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1 Introduction

Experiments at the LHC and its high-luminosity upgrade will continue the exploration
of the Standard Model and searches for physics beyond it through precise measurements.
Eventually, interpretations of such measurements will be dominated by theoretical systematics,
and improvements in the description of hard hadron collisions are therefore called for. Such
improvements require advancements in computations of two- and three-loop amplitudes for
high multiplicities, and in dealing with real-emission processes which are needed to cancel
infra-red divergences present in loop amplitudes [7–9].1

The crucial difference between loop amplitudes and real-emission contributions is that
infra-red divergencies in virtual amplitudes appear explicitly after integrating over the loop
momenta, manifesting themselves as poles in the dimensional regularization parameter
ϵ = (4− d)/2, with d being the dimensionality of space-time. On the contrary, real-emission
contributions involve complex observables and cannot be analytically integrated over the
entire phase space. Because of that, infra-red divergences need to be extracted before the
numerical integration.

It is possible to do that because divergences only appear in phase-space regions where
additional radiation (with respect to Born processes) becomes soft and collinear and, there-
fore, unresolved. Since infra-red safe observables are, by definition, not sensitive to soft-
and collinear radiation, and since matrix elements exhibit universal factorization in these
limits, it becomes possible to extract infra-red divergences in a process-independent manner.
Consequently, various slicing and subtraction schemes that isolate, extract, and cancel infra-
red poles in cross-section calculations, have been proposed and employed at NLO [10–20],
NNLO [21–70] and N3LO [71–75]. Additionally, fully-numerical approaches exist which
combine loop- and real-emission integrands before the integration [76–82]. Further discussion
of advanced computational methods in QCD and their applications can be found in ref. [83].

Modern slicing and subtraction schemes require integration of well-defined functions
encapsulating soft- and collinear dynamics, over phase spaces of unresolved emissions. These
integrals differ because of phase-space constraints which are particular to a specific scheme.
In this paper, we consider the N -jettiness observable TN [84, 85], which can be used as
a slicing variable for lepton- and hadron-collider processes with final-state jets. The N -
jettiness slicing scheme has already been used in a number of high-profile NNLO QCD
computations [29–32, 72, 75].

In case of N -jettiness, integrals over unresolved phase-space regions are further split
into the so-called soft, beam and jet functions. Beam and jet functions describe collinear
emissions off incoming and outgoing hard partons. These functions are process-independent
and are currently known through N3LO in perturbative QCD [86–93].

The soft function describes soft QCD radiation at large angles. For this reason, it is
sensitive to color charges in the full event. This fact makes the soft function a much more
complex quantity to calculate. The complexity of the soft function is further exacerbated by
the definition of the N -jettiness variable which requires one to find the minima of certain
combinations of scalar products between soft and hard partons. The traditional approach

1Collinear divergencies associated with the initial-state radiation are absorbed into the parton distribu-
tion functions.
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to computing the N -jettiness soft function, that goes back to the early papers on this
subject [84, 85], involves explicit resolution of the N -jettiness constraint by an additional
phase-space partitioning. Since the complexity of such a partitioning strongly increases
with the number of external particles, the N -jettiness soft function was first calculated for
processes with two, three and four hard partons [2, 94–100].

Recently, new computational approaches were developed which allowed the calculation of
the N -jettiness soft function for an arbitrary number of hard partons N [101, 102]. This fact
makes the N -jettiness slicing scheme the first scheme in which all unresolved real-emission
ingredients are known analytically for arbitrary collider processes (with massless partons)
at NNLO QCD. We note in passing that the computation of ref. [102] represents a notable
departure from the original methods, because divergences are regulated at the level of the
entire soft function and the N -jettiness is treated as any other infra-red safe observable.
Practically, one employs nested soft-collinear subtraction scheme [103] and the integrated
double-soft subtraction term computed in ref. [104].

One may dream of replicating this success also at N3LO QCD but, given a rather limited
understanding of soft and collinear singularities at that perturbative order, and a complex
nature of the N -jettiness soft function, calculations at N3LO have naturally focused on the
N = 0 case [3–6]. The explicit partitioning of the radiative phase space into sectors where the
N -jettiness assumes a definite value, remains manageable in such a case. However, instead of
integrating the resulting expressions numerically using the sector decomposition method [105],
as was done in NNLO QCD computations for the N = 0, 1, 2 soft functions [96–100], we use
techniques developed for multi-loop computations, such as the integration-by-parts (IBP)
relations [106, 107] and the method of differential equations [108–112], and adapt them
for our purposes.

In this paper, we discuss the triple-real contribution to the N3LO QCD zero-jettiness
soft function, accounting for both ggg and gqq̄ soft final-state partons. We aim at explaining
how to overcome the technical challenges described in ref. [1], where the result for the
zero-jettiness soft function at N3LO has been presented.

The outline of the paper is as follows. In section 2, we define the zero-jettiness soft
function, explain how the soft limits of tree-level matrix elements are computed, and determine
the integrand for the soft function computation. In section 3 we argue that some integrals,
required for the computation of the soft function, are not regulated dimensionally. We also
describe a constructive procedure called filtering, which allows us to remove such integrals
from the calculation. In section 4 we explain how the integration-by-parts method works for
phase-space integrals with Heaviside functions. In sections 5 and 6, we discuss computation of
master integrals. We find it necessary to divide them into two classes. The first class contains
no integrals with the propagator 1/k2

123, where k123 is the sum of three soft-parton momenta.
The second class comprises integrals with this propagator. Integrals that belong to the first
class are discussed in section 5; we compute them by integrating over the phase space of three
soft partons, subject to the zero-jettiness constraint. Integrals of the second type are too
complicated for a direct integration. In section 6, we explain how we introduce an auxiliary
parameter and derive differential equations for such integrals. Calculation of the boundary
conditions is discussed in section 7. We elaborate on the numerical checks in section 8, provide
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results for the soft function in section 9 and conclude in section 10. Some elements of the
calculations and the various quantities used there are presented in several appendices.

2 Definition of the soft function and the soft limits of squared amplitudes

The zero-jettiness observable describes processes with exactly two hard partons. It is defined
as follows [84, 85]

T0(n) =
n∑

i=1
min

[2pa · ki

P
,
2pb · ki

P

]
. (2.1)

In eq. (2.1), pa,b are the four-momenta of hard partons, either incoming or outgoing, ki,
i ∈ {1, . . . , n} are the momenta of additional (soft) partons, and P is an arbitrary parameter
of mass-dimension one. The zero-jettiness soft function can be written as

Sτ =
∞∑

n=0
S(n)

τ , (2.2)

where S
(n)
τ describes a partonic process with n soft particles in the final state. It reads

S(n)
τ = 1

Nsym

∫ n∏
i=1

[dki] δ(τ − T0(n)) Eik(pa, pb, {k1, . . . , kn}) . (2.3)

In eq. (2.3), Nsym is a symmetry factor to account for identical particles in the final state,
[dk] = ddk/(2π)d−1δ(k2)θ(k0), and the eikonal function is defined as follows

Eik(pa, pb, {k1, . . . , kn}) = lim
λ→0

λ2n |M(pa, pb, {λk1, . . . , λkn})|2
|M(pa, pb)|2

, (2.4)

which corresponds to the leading soft approximation of the matrix element M.2 Each eikonal
function receives virtual corrections which also have to be computed in the leading soft
approximation; it follows that at leading order S

(n)
τ ∼ αn

s .
Hence, to obtain the N3LO contribution to the zero-jettiness soft function, one requires

ingredients that are familiar from computations of partonic cross sections at that perturbative
order. They include the radiation of three soft partons, the one-loop corrections to the
double-real emission, and the two-loop corrections to the single-real emission. The notable
difference to ordinary N3LO computations is that the three-loop (purely virtual) corrections
become scaleless in the soft limit and vanish. For the case when soft partons are gluons,
the relevant contributions are shown in figure 1. The two non-vanishing virtual corrections
(RRV and RVV) have been computed in refs. [3, 5]. In the RRV case both phase-space and
loop integrations were treated on the same footing. In contrast, the RVV contribution was
computed directly by integrating eq. (2.3) for n = 1. Such an integration is straightforward
thanks to the simple form of the single-soft current for two hard partons at two loops [113–115].
We discuss the calculation of the RVV contribution in appendix B.

2In eq. (2.4) |M|2 refers to the matrix element squared summed over colors and polarizations of all
particles involved.
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In this paper, we elaborate on the computation of the triple real-emission contribution, the
most challenging part of the calculation of the zero-jettiness soft function at N3LO. We begin
with the explanation of how the four-momenta of soft and hard partons are parametrized in
this case. Since we aim at simplifying the zero-jettiness measurement function and since this
function depends on projections of momenta ki on pa,b, it is convenient to introduce light-cone
(Sudakov) coordinates. The two hard momenta pa,b define two light-cone directions. We write

pa =
√

sab

2 n, pb =
√

sab

2 n̄, (2.5)

where sab = 2pa · pb. It follows that n2 = n̄2 = 0 and n · n̄ = 2. The momenta of soft
partons read

kµ
i = αi

2 nµ + βi

2 n̄µ + kµ
⊥,i, i = 1, 2, 3. (2.6)

We note that since k2
i = 0, kµ

⊥,i =
√

αiβi eµ
⊥,i, with e⊥,i · n = e⊥,i · n̄ = 0, and (e⊥,i)2 = −1.

It follows that αi = ki · n̄ and βi = ki · n. We use the above definitions, take P = √
sab,

and re-write eq. (2.1) as

T0(n) =
n∑

i=1
min [αi, βi] . (2.7)

As can be seen from eq. (2.6), the minimum function differentiates between soft partons
emitted into the forward and the backward hemisphere, defined with respect to the collision
axis. In order to project the different phase-space regions onto a unique value of T0(n) without
the minimum function, we insert a partition of unity for each of the soft partons and write

1 =
3∏

i=1

[
θ(αi − βi) + θ(βi − αi)

]
. (2.8)

Upon expanding the product, eq. (2.8) splits into eight terms. These terms can be arranged in
two groups. In the first group (two terms) all soft partons are emitted into the same hemisphere
whereas in the second group two partons are emitted into the same hemisphere and one parton
into the opposite hemisphere (six terms). Assuming that the eikonal function is symmetric
under the permutation of soft partons,3 and under the exchange of forward and backward
directions (n ↔ n̄), we only need to consider two of the eight phase-space configurations,
which we refer to as “nnn” and “nnn̄”. The phase-space measures for the two cases read4

dΦθθθ = 1
N 3

ε

( 3∏
i=1

[dki]
)
× δ(1− β123)×

( 3∏
i=1

θ(αi − βi)
)

, (2.9)

dΦθθθ̄ = 1
N 3

ε

( 3∏
i=1

[dki]
)
× δ(1− β12 − α3)×

( 2∏
i=1

θ(αi − βi)
)
× θ(β3 − α3) . (2.10)

3This is the case for three soft gluons, in case of soft gluon plus soft quark-antiquark pair emission we
symmetrize the integrand.

4We note that we have set τ = 1 in eqs. (2.9), (2.10) and in what follows. The dependence on τ can be
restored by means of simple dimensional analysis, whenever required.
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n

n̄

2-loop tree

n

n̄

1-loop 1-loop

n

n̄

1-loop tree

n

n̄

tree tree

Figure 1. Different contributions to the zero-jettiness soft function at N3LO, see text for details.
Only contributions with final-state gluons are shown. Diagrams to the right of the cut are complex-
conjugated.

We assumed that in the nnn̄ case, cf. eq. (2.10), partons 1, 2 are emitted into the same
hemisphere and parton 3 into the opposite one. Furthermore, we have introduced a nor-
malization factor

Nε = Ω(d−2)

4(2π)d−1 = (4π)ε

16π2Γ(1− ε) . (2.11)

The N3LO triple-real emission contribution to eq. (2.3) is then written as

S(3)
τ

∣∣∣∣
α3

s

≡ SRRR
τ = N 3

ε

[
2
(
Sggg

nnn + Sgqq̄
nnn

)
+ 6

(
Sggg

nnn̄ + Sgqq̄
nnn̄

)]
. (2.12)

This leaves us with four quantities to compute; they read

Sggg
nnn = 1

3!

∫
dΦθθθ

[
|Jggg(n, n̄,k1,k2,k3)|2+(n↔ n̄)

]
, (2.13)

Sggg
nnn̄ = 1

3!

∫
dΦθθθ̄

[
|Jggg(n, n̄,k1,k2,k3)|2+(n↔ n̄)

]
, (2.14)

Sgqq̄
nnn =

∫
dΦθθθ

[
|Jgqq̄(n, n̄,k1,k2,k3)|2+(n↔ n̄)

]
, (2.15)

Sgqq̄
nnn̄ = 1

3

∫
dΦθθθ̄

[(
|Jgqq̄(n, n̄,k1,k2,k3)|2+(k2 ↔ k3)+(k1 ↔ k3)

)
+
(
n↔ n̄

)]
. (2.16)

The eikonal functions Jggg(n, n̄, k1, k2, k3) and Jgqq̄(n, n̄, k1, k2, k3) describe the soft limit
k1 ∼ k2 ∼ k3 → 0 of the tree level matrix elements squared of the processes fa(pa)+ fb(pb) →
X + g(k1) + g(k2) + g(k3) and fa(pa) + fb(pb) → X + g(k1) + q(k2) + q̄(k3), respectively,
where X is an arbitrary color-neutral state. These quantities are known; the three-gluon
eikonal function was computed in ref. [116] and the eikonal function for the gqq̄ emission
can be found in refs. [117, 118].

We have re-calculated both eikonal functions for the required case of two hard partons.
To do this, we generated all required diagrams for the above processes using DIANA [119],
which internally calls QGRAF [120], employed the “soft-gluon rules” [121] and manipulated
resulting expressions using FORM [122–125]. Complete agreement with the results in the
literature [116–118] was found.

The eikonal functions that need to be integrated over zero-jettiness phase space contain
the following inverse propagators

1/Di ∈
{
q · ki, q · kij , q · k123, k2

ij , k2
123
}
, q = n, n̄, i ̸= j = 1, 2, 3 , (2.17)
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where kij = ki + kj and k123 = k1 + k2 + k3. In section 4 we explain how to use the
integration-by-parts technology [106] to express integrals in eqs. (2.13)–(2.16) through a
smaller set of master integrals. However, before doing this, we will discuss a peculiar issue
that we encountered while working on the computation of the soft function, namely the
existence of integrals that are not regulated dimensionally.

3 Integrals not regulated dimensionally

In refs. [4, 5] we have pointed out that some master integrals required for the triple-real
contribution to the N3LO zero-jettiness soft function are not regulated dimensionally.5 Our
calculation is not the first one to face this problem in QCD perturbation theory [126–128]. The
standard way to treat this problem is to introduce an analytic regulator into the integration
measure for all integrals. Unfortunately, the new regulator — which appears alongside with
the dimensional one — makes the required computations significantly more complex, so that
finding ways to avoid ill-defined integrals becomes important.

Our experience with computing the N3LO real-emission master integrals for the soft
function indicates that several conditions need to be satisfied for such integrals to become
unregulated. In particular, it is necessary that one of the Sudakov variables is small, and the
other one is large, that their product is O(1) and that it appears in one of the propagators.
This can be understood from the fact that the integration measure dΦ depends on the
dimensional regularization parameter through a factor

3∏
i=1

(αiβi)−ε. Obviously, if αi ∼ 1/αj ,

βi ∼ 1/βj or αi ∼ 1/βj , the dimensional regulator becomes ineffective.
To understand if such scalings lead to integrals with a non-vanishing support, we can

assume, without loss of generality, that the smallest variable is β1 ∼ λ → 0 and that the
largest variable is either α1 ∼ λ−1 or α2 ∼ λ−1, or β2 ∼ λ−1. We are interested in finding
integrals where the λ → 0 limit is non-trivial, and leads to non-vanishing integrals that
are not regulated dimensionally.

Consider the case β1 ∼ λ and α1 ∼ 1/λ, with λ → 0. Inverse propagators with non-trivial
dependence on α1 and β1 become

α1+x···→α1, β1+x→x, k2
12→α1β2, k2

13→α1β3, k2
123→α1(β2+β3), (3.1)

where x denotes a generic O(1) quantity composed of Sudakov parameters of the soft partons.
We also drop β1 from the δ-function constraining the zero-jettiness. It follows that integrations
over α1 and β1 factorize, which implies that the region with β1 ∼ λ, α1 ∼ λ−1 has no support.

We continue with the region β1 ∼ λ, β2 ∼ λ−1, where the following relations for inverse
propagators hold

β2+x···→β2, β1+x→x, k2
12→β2α1, k2

23→β2α3, k2
123→β2(α1+α3). (3.2)

Similar to the previous case, the factorization of β1 and β2 integrations implies that this
region has no support.

5Note that this problem did not arise for the real-emission contributions with two real partons both at
NNLO and N3LO [2, 6].

– 7 –



J
H
E
P
0
4
(
2
0
2
5
)
0
8
4

For the remaining option β1 ∼ λ, α2 ∼ 1/λ, the main difference compared to the previous
cases is that the propagator

k2
12 = α1β2 + α2β1 − 2

√
α1β1α2β2 cosϕ12, (3.3)

does not simplify, because all terms on the right-hand side of eq. (3.3) are of the same
order. Since we are interested in the region β1 ≪ α1 and β2 ≪ α2, partons 1 and 2 are
emitted into the same hemisphere. Incorporating the zero-jettiness constraints for the two
partons, θ(α1 − β1)θ(α2 − β2), we change the integration variables β1 → r1α1, α2 → β2/r2,
with r1,2 ∈ [0, 1].

As we already mentioned, the critical new element in this region is the inverse propagator
k2

12 which does not simplify. This propagator depends on the relative angle between directions
of the transverse components of the four-vectors k1,2. To perform the integration over
k1,2, we write

k2
12 = α1β2

(
1 + r1

r2

)
(ρ · ρ12) , (3.4)

where we have introduced two (d − 1)-dimensional vectors ρ and ρ12 such that ρ2 = 0 and
ρ2

12 = 1− 4r1r2/ (r1 + r2)2. The required integral over angles is then easily computed using
eq. (D.32). We find

Xn =
∫ dΩ(d−2)

1
Ω(d−2)

dΩ(d−2)
2

Ω(d−2)

1(
k2

12
)n =

I
(1)
d−2;n

(
ρ2

12
)

αn
1 βn

2

(
1 + r1

r2

)n , (3.5)

where I
(1)
d−2;n

(
ρ2) can be extracted from eq. (D.36). Using eq. (E.4), the result can be

simplified, and we obtain

Xn = 1
(α1β2)n

[
θ (r2 − r1) 2F1

(
n, n + ε; 1− ε; r1

r2

)
+
(

r2
r1

)n

θ (r1 − r2) 2F1

(
n, n + ε; 1− ε; r2

r1

) ]
.

(3.6)

Next, we need to integrate over r1, r2. The generic integral reads

Ξ(n)
a,b =

1∫
0

dr2

r2∫
0

dr1 ra−ε
1 rb+ε

2 2F1

(
n, n + ε; 1− ε; r1

r2

)

+
1∫

0

dr1

r1∫
0

dr2 ra−ε
1 rb+ε

2

(
r2
r1

)n

2F1

(
n, n + ε; 1− ε; r2

r1

)
,

(3.7)

where a and b are integers, and powers of ε arise from the integration measure after the
variable transformation. We change the integration variables as r1 = zy, r2 = y, and r2 = zy,
r1 = y in the first and the second integral, respectively. We find

Ξ(n)
a,b =

1∫
0

dy

y
ya+b+2

1∫
0

dz
(
za−ε + zb+ε+n

)
2F1(n, n + ε; 1− ε, z). (3.8)
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The integral over z is regulated dimensionally, but the integral over y is not. In fact, the
integral exists for a + b + 2 > 0 but not for other values.

To obtain a fully-regulated integral, we need an additional regulator. We do that by
introducing a factor βν

1 βν
2 βν

3 into the measure for nnn integrals and βν
1 βν

2 αν
3 for nnn̄ integrals.

Of course, in the above discussion only the βν
1 factor is relevant, but since we aim at modifying

the measure in such a way that all integrals are regulated, momenta components of all soft
partons must appear. Since βν

1 = (r1α1)ν , the computation proceeds unaffected, except that
in eqs. (3.7), (3.8) a becomes a + ν and the potential divergences for 2 + a + b ≤ 0 are
regulated. The integral in eq. (3.8) with a → a + ν evaluates to

Ξ(n)
a+ν,b =

3F2 (n, n + ε, 1 + a + ν − ε; 1− ε, 2 + a + ν − ε; 1)
(1 + a + ν − ε)(2 + a + ν + b)

+ 3F2 (n, n + ε, 1 + b + n + ε; 1− ε, 2 + b + n + ε; 1)
(1 + b + ε + n)(2 + a + ν + b) .

(3.9)

The 1/ν pole arises for 2 + a + b = 0.
We note in passing that even if the equation a + b = −2 is satisfied, this does not

immediately imply that a particular integral has a 1/ν divergence. The reason for this is that
such a divergence may be multiplied by an unconstrained (scaleless) integral over another
Sudakov parameter, or that the residue of Ξ(n)

a+ν,b at ν = 0 vanishes.
For the particular choice of small and large parameters that we discussed above, the first

option may occur because of the integration over α1. Hence, unregulated integrals in this case
must involve denominators of the form α1 + x. The master formula for such integrals reads

∞∫
0

dα1
α1

αn1
1

(α1 + x)n2
= Γ (n1) Γ (n2 − n1)

Γ (n2)
xn1−n2 , (3.10)

where x stands for other O(1) Sudakov parameters. Note that in our example, x in eq. (3.10)
can only be α3, which shows that one needs at least three partons for the unregulated
term to occur.

