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 A B S T R A C T

Pipe flows subject to azimuthally non-uniform heat flux are present in e.g. concentrated solar power plants. In 
this paper, we present novel analytical solutions for this configuration under laminar flow conditions, namely 
the fully developed solution (including conjugate heat transfer) as well as the thermal entrance behavior, 
both with and without the effect of axial conduction. The solution is obtained by additively decomposing the 
temperature field into Fourier modes, owning to the linearity of the conservation equation of temperature. The 
solution for each wavenumber is then expanded in terms of eigenfunctions of a linear self-adjoint operator. 
The eigenfunctions of said operator can be stated explicitly for a laminar velocity profile. For negligible 
axial conduction (large values of the Péclét number Pe), the coefficients of the eigenfunction expansion are 
determined analytically from the eigenvalues. For finite values of Pe, the coefficients are obtained as solutions 
of a quadratic matrix equation, which are constructed explicitly and show to be well-behaved. We show that 
global quantities like the mean Nusselt number are independent of the heat flux distribution. However, the 
pointwise temperature is significantly changed; especially for variations with a wavelength of 2𝜋 (the thermal 
entrance length of the 𝑘 = 1 mode is between 2.2 and 2.7 times longer than for the homogeneous case, 
depending on Pe). The presented analytical solutions are verified against numerical data.
1. Introduction

The balance of convection and diffusion governs the analysis of any 
transfer problem of heat or mass, and it is typically formulated as a 
boundary value problem. An important class of solutions considers the 
steady state, and one relevant example is the so-called Graetz problem, 
which is the analysis of the thermal entrance region for heat transfer 
in a laminar flow through a given geometry, either subject to uniform 
wall heat flux or uniform temperature. Following the fundamental 
paper by Graetz [1], who solved the heat transfer problem in the 
thermal entrance region for the case of pipe flow with prescribed wall 
temperature and negligible axial conduction,1 a wealth of literature has 
since been produced to extend these results to more complex cases.

For liquid metal flows (low values of Pr) or flows of small physical 
lengthscales, the relative importance of axial conduction is raised with 
respect to the effect of axial convection, and hence Graetz’ original 
solution is not valid anymore. The relationship between those two 
quantities is expressed in the non-dimensional Péclét number Pe. For 
relatively low values of Pe, say Pe < 70 [2], axial conduction must 
be considered in the formulation, which is then termed the extended
Graetz problem. In a series of articles, Papoutsakis et al. [2,3] presented 
the first fully analytical solution to the extended Graetz problem, 
based on introducing a secondary variable and then reformulating the 

∗ Corresponding author.
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1 Graetz already included the heat conduction inside a solid (conjugated problem).

problem using a self-adjoint operator. It should be noted that Graetz’s 
solution (and derived ones, such as [3]) in terms of an orthogonal series 
expansion usually converges very quickly except in close proximity 
to the inlet. There a large number of eigenfunctions are required for 
sufficient accuracy, and hence, Lévêque’s solution is a more suitable 
approximation [4].

Analytical solutions of heat transfer in pipe flows typically consider 
uniform heat flux, i.e. the problem becomes independent of the az-
imuthal coordinate. However, azimuthally inhomogeneous heat flux, 
also termed nonuniform heat flux, is present in relevant technical ap-
plications, such as heat exchangers or concentrated solar power plants. 
A simpler subproblem considers the thermally fully developed solution, 
i.e. where the temperature is considered invariant of the streamwise 
direction after suitable non-dimensionalization. This state is (approx-
imately) reached sufficiently far away from the start of the heated 
section. The fully-developed solution for nonuniform heating is given 
by W. Reynolds [5], and Gatewood [6, equation 6.3] gives the basic 
form of the fully developed solution for the conjugated problem. To the 
authors’ knowledge, a solution for the thermal entrance region subject 
to azimuthally inhomogeneous heating has not yet been reported. This 
gap in the existing literature is adressed in the present article.
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Nomenclature

The nomenclature only includes symbols required for the main 
text and does not include those exlusively used in Appendix  B.
Latin symbols
𝐴𝑘 Matrix-valued coefficient of the exponential 

function for the finite Pe solution (Eq.  (47))
𝐴+
𝑘 , 𝐴

−
𝑘 Solutions 𝐴𝑘 identified with 𝑧 < 0 and 𝑧 < 0, 

respectively (Eq.  (50))
𝑎𝑘𝑗 , 𝑏𝑘 Parameters of the Eigenfunction (Eq.  (39)
𝐶𝑖, 𝐴𝑘,𝑝, 𝐵𝑘,𝑝 Integration constants
𝐶𝑘 Diagnostic quantity for the thermal en-

trance length (Eq.  (43))
𝑐𝑘 Vector of expansion coefficients (Eq.  (46))
𝑐𝑘𝑗 Coefficients of the eigenfunction expansion 

(Eq.  (32))
𝑐𝑝 Specific heat capacity at constant pressure
𝑑 Jump condition for the derivative of the 

expansion coefficient (Appendix  C)
 Space of the linear operator 𝑘 (Eq.  (26))
𝐷

|𝑘| Fully developed solution for wavenumber 𝑘
(Eq.  (20))

𝑓 (𝜑) Azimuthal heat flux after removal of the 
mean 𝑞𝑤 (Eq.  (2c))

𝑓𝑘 𝑘th complex Fourier coefficient of 𝑓 (𝜑)
𝐻2 Sobolev space of square-integrable func-

tions with square-integrable first and sec-
ond derivatives

𝑗 Imaginary unit
𝑘 Wavenumber
 Self-adjoint linear operator (Eq.  (25))
𝑀 Confluent Hypergeometric Function 1𝐹1
𝑝𝑘 Function to transform the wavenumber 

solution into  (Eq.  (28))
𝑝𝑘 The image of 𝑝𝑘 under the operator 𝑘 (Eq. 

(28))
𝑞𝑤 Azimuthal mean of the heat flux (Eq.  (2c))
𝑞𝑘 Jump condition for the expansion coeffi-

cient; right hand side of Eq.  (*35)
𝑟 Radial coordinate
R Set of real numbers
𝑅𝑖 Radius of the pipe’s inner wall
𝑅𝑜 Radius of the pipe’s outer wall
𝑇 Temperature
𝑇0 Inlet temperature (Eq.  (2b))
𝑢, 𝑣 Example functions (Eq.  (27))
𝑈ref Reference velocity for non-dimensionali-

zation (Eq.  (4))
𝑢𝑧 Streamwise velocity
𝑧 Streamwise coordinate
Greek symbols
𝛤 Ratio of radii, 𝛤 = 𝑅𝑜∕𝑅𝑖
𝐾𝑘 Matrix representation of the extra term in 

the coefficient ODE for finite Pe (Eq.  (46))
𝜆 Thermal conductivity
𝜆𝑠𝑓 Solid/Fluid ratio of conductivities
𝜆𝑘𝑗 Eigenvalue corresponding to the 𝑗th eigen-

function of 𝑘
𝛬𝑘 Diagonal matrix of eigenvalues (Eq.  (46))
2 
𝜇𝑘𝑗 Square root of the negated value of 𝜆𝑘𝑗
𝜙𝑘𝑗 𝑗th normalized eigenfunction of 𝑘
𝜑 Azimuthal coordinate
𝛱

|𝑘| Auxiliary quantity, see Eq.  (20)
𝜌 Density
𝜃 Dimensionless temperature after subtrac-

tion of the linear increase in 𝑧 (fully 
developed solution, see Eq.  (8))

𝜃𝑘 Fourier mode of dimensionless temperature 
(Eq.  (12))

𝜃̂𝑘 Transformed Fourier mode of dimensionless 
temperature, i.e. 𝜃̂𝑘 ∈ 𝑘 (Eq.  (28))

𝜃 Dimensionless temperature (Eq.  (4))
Subscripts

𝑓 Fluid

𝑘 Quantity associated with wavenumber 𝑘
𝑝 Phase (𝑝 being fluid 𝑓 or solid 𝑠)
𝑠 Solid

Superscripts
∗ Complex conjugate (from Section 2.2 on)
∗ Non-dimensionalized quantity (only in Sec-

tion 2.1). The superscript is omitted starting 
with Section 2.2.

Abbreviations

Im Imaginary part of complex number
Pe Péclét number (Eq.  (4))
Pr Prandtl number, Pr = 𝜇𝑓∕(𝑐𝑝,𝑓𝜆𝑓 )
Re Real part of complex number

This paper treats heat transfer in laminar pipe flows. In other 
geometries, asymmetric heating of a plane channel has been con-
sidered [7,8], and experimental results for asymmetric heating of a 
square duct have been reported [9]. Related to the latter case, Barrera 
et al. [10] solved the (regular) Graetz problem for homogeneous heat-
ing condition on non-circular cross section. Some interesting mathemat-
ical similarities between Barrera et al. [10] and the present formulation 
arise and will be discussed in Section 2.3.

In this paper, we present the solution for the nondimensional tem-
perature in a non-uniformly heated pipe under standard laminar flow 
conditions. The paper is structured as follows: after introducing the 
governing equations in Section 2.1, we summarize the fully developed 
solution for nonuniform heating in Section 2.2, including conjugate 
heat transfer. We then turn our attention to the thermal development 
region and present the solution to the Graetz problem (negligible axial 
conduction) in Section 2.3. The solution is modified to accommodate 
finite Pe numbers in Section 2.4.

2. Analysis

2.1. Governing equations

We consider an incompressible Newtonian fluid with constant ma-
terial properties in a thick-walled pipe under laminar flow conditions. 
Heating through viscous dissipation, thermal expansion and radiation is 
neglected. We assume constant material properties for the fluid (index 
‘f’) and solid (index ‘s’) phases, respectively. 
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Fig. 1. Sketch of the typical configurations of the Graetz problem (Figs.  1(a) and 1(b)), as well as the non-uniform heating case (Fig.  1(c)) and conjugated case (Fig.  1(d)) 
considered in this paper.
We denote the streamwise coordinate with 𝑧, the radial coordinate 
with 𝑟 and the azimuthal coordinate with 𝜑. The solid has an inner 
diameter 𝑅𝑖 and an outer diameter 𝑅𝑜, see also sketch Fig.  1(d).

