0

)
, (A.1)

where d denotes a rotation around the diagonal axis x = y in the z = 0 plane. The outline
for the method was already discussed, we just show here how we find the change of basis
matrix M which simultaneously diagonalises ρE

(
C4z

)
⊗ ρE

(
C4z

)
, ρE

(
C2x

)
⊗ ρE

(
C2x

)
and

ρE
(
C2d

)
⊗ ρE

(
C2d

)
.

The eigenvalues and eigenvectors of ρE
(
C4z

)
⊗ ρE

(
C4z

)
are

−1 :
(
−1, 0, 0, 1

)
, −1 :

(
0, 1, 1, 0

)
, 1 :

(
1, 0, 0, 1

)
, 1 :

(
0,−1, 1, 0

)
. (A.2)

Likewise for ρE
(
C2x

)
⊗ ρE

(
C2x

)
−1 :

(
0, 0, 1, 0

)
, −1 :

(
0, 1, 0, 0

)
, 1 :

(
0, 0, 0, 1

)
, 1 :

(
1, 0, 0, 0

)
, (A.3)

and finally, for ρE
(
C2d

)
⊗ ρE

(
C2d

)
−1 :

(
−1, 0, 0, 1

)
, −1 :

(
0,−1, 1, 0

)
, 1 :

(
1, 0, 0, 1

)
, 1 :

(
0, 1, 1, 0

)
. (A.4)

We then look for matching eigenvectors (where superpositions of eigenvectors with degenerate
eigenvalues can be taken, which we must do for the C2x product). Doing so and using the
eigenvalue to match the character table of the irreducible representations under the rotations
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given, gives the corresponding vectors

vA1g =


1
0
0
1

 , vA2g =


0

−1
1
0

 , vB1g =


−1
0
0
1

 , vB2g =


0
1
1
0

 . (A.5)

These vectors then form the columns of the change of basis matrix M . We then see for example
allowing vB1g to act on the object

(
φ1ε1, φ1ε2, φ2ε1, φ2ε1

)
gives the object φ1ε1 − φ2ε2 as the

combination of objects from the product of two objects transforming according to Eg which
transforms like B1g. This method of using the eigenvectors of the product representations of
the generators of the group can be expanded to higher dimensional irreducible representations
to calculate a full set of product rules (tables A.1-A.3) which are then used to calculate the
coupling terms in table 2.2 and tables B.1-B.3.

⊗ A1
(
B
)

A2
(
B
)

B1
(
B
)

B2
(
B
)

E
(
B1|B2

)
A1
(
φ
)

A1
(
φB
)

A2
(
φB
)

B1
(
φB
)

B2
(
φB
)

E
(
φB1|φB2

)
A2
(
φ
)

A1
(
φB
)

B2
(
φB
)

B1
(
φB
)

E
(
φB2| − φB1

)
B1
(
φ
)

A1
(
φB
)

A2
(
φB
)

E
(
φB1| − φB2

)
B2
(
φ
)

A1
(
φB
)

E
(
φB2|φB1

)
A1
(
φ1B1 + φ2B2

)
E
(
φ1|φ2

)
A2
(
φ1B2 − φ2B1

)
B1
(
φ1B1 − φ2B2

)
B2
(
φ1B2 + φ2B1

)
Table A.1: All possible products of the irreducible representations of D4 and D2

⊗ A1
(
B
)

A2
(
B
)

B1
(
B
)

B2
(
B
)

E1
(
B1|B2

)
E2
(
B1|B2

)
A1
(
φ
)

A1
(
φB
)

A2
(
φB
)

B1
(
φB
)

B2
(
φB
)

E1
(
φB1|φB2

)
E2
(
φB1|φB2

)
A2
(
φ
)

A1
(
φB
)

B2
(
φB
)

B1
(
φB
)

E1
(
φB2| − φB1

)
E2
(
φB2| − φB1

)
B1
(
φ
)

A1
(
φB
)

A2
(
φB
)

E2
(
φB1| − φB2

)
E1
(
φB1| − φB2

)
B2
(
φ
)

A1
(
φB
)

