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I. INTRODUCTION

In multiphase flows, particularly those with chaotic interface
fragmentation, SPH is commonly used due to its inherent
interface capturing and associated high performance. Far from
the interface however, the use of grid-based methods such as
Volume-of-Fluid (VoF) methods is often preferable over SPH
due to their higher maturity, e.g. in terms of variable resolution
and turbulence modeling. Consequently, a coupled approach,
in which an SPH domain, confined to the region of interface
fragmentation, is embedded into a surrounding VoF domain,
appears desirable.

Existing coupling approaches between SPH and Finite-
Volume (FV) methods can be classified by their domain de-
composition strategy: zonal (e.g. [1]–[4]), overlapping (e.g. [1],
[2], [5]) and patched domains [6], [7]. In a zonal approach,
the embedded domain is a subset of the surrounding domain
which covers the entire computational domain. The embedded
domain is used to impose its solution on the surrounding domain
and is positioned to encompass the specific region of interest,
e.g. a specific fluid, the interface region, or to capture shocks.
In an overlapping approach, each domain encompasses regions
exclusive to it. In the overlap however, both domains coexist,
requiring either a blending or an iterative solution. A patched
grid strategy, on the other hand features a discrete coupling
interfaces connecting the disjoint domains.

Both the zonal and iterative overlapping approaches are not
advisable in the context of atomization processes, as the ex-
pected increase of the already tremendous computational cost is
prohibitive. A patched grid approach appears advantageous, as it
enables a precise prescription of the coupling conditions between
the domains. Of the existing patched grid coupling approaches
[6], [7] between SPH and FV methods, the one proposed by
Napoli et al. [6] also necessitates an iterative solution and is
therefore unsuitable. The approach by Werdelmann et al. [7]
is chosen as the foundation for the present work as is does
not require an iterative solution and also possesses another
conceptual advantage: most of the novel methodology is limited
to the SPH domain. As a result, any existing FV package with
a VoF solver can be used with minimal adaptations. In the
present work, this approach is extended to couple SPH and VoF,
enabling multiphase simulations.

II. NUMERICAL METHODS

A. Smoothed Particle Hydrodynamics

In this work, an Arbitrary-Lagrangian-Eulerian (ALE),
weakly-compressible SPH scheme similar to [7] is used. Parti-
cles are advected with a transport velocity ⃗̂u = u⃗+ δ⃗u consisting
of the fluid velocity u⃗ and the shifting velocity δ⃗u. The temporal
derivatives of the density ρ and velocity of a particle i are
derived as

dρi
dt

= −ρi
∑
j

Vj(u⃗j − u⃗i) · ∇⃗Wij +

δ⃗ui ·
∑
j∈χ

Vj(ρj − ρi)∇⃗Wij + δhσD
ρ
i , (1)

du⃗i

dt
= δ⃗ui ·

∑
j

Vj(u⃗j − u⃗i)⊗ ∇⃗Wij + a⃗p,TIC
i + a⃗µi . (2)

In this scheme, the mass of a particle m is kept constant within
the domain and the particle volume is evaluated as V = m/ρ.
The last term in (1) is the density diffusion term proposed by
Ferrari et al. [8], scaled not with the ’geometrical’ smoothing
length h, but rather based on the kernel’s standard deviation σ
with hσ = 2σ [9], as well as the numerical parameter δ = 0.1.
The acceleration due to the pressure gradient a⃗pi is computed
using the tensile instability control by Sun et al. [10], while
a⃗µi denotes the accelerations due to viscous forces [11]. Of
particular note are the second term on the RHS of (1) and the
first in (2), which represent the ALE correction terms of particle
density and velocity due to the shifting velocity. The density
correction as well as the density diffusion is only computed
over the neighbors j belonging the fluid χ of particle i.

The shifting velocity is evaluated from the particle con-
centration gradient [12], augmented by an additional repulsive
interface force [13]:

δ⃗u = −ε
h2
σ

δt

∑
j

Vj∇⃗Wij + εRIF

∑
j /∈χ

Vj∇⃗Wij

 . (3)

The parameter ε and εRIF are set to 0.5 and 0.01 throughout
this work.

The system of equations is closed by the barotropic equation
of state with the barotropic exponent γ, the speed of sound c
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and the nominal density ρ0:

pi =
ρ0,χc

2
χ

γχ

[(
ρi,χ
ρ0,χ

)γχ

+ 1

]
. (4)

B. Volume-of-Fluid

As the proposed coupling approach is designed to require
only minor modifications of an existing VoF CFD package, the
employed VoF solver is derived from compressibleInterIsoFoam,
a geometric VoF solver of OpenFoam-v2212, modified to employ
the equation of state (4) and omitting the energy equation.

III. COUPLING ALGORITHM

The coupled interface is decomposed into boundary segments s
with the area As = dxd−1, in which dx is the mean particle
distance and d the number of dimensions, which in this work is
limited to 2. The flow variables, i.e. pressure p, velocity u⃗ and
volume fraction α, are evaluated in the SPH domain through
Shepard interpolation. Using this information, the coupling is
enforced by prescribing matching Dirichlet boundary conditions
to each domain. For the VoF domain this is trivial. For the
SPH domain, Werdelmann et al. [7] have developed a novel
permeable boundary approach, in which the SPH domain is
extended by static ’ghost’ particles which serve as interpolation
points for the flow variables from the VoF domain. Their
approach does not rely on a ’buffer’ region but instead features
an algorithm for the continuous mass flux across the boundary.
This algorithm, detailed in [7], has to be adapted to enable
coupling to VoF.

Fig. 1: Schematic representation of the coupling concept.

