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Abstract

Structured additive distributional copula regression allows to model the joint distri-
bution of multivariate outcomes by relating all distribution parameters to covariates.
Estimation via statistical boosting enables accounting for high-dimensional data
and incorporating data-driven variable selection, both of which are useful given the
complexity of the model class. However, as known from univariate (distributional)
regression, the standard boosting algorithm tends to select too many variables with
minor importance, particularly in settings with large sample sizes, leading to com-
plex models with difficult interpretation. To counteract this behavior and to avoid
selecting base-learners with only a negligible impact, we combine the ideas of prob-
ing, stability selection, and a new deselection approach with statistical boosting for
distributional copula regression. In simulations and an application to the joint mod-
eling of weight and length of newborns, we find that all proposed methods enhance
variable selection by reducing the number of false positives. However, only stability
selection and the deselection approach yield similar predictive performance to clas-
sical boosting. Finally, the deselection approach is better scalable to larger datasets
and leads to competitive predictive performance, which we further illustrate in a
genomic cohort study from the UK Biobank by modeling the joint genetic predispo-
sition for two phenotypes.

Keywords Distributional regression - Multiple outcomes - Probing - Stability
selection - UK Biobank - Variable selection

1 Introduction

Statistical boosting, an iterative, sequential fitting algorithm for statistical mod-

els originating from machine learning [6], has gained increasing interest as an
alternative to classical (penalized) maximum likelihood estimation (PMLE) or
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Bayesian inference. Since boosting is well suited for high-dimensional and com-
plex data problems, it is also a useful tool for distributional regression, where the
number of candidate models is typically large. Distributional regression gener-
ally has the aim of estimating complete conditional distributions of a quantity
of interest as a function of covariates (see e.g., [14], for a recent review). A con-
venient framework for univariate distributional regression is the class of gen-
eralized additive models for location, scale, and shape (GAMLSS [27]), which
allow relating each distribution parameter of a parametric response distribution to
covariates. However, in the classical PMLE-based implementation, the response
is restricted to be univariate and the complexity of the predictors is limited due
to numerical instabilities when it comes to selecting smoothing parameters for
regularization. While Bayesian estimation of GAMLSS based on Markov chain
Monte Carlo simulations [15, 39] allows to overcome the latter issues, it is noto-
riously slow when the number of observations n and/or the number of covari-
ates p is large. In such scenarios, statistical boosting is particularly beneficial as
also demonstrated in various applications and extensions of the original boosting
algorithm (see e.g., [16, 31]).

In this paper, we are not only concerned with situations, where either n or p is
large or where even p > n, but particularly when the outcome Y is multivariate. By
modeling dependent outcomes together, we can gain a better understanding of the
relationship and identify relevant factors affecting their association. An example is
the consideration of multiple phenotypes from deeply phenotyped cohort studies in
genetic epidemiology. For distributional regression modeling of multiple outcomes,
one approach is to consider the joint parametric distribution. A popular alternative
in this context are copulas that offer increased flexibility by allowing the use of dif-
ferent marginals and different dependence structures through the copula function.
This approach has been the subject of ongoing research and there is rich literature
on copula modeling with regression data (see e.g., [24, 40, 43], for recent examples).

Statistical boosting was extended to multivariate distributional regression towards
parametric distributions [34] and also using copula [9]. However, while this is done
conceptually in these works, some practical aspects are still challenging. One challenge
is that while boosting has an implicit variable selection mechanism, it often leads to
relatively large models, that is, models with many included covariates despite having
small to negligible effects. This happens because the algorithm typically optimizes
prediction accuracy without explicitly considering sparsity. This was also observed for
boosting copula regression, where especially the sub-models for the location param-
eter did result in rather large numbers of selected covariates [9]. This behavior is par-
ticularly undesirable in situations with a large number of candidate variables p, where
sparse and interpretable models are practically relevant. Therefore, variable selection
is of great importance, not only in the context of boosting (see e.g., [13, 38]). In dis-
tributional copula regression, a further interesting question that arises is how to decide
in a data-driven manner if the overall complexity of the model could be reduced. In
this context, the aim of statistical modeling is to select a model that is as complex as
needed but also as simple as possible to facilitate efficient estimation and interpretabil-
ity. For example, if certain distribution parameters like the association parameters do
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not depend on covariates, then simpler univariate models might also be suitable. Statis-
tical boosting can help to answer this question.

To tackle these yet unaddressed practical challenges in boosting distributional cop-
ula regression, we incorporate three existing approaches for refining variable selection
within this framework. All three approaches have been already proposed or extended
to boosting, but have never been integrated into boosting multivariate distributional
regression via copulas. This new combination aims to reduce the complexity of the
model, particularly when dealing with high-dimensional data. The three considered
existing approaches for enhanced variable selection are the following: (i) Stability
selection [22], which has been extended to boosting univariate distributional regres-
sion [37]; (ii) probing [36], which was proposed for boosting simple mean regression
models, shifts the focus of early stopping from prediction accuracy directly to variable
selection; and (iii) deselection [33], the newest approach, which pragmatically deselects
base-learners that do not contribute enough to the overall model performance.

We initially investigate the performance of these three methods on simulated data,
where the true data-generating process is known. Afterward, we consider two real data
applications: first, the joint modeling of the weight and length of newborns (as in [9]),
and second, the modeling of the joint genetic disposition towards continuous pheno-
types based on a large cohort study (UK Biobank).

2 Methods
2.1 Boosting Distributional Copula Regression

In this section, we briefly review distributional copula regression models focusing on
the bivariate case of two continuous outcomes and how statistical boosting algorithms
can be applied for model estimation.

