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 A B S T R A C T

An enhanced hypoplastic constitutive model accounting for anisotropic fabric effects in modeling the mechan-
ical behavior of granular materials subjected to monotonic and cyclic loading is presented. Based on von 
Wolffersdorff’s hypoplastic model (HP), the proposed formulation combines the recently published generalized 
intergranular strain (GIS) concept for the simulation of cyclic deformations and the anisotropic critical state 
theory (ACST) to account for the anisotropic fabric effects on the macroscopic stress–strain behavior. Using 
six state variables (𝝈, 𝑒, 𝒉, 𝛺, 𝑭 , 𝐻), the proposed enhanced hypoplastic model called HP+GIS+ACST can 
effectively reproduce the soil behavior under both monotonic and cyclic loading. The HP+GIS+ACST solves 
the overshooting problem of the asymptotic state boundary surface (ASBS) and reproduces soil liquefaction 
effects due to cyclic loading in loose as well as in dense samples. The model’s performance is validated by 
simulating both monotonic and cyclic tests, with comparisons to experimental data from Karlsruhe fine sand 
(KFS) and Fraser River sand (FRS), as well as to two other hypoplastic models.
1. Introduction

The constitutive modeling of granular materials, such as sand, re-
mains a complex task in soil mechanics. While advanced constitutive 
models nowadays can reproduce the overall highly non-linear behavior 
of soil — including contractancy, dilatancy, as well as density and 
pressure dependency (pyknotropy and barotropy) — two specific chal-
lenges in modeling the macroscopic stress–strain behavior of soils are 
still widely discussed: (1) small-strain effects, particularly under cyclic 
loading conditions, and (2) anisotropic fabric effects, which account 
for the influence of the soil’s microscopic structure on its macroscopic 
stress–strain behavior. In general, these challenges are relevant across 
various constitutive modeling frameworks, including bounding surface, 
elastoplastic, and hypoplastic constitutive models.

Hypoplasticity is a promising framework for reproducing the me-
chanical behavior of soil. In such models, the norm of the strain rate 
‖𝜺̇‖ replaces the plastic strain rate 𝜺̇pl used in elastoplastic models 
to simulate irreversible deformations. Hypoplastic formulations do not 
require the decomposition of the total strain rate into an elastic and 
a plastic part without invoking a yield surface or plastic potential. 
Instead, hypoplastic formulations rely on a single tensorial equation 
that relates the effective stress rate 𝝈̇ to the strain rate 𝜺̇. A detailed 
overview of hypoplastic models is provided by Mašín (2019).
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Early versions of hypoplastic constitutive models utilized only the 
effective stress 𝝈 as a state variable (Kolymbas, 1988, 1991a,b; Wu and 
Bauer, 1994). The critical state concept (Roscoe et al., 1958; Schofield 
and Wroth, 1968) was later integrated by incorporating the void ratio 
𝑒 as an additional state variable (Bauer, 1996; Gudehus, 1996). The 
nowadays widely-used version proposed by von Wolffersdorff (1996) 
(HP) includes the failure criterion according to Matsuoka and Nakai 
(1977). However, these two state variables (𝝈, 𝑒) are insufficient to 
model loading direction reversals or cyclic deformations as the model’s 
response for a loading direction reversal is too soft and accompanied 
by extensive irreversible deformations, known as ratcheting.

To address this issue, Niemunis and Herle (1997) introduced the 
intergranular strain (IS) concept. They added a tensorial state variable, 
called intergranular strain 𝒉, memorizing the most recent deformation 
history. The resulting coupled HP+IS model prevents the ratcheting 
under specific stress or strain amplitudes and is nowadays widely 
used for geotechnical analyses involving both monotonic and cyclic 
deformations (Chrisopoulos and Vogelsang, 2019; Norlyk et al., 2020; 
Staubach et al., 2021).

Despite its success, the HP+IS still reveals several shortcomings
(Duque et al., 2022; Mugele et al., 2024a) and various improvements 
have therefore be proposed in the literature (Wegener and Herle, 2014; 
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Fuentes and Triantafyllidis, 2015; Poblete et al., 2016; Bode et al., 
2020; Duque et al., 2020). The recently published generalized inter-
granular strain (GIS) concept (Mugele et al., 2024b) coupled with the 
HP (HP+GIS) overcomes the overshooting of the so-called asymptotic 
state boundary surface (ASBS) and thus prevents an overestimation of 
strength due to small unloading and reloading cycles. Furthermore, the 
GIS concept allows for the simulation of highly non-linear accumula-
tion effects by using an additional scalar state variable called cyclic 
preloading 𝛺.

Additionally, it is well known that the current anisotropic fabric 
(anisotropic microstructure) of a soil sample significantly influences 
its overall macroscopic behavior (Oda, 1972; Miura and Toki, 1984; 
Yang et al., 2008; Wichtmann, 2016). This aspect is not considered 
in the hypoplastic models mentioned above. However, a large number 
of non-hypoplastic models considering an evolving anisotropic fabric 
can be found in the literature. These include for example the Sanisand 
models (Dafalias and Manzari, 2004; Petalas et al., 2019, 2020), the 
PM4Sand model (Boulanger and Ziotopoulou, 2022) and other consti-
tutive formulations (Andrianopoulos et al., 2010; Gao and Zhao, 2015; 
Yang et al., 2018; Wang et al., 2021).

To account for anisotropic fabric effects in hypoplastic models, Yang 
et al. (2020) and Liao and Yang (2021) implemented the anisotropic 
critical state theory (ACST) proposed by Li and Dafalias (2012) in  the 
hypoplastic framework. By incorporating a second-order deviatoric fab-
ric tensor 𝑭  and a scalar-valued state variable memorizing the dilation 
history 𝐻 , the extended model by Liao and Yang (2021), further called 
HP+IS+ACST, can reproduce the effect of bedding plane, shear modes, 
anisotropic failure surfaces, and the liquefaction phenomena under 
cyclic loading in both loose and dense soils. It is worth noting that in 
recent years, hypoplastic constitutive models have also been proposed 
that include an evolving fabric tensor, but without incorporating the 
ACST framework (Niemunis and Grandas Tavera, 2019; Fuentes et al., 
2020; Liao et al., 2022; Tafili et al., 2024a).

In this work, an enhanced hypoplastic model is proposed, combining 
the two mentioned enhancements of the HP+IS formulation: the GIS 
approach and the ACST framework. The new model is referred to 
as HP+GIS+ACST and addresses some of the major issues of each 
former hypoplastic formulation (HP+IS, HP+GIS, and HP+IS+ACST). 
More specifically, it resolves the issues related to overshooting of the 
ASBS, linear accumulation, lack of fabric effects, and non-achievement 
of soil liquefaction due to cyclic loading of dense samples. The fea-
sibility of the novel model is demonstrated using simulations of ele-
ment tests, which are compared with experimental data of Karlsruhe 
fine sand (KFS) and Fraser River sand (FRS). Comparative simula-
tions using HP+GIS and HP+IS+ACST demonstrate the major merits 
of HP+GIS+ACST.

The novel HP+GIS+ACST model is based on the extended gen-
eralized hypoplasticity proposed by Mugele et al. (2024b), which is 
discussed in Section 2. Section 3 describes the GIS concept, and Sec-
tion 4 provides an overview of the ACST framework and introduces 
the novel HP+GIS+ACST formulation. A theoretical discussion of the 
coupling of the ACST with a constitutive model is given in Section 5. 
Simulations of element tests are presented and compared with exper-
imental data in Section 6. The results are summarized in Section 7. 
Notation and abbreviations used throughout this paper are presented 
in Appendix  B.

2. Extended generalized hypoplasticity

Early rate-independent and incrementally non-linear hypoplastic 
models relied solely on the effective Cauchy stress 𝝈 as a state variable. 
These models were initially developed through heuristic methods and 
are based on the general representation theorem for isotropic tensor 
functions of two symmetric tensorial arguments (𝝈 and 𝜺̇) (Kolymbas, 
1988, 1991a,b). Later, the hypoplastic equation 
𝝈̇ = 𝖫 ∶ 𝜺̇ +𝑵‖𝜺̇‖ (1)
2 
with the fourth-order tensor 𝖫 (linear term) and the second-order tensor 
𝑵 (non-linear term), which are both functions of the effective Cauchy 
stress only, have been established (Wu, 1992; Wu and Bauer, 1994). 
Using the void ratio 𝑒 as an additional state variable and introducing 
the barotropy and pyknotropy factors (𝑓𝑠 and 𝑓𝑑), critical state con-
form hypoplastic models have been developed (Bauer, 1996; Gudehus, 
1996). They can be generally expressed as: 
𝝈̇ = 𝑓𝑠𝖫 ∶ 𝜺̇ + 𝑓𝑠𝑓𝑑𝑵‖𝜺̇‖ . (2)

Mainly driven by the work of Mašín and Herle (2005) and Mašín 
(2012, 2013, 2019), rate-independent hypoplastic models can also be 
written using the so-called asymptotic state boundary surface (ASBS). 
An asymptotic state (also known as an attractor or a swept-out-memory 
state) is a state reached after sufficient long monotonic proportional 
deformation (Mašín and Herle, 2005, 2006; Gudehus and Mašín, 2009; 
Gudehus, 2011; Mašín, 2019). The ASBS summarizes all asymptotic 
states including the well-known critical states, which are achieved 
by proportional volume-constant strain paths. If an ASBS is explicitly 
defined, such as in some clay models (Mašín, 2012, 2013), the fourth-
order tensor 𝖠 representing the stiffness for a virgin loading, the 
pyknotropy factor in the asymptotic state 𝑓𝐴𝑑 , and the asymptotic strain 
rate direction 𝒅 are specified. A hypoplastic constitutive model with 
explicitly defined ASBS can be directly formulated: 

𝝈̇ = 𝑓𝑠𝖫 ∶ 𝜺̇ −
𝑓𝑑
𝑓𝐴𝑑

𝖠 ∶ 𝒅 ‖𝜺̇‖ . (3)

Using 

𝑵 = −𝖠 ∶ 𝒅
𝑓𝑠𝑓𝐴𝑑

, (4)

Eq.  (3) can be rewritten: 

𝝈̇ = 𝑓𝑠𝖫 ∶ 𝜺̇ + 𝑓𝑠
𝑓𝑑
𝑓𝐴𝑑

𝑓𝐴𝑑 𝑵‖𝜺̇‖ . (5)

In contrast to Eq.  (3),  Eq.  (5) can be applied to any hypoplastic model 
written in the form of Eq.  (2), where the pyknotropy factor in the 
asymptotic state 𝑓𝐴𝑑  is explicitly defined or can be derived without the 
knowledge about 𝖠 and 𝒅.