E2
(
φB2|φB1

)
E1
(
φB2|φB1

)
A1
(
φ1B1 + φ2B2

)
B1
(
φ1B1 − φ2B2

)
E1
(
φ1|φ2

)
A2
(
φ1B2 − φ2B1

)
B2
(
φ1B2 + φ2B2

)
E2

(
φ1B1 − φ2B2
φ1B2 + φ2B1

)
E1

(
φ1B1 + φ2B2
φ1B2 − φ2B1

)
A1
(
φ1B1 + φ2B2

)
E2
(
φ1|φ2

)
A2
(
φ1B2 − φ2B1

)
E2

(
φ1B1 − φ2B2

−φ1B2 − φ2B1

)

Table A.2: All possible products of the irreducible representations of D6
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⊗ A1
(
B
)

A2
(
B
)

E
(
B1|B2

)
T1
(
B1|B2|B3

)
T2
(
B1|B2|B3

)
A1
(
φ
)

A1
(
φB
)

A2
(
φB
)

E
(
φB1|φB2

)
T1
(
φB1|φB2|φB3

)
T2
(
φB1|φB2|φB3

)
A2
(
φ
)

A1
(
φB
)

E
(
φB2| − φB1

)
T2
(
φB1|φB2|φB3

)
T1
(
φB1|φB2|φB3

)

E
(
φ1|φ2

)
A1
(
φ1B1 + φ2B2

)
T1


(
φ1 +

√
3φ2

)
B1(

φ1 −
√

3φ2
)
B2

−2φ1B3

 T1


(√

3φ1 − φ2
)
B1

−
(√

3φ1 + φ2
)
B2

2φ2B3



A2
(
φ1B2 − φ2B1

)
T2


(√

3φ1 − φ2
)
B1

−
(√

3φ1 + φ2
)
B2

2φ2B3

 T2


(
φ1 +

√
3φ2

)
B1(√

3φ1 −
√

3φ2
)
B2

−2φ1B3


E

(
φ1B1 − φ2B2

−φ1B2 − φ2B1

)
T1
(
φ1|φ2|φ3

)
A1
(
φ1B1 + φ2B2 + φ3B3

)
A1
(
φ1B1 + φ2B2 + φ3B3

)
E

(
φ1B1 + φ2B2 − 2φ3B3√

3
(
φ1B1 − φ2B2

) )
E

(
−

√
3
(
φ1B1 − φ2B2

)
φ1B1 + φ2B2 − 2φ3B3

)

T1

φ2B3 − φ3B2
φ3B1 − φ1B3
φ1B2 − φ2B1

 T1

φ2B3 + φ3B2
φ3B1 + φ1B3
φ1B2 + φ2B1


T2

φ2B3 + φ3B2
φ3B1 + φ1B3
φ1B2 + φ2B1

 T1

φ2B3 − φ3B2
φ3B1 − φ1B3
φ1B2 − φ2B1


T2
(
φ1|φ2|φ3

)
A1
(
φ1B1 + φ2B2 + φ3B3

)
E

(
φ1B1 + φ2B2 − 2φ3B3√

3
(
φ1B1 − φ2B2

) )

T1

φ2B3 − φ3B2
φ3B1 − φ1B3
φ1B2 − φ2B1


T2

φ2B3 + φ3B2
φ3B1 + φ1B3
φ1B2 + φ2B1


Table A.3: All possible products of the irreducible representations of Oh
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B Appendix B

Additional material for Chapter 2

B.1 Irreducible representation products to create coupling terms

We use the product rules given in Appendix. A.1 to construct piezomagnetic couplings of the
type λi,jk,aHiεjkφa, where we deduce which coupling coefficients are zero and which ones are
related to one another. We also calculate the coupling to fermions. In this case the coupling
takes the form gi,jk,aHiσkkikjφa where σ are Pauli matrices. These couplings are calculated
analogously and both are given in Tab. 1.1 and Tabs. B.1-B.3.