2.1.1 Distributional Copula Regression Models

A flexible modeling approach for the joint analysis of two continuous response varia-
bles Y = (¥}, Y,)" in terms of covariates are bivariate copula regression models, which
describe the dependence structure through a copula [23]. According to Sklar’s theorem,
the joint conditional cumulative distribution function (CDF) of two responses given
covariate information x can be written as

F(y1,y, | 0) = C[F,(y, | 6), F5(y, | 62| 6“],

where F,(:| 6") and F,( 0?) are the marginal conditional CDFs of the two
responses Y| =y, and Y, =y, which are uniformly distributed on [0, 1]. The cop-
ula function C(-,- | 0(")) contains the information about the dependence structure
between the two outcomes and is unique when the responses are continuous. The
vector O = {(O)T, (@), (0)T}T contains the model parameters k = 1, ..., K of
the marginal distributions and the copula, whereby all components of 8 = 0(x) can
be linked to a covariate vector via additive predictors and appropriate link functions.
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The representation of the joint conditional CDF via a copula allows the separation
of the marginal distributions and the dependence structure; different copula func-
tions allow different structures to be modeled. The Clayton copula, for example, can
capture asymmetric dependence (so-called lower tail dependence), where the two
responses show a stronger positive association for smaller values than for larger val-
ues. In our work we will focus on Gaussian, Clayton, and Gumbel copulas (cf. [23])
to represent no, lower, and upper tail dependencies.

The joint density f(y,,y, | 0) of a distributional copula regression model can
be expressed via

2

0
s 0)=—F(@,, 0
fO1,5210) OF 0F, 01,2 10)

= c[Fi(1 160). F,(,16%) | 6€] £,y | 615,02 1 69),

where f;(- | 6"y and HG 0 are the marginal probability density functions and
c(-,- |1 9) is the copula density of C. Based on our applications, the most rel-
evant marginal distributions in this work are the log-logistic and the log-normal
distributions.

Finally, for a dataset of n independent pairs {(y;,x;)}]_, of bivariate responses
¥; = (;1,¥;p)" with covariate information x;, the joint log-likelihood function is
given by

1) = Y log {c[F\(v; 160, Fy(2 [ 6P)[6€]} + Y 3 log {f(iq | 6}
i=1

i=1 de{1,2}

2.1.2 Structured Additive Predictors

In distributional copula regression, each distribution parameter 6,, k=1,...,K
is modeled via a structured additive predictor #, [3, 32] with parameter-specific
monotonic link functions g, such that g,(6,) = n, and g;'(n,) = 6, where g ' is
the inverse of g,. The additive predictors 7, depend on (possibly different) sub-
sets of x,

Pk
80 =y = Py + Y fulx), fork=1,... K,

j=1

where f, are the intercepts and each j;k, j=1,...,p; represents functional effects
of covariates x;, whereby x;, is a covariate subset of x. The effects can be chosen in
a flexible manner [4], for instance we incorporate linear and non-linear effects in
Sections 3 and 4. Linear effects can be represented by f;;(x) = ijk . where B, are
the regression coefficients. Non-linear effects can be included using appropriate
basis functions, such as B-splines.
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2.1.3 Estimation Via Model-Based Boosting

Component-wise gradient boosting with regression-type base-learners, also referred
to as statistical boosting [18], originates from the gradient boosting approach of [6],
who translated the original concept from the machine learning literature to statisti-
cal modeling. Its basic idea is to iteratively minimize a pre-specified loss function £
by fitting the so-called base-learners separately to the negative gradient £ and by
then adding only a small amount of the “best-fitting” base-learner—that is, the base-
learner that yields the steepest descent in the direction of the current gradient—to
the overall regression predictor in each step of the boosting algorithm. In our case,
a base-learner represents one effect in the additive regression predictor (see [12] for
a detailed overview). In this way, the overall predictor is built sequentially, where
more and more variables are selected the longer the algorithm runs, such that early
stopping yields implicit variable selection. In likelihood-based statistical boosting,
the loss L is the negative log-likelihood / = /(6), but more general functionals such
as proper scoring rules are possible.

The boosting algorithm is a flexible alternative to classical estimation approaches.
It has several practical advantages, such as dealing with high-dimensional data in
which classical inferential methods are no longer applicable. As mentioned above,
the algorithm performs data-driven variable selection, which is controlled by the
number of boosting iterations my,, [19]: Variables whose corresponding base-
learner has never been selected until mg,, is reached are excluded from the final
model. Therefore, the number of boosting iterations is the main tuning parameter
and is typically optimized by cross-validation or resampling techniques. Another
parameter of the algorithm is the fixed step length v, with which the best-fitting
base-learner is multiplied before being included into the predictor. This parameter
is set to a small fixed value within the range of 0 < v < 1 [28]. For boosting copula
regression, [9] suggests a value of v = 0.01.

In the boosting approach for distributional copula regression [9], all distribution
parameters are modeled simultaneously by combining the properties of GAMLSS
and the main features of statistical boosting. In every iteration, the partial derivatives
u;, = 0l/00,, of the negative log-likelihood / with respect to the different distribution
parameters 6, are calculated and each base-learner hy, = f;(x;,) is separately fitted to
the gradient. Then, the best-fitting base-learner (and the corresponding update) for
each distribution parameter is determined and compared across the different dimen-
sions. Only the overall best-performing update is finally performed using a non-
cyclic version of the algorithm [37]. For more details on fitting distributional copula
regression via boosting, we refer to [9].

