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Fiber orientation is decisive for the mechanical performance of composite materials. During manufacturing,
variations in material and process parameters can influence fiber orientation. We employ multilevel polynomial
surrogates to model the propagation of uncertain material properties in the injection molding process. To
ensure reliable uncertainty quantification, a key focus is deriving novel error bounds for statistical measures
of a quantity of interest. Numerical experiments employ the Cross-WLF viscosity model and Hagen—Poiseuille
flow to investigate the impact of uncertainties in fiber length and matrix temperature on the fractional
anisotropy of fiber orientation. The Folgar-Tucker equation and the improved anisotropic rotary diffusion
model, incorporating analytical solutions, are used for verification. Results show that the method improves
significantly upon standard Monte Carlo estimation, while also providing error guarantees. These findings
offer the first step towards a reliable and practical tool for optimizing fiber-reinforced polymer manufacturing

processes in the future.

1. Introduction

The use of polymer parts has reached nearly every industrial and
economic sector of today’s society. Therefore, the production of such
parts has an enormous environmental and ecological impact, and an
optimized, robust, and stable production with minimal uncertainty
and waste is desirable. Especially when discontinuous fiber-reinforced
polymers (FRPs) are molded, the process involves uncertainties in
resulting fiber orientation and, consequently, in the final part’s mechan-
ical and thermal properties. Today, the most common methodology
to optimize molding processes and molded FRP parts in the early
stages of product development is numerical simulations, which include
a molding simulation with model-based fiber orientation prediction.
Such molding simulations are typically computational fluid dynamic
simulations, which are based on the finite element method [1-4] or
the finite volume method [5-9]. One key aspect is the viscosity and
flow modeling of the material, which determine the most important
results of these simulations: the general feasibility of the molding, pres-
sure, and temperature distribution, and information about the resulting
fiber orientation distribution. However, the simulation approaches are
purely deterministic and represent only one specific realization of
possibly uncertain process and material parameters.

Uncertainty quantification (UQ) provides a framework for analyz-
ing how randomness influences system behavior. In the context of
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composite molding, it was shown that uncertainty in fiber geometry
and orientation, especially during injection molding processing, can
significantly influence the mechanical performance of fiber-reinforced
composites [10]. More recent studies have investigated methods for
defect identification in composite materials, highlighting the poten-
tial of efficient sampling techniques to reduce computational costs in
uncertainty-driven evaluations [11]. Lastly, due to the sensitivity of
composite structures to manufacturing deviations in molding processes,
quantifying uncertainty is crucial for achieving reliable and robust
designs [12].

One of the most basic approaches to assessing the effects of the
forward propagation of uncertainties is the Monte Carlo method, which
is based on repeated random sampling and has been used for various
applications due to its non-intrusive nature. However, this method can
become inefficient and computationally prohibitive when applied to
complex simulations. Multilevel Monte Carlo (MLMC) methods [13—
15] offer a more efficient alternative by exploiting simulations of
varying accuracy. Originally, MLMC methods were developed to effi-
ciently approximate expected values. However, in safety—critical do-
mains (e.g., aerospace or medical), where FRPs are widely used, it is
necessary to quantify uncertainties beyond their average performance
(i.e., expected value). For instance, recently advanced MLMC methods
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List of Symbols

Fiber orientation-related symbols

v Velocity

P Pressure gradient

n Viscosity

T Temperature

2 Shear rate

S, Space of symmetric and positive semi-
definite matrices with trace one

AA Second/Fourth order fiber orientation ten-
sor

L Velocity gradient

D,W Rate-of-deformation/vorticity tensor

& Particle shape factor

C Fiber interaction coefficient

Cy Anisotropy coefficient

C Rotary diffusion tensor

F Fractional anisotropy

L, Dy Fiber length/diameter

M General fiber orientation model

At Step size

tend Time horizon

X Parts domain

Mathematical symbols

I Identity matrix

u Probability measure

Q Uncertainty domain

® Realization of uncertain parameters

u Solution to computational model

q Quantity of interest

0 Response surface

0, Approximative response surface

0 Polynomial approximation to response sur-
face

LA Multi-index/Multi-index set

P, Polynomial corresponding to multi-index 4

Li (2) Space of functions on 2 with finite L‘zl norm

v, Discrete/continuous least squares operator

dv/du Radon-Nikodym derivative

€ Error tolerance

E Expected value

A\ Variance

P Probability

fx Probability density function of random
variable X

Fy Cumulative distribution function of random
variable X

qx p-Quantile of random variable X

for estimating central moments of arbitrary order have been intro-
duced [16,17]. To ensure further reliability, it is important to estimate
the likelihood of highly improbable events that occur at the extreme
ends of a distribution, as these tail risks are critical for assessing
potential extreme impacts. Such risks are often quantified by metrics
like quantiles for prescribed critical probabilities or failure probabil-
ities. Developments in this direction utilize nested simulation [18],
adaptive MLMC methods [19], or approximate parametric expectations
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of suitable functions in order to subsequently obtain such risk quantities
by post-processing [20,21].

In this study, a different route is taken, focusing on a method
to approximate multiple risk factors simultaneously using so-called
surrogate models. Typical surrogate models include polynomial chaos
expansions (PCE) [22], kernel methods [23] such as Gaussian processes
and deep neural networks [24]. These methods have been extended to
handle higher-dimensional problems using sparsity [25], or adapted
to more effectively map specific risk measures, e.g., by using frac-
tional moment estimation in PCEs for density approximation [26].
We focus on polynomials for their simplicity, fast evaluation, and
error control capabilities, the latter resulting from the extensive and
well-established approximation theory. For this, in the first step, the
uncertain system output, or response, is approximated by a suitable,
multivariate polynomial of a finite number of underlying parametric
uncertainties. Subsequently, this polynomial surrogate can be evaluated
at a low computational cost, enabling the efficient estimation of several
statistical quantities. Once this surrogate is available, it eliminates the
need to run a complex computational model (e.g., fiber orientation
simulation), which is often the most computationally expensive step.
However, it raises the critical question of whether the simplified surro-
gate model is truly accurate and reliable. As we will show, the accuracy
of estimations of statistics derived from the surrogate model is directly
connected to the accuracy of the surrogate. In particular, we present
novel upper bounds for the corresponding errors based on the surrogate
approximation error. This is done to ensure reliable UQ of statistics
that are part of safety—critical application areas. In order to construct
a surrogate with a certain accuracy at minimum cost, we employ
a hierarchical polynomial regression method [27], where multilevel
techniques are applied to the optimal least squares operator [28],
rather than to the expectation operator, as was originally proposed.
These polynomial surrogates are then used for the estimation of the
aforementioned statistics of a quantity of interest, in particular the
expected value, standard deviation, cumulative distribution function,
and quantiles.

The rest of this work is structured as follows. In Section 2, we intro-
duce the models and methods that form the basis of process modeling in
the numerical experiments presented later. Section 3 outlines the mul-
tilevel polynomial regression approach and discusses the error bounds
for estimating statistics using these polynomial surrogates. Finally, Sec-
tion 4 presents numerical experiments to verify these theoretical error
bounds. A list of symbols, divided into fiber orientation-related and
mathematical symbols, is provided immediately after the conclusion
Section 5.

2. Process modeling

In this section, we present the models and methods that form the
basis for the numerical experiments in Section 4. The focus is on the
modeling of discontinuous fiber-reinforced polymers, covering both the
fluid mechanics and fiber orientation models essential for the simula-
tions. The forward uncertainty quantification methodology, which will
provide a framework for systematically assessing uncertainties in these
models, will be introduced in the subsequent Section 3.

