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Computing the interaction of light pulses with objects moving at relativistic speeds

Maxim Vavilin®,">* Juan Diego Mazo-Vasquez®,! and Ivan Fernandez-Corbaton

2

! Institute of Theoretical Solid State Physics, Karlsruhe Institute of Technology, 76128 Karlsruhe, Germany
2Institute of Nanotechnology, Karlsruhe Institute of Technology, 76021 Karlsruhe, Germany

@ (Received 9 April 2024; accepted 1 November 2024; published 4 February 2025)

The interaction of matter with short light pulses is relevant in optical traps, optical tweezers, and many other
applications. The theoretical description of such polychromatic light-matter interaction is challenging, and more
so when the object is moving with respect to the light source, albeit with constant speed. Light sails are futuristic
examples where such speed should reach the relativistic regime. In here, we provide a methodology for the
theoretical and numerical analysis of the interaction of light pulses with objects moving with constant speed.
The methodology allows one, in particular, to readily compute the transfer of fundamental quantities such as
energy and momentum from the light pulse to the object. As an example, we compute the transfer of energy and
momentum between a given pulse and a silicon sphere moving at relativistic speeds. The methodology, however,
is valid for generic pulses and objects. Particularizing the equations to the case of zero speed allows one to treat
static or quasistatic objects. The method is based on the polychromatic T-matrix (transition matrix) formalism,
which leverages the many publicly available resources for computing T matrices.
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I. INTRODUCTION AND SUMMARY

The manipulation of matter using light has been an active
area of interest in optics and photonics for decades [1]. The
transfer of momentum and angular momentum from light to
matter allows one to exert control over objects, influencing
their motion in optical traps and optical tweezers, which
sometimes use short light pulses [2]. Light pulses are also used
to measure particle sizes and refractive indexes [3], and even
to change intrinsic material properties such as magnetization
[4]. Some futuristic proposals aim at using lasers to propel
light sails deep into space [5—7]. Many of these applications
pose a theoretical challenge because the calculation of the me-
chanical effects of light-matter interaction is very commonly
done in the monochromatic regime, which covers neither light
pulses nor the frequency changes experienced by light when
it interacts with moving objects. Another promising approach,
not covered in this paper, is laser propulsion of microsatellites,
which relies on laser-induced ablation [8,9] and involves tack-
ling intricate technological challenges [10].

In this article we provide a methodology for the theoretical
and numerical analysis of the interaction of light pulses with
moving objects. For this, we use the recently developed poly-
chromatic T-matrix formalism [11]. It extends Waterman’s
monochromatic T-matrix formalism [12] to the polychro-
matic domain, allowing one to describe scenarios where the
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light-matter interaction mixes the frequencies of the incident
spectrum. The T matrix of an object is an operator that maps
incident fields to the corresponding scattered fields and fully
describes the linear interaction between light and the object.
The polychromatic T-matrix method provides a natural way to
treat the interaction of light with objects moving with constant
speed because the method is based on the Poincaré group, the
symmetry group of the Minkowski space-time, which includes
Lorentz boosts. The Lorentz boosts are transformations that
change the frame of reference to one moving with constant
speed. Similarly, Lorentz boosts may be used to describe
moving objects. The formalism also gives access to the scalar
product that can be used to efficiently compute the transfer
of quantities such as energy and momentum between the field
and the object.

In this work we provide detailed recipes for computing the
transfer of energy and momentum between an electromagnetic
pulse and a moving object as a function of the object’s ve-
locity. We offer examples in both comoving and laboratory
frames and compare them. We compute elements of the T
matrix that are not diagonal in frequency, due to the object’s
movement. Our approach offers a T-matrix-based alternative
to methods that rely on direct numerical techniques, such
as Finite-Difference Time-Domain (FDTD) method, com-
bined with far-field transformation rules for electromagnetic
fields [13].

The rest of the article is organized as follows. In Sec. II
the elements of the polychromatic T-matrix formalism that
are essential for this work are shortly explained: the wave
function, the electromagnetic scalar product, and the Lorentz
boost of electromagnetic fields. In Sec. III the formulas
and the procedure for analyzing the interaction between a
generic light pulse and a generic object moving at a constant
speed are introduced. As an example, the interaction of a
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particular light pulse and a relativistically moving silicon
sphere is investigated for a wide variety of speeds, with an
emphasis on the transfer of energy and momentum between
the light pulse and the sphere. The analysis is conducted
in both comoving and laboratory frames. We establish that
the quantities in the laboratory frame should be obtained by
transforming the ones obtained in the object frame, instead
of doing the analysis directly in the moving frame. While we
provide the formulas that theoretically allow one to compute
the T matrix of a moving object, we also demonstrate that, in
practice, the multipolar orders of the light-matter interaction
cannot really be truncated without losing information about
the scatterer. In Sec. IV we compute the transfer of energy
and momentum between the light pulse and the cluster made
of four gold spheres. Section V concludes the article.