Every hypoplastic constitutive model, which can be written in terms 
of Eqs. (1)–(3) or Eq.  (5), can be mathematically equivalent reformu-
lated using the recently proposed extended generalized hypoplastic-
ity (Mugele et al., 2024b): 
𝝈̇ = 𝖤 ∶ (𝜺̇ −𝒎 𝐶 𝑆 ‖𝜺̇‖) . (6)

Eq. (6) includes the elastic stiffness 𝖤, the hypoplastic equivalent flow 
rule 𝒎, and the so-called state mobilization 𝑆 indicating if a current 
state lies on the ASBS (𝑆 = 1) or not. A model formulated in terms 
of Eq.  (5) can be reformulated into Eq.  (6) using 
𝖤 = 𝖫𝑓𝑠 , (7)

𝒎 = ⃗−[𝖫−1 ∶ 𝑵] , (8)

𝐶 = ‖𝖫−1 ∶ 𝑵‖𝑓𝐴∗𝑑 , (9)

𝑆 = 𝑓𝑑∕𝑓𝐴∗𝑑 . (10)

If 𝑓𝐴𝑑  is explicitly defined, then 𝑓𝐴∗𝑑 = 𝑓𝐴𝑑  applies. If 𝑓𝐴𝑑  is not known 
per definition, a similar quantity 𝑓𝐴∗𝑑  can be defined. If neither 𝑓𝐴𝑑  nor 
𝑓𝐴∗𝑑  can be derived, but Eq. (2) holds, 𝑆 = 𝑌  and 𝐶 = 1 can be set using 
the so-called degree of non-linearity 𝑌  (Niemunis, 2003). The scalar 
parameter 𝐶 is introduced for generalization.

Nowadays, the hypoplasticity after von Wolffersdorff (1996) (HP) is 
widely used for modeling granular soil subjected to monotonic loading. 
This model involves two state variables: the effective Cauchy stress 𝝈
and the void ratio 𝑒 (isotropic measurement of the microstructure of a 
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soil sample) and considers the failure criterion by Matsuoka and Nakai 
(1977). The equations of the original HP can be found in Appendix  B. In 
the HP, the ASBS is not explicitly defined. However, as shown by Mašín 
and Herle (2006), the HP implicitly contains the ASBS and the latter can 
be found using an iterative procedure. Following the approach detailed 
in Mašín and Herle (2006) and Mugele et al. (2024b), and assuming 
that a given state lies on the ASBS, one can calculate 𝑓𝐴∗𝑑  using 

𝑩 = 𝖫−1 ∶ 𝑵 , (11)

𝑪 = 1∕𝑓𝑠(𝖫−1 ∶ 𝝈⃗) , (12)

𝐺 = 𝑛
ℎ𝑠

tr 𝝈⃗
(

3𝑝
ℎ𝑠

)(𝑛−1)
, (13)

with 

𝑓𝐴∗𝑑 =

√

√

√

√

√

√

√

√

⎡

⎢

⎢

⎢

⎣

‖𝑩‖

2 +

⎛

⎜

⎜

⎜

⎝

‖𝑪‖

(

1+𝑒
𝑒

)

tr 𝑩

𝐺 −
(

1+𝑒
𝑒

)

tr 𝑪

⎞

⎟

⎟

⎟

⎠

2

+
2(𝑩 ∶ 𝑪) tr 𝑩

(

1+𝑒
𝑒

)

𝐺 −
(

1+𝑒
𝑒

)

tr 𝑪

⎤

⎥

⎥

⎥

⎦

−1

. (14)

According to Eq.  (10), the comparison of 𝑓𝐴∗𝑑  with the current 
pyknotropy factor 

𝑓𝑑 =
(

𝑒 − 𝑒𝑑
𝑒𝑐 − 𝑒𝑑

)𝛼
(15)

can be further used to define the state mobilization 𝑆. For 𝑆 = 1, the 
current state lies on the ASBS. For 𝑆 < 1, the state is located inside the 
ASBS, while for 𝑆 > 1, the current state lies outside the ASBS. Note that 
in hypoplastic models 𝑆 > 1 is generally possible, as the ASBS does not 
correspond to the state boundary surface (Mašín and Herle, 2005). The 
reformulated HP model using Eq.  (6) is mathematically equivalent to 
the original model, however includes additional information regarding 
the ASBS.

3. Generalized intergranular strain concept

The previously considered HP is well suited for the simulation 
of monotonic deformations of granular material but it fails in the 
simulation of loading direction reversals and cyclic deformation due 
to the so-called ratcheting, i.e. a too soft response as a result of a 
loading direction reversal. To overcome this issue, Niemunis and Herle 
(1997) introduced the intergranular strain (IS) concept. For details, it is 
referred to the literature (Niemunis and Herle, 1997; Niemunis, 2003; 
Mašín, 2019). The original IS concept coupled with a base constitutive 
model such as HP can be used for the investigation of many practical 
problems including cyclic deformation but, in detail, still exhibits a 
couple of shortcomings (Duque et al., 2022).

To overcome two major issues of the original IS approach namely 
the so-called overshooting and linear accumulation, Mugele et al. 
(2024b) proposed the generalized intergranular strain (GIS) concept. 
The GIS approach is based on a reinterpretation of the original IS 
concept and combines it with several IS improvements from the lit-
erature (Wegener and Herle, 2014; Poblete et al., 2016; Duque et al., 
2020). The state variable intergranular strain 𝒉 memorizes the most 
recent deformation history and the evolution equation reads 

𝒉̇ =

{

(𝖨 − 𝒉⃗𝒉⃗𝜌𝛽𝑅 ) ∶ 𝜺̇ if 𝒉⃗ ∶ 𝜺̇ > 0
𝜺̇ if 𝒉⃗ ∶ 𝜺̇ ≤ 0

, (16)

whereby 𝛽𝑅 is a constitutive parameter. The direction of the intergran-
ular strain 𝒉⃗ is defined as 

𝒉⃗ =

{ 𝒉
‖𝒉‖ if 𝒉 ≠ 𝟎
𝟎 if 𝒉 = 𝟎

(17)

and for the degree of mobilization of the intergranular strain applies 

𝜌 =
‖𝒉‖

, (18)

𝑅

3 
Fig. 1. Scalar factor 𝑘 in the GIS concept as a function of the parameters 𝑚𝑅 and 𝑚𝑇
for 𝜌 = 0 and 𝜌 = 1 in the two-dimensional case depending on the applied strain rate 
𝜀̇11 or 𝜀̇22.
Source: Mugele et al. (2024b).

with 0 ≤ 𝜌 ≤ 1, whereby the parameter 𝑅 quantifies the elastic range. A 
sufficiently large monotonic deformation leads asymptotically to 𝒉̇ = 0
with 𝜌 = 1. A scalar factor 𝑘 is defined in the GIS concept as: 
𝑘 = [𝜌𝜒𝑅𝑚𝑇 + (1 − 𝜌𝜒𝑅 )𝑚𝑅]+
{

𝜌𝜒𝑅 (1 − 𝑚𝑇 )𝒉⃗ ∶ ⃗̇𝜺 if 𝒉⃗ ∶ 𝜺̇ > 0
−𝜌𝜒𝑅 (𝑚𝑅 − 𝑚𝑇 )𝒉⃗ ∶ ⃗̇𝜺 if 𝒉⃗ ∶ 𝜺̇ ≤ 0.

(19)

In fact, Eq. (19) provides an interpolation for the factor 𝑘, which 
depends on the current intergranular strain 𝒉, its mobilization 𝜌 = ‖𝒉‖

𝑅 , 
and the applied strain rate direction ⃗𝜺̇. The parameters 𝑚𝑅, 𝑚𝑇  and 𝜒𝑅
govern the interpolation between the minimum value 𝑘 = 1 and the 
maximum value 𝑘 = 𝑚𝑅. 𝑘 = 1 and 𝜌 = 1 are reached asymptotically 
due to a monotonic strain path. 𝑘 = 𝑚𝑅 occurs due to a 180◦ loading 
direction reversal at 𝜌 = 1 and 𝑘 = 𝑚𝑇  results for a 90◦ loading direction 
reversal at 𝜌 = 1. 𝑘 = 𝑚𝑅 holds at 𝜌 = 0, irrespective of the applied 
strain rate. Eq. (19) and the discussed special cases are visualized in 
Fig.  1 in two dimensions.

The factor 𝑘 can be used further to achieve an (I) increase of 
the stiffness and a (II) reduction of irreversible deformations in the 
base constitutive model formulated using the extended generalized 
hypoplasticity (Eq. (6)): 

𝝈̇ = 𝑘 𝖤 ∶
(

𝜺̇ −𝒎 𝐶 𝑆(𝑘𝛾 )
‖𝜺̇‖

)

, (20)

The exponent 𝛾 is calculated with the function 𝜒(𝛺) using the scalar 
cyclic preloading state variable 𝛺 and the material parameter 𝛾𝜒 : 

𝛾 = 𝛾𝜒𝜒 . (21)

Following an approach first proposed by Poblete et al. (2016) and 
adapted by Duque et al. (2020) to the original IS concept, the function 

𝜒 = 𝜒0 +𝛺
(

𝜒max − 𝜒0
)

(22)

is defined using the parameters 𝜒0 and 𝜒max. The state variable 𝛺
approaches unity (𝛺 → 1) for cyclic loading with small amplitudes 
when the intergranular strain is not mobilized (𝜌 ≈ 0). It vanishes to 
zero during sufficiently long monotonic deformation or cyclic loading 
with large strain amplitudes with 𝜌 ≈ 1. The evolution equation of the 
cyclic preloading variable reads: 

𝛺̇ = 𝐶 1 − 𝜌𝛾𝛺 −𝛺 ‖𝜺̇‖ . (23)
𝛺 ( )



L. Mugele et al. Computers and Geotechnics 187 (2025) 107462 
0.0 ≤ 𝛺 ≤ 1.0 holds and details can be found in Poblete et al. (2016) 
and Duque et al. (2020). 