2.1. Fluid mechanics

Throughout this study, we consider the Hagen—Poiseuille equa-
tion [29] in a rectangular channel of width w and height A, for which
the solution of the velocity v is given by

aPn: & cosh(f;(x — %)) )
= —-{1-— : 1
v ) nmd Sk ( cosh(ﬂ,%) s, W

for (x,y) € [0,w] x [0, h], with k; = 2i — 1 and §; = n/hk;. Here, P
is assumed to be a constant pressure gradient and 7 is the constant
viscosity.
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2.2. Viscosity modeling

One of the parameters that we will model in the numerical exper-
iments with inherent uncertainty is the temperature of the material.
The temperature, in turn, affects the viscosity #, which subsequently im-
pacts underlying fluid mechanics, as described, for instance, by Eq. (1).
Viscosity modeling is performed using the Cross-WLF model [30],
which, for temperatures T > T*, where T* is the glass transition
temperature, reads

1no(T)

14+ ('70(7")7)1_”’

*

n(T) = 2

with a material-specific parameter n, critical shear stress indicator z*,
shear rate y, and zero-shear viscosity

AT =T

Ay +(T - T*)) ’
where D, A, A, are material-dependent, data-fitted coefficients. Such
data-fitted parameters are prone to measurement errors and could thus
also be modeled with uncertainty. For simplicity, we neglect shear thin-
ning and assume a constant shear rate of y = 1s~!. For the numerical
experiments of this study, we will use existing data corresponding to a
30 wt% glass fiber-filled material (considered parameters are provided
in Table 2 in Appendix F).

1o(T) = Dexp < (3)

2.3. Fiber orientation modeling

In order to investigate the influence of various uncertain parameters
on fiber orientation, the corresponding models are now presented. In-
stead of tracking the orientation of a large number of fibers separately,
a homogenization procedure is performed according to Advani and
Tucker [31] using fiber orientation tensors A € S, where

S, ={AeR™ :A=AT, xTAx20VxeR? tr(A)=1} 6]

denotes the space of symmetric and positive semi-definite 3 x 3 ma-
trices with trace one. The evolution of the fiber orientation is modeled
using a fiber orientation model (FOM). The most original model for the
evolution of fiber orientation is the so-called Jeffery equation [32] with
its tensorial formulation

A=WA-AW + (DA +AD -2D : A), (5)

where D = (L + LT)/2 is the rate-of-deformation and W = (L — LT)/2
the vorticity tensor, computed using the velocity gradient L. € R3*3
of some fluid in motion. Two other important variables in Eq. (5) are
the particle shape factor ¢ and the fourth order fiber orientation tensor
A € R¥»333_ Typically, the latter is approximated A ~ f(A) using
a closure function f and the second-order orientation tensor A. The
Folgar-Tucker equation (FTE) [33] with its tensorial formulation

A =WA - AW + ¢ (DA +AD - 2D : A) +2C;7(I - 3A) (6)

extends Jeffery’s equation by also accounting for rotary diffusion due
to fiber—fiber interactions, controlled through the fiber interaction co-
efficient C; > 0. The shear rate is given by 7 = (2tr(D?))!/2.

Another FOM, particularly suited for long fiber thermoplastics, is
the anisotropic rotary diffusion model (ARD) developed by Phelps and
Tucker [34], which reads

A=WA—AW + (DA +AD - 2D : A) + 7 [2C — 2tr(C)A
— 5(CA+AC) + 104 : CJ. %)

The scalar interaction coefficient C; from Eq. (6) is replaced by a rotary
diffusion tensor C € R, In particular, choosing

C=C[I-4CyD/7)] 8)

with an anisotropy controlling parameter C,, € [0, 1] yields the im-
proved ARD (iARD) model [35]. Analytical solutions for both the FTE
and the ARD model with hybrid closure were derived by Winters
et al. [36] in a general form. Detailed formulas used for the numerical
experiments of this study are included in Appendix A for reference.

Probabilistic Engineering Mechanics 81 (2025) 103806
3. Uncertainty quantification

Uncertainty quantification in predicting fiber orientation distribu-
tions is essential for understanding the variability in process outcomes
and their impact on the mechanical properties of manufactured parts.
In this section, we present a general forward UQ framework based on
polynomial regression for the assessment of the propagation of such
uncertainties. More precisely, we introduce multilevel polynomial sur-
rogates in Section 3.1, demonstrate how they can be used a-posteriori
to estimate statistical quantities in Section 3.2, and provide novel error
bounds for these estimations in Section 3.3.

3.1. Multilevel polynomial surrogates

A common challenge in uncertainty quantification is dealing with
solutions to differential equations influenced by randomness. For in-
stance, this could be an FOM from Section 2.3, where the fiber inter-
action coefficient is experimentally determined and therefore subject
to uncertainty. Denote by u(-,w) the solution to such a differential
equation given a random realization of parameters w € 2 C RY with
® ~ u, where u is a probability measure on Q. In addition to the
actual solution, attention is primarily centered on a specific Quantity
of Interest (Qol) derived from the solution, denoted as g(u) € R. For
instance, such a Qol could represent the solution’s value at specific
points in time or space, or its spatial average. The following method
aims to approximate the impact of random parameters on the Qol,
represented by the mapping

0:02->R,
@+ Q) = qu(-, ®)),

which is also referred to as the response surface. Note that evaluating
this response necessitates solving a potentially complicated differential
equation, for which an explicit solution typically does not exist. Con-
sequently, numerical methods must be employed, which often involve
significant computational costs and induce discretization errors. There-
fore, one goal of UQ is to develop surrogate models that emulate the
response surface and thus avoid the computational effort of solving the
underlying differential equation.

©)

3.1.1. Polynomial surrogates
In this study, we follow Haji-Ali et al. [27] to construct and further
use a (multivariate) polynomial surrogate

0@ =Y g0 10
€A

to approximate the unknown response surface Q. Here, A C Ng denotes

the index set and ¢, € R the coefficients. Index sets offer a convenient

representation of multivariate polynomials by using multi-indices to

extend naturally through tensorization. For example, given an index

A=(4y,..., 44) € A, the monomial appearing in Eq. (10) is defined by

d
w* ::ijj. an
j=1

Depending on the regularity of the response surface Q, different index
sets can lead to significant differences in accuracy when computing
a polynomial approximation [37]. The most natural index set is the
tensor product (TP) set, which, for m € N, is given by indices of degree
at most m in each dimension, that is

App(m) := {AEN] : (max |4;] < m}. 12)

Once an accurate polynomial surrogate with O ~ Q is available, it offers
the significant advantage of being computationally cheap to evaluate.
This makes it an ideal choice for post-processing tasks that may require
a large number of samples, such as Monte Carlo type methods. The
estimation of various statistical parameters of the Qol through the
use of a polynomial approximation Q is discussed in Sections 3.2 and
3.3. Next, we present the construction of the polynomial surrogate
employed in this study.
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3.1.2. Weighted least squares

The process of approximating a function Q through evaluations
{O(w)), ..., O(wy)} in so-called collocation points w; is well-researched.
One approach involves using weighted discrete least squares regres-
sion [28]. For this, let u be a probability measure on 2 and

Li(!)) = {f QSR /Q |f (@)|? p(dw) < oo} (13)
the space of functions with finite Li norm, where

1
100 = ([ 17@P ) s
For notational brevity, in the following we will use || - || := || - || ,2 ©@"

In this study, u is considered to be the Lebesgue measure, which
corresponds to a uniform distribution on bounded 2 and represents
the orthogonality weighting for the Legendre polynomials. Other dis-
tributions can be converted to the uniform distribution by inverse
transforming. Given an element Q € Li(Q) and a polynomial subspace
Vc Li(.Q), the goal is to find its best approximation

argmin ||Q - v|* =: 11,0, 1s)
veV

that is, its orthogonal projection IT,,Q € V. Given independent and

identically distributed Monte Carlo samples w,, ..., oy € 2 with w; ~

u, the best approximation can be approximated by minimizing the

discrete least squares seminorm

N
= Y 10@,) - v@)P. 6)
i=1

One technique for reducing the variance in such Monte Carlo esti-
mations is the use of importance sampling [38]. Rather than sampling
from the underlying orthogonal measure u, samples are drawn from
alternative distributions that better emphasize regions of the domain
that are critical for the desired quantity. The corresponding discrete
weighted least squares approximation of Eq. (15) is given by

argmin [|Q - v}, =: 11} Q. 17
vevV
where
1 il dyu
2 . 2
I =+ ; (d—> @)1 (@) as)

denotes the weighted discrete squared semi-norm based on an inde-
pendent and identically distributed sample {a),-}l_’i , € Q. Again, the
key feature here is the ability to draw these samples from a different
measure @; ~ v, with v < y, rather than from the underlying measure u.
The weights in Eq. (18) defined by the (inverse of the) Radon-Nikodym
derivative dv/du correct for the introduced bias, ensuring that the
squared semi-norm remains an unbiased Monte Carlo estimation for the
underlying squared L? norm. This way, it is expected that the discrete
weighted least squares fit, Eq. (17), provides a good estimation to the
best approximation, Eq. (15).