The steady-state balance equation of temperature 𝑇𝑝 (𝑝 / phase 
being fluid or solid) is given by [11, Appendix B.9] 

𝜌𝑓 𝑐𝑝,𝑓 𝑢𝑧(𝑟)
𝜕𝑇𝑓
𝜕𝑧

=
𝜆𝑓
𝑟

𝜕
𝜕𝑟

(

𝑟
𝜕𝑇𝑓
𝜕𝑟

)

+
𝜆𝑓
𝑟2

𝜕2𝑇𝑓
𝜕𝜑2

+ 𝜆𝑓
𝜕2𝑇𝑓
𝜕𝑧2

fluid, (1a)

0 =
𝜆𝑠
𝑟

𝜕
𝜕𝑟

(

𝑟
𝜕𝑇𝑠
𝜕𝑟

)

+
𝜆𝑠
𝑟2

𝜕2𝑇𝑠
𝜕𝜑2

+ 𝜆𝑠
𝜕2𝑇𝑠
𝜕𝑧2

solid, (1b)

where 𝜌, 𝑐𝑝 and 𝜆 denote density, specific heat capacity at constant 
pressure and thermal conductivity, respectively. Viscous dissipation is 
neglected. Note that only conduction is present in the solid, while both 
convection and diffusion are considered in the fluid. The boundary 
conditions are given by 
lim

𝑧→−∞
𝑇𝑝(𝑟, 𝜑, 𝑧) = 𝑇0, for a constant 𝑇0, (2a)

𝑇𝑓 (0, 𝜑, 𝑧) is regular in 𝑧 and 𝜑, (2b)

𝜆𝑠
𝜕𝑇𝑠
𝜕𝑟

|

|

|

|𝑅𝑜

=

{

𝑞𝑤 + 𝑓 (𝜑) for 𝜑 ∈ [0, 2𝜋) and 𝑧 ≥ 0,
0 for 𝜑 ∈ [0, 2𝜋) and 𝑧 < 0.

(2c)

These are the same boundary conditions used in [2], except with the 
addition of azimuthal inhomogeneity in the heat flux. Here 𝑞𝑤 is the 
mean contribution of heat flux, that is, ∫ 2𝜋

0 𝑓 (𝜑)d𝜑 = 0. These boundary 
conditions correspond to a uniform inlet temperature 𝑇  far away from 
0

3 
the beginning of the heated section (Eq.  (2a)), and a prescribed heat 
flux on the outer wall of the pipe (Eq.  (2c)). If the solid is omitted, 
this condition is specified on the inner pipe wall instead as a boundary 
condition for the fluid.

Furthermore, we impose interface conditions (see e.g. [12]) 

𝜆𝑠
𝜕𝑇𝑠
𝜕𝑟

|

|

|

|𝑅𝑖

= 𝜆𝑓
𝜕𝑇𝑓
𝜕𝑟

|

|

|

|

|𝑅𝑖

for all 𝑧 ∈ R and 𝜑 ∈ [0, 2𝜋), (3a)

𝑇𝑓 (𝑅𝑖, 𝜑, 𝑧) = 𝑇𝑠(𝑅𝑖, 𝜑, 𝑧) for all 𝑧 ∈ R and 𝜑 ∈ [0, 2𝜋). (3b)

These reflect the conservation of energy on the interface and continuity 
of the temperature.

Conservation equations Eq.  (1) and interface conditions Eq.  (3) 
are a rather standard choice and are often used in analytical and 
numerical investigations of conjugate heat transfer. We note that there 
are scenarios in which this set of equations fail to capture the rel-
evant physical effects. For example, viscous dissipation is typically 
non-negligible in microchannels; the extended Graetz problem for this 
case was investigated by [13], which also discussed the influence of 
different inlet boundary conditions other than Eq.  (2b). The fluid-solid 
interface condition may also be altered: an imperfect interface can 
introduce a nonzero thermal contact resistance, or radiative effects may 
be relevant [14]. 

It is common to express equations and solution in dimensionless 
form as ultimately this leads to a formulation that depends on fewer 
free parameters. To this end, each physical variable is expressed as the 
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product of a dimensionless variable and a dimensional reference quan-
tity of the same unit. Here, we denote the conductivity ratio 𝜆𝑠𝑓 = 𝜆𝑠

𝜆𝑓
. 

The ratio of radii is indicated by 𝛤 = 𝑅𝑜
𝑅𝑖
. The non-dimensionalization 

employed in the following is given by 

𝜃𝑝 =
𝑇𝑝 − 𝑇0

𝑞𝑤𝛤𝑅𝑖∕𝜆𝑓
, 𝑧 = Pe𝑅𝑖𝑧

∗, 𝑟 = 𝑅𝑖𝑟
∗, (4a)

Pe =
𝜌𝑓 𝑐𝑝,𝑓𝑈ref𝑅𝑖

𝜆𝑓
, 𝑢𝑧 = 𝑈ref𝑢

∗
𝑧 . (4b)

The non-dimensionalization follows [2] with the addition of conjugate 
heat transfer. Note that the choice of different length scales in axial 
and radial directions enables to characterize the relevance of axial 
conduction relative to axial convection, and the occurrence of 𝛤  in the 
non-dimensionalization of 𝑇  will later ensure that the circumferentially 
averaged heat flux on the fluid is 1.

Expressions Eq.  (4) are then inserted into the equation (1) and 
boundary conditions Eqs.  (2) and (3), and dimensional reference quan-
tities combined to obtain from Eq.  (1): 

1
𝑟∗

𝜕
𝜕𝑟∗

(

𝑟∗
𝜕𝜃𝑝
𝜕𝑟∗

)

+ 1
(𝑟∗)2

𝜕2𝜃𝑝
𝜕𝜑2

+ 1
Pe2

𝜕2𝜃𝑝
𝜕(𝑧∗)2

=

{

𝑢∗𝑧(𝑟
∗) 𝜕𝜃𝑓𝜕𝑧∗ fluid,

0 solid,
(5)

Using 𝑓 ∗(𝜑)𝑞𝑤 = 𝑓 (𝜑), the boundary conditions Eqs.  (2a) and (2c) give 

lim
𝑧→−∞

𝜃(𝑟, 𝜑, 𝑧) = 0 for all 𝑟 > 0 and 𝜑 ∈ [0, 2𝜋), (6a)

𝜕𝜃𝑠
𝜕𝑟∗

|

|

|

|𝑟∗=𝛤
= 1

𝛤𝜆𝑠𝑓

{

1 + 𝑓 ∗(𝜑) if 𝑧 ≥ 0 and 𝜑 ∈ [0, 2𝜋)
0 if 𝑧 < 0 and 𝜑 ∈ [0, 2𝜋),

(6b)

while the interface conditions Eq.  (3) simply become 

𝜆𝑠𝑓
𝜕𝜃𝑠
𝜕𝑟∗

|

|

|

|𝑟∗=1
=

𝜕𝜃𝑓
𝜕𝑟∗

|

|

|

|

|𝑟∗=1
for all 𝑧 ∈ R and 𝜑 ∈ [0, 2𝜋), (7a)

𝜃𝑓 (𝑟∗ = 1, 𝜑, 𝑧) = 𝜃𝑠(𝑟∗ = 1, 𝜑, 𝑧) for all 𝑧 ∈ R and 𝜑 ∈ [0, 2𝜋). (7b)

For clarity of the presentation, we omit the star superscripts in the 
following. That is, going forward 𝑟 will reference the non-dimensional 
radius.

2.2. Fully developed solution

The solution for the fully developed state, presented in the follow-
ing, is based on [5], where the case without conjugate heat transfer is 
discussed.

Sufficiently far away from the start of the heated section, we expect 
the temperature profile to be independent of the axial position, except 
for a linear offset in 𝑧. This offset corresponds to the increase in 
bulk temperature due to the accumulated heat flux (integral energy 
balance). We call 𝜃𝑝 the temperature profile minus the linear offset; 𝜃𝑝
is then independent of 𝑧. The fully developed solution therefore takes 
the form 
𝜃𝑝 = 𝐶1𝑧 + 𝜃𝑝(𝑟, 𝜑) (8)

with an integration constant 𝐶1 (which has the same value in both 
subdomains). The problem at hand is given by equations Eq.  (5), BCs 
Eqs.  (2b) and (6b) and ICs Eq.  (7). Boundary condition Eq.  (6a) is 
omitted. This set of equations fully constrains the temperature profile 
𝜃𝑝(𝑟, 𝜑) up to a constant offset. In order to match the behavior of the full 
Graetz problem (that is, including Eq.  (6a)) for 𝑧 → ∞, we will choose 
it based on the integral energy balance (see [11]) between 𝑧 → −∞ and 
𝑧: 

∫

2𝜋

0 ∫

𝑅𝑜

0

(

𝜌𝑐𝑝𝑢𝑧𝑇𝑝(𝑧′) − 𝜆
𝜕𝑇𝑝
𝜕𝑧′

)

𝑟d𝑟d𝜑
|

|

|

|

𝑧′=𝑧

𝑧′=−∞
= 𝑅𝑜 ∫

2𝜋

0 ∫

𝑧

−∞
𝑞𝑤d𝑧d𝜑 (9)

In dimensionless form, this translates to 
2𝜋 1 (

𝑢𝑧𝜃𝑓 − 1 𝜕𝜃𝑓
)

𝑟d𝑟d𝜑−
𝜆𝑠𝑓 2𝜋 𝛤 𝜕𝜃𝑝 𝑟d𝑟d𝜑 = 2𝜋𝑧. (10)
∫0 ∫0 Pe2 𝜕𝑧 Pe2 ∫0 ∫1 𝜕𝑧

4 
Inserting Eq.  (8) into Eq.  (5) removes the axial conduction as expected:

1
𝑟
𝜕
𝜕𝑟

(

𝑟
𝜕𝜃𝑝
𝜕𝑟

)

+ 1
𝑟2

𝜕2𝜃𝑝
𝜕𝜑2

=

{

𝐶1𝑢𝑧(𝑟) fluid,
0 solid

(11)

𝜃𝑝 inherits the BCs Eqs.  (2b) and (6b) and ICs Eq.  (7) unchanged.
As the temperature profile 𝜃𝑝(𝑟, 𝜑) must be 2𝜋-periodic in 𝜑, we may 

expand it into a Fourier series. I.e., denoting the imaginary unit by 𝑗, 
𝜃̄𝑗 can be written as a series of the form 

