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Abstract: The author’s dissertation, entitled “Scalable SAT
Solving and its Application”, advances the efficient reso-
lution of instances of the propositional satisfiability (SAT)
problem, one of the prototypical “hard problems” of com-
puter science with many scientific and industrial real-world
applications. A particular focus is put on exploiting mas-
sively parallel computational environments, such as high-
performance computing (HPC) systems or cloud comput-
ing. The dissertation has resulted in world-leading solu-
tions for scalable automated reasoning and in a number
of awards from the SAT community, and has most recently
been acknowledged with a GI Dissertation Award. The arti-
cle at hand summarizes the topic, approaches, and central
results of the dissertation, estimates the work’s long-term
impact and its role for future research, and closes with some
personal notes.

Keywords: automated reasoning; satisfiability; symbolic Al;
high-performance computing; distributed algorithms; auto-
mated planning

1 Introduction

The dissertation entitled “Scalable SAT Solving and its Appli-
cation” [1] advances crucial generic tools at the core of auto-
mated reasoning and Symbolic Al On the occasion of receiv-
ing a GI Dissertation Award, this article provides a summary
and reflection of the work, including its background, central
results, and impact.

To briefly put the work into context, I conducted my
doctoral studies from 2018 to 2023 at the Algorithm Engi-
neering group at the Karlsruhe Institute of Technology (KIT),
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Germany, and was supervised by Prof. Peter Sanders. Sev-
eral works featured in my dissertation [2], [3] have been
joint work with Peter Sanders, whose tremendous support
in steering and advising my research I would like to empha-
size. Furthermore, one of the works featured in the disser-
tation [4] has been a cooperation with researchers affiliated
with Amazon Web Services, University of Minnesota, and
Carnegie Mellon University — namely, Dawn Michaelson,
Marijn J. H. Heule, Michael W. Whalen, and Benjamin Kiesl-
Reiter.

2 Background

The center of our attention is the problem of propositional
satisfiability (SAT). An instance of this problem is a log-
ical expression that only consists of atomic propositions,
i.e., variables that can only be true or false, and natural
logical connectives like “and”, “or”, and “not”. Formally, a
canonical instance of the SAT problem is an expression F =
NcecV se.t- Each literal ¢ is a propositional variable or its
negation; each clause c is a disjunction (“or”) of literals; and
F is a conjunction (“and”) of its clauses C. The task is to find
a satisfying assignment, which assigns each variable in F
to true or false in such a way that F evaluates to true.
In some cases, no such assignment exists, which renders
F unsatisfiable. SAT solving is the process of analyzing a
SAT instance and either returning a satisfying assignment
or reporting unsatisfiability.

The SAT problem is one of the most important prob-
lems of computer science. On a theoretical level, SAT is the
prototypical NP-complete problem [5]; informally speaking,
any SAT solving algorithm we can realistically devise will
require an exponential amount of time for certain inputs.
That being said, NP-completeness also means that a great
variety of similarly challenging problems can be reduced
to SAT, i.e., encoded as a SAT instance and then solved
with a SAT solving algorithm. Between a seemingly over-
whelming worst-case complexity on the one hand and a
remarkable degree of expressivity and genericity on the
other hand, SAT solving has assumed a fundamental role
in practical and applied disciplines of modern computer
science [6]. SAT solving algorithms, so-called SAT solvers,
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have become crucial tools for a surprising variety of scien-
tific and industrial applications, such as formal hardware
and software verification [7], security and cryptography
[8], operations research and combinatorial optimization [9],
knowledge representation and explainable AI [10], elec-
tronic design automation [11], bioinformatics [12], and auto-
mated theorem proving [13]. As such, advancing SAT solving
bears immense potential for simultaneously advancing a
plethora of important disciplines from computer science
and real-world applications.

Our main focus is to exploit parallel and distributed
computing for SAT solving. Most of today’s computers fea-
ture parallel computing, from mobile phones (4-8 parallel
cores) to high-performance servers (up to a few hundred
cores). In distributed computing, we consider several such
machines that perform a computation together and (in gen-
eral) do not share any kind of memory. Communication
between the machines commonly takes place by passing
messages over some kind of network. This can enable com-
putations involving thousands of cores (and more) at once
to tackle especially large or challenging problems.