B.2 Piezomagnetism of a system with a cylindrical Fermi surface

Here we consider the cylindrical Fermi surface characterised by ξk = k2
2d

2m − µ. The Fermi
surface therefore has a different symmetry to the spherical case, in particular along the z
direction. For this reason we consider a magnetic field aligned along x in order to create
a soft direction along z. Keeping H = Hêz produces the same results as for the spherical
Fermi surface as the symmetries are identical in the x − y plane. For the dispersion of the
boson, velocity along the z-direction is assumed to be much smaller than the velocity along
the xy-plane.

B.2.1 Landau damping

Proceeding as in the main text

∆Di(q) ≡ Di(Ω,q) −Di(0,q) = 2
vF

∫
dk2

2d

(2π)2

∫
dkz

2π h
2
i (k)δ(k2d − kF) 1

1 − ivFq2d·k̂2d
Ω

. (B.1)

Using the explicit expression of h(q), we obtain

∆Dx(q) = 2
vF

∫
d2k2d

(2π)2

∫ π/az

−π/az

dkz

2π

(
cos2 kxa− cos2 kya

)2 δ(k2d − kF)
1 − ivFq2d · k̂2d/Ω

≈ (kFa)4kF
2πvFaz

[
(1 + cos 4φq) |Ω|

vF|q2d|
− 4 cos 4φq

Ω2

v2
F|q2d|2

]
, (B.2)
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B Additional material for Chapter 2

D2h (mmm) point group
AM irrep coupling to fermions piezomagnetic coupling

A−
1g

gφkykzσx

g′φkxkzσy

g′′φkxkyσz

λφεyzHx

λ′φεxzHy

λ′′φεxyHz

FM irrep

B−
1g gφσz

λφεA1gHz

λ′φεxzHx

λ′′φεyzHy

B−
2g gφσy

λφεA1gHy

λ′φεxyHx

λ′′φεyzHz

B−
3g gφσx

λφεA1gHx

λ′φεxyHy

λ′′φεxzHz

Table B.1: The coupling of altermagnetic (AM) and ferromagnetic (FM) order parameters φ to
fermions and to simultaneous magnetic and strain fields (piezomagnetism) for the orthorhombic
point group D2h (mmm). The first column indicates the irrep of φ. g and λ are coupling
constants, kα is the momentum, σα are Pauli matrices, εαβ is the strain tensor, and Hα is the
magnetic field. The possibility of having g′ 6= g and λ′ 6= λ reflects magnetic anisotropy. εA1g

are the trivially transforming strain components. The coupling to lattice fermions is deduced by
replacing kαkβ with sin kα sin kβ . In contrast to the tetragonal case (Table 2.2), now there is only
one altermagnetic state which is a combination of a magnetic dipole with a charge quadrupole. All
other representations correspond to ferromagnetic orders along the crystalline axes, but display
the same piezomagnetic behavior for field directions orthogonal to the easy axis. (Table reprinted
from Ref. [17])
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B.2 Piezomagnetism of a system with a cylindrical Fermi surface

D6h (6/mmm) point group
AM irrep coupling to fermions piezomagnetic coupling
A−

1g gφkz

(
kyσx − kxσy

)
λφ
(
εyzHx − εxzHy

)
B−

1g gφ

((
k2

x − k2
y

)
σx − 2kxkyσy

)
λφ
(
εx2−y2Hx − 2εxyHy

)
B−

2g gφ

(
2kxkyσx +

(
k2

x − k2
y

)
σy

)
λφ
(
2εxyHx + εx2−y2Hy

)

E−
2g

gkz

(
φ1
(
kyσx + kxσy

)
− φ2

(
kxσx − kyσy

))
g′
(

2φ1kxky − φ2
(
k2

x − k2
y

))
σz

λ

(
φ1
(
εyzHx + εxzHy

)
− φ2

(
εxzHx − εyzHy

))
λ′
(
2φ1εxy − φ2εx2−y2

)
Hz

FM irrep

A−
2g gφσz

λφεA1gHz

λ′φ
(
εxzHx + εyzHy

)