𝜃𝑝 =
∞
∑

𝑘=−∞
𝜃̂𝑘,𝑝(𝑟)exp(𝑗𝑘𝜑). (12)

Inserting Eq.  (12) into Eq.  (11) yields 
∞
∑

𝑘=−∞
exp(𝑗𝑘𝜑)

(

1
𝑟
d
d𝑟

(

𝑟
d𝜃̂𝑘,𝑝
d𝑟

)

− 𝑘2

𝑟2

)

=

{

𝐶1𝑢𝑧(𝑟) fluid
0 solid

(13)

Both sides of Eq. (13) are Fourier series — the right hand side only 
contains the 0-mode. As the Fourier series is unique, we may compare 
coefficients and deduce 

0 =

(

𝜕2𝜃̂𝑘,𝑝
𝜕𝑟2

+ 1
𝑟
𝜕𝜃̂𝑘,𝑝
𝜕𝑟

− 𝑘2

𝑟2
𝜃̂𝑘,𝑝

)

+

{

𝐶1𝑢𝑧(𝑟) if 𝑘 = 0 and fluid,
0 otherwise

(14)

It is interesting to observe that the higher modes are independent of the 
velocity field. The regularity constraint Eq.  (2b) has two consequences:
𝜕𝜃̂0,𝑓
𝜕𝑟

|

|

|

|

|

|𝑟=0

= 0; 𝜃̂𝑘,𝑓 = 0, 𝑘 ≠ 0 (15)

Next, let 𝑓𝑘 = 1
2𝜋 ∫ 2𝜋

0 𝑏(𝜑)exp(−𝑗𝑘𝜑)d𝜑 denote the 𝑘th complex Fourier 
coefficient for 𝑓 (𝜑). As 𝑓 (𝜑) was chosen to have zero mean, we have 
𝑓0 = 0. Inserting Eq.  (12) into the boundary condition Eq.  (6b) and 
again separating modes, we find 
𝜕𝜃̂𝑘,𝑠(𝑟)

𝜕𝑟

|

|

|

|

|𝑟=𝛤
= 1

𝛤𝜆𝑠𝑓
⋅

{

1 if 𝑘 = 0,
𝑓𝑘 else

for 𝑧 ∈ R and 𝜑 ∈ [0, 2𝜋). (16)

The ICs Eq.  (7) can be treated in the same way to obtain 

𝜆𝑠𝑓
𝜕𝜃̂𝑘,𝑠
𝜕𝑟

|

|

|

|

|𝑟=1
=

𝜕𝜃̂𝑘,𝑓
𝜕𝑟

|

|

|

|

|

|𝑟=1

for 𝑧 ∈ R and 𝜑 ∈ [0, 2𝜋), (17a)

𝜃̂𝑘,𝑓 (𝑟 = 1, 𝜑, 𝑧) = 𝜃̂𝑘,𝑠(𝑟 = 1, 𝜑, 𝑧) for 𝑧 ∈ R and 𝜑 ∈ [0, 2𝜋). (17b)

Finally, Eq.  (10) prescribes 

∫

1

0

(

𝑢𝑧𝜃̂0,𝑓 − 1
Pe2

𝜕𝜃̂0,𝑓
𝜕𝑧

)

𝑟d𝑟 −
𝜆𝑠𝑓
Pe2 ∫

𝛤

1

𝜕𝜃̂0,𝑠
𝜕𝑧

𝑟d𝑟 = 𝑧. (18)

For 𝑘 = 0, the solution to the system described by Eq.  (14) and 
BCs/ICs Eqs.  (15), (16), (18), (17a) and (17b) can be computed for any 
concrete velocity profile 𝑢𝑧(𝑟). Moreover, the 5 boundary conditions 
also determine the constant 𝐶1. For the laminar profile 𝑢𝑧(𝑟) = 1 − 𝑟2, 
we find 𝐶1 = 4 and 

𝜃̂0 =
8
Pe2

+
8𝜆𝑠𝑓 (𝛤 2 − 1)

Pe2
+

⎧

⎪

⎨

⎪

⎩

− 1
4 𝑟

4 + 𝑟2 − 7
24 fluid,

1
𝜆𝑠𝑓

ln (𝑟) + 11
24 solid. (19)

For 𝑘 ≠ 0, the ODEs for fluid and solid modes are identical. Eq.  (14)’s 
solutions are 𝜃̂𝑘,𝑝 = 𝐴𝑘,𝑝𝑟|𝑘|+𝐵𝑘,𝑝𝑟−|𝑘| with suitable integration constants 
𝐴𝑘,𝑝 and 𝐵𝑘,𝑝. These are determined from BCs/ICs Eqs.  (15), (16), (17a) 
and (17b): 
𝜃̂𝑘,𝑝 = 𝑓𝑘𝐷|𝑘|,𝑝 (20a)

with 𝐷
|𝑘|,𝑝 =

1
𝛱

|𝑘||𝑘|
⋅

⎧

⎪

⎨

⎪

⎩

2𝑟|𝑘| fluid,
𝜆𝑠𝑓+1
𝜆𝑠𝑓

𝑟|𝑘| + 𝜆𝑠𝑓−1
𝜆𝑠𝑓

𝑟−|𝑘| solid,
(20b)

where 𝛱
|𝑘| = (𝜆𝑠𝑓 + 1)𝛤 |𝑘| − (𝜆𝑠𝑓 − 1)𝛤−|𝑘|. (20c)
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Fig. 2. Fully developed solution according to Eq.  (21) for half-sinusoidal heating, radii ratio 𝛤 = 1.5 and 𝐺2 = 1∕2 (left semicircle) vs. 𝐺2 = 2 (right semicircle). The interface 
between fluid and solid is indicated.
Fig. 3. Dimensionless heat flux at the interface for various values of 𝜆𝑠𝑓  and 𝛤 , 
assuming half-sinusoidal heat flux. The blue lines (𝛤 = 1.5) correspond to the cases 
displayed in Fig.  2(b). (For interpretation of the references to color in this figure legend, 
the reader is referred to the web version of this article.)

 Note that 𝑓−𝑘 = 𝑓 ∗
𝑘  since 𝑓 is real-valued. Exploiting this identity upon 

inserting Eqs.  (19) and (20) into Eq.  (12), we find 

𝜃𝑝 = 4𝑧 + 𝜃̂0,𝑝(𝑟) +
−1
∑

𝑘=−∞
𝜃̂𝑘,𝑝(𝑟)exp(𝑗𝑘𝜑) +

∞
∑

𝑘=1
𝜃̂𝑘,𝑝(𝑟)exp(𝑗𝑘𝜑) (21a)

= 4𝑧 + 𝜃̂0,𝑝(𝑟) +
∞
∑

𝑘=1
2𝐷𝑘,𝑝(Re(𝑓𝑘) cos (𝑘𝜑) − Im(𝑓𝑘) sin (𝑘𝜑)). (21b)

 In particular, the heat flux at the interface is given by 
𝜕𝜃
𝜕𝑟

|

|

|

|𝑟=1
= 1 +

∞
∑

𝑘=1

4
𝛱𝑘

(Re(𝑓𝑘) cos (𝑘𝜑) − Im(𝑓𝑘) sin (𝑘𝜑)). (22)

For illustration purposes, Fig.  2 gives the temperature and heat flux 
distribution (according to Eq.  (21)) for half-sinusoidal heating, i.e.

𝑓 ∗(𝜑) =

{

𝜋 sin (𝜑) − 1 𝜑 ∈ [0, 𝜋],
−1 otherwise,

for a selection of parameters. This heating mode corresponds to a pipe 
heated by radiation from a far-away point source, isolated on the side 
facing away from the point source.

Some remarks are in order. First, in Eq.  (20), the term 𝑟|𝑘| is 
always dominant for increasing 𝑟 (in both fluid and solid). Hence, high 
wavenumber contributions are strongly damped the farther away from 
the outer wall one measures the temperature. This is reminiscent of the 
St.-Venant principle in solid mechanics, or of the thickness of a Stokes 
layer depending on the excitation frequency. As a consequence, high 𝑘
contributions mostly do not travel into the fluid, in particular for thick, 
5 
well-conducting walls. In general, for solid walls with these properties, 
the interface heat flux will become increasingly homogeneous, as vi-
sualized in Fig.  3. Secondly, the first two terms in Eq.  (19) are only 
present for finite Pe, and they express the total conductive heat flux into 
the 𝑧 < 0 region: without these terms present, the bulk temperature at 
𝑧 = 0 would be zero. Herein, the first term is the contribution of the 
fluid region (and thus also present in [2]), and the second term is the 
contribution of the solid region, which vanishes as expected for 𝛤 = 1
and increases with the solid conductivity (𝜆𝑠𝑓 ).

Finally, integrating Eq.  (22) over the circumference cancels out all 
contributions except 𝑘 = 0. In other words, the mean heat transfer (and 
similarly, the mean Nusselt number) depends only on the mean heat 
flux, not the way the heat flux is distributed around the circumference. 
This statement is already implied by [5] (‘However, the average tem-
perature difference, computed from the average heat flux, is identical 
with that predicted for no peripheral flux variation’.), and trivially 
generalizes to conjugate heat transfer.

2.3. Graetz problem for non-uniform heat flux

In this section, we solve the Graetz problem subject to inhomoge-
neous heating, which is the limiting case for Pe→ ∞. Axial conduction 
will be treated in Section 2.4; and we restrict ourselves to the non-
conjugated case. The problem is defined by equations Eq.  (5), as well 
as BCs Eq.  (6); in particular, Eq.  (6b) becomes in absence of a solid: 

𝜕𝜃
𝜕𝑟

|

|

|

|𝑟=1
=

{

1 + 𝑓 (𝜑) for 𝑧 > 0 and 𝜑 ∈ [0, 2𝜋),
0 for 𝑧 < 0 and 𝜑 ∈ [0, 2𝜋).