3 Thesis summary

Our research has advanced the scalability and dependabil-
ity of SAT solving in distributed systems. We have achieved
this both by devising novel flexible scheduling algorithms
for processing many solving tasks at once and also by
advancing the algorithmic approach within each parallel
solving task. Furthermore, we have devised an approach
to let distributed solvers produce proofs of unsatisfiability,
which are crucial for full confidence in a claimed result.
Last but not least, in a major application case study, we
have advanced the state of the art in hierarchical automated
planning, a sub-discipline of symbolic Al, through novel
propositional encoding techniques and the utilization of
massively parallel hardware.

The following summary is accordingly divided into four
sections: Scheduling, Solving, Proving, and Planning. Note
that these sections feature some translated content from the
dissertation’s German summary featured in the GI Disserta-
tion Award proceedings [14].

3.1 Scheduling

Our first contributions are motivated by a simple obser-
vation: Processing many independent tasks simultaneously
can be significantly more efficient than spending the same
computational resources on processing a single task. This is
the case especially if the used parallelization within a task
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does not scale linearly, i.e., if increasing the computational
resources by a factor of n does not accelerate the compu-
tation by a factor of =n. SAT solving and other combina-
torial search tasks clearly exhibit such sub-linear scaling.
Therefore, we investigate the efficient scheduling of SAT
instances and similarly irregular tasks in large distributed
environments.

Rigid scheduling strategies, which assign a fixed set of
computational resources to each parallel task upon its initia-
tion, can only react to a very limited extent to unpredictable
events such as tasks finishing early or many tasks arriving
at the same time. For SAT instances, where the prediction of
running times is a challenging machine learning problem
even in sequential settings [15], rigid scheduling can lead
to highly suboptimal system utilization and/or high waiting
times. In contrast, we call a parallel task malleable if it sup-
ports a fluctuating number of computational resources dur-
ing its execution [16]. Malleability has long been recognized
as a powerful paradigm for fair and flexible job scheduling
[17], but has so far been studied mainly for iterative com-
putations with uniform parallelization and (nearly) linear
scaling. SAT and other NP-hard computations, on the other
hand, feature unpredictable running time behavior and lim-
ited scalability, which is why we are interested in a care-
ful management of available resources. Our intuition was
that a flexible on-demand processing system with malleable
scheduling may provide initial computational resources to
incoming tasks virtually instantly, complete trivial tasks in
fractions of a second, and offer a fair share of resources to
more difficult tasks similarly quickly.

To turn this vision into reality, we present an approach
that ensures fast, fair; and bottleneck-free scheduling with-
out any assumptions on the execution time of incoming
tasks. We achieve this through a two-part decentralized
method. First, the m processes in the system cooperatively
compute a fair number v; € N* of processes for each active
task j so that the system utilization is maximized. This
assignment takes into account two measures of each task:
its maximum resource demand d i € N*, which the task can
freely choose and adjust based on its application logic; and
its priority p; € R*, which is provided by the submitting
user (and possibly adjusted by the system). The v; are cal-
culated to be proportional to the tasks’ priorities where fea-
sible, subject to the side constraints 1 < v; < d;. On an algo-
rithmic note, we were able to show that this can be achieved
in O(m log m) total work and ©(log m) span (which is the
maximum depth of the parallel computation’s data depen-
dencies).

Secondly, each task j is assigned v; specific processes.
This process assignment is kept as stable as possible over
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Figure 1: Top: Two tasks, for formulas F, and F,, are using three and six
processes respectively. Bottom: A third task for formula F; enters, which
prompts the two former tasks to release some of their processes to join
the solving of F5.

time: Each task in the system is represented by a complete
binary tree of v; processes, which expands or shrinks at the
leaflevel as needed (see Figure 1). New processes for a grow-
ing tree are found by the current leaf nodes sending special
request messages. These requests are routed through the
system following a scalable distributed protocol until they
are accepted by an idle process.

In massively parallel experiments with up to 6,144 cores
of a high-performance computer (<128 nodes of SuperMUC-
NG, Leibniz Supercomputing Center) and hundreds of con-
current tasks, we observed very short waiting and response
times — on average, 10 ms for providing an initial process for
an incoming task, 1 ms for calculating a fair volume assign-
ment for all active tasks, and 6 ms for providing the desired
additional resources for a task with increased resource
demands. Thanks to these fast responses, we were able to
achieve near-optimal system utilization (>99 %) virtually
always. We have conducted several case studies for possi-
ble applications of our system, including k-means cluster-
ing (bachelor thesis of Michael Dérr [18]) and hierarchical
planning (master thesis of Niko Wilhelm [19]). The main
application considered in our work is of course SAT solving,
as we will discuss in the following sections.

