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Abstract
We show that the Fréchet–Lie groups of the form C∞(M)⋊R resulting from
smooth flows on compact manifoldsM fail to be locally exponential in several
cases: when at least one non-periodic orbit is locally closed, or when the flow
restricts to a linear one on an orbit closure diffeomorphic to a torus. As an
application, we prove that the Bondi–Metzner–Sachs group of symmetries of
an asymptotically flat spacetime is not locally exponential.

Keywords: infinite-dimensional Lie group, locally exponential, BMS group,
asymptotically flat spacetime, Liouville number

1. Introduction

For infinite-dimensional Lie groups beyond the Banach space setting, the Lie group exponen-
tial in general does not induce a local diffeomorphism near the unit, as singular points might
exist arbitrarily close to the unit. Groups exhibiting this pathology are called non-locally expo-
nential. Examples include diffeomorphism groups and the formal diffeomorphisms of Rn, cf
[Nee06]. In the present note we investigate when the Lie group exponential of a semidirect
product exhibits singularities making the resulting Lie groups non-locally exponential.
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Concretely, we are interested in semidirect products arising as the lift of a right Lie group
action σ : M×G→M on a compact manifold M to the space of smooth functions C∞(M).
These give rise to our main examples of semidirect products

C∞ (M)⋊αG, where α : G×C∞ (M)→ C∞ (M) , αg (F) = F ◦σg.
Note that to study singularities in these semidirect products it suffices to study singularities
of the exponential function by restricting to the action of 1-parameter subgroups of G. Every
1-parameter subgroup of G gives rise to a subgroup C∞(M)⋊R of C∞(M)⋊G. Then singu-
larities of the exponential function of the subgroup are inherited by the exponential function
of the semidirect product by naturality.

We can and will therefore focus our investigation on semidirect products involving 1-
parameter groups. Several sufficient criteria for the existence of singularities arbitrarily close
to the unit in these semidirect products are established. These allow us to treat important
classes of examples such as the Bondi–Metzner–Sachs (BMS) group for asymptotically flat
spacetimes from general relativity, [PS22, AA25]. An asymptotically flat spacetime models
an isolated gravitational system which approximates Minkowski spacetime ‘at infinity’. These
spacetimes admit a unique conformal compactification. While the BMS-group was originally
conceived via the construction of a Lie algebra of vector fields satisfying certain decay condi-
tions towards infinity, the compactification of spacetime allows to identify them with certain
diffeomorphisms of a regular part at the boundary. In particular, this identifies the BMS group
as a semidirect product of the Poincaré group and an infinite dimensional vector space of
‘supertranslations’. Hence our techniques allow us to prove the following

Theorem 1.1. The BMS-group is not locally exponential.

This settles the non-exponentiality conjecture on the BMS groups from [PS22, conjecture
3.14] in the affirmative. A more detailed discussion of the relevance of the non-local expo-
nentiality of the BMS group and our other results will be given in the section at the end of
this introduction. While the results for semidirect products of Lie group actions on spaces of
smooth functions are new and yield interesting results, we were not able to completely charac-
terize non-local exponentiality of the resulting groups. A summary and aggregate of theorem
3.10 and corollary 5.11 reads as follows.

Theorem 1.2. Let (M,σ) be a smooth flow on a compact manifold. The Lie group C∞(M)⋊α

R is not locally exponential if any of the following conditions holds:

(1) The flow has at least one non-periodic, locally closed orbit.
(2) The flow restricts to a linear non-trivial one on a torus embedded in M.
(3) M admits an equivariant submersion onto a fixed-point-free flow on S1.
(4) M admits an equivariant submersion onto a linear flow on a torus.

Thus we have reason to conjecture the following general statement.

Conjecture 1. For every smooth non-trivial flow σ : R×M→M on a compact manifold M,
the Lie group C∞(M,R)⋊α R, specified by αt( f) := f ◦σt, is not locally exponential. More
specifically, there is a sequence tn ∈ R+ with tn → 0 such that the points (0, tn) are singular for
the exponential function.

Finally, we collect in section 5 several results on the related case of semidirect products
involving a Lie group acting on Banach spaces of functions of finite order differentiability.
Also in this case the exponential map fails to be a local diffeomorphism. The physical relevance
of these results is discussed in the next section.
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Interpretation and consequences of our results for physics

The BMS group has been proposed as a candidate for ‘the symmetry group’ of asymptotically
flat spacetime. The original derivation of this group in [BBM62, Sac62] was achieved via a
gauge fixing approach. Later it was discovered that the BMS group can also be viewed as
a group of conformal diffeomorphisms of a certain part of the boundary of the conformal
compactification of spacetime. In [PS22] the basic infinite-dimensional Lie theory for the BMS
group and some related groups was described. There it was uncovered that the BMS and related
groups are not analytic Lie groups. This, together with the pathology uncovered in theorem
A of the present paper, shows that the interplay between the BMS group and its Lie algebra
is more intricate than usually in finite dimensions. In particular, there is no sensible way to
construct exponential coordinates for the BMS group.

Since the BMS group is in a certain sense a minimal candidate for a symmetry group of
asymptotically flat spacetimes, the complications in the correspondence of Lie algebra and
associated Lie group should also be expected for the other groups proposed as candidates for
asymptotic symmetry groups. More specifically, several extensions, such as the Newman–Unti
(NU) group, the generalised BMS group (gBMS), the extended BMS group (eBMS) (see e.g.
[PS22] for a summary) and the conformal BMS group (cBMS, [HHPB17]) have been proposed
(arising e.g. through different choices in the gauge fixing procedure). The NU, gBMS and
eBMS groups are constructed as pairs of global group objects and associated Lie algebras.
These are also semidirect products. Beyond differences in gauge fixing, the symmetry groups
discussed so far consider only the (future) null infinity part of the boundary and excise the
corner parts of the conformal compactification (see e.g. [AR92]). Generalizations of the BMS
group taking these parts of the compactification into account, can be expected to exhibit a
semidirect product structure, whence we expect them not to be locally exponential.

Another problem is exemplified by the cBMS group. In [HHPB17], it is described via the
generators of an infinite-dimensional Lie algebra. For this example and related proposed gen-
eralizations of the BMS group, our results imply that the passage to a global object will require
a serious effort, as a ‘simple attempt to exponentiate the Lie algebra’ will most probably not
work. Refined tools, such as criteria as to when extensions of infinite-dimensional Lie algeb-
ras integrate to Lie group extensions might help to resolve the problem in the passage from
infinitesimal to global level for asymptotic symmetry groups [Nee02, Nee04, Nee07].

Finally, we would like to point out that the results in section 5 are not only of use to derive
theorem B, but also have significance for the physical theory. It has been discussed in the lit-
erature whether the BMS group should not be a semidirect product of the Poincaré group with
a space Ck(M) of k-times continuously differentiable functions for 2⩽ k<∞. While [PS22]
shows that in this case no Lie group structure is obtained, one might still wonder whether the
topological group obtained via the construction still exhibits good mathematical properties
useful for the physical theory, for instance as a half Lie group as in [MN18]. As our results in
section 5 show, there is no hope to recover a well behaved analogue of the Lie group exponen-
tial in this setting. Hence we conclude that these groups can not be used to repair the pathology
of the BMS group uncovered in theorem A of the present paper.