A comparison between Eq.  (6) and Eq.  (20) shows that the effect 
of a loading direction reversal (𝑘 > 1) on the reduction of irreversible 
deformations at a state lying on the ASBS vanishes due to the condition 
𝑆 = 1 = 𝑆𝑘, which significantly reduces the overshooting of the ASBS.

4. Hypoplasticity coupled with the anisotropic critical state the-
ory

The microstructure of soil can be described using statistical char-
acteristics of the spatial distribution of soil particles and the voids 
between them (Li and Li, 2009; Wiebicke et al., 2021). The scalar 
void ratio 𝑒, which is a widely accepted state variable in advanced 
constitutive models for soil, corresponds to the isotropic part of the 
microstructure. To characterize the anisotropic part of the microstruc-
ture, a second-order deviatoric fabric tensor 𝑭  can be defined (Li and 
Li, 2009; Yang and Wu, 2017). Based on such a tensor, Li and Dafalias 
(2012) proposed the so-called anisotropic critical state theory (ACST). 
This theory extends the well-known critical state theory (Roscoe et al., 
1958; Schofield and Wroth, 1968) by the effect of an anisotropic fabric. 
For the second-order deviatoric anisotropic fabric tensor, further just 
called fabric, applies: 
𝑭 = 𝐹𝒏𝐹 , with 𝐹 =

√

𝑭 ∶ 𝑭 = ‖𝑭‖ , (24)

and 
𝒏𝐹 ∶ 𝒏𝐹 = 1, tr 𝑭 = 0, tr 𝒏𝐹 = 0 , (25)

where 𝐹 = ‖𝑭‖ is the norm and 𝒏𝐹 = 𝑭⃗  is the unit direction of the 
fabric tensor 𝑭 . Due to a proportional monotonic deformation with 𝜺̇ ≠
𝟎, the fabric tends towards an asymptotic value 𝑭 asy. This asymptotic 
fabric depends on the applied deformation path. In the critical state, 
which is reached upon a volume constant proportional strain path, 
the norm of the fabric tends to its critical value. It is reasonable to 
normalize the fabric tensor 𝑭  with its critical state value (Yang et al., 
2020). Doing so, ‖𝑭 asy,c

‖ = 𝐹 asy,c = 1 applies in the critical state. The 
direction of the fabric tensor aligns in any asymptotic state for 𝜺̇ ≠ 𝟎
with the loading direction represented by the unit-norm deviatoric 
tensor 𝒏.

Li and Dafalias (2012) introduced further a fabric anisotropy vari-
able (FAV) 𝐴 to quantify the relation between the current anisotropic 
fabric 𝑭  and its loading direction 𝒏: 
𝐴 = 𝑭 ∶ 𝒏 = 𝐹 𝒏𝐹 ∶ 𝒏

⏟⏟⏟
𝑁

= 𝐹𝑁 . (26)

Where, 𝑁 = 𝒏𝐹 ∶ 𝒏 represents the relative orientation between the 
fabric tensor 𝑭  and its loading direction 𝒏. It is evident that 𝐴asy,c = 1
applies in the critical state. The Been and Jefferies (1985) parameter 
𝜓 = 𝑒 − 𝑒𝑐 (𝑝) . (27)

measures the distance between the current void ratio 𝑒 and the critical 
void ratio 𝑒𝑐 under the same mean effective pressure 𝑝 and can be 
used to quantify the current state of the soil. For states lying below 
the critical state line (CSL) 𝑒𝑐 (𝑝) in the 𝑒 − 𝑝 plane (dense soil), the 
state parameter is negative (𝜓 < 0). Loose soils are characterized by a 
positive state parameter (𝜓 > 0) and in the critical state, 𝜓 = 0 applies. 
To include the effect of fabric anisotropy within the ACST framework, 
a dilatancy state line (DSL) 𝑒dil(𝑝, 𝐴) is defined in the 𝑒 − 𝑝 plane 

𝑒dil = 𝑒𝑐 (𝑝) + 𝑒𝐴(𝐴 − 1)
⏟⏞⏞⏟⏞⏞⏟

𝜓𝐴

, (28)

where 𝜓𝐴 = 𝑒𝐴(𝐴−1) measures the distance between the fixed CSL and 
the variable, from the FAV 𝐴 dependent, DSL at the same pressure 𝑝. 
At the critical state (𝐴 = 1), the DSL and the CSL correspond to each 
4 
Fig. 2. Illustration of the parameters in the anisotropic critical state theory (ACST).
Source: Modified from Li and Dafalias (2012).

Fig. 3. Effect of a 180◦ reversal in the loading direction from 𝒏 to −𝒏 on the dilatancy 
state line (DSL).
Source: Modified from Li and Dafalias (2012).

other (𝜓𝐴 = 0), maintaining the uniqueness of the CSL (Li and Dafalias, 
2012). The concept is illustrated in Fig.  2.

The ACST accounts implicitly for the effect of loading direction 
reversals on the dilatancy, as shown in Fig.  3. For a given state (𝑒, 𝑝, 
𝑭 ) with a loading direction 𝒏 and an anisotropic fabric 𝑭 , 𝐴1 = 𝑭 ∶ 𝒏
applies. Lets assume 𝐴1 > 0. When the loading direction changes due 
to an 180◦ reversal from 𝒏 to −𝒏, the FAV becomes 𝐴2 = −𝑭 ∶ 𝒏 = −𝐴1. 
The new DSL2 shifts below the former DSL1. The reduced 𝑒dil enhances 
the contractive soil behavior upon reversal loading.

The briefly described ACST represents a standalone theory. How-
ever, this theory has already been included in some advanced consti-
tutive models such as elastoplastic formulations (Yang et al., 2018), 
bounding surface models (Gao and Zhao, 2015; Petalas et al., 2019, 
2020) and hypoplastic models (Yang et al., 2020; Liao and Yang, 2021), 
and will be further used to derive the novel HP+GIS+ACST.

Soil often exhibits a transverse isotropy in correspondence to the 
sedimentation axis. For an initially transversely isotropic soil with the 
bedding plane oriented along the 𝑥2 − 𝑥3 axes and the sedimentation 
direction aligned with the 𝑥1 axis, the initial anisotropic fabric tensor 
𝑭 0 can be written 

𝑭 0 = 𝐹0𝒏𝐹0 = 𝐹0

⎡

⎢

⎢

⎢

⎣

−2∕
√

6 0 0
0 1∕

√

6 0
0 0 1∕

√

6

⎤

⎥

⎥

⎥

⎦

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝒏𝐹0

(29)

with the initial fabric norm ‖𝑭 0‖ = 𝐹0. The mechanical sign convention 
(compression negative) of the fabric tensor should be noted. Follow-
ing Liao and Yang (2021), the loading direction of the fabric can be 
defined as the direction of the deviatoric strain rate: 

𝒏 = 𝜺̇∗
‖𝜺̇∗‖

(30)



L. Mugele et al. Computers and Geotechnics 187 (2025) 107462 
For an isotropic compression or extension (𝜺̇∗ = 𝟎) 𝒏 = 𝟎 is defined. 
Assuming that the fabric evolves only due to a deviatoric strain rate and 
based on fabric evolution equations from the literature (Yang et al., 
2020; Liao and Yang, 2021; Yang et al., 2018; Petalas et al., 2020), 
a slightly modified evolution equation for the anisotropic fabric is 
proposed. The fabric evolution equation reads 
𝑭̇ = [𝒏 − (1 +𝐷)𝛼𝐷𝑭 ] 𝑚 ‖𝜺̇∗‖ (31)

with the dilatancy 
𝐷 = − tr 𝜺̇

‖𝜺̇∗‖
. (32)

If the volume of the soil increases, 𝐷 is negative. The parameter 
𝑚 governs the rate of fabric evolution, while the proposed exponent 
𝛼𝐷 determines the extent to which the dilatancy 𝐷 influences fabric 
evolution. Eq. (31) qualitatively captures two main characteristics of 
fabric evolution:

• The fabric tends toward an asymptotic value under proportional 
deformation as theoretically discussed in Yang et al. (2018). Un-
der compressive proportional deformation (such as an oedometric 
or isotropic compression), the fabric tends to asymptotic values of 
‖𝑭 asy

‖ < 1, while under extensive proportional deformations, it 
tends toward ‖𝑭 asy

‖ > 1. In the case of volume-constant propor-
tional deformation with tr 𝜺̇ = 0 for 𝜺̇ ≠ 𝟎, the dilatancy vanishes 
(𝐷 = 0). At a critical state, it follows that ‖𝑭 asy

‖ = 1, which is 
confirmed by numerous discrete element simulations (Xie et al., 
2017; Yang and Wu, 2017; Adesina et al., 2023; Wang et al., 2022, 
2020). Furthermore, in the critical state, 𝐴asy,c = 1 is attained, 
ensuring the uniqueness of the critical state as defined by Eq.  (35).

• In dense samples subjected to monotonic shearing, the fabric 
exhibits a peak before reaching its critical state value. In contrast, 
loose samples do not show any peak in fabric (Xie et al., 2017; 
Yang and Wu, 2017; Adesina et al., 2023; Wang et al., 2020).