(23)

Again, we formulate the solution as superposition of Fourier modes, 
i.e. 𝜃 =

∑∞
𝑘=−∞ 𝜃̂𝑘(𝑟, 𝑧)exp(𝑗𝑘𝜑). Inserting into Eq.  (5), yields 

1
𝑟
𝜕
𝜕𝑟

(

𝑟
𝜕𝜃̂𝑘
𝜕𝑟

)

− 𝑘2

𝑟2
𝜃̂𝑘 +

1
Pe2

𝜕2𝜃̂𝑘
𝜕𝑧2

= 𝑢𝑧
𝜕𝜃̂𝑘
𝜕𝑧

. (24)

This problem can be rewritten in terms of a linear operator 𝑘: 
𝜕𝜃̂𝑘
𝜕𝑧

=
(

1
𝑟𝑢𝑧

𝜕
𝜕𝑟

(

𝑟 𝜕
𝜕𝑟

)

− 𝑘2

𝑟2𝑢𝑧

)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
=∶𝑘

𝜃̂𝑘 +
1

Pe2𝑢𝑧

𝜕2𝜃̂𝑘
𝜕𝑧2

. (25)

𝑘 is self-adjoint and negative semi-definite (even negative definite for 
𝑘 ≠ 0) on the space 
 ∶= {𝜑 ∈ 𝐻2((0, 1)), 𝜑′(1) = 0} (26)

with respect to the inner product 

⟨𝑢, 𝑣⟩ =
1
𝑢𝑣𝑟𝑢𝑧d𝑟. (27)
∫0
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These properties are shown in Appendix  A. Therefore, for each 𝑘 there 
exists an orthogonal basis of  consisting of eigenfunctions of 𝑘. To 
make use of this, we strive to reformulate the problem in such a way 
that the solution lies within . To this end, we subtract a function 𝑝𝑘, 

𝜃𝑘 = 𝜃̂𝑘 − 𝑝𝑘(𝑟, 𝑧) where
𝜕𝑝𝑘
𝜕𝑧

= 𝑘(𝑝𝑘) = 𝑝𝑘 ≡ const., (28)

and choose 𝑝𝑘 such that it fulfills the boundary condition Eq.  (23). 
Hence, we identify 𝑝 with the fully developed solution Eqs.  (19) and 
(20) for 𝑧 > 0, and zero for 𝑧 < 0. The constant 𝑝𝑘 is zero for 𝑘 ≠ 0, 
and 4 for the zeroth mode. In particular, this transformation requires 
𝜃𝑘 → 0 for 𝑧 → ±∞. Eq.  (25) then becomes 
𝜕𝜃𝑘
𝜕𝑧

= 𝑘𝜃𝑘 +
1

Pe2𝑢𝑧

𝜕2𝜃𝑘
𝜕𝑧2

. (29)

Initial condition Eq.  (6a), boundary condition Eq.  (23), and regularity 
condition Eq.  (2b) become, respectively, 

lim
𝑧→−∞

𝜃𝑘(𝑟, 𝜑, 𝑧) ≡ 0 for 𝑟 > 0, 𝜑 ∈ [0, 2𝜋) and all 𝑘 (30a)

𝜕𝜃𝑘
𝜕𝑟

|

|

|

|

|𝑟=1
= 0 (30b)

𝜕𝜃0
𝜕𝑟

|

|

|

|

|𝑟=0
= 0;  and 𝜃𝑘(𝑟 = 0, 𝑧) ≡ 0,  for 𝑘 ≠ 0 (30c)

Moreover, since 𝜃̂𝑘 is continuous at the origin, Eq.  (28) imposes a jump 
condition onto 𝜃𝑘: 

𝜃𝑘(𝑟, 𝑧)|𝑧=0+ + 𝑝𝑘(𝑟, 𝑧 = 0) = 𝜃𝑘(𝑟, 𝑧)|𝑧=0− . (31)

For given 𝑘, let 𝜙𝑘𝑗 denote an orthonormal basis of  consisting 
of eigenfunctions of the operator 𝑘, i.e. functions satisfying 𝑘𝜙𝑘𝑗 =
𝜆𝑘𝑗𝜙𝑘𝑗 and ⟨𝜙𝑘𝑗 , 𝜙𝑘𝑗⟩ = 1. Here 𝜆𝑘𝑗 are the corresponding eigenvalues 
for the wavenumber 𝑘.

Since the transformed solution 𝜃𝑘 lies in  – the space where the 
operator 𝑘 is self-adjoint – it can be expanded into eigenfunctions: 

𝜃𝑘 =
∞
∑

𝑗=1
⟨𝜃𝑘, 𝜙𝑘𝑗⟩𝜙𝑘𝑗 , (32)

The coefficients 𝑐𝑘𝑗 (𝑧) ∶= ⟨𝜃𝑘, 𝜙𝑘𝑗⟩ are dependent on 𝑧 and determined 
from the system Eqs.  (29) and (30). To derive expressions for the 
coefficients, we take the inner product of Eq.  (29) with 𝜙𝑘𝑗 . Taking 
the limit Pe→ ∞, we obtain 

𝑐′𝑘𝑗 (𝑧) − 𝜆𝑘𝑗𝑐𝑘𝑗 (𝑧) = 0 and thus 𝑐𝑘𝑗 (𝑧) = 𝐶𝑘𝑗exp(𝜆𝑘𝑗𝑧). (33)

From here on, we will restrict ourselves to the case of 𝑘 ≠ 0 to enhance 
the clarity of the presentation.2 Following the same steps that lead to 
(33), we obtain a boundary condition and a jump condition from Eq. 
(30a) and Eq.  (31): 

lim
𝑧→−∞

𝑐𝑘𝑗 (𝑧) = 0 (34a)

𝑐𝑘𝑗 (0+) + ⟨𝑝|𝑧=0+ , 𝜙𝑘𝑗⟩ = 𝑐𝑘𝑗 (0−) (*34b)

To simplify Eq.  (*34b), we can exploit Eq.  (A.1) and Eq.  (28) to obtain 

⟨𝑝|𝑧=0+ , 𝜙𝑘𝑗⟩ =
1
𝜆𝑘𝑗

(

⟨𝑝𝑘, 𝜙𝑘𝑗⟩ − 𝜙𝑘𝑗 (1)
𝜕𝑝
𝜕𝑟

|

|

|

|𝑟=1

)

= −
𝜙𝑘𝑗 (1)
𝜆𝑘𝑗

𝜕𝑝
𝜕𝑟

|

|

|

|𝑟=1
(*35)

The second equality is apparent from 𝑝𝑘 = 0 for 𝑘 ≠ 0. For 𝑧 < 0
we immediately see from Eq.  (34a) that ⟨𝜃𝑘, 𝜙𝑘𝑗⟩ = 𝑐𝑘𝑗 ≡ 0 due to 
the operator being negative definite. This was expected because the 

2 The 𝑘 = 0 case can be treated in the same framework, but some key 
simplifications are not possible. We indicate these occurrences with an asterisk 
in the equation number, and provide their replacements in Appendix  C.
6 
problem is parabolic for the case Pe → ∞. For 𝑧 > 0, the integration 
constant in Eq.  (33) becomes 

𝐶𝑘𝑗 = ⟨𝜃𝑘, 𝜙𝑘𝑗⟩|𝑧=0+ = −⟨𝑝, 𝜙𝑘𝑗⟩ =
𝜙𝑘𝑗 (1)
𝜆𝑘𝑗

𝑓𝑘 (*36)

due to Eqs. (28), (23) and (*35).
A Note on the Eigenfunctions. What remains is to determine eigenvalues 
𝜆𝑘𝑗 and eigenvectors 𝜙𝑘𝑗 . In general, an analytical expression for the 
eigenfunctions is not available, however we will sketch how for the 
case 𝑢𝑧 = 1 − 𝑟2 this is possible. From the definition of 𝑘 in Eq.  (25), 
we find that the self-adjoint eigenvalue problem 𝑘𝜙𝑘𝑗 = 𝜆𝑘𝑗𝜙𝑘𝑗 is given 
by 
1
𝑟

(

𝑟𝜙′
𝑘𝑗

)′
− 𝑘2

𝑟2
𝜙𝑘𝑗 + 𝑢𝑧𝜇

2
𝑘𝑗𝜙𝑘𝑗 = 0, (37)

where 𝜆𝑘𝑗 = −𝜇2
𝑘𝑗 . Using the transformation 𝜙𝑘𝑗 (𝑟) = 𝑟|𝑘|exp(−𝜂∕2)𝑓 (𝜂), 

𝜂 = 𝜇𝑘𝑗𝑟2, the equation becomes 

𝜂𝑓 ′′(𝜂) + (|𝑘| + 1 − 𝜂)𝑓 ′(𝜂) −
(

−
𝜇𝑘𝑗
4

+ 1
2
(|𝑘| + 1)

)

𝑓 (𝜂) = 0, (38)

which is Kummer’s equation [15]. Its solution is the confluent hyperge-
ometric function 𝑀(𝑎𝑘𝑗 , 𝑏𝑘, 𝜂) where 𝑎𝑘𝑗 = − 𝜇𝑘𝑗

4 + 1
2 (|𝑘|+1), 𝑏𝑘 = 1+ |𝑘|. 

Therefore, the fundamental solution of Eq.  (37) is 

𝜙𝑘𝑗 (𝑟) = 𝑟|𝑘|exp(−
𝜇𝑘𝑗
2

𝑟2)𝑀(𝑎𝑘𝑗 , 1 + |𝑘|, 𝜇𝑘𝑗𝑟
2) (39)

The eigenvalues are then determined by requiring the boundary condi-
tion 𝜙′

𝑘𝑗 (1) = 0, derived from Eq.  (30b), to hold: 

0
!
= 2𝑀 ′(𝑎𝑘𝑗 , 1 + |𝑘|, 𝜇𝑘𝑗 ) +

(

|𝑘|
𝜇𝑘𝑗

− 1
)

𝑀(𝑎𝑘𝑗 , 1 + |𝑘|, 𝜇𝑘𝑗 ). (40)

Note that the eigenfunctions and eigenvalues are equal for 𝑘 and −𝑘. 
Also note that the eigenfunctions trivially fulfill boundary condition Eq. 
(30c).

The full solution. Using 𝑝(𝑧) from Eqs.  (19) and (20) for Pe = ∞, i.e. 