3.2 Solving

In the following, we address the efficient parallelization of
SAT solving itself. The currently best parallelizations for
general-purpose SAT solving can be explained with a sim-
ple analogy: A number of puzzle experts are gathering to
cooperatively find a solution to a difficult puzzle. Since our
experts are not particularly social beings, the predominant
strategy is to let each expert attempt to solve the puzzle on
their own, which means that the group solves the puzzle as
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quickly as the single best expert for the present problem.
To achieve scalability beyond this pure portfolio [20], [21]
of experts, we conduct brief standup meetings from time to
time where each expert can share the most useful insights
that they gained since the last meeting. As such, a crucial
insight gained by a single expert can now benefit all experts.

In parallel SAT solving, each expert corresponds to
a highly engineered sequential algorithm that efficiently
searches the space of variable assignments for a solution
and produces a so-called conflict clause whenever it encoun-
ters a logical conflict under its current assignment [22].
These conflict clauses represent a pruned sub-space of
the search space at hand and correspond to the insights
exchanged among our experts. The notion of individual
mindsets and approaches across the experts is translated to
parallel SAT solving by diversifying the sequential solvers,
which can range from deviating random decisions over
different configuration options up to completely different
solver implementations [21], [23].

Some earlier parallel SAT solving systems using the
described solving paradigm, i.e., a solver portfolio with
clause sharing, show decent performance for low to mod-
erate levels of parallelization, e.g., a few dozen cores [24],
[25]. In massively parallel computing environments, how-
ever, previous approaches fail to scale beyond few hundred
cores for average inputs. Specifically, the previous state of
the art in distributed SAT solving, Horoesar [23], achieved a
median speedup of 13 on 2048 cores on industrial bench-
marks, which corresponds to a (resource) efficiency of only
13/2048 = 0.6 %.

We use Horbesat as a point of departure and rethink its
algorithmic components. In particular, we design a compact
approach for periodic all-to-all clause exchange that is suit-
able for thousands of solvers. In HorbEsaT, each process con-
tributes a fixed-size buffer of clauses, and the concatenation
of all buffers is then broadcast to all m processes. This can
result in gaps featuring no information (if a process does
not export sufficiently many clauses) or in sharing m almost
identical sets of clauses. By contrast, the motivation of our
approach is to identify a fixed amount of the globally best
distinct learned clauses using a scalable protocol (Figure 2).
Since the clause buffer’s output size at each layer of the
aggregation tree is strictly limited, only the most promising
clauses are passed on to the tree’s higher layers, hence
successively transforming the processes’ local notions of
quality into a global quality criterion. The resulting buffer of
shared clauses is then passed on to all solvers. Our approach
reliably detects duplicates within an exchange operation
and can additionally eliminate temporally shifted dupli-
cates using a distributed filter operation. Furthermore, our
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Figure 2: Illustration of our clause exchange operation. Each process
(circle) contributes a fixed-size buffer of the best, i.e., shortest clauses it
produced. Different colors/shades denote the clauses’ respective
processes of origin. At each inner node of the process tree, a
space-limited merge operation is performed that also detects duplicates.
The resulting clause buffer at the tree’s root is then broadcast to all
processes, followed by a post-hoc filtering operation (not depicted).

distributed solver is malleable and can therefore be used
within our scheduling platform to simultaneously solve
many tasks with flexible scheduling. On a pragmatic level,
we have taken some measures to reduce the required main
memory and integrated some of the currently best available
sequential SAT solvers [26]—[28] into our system.

In experiments with up to 3,072 cores, our approach
was able to more than double the best previous speedups
of distributed SAT solving. Among the benchmark instances
that took the best sequential approach at least an hour
each to solve, our system at 3,072 cores resulted in a (geo-
metric) mean speedup of 43.7, corresponding to a resource
efficiency of 14.2 %. We were able to demonstrate that our
clause exchange between solvers is the main reason for this
scalability. In the International SAT Competition [29], our
system has dominated the cloud category (1,600 threads on
100 machines) for four years in a row and has also proven to
be highly competitive on moderately parallel hardware (64
threads). Moreover, we highlight the advantages of a com-
bination of parallel task processing and malleable SAT solv-
ing: In an experiment with 6,400 cores, when solving 400
tasks simultaneously, the difficult tasks gradually receive
more and more computing resources that become available
through the solving of easier tasks. This leads to perfor-
mance improvements and, consequently, much higher effi-
ciency than with rigid scheduling strategies.