These features of Eq.  (31) are demonstrated in Figs.  4 and 5 illus-
trating the fabric evolution for different parameters 𝑚 and 𝛼𝐷. 𝐹0 = 0.5
and a transverse isotropy is initialized. Fig.  4 shows the fabric evolution 
for different monotonic proportional axisymmetric strain paths, for 
which different asymptotic values of the fabric norm ‖𝑭 asy

‖ = 𝐹 asy are 
reached. It can also be seen that there is no evolution of the fabric in 
the case of a pure isotropic compression due to ‖𝜺̇∗‖ = 0. Fig.  5 shows 
the fabric evolution during monotonic drained triaxial tests with two 
different initial densities. While 𝐷 < 0 applies for dense soil in the 
dilative phase leading to a peak in the fabric norm, 𝐷 > 0 applies 
for loose soil during the entire deformation and the fabric does not 
reach a peak value. These results correspond qualitatively to discrete 
element simulations, which studied the evolution of the anisotropic 
microstructure in granular materials due to shear (Guo and Zhao, 2013; 
Yang and Wu, 2017; Adesina et al., 2023). Note that the dilatancy 𝐷 in 
the drained triaxial tests is derived from the whole constitutive model 
and Eq.  (31) can thus not be directly integrated.

The fabric anisotropy significantly influences the dilatancy of a soil 
sample. Experimental results indicate that sand specimens prepared 
using the dry deposition method is more dilative when the loading 
direction is more perpendicular to the bedding plane (Nemat-Nasser 
and Tobita, 1982; Yoshimine et al., 1998; Yang et al., 2008). The 
sample preparation technique also influences the initial dilatancy of 
a soil sample due to a different initialized fabric (Yang et al., 2008; 
Wichtmann and Triantafyllidis, 2016b).

Following the approach after Yang et al. (2020), the FAV 𝐴 is 
included in the HP by modifying the upper and lower bounds of the 
void ratio 𝑒𝑖(𝑝) and 𝑒𝑑 (𝑝) as well as the CSL in the 𝑒 − 𝑝 plane 𝑒𝑐 (𝑝): 

𝑒𝑖 = 𝑒𝑖0 exp
[

−
(

− tr 𝝈
ℎ𝑠

)𝑛]

+ 𝑒𝐴(𝐴 − 1) , (33)

𝑒𝑑 = 𝑒𝑑0 exp
[

−
(

− tr 𝝈
)𝑛]

+ 𝑒𝐴(𝐴 − 1) , (34)

ℎ𝑠

5 
Fig. 4. Evolution of the norm of the fabric ‖𝑭‖ = 𝐹 for different parameters 𝑚 and 
𝛼𝐷 due to different axisymmetric proportional strain paths.

Fig. 5. Evolution of the norm of the fabric ‖𝑭‖ = 𝐹 for different parameters 𝑚 and 
𝛼𝐷 due to triaxial compression tests for different initial densities with 𝑝0 = 200 kPa, 
𝒉0 = −0.77 𝑅∕

√

3𝜹, 𝛺0 = 0, 𝐹0 = 0.5 and 𝐻0 = 0 for parameters of KFS.

𝑒𝑐 = 𝑒𝑐0 exp
[

−
(

− tr 𝜎
ℎ𝑠

)𝑛]

+ 𝑒𝐴(𝐴 − 1) , (35)

with 

𝑒𝐴 = 𝑒𝐴0 exp
[

−
(

− tr 𝝈
ℎ𝑠

)𝑛]

∕ 𝑘 . (36)

Eq.  (36) ensures that the shift of the limit void ratios tends to zero 
for high mean effective pressures. Numerical element test simulations 
revealed that the incorporation of the factor 𝑘 in Eq.  (36) from the 
GIS concept provided improved results. In particular, more realistic 
accumulation effects could be simulated in cyclic tests with small strain 
amplitudes. The value of 𝑒𝐴0 could be set as a constant (Yang et al., 
2020). However, To improve simulations for cyclic mobility of dense 
sand, 𝑒𝐴0 should increase due to dilative deformations, which occur be-
yond the phase transformation line (Liao and Yang, 2021). If the stress 
state intersects the phase transformation line can be approximated 
using (Fuentes et al., 2020) 

𝐹𝑑 =
𝑞∕𝑝

𝑀𝑐𝐹 hyp𝑓𝑑
− 1 , (37)

where 𝑝 = − tr 𝝈∕3 represent the mean effective pressure, 𝑞 =
√

3∕2‖𝝈∗
‖

is the deviatoric stress (Roscoe invariants) and 𝑓𝑑 is the pyknotropy 
factor. 𝐹 hyp  characterizes the shape of the critical state surface by Mat-
suoka and Nakai (1977) including the effect of fabric anisotropy accord-
ing to Eq.  (40) and 𝑀𝑐 = (6 sin𝜑𝑐 )∕(3−sin𝜑𝑐 ) denotes the critical stress 
ratio for triaxial compression. Note that the pyknotropy factor 𝑓𝑑 in Eq. 
(37) is calculated considering the influence of the FAV 𝐴 on the limit 
void ratios according to Eqs. (33)–(35).

The non-constant value of 𝑒𝐴0 can be expressed by 

𝑒𝐴0 = 𝑘1 + 𝑘2
𝐻

1 +𝐻
(38)

using an additional scalar state variable 𝐻 first proposed by Liao 
and Yang (2021) and further called dilation history. The dilation his-
tory 𝐻 is an empirical quantity memorizing previous deformations 
associated with dilatancy. The larger 𝐻 , the larger becomes 𝑒𝐴0. The 
parameters 𝑘  and 𝑘  define the maximum and minimum values of 
1 2
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𝑒𝐴0. A larger value of 𝑒𝐴0 enhances the fabric effect on the overall 
mechanical behavior, see Eqs. (33)–(36). Using the dilation history 𝐻 , 
the constitutive model can account for the fact that dilative behavior 
causes significant rearrangement of particles. This rearrangement leads 
to increased contractive behavior upon loading reversal, as discussed 
for example in Dafalias and Manzari (2004) and Nemat-Nasser and 
Tobita (1982), and is incorporated in various constitutive models from 
different frameworks (Dafalias and Manzari, 2004; Andrianopoulos 
et al., 2010; Niemunis et al., 2016; Fuentes et al., 2020; Boulanger and 
Ziotopoulou, 2022; Tafili et al., 2024a). The evolution equation of the 
dilation history 𝐻 reads 
𝐻̇ = 𝜇0 ⟨𝐹𝑑⟩ ‖𝜺̇‖ −𝐻𝑐𝑟 ⟨−𝐹𝑑∕|𝐹𝑑 |⟩ | tr 𝜺̇| . (39)

The parameter 𝜇0 controls the increase of 𝐻 , which occurs only for 
positive values of 𝐹𝑑 (Macauley brackets ⟨𝐹𝑑⟩ in Eq.  (39)) and thus only 
in the dilative deformation phase. For continuous dilation, the dilation 
history increases from its initial value 𝐻0 to 𝐻 = ∞. For 𝐻0 = 0, 
according to Eq.  (38), 𝑒𝐴0 increases from 𝑘1 to (𝑘1+𝑘2) with increasing 
𝐻 , intensifying the fabric effect on dilatancy.

Based on the work of Barrero et al. (2020) and the theory of the so-
called semifluidized state, the reducing part of Eq.  (39) is introduced. 
This part ensures a decrease of the dilation history 𝐻 due to a compres-
sive deformation (negative value of 𝐹𝑑 and | tr 𝜺̇| > 0). The decrease can 
be controlled by the parameter 𝑐𝑟 and ensures the erasure of the dilation 
history 𝐻 , for example, due to a reconsolidation after a cyclic mobility 
phase. However, the parameter 𝑐𝑟 has not been calibrated and for all 
simulations 𝑐𝑟 = 1 has been chosen within this work.

In addition to the dilatancy, the strength of soil can be significantly 
affected by the fabric anisotropy (Kirkgard and Lade, 1993; Yang et al., 
2020). To account for the influence of fabric anisotropy on soil strength, 
the FAV 𝐴 can be used to modify the Matsuoka and Nakai (1977) 
criterion as proposed by (Liao and Yang, 2021) 
𝐹 hyp = 𝐹 hyp0 exp[𝜆(𝐴 − 1)] (40)

where 𝜆 is a positive model parameter, and 𝐹 hyp0  represents the original 
hypoplastic expression according to Eq.  (B.6). The FAV 𝐴 decreases as 
the angle between the loading direction and the fabric increases. Con-
sequently, 𝐹 hyp also decreases, which models the anisotropic strength.

5. Theoretical aspects of the novel HP+GIS+ACST

The novel hypoplastic constitutive model HP+GIS+ACST is now 
fully defined, combining the hypoplasticity after von Wolffersdorff 
(1996) (HP), the generalized intergranular strain (GIS) concept (Mugele 
et al., 2024b) and the anisotropic critical state theory (ACST) (Li and 
Dafalias, 2012). However, some theoretical aspects of the
HP+GIS+ACST should be discussed. Note that the following discussion 
is not limited to HP+GIS+ACST. It should be expected that these points 
will generally apply to all constitute models coupled with the ACST, 
especially if an advanced evolution equation for the anisotropic fabric 
is included.

(1) The evolution equation of the anisotropic fabric (Eq. (31)) re-
sults in different asymptotic values of the FAV 𝐴asy for different 
proportional strain paths, which is consistent with the litera-
ture (Yang et al., 2018). It follows that the coupling of the ACST 
with the HP leads to a different shape of the ASBS compared to the 
one predicted by the original HP model. Only the critical states 
remain unchanged. Additionally, the shape and the size of the 
ASBS depend on 𝑒𝐴0.