A. Mass Flux Algorithm

The total mass advected over a boundary segment s with the
normal vector n⃗ in a time step t → t+ δt is given by

∆ms = ρsAs (u⃗s · n⃗s) δt . (5)

In a VoF-type approach, the advected mass belonging to fluid χ
can be expressed accordingly:

∆ms,χ = αs,χρs,χAs (u⃗s · n⃗s) δt . (6)

Together with (4), the relation between density, pressure and
volume fraction is determined by

ρs = αsρs,1 + (1− αs)ρs,2 . (7)

This mass flux is realized through a continuous increase or
decrease of the mass of boundary particles based on some
simple geometric considerations: Particles are considered to be
cuboids, that are characterized by a square base with the area
Ai = As (ρi,χ/ρ0,χ)

1−d
d parallel, and a height of li = Vi/Ai

perpendicular to the coupled interface. Under this assumption,
the mass advected over the boundary can be derived from
the positions r⃗ of particle i and boundary segment s and the
transport velocity as

δm∗
i = −ρiAi

[(
⃗̂u · n⃗

)
δt−

(
(r⃗s − r⃗i) · n⃗− li

2

)+
]
.(8)

The second term in the brackets is modified by the superscript
(·)+ = max(0, ·) as it is only relevant when the particle is not in
contact with the boundary prior to the advection. This predicted
mass δm∗ can associated with a boundary segment based on
their geometric overlap ω = Ai∩As. As a result, the imbalance
of the prescribed mass ∆m and predicted mass δm∗ can be
evaluated for each boundary segment and each fluid. In order to
optimize local and global mass conservation, this imbalance is
compensated by imposing a corrective mass increment δm∗∗ on
the nearest eligible particle, or, if necessary, on a newly created
particle. For details, especially with respect to the identification
and creation of boundary particles, the reader is referred to [7].

B. Interface Handling

In vicinity of the fluid interface, the regular SPH particles are
discretely associated with a single fluid, i.e. the fluid interface
is discrete. In contrast, the volume fraction of VoF cells, and
consequently ghost particles, as well as boundary segments is
non-discrete, i.e. the fluid interface is continuous. As a result,
straightforward application of the mass flux algorithm would
lead to disturbances of the interface at the transition between
domains. Hence, some additional considerations are necessary.

First, if for a boundary segment with αs,χ < 0.5 the corrective
mass increment of fluid χ δm∗∗

χ is non-zero, this increment is
redistributed to the closest boundary segment in direction of the
interface normal pointing into fluid χ for which αs,χ ≥ 0.5.

Second, a boundary particle can be ’trapped’ within the other
fluid if the interface is advected over the coupled boundary and
the total advected mass is not an integer multiple of a nominal
particle mass. To avoid adverse effects, these ’trapped’ particles
are identified and ’deactivated’, i.e. they are no longer considered
in the approximations in (1) and (2). Instead, these particles are
only advected parallel to the coupled interface (denoted with
the subscript ∥) with the transport velocity ⃗̂u = u⃗s,∥ + δ⃗u

′
∥.

The shifting velocity δ⃗u
′
∥ is computed unilaterally, i.e. regular

particles cause a shifting of the deactivated boundary particles,
but not vice versa.

C. A Note on Temporal Discretization

In general, the two solvers use different time integration
schemes with different stability regimes. While the SPH solver

2
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performs explicit time integration, the VoF solver uses an
implicit scheme. Consequently, while the state of the ghost
particles X⃗ν

g is simply interpolated at tν , the state of the
boundary segments X⃗ν+1

s has to be known ahead of the step
ν → ν + 1. Presently, this is handled through a consecutive
solution of SPH and VoF equations with identical time steps. The
development of a simultaneous solution algorithm with different
discretization widths is part of the ongoing research.

IV. VALIDATION

The proposed coupling method is validated through a Kelvin-
Helmholtz benchmark case derived from [14] with a Reynolds
number of Re = 104 and a Mach number of Ma = 0.1. The
benchmark employs a periodic domain with x ∈ [0, L] and y ∈
[−L,L]. Initially, fluid 2 occupies the region y ∈ [−0.5L, 0.5L],
while the rest of the domain is filled with fluid 1. The coupled
boundaries are positioned at y1 = 0.25L and y2 = 0.75L,
resulting in an intersection with the fluid interface in the non-
linear regime of the instability growth.

The SPH particles are initialized on a Cartesian lattice with a
spacing of dx1 = L/600. A quintic B-spline kernel with a kernel
radius of H = 3dx is employed. The VoF domain is discretized
by a Cartesian grid, with the cell size ∆x set to match the kernel
radius H . In addition to the coupled simulation, references
results with both VoF and SPH are obtained in simulations
matching the resolutions from the coupled setup. Simulations
are performed until t = 4, capturing both the linear and non-
linear regime of the instability growth.

The final fluid distribution is depicted in Fig. 2. Evidently,

Fig. 2: Fluid distribution in the region x, y ∈ [0, L] from the
VoF, SPH and Coupled SPH-VoF simulations at t = 4. The
lighter and darker blue represent fluid 1 and 2 respectively.

the instability is captured well by all 3 simulations, with almost
identical results between the coupled and SPH simulations and
only minor differences to the VoF results.

In addition to the fluid distribution, the amplitude of the
seeded instability mode k = 2πL [15] is displayed in Fig. 3.
Again, it is clear, that the results of the coupled case match the
reference results very well.
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Fig. 3: Amplitiude M of theinstability mode k = 2πL from the
VoF, SPH and Coupled SPH-VoF simulations for t ∈ [0, 4].
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