The above analysis can be used to identify integrals that are not regularized dimensionally,
and to remove all IBP relations that involve them from the system of equations that one
employs to find master integrals. We refer to this procedure as filtering. To determine affected
integrals, we find all integrals that contain at least one propagator 1/k2

ij , make sure that
θ-functions’ constraints are such that partons i and j are emitted into the same hemisphere,
consider the two cases βi ∼ 1/αj → 0 and βj ∼ 1/αi → 0, expand remaining propagators
assuming that all other Sudakov parameters are O(1) and determine parameters n, a and b

that appear in the function Ξ(n)
a,b . If for a particular integral a + b + 2 ≤ 0, it is declared to be

ill-defined without the regulator and all equations that contain such an integral are removed
the system of IBP equations. If, however, the condition a + b + 2 > 0 holds, all equations
that contain such integrals are retained and used in the course of the reduction to master
integrals. This procedure can be conveniently summarized as a set of power-counting rules
for the denominators listed in table 1. We emphasize that, for this analysis, it is important
to derive the IBP relations keeping the analytic regulator non-vanishing, ν ̸= 0, since an
ill-defined integral may have a coefficient that is proportional to ν. Finally, we note that the
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Di
β1 ∼ λ, α2 ∼ λ−1

integrand scaling
k2

12 k2
12 1

k2
13 α1β3 1

k2
23 α2β3 λ−1

k2
123 α2β3 λ−1

α1 + α2 α2 λ−1

α1 + α3 α1 + α3 1
α2 + α3 α2 λ−1

α1 + α2 + α3 α2 λ−1

β1 + β2 β2 1
β1 + β3 β3 1
β2 + β3 β2 + β3 1

β1 + β2 + β3 β2 + β3 1
α1 α1 1
α2 α2 λ−1

α3 α3 1
β1 β1 λ

β2 β2 1
β3 β3 1

Table 1. Scalings of all possible propagators that appear in the soft function. All other configurations
can be obtained through permutations of soft momenta ki. To classify an integral, one can simply
replace all inverse propagators with their λ-scalings and read off the overall factor λp. Integrals with
p > 0 are well-defined without the regulator, while those with p ≤ 0 are ill-defined. Integrals with
p = 0 are potentially 1/ν-divergent which can be checked directly without much effort.

redundancy of IBP equations and a very specific set of conditions that integrals must fulfill
to be ill-defined, ensures that only a small set of ν-dependent master integrals6 is needed at
the end of the calculation. Such master integrals are explicitly computed in section 5.2.

4 Integral reduction in the presence of theta functions and additional
regulators

It is well-known [129] that one can simplify the calculation of phase-space integrals by mapping
them onto loop integrals and treating them using conventional multi-loop methods. In this
section, we explain how to do this for the integrals of the eikonal functions in eqs. (2.13)–(2.16).
We would like to express integrals that are needed for the computation of the soft function
through a smaller number of independent “master integrals”. Computational methods that
we use to achieve that have been discussed in ref. [4]; we repeat them here for completeness.

Reduction to master integrals simplifies the computation in multiple ways. On the
one hand, it minimizes the number of integrals that we need to calculate; on the other
hand, it also decreases the complexity of the calculation because master integrals are often

6Furthermore, only divergent parts of those integrals are needed.
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simpler than the original ones. Furthermore, the reduction establishes algebraic relations
between integrals offering the flexibility in choosing which integrals to compute and which to
obtain from such relations. Also, availability of the reduction enables useful crosschecks by
comparing explicit computation of integrals with their expressions through master integrals.
Finally, a working reduction is the prerequisite for deriving differential equations satisfied
by master integrals, see section 6.

The reduction to master integrals follows Laporta’s algorithm [130] and proceeds in
the following way. One derives a large-enough system of linear relations among the inte-
grals relevant for the problem at hand using integration-by-parts (IBP) identities [106] and
symmetries of the integrals. Then, introducing a measure to order integrals in complexity,
one solves the homogeneous linear system using the Gauss’ elimination method, expressing
many complex integrals, in terms of a few simpler integrals. These remaining integrals are
called “master integrals”.

We note that the general approach described above is well-known and broadly used for
perturbative calculations in quantum field theory. However, it proved to be very challenging
to realize it for integrals that are needed to compute the soft function. Below we describe
the challenges and explain how they are overcome.

IBP relations. Linear relations between integrals are obtained using the IBP technol-
ogy [106], based on the observation that for properly regularized integrals the following
formula is valid

0 =
∫ ∏

i

ddki
∂

∂kµ
j

(vµ f({k}, {p})) . (4.1)

In the above equation, v is either one of the loop momenta ki or one of the external momenta
pi, and the integrand f is a product of propagators (see eq. (2.17)) raised to arbitrary powers,
δ-functions that ensure that partons are on-shell and that the zero-jettiness has a definite value,
and θ-functions that allow us to resolve the zero-jettiness constraint.7 In principle, computing
derivatives under the integral sign in eq. (4.1) is straightforward and, once this is done, that
equation provides algebraic relations between different integrals that we seek to exploit. In
practice, there is a problem of differentiating δ- and θ-functions that we now discuss.

We deal with all δ-functions by employing the reverse unitarity idea [129, 131], which
amounts to writing

δ(g(x)) = lim
σ→0

i

2π

[ 1
g(x) + iσ

− 1
g(x)− iσ

]
≡
[ 1

g(x)

]
c
. (4.2)

The “cut propagators” appearing on the right-hand side of the above equation can be easily
accommodated into the IBP technology.

It is useful to classify appearing integrals in terms of the integral families, defined by
complete and linearly-independent sets of generalized propagators with respect to algebraic
relations that involve scalar products of all four-vectors in the problem. Such a classification
allows one to re-write scalar products that appear in the numerators of phase-space integrals

7As we already mentioned, not all integrals that are needed for computing the soft function are regularized
dimensionally. However, once the analytic regulator is employed, IBP relations are applicable.
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uniquely through the denominators, and to represent integrals in a compact way using
denominators raised to positive or negative powers. We will explain shortly how the integral
families for the computation of the soft function are constructed.

However, before doing that, we discuss how the θ-functions, that determine a hemisphere
into which a particular soft parton is emitted, are incorporated into the IBP formalism.
Schematically, modified IBP relations can be written as follows

0 =
∫ (∏

i

ddki

)
∂

∂kµ
j

vµ f θ [g]

=
∫ (∏

i

ddki

){
d δv,kj

f θ[g] + θ[g] vµ ∂

∂kµ
j

f + f δ[g] vµ ∂

∂kµ
j

g

}
.

(4.3)

The three terms that appear on the right-hand side of the above equation are quite different.
In the first two terms the original θ-function is unaffected, which means that they would not
change even if the θ-function constraint was removed from the integrand. The last term in
eq. (4.3), where the θ-function has turned into a δ-function with the same argument, is the
contribution of the boundary that now occurs at finite values of partons’ momenta.

Making use of this observation, we derive IBP relations that connect integrals with
a certain number of θ- and δ-functions to integrals with the same number of θ- and δ-
functions, as well as integrals where the number of θ-functions is decreased and the number
of δ-functions is increased by one. Repeated application of IBP relations to boundary-type
integrals decreases the number of θ-functions further, until we arrive at integrals where all θ-
functions are replaced by δ-functions. Integrals with δ-functions and no θ-functions close under
the integration-by-parts identities thanks to reverse unitarity, so once this stage is achieved,
no new types of integrals appear. To incorporate both θ- and δ-functions with arguments
±(αi − βi), we generalize the notation for the phase-space in eqs. (2.9), (2.10) and write

dΦf1f2f3 = 1
N 3

ε

( 3∏
i=1

[dki]
)
× δ(1− β123)×

( 3∏
i=1

fi(αi − βi)
)

, (4.4)

dΦf1f2f̄3
= 1

N 3
ε

( 3∏
i=1

[dki]
)
× δ(1− β12 − α3)×

( 2∏
i=1

fi(αi − βi)
)
× f3(β3 − α3) . (4.5)

The functions f1,2,3 represent θ- and δ-function constraints.
As an example, consider the IBP relation8

0 =
∫

∂

∂kµ
2

n̄µdΦθθθ̄

(k1 · k2)(k12 · n̄)2(k2 · n)(k1 · n̄) =
∫ dΦθθθ̄ n̄µ

(k1 · k2)(k12 · n̄)2(k2 · n)(k1 · n̄)

×
[
− 2kµ

2
[k2

2]c
− nµ

[1− k12 · n − k3 · n̄]c
− kµ

1
(k1 · k2)

− n̄µ

(k12 · n̄) −
nµ

(k2 · n)

]
(4.6)

− (n · n̄)
∫ 3∏

i=1
[dki]

δ(1− β12 − α3)θ(α1 − β1)θ(β3 − α3)
(k1 · k2)(k12 · n̄)2(k2 · n)(k1 · n̄) δ(k2 · n̄ − k2 · n) .

8We note that the derivative on the left-hand side does not act on the volume differential ddk2. Furthermore,
recall that αi = ki · n̄ and βi = ki · n.
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The first five terms on the right-hand side of eq. (4.6) arise when the derivative acts on
either an eikonal or a cut propagator from the phase space; we will refer to such terms as
“homogeneous”. The last — “inhomogeneous” — term in eq. (4.6) describes the non-zero
boundary contribution. Writing the δ-function which originated from the derivative of the
θ-function as a cut propagator, it is easy to see that the resulting propagators cease being
linearly independent. Although the presence of linearly-dependent propagators is in itself
not fatal for the IBP technology, it does create multiple inconveniences because of hidden
linear dependencies between integrals which may significantly increase the complexity of
intermediate expressions.

To get rid of these problems, we perform a partial fraction decomposition by multiplying
the last term in eq. (4.6) by 1 = [k1 · n̄ + (k2 · n̄ − k2 · n) + k2 · n] / [k12 · n̄]. We arrive at9

0 =
∫ dΦθθθ̄

(k1 · k2)(k12 · n̄)2(k2 · n)(k1 · n̄)

×
[
−2(k12 · n̄ − k1 · n̄)

[k2
2]c

− n · n̄

[1− k12 · n − k3 · n̄]c
− k1 · n̄

(k1 · k2)
− n · n̄

(k2 · n)

]

− (n · n̄)
∫ dΦθδθ̄

(k1 · k2)(k12 · n̄)3

 1
(k2 · n) +

(k2 · n̄ − k2 · n)
(k2 · n)(k1 · n̄)︸ ︷︷ ︸

=0

+ 1
(k1 · n̄)

 .

(4.7)

After this step, all propagators in the two integrals in the above equations are linearly
independent, and we proceed with defining the integral families. The primary distinction
between families is the number of θ- and δ-functions, and the types of propagators they
contain. We show the IBP relations and the way they connect the various types of integral
families in figure 2.

Analytic regulator. In section 3, we have argued that some integrals, needed to compute
the zero-jettiness soft function, are not regularized dimensionally. We have also explained
that one can regularize such integrals by introducing the analytic regulator ν. The modified
measures read

dΦν
f1f2f3 =

1
N 3

ε

( 3∏
i=1

[dki]
)
×δ(1−β123)×

( 3∏
i=1

fi(αi−βi)βν
i

)
, (4.8)

dΦν
f1f2f̄3

= 1
N 3

ε

( 3∏
i=1

[dki]
)
×δ(1−t123)×

( 2∏
i=1

fi(αi−βi)βν
i

)
×f3(β3−α3)αν

3 , (4.9)

where t123 = β12 + α3. A significant drawback in using the analytic regulator is that it
changes the IBP relations. To illustrate this, consider the same IBP relation as before, but
with the analytic regulator. We find

0=
∫ (∏

i

ddki

)
∂

∂kµ
j

vµf θ [g](kj ·q)ν

=
∫ (∏

i

ddki

){
dδv,kj

fθ+θvµ ∂

∂kµ
j

f+fδ [g]vµ ∂

∂kµ
j

f+νfθ [g](v·q)(kj ·q)ν

(kj ·q)

}
,

(4.10)

9We note that the second term in the last line of eq. (4.7) has the form ∼ xδ(x) and integrates to zero.
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where q = n, n̄ depending on the choice of kj and the configuration of the integral. The
last term on the r.h.s. of eq. (4.10) is caused by the regulator and, generally, also requires
an additional partial fraction decomposition.

Symmetry relations. In addition to linear relations provided by the IBP equations, there
are also symmetry relations between integrals. In the nnn case, the phase space is symmetric
under the re-labeling of partons’ momenta. In the nnn̄ case, the phase space is symmetric
under the relabeling k1 ↔ k2.

In the nnn̄ case, integrals with δ-functions can be simplified further. For example,
interchanging k2 ↔ k3 and n ↔ n̄ leaves the δθθ̄ phase space unchanged. Furthermore, there
are two types of nnn̄ integrals that can be mapped onto the nnn configuration entirely. First,
for integrals with f3 = δ, we can write

δ(1− β12 − α3)δ(α3 − β3) = δ(1− β123)δ(β3 − α3) . (4.11)

Second, for f1 = f2 = δ, we find

δ(1− β12 − α3)δ(α1 − β1)δ(α2 − β2)f3(β3 − α3)
n↔n̄= δ(1− α12 − β3)δ(β1 − α1)δ(β2 − α2)f3(α3 − β3)
= δ(1− β123)δ(α1 − β1)δ(α2 − β2)f3(α3 − β3).

(4.12)

Hence, we only need to consider integrals of the θθθ̄-, δθθ̄- and θδθ̄-type for the configuration
nnn̄. The symmetry relations are also illustrated in figure 2; they are heavily used to
simplify the reduction.

Details of the technical implementation. Following the sequence of steps described
below, we express the phase-space integrals in eqs. (2.13)–(2.16) through fewer and less
complex master integrals.

• Using the partial fraction decomposition to resolve dependencies between the zero-
jettiness constraining δ-function and the eikonal propagators, we map all θθθ integrals
onto a set of O(100) families. They are constructed in such a way that they close under
IBP relations with the analytic regulator ν.

• Starting from these families, we determine all lower-level families which arise when θ-
functions turn into δ-functions. Again, these families are constructed in such a way, that
they close when the term with the analytic regulator in the measure is differentiated.
We arrive at additional O(100) and O(200) integral families for the nnn and nnn̄

configuration, respectively. The partial fraction decompositions we use in this step are
not unique; to ensure that these definitions suffice to uniquely identify integrals in terms
of families in the entire IBP setup, we had to choose a global ordering of propagators
that we keep through the entire calculation.

• It is easy to derive the homogeneous parts of the IBP relations for generic powers of
propagators for each integral family. To obtain a complete IBP relation, we need to add
terms that arise from the derivatives of Heaviside functions and measure factors raised
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to power ν. We add these terms on-the-fly, while generating relations for a specific set
of indices (i.e. for a particular seed integral) which makes this step rather slow. We
do so, because inhomogeneous terms require partial fraction decomposition, using the
chosen ordering, as well as the integral-family identification.
The issue of generating sufficiently many linear relations, to have a reduction to the
minimal set of master integrals, did play a crucial role in the calculation. Choosing a
large-enough seed-list for complete reduction to occur, yet the seed-list that we could
still handle with available resources, proved non-trivial and required a significant amount
of trial and error.

• We use Feynson [132] to derive symmetry relations between integrals.

• We use Kira⊕FireFly [133–135] to solve the resulting linear system of equations as a
function of d and ν. Since we expect that the soft function is regular in the limit ν → 0,
it is useful to choose master integrals in such a way, that they remain independent in
the ν → 0 limit. Good candidates for such basis can be found by studying the system
at ν = 0 and requiring that the ν = 0 master integrals remain master integrals also in
the ν ̸= 0 case. With this informed choice of basis, the reduction requires a runtime of
about 10 days on 32 cores, compared to about 70 days without this optimization.

Proceeding along the lines described above, we arrive at the following result for the
soft function10

Sggg,gqq̄
nnn,nnn̄ =

123∑
i=1

aiI
❍❍k2

123
i +

139∑
i=1

biI
k2

123
i + ν

4∑
i=1

ciI
1/ν
i +O(ν) , (4.13)

where we have taken the ν → 0 limit wherever possible, such that the reduction coefficients ai,
bi, ci only depend on ε. Using the power counting rules from section 3, we find four integrals
{I

1/ν
i } that contain a 1/ν singularity but, thanks to the choice of basis, they appear in the

soft function with a prefactor ν. Furthermore, in eq. (4.13), we have separated ν-regular
integrals according to whether or not they contain the 1/k2

123 propagator.
The reason for this separation is that these three classes of integrals are computed

differently. Indeed, in the following section, we will show that direct integration allows us
to compute master integrals without the 1/k2

123 propagator {I
❍❍k2

123
i }, as well as the 1/ν parts

of master integrals {I
1/ν
i }. After that, we consider the most complicated set of integrals

{I
k2

123
i }, which we compute by modifying these master integrals through the introduction

of an auxiliary parameter, followed by constructing and solving differential equations with
respect to this parameter that the modified master integrals satisfy.

5 Integrals without 1/k2
123 propagator and 1/ν-divergent integrals

In this section we discuss the calculation of master integrals without the 1/k2
123 propagator,

and the 1/ν-divergent integrals. These integrals are computed by a direct integration over
the light-cone coordinates of soft partons α and β. All in all, 127 integrals are calculated
in this way.

10We note that not all integrals contribute to all channels/configurations, so some of the ai, bi, ci are zero.
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Figure 2. Relations between integrals. IBP identities relate integrals to those where one of the
θ-functions is replaced by a δ-function, as illustrated by black arrows. Rectangular boxes represent
sets of integrals which are processed using integration by parts, and no mapping onto other integral
families is performed. Oval-shaped empty boxes are mapped into the same-hemisphere configuration as
indicated by red arrows. After momenta re-naming, shown above the green arrows, filled oval-shaped
boxes are mapped onto unique topologies.

f1 f2 f3 Variable change Splitting

dΦδθθ δ (α1 − β1) θ (α2 − β2) θ (α3 − β3) α1 → β1, α2 → β2
r2

, α3 → β3
r3

—

dΦδθθ̄ δ (α1 − β1) θ (α2 − β2) θ (β3 − α3) α1 → β1, α2 → β2
r2

, β3 → α3
r3

—

dΦθδδ θ (α1 − β1) δ (α2 − β2) δ (α3 − β3) α1 → β1
r1

, α2 → β2, α3 → β3 —

dΦθδθ θ (α1 − β1) δ (α2 − β2) θ (α3 − β3) α1 → β1
r1

, α2 → β2, α3 → β3
r3

r1|r3

dΦθδθ̄ θ (α1 − β1) δ (α2 − β2) θ (β3 − α3) α1 → β1
r1

, α2 → β2, β3 → α3
r3

—

dΦθθθ̄ θ (α1 − β1) θ (α2 − β2) θ (β3 − α3) α1 → β1
r1

, α2 → β2
r2

, β3 → α3
r3

r1|r2

dΦθ̄δθ θ (β1 − α1) δ (α2 − β2) θ (α3 − β3) β1 → α1
r1

, α2 → β2, β3 → α3
r3

—

dΦθ̄θθ θ (β1 − α1) θ (α2 − β2) θ (α3 − β3) β1 → α1
r1

, α2 → β2
r2

, β3 → α3
r3

—

Table 2. Summary of applied variable changes and integral splittings according to δ− and θ-function
constraints fi. Splitting of the integration domain into ri < rj and rj < ri sectors is required only if
the integral contains the propagator 1/ki · kj .
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5.1 Integrals that do not need an analytic regulator

An important property of the eikonal function is that all integrals without the 1/k2
123

propagator, needed for computing the N3LO contribution to the soft function, can have
up to two scalar products between momenta of different soft partons. Hence, owing to the
possibility of relabelling soft momenta, we write such integrals as

Inm =
∫ dΦf1f2f3 R({α}, {β})

[2k1 · k2]n [2k1 · k3]m
=
∫ 3∏

i=1

(dαidβi

(αiβi)ε fi(αi, βi)
)

R({α}, {β}) Ωnm. (5.1)

In the above equation, the phase-space measure dΦf1f2f3 is given in eqs. (4.4), (4.5), and we
used the Sudakov decomposition in eq. (2.6) to express all denominators other than 2k1k2
and 2k1k3 through {α} and {β}, collecting them into the rational function R. The non-trivial
dependence on the relative azimuthal angles between soft-parton momenta is encapsulated
in the angular integral Ωnm. It reads

Ωnm = 1(
Ω(d−2))3

∫ dΩ(d−2)
k1

dΩ(d−2)
k2

dΩ(d−2)
k3

[2k1 · k2]n [2k1 · k3]m
. (5.2)

To compute this integral we use the fact that we can integrate over angles of partons 2
and 3 independently. Furthermore,

1
Ω(d−2)

∫ dΩ(d−2)
ki

[2ki · kj ]n
=

I
(1)
d−2;n(ρ2

ij)
(αiβj + αjβi)n , (5.3)

where I
(1)
d,n can be found in eq. (D.36) and ρ2

ij = (αiβj − αjβi)2 / (αiβj + αjβi)2. It follows that

Ωnm =
I

(1)
d−2;n(ρ2

12)
(α1β2 + α2β1)n

I
(1)
d−2;m(ρ2

13)
(α1β3 + α3β1)m . (5.4)

For each specific set of the jettiness constraints represented by functions fi in eq. (5.1), we
change integration variables following table 2. We then simplify the hypergeometric functions
appearing in functions I(1) by applying the transformation in eq. (E.4). For configurations
where two soft partons are emitted into the same hemisphere we split the integration region and
introduce new variables ri, cf. table 2, to map the integration regions onto the intervals [0, 1].

We note that the transformation eq. (E.4) that we apply to simplify angular integrals
involves the absolute value of ρij . In principle, ρij does not need to be positive-definite, but
there are cases when it can be. Indeed, this happens if the two constraints fi and fj are
fifj ∈ {δθ, θδ, θθ̄}. Then, using variables defined in table 2, we easily find∣∣∣ρδθ

ij

∣∣∣ = 1− rj

1 + rj
,
∣∣∣ρθδ

ij

∣∣∣ = 1− ri

1 + ri
,
∣∣∣ρθθ̄

ij

∣∣∣ = 1− rirj

1 + rirj
, (5.5)

where 0 ≤ ri,j ≤ 1. Superscripts in the above equations are introduced to indicate constraints
on partons i and j. However, if fifj = θθ, so that the two partons are emitted into the same
hemisphere, we find |ρij | = |ri − rj |/(ri + rj). In this case, we have to write

|ρij | = θ(ri − rj)
ri − rj

ri + rj
+ θ(rj − ri)

rj − ri

rj + ri
, (5.6)
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to get rid of the absolute value.
Hence, after integrating over azimuthal angles in integrals Inm in eq. (5.1), and changing

the integration variables as in table 2, we obtain integrals over variables αi, βi, ri which are
at most six-dimensional. Furthermore, at least one of the integrations can be performed by
removing the δ function that fixes the zero-jettiness value.