(2) If ‖𝜺̇∗‖ = 0 (isotropic compression) applies for a proportional 
strain path with 𝜺̇ ≠ 𝟎, 𝑭̇ = 𝟎 and therefore 𝑭 asy,iso = 𝑭 0 results 
from Eq.  (31). In contrast, due to a proportional quasi-isotropic 
strain path with ‖𝜺̇∗‖ > 0 but ‖𝜺̇∗‖ ≪ | tr 𝜺̇|, 𝑭  tends to zero 
leading to ‖𝑭 asy,qiso

‖ = 𝐹 asy,qiso = 0 and 𝐴asy,qiso = 0. However, 
𝒏 = 𝟎 is defined for an isotropic compression resulting in 𝐴asy,iso =
0.
6 
Fig. 6. Artificial hardening in a drained monotonic triaxial test on a dense sample: 
deviatoric stress 𝑞 = 𝜎𝑟 − 𝜎𝑎 and FAV 𝐴 as a function of the axial strain 𝜀𝑎 for a 
suitable parameter set (KFS from Table  1) and an unsuitable parameter set (𝑚 = 10
and 𝛼𝐷 = 0.8) with 𝑝0 = 200 kPa, 𝑒0 = 0.7, 𝒉0 = −0.77 𝑅∕

√

3𝜹, 𝛺0 = 0, 𝐹0 = 0.5 and 
𝐻0 = 0.

(3) For an asymptotic state reached by a monotonic compressive 
proportional deformation with 𝜺̇ ≠ 𝟎 and for an isotropic com-
pression, 𝑒̇𝐴0 = 0 and 𝐴̇ = 0 hold. The compression law of 
HP+ACST+GIS, Eqs. (33)–(36), can then be written in rate form 
as 

𝑒̇ = −𝑒
(

3𝑝
ℎ𝑠

)𝑛−1 3𝑛
ℎ𝑠
𝑝̇ , (41)

which coincides with the rate form of the original compression 
law according to Bauer (1996) given in Eq.  (B.11). The barotropy 
factor 𝑓𝑠 of the HP, as given in Eq.  (B.9), still satisfies the 
consistency condition for isotropic compression even with the 
modified compression law (Niemunis et al., 2000). Furthermore, 
the expression for 𝑓𝐴∗𝑑 , Eq. (14), remains unchanged (Mašín and 
Herle, 2006).

(4) An artificial hardening can occur in dense samples after reaching 
the first peak stress if a poorly calibrated parameter set is used. 
The issue is demonstrated for a monotonic drained triaxial test in 
Fig.  6.

(5) In fact, the basic idea of the ACST is quite simple: the anisotropic 
fabric reveals the soil to behave like a looser one without an 
anisotropic fabric before reaching the critical state. However, 
base constitutive models are often used which do not adequately 
reproduce the dilation of dense soils (such as the HP). The com-
bination of such base models with the ACST tends to exacerbate 
the problem of underestimating the dilation of dense soils.

(6) A curiosity should be noted regarding the simulation of the 
influence of the sample preparation method within the ACST: 
a more isotropic microstructure in moist tamped (MT) samples 
than in air pluviated (AP) samples is often documented in the 
literature (Miura and Toki, 1982; Yang et al., 2008; Wichtmann, 
2016). In the ACST framework, this would require |𝐹MT0 | <
|𝐹AP0 | for the initialization of the fabric tensor. According to 
Eqs.  (26) and (29), such initialization would result in 𝐴MT0 <
𝐴AP0  for a triaxial compression, causing MT samples to show a 
more pronounced contractive behavior than AP samples. This 
would contradict experimental results. To reproduce the latter 
qualitatively, |𝐹MT0 | > |𝐹AP0 | must be initialized. This initialization 
may be somehow attributed to the layering of the sample intro-
duced by the MT sample preparation technique on a larger scale 
compared to the relatively isotropic grain contact distribution on 
the microstructure.

The points mentioned may not be crucial in practice, but a proper 
parameter calibration procedure is required.

6. Model performance and comparison

Simulations using the novel HP+GIS+ACST model are compared in 
the following against experimental data of Karlsruhe fine sand (KFS), 
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an extensively tested material from the literature (Wichtmann and Tri-
antafyllidis, 2016a,b). KFS has an average grain size of 𝑑50 = 0.14 mm, 
a coefficient of uniformity of 𝐶𝑢 = 𝑑60∕𝑑10 = 1.5, a minimum void ratio 
of 𝑒min = 0.677, and a maximum void ratio of 𝑒max = 1.054. It is a quartz 
sand with a grain density of 𝜌𝑠 = 2.65 g/cm3 and a subangular particle 
shape. Additionally, some monotonic undrained hollow cylinder tests 
on Fraser River sand (FRS) from Uthayakumar and Vaid (1998) are 
also compared with the model predictions of HP+GIS+ACST. FRS has 
a median particle size of 𝑑50 = 0.3 mm, a coefficient of uniformity of 
𝐶𝑢 = 2.4, a minimum void ratio of 𝑒min = 0.68, a maximum void ratio 
of 𝑒max = 1.0, a grain density of 𝜌𝑠 = 2.72 g/cm3, and subangular to 
subrounded particles.

Besides the experimental data and the back-simulations using the 
novel HP+GIS+ACST, selected simulations are also presented using the 
HP+GIS in the version of Mugele et al. (2024b) and the HP+IS+ACST 
in the version of Liao and Yang (2021). For that purpose, all con-
stitutive models are implemented in an Abaqus umat.for subroutine. 
The element test simulations are conducted using the program In-
crementalDriver. IncrementalDriver and the umat.for for HP+GIS are 
freely available at the soilmodel.com website. For further details on the 
constitutive models, the reader is referred to the corresponding papers.

The used parameter sets for all constitutive models for KFS are 
listed in Table  1. The parameters of HP+GIS are taken from Mugele 
et al. (2024b) and the parameters of HP+IS+ACST are taken from Liao 
and Yang (2021). The parameters for the novel HP+GIS+ACST can 
be initially estimated using values from the aforementioned models. 
Since the effects of GIS and ACST overlap, some parameters have been 
adjusted. The calibration of the eight HP parameters is discussed in 
detail by Herle and Gudehus (1999), the calibration of the original 
five IS parameters is discussed in Niemunis and Herle (1997), and 
the calibration of the additional five GIS parameters considering cyclic 
preloading effects is shown in Duque et al. (2020). Guidance on the 
calibration of the five ACST parameters is provided by Liao and Yang 
(2021) and 𝑐𝑟 is discussed in Barrero et al. (2020). Table  1 also provides 
HP+GIS and HP+GIS+ACST parameters for FRS, which have been 
generated based on a modification of the HP+IS+ACST parameters 
for FRS from Liao and Yang (2021). The parameter sets indicate that 
slight adjustments of the HP+GIS parameters may be necessary upon 
activation of the ACST due to the interaction between the individual 
model components.

Table  1 further indicates that some parts of the HP+GIS+ACST have 
been deactivated for both KFS and FRS, due to the unavailability of 
corresponding test data or the lack of investigation of these effects for 
the particular material. The anisotropy of the strength is deactivated 
for KFS by setting 𝜆 = 0 and the influence of the cyclic preloading 
𝛺 is deactivated for FRS by setting 𝜒0 = 𝜒max = 1. In this way, 
the HP+GIS+ACST can be significantly simplified or reduced to focus 
on the essential effects relevant to the problem under investigation. 
The importance of selecting a problem-related constitutive model is 
discussed by Carter (2024).

In the subsequent element test simulations using HP+GIS+ACST, 
the initial stress state 𝝈0 and the void ratio 𝑒0 are initialized according 
to the experiments. The relative density stated in the following figures 
is defined as 𝐼𝐷0 = (𝑒max − 𝑒)∕(𝑒max − 𝑒min). The samples are assumed to 
undergo an isotropic compression before shearing, which would suggest 
a fully mobilized intergranular strain. However, even a very small 
disturbance (e.g. a slight vibration of the experimental setup) would 
quickly reduce this fully mobilized intergranular strain. Furthermore, 
a fully mobilized intergranular strain is unsuitable for the simulation 
of an effective stress path almost perpendicular to the 𝑝 axis at the 
beginning of undrained tests. Therefore, the intergranular strain is 
assumed to be only partly mobilized in isotropic direction with 𝒉0 =
−0.77 𝑅∕

√

3 𝜹 for KFS respectively 𝒉0 = −0.5 𝑅∕
√

3 𝜹 for FRS. 
The initial fabric is assumed to be 𝐹0 = 0.5 for the dry air pluviation 

technique used for the KFS and the water pluviation used for FRS, 
which is consistent with the initialization used in the literature (Gao 
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Table 1
Parameter sets for the constitutive models HP+GIS, 
HP+IS+ACST and HP+GIS+ACST for Karlsruhe fine sand 
(KFS) and HP+GIS and HP+GIS+ACST for Fraser River sand 
(FRS).

KFS FRS

H
P+
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S 

H
P+
IS
+
AC
ST
 

H
P+
GI
S+
AC
ST
 

H
P+
GI
S 

H
P+
GI
S+
AC
ST

H
P p

ar
am
et
er

𝜑𝑐 33.1◦ 35◦
ℎ𝑠 4000 MPa 3000 MPa
𝑛 0.27 0.33
𝑒𝑖0 1.212 1.2
𝑒𝑐0 1.054 1.029
𝑒𝑑0 0.677 0.69
𝛼 0.14 0.17 0.14 0.4
𝛽 2.5 1.2

GI
S/
IS
 pa

ra
m
et
er 𝑅 0.0001 0.00015 0.0003

𝑚𝑅 2.2 2.2
𝑚𝑇 1.1 1.1
𝛽𝑅 0.1 0.25 0.2 0.25
𝜒𝑅 5.5 2

GI
S p

ar
am
et
er 𝛾𝜒 2 2 4

𝜒0 1.27 1.27 1††
𝜒max 1.92 3.22 1††
𝐶𝛺 48 60 0††
𝛾𝛺 1 1 1††

AC
ST
 pa

ra
m
et
er
 𝑘1 0.05 0.05 0.14

𝑘2 0.4 0.4 0.6
𝜇0 180 25 500
𝜆 0† 0† 0.38
𝑚 10 15 17
𝛼𝐷 0.3 0
𝑐𝑟 1††† 1†††

† anisotropic strength deactivated for KFS
†† cyclic preloading deactivated for FRS
††† decrease of the dilation history not calibrated

et al., 2014; Gao and Zhao, 2015; Petalas et al., 2020; Yang et al., 2020; 
Liao and Yang, 2021). The further state variables are initialized to zero 
(𝛺0 = 0, 𝐻0 = 0). The initialized state variables in the simulations using 
HP+GIS and HP+IS+ACST are chosen accordingly.