𝑝𝑘(𝑟) =

{

4𝑧 − 1
4 𝑟

4 + 𝑟2 − 7
24 𝑘 = 0,

𝑓𝑘
𝑟|𝑘|

|𝑘| 𝑘 ≠ 0,
(41)

we collect the solution 𝜃 from Eqs. (8), (28), (32),(33) and (*36), and 
find 

𝜃 =
∞
∑

𝑘=−∞
𝜃̂𝑘(𝑟, 𝑧)exp(𝑗𝑘𝜑)

= 4𝑧 − 1
4
𝑟4 + 𝑟2 − 7

24
+

∞
∑

𝑗=2

𝜙𝑘𝑗 (1)exp(𝜆𝑘𝑗𝑧)
𝜆𝑘𝑗

𝜙𝑘𝑗

+
∞
∑

𝑘=1

(

2𝑟𝑘
𝑘

+ 2
∞
∑

𝑗=1

𝜙𝑘𝑗 (1)exp(𝜆𝑘𝑗𝑧)
𝜆𝑘𝑗

𝜙𝑘𝑗

)

(Re(𝑓𝑘) cos (𝑘𝜑)

− Im(𝑓𝑘) sin (𝑘𝜑)).

(42)

Two modes 𝜃̂1 and 𝜃̂3 are displayed exemplarily in Fig.  4, together 
with a second-order finite differences approximation, the details of 
which are given in Appendix  D. They are in excellent agreement, 
verifying the analytical solution presented here.

A few remarks follow. Firstly, we observe that the 𝑗th eigenvalue 
of 𝑘 increases monotonically in 𝑘 (that is, 𝜆1𝑗 < 𝜆2𝑗 < ⋯), except 
for the zero-order mode, where the eigenvalues of 0 and 2 coincide 
(apart from the extra eigenvalue 𝜆01 = 0): 𝜆0(𝑗+1) = 𝜆2𝑗 . Therefore, not 
only do high-order modes in the azimuthal boundary condition decay 
quickly in the radial direction (see Section 2.2), they also reach the 
fully developed state much faster than lower-order modes. However, it 
also means that a mode with period of 2𝜋, if present in the boundary 
condition, significantly increases the length until a fully developed state 
is reached. This is an important take-away for the design of systems 
that are heated only on one side, such as heat pipe solar collectors 
or concentrated solar power plants. There is an intuitive physical 
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Fig. 4. Contour plot of the Fourier modes 𝜃̂𝑘 for 𝑘 = 1 and 𝑘 = 3, Pe → ∞. Lines: solution presented herein. Dots: Finite difference approximation for comparison.
Fig. 5. Diagnostic plot for the thermally fully developed state (see Eq.  (43)), different 
values of 𝑘. 𝑘 = 0 is highlighted with dashed linestyle. Pe → ∞. The ordinate is given 
in non-dimensional axial length: recall that 𝑧 = Pe𝑅𝑖𝑧∗, hence the dimensional thermal 
entrance length is infinity for Pe → ∞.

explanation for this behavior: for 𝑘 = 0 and 𝑘 = 2, the information of 
the changed boundary condition only has to be conducted to the center 
of the pipe while for 𝑘 = 1, it has to be conducted to the opposite side 
of the pipe, which takes longer.

In order to graphically evaluate this behavior, we define something 
akin to a Nusselt number for each mode, well knowing that the ordinary 
definition of the Nusselt number yields zero everywhere for any of the 
𝑘 > 0 modes. We define 

𝐶𝑘 = −2
4 ∫ 1

0 𝜃̂𝑘𝑢𝑧𝑟d𝑟 − 𝜃̂𝑘(𝑟 = 1)

𝜕𝜃̂𝑘
𝜕𝑟

|

|

|

|

|𝑟=1
. (43)

For 𝑘 = 0, 𝐶𝑘 = Nu. For 𝑘 > 0, this quantity does not have an immediate 
physical interpretation; however the ratio 𝐶𝑘(𝑧)∕𝐶𝑘(𝑧 → ∞) allows us 
to evaluate how close the radial profile at a given 𝑧 position is to 
the fully developed one, hence evaluate thermal entrance lengths for 
individual modes. This is displayed in Fig.  5. The 𝑘 = 1 mode actually 
requires significantly longer to reach the fully developed state than 
a pipe subject to uniform heat flux (𝑘 = 0). Apart from this, with 
increasing 𝑘, the thermal entrance length decreases.3

We also observe that due to Eq.  (30c), the eigenfunctions for 𝑘 ≠ 0
vanish at the origin, which corresponds to the fact that the temperature 
at the centerline only depends on the mean of the nonuniform heat 

3 For 𝑘 = 1, 𝐶𝑘 is within 1% of the fully developed value at 𝑧 = 0.392. This 
position decays roughly with 𝑘−2.1±0.2.
7 
flux, not its azimuthal distribution. The statement made at the end 
of Section 2.2 about the Nusselt number being independent of the 
heat flux distribution also holds true for the thermal inlet region, as 
integration over 𝜑 always cancels out the last part in Eq.  (42).

Secondly, the solution presented here may be extended in var-
ious ways. Exchanging the nonuniform heat flux with nonuniform 
prescribed temperature, we must modify Eq.  (28) and the character-
istic equation for the eigenvalues, Eq.  (40). Similarly, an extension to 
conjugate heat transfer is possible using the method outlined in [16].

Finally, we note that [10] solves the Graetz problem for a class of 
non-circular cross sections subject to circumferentially homogeneous 
boundary condition. The implicitly defined shape 1−𝑟2+𝜀𝑟𝑘 sin (𝑘𝜑) = 0
defines, for small 𝜀, a closed contour which is (2𝜋)∕𝑘 periodic in 𝑟. For 
𝑘 = 2, this shape is an ellipse, while for 𝑘 ≥ 3 given suitable choice of 𝜀, 
𝑘-polygons are approximated. For an (𝜀) approximation, they obtain 
the same ODE for the eigenfunctions as Eq.  (37), and also share the 
observation that the centerline temperature is independent of 𝑘 ≥ 1
modes. We therefore anticipate that the method outlined in Section 2.4 
can also be applied to this class of solutions.

2.4. Extended graetz problem for non-uniform heat flux

In this section, we extend the approach taken in Section 2.3 to 
finite Pe numbers. For clarity of the presentation, we again restrict 
ourselves to 𝑘 ≠ 0 for which the operator 𝑘 is negative definite; the 
necessary changes to accommodate the case 𝑘 = 0 are again outlined in 
Appendix  C, and we mark with an asterisk in the main text where such 
a change would need to be applied. We start with the problem defined 
by Eqs.  (29)–(31). The solution 𝜃𝑘 still lies in the space , hence the 
eigenfunction expansion 

𝜃𝑘 =
∞
∑

𝑗=1
⟨𝜃𝑘, 𝜙𝑘𝑗⟩𝜙𝑘𝑗 , (44)

still holds. For finite Pe, taking the inner product of Eq.  (29) with 𝜙𝑘𝑚, 
we obtain 
𝜕
𝜕𝑧

⟨𝜃𝑘, 𝜙𝑘𝑚⟩ = 𝜆𝑘𝑚⟨𝜃𝑘, 𝜙𝑘𝑚⟩ +
1
Pe2

∞
∑

𝑗=1

𝜕2⟨𝜃𝑘, 𝜙𝑘𝑗⟩

𝜕𝑧2 ∫

1

0
𝑟𝜙𝑘𝑗𝜙𝑘𝑚d𝑟 (45)

instead of Eq.  (33). This is a system of coupled ODEs. To write it more 
compactly, we introduce the following names: 

(𝑐𝑘)𝑚 ∶= ⟨𝜃𝑘, 𝜙𝑘𝑚⟩, (𝛬𝑘)𝑗𝑚 ∶= 𝜆𝑘𝑗𝛿𝑗𝑚, (𝐾𝑘)𝑗𝑚 ∶= ∫

1

0
𝑟𝜙𝑘𝑗𝜙𝑘𝑚d𝑟 (46)

Note that 𝛬𝑘 is a negative definite* diagonal matrix and that 𝐾𝑘 – being 
the representation matrix of the scalar product [𝑢, 𝑣] ∶= ∫ 1

0 𝑢(𝑟)𝑣(𝑟)𝑟𝑑𝑟 – 
is positive definite. Eq.  (45) can then be written in matrix form as 

𝑐′ (𝑧) = 𝛬𝑘𝑐𝑘(𝑧) +
1 𝐾𝑘𝑐

′′(𝑧). (47)
𝑘 Pe2 𝑘
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Fig. 6. Contour plot of the Fourier modes 𝜃̂𝑘 for 𝑘 = 1 (left) and 𝑘 = 3 (right) for Pe = 1 (top) and Pe = 5 (bottom). Lines: solution of Section 2.4. Dots: Finite difference 
approximation for comparison. The Pe→ ∞ solution is indicated with thin dashed lines.
As Eq.  (47) is a second order linear differential equation, it has two 
linearly independent solutions. In the limit Pe → ∞, Eq.  (47) becomes 
first order and hence there will be only one solution — the one derived 
in Section 2.3. Inserting the ansatz 
𝑐𝑘 = exp(𝐴𝑘𝑧)𝑐𝑘0 (*48)

into Eq.  (47) leads to the characteristic equation 

𝐴𝑘 = 𝛬𝑘 +
1
Pe2

𝐾𝑘𝐴
2
𝑘. (49)

In Appendix  B, we prove that this quadratic matrix equation always 
has one solution with only positive and one solution with only negative 
eigenvalues (*), which we label with 𝐴+

𝑘  and 𝐴−
𝑘  respectively and which 

depend on Pe. A method for constructing those solutions is also given 
in Appendix  B. Denoting the r.h.s. of Eq.  (*35) as 𝑞𝑘, Eqs. (34a) and 
(*35) yield 

𝑐𝑘(𝑧) =

{

exp(𝐴+
𝑘 𝑧)𝑐𝑘0 for 𝑧 < 0,

exp(𝐴−
𝑘 𝑧)(𝑐𝑘0 − 𝑞𝑘) for 𝑧 > 0.