There exists an optimal sampling distribution choice v = v(u, V),
which depends on the underlying measure y and on the polynomial
subspace V, and can be constructed accordingly. We note that this
optimal sampling distribution is strictly positive [28], i.e., dv/du >
0, thus the Radon-Nikodym derivative du/dv exists as well, and the
weights in Eq. (18) are well-defined. Using this distribution, the number
of samples needed to achieve an L? error comparable to the best
approximation, is of order N = O(mlog m), where m is the dimension of
V (see [28] for details).

3.1.3. Multilevel weighted least squares

Recall that evaluating the response surface, Eq. (9), involves solving
a differential equation, for which an explicit solution u(-,w) rarely
exists. Therefore, numerical solvers must be used, which provide only
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approximated solutions u,, for a certain discretization parameter n € N,
and thus approximate response surfaces

o = Q,(®) = q(u,(-, ). 19

For example, O, could represent the mapping obtained by applying
the QoI to a numerical solution u,, which was computed using a finite
difference method with n € N discretization points. Other discretization
schemes such as the finite volume or finite element method can be used
too, of course. We therefore assume that O, — QO for n - oo in an
appropriate sense, with increasing computational costs of evaluating
0, asn— oo.

Multilevel techniques leverage simulations of varying discretization
levels to obtain a more efficient method when combined. This has been
successfully applied [27] to polynomial weighted discrete least squares,
which will be briefly outlined in the following. For a given number
of levels L € N, a sequence of increasing discretization parameters
ny,ny,....n; € N is selected. To enhance and to actually observe the
efficiency of multilevel methods, these discretization parameters are
often modeled exponentially. For example, they can be set as n;, =
2!, doubling the number of discretization points with each level I €
{0, ..., L}. To introduce the multilevel version of Eq. (17), one first
expands the most accurate simulation Q ~ Q,, using the telescoping
sum

L
QL=Q0+ZQ1—Q1_13 (20)

I=1
where we abbreviated Q, := o, for I € {0,...,L}. This sum can be
interpreted as first approximating Q using a coarse and cheap approx-
imation Q,, and then correcting the error Q — Q, through difference
terms. The idea now is to approximate each term in Eq. (20) indepen-
dently using polynomial weighted least squares, Eq. (17). Because of
Q,, — O and therefore also 0,—0,_; — 0 as n — oo, the correction terms
are of decreasing order and can therefore be represented by shrinking
polynomial spaces. We select a sequence of increasing polynomial space
parameters mg,my,...,m; € N, corresponding to polynomial spaces
Vi, C Li([)), and define the multilevel weighted discrete least squares
method

L

0 =11y, 00+ Y Iy, , (0 - 0Qpy), (1)
I=1

where we again abbreviated V; := V,, for /| € {0,...,L}. Such

polynomial space parameters can represent, for instance, the maximum
polynomial degree, which are employed to define tensor product index
sets, Eq. (12). The exact choice of the sequences n, or m;, depends
exponentially on the convergence and cost rate of the underlying
numerical solver, as well as the growth rate and approximability of the
underlying polynomial spaces. For example, the n; are modeled to grow
faster when the underlying numerical solver has lower costs and slower
convergence. In contrast, the m;, are modeled to grow slower when
the polynomial spaces grow more quickly or have poorer polynomial
approximability (see [27] for the definition of n;, and m,).

Based on a user-specified error tolerance ¢ > 0, the multilevel
method is designed to construct a polynomial Q,, which, due to the
optimal sampling strategy described in Section 3.1.2, is a random
variable, that satisfies

Q-0 <e (22)
with probability larger than 1 — e'°¢'o2¢™) ([27], Theorem 4.3). Recall
that with || - || we abbreviate the Li(!))-norm defined in Eq. (14).

Furthermore, the asymptotic computational costs for computing O,
are never greater than those of a single-level counterpart, Eq. (17),
which uses evaluations of a single numerical solver discretization,
i.e., computing I1,0, for some discretization parameter n € N and
fixed finite-dimensional subspace V C Lf‘(.Q). For cases where the
convergence rates, evaluation costs, or polynomial approximability of
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the function sequences Q,, are not or only partially known, there is
an adaptive analog to Eq. (21). This adaptive algorithm, which is also
used in this work, iteratively constructs an index set and a sequence
of functions Q, to optimally balance computational effort with the
resulting L? error (see [27] for details).

3.2. Computation of statistical quantities

Access to an accurate and easy to evaluate surrogate for the re-
sponse surface enables the efficient computation of statistics of the
Qol, e.g., using the Monte Carlo method. This could include statistical
moments such as the expected value or the variance, as well as risk
measures like failure probabilities or quantiles. In this section, the
computation of such statistics via a polynomial surrogate shall be
explained. Let V' = span{w’ : A € A} C L3(£2) be a polynomial
subspace spanned by monomials given by an index set A C Ng . Further,
let {P;},c4 be an L?(£2) orthonormal basis of ¥, which means that for
the expected value of the product of two basis elements, we have

E[PAPE] = /Q Pi(@)P:(w) p(dw) =6, VYA, € A, (23)
where
1, ifa=¢
b = {O, else 29
denotes the Kronecker delta. Then, for a polynomial
Vs0=Y qP, (25)
2€A

some quantities can be obtained analytically by post-processing its
coefficients. For instance, by exploiting orthonormality, the mean is
given by the first coefficient,

E[O] = qq. (26)

and the variance by the sum of the squares of the remaining coeffi-
cients,

Viol= ) 4 @7
A€A\(0}

Additional statistical metrics, such as the cumulative distribution func-

tion (CDF) and the p-quantile, must be estimated empirically. This

can be achieved using the Monte Carlo method, which will be further

elaborated upon in the numerical experiments in Section 4.

3.3. Error bounds for statistical quantities

Once statistical quantities are computed a-posteriori, it is essential
to assess their accuracy. Hereafter, we present error bounds on a few
of such quantities by leveraging the ability to control |Q — Q| < ¢
through the multilevel method, Eq. (21).

Define Q := Q, for some ¢ > 0. We start by using Jensen’s inequality
to bound the error of the expected values by

E[0]-EIQN’ <E[I0-01'] = llo - OI 28)

To bound the error of the standard deviations, we use the reverse
triangle inequality to obtain

[ViQ1'/2 = V[01'? < 10 - Q. 29)

A detailed derivation of this and the following bounds can be found in
Appendix B. Denote by Fy :=P(X < -) the CDF of a random variable X.
A uniform bound for the error between the CDF of Q and its polynomial
approximation Q is given by

Wi

I1Fo = Fpllw <3 (I follllO=0ll)*, (30)
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where f, is the PDF of Q and |[|f|l, := sup,er |f(x)| denotes the
supremum norm. Finally, for the p-quantile with probability p € (0, 1)
of a random variable X, that is gy :=inf{g € R : Fx(q) > p}, we have

lag — 451 <3/0@™" (IfollullQ = 0ll)3 . 31

where g € conv(gy, ap) depends on the probability p. Thus, the derived
error bounds, InEgs. (28)-(31), enable us to rigorously quantify the
error in the statistics of the QoI when a polynomial surrogate Q satisfies
|Q — Q.| < ¢ for a given error tolerance ¢ > 0.

3.4. Global error bounds for statistical quantities

A Qol often represents a specific point in time or space of a model’s
solution, or it may be derived using a specific set of parameter con-
figurations. Ideally, the investigation of a QoI would not be limited to
a single configuration or specific point but would extend to multiple
constellations to detect potential anomalies or to assess uncertainties
across different points in time or space. To illustrate, consider a mold-
ing process where we are interested in the fiber orientation of an FRP.
Rather than approximating the Qol, such as the fiber orientation, at
one specific material point, we aim to develop an approximation that
spans the entire geometry of the part, denoted as X c R”. One possible
approach to tackle this would be to construct a polynomial surrogate
for each point in the geometry. By inter- and extrapolating these poly-
nomials (or their statistics), an approximation could be obtained across
the entire parts geometry. However, the number of grid points required
for an accurate approximation would be high, fitting a polynomial to
each grid point is computationally intensive, and the established error
bounds would only apply to those specific grid points.