2. Groups acting on vector spaces

In this section we consider first a general setup for a simple class of semidirect products arising
from a group action on a locally convex vector space. Here and in the followingwewrite locally
convex space as a shorthand for Hausdorff locally convex topological vector space.
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Definition 2.1. Let G be a Lie group [Nee06, definition II.1.1], E a locally convex space, and
α : G→ GL(E),g 7→ αg a homomorphism for which the corresponding action map

α : G×E→ E, (g,v) 7→ αg (v)

(denoted abusively by the same symbol) is smooth in the Bastiani sense. A map f : E⊇ U→ F
on an open subset U of a locally convex space E is (Bastiani-)smooth if for every x ∈
U,v1, . . .vk ∈ E,k ∈ N0 the iterated k-fold directional derivatives dkf(x)(v1, . . . ,vk) exist and
yield continuous mappings dkf : U× ek → F, see [Sch23]. The chain rule holds for Bastiani-
smooth maps, hence manifolds, smooth functions on them and Lie groups can be defined in
the usual way using charts.

Interpreting the vector space E as an abelian Lie group, we construct the semidirect product
Lie group E⋊αG. Its Lie algebra is L(E⋊αG) = E⋊L(α) L(G), the semidirect product
induced by the derived action, given for x ∈ L(G) by

L(α)(x)v= Te (α
v)x for αv (g) = αg (v) .

For a Lie group G we call a smooth function exp : L(G)→ G an exponential function if all
curves γx : R→ G,γx(t) := exp(tx), are one-parameter groups and γ ′

x (0) = x. The existence of
an exponential function is standard for Banach Lie groups, but there exist infinite-dimensional
Lie groups without exponential function, see [Nee06, FP6]. We investigate the exponential
function of the semidirect product E⋊αG. Let us recall the general form of the exponential
function of such groups (see [Nee06, example II.5.9]).

Recall [Trè06, post definition 5.2] that sequentially complete topological vector spaces are
those whose Cauchy sequences converge. This ensures the existence of integral operators such
as (2.3) below (see the discussion following [Nee06, definition I.1.4]). We assume locally
convex spaces carrying actions sequentially complete unless explicitly stating otherwise.

Lemma 2.2. Suppose that G has an exponential function expG : L(G)→ G, and that E is

sequentially complete, so that for x ∈ L(G) the integrals βx :=
´ 1
0 α(expG(sx))ds exist point-

wise and define continuous linear maps on E. Then the exponential map of E⋊αG is

exp(v,x) = (βxv,expG (x)) (2.1)

This is verified easily by showing that the curves t 7→ exp(tv, tx) are one-parameter groups
with tangent vector (v, x) in t= 0. In particular, if G= R, we obtain as a special case the expo-
nential map of E⋊α R:

expE⋊αR : E⋊R→ E⋊R, (v, t) 7→ (βtv, t) (2.2)

with βt =

ˆ 1

0
α(st)ds=

1
t

ˆ t

0
α(s)ds. (2.3)

In this case it suffices to study the integral operators βt to deduce whether the group E⋊α R is
locally exponential or not. We remark that [Nee06, example II.5.9 (a)] gives an easy example
in which the group E⋊α R fails to be locally exponential for an action on a Fréchet space
E (i.e. a locally convex completely metrizable space, [Trè06, section 10]); we shall see more
below. We fix some notation.

Definition 2.3. Let α : R×E→ E,αt(v) := αv(t) := α(t,v) be a left Lie group action on the
locally convex vector space E. For the infinitesimal generator of (αt)t∈R we write

D :=
d
dt

∣∣∣
t=0

αt. (2.4)

4
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In the followingwewill study the invertibility of the operatorsβt. In this context, the relation

αt− 1
t

= D ◦βt

will prove useful. It follows immediately from

αt− 1
t

=
1
t

ˆ t

0

d
ds

αs ds=
1
t

ˆ t

0
Dαs ds= D ◦βt. (2.5)

This discussion leads to:

Proposition 2.4. For T> 0, the operator βT is not injective if and only if there exist T-periodic
vectors which are not fixed by (αt)t∈R.

Proof. Suppose first that βT is not injective. In view of (2.5), αT− 1 vanishes on kerβT.
Therefore the flow on the closed subspace kerβT is T-periodic, so that we obtain a repres-
entation of the compact group TT := R/TZ. The characters of this group are of the form
χm : TT → T,χm([t]) = e2π imt/T, m ∈ Z. For an action on a sequentially complete real loc-
ally convex space E, applying the general Peter–Weyl theorem [HM23, theorem 3.51] to the
representation on the complexified space EC, shows that F := kerβT is topologically generated
by the eigenspaces

Fm := ker

(
D2 +

4π2m2

T2
1
)
, m ∈ Z \ {0} . (2.6)

Actually, the Peter–Weyl theorem first implies that the eigenvectors span a dense subspace,
but the eigenspaces FC(χm) combine to the corresponding real D-eigenspace

Fm = F∩ (FC (χm)+FC (χ−m)) .

In view of this relation, the inclusion Fm ⊆ kerβT follows from the fact that every χm-
eigenvector is killed by βT :

βTv=
1
T

ˆ T

0
αsvds=

1
T

ˆ T

0
e2π ims/T ds · v= 0 · v= 0.

Further βT|kerD = id implies that some Fm is non-zero. We thus obtain T-periodic vectors
that are not fixed.

Conversely, if T-periodic vector exists which is not fixed by the action, then one of the
eigenspaces Em,m 6= 0, as in (2.6) is non-trivial by the Peter–Weyl theorem [HM23, the-
orem 3.51]. In view of (2.5) and the injectivity ofD on eachEm, these eigenspaces are contained
in ker(βT).

Proposition 2.5. If iλ ∈ iR×, is an eigenvalue of D on EC, then βT is not injective for T ∈ 2π
λ Z.

Proof. Let v= v1 + i v2 ∈ EC be a corresponding eigenvector. Then

βTv=
ˆ T

0
eiλsvds=

1
iλ

(
eiλT− 1

)
v, (2.7)

which vanishes for 0 6= T ∈ 2π
λ Z, so that βT(v1) = βT(v2) = 0.

Now applying the observation of the previous proposition to 1-parameter groups obtained
from an arbitrary Lie group action we deduce the following.

5
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Corollary 2.6. Let G be a Lie group acting from the left on a locally convex vector space E.
If there exists a 1-parameter group in G such that the infinitesimal generator D of its action
on EC admits an unbounded sequence of purely imaginary eigenvalues, then E⋊αG is not
locally exponential.

Proposition 2.7. If there is a continuous linear eigenfunctional ν : EC → C which is T-
periodic and not fixed by (αt)t, then βT is not surjective.

Proof. Indeed, any such eigenfunctional will annihilate the range of βT by (2.7): choose n ∈ Z
such that ν ◦αt = e2π i nt/Tν for t ∈ R. By assumption, n 6= 0, so that

ν (βT (v)) =
ˆ T

0
e2π i nt/T dt · ν (v) = 0

implies the assertion.

Remark 2.8. If E is a complex algebra and D a derivation, then Dv= iλv, and thus

Dvn = niλvn.

If all powers vn are non-zero, then all numbers niλ are eigenvalues ofD, and therefore E⋊αG
is not locally exponential.