(50)

Requiring the solution to be 𝐶1 at the origin yields a linear equation 
system for the coefficient 𝑐𝑘0: 

𝐴+
𝑘 𝑐𝑘0 = 𝐴−

𝑘 (𝑐𝑘0 − 𝑞𝑘) → (𝐴+
𝑘 − 𝐴−

𝑘 )𝑐𝑘0 = −𝐴−
𝑘 𝑞𝑘. (*51)

The solution is assembled from Eqs. (8), (19), (20), (28), (44), (*48) 
and (50) as 

𝜃 =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝑐0(𝑧) ⋅𝛷0 +
∞
∑

𝑘=1
𝑐𝑘(𝑧) ⋅𝛷𝑘(Re(𝑓𝑘) cos (𝑘𝜑) − Im(𝑓𝑘) sin (𝑘𝜑)) if 𝑧 ≤ 0,

4𝑧 − 1
4
𝑟4 + 𝑟2 − 7

24
+ 8
Pe2

+ 𝑐0(𝑧) ⋅𝛷0

+
∞
∑

𝑘=1
2
(

𝑟𝑘

𝑘
+ 𝑐𝑘(𝑧) ⋅𝛷𝑘

)

(Re(𝑓𝑘) cos (𝑘𝜑) − Im(𝑓𝑘) sin (𝑘𝜑))
if 𝑧 > 0,

(52)
8 
where 𝛷𝑘 ∶= (𝜙𝑘1, 𝜙𝑘2,…) denotes the vector of eigenfunctions corre-
sponding to 𝑘.

𝑟-𝑧 contours of two modes 𝜃̂1 and 𝜃̂3 are displayed for two different 
Pe numbers in Fig.  6. For verification of the analytical solution, we 
additionally show a corresponding numerical solution, the details of 
which are given in Appendix  D. Both are in excellent agreement. As 
is known for 𝑘 = 0 [2], reducing the Pe number increases the length 
(using the non-dimensionalization 𝑧 = Pe𝑅𝑖𝑧∗) until which the change 
in boundary condition is transmitted upstream as well as the thermal 
development length. The latter effect is stronger for 𝑘 ≠ 0 than for 
the homogeneous case, and appears to affect modes corresponding to 
higher 𝑘 stronger. This can also can be seen from Fig.  8. As a result, 
to accurately resolve the temperature field in the vicinity of 𝑧 = 0, a 
larger number of azimuthal modes is required for decreasing Pe.

Fig.  7 shows the thermal entrance behavior of a pipe with half-
sinusoidal heating, at two different Pe numbers already discussed 
above. The centerline temperature reaches the fully developed state 
relatively quick (after 0.2 resp. 1 axial units),4 while the temperature at 
the top and bottom takes significantly longer to develop (0.4 resp. 3 ax-
ial units). Of course, both Pe numbers lead to the same fully-developed 
state after subtraction of the (𝑧-dependent) bulk temperature.

Finally, we display the thermal entrance length depending on Pe
in Fig.  9. It is crucial to remember that 𝑧 was non-dimensionalized 
with Pe𝑅𝑖. If axial conduction is neglected (or negligible), the thermal 
entrance length (when dimensionalized with the pipe radius or diame-
ter) therefore increases linearly with Pe. Considering axial  conduction 

4 For Pe = 1, 𝑧 = 𝑅𝑖𝑧∗. Therefore these development lengths can be read 
as the streamwise coordinate normalized with the radius. The Pe → ∞ case 
should be considered only in a limiting sense: the solution also takes infinitely 
long to develop. Rather, it shows which error is made by neglecting axial 
conduction for finite Pe numbers.
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Fig. 7. Dimensionless temperature distribution for half-sinusoidal heating in the thermal entrance region. The main plot displays the temperature at four distinct locations (centerline, 
top, bottom, side) over the axial coordinate, for two different Pe numbers: Pe = ∞ (dashed lines) and Pe = 1 (solid lines). At indicated locations, the dimensionless temperature 
distribution in the pipe is plotted. The thermal entrance of the overall Nu number behaves as the centerline temperature (red). (For interpretation of the references to color in this 
figure legend, the reader is referred to the web version of this article.)
Fig. 8. Diagnostic plot for the fully developed state (see Eq.  (43)), different values of 
𝑘. 𝑘 = 0 is highlighted with dashed linestyle. 𝑃𝑒 = 1 (solid lines). Pe → ∞ (dashed) 
from Fig.  5 added for reference.

becomes relevant for low Pe, where the solution will ultimately become 
independent of Pe. This can be seen by non-dimensionalizing 𝑧 with 𝑅𝑖
instead, leading to 

1
𝑟
𝜕
𝜕𝑟

(

𝑟
𝜕𝜃̂𝑓
𝜕𝑟

)

− 𝑘2

𝑟2
𝜃̂𝑓 +

𝜕2𝜃̂𝑓
𝜕𝑧2

= Pe𝑢𝑧
𝜕𝜃̂𝑓
𝜕𝑧

. (53)

For Pe→ 0, the convection term is negligible and the problem becomes 
a purely diffusive one (note that for small, but nonzero Pe the ‘outlet 
condition’ – i.e. the fully developed solution for 𝑧 → ∞ – for 𝑘 = 0 still 
contains 𝑢 ). Hence, the solution becomes independent of Pe, and so 
𝑧

9 
Fig. 9. Thermal entrance length (defined as the position where 𝐶𝑘(𝑧) deviates 1% from 
𝐶𝑘(𝑧 → ∞)) for different values of 𝑘. Solid lines: including axial conduction. Dotted 
lines: neglecting axial conduction (right) / axial convection (left).

does the thermal entrance length when made dimensionless with the 
pipe radius. Similarly to Section 2.3, the limiting solution for Pe → 0
is straightforward to derive, as the PDE again gives rise to a (different) 
self-adjoint operator whose eigenfunctions are the Bessel functions of 
the first kind 𝐽𝑘. As visible from Fig.  9, the solution for finite Pe indeed 
follows nicely both limits for Pe → ∞ and Pe→ 0.

3. Conclusion

We have derived novel analytical solutions for a variety of problems 
related to azimuthally nonuniform heating of a laminar pipe flow. All 
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solutions rely on the separation into azimuthal modes. Starting from 
the case of thermally fully developed flow in a thick-walled pipe subject 
to inhomogeneous heating, we demonstrated that azimuthal variations 
in the prescribed heat flux only yield small changes far away from 
the source of the variation, a result similar to St-Venant’s principle in 
solid mechanics. As a further key result, the (dimensionless) centerline 
temperature and global Nusselt number only depend on the 𝑘 = 0 mode, 
and not how the heating is distributed around the circumference.

Next, we have derived the solution to the regular Graetz problem 
for this configuration, i.e. the thermal entrance behavior for Pe →
∞ in a nonuniformly heated pipe. After obtaining the PDE for each 
mode and proving the selfadjointness of its differential operator, the 
solution is expressed as eigenfunction expansion of said operator and 
the coefficients determined.

Following what we observed for the fully developed region, we note 
that not only do high-𝑘 contributions in the heat flux decay quickly 
towards the bulk of the pipe, they also reach the fully-developed state 
much faster, with the remarkable exception of 𝑘 = 1. Mathematically 
speaking, 𝑘 = 1 has the lowest non-zero eigenvalue of all 𝑘. The 
presence of such a mode can delay the onset of the fully-developed 
state significantly.

Trivially, the above statement about Nusselt number and centerline 
temperature being independent of 𝑘 ≠ 0 modes generalizes to the 
thermal entrance region.

Finally, we have derived an extension of the above solution for 
finite Pe numbers, i.e. the extended Graetz problem. Unlike in the 
Pe → ∞ case or 𝑘 = 0 [2], the operator describing the behavior for 
𝑘 ≠ 0,Pe≪ ∞ is nonselfadjoint and an expansion in terms of orthogonal 
eigenfunctions seems out of reach. Instead, we employ the eigenbasis 
derived in the previous section again — thereby transforming the 
problem into an infinite system of coupled ODEs. As far as the authors 
are aware, this approach has not been used to tackle the extended 
Graetz problem. We show that the eigenfunction coefficients are well-
behaved for both 𝑧 → −∞ and 𝑧 → ∞, and have cross-compared the 
solution against a finite-difference implementation of the problem.

Decreasing the Pe number disproportionally affects the 𝑘 ≠ 0 modes; 
while the length of the thermal entrance region (expressed in 𝑧∗ =
𝑧∕(𝑅Pe)) is known to increase in the homogeneous case when including 
axial conduction instead of neglecting it, nonzero azimuthal modes are 
affected more strongly.

Some of the research presented here may hold valuable insights for 
turbulent pipe flow as well. [17] showed that for two Prandtl numbers 
and various Reynolds numbers, the azimuthal heat flux distribution did 
not affect the Nusselt number. In the laminar case, this observation 
follows trivially after separation of the PDE, which is not possible for 
turbulent flow. Furthermore, little data exists for the thermal entrance 
behavior of turbulent flow. Based on the solution of the laminar Graetz 
problem, we expect that pointwise first-order statistics of the tempera-
ture has a longer thermal development length compared to the global 
Nusselt number. As the production of temperature variance depends on 
the gradient of temperature, we expect that such second-order statistics 
require an even longer development region.

In addition to the extension into the turbulent regime, future re-
search may also employ the presented formalism for the solution of the 
laminar Graetz problem for other cases of inhomogeneous boundary 
conditions, such as conjugate heat transfer, nonuniform prescribed 
temperature or non-circular geometries. 
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Appendix A. Properties of 𝒌

Let  ∶= {𝜑 ∈ 𝐻2((0, 1)), 𝜑′(1) = 0}. Here, the boundary condition 
is to be understood in the sense of the Sobolev trace. We equip  with 
the inner product defined by Eq.  (27). Then, for all 𝑘, the operator 𝑘
is self-adjoint on  as can be shown by means of partial integration, 
i.e. 

⟨𝑘𝑢, 𝑣⟩ − ⟨𝑢,𝑘𝑣⟩ = ∫

1

0
(𝑟𝑢′)′𝑣 − 𝑘2

𝑟
𝑢𝑣 − (𝑟𝑣′)′𝑢 + 𝑘2

𝑟
𝑢𝑣d𝑟

= ∫

1

0
(𝑟𝑢′)′𝑣 − (𝑟𝑣′)′𝑢d𝑟

=
[

(𝑟𝑢′)𝑣 − (𝑟𝑣′)𝑢
]1
0 − ∫

1

0
(𝑟𝑢′)𝑣′ − (𝑟𝑣′)𝑢′d𝑟

= 𝑢′(1)𝑣(1) − 𝑣′(1)𝑢(1)

= 0.