The presented theoretical framework can help in advancing
the technology of devices such as light sails, including the
practical optimization of sail designs and material selection to
enhance the efficiency of the propulsion of the devices. Ad-
ditionally, it can be used for predicting spectroscopic signals
of objects in relativistic motion, such as, for example, chiral
molecules in outer space [14], or the optical signals sent by
orbiting satellites down to terrestrial stations. Moreover, the
application of the methodology for objects at rest provides a
rigorous and simple, yet powerful approach to the study and
engineering of light-matter interaction between generic light
pulses and generic objects, with clear applications to pulsed
optical traps and tweezers.

The methodology is computationally friendly. The T ma-
trix is a popular computational strategy [15,16], and there
are multiple algorithms to compute T matrices of physical
scatterers [17,18]. There is also a variety of publicly available
resources for computing T matrices [19]. Together with the
formulas in this paper, such resources allow one to readily
compute interaction of light with relativistically moving scat-
terers.

II. THEORETICAL FRAMEWORK

Here, we shortly summarize the relevant parts of the re-
cently developed polychromatic T-matrix formalism [11], as
well as the notion of the electromagnetic scalar product and
the transformation rules for the electromagnetic field upon
Lorentz boosts.

A. Wave function and scalar product

The total electromagnetic field outside of a sphere enclos-
ing a scatterer may be decomposed into the regular incident
and the irregular scattered fields [20]. The polychromatic in-
cident electromagnetic field E inc(p ¢) and can be represented
using its decomposition into multipolar fields,

o S J
E™(r,1) = /0 kS S SY Fi R 1 1),

A==l j=1 m=—j
()

with speed of light ¢, wave number k = w/c, helicity (cir-
cular polarization) A = %1, total angular momentum j = 1
(dipolar fields), j = 2 (quadrupolar fields) etc., and angular

momentum along the z axis m = —j, —j + 1,...j. We use
the complex-valued electric field E (r, t ), connected to the real
field via E(r, t) = 2NR[E(r, t)]. The complex field E(r, t) can
be obtained as the inverse Fourier transform of the positive
spectrum of the real E(r, 1).

The complex coefficient function of the decomposition
fim(k) is the wave function of the electromagnetic field [21]
in the angular momentum basis, and the basis vector fields are

ch ke—ikcr Jj+l1
Rykr,t)y= | ———— V2L + 1itj (kr)
s Ve VA2 1 L§1 t
x Cl 1, Y5, @), )

with reduced Planck’s constant 7, permittivity of vacuum ¢,

spherical Bessel functions j; (x), Clebsch-Gordan coefficients
J3m3 : : L (s :
S mr. j»my» and vector spherical harmonics Y, (7) as defined in

[22]. The basis vector fields R, (k, r, t) are connected to the
usual electric (N) and magnetic (M) multipolar fields via

Ry (k. r.1) h 1 et N, (ki)
jm T, = = e i r, r
jmk €0 /27 m
+ re *U M, (kr, 7). 3)

The extra factor of k in the integration measure of Eq. (1)
and in the definition of Egs. (2) and (3) are necessary parts
of the formalism that follow from the invariant scalar product
and ensure the unitarity of Lorentz transformations [11].

One of the advantages of using the language of wave
function is the access to the invariant scalar product between
two free solutions of Maxwell equations [23], which with our
conventions reads

[e9) 0 J
(fley =Y /O dikY " D" [ Ogm k), (@)

A=+l j=1 m=—j
which has an equivalent expression in the plane-wave basis,
d’k
o= 3 [ 5 o )
A=l k

The wave function coefficients in both bases are connected via
the Wigner D matrix:

> L 2j+1
=3 3 \LID),0.6.0 fm). ©)

j=1 m=—j

where 6 and ¢ are polar and azimuthal angles, respectively, of
k, namely, & = arccos(k,/k), and ¢ = arctan2(k,, k).

The known action of the symmetry generators on the wave
function [24] gives access to physical quantities contained
in the field, for example, number of photons (f|f), energy
(fIH|f), and momentum in the z direction (f|P,|f) [[25],
Sec. 9, Chap. 3]. Those will be used in Sec. III and are easy to
compute numerically.

Although we are dealing with classical fields, the use of
the Dirac bra-ket notation should not be confusing. The wave
function transforms unitarily under space-time symmetries
as required for photonic fields [26], and the scalar product
(f1f) describes the number of photons contained in the field
[27]. When the norm (f|f) is normalized to 1, the coefficient
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function f represents the wave function of a single photon
[21].

The scattered electromagnetic field can also be connected
to this formalism, via the decomposition into irregular multi-
polar fields:

o0 00 J
E(r. 1) =/ dkk Z Z Z jm.(K)SSH) (k. 7, 1),
0

A==£1 j=1 m=—j
7

where S;;;(k, r,t) is defined similarly to R}, (k,r,t) with

spherical Bessel functions substituted with spherical Hankel
function of the first type halved: j(kr) — %hf)(kr). The
factor % is necessary for using the same scalar product formula
Eq. (4) to compute quantities contained in the scattered field

[11].