3.3 Proving

Today’s sequential SAT solvers are reliable in the sense that,
if required, they can output a proof of unsatisfiability [30]
for a formula. Such a proof grants full confidence in the
claimed result that the formula is unsatisfiable: There are
several proof checking tools that are formally verified down
to the machine code level and that can be used to inde-
pendently validate a proof [31]-[33]. Efficient parallel SAT
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solvers have, so far, lacked the option to produce a proof
(cf. [34]), which severely limited their use for critical appli-
cations. An important example is the formal verification of
software or hardware components, where unsatisfiability
of a formula typically implies that the encoded correctness
property is always preserved within the chosen bounds [35].
Therefore, the unsatisfiability of a formula is often a critical
property, and an explicit proof of it can be indispensable.

We present the first practical and scalable approach
for generating such proofs in parallel SAT solving. A key
technology for our approach is the clause-based proof for-
mat LRAT [31], where each proof step corresponds to a
learned conflict clause and the dependencies between the
proof steps are explicitly expressed using globally unique
IDs for learned clauses. Our solution orchestrates many
sequential solvers as described above, which now individ-
ually output their learned clauses into partial proof files.
Once one of the solvers finds unsatisfiability, our distributed
algorithm essentially rewinds the solving process by having
each solver traverse its own proof in reverse order and trace
back all transitive dependencies of the final conclusion step
(see Figure 3). In particular, each clause exchange operation
is reversed: the IDs of all remote clauses recognized as
necessary are redistributed to their respective origin pro-
cesses, which then trace back their dependencies further.
A distributed protocol aggregates all required proof steps
into a central proof file, which can then be independently
validated.

In experiments in a cloud environment, our approach
generated proofs up to 80 GBin size that were still feasible to
validate under reasonable overhead. Even in a calculation
with 1,600 solver threads, proof construction is roughly as
fast as distributed solving itself, while proof verification (a
strictly sequential operation) takes on average four times
the running time of solving. Overall, the observed per-
formance represents a substantial improvement over any
previous attempts to generate proofs with clause-sharing
solvers [25], [34]. The presented approach therefore marks
an important first step towards rendering scalable SAT solv-
ing accessible for critical applications.

3.4 Planning

In the final sections of the dissertation, we conduct an
extensive case study on applied SAT solving. Specifically, we
present a SAT-based approach for Totally Ordered Hierar-
chical Task Network (TOHTN) planning — a popular branch
of symbolic Al that provides rich opportunities for mod-
eling complex hierarchical planning tasks [36]. A problem
instance includes an initial world state as well as an ini-
tial sequence of tasks. Each task is either primitive or
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Figure 3: Visualization of a small (four-core, two-second) proof of unsatisfiability. Each row corresponds to a solver; each horizontal/diagonal line
represents a dependency from one clause to another; vertical separators indicate a clause sharing operation; the square represents the conclusion
indicating unsatisfiability; and highlighted (yellow, blue) lines indicate the parts of the proof identified as required to reach the conclusion.

hierarchical. A primitive task corresponds to an atomically
executable operation with preconditions and postcondi-
tions relative to the world state. In contrast, a hierarchical
task is successively decomposed into a sequence of subtasks
by applying conditional reduction rules. All these objects
surrounding the planning model are typically parameter-
ized: If a planning instance, for example, includes sets of
trucks T and locations L, a parameterized task drive (t, x, y)
can be instantiated to move a truck t € T from location
X € L tolocation y € L. Initially, only the initial world state
and initial tasks are ground, i.e., without free parameters.
Many approaches to TOHTN planning, including all SAT-
based methods [37]-[40], rely on a preprocessing step that
fully instantiates all relevant objects to then work with
a simplified representation. In many cases, this so-called
grounding leads to a combinatorial explosion of input data
even before the actual planning begins [41].

We present the first SAT-based TOHTN planning
approach that retains the parameterized problem descrip-
tion and, as such, avoids the described preprocessing. In the
above example, we do not instantiate a task for all | T| X |L|?
possible parameter combinations (as prior approaches do)
but encode the parameterized task along with its param-
eters t, x, y and their domains directly in propositional
logic. Our integrated planning approach alternates between
a cautious instantiation of the planning hierarchy, its encod-
ing in propositional logic, and the actual SAT solving. The
generated formulas are often one to two orders of magni-
tude smaller compared to previous SAT-based approaches.
Accordingly, our approach scored the second place in the
International Planning Competition 2020, behind an incom-
plete algorithm [42] whose greedy search was the more
lightweight for most problems. Our approach was able to
solve the most problems and find the shortest plans in the
competition [43].