2.2 Complexity Reduction and Enhanced Variable selection
In the following, we present different techniques for enhanced variable selection that we

will integrate in our boosting distributional copula framework. Probing (Sect. 2.2.1) had
been introduced to statistical boosting by [36] and since then been applied or used as a
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benchmark approach for mean regression models with only one dimension [2, 31] or
joint models of time-to-event and longitudinal data [8]. Stability selection (Sect. 2.2.2)
is a more general approach [22] and has been introduced to boosting mean regression
models by [11], before the approach was extended to the context of univariate distribu-
tional regression [37]. Deselection (Section 2.2.3) is the most recent enhancement and
was directly introduced for boosting mean regression as well as distributional regres-
sion [33]. None of the three approaches have ever been extended towards boosting mul-
tivariate distributional regression or even to copula regression. In the process of inte-
grating these enhanced variable selection approaches in our framework, we also allow
for constant distribution parameters that do not depend on covariates. This is particu-
larly attractive in copula regression, where for example copula parameters not depend-
ing on covariates reflect situations in which the dependence structure between the out-
comes does not vary across observations with distinct feature values. This can lead to a
substantial reduction in the complexity of the final model.

2.2.1 Probing

Probing is based on the inclusion of random noise variables, the so-called probes,
to determine the stopping iteration by stopping when the algorithm starts select-
ing those (Algorithm 1): First, randomly generated shuffled versions (probes) of the
covariates are added to the original dataset. Second, a boosting model is fitted on the
expanded dataset and the algorithm stops when the first probe is selected. The idea
is that, in each iteration, the base-learner with the highest loss reduction is updated
and the selection of a probe means that the best possible improvement is based on
information known to be unrelated to the outcome. Because each parameter may
depend on a potentially different set of variables, the randomly shuffled probes are
simply added for each of the distribution parameters. In our model class, the dis-
tribution parameters may represent parameters of the marginal distributions or the
copula. In each boosting iteration, a single base-learner is updated, i.e., the algo-
rithm stops when the first probe is selected for any of the distribution parameters.
While probing does not require optimizing the stopping criterion via computation-
ally expensive cross-validation or resampling, it optimizes towards sparse models
and does not maximize prediction performance. As a consequence, probing typically
yields sparse models with strongly regularized predictor effects [36].

Algorithm 1 Probing for boosting distributional copula regression.

1. Shuffle probes &, for each of the covariates x;; with j = 1,...,py and k =
1,..., K.
2: Perform boosting on the expanded set of variables 1,...,zp,,%1,...,%p, for each

distribution parameter 0,k =1,..., K.
3: Stop when the first probe Z;;, of any distribution parameter is selected.

4: Use final model from the previous iteration (containing only original variables).

@ Springer



Statistics in Biosciences

2.2.2 Stability selection

A popular enhanced variable selection technique is stability selection, which yields
a stable set of covariates by repeated model fitting using subsamples of the original
dataset [22, 29]. In the context of boosting, Thomas et al. [37] introduced stability
selection for boosted GAMLSS. As outlined in Algorithm 2, the general idea is to
draw B random subsets of the data with size |n/2] of the original dataset and to fit
separate boosting models for each subset. The boosting algorithm runs on each sub-
set until a pre-specified number of covariates g have been selected. Every variable
has a selection frequency defined by the fraction of subsets in which the variable j
was selected. If the selection frequency exceeds the threshold n,., the variable is
considered stable and is included in the final model fit [11]. Stability selection pro-
vides a sparse solution, controlling the number of false discoveries by defining an
upper bound for the per-family error rate (PFER), i.e., the expected number E(V) of
noninformative variables included in the final model. The upper bound is given by
E(V) < ¢*/((2ny, — 1)p), where p = Zkkzl Py 1s the total number of predictor vari-
ables and g the number of selected variables.

For practical use, the most important aspect is the choice of the parameters g, 7y,
and PFER, whereby the PFER can be derived from the upper bound and visa versa.
It is recommended to specify PFER and either g or z,;,, [12]. Meinshausen and Biih-
Imann [22] state that the number of selected base-learners g should be chosen suf-
ficiently large concerning the informative variables, or at least as high as the number
of informative variables, which, however, are usually unknown. The threshold 7,
should be in the range of z,;, € (0.6,0.9), meaning a variable should be selected in
more than half of the fitted models in order to be considered stable. The choice of B
is of minor importance as long as it is sufficiently large to ensure accurate estimation
of ﬁj across various scenarios [22].

Algorithm 2 Stability selection for boosting distributional copula regression.

1: forb=1,...,B do

2: Select a random subset from the data of size [n/2].

3: Fit a boosting model until ¢ base-learner are selected.

4: end for

5. Compute the relative selection frequencies per base-learner 7; = % > Ij €8y where

S’b denotes the set of selected base-learner.
6: Select the stable set of base-learner Syaple := {J: 7 > Tene }-

7. Fit a boosting model with the stable set of base-learners.

2.2.3 Deselection of Base-Learners

Another approach to encourage variable selection and sparsity is to deselect
and remove base-learners with a negligible impact on the model’s predictive
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performance. The general idea is to start with a classical boosted model tuned by
cross-validation or resampling techniques. Then, the base-learners that were selected
but only have a minor impact on the model are identified and deselected. Afterward,
the model is boosted again with the remaining variables. This idea was introduced
by [33] for univariate GAMLSS and is now extended to distributional copula regres-
sion. The importance of a base-learner is based here on the risk reduction and can be

defined for base-learner j after my,, boosting iterations with

Mgop

Ry= Y 1G =71 = A" j=1,..p,
m=1

where I denotes the indicator function and j*" is the selected base-learner in
iteration m. Furthermore, r"~1 — /" represents the risk reduction in iteration
m, for risks 1 and =1 at iterations m and m — 1, respectively. Note that in the
case of distributional copula regression, all distribution parameters are considered

together and each parameter 6,,k =1, ...,K can depend on a different number of
variables p,. Here, we do not distinguish between the different parameters, such that
p= 2Dk

For a given threshold 7 € (0, 1), we deselect base-learner j if
Rj <T- (rlo] — r[msmp]),

where % — y™uw! represents the total risk reduction and R; denotes risk reduction
attributable to base-learner j. In other words, only base-learners whose contribution
Rj to the total risk reduction is larger than the relative z threshold (e.g., 1% [33]) will
remain in the model after the deselection step.