B. Lorentz boost of electromagnetic field

Lorentz boosts are transformations that relativistically de-
scribe the change to a reference frame that moves with some
constant velocity. Throughout the article, unless stated oth-
erwise, we will use their active counterpart that describes
the movement of the object rather than the movement of the
reference frame.

A 4-vector of a point in Minkowski space-time is trans-
formed under a Lorentz boost in the z direction via [[24],
Chap. 10]

ct
1
=5 e L@
x3
cosh(6¢) 0 O sinh(§)\ [ct
0 1 0 0 x!
- 0 0 1 0 x| ®)
sinh(§) 0 0 cosh(&)/ \x°

where the boost parameter is called rapidity and is connected
to the velocity v via & = arctanh(v/c). Rapidity provides
a natural parametrization of boosts, making many formulas
more compact, compared with formulation with v. However,
the speed of the boost will be also used in this text.

A general Lorentz boost in an arbitrary direction 72 can be
expressed as a composition of a boost in the z direction and
spacial rotations:

Lq(§) = R(@,6,0)L.(§)R™' (¢, 0, 0). ®

Here the direction of the boost #2 is parametrized by polar
angle 6 = arccos(n;) and azimuthal angle ¢ = atan2(n,, n,),
with the rotations R parametrized via Euler angles in zyz
convention R(«, B, y) = R ()R, (B)R(y).

For a massless 4-wave vector k* with k*k, = 0, or K0 =
|k|— : k, the z-direction boost implies

k| cosh(&)|k| + sinh(&)k,
kx kx 7

k" = k — k, =k*. (10)
k, sinh(§)|k| + cosh(&)k,

The angles and the wave number of the boosted wave vector
can be written in terms of the old ones via

cos(#) cosh(£) 4 sinh(§)  cos(f) + tanh(&)
cosh(£) 4 cos() sinh(&) ~ 1+ cos(6) tanh(£)
(11)

cos(6) =

k = k(cosh(£) + cos(8) sinh(&)) (12)

¢=0¢. (13)

The transformation properties of electric and magnetic
fields under the actions of space-time symmetries are well
known. Specifically, the active Lorentz boost with velocity
v of real-valued electromagnetic fields is defined as [[28],
Sec. 11.10]

2

Er,1) = yEFT) — yv x BF ) — ()/J—/I——ll))czv LEF D),
(14)
Bir.t) =y BED + Ly x 86,7 — — L0
(r,0)=yBF 1)+ Zyvx EF.1) = O i’
. B 1), (15)

with inversely transformed space-time point (§) = L~ (£)($)
and y = (1 — v?/c?)~"/2. The passive version of the Lorentz
boost, i.e., the boost of the reference frame instead of the field,
differs from Eqgs. (14) and (15) by the substitution v — —v
and should not be confused with the active version.

The Lorentz boost L, (£) of the wave function in the plane-
wave basis, i.e., its change when the field is transformed under
Egs. (14) and (15), is [[24], Eq. (10.4-22)]

L&) filk) = fik), (16)

withk' = L;1 (&)k defined by Egs. (11)—(13), but substituting
& — —& to implement the inverse transformation.

In the angular momentum basis, the action of the boost
reads [[11], Eq. (79)]

1 o0
L&) fim (k) =5 V2] +1)_ V2 +1
=1
1
x [ dieos0)d}, @], 050,
-1
an

where the d,fd (ov) are the small Wigner matrices as defined in
[24], Sec. 7.3, and with k" and 6’ given by

k' = k(cosh(§) — cos(@) sinh(§)), (18)

cos(f) — tanh(§)

COS(G ) = 1 — Cos(e)tanh(s) .

19)

Notably, A and m are not changed by a boost in the z direction.
In fact, A would be unchanged upon the action of any boost in
any direction.

The last formula can be illustrated with an exemplary wave
function of a definite angular momentum. A multipolar pulse
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FIG. 1. Active Lorentz boost of a wave function in z direction |f’) = L,(§)|f) with positive rapidity & = 0.05 (a) and negative rapidity
& = —0.05 (b). The initial wave function (dashed) describes a multipolar pulse with eigenvalues j = 2, m = 0, > = 1, and a Gaussian spectral
profile. Wave function of the boosted field f/fm (k) = (kjmA|f’) is shown for multipolar order up to j = 5.

is considered, defined by the wave function fj,, (k) with j =
2,m=0,and A = 1:

_ kg

faortk) = e 2007,

(20)

Here, i = A, = 50fs is a Gaussian time width such that the

values of the function outside of the domain 8.72 um’1 <k <
9.23um~! are insignificant. The center wavelength is i—f =

700 nm. The coefficients f]fm (k) = (kjO1|f’) of the Lorentz-
boosted field are depicted in Fig. 1. The boosted coefficients
have nonzero components for all j € N. Here we plot only the

first five.
Apart from the change of the values of the wave function

under the Lorentz boost, one may also observe the spreading
of the wave function in the wave-number domain. Note that
the boosted wave function | f”) contains both higher and lower
multipolar components than the initial | f).