(A.1)

Moreover, for 𝑘 ≠ 0, the operator is negative definite, since 

⟨𝑘𝑢, 𝑢⟩ = ∫

1

0
(𝑟𝑢′)′𝑢 − 𝑘2

𝑟
𝑢2d𝑟

=
[

𝑟𝑢′𝑢
]1
0 − ∫

1

0
𝑟(𝑢′)2 − ∫

1

0

𝑘2

𝑟
𝑢2d𝑟

= −∫

1

0
𝑟(𝑢′)2 + 𝑘2

𝑟
𝑢2d𝑟.

(A.2)

For 𝑘 ≠ 0, this expression is strictly negative unless 𝑢 ≡ 0. In particular, 
all eigenvalues must be negative. For 𝑘 = 0, the function 𝜙 ≡ 2 is a 
(normalized) eigenvector corresponding to 𝜆 = 0. Hence, the operator 
is only negative semi-definite.

Appendix B. Solution of the linear second-order system for the 
extended Graetz problem

To motivate the analysis, we first discuss a scalar version of the 
matrix equation (49), which can be understood as truncating the eigen-
function expansion after the first term: 

𝜇 = 𝜆 + 𝜅
Pe2

𝜇2 with 𝜆 < 0 and 𝜅,Pe > 0. (B.1)

In this easy example, the solution can be derived from the quadratic 
formula 

𝜇 =
(Pe ±

√

Pe2 − 4𝜆𝜅)Pe
2𝜅

. (B.2)

Since 𝜆 < 0 and 𝜅, 𝑝 > 0, taking ‘−’ yields a negative and taking ‘+ ’ 
yields a positive solution (which becomes singular for Pe → ∞, which 
corresponds to equation (B.1) becoming first order). This motivates the 
formulation of the following theorem:
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Theorem B.1.  Let 𝐴,𝐵, 𝐶 ∈ R𝑛×𝑛 be symmetric, positive definite matrices. 
Then the matrix equation 
𝐴𝑋2 − 𝐵𝑋 − 𝐶 = 0 (B.3)

has a solution with only positive eigenvalues and a solution with only 
negative eigenvalues.

Eq.  (B.3) is the characteristic equation for the following
second-order ODE system 
𝐴𝑥̈ − 𝐵𝑥̇ − 𝐶𝑥 = 0, 𝑥 ∈ 𝐶∞(R,R𝑛×𝑛) (B.4)

which can be rewritten into a first-order system like 
d
d𝑡

[

𝑥
𝑥̇

]

=
[

0 𝐼
𝐴−1𝐶 𝐴−1𝐵

]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
=∶𝑀

[

𝑥
𝑥̇

]

(B.5)

with solution [𝑥(𝑡), 𝑥̇(𝑡)]⊤ = exp(𝑡𝑀)[𝑥(0), 𝑥̇(0)]⊤. For simplicity of the 
presentation, let us assume that 𝑀 is diagonalizable; if this is not the 
case, a similar construction can be based on the Jordan form. We then 
have a matrix 𝐿 such that 
𝐿−1𝑀𝐿 = diag(𝑚1,… , 𝑚2𝑛) =∶ 𝐷 (B.6)

ODE Eq.  (B.5) is then rewritten as 
d
d𝑡

(

𝐿−1
[

𝑥
𝑥̇

])

= 𝐿−1𝑀𝐿
(

𝐿−1
[

𝑥
𝑥̇

])

. (B.7)

Defining 𝐿−1 [𝑥, 𝑥̇
]⊤ =∶ 𝑞, we deduce that 𝑞(𝑡) = diag(exp(𝑚1𝑡),… ,

exp(𝑚2𝑛𝑡))𝑞(0). Thus, we extract 𝑥 as 

𝑥(𝑡) = (𝐿𝑞(𝑡))1 =
([

𝐿11 𝐿12
𝐿21 𝐿22

] [

exp(𝑡𝐷11)𝑞(0)1
exp(𝑡𝐷22)𝑞(0)2

])

1
(B.8)

The indices here are block matrix indices. We choose 𝑞(0)2 = 0 and find 
𝑥(0) = 𝐿11𝑞(0)1, 𝑥̇ = 𝐿11𝐷11𝑞(0)1 and 𝑥̈(0) = 𝐿11𝐷2

11𝑞(0)1. Inserting into 
the ODE Eq.  (B.4) gives (exploiting that 𝑞(0)1 can be freely chosen) 
𝐴𝐿11𝐷

2
11 − 𝐵𝐿11𝐷11 − 𝐶𝐿11 = 0, (B.9)

and after right-multiplying 𝐿−1
11 , we find 

𝐴(𝐿11𝐷11𝐿
−1
11 )

2 − 𝐵(𝐿11𝐷11𝐿
−1
11 ) − 𝐶 = 0. (B.10)

𝐿11𝐷11𝐿−1
11  is therefore a solution of Eq.  (B.3) with eigenvalues

𝑚1,… , 𝑚𝑛. However, we can order the eigenvalues in Eq.  (B.6) arbitrar-
ily by reordering the columns of 𝐿. Hence, by ordering the eigenvalues 
accordingly, we can produce a solution with an arbitrary choice of 𝑛 of 
the eigenvalues of 𝑀 .

Therefore, the proof of Theorem  B.1 reduces to proving that 𝑀 has 
𝑛 positive and negative eigenvalues, which is done in the following 
section. For 𝛼 ∈ [0, 1] we define the matrix 

𝑀𝛼 =
[

0 𝐼
𝐴−1𝐶 𝛼𝐴−1𝐵

]

. (B.11)

For 𝛼 = 1 we obtain the original matrix 𝑀 . Let us define 
𝑛±(𝛼) ∶= #purely real (+)/(−) eigenvalues of 𝑀𝛼 (B.12)

For 𝛼 = 0, the matrix simplifies considerably; we can compute the 
eigenvalues easily and see that 𝑛+(0) = 𝑛−(0) = 𝑛. The idea is to 
follow the eigenvalues as 𝛼 increases. This is justified by the well-
known fact that the solutions of a polynomial depend continuously on 
the coefficients. To ensure that 𝑛+(𝛼) = 𝑛−(𝛼) remains true along this 
homotopy, we follow these steps:

1. Prove that all eigenvalues of 𝑀𝛼 are real
2. Prove that the eigenvalues are either strictly negative or have a 
positive lower bound for 𝛼 ≠ 0

3. The eigenvalues remain bounded along the homotopy and can 
therefore not diverge
11 
4. Use that for 𝑀0, 𝑛±(0) = 𝑛 to conclude the proof of Theorem  B.1.

Lemma 1.  0 is not an eigenvalue of 𝑀𝛼 .

Proof.  The proof is by contradiction. Supposing the opposite, there 
exists nonzero 𝑐0 = [𝑐1, 𝑐2]⊤ ∈ C2𝑛 such that 𝑀𝛼𝑐0 = 0. Then 𝑐2 = 0
and 𝐴−1𝐶𝑐1 = 0. Multiplying by 𝐴 and then by 𝑐∗1 , we find 𝑐∗1 ⋅𝐶𝑐1 = 0. 
This is a contradiction. Indeed, since 𝐶 is positive definite, 𝑐∗1 ⋅𝐶𝑐1 = 0
implies 𝑐1 = 0 and hence 𝑐0 = [𝑐1, 𝑐2]𝑇 = 0. □

For the following lemma, let
‖𝐴‖ ∶= sup

𝑣∈R𝑛 ,‖𝑣‖=1
‖𝐴𝑣‖ and 𝑚(𝐵) ∶= inf

𝑣∈R𝑛 ,‖𝑣‖=1
𝑣 ⋅ 𝐵𝑣

Since 𝐵 is a positive definite matrix, 𝑚(𝐵) is simply the smallest 
eigenvalue of 𝐵 and in particular positive.

Lemma 2.  The eigenvalues of 𝑀𝛼 are real. Furthermore, every eigenvalue 
of 𝑀𝛼 satisfies one of the following:

𝜆 < 0 or 𝜆 ≥ 𝛼
𝑚(𝐵)
‖𝐴‖

Finally, for 𝑀0, 𝑛+(0) = 𝑛−(0) = 𝑛.

Proof.  Let 𝜆 be an eigenvalue of 𝑀𝛼 and let 𝑐0 = [𝑐1, 𝑐2]𝑇 ∈ C2𝑛 be a 
nonzero eigenvector, i.e. 𝑀𝛼𝑐 = 𝜆𝑐. Then

𝜆
[

𝑐1
𝑐2

]

=
[

0 𝐼
𝐴−1𝐶 𝛼𝐴−1𝐵

] [

𝑐1
𝑐2

]

=
[

𝑐2
𝐴−1𝐶𝑐1 + 𝛼𝐴−1𝐵𝑐2

]

The first component reads 𝑐2 = 𝜆𝑐1. From Lemma  1, we know that 𝜆 ≠ 0
and hence 𝑐2 ≠ 0 as otherwise 𝑐 = 0. Inserting the first into the second 
component, we get
𝜆2𝑐2 = 𝐴−1𝐶𝑐2 + 𝛼𝐴−1𝐵𝜆𝑐2

Multiplying with 𝐴 and then subsequently with 𝑐∗2 , we get, after rear-
ranging the quadratic equation

𝜆2 =
𝑐∗2 ⋅ 𝐶𝑐2
𝑐∗2 ⋅ 𝐴𝑐2

+ 𝛼
𝑐∗2 ⋅ 𝐵𝑐2
𝑐∗2 ⋅ 𝐴𝑐2

𝜆

Defining

𝑝 ∶= 𝛼
𝑐∗2 ⋅ 𝐵𝑐2
𝑐∗2 ⋅ 𝐴𝑐2

and 𝑞 ∶=
𝑐∗2 ⋅ 𝐶𝑐2
𝑐∗2 ⋅ 𝐴𝑐2

Then 𝑝 ≥ 0 (𝑝 = 0 only when 𝛼 = 0) and 𝑞 > 0 due to the properties of 
𝐴, 𝐵 and 𝐶. By these definitions, 𝜆2 = 𝑝𝜆 + 𝑞, and hence 

𝜆 =
𝑝
2
±

√

𝑝2

4
+ 𝑞. (B.13)

The radicand is positive, and thus 𝜆 is real. Furthermore, the 
claimed bounds for 𝜆 follow directly from Eq.  (B.13). Indeed, taking 
the negative sign shows 𝜆 < 0 while taking the positive sign yields 
𝜆 ≥ 𝑝.