E−
1g g

(
φ1σx + φ2σy

) λεA1g

(
φ1Hx + φ2Hy

)
λ′
(
φ1
(
εx2−y2Hx + 2εxyHy

)
+ φ2

(
2εxyHx − εx2−y2Hy

))
λ′′
(
φ1εxz + φ2εyz

)
Hz

Table B.2: The coupling of altermagnetic (AM) and ferromagnetic (FM) order parameters φ to
fermions and to simultaneous magnetic and strain fields (piezomagnetism) for the hexagonal point
group D6h (6/mmm). Note that the hexagonal a axis is parallel to the y axis [28, Table 10.1] so
x3 − 3xy2 ∈ B1u and 3x2y − y3 ∈ B2u. The first column indicates the irrep of φ. g and λ are
coupling constants, kα is the momentum, σα are Pauli matrices, εαβ is the strain tensor, and Hα

is the magnetic field. The possibility of having g′ 6= g and λ′ 6= λ reflects magnetic anisotropy.
εA1g are the trivially transforming strain components. (Table reprinted from Ref. [17])

where a and az are lattice constants and q2d = |q2d|(cosφqx̂+ sinφqx̂).
Similarly,

∆Dy(q) ≈ (kFa)2kF
4πvFaz

[
(1 − cos 2φq) |Ω|

vF|q2d|
+ 2 cos 2φq

Ω2

v2
F|q2d|2

]
, (B.3)

∆Dz(q) ≈ (kFa)2kF
4πvFaz

[
(1 + cos 2φq) |Ω|

vF|q2d|
− 2 cos 2φq

Ω2

v2
F|q2d|2

]
. (B.4)

Note that the angle dependent terms of ∆Dy and ∆Dz have opposite signs and so they
cancel each other.

Combining the above results, we can get

∆Sc
φ ≈

∫
d4q

(2π)4
1
2φ(q)

g2
1kF(kFa)4

πvFaz

 sin2 2θq
|Ω|

vF|q2d|
+ 2 cos 4θq

Ω2

v2
F|q2d|2

+ g2
2(kFa)2kF
2πvFaz

|Ω|
vF|q2d|

φ(−q),

(B.5)

where θq is the angle between q2d and the unit vector k̂1 = x̂+ŷ
2 and θq = φq − π

4 .
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Oh (m−3m) point group
AM irrep coupling to fermions piezomagnetic coupling

A−
1g

gφ
(
kykz(k2

y − k2
z)σx − kxkz(k2

x − k2
z)σy

+ kxky(k2
x − k2

y)σz

) λφ
(
εyzεy2−z2Hx − εxzεx2−y2Hy + εxyεx2−y2Hz

)
A−

2g gφ
(
kykzσx + kxkzσy + kxkyσz

)
λφ
(
εyzHx + εxzHy + εxyHz

)
E−

g

g
(
φ1

√
3kz

(
kyσx − kxσy

)
− φ2

(
kykzσx + kykzσy − 2kxkyσz

) ) λ

(
φ1

√
3
(
εyzHx − εxzHy

)
− φ2

(
εyzHx + εxzHy − 2εxyHz

))

T−
2g

g

(
φ1kx

(
kyσy − kzσz

)
− φ2ky

(
kxσx − kzσz

)
+ φ3kz

(
kxσx − kyσy

))
g′
(
φ1
(
k2

y − k2
z

)
σx − φ2

(
k2

x − k2
z

)
σy

+φ3
(
k2

x − k2
y

)
σz

)

λ

(
φ1
(
εxyHy − εxzHz

)
− φ2

(
εxyHx − εyzHz

)
+ φ3

(
εxzHx − εyzHy

))

λ′
(
φ1εy2−z2Hx − φ2εx2−z2Hy + φ3εx2−y2Hz

)