3. Semidirect products with spaces of smooth functions

We work with spaces Ck(M) := Ck(M,R), 0⩽ k≤∞ of functions on smooth (i.e. C∞) finite-
dimensional manifolds M, with or without a boundary (see remark 3.1 (1)). Recall that for a
finite-dimensional manifold N, the compact-open topology on C0(N,Rn) is the locally convex
topology induced by the seminorms ‖f‖K := supx∈K‖f(x)‖, where K⊆ N is compact. Then the
compact-open Ck-topology, is the locally convex topology turning the map

Ck (M)→
∏

0⩽p⩽k

C0 (TpM,TpR)∼=
∏

0⩽p⩽k

C0
(
TpM,R2p

)
, f 7→ (Tpf)0⩽p⩽k (3.1)

into a topological embedding, where the spaces on the right are endowed with the compact-
open topology, cf [Nee13, 5.1]. Localizing with the help of charts as in [Sch23, lemma 2.5],
we exploit that, on open subsets of euclidean space, the toplogy coincides with the topology
of uniform convergence on compact sets of functions and derivatives up to order k. By [Trè06,
example 10.1] Ck(M) is a Fréchet space.

For compact M, the space Ck(M) with finite k, will be Banach spaces with respect to the
compact open Ck-topology. In particular, ‖ · ‖0 will denote the supremum norm on M. For
k> 0 we note that norms inducing this topology measure the supremum of a function and its
derivatives up to order k. Write ‖ · ‖r for a norm inducing the compact open Cr-topology on
Ck(M), 0⩽ r⩽ k. Adjusting choices, we may assume that

‖ f‖r ⩽ ‖ f‖s for all r⩽ s, f ∈ Ck (M) .

Moreover, C∞(M) is in any case ([Rud91, section 1.46] or [Trè06, proposition 34.4]) a
Frèchet and Montel space (an (FM)-space as in [Köt69, section 27.2]) in the sense of [Trè06,
definition 34.2], i.e. it is a barreled Frèchet space [Trè06, definition 33.1] such that closed
bounded subsets are compact.

Consider a smooth action (or flow)

R×M 3 (t,p) 7−→ σt (p) =: σp (t) ∈M

6
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on a compact smooth manifold M, with associated infinitesimal generator [Lee13,
theorem 9.12] X (a smooth vector field on M):

Xp =
d
dt

∣∣∣∣
t=0

σt (p) ∈ TpM, p ∈M. (3.2)

The orbits σR(p) are precisely the integral curves of X [Lee13, pre example 9.1].
The action of R on M induces one on each Ck(M), 0⩽ k⩽∞ defined by

R 3 t 7−→ αt ∈ Aut
(
Ck (M)

)
, αtf := f ◦σt. (3.3)

The material in section 2 then applies to E := Ck(M) (we will be mostly interested in C∞)
carrying the R-action α.

Remark 3.1. (1) Whether smooth manifolds M are allowed a boundary ∂M will make little
difference to the discussion, so we will not revisit the issue: flows on M will leave the
boundary invariant by the latter’s topological invariance [Lee13, theorem 1.37], whence
one can always complete such a flow to one on the boundary-less double [Lee13,
example 9.32] M∪∂MM.
See also [Lee13, theorem 9.34] and surrounding discussion for remarks to the effect that
the theory of flows and integral curves holds good in the presence of a boundary so long
as one restricts attention to vector fields whose restriction to ∂M is tangent to it.

(2) The R-actions on Ck(M) resulting from flows on M extend to the space L1c(R) of
compactly-supported integrable functions with respect to the usual Lebesgue ( = Haar)
measure in the familiar fashion ([HR79, theorems 19.18, 22.3]), by

αφ f :=
ˆ
R
φ(s)αsf ds, φ ∈ L1c (R) , f ∈ Ck (M) . (3.4)

In terms of that extension, we have

βs =
1
s
αχ[0,s]

, χA := the characteristic function of the subset A⊂ R. (3.5)

The typical setup for (3.4) is that of actions on Banach spaces, but the extension does
make sense here: for any compact interval I⊆ R the partial orbit αf(I) is compact, hence
has compact closed convex hulls [Köt69, section 20.6(3)], so (3.4) falls within the scope
of standard vector-valued integration machinery [Rud91, theorem 3.27].
Moreover, (3.4) makes sense for arbitrary φ ∈ L1 whenever the orbit map αf is bounded:
Simply extend the continuous linear map Cc(R)→ E,φ 7→ αφ f continuously to E.

In preparation for results concerning actions on arbitrary manifolds, we first consider oper-
ators on C∞(R).

Definition 3.2 (The period s-difference and integral operators). For s ∈ R× we define the
operators

∆s : C
∞ (R)→ C∞ (R) , ∆s f (x) := f(x+ s)− f(x) .

and similarly, adapting (2.2) with αt( f)(x) = f(x+ t),

βs : C
∞ (R)→ C∞ (R) , βs f(x) =

ˆ 1

0
f(x+ st)dt.

Lemma 3.3. The kernel of the operator βs consists of all derivatives of s-periodic functions.

7
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Proof. The kernel of∆s is the closed subspace C∞
s (R) of s-periodic functions. If F ∈ C∞(R)

and f = F ′, then the function βsf (with βs as in the previous section) satisfies the relation

βsf (x) =
ˆ 1

0
f(x+ st)dt=

1
s

ˆ s

0
F ′ (x+ t)dt=

1
s
∆sF(x) . (3.6)

Setup 3.4 (The image of both operators contains the compactly supported smooth
functions). Consider g ∈ C∞

c (R), then we exploit the compact support of g to define for s 6= 0
a smooth function

f(x) :=
∞∑
k=1

g(x− ks) = g(x− s)+ g(x− 2s)+ · · · ∈ C∞ (R)

and we note that ∆sf = g. Likewise, the compact support of g′ allows us to define a smooth
function

h(x) := s ·
∞∑
k=1

g ′ (x− ks) = s(g ′ (x− s)+ g ′ (x− 2s)+ · · ·)

such that βsh= g.

Lemma 3.5. We consider the space

C∞
el (R) :=

{
f ∈ C∞ (R)

∣∣ lim
x→+∞

f(x)and lim
x→−∞

f(x)exist in R
}
.

The map βs is injective on C∞
el (R), but βs(C∞

el (R)) does not contain C∞
c (R).

Proof. Injectivity is easy to see: by lemma 3.3 the kernel of βs consists of s-periodic functions,
which must thus be constant if they have limits at±∞. But such a function is also required by
lemma 3.3 to have a periodic antiderivative, so it must in fact vanish.

To show that

βs (C
∞
el (R))∩C∞

c (R) 6= C∞
c (R) ,

let g ∈ C∞
c (R) and let f ∈ C∞(R) be a smooth function with βsf = g. By setup 3.4

f0 (x) := s
∞∑
k=1

g ′ (x− ks) = s(g ′ (x− s)+ g ′ (x− 2s)+ · · ·)

satisfies βsf0 = g, so that

f = f0 + p, with p ∈ kerβs

with p the derivative of an s-periodic function.
For all x<min(suppg), we have that f(x) = p(x). If f ∈ C∞

el (R), then the limit for x→−∞
exists, this implies that p= 0 since a periodic function having a limit has to be constant and
the only constant which is the derivative of a periodic function is zero. Now, take the limit
for x→∞ and we see that forM :=max(suppg), f0|[M,∞) is s-periodic. More concretely, the
s-periodization

f1 (x) := s · pers (g ′)(x) := s
∑
k∈Z

g ′ (x− ks) = s · (persg)
′
(x)

8
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coincides with f 0 for large x. By the preceding argument, βs( f0 − f1) = g implies f1 = s ·
pers(g

′) = 0. Note that pers(g
′) = 0 is not satisfied for all g ∈ C∞

c (R), proving thatβs(C∞
el (R))

does not contain C∞
c (R).