In this subsection, we remove this locality restriction by including
the parameters x € X to the group of uncertain parameters. Similar to
the previously considered uncertainties w € £, they usually enter the
model evaluation at a certain stage and affect subsequent computations.
Combining the parameters x € X and the uncertainties w € Q2 allows
for flexibility in the model without committing to any particular config-
uration of x, that needs to be fixed a-priori. This is visualized in Fig. 1,
which compares the setting with a fixed parameter configuration x € X
to the global approach, where the response surface Q incorporates the
parameter x.

The motivation of this approach is that local surrogate models could
be obtained by partially evaluating a global surrogate. To be more
precise, consider, similar to Eq. (9), the response surface

0:2%xX >R, (32)

defined on the domain of actual uncertainties 2 c R and further
parameters X C R”. Let u, and u, be probability measures on £ and
X, respectively. Denote by u = u, ® u, the product measure on Q2 x X,
and we retain the assumption of the Lebesgue measure. As before, a
polynomial approximation Q : 2 x X — R of this response surface can
be constructed by using the multilevel estimator, Eq. (21). The question
that arises is whether the partial evaluation at a specific point x € &,
that is

O0C¢,x): Q >R, (33)

represents an accurate approximation of a response surface that was
constructed solely using collocation points {w;} C £ with the parameter
x € X held fixed. This approach offers the advantage of requiring only a
single, higher-dimensional polynomial, which involves more variables
(increasing from d to d + p parameters) while providing grid-free access
to local surrogates. In the following, we explore if and how the error
observations from the beginning of Section 3.3 carry over. Let O be a
polynomial approximation of Q, Eq. (32). For any x € X, Lemma 3
from Appendix D states that

I0C, %) - OC. 2, <€ (Cz"" IIQ—Q|I2Lz>, 34

Hw
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Fixed x € X
|
Uncertainties Model Qol
w€EQ u(-, ) O(w)

(a) Fixed parameter x € X
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Uncertainties

®EQ \ Model Qol
u(-, @) O(w, x)
Parameter / ‘ ’
xeX

(b) Arbitrary parameter x € X

Fig. 1. Illustration of model input and output relationships: (a) fixed parameter case x € &X; (b) parameter augmented case, where both uncertainties w € £ and parameters x € X

are treated as random inputs.

where C; depends on x € X and C, on the Legendre coefficients of
O — 0. Here, as in Eq. (14), || - ”Lf«m’ I - ”Lix’ and || - ||le‘ denote the
L? norms on 2, X, and 2 X X, respectively, with respect to measures
Hys Hy, and u. This inequality shows that the L? error control between
the partial evaluation and its polynomial approximation carries over
only to some extent. If

0 -0l <e (35)
for some prescribed tolerance ¢ > 0, we can only ensure an error within
C,(C, +¢). This outcome is expected, as L?> convergence does not imply
pointwise convergence in general. In the simpler case where Q — 0 is
a polynomial, full error control for the partial evaluations is achieved
(see Remark 1 in Appendix D).

Instead, we bound the quadratic error across the set X for the statis-
tics directly. For instance, if we define the expected value functions
m(x) := E[Q(-, x)] and ii(x) := E[Q(-, x)], it holds that

llm =il 2 <110 = Oll 2. (36)

The derivation of this and the subsequent inequalities is provided
in detail in Appendix C. Similar, for the error in standard deviation
functions s(x) := V[O(, x)]'/? and §(x) := V[O(-, x)]'/2, one obtains

lls=5llz <lO=0llz. (37

For the CDF, defining F,(x) := P(Q(-,x) < z) and F,(x) := P(O(-, x) < z)
for z € R, we have
2

-, < -0 5
swp I, = Folf7, <27 (Il = Oz ) 38)

Lastly, for the p-quantiles g(x) := qq. ) and 4(x) := 4. WE have

Wit

la=dllz <3¢ (Ifolulio =0z )" 39)

4. Numerical experiments

In this section, we illustrate the theoretical bounds from Section 3.3
and validate the convergence rates using an example from molding
simulation and fiber orientation modeling with uncertain material pa-
rameters. The experiment is twofold, with a focus on a single material
point in the first part, Section 4.1, and an extension of the analysis to
the entire component geometry in Section 4.3. All parameters relevant
to the numerical experiment are listed in Tables 2 and 3 in Appendix F.
The fiber orientation models, closure approximations, and equivalent
aspect ratios used in this study were computed using fiberor-
ipy [39], while code for the multilevel polynomial approximation
used in this work is available under https://github.com/UQatKIT/
multichaos.

We introduce uncertainties that influence the orientation of fibers,
thereby affecting the mechanical properties of a fiber-reinforced poly-
mer. More specifically, the impact of uncertainty in material temper-
ature and fiber length on fiber orientation distribution is investigated
by quantifying the fractional anisotropy. Serving as our Qol, fractional

Velocity [m/s]

0.015
0.010
0.005

0.000

X [mml]

Fig. 2. Hagen-Poiseuille flow u(x,y), Eq. (1), with viscosity n = n(T) for T = 565 K.
The red dot marks the arbitrarily selected point in the channel (x,, y,) := (2.0, 0.1) mm,
where fiber orientation is investigated. The arrows show the velocity gradient.

anisotropy is a critical metric for assessing alignment within an ori-
entation tensor (see Eq. (4)). It is defined by F : S, — [0,1] with

F<A)_\ﬁn1—1/3uz
V2o

where A = (4;,4,,43) are the eigenvalues of the matrix A € S, and
Il - |l, denotes the Euclidean norm. The difference in the numerator of
Eq. (40) is to be understood componentwise.

The first material property to be modeled as uncertain is temper-
ature T € £, C R, which directly influences the viscosity n = n(T),
described by the Cross-WLF model, as defined in Egs. (2), (3). The
parameters used for this correspond to a 30 wt% glass fiber filled
material [40] (see Table 2). The viscosity #, in turn, significantly affects
fluid dynamics, which is modeled through the Hagen-Poiseuille flow
described in Section 2.1. For numerical computations, we truncate the
sum in Eq. (1) after the first ten summands. Fig. 2 depicts the Hagen—
Poiseuille flow in a rectangular channel with width w = 5 mm and
height ~ = 2 mm for a specific viscosity n = »(T) at T = 565 K.
Interpreting Eq. (1) as the flow in z-direction, the velocity gradient L
in (x,y) € [0,w] X [0, h], can be expressed as

(40)

0 0 0
L(x,y) = 0 0 0], (41)
o u(x,y)  dyu(x,y) 0

which is used to compute the rate-of-deformation D and the vorticity
tensor W.

The second uncertainty, fiber length L, € Q, c R, on the other
hand, alters the particle shape factor

-1

£= 4 (42)
F
!

through r, = g(L,/Dy;), the aspect ratio between fiber length and
diameter. Hereby, g denotes the equivalent aspect ratio transformation
for ellipsoids based on Zhang et al. [41].