C. Polychromatic T and S matrix

Consider the incident and scattered parts of the total poly-
chromatic field outside a sphere enclosing the scatterer:

. o
Einc(r,t) 2/0 dkk Z Z Z fij(k)Rj17zA(k, rt),

A==l j=1 m=—j
(21)

0 x J
ESCﬂ(r,t):/O dkk YY" g (S, v 1).

A==£1 j=1 m=—j
(22)

The polychromatic T matrix is defined as an operator that
maps the wave function of the incident field onto the wave

function of the scattered field:

00 S J'
R DI

W=kl ji=1m'=—j

JjmA
T,

(k, k,)f/'/m/)»’ (k/)
(23)

A special case of the polychromatic T matrix is it being
diagonal in frequency:

T (k, k) = 15(1« — KHTI™ (k) (24)

Jmow e R = 0 jrma K-

This realizes a usual situation when each frequency com-
ponent of the incident field contributes only to the same
frequency component of the scattered field. Equation (118)
in Ref. [11] connects the T;}’;%N(k, k') in Eq. (25) with the
monochromatic T matrices for the conventions used in the
recently released TREAMS package.

The S matrix is an alternative setting for formalizing light-
matter interaction. The S matrix maps incoming fields to
outgoing fields. The polychromatic S matrix [[11], Sec. 3] is
defined in our convention as S = 1 + T, so the coefficients of
the incoming field are equal to the coefficients of the incident
field, and the outgoing part of the field is computed as

hjmk(k) = fjm)»(k) + (Tf)jm)»(k)

jmax j,

= fim®+ Y >y /Ooodk/k/%(S(k—k/)

V=%l j=1 m'=—j
jmh
X T]{/;nq/)\/ (k) fj’nz’k’(k)

.jmax j,

= fim®+ Y Yy

=%l ji=1m'=—j'

T (k) fymn (),

jm'x
(25)

where we use Eq. (23) for the case of a frequency-diagonal T
matrix Eq. (24).
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In the S-matrix setting, the incoming and outgoing fields
are the total fields before the interaction starts and after it has
stopped, respectively. It is then straightforward to write down
the change of a given quantity contained in the field, such as
energy or momentum:

(AT) = (fIT1f) =

where ' is the self-adjoint operator corresponding to the
quantity of interest. For quantities that obey global conser-
vation laws, such as energy, angular momentum, and linear
momentum, the difference (AT') is transferred to the object
during the light-matter interaction.

Equation (26) is the basic equation that we will use to
compute the transfer of energy and linear momentum from
a light pulse to a relativistically moving object. For the rest
of the article, we will treat the case of an achiral sphere. We
highlight, however, that the methodology that we present can
be applied to any object whose T matrix is at hand. T matrices
can be obtained for virtually any material object, including
individual particles of arbitrary shape, (chiral) molecules, and
clusters and periodic arrangements thereof.

The conservation of momentum implies that the change in
momentum of the object is equal to the negative change in
momentum of the pulse. Hence, the formalism can be used
to compute both the back action of the material object on the
pulse and the action of the pulse on the object.

(hT|h) = (fIT = S'TSIf),  (26)

III. INTERACTION BETWEEN A LIGHT PULSE AND A
RELATIVISTICALLY MOVING SILICON SPHERE

Here we focus on the interaction between light and a mov-
ing silicon sphere, in particular, we compute the difference
of energy and momentum contained in light before and after
interaction with the sphere. First, the interaction is computed
in the reference frame of the object (the comoving frame), and
later, in the laboratory frame.

A. Comoving frame of reference

Consider an incident field |f) present in the laboratory
frame, defined by the wave function in the plane-wave basis
as

(kgPaZ?  — 02

fiky=Ae 7 e Mie 27

f-(k)=0. (28)

The angles 0, ¢ are the polar and azimuthal angles of the
wave vector k. The time width of the pulse is A; = 10fs, the
central wavelength i” = 700 nm, and the polar angle spread
Ay = 0.1 radians. The constructed pulse is focused along the
z axis (see Fig. 2), propagating in the positive z direction with
values of f4 (k) ~ 0 for 6 > 0.37. The Gaussian profile makes
the wave function negligible outside of the region 8.1 um~! <
k <9.8um™!

We set the normalization constant A = 3.25 x 10'! nm to
fix the energy of the pulse to 5 mJ via

(fIHIf) =) /—|fx(k)| chk=5x107J, (29

A=%1

%1018

vl
Energy density (J/m?)

0.0

-2.5 0.0 2.5
z (pm)

FIG. 2. Energy density of the incident pulse in the xz plane,
propagating along the positive z direction. Depicted at three different
times.

where we have used that H|kA) = hick|k)). Similarly, using
that P,|k)\) = hk,|k)), the momentum P, carried by the pulse
is

WEDS / 4k, )Pk cosé

r=%£1
=1.66 x 107" kgms~!. (30)

We assume that the pulse interacts with a silicon sphere that
moves along the z axis at some constant speed v = ctanh§,
away or towards the pulse. In the comoving frame the object is
stationary, it is described by its frequency-diagonal T matrix,
and perceives the incident field to be Lorentz boosted in the
opposite direction |f") = L,(—£&)|f).