Lemma 3.5 permits us to treat certain aperiodic R-actions. We illustrate this for the case
where M is a circle.

Example 3.6 (Vector fields on the circle with zeros). Let S1 be the unit circle identified with
R/2πZ by R/2πZ→ S1,θ 7→ eiθ . Then 2π-periodic functions in C∞(R,R) correspond to
vector fields on the circle. Let 0 6= Z be a vector field on S1 with a zero θ0. The flow of Z is an
R-action αZ := FlZ : R×S1 → S1 on S1. Choosing some eiθ1 ∈ S1 in which Z does not vanish
as the initial point of the flow curve, we pull back the functions in C∞(S1) along the resulting
flow curve γ(t) := αZ(t,eiθ1). In both cases, due to the flow approaching the stationary points
of the flow, we thus obtain subspaces of C∞

el (R) which clearly contain the space C∞
c (R).

Thus lemma 3.5 implies that βs is not surjective. We deduce that C∞(S1)⋊αZ R is not locally
exponential.

Example 3.7 (Translations on R). In this example we connect the integral operator to the
discussion in section 2. The key is to consider the translation action on the reals. We consider
the algebra A= C∞

c (R,C) and the flow

αt ( f)(x) = f(x+ t) , x, t ∈ R

generated by the vector field X.f = f ′. Note that the integral operator for the exponential in
the semidirect product A⋊α R constructed from α is simply β1 discussed above. The dis-
cussion shows that β1 is injective (this also follows from proposition 2.4) but not surjective.
Alternatively, one can use proposition 2.7 to derive that β1 is not surjective: For each p ∈ R,
the functional

λp ( f) := f̂(p) =
ˆ
R
eipxf(x) dx

is continuous and satisfies

λp ◦αt = e−iptλp.

So it is 1-periodic for p ∈ 2πZ.

Setup 3.8. Consider now a smooth flow (σt)t on a compact manifoldM, T-periodic for some
T > 0 in the sense that σT = id, with the induced action α of (3.3) and resulting semidirect
product E⋊α R.

The vector field X associated to α as in (3.2) then also produces a derivation

D : C∞ (M)→ C∞ (M) , D( f) =
d
dt

∣∣∣∣
t=0

αt f = Xf . (3.7)

on the algebra C∞(M) (non-zero, because X 6= 0).
We will now apply the results from section 2 to prove under some conditions that E⋊α R

is not locally exponential. Since D is a derivation, remark 2.8 implies that it suffices to find
a non-zero imaginary eigenvalue of D on EC. Since α is T-periodic, all eigenvalues of D are
contained in 2π i

T Z and, by the Peter–Weyl theorem [HM23], the eigenvectors span a dense

9
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subspace of EC. As D 6= 0, D has a non-zero eigenvalue λ= 2π i mT for an m ∈ Z \ {0}. Hence
proposition 2.5 implies that, for

tn :=
2π i
nλ

=
T
nm

6= 0

the operators βtn are not surjective, whence not invertible. Consequently, E⋊α R is not locally
exponential.

Example 3.9 (Linear flows on tori). Let M := Td,d⩾ 2, 0 6= θ = (θ1,θ2, . . . ,θd) ∈ Rd, and
consider on M the smooth flow

σ = (σt)t , σt (z) :=
(
eitθ1z1, · · · ,eitθdzd

)
.

For the action on E= C∞(Td) defined by αtf := f ◦σt, we claim that the operators βs of (2.3)
will be non-injective as well as non-surjective for a dense set of parameters s ∈ R>0. Indeed,
the characters χm(z) := zm1

1 · · ·zmd
d are α-eigenvectors with

Dχm = i(m1θ1 + · · ·+mdθd)χm.

Because θ 6= 0, at least one θj is non-zero, and m= mjej yields a non-zero imaginary eigen-
value iλ. As no power of χm vanishes, all numbers Ziλ are eigenvalues. But then:

• βs will fail to be injective for s ∈ 2π i
λ Q>0 by proposition 2.5;

• and similarly, it will also fail to be surjective for the same values of s as a consequence of
proposition 2.7, upon noting that the flow (σt)t preserves the Haar measure on the torus and
hence the characters we have identified as eigenvectors can also be cast as eigenfunctionals

C∞ (T) 3 f 7−→ χ

ˆ
T
χ · f dµT ∈ C.

In particular, the Fréchet–Lie group E⋊α R is not locally exponential.

The following will address a broad class of cases of the introductions conjecture 1.

Theorem 3.10. Let σ = (σt)t∈R be a non-trivial smooth flow on a compact manifold M. The
operators βs on C∞(M) are non-surjective in either of the following cases.

(1) For almost all s if there is a non-periodic locally closed orbit σR(p).
(2) For a dense set of s ∈ R>0 if there exists an p ∈M, such that T := σR(p) is a torus on which

the flow is linear.

Remark 3.11. Recall [Bou66, section I.3.3, definition 2, proposition 5] that the locally closed
subspaces of a topological space are those open in their closures.

That hypothesis of theorem 3.10(1) on σR(p) can be recast as asking that the orbit map σp

be non-periodic and the orbit σR(p) be locally connected under its subspace topology has a
basis consisting of connected open subsets ([Wil04, definition 27.7]).

Before going into the proof, we note that [Nee06, example II.5.9] shows that exponential
surjectivity locally at the origin is equivalent to βs being a diffeomorphism for all sufficiently
small s ∈ R>0. Hence theorem 3.10 proves the following.

Corollary 3.12. For non-trivial flows (σt)t∈R as in theorem 3.10 the exponential of the corres-
ponding Fréchet–Lie group C∞(M)⋊α R is not a diffeomorphism locally at the origin.

10
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Proof of theorem 3.10. (1) Fix an integral curve ι := σp as in the statement. Setting

A := ι∗C∞ (M)⩽ C∞ (R) , ι∗ ( f) := f ◦ ι,

note first that C∞
[u,v](R)⩽ A (functions supported in [u,v]) for some u< v. We claim that

for almost all s the image βs(A) cannot contain all of C∞
c (R).

To see this, observe first that the [u,v]-supported g ∈ C∞
[u,v](R) are precisely the func-

tions of the form∆sG for arbitrary

G :=
∑
k⩾1

g(•− ks)

vanishing on (−∞,u] and s-periodic on [v,∞). By (3.6) we have

∆s (g) = sβs (g
′) , g ∈ C∞ (R) ,

each g ∈ C∞
c (R) is the image through βs of a unique function g̃ ∈ C∞(R) which

• vanishes on (−∞,u]
• and has s-periodic antiderivative on [v,∞)

The last condition is equivalent to g̃ being s-periodic and having vanishing integral over
its length-s intervals in [v,∞).

Suppose g= βsf for some f ∈ A. The latter function will be s-periodic on both (−∞,u]
and [v,∞) and hence, for almost all s, eventually constant at ±∞ by lemma 3.13 below
(which addresses the restriction f|[v,∞) directly; the other case is analogous). Because

βs ( f− g̃) = 0=⇒ f− g̃ is globally s− periodic

and g̃ vanishes close to−∞, it too must be constant close to both±∞ (and indeed, vanish:
not only is it periodic, but it has periodic antiderivative at ±∞). This, though, contradicts
the freedom to choose the s-periodic-antiderivative g̃|[v,∞) arbitrarily.