Calculation of several representative Inm integrals for the nnn case were discussed in
ref. [4]. Below, we will consider examples of new master integrals with three θ functions,
which appear for the first time in the nnn̄ configuration. We begin by considering an integral
without scalar products between momenta ki and kj . The integral reads

J =
∫ dΦθθθ̄

(k123 · n) (k123 · n̄) . (5.7)

We choose the parametrization according to table 2 and note that for this integral the splitting
of integration variables r1,2 into r1 < r2 and r2 < r1 is not necessary. We then integrate over
α3 to remove the zero-jettiness constraint, and change the integration variables, β1 → x y

and β2 → x (1 − y). We obtain

J =
1∫

0

dxdydr1dr2dr3
(1− x)1−2εx3−4εr−1+ε

1 r−1+ε
2 r−1+ε

3 (1− y)1−2εy1−2ε

(xr2y + r1 (r2(1− x) + x(1− y))) (1− x + r3x) . (5.8)

The integrations over r1 and r3 can be performed in terms of the hypergeometric functions.
We find

J = 1
ε2

1∫
0

dxdydr2(1− x)−2εx2−4εr−2+ε
2 (1− y)1−2εy−2ε

× 2F1
(
1, ε; 1 + ε;− x

1−x

)
2F1

(
1, ε; 1 + ε;− r2(1−x)+x(1−y)

xr2y

)
.

(5.9)

We note that arguments of the hypergeometric functions in the above equation look com-
plicated, suggesting an increased difficulty compared to integrals needed for the nnn case
discussed in ref. [4]. However, upon closer inspection, the singularity structure of the integrand
in eq. (5.9) turns out to be quite simple, as could be expected on general grounds. Indeed, since
the hypergeometric functions in eq. (5.9) diverge logarithmically at the integration boundaries,
the singularity structure is entirely determined by the double pole at r2 = 0. To isolate it, we
apply the transformation shown in eq. (E.3) to both hypergeometric functions. We then find

J = 1
ε2

1∫
0

dx dy dr2 (1− x)−εx2−3εr−2+2ε
2 (r2 + x(1− r2)(1− y))−ε

× (1− y)1−2εy−ε
2F1 (ε, ε; 1 + ε;x) 2F1

(
ε, ε; 1 + ε; r2+x(1−r2−y)

r2+x(1−r2)(1−y)

)
.

(5.10)

To subtract the double-pole singularity at r2 = 0, we need to extract the different r2 → 0
branches that are contained in the last hypergeometric function in eq. (5.10). This can be
easily done using eq. (E.2), and we find

J = J (a) + J (b), (5.11)
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where

J (a) = Γ(1− ε)
Γ(1 + ε)

1∫
0

dxdydr2 (1− x)−εx2−3εr−2+2ε
2 (1− y)1−2εy−ε

× (r2 + x(1− r2 − y))−ε
2F1 (ε, ε; 1 + ε;x) ,

(5.12)

J (b) = 1
ε(ε − 1)

1∫
0

dxdydr2 (1− x)−εx3−3εr−1+2ε
2 (1− y)1−2εy1−2ε

× 2F1 (ε, ε; 1 + ε;x)
(r2 + x(1− r2)(1− y))2F1

(
1, 1; 2− ε; x y r2

(r2+x(1−r2)(1−y))

)
.

(5.13)

Integral J (a) can be integrated over r2 using eq. (E.7); the result reads

J (a) = Γ(1− ε)Γ(ε)
ε(2ε − 1)

1∫
0

dxdy(1− x)−εx2−4ε(1− y)1−3εy−ε

× 2F1(ε, ε; 1 + ε;x)2F1

(
ε,−1 + 2ε; 2ε; x − 1

x(1− y)

)
.

(5.14)

The integrand of J (b) has a simple pole at r2 = 0 which can be easily subtracted. Finally,
we expand the integrand for J (a) in eq. (5.14) and the subtracted integrand for J (b) in ε

using the package HypExp [136, 137], and integrate order by order in ε with the help of
HyperInt [138]. The result for the full integral reads

J = − 5
12ε2 − 215

72ε
+
(11
72π2 − 343

24

)
+ ε

(
−1999

36 + 7
8π2 + 14

3 ζ3

)
+O

(
ε2
)

. (5.15)

We continue with the discussion of an integral involving two scalar products of different
soft-parton momenta

I =
∫ dΦθθθ̄

(k13 · n̄) (k2 · n̄) (k1 · k3) (k2 · k3)
. (5.16)

Proceeding as discussed earlier, we integrate over the azimuthal angles of the three partons,
change the integration variables following table 2, and integrate over α3 removing the
zero-jettines δ function. We find

I = 4
1∫

0

dβ1dβ2 θ(1− β12)
1∫

0

dr1dr2dr3
β1 (r1r2r3)ε(

β1β2β̄12
)1+2ε (

β1 + r1β̄12
)

× 2F1 (1, 1 + ε; 1− ε; r1r3) 2F1 (1, 1 + ε; 1− ε; r2r3) ,

(5.17)

where β̄12 = 1 − β12. We change the integration variable β1 = t(1 − β2), integrate over r2
using the definition of the generalized hypergeometric function in eq. (E.8), and obtain

I = 4
(1 + ε)

1∫
0

dβ2dtdr1dr3
(1− β2)−1−4ε β−1−2ε

2 (1− t)−1−2ε t−2ε

r1 + t − r1t

× 2F1 (1, 1 + ε; 1− ε; r1r3) 3F2 (1, 1 + ε, 1 + ε; 1− ε, 2 + ε; r3) .

(5.18)
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This expression can be further integrated over β2 and t. Integration over β2 results in
Γ-functions, and integration over t leads to an 2F1 function with the argument 1 − 1/r1,
which can be simplified using eq. (E.3). Proceeding along these lines, we obtain

I = 2Γ3(−2ε)
(1 + ε)Γ(−6ε)

1∫
0

dxdy

(
y

x

)ε

2F1 (1, 1 + ε; 1− ε;xy)

× 2F1 (1− 2ε,−4ε; 1− 4ε; 1− x) 3F2 (1, 1 + ε, 1 + ε; 1− ε, 2 + ε; y) .

(5.19)

Since this integral is finite, we compute it by expanding the integrand in ε and integrating the
resulting expression. To do this, we use the packages HypExp [136, 137] and HyperInt [138].
The final result reads

I = π2

2ε2 −
(3
2π2 − 18ζ3

) 1
ε
+
(9
2π2 − 54ζ3 +

1
120π4

)
− ε

(27
2 π2 − 162ζ3 +

1
40π4 + 125

2 π2ζ3 −
837
2 ζ5

)
+O

(
ε2
)

.

(5.20)

The above examples demonstrate how the calculation of integrals that are regulated
dimensionally and do not contain the 1/k2

123 propagator is performed. Although these
computations are not easy and, quite often, integral representations for nnn̄ integrals look
quite complex, in comparison with their nnn counterparts they have a simpler structure of
singularities and require a smaller number of subtractions before the expansion of integrands
in ε can be performed.

5.2 1/ν-divergent integrals

There are 4 master integrals that become divergent if the analytic regulator is sent to
zero. They are

I
1/ν
1 =

∫ dΦθθδ (β1β2β3)ν

k2
123(k1 · k2)(α1 + α3)β1

, (5.21)

I
1/ν
2 =

∫ dΦθθδ (β1β2β3)ν

(k1 · k2)(α1 + α3)α2β1
, (5.22)

I
1/ν
3 =

∫ dΦθθθ̄ (β1β2α3)ν

k2
123(k1 · k2)(α1 + α3)(β1 + β2 + β3)β1

, (5.23)

I
1/ν
4 =

∫ dΦθθθ̄ (β1β2α3)ν

(k1 · k2)(α1 + α3)α2(β1 + β2 + β3)β1
. (5.24)

The integrals I
1/ν
1,2 have been computed previously in ref. [4]; they read

I
1/ν
1 = ν−1Γ2(−2ε)Γ(−4ε − 1)Γ(1 + 2ε)

Γ(−6ε − 1) C(ε) +O(ν0), (5.25)

I
1/ν
2 = ν−1Γ2(−2ε)Γ(−4ε)Γ(1 + 2ε)

Γ(−6ε) C(ε) +O(ν0), (5.26)

where

C(ε) = lim
ν→0

[
νΞ(1)

ν−1,−1

]
= 3F2(1, 1 + ε, 1 + ε; 1− ε, 2 + ε; 1)

1 + ε
− 3F2(1, 1 + ε,−ε; 1− ε, 1− ε; 1)

ε
.

(5.27)
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We have discussed the origin of the 1/ν singularities in section 3, and described steps
required to extract them. Although those steps are sufficient for obtaining the 1/ν poles of
I

1/ν
3,4 , we find it instructive to discuss the calculation of the 1/ν poles of these integrals in detail.

We begin with I
1/ν
4 . The 1/ν singularity in this case originates from the integration region

β1 ∼ α−1
2 → 0. We integrate over the relative azimuthal angle between k1 and k2, and obtain

I
1/ν
4 =

∞∫
0

dβ1dβ2dα3β−2ε+ν
1 β−2ε+ν

2 α−2ε+ν
3

1∫
0

dr1dr2 rε−2
1 rε−2

2

∞∫
α3

dβ3β−ε
3

× δ(1− β1 − β2 − α3)
(β1/r1 + α3)(β2/r2)(β1 + β2 + β3)β1

2
[

r2 θ(r1 − r2) (5.28)

× 2F1

(
1, 1 + ε; 1− ε; r2

r1

)
+ r1θ(r2 − r1)2F1

(
1, 1 + ε; 1− ε; r1

r2

) ]
,

where ri = βi/αi are the new integration variables. Because of the scaling relation between β1
and α2, and since other Sudakov variables are O(1), we find r1 ∼ β1 → 0 and r2 ∼ α−1

2 → 0.
Approximating the integrand, we find

I
1/ν
4 ∼

∞∫
0

dβ1dβ2dα3β−2ε+ν
1 β−2ε+ν

2 α−ε+ν
3

1∫
0

dr1dr2 rε−2
1 rε−2

2

∞∫
α3

dβ3β−ε
3

× δ(1− β2 − α3)
(β1/r1 + α3)(β2/r2)(β2 + β3)β1

2
[
r2θ(r1 − r2) (5.29)

× 2F1

(
1, 1 + ε; 1− ε; r2

r1

)
+ r1θ(r2 − r1)2F1

(
1, 1 + ε; 1− ε; r1

r2

) ]
.

The integral over β1 is easily computed using eq. (3.10). Keeping the 1/ν pole, we write

I
1/ν
4 = 2Γ(−2ε)Γ(1 + 2ε) C(ε)

ν

×

 1∫
0

dβ2dα3β−2ε
2 α−3ε−1

3 δ(1− β2 − α3)
∞∫

α3

dβ3β−ε
3

1
β2 + β3

1
β2

+O(ν0),
(5.30)

where we have used eq. (5.27) to express Ξ(1)
ν−1,−1 in terms of C(ε). The last integral in

eq. (5.30) can be easily calculated. We obtain

1∫
0

dβ2dα3β−2ε
2 α−3ε−1

3 δ(1− β2 − α3)
∞∫

α3

dβ3β−ε
3

1
β2 + β3

1
β2

= Γ(−2ε)Γ(1− 4ε)
εΓ(1− 6ε) 3F2 (1, 1,−2ε; 1 + ε, 1− 6ε; 1) .

(5.31)

Finally, combining the various contributions and extracting the 1/ν pole, we find

I
1/ν
4 = Γ2(−2ε)Γ(1 + 2ε)Γ(1− 4ε)

νεΓ(1− 6ε) C(ε) 3F2 (1, 1,−2ε; 1 + ε, 1− 6ε; 1) +O(ν0), (5.32)

where the function C(ε) is given in eq. (5.27).
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The computation of integral I
1/ν
3 proceeds analogously. The only difference in comparison

to I
1/ν
4 is the presence of the propagator 1/k2

123, which simplifies to 1/(α2β3) in the region
responsible for producing the 1/ν singularity. We find

I
1/ν
3 = Γ(1 + 2ε)Γ(−4ε)Γ2(−2ε)

νΓ(−6ε)(1 + ε) C(ε) 3F2 (1, 1,−2ε;−6ε, 2 + ε; 1) +O(ν0). (5.33)

The four integrals discussed above are the only 1/ν-divergent integrals that are required
for computing the N3LO QCD contribution to the soft function.

6 Computing integrals with 1/k2
123 propagators using differential

equations

It remains to compute 139 integrals that contain the 1/k2
123 propagator. Since we did not

find a way to calculate them by direct integration, we follow the approach described in ref. [4]
and modify this propagator by introducing an auxiliary parameter m2,

1
k2

123
→ 1

k2
123 + m2 . (6.1)

This step, applied to an original master integral I(ε) transforms it to an m2-dependent
integral J(ε, m2).

There are two reasons for introducing m2 in this way. First, it allows us to derive
differential equations for the integrals J(ε, m2), to solve them with high numerical precision
and to extrapolate solutions to the point m2 = 0. Second, inclusion of m2 into the propagator
1/k2

123 enables computation of boundary conditions for the differential equations at the point
m2 = ∞, where significant simplifications occur. Although these simplifications are not as
radical as may be naively expected, they are sufficient for an analytic computation of the
required boundary constants, as we explain in section 7.

6.1 Constructing the differential equations

The differential equations are constructed following the standard procedure.

1. After the reduction of all integrals needed to compute the soft function, we select a set
of dimensionally-regulated master integrals that contain the 1/k2

123 propagator. We will
refer to this set as {Ik2

123(ε)}.

2. For integrals from this set, we modify the 1/k2
123 propagator as in eq. (6.1). We will

refer to this new set as {Jk2
123(ε, m2)}.

3. For {Jk2
123(ε, m2)} integrals, we generate a system of linear equations using the

integration-by-parts method, following the discussion in section 4. We need to extend
the list of integrals that we consider and include additional integrals with 1/(k2

123 +m2)
and also integrals without this propagator, to ensure that integration-by-parts identities
close. We will refer to the new list of integrals as {J(ε, m2)}. We note that the presence
of the parameter m2 does not affect the classification of integral families.
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4. Computing derivatives of integrals from {Jk2
123(ε, m2)} with respect to m2, and express-

ing them through master integrals, we obtain a linear system of first-order differential
equations

∂

∂m2 J(ε, m2) = M(ε, m2)J(ε, m2). (6.2)

In principle, the above procedure should be performed for integrals defined with the
analytic regulator. We have attempted to do that and found that the construction of
differential equations becomes extremely complicated, as the reduction to master integrals
involves three parameters d, ν and m2 making it very slow and inefficient. However, it is
important to realize that it is unnecessary to do that. Indeed, since the set of integrals Ik2

123(ε)
includes integrals that are regularized dimensionally, and since introduction of m2 cannot
affect this property, derivatives of J(ε, m2) integrals cannot depend on ν as well. Hence, it
should be possible to construct a ν-independent system of differential equations that these
integrals satisfy. Our experience shows that the construction of such a system is possible but
highly non-trivial. To achieve this, we relied heavily on the idea of filtering described at the
end of section 3, which allows us to remove ill-defined integration-by-parts identities from the
sets of linear equations and set ν = 0 everywhere before attempting to solve it. We note that
we have performed extensive checks of the filtering process by comparing exact ν-dependent
reductions with reductions performed using a filtered system of IBP relations.

Remarkably, the filtered reduction actually achieves a more “complete” reduction than
the ν-dependent reduction. In a test of the filtered reduction, we reduce those well-defined
integrals needed for the computation of the soft function and compare the result with the
ν-dependent reduction.11 Some of the integrals are reduced to well-defined master integrals,
which we reproduce exactly, while other integrals are reduced to the four 1/ν-divergent
integrals I1/ν discussed in section 5.2 with O(ν1) reduction coefficients. We find that the
filtered IBP system reduces all such integrals, equivalently, to two well-defined integrals with
O(ν0) reduction coefficients instead. It turns out that there are linear relations among the
1/ν poles of the four integrals I1/ν

I
1/ν
1 = 1 + 6ε

1 + 4ε
I

1/ν
2 +O(ν0), (6.3)

I
1/ν
3 = −1 + 6ε

1 + 3ε
I

1/ν
4 + 1 + 7ε

ε(1 + 3ε)I
1/ν
2 +O(ν0). (6.4)

In the ν-dependent reduction, the I1/ν integrals are independent, which is understandable
since higher order terms in the expansion in ν of these integrals are unrelated to each other.
This fact shows that the filtered reduction correctly captures the contributions that are relevant
for the soft function and avoids the redundancies introduced by the analytic regulator ν.

6.2 Solving the differential equation and constructing solutions at m2 = 0

In the previous section we described the construction of the system of differential equations
for integrals that contain the 1/k2

123 propagator. Any system of differential equations requires
11Note that in our setup, the soft function is expressed as a linear combination of both well-defined integrals

and ill-defined integrals. The filtered IBP system can only work with well-defined integrals.
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boundary conditions. We find it convenient to compute them at m2 → ∞; we discuss the
details of their computation in section 7. In this section we assume that the boundary
conditions are known, explain how to solve the system of differential equations numerically,
and recover the m2 = 0 master integrals I(ε) that we actually require.

The system of differential equations reads

∂m2J(ε, m2) = M(ε, m2)J(ε, m2). (6.5)

It contains 630 integrals. Our goal is to solve it numerically, starting from m2 = ∞, and
obtaining the desired m2 = 0 integrals as

I(ε) = lim
m2→0+

J(ε, m2). (6.6)

In deriving the system of differential equations it is critical to choose a basis of master
integrals that keeps the differential equations simple. In particular, it is important to ensure
that the matrix M(ε, m2) contains no denominators which mix ϵ and m2. We were able to
achieve this for the system of equations that we have to solve. Even for good bases, elements
of the matrix M are rational functions of m2, comprised of high-degree polynomials with
many poles in the complex m2-plane.

Before describing how the system of differential equations can be solved, it is useful to
make a few remarks about singularities of the integrals J(ε, m2). Since these are phase-space
integrals with k2

123 > 0, the mass dependent propagator 1/(k2
123 + m2) cannot develop any

non-analyticity for real positive values of m2, except for m2 = 0 and m2 = ∞. Hence, in
principle, as long as we stay away from the negative real axis in the complex m2-plane,
we can reach the point m2 = 0 without having to worry about crossing singular surfaces,
where values of integrals can branch.

However, it is to be noted that the matrix M(ε, m2), that appears in the differential
equation, does have singularities also in the half-plane where Re(m2) > 0. Altogether, there
are 38 poles at various values of m2 in the matrix M(ε, m2), coming from 29 different
polynomials in the denominator. These polynomials read

m2,±1+m2,±1+2m2,±1+4m2,±1+8m2,±9+16m2,4+m2,−16+m2,

1+16m2,1+3m2,−9+4m2,−3+4m2,1+5m2,−3+8m2,4+9m2,1+64m2,

1+4m4,1+4m2+16m4,4±13m2+32m4,−27+64m4,−7−36m2+96m4,

16+87m2+1024m4,1+108m2−304m4+64m6.

(6.7)

Among the zeros of these polynomials, there is a branch point at the origin, which is
our target point. There are 22 singularities located at the half-plane with Re(m2) < 0 or
on the imaginary axis of m2

m2 ≈ {−4, −1, −0.649511, −0.5625, −0.5, −0.444,

−0.33, −0.25, −0.203125± 0.289379i, −0.2,

−0.1412, −0.125, −0.125± 0.21651i, −0.0625,

−0.042480± 0.11756i, −0.015625, −0.00903, ±0.5i}.

(6.8)
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Figure 3. Singularities of M(ε, m2) in the vicinity of m2 = 0. The singularities located in the right
half-plane of m2 are colored in red, while other singularities are colored in blue. The path that we
follow to move from m2 = ∞ to m2 = 0 is shown in green.

Finally, there are 15 poles in the half-plane where Re(m2) > 0,
m2 ≈ {0.125, 0.25, 0.203125± 0.289379i, 0.375,

0.3966835638, 0.5, 0.5162444550, 0.5625,

0.6495190528, 0.75, 1, 2.25, 4.362345770, 16}.

(6.9)

These different singularities of the matrix M are illustrated in figure 3, and, as we
already mentioned, all J(ε, m2) integrals have to remain regular in the half-plane to the
right of the imaginary axis.

Furthermore, when m2 is real and positive, the phase-space integrals should also be
real. While this sounds completely obvious, it provides a useful consistency check for the
solutions of the differential equations, especially if one starts at complex infinity and moves
towards a positive real axis.

The solution at m2 = ∞ takes the following form

J∞(ε, m2) =
∑
nlk

(
m2
)−n−lε

logk m2Bnlk (ε) =
∑

n

(
m2
)−n

B0
n (ε)

+
(
m2
)−ε

[∑
n

(
m2
)−n

B−ε
n (ε) +

∑
n

(
m2
)−n

logm2B−ε,log
n (ε)

]

+
(
m2
)−2ε

[∑
n

(
m2
)−n

B−2ε
n (ε) +

∑
n

(
m2
)−n

logm2B−2ε,log
n (ε)

+
∑

n

(
m2
)−n

log2 m2B−2ε,log2
n (ε)

]
,

(6.10)

– 25 –



J
H
E
P
0
4
(
2
0
2
5
)
0
8
4

where in the second step we write the relevant terms of the expansion actually allowed by
the differential equations.