4.1. Fixed material point

In this first part, we select an arbitrary but fixed point (x,,y)) :=
(2.0, 0.1) within the channel [0, w]x[0, A] (see Fig. 2) and investigate the


https://github.com/UQatKIT/multichaos
https://github.com/UQatKIT/multichaos
https://github.com/UQatKIT/multichaos
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fractional anisotropy in this point only. For this purpose, we interpret
the Hagen-Poiseuille flow and the velocity gradient derived from it as
a function of the temperature T € Q; in (xg, y,)-

As mentioned in Section 2.3, the evolution of the fiber orientation
is modeled using an FOM, a matrix-valued differential equation

A=MA;w0), (43)

with specifying right-hand side M S, X 2 - S,. Hereby, S,
represents the space of admissible orientation tensors, as defined in
Eq. (4), while 2 C R“ denotes the space of modeled uncertainties.
In this experiment, both temperature and fiber length have an impact
on the fiber orientation distribution, forming the random realization of
parameters

o=(T.L;) € QrxQ, =: Q. 44)

We utilize both, the FTE, Egs. (6), and iARD model, Eq. (7), (8), as FOM
in this numerical experiment. The quadratic closure [42] is employed
for approximating the fourth-order orientation tensor. The response
surface to be approximated can be expressed as Q : Q — [0, 1] with

O(®) = F (Altena; @]) , (45)

where t+ — A[t;w] represents the solution to Eq. (43), starting from
an isotropic initial fiber orientation A(0) = I/3, parameterized by
the uncertainties w = (T, L;). Here, I € R¥® denotes the identity
matrix and 7,4 > 0 the end time, or time horizon, at which the
fractional anisotropy is evaluated. For instance, in an injection molding
simulation, this could correspond to the moment when the part is fully
filled. Both response surfaces, one obtained using the FTE and the other
using the iARD model, are shown in Fig. 3. For this, the analytical
solutions to the corresponding FOMs from Appendix A were utilized.
The curves show a smooth dependence of the fractional anisotropy F on
temperature and fiber length. This behavior is anticipated, since the ge-
ometry, flow, and their corresponding functional dependencies on these
factors exhibit continuous and differentiable behavior. Specifically, at
lower temperatures 7', higher viscosity »(T') aligns fibers more strongly
in (x, ), leading to increased anisotropy. Conversely, shorter fibers
are more prone to rotation, resulting in decreased anisotropy in their
orientation. Both curves appear similar, with the iARD model’s response
surface shifted upwards in parallel, indicating a higher anisotropy in
general. In qualitative terms, the uncertainties considered here appear
to have the same influence on the Qol. For the remainder of this
study, curves generated using the FTE are depicted in blue, while those
produced with the iARD model are shown in orange.

4.1.1. Numerical solver

Although analytical solutions for the considered FOMs are available,
numerical approximations are employed to demonstrate the accuracy
of the multilevel method. For each w = (T, L 1) € 2, we solve Eq. (43)
with initial isotropic A(0) = I/3 using the forward Euler method as
follows. Given a time horizon f,,4 > 0 and a number of time steps
n € N, define the step-size Ar = t.,4/n. Starting with an initial value
A, :=A(0), we compute

A=A +4r- M(Aj; ) (46)

at time steps t; = idt for i € {0,...,n}, where v € 2 denotes some
realization of random uncertainties. The corresponding approximate
response surfaces are then given by

0,() := F(A), 47)

which represent the functions from Section 3.1.3. Of course, higher-
order time-stepping schemes can also be utilized. To maximize flexi-
bility in polynomial construction, we choose tensor product index sets,
Eq. (12). For the underlying case with d = 2 parameters, full tensor-
product index sets are computationally feasible and used solely for
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Fig. 3. Response surface Q = F (A[fe,q:-]) showing the fractional anisotropy over the
parameter domains 2, = [550,580] K (temperature) and QL/ =[0.38 + 50%] mm (fiber
length). Computations use the FTE and iARD model as FOM, respectively, with isotropic
initial orientation tensor A(0) =1/3.

illustrative purposes. While such index sets become increasingly inef-
ficient in higher-dimensional settings, the proposed method is not tied
to full tensor-product constructions. The adaptive multilevel surrogate
used in Section 4.3 constructs problem-specific index sets. This adaptive
approach requires no predefined index set type and automatically
induces sparsity where appropriate.

4.1.2. Reference values for exact statistics

To compute the errors needed for verification of the bounds from
Section 3.3, we utilize the analytical solutions from Appendix A. The
eigenvalues required for evaluating the fractional anisotropy, Eq. (40),
are computed numerically. Our experiments demonstrate that the error
introduced by these computations is negligible compared to the error
inherent in solving the FOM itself. As the Qol statistics are not analyt-
ically available, they must be estimated. For this purpose, we utilize a
quasi-Monte Carlo estimation on the Sobol sequence

wg = {a)‘-}ij\;l cQ 48

with N = 10° samples [43]. This sample set is employed to estimate the
exact expected value, standard deviation, CDF, and p-quantile, as well
as the surrogate’s CDF and p-quantile. The surrogate’s expectation and
standard deviation are computed exactly using the post-processing for-
mulas from Section 3.2. Note that the derived bounds apply to the exact
surrogate statistics, while we compute Monte Carlo approximations to
some of these, such as for the CDF and the p-quantile. However, our
experiments indicate that the approximation based on the Sobol sample
wg with N = 10° is sufficiently accurate to observe the predicted
bounds.

4.2. Results and discussion for fixed material point

To numerically observe the predicted order of the bounds, we first
select fifteen tolerance values, ¢, logarithmically distributed between
10-2 and 10°. For each tolerance value ¢, we construct a polynomial
surrogate Qe using the multilevel least squares estimation, Eq. (21).
In particular, this means that importance sampling with the optimal
distribution [28] mentioned in Section 3.1.2 is employed on each
level. On an Intel Core i5-1335U, the time for constructing the most
accurate surrogate with ¢ = 1073 was 42 s for the FTE and 61 s for
the iARD model. The asymptotic costs of computing O, are presented
and illustrated in Appendix E, Figs. 8 and 9. As soon as a surrogate
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Fig. 4. Input tolerance ¢ vs. the resulting error ||Q — Q.|| of the polynomial approximation of fractional anisotropy Q = F(A). Also shown are the errors for the expected value
E[Q], standard deviation V[Q]'/2, CDF F,, and the p-quantile g,. The left plot presents results based on the FTE, while the right plot corresponds to the iARD model.

is available, the estimation of the statistics is achieved with minimal
computational effort, consisting of polynomial evaluation on a Monte
Carlo sample, which is negligible compared to the costs of constructing
the surrogate itself. For each surrogate, the error in the expectation

IE[Q] - E[Q.] (49)

is computed using the reference value from the previous Section 4.1.2
and the post-processing formula from Section 3.2. This is also done for
the error in standard deviation V[Q]'/? and p-quantiles g,. The uniform
error for the CDFs,

1Fg = Fg Il (50)

is approximated by the maximum difference evaluated at the points of
the Sobol sample wg, Eq. (48). For the FTE, the result is depicted in the
left plot of Fig. 4, which shows that

I0-0.ll <e, (51)

represented by the blue curve, for all trained polynomial surrogates.
It also verifies the theoretical bounds from Section 3.3. The right plot
of the same Fig. 4 shows the same curves for the iARD model. All
error curves for the statistics, represented by the curves with non-solid
markers, are essentially parallel to the solid e-curve. The predicted
order of 2/3, representing the slope of the error curve, in Ineq. (30) for
the CDF (and thus, quantile) error is not evident here, likely because the
underlying problem is well-posed in the sense of smooth dependence
of the uncertainties on the Qol. Note that this does not contradict the
theory, as Ineq. (30) is only an upper bound. The upward shift of the
CDF curve, compared to the other statistics, can also be explained by
this bound. The constant includes the maximum value | fy ||, of the
associated density, which is approximately 500 in this case and can be
read off in Fig. 5. The factor f,(¢)~! in Eq. (31) for the quantile bound
then scales the quantile error curve down again.

Table 1 presents the reference values for the statistical quantities
for the QoI computed using the FTE and the iARD model. The iARD
model uses the same fiber interaction coefficient C; = 0.01 as FTE
and anisotropy coefficient C,, = 0.2. Note that these values have been
chosen arbitrarily. The table compares the expected value E[Q], stan-
dard deviation V[Q]'/2, CDF at an arbitrarily chosen point F(0.953),
and the p-quantile g, with p = 0.99 for both models, highlighting the
relative errors in each case. The relative errors were calculated using
the polynomial surrogate O, with ¢ = 1073, In general, the results
show low relative errors in the approximations, which underscores
the accuracy of the surrogate. The fractional anisotropy indicates a
high alignment of 0.9512 for the FTE model and 0.9538 for the iARD
model in the expectation. Under uncertainty in the material properties

— FTE

3001 iARD

250

200 A

DF

8- 150
100

501

0.946 0.948 0950 0.952 0.954 0.956
o

Fig. 5. Shown are the PDFs and histograms of the Qol, fractional anisotropy, for the
FTE and the iARD model. They were computed using a KDE of evaluations of their
polynomial surrogates Q. with e = 10~> on the Sobol sample wg, Eq. (48).

of temperature and fiber length, the standard deviation for the iARD
model is 1.9665-1073, which is slightly higher than the FTE standard de-
viation of 1.6794-1073. This indicates greater variability in the fractional
anisotropy predicted by the iARD model. This can also be observed
in Fig. 5, which depicts the probability density function (PDF) and
histogram for both models, computed using a kernel density estimation
(KDE) [44] of the evaluation of their surrogates on the Sobol sample
wg, Eq. (48). The iARD model’s density function exhibits a broader
support, indicating a higher variance. Similar to what can be observed
in Fig. 3, the iARD model predicts a higher fractional anisotropy.