We are after the quantities

(AH)®™ = (f'|H — STHS|f’), and
(P.)Y = (f'|P. — S'P.S| '), 3)

where the °" superscript denotes that they are computed in
the reference frame comoving with the object. In the light
sail application, the energy and momentum transferred to the
object in its own reference frame are crucial quantities to
understand the amount of heating and acceleration caused by
the pulse, respectively.

The numerical computations are conducted for the span
of rapidities —1.1 < & < 1.1 or, equivalently, —0.8 < v/c <
0.8. Positive v corresponds to the sphere moving in the posi-
tive z direction and negative v to the movement in the negative
direction. For each velocity the transformed field has signifi-
cant components in different parts of the frequency spectrum.
If the pulse in the laboratory frame is completely de-
scribed on the wave-number domain &y, < kK < kmax, then the
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FIG. 3. (a) In black: Refractive index n(k) and extinction coefficient « (k) of silicon [29] as functions of wave number on the whole domain
required for the computation. In red: Photon density per wave number of the considered pulse as perceived by the object moving with three
speeds v. The negative sign of v corresponds to the movement toward the pulse. The maximum velocity v = £0.8 ¢ is chosen to ensure that
the limits of the available properties at extreme wavelengths of silicon are not exceeded. (b) Interaction cross section of a silicon sphere with
radius 150 nm as a function of wave number, computed as the Frobenius norm of the monochromatic T matrix for different maximal multipolar
orders jma.x. The brown line corresponding to jy,.x = 6 completely covers the purple line of j,.x = 5, bringing no additional precision, and
motivating the choice of the maximal multipolar order. The shape of the plot depends on both the properties of the material and the geometry

of the scatterer.

optical properties of the object should be, in general, known in
the wave-number region ek, < k < ellkpqy. Figure 3(a)
depicts the optical properties of silicon [29] on the total wave-
number band required for computation in the chosen range of
velocities. The maximal multipole order of the T matrix that
is required for the precise scattering simulation needs to be
determined as well. Figure 3(b) illustrates Frobenius norms of
the monochromatic silicon T matrices,

IT (k)| = v/Trace[T (k)T (k)] (32)
using different maximal multipole orders on the same
wave-number domain, motivating the truncation order to be
jmax =35.

The transfer of energy and momentum in the z direc-
tion between the field and the object are computed in the
same manner as in the stationary case [11,30] but with fields
boosted in the direction opposite to the movement of the
object L,(—£&)|f). Itis important to note that the wave function
|f) is defined analytically in the plane-wave basis and that
it has significant angular momentum components beyond the
Jmax found for the object at rest, Fig. 3(b). Such j > jnax
components in the laboratory frame can produce j < jmax
components in the frame of the object [Eq. (17)]. It is there-
fore required that the Lorentz boost should be applied before
the truncation of the maximal multipolar order in the wave
function of the incident field. In practice, one boosts fields in
the plane-wave basis via Eq. (16), which loses no informa-
tion about the wave function. Only after this transformation
the relevant (up to jyax) angular momentum components
Sfim.(k) = (kjmA|Lg(2)| f) should be extracted and used for
the interaction with the scatterer. Schematically, the recipe can

be formulated as

T matrix

/ /
fjm)\(k) m gjmx(k)v
(33)

Boost , Basis

fi(k) fo.k)

to co-moving frame change

where the last step may be equivalently substituted with the
action of the S matrix truncated at the same maximal multipo-
lar order as the 7 matrix.

The results for the transfer of energy and momentum using
the expressions in (31) are depicted in Fig. 4. For comparison,
in gray the rotationally averaged absorption and scattering
Cross sections,

(34)

abs

aver 471 i
o (kp) = k—zTrace[]l -8 (kp)S(kp)]

4 .
of (kp) = k—zTrace[T’ (k)T (kp)],

sca

(35)

of the silicon sphere at rest are presented, evaluated at wave
numbers corresponding to the peak of the Doppler shifted
spectrum of the pulse. For each velocity the center wavelength
of the pulse ky shifts as

(36)
(37

k, ~ ko[cosh(§) — cos(0) sinh(§)]

— kO eié — kO efarctanhv/c’

where the approximation holds because the incident pulse is
focused along the positive z axis. The pulse interacts with the
sphere in the wave-number domain around the new center
wavelength, which makes the interaction stronger or weaker
depending on the velocity. The shape of the energy transfer
reflects the absorption profile, as expected. The shape of the
momentum transfer AP, can be compared to the profile of the
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FIG. 4. The red lines show the transfer of (a) energy and (b) momentum in the z direction from the electromagnetic pulse | f) to the silicon
sphere that moves at different velocities along the z axis, computed in the reference frame of the sphere. For the comparison, the gray lines
show (a) absorption and (b) total interaction cross section of the silicon sphere, evaluated at wave number corresponding to the peak of the
Doppler-shifted spectrum of the pulse. A positive sign of v/c corresponds to the sphere moving in the positive z direction of the laboratory

frame along with the pulse.

averaged scattering cross section, since the latter, in contrast
to the average absorption, contains the scattering contribution.