Algorithm 3 Deselection for boosting distributional copula regression.

1: Initial boosting;:
Tune mgop based on cross-validation or resampling techniques (early stopping).
2: Deselection:
Identify the base-learners with minor impact on the risk reduction according to
R; < - (rl% — plmstor]) and remove them from the model.
3: Final boosting:

Boost again with the remaining variables and the mygop of Step 1.

2.2.4 lllustration of the Different Approaches

Figure 1 displays the coefficient paths resulting from the classical boosted copula
regression and the final models after applying the different approaches for reduc-
ing the model complexity on simulated data (more details on this example can
be found in the supplement, Section A). Overall the coefficient paths of the dif-
ferent approaches yield similar final models. Applying probing leads to earlier

@ Springer



Statistics in Biosciences
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Fig. 1 The resulting coefficient paths along the number of boosting iterations for a simulated example
(for more details see the supplement, Section A for the classical boosting, probing, stability selection,
and the deselection approach (1%). The coefficient paths of the informative variables are colored in
black, the noninformative in red. The intercept was removed for clarity. For stability selection and dese-
lection, only the final model is plotted

stopping than the classical model with a stopping iteration at 1259 iterations.
Therefore, the effect estimates are shrunken and fewer variables are included in
the model (all informative but also one noninformative variable). As described in
Sect. 2.2.1, the shrinkage of the effect estimates might not be optimal for predic-
tive performance. The resulting model for stability selection is shown in the third
plot, with selection frequencies across the B subsets for the different base-learn-
ers provided in the supplement (Figure Al). The performance of stability selec-
tion depends strongly on the choice of the parameters, here we choose g = 20
and PFER = 5, but for example smaller ¢ and PFER would lead to worse results
as most informative variables would not be included, leading to poorer predic-
tive performance. The choice of ¢ is informed by our comprehensive simulations
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detailed in Sect. 3. For a representation of how different ¢ values impact the
results, we refer to Appendix B (Table A3), for details.

The deselection approach with a threshold value of 1% is similar to stability
selection. Stable covariates are the ones with the highest risk reduction in the
deselection approach. The final deselection model contains also here only the
informative variables with the same number of boosting iterations as the classi-
cal model and similar coefficient estimates. The corresponding risk reduction for
the different variables can be found in Figure A2 in the supplement with different
threshold values (0.1 and 1%). Higher threshold values would lead to the elimi-
nation of informative variables, whereby for smaller values such as 0.1% (dotted
line in the risk reduction plot Figure A2 in the supplement) noninformative vari-
ables would remain in the model.

2.3 Computational Details and Implementation

Boosting for distributional copula regression is implemented via the R package
gamboostLSS. For tuning of myg,,, cross-validation, resampling techniques, or
evaluation on a single test dataset can be used. The process is facilitated using a
provided function that directly works on the model object.

From a computational and implementation perspective, probing can be very
easily utilized, because no computationally intensive techniques for optimizing
the stopping iteration and no additional tuning parameters are required. Stability
selection for copula regression can be realized using the fitted boosting model and
the stabs () function in the package gamboostLSS. One needs to specify two
of the parameters beforehand, the per-family error rate and either the number of
base-learners g or the threshold .. The stopping iteration of the boosting model
has to be chosen sufficiently large so that the g base-learners can be selected.
The function returns the stable set of base-learner for each distribution parameter.
To obtain the final model, one can again run a boosting model with only these
stable base-learners. As in any classical statistical boosting model, the stopping
iteration needs to be optimized by cross-validation, resampling techniques, or on
an additional validation data set (if available). Moreover, the function encom-
passes various options for assumptions. It is important to note that the described
approach in Sect. 2.2.2 does not involve any additional assumptions (assump-
tion = "none"). The number of subsamples B should be sufficiently large to
ensure reliable results. Typically, it is set to B = 100 [22]. By default, the imple-
mentation uses complementary pairs for subsampling with B = 50, which means
2 - B subsamples in total.

The implementation of the deselection approaches is available at GitHub
https://github.com/AnnikaStr/ComplRedBoostCop and is accessed with the
DeselectBoost () function, which requires a boosting model with early stop-
ping and the specification of an appropriate threshold value (e.g., 1%). The refit-
ting of the model with the remaining base-learners to obtain the final model is
already included in the function.
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3 Simulations

To evaluate the performance of the different approaches for reducing the model com-
plexity of boosted bivariate distributional copula regression models, we conducted a
simulation study. We compared probing, stability selection, and the deselection of
base-learners with a focus on their variable selection properties, the prediction per-
formance, and runtime. Our specific objectives were to determine the following: (i)
Can the variable selection approaches identify the truly informative variables while
decreasing the number of false positives? (ii) How do the approaches perform in
comparison to each other? (ii) Can the complexity of the model be reduced by sim-
plifying complete additive predictors for distribution parameters to an intercept?