We find that we require 49 constants of the type B0
i , 28 constants of the type B−ε

i , 26
constants of the type B−2ε

i , and 1 constant of the type B−ε,log
i to fully specify the solution.

Integrals, from which these constants are determined, can be chosen arbitrarily, but simpler
integrals are preferred.

Having determined a sufficient number of the expansion coefficients in eq. (6.10), we
can evaluate J∞(ε, m2) at a point m2 = m2

i that is different from infinity. To choose this
point, we need to determine the radius of convergence of the expansion in eq. (6.10), which
is controlled by the closest singularity to m2 = ∞ in the complex m2-plane, or the farthest
singularity away from the origin. For our equation m2 = 16 dictates the radius of convergence
of the solution at the boundary eq. (6.10), any m2 that satisfies |m2| > 16 is a valid choice of
m2

i . In practice m2
i is taken to be 64i. Having chosen the first evaluation point m2

i , within
the radius of convergence, we obtain J(ε, m2

i ) = J∞(ε, m2
i ). To move forward, we represent

solutions of the differential equation as Taylor series

Jm2
i
(ε, m2) =

∑
n=0

(
m2 − m2

i

)n
cn(ε), (6.11)

which is possible since m2
i is a regular point of the differential equation. It should be apparent

that c0(ε) = J(ε, m2
i ) and that other coefficients in the above equation are

cn(ε) =
1
n!

dn J∞(ε, m2)
dm2n

∣∣∣
m2=m2

i

. (6.12)

We find it convenient to compute these derivative by utilizing the differential equation. The
n-th derivative satisfies

dn J(ε, m2)
dm2n

=
n−1∑
k=0

(n − 1)!
(n − 1− k)!k!

[
dkM

dm2k

d(n−1−k) J(ε, m2)
dm2(n−1−k)

]
. (6.13)

Using these equations recursively, we easily obtain the coefficients cn(ε).12 We then use
eq. (6.11) to move away from the point m2

i , staying within its radius of convergence, and
then repeat the above procedure at another regular point.

Continuing this process, after about 50 steps we reach a point within the radius of
convergence of the solution at m2 = 0. We will refer to this last regular point as m2

f . The
point m2 = 0 is a singular point of the differential equation, so the expansion around this
point has a power-logarithmic form

J0(ε, m2) =
∑
lnk

(
m2
)n+lε

logk m2cnlk(ε). (6.14)

We compute coefficients of the expansion in eq. (6.14) by comparing it with the value of
the Taylor-expanded integrals J(ε, m2

f ) at m2
f . We emphasize that in the formal solution

12In practice, cn(ε) can be evaluated efficiently by casting the differential equation system into a system of
linear recurrence relations and solving it order by order.
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shown in eq. (6.14) we include all branches that are consistent with the behavior of the
differential equation eq. (6.5) at m2 = 0.

Finally, we take the limit m2 → 0 at fixed ε, recovering original massless integrals

I(ε) = lim
ε→0

lim
m2→0+

J0(ε, m2) = c000(ε), (6.15)

where the limit ε → 0 is understood as an expansion through the required order in ε.
It is interesting to note that there are more independent integrals in the list J(ε, m2)

than in I(ε). This means that the massless integrals that we obtain as the limit of massive
integrals are not independent and relations between them can be found using the IBP relations
for massless integrals. This provides an opportunity for a highly non-trivial and powerful
check, and we find that our solutions do pass it.

To conclude this section, we note that in comparison to our previous work [4, 5], where
both parameters d and ν were retained in the differential equations, the current approach
is simpler and more transparent. The reason for this is that it is difficult to construct the
ν-dependent differential equations and to analyze the behavior of the solutions around singular
points m2 = 0 and ∞. For example, the solution J0(ε, ν, m2) of the ν-dependent system
of differential equations at m2 = 0 depends on both regulators ε and ν, and the original
massless integrals are recovered in the following way13

I(ε, ν) = lim
ε→0

lim
ν→0

lim
m2→0+

J0(ε, ν, m2). (6.16)

The need to compute these limits forces us to develop full understanding of the ν dependence
of master integrals at the singular points, which is highly non-trivial. Furthermore, evolving
solutions of the differential equations from m2 = ∞ to m2 = 0 is much more challenging
in the presence of the ν regulator.

Previously [4, 5], we observed that the ν-dependent solutions (m2)n+lε+l′ν logk m2 take a
relatively simple form and, in the limit ν → 0, can be accounted for correctly without the
need of explicitly introducing the regulator ν to the differential equation. This allows us to
take the ν → 0 limit before starting to solve the differential equations, making it similar to
cases where dimensional regularization is sufficient. However, due to an increased complexity
of master integrals, this was hardly a viable option for the nnn̄ case. The use of a filtered
reduction was crucial for solving the problem, as all integrals I(ε) that appear in that case
are guaranteed to be well-defined without the need of an additional regulator.

7 Boundary conditions

In the previous section, we have assumed that all the boundary conditions at m2 = ∞ are
known. In this section we discuss how they are computed. By analyzing the matrix M (ε, m2)
at m2 → ∞, it is possible to identify the possible branches for various integrals and deduce
the minimal set of constants for the boundary conditions. Many of these branches provide
vanishing contributions, and only three branches

(
m2)−nε with n = 0, 1, 2, which have already

appeared in the nnn case [4, 5], contribute.
13The ε → 0 and ν → 0 limits should be understood as the expansion of integrals through an appropriate

order in these variables.
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Di α1 ∼ m2 α2 ∼ m2 α3 ∼ m2 β3 ∼ m2

k12 · n β12 β12 β12 β12

k23 · n β23 β23 β23 β3

k13 · n β13 β13 β13 β3

k123 · n β123 β123 β123 β3

k12 · n̄ α1 α2 α12 α12

k23 · n̄ α23 α2 α3 α23

k13 · n̄ α1 α13 α3 α13

k123 · n̄ α1 α2 α3 α123

k2
12 α1β2 α2β1 k2

12 k2
12

k2
23 k2

23 α2β3 α3β2 β3α2

k2
13 α1β3 k2

13 α3β1 β3α1

k2
123 + m2 α1β23 + m2 α2β13 + m2 α3β12 + m2 β3α12 + m2

Table 3. Scalings in the region (m2)−ε.

7.1 The Taylor branch

Since we discuss phase-space integrals and consider the limit m2 → ∞, the most natural
contribution arises from the Taylor expansion of integrands in 1/m2. This implies

1
k2

123 + m2 → 1
m2 +O(k2

123/m2), (7.1)

and the complicated denominator k2
123 disappears from the computation entirely. Integrals

that appear in the calculation of the Taylor branch can be computed by direct integration
in the same way as the master integrals discussed in section 5.

7.2 Region
(
m2)−ε

A peculiar feature of phase-space integrals required for the computation of the soft function
is their ultra-violet sensitivity, manifesting itself in the appearance of non-trivial branches in
the m2 → ∞ limit. We start with the discussion of the (m2)−ε branch. This branch occurs
when a larger light-cone component of one of the partons’ momenta is O(m2) and all other
momenta components and momenta of other partons are O(1). This can only happen if
at least one θ-function is present in the integrand.

In table 3 we provide original and simplified expressions for all inverse propagators,
for different choices of the large light-cone coordinate. It follows from that table, that
there is one (and only one) case-specific scalar product of two four-momenta that cannot
be simplified. These scalar products depend on the relative angle between momenta of two
partons, and it is this dependence that makes the computation of boundary conditions for
this branch challenging.

We denote two partons, whose momenta scale as O(1), as i and j, and the parton with
one O(m2) Sudakov component as h. We also assume that the larger momentum component
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is γ̃h and the smaller one is γh. It follows from table 3 that any integral that provides the
(m2)−ε branch can be written as

J ∼ 1
N 2

ε

∞∫
0

dγh γ−ε
h

∫
[dki][dkj ]

fifjR0(αi,βi,αj ,βj ,γh)
[k2

ij ]n

∞∫
0

dγ̃h γ̃−ε
h

γ̃n1
h (γ̃h xij+m2)n2

, (7.2)

where the rational function R0(αi, βi, αj , βj , γh) contains the zero-jettiness δ-function, and
depends on the light-cone components of all partons. The polynomial xij that depends on the
light-cone components of momenta ki,j can be read off from table 3. The integral over γ̃h gives

∞∫
0

dγ̃h γ̃−ε
h

γ̃n1
h (γ̃h xij+m2)n2

=(m2)1−ε−n1−n2 Γ(n1+n2−1+ε)Γ(1−n1−ε)
Γ(n2)

xn1−1+ε
ij . (7.3)

As the next step, we discuss integration over momenta of partons i and j and consider
the following integral

Jij = 1
N 2

ε

∫
[dki][dkj ]

1
[k2

ij ]n
fi fj R(αi, βi, αj , βj , γh). (7.4)

In eq. (7.4) we have introduced a new function R(αi,βi,αj ,βj ,γh)=xn1−1+ε
ij R0(αi,βi,αj ,βj ,γh).

The inverse propagator k2
ij reads

k2
ij = 2ki · kj = (αiβj + αjβi)

(
1− 2

√
αiβjαjβi

αiβj + αjβi
e⃗⊥,i · e⃗⊥,j

)
= (αiβj + αjβi) (ρ · ρm) , (7.5)

where ρ and ρm are two (d − 1)-dimensional Minkowski vectors. The vector ρ is light-like,
ρ2 = 0, and the vector ρm is time-like with

ρ2
m = (αiβj − αjβi)2

(αiβj + αjβi)2 . (7.6)

The angular integration in the transverse space is easily performed with the help of eq. (D.32),
and Jij becomes

Jij = 1(
Ω(d−2))2

∫ dαidβidαjdβj

(αiβiαjβj)ε fi fj R(αi, βi, αj , βj , γh)
∫ dΩ(d−2)

i dΩ(d−2)
j

[k2
ij ]n

=
∫ dαidβidαjdβj

(αiβiαjβj)ε fi fj
R(αi, βi, αj , βj , γh)
(αiβj + αjβi)n I

(1)
d−2;n(ρ

2
m).

(7.7)

The function I
(1)
d,n is defined in eq. (D.36).

Further integrations require us to specify the constraints fi and fj . There are five
cases to be considered.

(A) If fi = δ(αi − βi) and fj = δ(αj − βj), we integrate over αi and αj to obtain

Jij = Γ (1− ε) Γ (1− 2ε − 2n)
Γ (1− ε − n) Γ (1− 2ε − n)

1∫
0

dβidβj (βiβj)−n−2ε R(βi, βi, βj , βj , γh). (7.8)
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(B) if fi = δ(αi − βi) and fj = θ(αj − βj), we integrate over αi and perform a variable
transformation αj → βj/rj . We find

Jij =
1∫

0

dβidβj

1∫
0

drj

R
(
βi, βi,

βj

rj
, βj , γh

)
βn+2ε

i βn−1+2ε
j r2−n−ε

j
2F1 (n, n + ε; 1− ε; rj) . (7.9)

(C) if fi = δ(αi − βi) and fj = θ(βj − αj) we integrate over αi, and replace βj = αj/rj

Jij =
1∫

0

dβidαj

1∫
0

drj

R
(
βi, βi, αj ,

αj

rj
, γh

)
βn+2ε

i αn−1+2ε
j r2−n−ε

j
2F1 (n, n + ε; 1− ε; rj) . (7.10)

(D) if fi = θ(αi − βi) and fj = θ(αj − βj), we replace αi = βi/ri, αj → βj/rj , apply the
transformation shown in eq. (E.4) to the angular integral, where we also need to split
the original integration region into two regions ri < rj and rj < ri. Writing ri = rjξ

and rj = ξri in the first and in the second region, respectively, we obtain the following
representation for the integral

Jij =
1∫

0

dβidβj

1∫
0

drjdξ
R
(

βi
ξrj

, βi,
βj

rj
, βj , γh

)
(βiβj)n−1+2εr3−n−2ε

j ξ2−n−ε 2F1 (n, n + ε; 1− ε; ξ)

+
1∫

0

dβidβj

1∫
0

dridξ
R
(

βi
ri

, βi,
βj

ξri
, βj , γh

)
(βiβj)n−1+2εr3−n−2ε

i ξ2−n−ε 2F1 (n, n + ε; 1− ε; ξ) .

(7.11)

(E) finally, if fi = θ(αi − βi) and fj = θ(βj − αj), we replace αi → βi/ri, βj → αj/rj and
find

Jij =
1∫

0

dβidαj

1∫
0

dridrj

R
(

βi
ri

, βi, αj ,
αj

rj
, γh

)
(βiαj)n−1+2ε(rirj)2−n−ε 2F1 (n, n + ε; 1− ε; rirj) . (7.12)

Further integrations are case specific. Often, integrations over variables r and ξ can
be performed in terms of hypergeometric functions, but if mixed propagators of the type
1/(αi+αj) appear, it becomes impossible to do that. At any rate, the subsequent integrations
are performed on the case-by-case basis.

To illustrate the above discussion, we compute the (m2)−ε branch of the following integral

J =
∫ dΦθθθ̄

(k1 · k3) (k2 · n) (k123 · n̄)2 (k2
123 + m2) . (7.13)

This integral has three θ-functions and contributes to the nnn̄ configuration.
A simple analysis shows that the leading (m2)−ε contribution originates from the region

where β3 ∼ m2; because of that, the integral corresponds to the case (D) above with i = 1
and j = 2. The integrand in eq. (7.13) has no scalar product k1 · k2; for this reason, no
non-trivial angular integration has to be performed. We use table 3 to read off the simplified
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propagators, and apply the variable transformations that are explained in item (D) above.
We then write the result as the sum of two terms

J = JA + JB, (7.14)

where

JA=2
∞∫

0

dβ3

β1+ε
3

1∫
0

dβ1dβ2 dα3dr2dξ
(β1β2)−2ε(α3)−εr1+2ε

2 ξ2+εδ(1−β1−β2−α3)
(β1+(β2+α3r2)ξ)2((β1+β2ξ)β3+m2r2ξ) , (7.15)

JB =2
∞∫

0

dβ3

β1+ε
3

1∫
0

dβ1dβ2dα3dr1dξ
(β1β2)−2ε(α3)−εr1+2ε

1 ξ1+εδ(1−β1−β2−α3)
(β2+(β1+α3r1)ξ)2((β2+β1ξ)β3+m2r1ξ) . (7.16)

In both integrals, integration over β3 can be immediately performed using eq. (7.3). Then,
the zero-jettiness δ function is removed by integrating over β2 in JA and over β1 in JB . After
that, the variable transformation β1,2 = t(1− α3) is performed in integrals JA,B , respectively.

To proceed further, it is convenient to treat both integrals on the same footing. To do
that, we introduce an auxiliary integral Jn

Jn=
2Γ(−ε)Γ(1+ε)

(m2)1+ε

1∫
0

drdξdα3dt
ξn(1−α3)1−3εα−ε

3 rε(1−t)−2εt−2ε(t−ξ−tξ)ε

(t−α3t+ξ−α3ξ+α3rξ−tξ+α3tξ)2 , (7.17)

and notice that J1 = JA and J0 = JB, provided that r is identified with r1,2 in the two
integrals, as appropriate.

To compute Jn, we change the integration variables

ξ = tu

1− u + tu
, α3 = v

u + v − uv
, (7.18)

and obtain

Jn=
2Γ(−ε)Γ(1+ε)

(m2)1+ε

1∫
0

drdtdudv
rε(1−t)−2εt−1+n−εun−3ε(1−v)1−3εv−ε

(1−u+tu)n+ε(u+v−uv)1−4ε(1−v+rv)2 . (7.19)

Integration over v produces the Appell function F1, see eq. (E.9), which simplifies to 2F1, cf.
eq. (E.6). The integration over t leads to a hypergeometric function 2F1. We obtain

Jn=−2Γ(2−3ε)Γ(1−2ε)Γ2(1−ε)Γ(n−ε)Γ(1+ε)
ε(m2)1+εΓ(3−4ε)Γ(1+n−3ε)

1∫
0

drdu
rε

(1−u)n+εun

×2F1(2,1−ε;3−4ε;1−ru)2F1

(
n−ε,n+ε;1+n−3ε; u

u−1

)
.

(7.20)
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It is possible to integrate over r, expressing the result in terms of the hypergeometric function
3F2. To do this, we employ eqs. (E.2) and (E.8). We obtain the following one-dimensional
integral representation

Jn=
4(1−4ε)Γ(2−3ε)Γ(2−2ε)Γ(n−ε)Γ2(1−ε)Γ(1+ε)
3ε2(m2)1+ε(1−3ε)(1+ε)Γ(3−4ε)Γ(1+n−3ε)

×
1∫

0

duun
2F1(1−2ε,n+ε;1+n−3ε;u)3F2(2,1−ε,1+ε;2+ε,1+3ε;u)

+2Γ(2−3ε)Γ(1−2ε)Γ(n−ε)Γ(−ε)Γ(3ε)Γ(1+ε)
(m2)1+ε(1−2ε)Γ(1+n−3ε)

1∫
0

duun−3ε (7.21)

×2F1(1−2ε,n+ε,1+n−3ε,u)3F2(1−4ε,2−3ε,1−2ε;1−3ε,2−2ε;u),

where we also used eq. (E.3) to simplify the u-dependent hypergeometric function in eq. (7.20).
The integral representation for Jn, n = 0, 1 in eq. (7.21) is convenient because integration

over u is not singular. Hence, the integrand in that equation can be expanded in powers
of ε, and integrated term by term using HyperInt [138]. Upon doing that, we obtain the
final result for the integral in eq. (7.13)

J = (m2)−1−ε
[

π2

3ε2 + 10ζ3
ε

+ 29π4

90 + ε

(
208ζ5 −

38
3 π2ζ3

)
+ ε2

(2239
5670π6 − 172ζ2

3

)
+O(ε3)

]
.

(7.22)

All integrals that possess the
(
m2)−ε-branch at large m2 can be analyzed using similar steps

once the large momentum component for one of the partons is identified.

7.3 (m2)−ε log (m2) boundary integral

All branches of master integrals contain prefactors (m2)−nε, with n = 0, 1, 2. In addition, we
have found that in case n = 1, one needs to account for additional sub-branch (m2)−ε log (m2),
where the logarithm appears before expansion in ε. This contribution may appear if, in a
given integral, two different integration regions over Sudakov parameters contribute to the
(m2)−ε branch. We will illustrate this phenomenon by considering two integrals. The first
integral is quite simple, it can be computed in a closed form and used to understand the
origin of such terms. The second is more complex; we discuss it because it was actually
used to determine the required boundary condition.

We begin with the following integral

R1 =
∫ dΦδθθ̄ β2

(k2
123 + m2) . (7.23)

It receives two non-vanishing contributions to the branch (m2)−ε from the regions with
α2 ∼ m2 and β3 ∼ m2. Hence, we can write

R−ε
1 = R1,α2 + R1,β3 , (7.24)
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and a simple analysis shows that, individually, these contributions are not regulated di-
mensionally.14

To proceed with the calculation of individual contributions to the (m2)−ε branch, we
introduce the factor β−ν

3 to the numerator of the original integral eq. (7.23). Considering
the contribution of the α2 ∼ m2 region and making use of the integral representation in
eq. (7.10) with n = 0, we find

R1,α2 =
∞∫

0

dα2

1∫
0

dβ1dβ2dα3dr3

(
r3
α3

)ν α1−2ε
3 β−2ε

1 β2(α2β2)−εδ(1−α3−β1−β2)
r1−ε

3 (r3(α2β1+m2)+α2α3)
. (7.25)

We continue with the integrations over α2 and r3. We remove the δ-function by integrating
over β1, and change variables α3 = t(1 − β2) after that. The integrations over β2 and t

factorize and we obtain

R1,α2 = (1− ε)Γ(1− 2ε)Γ3(1− ε)Γ(1 + ε)Γ(2− 3ε − ν)
(m2)εενΓ(2− 3ε)Γ(4− 4ε − ν)

× 3F2 (1− 2ε, ν, ε + ν; 2− 3ε, 1 + ν; 1) .

(7.26)

The 1/ν pole in the above expression is compensated by the contribution from the region
β3 ∼ m2, that we now discuss.

We use the representation in eq. (7.9) to obtain

R1,β3 =
∞∫

0

dβ3

1∫
0

dβ1dβ2dα3dr3
β−2ε

1 β2−2ε
2 β−ν

3 (α3β3)−εr−1+ε
3 δ(1−α3−β1−β2)

r3(β1β3+m2)+β2β3
. (7.27)

Performing the integrations, we find

R1,β3 = −1
ν

(1− ε)Γ(1− 2ε)Γ2(1− ε)Γ(−ε − ν + 1)Γ(3− 3ε + ν)Γ(ε + ν)
(m2)ε+νΓ(3− 3ε)Γ(4− 4ε + ν)

× 3F2 (1− 2ε, ε,−ν; 3− 3ε, 1− ν; 1) .

(7.28)

Finally, combining R1,α2 and R1,β3 and expanding in ν at fixed ε, we find

R−ε
1 = R1,α2 + R1,β3 = (1− ε)Γ(1− 2ε)Γ3(1− ε)Γ(ε)

Γ(4− 4ε) (m2)−ε log (m2) + . . . , (7.29)

where ellipses stand for contributions that do not contain the (m2)−ε log (m2) branch. We
note that out of the two terms discussed above, only R1,β3 produces a log (m2) contribution
whereas another one is only needed for removing the 1/ν pole. This is a generic feature of
such integrals, that we exploit in the second example below.

A more complicated integral that is actually employed for the calculation of the relevant
boundary constant reads

R2 =
∫ dΦθθθ̄

(k2
123 + m2)(k23 · n̄) . (7.30)

14To avoid confusion, we stress that this integral is regularized dimensionally, in agreement with the
discussion in section 3. However, when we approximate the integrand to simplify the calculation of the (m2)−ε

branch at large m2, the resulting expressions become ill-defined.
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To compute the (m2)−ε branch of this integral, we need to consider two regions, α1 ∼ m2

and β3 ∼ m2. We regulate both of these contributions by multiplying the integrand in
eq. (7.30) with β−ν

3 . Similar to the previous example, we find that the region α1 ∼ m2

does not contribute to the log (m2) branch, whereas the β3 ∼ m2 region does. Both regions
contribute to the coefficient of the 1/ν pole, where they cancel each other.