6.1. Anisotropy due to sedimentation

The mechanical behavior of sand can be significantly influenced 
by the angle 𝛼 between the sedimentation axis and the direction of 
maximum principal stress, as defined in Fig.  7 for a conventional 
triaxial test under axisymmetric stress conditions. When the maximum 
principal stress is aligned with the sedimentation axis (𝛼 = 0◦), exper-
iments show that sand exhibits greater stiffness and strength, as the 
major principal stress direction aligns with the preferred orientation of 
contact normals and is perpendicular to the bedding plane. In contrast, 
when the major principal stress is orthogonal to the sedimentation axis 
(parallel to the bedding plane) with 𝛼 = 90◦, the samples behave more 
weakly, showing lower stiffness and increased contractancy (Arthur and 
Menzies, 1972; Oda, 1972; Ochiai and Lade, 1983; Yoshimine et al., 
1998). This anisotropy effect is less pronounced in samples with higher 
particle sphericity.

Experimental data for KFS show that the influence of 𝛼 on test re-
sults is small and practically negligible, which is mainly due to the less 
elongated grain shape (Wichtmann, 2016). However, to demonstrate 
the effect of 𝛼, triaxial undrained compression and extension tests with 
𝑝0 = 200 kPa, 𝑒0 = 0.9 and 𝐹0 = 0.5 under varying values of 𝛼 have been 
simulated using the novel HP+GIS+ACST. Fig.  8 demonstrates, based 
on the deviatoric stress 𝑞 = 𝜎𝑟 − 𝜎𝑎 and the mean effective pressure 
𝑝 as a function of the axial strain 𝜀𝑎, that the HP+GIS+ACST model 
reproduces the influence of 𝛼 on the mechanical behavior of sand in 
triaxial compression as well as triaxial extension, although the effects 
for KFS are small. For larger values of 𝛼, the sample behaves softer 
and more contractive. The anisotropy can be increased by an increased 
value of the parameter 𝑘1. The influence of 𝛼 vanishes for an isotropic 
initial fabric 𝐹 = 0.
0
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Fig. 7. Definition of the angle 𝛼 between the sedimentation axis and the direction of 
maximum principal stress in a conventional triaxial compression or extension test with 
an axisymmetric stress state.

Fig. 8. Influence of the angle 𝛼 on a monotonic undrained triaxial test on Karlsruhe 
fine sand (𝑒0 = 0.9) in simulations using HP+GIS+ACST: as 𝛼 increases, the sample 
behaves softer and more contractive, although the effects for KFS are small (small 
parameter 𝑘1).

A much stronger influence of the angle 𝛼 has been documented 
by Uthayakumar and Vaid (1998) using undrained torsional shear tests 
(hollow cylinder test) on FRS. Fig.  9 shows the deviatoric stress 𝑞 =
𝜎3 − 𝜎1 as a function of the mean effective pressure 𝑝 and the shear 
strain 𝛾 = 𝜀3 − 𝜀1 for tests with 𝑝0 = 200 kPa, 𝐼𝐷0 = 0.3, and a constant 
value of the parameter 𝑏 = (𝜎2 −𝜎3)∕(𝜎1 −𝜎3) = 0 for different angles 𝛼. 
Note that 𝜎1, 𝜎3, 𝜀1, and 𝜀3 denote principal components of stress and 
strain. The pronounced anisotropic behavior of the sample can be seen 
and the response changes from dilative to contractive behavior with 
an increasing value of 𝛼. The recalculations with the HP+GIS+ACST, 
which are also shown in Fig.  9, can reproduce the experimental results 
quite well and thus adequately captures the pronounced anisotropic soil 
behavior. Additional simulations using HP+GIS in Fig.  9 demonstrate 
that the influence of 𝛼 cannot be reproduced in a constitutive model 
without a fabric tensor.

6.2. Monotonic undrained triaxial tests

Monotonic undrained triaxial tests on KFS with 𝑝0 = 200 kPa and 
different densities are considered in Fig.  10 for a triaxial compression 
and in Fig.  11 for a triaxial extension. The deviatoric stress 𝑞 = 𝜎𝑟 − 𝜎𝑎
as a function of the mean effective pressure 𝑝 and the axial strain 𝜀𝑎
is shown. The experimental data from Wichtmann and Triantafyllidis 
(2016b) indicate a pronounced dependency of the material response 
on the density of the sample. Loose samples behave softer and more 
contractive than dense samples. Furthermore, the samples generally 
behave more contractive and softer during triaxial extension than 
during triaxial compression.
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All six monotonic tests have been recalculated using the proposed 
HP+GIS+ACST model. The results show that the general density-
dependent behavior of the material is qualitatively well reproduced, 
although some quantitative deviations between the test data and the 
simulations are observed. Nevertheless, the model effectively captures 
the stiffer and less contractive behavior of dense samples compared 
to loose samples. The differences between triaxial compression and 
extension are also modeled qualitatively and the samples behave more 
contractive due to triaxial extension. This difference can be mainly 
attributed to the ACST included in the model in combination with the 
initialization of the fabric tensor according to Eq.  (29). At the beginning 
of a triaxial compression, 𝐴 > 1 and at the beginning of a triaxial 
expansion, 𝐴 < 1 applies for the FAV 𝐴, causing the behavior more 
contractive in the latter case.

6.3. Monotonic drained triaxial tests

Figs.  12 and 13 present the results for drained triaxial tests on 
initially loose and initially dense samples on KFS with 𝑝0 = 200
kPa. Besides the monotonic drained triaxial tests from Wichtmann 
and Triantafyllidis (2016b), an additional test for each density was 
conducted in which five small unloading steps interrupt the monotonic 
deformation. The unloading of 𝛥𝑞 = 20 kPa was performed after −2%, 
−4%, −6%, −8% and −10% axial strain. Figs.  12 and 13 contains the 
deviatoric stress 𝑞 = 𝜎𝑟 − 𝜎𝑎 as well as the volumetric strain 𝜀𝑣 = tr 𝜺 as 
a function of the axial strain 𝜀𝑎.

The loose sample does not show any peak strength and tends 
towards the asymptotic deviatoric stress, combined with a slight con-
tractive volumetric behavior. The dense sample, on the other hand, first 
reaches a peak deviatoric stress before it also tends towards a similar 
asymptotic value. The dense sample reveals a pronounced volumetric 
expansion (dilatancy) and shows a significantly greater stiffness than 
the loose sample. The two experiments with the five small un- and 
reloading stages behave almost identically. The slight differences can 
be attributed to the different initial densities. In any case, the small 
unloading stages do not noticeably affect the overall behavior of the 
sample.

The recalculations with the three constitutive models HP+GIS, 
HP+IS+ACST, and HP+GIS+ACST provide comparable results for the 
purely monotonic test. It should be emphasized that all models under-
estimate the dilatancy of the dense sample and that the peak value 
of the deviatoric stress occurs at a smaller axial strain than in the 
experiments. These observations can be attributed to the deficits of 
the basic HP model, which have been addressed, for example, in 
neohyplasticity (Niemunis et al., 2016; Niemunis and Grandas Tavera, 
2019; Mugele et al., 2024a).

In the recalculation of the tests with small unloading stages, a 
significant influence of the un- and reloadings can be seen in the 
HP+IS+ACST simulations. Immediately at the beginning of the reload-
ing, the deviatoric stress reaches a significantly higher value than the 
value that would result from the purely monotonic path. This unrealis-
tic response of the constitutive model, which corresponds to a dramatic 
overestimation of the shear strength, is known as overshooting and is 
a well-known problem of many advanced constitutive models (Duque 
et al., 2022; Tafili et al., 2024b). In addition to the effect on the 
stress–strain path, overshooting also impacts the volumetric response 
of the material. It is worth pointing out that overshooting is also to be 
expected in the original HP+IS model.

However, the GIS concept resolves the overshooting of the ASBS 
and the simulations using HP+GIS and HP+GIS+ACST do not show the 
issues mentioned above. The small un- and reloading stages result in 
curves very similar to the purely monotonic path.

For the simulations using the HP+GIS+ACST for the dense sample, 
Fig.  14 shows the FAV 𝐴, the individual fabric components 𝐹𝑖𝑗 , the 
norm of the fabric ‖𝑭‖ = 𝐹  and the scalar factor 𝑘 as a function of the 
axial strain 𝜀 . A slight peak value of the fabric with 𝐴 > 1 occurs due to 
𝑎
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Fig. 9. Comparison between experimental data and model predictions (HP+GIS and HP+GIS+ACST) for undrained torsional shear tests with 𝑏 = 0 on Fraser River sand for varying 
𝛼 (𝑝0 = 200 kPa, 𝐼𝐷0 = 0.3) (experimental data from Uthayakumar and Vaid (1998)).
Fig. 10. Comparison between experimental data and model predictions (HP+GIS+ACST) for undrained triaxial compression tests on Karlsruhe fine sand (TMU2: 𝑝0 = 200 kPa, 
𝐼𝐷0 = 0.64; TMU5: 𝑝0 = 200 kPa, 𝐼𝐷0 = 0.29; TMU6: 𝑝0 = 200 kPa, 𝐼𝐷0 = 0.87) (experimental data from Wichtmann and Triantafyllidis (2016b)).
Fig. 11. Comparison between experimental data and model predictions (HP+GIS+ACST) for undrained triaxial extension tests on Karlsruhe fine sand (TMU8: 𝑝0 = 200 kPa, 
𝐼𝐷0 = 0.53; TMU11: 𝑝0 = 200 kPa, 𝐼𝐷0 = 0.24; TMU12: 𝑝0 = 200 kPa, 𝐼𝐷0 = 0.94) (experimental data from Wichtmann and Triantafyllidis (2016b)).
the dense sample. Due to the theoretical aspects discussed in Section 5 
and mainly to avoid the artificial hardening issue, the parameter set is 
chosen so that the peak in 𝐴 is not particularly pronounced. The critical 
state with 𝐴asy,c = ‖𝑭 asy,c

‖ = 𝐹 asy,c = 1 is asymptotically reached. 
Due to the applied axisymmetric deformation and the corresponding 
initialization of the fabric, 𝐹𝑎 = −2 𝐹𝑟 applies throughout the entire 
deformation. Immediately after a load direction reversal, the FAV 𝐴
jumps from 𝐴1 to 𝐴2 = −𝐴1. The individual components of the fabric 
show a continuous curve without jumps. Likewise, the scalar factor 𝑘
exhibits jumps due to a change in loading direction, although the asso-
ciated state variable of the intergranular strain 𝒉 evolves continuously 
(not shown).