FM irrep

T−
1g g

(
φ1σx + φ2σy + φ3σz

) λεA1g

(
φ1Hx + φ2Hy + φ3Hz

)
λ′
(
φ1
(
εxyHy + εxzHz

)
+ φ2

(
εxyHx + εyzHz

)
+ φ3

(
εxzHx + εyzHy

))
λ′′
(
φ1εy2+z2−2x2Hx + φ2εx2+z2−2y2Hy + φ3εx2+y2−2z2Hz

)
Table B.3: The coupling of altermagnetic (AM) and ferromagnetic (FM) order parameters φ
to fermions and to simultaneous magnetic and strain fields (piezomagnetism) for the cubic point
group Oh (m−3m). The first column indicates the irrep of φ. g and λ are coupling constants, kα

is the momentum, σα are Pauli matrices, εαβ is the strain tensor, and Hα is the magnetic field.
The possibility of having g′ 6= g and λ′ 6= λ reflects magnetic anisotropy. εA1g

are the trivially
transforming strain components. The coupling to lattice fermions is deduced by replacing kα with
sin kα. Notice how the coupling for the altermagnetic order of A−

1g, which forms a dotricontapolar
or 32-polar state, is possible only at high order in momentum and strains. (Table reprinted from
Ref. [17])
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B.2 Piezomagnetism of a system with a cylindrical Fermi surface

B.2.2 Elastocaloric effect

We expand the mass near the new critical directions

m̄2(q,H) ≈


q̄2

y+q̄2
z

q̄2
x
, (i) |qx | � |qy|, |qz |

q̄2
x+q̄2

y

q̄2
z
, (ii) |qz | � |qx |, |qy|

1, (iii) |qy| � |qx |, |qz |

(B.6)

Using the spherical coordinates, setting the largest momentum to be q cos θ, we obtain
following expressions for Eq. (2.102):

f (i) ≈ 2
∫ ∞

0
dx

∫ ∞

0
dq

∫ θ0

0

∫ 2π

0
dφ

θq3√1 − θ2 cos2 φx2csch2(x/2)

q2[1 − θ2 cos2 φ]
(
q2[1 − (1 − c2

z)θ2 cos2 φ] + θ2
)2

+ x2T̄ 2
,

(B.7)

f (ii) ≈ 4π
∫ ∞

0
dx

∫ θ0

0
dθ

∫ ∞

0
dq

θ2q3x2csch2(x/2)

q2θ2
(
q2θ2 + c2

zq
2(1 − θ2) + θ2

)2
+ x2T̄ 2

, (B.8)

f (iii) ≈ 2
∫ 2π

0
dφ

∫ θ0

0
dθ

∫ ∞

0
dq

∫ ∞

0
dx

x2q3θ
√

1 − θ2 cos2 φcsch2(x/2)
q2(1 − θ2 cos2 φ)(q2[1 − (1 − c2

z)θ2 cos2 φ] + 1)2 + x2T̄ 2 .

(B.9)

At finite temperatures one finds,

f (ii) ≈ T̄−2/3. (B.10)

To evaluate the f (i) and f (iii), we first use Taylor expansion with respect to θ2 cos2 φ and
consider only zeroth order terms (Higher order terms give sub-leading contributions). Then,

f (i) ≈ 2
∫ ∞

0
dx

∫ ∞

0
dq

∫ θ0

0

∫ 2π

0
dφ

θq3x2csch2(x/2)

q2
(
q2 + θ2

)2
+ x2T̄ 2

, (B.11)

f (iii) ≈ 2
∫ 2π

0
dφ

∫ θ0

0
dθ

∫ ∞

0
dx

∫ ∞

0
dq

x2q3θcsch2(x/2)
q2[q2 + 1]2 + x2T̄ 2 . (B.12)

We can get following qualitative behaviour of the f (i) and f (iii):

f (i) ≈

− log T̄ T̄ � 1,
T̄−2/3 T̄ � 1

, f (iii) ≈

const, T̄ � 1.
T̄−2/3, T̄ � 1

(B.13)

Combining the contributions from (i), (ii) and (iii) gives the following elastocaloric change:

η ≈ −144πbΓ∗,0T∗

(
T/T∗

)1/3

log T0
T

(B.14)
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B Additional material for Chapter 2

Such that the T 1/3

log T behaviour is evident not only at the high temperature regime but also at
the low energy regime. This is a result of a soft mode along the broken symmetry found when
one goes from a spherical to a cylindrical Fermi surface.
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