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Abstract

This thesis provides new insights on the asymptotic geometry of locally compact
groups with a particular focus on their Dehn functions.

In this work, we focus on the study of the Dehn functions of compact and
finitely generated groups that contain so-called filiform groups as subgroups. Fil-
iform groups play a central role in understanding the asymptotic geometry of
the groups we investigate. We present several classes of groups where the Dehn
functions are determined by the Dehn function of a maximal filiform subgroup.
This leads to the question of whether this is a general principle. We answer this
question negatively by identifying an interesting phenomenon in the context of
nilpotent groups. Specifically, we observe that in certain central products of nilpo-
tent groups, where filiform groups are used as building blocks, their Dehn functions
are smaller than those of the maximal filiform subgroup.

The main results of this work consist of determining the precise Dehn functions
of a large class of nilpotent groups and of natural families of mapping tori of
right-angled Artin groups, RAAGs for short. The study of Dehn functions of
nilpotent groups can be understood in the context of the conjectural quasi-isometry
classification of nilpotent groups (see Conjecture 1); whereas the study of the Dehn
functions of mapping tori of RAAGs is motivated by a question of Vogtmann
[PR19, p.2] motivated by the work in [BP94, BG96, BG10].

In the first part of this work, we establish upper bounds on the Dehn functions
of an uncountable family of nilpotent groups arising as central products of nilpotent
groups (see Theorems A and B). These results and the methods used generalise
those appearing in [LIPT23]. Moreover, these results provide further supporting
evidence for a conjecture made by the authors in [LIPT23, Conjecture 11.13] (see
Conjecture 3). The results presented here combined with the lower bounds on Dehn
functions obtained in [GMLIP23] (see Section 3.6 for an overview) provide us with
the precise Dehn functions of these central products. This has the consequence
of significantly extending the class of pairs of groups with bilipschitz equivalent
asymptotic cones and different Dehn functions (see Corollary C). Since the Dehn
function is a quasi-isometry invariant we distinguish such groups from each other
up to quasi-isometry. An important feature is that it is possible to quantify the
failure of the existence of a quasi-isometry in Corollary C by means of a computable
algebraic invariant defined by Cornulier [Cor17]. As consequence of Theorems A
and B we show that this invariant is asymptotically optimal for a particular class
of simply connected nilpotent Lie groups (see Theorem D).



In the second part of this work we determine Dehn functions of natural families
of mapping tori of RAAGs, namely semidirect products of a right-angled Artin
group G by Z. We list our main results obtained in this part:

1. A novel result in this work is the full characterisation of the Dehn functions
of mapping tori of the RAAG Z2 ∗ Z2 (see Theorem E). To the best of our
knowledge, this provides a full description of the Dehn functions for an entire
class of mapping tori of RAAGs, for which their Dehn functions have not
been studied or known before. Moreover, the methods we use to obtain
these Dehn functions, modulo a fairly reasonable Conjecture 5, which holds
for Z2∗Z2 (see Lemma 4.3), have the advantage to be generalisable to obtain
the Dehn functions of mapping tori of Zm ∗ Zn with m,n ⩾ 2.

2. We obtain a full characterisation of the Dehn functions of mapping tori of
the direct product of finitely many finite rank free groups: Fm1 × . . .× Fmk
with k ⩾ 2 (see Theorem F and Theorem 4.7). This generalises the result in
[PR19, Pue16, Thereom A] for the case k = 2.

3. Finally, we present an alternative new proof to the one in [PR19, Section 6]
for the mapping torus of Z2∗Z with quadratic Dehn function (see Section 4.4
and Theorem 4.10). We anticipate that the strategy used to prove this case
can serve as a general approach to fully characterise the Dehn functions of
the mapping tori of right-angled Artin groups Zm ∗ Z with m ⩾ 2.

We would like to mention that together the results and methods from 1 and 3,
mentioned above, outline a promising path to obtaining a full characterisation of
the Dehn functions of the mapping tori of the RAAGs Zm ∗ Zn with m,n ⩾ 1.
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Chapter 1

Introduction

“Seremos imperfectos porque la perfección
seguirá siendo el aburrido privilegio de los
dioses”

Eduardo Galeano, El derecho al delirio

“Wir werden siegen, wenn wir zu lernen nicht
verlernt haben”

Rosa Luxemburg

The research presented in this thesis focuses on the study of the asymptotic
geometry of compactly presented groups. These are locally compact topological
groups given by a compact presentation, a generalisation of finite presentation in
the realm of locally compact groups. Specifically, we study these groups through
their Dehn functions. This places our work in the intersection of the areas of
geometric group theory and combinatorial group theory.

In this work, we examine the Dehn functions of compactly and finitely gener-
ated groups that include filiform groups as subgroups. Filiform groups are thus
central to our understanding of the asymptotic geometry of the groups we study.
We present classes of groups where the Dehn functions are determined by the Dehn
function of a maximal filiform subgroup (see Theorem E). This raises the question
of whether this is always the case. We answer this question negatively by observ-
ing a remarkable phenomenon within the context of nilpotent groups. Specifically,
we show that for an infinite family of central products of nilpotent groups, using
filiform groups as building blocks, their Dehn functions are smaller than those of
the maximal filiform subgroup (see Theorems A and B).

The primary classes of groups whose Dehn functions we study have geomet-
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ric origins, providing us with geometric intuition to construct combinatorial and
geometric arguments. Specifically, in Chapter 3, we study the Dehn functions of
nilpotent groups, with a particular focus on central products of nilpotent groups,
which naturally arise in the context of Lie groups. Additionally, in Chapter 4, we
study Dehn functions of mapping tori of RAAGs. These groups appear naturally
as fundamental groups of topological mapping tori of complexes.

1.1 Overview

In this section, we provide a concise overview of the work presented in this thesis.
We contextualise our results and highlight their significance. We start by recalling
the definition of Dehn function, which is the main quasi-isometry invariant stud-
ied in this work, and then proceed to elaborate on the main results obtained in
Chapters 3 and 4. Before continuing, let us point out, that the objects and results
mentioned in this overview are properly defined in Chapter 2.

The Dehn function is a fundamental quasi-isometry invariant of finitely pre-
sented groups. Its study has attracted significant attention in geometric group
theory over the past few decades. More recently there has been a growing interest
in studying this quasi-isometry invariant within the broader class of compactly
presented groups, see for instance [dCT10, CT17, LB17, LIPT23].

Algorithmically, the Dehn function of a group measures the complexity of a
direct attack on the word problem, one of the three decision problems in group
theory published by Dehn in 1911 [Deh11]. It asks whether there exists an algo-
rithm that can determine if two given words in the generators of a finitely generated
group represent the same group element. Equivalently if there exists an algorithm
that can determine if a given word in the generators of a finitely generated group
represents the neutral element in the group.

Geometrically, the Dehn function of a group G = π1(M) quantifies simple
connectivity of the universal cover M̃ of a closed Riemannian manifold M : every
closed loop in M̃ bounds a disc, the Dehn function provides an upper bound on
the area of this filling disc in terms of the length of the loop.

Given a a locally compact group G with compact presentation P := ⟨S | R⟩,
the area of a word w ∈ FS representing the neutral element in G is the number
AreaP(w) defined as the minimal number of conjugates of relators r±1 ∈ R whose
product is freely equal to w, see Section 2.6 for details. The Dehn function of G
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is the function δG : N → N ∪ {∞} such that

δG : n 7→ sup {AreaP(w) | w =G 1, |w|S ⩽ n} .

As defined the Dehn function δG depends on the choice of presentation for G. To
remedy this, it is customary to consider Dehn functions up to an equivalence rela-
tion of functions which we denote by ≍-equivalence, see Section 2.1.2. It turns out
that the Dehn functions defined using two different presentations are ≍-equivalent.
More generally the Dehn functions of two quasi-isometric groups are ≍-equivalent,
see Proposition 2.39. The definition of the Dehn function of a finitely presented
group is a special case of the definition of the Dehn function for compactly pre-
sented groups. We encourage readers not familiar with compactly presented lo-
cally compact groups to think about Dehn functions in the more familiar setting
of finitely presented groups.

Note that under the ≍-equivalence relation, all polynomial functions of the
same degree d are ≍-equivalent to one another and that the functions n 7→ an

and n 7→ bn are ≍-equivalent for all a, b > 1. Thus, it is appropriate to say
that a group has linear Dehn function, quadratic Dehn function, polynomial Dehn
function, exponential Dehn function, etc.

A remarkable feature about Dehn functions is that they characterise word
hyperbolic groups. Namely, a finitely presented group is word hyperbolic if and
only if its Dehn function is linear [Gro87]. Section 2.6.1 contains a discussion
on the possible Dehn functions that finitely presented groups can exhibit and
important examples.

The two main classes studied in this work are: nilpotent groups and mapping
tori of right-angled Artin groups, which are semidirect products of RAAGs with
Z. We now introduce them and present the results we obtained related to them.

1.1.1 Dehn functions of nilpotent groups

An important discovery that turned nilpotent groups into natural objects of study
in geometric group theory is the celebrated Polynomial Growth Theorem by Gro-
mov [Gro81]. It characterises finitely generated groups Γ having finite index nilpo-
tent subgroups as precisely those with polynomial growth. In particular, this shows
that groups quasi-isometric to nilpotent groups are (up to finite index) nilpotent.

Nilpotent groups are a significant class of groups that have attracted consider-
able attention, with numerous unresolved questions and open problems that con-
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tinue to motivate current research. An important open problem is the conjectural
quasi-isometry classification of nilpotent groups:

Conjecture 1 (see [Cor18, Conjecture 19.114]). Two simply connected nilpotent
Lie groups are quasi-isometric if and only if they are isomorphic.

It is clear that two isomorphic nilpotent Lie groups are quasi-isometric, but
the converse remains open. A well-known result by Mal’cev is that every finitely
generated torsion-free nilpotent group Γ embeds as a cocompact lattice in a simply
connected Lie group G, called its real Mal’cev completion [Mal51]. Thus, in the
realm of finitely generated nilpotent groups Conjecture 1 can be stated as follows.

Conjecture 2 ([FM00, p.5], [Cor18, p.335], and [Lüc08, Conjecture 3.6]). Two
finitely generated torsion-free nilpotent groups are quasi-isometric if and only if
they embed as cocompact lattices in the same simply connected nilpotent Lie
group.

It should be noted, that Conjecture 1 is stronger than Conjecture 2, since there
exist nilpotent groups without lattices, see for instance [Rag72, Remark II.2.14].

In terms of the Mal’cev completion, Conjecture 2 states that two finitely gen-
erated torsion-free nilpotent groups Γ1 and Γ2 are quasi-isometric if and only if
their real Mal’cev completions G1 and G2 are isomorphic.

Some evidence for Conjecture 2 was provided by Pansu in the 80’s [Pan89,
Pan83]. Pansu proved that if two simply connected nilpotent Lie groups are
quasi-isometric, then their associated Carnot graded groups are isomorphic, see
Section 2.3.2 for the precise definition of the Carnot graded group.

The evidence provided by Pansu can be stated as follows.

Theorem 1.1 ([Pan89, Théorème 3]). Let Γ1 and Γ2 be two finitely generated
torsion-free nilpotent groups and let G1 and G2 be their corresponding real Mal’cev
completions. If Γ1 and Γ2 are quasi-isometric, then gr(G1) and gr(G2) are isomor-
phic as Lie groups.

One key step in Pansu’s proof of Theorem 1.1 was to show that all the asymp-
totic cones of a finitely generated torsion-free nilpotent group Γ are bilipschitz
equivalent to the Carnot graded group gr(G) associated to G. In view of this
result, the problem of classifying finitely generated torsion-free nilpotent groups,
reduces to the problem of classifying finitely generated torsion-free nilpotent groups
having bilipschitz equivalent asymptotic cones.
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In contrast to Pansu’s result, Benoist discovered a pair of non-isomorphic nilpo-
tent groups with equivalent asymptotic cones [Sha04, p.121] and Shalom [Sha04]
showed that they are not quasi-isometric. Concretely, Shalom proved that the
Betti numbers of quasi-isometric finitely generated nilpotent groups coincide and
by computing the second Betti numbers of Benoist’s pair and noting they differ
concluded that the groups are not quasi-isomorphic.

Strengthening Shalom’s work, Sauer [Sau06] showed that the real cohomology
algebra is a quasi-isometry invariant of a finitely generated nilpotent group, see
also [GK21]. Sauer’s results extend the class of cone equivalent pairs of nilpotent
groups that can be distinguished up to quasi-isometry.

Besides the real cohomology algebra, in [LIPT23] Llosa Isenrich, Pallier, and
Tessera proved that the Dehn function of a simply connected nilpotent Lie group
is a quasi-isometry invariant that distinguishes between groups with equivalent
asymptotic cones. This highlights the interest of Dehn functions in the context of
the conjectural quasi-isometry classification of nilpotent groups.

In this context sit the results of the first part of this thesis. In Chapter 3 we
compute upper bounds for Dehn functions of nilpotent groups (see Theorems A
and B). Our results in the first part of the work, Chapter 3, can be further un-
derstood in the context of the (c + 1)-conjecture [Gro93, 5A′

5] which was settled
by Gersten, Riley, and Holt [GHR03]: a finitely generated torsion-free nilpotent
group N of nilpotency class c has Dehn function δN(n) ≼ nc+1. This upper bound
is sharp for the 3-Heisenberg group, which has nilpotency class 2 and Dehn func-
tion n3 [ECH+92]. In contrast, for the 5-Heisenberg group the upper bound is not
sharp: it has nilpotency class 2 and Dehn function n2 [All98] and [OS99]. The
results we obtained in Chapter 3 show that this behaviour is not coincidental. In
particular, we show that for a large family of central products of nilpotent groups
this behaviour appears.

Let K and L be groups, and let θ : Z(K) → Z(L) be an isomorphism between
their centres. The central product of K and L is the group

K ×θ L = (K × L)/R,

where R = {(g, h) ∈ Z(K) × Z(L) : h = θ(g)}. If there is no ambiguity in θ

we simply write K ×Z L. The central product of two nilpotent groups is again a
nilpotent group. A basic example is the 5-dimensional integral Heisenberg group
H5. This group can be seen as the central product of the 3-Heisenberg group with
itself (see Figure 1.1).
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X1 X2

X3

θ∼= Y3

X1 Y2

Figure 1.1: A presentation for the central product can be drawn using this
kind of diagrams. For instance, for the 5-Heisenberg group as the central
product of two copies of the 3-Heisenberg group: one copy is generated by
X1, X2, and X3, the other by Y1, Y2 and Y3, and the identification can be
chosen to be θ : X3 7→ Y3. We denote Z := X3 = θ(X3). In both copies Z
is the central element so for example, in the diagram, the line that goes from
X1 to X2 passing through Z corresponds to the relation [X1, X2] = Z, no line
between elements means they commute.

It is this decomposition that leads to the reduction in Dehn function of the
5-Heisenberg group [OS99, You13a]. It is conjectured that this behaviour happens
in general:

Conjecture 3 ([LIPT23, Conjecture 11.3]). Let 2 ⩽ ℓ ⩽ k be two integers.
Consider a central product G = K ×θ L where K and L are simply connected
nilpotent Lie groups with one-dimensional centres, and class k and ℓ respectively.
Then, nk ≼ δG(n) ≺ nk+1.

We present a large family of central products for which Conjecture 3 holds. The
elements in this large class of nilpotent groups are constructed via central products
of filiform groups. A model filiform nilpotent Lie group Lk+1 is the nilpotent Lie
group of class k whose associated Lie algebra has Lie algebra presentation

⟨X1, . . . , Xk+1 | [X1, Xi] = Xi+1, [Xi, Xj] = 0 for all 2 ⩽ i, j ⩽ k⟩.

In particular, they have one-dimensional centres. Note that the 3-Heisenberg group
is L3. The group with additional non-trivial relation [X2, X3] = Xk+1 (replacing
the relation [X2, X3] = 0 in Lk+1) is denoted by L⌟

k+1.
In this work we provide a detailed computation of the upper bounds on Dehn

functions for this large class of central products. In particular, we obtain the
following two results.

Theorem A (One filiform factor of highest nilpotency class). Let k > ℓ ⩾ 2 be
integers. Let K be either the group Lk+1 or the group L⌟

k+1.1 Let L be a simply
connected nilpotent Lie group with one-dimensional centre of nilpotency class ℓ.
Let G = K ×Z L. Then δG(n) ≼ nk.

1The group L⌟
k+1 is only defined for k ⩾ 4. So for k = 3 (resp. ℓ ⩽ 3) the only allowed choice

for K (resp. K or L) in Theorem A (resp. Theorem B) is L4 (resp. L3 or L4).
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Theorem B (Two filiform factors). Let k ⩾ ℓ ⩾ 2 be integers. Let K be either
the group Lk+1 or L⌟

k+1. Let L be either the group Lℓ+1 or L⌟
ℓ+1. Let G = K ×Z L.

Then δG(n) ≼ nk.

In Section 3.6 we present a concise presentation on lower bounds based on our
work in [GMLIP23]. For a detailed treatment we refer the reader to [GMLIP23,
Section 3]. With both estimates at hand we conclude that for the infinite family
of central products of nilpotent groups in Theorems A and B, Conjecture 3 holds.

We would like to mention that our arguments and techniques in [GMLIP23]
to compute Dehn functions are a generalisation of the methods and techniques
developed in [LIPT23]. Let us briefly explain to what extent Theorems A and B
generalise the results obtained in [LIPT23]. In [LIPT23], the authors compute the
Dehn functions of central products of model filiform groups, but in contrast with
Theorem A, they only treat the cases Lk+1 ×Z Lk+1 and Lk+1 ×Z Lk for k ⩾ 2.
In particular, their results only deal with: (1) model filiform groups and (2) the
nilpotency class of the factors differ by at most one. In contrast, in Theorem A we
allow (1) the second factor to be a general simply connected nilpotent Lie group,
and (2) a bigger difference between the nilpotency class of the factors.

In terms of Conjecture 1, one of the consequences of Theorem A is that the
central product of the groups satisfying the assumptions is not quasi-isometric to
its asymptotic cone. Namely, we obtain the following result.

Corollary C. Let K and L be simply connected nilpotent Lie groups of classes k
and ℓ with k > ℓ satisfying the assumption in Theorem A or Theorem B. Then,
the group G = K ×Z L is not quasi-isometric to its asymptotic cone.

The proof of Corollary C follows directly from the upper bounds on the Dehn
functions ofG = K×ZL as we explain in Section 3.8. As mentioned before, the first
examples of nilpotent groups with equivalent asymptotic cones and different Dehn
functions were presented by the authors in [LIPT23]. Our results considerably
expand the family of pairs of groups with equivalent asymptotic cones and different
Dehn functions.

As mentioned before, to the best of our knowledge, the only known quasi-
isometry invariants of nilpotent groups that can distinguish between groups with
cone equivalent asymptotic cones are: Dehn functions [LIPT23] and the real coho-
mology algebra [Sau06]. One key difference between Dehn functions and the real
cohomology algebra is that the nature of Dehn functions offers the possibility to
have quantitative statements. Concretely, one can quantify the failure of existence
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of a quasi-isometry in Corollary C using so-called sublinear bilipschitz equivalences.
Recall that two metric spaces X and Y are called O(re)-bilipschitz equivalent, for
e ∈ [0, 1), if there exist L > 1, c ⩾ 0, a pair of maps (f : X → Y, g : Y → X), and
some x0 ∈ X and y0 ∈ Y , such that for all r > 0 the map f (respectively g) is
a (L, cre)-quasi-isometric embedding when restricted to B(x0, r) (respectively to
B(y0, r)), and for all x ∈ X, y ∈ Y

d(g(f(x)), x) ⩽ c(1 + d(x, x0)
e), d(f(g(y)), y) ⩽ c(1 + d(y, y0)

e).

This notion does not depend on the choice of x0 and y0, up to changing c. In [Cor17,
§6] Cornulier introduced a computable algebraic invariant eG ∈ [0, 1) for every
simply connected nilpotent Lie group such that G is O(reG)-bilipschitz equivalent
to its asymptotic cone. He asked in [Cor17, Question 1.23] whether this invariant
is optimal (for a given fixed group). In Section 3.7 we show that for the groups
Lk+1 ×Z L3 Cornulier’s invariant is asymptotically optimal as the nilpotency class
k goes to infinity. This emphasises one of the key improvements from our work in
[GMLIP23] compared to [LIPT23], see Section 3.7.

Theorem D. Let k ⩾ 2. Let e be the infimum of the exponents e such that there
exists a O(re)-sublinear bilipschitz equivalence between G = Lk+1 ×Z L3 and its
asymptotic cone. Then

1

2k + 2
⩽ e ⩽

2

k
= eG.

The upper bound is due to Cornulier [Cor17] and the lower bound follows from
our work (see Section 3.7). Note that asymptotically as k → ∞ the two bounds
coincide up to a ratio of 4, showing that Cornulier’s general upper bound is optimal
in this asymptotic sense. To our knowledge these are the first examples of this
kind. In [LIPT23] the authors produced non-zero lower bounds on e for all groups
Lk+1 ×Z Lk with k ⩾ 3, but in this case the asymptotics of their lower bound did
not coincide with those of Cornulier’s upper bound as k → ∞.

We end this part of the introduction with the following remarks.
First, aside from Theorems A and B we are also able, using tailored methods

treating case by case, to compute the precise Dehn functions of all central products
of nilpotent Lie groups of dimension at most 5 with one-dimensional centre (see
[GMLIP23, Theorem III]). To maintain the presentation concise we omit these
results from this work, we refer the interested reader to [GMLIP23, Section 5].

Second, it would be interesting to know if with this new streamlined version
of the techniques from [LIPT23] we can compute the Dehn functions of general
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central products of nilpotent groups. Thus, obtaining a full understanding of
Conjecture 3.

Finally, a natural question that arises from Corollary C is the following:

Question 1.2 ([GMLIP23, Question 1.5]). Are there uncountably many possible
growth types for the Dehn functions of compactly presented groups?

1.1.2 Dehn functions of mapping tori of RAAGs

Mapping tori of non-positively curved groups played a key role in the study of
3-manifolds. From Agol’s proof of the virtual Haken conjecture [Ago13] it follows
that a large class of 3-manifolds are (up to passing to a finite cover) obtained
by taking the topological mapping torus Mf of a surface Sg with respect to a
homomorphism f ∈ Hom(SG) (see Figure 1.2):

Mf :=
Sg × [0, 1]

(x, 0) ∼ (f(x), 1)
.

Figure 1.2: The topological mapping torus of a surface

Such a 3-manifold Mf is then said to fibre over the circle S1, since by construc-
tion one has a fibre bundle

Sg −→Mf −→ S1.

On the group theoretic side, this corresponds to having the following split short
exact sequence:

1 −→ π1(Sg) −→ π1(Mf ) −→ Z −→ 1,

which exhibits the fundamental group of Mf as a semidirect product

π1(Mf ) ∼= π1(Sg)⋊π1(f) Z,
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where π1(f) is the automorphism of π1(Sg) induced by f ∈ Hom(Sg).
The asymptotic geometry of 3-manifold groups has been well-studied, leading

to a comprehensive understanding of their Dehn functions [ECH+92, BP94, BG96,
BG10]. Notably, these groups include lattices in the geometries Nil and Sol, which
are (up to commensurability) of the form Z2 ⋊ϕ Z and certain groups of the form
Fm ⋊ψ Z.

More generally, the study of the large scale geometry of groups arising as semi-
direct products G ⋊ Z has received a lot of attention. For general free-by-cyclic
groups Fm⋊ψ Z [BF92, Bri00, BG10, Gho23] and for free abelian-by-cyclic groups
Zm ⋊ϕ Z [BP94, BG96] we have a full understanding of their Dehn functions.

Free groups and free abelian groups belong to a rich class of non-positively
curved groups, namely the class of right-angled Artin groups (RAAGs for short).
RAAGs are usually defined via a (finite) presentation. A natural way to encode
this presentation is via a (finite) simplical graph L, the so-called defining graph.

The right-angled Artin group AL associated to L is the group defined as

AL = ⟨v ∈ V (L) | [u,w] = 1 if and only if {u,w} ∈ E(L)⟩

for V (L) the vertex set of L and E(L) ⊆ V (L) × V (L) the edge set of L. For
instance, in a finite rank free group none of the generators commute, while for the
free abelian group of finite rank all the generators commute, see Figure 1.3.

a

b

c

d

a

b

c

d

Figure 1.3: From left to right: the graph with no edges corresponds to the free
group of rank 4 on the generators {a, b, c, d}. The complete graph on four vertices
corresponds to the free abelian group of rank 4 given by the presentation ⟨a, b, c, d⟩.

This gives us a way to assign a finitely presented group to a finite simplicial
graph:

L 7→ AL.

An important result exhibiting the interplay between the algebra of AL and
the combinatorics of L is that two RAAGs are isomorphic if and only if their
underlying graphs are isomorphic [Dro87].
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From this perspective, we say that RAAGs extrapolate between free groups
and free abelian groups: free groups correspond to graphs with no edges, while
free abelian groups correspond to complete graphs, i.e. graphs where each vertex
is connected to every other vertex by an edge. See Figure 1.4 for an example of a
RAAG which is neither a free group nor a free abelian group.

a

b

c

d

Figure 1.4: The defining graph of the RAAG which is the direct product of two
free groups of rank 2: one generated by {a, c} and the other by {b, d}.

Since RAAGs extrapolate between free abelian and free groups, it is a natural
problem to understand which properties that free and free abelian groups have, are
also common to general RAAGs. In this context, Vogtmann suggested studying
the Dehn functions of mapping tori of RAAGs (see [PR19, p.2]).

Aside from the Dehn functions of mapping tori of free and free abelian groups,
further results for certain RAAGs were obtained by Pueschel and Riley [PR19]. In
particular, they computed the Dehn functions of the mapping tori of the RAAGs:

• F2 × Z [PR19, Theorem A],
• some cases Fk × Z with k ⩾ 3 [PR19, Section 8],
• Fk × Fl where k, l ⩾ 2 [PR19, Theorem C], and
• Z2 ∗ Z [PR19, Theorem B].

Moreover, Pueschel presented in her thesis [Pue16, Chapter 5] some partial
results to obtain the Dehn functions of certain mapping tori of Zm∗Z. In particular,
Pueschel classified the Dehn functions of the mapping tori of Z3 ∗Z, and presented
some arguments to obtain the Dehn function of certain mapping tori of Zm ∗ Z
with m ⩾ 2, namely those where the action of the automorphism on Zm consists
of a matrix with a single Jordan block [Pue16, p.75]. Nevertheless, her strategy
does not seem to carry over for the general case.

A relevant observation regarding the above mapping tori, is that if AL is
Zm, Fk × Fl or Z2 ∗ Z, then the precise asymptotics of the Dehn functions of
the respective mapping tori can be read off from the so-called (cyclic) growth of
the corresponding automorphism, see Definition 2.50. In particular, the Dehn
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functions of the respective mapping tori all exhibit a dichotomy: they are either
exponential or polynomial with integral exponent.

Our results regarding the Dehn functions of mapping tori of RAAGs also
present this dichotomy, namely the Dehn functions of the mapping tori of RAAGs
that we compute are either exponential or polynomial with integer degree, see
Theorems E and F.

The second part of this work, Chapter 4, expands our knowledge of the Dehn
functions of mapping tori of RAAGs. We now explain the three main results
concerning the Dehn functions of these groups.

First, we obtain a full classification of the Dehn functions of the mapping tori
of Z2 ∗ Z2 showing that the Dehn function of the mapping torus (Z2 ∗ Z2) ⋊Ψ Z
is either quadratic, cubic, or exponential. As we explain in Section 4.2 these
cases are mutually exclusive and exhaustive. Moreover, we can read off the Dehn
function of the mapping torus (Z2∗Z2)⋊ΨZ from the asymptotics of a well-chosen
representative of [Ψ] ∈ Out(Z2 ∗ Z2).

Theorem E. For every Ψ ∈ Aut(Z2 ∗ Z2) there exists Φ ∈ Aut(Z2 ∗ Z2) such
that [Φ] = [Ψ2] ∈ Out(Z2 ∗ Z2) and Φ restricted to the free factors Z2 induces
ϕ1, ϕ2 ∈ Aut(Z2). In particular, the Dehn functions of the associated mapping tori
MΨ and MΦ are equivalent and δMΦ

satisfies the following. If there exists i ∈ {1, 2}
such that the Dehn function of Z2 ⋊ϕi Z is exponential, then the Dehn function of
MΦ is exponential. Else, precisely one of the following holds:

1. There exists i ∈ {1, 2} such that the Dehn function of Z2 ⋊ϕi Z is cubic, in
which case the Dehn function of MΦ is cubic.

2. For every i ∈ {1, 2} the Dehn function of Z2 ⋊ϕi Z is quadratic, in which
case the Dehn function MΦ is quadratic.

To the best of our knowledge this result has not appeared in the literature
before.

As shown by [BP94, BG96] the Dehn functions of the mapping tori Z2 ⋊ϕi Z
appearing in Theorem E can be read off from the asymptotics of ϕi ∈ Aut(Z2),
see Theorem 4.1. Therefore, Theorem E tells us that we can read off the Dehn
function of the mapping torus (Z2∗Z2)⋊ΨZ from the asymptotics of a well-chosen
representative of [Ψ] ∈ Out(Z2 ∗ Z2).

A key result used in the proof of Theorem E is Lemma 4.3. We conjecture
that this result holds in larger generality (see Conjecture 5). Thus, modulo Con-
jecture 5, our proof can be adapted to obtain the Dehn functions of mapping tori
of Zm ∗ Zn with m,n ⩾ 2.
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Second, building on [PR19, Theorem C], we obtain a precise description of the
Dehn functions of the mapping tori of the RAAG Fm1 × . . .×Fmk with k ⩾ 2 and
mi ⩾ 3. We prove the following result.

Theorem F. Let G = Fm1×. . .×Fmk , with k ⩾ 2,mi ⩾ 2 and Ψ ∈ Aut(G). There
exists Φ ∈ Aut(G) such that [Φ] = [Ψp] ∈ Out(G) and for every i ∈ {1, . . . , k}
Φ|Fmi = ϕi ∈ Aut(Fmi) and the Dehn functions of the associated mapping tori MΨ

and MΦ are equivalent. Moreover, the Dehn function of the mapping torus G⋊ΦZ
is either polynomial (with integer degree) or exponential, and its asymptotics only
depend on the growth of the automorphisms ϕ1, . . . ϕk.

For a statement of Theorem F in which the asymptotics of the Dehn functions
are precisely described we refer the reader to Theorem 4.7.

Finally, we provide an alternative proof to the one in [PR19, Section 6] and
[Pue16, Chapter 4] for the case of the quadratic Dehn function of the mapping
torus of Z2 ∗ Z, see Theorem 4.10. Moreover, we expect this proof to serve as an
outline for a general strategy for obtaining the Dehn functions of the mapping tori
of Zm ∗ Z with m ⩾ 2.

We finish this introduction by pointing out that the Dehn functions of all the
mapping tori of the RAAGs obtained in this work also exhibit the dichotomy men-
tioned above: they are all either exponential or polynomial with integral exponents.
It turns out, as Corollary 2.65 shows, that the Dehn functions of mapping tori of
RAAGs are at most exponential. This naturally raises the following question.

Question 1.3. Let AL be a RAAG and Φ ∈ Aut(AL). If the Dehn function of the
associated mapping torus MΦ is not exponential, then is it true that there exists
d ∈ N such that δMΦ

(n) ≍ nd?

1.2 Structure

The core of this work is concentrated in Chapters 3 and 4, where the results
obtained on Dehn functions of nilpotent groups and mapping tori of RAAGs are
treated.

In Chapter 2, we provide the necessary framework for this thesis, where we set
up the main definitions and notation that we use in the consecutive chapters and
that were mentioned in the above introduction.

In Chapter 3 we establish the upper bounds on the Dehn functions corre-
sponding to Theorems A and B. We then conclude with the proof of Theorem D
and Corollary C.
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In Chapter 4 we first present the proof of Theorem E. Then, we restate The-
orem F in full detail (see Theorem 4.7) and present a proof. We conclude Chap-
ter 4 by presenting an alternative new proof for the mapping torus of Z2 ∗ Z with
quadratic Dehn function.
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Chapter 2

Preliminaries

We start this section by establishing the notation that we use throughout this

work.

In Section 2.2 we recall the basics about nilpotent groups. In Section 2.3 we

first present basic and well-known facts regarding Lie groups and Lie algebras. We

then introduce the important class of so-called Carnot groups and filiform groups.

After this, we state Pansu’s Theorem and give a short account on asymptotic

cones.

In Section 2.6 we define Dehn functions of compactly presented groups, where

we also present a short account on the state of the art regarding Dehn functions.

We then restrict ourselves to the world of finitely generated (respectively pre-

sented groups). In Section 2.7 we recall the definition of van Kampen diagrams,

which are a common tool for obtaining bounds (both lower and upper) for Dehn

functions. In Section 2.8 we recall two well-known results regarding automorphisms

of direct products and free products, which we use in Chapter 4 to compute Dehn

functions.

In Section 2.9 we present the definition of the growth function of an auto-

morphism and some results about it. Finally, in Section 2.10 we present general

well-known bounds on Dehn functions that we use in Chapters 3 and 4.

2.1 Notation and conventions

2.1.1 Groups

In this section we set the basic notation and some basic definitions that we use in

the consecutive sections and chapters.
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2.1.1.1 Words, alphabets, and presentations

Given a set S the free monoid S∗ generated by S is the set of all finite tuples of
elements in S, usually written as a string, where the empty string corresponds to
1 and the operation is concatenation.

We denote the free group on a set S by FS. By a word w in S we mean an
element of the free monoid (S ∪ S−1)∗, and we denote it by w := w(S). We
call the set S an alphabet. By a slight abuse of notation, we denote elements
of the free group on FS as words in (S ∪ S−1)∗. Strictly speaking elements in
FS are equivalence classes of words in (S ∪ S−1)∗, which we denote by [w] for
w ∈ (S ∪ S−1)∗, whenever we need to make a distinction.

We often consider alphabets that can be expressed as the union of different
alphabets, for instance S ∪ {a}; in this situation we write w(S, a) and if we want
to emphasise that a word w := w(S, a) does not contain the letter a we write
w(S, 1).

Given a group G and a subset X ⊆ G we denote by ⟨X⟩ the subgroup of G
generated by X. Recall that a group G is generated by a set S ⊆ G if ⟨S⟩ = G,
we call S a generating set for G and say that S generates G. There is a canonical
map (of monoids) (S ∪ S−1)∗ → G that maps every word w to the element it
represents which we denote by w. Moreover, an alphabet S comes with a canonical
epimorphism πS : FS ↠ G.

A presentation ⟨S|R⟩ for a group G consists of a generating set S ⊂ G and a
set R ⊂ K := ker (πS) such that K is the normal closure (in FS) of R. Thus,

G ∼= ⟨S|R⟩ := FS/K

We call the elements of R relators and the identities r = 1 with r ∈ R relations.
We say that a word w ∈ FS is null-homotopic in G or that it represents the

trivial element in G if w ∈ kerπS. We usually omit the epimorphism πs and just
write w =G 1 or w =P 1.

When manipulating words with respect to a presentation P := ⟨S|R⟩ of a
group G it is useful to distinguish between identities that hold in the free group
FS, called free identities and denoted by free

= , and identities that hold in P , which
we refer to as identities holding in G which we denote by =P or =G. When an
equality follows from using a definition we simply write =def.

Given a group G and S ⊂ G we denote by | · | : G → R ∪ {∞} the (possibly
infinite) word metric in G with respect to the subset S; if S generates G the
function | · | takes only finite values.
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Given a letter s ∈ S we denote by ℓs(·) the number of occurrences of letters
s±1’s appearing in a word in the alphabet S and by ϵs(w) we denote the exponent
sum in s±1’s of w. Note that ϵs(w) ⩽ ℓs(w).

For g, h ∈ G, we use the conventions gh := h−1gh and [g, h] := g−1h−1gh.
Similarly, we use this convention for letters and words in an alphabet.

2.1.1.2 Group constructions

We now set the notation of the basic group constructions that are relevant for
Chapters 3 and 4, namely central products and mapping tori of groups.

Definition 2.1 (Central product). LetK and L be two groups, and let θ : Z(K) →
Z(L) be an isomorphism between their centres. The central product of K and L

is the group
K ×θ L = (K × L)/R,

where R = {(g, h) ∈ Z(K)× Z(L) : h = θ(g)}. When there is no ambiguity on θ

we simply write K ×Z L. Unless otherwise stated, by factor of a central product
G = K ×Z L we mean the canonical subgroups K or L of G. When we consider
direct factors of groups splitting as direct products instead, this will be explicitly
specified.

As mentioned in Chapter 1, an important example is the 5-Heisenberg group,
which can be seen as the central product of the 3-Heisenberg group with itself.
For convenience of the reader we recall the pictorial representation that encloses a
presentation for is viewed as the central product of two 3-Hesienberg groups, see
Figure 2.1.

X1 X2

X3

θ∼= Y3

X1 Y2

Figure 2.1: Recall from the introduction that this diagram depicts the
presentation for the 5-Hesenberg group viewed as the central product of two
3-Heisenberg groups, one generated by X1 and X2, and the other by Y1 and
Y2.

We encourage the reader to have in mind Figure 2.1 and pictures of the kind
when reading Chapter 3. These pictures are a useful way to encode a presentation
for certain nilpotent groups and central products between them. For instance, for
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t x1

x2
...

xm−1

xm

Figure 2.2: A presentation for the uniform lattice Zm⋊ϕ ⟨t⟩ of the
model filiform group Lm+1.

the semidirect product Zm ⋊ϕ Z with m ⩾ 1 and ϕ(xi) = xixi+1 and ϕ(xm) = xm

a presentation for the group can be encoded using these pictures, see Figure 2.2.
We can think of this particular semidirect product Zm ⋊ϕ Z in two ways. On

one hand, it is a nilpotent group, more precisely a lattice in a model filiform group
(see Definition 2.32 below). Note that if p = 3 it is the integral 3-Heisenberg
group. On the other hand, it is the mapping torus of Zp−1, as we now define.

Definition 2.2 (Mapping tori). Let G be a group with presentation ⟨S|R⟩ and
ϕ : G → G an injective endomorphism, the (algebraic) mapping torus of G with
respect to ϕ is the HNN-extension

Mϕ := ⟨S, t | R, t−1st = ϕ(s) for all s ∈ S}⟩ (2.1)

we call t the stable letter. It is clear that if G is finitely presented, then Mϕ is also
finitely presented.

In this work, ϕ is always an automorphism, therefore Mϕ
∼= G ⋊ϕ Z where

Z ∼= ⟨t⟩. We refer to the presentation for G ⋊ϕ Z given by (2.1) as the standard
finite presentation of Mϕ as HNN-extension.

2.1.1.3 Automorphism groups

Given a group G and ι ∈ Aut(G), we say that ι is an inner automorphism if
there exists h ∈ G such that for all g ∈ G we have that ι(g) = h−1gh, and
say that ι acts by conjugation by h in G. We denote by Inn(G) the normal
subgroup of Aut(G) consisting of inner automorphism. We denote by Out(G)
the quotient group Aut(G)/Inn(G) called the outer automorphisms of G. For an
element ϕ ∈ Aut(G) we denote by [ϕ] ∈ Out(G) its corresponding image under
the canonical projection Aut(G) ↠ Out(G) and call it its outer class.
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2.1.1.4 Right-angled Artin groups

Throughout this section Γ denotes a finite simplicial graph. We recall the definition
of a right-angled Artin group given in the introduction.

Definition 2.3. The right-angled Artin group AL with underlying graph L as the
group defined as

AL = ⟨v ∈ V (L) | [u,w] = 1 if and only if {u,w} ∈ E(L)⟩.

It is clear that if L is finite, then AL is finitely presented. For an introduction
to RAAGs we refer the reader to [Cha07].

2.1.2 Asymptotic equivalences

When computing Dehn functions we ultimately care about the asymptotic be-
haviour of them. For this we introduce the following partial orders on the set of
functions.

Definition 2.4. Two functions f, g : R⩾0 → R⩾0 are said to be ≍-equivalent if
f ≼ g and g ≼ f , by f ≼ g we mean that there exist constants A,B > 0 and
C,D,E ⩾ 0 such that

f(n) ⩽ Ag(Bn+ C) +Dn+ E (2.2)

holds for all n ⩾ 0.

By a slight abuse of notation we usually write f(n) ≼ g(n) and f(n) ≍ g(n) to
denote f ≼ g and f ≍ g, respectively.

Another equivalence relation that we use is that of ∼-equivalence.