The number of equidistant discretization points for the
wave function in the plane-wave basis fi(k) is Ny = 200,
Ny = 200, Ny = 100. Boosts in the plane-wave basis Eq. (16)
consist in changing the assignment of the initial values to the
new domain points (k'(0), 0’, ¢) according to Egs. (11)—(13),
the domain stops being rectangular and equidistant in k and 6.
After extracting the required angular momentum components
of the boosted wave function, one must use the T matrix that
corresponds to the new wave-number domain. This allows
computation of outgoing coefficients via Eq. (25). The final
result is evaluated for rapidities —1.1 < & < 1.1 (correspond-
ing to velocities —0.8 < v/c < 0.8) in equidistant steps for
Ng = 400 points.

B. Laboratory frame of reference

Now the transfer of quantities is computed in the laboratory
frame of reference. We use the transformation properties of
generators responsible for the corresponding quantities: H =
cP? for energy and P, = P for momentum in the z direction:

L.(§)HL; (&) = cosh(&)H + sinh(&)P.c (38)

L.(§)P.L;'(§) = sinh(§)H/c + cosh(E)P.,  (39)

which implies the connection between the scalar product val-
ues in two frames to be

(AH)® = cosh(£)(AH)® — sinh(§)(AP,)Yc  (40)

(AP,)'® = —sinh(£)(AH)* /c 4 cosh(£)(AP,).  (41)

The transfer of energy and momentum in the laboratory frame
is shown in Fig. 5.

A notable phenomenon can be observed for some re-
gions of negative v, when the object moves towards the
pulse. In the laboratory frame of reference, the energy of the

electromagnetic field increases. We note that, in contrast, this
does not happen in the frame of reference of the object [see
Fig. 4(a)]. In a first-order approximation, the phenomenon
can be attributed to the Doppler effect. Assuming now a
monochromatic illumination for simplicity, one readily ap-
preciates that the Doppler effect can increase the energy as
measured in the laboratory frame, because when the object
moves towards the source, the frequency of the scattered
field coming back to the source will be larger than the one
emitted by the source. For the more complicated case of the
polychromatic pulse, one can apply the previous argument
to each of the frequencies composing the spectrum. A more
detailed analysis, which we do not perform here, would take
into account the absorption of energy by the material and the
directionality of the scattering.

C. Polychromatic T matrix of the moving silicon sphere

The scattering in the laboratory reference frame can also
be described via the boosted T matrix, which acts on the
incident field |f) that is defined in the laboratory frame. In
this section we numerically compute the Lorentz-boosted T
matrix of the silicon sphere and use it to compute the transfer
of momentum in the laboratory frame.

The matrix element of the Lorentz boost in angular mo-
mentum basis is [[11], Sec. 2.2.1]

(K'j'm' M |L(§)k jmA) = 8,3.8,m®(IE| — | In(K'/K)])
L YATFIVZ T
2k'k sinh(|€])
x d’ (),

dl, ")

(42)

which can be used to transform T matrices via T =
L.(§)TL; 1(£). The result of the application is (see
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Egs. (41) and (42).

Appendix)

Ky elé!
A
T (- k2) = / K YD T

ol
1 ii=1j3=1

V2jr+ 1y 2+ kk/|snh§|
B O, 003 i 12T

X djl
O8] - Iln(ké/kz)l) g7

N =

0,
kyko| sinh &| Dnspa (02)
x dli, (6)), “3)
with
k h K} ki — k5 cosh
cosh = NLOOSNE =Ky - e = KL RpcoshE
ki sinh & k) sinh &
ky, — k h k) cosh& —k
COSQZ — _&, Coseé — _L&Z (45)
k; sinh & k), sinh &

One may see that Lorentz boost of the frequency-diagonal
T matrix of the silicon sphere makes it nondiagonal in fre-
quency, as expected for moving objects. The element of the
boosted T matrix with j;» = 1, m;, = 1, A1, = 1, as a func-
tion of incident wave number k; and scattered wave number
k», is illustrated in Fig. 6, computed for two different rapidities
& =0.025 and 0.05.

We compute the difference of momentum between the out-
going and incoming fields similar to the stationary case,

2) = (fIP:|f) — (hlP:|R), (46)

but now the computation of the outgoing field involves inte-
gration over the incident wave number:

Jmax

B (k) = Fi (k) + f dK'K Z > Z

==+l j=1lm=—j

X T (e, k) frmns (K). A7)

Jm'y

The integral in k' can be truncated to the region of a significant
part of the Gaussian wave-number profile of | f).