Finally, we present a method for processing hierarchi-
cal planning problems on massively parallel hardware by
using our scheduling framework with malleable SAT solv-
ing. In an experiment with 2,348 cores, our system simulta-
neously handled 587 planning problems. Depending on the

planning domain considered and specifically the difficulty
of the constructed SAT instances, the results range from
minimal overhead (approx. 5 %) to significant acceleration
(<24.8). Thus, our application study also serves as a success-
ful stress test for our contributions to scalable SAT solving in
the context of a challenging application. Another important
practical contribution of this study is that we extended our
distributed SAT solver to support incremental SAT solving
[44],i.e., interactive solving procedures over modifiable for-
mulas, which was a key technology to achieve low response
times for individual SAT solving calls.

4 Outlook

SAT solving has long been an important cornerstone of
reliable and dependable computing - efficient and prov-
ably correct verification tools, for instance, can present
a crucial foundation for pressing societal challenges such
as ensuring the soundness of critical software, models,
and infrastructures. This can include questions of cyber-
security, safe robotic behavior, or fair Al-based decision-
making. In particular, I believe that complementing today’s
thriving sub-symbolic Al methods (machine learning, large
language models) with formal, precise, and provably correct
reasoning techniques is a major challenge of modern com-
puter science [45]. While recent advances in sub-symbolic
Al have been driven by high-performance computing, we
have made some successful contributions to allowing for-
mal reasoning techniques to also effectively exploit large-
scale computational resources. My hope is that this contin-
ues to empower the many applications of automated rea-
soning and thus leads to a more widespread adoption of
formal methods in modern computer science disciplines,
which may, in turn, boost subsequent research on those
methods.

A crucial aspect of scaling up automated reasoning to
distributed systems is to preserve the high level of trust
and dependability that the best available sequential solu-
tions offer. Parallel and distributed SAT solvers in particular
have long been considered much less trustworthy than their
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sequential counterparts, and rightfully so (due to more com-
plex technology stacks, less comprehensive testing, and the
lack of proofs). Our research on distributed proof produc-
tion has made an important first step to render large-scale
SAT solving suitable even for the most safety — or security-
critical tasks that arise from applications.

At a very practical level, the open-source software sys-
tem wmarLoB resulting from our research has been consis-
tently scoring top ranks at the International SAT Competi-
tion 2020-2024 and represents the state of the art in large-
scale SAT solving since 2020. As a result, our system was
called “by a wide margin, the most powerful SAT solver on
the planet” by Amazon VP and distinguished scientist B.
Cook in 2022 [46]. Our system has thus established itself as
a world-leading automated reasoning system and gained a
significant amount of attention, which paved the road to
fruitful international cooperations. Together with its power-
ful scheduling capabilities, its support for incremental SAT
solving, and its pioneering role in terms of proof production,
the marLoB framework is likely to remain relevant for scien-
tific as well as industrial actors.

On a personal note, I am currently continuing my
research on scalable automated reasoning as a Young
Investigator Group' leader within a pilot programme of
the Helmholtz Association (Core Informatics at Karlsruhe
Institute of Technology, KiKIT). Building upon the insights,
results, and software arising from my doctoral studies, our
current research aims at transferring scalable SAT technol-
ogy to related essential automated reasoning tools, such as
SAT solving with objective optimization (MaxSAT) or first-
order logic solving for verification purposes (SMT). We are
also actively continuing to research scalable methods for
producing and processing proofs of unsatisfiability [47],
with the ultimate goal of obtaining a formally verified dis-
tributed SAT solver while still retaining state-of-the-art solv-
ing performance.

Our successes surrounding scalable SAT solving have
been recognized by the SAT Association, awarding my dis-
sertation with the inaugural Fahiem Bacchus Award (for
an outstanding satisfiability-related 2022—2023 thesis). Most
recently, the Dissertation Award jointly conferred by the
German Informatics Society, Austrian Computer Society,
and Swiss Informatics Society not only represents a sig-
nificant acknowledgment of our work so far but also pro-
vides immense support and motivation for our subsequent
research going forward. I am deeply grateful for these recog-
nitions and would like to express my thanks to everyone
who invested work in the process, including in particular

1 https://satres.kikit.kit.edu.
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the GI selection jury chaired by Rudiger Reischuk. I am
looking forward to pursuing further advancements in the
field of scalable automated reasoning.
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