Definition 2.5. Two functions f, g : R⩾0 → R⩾0 are said to be ∼-equivalent if
f ⪯ g and g ⪯ f , by f ⪯ g we mean that there exist A > 0 and B ⩾ 0 such that
f(n) ⩽ A · g(n) +B for all n ⩾ 0.

Similarly, as for the previous equivalence, by an abuse of notation we write
usually write f(n) ⪯ g(n) and f(n) ∼ g(n), to denote f ⪯ g and f ∼ g, respec-
tively.

Remark 2.6. Note that f ⪯ g implies f ≼ g, and consequently f ∼ g implies
f ≍ g. Moreover, for B = 0, the notion of ∼-equivalence is the more familiar
notion of Lipschitz equivalence.
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Finally, besides the asymptotic comparisons of functions defined above, when
manipulating identities and keeping track of the number of relations used to go
from one word to the other, we make use of the following comparison.

Notation 2.7. Given A,B ⩾ 0 and a parameter a > 0 we use the notation A ≲a B

to mean that there exists some constant C > 0 that only depends on a such that
A ⩽ C · B. And A ≃a B if A ≲a B and B ≲a A hold. We also say that A is in
Oa(B) if A ≲a B and A = Oa(B) if A ≃a B.

2.2 Nilpotent groups

In this section we present some basic definitions and well-known facts about nilpo-
tent groups.

Definition 2.8 (Lower central series). Let G be a group. We define the lower
central series of G recursively as

γ1(G) := G, and γi+1(G) := [G, γi(G)]

for each i ⩾ 1.

Definition 2.9 (Nilpotent group). A group G is said to be nilpotent of class c or
c-step nilpotent if γc+1(G) = {1} but γc(G) ̸= {1} for some c ⩾ 1. The number c
is called the nilpotency class of G.

The class of nilpotent groups is closed under taking subgroups, quotients, and
finite direct products. In particular, the central product of two nilpotent groups
is again a nilpotent group.

A basic example is the 3-dimensional Heisenberg group. For R a ring the 3-
dimensional Heisenberg group (over R) or simply the 3-Hesienberg group is defined
as

H3(R) :=

{(
1 x z
0 1 y
0 0 1

)
| x, y, z ∈ R

}
.

Let us recall from Chapter 1 that one of the motivations to study nilpotent
groups is the celebrated Polynomial Growth Theorem by Gromov. This landmark
result made nilpotent groups a natural class to study within Geometric Group
Theory. Moreover, it can be seen as the starting point of Gromov’s idea to classify
finitely generated groups up to quasi-isometries.
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Theorem 2.10 (Gromov’s Polynomial Growth Theorem, [Gro81]). Let Γ be a
finitely generated group. Γ has polynomial growth if and only if Γ is virtually
nilpotent.

Gromov actually proved the “only if” direction of Theorem 2.10. It was Wolf
[Wol68] who first showed that finitely generated nilpotent groups have polynomial
growth. Later on, independently Bass [Bas72] and Guivarc’h [Gui73] computed
the exact degree of the polynomial. Recall that the growth of a finitely generated
group is a quasi-isometry invariant that, roughly speaking, measures the asympotic
growth of balls centred at the identity of the group by giving a bound on the
number of elements in such a ball. The bound is given as a function of the radius
of the ball.

A consequence of Theorem 2.10 is that the class of finitely generated virtually
nilpotent groups is closed under quasi-isometries :

Corollary 2.11 (Gromov). Let Γ1 and Γ2 be two finitely generated quasi-isometric
groups. If Γ1 is virtually nilpotent, then Γ2 is also virtually nilpotent.

In contrast with the free group of rank 2, every subgroup of a finitely generated
nilpotent group is finitely generated. Moreover, we have the following well-known
and basic result.

Lemma 2.12. Let G be a finitely generated nilpotent group, then G is finitely
presented.

The proof of this result is a simple exercise. For the readers familiar with
geometric group theory but not with nilpotent groups we provide a quick sketch.

Sketch of proof. The proof is done by induction on the nilpotency class and uses
the fact that subgroups of a finitely generated nilpotent group are finitely gener-
ated. The base of induction is clear, since abelian groups are finitely presented.
For the induction step we use the following two facts. First, recall that finitely
generated nilpotent groups are Noetherian, namely subgroups are finitely gener-
ated, to see this one can proceed by induction on the nilpotency class, see for
instance [Bro73, Lemma 2]. Second, being finitely presented is stable under ex-
tensions, namely if N ⊴G is a normal subgroup such that N and G/N are finitely
presented, then G is finitely presented.

The following result is assumed in Chapter 3. It allows us to work with torsion-
free nilpotent groups when estimating their Dehn functions.

21



Proposition 2.13. Every finitely generated nilpotent group G has a subgroup G′⊴

G of finite index which is torsion-free.

Proof. For a proof we refer the reader to [Seg83, Proposition 2, p. 2] or [CSD21,
Lemma 2.42].

Since finite index subgroups of a finitely generated group have the same ge-
ometry as the ambient group, more precisely they are quasi-isometric, in view
of Proposition 2.13 we can restrict to the class of torsion-free nilpotent groups
without loosing geometric information. Moreover, another reason we restrict to
torsion-free nilpotent groups comes from the result of Mal’cev [Mal51], who estab-
lished a way to embed a torsion-free nilpotent group as a co-compact lattice in
a simply connected nilpotent Lie group. For instance, the integral 3-dimensional
Heisenberg group H3(Z) embeds as a cocompact lattice in the real 3-dimensional
Heisenberg group H3(R).

We recall from Chapter 1 the conjectural classification of finitely generated
torsion-free nilpotent groups.

Conjecture ([FM00, p.5] and [Cor18, p.335] ). Two finitely generated torsion-
free nilpotent groups are quasi-isometric if and only if they embed as cocompact
lattices in the same simply connected nilpotent Lie group.

Therefore, the study of the Dehn function of finitely generated nilpotent groups
reduces to the study of Dehn functions of simply connected nilpotent Lie groups.
This makes the class of simply connected nilpotent Lie groups a natural class of
study for us.

We now establish some basic notions of Lie groups and Lie algebras.

2.3 Lie groups and algebras

In the first part of this section we present standard and well-known results con-
cerning Lie groups and algebras. For a detailed treatment of these topics we refer
the reader to [FH91] and [Hel78]. We then present the so-called Carnot-graded
groups, see Definition 2.26. Finally, we define the important classes of model
filiform groups (see Definition 2.32 below).

Unless otherwise stated, all the Lie groups and Lie algebras are assumed to be
finite-dimensional and either over the real or complex numbers. Lie groups are an
important family of topological groups.
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Definition 2.14 (Topological group). A topological group consists of a group G

and a topology on G such that the binary operation G×G→ G and the inversion
map G→ G such that g 7→ g−1 are continuous with respect to the topology.

Definition 2.15 (Lie group). A Lie group is a topological group G endowed with
the structure of a smooth manifold, so that the binary operation G×G→ G and
the inversion map G→ G, are smooth maps. We say that G is finite-dimensional
if as a differentiable manifold it is finite-dimensional.

Recall, that a homomorphism of Lie groups is a group homomorphism which
is also a smooth map. Every countable discrete group (a topological group with
the discrete topology) is a Lie group. The real 3-dimensional Heisenberg group
defined in Section 2.2, is a Lie group.

The manifold structure on a Lie group allows us to exploit the notions of
Riemannian geometry. Concretely, every Lie group can be equipped with a left-
invariant Riemannian metric, i.e. a Riemannian metric that is invariant under left
multiplication by elements of G, namely if for every g ∈ G the map

Lg : G→ G,

h 7→ gh.

is an isometry. To construct such a metric consider a positive definite inner prod-
uct ⟨·, ·⟩e on TeM the tangent space at the identity. Note that the map Lg is a
diffeomorphism and that the action of G on itself via left multiplication is simply
transitive. We define an inner product ⟨·, ·⟩g on TgM as the push-forward of ⟨·, ·⟩e
under the differential DeL : TeG→ TgG of Lg at the identity e, namely

⟨·, ·⟩g : TgG× TgG→ R
(X, Y ) 7→ ⟨De(Lg)

−1(X), De(Lg)
−1(Y )⟩e.

Moreover, every Lie group G acts on itself from the left: for g ∈ G let ρg : G→
G be the map defined by h 7→ ghg−1. The map ρg is a smooth map and fixes the
identity e ∈ G. Therefore, it induces an action on TeG:

Ad : G→ Aut(TeG),
g 7→ De(ρg)

called the adjoint representation of G. The differential of the adjoint representation
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at the identity is the map

ad : TeG→ End(TeG),

since Aut(TeG) is an open subset of End(TeG) its tangent space at the identity
can be identified with End(TeG).

Definition 2.16 (Lie algebra). Let R ∈ {R,C}. A Lie algebra over R is an
R-vector space g equipped with a binary operation

[·, ·] : g× g → g,

called the Lie bracket, satisfying the following axioms:

(L1) (Bilinearity) For every λ ∈ R and X, Y, Z ∈ g we have

[λX, Y ] = λ[X, Y ] and [X + Y, Z] = [X,Z] + [Y, Z].

(L2) (Skew-symmetry) For every X, Y ∈ g we have [X, Y ] = −[Y,X].
(L3) (Jacobi identity) For every X, Y, Z ∈ g we have

[X, [Y, Z]] + [Y, [Z,X]] + [Z, [X, Y ]] = 0.

This makes [·, ·] a skew-symmetric bilinear map satisfying the Jacobi identity.

There is a strong relation between Lie groups and Lie algebras with many
consequences for the structure of both objects.

2.3.1 Correspondence between Lie groups and Lie algebras

For every (connected) Lie group G there is a Lie algebra called the associated Lie
algebra g. This is defined as follows: define g as the vector space TeG together
with the Lie bracket [·, ·] defined as:

[X, Y ] := ad(X)(Y ) for all X, Y ∈ g.

The exponential map exp: g → G is a local diffeomorphism. Thus by the implicit
function theorem there is an open neighbourhood of the identity U that is mapped
diffeomorphically an open neighbourhood exp(U) of the identity in G. The inverse
map is the logarithm map log : exp(U) → U .

A fundamental result about the structure of Lie algebras and Lie groups is the
following result.
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Theorem 2.17 (Ado’s Theorem). Every finite-dimensional Lie algebra g over a
field F of characteristic zero (for instance R) is linear, that is the subalgebra of
gl(V ) for some finite-dimensional vector space V over F . In particular, every Lie
group locally embeds in GL(V ) for some finite-dimensional real vector space V .

Proof. For a proof of this result we refer the reader to [FH91, Thereom E.4].

The correspondence G 7→ g := TeG has strong implications, one of them is the
following result.

Proposition 2.18. Let G and H Lie groups with g and h the associated Lie
algebras respectively. Let Φ: g → h be a homomorphism of Lie algebras. If G is
simply connected, then there exists a unique homomorphism ϕ : G → H such that
De(ϕ) = Φ.

Proof. For a proof we refer the reader to see [FH91, p.119] or [War83, Theorem
3.27].

A consequence of Proposition 2.18 is that if two simply connected Lie group G
and H have isomorphic Lie algebras, then G and H are isomorphic.

In fact, the correspondence between (connected) Lie groups and Lie algebras
defines a functor from the category of (connected) Lie groups to the category of
Lie algebras.

Theorem 2.19 (Lie’s Third Theorem). For every finite-dimensional real Lie al-
gebra g there exists a unique (up to isomorphism) connected simply connected Lie
group G whose Lie algebra is isomorphic to g.

Proof. For a proof of Theorem 2.19 that uses Ado’s Theorem 2.17 we refer the
reader to [War83, p. 101] or [Hal15, Section 5.10].

Said differently, Theorem 2.19 states that there is a one-to-one correspondence
between isomorphism classes of Lie algebras and isomorphism classes of simply
connected Lie groups.

2.3.2 Carnot groups and algebras

A particular class of nilpotent Lie groups and Lie algebras relevant to our work
in Chapter 3 is that of Carnot-graded groups and Carnot-graded algebras. Before
defining this classes we recall the definition of a nilpotent Lie algebra.
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Definition 2.20 (Nilpotent Lie algebra). Let g be a Lie algebra over R. The lower
central series of g is defined similarly as for a group:

γ1g := g and γi+1g := [g, γig],

for i ⩾ 1. Observe, that in this case [·, ·] denotes the Lie bracket of g. Moreover,
we say that the Lie algebra g is c-nilpotent or nilpotent of class c if γc+1g = 0 but
γcg ̸= 0 for some c ⩾ 1.

In this section we explain how to construct for every simply connected nilpotent
Lie group a Lie algebra admitting a specific kind of grading. We present some
important examples. We refer the reader to [Cor16, 3.2], [LD17], and [Mon02,
Chapters 8 and 9] for further reading.

We begin with the following basic definition.

Definition 2.21 (Lie algebra grading). Let g be a finite dimensional Lie algebra
over R. A positive grading of g is a direct sum decomposition

g =
⊕
i⩾1

mi,

such that for every i, j ⩾ 1 we have that mi ⊂ g is an R-linear subspace and

[mi,mj] ⊂ mi+j.

Definition 2.22 (Graded Lie algebra). We say that the Lie algebra g is a positively
graded Lie algebra or simply graded Lie algebra if it is endowed with a positive
grading.

Remark 2.23. If g is a positively graded Lie algebra, then γjg ⊂ ⊕i⩾jmi. There-
fore, g is nilpotent [LD17, Lemma 2.16]. However, the converse is not true. Namely,
there exists a nilpotent Lie algebra that does not admit a positive grading [LD17,
Example 2.8].

The nilpotent Lie algebras that admit a positive grading have an important
role in Chapter 3. Moreover, we focus on a particular kind of grading, namely
those where m1 generates g as a Lie algebra.

Definition 2.24 (Carnot grading, Carnot algebra, and Carnot-graded algebra I).
Let g be a graded Lie algebra over R with positive grading ⊕i⩾1mi. We say that
the grading is a Carnot grading if m1 generates g as a R-algebra. Moreover,
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• we call a Lie algebra g Carnot gradable Lie algebra or simply Carnot if it
admits a Carnot grading.

• we say that g is a Carnot-graded Lie algebra if it is endowed with a Carnot
grading.

At the level of Lie groups we have the following definition.

Definition 2.25 (Carnot gradable Lie group). We say that a simply connected
nilpotent Lie group G is Carnot gradable if its associated Lie algebra g is Carnot
gradable.

There is an equivalent way to define a Carnot-graded Lie algebra as we now
explain. Consider a nilpotent Lie group G of class c and let g be the Lie algebra
associated to G. Since G is c-nilpotent, we have that the lower central series of g
is finite and γc+1(g) = 0, i.e. g is nilpotent. In fact, the lower central series defines
a filtration

γc+1g ⊆ γcg ⊆ . . . ⊆ γ1g = g (2.3)

which is compatible with the Lie bracket. In particular,

[γi+1g, γjg], [γig, γj+1g] ⊂ γi+j+1g.

From this it follows that the Lie bracket defines a linear map

γig/γi+1g⊗ γjg/γj+1g → γi+jg/γi+j+1g,

which induces a Lie bracket [·, ·]gr in the vector space

gr(g) :=
⊕
i⩾1

γig/γi+1g

turning it into a Lie algebra.

Definition 2.26 (Associated Carnot-graded). We call the direct sum

gr(g) :=
⊕
i⩾1

γig/γi+1g

equipped with the Lie bracket [·, ·]gr the associated Carnot-graded Lie algebra. We
call its associated simply connected Lie group the associated Carnot graded Lie
group and denote it by gr(G).

For Lie groups we define the following.
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Definition 2.27 (Carnot group). LetG be a simply connected nilpotent Lie group.

We say that G is a Carnot group if G ∼= gr(G) as Lie groups.

Proposition 2.28. Let g be a nilpotent Lie algebra over R. Then, g is Carnot if

and only if it is isomorphic (as R-algebra) to its associated Carnot-graded algebra

gr(g). Moreover, for any Carnot grading of g, the graded algebras g and gr(g) are

isomorphic as R-algebras.

Proof. For a proof we refer the reader to [Cor16, Proposition 3.5].

Remark 2.29. Every nilpotent Lie algebra of nilpotency class 2 is Carnot [Cor16,

Example 3.12]. However, in general, not every nilpotent Lie algebra is Carnot.

For instance, from Magnin’s classification of nilpotent Lie algebras in dimension

⩽ 6 [Mag10] we can see that the following example from [Cor16, Section 1.2.2] is

not Carnot: The 5-dimensional Lie algebra generated by {X1, . . . , X5} with only

non-trivial relations being

[X1, Xi] = Xi+1 for 2 ⩽ i ⩽ 4, and [X2, X3] = X5

is a nilpotent Lie algebra of nilpotency class 4. Its Carnot-graded Lie algebra

is the 5-dimensional Lie algebra generated by {X1, . . . , X5} with only non-trivial

relations being [X1, Xi] = Xi+1 for all 2 ⩽ i ⩽ 4.

Remark 2.30. In this work, in particular in Chapter 3, the Lie algebra from

Remark 2.29 is denoted by l⌟5 and its associated Lie group by L⌟
5. These are

examples of filiform algebras and groups respectively, see Section 2.3.3 below for

the definition. The simply connected Lie group L⌟
5 played a significant role in

gaining intuition behind the proofs presented in Section 3.4.

Beyond Remark 2.29 there are more examples of nilpotent Lie algebras which

are not Carnot. It turns out, that one way of obtaining interesting examples of

nilpotent Lie algebras which are not Carnot is by means of central products of

nilpotent Lie algebras (see Remark 2.35 below).

In view of Proposition 2.28, for a simply connected group G being Carnot is

equivalent to saying that its associated Lie algebra is Carnot-graded.

We now turn to define two important classes of graded nilpotent Lie algebras

and graded Lie groups.
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2.3.3 Filiform groups and algebras

In this section we define the classes of filiform groups (algebras) and filiform groups
(algebras). These classes are the main object in Chapter 3, where we consider
central products of (model) filiform groups. Moreover, in Chapter 4 they have a
substantial role (e.g. Lemma 4.3) since they admit lattices that are mapping tori
of Zm (see Remark 2.33).

Definition 2.31 (Model filiform Lie algebra). The model filiform nilpotent Lie
algebra lm+1 of dimension m + 1 is the m-nilpotent Lie algebra of dimension m

with basis {X1, . . . , Xm+1} satisfying [X1, Xi] = Xi+1 for all 2 ⩽ i ⩽ m and
[Xi, Xj] = 0 for 1 < i ⩽ j ⩽ m+ 1 or if (i, j) = (1,m+ 1).

Note that {Xm+1} is a basis for γmg, {Xm, Xm+1} is a basis for γm−1g, and,
in general, {Xi, . . . , Xm+1} for γi−1g and i > 2. In this sense we could think of
the lower central series of a filiform group as being threaded or threadlike, which
explains the French term filiform introduced by Vergne [Ver70]. In particular,
the model filiform algebra lm+1 has 1-dimensional centre z generated by Xm+1

[GJMNnV98, Theorem 1].

Definition 2.32 (Model filiform group). A model filiform nilpotent Lie group
Lm+1 is the simply connected nilpotent Lie group of class m whose associated Lie
algebra is lm+1.

In general, a simply connected nilpotent Lie group is called filiform of class k
if it is of minimal possible dimension, namely k+1, among all nilpotent groups of
class k. We call the corresponding Lie algebra filiform algebra. In fact, a filiform
algebra is generated by a particular basis, called an adapted basis, {X1, . . . , Xk+1},
such that [X1, Xi] = Xi+1 for 2 ⩽ i ⩽ k, with possibly other brackets being
nonzero.

Remark 2.33. The semi-direct product Zm ⋊ϕ ⟨t⟩ with finite presentation

⟨x1, . . . , xm, t | [xi, xj ] = [xm, t] = 1 for 1 ⩽ i, j ⩽ m, [xi, t] = xi+1 for 1 ⩽ i ⩽ m− 1⟩

defines a lattice in the model filiform group Lm+1 (see Section 2.1.1.2).

In Remark 2.29 we saw an example of a nilpotent Lie algebra that was not
Carnot. We also mentioned that central products are a way to obtain interesting
examples of these kind. The central product for Lie algebras, can be defined in a
completely analogous way as for groups (see Definition 2.1):

29



Definition 2.34 (Central product of Lie algebras). Let k and l be two Lie algebras
with central subspaces z ⊂ k and z′ ⊂ l. Suppose that there is an isomorphism
θ : z → z′. The central product of k with l with respect to θ is the Lie algebra

g := k×θ l

defined as the quotient of k× l by the ideal generated by {(z,−θ(z)) | z ∈ z}.

Remark 2.35 ([LIPT23, p. 708]). For 3 ⩽ q ⩽ p we can define the Lie algebra
gp,q as the central product of the Lie algebras lp and lq. It turns out that the Lie
algebras gp,q are Carnot gradable if and only if p = q. In fact, gr(gp,q) is isomorphic
to the direct product lp × lq−1.

Finally, a particular family of filiform groups and algebras that is the main
object in Chapter 3 (e.g. Theorems A and B) consists of the filiform algebras
(and their associated Lie groups) which we denote by l⌟m+1: it is generated by
{X1, . . . , Xm+1} with only non-trivial relations [X1, Xi] = Xi+1 for all 1 ⩽ i ⩽ m

and [X2, X3] = Xm+1. The associated Lie groups are denoted by L⌟
m+1.

2.4 Pansu’s Theorem

As mentioned in the introduction, Pansu provided evidence for the conjectural
quasi-isometry classification of torsion-free finitely generated nilpotent groups (see
Conjecture 2).

Theorem 2.36 ([Pan89]). Let G and G′ be simply connected nilpotent Lie groups.
If G and G′ are quasi-isometric, then gr(G) and gr(G′) are isomorphic.

One of the steps in the proof of Pansu’s theorem consists of identifying the
so-called asymptotic cone of G with gr(G) equipped a particular metric (called
the Carnot-Carathéodory metric) [Pan89]. Therefore, Theorem 2.36 restricts the
problem of classifying nilpotent groups up to quasi-isometries to that of discern-
ing nilpotent groups with the same asymptotic cones (or equivalently, isomorphic
associated Carnot-graded groups) up to quasi-isometries.

As we explain in Section 3.8, this identification done by Pansu, between the
associated Carnot-graded group and the asymptotic cone is a key observation that
allows us to conclude Corollary C from Theorems A and B (see Section 3.8 for
details).
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2.5 Asymptotic cones

In this section we recall the general idea of what the asymptotic cone of a group
is. Due to the technical nature of the definition, we decide to keep its presentation
short, and rather focus on providing an intuitive idea by presenting some examples.
We refer the reader to [BRS07, Part II, Chapter 4] and [DK18, Chapter 10] for a
further discussion.

The concept of asymptotic cones was used by Gromov [Gro81] and then for-
mally introduced by van den Dries and Wilkie [vdDW84]. The idea is to construct,
for a given metric space (X, d), a new space that captures X as seen from “infinitely
far”. More precisely, the idea is to define the notion of a limit of a sequence of
metric spaces (X, d

ϵ
) as ϵ→ ∞, where ϵ > 0 is a “scaling factor”.

The asymptotic cone (Coneω(X, e, s), dω) of a metric space (X, d) is a metric
space defined using the following information:

• A sequence of base points e = (ei)i∈N in X.
• A scaling family s, that is, a sequence of strictly positive real numbers s =

(si)i∈N such that si → ∞ as i→ ∞.
• A nonprincipal ultrafilter1 ω on N, which is a finite probability measure on
N, i.e. it is an additive map 2N → {0, 1} such that ω(N) = 1 and for every
finite subset F ⊂ N we have ω(F ) = 0.

We use these to construct an asymptotic cone as follows. Let XN
b be the set of

sequences {yi}i∈N in X such that d(ei,yi)
si

is bounded and let ∼ be the equivalence
relation in XN

b defined by

{xi}i∈N ∼ {yi}i∈N ⇐⇒ lim
ω

d(xi, yi)

si
= 0.

We define the asymptotic cone (Coneω(X, e, s), dω) as the set

Coneω(X, e, s) = XN
b / ∼ .

with metric dω({xi}i∈N, {yi}i∈N) = limω
d(xi,yi)
si

.
An asymptotic cone of a finitely generated group G with generating set S is

the asymptotic cone of the metric space (G, dS) where dS denotes the word metric.
By homogeneity of G the sequence of points e = (ei)i∈N can be taken to be the

1A nonprincipal ultrafilter on N should be thought of as a gadget that guarantees convergence:
it is a way to coherently choose limit points of bounded sequences, see [DK18, Chapter 10] for a
detailed discussion.
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constant sequence the identity element in G. So to avoid heavy notation it is
common to simply denote the asymptotic cone of G by Coneω(G).

We now list a series of examples and properties of asymptotic cones.

1. Asymptotic cones of quasi-isometric spaces are bilipschitz equivalent, see
[DK18, Lemma 10.83].

2. A finitely generated group G is word hyperbolic if and only if all of its
asymptotic cones are R-trees. This was first observed by Gromov [Gro93]
and Drutu gave a relatively elementary proof in [Dt02], see also [BRS07,
Theorem 4.2.2].

3. A finitely generated group is virtually abelian if and only if its asymptotic
cones are isometric to the Euclidean space Rn, see [Gro81] and [Pan83].

Some results where asymptotic cones play a key role are for instance in the
quasi-isometric rigidity of symmetric spaces and Euclidean buildings due to Kleiner
and Leeb [KL97] or in the proof of the quasi-isometric rigidity of the mapping class
group by Behrstock, Kleiner, Minsky, and Mosher [BKMM12] and Hamenstädt
[Ham06].

We would like to emphasise that the asymptotic cone depends on the choice of
ω and s. Nevertheless, a finitely generated group is virtually nilpotent if and only
if all its asymptotic cones are locally compact metric spaces. In [Gro81] Gromov
proved that they are proper, and Drutu in [Dt02] proved the converse and added
that proper can be replaced by locally compact, see [BRS07, p. 130]. Moreover,
in view of Pansus’s work, given a simply connected nilpotent Lie group G the
asymptotic cones of G are bilipschitz equivalent to the associated Carnot-graded
group gr(G) equipped with a left-invariant metric, called the Carnot–Carathéodory
metric. In contrast to the asymptotic cones, this space has a pretty concrete
description.

Finally, as a way to motivate the next section, we would like to mention two
facts relating asymptotic cones and Dehn functions (see Section 2.6 below for
a definition) (i) asymptotic cones of groups with quadratic Dehn function are all
simply connected [Pap96] and (ii) if all the asymptotic cones of a finitely generated
group are simply connected, then the group has Dehn function bounded above by
a polynomial (with exponent not necessarily an integer), see [Gro93] and [BRS07,
Part II, Theorem 4.3.3]. Having said this, we now turn to define the main quasi-
isometry invariant of this work, namely Dehn functions.
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2.6 Dehn functions of compactly presented groups

A lot of research in geometric group theory has been devoted to the study of finitely
generated and finitely presented groups. Both classes of groups have natural gen-
eralisations to the realm of locally compact groups as compactly generated and
compactly presented groups, as introduced by Kneser [Kne64]. For us locally com-
pact groups are always assumed to be second countable and Hausdorff topological
groups.

The idea of generalising quantitative quasi-isometry invariants such as Dehn
functions to the class of locally compact groups is a fairly recent trend, see for
instance [CT17, CM18, CdlH16a] for recent progress on the topic2.

We start this section by defining compactly generated (respectively presented).
We then define the Dehn function of a compactly presented group.

Generalising finite generation, we say that a locally compact group G is com-
pactly generated if it admits a compact generating set S. Moreover, generalising
finite presentability for discrete groups we say that G is compactly presented if, in
addition to being compactly generated, it admits a presentation ⟨S|R⟩ with a set
R ⊂ S of null-homotopic words with word length bounded by a constant. In this
case we say that G is compactly presented with compact presentation P := ⟨S|R⟩.

To be precise, if no compact (respectively finite) presentation is given we should
just say that G is compactly (respectively finitely) presentable; by an abuse of
notation we call it compactly (finitely) presented, respectively generated.

Examples 2.37. We list some basic examples of compactly presented groups that
are treated in this work.

1. Finitely presented discrete groups are compactly presented.
2. Simply connected (nilpotent) Lie groups are compactly presented, see [Tes18,

Theorem 2.6] or [CdlH16b, Corollary 8.A.9].

We now define the main quasi-isometry invariant of this work.

Definition 2.38 (Dehn function). LetG be a compactly presented locally compact
group with compact presentation P := ⟨S|R⟩. The area of a null-homotopic word
w in G with respect to P is the number defined as

AreaP(w) := min
{
k ∈ N | w free

=
k∏
i=1

u−1
i r±1

i ui, with ui ∈ FS, ri ∈ R
}
.

2It should be noted that Abels already in the 70’s used compact presentability to establish
finite presentability for some S-arithmetic lattices [Abe87]

33



The Dehn function of the presentation P is the function δP : N → N∪{∞} defined
via

δP(n) = sup {AreaP(w) | w =G 1, |w|S ⩽ n} .

Proposition 2.39 ([CT17, §2.B]). Let G be a compactly presented locally compact
group. The following properties hold:

1. G admits a presentation P := ⟨S|Rd⟩, where Rd is defined as the set of all
null-homotopic words w of length at most d. Moreover, δP(n) <∞ for all n.

2. Let P1 and P2 be two compact presentations for G such that δP1 and δP2 take
values in N. Then, δP1(n) ≍ δP2(n) for all n.

3. The ≍-behaviour of the Dehn function of G is a quasi-isometry invariant of
G.

This shows, as in the case of finite presentations [Alo90], that the Dehn function
is a well-defined quasi-isometry invariant of compactly presented groups up to ≍-
equivalence.

Notation 2.40. Strictly speaking, in view of Proposition 2.39, we define the Dehn
function of G, denoted by δG, as the ≍-class of δP . By an abuse of notation,
we treat the Dehn function of a compactly presentable group G and the Dehn
function of a compact presentation P for G indistinctly. For example, we say that
the Dehn function of G is ≍-equivalent to n (or simply linear) if there is a compact
presentation P such that δP(n) ≍ n for all n.

2.6.1 Some known Dehn functions

In this section we make a short account on what is known about the Dehn functions
of finitely presented groups.

As mentioned in the introduction word hyperbolic groups are precisely the
groups with linear Dehn function. Moreover, if the Dehn function of a group G

satisfies δG(n) ≺ n2, then δG(n) ≍ n [Bow95, Gro87, Ols91]. This means that the
class of groups having subquadratic Dehn function is precisely the one of hyperbolic
groups. In contrast, the class of groups with Dehn function ≍ n2 seems to be very
broad, see for instance [Sap11, Section 4], [Bri02, Section 6] and [Ril17, Section 5].

To put this behaviour into perspective it is natural to consider the isoperimetric
spectrum:

IP := {ρ ∈ [1,+∞) | f(n) = nρ is ≍-equivalent to a Dehn function}.
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The behaviour mentioned above that subquadratic Dehn functions exhibit implies
that there is a gap in IP, namely the interval (1, 2). This begs the question if there
is another gap. Bridson constructed an infinite family of groups with polynomial
Dehn functions with rational exponents [Bri99]. In particular, he used mapping
tori of Zm. Nevertheless, this set of fraction is far from being dense, so by the
time Bridson constructed this family, there were still many gaps in IP. Later on,
Brady and Bridson [BB00] settled this question by constructing examples of finitely
presented groups with Dehn functions ≍ nα where the set of such exponents forms
a (countable) dense subset in [2,+∞); it is worth mentioning that in a previous
work [SBR02] the authors provided much finer information regarding the interval
[4,+∞).

The Dehn function of a group can be polynomial or exponential (see for instance
[BP94]). Moreover, we know that the Dehn function of a finitely presented group
can grow faster than any iterated exponential [Pla04].

For a detailed survey on Dehn functions of finitely presented groups, we refer
the reader to [Bri02] and [BRS07]. It is important to note that since the publication
of Bridson’s survey and the 2005 mini-course that culminated in the book [BRS07],
there have been significant advances in the field. Here, we briefly mention a few of
these important contributions, while acknowledging that this summary may not
be exhaustive.

• The Dehn function of Thompson’s group F is quadratic [Gub06].3

• The finitely presented Stallings–Bieri groups have quadratic Dehn functions
[CF17, DERY09].4

• The Dehn functions of finitely presented Bestvina–Brady groups5 are all
bounded by a polynomial of degree 4 [Dis08]. Some specific examples of

3Thompson’s group F consists of all piecewise-linear orientation-preserving homeomorphisms
of the unit interval [0, 1] whose derivatives have finitely many dyadic break points and the slopes
of linear pieces are powers of 2. It is finitely presented, and it has a presentation with two
generators and two relations, see for instance [CFP96]. It was the first example of a torsion-free
group which is of type FP∞ [BG84].

4These groups arise as the kernel of epimorphisms F2 × . . .× F2 → Z sending each generator
to 1. These groups were the first examples of groups with exotic finiteness conditions. They
form a a family of groups of type Fn but not of type Fn+1 [Bie81]. Here G is of type F1 if
it is finitely generated, F2 if it is finitely presented, and more generally Fn when it admits an
Eilenberg-–Maclane space or K(G, 1) with finite n-skeleton.

5These groups are generalisations of Stallings–Bieri groups. More precisely, they are subgroups
of RAAGs arising as kernels of epimorphisms AL → Z that send every generator to the identity.
Bestvina and Brady used them to answer a long-standing open problem: the existence of groups
of type FP (Z) but not finitely presented [BB97]. In particular, a great deal of information about
the structure of these kernels, such as finitely presentability, is encoded in the defining graph of
the corresponding RAAG L.
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Bestvina–Brady groups with quadratic, cubic, and quartic Dehn functions
were known by Brady. See also [Cha21] for further examples. In 2025, af-
ter a physical copy of this work was submitted and after my PhD defence,
together with M. Migliorini and Y.-C. Chang we completely classified the
Dehn functions of Bestvina–Brady groups, see [CGMM25].

• For all n ⩾ 4 the Dehn function of SLn(Z) is quadratic, the case n ⩾ 5

was proven in [You13a] and the case n = 4 follows from [LY21] where it was
proven that lattices in higher rank Lie groups have quadratic Dehn functions.

• There exists a finitely presented simple group whose Dehn function is at least
exponential [Zar24]. All the previously known examples of Dehn functions
of finitely presented simple groups have fairly small Dehn functions, e.g.
Thompson’s group F .

We finish this section by observing that there are countably many ≍-classes of
Dehn functions of finite presentations of groups; this follows since there are count-
ably many finite presentations of groups. Therefore, the isoperimetric spectrum
for finitely presented groups is a countable (and dense) subset of {1} ∪ [2,+∞).
In contrast, going from finitely presented groups to compactly presented ones,
one is led to consider uncountably many groups, see for instance [BKS20] and
Corollary C, which raises Question 1.2.

2.7 Van Kampen diagrams

A standard technique for estimating Dehn functions of finitely presented groups
is using diagrams that encode the process of applying relations to reduce a word.
These diagrams, called van Kampen diagrams are the topic of this section. This
section follows closely [Bri02] and [BRS07, Part III] to which we refer for a thor-
ough discussion and treatment of van Kampen diagrams and their relation with
Dehn functions and isoperimetric inequalities. Van Kampen diagrams were first
introduced by van Kampen [Kam33] but went unnoticed until Lyndon rediscovered
them [Lyn66] (see also [LS01]).

In this section we fix a finitely presented group G and a finite presentation
P := ⟨S|R⟩. We can assume without loss of generality that the set R consists
of cyclically reduced words, that is, words for which all cyclic permutations are
reduced words. Indeed, if R̃ is the smallest set containing R, all the cyclically
reduces words of R and their inverses, then ⟨S|R⟩ ∼= ⟨S|R̃⟩. For a null-homotopic
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word w in G, there is a geometric way to describe the free identity

w
free
=

k∏
i=1

u−1
i r±1

i ui, (2.4)

and thus encoding the number k of relators needed. This consists of a planar
compact contractible combinatorial 2-complex D called a van Kampen diagram.
These are meant to give geometrical and topological meaning to the identity (2.4).
We define them following [BRS07, Part III, Chapter II].

Definition 2.41 (van Kampen diagram). Let D be a finite, connected, oriented,
pointed, labelled, planar graph where each oriented edge is labelled by an element
of S. The base point lies on the boundary of the unbounded region of R2 \ D.
Suppose in addition that for each bounded region F of R2 \ D, called face, the
topological boundary ∂F of F is labelled by a word in R. This word is obtained by
reading the labels on the edges as they are traversed, starting from some vertex on
the boundary of F , in one of the two possible directions. Each label on the edge
traversed is given a ±1 exponent according to whether the direction of traversal
coincides with, or is opposite to, the orientation of the edge. The choice of direction
and starting point alters the word read by inversion and/or cyclic conjugation.
The boundary word of the diagram D is the word w read on the boundary of the
unbounded region of R2 \ D, starting from the base vertex. In this case we say
that D is a van Kampen diagram for w over the presentation P .

We could also to think of a van Kampen diagram D as a planar 2-complex:
the 0-skeleton corresponds to the vertices of D, the 1-skeleton corresponds to the
edges of D, and for each face F of D we attach a 2-cell: given a relator r the
attaching map sends a polygon with |r| many 1-cells to the edge-loop in D with
label r.

To illustrate Definition 2.41 let us consider the following example.

Example 2.42. Consider the group Z2 with finite presentation

P := ⟨x, y|[x, y] = 1⟩.

The word w := [x2, y2] is a null-homotopic word in P . A van Kampen diagram
for w over P with four faces can be drawn as shown in Figure 2.3. Each face has
boundary word the relator [x, y]. Recall our convention is [x, y] = x−1y−1xy.

37



Figure 2.3: A van Kampen diagram for the null-homotopic word w := [x2, y2]. The
word can be read off by travelling in the counter clock-wise direction starting from
the base point ∗.

Observe that we can express w as a product of conjugates of the single defining
relator [x, y] in P as follows:

w
free
= [x, y] · [x, y]y−1xy · [x, y]xy · [x, y]y. (2.5)

Since this is a free identity, the word on the right-hand side has the same area
as w. Pictorially, the free identity Equation (2.5) can be visualized by means of
“pulling apart” the van Kampen diagram in Figure 2.3 as depicted in Figure 2.4.
Each boundary word of the faces is again labelled by the relator [x, y] and the

Figure 2.4: A van Kampen diagram for the null-homotopic word [x, y] · [x, y]y−1xy ·
[x, y]xy · [x, y]y over the given presentation P . For readability we omit the labels
of the boundary words of the faces.

“whiskers” consisting of the paths connecting the faces and the base point ∗ are
labelled by the conjugating elements y−1xy, xy, and y, respectively.

The key point is that this process can be done in the reverse way. Namely,
suppose we are given a product of conjugates of relators together with a van
Kampen diagram for it. Then, we can “fold” this diagram to obtain a diagram for
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a word w which would be freely equal to the product of conjugates of relators we

were given. This idea lies behind van Kampen’s Lemma, see Theorem 2.43.

Continuing our discussion on van Kampen diagrams, note that given two paths

in a van Kampen diagram, if they have the same endpoints, then the words corre-

sponding to their labels represent the same element in the group.

Van Kampen diagrams offer us a geometric interpretation of the area of a null-

homotopic word. The number of faces (or 2-cells) in a van Kampen diagram for

the null-homotopic word w over the presentation P is called the area of D and

denoted by AreaP(D). The relation between the area of D and the area of w was

initially realized by van Kampen [Kam33]. The modern way to state this relation

is as follows.

Theorem 2.43 (van Kampen’s Lemma). Let G be a finitely presented group given

by a finite presentation P := ⟨S|R⟩.

1. A word w := w(S) is null-homotopic in G if and only if there exists a van

Kampen diagram D over P with boundary word w.

2. If a word w := w(S) is null-homotopic in G, then

AreaP(w) = min{AreaP(D) | D is a van Kampen diagram for w in P}

Proof. For a proof we refer the reader to [Bri02, Theorem 4.2.2] or [BRS07, Part

III, Prop. 2.3].

A consequence of Theorem 2.43 is the existence of a van Kampen diagram for

every null-homotopic word w whose number of faces is precisely AreaP(w). We

call these diagrams minimal area van Kampen diagrams.