(2) The restriction map C∞(M)→ C∞(T) is onto by standard smooth-function extension
theory [Lee13, lemma 2.26], so the linear-flow non-surjectivity of βs for densely many
s (example 3.9) entails non-surjectivity for C∞(M).

Lemma 3.13. Let σp be an integral curve meeting the hypothesis of theorem 3.10(1) and
fix some a> 0. For almost all s, the eventually-s-periodic continuous functions on (a,∞) in
(σp)∗C∞(M) are eventually constant.

Proof. Let f ∈ (σp)∗C∞(M). The assumptions on f|(a,∞) are its s-periodicity and the fact that
f ∈ (σp)∗C∞(M). As σp takes values in the compact manifold M, there is a convergent sub-
sequence

σp (nk)−−→
k

x ∈M=⇒ f(nk)−−→
k

f(x) , (n1 < n2 < · · ·)⊂ Z>0. (3.8)

The crucial ingredient, next, isWeyl’s result [KN74, theorem 1.4.1] to the effect that for almost
all s> 0 the sequence

(
nk
s

)
k
is uniformly distributed modulo 1 in the sense of [KN74, chapter 1,

definition 1.1]:

lim
n→∞

♯{1⩽ k⩽ n : xk ∈ J}
n

= length of J, for every subinterval J⊆ [0,1] .

11
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This implies in particular that the set of fractional parts
{
nk
s

}
:= nk

s −
⌊
nk
s

⌋
is dense in [0,1] so,

rescaling by s,

nk = tkNks+(1− tk)(Nk+ 1)s, Nk ∈ Z>0 with {tk}k ⊂ [0,1]dense.

The s-periodicity of f and the convergence (3.8) then implies that f is constant (for the almost-
all s in question), as claimed.

Corollary 3.14. If α is a non-trivial flow on M= S1, then C∞(S1)⋊α R is not locally
exponential.

Proof. Let X be the generating vector field of α. If X has no zeros, then α is periodic, hence
a linear flow on the circle with respect to suitable coordinates. Therefore theorem 3.10(1)
applies. If X has a zero, then theorem 3.10(1) applies to every non-fixed point m ∈ S1.

The criteria above imply in particular that periodic flows on compact manifolds lead to
semidirect product groups which are not locally exponential. Unfortunately, we were not able
to prove an analogous criterion for the non-periodic case, but we find it very likely that the
groups C∞(M)⋊α R are never locally exponential. theorem 3.10 provides sufficient criteria
that can be applied in concrete cases. We demonstrate this in the following example relevant
to physics.

4. Conformal actions on the sphere

In this section we first explore the actions of the conformal group on the unit sphere. Our
presentation here follows [NÓ14, section 5]. As a special case, we then explain how our results
solve the non-local exponentiality conjecture from [PS22, conjecture 3.14] for the BMS group.

Setup 4.1. For d ∈ N we let Sd be the unit-sphere in Rd+1, realized as the subset

S :=
{
(1,x) ∈ R1,d+1 : ‖x‖= 1

}
in (d+ 2)-dimensional Minkowski space. The isotropic (lightlike) vectors in R1,d+1 with pos-

itive first component are of the form x̃ :=

(
‖x‖
x

)
and the (unit component of the) Lorentz

group G := SO1,d+1(R)0 acts in the obvious fashion on this set by(
a b
c m

)
.

(
‖x‖
x

)
=

(
a‖x‖+ bx
c‖x‖+mx

)
.

So g ∗ x := c‖x‖+mx defines an action of G on Rd+1 \ {0} satisfying g ∗ (λx) = λ(g ∗ x) for
λ> 0. The action on the unit sphere Sd ⊆ R1,d+1 is then given by

g.x :=
g ∗ x

‖g ∗ x‖
.

For unit vectors we have a+ bx= ‖c+mx‖= ‖g ∗ x‖, which leads to the cocycle relation

‖(g1g2) ∗ x‖= ‖g1 ∗ (g2 ∗ x)‖= ‖g2 ∗ x‖ · ‖g1 ∗ (g2.x)‖.

Therefore the conformal factors Jg(x) := (1+ bx)−1 on Sd satisfy the cocycle relation

Jg1g2 (x) = Jg1 (g2.x)Jg2 (x) ,

so that (
σg−1 f

)
(x) := Jg (x) f(g.x) (4.1)

12
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defines a smooth left action of G on C∞(Sd). Note that the action on Sd can also be written
as

g.x= (a+ b · x)−1
(c+m · x) for g=

[
a b
c m

]
,b ∈M1,d (R) ,m ∈Md (R) (4.2)

(cf [NÓ14, equation (27)]). This action is faithful because −1 6∈ G, which follows from

G⊆ O+
1,d (R) =

{
g=

[
a e
c d

]
∈ O1,d+1 (R)

∣∣a> 0

}
.

Lemma 4.2. Let V be a finite-dimensional real normed space, S⊆ V its unit sphere and A ∈
End(V) with real spectrum. Then, for every v ∈ S, the limit of etA.v= etAv

∥etAv∥ for t→∞ exists

and is a fixed point of etA for t ∈ R, acting on S.

Proof. By theorem A.1 we have the Jordan decomposition A= As+An of A, so that As is
diagonalizable and An is nilpotent. Write v= v0 + v1, where v0 is an As-eigenvector for the
largest eigenvalue λ occurring in v, and v1 is a sum of eigenvectors for smaller eigenvalues.
Further, let d ∈ N0 be maximal with Adnv0 6= 0. Then

etAv= etλetAnv0 + etAv1

with e−tλetAv1 → 0 for t→∞. Moreover, etAnv0 is a polynomial of degree d. Therefore

t−de−tλetAv→ 1
d!
Adnv0,

and thus etA.v converges to Adnv0
∥Adnv0∥

in S.

Proposition 4.3. Consider the conformal action of SO1,d+1(R) on the sphere Sd and
for some non-zero x ∈ so1,d+1(R). Then, for γx(t) := σexp(tx), the group C∞(Sd,R)⋊γx R is
not locally exponential and, in particular, C∞(Sd,R)⋊SO1,d(R) is not locally exponential.

Proof. Recall, e.g. from [Kna02, I.8] that so1,d+1(R) is a semisimple Lie algebra. We can
thus apply theoremA.2 to obtain a real Jordan decomposition x= xe+ xh+ xn of x ∈ so1,n(R),
where xe is elliptic, xh is hyperbolic and xn is nilpotent and these summands commute pairwise.

Case 1: If xe = 0, then lemma 4.2 implies that flow lines on the sphere have limits for
t→±∞, so that theorem 3.10(1) applies.

Case 2:Nowwe assume xe 6= 0. Using the preceding lemma, we see that the flow generated
by xh+ xn has fixed points, and the set F of these fixed points is invariant under the flow
generated by xe. As x 6= 0, there exists m ∈ F not fixed by xe. Then the orbit closure N :=
exp(Rxe).m is a torus on which xe generates a linear flow with a dense orbit. We multiply
the invariant measure µ0 on N with a non-constant eigenfunction f for the xe-action on N,
say xef = iλf. Then the measure µ := fµ0 on the torus N is an eigenvector for the action of
exp(Rx) in the space of measures, corresponding to a non-zero imaginary eigenvalue iλ of x.
This implies the existence of arbitrarily small t with βt not surjective.