A detailed description of the simulation design of the following scenarios can
be found in the supplement, Section B. Furthermore, here we provide a descrip-
tive summary of the simulation results, while detailed numerical results can be
also found in the supplement, Section B. All codes to reproduce the results can be
found on GitHub https://github.com/AnnikaStr/ComplRedBoostCop. The simula-
tions were conducted in R using the add-on package gamboostLSS for estimating
the copula regression models. The copula and gamlss packages were used for data
generation.

3.1 Simulation Design

To investigate these questions, we considered four different bivariate scenarios for
continuous outcomes, each with five distribution parameters (marginal means y; and
U,, marginal variances 6]2 and o-%, and association parameter p):

Scenario A Same simulation setup as in [9] with four informative variables
Xy, ... ,X4. Cubic P-splines with 20 equidistant knots were included as base-learn-
ers. The log-normal and log-logistic distributions were used as marginal distribu-
tions.

Scenario B Modification of Scenario A:

1. o, does not depend on explanatory variables.
2. pdoes not depend on explanatory variables.

Scenario C More informative variables: Ten informative variables for each dis-
tribution parameter p, = 10,k = 1,...,5 with x,, ..., x5, with Gaussian marginal
distributions for both outcomes. The base-learners correspond to simple linear
models.

Detailed insights for each scenario are provided in Supplement B. A total of 100
simulation runs were performed for each simulation setting. For each scenario,
n = 1000 observations were considered, where the covariates x, ... , X, were inde-
pendently drawn from a uniform distribution on (-1, 1). The simulations cover a
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low-dimensional case (p < n) with p = 20 variables for Scenario A, B.1, and B.2
and p =200 for Scenario C. Furthermore, a high-dimensional case (p > n) with
p = 1000 variables was investigated for each scenario. The Gaussian, the Clayton,
and the Gumbel copula were considered. For fitting the models, all covariates were
considered for each distribution parameter simultaneously. The stopping iteration
Mg, Was optimized by minimizing the empirical risk on an additional validation
dataset with 1500 observations. For all simulations, the step length of the boosting
algorithm was set to a fixed value of v = 0.01 as suggested in [9] for boosting cop-
ula regression. For the deselection approach, we specified the threshold parameter =
with 0.1 and 1%. For stability selection, the number of variables to be included in the
model was set as g = 20 and the per-family error rate was chosen to be PFER = 5.
We employed B = 50 complementary pairs for subsampling. The m,, for the boost-
ing model for stability selection was set to five times the number of observations
(5 - n) ensuring that g base-learners can be selected. For the final model with only
the stable covariates, the optimal stopping iteration was determined using an addi-
tional dataset, as in the classical boosted model. Note that due to the high computa-
tional cost, stability selection could not be applied for the high-dimensional settings.

To evaluate the prediction performance we used multivariate proper scoring
rules, namely, the negative log-likelihood and the energy score. The energy score
generalizes the continuous ranked probability score to multivariate quantities [7]
and is defined as follows. Let y = (y;,¥,)" € R? represent the vector of observations

and let F denote a forecast distribution on R2. Assume Y, ..., Y, are n independ-
ent realizations from £, where each realization is given by ¥, = (Y;;,Y;,) € R? for
i =1,...,n. The energy score is defined as
l n 1 n n
ES(F.y) =~ D Y=yl = 55 3 D IY; =Y,
i L
where || - || denotes the Euclidean norm on RZ.

3.2 Summary of Simulation Results

In Scenario A, B.1, and B.2, classical boosting is able to correctly select the inform-
ative variables for each distribution parameter, while noninformative variables were
included mainly for the mean parameters (supplement, Section B.1, and B.2). How-
ever, in Scenario C, not all informative variables were selected for the dependence
parameter and many noninformative variables were included for the mean and scale
parameters (see the supplement, Section B.3).

In comparison, probing, stability selection, and deselection led to much
sparser models in both low- and high-dimensional cases. Specifically, in Sce-
nario A and Scenario B.1, the final models generally contained all informative
variables except when using probing, which occasionally missed the informa-
tive variable for the dependence parameter p. Stability selection also occasion-
ally missed the informative variable with a Clayton copula. With the deselec-
tion approach, all informative variables remained in the model. The fewest false
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positives were obtained when 7 was set to 1%, almost completely eliminating
them. With a threshold value of 0.1% also many noninformative variables were
excluded but to a lower extent than with 1% (see the supplement, Section B.1
and B.2). Similarly, in Scenario B.2, all approaches perform well in terms of
true positive selection, although again probing failed to include all informative
variables in some cases for o;. As before, none of the approaches can eliminate
all false positives and excluding false positives for the association parameter is
particularly challenging. However, this depends on the strength of the associ-
ation between the outcomes. With stronger association, it is more difficult to
eliminate the noninformative variables. With weaker association, the classical
boosting tends to include few false positives for p, particularly for high-dimen-
sional scenarios (see the additional setting for Scenario B.2 in supplement Sec-
tion B.2 for more details).

In Scenario C, only for the Gaussian copula all informative variables were
selected by classical boosting; for the other copulas, it was already difficult to
select all true positives for the dependence parameter. Most false positives were
included for the mean and scale parameters. The resulting models for probing
and stability selection for Scenario C had difficulties in selecting the informa-
tive variables. The average number of true positives is relatively low for both
approaches. The deselection approach with a threshold value of 0.1% only
slightly influenced the average number of true positives. For all other param-
eters, the informative variables remained in the model in every simulation run.
The number of noninformative variables were considerably reduced but there
are still false positives left in the model. A higher threshold value would lead to
a higher decrease in false positives but also to a reduction of correctly identified
informative variables (see the supplement, Section B.3).