In view of van Kampen’s Lemma, Theorem 2.43, the Dehn function of G can be

interpreted via isoperimetric inequalities for van Kampen diagrams over P . The

use of van Kampen diagrams is crucial in the so-called Filling Theorem [Bri02,

2.1.2 Filling Theorem], which states that the Dehn function of a finitely presented

group G, arising as the fundamental group of a closed Riemannian manifold M , is

≍-equivalent to the so-called filling function of the universal cover of M . Here the

filling function is the smallest function bounding the area of minimal area discs in

terms of their boundary length.
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2.7.1 Corridors

As mentioned at the beginning, van Kampen diagrams and their structure are a
powerful tool in geometric group theory. In particular, when estimating precise
Dehn functions. Certain features of the presentations are closely related to the
geometry and structure of the corresponding van Kampen diagrams. A notable
feature is the existence of so-called corridors. Corridors appear in van Kampen
diagrams over a presentation ⟨S, t|R⟩ with t /∈ S such that all the relators in R

involving t±1 are of the form
t±1st∓1w(S).

This sort of presentations, as we saw in Chapter 2, arise naturally for HNN-
extensions where t is the stable letter. In particular, they arise naturally in presen-
tations for mapping tori of groups. To define corridors in a van Kampen diagram
we first need the definition of a subdiagram. Informally speaking, a subdiagram
of a van Kampen diagram is a cut out part of it.

Definition 2.44 (Subdiagram). Let ⟨S|R⟩ be a finite presentation for a group
G. Let w be a null homotopic in G and D a van Kampen diagram for w over
the presentation P . We say that a van Kampen diagram E for a null-homotopic
word w′ is a subdiagram of D if there exists words u and v such that the identity
w =P uw

′v holds in G and E is a connected subcomplex of D with boundary label
w′.

Given a null-homotopic word a and a van Kampen diagram D for w overP ,
the thin part of ∂D is the topological closure of those 1-cells which do not lie in
the boundary of any 2-cell in D. The thick part of ∂D is the topological closure
of the complement of the thin part.

Definition 2.45 (Corridor and annulus). Let D be a van Kampen diagram over
the presentation ⟨S, t|R⟩ and suppose that all the relators in R involving t±1 are of
the form t±1st∓1w(S). An edge in D is called a t-edge if it is labelled by t. Let D⋆

be the dual graph to the 1-skeleton of D, let v∞ a vertex dual to the unbounded
region of D ⊂ R2, and λ a loop in D⋆ whose edges are all dual to t-edges. The
subdiagram K of D, consisting of all the closed 1-cells and 2-cells of D dual to
λ \ {v∞}, is called a t-corridor if λ includes v∞, and a t-annulus if it does not.

Observe that if K is a t-corridor in D, then it is a subdiagram K of D such
that all the 2-cells in K are labeled by the relators t−1stw(S) or a single 1-cell e
in D with label t belonging to the thin part of D. In both cases we require that
D \K consists of two disjoint components. See Figure 2.5.
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Figure 2.5: Two possible types of t-corridors in a van Kampen Diagram. The
diagram on the left has no thin parts, while the one on the left has exactly one
thin part whose label is t.

2.8 Automorphisms of groups

A basic way to construct groups is via free and direct products of groups. It is
then natural to study if a group G can be decomposed as a free or as a direct
product of groups. This perspective might allow to reduce the study of the group
G to that of the groups realizing it as a free or direct product. This strategy turns
out to be relevant when we study the Dehn functions of mapping tori of RAAGs
(see Sections 4.2 and 4.3).

In this section we recall standard and well-known facts about automorphisms
of direct products and free products of groups which we use in Chapter 4. We
start with automorphisms of free products of groups.

2.8.1 Automorphisms of free products of groups

Given a group G and a subgroup H ≤ G, we say H is a free factor of G provided
there exists another subgroup K ≤ G such that G ∼= H ∗K where the isomorphism
is the one naturally induced by the inclusions of H and K into G. We then say
that H ∗K is a free (product) decomposition of G and call the groups H and K

free factors of G. By abuse of notation we write G = H ∗ K. We say that G
is freely indecomposable if there does not exist a free decomposition of G via two
non-trivial free factors.

Presentations for the automorphism group of a free product of groups were
found by Fouxe-Rabinovitch [FR40, FR41] and later on by Gilbert [Gil87]. More-
over, provided that G = H ∗ K is a free product of two freely indecomposable
and not infinite cyclic groups, then Aut(G) is generated by the following automor-
phisms (see [Gil87, p. 116]):
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• Factor automorphisms. An automorphism ϕ ∈ Aut(G) is a factor automor-
phism if ϕ|K ∈ Aut(K) and ϕ|H ∈ Aut(H).

• Permutation automorphisms. Suppose that there exists an isomorphism
f : K → H, then we say that ϕ ∈ Aut(G) is a permutation automorphism
induced by f if ϕ permutes the factors according to f , namely if ϕ is defined
as

ϕ : H ∗K → K ∗H
h1k1 . . . hsks 7→ f−1(h1)f(k1) . . . f

−1(hs)f(ks)

where K ∗H ∼= G via f .
• Partial conjugations. An automorphism ϕ ∈ Aut(G) is a partial conjugation

of K if there exists h ∈ H such that ϕ|K : k 7→ h−1kh for every k ∈ K and
ϕ|H = idH , in such case we say that ϕ is a partial conjugation of G by h ∈ H.

Note that the permutation automorphisms have order two, i.e. ϕ2 = idG.
Given G = H ∗K under reasonable assumptions on the factors we have a nice

description of the automorphisms of G. Namely, we have the following result.

Proposition 2.46 ([Kar23, Lemma 3.3]). If G = H ∗K is a free product decom-
position of G such that the free factors are freely indecomposable and not infinite
cyclic groups, then the group Out(G) is generated by factor automorphisms and a
single permutation automorphism.

Proof. For the readers’ convenience we include a sketch of proof following [Kar23,
Lemma 3.3]. Let ϕ be a partial conjugation of G by h ∈ H. Consider the inner
automorphism ch−1 ∈ Aut(G) defined as g 7→ hgh−1. Then, we have

(ch−1 ◦ ϕ)(g) =
{
hgh−1, if g ∈ H,
g, if g ∈ K.

Therefore, for the factor automorphism ψ ∈ Aut(G) defined as ψ|H : g 7→ hgh−1

and ψ|K = idK , we have that [ϕ] = [ψ] ∈ Out(G). Analogously, for a partial
conjugation of G by k ∈ K, we see that up to an inner automorphism it is a factor
automorphism.

Given two different permutation automorphisms ϕ1 and ϕ2, then they differ by
a product of two factor automorphisms. Indeed, if for i ∈ {1, 2} we have that ϕi is
induced by the isomorphism fi : H → K, then we define the factor automorphisms
as follows. Let ψH ∈ Aut(H) and ψK ∈ Aut(K) such that the following diagram
commutes
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H K

H K

f1

ψH ψK

f2

Let ψ1 (respectively ψ2) be the factor automorphism of G induced by ψH (re-

spectively ψK), that is ψ1|H = ψH and ψ1|K = idK (respectively ψ2|K = ψK and

ψ2|H = idH). Thus, we have ψ2 ◦ ψ1 ◦ ϕ1 = ϕ2.

We would like to mention that an alternative proof of Proposition 2.46, without

using the generating set of the automorphism group of a free product decompo-

sition, can be found in Nicolás thesis [Nic21, p. 35]. We opted to include this

version of the proof since the use of a generating set aligned with the spirit of

this work. Moreover, we would like to mention, that the generating set for the

automorphisms of a free product decomposition bears some similarities with the

generating set of the automorphism group of a RAAG found independently by

Laurence and Servatius, for the definition we refer the reader to [Ser89, Lau95].

We have the following consequence of Proposition 2.46.

Corollary 2.47. If G = H ∗ K is a free product of two freely indecomposable

and not infinite cyclic groups, then for every automorphism ψ ∈ Aut(G) there

exist p ∈ {1, 2} and ϕ ∈ Aut(G) such that ϕ|H ∈ Aut(H), ϕ|K ∈ Aut(K), and

[ϕ] = [ψp] ∈ Out(G).

Proof. It suffices to show that the factor automorphisms generate a normal index

2 subgroup of Out(G). Let N be the subgroup of Out(G) generated by factor

automorphisms and Φ be the outer class of the single permutation automorphism.

By Proposition 2.46 we know that N and Φ generate Out(G).

To see that N is normal in Out(G), by Proposition 2.46, it suffices to show

that Φ ·N = N ·Φ. To see this observe that any factor automorphism ψ ∈ Aut(G)

can be expresses as ψ = ψH ∗ ψK . Thus, Φ · [ψ] = Φ · [ψH ∗ ψK ] = [ψK ∗ ψH ] · Φ.

This proves normality of N . Finally, since Φ2 = 1, it follows that N has index 2

in Out(G).

We now proceed with the results regarding the automorphism group of a direct

product.
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2.8.2 Automorphisms of direct products of groups

We say that a group G is decomposable as a direct product if there exist non-proper
and non-trivial subgroups H1 and H2 of G such that G ∼= H1 × H2, we call the
subgroups H1 and H2 direct factors of G, or simply factors if it is clear from the
context that it concerns a direct product decomposition. If such a decomposition
does not exist we say that G is indecomposable (as a direct product).

We now state a well-known result for the automorphism groups of the direct
product of groups. To state the result we require the following notation. Let ℓ ⩾ 2,
and for each i ∈ {1, . . . , ℓ} let Gi be an infinite group, and set G := G1 × . . .×Gℓ.
Up to permutation of the factors we can collect all the isomorphic copies of the
Gi’s and write G = Gm1

1 × · · · ×Gmk
k for k ⩽ ℓ and mi ⩾ 1.

Lemma 2.48. Let ℓ ⩾ 2. For each i ∈ {1, . . . ℓ} let Gi be a non-trivial indecom-
posable group with trivial centre. Let G := G1 × . . .×Gℓ, then

Aut(G) ∼=
k∏
i=1

( mi∏
j=1

(
Aut(Gj)

)
⋊Smi

)
where Smi is the permutation group on {1, . . . ,mi} which acts on

∏mi
j=1 Aut(Gi)

by permuting the factors.

Proof. Although this result is well-known to the experts, we could not find a proof
in the literature. For the reader’s convenience we include the proof for the case
of only two factors. This avoids unnecessary technicalities and conveys the main
idea.

Let G and H be two non-trivial indecomposable groups with trivial centres.
Let ϕ ∈ Aut(G×H), ιG : G ↪→ G×H and ιH : H ↪→ G×H the canonical inclusion,
πG : G ×H ↠ G and πH : G ×H ↠ H the canonical projections, and define the
following subgroups

A1 := im(πG ◦ ϕ ◦ ιG) ≤ G, B1 := im(πH ◦ ϕ ◦ ιG) ≤ H,

A2 := im(πG ◦ ϕ ◦ ιH) ≤ G, B2 := im(πH ◦ ϕ ◦ ιH) ≤ H.

From the definition of the Ai’s and Bi’s it follows that [A1, A2] = {1} and also
[B1, B2] = {1}. Moreover, since ϕ is an automorphism, we also have that G =

A1 · A2 and H = B1 ·B2.
Since G and H are indecomposable we have that either A1 or A2 is trivial, and

either B1 or B2 is trivial.
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If A1 = {1}, then, since G is non-trivial we have that A2 = G. This implies,
by definition, that B1 ̸= {1}. Since H is indecomposbale we have that B2 is
trivial. Thus, we have an isomorphism G ∼= H induced by πG ◦ ϕ ◦ ιH with inverse
πH ◦ ϕ−1 ◦ ιG. Therefore, ϕ = σ ◦ (ϕG × ϕH) for ϕG ∈ Aut(G), ϕH ∈ Aut(H), and
permutation σ ∈ S2.

If A2 = {1}, then, arguing as before, we get A1 = G, B1 = {1}, and B2 = H.
Therefore we have ϕ = (ϕG × ϕH) for ϕG ∈ Aut(G), ϕH ∈ Aut(H).

A direct consequence of Lemma 2.48 is the following.

Corollary 2.49. Let G and H be two non-trivial indecomposable groups. Then,
the subgroup Aut(G)×Aut(H) ≤ Aut(G×H) has index at most two. In particular,
for every ϕ ∈ Aut(G × H) there exist k ∈ {1, 2} such that ϕk := ϕG × ϕH , with
ϕG ∈ Aut(G) and ϕH ∈ Aut(H).

2.9 The growth of automorphisms of groups

As mentioned before, in this work we study the Dehn functions of mapping tori
of RAAGs, namely groups of the form AL ⋊ϕ Z where ϕ ∈ Aut(AL). For this
purpose we study the so-called growth function of the automorphism ϕ. For this,
we restrict to the study of automorphisms of finitely generated groups which is an
important subclass of compactly generated groups.

We start with the definition of growth for a general automorphism of a finitely
generated group.

Definition 2.50 (Growth). Given a finitely generated group G, a finite generating
set S of G, and an automorphism ϕ ∈ Aut(G), the growth function of ϕ with respect
to S is the function grϕ,S : N → N defined via

grϕ,S : n 7→ max{ |ϕn(s)|S | s ∈ S}.

Similarly, as with Dehn functions, the asymptotic behaviour of the growth
function of an automorphism is well-defined up to an equivalence of functions that
captures the asymptotic behaviour, in this case ∼-equivalence which we defined in
Section 2.1.2.

Proposition 2.51 ([BS19, Proposition 2.4 and Remark 2.5]). Let G be a finitely
generated group with generating set S and let ϕ ∈ Aut(G). If S ′ is another finite
generating set of G, then grϕ,S ∼ grϕ,S′.
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Notation 2.52. In view of Proposition 2.51, we define the growth of an automor-
phism ϕ as the ∼-class of grϕ,S, and we denote it by grϕ. By an abuse of notation
we do not distinguish the growth of an automorphism ϕ and the growth of an
automorphism ϕ with respect to a generating set.

We now mention some of the possible asymptotic behaviours that the growth of
an automorphism can exhibit. As we discuss below, in the cases where the finitely
generated group G is either a free group or an abelian group, these behaviours are
the only possibilities, see Theorems 2.58 and 2.60.

Definition 2.53 (Types of growth). Let G be a finitely generated group and
ϕ ∈ Aut(G). We say that ϕ has

• polynomial growth if there exists d ⩾ 0 such that grϕ(n) ∼ nd.
• exponential growth if for some λ > 1 we have that grϕ(n) ∼ λn.

In the particular case that ϕ has polynomial growth with d = 0 we say that ϕ has
constant growth or trivial growth. Note that in this case grϕ ∼ grid ∼ K for some
constant K > 0. It is clear that automorphisms of finite order have trivial growth.

Example 2.54. Let F{a,b} be the free group of rank 2 with generating set {a, b}
and ϕ ∈ Aut(F{a,b}) defined by a 7→ ab, b 7→ a. A short computation shows that
the number of a’s appearing in ϕn(b) grows like the Fibonacci sequence. This
implies, that ϕ has exponential growth.

Remark 2.55. The linear term used in the definition of ≍-equivalence, see (2.2),
is essential to prove that the Dehn function is a quasi-isometry invariant. For
instance, consider the group Z with the following two finite presentations P1 =

⟨a | ∅⟩ and P2 = ⟨a, b | b = 1⟩. Then, the Dehn function of P1 satisfies δP1(n) = 0

for all n, whereas the Dehn function of P2 satisfies δP2(n) = n for all n. Neverthe-
less, when studying automorphisms, we require the finer ∼-equivalence, since we
actually want to distinguish between linear growth and constant growth.

We restrict the study of automorphisms of finitely generated groups to the
study of automorphisms of RAAGs. The main motivation for this, as mentioned in
the introduction, is that for certain RAAGs AL, the growth of their automorphisms
helps us to determine the precise asymptotics of the Dehn functions of the mapping
tori AL ⋊ϕ Z (see for instance [BP94, PR19] and Theorems E and F).

Regarding the class of RAAGs, the growth of automorphisms of free and
free abelian groups has been extensively studied, see for instance [BH92, BFH00,
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BFH05, Lev09, Bri00] for the free case and [BG96] for the free abelian case. Below
we recall some facts about the growth of automorphisms of free and free abelian
groups, but first we would like to close this section with an example and a remark.

Example 2.56 ([PR19]). The automorphism ϕ ∈ Aut(F{a,b}) defined by a 7→
b−1ab and b 7→ b has linear growth. By conjugating it by b−1 the automorphisms
is just the identity which has constant growth.

Remark 2.57. When studying automorphisms of free groups, there exists a dif-
ferent notion of the growth of automorphisms, the so-called cyclic growth, which
happens to be invariant under the composition with inner automorphisms. This
notion was introduced by Pueschel and Riley in [PR19, Definition 7.5] and plays
a significant role in their computations for Dehn functions. For details, we refer
the reader to [PR19, Section 7.2].

2.9.1 Growth of automorphisms of free abelian groups

After choosing a generating set for Zm we can identify Aut(Zm) ∼= GLm(Z). There-
fore an automorphism ϕ corresponds to an invertible m×m-matrix Aϕ or simply
A with integer entries. Moreover, choosing a basis for Zm allows us to embed it
into Cm which we can then think of as vector space with the chosen basis. This
allows us to think of the invertible matrix A := (aij)

m
i,j=1 as an element in Aut(Cm)

where we can define the supremum-norm as

||A||sup := max{ |aij| | 1 ⩽ i, j ⩽ m}.

In this setting, it is natural to study the asymptotic behaviour of the function
grA : N → C defined via

grA : n 7→ ||An||sup,

Observe that by definition we have grA ∼ grϕ.
The asymptotic behaviour of grA is fully understood [BG96]. First, the ∼-

equivalence class of grA depends only on the conjugacy class of A in GLm(C); in
particular, it is the same as the growth of the associated Jordan normal form.
Second, we have the following growth dichotomy : grA is ∼-equivalent to either a
polynomial or an exponential function:

Theorem 2.58 ([BG96, Theorem 2.1]). If A ∈ GLm(Z) then the grA is ∼-
equivalent to a polynomial or exponential function. Moreover, it is exponential if
and only if there exists an eigenvalue of A whose absolute value is strictly greater
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than 1; else it is polynomial of degree d + 1, where d × d is the size of a largest
Jordan block associated to A.

Since by definition grA ∼ grϕ the above growth dichotomy holds for grϕ as
well. We finish the discussion about the free abelian case with the following direct
consequence of Theorem 2.58.

Corollary 2.59 ([BG96, Corollary 2.3]). For all A ∈ GLm(Z) we have grA ∼
grA−1. In particular, for all ϕ ∈ Aut(Zm) we have grϕ ∼ grϕ−1.

2.9.2 Growth of automorphisms of free groups

Recall that in the case of a free group of finite rank every group element is repre-
sented by a class of words, all of which are freely equivalent to each other. There-
fore, in the case of automorphisms of free groups the growth is really the growth of
words as we iteratively apply the automorphism. This does not necessarily mean
that studying their growth is easy.

In the case of free groups, we observe a similar growth “dichotomy” as in the
free abelian case. Nevertheless, achieving this took a non-trivial amount of work
and the machinery of train tracks to show the “dichotomy” on the possible growth
rates of automorphisms:

Theorem 2.60 ([BH92, Lev09]). Let Fm be a free group of rank m and ϕ ∈
Aut(Fm). For every g ∈ Fm, precisely one of the following holds:

• there exists d ∈ N (possibly zero) such that grϕ(n) ∼ nd;
• there exists λ > 1 such that grϕ(n) ∼ λn.

We now record an analogue to Corollary 2.59 for automorphisms of free groups
with polynomial growth, which we use in Section 4.3.

Theorem 2.61 ([Pig04, Theorem 0.4]). Let Fm be a free group of finite rank m > 0

and ϕ ∈ Aut(Fm). Then grϕ ∼ grϕ−1.

2.10 General bounds on Dehn functions

In this section we start by stating a few known basic results for general upper
bounds on Dehn functions for finitely generated groups. We then present a general
upper bound on the Dehn functions of mapping tori of finitely presented groups.

We start with an observation which follows from the fact that a finite index
subgroup H of a group G is quasi-isometric to G and the fact that the Dehn
function of a group is a quasi-isometry invariant.
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Lemma 2.62 ([Alo90]). Let G be a finitely presented group and H ≤ G a finite
index subgroup. Then, H is also finitely presented and δH ≍ δG.

Proof. For a proof see [Alo90] or [BH99, 8.24 Proposition], a sketch can be found
in [Ril17, Theorem 4.3].

Recall that a group H is called a retract of a group G if there exist a morphism
ι : H → G and an epimorphism r : G→ H such that r◦ ι = idH . The epimorphism
is called a retraction. In the special case that H ⩽ G we sometimes call it subgroup
retract.

Lemma 2.63 ([BMS93, Lemma 1]). Let G be a finitely presented group and H a
subgroup of G. If H is a subgroup retract of G, then H is also finitely presented
and δH ≼ δG.

Proof. A proof can be found in [BMS93, Lemma 1], [Alo90, Theorem 2.2], or
[BGSS92, Theorem G].

The next result is a really rough estimate on the Dehn function of mapping
tori of finitely presented groups.

Lemma 2.64. Let G be a finitely presented group and ϕ ∈ Aut(G), then the Dehn
function of Mϕ := G⋊ϕ Z satisfies

δMϕ
(n) ≼ δG ◦ exp(n).

In particular, if δG(n) ≼ nd for some d ∈ N, then δMϕ
(n) ≼ 2n

Proof. The proof of this is an adaptation of the proof of [PR19, Lemma 3.4]. Recall
from Definition 2.2, that if ⟨S|R⟩ is a finite presentation for G, then

P := ⟨S, t | R, t−1st = ϕ(s) for all s ∈ S⟩

is a finite presentation for MΦ. Thus, a word w := w(S, t) in Mϕ can be written as

w =def t
k0a0 . . . t

kmam

for some ai ∈ S and some ki ∈ Z (0 ⩽ i ⩽ k). Now, suppose w is a null-homotopic
word in Mϕ. We reduce w as follows: we shuffle all the t±1 to the right end of
the word w. Whenever a t±1 passes a letter s from S we replace it by the freely
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reduced word representing ϕ±1(s). Therefore, by shuffling all the t±1’s we end up
with an identity of the form

w =P u(X)tk0+...+km (2.6)

for u := u(X) a null-homotopic word in G and k0 + . . . + km = 0. Note that
applying ϕ±1 to a letter in S increases its length by at most the constant C :=

max{|ϕ±1(s)| | s ∈ S}. Therefore, the length of u is bounded by

|u| ⩽ mC |k0|+...+|km| ⩽ |w|C |w|.

Moreover, the area of the identity (2.6) is ≲P |w|C |w|.

Finally, since we need at most δG(|u|) many relations to reduce u, this implies
that

AreaP(w) ≲ δG(|w|C |w|) + |w|C |w|

which proves the desired upper bound.

For the particular case where δG(n) ≼ nd, observe that from the above estimate
we get

AreaP(w) ≲P δG(|w|C |w|) ≲P (|w|C |w|)d.

Finally observe that since n(Cd)n ⪯ (C2d)n and αn ≍ βn for all α, β > 1 we
obtained δMϕ

(n) ≼ 2n.

It was mentioned in Section 2.6.1 that Dehn functions can grow faster than an
exponential function. Nevertheless, in the case of mapping tori of RAAGs this is
not the case as the following direct consequence of Lemma 2.64 states.

Corollary 2.65 ([PR19, Lemma 3.4]). Let AL be a non-free RAAG and let ϕ ∈
Aut(AL). Then, the Dehn function of Mϕ satisfies

n2 ≼ δMϕ
(n) ≼ 2n.

Proof. Note that the only word hyperbolic RAAGs are the free ones, all the others
contain a Z2 as a subgroup. Thus, the lower bound follows from AL being a
non-word hyperbolic group. For the upper bound first observe that since AL is a
CAT(0) group (see for instance [Cha07, Theorem 2.6]), it has at most quadratic
Dehn function [Bri02, Theorem 6.2.1]. Thus the conclusion follows from the upper
bound on δMϕ

given by Lemma 2.64.
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As we see in Chapter 4 the upper bound offered by Corollary 2.65 is not always
sharp. Finally, we have the following result bounding from below the Dehn function
of a group for which there is a quasi-isometrically embedded abelian group.

Lemma 2.66 ([PR19, Lemma 3.5] [BG96, Theorem 4.1]). Suppose that K is a
free abelian group quasi-isometrically embedded in a finitely presented group G. If
Φ ∈ Aut(G) and Φ|K = ϕ ∈ Aut(K), then the Dehn function of MΦ := G ⋊Φ Z
satisfies

n2 ·max{ |Φ±n(ki)| | 1 ⩽ i ⩽ m} ≼ δMΦ
(n).

Equivalently, if Φ|K = ϕ has associated matrix A, then the following holds:

1. If A has an eigenvalue λ such that |λ| ≠ 1, then MΦ has exponential Dehn
function.

2. If every eigenvalue of A has norm one, then nc+1 ≼ δMΦ
(n), where c × c is

the size of the largest Jordan block matrix for A.

Proof. For a proof of this result we refer the reader to [BG96, Theorem 4.1].

We conclude this section with the following result. It allows us to find a suitable
representative of the outer class of an automorphism ψ ∈ Aut(AL) when estimating
the Dehn functions of mapping tori of RAAGs in Chapter 4. The underlying idea
is that the Dehn function of the corresponding mapping torus Mψ depends on the
outer class of ψ as the following result shows.

Lemma 2.67 ([PR19, Lemma 3.6], [BMV07, Lemma 2.1]). Let G be a finitely
presented group and ψ ∈ Aut(G). The following mapping tori have equivalent
Dehn functions

1. Mψ and Mψm for every non-zero m ∈ N.
2. Mψ and Mψ−1.
3. Mψ and Mϕ for every ϕ ∈ Aut(G) such that [ϕ] = [ψ] ∈ Out(G).

Proof. For a concise proof we refer the reader to [PR19, Lemma 3.6].
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Chapter 3

Dehn functions of nilpotent groups

In this chapter we study the Dehn functions of nilpotent groups. In particular,
we make an extensive analysis of upper bounds on Dehn functions of the central
product of nilpotent groups.

We start by giving a brief background in Section 3.1 to put our results into
context.

In Section 3.2 we provide compact presentations for the nilpotent Lie groups
we study. The results concerning these presentations are standard and since their
proofs are not enlightening for the work we omit them and refer the reader to
where they can be found in detail. We then present some basic identities between
words.

In Section 3.3 we recall Proposition 3.18 a basic result about compactly pre-
sented nilpotent Lie groups that allows us to establish area estimates as if we were
working with finitely presented nilpotent Lie groups (see Proposition 3.18).

In Section 3.4 is where we do all the work to compute the upper bounds on
Dehn functions of central products of the form Gp,3 := Lp×ZH and G⌟

p,3 := L⌟
p×ZH

with H a simply connected nilpotent Lie group of nilpotency class q−1. The main
steps of the proof are similar to the ones in [LIPT23, Section 6], but the actual
proofs of some of the steps require significant changes that involve new ideas. We
thus follow the overall structure and notation used in [LIPT23] and refer the reader
to that work in places where our proofs are completely analogous, while explaining
in detail the steps where our proofs are different. We mostly focus on G⌟

p,3. The
proofs for Gp,3 are similar, but slightly easier, since one of the relations simplifies.
An important takeaway from this part is that the approach developed in [LIPT23,
Section 6] holds with much higher generality. We achieve this by significantly
simplifying the first part of the proof given there. Further refining this approach
seems to be a promising route towards extending the upper bound in Conjecture 3
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to very general classes of groups in the factor of higher nilpotency class. The fact

that we simultaneously cover the groups Lp and L⌟
p showcases this idea, which is

one of our motivations for proving this conjecture for both of these cases.

Finally, the results obtained in Section 3.4 are then used to conclude the proofs

of Theorems A, B and D and Corollary C which we present at the end of this

chapter in Sections 3.5, 3.7 and 3.8, respectively.

3.1 Background

Our results in this part can perhaps be better understood in the context of the

general upper bound on the Dehn functions of nilpotent groups given by [GHR03].

Theorem 3.1 ([GHR03]). Let G be a finitely generated nilpotent group of class c.

Then, the Dehn function of G satisfies

δG(n) ≼ nc+1. (3.1)

This upper bound is sharp for some nilpotent groups. For instance, the free

nilpotent group of class c has Dehn function ≍-equivalent to nc+1 [BMS93, Ger93].

Moreover, the 3-Heisenberg group, which has nilpotency class 2, has cubic Dehn

function [ECH+92]. In contrast, the (2k + 1)-dimensional Heisenberg groups for

k > 1 all have quadratic Dehn function, see [All98], [Gro93, 5.A′
4], and [OS99].

Notably, there exist nilpotent groups of arbitrarily large nilpotency class but with

quadratic Dehn functions [You13a].

In general, the isoperimetric spectrum of nilpotent is far from being under-

stood. We know that nilpotent groups can have Dehn functions ≍-equivalent to a

polynomial of arbitrarily large integer degree [BP94, BG96]; and that there exists

a nilpotent group N whose Dehn function satisfies n2 ≺ δN(n) ≼ n2 log n [Wen11].

For central products of nilpotent groups, there is at present growing evidence

that the Dehn function is often smaller than the Gersten–Holt–Riley upper bound

[All98, OS99, You13b, LIPT23]. The first result in this direction was due to All-

cock [All98] and Olshanskii–Sapir [OS99] who proved that the 5-Heisenberg group,

which is the central product of two 3-Heisenberg groups (which have cubic Dehn

function) has quadratic Dehn function. In Olshanskii–Sapir’s proof the decomposi-

tion as a central product played a key role and indeed they showed more generally.
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Theorem 3.2 (Allcock [All98], Olshanskii–Sapir [OS99], Young [You13b]1). 2 The
Dehn function of the (2m+1)-Heisenberg group is n2 if m ⩾ 2. If, more generally,
G = K ×Z K is a central product of a non-trivial finitely generated torsion-free
2-nilpotent group K with itself, then δG(n) ≼ n2 log(n).

Moreover, in [LIPT23] the authors computed the Dehn functions of central
products of the form Lp ×Z Lp−1 and Lp ×Z Lp which then led them to formulate
the following conjecture:

Conjecture 4 ([LIPT23, Conjecture 11.3]). Let 2 ⩽ ℓ ⩽ k be two integers.
Consider a central product G = K ×θ L where K and L are simply connected
nilpotent Lie groups with one-dimensional centres, and class k and ℓ respectively.
Then, nk ≼ δG(n) ≺ nk+1.

In this chapter we present our results that provide supportive evidence for this
conjecture by establishing the proofs of Theorems A and B. Said differently, our
results show that the Dehn function of the central product of a filiform group with
a nilpotent Lie group has Dehn function strictly smaller than that of the maximal
filiform subgroup.

3.2 Useful explicit compact presentations

At various points of our proofs, we work with standard explicit compact presenta-
tions of the nilpotent groups under consideration. For the reader’s convenience we
provide them here. For this purpose we adopt the following notation. For g ∈ G

an element of a simply connected nilpotent Lie group G and a ∈ R, we denote
ga := exp(a · log(g)).

Recall, from Section 2.3.3, that a nilpotent Lie group of dimension p is called
filiform if it has maximal possible (finite) nilpotency class, namely p − 1, among
all Lie groups of dimension p. We consider the following two infinite families of
filiform Lie groups {Lp | p ⩾ 3} and {L⌟

p | p ⩾ 5} that we defined in Section 2.3.3.

Proposition 3.3. For every p ⩾ 5, there exists a Lie algebra that we denote by l⌟p

with basis X1, . . . , Xp such that the only non-zero brackets are

[X1, Xi] = Xi+1 for 2 ⩽ i ⩽ n− 1, [X2, X3] = Xp. (3.2)

2The statement about Heisenberg groups is due to Allcock and Olshanskii–Sapir. The second
part was stated without proof by Olshanskii–Sapir in [OS99] and a proof was given by Young
[You13b].
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This Lie algebra is not isomorphic to lp, and the associated simply connected Lie
group contains a lattice, with the following presentation:〈 [x1, xi] = xi+1, for 2 ⩽ i ⩽ p− 1,

x1, . . . , xp [x2, xj+1] = [xi, xj] = 1 for 3 ⩽ i, j ⩽ p,
[x2, x3] = xp,

〉

Proof. For a proof we refer the reader to [GMLIP23, Proposition 2.5].

Remark 3.4. Although we are not aware of publications considering l⌟p for all p
simultaneously, this Lie algebra can be found in the classifications of nilpotent Lie
algebras (up to dimension 7) and of filiform nilpotent Lie algebras (up to dimension
11). The correspondences are as follows. In [dG07], l⌟5 and l⌟6 are L5,6 and L6,17

respectively. In [Mag08], l⌟5, l⌟6 and l⌟7 are the unique real forms of G5,3, G6,17 and
G7,1.6 respectively. Finally, in [GJMK98] where filiform Lie algebras of dimension
less or equal 11 are classified, l⌟5, . . . , l⌟10 and l⌟11 are µ2

5, µ
3
6, µ

3
7, µ

18
8 , µ

37
9 , µ

50
10 and µ105

11

respectively.

Proposition 3.5. The group Lp for p ⩾ 3, respectively L⌟
p for p ⩾ 5, admits the

compact presentation Pp = ⟨Ŝ|R⟩, respectively P⌟
p = ⟨Ŝ|R⌟⟩, over the generating

set Ŝ = {xai | i ∈ {1, . . . , p}, a ∈ [−1, 1]} , and set of relations

R =

{
xai x

b
ix

−(a+b)
i , [xa1, x

b
i ] = xabi+1x

−(a2)b
i+2 · · ·x

(−1)p+i+1( a
p−i)b

p , i ∈ {2, . . . , p− 1},

[xai , x
b
j ] = 1, i, j ∈ {2, . . . , p}, a, b ∈ [−1, 1]

}

and

R⌟ =

{
xai x

b
ix

−(a+b)
i , [xa1, x

b
i ] = xabi+1x

−(a2)b
i+2 · · ·x

(−1)p+i+1( a
p−i)b

p , i ∈ {3, . . . , p− 1},

[xa2, x
b
3] = xabp , [xa1, x

b
2] = xab3 x

−(a2)b
4 · · ·x

(−1)p+1( a
p−2)b−a(

b
2)

p ,

[xai , x
b
j+1] = 1, i, j ∈ {2, . . . , p}, a, b ∈ [−1, 1]

}

respectively.

Proof. For a proof of this result we refer the reader to [GMLIP23, Proposition
2.8].

When considering central products we adapt these presentations via the fol-
lowing result.
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Lemma 3.6. Let K and L be compactly presented nilpotent groups of class k and
ℓ respectively, such that Z(K) = γk(K) and Z(L) = γℓ(L). Let θ be a continuous
isomorphism between Z(K) and Z(L). Then the group G = K ×θ L is compactly
presented. Moreover, given two compact presentations of K and L, there is a
compact presentation of G = K×ZL, whose generating system and set of relations
contain those of K and L, when viewed as closed subgroups of G.

Proof. Let PK = ⟨SK | RK⟩ and PL = ⟨SL | RL⟩ be compact presentations of
K and L respectively. Z(K) is a closed subgroup of K, and K is nilpotent, so
Z(K) is compactly generated by [CdlH16a, Proposition 5.A.7]. Let SZ(K) be a
compact generating set of Z. By the assumption that Z(K) = γk(K), there is
N < +∞ such that SZ(K) ⊂ SNK [CdlH16a, Lemma 5.A.5]. Similarly, if SZ(L) is a
compact generating set of the centre Z(L) of L, then there is M < +∞ such that
SZ(L) ⊂ SML . Now set

S = SK ⊔ SL, R = RK ⊔RL ⊔R+ ⊔ {[a, b] : a ∈ SK , b ∈ SL}

where R+ is constructed as follows: for every z ∈ SZ(K), write z as a product of
at most N elements of SK , write θ(z) ∈ Z(L) as a product of at most M elements
of SL; let v and w be the resulting words, and add vw−1 in R+. Clearly these
additional relations are of length bounded by N + M . Hence, S is a compact
subset of G, R is a bounded subset of FS and all the relation that hold true in G
are products of conjugates of relations in R. This shows that ⟨S | R⟩ is a compact
presentation for G.

Definition 3.7. We call the presentation of the central product K ×Z L con-
structed in the proof of Lemma 3.6 adapted to the central product decomposition.

From now on, whenever a compact presentation has been provided for the
factors, we equip their central product with an adapted presentation as produced
by Lemma 3.6. We denote by yi the generators of the right-hand side factor in a
central product. As an example, the group L⌟

p ×Z L3 has as generating set{
xai , y

b
j | 1 ⩽ i ⩽ p, 1 ⩽ j ⩽ 3, a, b ∈ [−1, 1]

}
,

and a set of relators R⌟ together with the relations [ya1 , y
b
2] = yab3 , xap = ya3 , and

[xai , y
b
j ] = 1 for all 1 ⩽ i ⩽ p, 1 ⩽ j ⩽ 3, and a, b ∈ [−1, 1].

We recall the following easy consequence of Proposition 3.5 from [LIPT23,
Lemma 5.14].
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Lemma 3.8. For m1, . . . ,mk, n1, . . . , nk ∈ R let w = xm1
2 xn1

1 . . . xmk2 xnk1 and let
ℓ =

∑k
i=1(|m1| + |ni|). There exist b1, . . . , bp ∈ R with |b1| = Op(ℓ) + Op(1) and

|bi| = Op(ℓ
i−1) +Op(1) for 2 ⩽ i ⩽ p such that the identity

w =P x
b1
1 . . . x

bp
p .

holds in Lp ×Z L3 for p ⩾ 3 (respectively L⌟
p ×Z L3 for p ⩾ 5).

Proof. The idea is to move all the x1’s in w to the left starting with the right most
one using Proposition 3.5. The bound on the bi’s follow from the fact that

(
x
i

)
is a polynomial of degree i on x. For the details we refer the reader to [LIPT23,
Lemma 5.14].

We finish this section by providing a general fact that provides an upper bound
on the Dehn function of a central product in terms of a subgroup which is itself a
central product.

Lemma 3.9. Let K and L be compactly presented nilpotent groups with isomorphic
centres and let G be their central product. Assume that K has a closed subgroup
K0 containing the centre which is isomorphic to L, and that δG0(n) ≼ np where
G0 = L ×Z L for some p ⩾ 2. If every word of length n over the generators of
K < G representing the trivial element has area at most np in G, then δG(n) ≼ np.

Proof. For a proof we refer the reader to [GMLIP23, Lemma 2.4].

3.2.1 Ω-words

We use the following notation for words representing elements in the groups Lp×Z

L3 and L⌟
p ×Z L3.

[x1, x2, . . . , xk−1, xk] := [x1, [x2, . . . , [xk−1, xk]]]

to denote a simple k-fold commutator of elements x1, . . . , xk in a group or Lie
algebra. Moreover, for j ⩾ 2, k ⩾ 1, and n := (n1, . . . , nk) ∈ Rk we denote by

Ωj
k(n) := [xn1

1 , . . . , x
nk−1

1 , xnkj ].

For j = 2 we only denote it by Ωk(n). We refer to them as Ωj
k-words, and when

we do not need to specify the parameters (k, j) we shall refer to them simply as
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Ω-words. Moreover, we extend the notation of Ω-words to the generators yi of the
second factor as follows:

Ω̃j
k(n) := [yn1

1 , . . . , y
nk−1

1 , ynkj ].

3.2.2 Preliminary identities

The following consequences of Proposition 3.5 are used in Section 3.4 when we
give upper bounds on the Dehn functions of Lp ×Z L3 and L⌟

p ×Z L3.

Remark 3.10. The results are stated for L⌟
p ×Z L3 for all p ⩾ 5, but the reader

should note that the same results hold for Lp ×Z L3 for all p ⩾ 3 with the same
area estimates, the only minor change is that there is no error term of the form
[y1, yp−1]

±1.

Corollary 3.11. Let p ⩾ 5.

1. For all b ∈ R the identities

[x1, x
b
j] =P

{
xbj+1, if j > 2,

xb3 · [yb̃1, yb̃p−1]
±1, if j = 2.

hold in L⌟
p ×Z L3 with area ≲p |b|2, where b̃ ∈ R with |b̃| ≲p |b|.

2. For all b ∈ R the identities

[x−1
1 , xbj] =P

{
x−bj+1 . . . x

−b
p , if j > 2,

x−b3 . . . x−bp · [yb̃1, yb̃p−1]
±1, if j = 2.

hold in L⌟
p ×Z L3 with area ≲p |b|2 where b̃ ∈ R with |b̃| ≲p |b|.