6.4. Cyclic undrained triaxial tests with strain cycles

The results of cyclic undrained triaxial tests with a prescribed strain 
amplitude of 𝜀ampl = 10−2 is shown for a loose sample in Fig.  15, for a 
𝑎
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medium-dense sample in Fig.  16 and for a dense sample in Fig.  17. All 
tests conducted using KFS by Wichtmann and Triantafyllidis (2016a) 
start at an isotropic initial stress state with 𝑝0 = 200 kPa. The figures 
present the deviatoric stress 𝑞 = 𝜎𝑟 − 𝜎𝑎 as a function of the mean 
effective pressure 𝑝 and the axial strain 𝜀𝑎.

Due to the applied cyclic loading, soil liquefaction (𝑝 = 0) is 
reached after several cycles in the experiments irrespective of the 
density. The initial density significantly affects the number of cycles 
required before reaching liquefaction: the denser the sample, the more 
cycles can be applied and the corresponding pore pressure build-up is 
slower. The maximum deviatoric stress is reached at the end of the first 
loading phase and increases with increasing density. With an increasing 
number of cycles, the mean effective pressure decreases, resulting in 
a substantial reduction in stiffness. Finally, if the soil gets liquefied 
(𝑝 = 0), the observed shear stiffness vanishes.

The recalculations of the test on loose sand using the three consti-
tutive models show good agreement with the experimental results, as 
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Fig. 12. Comparison between experimental data and models prediction (HP+GIS, HP+IS+ACST, and HP+GIS+ACST) for drained triaxial tests on Karlsruhe fine sand (TMD3: 
𝑝0 = 200 kPa, 𝐼𝐷0 = 0.21 and TMD3o: 𝑝0 = 200 kPa, 𝐼𝐷0 = 0.33) (purely monotonic test TMD3 from Wichtmann and Triantafyllidis (2016b)).
Fig. 13. Comparison between experimental data and models prediction (HP+GIS, HP+IS+ACST, and HP+GIS+ACST) for drained triaxial tests on Karlsruhe fine sand (TMD23: 
𝑝0 = 200 kPa, 𝐼𝐷0 = 0.92 and TMD23o: 𝑝0 = 200 kPa, 𝐼𝐷0 = 0.93) (purely monotonic test TMD23 from Wichtmann and Triantafyllidis (2016b)).
Fig. 14. Evolution of the FAV 𝐴, of the components of the fabric tensor 𝐹𝑖𝑗 , the norm of the fabric tensor ‖𝑭‖ and the scalar factor 𝑘 in the simulations of the tests TMD23 and 
TMD23o using HP+GIS+ACST.
shown in Fig.  15. If the sample becomes denser, the simulations with 
HP+GIS do not capture the soil liquefaction. The difference between the 
HP+GIS simulations and the experimental results is most pronounced 
for the densest sample, as shown in Fig.  17. Because the soil liquefac-
tion is not reached, the shear stiffness does not vanish even after a large 
number of cycles, which leads to an unrealistic stress–strain curve. It 
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is worth mentioning that the described deficit of the HP+GIS should 
also be expected in the original HP+IS model as shown for example 
by Duque et al. (2022).

In contrast, the simulations using HP+IS+ACST and HP+GIS+ACST 
show realistic results and soil liquefaction even in dense sand after sev-
eral cycles corresponding to the respective experiment. The simulated 
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Fig. 15. Comparison between experimental data and models prediction (HP+GIS, HP+IS+ACST, and HP+GIS+ACST) for an undrained cyclic triaxial test with strain cycles on 
Karlsruhe fine sand (TCUE15: 𝑝0 = 200 kPa, 𝜀ampl𝑎 = 10−2, 𝐼𝐷0 = 0.29) (experimental data from Wichtmann and Triantafyllidis (2016a)).
Fig. 16. Comparison between experimental data and models prediction (HP+GIS, HP+IS+ACST, and HP+GIS+ACST) for an undrained cyclic triaxial test with strain cycles on 
Karlsruhe fine sand (TCUE16: 𝑝0 = 200 kPa, 𝜀ampl𝑎 = 10−2, 𝐼𝐷0 = 0.66) (experimental data from Wichtmann and Triantafyllidis (2016a)).
stress–strain curves are also comparable with the experimental results. 
The incorporation of the ACST into HP+GIS has significantly improved 
the simulation results of cyclic tests involving the simulation of cyclic 
soil liquefaction. This is consistent with the general observation that 
constitutive models accounting for an evolving fabric are better at 
reproducing cyclic soil liquefaction effects (Dafalias and Manzari, 2004; 
Fuentes et al., 2020; Liao et al., 2022; Tafili et al., 2024a).

Fig.  18 shows for the simulations for the dense sample using 
HP+GIS+ACST from Fig.  17 the FAV 𝐴 and the individual components 
of the anisotropic fabric 𝐹𝑖𝑗 as a function of the number of cycles 𝑁 , the 
dilation history 𝐻 as a function of the mobilized friction angle 𝜑mob, 
as well as the state mobilization 𝑆, the scalar factor 𝑘, and the cyclic 
preloading 𝛺 as a function of the axial strain 𝜀𝑎. The cyclic loading with 
a given strain amplitude causes a reduction of the initialized anisotropic 
fabric with an increasing number of cycles. A smaller strain amplitude 
would lead asymptotically to 𝐴 → 0 and 𝐹 → 0, which is known as a 
shakedown. With each reversal of loading direction, the FAV 𝐴 jumps 
from 𝐴1 to 𝐴2 = −𝐴1. The evolution of the fabric-related quantities 
corresponds qualitatively to the results of current discrete element 
simulations from the literature by Mo et al. (2024). Since the dense 
soil exhibits dilative behavior in some phases of the simulation at large 
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values of the mobilized friction angle, an accumulative increase of the 
dilatancy history 𝐻 occurs. Fig.  18 also shows that the state of the soil 
at the beginning and during the first cycles lies inside the ASBS (𝑆 < 0). 
With an increasing number of cycles (reduced effective pressure with 
the same void ratio), the state reaches the ASBS (𝑆 ≈ 1) before each 
change in the loading direction. Immediately after a load direction 
reversal, the scalar factor 𝑘 exhibits its maximum value of 𝑘 = 𝑚𝑅. With 
increasing deformation after the reversal, however, the factor reduces 
to 𝑘 → 1. The relatively large strain amplitude causes no significant 
build-up of the cyclic preloading variable 𝛺. The latter would become 
relevant for cyclic deformations with smaller strain amplitudes.

A cyclic undrained triaxial test on a dense sample with a smaller 
strain amplitude of 𝜀ampl𝑎 = 6 ⋅ 10−4 than in the tests considered 
previously is presented in Fig.  19. A large number of cycles is required 
in the experiment to reach liquefaction. While the HP+GIS can suc-
cessfully represent this increased number of cycles, the HP+IS+ACST 
exhibits a significantly faster onset of cyclic liquefaction compared 
to the experiment. The contractancy after a reversal in the loading 
direction is overestimated in these simulations. Combined with this 
overestimated decrease in mean effective pressure, the shear stiffness 
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Fig. 17. Comparison between experimental data and models prediction (HP+GIS, HP+IS+ACST, and HP+GIS+ACST) for an undrained cyclic triaxial test with strain cycles on 
Karlsruhe fine sand (TCUE17: 𝑝0 = 200 kPa, 𝜀ampl𝑎 = 10−2, 𝐼𝐷0 = 0.94) (experimental data from Wichtmann and Triantafyllidis (2016a)).
Fig. 18. Evolution of the FAV 𝐴 and the components of the fabric tensor 𝐹𝑖𝑗 as a function of the number of cycles 𝑁 , the dilation history 𝐻 as a function of the mobilized 
friction angle 𝜑mob and the state mobilization 𝑆, the scalar factor 𝑘 and the cyclic preloading 𝛺 as a function of the axial strain 𝜀𝑎 in the simulations of the test TCUE17 using 
HP+GIS+ACST.
also reduced significantly during the first cycles. The excessive ac-
cumulation observed in this case is linked to the coupling with the 
ACST. Although HP+GIS+ACST shows slower accumulation compared 
to HP+IS+ACST, the accumulation simulated with HP+GIS+ACST is 
still too fast compared to the experiment.