Non-local exponentiality of the BMS group

The BMS group models symmetries of an asymptotically flat spacetime in general relativity
(see e.g. [BBM62, Sac62]). From a Lie theoretic point of view this group and related examples
have been discussed in [PS22]. It was conjectured that the BMS-group is not locally exponen-
tial. Recall first the definition of the BMS-group.

13
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Definition 4.4. For d ∈ N,d⩾ 2, the d-dimensional BMSd group is the Lie group

BMSd := C∞ (Sd)⋊σ SO1,d+1 (R) ,

where the right action σ is given by (4.1). For d= 2, the resulting group is simply known as
the BMS group.

The presentation of the BMS group here differs somewhat from the one in [PS22]. However,
see e.g. [Tót02, section 1.2] for a discussion connecting it with the Möbius transformation
picture used in [PS22]. Due to our previous results, the proof of the following result is now
easy.

Theorem 4.5. The BMSd-group is not locally exponential. In particular, the BMS-group is not
locally exponential.

Proof. Let 0 6= x ∈ sod(R)⊆ so1,d+1(R). Then the linear action of exp(Rx)⊆ SOd(R) leaves
the sphere Sd ⊆ R1,d+1 invariant, so that Jexp tx = 1 for all t ∈ R. Therefore the subgroup
C∞(Sd)⋊σ exp(Rx) of the BMSd group is not locally exponential by proposition 4.3 and this
implies that the BMSd group is not locally exponential. Specializing to the case d= 2 yields
the non local exponentiality of the BMS group.

5. Complements: Ck spaces, periodic flows, and topological embeddings

The present section contains a number of results complementing those of section 3. In first
instance, note that the operators βs of (3.5) are much more easily proven non-isomorphic on
Ck spaces for finite k. To help justify the claim, we record the following simple remark on
representations of locally compact abelian groups on Banach spaces. The essence of the dis-
cussion is that Banach norms afford the full force of the theory of Arveson spectra introduced
in [Arv74] (see also [Tak03, section XI.1] or [Arv82, section 2]).

Proposition 5.1. Let G be a locally compact abelian group and G
α−→ GL(V) a representation

on a Banach space V with continuous orbit maps and supg∈G ‖αg‖<∞. If α is not norm-
continuous, then none of the bounded operators

αf :=

ˆ
G
f(g)αg dµG (g) , f ∈ L1 (G) ,

on V are invertible.

Proof. By [Arv82, theorem 2.13] (also [Tak03, corollary XI.1.16]) the Arveson spectrum
[Tak03, definition XI.1.2] σ(α) of the representation is non-compact; the spectrum of any
operator αf , f ∈ L1(G) on V thus contains 0 by [Arv82, equation (2.7), p 217], so cannot be
invertible.

Corollary 5.2. For a non-trivial flow (σt)t∈R on a compact smooth manifold M inducing a
bounded family (αt)t∈R on Ck for some 0⩽ k<∞, the operators αf , f ∈ L1(R) are never
automorphisms on Ck(M) for 0⩽ k<∞.
In particular, the operators βs = 1

sαχ[0,s]
, s> 0 of (3.5) are never invertible.

Proof. This will be an immediate consequence of theorem 3.10, once we confirm that result’s
hypothesis: the map

R 3 t 7−→ αt ∈ L
(
Ck (M)

)
:=
{
bounded operators onCk (M)

}
is not norm-continuous for 0⩽ k< 0. Indeed, norm continuity is equivalent to the Ck-norm
continuity of the infinitesimal generatorXf = d

dt

∣∣
0
f ◦σt of (αt)t ([Rud91, theorem 13.36]). That

14
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continuity fails is easily seen by restricting to a small portion of an integral curve in a coordinate
patch: the differentiation operator is not continuous on C∞(R) for the Ck-norm, for small
functions can have large derivatives.

Returning to the setup of theorem 3.10, recall that, by the Open Mapping theorem [Trè06,

theorem 17.1], a morphism E
f−→ F of Fréchet spaces is onto precisely when it induces a topo-

logical and linear isomorphism E/ker f∼= F. The appropriate dual to surjectivity, for a linear

map E
f−→ F, is that it be a topological embedding: a homeomorphism onto its image.

Remark 5.3. Equivalently, a morphism E
f−→ F of locally convex topological vector spaces is

a topological embedding precisely when for every continuous seminorm p on E there is some
continuous seminorm q on F with

q( f(v))⩾ p(v) , ∀v ∈ E.

For morphisms of Fréchet spaces this is easily seen to also be equivalent to injectivity and
having a closed range:

If the range f(F1) is closed then the map is an isomorphism of its domain onto its image by
the Open Mapping theorem (applicable because the range, being closed in a Fréchet space, is
itself Fréchet).

Conversely, the topological embedding condition implies the continuity of the inverse
f−1 : f(F1)→ F1, so the range must be complete (because the domain was) and hence closed
in F2.

A first general remark concerning topological embeddings:

Proposition 5.4. Let M↠ πN be a smooth submersion, equivariant for two flows σM and σN

on M and N respectively. If f ∈ L1(R) and αNf is not a topological embedding on C∞(N), then
neither is αMf on C∞(M).

Proof. If αf were a topological embedding on C∞(M), then its restriction to the closed sub-
space C∞(N)∼= π∗C∞(N)⊆ C∞(M) would also have this property.

Nothing like theorem 3.10(1) can hold in that form assuming only the existence of periodic
orbits. Noting that such an orbit carries an action of the quotientR↠ S1 ∼= R/Z, we will focus,
for the purpose of elucidating matters, on circle actions. theorem 5.8 says effectively that, by
contrast to theorem 3.10(1), most operators αχI associated to smooth circle flows (M,σ) and
segments I⊂ S1 are invertible.

To make sense of ‘most’, recall first ([Bak22, p 2], [Bug12, definition E.6], [Oxt80, pre
Thm. 2.3]) that a Liouville number x ∈ R \Q is one such that

(∀N ∈ Z>0)(∃p ∈ Z, q ∈ Z>1) :

∣∣∣∣x− p
q

∣∣∣∣< 1
qN

.

The following alternative characterization of (non-)Liouville numbers will be more dir-
ectly useful below; the statement employs the familiar big O notation (e.g. [Ten15, Notation,
p xxiii])

f = O(g) meaning |f|⩽ C|g| for some constant C> 0.

Lemma 5.5. The irrational non-Liouville numbers are precisely those real numbers x for
which

1
|e2π i kx− 1|

= O
(
kN
)
for some N ∈ Z>0. (5.1)
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Proof. Irrationality is of course equivalent to the left-hand side of (5.1) being finite, so we
henceforth take it for granted. As to the balance of the claim, observe first that

|e2π i kx− 1|= 2|sinπ kx| �min({kx} , 1−{kx}) ,

as a function of k, where {·} indicates fractional parts and ‘�’ means being of the same order
(i.e. each function is O(the other); [Ten15, p xxiii] again).

That last quantity always dominates C
kN for some C> 0 and positive integer N precisely

when

|kx− p|> C
kN

⇐⇒
∣∣∣x− p

k

∣∣∣> C
kN+1

, ∀p ∈ Z, k ∈ Z>0 :

the negation of the defining property of Liouville numbers, in other words.