Proof. In case (1) the identity for j > 2 is a direct consequence of Proposition 3.5
since

(
1
m

)
= 0 for all m ∈ Z⩾2. Now suppose j = 2. For β := ⌊b⌋ − b we have that

the identities

x−b2 x1
free
= xβ2x

−⌊b⌋
2 x1 =P xβ2x1(x2x

−1
3 )−⌊b⌋

hold in L⌟
p ×Z L3 with area ≲p |b|. By Proposition 3.5 it follows that

xβ2x1(x2x
−1
3 )−⌊b⌋ =P x1x

−β
3 x

(β2)
p xβ2 (x2x

−1
3 )−⌊b⌋

holds in L⌟
p ×Z L3 with area ≲p |b|. Finally, since ⟨x2, x3, y1, yp−1⟩ generate a

subgroup isomorphic to the integral 5-Heisenberg group, it follows that

x1x
−β
3 x

(β2)
p xβ2 (x2x

−1
3 )−⌊b⌋ free

= x1x
−β
3 xβ2 (x2x

−1
3 )−⌊b⌋x

(β2)
p =P x1x

b
3 · [yb̃1, yb̃p−1] · x−b2
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holds in L⌟
p ×Z L3 with area ≲p |b|2 and |b̃| ≲p |b|.

The proof of Case (2) is similar, only that now
(−1
m

)
= ±1 leading to the slightly

modified formulas. We briefly explain the case j = 2, the case j > 2 being similar
but without the error term [yb̃p−1, y

b̃
1]. It follows from Proposition 3.5 that

xb2x
−1
1 = x−1

1 xb2x
b
3 . . . x

b−(b2)
p

holds in L⌟
p ×Z L3. Thus, applying the identity x

(b2)
p =P [yb̃p−1, y

b̃
1], which has area

≲p |b|2 for suitable |b̃| ≲ |b|, we obtain the desired statement.

Corollary 3.12. Let p ⩾ 5. Let a, b ∈ R.
The identities

[xa1, x
b
j ] =P


x−bj+1 · [x

−b
j+1, x

a−1
1 ] · [xa−1

1 , xbj ],(
p∏

i=j+1
x−bi · [x−bi , xa+1

1 ]

)
· [xa+1

1 , xbj ].
(3.3)

hold in L⌟
p ×Z L3 for 2 < j ⩽ p− 1 with area ≲p |b|2.

Moreover, there exists b̃ ∈ R with |b̃| ≲p |b|, such that the identities

[xa1, x
b
2] =P


x−b3 · [x−b3 , xa−1

1 ] · [xa−1
1 , xb2] · [yb̃1, yb̃p−1]

±1,(
p∏
i=3

x−bi [x−bi , xa+1
1 ]

)
· [xa+1

1 , xb2] · [yb̃1, yb̃p−1]
±1.

(3.4)

hold in L⌟
p ×Z L3 with area ≲p |b|2.

Proof. We prove the second identity in (3.4). The other cases are analogous, but
slightly simpler. It follows from Corollary 3.11 (2) that the identity

x−a1 x−b2 xa1x
b
2 =P x

−(a+1)
1 x−b3 . . . x−bp · [yb̃1, yb̃p−1]

±1x−b2 xa+1
1 xb2

holds in L⌟
p ×Z L3 with area ≲p |b|2 where |b̃| ≲p |b|. Therefore, since the free

identity

x
−(a+1)
1 x−bi

free
= x−bi · [x−bi , xa+1

1 ] · x−(a+1)
1

holds for all i ⩾ 3, we can shuffle x−(a+1)
1 to the right in front of the suffix-word

x−b2 xa+1
1 xb2 to obtain the desired identity with area ≲p |b|2.

We record a rewriting of the identities of Corollaries 3.11 and 3.12 that are
used in §3.4.

Addendum 3.13. Let p ⩾ 5 and let 3 ⩽ i ⩽ p. Since for all i ⩾ j and for all
b ∈ R the identity

x−bi =P Ωj+1
i−j (1, . . . , 1,−b)
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holds in L⌟
p×ZL3 with area ≲p |b|2, we can rewrite the identities from Corollary 3.11

(2) as

[x−1
1 , xbj ] =P

Ωj+1
1 (−b) · . . . · Ωj+1

p−j(1, . . . , 1,−b), if j > 2,

Ω3
1(−b) · . . . · Ω3

p−2(1, . . . , 1,−b) · [yb̃p−1, y
b̃
1]
±1, if j = 2,

with area ≲p |b|2 by Corollary 3.11 part 1.

Similarly, we can rewrite the two identities that correspond to increasing the
x1-exponent by one in Corollary 3.12 as

[xa1, x
b
j ] =P

 p∏
i=j+1

Ωj+1
i−j (1, . . . , 1,−b) · Ωj+1

i−j+1(a+ 1, 1, . . . , 1,−b)−1

 · [xa+1
1 , xbj ],

for j > 2, and

[xa1, x
b
2] =P

(
p∏
i=3

Ω3
i−2(1, . . . , 1,−b) · Ω3

i−1(a+ 1, 1, . . . , 1,−b)−1

)
[xa+1

1 , xb2] · [yb̃p−1, y
b̃
1]
±1,

each with area ≲p |b|2.

We obtain the following consequence of Lemma 3.8.

Lemma 3.14. Let p ⩾ 5 and k ≥ 1. For every n ∈ R there are ti ∈ R with
|ti| ≲p |n|i−1, k ⩽ i ⩽ p which satisfy the following identity in L⌟

p ×Z L3

Ωk(n) =P x
tk+1

k+1 . . . x
tp
p .

Proof. As consequence of Lemma 3.8 we get that Ωk(n) =P x
t1
1 . . . x

tp
p . For i < k+1

the exponent ti must be zero, since their images in the quotient of L⌟
p×Z L3 by the

k-th lower central series term are trivial. Indeed, if this were not the case, then
we would obtain a contradiction with the fact that in such quotient the image of
the k-folded commutator has to be trivial.

The following is a well-known result whose proof is straightforward.

Lemma 3.15 ([LIPT23, Lemma 5.7]). Let G be a group, and let u, v, w be words
in some generating set of G. The following free identities hold in G

1. [u · v, w] free
= [u,w]v · [v, w].

2. [u, v · w] free
= [u,w] · [u, v]w.

3. uw free
= u · [u,w].
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Lemma 3.15 is used in §3.4 to allow ourselves to rewrite and manipulate Ω-
words. An example of this is the following result from [LIPT23, Lemma 6.13]
which can be seen as a converse to Lemma 3.14.

Lemma 3.16. For n ⩾ 1, k ⩾ 3, and w = xtkk · · ·xtp−1

p−1 x
tp
p with |ti| ≲p n

i−1 there
are ni ∈ Ri, k − 1 ⩽ i ⩽ p− 1 with |ni| ≲p n such that the identity

w =P

p−1∏
i=k−1

Ωi(ni)

holds in L⌟
p ×Z L3 for p ⩾ 5.

Proof. The proof is done by descending induction on k. For the base of induction
it is clear that the identity

xtkp =P Ωp−1(t
1
p−1
p , . . . , t

1
p−1
p )

holds in L⌟
p ×Z L3. For the induction step, suppose that the result holds for

k = k0 + 1. Let β = t
1

k0−1
k0

, so that |tk0| ⩽ n. Arguing, as in the proof of [LIPT23,
Lemma 5.13], by iteratively applying Proposition 3.5, Lemma 3.15(2), and the fact
that L⌟

p is metabelian to the innermost commutator in Ωk0−1(β, . . . , β) we get that
there are polynomials qj(β) of degree j − 1 for k0 ⩽ j ⩽ p such that the identity

Ωk0−1(β, . . . , β) =P

p∏
j=k0

x
−qj(β)
j

holds in L⌟
p ×Z L3 for p ⩾ 5. Therefore the identity

x
tk0
k0

=P Ωk0−1(β, . . . , β) ·
p∏

j=k0+1

x
−qj(β)
j

holds in L⌟
p ×Z L3 for p ⩾ 5. Since qj(β) ≲p n

j−1 for k0 ⩽ j ⩽ p we conclude by
applying the induction hypothesis to

∏p
j=k0+1 x

−qj(β)
j .

3.3 Reduction to products of efficient words

We start this section by establishing an auxiliary result (see Proposition 3.18 be-
low) which allows us to obtain upper bounds for Dehn functions by bounding the
area of particular words belonging to smaller subsets called efficient sets (see Def-
inition 3.17). This idea originates from an observation of Gromov [Gro93, 5.A′′

3].
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For details we refer to [dCT10] and [LIPT23]. We then construct efficient sets for
the groups Lp×Z L3 and L⌟

p×Z L3 (Corollary 3.20) which we require in Section 3.4
when we prove the upper bounds on their Dehn functions.

Throughout this section G denotes a compactly presented group, P := ⟨S | R⟩
a compact presentation of G, and FS the free group generated by S. Given a
subset F ⊂ FS and an integer k ⩾ 1, we denote by F [k] the set of concatenations
of at most k elements of F .

Definition 3.17. Given an integer r ⩾ 1, a subset F ⊂ FS is called r-efficient
with respect to P , if there exists a constant C ⩾ 1 such that for every w ∈ FS there
exists w′ ∈ F [r] such that w =P w

′ and |w′|S ⩽ C|w|S.

Note that this generalises the definition of efficient sets given in [dCT10]. What
they call efficient corresponds to a 1-efficient set in our definition.

Proposition 3.18. Let G be a compactly presented group and P := ⟨S | R⟩ a
compact presentation for G. Suppose that for some r ⩾ 1 there is an r-efficient
set F with respect to P and that there exists d > 1 such that for all k ⩾ 1 and all
n ⩾ 0, the area of each null-homotopic word in F [k] of length at most n is ≲k n

d.
Then, the Dehn function of G satisfies δG(n) ≼ nd.

Proof. For a proof we refer the reader to [dCT10, Proposition 4.3] (in this case we
apply this result to the 1-efficient set F [r]) and to [LIPT23, Proposition 5.10].

We now recall from [LIPT23, Section 2] the existence of Op(1)-efficient sets
for the groups Lp ×Z L3 and L⌟

p ×Z L3 with respect to the compact presentations
obtained from Proposition 3.5 and Lemma 3.6. For this we first need to recall
some notation from [LIPT23]:

Σ := {xa11 , xa22 | |a1|, |a2| ⩽ 1}, F := {sn | s ∈ Σ, n ∈ N},

T := {xa11 , xa22 , ya31 , ya4p−1 | |a1|, |a2|, |a3|, |a4| ⩽ 1}, and G := {sn | s ∈ T, n ∈ N}.

Proposition 3.19. The subset F is Op(1)-efficient with respect to the compact
presentation P⌟

p (respectively Pp) of L⌟
p for all p ⩾ 5 (respectively Lp for all p ⩾ 3).

Proof. For a proof we refer the reader to [GMLIP23, 2.18].

Corollary 3.20. For all p ⩾ 5 the subset G is Op(1)-efficient with respect to the
compact presentation P of L⌟

p ×Z L3 (respectively of Lp ×Z L3 for all p ⩾ 3).

Proof. For a proof see [GMLIP23, Corollary 2.19].
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3.4 Dehn functions of central products of nilpotent
groups

In the first part of this section, Section 3.4.1, we compute the upper bounds of
Dehn functions of the central products

Gp,3 := Lp ×Z L3 and G⌟
p,3 := L⌟

p ×Z L3

introduced in Section 2.3.3. As mentioned before, our proof follows the strategy
and techniques from [LIPT23]. Nevertheless, we generalise them and as a conse-
quence we managed to simplify some of the arguments.

In the second part, Section 3.5, we show how to obtain the upper bounds for a
bigger class of central products of nilpotent groups using the results obtained for
Gp,3 and G⌟

p,3, namely central products of the form

Lp ×Z H and L⌟
p ×Z H,

for H a simply connected nilpotent Lie group of class ⩽ q−1 with one-dimensional
centre. Then, in Section 3.5 we explain how these results imply Theorems A and B.

3.4.1 Upper bounds on the Dehn functions of G⌟
p,3 and Gp,3

We fix once and for all the compact presentation P for G⌟
p,3 (respectively for Gp,3)

obtained using Lemma 3.6 and the compact presentation for L⌟
p (respectively for

Lp) given in Proposition 3.5. By abuse of notation we denote both presentations
by P and only specify to which groups it refers whenever confusion may arise. We
start by stating the main results of this section.

Theorem 3.21. Let p ⩾ 3. The Dehn function of the group Gp,3 := Lp ×Z L3

satisfies δGp,3(n) ≼ np−1.

Theorem 3.22. Let p ⩾ 5. The Dehn function of the group G⌟
p,3 := L⌟

p ×Z L3

satisfies δG⌟
p,3
(n) ≼ np−1.

Strategy of the proofs of Proposition 3.21 and Proposition
3.22

The proof of Theorems 3.21 and 3.22 are done simultaneously by ascending induc-
tion on p, where we emphasise that the induction step from p−1 to p only requires
the induction hypothesis for Gq,3 with q < p.
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For the proof of the induction step for G⌟
p,3 (respectively Gp,3) we need to show

that the area of null-homotopic words w := w(x1, x2) in G⌟
p,3 (respectively Gp,3)

is ≲p n
p−1. By Proposition 3.18 it suffices to show that null-homotopic words

w(x1, x2) ∈ F [α] have area ≲p,α n
p−1 for every α > 0. To show this we first prove

a result about commuting certain words in G⌟
p,3 (respectively Gp,3), which we call

the Main commuting Lemma for G⌟
p,3, see Lemma 3.26 (respectively Lemma 3.23

for Gp,3).
We would like to emphasise that it is in the proof of the Main commuting

Lemmas forGp,3 andG⌟
p,3 that our proof significantly simplifies the one in [LIPT23].

Each one of the Main commuting Lemmas is a consequence of two corresponding
results about commutators involving the Ωj

k-words – namely the First and Second
commuting (k, j)-Lemmas – and the Reduction Lemma 3.29. It should be noted
that the First commuting (k, j)-Lemma is a generalisation of [LIPT23, Lemma 6.5
and Lemma 6.7], while the Second commuting (k, j)-Lemma is a generalisation
of [LIPT23, Lemma 6.4 and Lemma 6.6]. Once we have proven the First and
Second commuting (k, j)-Lemmas, the proof follows the arguments in [LIPT23]:
in particular, key steps include the Reduction Lemma 3.29, which allows us to
deduce the Main Commuting Lemmas from the First and Second Commuting
(k, j)-Lemmas, and the Cancelling k-Lemma 3.31 for Gp,3 (respectively G⌟

p,3). We
start by stating the main results.

Lemma 3.23 (Main commuting Lemma for Gp,3). Let p ⩾ 3, α ⩾ 1, n ⩾ 1,
and let w1(x1, x2), w2(x1, x2) be either powers of x2 or words in F [α] representing
elements in the derived subgroup of Gp,3. If |w1|, |w2| ⩽ n, then the identity

[w1, w2] =P 1

holds in Gp,3 with area ≲α,p n
p−1.

Lemma 3.24 (First commuting (k, j)-Lemma for Gp,3). Let p ⩾ 3, n ⩾ 1, j ⩾ 2,
k ⩾ 1, n ∈ Rk with |n| ⩽ n, and m ∈ R. The identity

[Ωj
k(n), x

m
2 ] =P 1

holds in Gp,3 with area ≲p |m|np−j + np−j+1 if j < p and area ≲p |m|n + n2 if
j = p.

Lemma 3.25 (Second commuting (k, j)-Lemma for Gp,3). Let p ⩾ 3, n ⩾ 1,
j ⩾ 2, k ⩾ 1, n ∈ Rk with |n| ⩽ n, α ⩾ 1 and w := w(x1, x2) ∈ F [α] be a word
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of length at most n representing an element in the derived subgroup of Gp,3. The
identity

[Ωj
k(n), w] =P 1

holds in Gp,3 with area ≲α,p n
p−j+1 if j < p and area ≲α,p n

2 if j = p.

Lemma 3.26 (Main commuting Lemma for G⌟
p,3). Let p ⩾ 5, α ⩾ 1, and n ⩾ 1. If

w1 and w2 are either powers of x2 or words of length at most n in F [α] representing
elements of the derived subgroup of G⌟

p,3 with |w1|, |w2| ⩽ n, then the identities

[w1, w2] =P


1, w1, w2 are both powers of x2,

1, w1, w2 both represent elements in [G⌟
p,3, G

⌟
p,3],

D∏
i=1

Ωp−2
3 (η

i
)±1, w1 represents a word in [G⌟

p,3, G
⌟
p,3] and w2 := xk2.

hold in G⌟
p,3 with area ≲α,p n

p−1 for some D = Oα,p(1), and η
i
∈ R3 with |η

i
| ≲p n.

Lemma 3.27 (First commuting (k, j)-Lemma for G⌟
p,3 ). Let p ⩾ 5, n ⩾ 1, j ⩾ 2,

k ⩾ 1, n ∈ Rk, and m ∈ R with |n| ⩽ n. Then, the identities

[Ωjk(n), x
m
2 ] =P


1, if k + j ̸= 4,

Ωp−1
2 (m,−n1), if (k, j) = (1, 3),

Ωp−1
2 (m,−n2)

n1 , if (k, j) = (2, 2),

hold in G⌟
p,3. with area ≲p |m|np−j + np−j+1 if j < p and area ≲p |m|n + n2 if

j = p.
If, moreover, |m| ⩽ n and (k, j) = (2, 2), then an identity of the form

[Ω2(n), x
m
2 ] =P Ωp−2

3 (m̃)

holds in G⌟
p,3 with area ≲p n

p−1 for some suitable m̃ ∈ R3 with |m̃| ≲p n.

Lemma 3.28 (Second commuting (k, j)-Lemma for G⌟
p,3). Let p ⩾ 5, n ⩾ 1, j ⩾ 2,

k ⩾ 1, n ∈ Rk, and α ⩾ 1 with |n| ⩽ n. If w := w(x1, x2) ∈ F [α] is a word of
length at most n representing an element in the derived subgroup of G⌟

p,3, then the
identity

[Ωj
k(n), w] =P 1,

holds in G⌟
p,3 with area ≲α,p n

p−j+1 if j < p and area ≲α,p n
2 if j = p.

A key step in the proof of the Main Commuting Lemmas is the Reduction
Lemma; the proof of the latter relies on the First and Second commuting Lemmas.
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Lemma 3.29 (Reduction Lemma). Let α ⩾ 1, let w = w(x1, x2) be a word of
length at most n in F [α] representing an element in the derived subgroup of G⌟

p,3

for p ⩾ 5 (respectively Gp,3 for p ⩾ 3). There exists L = Oα,p(1) such that the
identity

w =P

L∏
i=1

Ωli(ηi)
±1

holds in G⌟
p,3 (respectively Gp,3) with area ≲α,p n

p−1 for some 2 ⩽ li ⩽ p − 1 and
some η

i
∈ Rli with |η

i
| ≲p n.

Remark 3.30. As we mentioned before, in this work we simplified the approached
in [LIPT23, Section 6]. The most important simplification is that we avoid the
use of the highly technical Fractal Form Lemma [LIPT23, Lemma 6.17] by instead
using an inductive argument to prove the First and Second commuting Lemmas
and then deduce the Main Commuting Lemma.

Finally, we deduce the Cancelling k-Lemma 3.31 from the Main Commuting
Lemmas 3.26 and 3.23 and then use it to complete the proofs of Theorems 3.21
and 3.22.

Lemma 3.31 (Cancelling k-Lemma). Let n ⩾ 1, 2 ⩽ k ⩽ p− 1, Mj be a positive
integer for all k ⩽ j ⩽ p − 1, and M := max {Mj | k ⩽ j ⩽ p− 1}. Consider the
word

w(x1, x2) :=

(
Mk∏
i=1

Ωk(nk,i)
±1

)Mk+1∏
i=1

Ωk+1(nk+1,i)
±1

 . . .

Mp−1∏
i=1

Ωp−1(np−1,i)
±1

 ,

for some nl,i ∈ Rj with |nl,i| ⩽ n. If w := w(x1, x2) is null-homotopic in G⌟
p,3 for

p ⩾ 5 (respectively Gp,3 for p ⩾ 3), then it has area ≲M,p n
p−1.

We now proceed with the proofs of Theorems 3.21 and 3.22.

3.4.2 Start of the induction on p

As mentioned above, the proofs of Theorems 3.21 and 3.22 are done in parallel by
ascending induction on p. The corresponding base of induction is as follows:

Base of induction on p.

By [All98] and [OS99] the Dehn function of G3,3 satisfies δG3,3(n) ≍ n2 and by
[LIPT23] the Dehn function of G4,3 satisfies δG4,3(n) ≍ n3.
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Induction hypothesis for p.

As mentioned above, the induction step from p−1 to p only requires the induction

hypothesis for Gq,3 with q < p

(IH-p) Let p − 1 ⩾ 3. Suppose Theorem 3.21 holds for all Gq,3 with q ⩽ p − 1.

Moreover, suppose the Main commuting Lemma 3.23 for Gq,3 along with

the First commuting (k, j)-Lemma 3.24 and the Second commuting (k, j)-

Lemma 3.25 for Gq,3 hold.

For the induction step from p−1 to p for G⌟
p,3 (respectively Gp,3) we first prove

the First and Second commuting (k, j)-Lemmas for G⌟
p,3 (respectively Gp,3).

3.4.2.1 Proof of the First and Second Commuting (k, j)-Lemmas

Strategy of the proofs

We prove the First and Second commuting (k, j)-Lemmas for G⌟
p,3 and Gp,3 in

parallel by descending induction on j for all (k, j) ̸= (1, 2). The case (1, 2) follows

from the Main Commuting Lemma, whose proof only relies on the cases (k, j) ̸=
(1, 2).

The induction in j for G⌟
p,3 is done for all pairs (k, j) such that k+ j ⩾ 5, while

for Gp,3 it is done for all pairs (k, j). In the induction step for j, namely to prove

the statement for the pairs (k, j0) assuming the statements for the pairs (k, ℓ) with

j0 + 1 ⩽ ℓ ⩽ p, we distinguish between two cases:

• Case (i): pairs (k, j0) with k ̸= 1. In this case the First (respectively Second)

commuting (k, j0)-Lemma requires the First (respectively Second) commut-

ing (r, j0 + 1)-Lemmas for G⌟
p,3 for all r ⩾ k − 1.

• Case (ii): the pair (1, j0). The First commuting (1, j0)-Lemma will follow

easily from the presentation of G⌟
p,3, while the Second commuting (1, j0)-

Lemma requires the First commuting (k, j0)-Lemma for G⌟
p,3 with k > 1.

Finally, the statements for the remaining pairs (1, 3) and (2, 2) for G⌟
p,3 require

extra arguments to address the appearing “error terms” coming from the relation

[x2, x3] =P xp. For a pictorial description of the implications between the state-

ments see Figure 3.1.

67



j
2 3 · · · j0 j0 + 1 · · · ℓ ℓ+ 1 · · · p− 1 p

k

1

2

3

p− ℓ+ 1

p− 1

∗
∗

base of
induction

descending induction
on j happens in

this region

· · ·
· · ·
· · ·

· · ·

· · ·
· · ·
· · ·

· · ·

· · ·
· · ·

...
...

...
...

...
...

...

· · ·
· · ·

· · ·

· · ·

Figure 3.1: Implications of the Commuting (k, j)-Lemmas: the points •, ∗, and ◦ corre-
spond to both the First and Second commuting (k, j)-Lemmas 3.27 and 3.28 respectively
(see also Addendum 3.39). The drawn blue (horizontal and upward diagonally pointing)
arrows and blue (unbounded) boxes encode the fact that for the corresponding statement
for (k, j) with k ̸= 1 we need the statements corresponding to the pairs (r, j + 1) for all
r ⩾ k−1 (see Lemma 3.38). The red (pointing downwards) arrows and the red (bounded)
boxes correspond to the fact that for the statement corresponding to (1, j) we need the
statements for the pairs (k, j) for all k ⩾ 2 (see Lemma 3.42). All the points beside
∗ correspond to the proof by descending induction on j; the points ∗ require special
treatment and can only be done once we are done with the proof of the induction step.
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Bases of induction on j

Let W ∈ {xm2 , w} where w := w(x1, x2) ∈ F [α] is a word in the derived subgroup of
G⌟
p,3 (respectively Gp,3). We start the induction with the pairs (1, p) and (2, p−1).

For (1, p) we have that Ωp
1(n) := xn1

p is central, and it follows from the presen-
tation P that the identity [xn1

p ,W ] =P 1 has area ≲α,p |W |n in G⌟
p,3 (respectively

Gp,3).
For (2, p − 1), we first use the fact that ⟨x1, xp−1, y1, yp−1⟩ is a 5-Heisenberg

subgroup of G⌟
p,3 to rewrite Ωp−1

2 (n) =P Ω̃p−1
2 (n) with area ≲p n

2 in G⌟
p,3. Since yi

commutes with xi, we deduce that the identity [Ωp−1
2 (n),W ] =P 1 holds in G⌟

p,3

with area ≲α,p n
2.

Induction hypotheses for j

(IH-Gp,3) Let 3 ⩽ j0 + 1 ⩽ p. Suppose that for all pairs (k, ℓ) such that
j0 + 1 ⩽ ℓ ⩽ p the First commuting (k, ℓ)-Lemma 3.24 and the
Second commuting (k, ℓ)-Lemma 3.25 for Gp,3 hold.

(IH-G⌟
p,3) Let 3 ⩽ j0 + 1 ⩽ p. Suppose that for all pairs (k, ℓ) ̸= (1, 3) such

that j0 + 1 ⩽ ℓ ⩽ p the First commuting (k, ℓ)-Lemma 3.27 and the
Second commuting (k, ℓ)-Lemmas 3.28 for G⌟

p,3 hold.

Auxiliary results for the induction steps for j

Lemma 3.32. Let ℓ ⩾ j0, and β, n,m ∈ R with |β| ⩽ 1. The identity

[xβ1 , x
n
ℓ ] =P x

β·n
ℓ+1x

sℓ+2

ℓ+2 . . . x
sp−1

p−1 x
sp
p

holds in G⌟
p,3 for all p ⩾ 5 (respectively Gp,3 for all p ⩾ 3) for suitable |si| ≲p n

with area ≲p n
2.

Proof. The identity is a direct consequence of Proposition 3.5. The area estimate
follows from a light computation, for the details we refer the reader to [LIPT23,
Lemma 6.12(3)].

Lemma 3.33. Let k ⩾ 2, ℓ ⩾ j0 + 1, n ⩾ 1, and |ni|, |sr| ⩽ n for 1 ⩽ i ⩽ k − 1,
ℓ ⩽ r ⩽ p. The identity

[
xn1
1 , . . . , x

nk−1

1 , xsℓℓ . . . x
sp
p

]
=P

p−1∏
r=ℓ

Ωr
k(n1, . . . , nk−1, sr)

holds in G⌟
p,3 for all p ⩾ 5 (respectively Gp,3 for all p ⩾ 3) with area ≲p n

p−ℓ+1.
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Proof. Since by assumption ℓ > 2, the statement is a direct consequence of the
induction hypothesis (IH-p) using the fact that the Dehn function of Gp−ℓ+2,3 ↪→
G⌟
p,3 is ≼ np−ℓ+1.

Lemma 3.34. Let (k, ℓ) with k ̸= 1 and ℓ ⩾ j0 + 1, and n := (n1, . . . , nk) ∈ Rk.
The identity

[xn1
1 ,Ω

ℓ
k−1(n2, . . . , nk)

−1] =P Ωℓ
k(n)

−1

holds in G⌟
p,3 for all p ⩾ 5 (respectively Gp,3 for all p ⩾ 3) with area

≲p max{|n|p−ℓ+1, |n|2}.

Proof. For ℓ = p this is an easy consequence of xp being central, so assume ℓ < p.
Since by assumptions ℓ > 2, the statement is then a direct consequence of (i) the
induction hypothesis (IH-p) that the Dehn function of Gp−ℓ+2,3 ↪→ G⌟

p,3 is ≼ np−ℓ+1

and (ii) the following free identity in Gp−ℓ+2,3:[
xn1
1 ,Ω

ℓ
k−1(n2, . . . , nk)

−1
] free
=
[
Ωℓ
k−1(n2, . . . , nk), x

n1
1

]Ωℓk−1(n2,...,nk)
−1

.

Corollary 3.35. Let k ⩾ 2, ℓ ⩾ j0 + 1, n ∈ Rk, and |l| ⩽ |n|. The identity

[Ωℓ
k(n)

±1, xl1] =P Ωℓ
k+1(l, n)

∓1

holds in G⌟
p,3 for all p ⩾ 5(respectively Gp,3 for all p ⩾ 3 ) with area

≲p max{|n|p−ℓ+1, |n|2}.

Proof. Lemma 3.34 implies that the identity

[Ωj
k(n)

±1, xl1]
free
= [xl1,Ω

j
k(n)

±1]−1 =P Ωj
k+1(l, n)

∓1

holds in G⌟
p,3 with area ≲p max{|n|p−ℓ+1, |n|2}.

Lemma 3.36. Let j0 ⩽ ℓ ⩽ p − 1, n ⩾ 1, ν ⩾ 1, and η ∈ R with |η| ≲p n.
For words vi := Ωℓ+1

ki
(ni)

±1, with 1 ⩽ ki ⩽ p − ℓ and |ni| ≲p n (1 ⩽ i ⩽ ν), and
w := Ωℓ

k(m)±1, with 2 ⩽ k ⩽ p− ℓ+ 1, the identity

[xη1, v1 · · · vν · w] =P [xη1, w] · [x
η
1, vν ] · · · [x

η
1, v1]

holds in G⌟
p,3 for all p ⩾ 5 (respectively Gp,3 for all p ⩾ 3). Moreover, if ℓ ⩽ p− 2,

then it has area ≲ν,p n
p−ℓ; and if ℓ = p− 1, then it has area ≲ν,p n

2.
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Proof. Assume ℓ = 2. (If p−1 > ℓ > 2 one can either apply the same reasoning in
Gp−ℓ+2,3 ↪→ G⌟

p,3 or observe that this assertion was already proved in the induction
step from Gp−ℓ+1,3 to Gp−ℓ+2,3. In the special case ℓ = p− 1 we use that the power
of xp appearing in v1, · · · , vν is central.) We assume that vi = Ωℓ+1

ki
(ni)

−1 for
1 ⩽ i ⩽ ν; the case where some exponents are +1 is analogous, but slightly easier.
Since ℓ+ 1 > 2, the words v1, · · · , vν represent elements in Gp−ℓ+1,3 ↪→ G⌟

p,3.
In particular, it follows from the induction hypothesis (IH-p) and Lemma 3.34

that the identities

[xη1, vi]
free
= (Ωℓ+1

ki+1(η, ni)
−1)v

−1
i =P Ωℓ+1

ki+1(η, ni)
−1 (3.5)

hold in G⌟
p,3 with area ≲p n

p−ℓ for 1 ⩽ i ⩽ ν.
Finally, the identities

[xη1, v1 · · · vν · w]
free
= [xη1, w] ·

ν−1∏
i=0

[xη1, vν−i]
vν−i+1···vνw

=P [xη1, w] ·
ν−1∏
i=0

[xη1, vν−i]
w

=P [xη1, w] · [x
η
1, vν ] · · · [x

η
1, v1]

have area ≲ν,p n
p−ℓ in G⌟

p,3. The first identity is free, so it has no area, the second
holds in Gp−ℓ+1,3 ↪→ G⌟

p,3, and for the last identity we apply the identity (3.5) and
the Second commuting (ki + 1, ℓ+ 1)-Lemmas in G⌟

p,3 at most ν times.

Remark 3.37. In our applications of Lemma 3.36 later we will always have
ki ⩾ k − 1 meaning that in those case the above proof only relies on the Sec-
ond commuting (r, ℓ+ 1)-Lemmas for r ⩾ k.

The following statement is a key ingredient of the induction step that allows
us to decompose Ωℓ

k-words into a product of Ωℓ+1-words (see blue arrows/boxes in
Figure 3.1).

Lemma 3.38. Let (k, ℓ) ̸= (2, 2) with k ̸= 1 and j0 ⩽ ℓ ⩽ p−2, n := (n1, . . . , nk) ∈
Rk, and β := nk−1 − ⌊nk−1⌋.

If nk−1 ⩾ 0 , then the identity

Ωℓ
k(n) =P Ωℓ

k(n1, . . . , β, nk)

·
( ⌊nk−1⌋−1∏

r=0

Ωℓ+1
k (n1, . . . , r + β, nk)

−1 · Ωℓ+1
k−1(n1, . . . , nk−2, nk)

)
(3.6)

holds in G⌟
p,3 for all p ⩾ 5 (respectively Gp,3 for all p ⩾ 3) with area ≲p |n|p−ℓ+1.
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If nk−1 < 0, then the identity

Ωℓ
k(n) =P Ωℓ

k(n1, . . . , β, nk)

−⌊nk−1⌋−1∏
r=0

p∏
i=ℓ+1

Ωℓ+1
k+i−(ℓ+1)(n1, . . . , nk−2, β − r, 1, . . . , 1,−nk)

−1

· Ωℓ+1
k+i−(ℓ+1)−1(n1, . . . , nk−2, 1, . . . , 1,−nk) (3.7)

holds in G⌟
p,3 for all p ⩾ 5 (respectively Gp,3 for all p ⩾ 3) with area ≲p |n|p−ℓ+1.

Addendum 3.39. For 3 ⩽ j0 + 1 ⩽ ℓ ⩽ p and k ⩾ p− ℓ+ 2 the words Ωℓ
k(n) are

null-homotopic in Gp−ℓ+2,3 ↪→ G⌟
p,3 (respectively Gp,3). By the induction hypothesis

(IH-p) their area is ≲p δGp−ℓ+2,3
(n) ≲p n

p−ℓ+1.
This observation has the following consequences in G⌟

p,3 and Gp,3:

1. For j0 + 1 ⩽ ℓ ⩽ p and k ⩾ p − ℓ + 2, the First and Second commuting
(k, ℓ)-Lemmas may be interpreted as the process of removing and creating
the Ωℓ

k-words with area ≲p |m|np−ℓ + np−ℓ+1 and ≲p n
p−ℓ+1 respectively;

2. For j0+1 ⩽ ℓ ⩽ p and the pairs (p−ℓ+1, ℓ), in the identity (3.6) (respectively
(3.7)) the |⌊nk−1⌋| appearances of the Ωℓ+1

p−ℓ+1-words (respectively the Ωℓ+1
p−ℓ+1-

,. . . ,Ωℓ+1
2p−1-words) can be removed with area ≲p |⌊nk−1⌋| · δGp−ℓ+1,3

(n) ≲p

np−ℓ+1. For notational convenience we do not distinguish cases and leave
these terms in the identities;

3. For all k ⩾ p by Lemma 3.38 and using the induction hypothesis (IH-p) at
most n times we get that Ωk(n) is a null-homotopic word with area ≲p n

p−1.

Proof of Lemma 3.38. We assume nk−1 ⩾ 0. The proof for nk−1 < 0 is analogous,
but produces slightly longer terms when we use the corresponding formula from
Addendum 3.13. The proof is by induction in ⌊nk−1⌋. The case ⌊nk−1⌋ = 0 is
trivial, and we now assume that we have proven the result for ⌊nk−1⌋ − 1.

We deduce from k ̸= 1 and Corollary 3.12 that

Ωℓk(n) =P


[
xn1
1 , . . . , x

nk−2

1 , xnkℓ+1·[x
nk
ℓ+1, x

nk−1−1
1 ]·[xnk−1−1

1 , xnkℓ ]·[yñ1 , yñp−1]
]
, ℓ = 2

[
xn1
1 , . . . , x

nk−2

1 , xnkℓ+1 · [x
nk
ℓ+1, x

nk−1−1
1 ] · [xnk−1−1

1 , xnkℓ ]
]
, ℓ ̸= 2

=P

[
xn1
1 , . . . , x

nk−2

1 , xnkℓ+1 · [x
nk
ℓ+1, x

nk−1−1
1 ] · [xnk−1−1

1 , xnkℓ ]
]
,

where the last identity holds in G⌟
p,3 at cost ≲p |n|2, since the yi commute with

the xi. Therefore, by applying Lemma 3.36 to the above equality for ν = 2 and
for the words v1 := xnkℓ+1, v2 := [x

nk−1−1
1 , xnkℓ+1]

−1, and w := [x
nk−1−1
1 , xnkℓ ],3 we get

that the identity
3Note that in the case nk−1 < 0, ν ⩽ p.
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[
xn1
1 , . . . , x

nk−2

1 , xnkℓ+1 · [x
nk
ℓ+1, x

nk−1−1
1 ] · [xnk−1−1

1 , xnkℓ ]
]
=P[

xn1
1 , . . . , x

nk−3

1 , [x
nk−2

1 , xnkℓ+1] · [x
nk−2

1 , [x
nk−1−1
1 , xnkℓ+1]

−1] · [xnk−2

1 , [x
nk−1−1
1 , xnkℓ ]]

]
.

holds in G⌟
p,3 with area ≲p |n|p−ℓ. By Lemma 3.34 the identity[

x
nk−2

1 , [x
nk−1−1
1 , xnkℓ+1]

−1
]
=P

[
x
nk−2

1 , [x
nk−1−1
1 , xnkℓ+1]

]−1

holds with area ≲p |n|p−ℓ.
Overall, on the first iteration of applying Lemma 3.36 we get that the identity

Ωℓk(n) =P

[
xn1
1 , . . . , x

nk−3

1 , [x
nk−2

1 , xnkℓ+1]
[
x
nk−2

1 , [x
nk−1−1
1 , xnkℓ+1]

]−1
[x
nk−2

1 , [x
nk−1−1
1 , xnkℓ ]]

]
holds in G⌟

p,3 with area ≲p |n|p−ℓ. Iterating this argument Op(1)-times we get that
the identity

Ωℓ
k(n) =P Ωℓ

k(n1, . . . , nk−1 − 1, nk) · Ωℓ+1
k (n1, . . . , nk−1 − 1, nk)

−1

· Ωℓ+1
k−1(n1, . . . , nk−2, nk)

holds in G⌟
p,3 with area ≲p |n|p−ℓ. Applying our induction hypothesis for ⌊nk−1⌋−1

to the word Ωℓ
k(n1, . . . , nk−1 − 1, nk) shows that identity (3.6) holds in G⌟

p,3 with
area ≲p |n|p−ℓ+1.

If (k, j) = (2, 2) the same arguments as in the proof of Lemma 3.38 yield a
similar identity with the only difference that now the terms of the form [yñ1 , y

ñ
p−1]

do not cancel. We record it below.

Addendum 3.40. Let p ⩾ 5, (k, j) = (2, 2), n = (n1, n2) ∈ Rk and β = n1−⌊n1⌋.
If n1 ⩾ 0, then the identity

Ω2(n) =P [xβ1 , x
n2
2 ] ·

⌊n1⌋−1∏
r=0

Ω3
1(n2) · Ω3

2(r + β, n2)
−1 · [yñ1 , yñp−1]

±1

 , (3.8)

holds in G⌟
p,3 for all p ⩾ 5 with area ≲p |n|p−1 and |ñ| ≲p |n2|.

Analogously, if n1 < 0, then the identity

Ω2(n) =P [xβ1 , x
n2
2 ] ·

(−⌊n1⌋−1∏
r=0

( p∏
i=3

Ω3
i−1(β − r, 1, . . . , 1,−n2)

−1 (3.9)
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· Ω3
i−2(1, . . . , 1,−n2)

)
· [yñ1 , yñp−1]

±1
)
,

holds in G⌟
p,3 for all p ⩾ 5 with area ≲p |n|p−1 and |ñ| ≲p |n2|.

Remark 3.41. For all p ⩾ 3 the identity (3.8) (respectively (3.9)) without the
error terms [yñ1 , y

ñ
p−1] holds in Gp,3 with area ≲p |n|p−1.

The following result for (k, ℓ) = (1, j0) is a key ingredient in our derivation of
the case (1, j0) of the Commuting Lemmas from the cases (k, j0) for k ⩾ 2 (see
the red arrows/boxes in Figure 3.1.) In particular, in its proof we can assume that
the Commuting (k, j0)-Lemmas with k ⩾ 2 have already been proved. We prove a
more general version for arbitrary (k, ℓ), as this is required in other parts of this
work (after the proofs of the Commuting (k, ℓ)-Lemmas).