Finally, for 𝛼 = 0, we show that 𝑛+(0) = 𝑛−(0). To this end, 
consider the map 𝜎(𝑐1, 𝑐2, 𝜆) = (−𝑐1, 𝑐2,−𝜆). Clearly 𝜎2 = id and an 
easy computation shows that 𝜎 maps an eigenvector-eigenvalue pair to 
another such pair — importantly with an eigenvalue with the opposite 
sign. By virtue of 𝜎 each positive eigenvalue has a negative partner and 
vice versa. Hence 𝑛+(0) = 𝑛−(0). □

Lemma 3.  The eigenvalues of 𝑀𝛼 are uniformly bounded over 𝛼.

Proof.  For each eigenvalue, either |𝜆| ≤ 1 or |𝜆| > 1. In the first case we 
already have a bound. In the second case, we consider the characteristic 
polynomial

0 = det
(

𝜆𝐼 −𝑀𝛼
)

= det
([

𝜆𝐼 −𝐼
−1 −1

])

=
2𝑛
∑

𝑐𝑘(𝛼, 𝐴, 𝐵, 𝐶)𝜆𝑘.

−𝐴 𝐶 𝜆𝐼 − 𝛼𝐴 𝐵 𝑘=0
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Since the coefficients 𝑐𝑘 are mere polynomials in the entries of 𝐴−1, 𝐵, 
𝐶 and in 𝛼, they are all bounded uniformly over 𝛼. Moreover, 𝑐2𝑛 = 1. 
Dividing by 𝜆2𝑛−1 yields by means of the triangle inequality,

|𝜆| ≤
2𝑛−1
∑

𝑘=0

|

|

𝑐𝑘|||𝜆|
𝑘−2𝑛−1 ≤

2𝑛−1
∑

𝑘=0

|

|

𝑐𝑘||

where in the last step, we have used |𝜆| > 1. Therefore, we have 
established a uniform bound for all eigenvalues of 𝑀𝛼 independent of 
𝛼. □

To summarize: By Lemma  2, eigenvalues are real. By Lemma  1, 
eigenvalues cannot cross 0 and by Lemma  3, they cannot diverge. Thus, 
the number of positive/negative eigenvalues counted with multiplicity 
remains constant along the homotopy [0, 1] ∋ 𝛼 ↦ 𝑀𝛼 ∈ R𝑛×𝑛. In other 
words 𝑛+(𝛼) = 𝑛−(𝛼) = 𝑛 for all 𝛼 ∈ [0, 1]. This proves Theorem  B.1.

Finally, we extend Theorem  B.1 to the slightly more general case 
where 𝐶 is only positive semi-definite. In the introductory toy problem, 
this corresponds to allowing the edge case 𝜆 = 0. We then find two 
solutions: 𝜇 = 0 and 𝜇 = 𝑝2

𝜅 . The following corollary shows that this 
intuition carries over to the matrix setting.

Corollary 1.  Let 𝐴,𝐵, 𝐶 ∈ R𝑛×𝑛 be symmetric matrices, 𝐴 and 𝐵 positive 
definite and 𝐶 positive semi-definite. Then the matrix equation 
𝐴𝑋2 − 𝐵𝑋 − 𝐶 = 0 (B.14)

has a solution with only positive eigenvalues and a solution with only 
nonpositive eigenvalues.

Proof.  If 𝐶 is positive definite, then the statement is proven in Theorem 
B.1. Otherwise, let 𝐶𝜀 = 𝐶 + 𝜀𝐼 . Then for all 𝜀 > 0 Theorem  B.1 implies 
that the equation
𝐴𝑋2 − 𝐵𝑋 − 𝐶𝜀 = 0

has a solution with only positive and one solution with only negative 
eigenvalues. By Lemma  2, the positive eigenvalues of the first solution 
are actually bounded by 𝜆 ≥ 𝑚(𝐵)

‖𝐴‖ > 0 from below, independent of 𝜀. 
Following a homotopy argument as before, this bound extends to 𝜀 = 0, 
while the upper bound of the nonpositive eigenvalues becomes 𝜆 ≤ 0. 
Therefore, the number of positive eigenvalues must remain constant 
along 𝜀. □

Appendix C. Modification of the solution for 𝒌 = 𝟎

The procedure outlined in Sections 2.3 and 2.4 requires a few 
modifications for the 𝑘 = 0 case, as some simplifications no longer hold.
Modifications to the solution of the regular graetz problem for 𝑘 = 0. First, 
the jump condition Eq.  (*35) is evaluated directly: 

⟨𝑝|𝑧=0+ , 𝜙01⟩ = ⟨𝑝|𝑧=0+ , 2⟩ =
4
Pe2

= 𝑞01, (C.1)

which vanishes for Pe→ ∞. From Eqs.  (33) and (34a), we see that the 
coefficient corresponding to the constant eigenfunction must vanish for 
all 𝑧. For all other eigenfunctions of 0, the coefficient given by Eq. 
(*36) is unchanged.
Modifications to the solution of the extended graetz problem for 𝑘 = 0. For 
the extended Graetz problem, the matrix form (Eq.  (49)) is unchanged. 
However, 𝛬0 is only negative semi-definite. Following Corollary  1, 𝐴+

0
will still be positive definite, while 𝐴−

0  becomes negative semi-definite. 
Therefore, the matrix exponential is still ‘well-behaved’ towards both 
𝑧 → ±∞.

In case of 𝑘 = 0, 𝜕𝑝𝜕𝑧  changes across 𝑧 = 0, and this change must be 
reflected in the coefficients. Hence, 
𝜕⟨𝜃0, 𝜙0𝑗⟩ |

|

| + ⟨

𝜕𝑝
, 𝜙0𝑗⟩ =

𝜕⟨𝜃0, 𝜙0𝑗⟩ |
|

| (*C.2)

𝜕𝑧 |

|𝑧=0+ 𝜕𝑧 𝜕𝑧 |

|𝑧=0−

12 
where 𝜕𝑝𝜕𝑧  is a constant in 𝑟 and hence 𝑑𝑗 = ⟨

𝜕𝑝
𝜕𝑧 , 𝜙0𝑗⟩ vanishes except for 

the constant eigenfunction. Here we find 𝑑𝑗 = 𝛿1𝑗 ∫
1
0 8(1− 𝑟2)𝑟d𝑟 = 2𝛿1𝑗 . 

Finally, 

𝑐0(𝑧) =

{

exp(𝐴+
0 𝑧)𝑐00 for 𝑧 < 0,

exp(𝐴−
0 𝑧)(𝑐00 − 𝑞0) for 𝑧 > 0.

(*C.3)

𝑐00 is determined from Eq.  (*C.2), i.e. 𝐴+
0 𝑐00 = 𝐴−

0 (𝑐00 − 𝑞0) + 𝑑, that is 
(𝐴+

0 − 𝐴−
0 )𝑐00 = 𝑑 − 𝐴−

0 𝑞0.

Verification. Figure Fig.  C.10 compares the solution obtained in this 
way with the reference solution from [2] for two different Péclét 
numbers, and they are in excellent agreement. From a computational 
efficiency standpoint, the solution established here has certain advan-
tages over the literature solution. The most expensive operation is the 
computation of eigenvalues, and accurate evaluation of the eigenfunc-
tions. For this solution, they are independent of Pe and hence only have 
to be computed once for each 𝑘. Furthermore, the more computation-
ally expensive complex arithmetic required to determine the positive 
eigenvalues in [2] is not needed. That being said, computational effort 
to evaluate any of those solutions is insignificant by today’s standards.

Appendix D. Description of the finite difference approximation

Figs.  4 and 6 display a finite difference approximation of the so-
lution to Eq.  (24), in order to cross-check the analytical solution 
presented herein. To obtain the aforementioned figures, we consider 
Eq.  (24) subject to boundary conditions

lim
𝑧→−∞

𝜃̂𝑘(𝑟, 𝜑, 𝑧) ≡ 0 for 𝑟 > 0, 𝜑 ∈ [0, 2𝜋) and all 𝑘 (D.1)

𝜕𝜃̂𝑘
𝜕𝑟

|

|

|

|

|𝑟=1
=

{

0 for𝑧 < 0
1 for𝑧 ≥ 0

for 𝜑 ∈ [0, 2𝜋) and all 𝑘 (D.2)

𝜕𝜃̂0
𝜕𝑟

|

|

|

|

|𝑟=0
= 0;  and 𝜃𝑘(𝑟 = 0, 𝑧) ≡ 0,  for 𝑘 ≠ 0 (D.3)

which are the BCs from Eq.  (30), but without the transformation Eq. 
(28). The problem is discretized on an equidistant cartesian grid of 
𝑛𝑟 × 𝑛𝑧 = 800 × 500 points in radial and axial direction, respectively. 
The domain size in axial direction is twice the range of the 𝑧 axis in 
Figs.  4 and 6.

All spatial derivatives in Eq.  (24) are discretized with second-order 
finite differences. The forcing term 𝑢𝑧(𝑟) is prescribed analytically. The 
boundary conditions (Dirichlet at the inlet, Neumann (𝑘 = 0) / Dirichlet 
(𝑘 ≠ 0) at 𝑟 = 0, Neumann at 𝑟 = 1, and zero second derivative 
at the outlet to account for the linear increase in 𝜃̂ for 𝑘 = 0) are 
discretized with first-order finite differences, except for the 𝑟 = 1
boundary condition, where significant curvatures in radial direction are 
expected. The solution is then obtained by inverting the resulting linear 
equation system directly.

Doubling the spatial resolution in both directions leads to a maxi-
mum pointwise deviation of less than 0.01 in all displayed cases; the 
highest deviations are found near the discontinuity of the boundary 
condition, i.e. 𝑟 = 1, 𝑧 = 0. The grid is therefore sufficiently fine in 
order to resolve the details of the temperature mode, allowing for a 
meaningful comparison with the analytical result.

The numerical code is included in the auxiliary material [18].

Data availability

The Python package including all code to re-create the Paper’s 
figures has been published on https://github.com/joneuhauser/graetz/ 
[18].

https://github.com/joneuhauser/graetz/
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Fig. C.10. Dimensionless temperature profiles for the extended Graetz problem with homogeneous Neumann boundary conditions for various z locations (indicated to the right of 
the lines) and two different Pe numbers. Markers: Reference solution by [2], Lines: 𝑘 = 0 solution presented in Section 2.4 and Appendix  C.
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