Motivated by lemma 5.5, we discuss a multi-dimensional version of the Liouville property.

Definition 5.6. For d-tuples k= (kj)dj=1 and k ′ = (k ′j )
d
j=1 of real numbers, write

k ·k ′ :=
∑
j

kjk
′
j , |k| := (k ·k)1/2 .

for d-tuples of real numbers. We might occasionally write k2 := k ·k.
A tuple θ = (θj)

d
j=1 ∈ Rd is

(1) rationally dependent if k ·θ ∈ Z for some non-zero k ∈ Zd (or: the θj and 1 ∈ R are linearly
independent in the Q-vector space R);

(2) rationally independent otherwise;
(3) and Liouville if rationally independent and

∀N ∈ Z :
1

|e2π ik·θ − 1|
6= O

(
|k|N

)
for 0 6= k ∈ Zd.

For d= 1 rational (in)dependence specializes back to being (ir)rational respectively and
similarly, the Liouville property for tuples specializes (by by lemma 5.5) to that for numbers.

Theorem 5.7. Let σ = (σt)t be a linear flow on the torus Td ∼= (S1)d in the sense of example
3.9, given by

σt (z1, · · · , zd) :=
(
e2π i tθ1z1, · · · , e2π i tθdzd

)
.

The following conditions on an interval I⊂ R of length ℓ are equivalent.

(a) The operator αχI :=
´
Iαs ds is invertible on C

∞(Td).
(b) αχI is a topological embedding.
(c) αχI is surjective.
(d) The tuple (ℓθj)dj=1 is rationally independent and non-Liouville.

Proof. The implication (a)⇒ (b) & (c) is trivial, so the substantial claims are

(b) or (c) ==⇒ (d) ==⇒ (a). (5.2)

An application of the Fourier transform [Rud90, section 1.2]

f 7−→ f̂, f̂(k) :=
ˆ 1

0
e−2π ik·tf(t) dµTd (t) , k ∈ Zd

16



Class. Quantum Grav. 42 (2025) 115009 A Chirvasitu et al

for the Pontryagin dual pair (Td, Zd) will map C∞(Td) precisely onto the space of (rapidly
decreasing sequences (xk)k∈Z for which the norms

‖(xk)k ‖N :=

(∑
k∈Zd

(1+k ·k)N · |xk|2
)1/2

(5.3)

are all finite, topologized as a Fréchet space by that family of norms (see e.g. [Rud91, chapter 7,
Exercise 22]). The translation action by

z= e2π i s :=
(
e2π i sj

)d
j=1

∈ Td, s= (si)
d
j=1

transports over to

(xk)k
z▷7−−−→

(
zkxk

)
k =

(
e2π ik·sxk

)
k ,

so that

(xk)k
αχ[0,ℓ]7−−−−→

(ˆ ℓ

0
e2π i sk·θxk ds

)
k

=

(
e2π iℓk·θ − 1
2π ik ·θ

· xk
)

k
(5.4)

(the last parenthetic scalar e2π iℓk·θ−1
2π ik·θ being understood to be ℓwhen k ·θ = 0). That operator is

plainly injective precisely when ℓθ is rationally independent, so we need not consider ration-
ally dependent tuples ℓθ past this point. We can now return to (5.2).

(d) ⇒ (a): Assuming ℓθ rationally independent non-Liouville, consider the only possible can-
didate

(xk)k
αχ[0,ℓ]7−−−−→

(
2π ik ·θ

e2π iℓk·θ − 1
· xk
)

k
(5.5)

for an inverse to (5.4). The hypothesis ensures that the scalars 2π ik·θ
e2π iℓk·θ−1 increase

at most polynomially in k, so this is indeed a continuous operator on the Fréchet
space defined by the norms (5.3).

(b) ⇒ (d): To prove the contrapositive, assume this time that ℓθ is Liouville. We can thus find
tuples kN in Zd with∣∣∣∣e2π iℓkN·θ − 1

2π ikN ·θ

∣∣∣∣2 < 1

22N
(
1+k2N

)N , ∀N ∈ Z>0. (5.6)

Writing δkN for the Zd-indexed sequence with a single entry of 1 in position kN
and 0 s elsewhere, (5.3) and (5.4) imply that

∀N ∈ Z>0 : ‖δkN‖0 = 1 and ‖αχIδkN‖N <
1
2N

.

This, of course, violates the topological embedding requirement for αχI by
remark~5.3.
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(c) ⇒ (d): We again address the contrapositive claim, once more having fixed a sequence
(kN)N satisfying (5.6). To prove αχI non-surjective, simply note that the Zd-
sequence

xk :=


∣∣∣ e2π iℓkN·θ−1

2π ikN·θ

∣∣∣ 12 if k= kN for some N

0 otherwise

cannot belong to its range.

Theorem 5.7 has some consequences pertaining to periodic flows.

Theorem 5.8. Let σ = (σt)t∈R be a non-trivial smooth flow of S1 ∼= R/Z on a compact mani-
fold M. The following conditions on an arc I⊆ S1 of length ℓ are equivalent.

(a) The operator

αχI :=

ˆ
I
αs ds

is invertible on C∞(M).
(b) αχI is a topological embedding.
(c) αχI is surjective.
(d) The length ℓ is irrational non-Liouville.

In particular, the complement of the set of lengths ℓ producing invertible αχI has Lebesgue
measure 0.

This Theorem will be proved after proposition 5.10.

Remark 5.9. Theorem 5.8 contrasts strikingly with corollary 5.2 (which may as well be placed
in the same setup of S1-flows, for it applies to those as a particular case): the ‘same’ operators
are frequently invertible on C∞, but rarely so on Ck for finite k.

Such phenomena will be familiar from the literature on pathological spectral behavior for
operators on non-normable Fréchet spaces: see [Shi74, p 291], for instance, for a recollection
of an empty-spectrum operator on a space of smooth functions; there too, an abundance of
differentiability translates to an abundance of invertibility.

In the following, we work with the spectrum Sp(α) of a separately continuous action α :
G×E→ E of a compact abelian group G on a Montel space E. For complex E this is

Sp(α) =
{
γ ∈ Ĝ= Hom(G,T) : Eγ 6= {0}

}
, where

Eγ = Eα,γ := {v ∈ E : (∀g ∈ G) αgv= γ (g)v} (the γ− eigenspace of α) .

As for real Montel spaces, those can always be complexified so as to recover the analog-
ous description of the spectrum. Note also that the material of section 2 is available, for
Montel spaces are automatically sequentially complete (indeed, even quasi-complete [Trè06,
definition 34.1]: closed bounded subsets are complete, being compact).

Proposition 5.10. Let S1 ×E
α−→ E be a continuous action of S1 = R/Z on a sequentially com-

plete locally convex space and I⊆ S1 an arc of length ℓ ∈ (0,1). Then the following assertions
hold:

18
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(1) The operator αχI on E is non-injective if and only if ℓ is an integral multiple of some
number 1

n , 0 6= n ∈ Sp(α). In particular ℓ ∈Q.
(2) αχI is injective if and only if it has dense image.
(3) If E is Fréchet, then αχI is surjective if and only if it is a topological isomorphism. This is

the case if αχI is a topological embedding.

Proof. There is no harm in once more complexifying and thus working over C. We will also
identify S1 ∼= R/Z, with e2π i t corresponding to (the image of) t ∈ R.