Lemma 3.42. Let p ⩾ 5, n ⩾ 1, α ⩾ 0, j0 ⩽ ℓ ⩽ p − 1, k ⩾ 1, and n ∈ Rk with
|n| ≲p n. For u := u(x1, x2) ∈ F [2α] with |u| ⩽ n, the identities

[Ωℓ
k(n)

±1, u] =P



ν∏
i=1

Ωℓ
li
(η
i
)±1, if k + ℓ ⩾ 5,(

ν∏
i=1

Ωℓ
li
(η
i
)±1

)(
µ∏
i=1

Ωp−1
2 (n̂i)

±1

)
, if (k, ℓ) = (1, 3),(

ν∏
i=1

Ωli(ηi)
±1

)(
µ∏
i=1

Ωp−2
3 (ñi)

±1

)
, if (k, ℓ) = (2, 2).

hold in G⌟
p,3 with area ≲α,p n

p−ℓ+1, for suitable ν = Op,α(1), µ ⩽ 2α, li ⩾ k + 1,
η
i
∈ Rli with |η

i
| ≲p n for 1 ⩽ i ⩽ ν, n̂i ∈ R2, and ñi ∈ R3 with |n̂i|, |ñi| ≲p n for

1 ⩽ i ⩽ µ.

Proof. We start by proving the identities for k + ℓ ⩾ 5 for Ωℓ
k(n), the proof for

Ωℓ
k(n)

−1 being similar. The proof for k+ ℓ ⩾ 5 relies only on the First commuting
(k + r, ℓ)-Lemmas for G⌟

p,3 where r ⩾ 1.
Since u ∈ F [2α], there exists µ ⩽ 2α such that

u :=

µ∏
i=1

xβi1 xγi2 .

Without loss of generality we can assume µ = 2α. The proof is done by induction
on 2α. For the base of induction, α = 0, the statement is trivially true with
ν = µ = 0, with the convention that in this case the product is empty. Suppose
that the statement is true for 2α ⩾ 0 and let u ∈ F [2(α + 1)]. The following
identities hold in G⌟

p,3. The area estimates are explained below.
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Ωℓk(n) ·
µ∏
i=1

xβi1 xγi2
(1)
=P xβ11 · Ωℓk(n) · Ωℓk+1(β1, n)

−1 · xγ12 ·
µ∏
i=2

xβi1 xγi2

(2)
=P xβ11 xγ12 · Ωℓk(n) · Ωℓk+1(β1, n)

−1 ·
µ∏
i=2

xβi1 xγi2

(3)
=P

(
µ∏
i=1

xβi1 xγi2

)
· Ωℓk(n) ·

(
ν∏
i=1

Ωℓli(ηi)
±1

)

(1) is a consequence of Corollary 3.35, in fact this is a free identity for Ωℓ
k(n),

but Corollary 3.35 is required for Ωℓ
k(n)

−1. It then follows that the identity
has area ≲p max{np−ℓ+1, n2} ⩽ np−ℓ+1;

(2) is obtained as follows: note that k+ℓ ⩾ 5, if k = 1, then this follows because
[xγ22 , x

n1
ℓ ] has area ≲p n

2 for all ℓ ⩾ 4. Otherwise, by the induction hypothesis
(IH-G⌟

p,3) we can apply the First commuting (k, ℓ)-and (k+1, ℓ)-Lemmas for
G⌟
p,3. Therefore, it has area ≲p n

p−ℓ+1. In either case it has area ≲p n
p−ℓ+1;

(3) is a consequence of the induction hypothesis for 2α. More specifically, first
we apply the induction hypothesis to the Ωℓ

k+1-word to obtain the error term

ν2∏
i=1

Ωℓl2,i(η2,i)
±1,

we then apply the induction hypothesis on 2α to the Ωℓ
k-word to obtain the

error term
∏ν1
i=1Ω

ℓ
l1,i

(η
1,i
)±1, where ν1, ν2 = Oα,p(1), l1,i ⩾ k + 1, l2,i ⩾ k + 2,

η
1,i

∈ Rli,1 , and η
2,i

∈ Rl2,1 with |η
1,i
|, |η

2,i
| ≲p n. Finally, we merge these

terms into the single product
∏ν
i=1Ω

ℓ
li
(η
i
)±1. In total, this has area ≲p,α

np−ℓ+1.

This concludes the proof for the pairs (k, ℓ) with k + ℓ ⩾ 5. The proofs for the
pairs (1, 3) and (2, 2) are analogous. However, some additional error terms are
being produced. Rather than repeating the line of argument several times, we just
give a brief explanation of the main differences and leave the details to the reader.

Case (1,3): In this case we also have to commute terms of the form xn1
3 with terms

of the form xγi2 , which produces additional error terms of the form
[xn1

3 , x
γi
2 ]. However, since ⟨x3, x2, y1, yp−1⟩ and ⟨x1, xp−1, y1, yp−1⟩ gen-

erate subgroups of G⌟
p,3 isomorphic to the 5-Heisenberg group, each

such commutation can be performed by producing an error term of
the form Ωp−1

2 (n̂i) on the very right with area ≲p n
2. In particular,

the total area of the transformations is still ≲p n
p−2.
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Case (2,2): This is similar to the case (1,3) only that now the error terms
Ωp−2

3 (ñi) arise from commutators of the form [Ω2(n), x
γi
2 ]. Which by

the First commuting (2, 2)-Lemma 3.27 for G⌟
p,3 has area ≲p n

p−1.
It should be noted that at the point where we use the identity for
(2,2), we have already proven the First commuting (2, 2)-Lemma for
G⌟
p,3.

Addendum 3.43. The above proof for the pairs (k, ℓ) with k + ℓ ⩾ 5 translates
without modification to Gp,3 with p ⩾ 3 for all pairs (k, ℓ). So we get that the
identity

[Ωℓ
k(n)

±1, u] =P

ν∏
i=1

Ωℓ
li
(η
i
)±1

holds in Gp,3 for all p ⩾ 3 with area ≲α,p n
p−ℓ+1 for suitable ν = Op,α(1), li ⩾ k+1,

and η
i
∈ Rli with |η

i
| ≲p n for all 1 ⩽ i ⩽ ν.

With the required auxiliary results we can now complete the induction step for
the First commuting (k, j0)-Lemma 3.27 and the Second commuting (k, j0)-Lemma
3.28 for G⌟

p,3.

Proof of the induction step for j

Recall that the induction in j for G⌟
p,3 is done for all pairs (k, j) such that k+j ⩾ 5.

So assume k+ j0 ⩾ 5. As mentioned before we distinguish the cases (i) k ̸= 1 and
(ii) k = 1.

Case (i) k ̸= 1. Let W ∈ {xm2 , w(x1, x2)} with w := w(x1, x2) a word in the
derived subgroup of G⌟

p,3. We need to show that the area of the null-homotopic
word [Ωj0

k (n),W ] is ≲α,p |W | · np−j0 + np−j0+1. We assume that nk ⩾ 0, the proof
for nk < 0 is analogous, but involves slightly more terms. Let β := nk−1 − ⌊nk−1⌋.
We have the following identities in G⌟

p,3 whose area estimates are explained below.

Ωj0k (n) ·W
(1)
=P

(
Ωj0k (n1, . . . , β, nk)· (3.10)

⌊nk−1⌋−1∏
r=0

(
Ωj0+1
k (n1, . . . , r + β, nk)

−1 · Ωj0+1
k−1 (n1, . . . , nk−2, nk)

))
·W

(2)
=P Ωj0k (n1, . . . , β, nk) ·W

·
( ⌊nk−1⌋−1∏

r=0

Ωj0+1
k (n1, . . . , r + β, nk)

−1 · Ωj0+1
k−1 (n1, . . . , nk−2, nk)

)
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(3)
=P

 p−1∏
r=j0+1

Ωrk−1(n1, . . . , nk−2, sr)

 ·W

·
( ⌊nk−1⌋−1∏

r=0

Ωj0+1
k (n1, . . . , r + β, nk)

−1 · Ωj0+1
k−1 (n1, . . . , nk−2, nk)

)
(4)
=P W ·

 p−1∏
r=j0+1

Ωrk−1(n1, . . . , nk−2, sr)


·
( ⌊nk−1⌋−1∏

r=0

(
Ωj0+1
k (n1, . . . , r + β, nk)

−1 · Ωj0+1
k−1 (n1, . . . , nk−2, nk)

))
(5)
=P W · Ωj0k (n),

(1) follows from Lemma 3.38, so the area is ≲p |n|p−j0+1;
(2) is a consequence of the induction hypothesis (IH-G⌟

p,3) applied 2 · ⌊nk⌋ many
times. 4 Therefore, it has area ≲α,p |W |np−j0 + np−j0+1;

(3) follows from applying Lemma 3.32, since |β| ⩽ 1, and then Lemma 3.33.
Therefore, it has area ≲p n

p−j0 ;
(4) follows from the induction hypothesis (IH-G⌟

p,3) applied Op(1) times, thus
has area ≲α,p |W |np−j0−1 + np−j0 ;

(5) follows from Lemmas 3.32, 3.33 and 3.38, so it has area ≲p |n|p−j0+1.

Overall, the null-homotopic word [Ωj0
k (n),W ] has area ≲α,p |W |np−j0 + np−j0+1.

This finishes the proof for all pairs (k, j0) with k ̸= 1 and k + j0 ⩾ 5.

Case (ii) k = 1. In this case Ωj0
1 (n) := xn1

j0
. Observe that since 1 + j0 ⩾ 5 the

First commuting (1, j0)-Lemma forG⌟
p,3 follows from the relation [xj0 , x2] =P 1. For

the Second commuting (1, j0)-Lemma for G⌟
p,3, we have that W =def w(x1, x2) ∈

F [α] represents an element in the derived subgroup of G⌟
p,3. So from Lemma 3.42

for 1 + j0 ⩾ 5 we obtain the identity

[xn1
j0
, w] =P

ν∏
i=1

Ωj0li (ηi)
±1

in G⌟
p,3 with area ≲α,p n

p−j0+1, where ν = Oα,p(1), li ⩾ 2, and η
i
∈ Rli with

|η
i
| ≲p n.
Since G⌟

p,3 is metabelian, it follows that the identity [xn1
j0
, w] =P 1 holds. Thus,

the word
∏ν

i=1 Ω
j0
li
(η
i
)±1 is null-homotopic in Gp−j0+2,3 ↪→ G⌟

p,3. It follows from
the induction hypothesis (IH-p) that it has area ≲α,p n

p−j0+1. Thus, the identity
[xn1
j0
, w] =P 1 has area ≲α,p n

p−j0+1 in G⌟
p,3.

4In the case nk−1 < 0 there are 2(p− j0)|⌊nk−1⌋| terms appearing.
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This concludes the proof of the induction step of the First and Second com-
muting (k, j0)-Lemmas for G⌟

p,3 with k + j0 ⩾ 5.

Addendum 3.44. The above proof translates verbatim to the group Gp,3 for all
pairs (k, j0), completing the proof of the First and Second commuting Lemmas for
Gp,3; there is no need to treat the cases (1, 3) and (2, 2) separately for Gp,3.

We now address the cases (1, 3) and (2, 2) of the Commuting Lemmas for G⌟
p,3.

Since the proof of these cases shares some arguments with the above proof, rather
than repeating all arguments, we explain the parts where the proofs differ and
provide details whenever a new argument is needed.

Proof of case (1, 3).

The First commuting (1, 3)-Lemma Lemma 3.27 for G⌟
p,3 follows from the fact

that ⟨x3, x2, y1, yp−1⟩ and ⟨x1, xp−1, y1, yp−1⟩ generate subgroups of G⌟
p−1,3 isomor-

phic to the 5-Heisenberg group, so that the identities [xn1
3 , x

m
2 ] =P [ym1 , y

−n1
p−1 ] =P

Ωp−1
2 (m,−n1) hold in G⌟

p,3 with area ≲p |m|n.
For the proof of the Second commuting (1, 3)-Lemma for G⌟

p,3 we proceed as in
Case (ii). We first use Lemma 3.42 for (1, 3) to obtain

[xn1
3 , w] =P

(
ν∏
i=1

Ω3
li
(η
i
)±1

)(
µ∏
i=1

Ωp−1
2 (n̂i)

±1

)
(3.11)

in G⌟
p,3 with area ≲α,p n

p−2. We then observe that the left side of (3.11) is null-
homotopic in G⌟

p,3, since G⌟
p,3 is metabelian, and thus the same is true for the right

side. The induction hypothesis (IH-p) for Gp−1,3 ↪→ G⌟
p,3 then implies that the

right side has area ≲α,p n
p−2. Thus, the word [xn1

3 , w] is null-homotopic with area
≲α,p n

p−2 in G⌟
p,3.

Proof of case (2, 2).

We start with the proof of the First commuting (2, 2)-Lemma. Arguing as in Case
(i), we first prove that the identities

[Ω2(n), x
m
2 ] =P [ym1 , y

−n2
p−1 ]

n1 =P Ωp−1
2 (m,−n2)

n1 (3.12)

hold in G⌟
p,3 with area ≲p |m|np−2+np−1. We first use the decomposition of Ω2(n)

given by Addendum 3.40 (as before we assume that n1 ⩾ 0 with the case n1 < 0

being analogous, but involving slightly more terms). We then follow the chain of
identities in (3.10) applying the First commuting (1, 3)- and (2, 3)-Lemmas at most
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⌊n1⌋ times. Each application of the First commuting (1, 3)-Lemma produces an
error term of the form [ym1 , y

−n2
p−1 ]. The first identity in (3.12) then follows by shifting

each of these error terms to the right, with total area ≲p n · (|m|np−3+np−2). The
second identity in (3.12) follows with area ≲p |m|n2 by arguing with 5-Heisenberg
subgroups, similar as in Case (1, 3).

For the moreover-part of the First commuting (2, 2)-Lemma it now suffices to
show that the identity

Ωp−1
2 (m,−n2)

n1 =P Ωp−2
3 (m,n1,−n2)

holds in G⌟
p,3 with area ≲p n

p−1. For this observe that one can first argue as in the
proof of Lemma 3.38, expanding the commutator [xn1

1 , x
−n2
p−2 ], to obtain that the

identity [
xm1 , [x

n1
1 , x

−n2
p−2 ]

]
=P

[
xm1 , x

−n2
p−1

]n1

holds in G4,3 ↪→ G⌟
p,3 with area ≲p n

4, since |m| ⩽ n. Combining this with (3.12)
and using again that |m| ⩽ n, the assertion follows.

The Second commuting (2, 2)-Lemma is done as follows. For simplicity assume
that n1 ⩾ 0, the proof for n1 < 0 is analogous but involves slightly more terms
and thus uses more instances of the corresponding First and Second commuting
Lemmas. First, from Addendum 3.40 we obtain the identity

Ω2(n) =P [xβ1 , x
n2
2 ] ·

⌊n1⌋−1∏
r=0

Ω3
1(n2) · Ω3

2(r, n2)
−1 · [yñ1 , yñp−1]


with area ≲p n

p−1 in G⌟
p,3. Then, using the Second commuting (1, 3)- and (2, 3)-

Lemmas for G⌟
p,3, and the fact that the yi commute with the xi we now proceed

using the chain of identities in (3.10) to commute w with Ω2(n) with area ≲α,p n
p−1

in G⌟
p,3.

This completes the proof of the First and Second commuting (k, j)-Lemmas
for G⌟

p,3. To close this section we record a consequence of Lemmas 3.33 and 3.38
that will only be used in the proof of the Cancelling k-Lemma 3.31 and in Section
§3.5.

Corollary 3.45. For all n ∈ Rp−1, there exists m ∈ R with |m| ≲p |n| such that
the identity

Ωp−1(n)
±1 =P (Ω3

p−2(|n|, . . . , |n|))m

holds in G⌟
p,3 for all p ⩾ 5 (respectively Gp,3 for all p ⩾ 3) with area ≲p |n|p−1.
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Proof. For the proof we refer the reader to [LIPT23, Corollary 6.24] where it uses
Lemmas 3.33 and 3.38, and [LIPT23, Lemma 6.14] which is stated for Gp−1,p−1 in
[LIPT23] but can be proved in precisely the same way for Gp−1,3.

3.4.2.2 Proofs of the Main commuting Lemmas and of the Cancelling
k-Lemmas

To deduce the Main commuting Lemmas from the First and Second commuting
(k, j)-Lemmas for G⌟

p,3 (respectively for Gp,3) we require the Reduction Lemma
3.29. Its proof follows the one of [LIPT23], but requires some modifications; we
thus include it here. We start with two auxiliary results.

Lemma 3.46. Let n := (n1, n2, n3) ∈ R3. The identity

Ωp−2
3 (n1, n2, n3) =P Ωp−1(n1, n2, 1, . . . , 1, n3)

holds in G⌟
p,3 for p ⩾ 5 (respectively Gp,3 for p ⩾ 3) with area ≲p |n|2.

Proof. In G⌟
p,3 this is a straight-forward consequence of iteratively applying the

identities xn3
j =P [x1, x

n3
j−1] for 3 ⩽ j ⩽ p − 2 and the identity Ω3

1(n3) =P

[yñ3
1 , y

ñ3
3 ]±1Ω2(1, n3), which hold with area ≲p |n|2. The proof for Gp,3 is anal-

ogous, but simpler.

Using Lemma 3.46 we can rewrite the identity in Lemma 3.42 for (2, 2) as
follows.

Corollary 3.47. Let p ⩾ 5, n ⩾ 1, α ⩾ 0, and n ∈ R2. If u := u(x1, x2) ∈ F [α]

with |u| ⩽ n, then there exists M = Oα,p(1) such that the identity

Ω2(n)
±1 · u =P u ·

M∏
i=1

Ωℓi(ñi)
±1

holds in G⌟
p,3 with area ≲α,p n

p−1 for suitable 2 ⩽ ℓi ⩽ p − 1, and ñi ∈ Rℓi with
|ñi| ≲α,p n.

Proof. Apply the identity from Lemma 3.46 at most Oα,p(1)-times to the identity
in Lemma 3.42 for (2, 2) to obtain the desired identity and the area estimate.
Finally, for all li ⩾ p we remove the Ωli-words as explained in Addendum 3.39(3)
with area ≲α,p n

p−1.

Note that the above corollary is not needed for Gp,3 since Addendum 3.43
already gives us the required identity.
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Proof of the Reduction Lemma 3.29. The proof is done by induction on 2α. The

base of induction, α = 1, is trivial with L = 0 and the product being empty,

since if w = xβ11 x
γ1
2 represents an element in the derived subgroup of G⌟

p,3, then

β1 = γ1 = 0.

Suppose that the statement is true for some 2α ⩾ 1 and let w :=
∏µ

i=1 x
βi
1 x

γi
2 ∈

F [2(α + 1)]. Observe that we can assume µ = 2(α + 1). The following identities

hold in G⌟
p,3, the area estimates of which are explained below.

µ∏
i=1

xβi1 xγi2
(1)
=F xβ1+β21 xγ12 · [xγ12 , xβ21 ] · xγ22 ·

µ∏
i=3

xβi1 xγi2

(2)
=F xβ1+β21 xγ1+γ22 · [xγ12 , xβ21 ] ·

[
[xγ12 , xβ21 ], xγ22

]
·
µ∏
i=3

xβi1 xγi2

(3)
=P xβ1+β21 xγ1+γ22 · Ω2(β2, γ1)

−1 · Ωp−2
3 (γ̂

1
) ·

µ∏
i=3

xβi1 xγi2

(4)
=P xβ1+β21 xγ1+γ22 · Ω2(β2, γ1)

−1 · Ωp−1(γ̃1) ·
µ∏
i=3

xβi1 xγi2

(5)
=P xβ1+β21 xγ1+γ22 · Ω2(β2, γ1)

−1 ·

(
µ∏
i=3

xβi1 xγi2

)
·
ν∏
i=1

Ωsi(ηi)
±1

(6)
=P xβ1+β21 xγ1+γ22 ·

(
µ∏
i=3

xβi1 xγi2

)
·

(
N∏
i=1

Ωli(ñi)
±1

)
·

(
ν∏
i=1

Ωsi(ηi)
±1

)
(7)
=P xβ1+β21 xγ1+γ22 ·

(
µ∏
i=3

xβi1 xγi2

)
·
L∏
i=1

Ωli(η̂i)
±1

(1) is a free identity so it has no area;

(2) is also a free identity;

(3) is a consequences of the First commuting (2, 2)-Lemma 3.27 for G⌟
p,3 so it

has area ≲p n
p−1 where |γ̂

1
| ≲p n;

(4) follows from applying Lemma 3.46, thus it has area ≲p n
2 where |γ̃

1
| ≲p n;

(5) is a consequence of Lemma 3.42, so it has area ≲p n
2, where |η

i
| ≲α,p n,

ν = Oα,p(1), and si ⩾ p;

(6) follows from Corollary 3.47, so it has area ≲p n
p−1, where li ⩾ 2, |ñi| ≲α,p n,

and N = Oα,p(1);

(7) follows by first removing all the Ωli- and Ωsi-words with li, si ⩾ p using

Addendum 3.39(3). Since there are at most Oα,p(1) of them, this has total

area ≲α,p n
p−1. We then merge the remaining Ω-words into a single product

without any area.
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The word υ(x1, x2) := xβ1+β21 xγ1+γ22 ·
(∏µ

i=3 x
βi
1 x

γi
2

)
has the same exponent sum for

x1 and x2 as that of the word w, therefore it represents an element in the derived
subgroup of G⌟

p,3 of length at most n and υ(x1, x2) ∈ F [2α]. Hence, applying the
induction hypothesis for 2α to the word υ(x1, x2) we obtain the desired result.

Proof of the Main commuting Lemmas 3.23 and 3.26 If both w1 and
w2 are powers of x2 the statement is clear. Otherwise, we apply the Reduction
Lemma 3.29 to w1 to obtain the identity w1 =P

∏L
i=1 Ωli(ηi)

±1 in G⌟
p,3 with area

≲p n
p−1 where 2 ⩽ li ⩽ p − 1. Thus, if w2 represents an element of the derived

subgroup of G⌟
p,3, then by applying the Second commuting (li, 2)-Lemma 3.28 for

G⌟
p,3 we get the desired identity; if w2 := xk2, then by applying the First commuting

(li, 2)-Lemma 3.27 for G⌟
p,3 we get that the identity

[w1, w2] =P

D∏
i=1

Ωp−2
3 (η

i
)±1

holds in G⌟
p,3 with area ≲p n

p−1. Moreover, D equals the number of li that are
equal to 2, in particular D ⩽ L = Oα,p(1).

The same arguments apply verbatim to Gp,3, with the only observation that we
use the corresponding First and Second commuting Lemmas for this group.

Proof of the Cancelling k-Lemma 3.31 The proof of the Cancelling k-Lemma
3.31 follows the same strategy as in [LIPT23, Section 6.7]. Although in this work
we consider the group G⌟

p,3, the main arguments of [LIPT23, Section 6.7] carry
over without major modifications.

For the reader’s convenience we present the general arguments of the proof
and offer full details whenever our proof differs or requires specific arguments.
Prioritizing readability and aiming to convey the main idea, we reduce technical
details to a minimum. Specifically, we keep explanations short in the parts of the
argument that involve standard manipulations of Ω-words that do not involve area
considerations.

The proof of the Cancelling k-Lemma 3.31 is done by descending induction

on k. For the base case k = p − 1 suppose that for some positive integer Mp−1

and np−1,i ∈ Rp−1 with |np−1,i| ⩽ n, the word

w(x1, x2) :=

Mp−1∏
i=1

Ωp−1(np−1,i)
±1
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is null-homotopic in G⌟
p,3 for all p ⩾ 5 (respectively Gp,3 for all p ⩾ 3). It follows

from Corollary 3.45 that for all 1 ⩽ i ⩽ p − 1 there exist some mi ∈ R with
|mi| ≲p |np−1,i| such that the identity

Ωp−1(np−1,i)
±1 =P

(
Ω3
p−2(|np−1,i|, . . . , |np−1,i|)

)mi
holds in G⌟

p,3 for all p ⩾ 5 (respectively Gp,3 for all p ⩾ 3) with area ≲p n
p−1.

For all 1 ⩽ i ⩽ p− 1, the word Ω3
p−2(|np−1,i|, . . . , |np−1,i|) represents an element

in Gp−1,3 ↪→ Gp,3 (respectively G⌟
p,3). In particular, the word

Mp−1∏
i=1

(
Ω3
p−2(|np−1,i|, . . . , |np−1,i|)

)mi
is null-homotopic inGp−1,3. Thus, by merging suitable pairs of Ω3

p−2-words into new
shorter Ω3

p−2-words, in ≲Mp−1n steps we conclude from the induction hypothesis
(IH-p) for Gp−1,3 that it has area ≲Mp−1,p n

p−1. It now follows that the null-
homotopic word w(x1, x2) has area ≲Mp−1,p n

p−1 in G⌟
p,3 for all p ⩾ 5 (respectively

Gp,3 for all p ⩾ 3). This proves the base case.
For the induction hypothesis, we now assume that the statement of the

Cancelling (k + 1)-Lemma 3.31 holds. To prove the induction step we need some
auxiliary results that we now present. We start with the Cutting in half k-Lemma
Lemma 3.48, which is our version of [LIPT23, Lemma 6.10]; its proof requires a
modification for k = 2 with respect to the proof in [LIPT23] which we explain in
detail. Aside from this, the same arguments as in [LIPT23] can be applied without
modification.

Lemma 3.48 (Cutting in half k-Lemma, cf. [LIPT23, Lemma 6.10]). Let 2 ⩽

k ⩽ p− 2 and n ∈ Rk. The following identities hold in G⌟
p,3 for p ⩾ 5 (respectively

Gp,3 for p ⩾ 3):

Ωk(2n) =P Ωk(n)
2k · wk(n) and Ωk(2n) =P wk(n) · Ωk(n)

2k ,

where wk(n) =P
∏L

i=1 Ωli(ηi)
±1 with L = Op(1), li ⩾ k + 1, and |η

i
| ≲p |n| for

1 ⩽ i ⩽ L. Moreover, each of the identities has area ≲p |n|p−1.

Proof. Like for [LIPT23, Lemma 6.10] the proof is by ascending induction in k.
The case G⌟

p,3 requires a minor adjustment for k = 2, which we explain below. The
remainder of the induction step is completely analogous to the one in [LIPT23],
and we omit it. So assume k = 2. Then the following identities hold in G⌟

p,3

Ω2(2n) := [x2n1
1 , x2n2

2 ]
(1)
=F [x2n1

1 , xn2
2 ] ·

[
x2n1
1 , xn2

2

]xn22
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(2)
=P

[
x2n1
1 , xn2

2

]2
·
D∏
i=1

Ωp−2
3 (η

i
)±1

(3)
=F

(
[xn1

1 , xn2
2 ]x

n1
1 · [xn1

1 , xn2
2 ]
)2

·
D∏
i=1

Ωp−2
3 (η

i
)±1

(4)
=F

(
Ω2(n) · [Ω2(n), x

n1
1 ] · [xn1

1 , xn2
2 ]
)2

·
D∏
i=1

Ωp−2
3 (η

i
)±1

(5)
=P Ω2(n)

4 · Ω3(n1, n1, n2)
−2 ·

D∏
i=1

Ωp−2
3 (η

i
)±1

(6)
=P Ω2(n)

4 · Ω3(n1, n1, n2)
−2 ·

D∏
i=1

Ωp−1(ñ)
±1.

(1) is just the free identity [u, v · w] =F [u,w] · [u, v]w, so it has no area;
(2) is a consequence of the Main commuting Lemma 3.26 for G⌟

p,3, where |η
i
| ≲p

|n| and D = Oα,p(1), so it has area ≲p n
p−1;

(3) is an application of the free identity [u · v, w] =F [u,w]v · [v, w], so it has no
area;

(4) is a free identity, so it has no area;
(5) is a consequence of the Main commuting Lemma 3.26, hence it has area

≲p n
p−1;

(6) follows from Lemma 3.46 applied Oα,p(1) times, thus it has area ≲p n
2.

Setting w2 := Ω3(n1, n1, n2)
−2 ·

∏D
i=1Ωp−1(ñ)

±1 completes the proof for k = 2.
After dealing with the case k = 2, detailed above, the induction step requires

applying the Main commuting Lemma 3.26 for G⌟
p,3 (respectively 3.23 for Gp,3),

but since the Ω-words involved are of the form Ωl(·) for l ⩾ 3 no error terms
will be produced. Therefore, the remainder of the induction step is completely
analogous to the one in [LIPT23]. We refer the reader to [LIPT23, Section 6.6] for
details.

We now present another result necessary for the induction step of the Cancelling
k-Lemma Lemma 3.31.

Lemma 3.49. Let n ⩾ 1. For 2 ⩽ k ⩽ p− 2 and n ∈ Rk with |n| ⩽ n an identity
of the form

Ωk(n)
±1 =P x

β
k+1 · Ep,k(n)

holds in G⌟
p,3 for p ⩾ 5 (respectively Gp,3 for all p ⩾ 3) with area ≲p n

p−1, where
Ep,k(n) is equal to

∏p−1
i=k+1Ωi(mi)

±1 with |mi| ≲p n. Moreover, |β| ≲p n
k.
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Proof. We treat the case for Ωk(n)
+1 the other case Ωk(n)

−1 is analogous. The
proof is done by induction in m := ⌈log2(n)⌉. The base of induction, m = 1, is
basically a direct consequence of the choice of relations (see Proposition 3.5). In
particular, if m = 1 we have that |n| ⩽ 1. It then follows that we can transform
the word Ωk(n) into the word xβk+1En,k(n) as follows: we start with the innermost
commutator in Ωk(n) and repeatedly apply the relation involving [xa1, x

b
i ], for a, b ∈

[−1, 1] (see Proposition 3.5), the free identity [u, v · w] =F [u,w] · [u, v]w (see
Lemma 3.15) and use the fact that L⌟

p for all p ⩾ 5 (respectively Lp for all p ⩾ 3)
is metabelian.

The induction step uses the following Claim 3.50, which in turn requires the
Cutting in half k-Lemma 3.48.

Claim 3.50. There exists a constant C = C(p) such that if the statement of
Lemma 3.49 holds for n/2 ∈ Rk satisfying ⌈log2(|n/2|)⌉ = m with β = βm and
area ≲p δm, then Lemma 3.49 also holds for n ∈ Rk satisfying ⌈log2(|n|)⌉ = m+ 1

with β = βm+1 = 2kβm and area ≲p δm+1 ⩽ 2kδm + C2m(p−1).

We explain the proof of Claim 3.50 after explaining how this implies the in-
duction step of Lemma 3.49. A simple calculation shows that

βm ⩽ 2kmβ1 = Op(|n|k).

Moreover, setting vi := 2−kiδi for i ⩾ 1 we get

vm+1 = 2−k(m+1)δm+1

⩽ 2−kmδm + C2−k(m+1)+m(p−1)

⩽ vm + C2m(p−1−k).

Since k ⩽ p− 2 < p− 1 from these inequalities we get

vm ⩽ v1 + C

m−1∑
i=1

2i(p−1−k) = Op(2
m(p−1−k)).

Therefore, from the definitions of vm and m it follows that

δm = Op(2
m(p−1)) = Op(|n|p−1).

All together we get

δm+1 = Op(|n|p−1) and βm+1 = Op(|n|k)
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Therefore, Claim 3.50 implies that Lemma 3.49 holds with the desired area es-
timate and bound on |β|. This concludes the induction step of Lemma 3.49. It
remains to prove Claim 3.50.

Proof of Claim 3.50. Observe that for the proof of this claim we are assuming the
induction hypothesis for m in the above proof of Lemma 3.49.

Let n ∈ Rk and m + 1 = ⌈log2(|n|)⌉. By the Cutting in half k-lemma 3.48 we
get the identity

Ωk(n) =P Ωk(n/2)
2k · wk(n/2) (3.13)

in G⌟
p,3 for all p ⩾ 5 (respectively Gp,3 for all p ⩾ 3) for wk(n/2) =P

∏L
i=1Ωli(ηi)

±1

where L = Op(1), li ⩾ k + 1, and |η
i
| ≲p n/2 for each 1 ⩽ i ⩽ L. Moreover, the

area of the above identity is ≲p |n|p−1.
The proof of Claim 3.50 has two main steps:

• For Step 1 the idea is to apply the induction hypothesis for m, which is
assumed in the proof of Lemma 3.49 where Claim 3.50 is needed, to succes-
sively extract the powers of the letter xk+1 from the word Ωk(n/2)

2k ·wk(n/2)
appearing on the right-hand side of (3.13). We do this in an ordered manner.
First we apply the induction hypothesis for m to extract the power of xk+1

from the left-most Ω-word Ωk(n/2). Then, we apply the Main commuting
Lemma 3.26 to send the created error term Ep,k(n/2) to the right. We repeat
this 2k times.

• Step 2 consists of rearranging the error terms Ep,k(n/2), created in the previ-
ous step, and the word wk(n/2). Note that both words consist of a product
of Ω-words. To arrange these products we use the induction hypothesis
for k + 1 of the Cancelling k-Lemma 3.31, namely we apply the Cancelling
(k + 1)-Lemma.

An important point here is that, whenever we apply the Main commuting
Lemma for G⌟

p,3 3.26 we do not create new error terms since we are only commuting
words representing elements in the derived subgroup of G⌟

p,3. We now proceed to
explain Step 1 and Step 2 in further detail.

In Step 1, after the ith application of the induction hypothesis for m and the
Main commuting k-Lemma 3.26 for G⌟

p,3 (respectively 3.23 for Gp,3), we obtain an
identity of the form

Ωk(n) =P x
iβm
k+1 ·

(
Ωk(n/2)

)2k−i · (Ep,k(n/2))i · wk(n/2)
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in G⌟
p,3 for p ⩾ 5 (respectively Gp,3 for p ⩾ 3). In the next application, we first

obtain the identity

Ωk(n) =P x
(i+1)βm
k+1 · Ep,k(n/2) ·

(
Ωk(n/2)

)2k−(i+1) ·
(
Ep,k(n/2)

)i · wk(n/2).
in G⌟

p,3 for p ⩾ 5 (respectively Gp,3 for p ⩾ 3). Recall, by the induction hypothesis
for m in the proof of Lemma 3.49 we have that for m = ⌈log2(n/2)⌉ the statement
of Lemma 3.49 holds for β = βm and area ≲p δm. Therefore, the above identity
has area ≲p δm.

We now apply the Main commuting Lemma 3.26 for G⌟
p,3 (respectively 3.23 for

Gp,3) to shuffle to the right the error term Ep,k(n/2) past the word

(Ωk(n/2))
2k−(i+1).

We apply it at most p·2k times. As mentioned above, both of these words represent
elements in the derived subgroup of G⌟

p,3 (respectively Gp,3) so this process does
not create any new error terms. This gives us the identity

Ωk(n) =P x
(i+1)βm
k+1 ·

(
Ωk(n/2)

)2k−(i+1) ·
(
Ep,k(n/2)

)i+1 · wk(n/2)

in G⌟
p,3 for p ⩾ 5 (respectively Gp,3 for p ⩾ 3) with area ≲p |n|p−1.

All together, after having done the 2k steps, we get that the identity

Ωk(n) =P x
2kβm
k+1 ·

(
Ep,k(n/2)

)2k · wk(n/2) (3.14)

holds in G⌟
p,3 for p ⩾ 5 (respectively Gp,3 for p ⩾ 3) with area ≲p 2

k ·δm+Op(|n|p−1).
This finishes Step 1.

Now, for Step 2, we have to rearrange the Ω-words on the right-hand side
of the above identity (3.14). More concretely, it remains to transform the word(
Ep,k(n/2)

)2k · wk(n/2) into a single error term of the form Ep,k(n).

We proceed as follows. Without area considerations, from Lemma 3.14 we have
that the identity

Ωk(n) =P x
tk+1

k+1 . . . x
tp
p (3.15)

holds in G⌟
p,3 for p ⩾ 5 (respectively Gp,3 for p ⩾ 3) for |ti| ≲p |n|i−1 for each

k+1 ⩽ i ⩽ p. Now, by modding out by the (k+1)-term of the lower central series
of G⌟

p,3 (respectively Gp,3), we see from (3.15) and (3.14) that 2kβm = tk+1 (the
terms involving xk+1 are the only ones that survive in the quotient; since the word(
Ep,k(n/2)

)2k · wk(n/2) contains only Ω-words of the form Ωi(·) for i ⩾ k + 1).
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Therefore, we obtain the identity

x
tk+2

k+2 . . . x
tp
p =P

(
Ep,k(n/2)

)2k · wk(n/2)
in G⌟

p,3 for p ⩾ 5 (respectively Gp,3 for p ⩾ 3) without any area considerations.

Therefore, it follows from Lemma 3.16 that there exists mi ∈ Ri with |mi| ≲p

|n| such that the identity

p−1∏
i=k+1

Ωi(mi)
±1 =P

(
Ep,k(n/2)

)2k · wk(n/2)
holds in G⌟

p,3 for p ⩾ 5 (respectively Gp,3 for p ⩾ 3). Note that the word on

the right-hand side of this last identity has Op(1) many Ω-words. The same is

true for
(
Ep,k(n/2)

)2k and wk(n/2), they consist of Op(1) many terms of the form

Ωℓ(m)±1 for |m| ≲p |n| and ℓ ⩾ k+1. The Cancelling (k+1)-Lemma 3.31 for G⌟
p,3

(respectively 3.23 for Gp,3) applied to the null-homotopic word

w(x1, x2) :=
(
Ep,k(n/2)

)2k · wk(n/2) · ( p−1∏
i=k+1

Ωi(mi)
±1
)−1

.

inG⌟
p,3 for p ⩾ 5 (respectivelyGp,3 for p ⩾ 3) tell us that w(x1, x2) has area ≲p n

p−1.

Namely, the area involved in transforming the word
(
Ep,k(n/2)

)2k ·wk(n/2) into a

single error term
∏p−1

i=k+1 Ωi(mi)
±1 is ≲p n

p−1.

Finally, from Step 1 and Step 2, by setting βm+1 := 2kβm, we obtain that the

identity

Ωk(n)
±1 =P x

βm+1

k+1 · Ep,k(n).

holds in G⌟
p,3 for p ⩾ 5 (respectively Gp,3 for p ⩾ 3) with area ≲p 2

kδm+Op(|n|p−1)

Since by definition we have |n| ⩽ 2m. This implies that the area is ≲p δm+1 =

2kδm +Op(2
m(p−1)). This finishes the proof of Claim 3.50.

We can now conclude the proof of the induction step of the Cancelling k-

Lemma for G⌟
p,3 3.31 (respectively Gp,3 3.23). Recall we are assuming that the

Cancelling (k + 1)-Lemma holds.

Let M ⩾ 1 and let

w(x1, x2) :=
( Mk∏
i=1

Ωk(nk,i)
±1
)
·
(Mk+1∏

i=1

Ωk+1(nk+1,i)
±1
)
· . . . ·

(Mp−1∏
i=1

Ωp−1(np−1,i)
±1
)

(3.16)
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be a null-homotopic word in G⌟
p,3 for p ⩾ 5 (respectively Gp,3 for p ⩾ 3) with

nj,i ∈ Rj, |nj,l| ⩽ n, for 1 ⩽ l ⩽Mj, k ⩽ j ⩽ p− 1, and Mj ⩽M .

The idea is to reduce to the case of the Cancelling (k + 1)-Lemma 3.31 for
G⌟
p,3 (respectively 3.23 Gp,3) by manipulating the first product

∏Mk

i=1 Ωk(nk,i)
±1 in

(3.16) by means of iteratively applying Lemma 3.49. This will create error terms
that we then need to rearrange using the Main commuting Lemma 3.26 for G⌟

p,3

(respectively Lemma 3.23 for Gp,3). By rearranging the terms we end up with a
“product of products” of Ω-words which is ordered in an increasing manner as in
(3.16) starting with Ω-words of the form Ωk+1(·).

Note that since k ⩾ 2, whenever we use the Main commuting Lemma 3.26 for
G⌟
p,3 we will not be creating extra terms. This means that the proof presented

in [LIPT23, p.51] carries over without needing to do extra modifications. For
the reader’s convenience we present the main arguments and refer the reader to
[LIPT23, p.51] for the extra details.

As mentioned above the first step is to transform the first product appearing
in (3.16), namely the word

∏Mk

i=1Ωk(nk,i)
±1, by applying Lemma 3.49. We do this

by starting with the left most Ωk(nk,1) and then shuffle to the right the error
term Ep,k(n1,k) created by means of the Main commuting Lemma 3.26 for G⌟

p,3

(respectively 3.23 for Gp,3). We then proceed similarly with Ωk(nk,2) and move
the error term Ep,k(n2,k). This process has ≲p Mk steps and finishes once we have
extracted all the xk+1’s and moved all the created error terms.

Thus, by applying Lemma 3.49 and the Main commuting Lemma 3.26 for G⌟
p,3

(respectively 3.23 for Gp,3) a total number of ≲p Mk times we obtain the identity

w(x1, x2) =P

( Mk∏
i=1

xβik+1

)
·
( Mk∏
i=1

Ep,k(ni,k)
)

·
(Mk+1∏

i=1

Ωk+1(nk+1,i)
±1
)
· . . . ·

(Mp−1∏
i=1

Ωp−1(np−1,i)
±1
)
.

in G⌟
p,3 for all p ⩾ 5 (respectively Gp,3 for all p ⩾ 3) with area ≲p Mkn

p−1.