Finally, the transfer of momentum is computed for a num-
ber of velocities v/c : 0.00001, 0.025, 0.05, 0.075, 0.1, and
0.125. The results are depicted in Fig. 7, next to the reference
computed in the last section. The computation of the transfer
via the boosted T matrix in the laboratory frame fails for
higher velocities, when the chosen jn.x = 6 cannot account
completely for the scattering.

In the stationary case, the interaction between any incident
light pulse and the object can be localized to the region of the
smallest sphere circumscribing the object. The radius of this
sphere, centered at the origin of the reference frame, dictates
the largest significant multipolar order that will be present
in the T matrix of the scatterer [31] at a certain frequency.
This allows to truncate the T matrix of a stationary object,
neglecting all of the elements with higher multipolar order
without significantly affecting the results.

However, there is no sphere of a finite radius located at the
origin of the laboratory frame that completely encloses the
interaction between any light pulse and the moving scatterer
at all times. In general, such region is infinite: If illuminated
by an infinite plane wave, a moving scatterer, independent of
how slow it moves, at some point of time will interact with the
field arbitrarily far from the origin, excluding the possibility to
localize the interaction inside a finite sphere. This leads to the
fact that the T matrix of the moving object has infinite number
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FIG. 6. Elements of the polychromatic T matrix for the silicon sphere moving with different boost parameters & = arctanh(v/c). The real
part of the T-matrix element is shown on the left and the imaginary part is on the right. The higher the velocity, the wider the spreading of the

scattered wave number for a fixed incident wave number.

of significant elements for all multipolar orders, which is also
evident from the exact analytical formula, Eq. (42).

When the incident field is a localized pulse of finite energy,
its interaction with the moving object happens for the duration
of some finite time, and the interaction can be localized in
some region of space, with the size of the region depending
on the size of the pulse and the speed of the object. In the
limiting case, when the speed of the object is much smaller
than the speed of light, the region of interaction converges
to that of the stationary case. Hence, for small velocities the
truncation at the same maximal multipole order as in the static
case approximates correct results, despite the fact that the T
matrix has elements for all values of j. However, for larger
velocities of the scatterer, the interaction region grows and the
same value of the maximal multipole order does not suffice to

completely capture the interaction, which leads to deviations
between the values computed solely in the laboratory frame
(Fig. 7, blue) and the values computed in the comoving frame
and transformed to the laboratory frame (Fig. 7, red).

In the comoving frame the object does not move and hence
the computations can be conducted with the j.x dictated only
by the object’s finite size. This makes it beneficial to compute
quantities in the comoving frame as depicted in Eq. (33) and
to transform them to the laboratory frame if needed, as in
Egs. (40) and (41).

IV. CLUSTER OF GOLD SPHERES

Here we illustrate the generality of the approach using
a different material and a more complicated scatterer. We
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FIG. 7. Transfer of momentum P, between the electromagnetic
pulse | f) and the moving silicon sphere in the laboratory frame, com-
puted via the polychromatic T matrix (blue dots) and via transformed
quantities from the comoving frame (red line) as reference. The ref-
erence is the zoomed-in version of the Fig. 5(b). The discrepancy of
the blue dots with respect to the reference is due to the fundamental
inability to truncate the scatterer’s T matrix of the moving scatterer
in the laboratory frame.

compute the energy and momentum transfer using solely the
information from the comoving frame, as it is the most effec-
tive method.

In this example we take the same pulse as in Sec. III
The scatterer is now a cluster of four golden spheres with
radii 50 nm, located at positions (100 nm, £100 nm, 0). The
T matrix of the cluster at rest is computed via the TREAMS
package, using the optical properties of gold from [32]. The
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maximal significant multipolar order for this cluster at the
relevant wave-number range iS jmax = 5, which is found in
the same manner as described in Sec. IIT A.

The results for the transfer of energy and momentum in the
comoving frame are shown on Fig. 8. They are computed fol-
lowing the same method described in Sec. III A, in particular,
the recipe Eq. (33) and the transfer formula Eq. (26). One can
see how, compared to the case of the silicon sphere, the choice
of material and geometry changes the profile of the energy and
momentum transfer.

The shapes of the energy and momentum transfer in the
comoving frame can be again explained by comparing them
to the rotationally average absorption and the total interaction
cross section. The latter are the properties of the cluster at rest,
considered at the wave number that corresponds to the peak of
the Doppler-shifted spectrum of the pulse.

The shape of the transfer in the laboratory frame Fig. 9
is determined by the transfer in the comoving frame
Fig. 8 and is computed via the transformation Eqs. (40)
and (41).