4.3. Entire flow channel

In this second part of the experiment, we extend the approach to
the entire flow channel as described in Section 3.4. Using the notation
defined there, let Q= x£; still denote the space of random
temperature and fiber length, while X = [0,w] X [0, 2] denotes the
channel domain. To demonstrate the effectiveness of this augmented
approach, we consider a grid of 200 x 200 equidistant points in the
channel X = [0, w] X [0, A]. All computations utilize the FTE. The only
parameter altered from the previous part is the reduction of the time
horizon 7,4 from 300 to 200 s, which was implemented to enhance
the visualization of variance differences across various points in the
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Table 1
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Comparison of expected value E[Q], standard deviation V[Q]'/?, CDF F, at the arbitrarily chosen point 0.953, and the p-quantile g, with
p=0.99 for the fractional anisotropy Q = F(A) using the FTE and iARD model, including their reference values and relative errors. The relative

errors were computed using the polynomial surrogate O, with e = 1073,

ViQ]'/?

E[Q] Fy(0.953) a0
Ref. value Rel. error Ref. value Rel. error Ref. value Rel. error Ref. value Rel. error
FTE 0.9512 3.237-1077 1.6794 - 1073 1.053-10~* 0.8723 5.732- 107 0.9538 6.405 - 1077
iARD 0.9538 5.177 - 1077 1.9665 - 1073 1.429-10~* 0.2821 3.190-10~* 0.9570 6.182- 1077
Velocity [m/s
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(a) Hagen-Poiseuille flow
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(c) Standard deviation V[Q,, ,1'/?
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(d) Probability P(0.85 < O, ,, < 0.9)

Fig. 6. Hagen-Poiseuille flow 6(a) and surrogate statistics of the fractional anisotropy QA(M) = F(A), according to Eq. (40), under uncertain temperature and fiber length, across
the channel 6(b)-6(d). All computations were performed using the FTE, Eq. (6), as the fiber orientation model.

channel. As the time horizon is shorter, the steady state of an FOM has
not been reached yet to the same extent, and uncertainties are reflected
more by the larger variability of the Qol. It is important to note that, in
general, the polynomial approximation of functions remains feasible as
long as the number of random parameters, is moderate, avoiding the
curse of dimensionality [45]. In this experiment, we have d + p = 4
variables, which can be considered small. For the construction of O,
the adaptive version of the multilevel least squares method with 200
number of steps has been utilized. This results in |0 — 0| ~ 3.503-1073,
numerically verified through a quasi-Monte Carlo method with Sobol
sequence of size N = 10*. For each grid point (x,y) € X, the partial
evaluation

Oy =0, (x, ) (52)

was computed, and the corresponding expectations are shown in
Fig. 6(b). The expectations and variances are computed exactly by
post-processing the Legendre coefficients, as described in Section 3.2.

4.4. Results and discussion for the entire flow channel

It can be observed that the expected fractional anisotropy spans
almost the entire range from 0 to 1 across the channel. This is primarily
influenced by the Hagen-Poiseuille flow and its associated velocity
gradient, Eq. (41). For example, the horizontal middle strip of the
channel exhibits low anisotropy due to the small values in the velocity
gradient, which do not significantly reorient the fibers (see Fig. 6(a)).
This effect is also noticeable in the corners of the channel. Fig. 6(c)
depicts the standard deviation within the channel. The Qol, fractional
anisotropy, is not significantly impacted by uncertain temperature or
fiber length in areas with sufficiently high velocity gradients, resulting
in low standard deviation. Conversely, in regions where the gradient is
almost zero, fiber reorientation is minimal, so uncertainties in these
parameters also have little effect on the anisotropy, as observed in

the slim horizontal middle strip of the channel. Of particular interest
is the ring surrounding this middle strip, which exhibits the highest
standard deviation. In this area, the material properties, temperature
and fiber length, have the most pronounced influence on the Qols
variability. This region likely represents a zone where the underlying
velocity gradient is neither too low nor too high, allowing the effects
of uncertainties in material properties to become more apparent. Fi-
nally, Fig. 6(d) depicts the CDF evaluation at arbitrarily chosen points.
Specifically, we examine the probability that the fractional anisotropy
lies between 0.85 and 0.9, which can be computed by

P85 < Q. <09) = Fy (0.9~ Fp (53)

(x.y

- (0.85),

where Fj, - is the CDF of the surrogates partial evaluation. Gradual
oscillations can be observed, which likely result from the polynomial
approximation of the response surface. Similar to the standard devi-
ation, a ring or contour line is present, within which the considered
values of the Qol can be found, supported by probabilistic information.

5. Conclusion

This study focuses on modeling fiber orientation in composite mold-
ing processes using novel error bounds for statistics of a quantity of
interest (QoI) computed via multilevel polynomial surrogates. These
bounds are based on the L? error of the polynomial approximation.
We utilize polynomials with controllable error through multilevel tech-
niques, while also being significantly more efficient than traditional
Monte Carlo estimators. Numerical experiments employing the Cross-
WLF viscosity model, Hagen—Poiseuille flow, the Folgar-Tucker equa-
tion (FTE), and the improved anisotropic rotary diffusion (IARD) model
verify the proposed theory. Our findings show that uncertainties in
material properties, such as temperature and fiber length, have a
significant impact on the fractional anisotropy of fiber orientation.
We observe that both the FTE and the iARD model produce similar
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results at first glance for deterministic simulations. However, with
polynomial surrogates, it is possible to reveal subtle yet statistically
significant differences between these fiber orientation models, which
highlights another aspect of their usefulness. In safety—critical appli-
cations, even small deviations can impact reliability and performance
of fiber-reinforced polymers (FRPs), such that accurately quantifying
these statistical risk factors is necessary for informed decision-making.
It is important to note that our method enables meaningful model
comparisons because it provides error bounds for our estimates. For
instance, when comparing the p-quantile of fractional anisotropy be-
tween two fiber orientation models, the comparison is only reliable if
the errors of the estimates are of the same order of magnitude. Our
derived error bounds guarantee this consistency.

In addition to investigating the fiber orientation distribution in a
single material point, we extended the approach to learn the spatial
distribution of the fractional anisotropy across the entire rectangu-
lar channel domain. This enables the investigation of how uncertain
material and process parameters influence fiber orientation through-
out the entire part’s domain. By doing so, it becomes possible to
precisely identify regions within a FRP part that exhibit high uncer-
tainty in fiber orientation, such as areas with high variance. Such
variations in fiber orientation can lead to safety—critical issues due
to inconsistencies in the mechanical properties of the produced part.
Another potential application is the computation of failure probabili-
ties, such as the likelihood of an FRP part failing due to insufficient
fiber alignment. Our extension enables the evaluation of these failure
probabilities across the entire parts domain. Again, the reliability of the
estimated failure probabilities is given by the provided error bounds,
which in turn enables a comparison (of the failure probabilities) of
different fiber orientation models across the FRP part. To support the
geometry-augmented approach, theoretical bounds for the L? error
control of statistics over the entire domain through partial evaluations
are presented. These considerations indicate that while the derivation
of global, geometry-wide mapping of the Qol to pointwise evaluations
is limited from a theoretical point of view, it is still effective for
qualitative investigations of fiber orientation. Since a steady state in
fiber orientation is not reached throughout the entire geometry in more
complex parts, a focused investigation of the time evolution presents an
interesting direction for future research. One limitation of the presented
approach is its reliance on finite-dimensional uncertainties, instead of,
for example, time-varying random fields. In practice, parameters such
as fiber length can vary locally and over time due to degradation,
such as fiber breakage during the molding process. These types of
uncertainties could alternatively be modeled using a priori Brownian
scatter, allowing for the application of tools from stochastic calculus
and diffusion processes. Additionally, the numerical experiments are
conducted on relatively simple geometries with smooth response sur-
faces, where polynomial surrogates perform well. Their performance
may drop in more complicated settings with non-smooth responses.
To better approximate such rougher response surfaces in higher di-
mensions, these polynomial methods can be enhanced using sparsity
techniques [25], physics-informed polynomial chaos expansions [46],
or by assimilating available process molding data, such as temperature
or cure state, directly into the surrogate model.