Recall that for each i ∈ {1, . . . ,Mk} the error terms Ep,k(ni,k) are a product
of at most p many Ω-words of the form Ωl(m)±1 for |m| ≲p |ni,k| ≲p n and
l ⩾ k + 1 > 2.

We now rearrange the error terms appearing in the above identity, namely the
product

∏Mk

i=1Ep,k(ni,k), to obtain a product of Ω-words arranged in increasing
order (with respect to k). We do this by applying the Main commuting Lemma

89



3.26 for G⌟
p,3 (respectively 3.23 for Gp,3) a total number of ≲p p ·Mk ·M(p − 1)

times. Thus, we obtain the identity

w(x1, x2) =P

( Mk∏
i=1

xβik+1

)
·
( M̃k+1∏

i=1

Ωk+1(nk+1,i)
±1
)
· . . . ·

( M̃p−1∏
i=1

Ωp−1(np−1,i)
±1
)

in G⌟
p,3 for all p ⩾ 5 (respectively Gp,3 for all p ⩾ 3) with area ≲p Mnp−1, for

suitable nl,i, where M̃l ≲p Ml +Mk for l ⩾ k + 1. Recall, we are assuming that
the word w(x1, x2) is null-homotopic. Thus, by modding out by the (k + 1)-term
of the lower central series of G⌟

p,3 (respectively Gp,3), we get

Mk∑
i=1

βi = 0

Therefore, the identity

w(x1, x2) =P

( M̃k+1∏
i=1

Ωk+1(nk+1,i)
±1
)
· . . . ·

( M̃p−1∏
i=1

Ωp−1(np−1,i)
±1
)

holds in G⌟
p,3 for all p ⩾ 5 (respectively Gp,3 for all p ⩾ 3) with area ≲p Mnp−1.

Finally, by the Cancelling (k+1)-Lemma 3.31, which we are assuming by hypoth-
esis of induction for k, we get that the null-homotopic word on the right-hand side
of the identity above has area ≲p,2M np−1 in G⌟

p,3 for all p ⩾ 5 (respectively Gp,3

for all p ⩾ 3). Therefore, the null-homotopic word w(x1, x2) has area ≲p,2M np−1

in G⌟
p,3 for all p ⩾ 5 (respectively Gp,3 for all p ⩾ 3).

This finishes the proof of the induction step for the Cancelling k-Lemma 3.31.

Induction step from p− 1 to p

We now have all the results required to finish the induction step from p− 1 to p,
therefore concluding the proof of Theorems 3.21 and 3.22.

Let us reiterate that for the proof of the induction step for G⌟
p,3 (respectively

Gp,3) we need to show that the area of null-homotopic words w := w(x1, x2) in
G⌟
p,3 (respectively Gp,3) is ≲p n

p−1. By Proposition 3.18 it suffices to show that
null-homotopic words w(x1, x2) ∈ F [α] have area ≲p,α n

p−1 for every α > 0. To
show we need the Main commuting Lemma 3.26 for G⌟

p,3 (respectively the Main
commuting Lemma 3.23 for Gp,3).

Proof of Theorems 3.21 and 3.22. The proof is analogous to the one presented in
[LIPT23, Theorem 6.1, p.756]. We include it here for the readers convenience,
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since it is short and explains how the various technical results proved above fit
together to yield the upper bound on the Dehn function.

One has to show that for all α ⩾ 1 every null-homotopic word in G[α] of length
at most n has area ≲p n

p−1.

Consider a null-homotopic word w := w(x1, x2, y1, yp−1) ∈ G[α] of length |w| ⩽
n. Then, there are u := u(x1, x2) and v := v(y1, yp−1) with |u|, |v| ⩽ n such that
the equality w =P u · v holds in G⌟

p,3 with area ≲p n
2. Since ⟨x1, xp−1, y1, yp−1⟩

generates a 5-Heisenberg subgroup of G⌟
p,3, the identity v(y1, yp−1) =P v(x1, xp−1)

holds in G⌟
p,3 with area ≲p n

2.

Since the word v(x1, xp−1) represents a central element, there exists ñ ∈ Rp−1

with |ñ| ≲p n such that v(x1, xp−1) =P Ωp−1(ñ) holds in G⌟
p,3 with area ≲p n

p−2,
and for α sufficiently large we have that Ωp−1(ñ) ∈ F [α].

Therefore, after possibly increasing α, the word u · Ωp−1(ñ) is null-homotopic
in F [α] of length at most n, which allows us to apply the results of the previous
sections as follows: first, the Reduction Lemma 3.29 implies that the identity

w =P u · Ωp−1(ñ) =P

L∏
i=1

Ωli(ηi)
±1 (3.17)

holds in G⌟
p,3 with area ≲p n

p−1, where |η
i
| ≲p n and 2 ⩽ li ⩽ p− 1.

We can then apply the Main commuting Lemma 3.26 to rearrange the Ω-words
on the left-hand side of (3.17); note that all the Ω-words represent elements in the
derived subgroup of G⌟

p,3, so they commute with area ≲α,p n
p−1. We thus get

w =P

(
Mk∏
i=1

Ωk(nk,i)
±1

)Mk+1∏
i=1

Ωk+1(nk+1,i)
±1

 . . .

Mp−1∏
i=1

Ωp−1(np−1,i)
±1

 (3.18)

Since w is a null-homotopic word, the word on the right hand side of (3.18) is also
null-homotopic, therefore by the Cancelling 2-Lemma 3.31 we get that w has area
≲p n

p−1 in G⌟
p,3. This finishes the proof of the induction step (IH-p) for p.

3.5 From Gp,3 and G⌟
p,3 to the general case

We can now obtain upper bounds on Dehn functions for a larger class of central
products using the results obtained for Gp,3 and G⌟

p,3. In particular, we prove
Theorem A and Theorem B.
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Theorem A. Let k > ℓ ⩾ 2 be integers. Let K be either the group Lk+1 or L⌟
k+1.

Let L be a simply connected nilpotent Lie group with one-dimensional centre of
nilpotency class ℓ. Let G = K ×Z L. Then δG(n) ≼ nk.

Proof. We prove the statement for K = Lk+1 the argument for K = L⌟
k+1 is

exactly the same. Let P be the presentation for G given by Proposition 3.5 (setting
p = k + 1) and Lemma 3.6. Let w be a word of length at most n in G. Then, the
identity w =P u(x1, x2)vL holds in G with area ≲k+1 n

2 where vL is a word in the
generating set of L and |u|, |vL| ⩽ n.

Since the centre Z is distorted in L with polynomial distortion of degree ℓ− 1

and vL represents a central element of G, there exists b with |b| ≲k+1 n
ℓ−1 such

that vL =P zb. Since ℓ − 1 ⩽ (k + 1) − 2 = k − 1 there exists ñ with |ñ| ⩽ n

such that we can rewrite vL as Ω3
k−1(ñ) in Lk ×Z L ↪→ Lk+1 ×Z L. It follows

from [GHR03], that the identity vL =P Ω3
k−1(ñ) has area ≲k+1 n

k. Therefore,
since w =P u(x1, x2) · Ω3

k−1(ñ) is a null-homotopic word in Lk+1 ×Z L3 of length
≲k+1 n, it follows from Theorem 3.21 (respectively Theorem 3.22) that it has area
≲k+1 n

k.

An immediate consequence of Theorem A is the following result that establishes
Theorem B for k > ℓ.

Corollary 3.52. Let L be either Lq with q ⩾ 3 or L⌟
q with q ⩾ 5, and let K be

either Lp with p > q or L⌟
p with p > max{q, 4}. Then the group G := K ×Z L has

Dehn function δG(n) ≼ np−1.

We close this section with a proof of Theorem B for k = ℓ.

Proposition 3.53. Let each of K and L be either Lp with p ⩾ 3 or L⌟
p with p ⩾ 5.

Then the Dehn function of G := K ×Z L satisfies δG(n) ≼ np−1.

Proof. Let P be the presentation for G given by Lemma 3.6 and Proposition 3.5.
The proof is done by ascending induction on p 5. For the base case we have that
by [All98] and [OS99] the Dehn function of L3×Z L3 is quadratic and by [LIPT23]
the Dehn function of Lp ×Z Lp is cubic if p = 4 and quartic if p = 5. Assume now
that the statements hold for p− 1 ⩾ 4.

Let n ⩾ 1 be an integer. Let w := w(x1, x2, y1, y2) be a null-homotopic word
in G of length at most n. Using the fact that the yi’s commute with the xi’s we
can rewrite w as w1(x1, x2)w2(y1, y2) in G with area ≲p n

2. Since w1w2 is also
5Note that the proofs for L⌟

p ×Z L⌟
p and L⌟

p ×Z Lp only use the induction hypothesis for Gq,q

with q < p.
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a null-homotopic word in G and ⟨x1, x2⟩ ∩ ⟨y1, y2⟩ = ⟨z⟩, where xp = z = yp is

the generator of the centre of G, we get that w1 and w2 represent elements in the

centre. Thus, there exists d ∈ R such that the identities w1(x1, x2) =P zd and

w2(y1, y2) =P z
−d hold in G.

Since the distortion of ⟨z⟩ in G is ∼ np−1, we get |d| ≲p n
p−1. It follows from

Proposition 3.5 that the identities

zd =P Ωp−1(n̂) and zd =P Ω̃p−1(n̂)

hold in G for some n̂ ∈ Rp−1 with |n̂| ≲p n. Therefore, the words w1(x1, x2) ·
(Ωp−1(n̂))

−1 and Ω̃p−1(n̂) · w2(y1, y2) are null-homotopic words in G⌟
p,3 ↪→ G with

area ≲p n
p−1.

By Corollary 3.45 we can rewrite the Ωp−1- and Ω̃p−1-words as products of
Ω3
p−2- and Ω̃3

p−2-words in Gp−1,p−1 ↪→ G. It then follows by applying the induction
hypothesis on p ≲p n times to pairs of Ω3

p−2- and Ω̃3
p−2-words, that the identity

Ωp−1(n̂) =P Ω̃p−1(n̂) holds in G with area ≲p n
p−1. Overall, the identities

w =P w1(x1, x2)w2(y1, z2)

free
= w1(x1, x2) · Ωp−1(n̂)

−1Ω̃p−1(n̂) · w2(y1, y2)

=P 1

hold in G with area ≲p n
p−1.

Proof of Theorem B. This now follows directly from Corollary 3.52 and Proposi-

tion 3.53.

3.6 Some words on the lower bounds

In this section, we briefly outline the results from [GMLIP23] on lower bounds

for the Dehn function of Theorems A and B to give the reader an idea of the

underlying arguments. For details, we refer the reader to [GMLIP23, Section 3].

A general strategy to obtain lower bounds on Dehn functions is to find a suitable

family of null-homotopic words with area the desired lower bound, in some sense

these words are thought of as “hard to fill” words, meaning that the number of

relations needed is as high as possible, see for instance [BG96, Section 3]. In the

realm of nilpotent groups this can sometimes be achieved by means of central

extensions.
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3.6.1 Lower bounds and central extensions

A common technique to obtain lower bounds for Dehn functions of a finitely gen-
erated nilpotent group Γ is to look at distorted central extensions of Γ. Recall that
elements of H2(Γ,Z) are in one-to-one correspondence with the central extensions
of Γ up to isomorphism of group extensions. More concretely, the idea lies in the
following principle.

Recall that if H is a subgroup of a group G, where H and G are generated
by the finite sets S and T , respectively, then there are two possible metrics we
can define on H, namely dS and dT which are induced by the word lengths | · |S
and | · |T , respectively. The relation between these two metrics can be expressed
numerically by means of the distortion function of H in G defined as

∆G
H(n) = max{|h|S | h ∈ H, |h|T ⩽ n}.

We then say that H is undistorted in G if ∆G
H(n) ≍ n. Else, we say that H is

distorted in G and its distortion is the ≍-class of ∆G
H .

Lemma 3.54 ([You08, Proposition 4]). Let Γ be a finitely generated torsion-free
nilpotent group and let

1 Z Γ̃ Γ 1ι

be a central extension of Γ. Let d ⩾ 1. If ι(Z) ≤ Γ̃ is nd-distorted, then nd ≼ δΓ(n).

Proof. For a proof we refer the reader to [You08, Proposition 4].

In fact, Lemma 3.54 computes the precise asymptotics of the so-called cen-
tralized Dehn function δcent

G as defined in [BMS93], where they also prove that
δcent
G (n) ≼ δG(n). For a precise definition of the centralized Dehn function we refer

the reader to [BMS93] or [You08, Section 3].

Example 3.55. Let Γ := Z2 generated by {a, b} and Γ̃ := H3(Z) be the 3-
dimensional Heisenberg group with generating set {x1, x2, z}. Let π : H3(Z) → Z2

be the homomorphism defined by π : (x1, x2, z) 7→ (a, b). Then we have a central
extension:

1 Z H3(Z) Z2 1ι π

where Z = ⟨z⟩ is quadratically distorted in H3(Z). Therefore, by Lemma 3.54 we
get n2 ≼ δZ2(n).
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The underlying idea is as follows: observe that for Ω2(n, n) = [xn1 , x
n
2 ] the

identity Ω2(n, n) = zn
2 holds in H3(Z). In particular, the word zn

2 has word
length n2 in Z = ⟨z⟩. Observe that, if π : F{x1,x2,z} → Fa,b is a lift of π, then
pi(Ω2(n, n)) is equal to [an, bn] in Z2, so its area must be at least n2.

Example 3.56. Let Γ := H3(Z) be the 3-dimensional Heisenberg with generating
set {x, y, z} and let Γ̃ be the mapping torus Z3⋊ϕZ for ϕ(x1) = x1x2, ϕ(x2) = x2x3

and ϕ(x3) = x3. In particular, Γ̃ admits the following finite presentation

⟨x1, x2, x3, t | [xi, xj] = 1 for all 1 ⩽ i, j ⩽ 3, and xti = xi+1 for all 1 ⩽ i ⩽ 2⟩

and embeds as a lattice in the simply connected nilpotent Lie group L4.

Consider the homomorphism defined by π : t 7→ x, x1 7→ y and x2 7→ z. We
have the following central extension:

1 Z Z3 ⋊ϕ Z H3(Z) 1ι π

where Z = ⟨z⟩ is n3-distorted in Γ̃ [Osi01]. Thus, by Lemma 3.54 we get n3 ≼ δγ(n).

In [GMLIP23] we established a Lie group theoretic analogue of Lemma 3.54.
We would like to emphasise that these ideas were already used in [LIPT23, §8]. In
[GMLIP23] we mainly reframed their techniques in a more general framework.

Proposition 3.57 ([GMLIP23, Proposition 3.7]). Let k ⩾ 2. Let G be a simply
connected nilpotent Lie group of nilpotency class k − 1. Assume that for some
ω ∈ Z2(G,R) the central extension

1 → R
ι−→ G̃

π→ G→ 1

has nilpotency class k. Then the Dehn function of G satisfies nk ≼ δG(n).

We would like to emphasise that the ideas from Lemma 3.54 were already used
in [LIPT23, §8]. In [GMLIP23] we reframed their techniques in a more flexible
framework.

Remark 3.58. A novelty in our work in [GMLIP23] is that Proposition 3.57 ap-
plies to G possibly without a lattice. Moreover, Proposition 3.57 is of independent
interest since together with [GMLIP23, Theorem B.1] it allows us to evaluate new
Dehn functions, see [GMLIP23, Remark 6.1].

95



3.6.2 Lower bounds in central products

In [GMLIP23] we computed lower bounds for the Dehn functions of central prod-
ucts:

G := K ×Z H

where K is either Lp for p ⩾ 3 or L⌟
p for p ⩾ 5, and H is a simply connected

nilpotent group with a one-dimensional centre. For these groups we obtained the
following result:

Proposition 3.59 ([GMLIP23, Proposition 3.2]). Let G be as above. Then

np−1 ≼ δG(n).

The idea in [GMLIP23, Section 3.B] to obtain a lower bound on the Dehn
functions of the central product G is as follows:

• We find a family of null-homotopic words in K that have length n and area
np−1. A first candidate for such a family consists of the image under the
inclusion K ↪→ G of the words Ωp(n, . . . , n). In fact, we consider the family
of null-homotopic words

w := xL1Ωp−1(n, . . . , n)x
−2L
1 Ωp−1(n, . . . , n)

−1xL1

in G, where Ωp−1(n, . . . , n) represents a central element in K.
• To estimate the area of such words we first need to consider them as loops.

Second, integrate a well-chosen 1-form along them, by means of a version of
Stoke’s Theorem, see Lemma 3.60 below. Here the choice of L is relevant,
see [LIPT23, p. 20]. The underlying idea for choosing this one-form is using
central extensions of G. Moreover, the derivative of this one-form, restricted
to certain domains, coincide with two-forms defining highly distorted central
extensions, see [GMLIP23, p. 19]. These are the main steps involved in this
second point:

1. We first consider the cocycle ω associated to the central extension

1 → Z → K → K/Z → 1,

where Z ∼= R is the centre, and consider a representative β1 in H2(G,R)
which is a 2-form, see [GMLIP23, p.17].
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2. Second, we construct a loop Λ which is induced by the closed path w in
G. The major part of the work is done to establish [GMLIP23, Lemma
3.5] which guarantees us that:∫

Λ

β1 = 2np−1.

3. Finally, Step 2 allows us to apply a version of Stokes theorem [LIPT23,
Proposition 8.2] to conclude

AreaP(w) ⩾
1

C
np−1,

where C is a positive constant which is made explicit by our version of
Stoke’s Theorem Lemma 3.60, see also [GMLIP23, p.20].

• There is a choice of L > 0, with L of order n, that allows us to conclude
that the words from the first bullet point above have the required length and
area.

We now recall the version of Stoke’s theorem from [LIPT23, Proposition 8.2],
which up to a reformulation (see [GMLIP23, Lemma 2.1]) can be stated as follows.

Lemma 3.60 ([LIPT23, Proposition 8.2]). Let G be a simply connected Lie group
and let P := ⟨S | R⟩ be a compact presentation for G. Let α ∈ Ω1(TG) be a
continuous 1-form on G. Assume that there exists a constant C such that

∣∣∣∫g∗r α∣∣∣ ⩽
C for all r ∈ R. Then for any null-homotopic word w over the presentation

AreaP(w) ⩾
1

C

∣∣∣∣∫
w

α

∣∣∣∣ .
Remark 3.61. We finish this summary by recording here that Proposition 3.59 is
the result that allows us to conclude that the upper bounds for the Dehn functions
of the central products presented in this work are indeed sharp. Concretely, the
Dehn functions of the groups in Theorems A and B are bounded below by nk.

3.7 Proof of Theorem D

We start by recalling Theorem D.

Theorem D. Let k ⩾ 2. Let e be the infimum of the exponents e such that there
exists a O(re)-sublinear bilipschitz equivalence between G = Lk+1 ×Z L3 and its
asymptotic cone. Then

1

2k + 2
⩽ e ⩽

2

k
= eG.
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Also, recall from Section 2.3.2 and Section 2.4 that Carnot groups of central
products of simply connected nilpotent groups arise as asymptotic cones.

Proof of Theorem D. Let p ⩾ 3. As in [LIPT23], it readily follows from our proof
that Lp×Z L3 admits (np−1, n) as a filling pair6. For this one checks that all prefix
words of the transformations we apply represent group elements of distance ≲ n

to the identity element in the Cayley graph for our chosen generating set. Thus,
one argues as in [LIPT23, Section 9] that Lp ×Z L3 and its associated Carnot
graded group are not O(re)-equivalent for e ∈ [0, 1/(2p)). On the other hand
Cornulier shows in [Cor17, Proposition 6.13] that the two groups are O(r2/(p−1))-
bilipschitz equivalent. This shows that Cornulier’s bound is optimal in the limit
as the nilpotency class p− 1 tends to +∞.

3.8 Proof of Corollary C

We begin by recalling Corollary C.

Corollary C. Let K and L be simply connected nilpotent Lie groups of classes k
and ℓ with k > ℓ satisfying the assumption in Theorem A or Theorem B. Then,
the group G = K ×Z L is not quasi-isometric to its asymptotic cone.

Let us point out that Corollary C applies to groups G obtained as central
products of K and L, where the pair (K,L) should satisfy the assumption in one
of Theorem A or Theorem B and have different nilpotency classes k and ℓ. In
particular, K is always either the model filiform group Lk+1 or the filiform group
L⌟
k+1, while L can be either Lℓ+1, L⌟

ℓ+1, or a general simply connected nilpotent
Lie group of class ℓ which does not necessarily admit a lattice.

Proposition 3.62. Let G, K and L be as above. Then

δG(n) ≍ nk whereas δgr(G)(n) ≍ nk+1.

Proof. For the lower bounds see Remark 3.61 and [GMLIP23]. Regarding the up-
per bounds, the statement concerning G is precisely the conclusions of Theorems A
and B. As for the statement concerning gr(G), we start by observing that since K
and L have different nilpotency classes k and ℓ, and k > ℓ,

gr(G) ∼= gr(K)× gr(L/Z(L)).

6See [LIPT23, §3.3] for the definition of a filling pair we use here.
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Now K is always either Lk+1, L⌟
k+1, in which case gr(K) is always Lk+1, or L5,5

in which case gr(K) is L4 × R. In every case, gr(K) has Dehn function nk+1 (for
instance, by [LIPT23, Example 7.8] and the Gersten–Holt–Riley upper bound).

Corollary C then directly follows from Proposition 3.62 and the quasi-isometry
invariance of the Dehn function.
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Chapter 4

Dehn functions of mapping tori of
right-angled Artin groups

This chapter treats the Dehn functions of mapping tori of RAAGs, namely of

groups of the form AL⋊ϕ Z with AL a RAAG. We start this chapter by providing

a brief background to put into context the results obtained here.

Our main contribution in this chapter is then presented as follows. In Sec-

tion 4.2 we present the proof of Theorem E. In Section 4.3 we give a precise

statement of Theorem F and present a proof, see Theorem 4.7. Finally, in Sec-

tion 4.4 we offer an alternative proof of Pueschel and Riley’s result regarding the

mapping tori of Z2 ∗ Z in the case where the automorphism acts on Z2 trivially,

see Theorem 4.10.

4.1 Background

Let us recall from the introduction what is known about the Dehn functions of

mapping tori of RAAGs. Namely, groups of the form

AL ⋊ϕ Z

where AL is a RAAG and ϕ ∈ Aut(AL). Recall that the class of RAAGs extrap-

olates between free abelian and free groups. The Dehn functions of the mapping

tori of the two “extremal cases” in the family of RAAGs were the first to be char-

acterised. For AL = Zm Bridson and Pittet [BP94] obtained the upper bounds for

the Dehn functions and later on Bridson and Gersten [BG96] obtained a matching

lower bound. Their results can be summarized as follows:
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Theorem 4.1 ([BG96, Main Theorem], [BP94, Theorem 5.1]). Let ϕ ∈ Aut(Zm) ∼=
GL(m,Z). The Dehn function of the mapping torus Mϕ := Zm ⋊ϕ Z satisfies

δMϕ
(n) ≍ n2grϕ(n).

Subsequently, for the RAAG AL = Fm Bridson and Groves [BG10] using the
machinery of train-tracks obtained:

Theorem 4.2 ([BG10, Main Theorem]). Let ψ ∈ Aut(Fm). The Dehn function
of the mapping torus Mψ := Fm ⋊ψ Z satisfies

δMψ
(n) ≼ n2.

An alternative proof of Theorem 4.2 can be found in [Gho23].
Since RAAGs extrapolate between free abelian groups and free groups, it is

natural to pose the problem of studying Dehn functions of mapping tori of arbitrary
RAAGs. Vogtmann posed this question (see [PR19, p.2]) motivating the work of
Pueschel and Riley which we now summarise.

Besides the cases mentioned above, Pueschel and Riley [PR19] computed the
Dehn functions for the cases where AL is F2 × Z, Fk × Fl for k, l ⩾ 2, and Z2 ∗ Z.
Moreover, Pueschel in her thesis [Pue16, Chapter 5] presented some partial results
to obtain the Dehn function of certain mapping tori of Zm ∗ Z with m ⩾ 2. In
particular, Pueschel classified the Dehn functions of the mapping tori of Z3 ∗ Z,
and presented some arguments to obtain the Dehn function of certain mapping
tori of Zm ∗Z, namely those for which the automorphism restricted to Zm consists
of a matrix with a single Jordan block [Pue16, p.75].

The results in [Pue16, PR19], in contrast with Theorems 4.1 and 4.2, have a
less compact formulation. This is because the range of possible Dehn functions for
the mapping tori of a single RAAG they considered exhibits different behaviour
related to the growth of the corresponding automorphism.

We finish this section by recalling that Lemma 2.67 allows us to choose suit-
able representatives of the outer class of an automorphism ϕ ∈ Aut(AL) which
facilitates the task of obtaining the Dehn functions of the mapping tori treated in
this part of the work.

4.2 Dehn functions of (Z2 ∗ Z2)⋊Φ Z

The main result of this section is the full characterisation of Dehn functions of the
mapping tori of Z2 ∗ Z2. Let us recall Theorem E from the introduction.
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Theorem E. For every Ψ ∈ Aut(Z2 ∗ Z2) there exists Φ ∈ Aut(Z2 ∗ Z2) such
that [Φ] = [Ψ2] ∈ Out(Z2 ∗ Z2) and Φ restricted to the free factors Z2 induces
ϕ1, ϕ2 ∈ Aut(Z2). In particular, the Dehn functions of the associated mapping tori
MΨ and MΦ are equivalent and δMΦ

satisfies the following. If there exists i ∈ {1, 2}
such that the Dehn function of Z2 ⋊ϕi Z is exponential, then the Dehn function of
MΦ is exponential. Else, precisely one of the following holds:

1. There exists i ∈ {1, 2} such that the Dehn function of Z2 ⋊ϕi Z is cubic, in
which case the Dehn function of MΦ is cubic.

2. For every i ∈ {1, 2} the Dehn function of Z2 ⋊ϕi Z is quadratic, in which
case the Dehn function MΦ is quadratic.

We start by observing that the statement regarding the automorphism is a
direct consequence of Corollary 2.47. The fact that the corresponding mapping tori
have ≍-equivalent Dehn function follows from Lemma 2.67. From this combined
with Theorem 4.1 it follows that the cases in Theorem E are mutually exclusive
and exhaustive.

Thus, it remains to prove the precise Dehn functions. Their proof relies on
a refined upper bound on the Dehn function of the mapping tori of Z2. Recall,
that an upper bound for it was first obtained by [BP94]. In particular, their result
states that if ϕ ∈ Aut(Zm) has only eigenvalues of norm 1 and d is the size of the
largest Jordan block, then the Dehn function of Mϕ := Zm ⋊ϕ Z satisfies

δMϕ
(n) ≍ nd+1.

We provide an alternative proof of this upper bound for the case m = 2, which
has the advantage that it keeps track of the number of letters of the generating
set of Z2, see Lemma 4.3.

4.2.1 Key Lemma

In this section we provide an alternative proof of the upper bound obtained by
Bridson and Pittet [BP94] for the mapping tori of Zm ⋊ϕ Z for the case m = 2.

Lemma 4.3. Suppose that Z2 = ⟨X⟩. Let ϕ ∈ Aut(Z2) such that all its eigenvalues
have norm 1, Mϕ = Z2 ⋊ϕ Z, and let P be the standard finite presentation for Mϕ

as HNN-extension (with generating set {X, t}). Suppose d is the size of the largest
Jordan block of ϕ. If w := w(X, t) is a null-homotopic word in Mϕ of length n,
then

AreaP(w) ≼ ℓX(w) · nd.
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Proof. Let X := {x1, x2} be a generating set for Z2. Let d be the size of the

largest Jordan block of ϕ ∈ Aut(Z2). When d = 2 (respectively d = 1) we use the

following presentation of Mϕ which presents it as a lattice in the model filiform

group L3 = H3(R) (respectively R3):

Pd := ⟨x1, x2, t | [x1, x2] = [x2, t] = 1, t−1x1t = x1x
d−1
2 ⟩

Note that x2 represents a central element in Mϕ. For simplicity write P := Pd.
Let w := w(x1, x1, t) be a null-homotopic word in Mϕ of length n. To estimate

the area of w we reduce it in an ordered manner that we now describe.

First, we shuffle all the x2’s appearing in w to the right end of w to obtain the

identity

w(x1, x2, t) =P u(x1, 1, t)x
ϵx2 (w)
2

in Mϕ. Since there are at most ℓX(w) many x2’s in w and we shuffled them past

at most n other letters, the above identity has area ≲P ℓX(w) ·n in Mϕ. Moreover,

since x2 represents a central element, this shuffling does not create any letter from

X, therefore |u| ⩽ |w|.
Second, we reduce the word u(x1, 1, t)x

ϵx2 (w)
2 . The idea is fairly simple: we

shuffle the t’s appearing in u(x1, 1, t) to the right end of it. We do this one by

one. Step 1 consists of starting with the right-most t±1 appearing in u(x1, 1, t).

This process might create x2’s which we then shuffle to the right end and gathered

right of the t±1 we just shuffled. Again, this does not create any x1’s. After this

shuffling we obtain a new word, of smaller length, for which we proceed as in Step

1. We proceed in this manner, each time applying Step 1 to the new word until

all the t’s (as well as the possible x2’s created) have been collected on the right to

obtain the identity

u(x1, 1, t)x
ϵx2 (w)
2 =P x

ϵx1 (w)
1 tϵt(w)x

ϵx2 (w)+β1+...+βℓt(w)

2 .

Since the word w is finite, in each step we manipulate a word of smaller length.

The total number of steps needed is ℓt(w).

We now explain in detail how this process can be formally carried out. We claim

that for every 1 ⩽ k ⩽ ℓt(w) there exist σk ∈ {±1}, βk ∈ Z with |βk| ⩽ ℓX(w)
d−1,

and subwords uk(x1, 1, t) and vk(x1, 1, 1) of w with

|uk(x1, 1, t)|, |vk(x1, 1, 1)| ⩽ |w|
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such that the identity

u(x1, 1, t)x
ϵx2 (w)
2 =P uk(x1, 1, t)vk(x1, 1, 1)t

σ1+...+σix
ϵx2 (w)+β1...+βi
2

holds in Mϕ with area

≲P

k∑
j=1

(
|vj(x1, 1, 1)|+ |βj||vj(x1, 1, 1)|+ |βj| ·

( j∑
ν=1

|σ1 + . . .+ σν |
))

.

For k = ℓt(w) we show that, in fact, uℓt(w)(x1, 1, t) contains no t’s.

We prove this by induction on ℓt(w). For the base of induction, Step 1, if

ℓt(w) = 1, then there exist σ1 ∈ {±1}, and subwords u1(x1, 1, 1) and v1(x1, 1, 1)

such that we can write

u(x1, 1, t) =def u1(x1, 1, 1)t
σ1v1(x1, 1, 1).

for subwords u1(x1, 1, 1) and v1(x1, 1, 1) of w whose length is bounded above by

|w|. Therefore,

u(x1, 1, t)x
ϵx2 (w)
2 =def u1(x1, 1, 1)t

σ1v1(x1, 1, 1)x
ϵx2 (w)
2 .

We now shuffle tσ1 to the right past the word v1(x1, 1, 1) and collect all the x2’s that

this might have produced, say β1, with x
ϵx2 (w)
2 , using the fact that x2 commutes

with t. This corresponds to the following identities in Mϕ:

u1(x1, 1, 1)t
σ1v1(x1, 1, 1)x

ϵx2 (w)
2 =P u1(x1, 1, 1)v1(x1, 1, 1)x

β1
2 t

σ1x
ϵx2 (w)
2

=P u1(x1, 1, 1)v1(x1, 1, 1)t
σ1x

ϵx2 (w)+β1
2

where β1 ∈ Z is such that |β1| ≲P |v1(x1, 1, 1)|d−1. Thus we get that the total area

of the above identities is

≲P |v1(x1, 1, 1)|+ |β1||v1(x1, 1, 1)|+ |β1||σ1|.

Observe that if ϕ is the trivial automorphism, that is if d = 1, then β1 = 0.

For the induction hypothesis assume that the claim holds for k − 1. That is,

assume that the identity

u(x1, 1, t)x
ϵx2 (w)
2 =P uk−1(x1, 1, t)vk−1(x1, 1, 1)t

σ1+...+σk−1x
ϵx2 (w)+β1...+βk−1

2 (4.1)
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holds in Mϕ, where for every j ∈ {1, . . . , k − 1} we have σj ∈ {±1} and

|βj| ≲P |vj(x1, 1, 1)|d−1 ⩽ ℓX(w)
d−1;

so if ϕ is trivial, we have that βj = 0 for every j ∈ {1, . . . , k − 1}. Moreover, we
assume that this identity has total area

≲P

k−1∑
j=1

(
|vj(x1, 1, 1)|+ |βj||vj(x1, 1, 1)|+ |βj| ·

( j∑
ν=1

|σ1 + . . .+ σν |
))

For the induction step we proceed as follows. From Step k− 1 to Step k:
we now want to shuffle to the right the right-most t±1 in uk(x1, 1, t)vk(x1, 1, 1). For
this write the word on the right-hand side of (4.1) as

uk(x1, 1, t)t
σkvk(x1, 1, t)t

σ1+...+σk−1x
ϵx2 (w)+β1...+βk−1

2 ,

where σk ∈ {±1}, and proceed as we did in the base of induction, Step 1, manip-
ulating this word. Thus, we have the following identities in Mϕ:

uk(x1, 1, t)t
σkvk(x1, 1, t)t

σ1+...+σk−1x
ϵx2 (w)+β1...+βk−1

2

(1)
=P uk(x1, 1, t)vk(x1, 1, t)x

βk
2 t

σ1+...+σkx
ϵx2 (w)+β1...+βk−1

2

(2)
=P uk(x1, 1, t)vk(x1, 1, t)t

σ1+...+σkx
ϵx2 (w)+β1...+βk
2

where |βk| ≲P |vk(x1, 1, 1)|d−1. The respective area estimates are as follows. The
identity (1) has area ≲P |vk+1(x1, 1, 1)| + |βk+1||vk+1(x1, 1, 1)|; while the identity
(2) has area ≲P |βk+1| · |σ1 + . . .+ σk+1|.

Therefore, all together we have that the identity

u(x1, 1, t)x
ϵx2 (w)
2 =P uk(x1, 1, t)vk(x1, 1, 1)t

σ1+...+σkx
ϵx2 (w)+β1...+βk
2

holds in Mϕ with total area

≲P

k∑
j=1

(
|vj(x1, 1, 1)|+ |βj||vj(x1, 1, 1)|+ |βj| ·

( j∑
ν=1

|σ1 + . . .+ σν |
))

.

This concludes the induction step and therefore the proof of the claim.

In particular, it follows that for k = ℓt(w) we have that the identities

u(x1, 1, t)x
ϵx2 (w)
2 =P uℓt(w)(x1, 1, 1)vℓt(w)(x1, 1, 1)t

σ1+...+σℓt(w)x
ϵx2 (w)+β1...+βℓt(w)

2

=def x
ϵx1 (w)
1 tϵt(w)x

ϵx2 (w)+β1...+βℓt(w)

2
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hold in Mϕ with area

≲P

ℓt(w)∑
j=1

(
|vj(x1, 1, 1)|+ |βj||vj(x1, 1, 1)|+ |βj| ·

( j∑
ν=1

|σ1 + . . .+ σν |
))

≲P

ℓt(w)∑
j=1

(|vj(x1, 1, 1)|+ |βj||vj(x1, 1, 1)|+ |βj| · ℓt(w)) . (4.2)

On one hand, if ϕ is trivial, that is if d = 1, we have that βj = 0 for every
j ∈ {1, . . . , ℓt(w)}. Therefore, the area estimate in (4.2) reduces to

≲P

ℓt(w)∑
j=1

|vj(x1, 1, 1)| ⩽ ℓX(w)ℓt(w) ⩽ ℓX(w)n.

On the other hand, if ϕ is not trivial, that is if d = 2. Since |βj| ⩽ ℓX(w)
d−1,

it follows that the area estimate from (4.2) is

≲P

ℓt(w)∑
j=1

(
ℓX(w) + ℓX(w)

d + ℓX(w)
d−1ℓt(w)

)
≲P ℓt(w)ℓX(w) + ℓt(w)ℓX(w)

d + ℓt(w)
2ℓX(w)

d−1

≲P ℓX(w) · nd.

In both cases, we get that the identity

u(x1, 1, t)x
ϵx2 (w)
2 =P x

ϵx1 (w)
1 tσ1+...+σℓt(w)x

ϵx2 (w)+β1+...+βℓt(w)

2

holds in Mϕ with total area ≲P ℓX(w) · nd. In consequence, the identity

w =P x
ϵx1 (w)
1 tσ1+...+σℓt(w)x

ϵx2 (w)+β1+...+βℓt(w)

2

holds in Mϕ with area ≲P ℓX(w) · nd + ℓX(w) · n.
Finally, observe that the fact that w is a null-homotopic word in Mϕ, implies

that the word
x
ϵx1 (w)
1 tσ1+...+σℓt(w)x

ϵx2 (w)+β1+...+βℓt(w)

2

is null-homotopic in Mϕ. We claim that this null-homotopic word is freely equal to
the trivial word in Mϕ. Indeed, the corresponding word in the abelianization Mab

ϕ

has to be null-homotopic, therefore ϵx1(w) = σ1+ . . .+σℓt(w) = 0. From which the
following free identity follows:

x
ϵx1 (w)
1 tσ1+...+σℓt(w)x

ϵx2 (w)+β1+...+βℓt(w)

2
free
= x

ϵx2 (w)+β1+...+βℓt(w)

2 .
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In particular, the word x
ϵx2 (w)+β1+...+βℓt(w)

2 is null-homotopic in Mϕ. Thus, we
also have ϵx2(w) + β1 + . . .+ βℓt(w) = 0 proving our claim.

Therefore, we have AreaP(w) ≲P ℓX(w) · nd + ℓX(w) · n. This finishes the
proof.

Comments on the general case. It seems plausible to obtain Lemma 4.3
for general mapping tori Zm ⋊ϕ Z. We conjecture that the result holds in this
generality.

Conjecture 5. Let m ⩾ 2. Suppose that ⟨X⟩ = Zm. Let ϕ ∈ Aut(Zm) such that
all its eigenvalues λ are such that |λ| = 1. Suppose d is the size of the largest
Jordan block of ϕ. If w = w(X, t) is a null-homotopic word in Mϕ := Zm ⋊ϕ Z of
length n, then

AreaP(w) ≼ nd · ℓX(w).

With Lemma 4.3 at hand we now proceed with the proof of Theorem E.

4.2.2 Proof of Theorem E

With the aid of Lemma 4.3 we prove Theorem E, obtaining in this way a complete
characterisation of the Dehn functions of mapping tori of the RAAG Z2 ∗ Z2.
For this we first prove the a preliminary result which holds for mapping tori of
Zm1 ∗ Zm2 in general.

Recall, that by Corollary 2.47, given an automorphism Ψ ∈ Aut(Zm1 ∗Zm2) up
to taking a power of it we can assume that it preserves the factors. Namely, there
exists Φ ∈ Aut(Zm1 ∗Zm2) such that [Φ2] = [Ψ] ∈ Out(Zm1 ∗Zm2) and Φ = ϕ1 ∗ϕ2

with ϕi = Φ|Zmi ∈ Aut(Zmi). For the purpose of computing the Dehn function,
working with Φ instead is not a loss of generality as guaranteed by Lemma 2.67.

Proposition 4.4. Let m1,m2 ≥ 2. Let Φ = ϕ1 ∗ ϕ2 ∈ Aut(Zm1 ∗ Zm2) and
MΦ := (Zm1 ∗ Zm2) ⋊Φ Z. Suppose that the eigenvalues of ϕi ∈ Aut(Zmi) have
norm one. Let di be the size of the largest Jordan block of ϕi. Then, the Dehn
function of MΦ satisfies

δMΦ
(n) ≍ max{nd1+1, nd2+1}.