For the predictive performance on test data, evaluated with the negative
log-likelihood and the energy score (smaller values are better), the deselection
approach as well as stability selection had a comparable predictive performance
and led to an improvement in the negative log-likelihood compared to the clas-
sical boosting for Scenario A, B.1 and B.2. For the energy score, the approaches
resulted in similar values. Only probing showed a worse performance compared
to the classical boosted model for the negative log-likelihood and the energy
score (see the supplement, Section B.1 and B.2). For Scenario C, probing and
stability selection led to a worse predictive performance due to the exclusion of
informative variables. The deselection approach yielded an improvement in the
negative log-likelihood for a threshold value of 0.1% and provided comparable
performance to the classical approach regarding the energy score (see the sup-
plement, Section B.3).

Overall, all approaches can drastically reduce the number of false positives
in the final boosting model, whereby probing yielded the smallest runtime, as
there is no need for an additional optimization of the stopping iteration. Due
to its second boosting step, the deselection approach took slightly longer than
the classic approach (= 1-2 min). Stability selection had the longest runtime
because B boosting models have to be fitted on the subsamples.
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3.3 Characteristics of Enhanced Variable Selection Approaches

Based on our simulation study, we have summarized the key aspects of the different
variable selection approaches to guide researchers in choosing a suitable method for
specific data challenges. Table 1 provides an overview of probing, stability selection
and deselection approaches, evaluating each method across several important char-
acteristics, including the number of parameters to be specified, computational cost,
and ease of use. Note that not every category can be considered by itself.

Probing emerges as the simplest method in terms of parameter specification and
computational efficiency. It requires no specification of additional parameters and
offers a low computational burden. However, this simplicity leads to limitations in
variable selection, coefficient estimation and prediction performance. As discussed
in Sect. 2.2.1, probing is intended to yield sparse models rather than optimized pre-
dictive performance. In addition, while probing is generally computationally effi-
cient regarding runtime, it can cause memory problems when applied to large or
high-dimensional data. This is because the method generates the additional probe
variables, effectively doubling the dimensionality of the data set. As a result, even
larger matrices must be stored and processed. This makes probing less practical for
extremely high-dimensional scenarios, despite its otherwise efficient nature. Sta-
bility selection, on the other hand, provides effective variable selection and, after
refitting with the stable covariates, provides reasonable coefficient estimation and
comparable predictive performance to the classical boosting model. It offers error
control, which is an advantage in many applications. However, these advantages
come at the cost of increased complexity. Stability selection requires the specifica-
tion of multiple parameters and is computationally intensive due to the repeated sub-
sampling, making it more suitable for low-dimensional data sets. Deselection pro-
vides effective variable selection and coefficient estimation and achieves predictive
performance comparable to the classical boosting model. It is relatively easy to use,
similar to probing, and shows particular strengths when handling many potential
variables, i.e., it is better scalable for large or high-dimensional data than probing

Table 1 Comparison of enhanced variable selection approaches: v indicates an advantage, O represents
a moderate or neutral characteristic and ¥ signifies a limitation or disadvantage

Characteristic Probing Stability selection Deselection

Number of parameters
Computational cost

True positive selection

False positive reduction
Coefficient estimates

Predictive performance

Per-family error rate control

High number of potential variables

True model not sparse

AXO0O X %X0 0SS
O %X XSS xx
LO0OSXSSsKK00O0

Simple to use
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and stability selection. While deselection requires the specification of one parame-
ter, this parameter is generally more intuitive to select. In general, 7 = 0.01 serves as
a reasonable default for many scenarios. This combination of characteristics makes
deselection a practical option for a variety of data problems.

In general, the selection of an appropriate variable selection method should be
guided by a careful consideration of the specific requirements, the characteristics of
the dataset and the available computational resources. As expected, all three meth-
ods perform better when the true underlying model is sparse.

4 Real Data lllustrations
4.1 Analysis of Fetal Ultrasound Data

Motivated by the analysis of fetal ultrasound data using boosted copula regression
of [9], which resulted in rather large sub-models for the different distribution param-
eters, we examined and compared the variable selection and the predictive perfor-
mance of this analysis with the models resulting from the enhanced variable selec-
tion techniques introduced in Sect. 2.2. The considered dataset was collected from
2006 to 2016 at the Department of Obstetrics and Gynecology of the Erlangen Uni-
versity Hospital and contains 6103 observations and 36 variables, including sono-
graphic variables, e.g., abdominal anteroposterior diameter, abdominal transverse
diameter, the interaction between these sonographic variables, and clinical variables,
e.g., weight, height and body-mass index (BMI) of the mother. For more details on
the data, we refer to [5].

The response variables of interest are the birth length and weight, which were
modeled via copula regression with log-logistic marginal distributions and the
Gaussian copula. We split the dataset into a training dataset with n = 4, 103 observa-
tions and a test dataset for evaluation with 2000 observations. The step length was
set to v = 0.01 and the stopping iteration was optimized by 10-fold cross-validation.
All variables were considered for each distribution parameter. For continuous vari-
ables, cubic P-splines with 20 equidistant knots, a second-order difference penalty
and 4 degrees of freedom were used as base-learners. Sex of the fetus and gesta-
tional diabetes were included via linear base-learners. Furthermore, we applied a
gradient stabilization to ensure comparable gradients for the distribution parame-
ters [12]. For the deselection approach, threshold values of 0.1 and 1% were consid-
ered. The parameters for stability selection were specified as g = 20 for the number
of variables to be included in the model and PFER = 5 for the per-family error rate.