Focusing on the term (m2)−ε log (m2), we consider the region where β3 ∼ m2 and split
the relevant integrations into two parts, similar to the representation in eq. (7.11). We write
α1 = β1/r1 and α2 = β2/r2, consider two regions r1 < r2 and r2 < r1 and find that only the
first one contributes to the (m2)−ε log (m2) branch. Hence, changing variables r1 = ξ r2, we
arrive at the following representation of the relevant contribution15 to the integral

R̃2=
∞∫

0

dβ3

1∫
0

dβ1dβ2dα3dr2dξ
(β1β2)1−2εδ(1−α3−β1−β2)

βν
3 (α3β3)εr3−2ε

2 ξ2−ε
(
α3+ β2

r2

)(
m2+ β2β3

r2
+ β1β3

r2ξ

) . (7.31)

To compute this integral, we integrate over β3, remove the δ-function by integrating over α3,
and change variables as follows, β2 = t(1− β1) and β1 = t(1− v)/(t + v − tv). Integrating
over v and r2, we obtain the following two-dimensional integral

R̃2 = Γ(2− 3ε)Γ(2− 2ε)Γ(−ε − ν + 1)Γ(ε − ν)Γ(ε + ν)
(m2)ε+νΓ(4− 5ε)Γ(ε − ν + 1)

1∫
0

dtdξ
(1− t)−ε

t2−εξ3−3ε+ν

× 2F1

(
1, ε − ν; 1 + ε − ν; 1− 1

t

)
2F1

(
2− 3ε, 3− 4ε + ν; 4− 5ε; 1− 1

tξ

)
.

(7.32)

Applying the transformations shown in eqs. (E.3), (E.1) to first and second hypergeometric
functions, respectively, we find that the integral splits into two parts, where in each part
integration over ξ can be performed. Keeping the part that provides the (m2)−ε log (m2)
contribution, we write

R̃2=−Γ(2−3ε)(m2)−ε−νΓ2(1−ε)Γ(ε)
νεΓ(3−4ε)

1∫
0

dx
x1−2ε

(1−x)ε 2F1(1,1;1+ε;1−x)+.... (7.33)

Integrating over x and extracting the log (m2) term, we obtain the final result

R2=
Γ(1−2ε)Γ3(1−ε)Γ(1+ε)

2ε2(2−3ε)Γ(2−4ε) 3F2(1,1,1−ε;3−3ε,1+ε;1)m−2ε log(m2)+··· , (7.34)

where ellipses describe terms that do not contain the log (m2) term at fixed ε.

7.4 Region
(
m2)−2ε

Integrals where two light-cone components of partons’ momenta can become large simul-
taneously may possess an (m2)−2ε branch.

Similarly to the (m2)−ε branch considered earlier, we compute it by removing the θ-
functions which involve large light-cone components and extend the relevant integrations

15We introduce notation R̃2 to emphasize that the expression below only gives the relevant log(m2) term
and not the whole integral R2.
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Di α1 ∼ α2 ∼ m2 α2 ∼ α3 ∼ m2 α1 ∼ α3 ∼ m2

q = k1 + k2 q = k2 + k3 q = k1 + k3

k12 · n β12 = βq β12 = β2 + β1 β12 = β1 + β2

k23 · n β23 = β2 + β3 β23 = βq β23 = β3 + β2

k13 · n β13 = β1 + β3 β13 = β3 + β1 β13 = βq

k123 · n β123 = βq + β3 β123 = βq + β1 β123 = βq + β2

k12 · n̄ α12 = αq α2 α1

k23 · n̄ α2 α23 = αq α3

k13 · n̄ α1 α3 α13 = αq

k123 · n̄ α12 = αq α23 = αq α13 = αq

k2
12 k2

12 = q2 α2β1 α1β2

k2
23 α2β3 k2

23 = q2 α3β2

k2
13 α1β3 α3β1 k2

13 = q2

k2
123 k2

12 + α12β3 + m2 k2
23 + α23β1 + m2 k2

13 + α13β2 + m2

Table 4. Possible large integration parameters combinations giving contribution in the region (m2)−2ε.
We do not include contribution of the region with α1 ∼ β3 ∼ m2 and α2 ∼ β3 ∼ m2 resulting in
scaleless integrals.

to the interval [0,∞). Since in the region where αi ∼ αj ∼ m2, momenta ki and kj are not
anymore constrained by the θ-functions, it is useful to introduce a new vector q = ki + kj

and treat an integral over momenta ki, kj as a normal phase-space integral at fixed q.
All possible combinations of large Sudakov components, together with simplified prop-

agators, are summarized in table 4. The integration measures for all the relevant cases
can be simplified as follows

α2 ∼ α3 ∼ m2 :

dΦδθθ → 1
Nε

ddq[dk1]δ (1− βq − β1) δ (α1 − β1) dΦ(q, k2, k3), (7.35)

α1 ∼ α3 ∼ m2 :

dΦθδθ → 1
Nε

ddq[dk2]δ (1− βq − β2) δ (α2 − β2) dΦ(q, k1, k3), (7.36)

α1 ∼ α2 ∼ m2 :

dΦθθδ → 1
Nε

ddq[dk3]δ (1− βq − β3) δ (α3 − β3) dΦ(q, k1, k2), (7.37)

α1 ∼ α2 ∼ m2 :

dΦθθδ → 1
Nε

ddq[dk3]δ (1− βq − α3) δ (β3 − α3) dΦ(q, k1, k2), (7.38)

α1 ∼ α2 ∼ m2 :

dΦθθθ̄ → 1
Nε

ddq[dk3]δ (1− βq − α3) θ (β3 − α3) dΦ(q, k1, k2), (7.39)
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where
dΦ(q, ki, kj) =

1
N 2

ε

[dki][dkj ] δ(d) (q − kij) . (7.40)

Since integrations over two partons’ momenta that add up to q correspond to standard
phase-space integrals, it is useful to discuss how to simplify them. To study the most general
form of such integrals, we consider the case with q = k1 +k2, and note that all other momenta
assignments can be analyzed similarly. Hence, we consider the following family of integrals

Ja1...a6 =
1
N 2

ε

∫ [dk1][dk2]δ(d)(q−k1−k2)
(k1·n)a1 (k2·n)a2 (k1·n̄)a3 (k2·n̄)a4 (k1·n+β3)a5 (k2·n+β3)a6 . (7.41)

One can use the integration-by-parts technology to reduce them to the minimal set of master
integrals. This approach was employed in the previous (same-hemisphere) calculation as
described in refs. [4, 5]. We have also used it in the current computation alongside with
an alternative approach that we describe below.

Since the non-trivial part of the integral in eq. (7.41) is the integration over azimuthal
angles, we start with discussing it. It is convenient to consider the reference frame where
q = (q0, 0⃗), parametrize momenta of partons 1 and 2 using energies and angles, and integrate
over energies removing the δ-functions. As we explain below, remaining integrals over angles
can be related to cases familiar from earlier studies [139, 140].

Using energies and angles to parametrize light-like vectors, we write the required inverse
propagators as follows

k1 · n = βq

2 (ρ1 · ρn) , k2 · n = βq

2 (ρ1 · ρ̄n) ,

k1 · n̄ = αq

2 (ρ1 · ρn̄) , k2 · n̄ = αq

2 (ρ1 · ρ̄n̄) .
(7.42)

In the above expressions, we introduced the light-like vectors ρ1 = (1, k⃗1/|⃗k1|), ρn = (1, n⃗/|n⃗|),
and ρn̄ =

(
1, ⃗̄n/|⃗̄n|

)
, as well as conjugate vectors ρ̄n and ρ̄n̄ which are defined as parity-

transformed versions of ρn and ρn̄.
Inverse propagators that contain further Sudakov parameters in addition to scalar

products shown in eq. (7.42) can be written as scalar products of a light-like vector and
a time-like vector. To see this, we introduce two four-vectors ρm = (1, λn⃗/|n⃗|) and ρ̄m =
(1,−λn⃗/|n⃗|), with

λ = βq

βq + 2β3
, (7.43)

and write

k1 · n + β3 =
(

βq

2 + β3

)
(ρ1 · ρm) , k2 · n + β3 =

(
βq

2 + β3

)
(ρ1 · ρ̄m) . (7.44)

The integral in eq. (7.41) can be written as follows

Ja1...a6 =
1
N 2

ε

Ω(d−1)

(8π2)d−1

(
q2)d/2−2 2a

βa1+a2
q αa3+a4

q (βq+2β3)a5+a6
Ω(d−1)

a1...a6 (ρn,ρ̄n,ρn̄,ρ̄n̄,ρm,ρ̄m), (7.45)
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where a =
6∑

i=1
ai and the angular integral over directions of a light-like vector k with k0 = 1

is defined by the following formula

Ω(d−1)
a1...an

[v1, . . . , vn] =
1

Ω(d−1)

∫ dΩ(d−1)
k

(k · v1)a1 (k · v2)a2 . . . (k · vn)an
. (7.46)

General results for such integrals, alongside with many specific cases, are discussed in
refs. [139–141].

For our purposes angular integrals can be further simplified using e.g. the relation
between k · ρ and k · ρ̄ scalar products. The required partial fractioning rules can be found in
appendix D. Once these relations are applied, the final set of Ω-integrals consists of integrals
with at most two denominators. Such integrals have been computed in ref. [139] and we
provide explicit expressions for them in appendix D. Furthermore, since angular integrals with
arbitrary powers of the denominators are known in terms of hypergeometric functions, linear
relations between integrals with different powers can easily be constructed [140], and used
to simplify the resulting expressions without the need to express hypergeometric functions
through elementary functions.

After the partial fractioning and the simplification of angular integrals, the original
integral whose (m2)−2ε branch defines the required boundary value is given by a linear
combination of several simple integrals. Further integrations over components of the vector q

can be often performed following the discussion of the nnn case in ref. [4]. However, new
challenges arise for the nnn̄ case, as we explain below.

The first point is that in the same-hemisphere configuration the zero-jettiness constraint
δ(1−β123) implies that β3 = 1−β12 = 1−βq and, therefore, entries in eq. (7.44) simplify. The
second point is that in the same hemisphere configuration, integrals with three θ-functions
do not appear as master integrals. For the choice of large Sudakov components that we
discuss, this implies that not only β3 but also α3 is equal to 1− βq. All in all, this implies
that the integration over k3 can be easily performed, and only the integration over q remains.
For nnn̄ integrals with three θ-functions — the examples of which are shown in eq. (7.39) —
the required computation is more complex. Below we consider an example which illustrates
how such integrals can be calculated.

We are interested in the (m2)−2ε branch of the following integral

J =
∫ dΦθθθ̄

(k2 · n̄) (k13 · n)
(
k2

123 + m2)2 . (7.47)

The relevant contribution comes from the region α1 ∼ α2 ∼ m2. The integration measure
in this case is given by eq. (7.39). Simplifying the propagators in the limit α1,2 ∼ m2 → ∞,
we obtain

J ∼ 1
N 3

ε

∫
ddq[dk3]

δ(1−βq−α3)θ(β3−α3)
(q2+α12β3+m2)2

∫
[dk1][dk2]

δ(d)(q−k12)
(k2·n̄)(k1·n+β3)

. (7.48)

Using eqs. (7.41), (7.45), (D.27), we write the integral over momenta k1,2 as follows

J000110 = 1
N 2

ε

Ω(d−1)

(8π2)d−1
4
(
q2)−ε

αq (βq + 2β3)
I

(1)
d−1;1,1

(
ρ̄n̄ · ρm, ρ2

m

)
. (7.49)
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Scalar products that appear as arguments of the function I
(1)
d−1;1,1 are given by

ρn̄ · ρm = 1− λ(1− 2u), ρ2
m = 1− λ2, (7.50)

where λ can be found in eq. (7.43) and u reads

u = q2

(q · n)(q · n̄) = q2

αqβq
. (7.51)

Finally, using the expression for the angular integral in eq. (D.38) and applying the trans-
formation of the Appell function shown in eq. (E.5), we obtain the following result for the
angular integral

I
(1)
d−1;1,1

(
ρ̄n̄ · ρm, ρ2

m

)
= (2ε − 1)(βq + 2β3)

4ε(βq + β3)

× F1

(
1; 1,−ε; 1− 2ε; q2

(β3 + βq)αq
,

βq

β3 + βq

)
,

(7.52)

so that the complete integral over momenta k1, k2 becomes

J000110=
1
N 2

ε

Ω(d−1)

(8π2)d−1
(2ε−1)

(
q2)−ε

ε(βq+β3)αq
F1

(
1;1,−ε;1−2ε; q2

(β3+βq)αq
,

βq

β3+βq

)
. (7.53)

For the remaining integrations over q and k3, we employ the Sudakov decomposition
for both of these momenta. The integration measure reads

1
Nε

ddq [dk3] =
Ω(d−2)

4
dα3dβ3dαqdβqdq2

⊥(
α3β3q2

⊥
)ε , (7.54)

where we used the fact that the integrand is independent of the directions of qµ
⊥ and kµ

3,⊥.
We then change the variable β3 = α3/r3 eliminating the Heaviside function θ(β3 − α3), and
write q2 = αqβqt, q2

⊥ = αqβq(1− t). We then find that the integral in eq. (7.48) becomes

J ∼ 2Γ2(1−ε)Γ(1+2ε)
(m2)1+2ε

1∫
0

dα3dβqδ(1−α3−βq)(α3βq)1−2ε

×
1∫

0

dtdr3dw
r−ε

3 (α3+βqr3)−ε(α3+βqr3t)−1+2ε(1−w)−1−2ε(α3+βqr3−βqr3w)ε

(α3+βqr3−βqr3tw)(1−t)εtε
,

(7.55)

where we integrated over αq and introduced the integral representation for the Appell function,
cf. eq. (E.9), using an auxiliary variable w. Next, we remove the δ-function integrating over α3,
and change the variable βq = y/(r3+y−r3y). Integration over r3 can be expressed through the
hypergeometric function 2F1, cf. eq. (E.7). Applying the transformation in eq. (E.3), we find

J ∼ 2Γ2(1− ε)Γ(1 + 2ε)
(m2)1+2ε(1− ε)

1∫
0

dwdy
(1− y)1−2ε

2F1 (1− ε, ε; 2− ε; 1− y)
yε(1− w)1+2ε(1− wy)−ε

×
1∫

0

dt
(1− t)−εt−ε

(1− wty)(1− y(1− t))1−2ε
.

(7.56)
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The integral over t can be expressed through the first Appell function (E.9), which reduces
to the 2F1 function thanks to eq. (E.6). Using the transformation eq. (E.3), we derive the
two-dimensional integral representation for the (m2)−2ε branch of J

J ∼ 2Γ4(1− ε)Γ(1 + 2ε)
(m2)1+2ε(1− ε)Γ(2− 2ε)

1∫
0

dwdy
(y(1− y))1−2ε

(1− w)1+2ε

× 2F1 (1, 2− 2ε; 2− ε; 1− y) 2F1 (1− 2ε, 1− ε; 2− 2ε; y(1 + w(1− y))) .

(7.57)

The only divergence of the integral occurs at the point w → 1, which can be easily subtracted.
The subtracted integral is finite, can be expanded in ε under the integral sign and integrated
using HyperInt [138]. The final result reads

J ∼− π2

12ε
−
(

π2

6 + log(2)π2

4 +7
8ζ3

)

−ε

(
π2

3 +π2

2 log(2)+7
4ζ3−

3
8 log(2)

4+π2

2 log(2)2+ 17
160π4−9Li4(1/2)

)

−ε2
(2
3π2+log(2)π2+7

2ζ3+
17
80π4+π2 log2(2)−3

4 log
4(2)−18Li4(1/2)

+211
480π4 log(2)+π2

6 log3(2)− 3
40 log

5(2)−43
96π2ζ3−

1023
64 ζ5+9Li5(1/2)

)
−ε3

(4
3π2+2π2 log(2)+7ζ3+

17
40π4−3

2 log
4(2)+2π2 log2(2)−36Li4(1/2)

− 3
20 log

5(2)+1
3π2 log3(2)+211

240π4 log(2)−1023
32 ζ5−

43
48π2ζ3+18Li5(1/2)

+221
960π4 log2(2)−π2ζ3 log(2)−

375
16 ζ2

3+
121
2016π6− 1

80 log
6(2)+ 1

32π2 log4(2)

−1
4π2Li4(1/2)+159

4 ζ−5,−1−9Li6(1/2)
)
+O(ε4).

(7.58)

The (m2)−2ε branch in all integrals can be calculated once a pair of large parameters
is identified, the expansion of denominators is performed according to table 4, angular
integrals as in eq. (7.45) introduced and computed, and subsequent integrations over q and
the remaining Sudakov parameters are performed.

8 Numerical checks

Calculation of the soft function requires computing a large number of complicated uncon-
ventional integrals. Because of this, checking them using alternative methods is critical.
Techniques that are usually employed for this purpose include the sector-decomposition [142]
and Mellin-Barnes methods [143, 144]. In our case, however, the complex structure of diver-
gencies of the relevant integrals, as well as high perturbative order, makes direct application
of public codes based on these methods unfeasible. Hence, care is required to organize the
numerical checks to make them manageable. Below we discuss how this can be achieved.

All integrals that we computed numerically can be split into three groups. First, there
are integrals without propagators that involve scalar products of soft-parton momenta; such
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integrals are calculated using the standard sector decomposition approach. Second, there
are master integrals with complicated propagators that can be efficiently dealt with using
the Mellin-Barnes method. The third group includes integrals that depend on 1/k2

123 and
they pose the biggest challenge. The problem is to find a suitable parametrization that
minimizes the number of sectors that appear, if overlapping singularities are treated using
the sector decomposition method, or a suitable compact representation if the Mellin-Barnes
technology is employed.

All integrals that we may want to check numerically can be written as follows

I [{f1,f2,f3},{a1 ...a7},{b1 ...b7},{c1 ...c4}]=
∫ dΦf1f2f3

Aa1
1 ...Aa7

7 Bb1
1 ...Bb7

7 Cc1
1 ...Cc4

4
, (8.1)

where the integration measure is determined by the vector {f1, f2, f3}

dΦf1f2f3 =
1
N 3

ε

[dk1][dk2][dk3]f1(γ̄1−γ1)f2(γ̄2−γ2)f3(γ̄3−γ3)δ(1−γ1−γ2−γ3), (8.2)

with γi = βi, γ̄i = αi for fi = δ, θ and γi = αi, γ̄i = βi for fi = θ̄. We have split all appearing
propagators into three groups. Propagators in the first group involve vector n

A1 = k1 · n, A2 = k2 · n, A3 = k3 · n,

A4 = k12 · n, A5 = k23 · n, A6 = k31 · n, A7 = k123 · n. (8.3)

The second group contains propagators that depend on vector n̄

B1 = k1 · n̄, B2 = k2 · n̄, B3 = k3 · n̄,

B4 = k12 · n̄, B5 = k23 · n̄, B6 = k31 · n̄, B7 = k123 · n̄. (8.4)

The last group contains propagators that depend on the scalar products of soft momenta

C1 = k1 · k2, C2 = k2 · k3, C3 = k1 · k3, C4 = k2
123. (8.5)

8.1 Integrals without the 1/k2
123 propagator

We will discuss first the numerical computation of integrals in eq. (8.1) with c3 = c4 = 0.
This assignment covers all integrals in the soft function that do not contain the propagator
1/k2

123. To derive a suitable representation for such integrals, we change integration variables
γ̄i = γi/s2

i , 0 < si < 1, to resolve all θ-functions’ constraints.16 Two inverse denominators
that involve scalar products between momenta of soft partons read

fi = θ, fj = θ : k2
ij = γiγj

s2
i s2

j

(
(si − sj)2 + 4sisj

t2
ij

t2
ij + t̄2

ij

)
, (8.6)

fi = θ, fj = θ̄ : k2
ij = γiγj

s2
i s2

j

(
(1− sisj)2 + 4sisj

t2
ij

t2
ij + t̄2

ij

)
, (8.7)

16The same variable transformations can be applied to integrals with δ-function constraints. We explain
below how the corresponding integral representations can be constructed.
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where we introduce angle variables t2
ij/(t2

ij + t̄2
ij) = sin2 (ϕij/2) ∈ [0, 1] and the notation

x̄ = 1 − x for all variables 0 < x < 1 appearing in this section. To satisfy the δ-function
constraint δ(1 − γ1 − γ2 − γ3) we apply the variable transformation

{γσ(1), γσ(2), γσ(3)} → {x, yx̄, ȳx̄}, (8.8)

where σ is a permutation of the set {1, 2, 3}. Different permutations of the set {γ1, γ2, γ3}
lead to different integrand expressions, which, after the integration, should give identical
results, providing useful internal consistency checks of the numerical calculation.

Combining the Jacobians of all transformations described above, we obtain the following
expression for the integration measure, where integrations on the right-hand side are confined
to a unit hypercube

dΦf1f2f3 = dxdy
3∏

i=1

2γidsi

s3
i

× x̄

(
s1s2s3
xyȳx̄2

)2ε

× Ω(d−3)

Ω(d−2)
dt12(

t12t̄12
)2ε

( 2
t2
12 + t̄2

12

)1−2ε Ω(d−3)

Ω(d−2)
dt23(

t23t̄23
)2ε

( 2
t2
23 + t̄2

23

)1−2ε

.

(8.9)

For each constraint fi = θ or fi = θ̄ we replace γi according to eq. (8.8) choosing a particular
permutation σ, and for each fi = δ we set si = 1 and drop the integration over si by setting
γidsi → 1 in eq. (8.9). The propagators 1/Ai and 1/Bi, i = 1, . . . , 7, are expressed in terms
of x, y, si following the variable change specified by eq. (8.8). The two propagators 1/C1,2
are written as in eqs. (8.6), (8.7) depending on the relevant constraints. If fi = δ, the two
expressions become equal once si = 1 is employed.