Proof. We start by proving the lower bound on the Dehn function. The lower
bound follows from Lemma 2.66 by observing that the groups Zm1 and Zm2 quasi-
isometrically embed in Zm1 ∗ Zm2 and that the automorphism Φ preserves them,
namely Φ|Zm1 = ϕ1 ∈ Aut(Zm1) and Φ|Zm2 = ϕ2 ∈ Aut(Zm2).
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We now proceed with the proof of the upper bound. For this we first set up
the presentation(s) that we use throughout the arguments. Let A (respectively
B) be a finite generating set for Zm1 (respectively m2) and let ⟨t⟩ = Z. Denote
by G1 := Zm1 ⋊ϕ1 ⟨t⟩ and G2 := Zm2 ⋊ϕ2 ⟨t⟩ equipped with the standard finite
presentation P1 and P2, respectively, as HNN-extensions (see Definition 2.2). Let

P := ⟨A,B, t | [a, a′] = [b, b′] = 1, at = ϕ1(a), b
t = ϕ2(b) ∀a, a′ ∈ A, b, b′ ∈ B⟩.

Note that P1,P2 ⊂ P .
Let w := w(A,B, t) be a reduced null-homotopic word in MΦ of length n.

Moreover, assume without loss of generality that w is not freely trivial. Observe
that, for some integer s ≥ 1, we can write w in the following, not necessarily
unique, way

w :=
s∏
i=1

ui(A, 1, t)vi(1, B, t). (4.3)

Note that the words u1(A, 1, t) and v1(1, B, t) may be trivial, and that for every
i ∈ {2, . . . , s} (respectively i ∈ {1, . . . , s − 1}) the word ui(A, 1, t) (respectively
vi(1, B, t)) contains at least one letter from A (respectively from B) and may not
contain t’s.

By induction on s we show that

AreaP(w) ≲P

(
s∑
j=1

ℓA(ui(A, 1, t))

)
· nd1 +

(
s∑
j=1

ℓB(vi(1, B, t))

)
· nd2 .

For the base of induction, s = 1, we have

w =def u1(A, 1, t)v1(1, B, t).

Since w is not freely trivial, we have that at least one of the following holds:

(i) u1 := u1(A, 1, t) is not freely trivial.
(ii) v1 := v1(1, B, t) is not freely trivial.

Suppose without loss of generality that (i) holds. Then we proceed (without area
considerations) as follows:

• Step 1: we shuffle all the t’s to the left to get

u1 =P t
ϵt(u1)u1(A, 1, 1)

v1 =P t
ϵt(v1)v1(1, B, 1).
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• Step 2: we shuffle tϵt(v1) to the left. Note that the effect of shuffling one t±1

past a letter of A corresponds to apply ϕ±1
1 . After this we to obtain the word

u′1(A, 1, 1) := ϕ
ϵt(v1)
1 (u1(A, 1, 1)),

Let us denote v′1(1, B, 1) := v1(1, B, 1).

After performing the above two steps we obtain the word

w =P t
ϵt(u1)+ϵt(v1)u′1(A, 1, 1)v

′
1(1, B, 1).

Since w is null-homotopic, it follows that ϵt(u1) + ϵt(v1) = 0 and that the word

u′1(A, 1, 1)v
′
1(1, B, 1)

represents the neutral element in Zm1∗Zm2 . Let g1 (respectively h1) be the element
in Zm1 (respectively Zm2) represented by u′1(A, 1, 1) (respectively v′1(1, B, 1)). The
element g1h1 ∈ Zm1 ∗ Zm2 is the neutral element. Therefore, from the normal
form for free products of groups (see for instance [LS01, p.175]) we have that the
following holds:

(1) g1 is the neutral element in Zm1 .
(2) h1 is the neutral element in Zm2 .

Assume without loss of generality that (1) holds. This implies that the word
u′1(A, 1, 1) is null-homotopic inG1 ↪→MΦ. Since ϕ1 ∈ Aut(Zm1) it follows, together
with the second step above, that u1(A, 1, 1) is null-homotopic in G1 ⩽ MΦ. From
this, together with the first step above, it then follows that

u1 =P t
ϵt(u1)

holds in G1 ↪→Mϕ. It then follows from Lemma 4.3 (applied to G1) that this last
identity has area

≲P ℓA(u1) · |u1|d1 ⩽ ℓA(u1) · nd1 ,

where we use that the presentaiton for G1 is embedded in the one for MΦ.
Therefore, the identity

w =P t
ϵt(u1)v1(1, B, t)

holds in MΦ with area ≲P ℓA(u1) ·nd1 . Since w is a null-homotopic word, it follows
that tϵt(u1)v1(1, B, t) is a null-homotopic word in G2 ⩽ MΦ. Thus, by Lemma 4.3
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(applied to G2), we get that it has area ≲P ℓB(v1) · nd2 . All together we get

AreaP(w) ≲P ℓA(u1) · nd1 + ℓB(v1) · nd2 .

Now, as induction hypothesis, suppose that the statement is true for s− 1

with s > 1. We now prove that the statement holds for s. Write, as in (4.3),

w :=
s∏
i=1

ui(A, 1, t)vi(1, B, t).

We claim the following:

Claim 4.5 (Pinching word). There exists i ∈ {1, . . . , s} such that at least one of
the following holds:

(i) ui := ui(A, 1, t) =P t
ϵt(ui) in G1 ⩽MΦ.

(ii) vi := vi(1, B, t) =P t
ϵt(vi) in G2 ⩽MΦ.

The reader should think of the word whose existence is guaranteed by Claim 4.5
as a word in w where reduction should start, that is, as a “pinching word” for w.
Before proving this claim let us explain how the induction step, and consequently
the statement of Proposition 4.4, follows from it.

Observe that if Condition (i) (respectively Condition (ii)) from Claim 4.5 holds,
then it follows from Lemma 4.3 for G1 (respectively G2) that the identity

ui(A, 1, t) =P t
ϵt(ui) (respectively vi(1, B, t) =P t

ϵt(vi))

has area ≲P ℓA(ui(A, 1, t)) · nd1 (respectively ≲P ℓB(vi(1, B, t) · nd2). Moreover,
from Claim 4.5 we deduce that the identity

w =P

u1(A, 1, t) . . . vi−1(1, B, t)t
ϵt(ui)vi(1, B, t) . . . us(A, 1, t), in Case (i),

u1(A, 1, t) . . . ui(A, 1, t)t
ϵt(vi)ui+1(A, 1, t) . . . us(A, 1, t), in Case (ii),

holds in G1 ⩽MΦ (respectively G2 ⩽MΦ) with area

≲P

ℓA(ui(A, 1, t)) · nd1 , in Case (i),

ℓB(vi(1, B, t) · nd2 , in Case (ii).
(4.4)

We can assume, without loss of generality, that condition (i) holds and write:

ũj(A, 1, t) :=

uj(A, 1, t), for j ∈ {1, . . . , i− 1}

uj+1(A, 1, t), for j ∈ {i, . . . , s− 1}
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and

ṽj(1, B, t) :=


vj(1, B, t), for j ∈ {1, . . . , i− 2},

vi−1(1, B, t)t
ϵt(ui)vi(1, B, 1), for j = i− 1,

vj+1(1, B, t), for j ∈ {i, . . . , s− 1}

Thus, we have

w =P w
(1) :=

s−1∏
j=1

ũj(A, 1, t)ṽj(1, B, t)

Note that since ui(A, 1, t) has at least one letter from A, we have that |w(1)| ≤ |w|.

By the induction hypothesis we get that

AreaP(w(1)) ≲P

(
s−1∑
j=1

ℓA(ũj)

)
· nd1 +

(
s−1∑
j=1

ℓB(ṽj)

)
· nd2 . (4.5)

By definition of the ṽj’s and ũj’s we have that the area estimate in (4.5) is

≲P

(
i−1∑
j=1

ℓA(uj) +
s∑

j=i+1

ℓA(uj)

)
· nd1

+

(
i−2∑
j=1

ℓB(vj) + ℓB(vi−1) + ℓB(vi) +
s∑

j=i+1

ℓB(vj)

)
· nd2 .

We would like to stress out that in this step Lemma 4.3 is crucial, since the

“pinching point” might happen in the subword that absorbed the t’s but the nice

upper bound from Lemma 4.3 allows us to deal with this without counting the

length of the previous subword.

From, (4.4), the identity w =P w(1) has area ≲P ℓA(ui) · nd1 . Therefore, we

have that

AreaP(w) ≲P

(
s∑
j=1

ℓA(ui)

)
· nd1 +

(
s∑
j=1

ℓB(vj)

)
· nd2

≲P ℓA∪B(w) ·
(
nd1 + nd2

)
≲P n

d1+ + nd2+1

Finally, observe that nd1+1+nd2+1 ≍ max{nd1+1, nd2+1}.This concludes the proof of

the induction step and therefore of the desired upper bound on the Dehn function

of MΦ.
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From the upper bound and the lower bounds obtained for δMΦ
, we have

δMΦ
(n) ≍ max{nd1+1, nd2+1}. (4.6)

It remains to prove Claim 4.5, which we do now.

Proof of Claim 4.5. To see this we do the following manipulations without area
considerations:

• Step 1: For all i ∈ {1, . . . , s} we shuffle to the left all the t’s in ui := ui(A, 1, t)

(respectively vi := vi(1, B, t)) to obtain:

ui(A, 1, t) =P t
ϵt(ui)ui(A, 1, t)

vi(1, B, t) =P t
ϵt(vi)vi(1, B, t).

• Step 2: For all i ∈ {1, . . . , s} we shuffle to the left all the tϵt(ui) and tϵt(vi)

from Step 1 to obtain the following words for every i ∈ {1, . . . , s}:

u′i(A, 1, 1) := ϕ

s∑
j=i

ϵt(vj)+
s∑

j=i+1
ϵt(uj)

1

(
ui(A, 1, 1)

)
v′i(1, B, 1) := ϕ

s∑
j=i+1

ϵt(vj)+ϵt(uj)

2

(
vi(1, B, 1)

)
After performing both steps above we obtain the identity

w =P t

s∑
i=1

ϵt(ui)+ϵt(vi)
·

s∏
i=1

u′i(A, 1, 1)v
′
i(1, B, 1).

Since the word w is null-homotopic it follows that

s∑
i=1

ϵt(ui) + ϵt(vi) = 0

and that the word
s∏
i=1

u′i(A, 1, 1)v
′
i(1, B, 1)

is null-homotopic in Zm1 ∗ Zm2 .
Now for every i ∈ {1, . . . , s} let gi ∈ Zm1 (respectively hi ∈ Zm2) be the element

that is represented by u′i(A, 1, 1) (respectively v′i(1, B, 1)). Therefore the element
g1h1 . . . gshs ∈ Zm1 ∗ Zm2 is equal to the neutral element. It then follows from the
normal forms in free products that there exists i ∈ {1, . . . , s} such that at least
one of the following conditions hold:
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(1) gi is the neutral element in Zm1 .
(2) hi is the neutral element in Zm2 .

We can assume without loss of generality that condition (1) holds. This implies
that u′i(A, 1, 1) is a null-homotopic word in G1 ⩽MΦ. By definition of u′i, see Step
2 above, it then follows that the identity

ϕ

s∑
j=i

ϵt(vj)+
s∑

j=i+1
ϵt(uj)

1

(
ui(A, 1, 1)

)
=P 1

holds in G1 ⩽ MΦ. Since ϕ1 ∈ Aut(Zm1), this implies that ui(A, 1, 1) is a null-
homotopic word in G1 ⩽MΦ. Therefore, from step 1 above we get

ui(A, 1, t) =P t
ϵt(ui)

in G1 ≤MΦ. Note that if Condition (2) above holds, then by reasoning in a similar
way, we obtain the identity vi(1, B, t) =P t

ϵt(vi). This proofs the claim.

Proof of Theorem E. To conclude the proof of Theorem E first observe that un-
der the assumptions of Theorem E, we have the following two mutually exclusive
possibilities:

(A) There exists i ∈ {1, 2} such that ϕi has an eigenvalue λi such that |λi| ≠ 1.
(B) All the eigenvalues of ϕ1 and ϕ2 have norm one.

Therefore, if (A) holds, namely if ϕi has an eigenvalue λi such that |λi| ≠ 1,
then the Dehn function of Z2⋊ϕiZ is exponential. It then follows from Lemma 2.66
and Corollary 2.65 that the Dehn function of the mapping torus (Z2 ∗Z2)⋊Φ Z is
also exponential.

Finally, if (B) holds, then Proposition 4.4 together with the above character-
isation give us the Dehn functions of the mapping tori of (Z2 ∗ Z2): For every
i ∈ {1, 2} exactly one of the following holds:

1. d1 = d2 = 1. In which case the Dehn functions of Z2 ⋊ϕ1 Z and Z2 ⋊ϕ2 Z are
both quadratic and from Proposition 4.4 it follows that the Dehn function
of (Z2 ∗ Z2)⋊Φ Z is quadratic.

2. d1 = 2 and d2 = 1. In which case, the Dehn function of Z2⋊ϕ1 Z is cubic and
by Proposition 4.4 the Dehn function of (Z2 ∗ Z2) ⋊Φ Z is cubic. Similarly,
for d1 = 1 and d2 = 2.

3. d1 = d2 = 2. In which case the Dehn function of Z2 ⋊ϕi Z is cubic and by
Proposition 4.4 the Dehn function of (Z2 ∗ Z2)⋊Φ Z is also cubic.

113



Remark 4.6. Since Proposition 4.4 holds for general mapping tori of RAAGs of

the form Zm1 ∗ Zm2 with m1,m2 ⩾ 2, modulo having Conjecture 5 for general

mapping tori Zm ⋊ϕ Z, the strategy to prove Proposition 4.4 applies in general.

Thus, this is a promising strategy to obtain the Dehn functions of the mapping

tori of Zm1 ∗ Zm2 for m1,m2 ≥ 2.

4.3 Dehn functions of the mapping tori of the di-
rect product of free groups

In this section we give a proof of Theorem F, thus obtaining a full characterisation

of the Dehn functions of mapping tori of a direct product of finitely many free

groups of finite rank. We first give a more detailed statement of Theorem F.

Theorem 4.7 (cf. Theorem F). Let k ⩾ 2 and for each i ∈ {1, . . . , k} let mi ⩾ 2

be an integer. Let G := Fm1 × . . . × Fmk . For every Ψ ∈ Aut(G), there exists

Φ ∈ Aut(G) such that [Φ] = [Ψp] ∈ Out(G) and Φ = ϕ1 × . . .× ϕk where for every

i ∈ {1, . . . , k} we have that ϕ ∈ Aut(Fmi). In particular, the Dehn functions of the

associated mapping tori MΨ and MΦ are ≍-equivalent and their asymptotic can be

read off from ϕ1, . . . , ϕk in that:

1. If for all i ∈ {1, . . . , k} we have that [ϕpi ] = [id] ∈ Out(Fmi) for some p ∈ N,

then δMΦ
(n) ≍ n2.

2. Let d > 1 be an integer. If there exists σ ∈ Sk a permutation of the set

{1, . . . , k} such that: grϕσ(k−1)
(n) ∼ nd and for all j ∈ {1, . . . , k− 2} we have

that grϕσ(j) ⪯ grϕσ(k−1)
⪯ grϕσ(k), then δMΦ

(n) ≍ nd+2.

3. If for some distinct i, j ∈ {1, . . . , k} we have that grϕi(n) ∼ grϕj(n) ∼ 2n,

then δMΦ
(n) ≍ 2n.

We prove Theorem 4.7 in two parts. First we prove the statement regarding the

automorphism and second we prove the precise estimates of the Dehn functions.

For the second the lower bounds follow from [PR19, Theorem 1.3] by noting that

the group G⋊Φ Z retracts into Fℓ1 × Fℓ2 ⋊ϕℓ1×ϕℓ2 Z for ℓ1, ℓ2 ∈ {m1, . . . ,mk}; see

Remark 4.9.
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4.3.1 Proof of Theorem F

Before proceeding with the proof let us point out that the three cases in The-
orem 4.7 are mutually exclusive and exhaustive. Indeed, it follows from Theo-
rem 2.60 that the growth of an automorphism of a free group of finite rank is
either polynomial (with integer degree) or exponential.

Lemma 4.8 (cf [PR19, Lemma 7.1]). Let G := Fm1×. . .×Fmk , with k ⩾ 3,mi ⩾ 2,
and Ψ ∈ Aut(G). There exist p ∈ N and for every 1 ⩽ i ⩽ k there exists
ϕi ∈ Aut(Fmi) such that Φ := ϕ1×. . .×ϕk satisfies [Φ] = [Ψp] ∈ Out(G). Moreover,
the Dehn function of the corresponding mapping tori satisfy δMΨ

≍ δMΦ
.

Proof. This is a direct consequence of Lemma 2.48 in the case that all the RAAGs
are free groups. The moreover part follows from the first part together with
Lemma 2.67.

Given an automorphism Ψ of the RAAG AL = Fm1× . . .×Fmk , where each Fmi
is a free group on mi generators, Lemma 4.8 together with Lemma 2.67 allow us to
work with a preferred choice of representative of the outer class of Ψ to compute
the Dehn function of the mapping torus of AL. With this in mind we define the
following finite presentation for MΦ.

Let G := Fm1 × . . .×Fmk and Φ = ϕ1 × . . .× ϕk ∈ Aut(G) with ϕi ∈ Aut(Fmi)
for each i ∈ {1, . . . , k}. For each i ∈ {1, . . . , k} let Xi be a free generating set for
Fmi , XG := ⊔ki=1Xi a generating set for G, and X := XG ∪ {t} a generating set for
MΦ := G⋊Φ Z. This gives us the finite presentation

P := ⟨X | [x, y] = 1 for x ∈ Xi, y ∈ Xj, i ̸= j and ati = ϕi(ai) for all ai ∈ Xi⟩ (4.7)

Remark 4.9. Note that the presentation forG given byXG and the set of relations
RG defined by the relations [x, y] = 1 for all x, y ∈ XG is a subrepresentation of P
in the sense that XG ⊂ X and the set of relators for the given presentation for G is
contained inRP the set of relators of P . Similarly, for any ℓ1, ℓ2 ∈ {m1, . . . ,mk}, we
have that the obvious finite presentation for (Fℓ1 ×Fℓ2)⋊ϕℓ1×ϕℓ2 Z with generating
set Xℓ1 ⊔ Xℓ2 is a subrepresentation of P . Furthermore, the natural surjective
homomorphism G⋊Φ Z → (Fℓ1 × Fℓ2)⋊ϕℓ1×ϕℓ2 Z is a retraction.

We now proceed with the proof of Theorem 4.7 working with the automorphism
Φ given by Lemma 4.8. We make use of Remark 4.9 at several point throughout
the proof.
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Proof of Theorem 4.7. Observe that the case k = 2 was done by Pueschel and
Riley [PR19, Theorem C], so we know explain the general case k ⩾ 3. We work
with the presentation P defined above, see (4.7).

We start by proving Case 1. In this case, by Lemma 2.67 we can assume
that the mapping torus G ⋊Φ Z is actually the group G × Z which is a RAAG,
therefore a CAT(0) group [Cha07, Theorem 2.6]) and thus has at most quadratic
Dehn function [Bri02, Theorem 6.2.1]. Moreover, since the group G× Z contains
a subgroup isomorphic to Z2, it is not hyperbolic. Therefore, its Dehn function
must be quadratic.

For Case 3 assume that there exist i, j ∈ {1, . . . , k} such that ϕi, ϕj have
exponential growth. Recall that Remark 4.9 implies that the mapping torus H :=

(Fi × Fj) ⋊ϕi×ϕj Z is a retract of MΦ. Therefore, by Lemma 2.63 it follows that
δH(n) ≼ δMΦ

(n). Second, since ϕi and ϕj have exponential growth, then by [Pue16,
Proposition 5.2.4] the Dehn function of H satisfies δH(n) ≍ 2n. Therefore, we have
that 2n ≼ δMΦ

(n). Finally, the upper bound for Case 3 follows from Corollary 2.65.
It remains to prove Case 2, which is the most challenging one. For simplicity,

assume that σ ∈ Sk is the trivial permutation. Moreover, suppose that grϕk−1
(n) ∼

nd and for every j ∈ {1, . . . , k − 2} we have that grϕj ⪯ grϕk−1
⪯ grϕk .

The lower bound on the Dehn function follows from a retraction argument,
using the fact that the group epimorphism G ⋊Φ Z → (Fk−1 × Fk) ⋊ϕk−1×ϕk Z
defines a retraction. Thus, if H := (Fk−1 × Fk) ⋊ϕk−1×ϕk Z, then δH(n) ≼ δMΦ

(n)

and from [PR19, Proposition 5.2.4] it follows that δH(n) ≍ nd+2.
We now proceed with the proof of the upper bound on the Dehn function for

Case 2. Consider a null-homotopic word W = W (X) in MΦ of length n. We can
write W as follows

W = W1t
ϵ1 . . .Wrt

ϵr

for some r ⩾ 1, where for each i ∈ {1, . . . , r} we have that Wi is a word in X and
ϵi ∈ Z. Now, for each i ∈ {1, . . . , r} we have an identity

Wi =P A1,i . . . Ak,i

in G ↪→ MΦ where for every j ∈ {1, . . . , k} we have that Aj,i is a word in Xi.
Moreover, from Remark 4.9, it follows that this identity has area ≲P |Wi|2 in MΦ

and |Wi|X = |A1,i . . . Ak,i|X . From this it follows that the identity

W =P

r∏
i=1

(
A1,i . . . Ak,i

)
tϵi
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holds in MΦ with area ≲P n
2.

To reduce the word on the right-hand side of the last identity we proceed
as follows. We first shuffle to the right end of the word the words Aj,i for each
i ∈ {1, . . . , r} and j ∈ {1, . . . , k − 1}. We do so in a controlled manner: first we
shuffle all the words Ak−1,i to the right end starting from Ak−1,1, then we shuffle
Ak−1,2 to the right end, and so on, to produce a word Ak−1 in Xk−1. Then, we
shuffle all the Ak−2,i’s to the right all the way before the newly created Ak−1, we
start with Ak−2,1, continuing with Ak−2,2, and so on. This will create a word Ak−2

in Xk−2 to the left of the word Ak−1. We proceed similarly with the remaining
Aj,i’s with j ∈ {1, . . . , k − 3} and i ∈ {1, . . . , r}. Note that the only words we do
not move are the words Ak,1, . . . , Ak,r. After this procedure we obtain the identity

r∏
i=1

(
A1,i . . . Ak,i

)
tϵi =P

(
Ak,1t

ϵ1 . . . Ak,rt
ϵk
)
·A1 · . . . ·Ak−1 (4.8)

in MΦ where for each j ∈ {1, . . . , k − 1} we have Aj is a word in Xj.

To estimate the area of (4.8) first observe that shuffling a letter x from Xk−1

past a t (respectively t−1) corresponds to applying ϕk−1 (respectively ϕ−1
k−1). Since,

by Theorem 2.61 grϕk−1
∼ grϕ−1

k−1
, we have that after shuffling the first word Ak−1,1

to the right end, the resulting word will have length

≲P |Ak−1,1|grϕk−1

(
|ϵ1 + . . .+ ϵk|

)
≼ |Ak−1,1|grϕk−1

(n).

Now, each letter of Ak−1,1 has to pass all the other letters of W from which there
are at most n. Therefore, the area involved in the shuffling of the word Ak−1,1 to
the right end is

≲P n · |Ak−1,1|grϕk−1
(n) ≲P |Ak−1,1|nd+1.

where for the last inequality we used the hypothesis grϕk−1
(n) ∼ nd. In general,

after shuffling all the words Ak−1,i with i ∈ {1, . . . , r} to the right end of the word
to create the word Ak−1 the area involved is

≲P

( r∑
i=1

|Ak−1,i|
)
· nd+1.

Second, recall that, by hypothesis, for each j ∈ {1, . . . , k − 2} we have that
grϕj ⪯ grϕk−1

. Moreover, by Theorem 2.61 we have grϕj ∼ grϕ−1
j

. Thus, pro-
ceeding similarly with each Aj,1, . . . , Aj,r for j ∈ {1, . . . , k − 2} we can use the
same estimates as for the words Ak−1,1, . . . , Ak−1,r, to get that the area involved
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in shuffling all the Aj,1, . . . , Aj,r for j ∈ {1, . . . , k − 2} to create the word Aj is

≲P

( r∑
i=1

|Aj,i|
)
· nd+1.

All together we get that the identity

r∏
i=1

(
A1,i . . . Ak,i

)
tϵi =P

(
Ak,1t

ϵ1 . . . Ak,rt
ϵk
)
·A1 · . . . ·Ak−1

has area

≲P

( k−1∑
i=1

r∑
j=1

|Aj,i|
)
· nd+1 ≲P n

d+2.

Now, we claim that the word Ak,1tϵ1 . . . Ak,rtϵk represents the identity in Fmk⋊ϕk

Z ↪→MΦ and the word A1·. . .·Ak−1 represents the identity in Fm1×. . . ,×Fmk−1
↪→

MΦ . Indeed, first observe that by modding out by the derived subgroup it follows
that the exponent sum in t’s of the word Ak,1t

ϵ1 . . . Ak,rt
ϵk is zero. Second, by

shuffling all the t’s to the left, we will end up with the null-homotopic word

Ak ·
(
A1 · . . . ·Ak−1)

in G ↪→ MΦ, see Remark 4.9, which can be then freely reduced. This implies,
in particular, that the word Ak,1t

ϵ1 . . . Ak,rt
ϵk represents the identity in Fmk ⋊ϕk

Z ↪→ MΦ as we claimed. Moreover, for each j ∈ {1, . . . , k1} the word Aj is null-
homotopic in Fmi ↪→MΦ, see Remark 4.9, so it can be freely reduced to the trivial
word. Therefore, we obtain the identity(

Ak,1t
ϵ1 . . . Ak,rt

ϵk
)
·A1 · . . . ·Ak−1 =P Ak,1t

ϵ1 . . . Ak,rt
ϵk

in MΦ with no area involved.

Finally, by [BG10] (see Theorem 4.2), the null-homotopic wordAk,1tϵ1 . . . Ak,rtϵk

in Fmk ⋊ϕk Z has area ≲P n
2. Overall, we get that AreaP(W ) ≲P n

d+2.

4.4 The Dehn function of (Z2∗Z)⋊ΦZ with Φ having
trivial growth

In this section we treat a special case of the mapping tori (Z2 ∗ Z)⋊Φ Z. Namely
we recover the following result from [PR19, Section 6].
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Theorem 4.10. For every Ψ ∈ Aut(Z2 ∗ Z) there exists Φ such that Φ|Z2 = ϕ ∈
Aut(Z2) and [Φ] = [Ψ] ∈ Out(Z2 ∗ Z). In particular, the Dehn functions of the
associated mapping tori MΨ and MΦ have ≍-equivalent Dehn functions. Moreover,
if Φ|Z2 = ϕ has trivial growth, then the Dehn function of MΦ satisfies

δMΦ
(n) ≍ n2.

Before proceeding with the proof we would like to point out that although
this case is treated in [PR19, Section 6] our strategy to proof the upper bound
significantly differs from the one presented there. Moreover, the strategy presented
in Section 4.2 leaves open the problem of classifying the Dehn functions of mapping
tori of Zm ∗Z with m ⩾ 2. The goal of this section is to present a strategy for this
case.

We start by recalling Pueschel and Riley’s arguments to prove the first assertion
and the lower bound on the Dehn function. We then proceed to present our new
arguments for the upper bound.

The first assertion in Theorem 4.10 follows from the same idea as in Section 4.3:
find the right representative of [Ψ] ∈ Out(Z2 ∗Z) (see Lemma 4.8). The analogous
result for Z2∗Z follows from two results in [PR19] that also provide us with a finite
presentation for MΦ. Before stating the results we set the following notation.

Notation 4.11. Let X := {x1, x2} be a generating set for Z2 and let ⟨x1, x2, c |
[x1, x2] = 1⟩ be a finite presentation for Z2 ∗ Z.

Lemma 4.12 ([PR19, Lemmas 6.1 and 6.2]). For every Ψ ∈ Aut(Z2 ∗ Z) there
exist Φ ∈ Aut(Z2 ∗ Z) and a word z := z(X) such that [Φ] = [Ψ] ∈ Out(Zm ∗ Z),
Φ|Zm = ϕ ∈ Aut(Zm), and Φ(c) = cz.

Since by assumptions the automorphism ϕ has trivial growth, we may assume
without loss of generality, see Lemma 2.67, that ϕ is in fact the trivial automor-
phism of Z2. From Lemma 4.12 we obtain the following finite presentation given
by Pueschel and Riley [PR19, Section 6]:

P := ⟨X, c, t | [xi, xj] = [xi, t] = 1, for all i ∈ {1, 2}, and ct = cz⟩. (4.9)

Remark 4.13. We would like to point out that we might assume that z := z(X)

is a non-trivial word. Else, we would be looking at the RAAG (Z2 ∗Z)×Z. Since
RAAGs are CAT(0) groups (see for instance [Cha07, Theorem 2.6]), they have at
most quadratic Dehn function [Bri02, Theorem 6.2.1].
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We fix the above presentation once and for all with z non-trivial. Observe
that Lemma 2.67 ensures us that working with this presentation P is enough to
establish the Dehn function of the mapping torus of Zm ∗ Z. That is, we obtain
the first assertion of Theorem 4.10, namely that δΨ(n) ≍ δΦ(n).

The lower bound is a direct consequence of Lemma 2.66. Indeed, Z2 ↪→ Z2 ∗Z
is a quasi-isometric embedding and Φ|Z2 = ϕ ∈ Aut(Z2), so we get

n2 ≼ δMΦ
(n) ≍ δMΨ

(n).

This conlcudes the proof of the first assertion and the lower bounds in Theo-
rem 4.10 as presented in [PR19, Section 6]. We now proceed to explain our new
arguments for the upper bound on the Dehn function.

4.4.1 Quadratic upper bound

In this section we give the quadratic upper bound on the Dehn function of The-
orem 4.10. To achieve this we need a series of preliminary results that involve
analysing the geometric structure of van Kampen diagrams and manipulating iden-
tities in the group MΦ. Before proceeding let us briefly explain the strategy of the
proof to provide a better intuition for the combinatorial arguments presented af-
terwards.

4.4.1.1 Strategy of the proof

The idea to prove the quadratic upper bound of Theorem 4.10 is as follows. We
start with a null-homotopic word w := w(X, c, t), which we write as

w(X, c, t) := cσ0w0(X, 1, t) . . . c
σrwr(X, 1, t), (4.10)

for some r ∈ N where for every j ∈ {0, . . . , r} we have that σj ∈ {±1} and the
words wj(X, 1, t) might be empty. We then locate the first word where reductions
might be possible, this would be one of the words among w0(X, 1, t), . . . , wr(X, 1, t);
we call this word a pinching word for w (see Definition 4.29). This pinching word
corresponds to a matching pair of c’s in the word w. In a van Kampen diagram for
w, this matching pair of c’s, corresponds to a c-corridor. We reduce the pinching
word to obtain a new word w(1), which will have length at most |w|.

Geometrically, we can think about this as “cutting off” a van Kampen diagram
for w along the c-corridor, so that the only remaining part is either the bottom or
top of the c-corridor, depending on the exponent of c. At the level of words, this
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means, that the reduction of the pinching word will create a “residual word” whose
word length is bounded above by the length of the pinching word (see Lemma 4.28
and Notation 4.31). An important observation is that we can use the (quadratic)
Dehn function of Mϕ ↪→ MΦ to estimate the area it takes to reduce this pinching
word. A naive approach would then be to proceed in the same manner as for w
now with w(1). Since w has finite length, this process ends after all the c’s have
been cancelled. In particular, the number of steps required is ≲P |w|. Figure 4.1
illustrates this procedure.

Figure 4.1: A van Kampen diagram D for a null-homotopic word w. The arcs
represent c-corridors. The words wi and wj are pinching words for w. The dotted
line has boundary label a “mixed pinching word” for the word w(k) obtained after
k-steps. The parts of the dotted line that border a c-corridor would be labelled
by “residual words”. Observe that “cutting along” these two residual words we get
three subdiagrams of D.

The crux involved in controlling the area estimates in this reduction process
lies in the following situation: suppose that after step k of the reduction, we obtain
a word in which the next pinching word includes several “residual words” from the
previous steps, see Figure 4.1. This next pinching word can be thought of as a
“mixed pinching word”. This mixed pinching word will contain both residual words
and words wi(X, 1, t) originally appearing in the writing (4.10) of w that were not
part of the reduction process until this step.

Roughly speaking, by cutting a van Kampen diagram along the paths that are
labelled by each of these residual words we would get L disjoint subdiagrams of
the van Kampen diagram, where L − 1 would be the number of distinct residual
words, see the dotted line in Figure 4.1. This means, that if we try to naively use
the Dehn function of Mϕ ↪→MΦ to estimate the area of this mixed pinching word,
we might end up exceeding the quadratic bound that we require (e.g. by having
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to use an area ≲P |w|2 at every step and having ≲P |w| steps resulting in a cubic
estimate).

To overcome this difficulty we require a more sophisticated and tailored ap-
proach. For this, we make use of the geometry behind this algorithm. We think
about this reduction process using the geometric structure of van Kampen dia-
grams and their so-called dual tree, see Definition 4.20. This view point allows us
to control the area in this reduction process. In particular, this allows us to obtain
Lemma 4.34 to treat the case of a mixed pinching word.

We think of this reduction process as contracting the dual tree (to a van Kam-
pen diagram), see Section 4.4.1.5. In the dual tree, the pinching words of w
correspond to leaves in the dual tree; the mixed pinching words of the process cor-
respond to vertices in the dual tree that have degree greater or equal than 3. Using
this view point, we show that contracting to the root a whole subtree, rooted at
a vertex at distance k from the base point, can be done by an area estimate that
only involves the squared lengths of some words wi(X, 1, t) in the writing (4.10) for
w and possibly products of residual words with them and other residual words (in
case this step constitutes a mixed pinching word). This is done in Proposition 4.37
which requires Lemma 4.33. The key points here are the following:

1. The words wi(X, 1, t) contributing to the area estimates of step k belong to
the original word w (namely, they are a subset of the words w0(X, 1, t), . . .,
wr(X, 1, t) from w). Moreover, these words do not contribute to any of the
jth steps for j ̸= k.

2. At step k, the products involving the residual words are only considered at
this step k and do not contribute to any of the jth steps for j ̸= k (see
Remark 4.35).

We make a detailed description of these two points in Section 4.4.1.5. We first pro-
ceed to explain the geometry in van Kampen diagrams over the given presentation
for MΦ.

4.4.1.2 Structure of van Kampen diagrams

As mentioned above, we consider van Kampen diagrams with respect to the given
presentation

P := ⟨X, c, t | [xi, xj] = [xi, t] = 1, for 1 ⩽ i ⩽ 2, and ct = cz⟩.
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Figure 4.2: The 2-cell corresponding to the relation t−1ct = cz.

For this section fix a null-homotopic word w in MΦ and let D be a van Kampen
diagram for w in P . We use the notions defined in Section 2.7, where we defined
van Kampen diagrams and corridors.

The reduction process and the area estimates are motivated by the structure
of van Kampen diagrams over P as well as c- and t-corridors. In contrast to
t-corridors, c-corridors are formed by just one type of 2-cell, namely the 2-cells
corresponding to the relation ct = cz, see Figure 4.2. We sometimes call the
top part of a c-corridor mixed wall. We may assume that all the c-corridors are
reduced in the sense that their boundary labels are words that cannot be freely
reduced. We call the number of 2-cells in a c-corridor the length of the corridor.
See Figure 4.3 for a generic picture of a c-corridor.

Figure 4.3: A c-corridor. When reading from the bottom left corner in a counter-
clockwise direction, the bottom part is the word t−N for some N ∈ N and the top
part is the word (tz−1)N .

Lemma 4.14. Let w(X, c, t) =P 1. Let D be a van-Kampen diagram for w(X, c, t)
in P and K1, K2 two c-corridors in D. If K1 ̸= K2, then K1 ∩K2 is at most 1-
dimensional.

Proof. Since the only relations involving c are of the form ct = cz, the 2-cells
forming a c-corridor K are labelled by the word t−1ct(cz)−1. Thus, the bottom
of K is the word in tk for some k ∈ Z, and the top is a word in {X, t}. In
particular, the bottom and top of K do not have instances of c±1’s. Let K1, K2

be two distinct c-corridors. If they are disjoint, then K1 ∩ K2 is 0-dimensional.
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Suppose K1 ∩ K2 ̸= ∅, then by the above paragraph they can only intersect on
the boundary parts corresponding to the bottom/top parts, which are at most
1-dimensional.

In view of Lemma 4.14 it makes sense to say that c-corridors do not cross each
other.

Remark 4.15. Observe that we may assume, without loss of generality, that there
are no c-annuli, that is, all the c-corridors start and end in the boundary of D.
Indeed, if we were to have such an annulus, by the van Kampen Theorem 2.43,
in particular, it would define a van Kampen diagram for the bottom word of
the c-annulus. But this word contains only t’s and all the edges have the same
orientation, so the word would have to be freely-reduced.

Note that Remark 4.15 implies that the number of c-corridors in a van Kampen
diagram for w is ≲P |w|. Given a van Kampen diagram with n many c-corridors,
since c-corridors do not cross each other, we have that these c-corridors partitions
the 2-cells of D into n + 1 many connected components. We call these regions c-
complementary regions of D or if there is no risk of confusion simply complementary
regions of D. Given a K-corridor we refer to the two c-complementary regions of D
whose boundary intersect the boundary of K as c-complementary regions attached
to K; we denote by RB(K) (respectively RT (K)) the c-complementary region of D
whose boundary intersects the bottom (respectively top) part of K. We say that
two c-complementary regions in D are separated by a c-corridor if there exists a
c-corridor in K whose boundary intersects both c-free regions in D.

Figure 4.4: A c-corridor K and the c-complementary regions RB(K) and RT (K)
of D attached to K.

Definition 4.16 (Consecutive c-corridors). Given two c-corridors K and K ′ in
a van Kampen diagram D, we say that the pair (K,K ′) is a pair of consecutive
c-corridors if one of the following is non-empty RT (K)∩RB(K

′), RT (K)∩RT (K),
RB(K) ∩RT (K

′), or RB(K) ∩RB(K
′).
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Definition 4.17 (Facing and opposing c-corridors). Let K and K ′ be two c-
corridors in a van Kampen diagram D. We say that the pair (K,K ′) is facing if
the top parts of K and K ′ belong to the boundary of the same complementary
region. We say that the pair (K,K ′) is opposing if the bottom parts of K and K ′

belong to the boundary of the same complementary region.

Note that a non-facing pair is not necessarily opposing. To make this clear we
define the following.

Definition 4.18 (Positive and negative pairs of c-corridors). Let K and K ′ be
two c-corridors in a van Kampen diagram D. We say that the pair (K,K ′) is
positively aligned (respectively negatively aligned) if the top (respectively bottom)
of K and the bottom (respectively top) of K ′ belong to the boundary of the same
c-complementary region.

Since the null-homotopic word w is freely reduced we have the following obser-
vation.

Remark 4.19. LetK1, K2, andK3 be three distinct c-corridors such that (K1, K2)

and (K2, K3) are consecutive pairs and (K1, K3) is not a consecutive pair. If the
pair (K1, K2) is facing, then the pair (K2, K3) is opposing.

In the reduction process we make use of the so-called dual tree to a van Kampen
diagram in P which we define below. To define it we need to reduce to van Kampen
diagrams that are topological discs. In Section 4.4.1.5 we use this (rooted) tree to
estimate the area reduction of a null-homotopic word. The geometric picture of
the tree and its branches, is what allows us to carry out the reduction process for a
given null-homotopic word while keeping the area estimates low, see Remark 4.35
and Proposition 4.37.

In particular, in Section 4.4.1.5 we use the dual tree when computing area
estimates. There are two kinds of c-corridors: thin and thick, see Definition 2.45.
The thin ones separate D into a finite disjoint union of topological discs, each of
them constitutes a van Kampen diagram for a null-homotopic word u := u(X, c, t)

in w, whose length is smaller than |w|, so that

w =def w1c
±1uc∓1w2

for some words w1 := w1(X, c, t) and w2 := w2(X, c, t). Reducing u and cancelling
the c’s corresponding to the thin corridor, we are left with the null-homotopic word
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Figure 4.5: The dual tree of a van Kampen diagram, the dotted lines represent
c-corridors.

w1w2 whose length is less than that of w. In particular, this means that

AreaP(w) ≲P AreaP(u) + AreaP(w1w2).

This allows us to reduce to the problem of studying words whose van Kampen
diagrams do not have thin c-corridors. The same is true for t-corridors. Thus, we
can assume without loss of generality that D is a single topological disk.

Definition 4.20 (Dual tree). The dual tree T is the graph defined as follows: ver-
tices correspond to c-complementary regions inD and an edge between two vertices
corresponds to a c-corridor whose boundary intersects the two c-complementary
regions attached to the c-corridor.