(1) The kernel of αχI is an invariant subspace, hence non-zero if and only if it contains an
α-eigenvector. On an eigenvector v ∈ Eγ , γ(t) = e2π i nt, n 6= 0, we have

αχIv=
e2π i nℓ − 1
2π in

v.

Therefore the kernel of αχI is non-zero if and only if there exists 0 6= n ∈ Spec(α) with
nℓ ∈ Z, i.e. ℓ ∈ Z 1

n .
(2) From (1) we know that αχI is injective if and only if, for all non-zero n with En 6= {0}, we

have ℓ 6∈ Z 1
n . If this is the case, then im(αχI) contains all eigenspaces En because on E0 it

acts by multiplication with ℓ. By the Peter–Weyl Theorem,
∑

n∈ZEn is dense in E. So that
the image of αχI is dense.
If, conversely, αχI has dense range and 0 6= nwith En 6= {0}, then Pn ◦αχI 6= 0, where Pn :
E→ En denotes the canonical projection. As this operator kills all eigenspaces Em,m 6= n,
it must be non-zero on En, on which it multiplies by a multiple of e2π i nℓ − 1. Thus e2π i nℓ 6=
1, so that αχI is injective.

(3) Because bijective morphisms between Fréchet spaces are isomorphisms [Trè06, theorem
17.1], the first statement follows from the fact that, in view of (2), surjectivity implies
injectivity. Now suppose that αχI is a topological embedding. Then it is injective, and by
(2) it has dense range. Because the range is also complete, αχI is surjective.

Proof of theorem 5.8. The second statement follows from the first given that the set of
Liouville numbers has measure 0 by [Oxt80, theorem 2.4].

Theorem 5.7 resolves the caseM∼= S1, so it is enough to prove the following local-to-global
principle for S1-actions (and a non-trivial arc I⊆ S1):

αχI iso on C
∞ (M)⇐⇒ αχI iso on C∞ (σR (p)) , ∀p ∈M. (5.7)

Bijectivity being equivalent to surjectivity by proposition 5.10(3), the forward implication
is immediate: if αχI is surjective on C

∞(M), it is so on its S1-equivariant quotient space

C∞ (M)
restriction

−−−−−−−↠ C∞ (σR (p)) .

The interesting implication is the converse, which we now turn to.
If the action is trivial there is nothing to do: αχI is the scalar ℓ (length of I). On the other

hand, if the action is non-trivial, then ℓ must be irrational non-Liouville (by the M∼= S1 case
of the theorem) and hence αχI is invertible for the standard rotation action on S1.

Write M as a twisted product [Bre72, section I.6(A)]

M∼= S1 ×S1 M := S1 ×M
/(

(z,p)∼
(
zg,σg−1 (p)

)
, z,g ∈ S1, p ∈M

)
. (5.8)
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This is a quotient of S1 ×M by the diagonal S1-action

(z,p) ◁ g :=
(
zg, σg−1 (p)

)
,

so that the quotient map S1 ×M→M coincides with the action map. That the diagonal action
commutes with the obvious left-hand-factor translation action, and the latter induces the ori-
ginal σ onM upon making the identification (5.8). Because αχI is an isomorphism on C∞(S1)
under standard translation, it also operates isomorphically as αχI⊗̂ id on

C∞ (S1 ×M
)∼= C∞ (S1)⊗̂C∞ (M)

(complete tensor product of nuclear topological vector spaces [Trè06, theorem 51.6]). The
realization of M as a quotient (5.8) by a free action then gives

C∞ (M)∼=
(
C∞ (S1)⊗̂C∞ (M)

)◁ ⩽
closed

C∞ (S1)⊗̂C∞ (M) , (5.9)

the superscript denoting invariant functions under the diagonal action ◁. Because the diagonal
action and translation on the left-hand tensor commute, the isomorphismαχI⊗̂ id leaves invari-
ant the closed subspace (5.9) on which it must thus act as a topological embedding (being the
restriction of one). The conclusion that

αχI |C∞(M) = αχI restricted to (5.9)

is an isomorphism follows from proposition 5.10(3).

Finally, some consequences of the preceding discussion:

Corollary 5.11. Let (M,σ) be a smooth flow on a compact manifold admitting an equivariant
submersion onto either

(1) A fixed-point-free flow on S1;
(2) Or a non-trivial linear flow on a torus.

Then the operators βs of (3.5) fail to be topological embeddings on C∞(M) for a dense set
of parameters s ∈ R>0. In particular, the Lie groups C∞ ⋊α R attached to such flows are not
locally exponential.

Proof. This follows from proposition 5.4, given that the claim holds for periodic flows on S1
and linear flows on tori by theorem 5.7.
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Appendix. Real Jordan decomposition in semisimple Lie algebras

Since it seems to be difficult to cite a sufficiently complete statement of the real Jordan decom-
position in semisimple real Lie algebras from the literature, we provide a proof in this appendix.

Theorem A.1 (Real Jordan decomposition). Let V be a finite-dimensional real vector space
and A ∈ End(V). Then there exist uniquely determined endomorphisms An,As,Ah,Ae such that

(a) An is nilpotent, Ah is diagonalizable, As is semisimple, Ae is semisimple with purely ima-
ginary spectrum,

(b) A= An+As = An+Ah+Ae,
(c) An,Ah,Ae commute pairwise.
(d) B ∈ End(V) commutes with A if and only if its commutes with An, Ah and Ae.

Proof. Let VC be the complexification of V, Vλ
C the generalized λ-eigenspace of A on VC, and

VC,λ the λ-eigenspace of A on VC. We put

V[λ] := V∩
(
Vλ
C +Vλ

C

)
and observe that

V=
⊕

Imλ⩾0

V[λ].

Let A= As+An be the Jordan decomposition of A into nilpotent and semisimple component.
Then As and An commute and Vλ

C is the λ-eigenspace of As on VC. We define Ah by Ahv=
Reλ · v for v ∈ V[λ]. Then Ah is diagonalizable over R and commutes with An and As, hence it
also commutes with Ae := As−Ah, and Ae acts on Vλ

C bymultiplication with i Imλ. This proves
(a)-(c). To verify (d), we assume that B commutes with A. Then B preserves the generalized
eigenspaces of A on VC, hence commutes with As and therefore also with An. It also preserves
the eigenspaces of Ah, hence commutes with Ah, and finally also with Ae = As−Ah.

Theorem A.2. Let L be a real semisimple Lie algebra and x ∈ L. Then there exist pairwise
commuting uniquely determined elements xn,xh,xe ∈ L such that x= xn+ xh+ xe and adx=
adxn+ adxh+ adxe is the real Jordan decomposition of adx.

Proof. Since ad : L→ der(L) is a linear isomorphism, it suffices to verify that, for a derivation
D ∈ derL, the real Jordan components are contained in derL. For Ds this follows from the fact
that [

LλC,L
µ
C
]
⊆ Lλ+µ

C , λ,µ ∈ C.

This in turn implies that the real eigenspaces

Lµ (Dh) = L∩

 ∑
Reλ=µ

LλC


in L satisfy

[Lµ (Dh) ,Lν (Dh)]⊆ Lµ+ν (Dh) .

Therefore Dh is a derivation of D. As Dn = D−Ds is a derivation, the same holds for De =
Ds−Dh [AA25].
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