Using the measure in eq. (8.9) we can, in principle, compute integrals defined in eq. (8.1)
without the propagator 1/C4, using public codes FIESTA [145] or pySecDec [142], which
implement the sector decomposition approach. However, since the inverse propagator eq. (8.6)
has a (line) singularity inside the integration region at si = sj , and since such singularities
are not automatically found by any of the public codes, we need to consider the cases
si < sj and sj < si separately. If we do this, all singularities appear at the boundary
of the integration domain, and such cases are processed automatically by FIESTA [145]
and pySecDec [142]. Nevertheless, since integrals that we consider are multidimensional, it
turns out to be beneficial to analyze the existence of potential singularities at the upper
integration boundaries manually, avoiding the automatic option for doing that in public
codes. We have mostly used FIESTA [145] to compute integrals with the analytic regulator
and we emphasize that the introduction of the analytic regulator dΦ → dΦ(γ1γ2γ3)ν does
not impact our discussion. Using these methods, we have checked numerically both regular
integrals calculated in section 5.1 and also the 1/ν divergent parts of integrals I

1/ν
2 and

I
1/ν
4 considered in section 5.2.

8.2 Calculation of integrals with 1/k2
123 using the Mellin-Barnes representation

It turns out to be very difficult to perform numerical checks for integrals with the propagator
1/k2

123 using the sector decomposition approach because suitable parametrization of angular
variables is hard to find. We avoid this by constructing Mellin-Barnes representations for
such integrals and using them for the numerical evaluation.
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Since the dependence on the momenta directions in the transverse space in such integrals
comes only from propagators which contain scalar products of soft momenta, we focus on
this part first. The most general form of the considered integral reads∫

[dk1][dk2][dk3]
R ({ki ·n} ,{ki ·n̄})

(k1 ·k2)a12(k2 ·k3)a23(k3 ·k1)a31(k1 ·k2+k2 ·k3+k3 ·k1)a123
, (8.10)

where the rational function R contains propagators 1/A1,...,7 and 1/B1,...,7, cf. eqs. (8.3), (8.4).
We focus on the case a123 > 0 and, as the first step, we split the 1/k2

123 propagator using
the Mellin-Barnes representation

1
(k1·k2+k2·k3+k3·k1)λ

= 1
Γ(λ)

c+i∞∫
c−i∞

dz1dz2

(2πi)2
Γ(λ+z12)Γ(−z1)Γ(−z2)

(k1·k2)z12+λ(k2·k3)−z1(k3·k1)−z2
, (8.11)

where z12 = z1 + z2. After this transformation, integration over directions of soft momenta in
the transverse space reduces to the calculation of the following integral

I(n1, n2, n3) =
∫ dΩ(d−2)

1 dΩ(d−2)
2 dΩ(d−2)

3
(k1 · k2)n1(k2 · k3)n2(k3 · k1)n3

, (8.12)

where powers n1,2,3 are arbitrary.
To integrate over angles in the transverse space, it is useful to consider auxiliary (d − 1)-

dimensional (Minkowski) vectors, which contain (d − 2)-dimensional transverse momenta.
We write

ρi =
(
1,

k⃗i,⊥

|⃗ki,⊥|

)
, ρi · ρj = 1− k⃗i,⊥ · k⃗j,⊥

|⃗ki,⊥||⃗kj,⊥|
, ρ2

i = 0. (8.13)

The scalar products in eq. (8.12) take the form

(ki · kj) =
(√

αiβj −
√

αjβi
)2

2 +
√

αiβiαjβj(ρi · ρj). (8.14)

If fi = fj = δ, the first term in the above equation vanishes. However, in general this does
not happen, and we need to split the scalar product further. We write

1
(ki · kj)λ

= 1
Γ(λ)

c+i∞∫
c−i∞

dz

2πi
Γ(−z)Γ(λ + z)2

−z
(√

αiβj −
√

αjβi
)2z

(αiβiαjβj)z/2+λ/2
1

(ρi · ρj)z+λ
. (8.15)

Hence, to proceed further, we require the following integral

J(w1, w2, w3) =
( 1
Ω(d−2)

)3 ∫ dΩ(d−2)
1 dΩ(d−2)

2 dΩ(d−2)
3

(ρ1 · ρ2)w1(ρ2 · ρ3)w2(ρ3 · ρ1)w3
, (8.16)

for arbitrary values of w1,2,3. Since, to the best of our knowledge, such integral is not available
in the literature, we briefly explain how to compute it. First, we apply eq. (D.37) to integrate
over ρ3. The hypergeometric function that appears in that equation depends on 1− ρ1 · ρ2/2
and obeys the standard series representation

∞∑
n=0

cn (1− (ρ1 · ρ2)/2)n. Writing

∞∑
n=0

cn (1− (ρ1 · ρ2)/2)n =
∞∑

n=0
cn

∞∑
k=0

Γ(k − n)
Γ(−n)k!

(
ρ1 · ρ2

2

)k

, (8.17)
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we can integrate over directions of ρ2 using eq. (D.35). Finally, we sum over k and n using
the definition of a hypergeometric function, and simplify the result to Γ-functions since after
each summation, the obtained hypergeometric function is evaluated at one. We find

J(w1, w2, w3) =
Γ3(1− ε)Γ (1− 2ε − w123)

π3/226ε+w123Γ(1− 2ε)

3∏
i=1

Γ
(

1
2 − ε − wi

)
3∏

i=1

i−1∏
j=1

Γ (1− 2ε − wij)
, (8.18)

where wij = wi + wj and w123 = w1 + w2 + w3. The integral J(w1, w2, w3) is a symmetric
function of its arguments; it is normalized to give J(0, 0, 0) = 1 and it reduces to known
expressions when any of its arguments vanishes.

The Mellin-Barnes representation that we derived so far is five-dimensional since we
required two integrations for 1/k2

123 and then one for each of the three terms 1/kikj .17 For
each constraint fi = θ or fi = θ̄, we change the large variable γ̄i = γi/s2

i and obtain
∞∫

0

dγ̄i δ(1− γi − · · · )θ(γ̄i − γi)f(γ̄i) =
1∫

0

dsi

(
2γi

s3
i

)
δ(1− γi − · · · )f

(
γi

s2
i

)
. (8.19)

To resolve the δ-function constraint, we apply a variable transformation from eq. (8.8)
choosing a particular permutation. We find

1∫
0

dγ1dγ2dγ3δ(1− γ1 − γ2 − γ3)f(γ1, γ2, γ3) =
1∫

0

dxdy x̄f(x, yx̄, x̄ȳ). (8.20)

It remains to convert the remaining part of the integral into a Mellin-Barnes representation
suitable for numerical integration. To do that, we enable integrations over x, y and si by
introducing additional Mellin-Barnes integrations to convert sums of these variables, that
may appear in the inverse propagators from groups A and B, into variables’ products. From
eq. (8.14) one notices that for the nnn case, i.e. when fi = fj = θ, the representation of
ki · kj leads to the factor (si − sj)p. We would like to avoid such quantities since, after the
application of the Mellin-Barnes splitting formula, they produce a factor (−1)z which conflicts
with the z-integration contour that runs to complex infinity. The solution is to split the
integral into two parts where si < sj and si > sj .

The remaining integral consists of polynomial factors in variables x, y, s1 . . . sn raised to
some powers. We change the integration variables vi → ui/(1+ui) for all vi ∈ {x, y, s1 . . . sn},
mapping all [0, 1] integration intervals to [0,∞) intervals. Integrals that we are left with
have the following generic representation

∞∫
0

n+2∏
i=1

dui

m∏
j=0

Pj(u⃗)wj , (8.21)

where Pj(u⃗) are polynomials of variables u1, u2, . . . , un. For such integrals, the Mellin-Barnes
representations with the minimal number of integrations can be constructed using the package
MBcreate [144]. This package employs the recursive splitting of polynomials Pj into two
parts by introducing a single Mellin-Barnes integration at each step, until all ui-integrations

17If some of the constraints are δ-functions, the number of Mellin-Barnes integrations is smaller.
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can be performed using the following formula
∞∫

0

du up(au + b)q = Γ(p + 1)Γ(−p − q − 1)
Γ(−q) a−p−1bp+q+1. (8.22)

We have found that for successful application of the package MBcreate to integrals of interest,
we need to extend it by an additional (simple) integration rule

∞∫
0

du
up(1+u)q

((1+u)2+u2)r
=

c+i∞∫
c−i∞

dz

2πi

Γ(z+r)Γ(−z)Γ(1+p+2z)Γ(2r−p−q−1)
Γ(r)Γ(2z+2r−q) . (8.23)

In practice, we use MBcreate [144] to construct the representation for all possible permutations
σ corresponding to different ways of resolving the δ-function constraints in eq. (8.20), and
select one with the minimal number of MB integrations.

The above steps are sufficient to derive the minimal Mellin-Barnes representations for all
required integrals. We note that we work with analytically regularized integrals which allows
us to check that our master integrals are regulated dimensionally. To find suitable integration
contours and to perform analytic continuation of Mellin-Barnes representations, we use the
package MBresolve [146], which is applicable also when the analytic regulator is present.
Furthermore, we find it useful to introduce additional parameter to the angular integral in
eq. (8.18) which ensures that all poles of the Mellin-Barnes representation are separated. We
do this by shifting all arguments in J(w1, w2, w3) by an infinitesimal positive-definite quantity,
which we take to be equal to the analytic regulator. Integrals, analytically continued and
expanded in all small parameters, are integrated numerically using the package MB [143].18

We will illustrate this discussion by describing numerical computation of the integral

J =
∫ dΦδθθ̄

(k2 · k3)
(
k2

123
)
(k3 · n̄) (k123 · n̄) . (8.24)

As the first step, we introduce the factor βν
1 βν

2 αν
3(ρ1 · ρ2)−ν(ρ1 · ρ3)−ν(ρ2 · ρ3)−ν , ν → 0+, into

the integrand to achieve the pole separation in the Mellin-Barnes integral. Then, following
the steps outlined in this section we obtain the Mellin-Barnes representation

J =
c+i∞∫

c−i∞

( 10∏
n=1

dzn

2πi

)
(Ja(z⃗) + Jb(z⃗)) , (8.25)

where

Ja = 23ν−4ε−2z3−2z4−2z5 Γ(1− ε)2Γ(−z10)Γ(−z3)Γ(−z4)Γ(−z5)Γ(−z6)Γ(z6 + 1)
πΓ
(

1
2 − ε

)
Γ(−2z4)Γ(3ν − 6ε)Γ(z1 + z2 + 2)Γ(−2z5 − z7)

× Γ(−z7)Γ(−z8)Γ(z8 + 1)Γ(z1 + z2 + 1)Γ(z3 − z1)Γ(z5 − z2)Γ(z7 − 2z4)
Γ(2ν − 2ε − z1 − z4 − z5 − 1)Γ(2ν − 2ε − z2 − z3 − z4 − 1)

× Γ(3ν − 6ε + z9)Γ(z1 + z2 + z4 + 2)Γ(2z3 + 2z4 − z7 + 1)
Γ(2ε − 2z10 + z2 + z3 + z4 + 1)Γ(2ν − 2ε + z1 + z2 − z3 − z5 + 1)

18We have modified the MB package in such a way that a C code suitable for numerical integration is generated.
The modified package can be downloaded from https://github.com/apik/mbc.
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×
Γ
(
ν − ε + z1 − z3 + 1

2

)
Γ(ν − 2ε + z10 − z2)Γ

(
ν − ε + z2 − z5 + 1

2

)
Γ(2ε + z1 − z4 + z5 − 2z6 + z7 + 1)

×
Γ
(
ν − ε − z1 − z2 − z4 − 3

2

)
Γ(−2ν + 4ε − z1 + z6 − z9)

Γ(4ν − 4ε + z1 − z4 + z5 − 2z6 + z7 + z8 + 2z9 + 2)
× Γ(3ν − 2ε − z3 − z4 − z5 − 1)Γ(2ν − 4ε + z1 + z10 − z6 + z9 + 1)
× Γ(2ε − 2z10 + z2 − z3 − z4 + z7)Γ(4ν − 4ε + z1 − z4 − z5 − 2z6 + 2z9)
× Γ(2ε + z1 − z4 + z5 − 2z6 + z7 + z8 + 1)Γ(−2z5 − z7 − z8 − 1)
× Γ(−ν + 2ε − z10 + z2 − z9)Γ(2z5 + z7 + z8 + 2), (8.26)

Jb = 23ν−4ε−2z3−2z4−2z5 Γ(1− ε)2Γ(−z10)Γ(−z3)Γ(−z4)Γ(−z5)Γ(−z6)Γ(z6 + 1)
πΓ
(

1
2 − ε

)
Γ(−2z5)Γ(3ν − 6ε)Γ(z1 + z2 + 2)

× Γ(−z7)Γ(−z8)Γ(z8 + 1)Γ(z1 + z2 + 1)Γ(z3 − z1)Γ(z5 − z2)Γ(z7 − 2z5)
Γ(−2z4 − z7)Γ(2ν − 2ε − z1 − z4 − z5 − 1)Γ(2ν − 2ε − z2 − z3 − z4 − 1)

× Γ(z1 + z2 + z4 + 2)Γ(2z3 + 2z5 − z7 + 1)Γ(−2z4 − z7 − z8 − 1)
Γ(2ν − 2ε + z1 + z2 − z3 − z5 + 1)Γ(2ε + z1 + z4 − z5 + 2z6 + z7 + 3)

×
Γ
(
ν − ε + z1 − z3 + 1

2

)
Γ
(
ν − ε + z2 − z5 + 1

2

)
Γ(4ε − z1 + 2z10 + z4 − z5 + z7 + z8 + 2)

×
Γ
(
ν − ε − z1 − z2 − z4 − 3

2

)
Γ(3ν − 2ε − z3 − z4 − z5 − 1)

Γ(−4ν + 10ε + z1 + z2 + z3 + z5 + 2z6 − 2z9 + 3)
× Γ(−ν + 2ε + z1 − z10 + z6 − z9 + 1)Γ(−2ν + 4ε + z1 + z2 + z6 − z9 + 2)
× Γ(2ν − 4ε − z1 + z10 − z2 − z6 + z9 − 1)Γ(2z4 + z7 + z8 + 2)
× Γ(−4ν + 10ε + z1 + z2 − z3 − z5 + 2z6 + z7 − 2z9 + 2)Γ(3ν − 6ε + z9)
× Γ(2ε + z1 + z4 − z5 + 2z6 + z7 + z8 + 3)Γ(4ε − z1 + 2z10 − z4 − z5)
× Γ(ν − 2ε − z1 + z10 − z6 − 1). (8.27)

We use the MB package to expand the above integrand in the parameters ν and ε, and
take the limit ν → 0+, ε → 0 afterwards. Integrating over Mellin-Barnes parameters, the
following numerical result is obtained

JMB = 0.104167
ε4 + 0.25

ε3 + 1.7820119(14)
ε2 − 2.077362(8)

ε

− 100.8647(18)− 1049.07(4)ε − 8238(2)ε2. (8.28)

Upon computing the same integral by solving the differential equations in the auxiliary
parameter, as described in section 6, we find

JDE = 0.104167
ε4 + 0.250000

ε3 + 1.78201
ε2 − 2.07736

ε

− 100.863− 1048.99ε − 8238.03ε2. (8.29)

The two results are in very good agreement with each other and, in fact, this level of agreement
is typical for the many comparisons that we performed.
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Figure 4. Number of master integrals with propagator 1/k2
123 that have specific relative errors as

defined in eq. (8.30), calculated for each order in ε. Here εN denotes the highest order in ε required
for each individual integral in the final expression of the soft function.

Out of 139 master integrals with the 1/k2
123 propagator 107 are checked through all

required orders in ε with at most a 5% deviation for the central value. For the remaining 32
integrals the precision rapidly deteriorates once we move to higher terms in the ε expansion.
The total number of evaluations used to obtain the value of a particular integral by means of
Monte-Carlo integration varies greatly from integral to integral leading to vastly different
runtimes needed for obtaining accurate numerical results.

The numerical results are summarized in the density plot figure 4 where the relative error

σ = log10

∣∣∣∣JDE − JMB
JDE

∣∣∣∣ , (8.30)

is calculated for each order in the ε-expansion. We note that results for all integrals expanded
through all but the very last order in the ε-expansion are indirectly checked by our ability
to reproduce divergencies of the soft function. On the other hand, we do not see anything
particular when moving from the εN−1-row to the εN -row in figure 4 strongly suggesting that
standard deterioration of the numerical precision occurs for higher orders in the expansion
when the Mellin-Barnes method is employed.

8.3 Numerical checks at finite m2

Determination of complicated integrals from the differential equations at finite m2, as discussed
in section 6, is a critical element of our approach to compute the zero-jettiness soft function.
Hence, high-quality numerical checks of integrals at finite m2 are very much needed. Among
other things, they give us confidence in the correctness of the filtered system of differential
equations and of the boundary conditions at m2 = ∞. The goal of this section is to discuss
how such checks are performed.
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We note that integrals where a mass-like parameter is introduced into a propagator 1/k2
123

are less divergent than the original ones, since m2 acts as an infra-red regulator. It is possible
to construct the Mellin-Barnes representations for such integrals, following the discussion in
the previous section. However, quite often, this does not allow high-precision evaluation of
sufficiently many terms in the ε-expansion, because such representations contain one additional
Mellin-Barnes integration in comparison to the m2 = 0 case. Because of this, we look for a way
to perform such checks for numerous m2-dependent integrals, using the sector decomposition
methods. The idea is to numerically compute many nearly-finite integrals, for which the
proliferation of sectors can be avoided, and then use the integration-by-parts reduction to
relate them to the master integrals that we actually employ and would like to check.

To explain how this works, we introduce three angles between vectors k1,2,3 in the
(d − 2)-dimensional transverse space. The scalar products read

(k1 · k2) =
(√

α1β2 −
√

α2β1
)2

2 +
√

α1β1α2β2 (1− cos θ12) ,

(k2 · k3) =
(√

α2β3 −
√

α3β2
)2

2 +
√

α2β2α3β3 (1− cos θ23) , (8.31)

(k1 · k3) =
(√

α1β3 −
√

α3β1
)2

2 +
√

α1β1α3β3 (1− cos θ12 cos θ23 − sin θ12 sin θ23 cos θ13) ,

where θij are the relevant angles. We change variables to map the three angles onto a unit
hypercube; the variables are introduced in such a way that the appearance of square roots
in the integrand is avoided. Explicit formulas read

sin θ12 = 2t1t̄1
t̄2
1 + t2

1
, cos θ12 = t̄1 − t1

t̄2
1 + t2

1
, (8.32)

sin θ23 = 2t2t̄2
t̄2
2 + t2

2
, cos θ23 = t̄2 − t2

t̄2
2 + t2

2
, (8.33)

sin θ13 = 2
√

λ3λ̄3, cos θ13 = 1− 2λ3, (8.34)

where, as before, x̄ = 1 − x, for all variables. The integration measure becomes(
Ω(d−2)

)−3
dΩ(d−2)

1 dΩ(d−2)
2 dΩ(d−2)

3 = (8.35)

Ω(d−3)Ω(d−4)(
Ω(d−2))2 dt1 21−2ε(

t1t̄1
)2ε (

t2
1 + t̄2

1
)1−2ε

dt2 21−2ε(
t2t̄2

)2ε (
t2
2 + t̄2

2
)1−2ε

dλ3 2−1−2ε(
λ3λ̄3

)1+ε ,

where all integrations on the right -hand side are restricted to the [0, 1] intervals. The
remaining integrals over the light-cone components are simplified using eq. (8.19) to resolve
θ-function constraints, and eq. (8.20) to eliminate the jettiness δ-function. For each pair
of same-hemisphere emissions with fi = fj = θ, we split the integration into two regions
si < sj and sj < si to avoid the line singularity. Since in the most complex integrals with
three θ-functions, only two partons can be emitted into the same hemisphere, there is only
one scalar product where such a splitting is required. Performing these steps, we obtain an
eight-dimensional integral over a unit hyper-cube in variables x, y, s1, . . . , sn, t1, t2, λ3. In
general, these integrals have a complicated structure of infra-red divergences and even if some
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divergences are “screened” because of the m2 parameter in the 1/k2
123 propagator, they are still

very difficult to calculate. Part of the reason for this is an interplay of ultra-violet and infra-red
divergences in many master integrals, which becomes hidden if all integration variables are
mapped onto a unit hypercube. This observation suggests that one possibility to simplify the
computation of mass-dependent integrals, is to choose them to be ultra-violet-finite.

Hence, instead of calculating m2-dependent master integrals, we find it more beneficial
to find a (large) set of less divergent integrals, compute them numerically with high precision,
and express them through master integrals to obtain constraints on the latter. In fact, by
calculating a large enough number of such quasi-finite integrals and comparing them with
the results of the reduction and with the solutions of the differential equations, we obtain
a very powerful tool for checking master integrals at finite m2.

Because we need many integrals for such checks, it is useful to develop an automated
procedure to construct them. To this end, we note that since we have access to numerical
solutions for all master integrals with m2, we can select a subset of integrals F⃗ which are
ε-finite. Because we work at finite m2, any derivative of any such integral with respect to
m2, is also finite. Hence, it can be “easily” computed numerically and also expressed through
the master integrals using the integration-by-parts reduction.

Although the procedure described above is relatively straightforward, it is important to
notice that the construction of the ε-expansion requires care since the integration measure
in eq. (8.35) exhibits artificial divergences at λ3 → 0 and λ3 → 1. We have found it
to be convenient to subtract these divergences from the integrands and add integrated
subtracted terms back. Properly subtracted integrands can be expanded in ε and integrated
numerically with CUBA [147]. Results for finite integrals obtained in this way provide the
most accurate numerical checks of the finite-m2 master integrals, especially for higher orders
of the ε-expansion.