As mentioned above we may assume without loss of generality that D is a
topological disc. Moreover, since c-corridors do not cross each other and there are
finitely many c-corridors in a van Kampen diagram, the dual tree is indeed a tree.
Figure 4.5 illustrates this fact.

4.4.1.3 Auxiliary identities

For the readers convenience we start this section by recalling the finite presentation
for MΦ:

P := ⟨X, c, t | [xi, xj] = [xi, t] = 1, for all i ∈ {1, 2}, and ct = cz⟩. (4.11)

Recall we are using the convention ct = t−1ct and that by Remark 4.13 we
might assume that z ̸= 1. The below results are used in the reduction process of
a null-homotopic word w in MΦ. In particular, they describe the process (as well
the area estimates) of shuffling t’s past a c. The reader might find it useful to have
in mind the 2-cell corresponding to the relation t−1ct = cz while reading through
the following statements. For convenience we record it here.
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Figure 4.6

Lemma 4.21. The following identities hold in MΦ with area 1.

(i) ct =P tcz,
(ii) c−1t =P tz

−1c−1,
(iii) c−1t−1 =P zt

−1c−1,
(iv) czt−1 =P t

−1c,
(v) ct−1 =P t

−1c(tz−1t−1).
(vi) ctz−1 =P tc.

Proof. (v): from the relation t−1ct = cz we get t−1c =P czt−1 free
= ct−1(tzt−1).

Thus, t−1c =P ct−1(tzt−1). Multiplying from the right by (tz−1t−1) we get the
desired identity and area estimate. The other identities are easily deduced from
the relation involving c, we leave the details to the reader.

Lemma 4.22. Let N ∈ Z. The identity

c−1tN =P (tz−1)Nc−1, (4.12)

holds in MΦ with area ≲P |N |.

Proof. The proof is done by induction on N . We start with the proof of the case
N ⩾ 0. For the base of induction, Lemma 4.21 (ii) implies that the equality
c−1t =P tz

−1c−1 holds in MΦ. Suppose the result holds for N − 1 with N > 1. For
the induction step we have by the induction hypothesis that the identity

c−1tN =P (tz−1)N−1c−1t

holds in MΦ with area ≲P N − 1. It then follows from the base of induction that
by applying one relation we get (tz−1)N−1c−1t =P (tz−1)Nc−1. Overall, we obtain
that the identity c−1tN =P (tz−1)Nc−1 holds in MΦ with area ≲P N .

Now, for N < 0 we have for the base of induction that from Lemma 4.21(iii)
the identity

c−1t−1 =P zt
−1c−1 =def (tz

−1)−1c
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holds in MΦ with area one. Suppose the result holds for N + 1 with −N > 1. For
the induction step we have by the induction hypothesis that the identity

c−1tN =P (tz−1)N+1c−1t−1

holds in MΦ with area ≲P |N | − 1. From the base of induction it follows that by
applying one relation we get (tz−1)N+1c−1t−1 =P (tz−1)Nc. Overall we obtain that
the identity c−1tN =P (tz−1)Nc−1 holds in MΦ with area ≲P |N |.

Lemma 4.23. Let N ∈ Z. The identity

c(tz−1)N =P t
Nc

holds in MΦ with area ≲P |N |.

Proof. This is just a direct consequence of Lemma 4.22 where we multiply (4.12)
by c from the left and from the right.

The following results help us track the area needed to reduce positively and
negatively aligned pairs of c-corridors. The first one concerns the length of the
c-corridors, while the second one the area to reduce the corresponding matching
c’s. Before stating the results let us recall from Chapter 2 the following notation.
Given a word w := w(X, c, t) and a letter a ∈ X ∪ {t} we denote by ℓa(w) the
number of a±1’s in w and by εa(w) the exponent sum in a±1’s in w. Moreover, we
denote by ℓX(w) the number of letters from the alphabet X appearing in w.

Lemma 4.24 (Bounding t’s between positive and negative pairs). Let N ∈ Z and
for i ∈ {1, 2} let wi := wi(X, 1, t) and Ni := ϵt(wi).

1. If the identity
t−(N1+N+N2)w1(tz

−1)Nw2 =P 1

holds in MΦ, then
|N | ⩽ |w1|+ |w2|.

2. If the identity
(tz−1)−(N1+N+N2)w1t

Nw1 =P 1

holds in Mϕ, then
|N | ⩽ 2(|w1|+ |w2|).

Proof. In the manipulations of words and identities in this proof we do not care
about the area estimates.
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We start with 1. Assume that the identity

t−(N1+N+N2)w1(tz
−1)Nw2 =P 1 (4.13)

holds in MΦ. Then, it follows that the exponent sum in x1’s (respectively x2’s)
has to be zero. In particular, we have

εx1(w1) + εx1((tz
−1)N) + εx1(w2) = 0.

A similar inequality holds for ϵx2(·). Recall we are assuming that z is non-trivial.
Therefore for some j ∈ {1, 2} we have εxj((tz

−1)N) = −Nεxj(z) ̸= 0. Since
εxj(wi) ⩽ |wi| it then follows from the above equality that

|N | ⩽ |w1|+ |w2|.

This proves 1.
Proof of case 2: Since the word (tz−1)−(N1+N+N2)w1t

Nw2 is null-homotopic, we
have

εx1(z
−1)(−(N1 +N +N2)) +N1 +N2 = 0.

Analogously for εx2(·). Since for j ∈ {1, 2} we have εxj(z−1) = −εxj(z) we get

ϵxj(z)N + (1 + εxj(z))(N1 +N2) = 0.

Thus, we get

|N | ⩽
(
1 +

1

|ϵxj(z)|

)
(|w1|+ |w2|),

where xj is such that ϵxj(z) ̸= 0.

Lemma 4.25 (Area in a positive and negative pair). For every i ∈ {1, 2} let
wi := wi(X, t, c), Ni := εt(wi), and N ∈ Z. Then the following holds:

1. If the identity
t−(N1+N+N2)w1(tz

−1)Nw2 =P 1

holds in MΦ, then it has area ≲P (|w1|+ |w2|)2.
2. If the identity

(tz−1)−(N1+N+N2)w1t
Nw2 =P 1

holds in MΦ, then it has area ≲P (|w1|+ |w2|)2.

Proof. By Lemma 4.24 the null-homotopic words in each case have length ≲P

|w1|+ |w2|. Thus, the area estimates follow directly from the fact that This follows
directly from the fact that ⟨X, t⟩ ∼= Z3 inside MΦ.
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Corollary 4.26. For every i ∈ {1, 2} let wi := wi(X, t, c), Ni := εt(wi), and
N ∈ Z. Then the following holds:

1. If the identity
c−1w1(tz

−1)Nw2c =P (tz−1)N1+N+N2

holds in MΦ, then it has area ≲P (|w1|+ |w2|)2.
2. If the identity

cw1t
Nw2c

−1 =P t
N1+N+N2

holds in MΦ, then it has area ≲P (|w1|+ |w2|)2.

Proof. This follows from Lemma 4.25 as we now explain. First, suppose the iden-
tity

c−1w1(tz
−1)Nw2c =P (tz−1)N1+N+N2 (4.14)

holds in MΦ. For brevity set M := N1 +N +N2. The word on the left side of this
identity satisfies

c−1w1(tz
−1)Nw2c

free
= c−1tM t−Mw1(tz

−1)Nw2c

=P (tz−1)Mc−1t−Mw1(tz
−1)Nw2c, (4.15)

where the first identity is a free identity, so it has no area contribution; while
the second is a consequence of Lemma 4.22, so it has area ≲P |M |. Since |M | ⩽
|N1| + |N | + |N2| and Lemma 4.24 tells us that |N | ⩽ 2(|w1| + |w2|), we then get
that |M | ≲P |w1|+ |w2|. It then follows from (4.14) and (4.15) that the identity

c−1t−Mw1(tz
−1)Nw2c =P 1.

holds in MΦ with area ≲P |w1| + |w2|. In particular, this last identity implies
that the word t−Mw1(tz

−1)Nw2 is a null-homotopic word in Mϕ ↪→ MΦ. Thus,
Lemma 4.25 (1) implies that it has area ≲P (|w1|+ |w2|)2. Overall, the identity

c−1w1(tz
−1)Nw2c =P (tz−1)N1+N+N2

has area ≲P (|w1|+ |w2|)2 in MΦ.
The proof for 2 is analogous. Alternatively, it follows from 1 similarly as

explained in the proof of Lemma 4.25. For convenience of the reader we briefly
sketch the “combinatorial argument”. Suppose that the identity

cw1t
Nw2c

−1 =P t
N1+N+N2
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holds in MΦ. The word on the right-hand side of the above equality is freely equal
to the word

c(tz−1)M(tz−1)−Mw1t
Nw2c

−1.

Applying Lemma 4.23 to this last word, we can shuffle the word (tz−1)M to the
left past c to obtain the word tMc(tz−1)−Mw1t

Nw2c
−1 with area ≲P |M | in MΦ.

It then follows from our assumptions, that the word c(tz−1)−Mw1t
Nw2c

−1, and
consequently the word (tz−1)−Mw1t

Nw2, is a null-homotopic word in MΦ. We
conclude from Lemma 4.25 (2) the desired area estimates.

4.4.1.4 Reducing words

In this section we consider a null-homotopic word w = w(X, c, t) in MΦ admitting
a van Kampen diagram which is a topological disc, and we explain the algorithm
that we use to reduce it as well as the area estimates for each step. Recall that a
word w(X, c, t) can be written as

w(X, c, t) := cσ0w0(X, 1, t) . . . c
σrwr(X, 1, t),

for some r ∈ N and for every j ∈ {0, . . . , r}, σj ∈ {±1}. Note that in this case the
words wj := wj(X, 1, t) can be empty. For each j ∈ {1, . . . , r} let Nj := ϵt(wj).

Lemma 4.27. If a word w = w(X, c, t) is null-homotopic in MΦ, then ϵt(w) =

ϵc(w) = 0.

Proof. Let w := cσ0w0 · · · cσrwr be a null-homotopic word in MΦ. By shuffling all
the t±1’s appearing in w to the beginning of w we get the identity

w =P t
Nu(X, c, 1),

where N = ϵt(w). Since tNu(X, c, 1) =P 1 we have that N = 0. Indeed, the
homomorphism (Z2 ∗ Z) ⋊Φ ⟨t⟩ ↠ (Z,+) defined as w 7→ ϵt(w), sends the word
tNu(X, c, 1) to N , but since the word w is null-homotopic the N has to be 0.

Now, for ϵc(w) note that the exponent sum in c’s of u(X, c, 1) remains the same
as the one in w. Since the word u(X, c, 1) represents an element in Zm ∗ Z ↪→MΦ

it can be written as

u(X, c, 1) =P c
σ0u0(X, 1, 1) · · · cσrur(X, 1, 1).

Finally, since u(X, c, 1) is a null-homotopic word in Zm ∗ Z we must have that
σ0 + · · ·+ σr = 0.
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Lemma 4.28 (Pinching Lemma). If

w(X, c, t) := cσ0w0(X, 1, t) . . . c
σjwj(X, 1, t)c

σj+1 . . . cσrwr(X, 1, t)

is a freely reduced null-homotopic word in MΦ, then there exists i ∈ {0, . . . , r− 1}
such that the following holds:

1. σi + σi+1 = 0 and

2. wi(X, 1, t) ̸=F 1.

Moreover, if σi = 1, then the equality

(tz−1)−Niwi =P 1

holds in MΦ with area ≲ |wi|2, where the sign in the exponent of the word (tz−1)±Ni

depends on the sign of Ni = ϵt(wi). If σi = −1, then the equality

t−Niwi =P 1

holds in MΦ with area ≲ |wi|2.

Proof. Let D be a minimal van-Kampen diagram for w in P . Recall that a c-

corridor in D induces a decomposition of D into two disjoint subdiagrams. Since

there are finitely many c-corridors, there exists an “outer most” c-corridor such

that one of the components do not have a c±1 on its boundary label. In particular,

the shared boundary of this component and D has boundary label one of the words

wi := wi(X, 1, t)

in w. This is the word that we would like to first remove from w to match the

cancelling cσi and cσi+1 that correspond to this “outer most” c-corridor. Denote

this c-corridor by K(σi, σi+1). In particular, we have that σi+ σi+1 = 0. Since the

word w is freely reduced we get the following in F{X,c,t}

cσiwic
σi+1 ̸=F 1,

and therefore wi(X, 1, t) ̸=F 1. This proves points 1 and 2. For the moreover

part we consider two cases for the matching c’s corresponding to the “outer most”

c-corridor, i.e. for the pair (σi, σi+1).
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Case 1 : (σi, σi+1) = (1,−1). Assume thatNi > 0, the caseNi < 0 is completely
analogous. We have the following identities in MΦ:

cwi(X, 1, t)c
−1 free

= c(tz−1)Ni(tz−1)−Niwic
−1

=P t
Nic(tz−1)−Niwic

−1

(free insertion, no area)

(Lemma 4.23: area ≲P |Ni|)

Observe that one of the c-complementary regions attached to K(σi, σi+1) has
boundary label

(tz−1)−Niwi.

In particular, the word (tz−1)−Niwi is null-homotopic in Mϕ ↪→MΦ. Thus, by the
van Kampen Theorem 2.43, for this null-homotopic word we can construct a van
Kampen diagram in the presentation for Mϕ ↪→MΦ having area

≲P (|z||Ni|+ |wi|)2 ≲P |wi|2.

This proves the case for the pair (1,−1).
Case 2 : (σi, σi+1) = (−1, 1). In this case we have the following identities

c−1wic
free
= c−1tNit−Niwic (free insertion, no area)

=P (tz−1)Nic−1t−Niwic (Lemma 4.22: area ≲P |Ni|)

Just as in the previous case, we have that the word t−Niwi is null-homotopic in
Mϕ ↪→MΦ and it thus has area ≲P (|wi|+ |Ni|)2 ≲P |wi|2.

Definition 4.29 (Pinching word). Given a null-homotopic word w in MΦ, we will
refer to the word wi from Lemma 4.28 as a pinching word for w.

We have the following consequence of Lemma 4.28.

Corollary 4.30. Given a null-homotopic word w in MΦ and a pinching word wi
for w. Then, the following holds

1. If σi = 1, then the identity

cwic
−1 =P t

Ni

holds in MΦ with area ≲P |wi|2.
2. If σi = −1, then the identity

c−1wic =P (tz−1)Ni

holds in MΦ with area ≲P |wi|2.
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As seen in the proof of Lemma 4.28, for a van Kampen diagram for w, the
pinching word wi belongs to the boundary label of the c-corridor starting/ending
at σi+1 and ending/starting at σi, which we denoted by K(σi, σi+1). By reducing
the c-corridor we mean that we transform the word

w := cσ0w0 . . . wi−1c
σiwic

σi+1wi+1 . . . c
σrwr

to the word
cσ0w0 . . . c

σi−1wi−1(tα
−1)Niwi+1c

σi+2 . . . cσrwr,

using relations from P , where α ∈ {z, 1}. Note, that by Corollary 4.30 the identity
between the words above has area ≲P |wi|2 in MΦ.

We now establish some notation that we use through the further reduction
process.

Notation 4.31. Suppose w(X, c, t) =P 1 and let s(i) ∈ N. Suppose we have a
family of nested c-corridors {Kj := K(σi−j, σi+j+1) | 1 ⩽ j ⩽ s(i)}. For every
0 ⩽ j ⩽ s(i) let αj ∈ {1, z}. Moreover, let Ni,0 := Ni and for every 0 < j < s(i)

define
Ni,j := Ni−j + . . .+Ni + . . . Ni+j, (4.16)

and denote
vi,j+1 := vi,j+1(X, 1, t) := (tα−1

j )Ni,j . (4.17)

Observe that these words are what we call “residual words” in Section 4.4.1.1. Note
that by definition Ni,j = Ni−1 +Ni,j−1 +Ni+1.

Definition 4.32 (Nested c-corridors). Let

w(X, c, t) := cσ0w0(X, 1, t) . . . c
σrwr(X, 1, t)

be a null-homotopic word in MΦ. We say that a collection {Kj | 0 ⩽ j ⩽ s(i)}
is a family of s(i)-nested c-corridors around wi if the following two conditions are
satisfied:

(P1) The word wi is a pinching word for w.
(P2) For every 1 ⩽ j ⩽ s(i) the word wi−jvi,jwi+j is a pinching word for the word

resulting from reducing the c-corridors K0, . . . , K(j−1) in w.

The results from Lemmas 4.24 and 4.25 help us to keep track of the area needed
to reduce a family of nested c-corridors. The first one concerns the length of the c-
corridors, while the second one the area to reduce them. In particular, Lemma 4.25
helps us to keep track of the area estimates to reduce a pinching word in w.
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We would like to mention that the above results, namely Lemmas 4.24 and 4.25,
only consider positively and negatively aligned pairs. For the opposing and fac-
ing pairs we are not able to control the length of the c-corridors, so we do not
have an equivalent result for such pairs. Instead, we have to proceed by care-
fully bookkeeping the area estimates involved as we now explain. Ultimately, this
careful book keeping allows us to control the area contribution of reducing “mixed
pinching words”, see Lemma 4.34, and thus to obtain the desired upper bound, see
Proposition 4.37.

We now state the result that bounds the area of a family of nested c-corridors.

Lemma 4.33 (Area in a nest). Let w(X, c, t) be a null-homotopic word in MΦ.
Suppose that wi(X, 1, t) is a pinching word for w, and that there exists s(i) ∈ N>0

such that there is a family of s(i)-nested c-corridors around wi. Then, the identity

cσs(i)wi−s(i) . . . c
σiwic

σi+1 . . . wi+s(i)c
σi+s(i)+1 =P (tz−βi,s(i))Ni,s(i)

holds in MΦ with area

≲P |wi|2 +
s∑
j=1

(
|wi−j|+ |wi+j|

)2
+

s∑
j=1

|Ni,j|
(
|wi−j|+ |wi+j|

)
Proof. The identity holds by definition of a nested family. For the area we proceed
by induction on j ∈ {0, . . . , s(i)}. The base of induction follows directly from
Lemma 4.28 since wi is a pinching word for w. So suppose for the induction
hypothesis that the statement is true for j > 0, namely that the identity

cσi−jwi−j . . . c
σiwic

σi+1 . . . wi+jc
σi+(j+1) =P (tα−1

j )Ni,j (4.18)

holds in MΦ, where αj ∈ {1, z} with area

≲P |wi|2 +
j∑

k=1

(
|wi−k|+ |wi+k|

)2
+

j∑
k=1

|Ni,k|
(
|wi−k|+ |wi+k|

)
. (4.19)

Therefore, it follows that the word

cσi−(j+1)wi−(j+1) . . . c
σiwic

σi+1 . . . wi+(j+1)c
σi+(j+1)+1

is equivalent to the word

Wj =

cwi−(j+1)(tα
−1
j )Ni,jwi+(j+1)c

−1, if σi−(j+1) = 1,

c−1wi−(j+1)(tα
−1
j )Ni,jwi+(j+1)c, if σi−(j+1) = −1,
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in MΦ and the area estimate to transform one to the other is the one given by
(4.19).

By free insertions we obtain

Wj
free
=

c(tz−1)Ni,j+1)(tz−1)−Ni,j+1wi−(j+1)(tα
−1
j )Ni,jwi+(j+1)c

−1, if σi−(j+1) = 1,

c−1tNi,j+1t−Ni,j+1wi−(j+1)(tα
−1
j )Ni,jwi+(j+1)c, if σi−(j+1) = −1.

It follows from Lemmas 4.22 and 4.23 that the identities

Wj =P

 tNi,j+1c(tz−1)−Ni,j+1wi−(j+1)(tα
−1
j )Ni,jwi+(j+1)c

−1, if σi−(j+1) = 1,

(tz−1)Ni,j+1c−1t−Ni,j+1wi−(j+1)(tα
−1
j )Ni,jwi+(j+1)c, if σi−(j+1) = −1,

hold in MΦ each with area ≲P |Ni,j+1|. Note that by hypothesis, we have

(tz−1)−Ni,j+1wi−(j+1)(tα
−1
j )Ni,jwi+(j+1) =P 1 if σi−(j+1) = 1, (4.20)

t−Ni,j+1wi−(j+1)(tα
−1
j )Ni,jwi+(j+1) =P if σi−(j+1) = −1. (4.21)

Indeed, the word on the left hand side of each identity is a pinching word for the
respective word resulting from reducing the first c-corridors K0, . . . , Kj.

To estimate the areas of these two identities we proceed as follows. First observe
that if αj = 1, then Lemma 4.25(2) implies that the identity

(tz−1)−Ni,j+1wi−(j+1)t
Ni,jwi+(j+1) =P 1 if σi−(j+1) = 1

has area ≲P (|wi−(j+1)|+ |wi+(j+1)|)2 in MΦ. While if αj = z, then Lemma 4.25(1)
implies that the identity

t−Ni,j+1wi−(j+1)(tz
−1)Ni,jwi+(j+1) σi−(j+1) = −1

has area ≲P (|wi−(j+1)|+ |wi+(j+1)|)2 in MΦ.

Thus, it remains to estimate the areas of the identities

(tz−1)−Ni,j+1wi−(j+1)(tz
−1)Ni,jwi+(j+1) =P 1 if σi−(j+1) = 1, (4.22)

t−Ni,j+1wi−(j+1)t
Ni,jwi+(j+1) =P 1 if σi−(j+1) = −1. (4.23)

For this we reduce the words as follows:

• For (4.22) we shuffle to the left the word (tz−1)Ni,j past wi−(j+1) and place it
to the right of the word (tz−1)−Ni,j+1 .

• For (4.23) we shuffle to the left the word tNi,j past wi−(j+1) and place it to
the right of the word t−Ni,j+1 .
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Each one of these manipulations has a total area ≲P |Ni,j||wi−(j+1)|. Thus, after
performing the manipulations described above and the corresponding free cancel-
lations we obtain the identities

(tz−1)−(Ni−(j+1)+Ni+(j+1))wi−(j+1)wi+(j+1) =P 1 if σi−(j+1) = 1,

t−(Ni−(j+1)+Ni+(j+1))wi−(j+1)wi+(j+1)1 =P if σi−(j+1) = −1

in MΦ with area ≲P |Ni,j||wi−(j+1)|. Since |Ni−(j+1) + Ni+(j+1)| ≲P |wi−(j+1)| +
|wi+(j+1)|, it follows that each one of these last identities has area ≲P (|wi−(j+1)|+
|wi+(j+1)|)2.

Thus, we conclude that, overall each of the identities (see (4.20) and (4.21))

(tz−1)−Ni,j+1wi−(j+1)(tα
−1
j )Ni,jwi+(j+1) =P 1 if σi−(j+1) = 1,

t−Ni,j+1wi−(j+1)(tα
−1
j )Ni,jwi+(j+1) =P 1 if σi−(j+1) = −1

has area

≲P (|wi−(j+1)|+ |wi+(j+1)|)2 + |Ni,j|
(
|wi−(j+1)|+ |wi+(j+1)|

)
(4.24)

in MΦ.
Finally, summing the area estimates from the induction hypothesis (4.19) and

from (4.24), we get that the identity

cσi−(j+1)wi−(j+1) . . . c
σiwic

σi+1 . . . wi+(j+1)c
σi+(j+1)+1 =P (tαj)

Ni,j+1

has total area

≲P |wi|2 +
j+1∑
k=1

(
|wi−k|+ |wi+k|

)2
+

j+1∑
k=1

|Ni,k|
(
|wi−k|+ |wi+k|

)
.

This finishes the proof of the induction step.

Lemma 4.33 deals with the situation where the pinching words are of the form
w1t

Nw2 or w1(tz
−1)Nw2. Namely, it deals with estimating the area of reducing

parts of the dual tree that are isometric to a line segment, i.e. with contracting
branches of the dual tree where every vertex has degree ⩽ 2. In general, the
vertices of the dual tree can have degree ⩾ 2. The following results estimate the
area in such situations, which we refer to as mixed pinching word.

Lemma 4.34 (Area to reduce a mixed pinching word). Let s ⩾ 1. For every
i ∈ {1, . . . , s + 1} let wi = wi(X, t, 1), Ni := εt(wi), and for every i ∈ {1, . . . , s}
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let Mi ∈ Z and vi ∈ {tMi , (tz−1)Mi}. Let M :=
∑s+1

i=1 Ni +
∑s

i=1Mi. If one of the
two identities

(1) c−1w1v1 . . . wsvsws+1c =P (tz−1)M

(2) cw1v1 . . . wsvsws+1c
−1 =P t

M

holds in MΦ, then it has area

≲P

( s+1∑
i=1

|wi|
)2

+
( s+1∑
i=1

|wi|
)( s∑

i=1

|vi|
)
+

s∑
i,j=1
i ̸=j

|vi||vj|+
s∑
i=1

|vi|.

Proof. Define I1, Iz ⊆ {1, . . . , s} such that i ∈ I1 if and only if vi := tMi , and
i ∈ Iz if and only if vi := (tz−1)Mi . We only prove the area for the identity (1),
the area estimates for (2) are analogous.

Suppose that the identity

c−1w1v1 . . . wsvsws+1c =P (tz−1)M

holds in Mϕ. This last identity with the aid of Lemma 4.22 can be transformed
with area ≲P |M | to the identity

t−Mw1v1 . . . wsvsws+1 =P 1. (4.25)

To estimate the area of the identity (4.25) we proceed as follows.
First shuffle to the left, starting with the first from left to right, all the vi such

that i ∈ I1 appearing in the above null-homotopic word. We gather them to the
right of t−M . Second we shuffle to the left all the vj such that j ∈ Iz and gather
them to the right of the vi’s shuffled in the previous step. After this shuffling we
obtain the word

t−M t
∑
i∈I1

Mi(tz−1)
∑
i∈Iz Miw1 . . . ws+1 (4.26)

Recall M =
∑s+1

i=1 Ni+
∑s

i=1Mi, which by definition of the partitioning sets I1 and
Iz is equal to

∑s+1
i=1 Ni+

∑
iI1 Mi+

∑
i∈Iz Mi. Thus, by setting R =

(∑
j∈IZ Mj +∑s+1

i=1 Ni

)
, the word in (4.26) can be freely reduced to the word

t−R(tz−1)
∑
i∈Iz Miw1 . . . ws+1.

This shuffling process has area

≲P

( s+1∑
i=1

|wi|
)( s∑

i=1

|vi|
)
+
(∑
i∈I1

|vi|
)(∑

j∈Iz

|vj|
)

138



≲P

( s+1∑
i=1

|wi|
)( s∑

i=1

|vi|
)
+

s∑
i,j=1
i ̸=j

|vi||vj|.

We point out that in the case of (2), we should first shuffle all the vi with i ∈ Jz,
and then the corresponding one with indexes in J1.

Second, observe that since the word (4.26) is null-homotopic in Mϕ ↪→MΦ, the
exponent sum in x1’s (respectively x2’s) has to be zero. In particular, for j ∈ {1, 2}
we have that

εxj(z
−1) ·

(∑
i∈Iz

Mi

)
+

s+1∑
i=1

εxj(wi) = 0.

In particular, since at least for one j ∈ {1, 2} we have that εxj(z) ̸= 0, it follows
that ∣∣∣∑

i∈Iz

Mi

∣∣∣ ⩽ s+1∑
i=1

|wi|.

Thus, also |R| ⩽ 2
∑s+1

i=1 |wi|. Therefore, the identity

t−R(tz−1)
∑
i∈Iz Miw1 . . . ws+1 =P 1

has area ≲P

( s+1∑
i=1

|wi|
)2

.

Overall, summing the areas, we have that the identity

c−1w1v1 . . . wsvsws+1c =P (tz−1)M

has area

≲P |M |+
( s+1∑
i=1

|wi|
)( s∑

i=1

|vi|
)
+

s∑
i,j=1
i ̸=j

|vi||vj|+
( s+1∑
i=1

|wi|
)2

≲P

s+1∑
i=1

|wi|+
s∑
i=1

|vi|+
( s+1∑
i=1

|wi|
)( s∑

i=1

|vi|
)
+

s∑
i,j=1
i ̸=j

|vi||vj|+
( s+1∑
i=1

|wi|
)2

≲P

s∑
i=1

|vi|+
( s+1∑
i=1

|wi|
)( s∑

i=1

|vi|
)
+

s∑
i,j=1
i ̸=j

|vi||vj|+
( s+1∑
i=1

|wi|
)2
.

in MΦ which proves the statement.

We now have the all the necessary tools to finish the proof of the upper bound
on the Dehn function in Theorem 4.10 which we now treat.
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4.4.1.5 Final step: contracting the dual tree

As mentioned before, the idea to reduce the null-homotopic word w in MΦ is fairly
simple: geometrically, the reduction amounts to contract the dual tree of a van
Kampen diagram D for w to a base point. We do this in a controlled way by
keeping track of the area of each step. For this we require Lemma 4.34.

We work without distinction with the geometric realisation of the dual tree
such that each edge is isometric to the unit interval [0, 1], denote it by (T, dT ). We
pick a base point in T to be any leaf and denote it by ⋆. By construction of T , see
Definition 4.20, there is a bijection

V (T ) \ {⋆} −→ {c-corridors in D}

which assigns to every vertex V ̸= ⋆ the c-corridor KV dual to the first edge
(starting from V ) of the unique geodesic connecting V to ⋆, see Figure 4.7.

Figure 4.7: Picture of a van Kampen diagram and its dual rooted tree. The dashed
lines represent c-corridors. The complementary region RV dual to V is coloured
by a darker tone.

Given a vertex V ∈ V (T ) we denote by RV the complementary region of D
dual to V . By the area of T we mean the area of the van Kampen diagram for
which the tree is the dual of, and we write it as AreaP(T ).

Every vertex disconnects T into two disjoint trees, one that contains ⋆ and
the other that does not, we denote the latter as TV . We consider TV as a rooted
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tree with root V . For a vertex V at distance j ∈ N from ⋆, every vertex v ∈ TV

satisfies dT (v, ⋆) ≥ j. Since every c-corridor divides the van Kampen diagram into
two disjoint subdiagrams, it is clear that TVj induces a subdiagram of D.

Recall that a word w in MΦ can be written as

w(X, c, t) := cσ0w0(X, 1, t) . . . c
σrwr(X, 1, t).

For each pinching word in w the reduction process starts by reducing all the c-
corridors nested around it. After this we end up with a new word, different from
w, for which the pinching words look like words of the form

wi1vi1 . . . wisviswis+1

for some s < r and ij ∈ {0, . . . , r}. Corresponding to these pinching words there
are residual words of the form

v ∈ {(tz−1)N , tN};

see Lemma 4.34 where we estimate the area to reduce such pinching words.

The following remark guarantees that in our area estimates the number of times
that we take into account a subword wi(X, 1, t) of w (equivalently, a word in the
boundary of D) is only once.

Remark 4.35. Geometrically, for every residual word v ∈ {tN , (tz−1)N} there is
a rooted subtree T (v) of T such that ⋆ /∈ T (v), see Figure 4.8. Observe that a
residual word v is a word belonging to the boundary label of a c-corridor. At every
step of the reduction process, the residual words define subsets of the index set
{0, . . . , r} of subwords of w as follows. Given a residual word

vℓ ∈ {tNℓ , (tz−1)Nℓ}

there is a subset
Jℓ ⊆ {0, . . . , r}

such that a subword wi = wi(X, 1, t) of w is a boundary word of the subdiagram
of D dual to T (vℓ) if and only if i ∈ Jℓ, see Figure 4.8. Since T is a tree, given
two residual words vk and vℓ with k ̸= ℓ, that belong to the same pinching word
for a certain step of the reduction process, we have that

Jk ∩ Jℓ = ∅.
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Figure 4.8: Two residual words vk and vℓ with k ̸= ℓ and their corresponding
rooted subtrees T (vk) and T (vℓ); drawn with a thicker line. In the boundary of
the diagrams dual to these trees there are words wj with j ∈ Jk and wi with
i ∈ Jℓ belonging to the boundary of D: the parts of the boundary for which they
are labels of is depicted with a thicker curve.

By definition of the set Jℓ, since during the reduction process we do not create
any t±1’s, it directly follows that

|Nℓ| ⩽
∑
i∈Jℓ

|ϵt(wi)|,

where the words wi with i ∈ Jℓ took part in previous reduction steps.

Remark 4.36. The boundary word corresponding to the diagram consisting of
the dual of T (vℓ) and the c-corridor that separates T (vℓ) from T , is a word of the
form

v−1
ℓ ·

(∏
i∈Jℓ

cσiwi

)
c±1

for α ∈ {1, z} and c±1(tα−1)Nℓc∓1vℓ being the boundary word of the c-corridor
that separates T (vℓ) from T , see Figure 4.9.

The proof of the upper bound in Theorem 4.10 follows from the following result
which we prove by descending induction on the distance to the root ⋆ in the dual
tree T .
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Figure 4.9: The word that labels the boundary of the subdiagram dual to Tℓ union
the c-corridor with boundary word c±1(tα−1)Nℓc∓1vℓ. Reading in the counter-clock
wise direction starting from ∗ we read the word v−1

ℓ ·
(∏

i∈Jℓ c
σiwi

)
c±1.

Proposition 4.37 (Tree retraction). Let w := w(X, c, t) be a freely reduced null-
homotopic word in MΦ of length n, written as

w(X, c, t) := cσ0w0(X, 1, t) . . . c
σjwj(X, 1, t)c

σj+1 . . . cσrwr(X, 1, t), (4.27)

such that for every i ∈ {0, . . . , r} we have that σi ∈ {1,−1} and denote wi :=

wi(X, 1, t). Then,

AreaP(w) ≲P

( r∑
i=1

|wi|
)2

≲P n
2

Proof. Let w := w(X, t, c) be a null-homotopic word in MΦ of length n. Let D be
a van-Kampen diagram for w in P and let T be the dual tree of D. As mentioned
above, the proof is by descending induction on dT (·, ⋆).

The base of induction corresponds to a vertex at maximal distance m from ⋆,
which must be a leaf. In this, case, the complementary region dual to this vertex
has as boundary label a pinching word for w, say wi := wi(X, 1, t). Contracting
the leaf, say V , corresponds to not only consider the area of the complementary
region RV but also the c-corridor that is dual to the unique edge adjacent to this
leaf, this together amounts to the area of the null-homotopic word

(tα−1)εt(wi)c±1wic
∓1 =P 1,
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with α ∈ {1, z}. By Corollary 4.30 this word has area ≲P |wi|2+ |wi|. This proves
the base of induction.

We now suppose that the statement is true for every j + 1. To precisely state
what this means we need some notation. Let Vj+1 be a vertex of degree d(j+1)+1

whose distance to ⋆ is j + 1. Let {V (1,j+1), . . . , V (d(j+1),j+1)} be the set of vertices
adjacent to Vj+1 that are at distance j + 2 from ⋆. Let

B = {0, . . . , r}

be the set of indices of words that belong to w, see (4.27). We define the following
sets (see Figure 4.10):

(1) For every ℓ ∈ {1, . . . , d(j + 1)} define J (j+1)
ℓ as the set of elements i ∈ B

such that wi is a boundary word of the dual diagram of RV (ℓ,j+1) ∪ TV (ℓ,j+1) .
(2) J (j+1)

T :=
⋃d(j+1)
ℓ=1 J (j+1)

ℓ .
(3) J (j+1)

R is the set of i ∈ B such that wi is a boundary word of the dual diagram
of RVj+1

.
(4) J (j+1) := J (j+1)

T ∪ J (j+1)
R .

Figure 4.10: A picture of the rooted tree TVj+1
where the distinct index sets corre-

sponding to the vertex Vj+1 are depicted with ovals. The blue top oval represents
the index set J (j+1)

R . The three bottom red ovals represent subsets of the index
set J (j+1)

T
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For the induction hypothesis assume that

AreaP(TVj+1
∪RVj+1

) ≲P
∑

k,ℓ∈J (j+1)

|wk||wℓ|.

We now prove the induction step. Let Vj be a vertex of degree d(j) + 1 whose

distance to ⋆ is j. Let {V (1,j), . . . , V (d(j),j)} be set of vertices adjacent to Vj which

are at distance j + 1 from ⋆. Following the notation for the induction hypothesis

we define the sets:

(1) For every i ∈ {1, . . . , d(j)} set

J (i,j) := {k ∈ B | wk is a boundary word of TV (i,j) ∪RV (i,j)}.

(2) J (j)
T :=

⋃d(j)
i=1 J (i,j).

(3) J (j)
R := {i ∈ B | wi is a boundary word of RVj}.

(4) J (j) := J (j)
R ∪ J (j)

T .

We want to estimate AreaP(TVj ∪RVj), From the definition, it follows that

AreaP(TVj ∪RVj) = AreaP(RVj) +

d(j)∑
i=1

AreaP(TV (i,j) ∪RV (i,j)).

We estimate the terms AreaP(RVj) and AreaP(TV (i,j) ∪RV (i,j)) separately.

We start with AreaP(TV (i,j) ∪ RV (i,j)). For every i ∈ {1, . . . , d(j)}, since the

vertex V (i,j) is at distance j + 1 from ⋆, it follows from the induction hypothesis

that

AreaP(TV (i,j) ∪RV (i,j)) ≲P
∑

k,ℓ∈J (i,j)

|wk||wℓ|. (4.28)

Now, for AreaP(RVj) we have two possibilities to consider. Namely when the

degree of Vj is 2 and the case where it is greater or equal than 3.

On one hand, if the degree is 2, i.e. if d(j)+1 = 2, then there is a single vertex

V (1,j) adjacent to Vj which is at distance j + 1 from the root ⋆. Observe that in

this case J (j)
R contains only two words. Thus, it follows from Corollary 4.26 that

AreaP(RVj) ≲P

( ∑
i∈J (j)

R

|wi|
)2

(4.29)
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Therefore, from the area estimates (4.28) and (4.29) we get

AreaP(TVj ∪RVj) ≲P

( ∑
i∈J (j)

R

|wi|
)2

+

d(j)∑
i=1

∑
k,ℓ∈J (i,j)

|wk||wℓ|

≲P

( ∑
i∈J (j)

R

|wi|
)2

+
∑

k,ℓ∈J (j)
T

|wk||wℓ|.

Since by definition the sets J (j)
R and J (j)

T are disjoint we can estimate the above
area estimate as

AreaP(TVj ∪RVj) ≲P
∑
k,ℓ∈J j

|wk||wℓ|.

This proves the induction step in the case where the degree of Vj is 2.
On the other hand, if d(j) + 1 > 2, then from Lemma 4.34 and the fact that

for every i ∈ {1, . . . , d(j)} we have

|vi| ≲P
∑

k∈J (i,j)

|wi|,

it follows that

AreaP(RVj) ≲P

( ∑
i∈J (j)

R

|wi|
)2

+
( ∑
i∈J (j)

R

|wi|
)( d(j)∑

i=1

∑
k∈J (i,j)

|wi|
)

+

d(j)∑
ν,µ=1
ν ̸=µ

∑
k∈J (ν,j)

∑
ℓ∈J (µ,j)

|wk||wℓ|+
∑
i∈J (j)

R

|wi|. (4.30)

Adding the two area estimates in (4.28) and (4.30) we get

AreaP(TVj ∪RVj) ≲P

( ∑
i∈J (j)

R

|wi|
)2

+
( ∑
i∈J (j)

R

|wi|
)( d(j)∑

i=1

∑
k∈J (i,j)

|wi|
)

+

d(j)∑
ν,µ=1
ν ̸=µ

∑
k∈J (ν,j)

∑
ℓ∈J (µ,j)

|wk||wℓ|+
d(j)∑
i=1

∑
k,ℓ∈J (i,j)

|wk||wℓ|

+
∑
i∈J (j)

R

|wi|. (4.31)

Finally, we have the following two observations

1. For ν, µ ∈ {1, . . . , d(j)} if ν ̸= µ, then J (ν,j) ∩ J (µ,j) = ∅.
2. For every i ∈ {1, . . . , d(j)} the sets J (j)

R and J (i,j) are disjoint.
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By the first of the above observations the terms

d(j)∑
ν,µ=1
ν ̸=µ

∑
k∈J (ν,j)

∑
ℓ∈J (µ,j)

|wk||wℓ| and
d(j)∑
i=1

∑
k,ℓ∈J (i,j)

|wk||wℓ|

in (4.31) are disjoint. Therefore, together the two above observations imply that

AreaP(TVj ∪RVj) ≲P
∑

k,ℓ∈J (j)

|wk||wℓ|.

which proves the induction step in the case where d(j) + 1 > 2. This concludes
the induction step and therefore the proof of Proposition 4.37. This concludes the
proof of Theorem 4.10.
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