Table 2 shows the numbers of selected variables for each distribution parame-
ter, the predictive performance in terms of the negative log-likelihood as well as
the resulting optimal m,. An overview of the included variables for the different
approaches can be found in the supplement, Section D. The classical boosted copula
model selected almost all considered variables for the mean parameters y; and p,.
Fewer variables were selected for the shape parameters and the dependence param-
eter. The approaches for enhanced variable selection reduced the model complexity
substantially and led to fewer included variables in the final models. The deselection
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Table 2 Numbers of selected

Method —Log-Lik <
variables for distribution o Moo 2 P o Mstop
parameters iy, oy, i, 0, and p, Classic 33 15 30 13 9 415658 5536
negative log-likelihood values .
and stopping iteration Myap for Deselection 0.1% 6 9 8 7 4 4184.07 5536
classical boosting, deselection Deselection 1% - 5 2 4 1 484341 5536
with threshold values of 0.1 Probing 9 9 8 9 5 4654.58 308
and 1%, probing and stability g pije celection 5 3 3 3 - 427318 4194

selection

approach with a threshold value of 1% deselected all variables for the mean param-
eter y,. Still, it contained variables for the other distribution parameters, more pre-
cisely interactions of the sonographic variables and the gestational age for the scale
parameters. As expected, it resulted in a slightly worse negative log-likelihood com-
pared to the classical approach.

With a smaller threshold value (0.1%), the final model contained variables for
each distribution parameter and led to a comparable predictive performance than the
classical boosted model. Here the model included mostly interactions of the sono-
graphic variables as well but also a few other variables, e.g., sex for the location and
gestational age for each distribution parameter except the dependence parameter.
Probing resulted in a similar model as the deselection approach with 0.1%, but led
to worse predictive performance. The most likely reason is the stronger shrinkage of
the effect estimates due to the much smaller number of iterations. Via stability selec-
tion no covariates were selected as stable for the dependence parameter implying
conditional independence of the two responses. This resulted in a poorer predictive
performance compared to the classical model.

4.2 Joint Modeling of Cholesterol Phenotypes

We analyzed data from the UK Biobank (application number 81202), which is a
large biomedical cohort study containing genetic and health information from over
half a million British participants [35]. Using the boosting algorithm for distribu-
tion copula regression, we aim to model the polygenic contribution to the individual
distributions of different phenotypes, but also to estimate the dependence between
these phenotypes as a function of genetic variants. We want to identify the most
relevant variants and therefore apply the methods presented in Sect. 2.2 to obtain
sparse solutions.

The focus in the following is on three bivariate combinations of phenotypes,
namely LDL (Low-Density Lipoprotein) and ApoB (Apolipoprotein B), LDL and
cholesterol, and HDL (High-Density Lipoprotein) and ApoA (Apolipoprotein A).
We considered these combinations because they have high empirical association
based on an analysis of genetic blood and urine biomarkers in the UK Biobank [30],
suggesting potential benefits in modeling these phenotypes jointly. All of these phe-
notypes are components of cholesterol metabolism. Cholesterol can be split mainly
into two groups: i) LDL cholesterol, which is responsible for the transportation of
cholesterol from the liver to various tissues and can be attached to specific receptors
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on the cell surface with the help of ApoB, ii) HDL cholesterol, the counterpart of
LDL which is accountable for the removal of excess LDL cholesterol from the body,
with ApoA supporting this process [41].

The considered dataset for each combination of phenotypes consists of
n = 20,000 randomly sampled observations with white British ancestry. Addition-
ally, 15,000 observations were used for validation and 20,000 observations were
used to evaluate the prediction performance via the negative log-likelihood. For
each phenotype, 1000 variants were selected in a pre-screening step based on the
largest marginal associations between the variants and the phenotype, which were
computed with the PLINK2 function -variant-score [1, 26]. Variants with
minor allele frequency not less than 1% were randomly sampled with the-thin-
count function. Missing genotypes were imputed by the reference allele using the
R package bigsnpr [25]. After the pre-screening, the dataset contains 1156 variants
for LDL and ApoB (844 variants were selected for both phenotypes), 1179 variants
for LDL and cholesterol (821 common variants), and 1249 variants for HDL and
ApoA (751 common variants).

For each combination of two phenotypes, the marginal distributions and copu-
las were chosen which minimize the predictive risk (see Table 3). All variants were
considered for each distribution parameter and incorporated with linear base-learn-
ers and step length v = 0.01. Stability selection unfortunately could not be applied to
these data because of the high computational cost.

Table 3 shows the results for the joint analysis of the different combinations of
phenotypes. Furthermore, Fig. 2 displays Manhattan-type plots for the phenotype
combination LDL and cholesterol for every distribution parameter of the copula
model. For each combination of phenotypes, the classical boosting approach selected
several variants for each distribution parameter. Most genetic variants were selected
for the location parameters. Each model included variants for the dependence

Table 3 Number of selected variants for distribution parameters yu,, 6,, i,, 6, and p, negative log-likeli-
hood values and stopping iteration my,, for the classical boosted model, the deselection approach with
threshold values of 0.1 and 1%, and probing for the different combinations of phenotypes