Two comments are in order here. First, one can extend the list of integrals F⃗ by including
there also integrals with simple divergences, e.g. the ultra-violet ones. Second, it is convenient
to express the derivatives of integrals F⃗ through master integrals recursively, using the
differential equation, instead of performing the real reduction, see eq. (6.13)

Finally, we note that for some integrals and their derivatives, that enter the differential
equations, it was not possible to find finite or easily-calculable divergent integrals that would
allow the above checks. In such cases we had to work with integrals whose divergence
structure is complex, and involves overlapping divergences. Unfortunately, the numerical
integration rapidly becomes very challenging due to a large number of terms that appear
after the sector decomposition of all possible overlapping divergences.

To reduce the complexity of the integration, it is crucial to find integrals with as sim-
ple a divergence structure as possible. We do such an analysis before the actual integral
calculation using the following technique. Our starting point is the parametrization of the
(d − 2)-dimensional transverse momenta integration measure shown in eq. (8.35), comple-
mented with integrations over other variables over the unit hypercube. After splitting the
integration domain in case of the same-hemisphere emissions to avoid the “line singularities”,
all divergencies of the integral are located at the boundaries of the integration domain, i.e.
either at zero or at one.
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Our approach to detecting potential divergences of the integrals is inspired by techniques
developed for the analytical regularization of parametric integrals [148] and for finding finite
integrals [149]. Suppose we integrate over a set of variables {vi} over the unit hypercube. It
is useful to switch to new variables vi = zi/(1 + zi) remapping all divergences from vi = 1
to zi = ∞. Integrals of interest become

∞∫
0

n∏
i=1

dzi

z1−νi
i

m∏
j=1

P
aj

j (z1, . . . , zn) . (8.36)

Potential divergences of such integrals can be identified by considering subsets of variables
{z1, . . . , zn} and studying limits when the variables from the subset approach zero or infinity.
Specifically, we consider two non-intersecting subsets of Zn = {z1, . . . , zn}, that we will refer
to as Z0 and Z∞, such that Z0 ∪ Z∞ ∈ Zn. We then rescale all variables zi ∈ Z0 by zi → λzi

and all zi ∈ Z∞ by zi → zi/λ, and consider the limit λ → 0. Upon doing this, the integral
receives an overall factor λw. The integral is divergent in the above limit if

w ≤ 0. (8.37)

By considering all possible subsets {Z0, Z∞}, it is possible to detect all potential divergences
of the integral. If divergences with a non-empty set Z∞ are detected, we split the integration
domain for each variable zi ∈ Z∞ and remap divergences that arise at zi → ∞ to zero by an
appropriate change of variables. Continuing this procedure, we obtain the set of integrals
where all potential divergencies are located at the origin.

To select candidates that are best suited for numerical evaluation, we choose integrals for
which the minimal number of such splittings is needed. Since the remaining integrals after the
splitting can only have divergences at the origin, we prefer integrals with the smallest number
of shortest Z0 lists. The resulting integrals are computed numerically with FIESTA [145].19

9 Soft function renormalization and checks from the renormalization
group equation

The result for the N3LO soft function has been already presented in ref. [1]. In this section
and in a few appendices, we collect all the different contributions that are needed to obtain
this result.

We start with the bare soft function. Restoring the dependencies on τ , sab = 2pa · pb,
and the normalization factor P , we write

Sτ,B = δ(τ) + As

τ

(
sab

P 2τ2

)ε

S1 +
A2

s

τ

(
sab

P 2τ2

)2ε

S2 +
A3

s

τ

(
sab

P 2τ2

)3ε

S3 +O
(
A4

s

)
, (9.1)

where the expansion parameter reads

As = g2
s

(4π)2−εΓ(1− ε) , (9.2)

19We note that some finite-m2 master integrals have also been checked with a patched version of
pySecDec [142].
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and gs is the bare strong coupling constant. The NLO and NNLO contributions S1,2, needed
through higher orders in ε, have been computed in refs. [2, 94, 95], and can be found in
eq. (A.8). The N3LO part S3 is comprised out of three terms

S3 = SRVV
τ,B + SRRV

τ,B + SRRR
τ,B , (9.3)

which refer to the two-loop corrections to single-real emission, the one-loop corrections to
double-real emission, and the triple-real emission, respectively.

It is straightforward to compute the two-loop correction to the single-gluon emission
because the corresponding soft current is simple and because the integration over the single-
gluon phase space is easy. This contribution was calculated in ref. [3]; we present its
independent computation in appendix B.

One-loop corrections to real-emission amplitudes with two soft partons (qq̄ and gg) were
calculated in refs. [3, 6]. The RRV contribution in eq. (9.3) can be written as

SRRV
τ,B = cos (πε)

(
S

(3)
RRV,gg + S

(3)
RRV,qq̄

)
, (9.4)

where the two quantities S
(3)
RRV,gg, S

(3)
RRV,qq̄ can be found in ancillary files to ref. [6].

Triple-real emission contribution to the N3LO soft function, SRRR
τ,B , whose calculation

is described in this paper, is quite demanding. To describe it, we note that each of the
perturbative contributions in eq. (9.1) admits a Laurent expansion in ε

Sn =
∞∑

k=1−2n

Sn,k εk. (9.5)

We also note that it is possible to predict all contributions to the N3LO soft function S3
through S3,0 from the renormalization group equation that the soft function satisfies, cf.
eq. (9.10). Hence, using these predictions, the results for SRVV

3 and SRRV
3 , and eq. (9.3), it is

possible to predict all terms in the expansion of SRRR
τ,B in ε through O(ε0). For this reason, we

do not show these terms and only say that our calculation of the triple-real contribution does
reproduce them. The coefficient SRRR

3,1 , which cannot be predicted from the renormalization
group equation and the knowledge of other contributions to the soft function, reads

SRRR
3,1 = C3

R

(
131072ζ2

3 − 156928
945 π6

)
− C2

Rnf TF

(277376
243 − 21440

81 π2

+ 70912
9 ζ3 +

12544
135 π4 − 12800

3 π2ζ3 + 61184ζ5

)
− C2

RCA

(540224
243

− 10496
81 π2 − 218048

9 ζ3 −
9112
27 π4 + 35200

3 π2ζ3 − 168256ζ5 −
13928
105 π6

+ 73104ζ2
3

)
− 18285.58462095074CRC2

A + 3809.242380482391CRCAnf TF

− 556.5414878890519CRCF nf TF .

(9.6)

We note that the C3
R and C2

R terms in eq. (9.6) originate from iterated emissions; their
calculation is discussed in appendix C. Combining SRRR

3,1 with contributions from the RVV
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result in (B.22), and the RRV result from [6], we obtain

S3,1 = C3
R

(
131072ζ2

3 − 156928
945 π6

)
− C2

Rnf TF

(277376
243 − 21440

81 π2 + 70912
9 ζ3

+ 12544
135 π4 − 12800

3 π2ζ3 + 61184ζ5

)
− C2

RCA

(540224
243 − 10496

81 π2

− 218048
9 ζ3 −

9112
27 π4 + 35200

3 π2ζ3 − 168256ζ5 +
1024
35 π6 + 13104ζ2

3

+ CRn2
f T 2

F

(224512
81 ζ3 −

839552
2187 − 1664

27 π2 − 9664
405 π4

)
− 8308.6818721153875355162222571CRC2

A

+ 4352.6418957721480642594288751CRCAnf TF

− 158.21578438939415938180801214CRCF nf TF .

(9.7)

We need to renormalize the bare soft function and the bare strong coupling constant that
appear in eq. (9.1). The renormalization of the strong coupling constant amounts to expressing
the bare coupling As through the MS coupling αs(µ) with the help of the following formula

As = as(µ)
µ2εeεγE

Γ(1− ε)Zas , Zas = 1− as
β0
ε

+ a2
s

(
β2

0
ε2 − β1

2ε

)
+O

(
a3

s

)
, (9.8)

where β0,1 are the expansion coefficients of the QCD β-function that can be found in
appendix A, and as(µ) = αs(µ)/(4π).

The remaining divergences of the soft function are removed by a dedicated MS renormaliza-
tion. It is convenient to perform this renormalization working with the Laplace-transformed
soft function, defined as

S̃B (as(µ), LS) =
∞∫

0

dτe−τuSτ,B(as(µ)). (9.9)

In the above equation LS = log
(
µū

√
sab/P

)
and ū = ueγE .

The renormalized soft function reads

S̃ (as, LS) = Zs (as, LS) S̃B (as, LS) , (9.10)

where both as and LS depend on the scale µ. The constant Zs fulfills the renormalization
group equation [95, 150–152](

∂

∂LS
+ βas

∂

∂as

)
logZs (as, LS) = −4Γcusp(as)LS − 2γs(as), (9.11)

where the β-function and the anomalous dimensions can be found in appendix A. Solving the
renormalization group equation, we find the renormalization constant Zs; the result is given
in appendix A. Using it in eq. (9.10), we obtain the renormalized soft function.

It is convenient to write the renormalized soft function in an exponential form. To
this end, we define the logarithm of the soft function s̃(LS) = log S̃(LS) and write its
perturbative expansion as

s̃(LS) = log
[
S̃(LS)

]
=

∞∑
i=1

ai
s

i+1∑
j=0

Ci,jLj
S . (9.12)
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Coefficients of terms with non-vanishing powers of logarithm Ls in eq. (9.12) follow from the
renormamlization group analysis and can be calculated from the following recurrence relation

Ci,j =
(
2
j

i−1∑
k=1

Ck,j−1βi−1−k

)
− 2

(
δj,2Γi−1 + δj,1γs

i−1
)

. (9.13)

In eq. (9.13), βi, Γi and γs
i are the As-expansion coefficients of the β-function, cusp anomalous

dimension and soft anomalous dimension, respectively. They can be found in appendix A, cf.
eqs. (A.2), (A.4), (A.6). Explicit expressions for coefficients Cij in eq. (9.13) are presented
in appendix A as well.

The coefficients Ci,0, i = 1, 2, 3, have already been provided in ref. [1]. We repeat them
here for completeness

C1,0 = −CRπ2, C2,0 = CR

[
nf TF

(
80
81 + 154π2

27 − 104ζ3
9

)

− CA

(
2140
80 + 871π2

54 − 286ζ3
9 − 14π4

15

)]
,

C3,0 = CR

[
n2

f T 2
F

(
265408
6561 − 400π2

243 − 51904ζ3
243 + 328π4

1215

)

+ nf TF (CF XF F + CAXF A) + C2
AXAA

]
,

(9.14)

The numerical constants truncated to sixteen significant digits are given by [1]

XF F = 68.9425849800376,

XF A = 839.7238523813981, (9.15)
XAA =−753.7757872704537.

10 Conclusion

Recently [1], we have presented the calculation of N3LO QCD corrections to the zero-jettiness
soft function. The technical details of the computation were not discussed in that reference.
The goal of this paper is to fill this gap and to provide a detailed discussion of the theoretical
methods employed and developed by us in the course of that computation. A particularly
challenging contribution at N3LO QCD is the triple real-emission correction since in this case
the phase space includes one Heaviside functions per soft parton making it especially complex.

Methods discussed in this paper encompass the extension of reverse unitarity [129]
to real-emission integrals with θ-function constraints, the need to introduce an analytic
regulator and the idea of “filtering”, which allows us to remove this regulator from the
properly-constructed integration-by-parts identities, computation of phase-space integrals
using differential equations obtained by introducing an auxiliary parameter, calculation of
boundary conditions as well as numerical computation of zero-jettiness phase-space integrals
which turns out to be quite demanding. We hope that theoretical methods developed by
us in the context of the zero-jettiness soft function computation and presented in this and
earlier papers [5, 6, 93], will be useful for extending the N -jettiness slicing scheme to arbitrary
number of hard partons at N3LO in perturbative QCD.
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A Perturbative expansion coefficients

In this appendix, we collect the various quantities that are needed for the calculation of the
N3LO zero-jettiness soft function, see e.g. ref. [152]. The QCD β-function is defined as follows

βas = −2εas − 2a2
s

∞∑
k=0

βkak
s , (A.1)

where as = αs/(4π). The two coefficients, relevant for the computation of the soft function
at N3LO, read

β0 = 11
3 CA − 4

3nf TF , β1 = 34
3 C2

A − 20
3 CAnf TF − 4CF nf TF . (A.2)

We write the αs expansion of the cusp anomalous dimension as

Γcusp = as

[
Γ0 + asΓ1 + a2

sΓ2 +O
(
a3

s

)]
, (A.3)

with the expansion coefficients

Γ0 = 4CR,

Γ1 = CRCA

(268
9 − 4

3π2
)
− 80

9 CRnf TF ,

Γ2 = CRC2
A

(88
3 ζ3 +

490
3 − 536

27 π2 + 44
45π4

)
+ CRCAnf TF

(
−224

3 ζ3 −
1672
27 + 160

27 π2
)

+ CRCF nf TF

(
64ζ3 −

220
3

)
− 64

27CRn2
f T 2

F .

(A.4)

The soft anomalous dimension γs reads

γs = as

[
γs

0 + asγs
1 + a2

sγs
2 +O

(
a3

s

)]
, (A.5)

– 53 –



J
H
E
P
0
4
(
2
0
2
5
)
0
8
4

where
γs

0 = 0,

γs
1 = CRCA

(
−28ζ3 +

808
27 − 11

9 π2
)
+
(4
9π2 − 224

27

)
CRnf TF ,

γs
2 = CRC2

A

(
−1316

3 ζ3 +
88
9 π2ζ3 + 192ζ5 +

136781
729 − 6325

243 π2 + 88
45π4

)
+ CRCAnf TF

(1456
27 ζ3 −

23684
729 + 2828

243 π2 − 16
15π4

)
+ CRCF nf TF

(608
9 ζ3 −

3422
27 + 4

3π2 + 16
45π4

)
+ CRn2

f T 2
F

(448
27 ζ3 −

8320
729 − 80

81π2
)

.

(A.6)

Using these quantities and the renormalization group equation, we compute the soft-function
renormalization constant. We find

Zs = 1 + as

[Γ0
ε2 + 2Γ0

ε
LS

]
+ a2

s

[ Γ2
0

2ε4 − 3β0Γ0
4ε3 + Γ1

4ε2 + γs
1

2ε
+
(2Γ2

0
ε3 − β0Γ0

ε2

+ Γ1
ε

)
LS + 2Γ2

0
ε2 L2

S

]
+ a3

s

[ Γ3
0

6ε6 − 3β0Γ2
0

4ε5 +
(11
18β2

0Γ0 +
1
4Γ0Γ1

) 1
ε4

−
(4
9β1Γ0 +

5
18β0Γ1 −

1
2Γ0γs

1

) 1
ε3 +

(Γ2
9 − 1

3β0γs
1

) 1
ε2 + γs

2
3ε

+
(Γ3

0
ε5

− 5β0Γ2
0

2ε4 +
(2
3β2

0Γ0 +
3
2Γ0Γ1

) 1
ε3 −

(2
3β1Γ0 +

2
3β0Γ1 − Γ0γs

1

) 1
ε2 + 2Γ2

3ε

)
LS

+
(2Γ3

0
ε4 − 2β0Γ2

0
ε3 + 2Γ1Γ0

ε2

)
L2

S + 4Γ3
0

3ε3 L3
S

]
+O(a4

s).

(A.7)

The last two ingredients that one needs are the soft functions at NLO and NNLO. The
coefficients of the ε-expansion through the required orders are [2]

S1,−1 = 8CR,

S2,−3 = −32C2
R,

S2,−2 = −16
3 CRnf TF + 44

3 CRCA,

S2,−1 = 64
3 π2C2

R − 80
9 CRnf TF + CRCA

(268
9 − 4

3π2
)

,

S2,0 = 512C2
Rζ3 + CRnf TF

(16
9 π2 − 448

27

)
+ CRCA

(
−56ζ3 +

1616
27 − 44

9 π2
)

,

S2,1 = 64
5 π4C2

R + CRnf TF

(320
3 ζ3 −

320
81 − 112

9 π2
)

+ CRCA

(
−880

3 ζ3 +
8560
81 − 98

45π4 + 268
9 π2

)
,

S2,2 = C2
R

(
6144ζ5 −

1024
3 π2ζ3

)
+ CRnf TF

(
−1408

3 ζ3 +
8576
243 + 208

45 π4 + 640
81 π2

)
+ CRCA

(
−680ζ5 + 1072ζ3 +

32
3 π2ζ3 +

49664
243 − 572

45 π4 − 1472
81 π2

)
,
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S2,3 = C2
R

(10112
945 π6 − 4096ζ2

3

)
+ CRnf TF

(9088
3 ζ5 +

13952
27 ζ3 −

1280
9 π2ζ3

+ 138688
729 − 832

45 π4 − 4000
81 π2

)
+ CRCA

(
− 24992

3 ζ5 − 504ζ2
3 − 31456

27 ζ3

+ 3520
9 π2ζ3 +

270112
729 − 40

63π6 + 1876
45 π4 + 9664

81 π2
)

. (A.8)

Divergent contributions to the soft function are related to anomalous dimensions and β-
function coefficients. We summarize these relations below

S1,−1 = 2Γ0, S1,0 = 0,

S2,−3 = −2Γ2
0, S2,−2 = β0Γ0,

S2,−1 = −2 S1,1 Γ0 +
4
3π2Γ2

0 + Γ1,

S2,0 = −2 S1,2 Γ0 + 2β0 S1,1 − 1
6π2β0Γ0 + 32ζ3Γ2

0 + 2γs
1,

S3,−5 = Γ3
0, S3,−4 = −3

2β0Γ2
0,

S3,−3 = 3
2 S1,1 Γ2

0 +
2
3β2

0Γ0 − 2π2Γ3
0 −

3
2Γ1Γ0,

S3,−2 = 3
2 S1,2 Γ2

0 −
15
4 β0 S1,1 Γ0 +

9
4π2β0Γ2

0 +
1
3β1Γ0 +

4
3β0Γ1 − 3Γ0γs

1 − 64ζ3Γ3
0,

S3,−1 = −3
2 S2,1 Γ0 −

3
2 S1,3 Γ2

0 −
3
4β0 S1,2 Γ0 + S1,1

(
−3
4Γ1 + 3β2

0 − π2Γ2
0

)
− 1

3π2β2
0Γ0 −

4
15π4Γ3

0 + 2π2Γ1Γ0 +
2
3Γ2 + 72β0ζ3Γ2

0 + 4β0γs
1,

S3,0 = −3
2 S2,2 Γ0 + 3β0 S2,1 − 3

2 S1,4 Γ2
0 +

21
4 β0 S1,3 Γ0 + S1,2

(
−π2Γ2

0

− 3
4Γ1 − 3β2

0

)
+ S1,1

(
+9
8π2β0Γ0 − 48ζ3Γ2

0 −
3
2γs

1 + 3
2β1

)
+ 1

5π4β0Γ2
0 −

1
6π2β1Γ0 −

1
6π2β0Γ1 + 4π2Γ0γs

1 + 2
3β2

0ζ3Γ0 − 960ζ5Γ3
0

+ 96π2ζ3Γ3
0 + 72ζ3Γ1Γ0 + 2γs

2.

(A.9)

Contributions that cannot be obtained from the renormalization group equation alone are
marked with boxes.

Terms in the soft function that are multiplied by powers of the logarithm LS are

C1,1 = 0,

C1,2 = −8CR,

C2,1 = CACR

(
56ζ3 −

1616
27 − 44

9 π2
)
+ CRnf TF

(448
27 + 16

9 π2
)

,

C2,2 = CRCA

(8
3π2 − 536

9

)
+ 160

9 CRnf TF ,

C2,3 = −176
9 CRCA + 64

9 CRnf TF ,
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∑
f=θ,θ̄

∫
dΦf Re

[
J (l)†

µ,a J (m)
µ,a

]
∼

k

n

n̄

l-loop m-loop

Figure 5. Soft amplitude squared (l × m)-loop contribution with single soft gluon emission.

C3,1 = C2
ACR

(36272
27 ζ3 −

176
9 π2ζ3 − 384ζ5 −

556042
729 − 50344

243 π2 + 88
9 π4

)
+ CRCAnf TF

(
−12064

27 ζ3 +
160648
729 + 38816

243 π2 − 128
45 π4

)
(A.10)

+ CRCF nf TF

(
−1216

9 ζ3 +
6844
27 + 16

3 π2 − 32
45π4

)
+ CRn2

f T 2
F

(256
9 ζ3 +

12800
729 − 256

9 π2
)

,

C3,2 = C2
ACR

(
352ζ3 −

62012
81 + 104

27 π2 − 88
45π4

)
+ CRCAnf TF

(32816
81

+ 128
9 π2

)
+ CRCF nf TF

(440
3 − 128ζ3

)
+ CRn2

f T 2
F

(
−3200

81 − 128
27 π2

)
,

C3,3 = CRC2
A

(352
27 π2 − 28480

81

)
+ CRCAnf TF

(18496
81 − 128

27 π2
)

+ 64
3 CRCF nf TF − 2560

81 CRn2
f T 2

F ,

C3,4 = −1936
27 CRC2

A + 1408
27 CRCAnf TF − 256

27 CRn2
f T 2

F .

B Single soft-gluon emission corrections

In this appendix we compute the single-gluon N3LO QCD contribution to the zero-jettiness
soft function. It follows from eq. (2.4) that in order to do that, we need to integrate the
square of the single-soft eikonal current, truncated at O(α3

s), over single-gluon phase space
subject to the zero-jettiness constraint.

To facilitate this computation, we write perturbative corrections to the soft current

Jµ,a(k) = gs

∞∑
l=0

g2l
s J (l)

µ,a(k), (B.1)

and define the product of l- and m-loop currents

wl,m(k) = −gµνRe
[
J (l)†

µ,a (k)J (m)
ν,a (k)

]
, (B.2)

where summation over all color degrees of freedom, as well as over gluon polarizations, is
assumed. Thanks to the simple dependence of the soft currents on the external momenta,
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this quantity reads

wl,m(k) = Cl,mRe
[
e−iπlεeiπmε

] ( n · n̄

2(k · n)(k · n̄)

)1+(l+m)ε
, (B.3)

where the constant Cl,m contains all the information about colors and other quantities that
depend on l and m but not on momenta k, n and n̄.