Despite these limitations, the derived error bounds are not inher-
ently tied to polynomial surrogates and could extend to alternative
methods, such as neural networks. The investigation of alternative
surrogate modeling techniques into a similar framework is the subject
of ongoing and future work. Nonetheless, the multilevel polynomial
least squares approach retains a distinct advantage through its a-priori
L? error bounds, providing a strong theoretical foundation. Overall,
this research contributes to the understanding and application of poly-
nomial surrogates and provides a robust framework for uncertainty
quantification, error control, and model comparison in the context of
fiber orientation.
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Appendix A. Analytical solution to fiber orientation models

We utilize the analytical solution derived by Winters et al. [36] and
present the exact formulas needed to perform the numerical experi-
ments in this work. Let e = e; + e;5 + ey, where ¢, € R° denotes the
unit vector with a 1 in the ith position and O elsewhere. Further, let
vec : R¥3 - R’ be the mapping for the column-wise vectorization
of a matrix into a vector, and mat : R — R¥3 the reverse operation.
The following analytical solutions are valid for a hybrid closure [47],
defined as

A =1 - )AL + FAC,

(9]
and A,.j "

(54)

where f € [0,1],
sure [42], and

= A;;A;, represents the quadratic clo-

L = ——_—
ijkl — 35

+ A8y +A 8y +AS;)

1
(5ij5kl+5ik5jl+5il5jk) + 7 (Aij5k1+Aik5jl+Ai/5jk
(55)

denotes the linear closure [48]. Note that f must not depend on A,
which excludes the classical hybrid closure with f = 1 — 27det(A).
Define the variable L, := W +¢D, the linear mapping £ : R¥3 — R?
with

1 2 1 T 2 1 T
X) = =tr(X) I+ = (IQX+XQI)+ = X) —— X ——tr(X
L(X) 7tr( ) +7(® + ®)+7evec( ) 35vec( )e 35tr( )ee',

(56)

as well as the trace normalizing function tr*(X) = X/tr(X) for a matrix
X € R™". Using the notation introduced above, the solution to the
Folgar-Tucker equation, Eq. (6), with initial orientation tensor A, €
R>3 is given by

A@) = tr* (mat (M vec (Ay))) (57)
with
M=1®L;+Lg ®1+2C;7 (e’ —31) 241 — /)ED). 8

Similarly, defining E := éD — 57 C as suggested by Favaloro and Tucker
[49], the solution to the anisotropic rotary diffusion model, Eq. (7),
with initial orientation tensor A, € R**? is given by

A() = tr* (mat (eMvec (Ag))) (59)
with
M=1Q L +L; ® I+2j (vec(C)e —tr(O)1)

=571 ® C+C @ I)—2(1 - f)L(E). (60)
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Appendix B. Error bounds for statistical quantities

In the following sections, we provide a detailed explanation of the
derivation of error bounds for several statistics that are approximated
using a surrogate Q. The aim in each case is to ensure that the upper
bound includes the L? approximation error ||Q — Q|| of the surrogate.

B.1. Standard deviation

Using the reverse triangle inequality it follows for the difference in
the standard deviations

Vio1'2 = vio[” = |lio - Eroil - 10 ~ Ei0|*
<@ -0 - [ElQ]-E0D|?
= o - OIF + IE[Q] - E[O])I”
-2(Q - 0. E[Q] - E[Q])
= llo - OI - [EIQ] - EIQI[”
<lle-0l>,

where (f,g) = [, f(®)g(®)u(dw) denotes the Li inner product for

elements f,g € Li(Q).

(61)

B.2. Cumulative distribution function

In addition to the L? norm considered so far, we define, for p €
(0, ), the L? norm as

1
1l = ( /Q If(w)l”ﬂ(dw)> ’

(62)
and abbreviate || - ||, := || - ”Lfl(-q)'
Lemma 1. Let X and Y be random variables on the same probability

space. Then, if X has a bounded density f, it holds for every 0 < p < o
that

Vi
L\ p+1
SUpE[I1(y<x) = Liyenl] <3 <||fX||w1E[|X—Y|"]P> . (63)

xeR

Proof. See Lemma 3.4 in [50]. [

Denote by Fy := P(X < -) the cumulative distribution function
(CDF) of a random variable X. The L? convergence of the polyno-
mial surrogate O toward Q implies convergence in distribution, which
means that Fp(x) = Fy(x) for all x € R at which Fj is continuous.
By applying the preceding lemma, a more quantitative result can be
obtained. For the error between the CDFs of Q and O, it holds that

<E “IL(QSX) ~Lio<n ] 64

for all x € R. Taking the supremum on both sides and applying Lemma
1 with X = Q and Y = Q, as well as p = 2, yields

Fo(x) = FQ(X)‘ = ‘]E[]lwsn] ~ElLjpeq]

2
3 .

1Fo - Fpllw <3 (IIfollell - Oll) (65)
B.3. Quantile

For a probability p € (0, 1), denote by
qx '=inf{g €R : Fx(q) = p} (66)

the p-quantile of a random variable X.

Lemma 2. Let X and Y be random variables with CDFs Fy, Fy and p-
quantiles gy, qy, for p € (0, 1), respectively. Then, if X has a density with
fx > 0 on conv(qy, gy), it holds that
lax —ay| < fx@'IIFx — Fylle (67)

for some intermediary q € conv(qy, gy)-

11
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Proof. According to the mean value theorem, there exists some g €

conv(qy,gy) such that

| Fx(qx) — Fx(qy)l
lax — ay|

Rearranging, substituting Fy(qy) = Fy(qy) = p by definition of the

p-quantile, and taking the supremum yields the claim. []

= fx(@). (68)

Again, by L? convergence (and thus convergence in distribution),
one has 4p = do if Fy, is continuous in g,. By Lemma 2 and Ineq. (65),
we can bound the error between the p-quantiles of Q and Q by

lag — 4p| < fo@ ™ 1 Fp — Fylle

<370@7" (IfollellO = Oll)?

for some ¢ € conv(qy, 45)-

(69

Wit

Appendix C. Extension of error bounds for statistical quantities

C.1. Expected value

Let m(x) := E[Q(-, x)] and m(x) := E[Q(, x)]. As with Ineq. (28), we
use Jensen’s inequality to bound

llm =2, = / Im(x) = )| o (dx)
Hx X

- / ' / 0(. %) — O, x) iy (dav)
X Q
N 2
< / / |0.x) = 0@. )| 1, (a0
X JQ
=lle - oI,

2
Hy(dx)

(70)

C.2. Standard deviation

Let s(x) := V[Q(-,x)]'/? and 3(x) := V[O(-, x)]'/2. Then we use the
error bound for standard deviations, Ineq. (61), from Appendix B.1 to
obtain

I =812, = [ 1560 = 500P ()
Hx X
A 2
= / [VIOC, 0172 = VIOC, )1 pytd)
% 71
A 2
< / / |0(@. ) = 0@, »)|" u, o) (dx)
xXJQ
_ —ANn2
=lle -0l
C.3. Cumulative distribution function

Let F,(x) := P(Q(-,x) < z) and F,(x) := P(Q(-,x) < z) for z € R. By
Jensen’s inequality, it holds

IF ~FII2, = / [FC, 0 < 2~ FOC 0 < 2 iy
Hx X

=[v)E[ILIQ(uX)SZ)]_E[I(Q(~,x)sz)]

S/X/Q|]1(Q(w,x>5z) ~ {62z}

_ 2
= Hl(Qsz} - H(QSz)llLﬁ'