V. CONCLUSIONS

We have applied the polychromatic T-matrix formalism
to the interaction between light and relativistically moving
objects. While the exemplary calculations are performed for
a particular light pulse interacting with a silicon sphere and
a cluster of golden spheres, the formulas and the procedure
contained in this article apply to generic polychromatic illu-
minations and generic objects. The exchange of energy and
momentum between the pulse and the objects, which is in
constant uniform motion, has been computed for a large range
of velocities via switching to the comoving frame of reference,
where the T matrix of the object at rest is used. We have
compared this method to the direct use of the Lorentz-boosted

x10~1 %10-13

P

0 S — 10,0

-0.50 -0.25 0.00 0.25 0.50 0.75
v/c

(b)

-0.75

FIG. 8. The red lines show the transfer of (a) energy and (b) momentum in the z direction from the electromagnetic pulse | f) to the cluster
of four golden spheres that moves at different velocities along the z axis, computed in the comoving coordinate frame. For the comparison,
the gray lines show (a) rotationally averaged absorption and (b) total interaction cross section of the cluster, evaluated at wave numbers
corresponding to the peak of the Doppler-shifted spectrum of the pulse. A positive sign of v/c corresponds to the cluster moving in the positive

z direction of the laboratory frame along with the pulse.
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FIG. 9. Loss of the (a) energy and (b) momentum in the z direction from the electromagnetic pulse |f) when scattered by a silicon sphere
that moves at different velocities along the z axis, as observed in the laboratory frame. The positive sign of v/c corresponds to the sphere
moving in positive z direction along with the pulse. Both transfer plots are determined by the transfer in the comoving frame Fig. 8§ via the

transformation law, Egs. (40) and (41).

T matrix in the laboratory frame, where we computed the
polychromatic T matrix of a moving silicon sphere. The sec-
ond method is found to be rather impractical, because the
interaction may happen arbitrarily far from the origin of the
reference frame, and then, the multipolar orders of the light-
matter interaction cannot really be truncated without losing
information about the scatterer. One may, however, obtain any
desired quantity in the laboratory frame by suitably transform-
ing that obtained in the comoving frame, as we have shown in
the article.

The presented theoretical framework can be applied to light
sails, including the practical optimization of sail designs and
material selection to enhance the efficiency of the propulsion
of the devices. Moreover, the application of the methodology
to objects at rest has immediate applications to pulsed optical
traps and tweezers.

J

The many publicly available resources for computing T
matrices [19] make our approach computationally friendly.

The code that provides the numerical results of this study
is available at Github [33]. Such code contains the functions
for boosting polychromatic fields. The code uses the recently
released TREAMS package [34].
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APPENDIX: LORENTZ BOOST OF FREQUENCY-DIAGONAL T MATRIX

The matrix element of the Lorentz boost in angular momentum basis is [[11], Sec. 2.2.1]

(K'j'm VL (E)lk jmA) = 8,,8wm®(IE] — | In(k'/K)])

which can be used to transform T matrices via T = L.(§)TL; Leg):

TI"™ (ky, k) = (ki jimid |Lo(8) T L7 (&) lka jamaia)

00 ) 0 X
Y JimiA
= fo dk, k| /0 dky ks Yy T (K k)

Jama o

1

X 5 V2i+ 12/ +1
1

x5 124+ 12, + 1

(A2)
(A3)

Ji=1 =1
9('5]('1;1 ), o0 dl, 0 (A4
®(|Ek|§;2 ) gk ), 0 (A5)
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where 0, », 0] , are defined via

kicosh& — k| , ki —kjcosh&

cosf) = —————, cosb; = - , (A6)
ky sinh & ki sinh &
ki cosh& — ky k), — ko cosh &
0] = —2—> = costh=——2—" > A7
€08 Ksinhe ky sinh & (A7)
Since the T matrix of the sphere is diagonal in frequency, this general expression can be simplified. Using
m m 1
TIM M (ky ko) = T (ky) 15 Sk — k). (A8)
the transformed T matrix is written as
[o.¢]
miA Y myi ’ ’
e = [T akk [T ag 33 1 5ok =) (4
]1—1 ]2—1
1 . O(§| — Inki /kDD
=21+ 1,/2j + 1 ', @ndl, @
X2 J1+ Ji+ klk/1|sinh$| ml)”( 1) ml)»]( 1)
|- . O(§] — |In(ky/k)D s
—4/2j5+ 142 1 d>. (05)d”, (6,). Al10
X > Jo + J2+ kék2|sinh§| mz)uz( 2) mzkz( 2) ( )
Integration over the wave number eliminates k; and one of the Heaviside functions truncates the integral in k;:
mii ’ Jimix
T = [ a3 3 T
0 1o
[ . O(§] — |In(ki /ky)D)
<GV g o @ @)
| . O(é| — IIn(ky/k)D) s
— 4 2 J2
x5 \2jy + 14252+ 1 K| sinh | dy; (05)d); (62) (A11)
kle‘é‘ N
_ J]ml l
[ ey y
1€ Ji=1 =1
1 1
2+ 125+ 1 ————— 0)dl, (o
XV A K sinh g A @, @
| - . O(&] — | In(ky/k2)1) 7
—4/2j5+ 12 1 6)d?, (65 Al2
X 3 ]2+ J2 + kék2|s1nh$| mz)\z( 2) m7)“2( 2)5 ( )
with
k hé& — k) ki — K} cosh
cosf — ng 059/:1.2—“)55, (A13)
ky sinh & k}, sinh &
K, —k h kycoshé —k
ky sinh & k} sinh &
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