6.5. Cyclic undrained triaxial tests with stress cycles

Fig.  20 presents a cyclic undrained triaxial test on a sample of 
KFS with a specified deviatoric stress amplitude of 𝑞ampl = 40 kPa
and an isotropic initial stress state with 𝑝0 = 200 kPa. Again, the 
deviatoric stress 𝑞 is shown as a function of the mean effective pressure 
𝑝 and as a function of the axial strain 𝜀𝑎. The tests show a rather fast 
decrease in the mean effective pressure within the first few cycles. 
After the first cycles, the rate of accumulation is considerably reduced. 
The accumulation accelerates again when the mean effective pressure 
is significantly decreased. Finally, the sample undergoes the so-called 
cyclic mobility, in which the stress path shows the typical butterfly 
shape including momentary liquefaction (𝑝 ≈ 0) while the strain 
amplitude increases cycle by cycle. However, even in this state, axial 
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strain occurs in both compression and extension within each cycle, 
although a strain accumulation is observed in the extension direction. 
Cyclic mobility was reached after 145 cycles in the experiment.

Neither the HP+GIS nor the HP+IS+ACST can reproduce this behav-
ior accurately. While the HP+GIS captures the non-linear accumulation 
effects and the number of cycles required to reach cyclic mobility, it 
fails to simulate the butterfly-shaped stress path or the momentary 
state 𝑝 ≈ 0. Additionally, a pronounced one-way ratcheting of the axial 
strain occurs in this simulation stage. The HP+IS+ACST can reproduce 
the cyclic mobility but it fails to simulate the non-linear accumulation 
producing an excessively fast reduction in the mean effective pressure. 
The strain amplitude during cyclic mobility is also too large compared 
to the experiment.

The HP+GIS+ACST combines the benefits of both HP+GIS and 
HP+IS+ACST and can therefore qualitatively and quantitatively repro-
duce the non-linear accumulation effects, the number of cycles to reach 
cyclic mobility, and the cyclic mobility itself. In addition, the increasing 
strain amplitude with the number of cycles and its accumulation in the 
extension direction in cyclic mobility are also accurately captured by 
the HP+GIS+ACST.
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Fig. 19. Comparison between experimental data and models prediction (HP+GIS, HP+IS+ACST, and HP+GIS+ACST) for an undrained cyclic triaxial test with strain cycles on 
Karlsruhe fine sand (TCUE9: 𝑝0 = 200 kPa, 𝜀ampl𝑎 = 6 ⋅ 10−4, 𝐼𝐷 = 0.67) (experimental data from Wichtmann and Triantafyllidis (2016a)).
Fig. 20. Comparison between experimental data and models prediction (HP+GIS, HP+IS+ACST, and HP+GIS+ACST) for an undrained cyclic triaxial test with stress cycles on 
Karlsruhe fine sand (TCUI11: 𝑝0 = 200 kPa, 𝑞ampl = 40 kPa, 𝐼𝐷 = 0.56) (experimental data from Wichtmann and Triantafyllidis (2016a)).
7. Conclusion

A new hypoplastic constitutive model called HP+GIS+ACST is pre-
sented, which is suitable to simulate cyclic deformations and also 
considers the influence of the anisotropic fabric on the mechanical 
behavior of soil. This is demonstrated using element test simulations 
and a comparison with experimental data as well as simulations of 
two other hypoplastic models. The comparison with experimental data, 
performed on Karlsruhe fine sand (KFS) and Fraser River sand (FRS), 
includes both monotonic and cyclic tests, and shows that the pre-
sented model performs well. The proposed HP+GIS+ACST outperforms 
previous hypoplastic models from the literature

The HP+GIS+ACST is derived by coupling the generalized inter-
granular strain (GIS) (Mugele et al., 2024b) concept with the
anisotropic critical state theory (ACST) (Li and Dafalias, 2012). Some 
important theoretical aspects that generally should be considered by 
coupling a constitutive model with the ACST have been emphasized. 
The novel model includes six state variables (𝝈, 𝑒, 𝒉, 𝛺, 𝑭 , 𝐻) and 
requires 25 parameters. Parts of the HP+GIS+ACST can be easily 
deactivated, making it adaptable to specific problem requirements.
13 
The HP+GIS+ACST resolves well-known problems of earlier formu-
lations such as overshooting of the ASBS and not completely reaching 
the cyclic liquefaction in dense samples. Nevertheless, the evolution 
equation of the anisotropic fabric is still insufficient for all possible 
loading scenarios and should be improved in the future.

CRediT authorship contribution statement

L. Mugele: Writing – original draft, Validation, Methodology, For-
mal analysis, Visualization, Software, Investigation, Conceptualization. 
H.H. Stutz: Supervision, Project administration, Funding acquisition, 
Writing – review & editing, Resources, Methodology, Conceptualiza-
tion. Z.X. Yang: Writing – review & editing, Supervision, Project ad-
ministration, Funding acquisition, Validation, Resources, Methodology.

Declaration of competing interest

The authors declare that they have no known competing finan-
cial interests or personal relationships that could have appeared to 
influence the work reported in this paper.



L. Mugele et al. Computers and Geotechnics 187 (2025) 107462 
Acknowledgments

The authors are grateful for the financial support provided by the 
Sino-German Center for Research Promotion under the Mobility project 
(Grant No. M-0489). The authors would like to thank Dr. D. Liao for 
the fruitful discussions during this research.

Appendix A. Notation and abbreviations

The mechanical sign convention is used throughout this paper. 
Extension strain and tensile stress are therefore positive. Second-order 
tensors are written in bold letters (e.g., 𝝈 or 𝑵), with ‖⊔‖ denoting the 
Euclidean norm and tr ⊔ representing the sum of diagonal components 
of the corresponding tensor ⊔. Normalized tensors are denoted as ⊔⃗ =
⊔∕‖⊔ ‖. The deviatoric part of a second-order tensor ⊔ is denoted with 
⊔∗. Fourth-order tensors are symbolized using capital sans-serif letters 
(e.g., 𝖫). The symbol ⋅ denotes multiplication with one dummy index 
(single contraction), for instance, the scalar product of two first-order 
tensors can be written as 𝒂 ⋅ 𝒃. The multiplication with two dummy 
indices (double contraction) is written using a colon, for example, 𝒂 ∶ 𝒃. 
Dyadic multiplication is written as 𝒂𝒃. The unit tensor of second-order 
(𝜹) and fourth-order tensor (𝖨) are defined. Stresses are effective in the 
sense of Therzaghi. The following abbreviations are used:

 ACST Anisotropic critical state theory (Li and Dafalias, 2012) 
 ASBS Asymptotic state boundary surface  
 CSL Critical state line  
 DSL Dilatancy state line  
 FAV Fabric anisotropy variable  
 GIS Generalized intergranular strain (Mugele et al., 2024b)  
 HP Hypoplasticity after von Wolffersdorff (1996)  
 IS Intergranular strain after Niemunis and Herle (1997)  
 KFS Karlsruhe fine sand  
 FRS Fraser River sand

Appendix B. HP formulation after von Wolffersdorff (1996)

This appendix summarizes the equations of the hypoplasticity af-
ter von Wolffersdorff (1996) (HP). The constitutive model assumes the 
relation between the stress rate and the strain rate 
𝝈̇ = 𝑓𝑠𝖫 ∶ 𝜺̇ + 𝑓𝑠𝑓𝑑𝑵‖𝜺̇‖ (B.1)

with 
𝖫 = 1

𝝈̂ ∶ 𝝈̂

(

(

𝐹 hyp
)2

𝖨 + 𝑎2𝝈̂𝝈̂
)

(B.2)

and 

𝑵 = 𝐹 hyp 𝑎
𝝈̂ ∶ 𝝈̂

(𝝈̂ + 𝝈̂∗) , (B.3)

where 𝐼𝑖𝑗𝑘𝑙 = 0.5(𝛿𝑖𝑘𝛿𝑗𝑙 + 𝛿𝑖𝑙𝛿𝑗𝑘) is a fourth-order unity tensor and 𝜹 is a 
second-order unity tensor with 

𝝈̂ = 𝝈
tr 𝝈

and 𝝈̂∗ = 𝝈̂ − 1
3
𝜹 (B.4)

with 

𝑎 =
√

3
8
(3 − sin𝜑𝑐 )

sin𝜑𝑐
(B.5)

and 

𝐹 hyp0 =

√

1
8
tan2 𝜓 +

2 − tan2 𝜓

2 +
√

2 tan𝜓 cos (3𝜃)
− 1

2
√

2
tan𝜓 (B.6)

with 
tan𝜓 =

√

3‖𝝈̂∗
‖ (B.7)

and 

cos (3𝜃) = −
√

6
tr(𝝈̂∗ ⋅ 𝝈̂∗ ⋅ 𝝈̂∗)

. (B.8)

[𝝈̂∗ ∶ 𝝈̂∗]3∕2
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The scalar factors 𝑓𝑠 (barotropy factor) and 𝑓𝑑 (pyknotropy factor) take 
into account the influence of mean effective pressure and density: 

𝑓𝑠 =
ℎ𝑠
𝑛

( 𝑒𝑖
𝑒

)𝛽 1 + 𝑒𝑖
𝑒𝑖

(

− tr 𝝈
ℎ𝑠

)1−𝑛 [

3 + 𝑎2 − 𝑎
√

3
(

𝑒𝑖0 − 𝑒𝑑0
𝑒𝑐0 − 𝑒𝑑0

)𝛼]−1
,

(B.9)

𝑓𝑑 =
(

𝑒 − 𝑒𝑑
𝑒𝑐 − 𝑒𝑑

)𝛼
. (B.10)

The characteristic void ratios (𝑒𝑖, 𝑒𝑐 and 𝑒𝑑) decrease with increasing 
mean pressure: 
𝑒𝑖
𝑒𝑖0

=
𝑒𝑑
𝑒𝑑0

=
𝑒𝑐
𝑒𝑐0

= exp
[

−
(

3𝑝
ℎ𝑠

)𝑛]

. (B.11)

The HP model requires 8 parameters:
𝜑𝑐 , ℎ𝑠, 𝑛, 𝑒𝑑0, 𝑒𝑐0, 𝑒𝑖0, 𝛼 and 𝛽.

Data availability

Data will be made available on reasonable request including an 
implementation of the HP+GIS+ACST model in terms of an umat.for 
subroutine for Abaqus or an udsm.dll for Plaxis.
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