Phenotype Marginals ~ Copula ~ Method Wy oy M, o, p —Log-Lik my,
LDL Log-logistic Gaussian Classic 441 26 386 67 47 10535.16 4965
ApoB Gamma Deselection0.1% 121 2 71 9 15 10749.28 4965
Deselection 1% 8 - 3 - - 11647.92 4965
Probing - - - - - 14792.60 863
LDL Log-logistic Gumbel Classic 286 89 266 100 44 31105.03 13,975
Cholesterol Log-logistic Deselection 0.1% 81 5 54 7 9 31090.53 13,975
Deselection 1% 12 - 6 - - 31817.39 13,975
Probing 45 - 15 3 — 3283492 5314
HDL Log-normal Gaussian Classic 171 40 197 69 28 79820.43 1954
ApoA Log-normal Deselection 0.1% 81 15 83 24 9 79868.42 1954
Deselection 1% 8 -9 - — 80337.71 1954
Probing 113 20 185 36 6 80074.35 905
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Fig.2 Manhattan-type plots (chromosomes on x-axis) for the absolute coefficients of boosted copula
regression for the joint analysis of LDL and cholesterol

parameter, indicating that different variants affect the associations between pheno-
types and the potential benefit of modeling these phenotypes together. Considering
the total number of selected variants, a relatively high number of the pre-filtered
variants were included in the classical boosting model. In particular, for LDL and
ApoB, almost half of all variants were included for the mean parameters. Despite
the intrinsic variable selection of the boosting algorithm, we still obtain large mod-
els with a potentially difficult interpretation. Therefore, we aim to reduce the model
complexity by enhancing variable selection.

With the deselection approach, the model complexity could be drastically
reduced. When considering a threshold value of 1%, for all phenotype combinations
only variants for the location parameters remained after deselection, which resulted
in two univariate models. One can argue that this threshold value may be too strong
for the data situation as there are several variants with only a small-to-medium effect
(see for example Fig. 2) and therefore a minor impact on risk reduction. Also, owing
to the pre-filtering, all variants in our analysis have some association with one of the
outcomes, making it harder for single variants to pass the relative threshold. Using
a smaller threshold value (0.1%) also led to sparser models, but for each distribution
parameter several variants remained in the final model. The negative log-likelihood
indicated a comparable predictive performance, whereby even a slight improvement
in the performance for the phenotype combination LDL and cholesterol could be
observed.
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Probing also resulted in sparser models for each combination. In fact, for the phe-
notypes LDL and ApoB, no variants were included in the resulting model: in the
first iterations, only the intercept was updated and stopping after 863 boosting itera-
tions (when the first probe was selected) resulted in an intercept model, which led to
a considerably worse predictive performance. For the other phenotypes, several vari-
ants were included after stopping when the first probe was selected. However, due to
the smaller number of boosting iterations, the effect estimates were more shrunken
(see Fig. 2 for LDL and cholesterol) and therefore the predictive performance dete-
riorated in comparison to the classical boosted model but also to the deselection
approach, particularly for a threshold value of 0.1%.

5 Discussion and Conclusion

To reduce model complexity and to enhance variable selection for boosting multi-
variate distributional copula regression, we have integrated probing [36], stability
selection [22], and also the recent deselection approach [33] in the boosting frame-
work for this model class. This combination of classical boosting with all three
approaches leads to considerably sparser models, thereby improving the interpret-
ability of the obtained prediction models, which is desirable in practice [17, 42].

Regarding the specific approaches, the results of stability selection show similari-
ties to the ones from deselection, even though the initial goals of the two methods
differ. All three approaches perform better when the true model is sparse, whereby
deselection can still lead to reasonable results when many variables are informa-
tive. The probing approach is the most favorable regarding computational runt-
ime, but typically stops the algorithm also very early, leading often to underfit-
ting and reduced predictive performance. As also observed in our first application
on the weight and length of newborns, stability selection and deselection are more
often able to maintain the predictive performance with smaller models. However,
only deselection is also scalable to large, high-dimensional data as in our genetic
application.

Our results additionally suggest that deselection not only yields much sparser
models but can even lead to simpler univariate regression models in comparison
to the classical boosted copula model in situations where the association parame-
ter is close to zero. The proposed methods for enhanced variable selection could
hence also represent tools for data-driven model choice [21]. The prediction per-
formance typically does not improve after deselection but can lead to comparable
accuracy as the classical boosting model with fewer predictors. Further improve-
ments could be achieved in the future by optimizing the stopping iteration of the
final boosting model, potentially leading to reduced shrinkage and slightly higher
predictive performance. Stability selection works similarly, providing stable covari-
ates that are then re-fitted in a final model with an optimized tuning parameter. The
same principle could be applied to the deselection approach, which would, however,
increase again the computational burden. In addition, also probing could be con-
sidered only as an extended method of variable selection followed by refitting the
model only using the selected base-learners and tuning the stopping iteration. These
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methodological extensions are beyond the scope of our current comparison, but
offer promising directions for future investigation.

The deselection procedure is controlled via a threshold value z, which represents
the minimum amount of total risk reduction that should be attributed to a corre-
sponding base-learner to avoid deselection. This can be interpreted as a threshold
value for the importance of the particular predictor variable. Depending on the data
situation, different thresholds may be appropriate; however, tuning is not straightfor-
ward because the true number of informative variables is not known in practice and
the best model regarding predictive risk is naturally the one without any deselection.
Further research is warranted on how to specify the threshold 7 in this context.

Besides the practical advantages of the proposed tools, the natural limitation of
all boosting algorithms applies: Due to early stopping and therefore shrinkage of the
effect estimates, providing standard errors of the resulting coefficients is not an easy
task as there are no closed formulas. To overcome this, one could apply permutation
tests to carry out significance testing and provide p-values [20], but this would dras-
tically increase the computational cost.

In conclusion, while statistical models should be as complex as needed to be able
to capture the underlying nature of the data-generating process, they should also
remain as simple as possible to facilitate interpretation [10]. To navigate this con-
ceptual trade-off, we have proposed three competing approaches to simplify distri-
butional copula regression models by reducing the model complexity and to enhance
the variable selection properties of statistical boosting without considerably reduc-
ing the prediction accuracy of the resulting models.
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