2
iy (d)

(72)
2
He (dw)p, (dx)

Applying Theorem 2.4 (i) from [50] and taking the supremum yields

2
o R
supllF = £l <27(Ifpllsllo - 0llz )" 73)

Hx
C.4. Quantile

Let g(x) := qg(.x) and §(x) := ) denote the p-quantile of Q(:, x)
and O(., x), respectively. We assume that there exists ¢ > 0 such that
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So(.x = ¢ on conv (g(x), §(x)) for all x € X. Then, Ineq. (69) states that

2

1900 = 4601 <367 (17l 06 %) = 0.0l 2 ) 74)

for all x € X, where we have also used || fg(.zlle < IIfglle- We can
conclude

lg=al3, = /X l9(x) = 4(0)I p(dx)

2
4 R 5
<920 folld, /X <|IQ(-,x)—Q(uX)I|iz )3 iy (dx) (75)
Har

4 N 3
<9 folle <|IQ - Qlliz> :
:

where in the last step we applied Jensen’s inequality reversely to the
concave function | - |*/3. Thus, in total

S}

la=dllz <3¢ (Ifolollo =02 )" 76)

Appendix D. Pointwise norm bounds for partial evaluation

Lemma 3. Let f €V C L’ ([0,1]1?), and suppose { P;} 4 is a tensorized
orthonormal basis of V, with index set A C Ng. Consider a subset I C
{1,...,d} of indices, let x € (0, 1)1, and denote by f, the partial evaluation
of f in x at indices given by I. Then, there are constants C;,C, > 0, such
that the L* norm of f, satisfies the inequality

LI g oy < i (c2 I, (mm) : @7)

Proof. Evaluating f = ), ¢; P, in x at the coordinates corresponding
to I gives

fo=Y allP.eo [P (78)
ieA el il

which has the reduced index set

Al = {(4)gr 1 A€ A} (79

To compute the coefficients of this representation, one needs to collect

all indices, that match on the complement of I in {l,...,d}. For
instance, the coefficient ¢, for index u € A’ is given by
IR | EZAEN! (80)

€A i€l

where A(u) = {1 € A : (4);¢; = u}. Note that the set of Legendre
polynomials { P, }neNU is orthonormal on the unit interval [0, 1] with re-
spect to the one-dimensional Lebesgue measure and therefore {P,} 4,
where

d
P =[] 2,0 (81)
i=1

forms an L‘Zl orthonormal basis of V. Moreover, Parseval’s identity

2 _ 2
[ gzg (82)
holds. For the squared coefficients of the partial evaluation
2
(2 allne)
A€A(u) iel
= 2 ao[lPor, &)
AVEA(H) iel (83)

23\ M 1
<E)[N— lealle, |,
z iel \/’Ci(1 - Xx;) A,vezA(y)

e

12
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Fig. 7. Visualization of the ratios R(x, y), according to Eq. (88), across the considered
channel, to in order to verify the bound in Ineq. (77).

where we used a sharpened Bernstein-type inequality for Legendre
polynomials [51] in the last step,

1Pl < 2 ——
T y/x(1=x)

Applying Parseval’s identity to the partial evaluation and using Ineq.
(83) yields

2 A2
|Ifo|Lfl([0yl]d_m) =Y a<e ) Y gl

ueAl ueAl ALveA(u)

1

2
) , xe€©,1), VneN,. (84)

(85)

By splitting the inner sum into contributions from equal and unequal
indices, and noting that | J penl Alp) = A, we have

DY dalled= Y X lalP+ Y Y lgllel.

neAl ALveA(u) ueAl A€A(u) ueAl AvEA)
A#v

(86)

——— —
———— —
= 2
‘"f"L,a([o.ud) =C,

O
Remark 1. If the index set A is finite, i.e., if f is a polynomial, a more
satisfying result can be achieved. By applying the Cauchy-Schwarz
inequality to the double sum in Ineq. (85), we obtain

1711

. 2
L2 (10,114-111) <G ;Ié":‘)} (A - LA (87)

L (10.114)°

where |A(p)| is finite since A(u) C A. This result is advantageous
because it removes the additive constant C,, transferring full error
control of, for example, f = Q — O, to partial evaluations in the
geometry.

In the remaining section, we aim to verify Ineq. (77) from the
previous Lemma 3 for our specific setting, that is f = 0 — Q. We utilize
the surrogate O from Section 4.4. The channel domain [0, w] X [0, A] is
discretized using a uniform grid of 100 x 40 points. For each grid point
(x,y), we compute the partial evaluation QA(W), and the corresponding
error ||Q(, ) — Q(x'y)ll 2, is approximated using a quasi-Monte Carlo
method with N = 100 samples. Fig. 7 down below, displays

1/2
1O,y — Q(x,y>||iz
R(x,y) =

88)
G (Q +llo - Q||2Lz>
"

across the 100 x 40 grid.

Since all ratios are smaller than 1, we conclude that Ineq. (77)
applies to all of the 4000 partial evaluations in the channel considered
here. Note that C, depends on the Legendre coefficients of the function
at hand. The higher the regularity of the function, the more rapidly
the coefficients decay, ensuring that C, remains relatively small. Here,
C, ~ 0.023, where the Legendre coefficients of Q — Q are approximated
using quasi-Monte Carlo integration with N =2 - 10% samples.
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Fig. 8. Estimated errors of the corresponding statistical quantities for the fractional anisotropy vs. runtime. Each colored dot corresponds to a multilevel polynomial surrogate O,
with a specific tolerance € > 0. The crosses correspond to standard Monte Carlo estimations. All computations were performed using the FTE, Eq. (6).

Appendix E. Complexity analysis

In the following, we outline the asymptotic computational costs of
the multilevel surrogate method and compare them to those of standard
Monte Carlo. Utilizing the forward Euler method and tensor product
polynomial spaces corresponds to the rates § = 1, y = 1, « = 3, and
o =2 in [27]. With these rates, the computational costs for constructing
0, given some error tolerance ¢ behave asymptotically like

e Tlog(e ) loglog(e™). (89)

This can be observed in Fig. 8, where the runtime for computing
statistical quantities of the Qol is compared to the resulting error. All
experiments were conducted using an Intel Core i5-1335U. It can be
observed, that the solid blue curve, corresponding to the multilevel
polynomial surrogate approach, is parallel to the dashed curve with
the predicted computational costs. The surrogate-based approach is
compared to the standard Monte Carlo method. Each cross in the same
figure corresponds to one Monte Carlo estimation using N € N samples

13

and a number of time steps n € N for the forward Euler method.
In particular, ten logarithmically distributed sample sizes N between
10! and 10%, as well as fifteen logarithmically distributed discretization
points n € N between 10! and 10* were used. One can observe the
typical Monte Carlo rate of O(¢~>) and the efficiency increase when
using the multilevel polynomial surrogate method. Fig. 9 shows the
same plot with the iARD model used as FOM.

Appendix F. Parameters for the numerical experiments
See Tables 2 and 3.

Data availability

Data will be made available on request.
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Fig. 9. Estimated errors of the corresponding statistical quantities for the fractional anisotropy vs. runtime. Each colored dot corresponds to a multilevel polynomial surrogate O,
with a specific tolerance € > 0. The crosses correspond to standard Monte Carlo estimations. All computations were performed using the iARD model, Eq. (7).

Table 2 Table 3
Cross-WLF parameter values used for the numerical experiments corresponding to a 30 Further parameters for the numerical experiments.
wt% glass fiber filled material [40]. Parameter Description Value Unit
Parameter Value Unit Qr Temperature domain [550, 580] K
n 0.3267 - .QL/ Fiber length domain [0.38 + 50%] mm
b4 1 1/s (w, h) Channel width and height [5.2] mm
* 123991 Pa (X0, ¥o) Arbitrary selected point [2.0,0.1] -
T 323.15 K P Pressure gradient 10 Pa
D 2.06635 - 101 Pas C; Fiber interaction coefficient 0.01 -
A, 36.07 - Cy Anisotropy coefficient 0.2 -
A, 51.6 K D, Fiber diameter 0.015 mm
tend Time horizon for FOM 300 s
P Quantile probability 0.99 -
f Hybrid closure parameter 1 -

14
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