To calculate soft-function contribution sl,m from diagrams with l × m loops we sum over
two hemisphere configurations and integrate over the gluon momentum k

sl,m = Nε

∑
f=θ,θ̄

∫
dΦf wl,m(k)

= NεCl,m cos [(l − m)πε]
∑

f=θ,θ̄

∫
dΦf

(
n · n̄

2(k · n)(k · n̄)

)1+(l+m)ε

= 2Nε cos [(l − m)πε]Cl,m F (l + m)
(

n · n̄

2

)1+(l+m)ε
.

(B.4)

Using the following expressions for the integration measures,

dΦθ = 1
Nε

[dk]δ(1− k · n)θ(k · n̄ − k · n), dΦθ̄ = 1
Nε

[dk]δ(1− k · n̄)θ(k · n − k · n̄), (B.5)

and the fact that the integrand is symmetric under n ↔ n̄ replacement, we find

F (m) =
∫ dαdβ

αεβε
δ(1− β)θ(α − β) 1

α1+mεβ1+mε
=

∞∫
1

dα

α1+ε+mε
= 1

(m + 1)ε. (B.6)

The final expression for n · n̄ = 2 reads

sl,m = 2Nε cos [(l − m)πε] Cl,m

(1 + l + m)ε. (B.7)

To find corrections at N3LO, we require s0,2, s2,0 and s1,1. To fix the normalization, we start
with the lowest order contribution. Writing the leading order current as

J (0)
µ,a(k) = T a

(
nµ

k · n
− n̄µ

k · n̄

)
, (B.8)

and using it in eqs. (B.1), (B.3), it is easy to fix the constant C0,0 = 4CR. The one-loop
current was computed in ref. [153] and we borrow it from that reference. It reads20

J (1)
µ,a(k) = NεX

[ −(n · n̄)
2(k · n)(k · n̄)

]ε

J (0)
µ,a(k), (B.9)

with
X = −CA

Γ4(1− ε)Γ2(1 + ε)
ε2Γ(1− 2ε) . (B.10)

20Since we consider n, n̄ and k to be final-state momenta, the (−1)ε factor should be understood as e+iπε,
see ref. [153].
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Then, using eq. (B.8) and eq. (B.9), we calculate the NLO contribution

w1,0 = w0,1 = w0,0 NεX
[ −n · n̄

2(k · n)(k · n̄)

]ε

, (B.11)

and use eq. (B.3) to fix the following constants.

C0,1 = C1,0 = NεXC0,0. (B.12)

Similarly, using eq. (B.9) we can calculate w1,1 and extract the corresponding constant

C1,1 = (NεX )2 C0,0. (B.13)

The result for the two-loop contribution is [113–115]. We use ref. [113] and eq. (B.3) to
fix two remaining constants

C0,2 = C2,0 = 4CR

(
NεΓ3(1− ε)Γ(1 + ε)

Γ(1− 2ε)

)2

r
(2)
soft. (B.14)

The constant r
(2)
soft is defined in [113]; it reads

r
(2)
soft = 2CAnf TFR1 + C2

AR2, (B.15)

where

R1 = 1
6ε3 + 5

18ε2 +
(19
54 + π2

18

)1
ε

+
( 65
162 + 5

54π2 − 8
3ζ3

)
+ ε

(211
486 − 4

81π2 − 40
9 ζ3 −

π4

15

)
− ε2

(287ζ3
27 + 8π2ζ3

9 + 32ζ5 −
665
1458 + 151π2

486 + π4

9

)
+O

(
ε3
)

,

(B.16)

R2 = 1
2ε4 − 11

12ε3 −
(67
36 − 1

4π2
) 1

ε2 −
(193

54 + 11
36π2 − 1

2ζ3

)1
ε

−
(571

81 + 67
108π2 − 44

3 ζ3 −
29
360π4

)
− ε

(3410
243 + 83

81π2 − 268
9 ζ3 −

11
30π4

− 2
3π2ζ3 +

37
2 ζ5

)
− ε2

(20428
729 + 1007

486 π2 − 1679
27 ζ3 −

67
90π4 − 44

9 π2ζ3

− 176ζ5 +
451

11340π6 + 29
2 ζ2

3

)
+O

(
ε3
)

.

(B.17)

Finally, we use the above results to compute the single-gluon contribution to the soft
function through N3LO. Writing

Sg = AsS(1)
g + A2

sS(2)
g + A3

sS(3)
g +O

(
A4

s

)
, (B.18)
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where the strong coupling constant As is defined in eq. (9.2), we obtain

S(1)
g = s0,0

Nε
= 8

ε
CR, (B.19)

S(2)
g = 1

N 2
ε

(s1,0 + s0,1) =
8
ε

CR cos (πε)X , (B.20)

S(3)
g = 1

N 3
ε

(s2,0 + s1,1 + s0,2)

= 8
3ε

CR

X 2 + 2 cos (2πε)
(
Γ3(1− ε)Γ(1 + ε)

Γ(1− 2ε)

)2

r
(2)
soft

 . (B.21)

To conclude, we explicitly write the result for SRV V
3 = S

(3)
g expanded through the required

order in ε

SRVV
3 = S(3)

g = 16
3ε5 CRC2

A +
(16

9 CACRnf TF − 44
9 C2

ACR

) 1
ε4

−
((268

27 + 28π2

9

)
C2

ACR − 80
27CACRnf TF

) 1
ε3

−
(

C2
ACR

(1544
81 − 220

27 π2 + 56
3 ζ3

)
− CRCAnf TF

(304
81 − 80

27π2
)) 1

ε2

−
(
+C2

ACR

(9136
243 − 1340

81 π2 − 880
9 ζ3 +

86
135π4

)
+ CACRnf TF

(320
9 ζ3

− 1040
243 + 400

81 π2
))1

ε
−
(

CRC2
A

(54560
729 − 7936

243 π2 − 5360
27 ζ3 −

308
135π4

− 32
3 π2ζ3 +

488
3 ζ5

)
− CRCAnf TF

(3376
729 − 1952

243 π2 − 1600
27 ζ3 −

112
135π4

))
− ε

(
CRC2

A

(326848
2187 − 46760

729 π2 − 33040
81 ζ3 −

1876
405 π4 + 4400

27 π2ζ3

− 2992
3 ζ5 +

2524
8505π6 + 136

3 ζ2
3

)
− CACRnf TF

(10640
2187 − 8656

729 π2 − 10400
81 ζ3

− 112
81 π4 + 1600

27 π2ζ3 −
1088
3 ζ5

))
+O

(
ε2
)

.

(B.22)

C Iterated real-emission contributions

As we explain in this appendix, some of the real-emission contributions to the N3LO soft
function can be computed with a relative ease. To this end, we consider the real-emission
contribution to the n-th order term in the expansion of the soft function in αs, cf. eq. (2.3),
and write it as

S(n)
τ =

∫ n∏
i=1

[dki] δ(τ − T0(n)) ξn(k1, . . . , kn). (C.1)

The functions ξn contain contributions from all possible final states and color structures and,
in general, they cannot be predicted from similar functions at lower orders. However, for
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certain color structures, their form simplifies. Following refs. [116, 118], we write

ξ1(k1) = CRwg(k1), (C.2)

ξ2(k1, k2) =
1
2!
(
C2

Rwg(k1)wg(k2) + CRCAwgg(k1, k2)
)
+ CRnf TF wqq̄(k1, k2), (C.3)

ξ3(k1, k2, k3) =
1
3!

(
C3

Rwg(k1)wg(k2)wg(k3)

+ C2
RCA [wg(k1)wgg(k2, k3) + (1 ↔ 2) + (1 ↔ 3)]

)
(C.4)

+ C2
Rnf TF wg(k1)wqq̄(k2, k3) + . . . ,

where ellipses stand for contributions that are unrelated to lower order ones. The func-
tions wg(k1) and wgg(k1, k2) are called w

(1)
BC(k1) and w

(2)
BC(k1, k2) in ref. [116]; the function

wqq̄(k1, k2) is called w
(2)
BC(k1, k2) in ref. [118]; they can be extracted from those references.

The common feature of the contributions to ζ̄3 shown explicitly in eq. (C.4) is that the
single-gluon emission contribution wg factorizes as least once.

Since the zero-jettiness T0 is a linear function of the soft partons’ momenta, the factor-
ization property can be exploited by computing the Laplace transform of the soft function.
We introduce it by considering the C3

R contribution to S
(3)
τ . We write

S
(3),C3

R
u = 1

3!

∫
dτ e−uτ

3∏
i=1

[dki]δ(τ − T0) wg(k1)wg(k2)wg(k3). (C.5)

Integrating over τ and using the fact that T0 = T0(k1) + T0(k2) + T0(k3), we obtain

S
(3),C3

R
u = 1

3!
[
S(1),CR

u

]3
. (C.6)

Subleading contributions C2
RCA and C2

Rnf TF are obtained in the same way. Computing
the Laplace transform and accounting for the permutations, we find

S
(3),C2

RCA
u = S(1),CR

u S(2),CRCA
u , S

(3),C2
Rnf TF

u = S(1),CR
u S

(2),CRnf TF
u . (C.7)

Because the scaling of the soft function S
(n)
τ with respect to τ is fully determined by n, the

following relation between the soft function and its Laplace image holds

S(n)
u = Γ(−2nε) u2nεS(n)

τ

∣∣∣∣∣
τ=1

. (C.8)

Hence, once the Laplace imagine is known, it is straightforward to reconstruct the τ -dependent
soft function from the above equation. When writing the soft function Sτ below, we will
always assume that τ is taken to be one and we will not indicate this further.

Required NLO contribution to eq. (C.7) can be easily calculated from the exact re-
sult for S

(1)
τ

S(1),CR
τ = 8

ε
→ S(1),CR

u = 8Γ(−2ε)
ε

u2ε. (C.9)
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Using eq. (C.6) and eq. (C.8), we find the part of the N3LO soft function proportional
to C3

R to be

S
(3),C3

R
τ = Γ3(−2ε)

6Γ(−6ε)
[
S(1),CR

τ

]3
= 256Γ3(−2ε)

3ε3Γ(−6ε) . (C.10)

To calculate contributions proportional to C2
R using eq. (C.7), we can extract the required

parts S
(2),CRCA
u and S

(2),CRnf TF
u from the NNLO soft function in eq. (A.8). To get the real-

emission contribution for the final-state gluons, we need to subtract virtual corrections from
the NNLO soft function. On the contrary, in case of the qq̄, no subtraction is needed, and
we can use the NNLO contribution S

(2),CRnf TF
τ directly. We obtain

S
(3),C2

Rnf TF
τ = Γ(−2ε)Γ(−4ε)

Γ(−6ε) S(1),CR
τ S

(2),CRnf TF
τ

= 32
ε4 + 160

3ε3 + 1
ε2

(896
9 − 160

3 π2
)
+ 1

ε

(
−2176ζ3 +

640
27 + 32

9 π2
)

+
(
256ζ3 −

17152
81 − 4864

27 π2 − 3424
45 π4

)
+
(
− 70912

9 ζ3

+ 12800
3 π2ζ3 − 61184ζ5 −

277376
243 + 21440

81 π2 − 12544
135 π4

)
ε +O

(
ε2
)

.

(C.11)

As we mentioned earlier, to obtain the C2
RCA part of the soft function, we need to

subtract the real-virtual corrections from the O(CRCA) term in the NNLO soft function.
The real-virtual contribution reads

S
(2)
τ,RV = − 8Γ5(1− ε)Γ3(1 + ε)

ε3Γ2(1− 2ε)Γ(1 + 2ε) , (C.12)

where the color factor CRCA is not shown. By combining the relevant contributions, we
obtain the final result for the coefficient of the C2

RCA color structure

S
(3),C2

RCA
τ = Γ(−2ε)Γ(−4ε)

Γ(−6ε) S(1),CR
τ

[
S(2),CRCA

τ −S
(2)
RV

]
=−48

ε5 −
88
ε4 +

1
ε3

(
88π2−536

3

)
+ 1

ε2

(
2736ζ3−

3232
9 +440

3 π2
)

+
(
5984ζ3−

17120
27 +536

9 π2+388
5 π4

) 1
ε
+
(
2144ζ3−4896π2ζ3

+68880ζ5−
99328
81 +15872

27 π2+9416
45 π4

)
+
(218048

9 ζ3−
35200

3 π2ζ3

−73104ζ2
3+168256ζ5−

540224
243 +10496

81 π2+9112
27 π4

+13928
105 π6

)
ε+O

(
ε2
)

.

(C.13)
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D Angular integrations

Partial fractioning identities
1

(ρ1·ρn̄)(ρ1·ρ̄n̄)
= 1
2

1
(ρ1·ρn̄)

+1
2

1
(ρ1·ρ̄n̄)

, (D.1)

1
(ρ1·ρn)(ρ1·ρ̄n)

= 1
2

1
(ρ1·ρn)

+1
2

1
(ρ1·ρ̄n)

, (D.2)

1
(ρ1·ρn)(ρ1·ρm) =

1
1−λ

1
(ρ1·ρn)

− λ

1−λ

1
(ρ1·ρm) , (D.3)

1
(ρ1·ρn)(ρ1·ρ̄m) =

1
1+λ

1
(ρ1·ρn)

+ λ

1+λ

1
(ρ1·ρ̄m) , (D.4)

1
(ρ1·ρ̄n)(ρ1·ρm) =

1
1+λ

1
(ρ1·ρ̄n)

+ λ

1+λ

1
(ρ1·ρm) , (D.5)

1
(ρ1·ρ̄n)(ρ1·ρ̄m) =

1
1−λ

1
(ρ1·ρ̄n)

− λ

1−λ

1
(ρ1·ρ̄m) , (D.6)

1
(ρ1·ρm)(ρ1·ρ̄m) =

1
2

1
(ρ1·ρm)+

1
2

1
(ρ1·ρ̄m) . (D.7)

(ρ1·ρn̄)
(ρ1·ρ̄n̄)

=−1+2 1
(ρ1·ρ̄n̄)

,
(ρ1·ρ̄n̄)
(ρ1·ρn̄)

=−1+2 1
(ρ1·ρn̄)

, (D.8)

(ρ1·ρn)
(ρ1·ρ̄n)

=−1+2 1
(ρ1·ρ̄n)

,
(ρ1·ρ̄n)
(ρ1·ρn)

=−1+2 1
(ρ1·ρn)

, (D.9)

(ρ1·ρn)
(ρ1·ρm) =

1
λ
−1−λ

λ

1
(ρ1·ρm) ,

(ρ1·ρm)
(ρ1·ρn)

=λ+(1−λ) 1
(ρ1·ρn)

, (D.10)

(ρ1·ρn)
(ρ1·ρ̄m) =− 1

λ
+1+λ

λ

1
(ρ1·ρ̄m) ,

(ρ1·ρ̄m)
(ρ1·ρn)

=−λ+(1+λ) 1
(ρ1·ρn)

, (D.11)

(ρ1·ρ̄n)
(ρ1·ρm) =− 1

λ
+1+λ

λ

1
(ρ1·ρm) ,

(ρ1·ρm)
(ρ1·ρ̄n)

=−λ+(1+λ) 1
(ρ1·ρ̄n)

, (D.12)

(ρ1·ρ̄n)
(ρ1·ρ̄m) =

1
λ
−1−λ

λ

1
(ρ1·ρ̄m) ,

(ρ1·ρ̄m)
(ρ1·ρ̄n)

=λ+(1−λ) 1
(ρ1·ρ̄n)

, (D.13)

(ρ1·ρm)
(ρ1·ρ̄m) =−1+2 1

(ρ1·ρ̄m) ,
(ρ1·ρ̄m)
(ρ1·ρm) =−1+2 1

(ρ1·ρm) . (D.14)

Integrals defined in (7.46) after partial fractioning identities application

Ω(d−1)
000000 = 1, (D.15)

Ω(d−1)
a100000 = I

(0)
d−1;a1

, (D.16)

Ω(d−1)
0a20000 = I

(0)
d−1;a2

, (D.17)

Ω(d−1)
00a3000 = I

(0)
d−1;a3

, (D.18)

Ω(d−1)
000a400 = I

(0)
d−1;a4

, (D.19)

Ω(d−1)
0000a50 = I

(1)
d−1;a5

(
ρ2

m

)
, (D.20)

Ω(d−1)
00000a6 = I

(1)
d−1;a6

(
ρ̄2

m

)
, (D.21)

Ω(d−1)
a10a3000 = I

(0)
d−1;a1,a3

(ρn · ρn̄) , (D.22)
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Ω(d−1)
a100a400 = I

(0)
d−1;a1,a4

(ρn · ρ̄n̄) , (D.23)

Ω(d−1)
0a2a3000 = I

(0)
d−1;a2,a3

(ρ̄n · ρn̄) , (D.24)

Ω(d−1)
0a20a400 = I

(0)
d−1;a2,a4

(ρ̄n · ρ̄n̄) , (D.25)

Ω(d−1)
00a30a50 = I

(1)
d−1;a3,a5

(
ρn̄ · ρm, ρ2

m

)
, (D.26)

Ω(d−1)
000a4a50 = I

(1)
d−1;a4,a5

(
ρ̄n̄ · ρm, ρ2

m

)
, (D.27)

Ω(d−1)
00a300a6 = I

(1)
d−1;a3,a6

(
ρn̄ · ρ̄m, ρ̄2

m

)
, (D.28)

Ω(d−1)
000a40a6 = I

(1)
d−1;a4,a6

(
ρ̄n̄ · ρ̄m, ρ̄2

m

)
. (D.29)

All considered angle integrals are normalized by full solid angle, so

I
(0)
0 = I

(1)
0

(
ρ2
)
= I

(0)
0,0 (ρ1 · ρ2) = I

(1)
0,0

(
ρ1 · ρ2, ρ2

2

)
= 1. (D.30)

I
(0)
d−1;n = 1

Ω(d−1)

∫ dΩ(d−1)
v

(v · ρ)n , ρ2 = 0, (D.31)

I
(1)
d−1;n

(
ρ2
)
= 1

Ω(d−1)

∫ dΩ(d−1)
v

(v · ρ)n , ρ2 ̸= 0, (D.32)

I
(0)
d−1;a,b (ρ1 · ρ2) =

1
Ω(d−1)

∫ dΩ(d−1)
v

(v · ρ1)a (v · ρ2)b
, ρ2

1 = ρ2
2 = 0, (D.33)

I
(1)
d−1;a,b

(
ρ1 · ρ2, ρ2

2

)
= 1

Ω(d−1)

∫ dΩ(d−1)
v

(v · ρ1)a (v · ρ2)b
, ρ2

1 = 0, ρ2
2 ̸= 0, (D.34)

where v is a light-like vector.

I
(0)
d−1;n=

Γ(2−2ε)Γ(1−ε−n)
Γ(1−ε)Γ(2−2ε−n) , (D.35)

I
(1)
d−1;n

(
ρ2
)
=(1+β)−n

2F1

(
n,1−ε,2−2ε; 2β

1+β

)
, β=

√
1−ρ2, (D.36)

I
(0)
d−1;a,b(ρ1·ρ2)=

Γ(2−2ε)Γ(1−ε−a)Γ(1−ε−b)
2a+bΓ2(1−ε)Γ(2−2ε−a−b) 2F1

(
a,b,1−ε;1−ρ1·ρ2

2

)
, (D.37)

I
(1)
d−1;a,b

(
ρ1·ρ2,ρ2

2

)
= 2(−a)

(ρ1·ρ2)b

Γ(2−2ε)Γ(1−ε−a)
Γ(1−ε)Γ(2−2ε−a)×

F1

(
b,1−ε−a,1−ε−a,2−2ε−a;1− 1+β

ρ1·ρ2
,1− 1−β

ρ1·ρ2

)
, β=

√
1−ρ2

2.

(D.38)

E Special functions

In this appendix we collect various identities for (generalized) hypergeometric functions, see
e.g. ref. [154], that we have used in this paper.
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Transformation rules.

2F1(a,b;c;z)=(1−z)−a Γ(b−a)Γ(c)
Γ(c−a)Γ(b) 2F1

(
a,c−b;1+a−b; 1

1−z

)
+(1−z)−b Γ(a−b)Γ(c)

Γ(c−b)Γ(a) 2F1

(
b,c−a;1−a+b; 1

1−z

)
, (E.1)

2F1(a,b;c;z)= Γ(c−a−b)Γ(c)
Γ(c−a)Γ(c−b) 2F1(a,b;a+b+1−c;1−z)

+(1−z)c−a−b Γ(a+b−c)Γ(c)
Γ(a)Γ(b) 2F1(c−a,c−b;c+1−a−b;1−z),

(E.2)

2F1(a,b;c;z)=(1−z)−b
2F1

(
c−a,b;c; z

z−1

)
, (E.3)

2F1(a,b;2b;z)=
(
1+

√
1−z

2

)−2a

2F1

(
a,a−b+1

2;b+
1
2;

1−
√
1−z

1+
√
1−z

)
, (E.4)

F1
(
a;b,b′;c;w,z

)
=(1−w)−aF1

(
a;c−b−b′,b′;c; w

w−1 ,
z−w

1−w

)
, (E.5)

F1
(
a;b,b′;b+b′;w,z

)
=(1−z)−a

2F1

(
a,b;b+b′;w−z

1−z

)
. (E.6)

Integral representations.

2F1 (a, b; c; z) = Γ(c)
Γ(b)Γ(c − b)

1∫
0

dt tb−1(1− t)c−b−1(1− tz)−a, (E.7)

pFq ((ap); (bq); z) =
Γ(bq)

Γ(ap)Γ(bq − ap)

1∫
0

dt
tap−1

(1− t)1+ap−bq
p−1Fq−1 ((ap−1); (bq−1); tz) , (E.8)

F1
(
a; b, b′; c;w, z

)
= Γ(c)

Γ(a)Γ(c − a)

1∫
0

dt
ta−1(1− t)c−a−1

(1− wt)b(1− zt)b′
. (E.9)
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