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Droplets exhibiting a myriad of shapes on surfaces are ubiquitous in both nature and industrial
applications. In high-resolution manufacturing processes, e.g., semiconductor chips, precise control
over wetting shapes is crucial for production accuracy. Despite the high demand for describing droplet
wetting shapes and their transformations across a wide range of applications, a robust model for
precisely depicting complex three-dimensional (3D) wetting droplet shapes on heterogeneous
surfaces remains elusive. Herein, we fill this gap by developing a universal, high-precision model that
accurately describes wetting shapes, including those with polygonal baselines and irregular
footprints. Our model reveals the intricate wetting morphologies beyond the classic Young’s law and
Cassie-Baxter-Wenzel models. Besides, it aligns quantitatively with physical simulations for various
droplet volumes. This work provides a potential method to achieve highly complex morphologies of
droplets via low-cost beforehand design of the surfaces, thereby opening up potential applications in

3D printing, printed electronics, and microfluidics.

On a homogeneous solid substrate, the droplet forms a spherical cap, which
can be fully described by the classic Young’s equation'. However, real-life
surfaces are often heterogeneous with varying physical and/or chemical
properties. In this case, the droplet behavior becomes much more complex
than Young’s consideration. The heterogeneous surfaces usually lead to
contact angle hysteresis effect’” as well as anisotropic wetting phenomena®’.
In this complex real-life scenario, traditional models like Young’s law or
Cassie-Baxter-Wenzel model'*"* often fail to accurately describe the ani-
sotropic droplet shapes"". In this work, we will shed light on the knotty
issue of equilibrium droplet shapes on heterogeneous surfaces by proposing
an alternative concept, namely the contour curve method. The current
concept is expected to be able to cope with highly irregular footprints of
droplets in real-life applications.

Droplet manipulation on heterogeneous surfaces has sparked great
interest in bio-mimetic studies'*""’, surface science'”’, heat management
researches” ™, fabrication of functional artificial structures™ ™, self-
assembly of ordered structures in photonics”, cryopreservation of food
emulsions™, drug delivery systems™*’, microreactors and microfluidics™ ™,
to name a few. Through an elaborate design of the heterogeneity on the solid
surfaces, the droplet shape can be accurately tailor-made™ . For instance,
the heterogeneity of the surface can be manipulated through a combination

of nano-/micro-structure and surface chemistry”>”. Despite the high sig-
nificance of precisely controlling droplet shapes, previous treatments
regarding a full description of complex 3D wetting droplets remain rudi-
mentary; previous studies often rely on geometrical assumptions, image
processing, spline fitting, or numerical integration**>. These approaches
oversimplify the intricate nature of droplet behavior and cannot accurately
depict the full details of droplet shapes. Therefore, there is a significant need
for developing a robust method that can elaborately capture the behavior of
droplets on heterogeneous surfaces, especially, when the heterogeneity is
highly irregular.

In this work, inspired by the phenomena of the Newton ring effect
(Fig. 1a, b*) and the Suminagashi pattern of Japanese art (Fig. 1c, d**), we
will propose a contour curve method to address complex 3D shapes of
droplets on specifically designed patterned surfaces; see schematics for dro-
plets on polygon and irregular patterns in Fig. le-h), respectively. Our
method is capable of precisely describing the equilibrium shape of a droplet
when the volume and the base shape are arbitrarily given. In addition, the
current method will provide a simple solution for measuring the volume of a
droplet posteaquam depositing on a solid surface, which is significantly
challenging in experiments because of the rapid evaporation and the existence
of irregular droplet-footprint. We will demonstrate the feasibility of
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Fig. 1 | Morphologies of sessile droplets. a Bottom view of contact region between
the drop and the substrate via reflection interference contrast microscopy. The bright
Newton rings are highlighted with red crosses and show the change of one half of the
wavelength of light as the thickness of the gas film changes from the center to the edge
of the contact region. b The gas film height 4 as a function of radial distance r. The
liquid-gas interface forms a nearly spherical cap (red solid line) with a maximum
height H), placed on a film with a height h,. Experimental results reproduced from
Ref. 43, used under CC BY 4.0. Modified from the original. ¢, d Pictures for

Suminagashi pattern of ink on a water surface created by Bea Mahan®, used under CC
BY-NC-ND 2.0. e An equilibrium droplet shape on a square-patterned substrate is
described by a series of contour curves with varying c (see Eq. (2)) in OXYZ coordinate
system. The red point P highlights the apex of the droplet and H depicts the droplet
height. The angle ¢ indicates the interior angle of the base pattern. f Top view of the
schematic droplet in (e). g An equilibrium droplet shape on an irregular-patterned
substrate is described by a series of contour curves with varying ¢ in OXYZ coordinate
system. h Top view of the schematic droplet in (g).

correlating the volume of the equilibrated droplet, irrespective of its shape, to
its height; this implies that the droplet volume can be ascertained simply by
detecting its height. Moreover, we will establish a universal functional rela-
tionship between the surface area of the distorted droplet cap and the droplet
height. This method, which is shape-agnostic, has the potential to offer effi-
ciency benefits over conventionally applied optical methods, such as inter-
ferometric imaging” and lensing technique®. For instance, Zhang et al.”
utilized confocal microscopy to monitor the lateral diameter and to measure
contact angles of nanodroplets, achieving high spatial resolution with an
uncertainty of 70 nm. Unlike the determination of droplet morphology
through the color of Newton-rings, the present contour curve method can be
much denser than the Newton rings, so that the precision can be significantly
increased. However, the current approach may not achieve high precision on
the scale of several nanometers where the fluctuations become significant.
Similar to the Surface Evolver method™, the contour curve method is also
based on minimizing the total free-energy with a constrained volume. Surface
Evolver is within the framework of sharp interface, where the interface is
discretized by a mesh of triangles. The surface tension force exerting on each
vertex of the triangulation drives the mesh to a minimal energy configuration.
It does not involve any geometrical simplification, allowing for an accurate
description of droplet shapes with curved contact lines. Compared to the
Surface Evolver method, the present contour curvature method is much
simpler to implement and can be applied to a wide range of droplet shapes
without the need for complex computational resources. This makes it
accessible for preliminary analyses and advantageous in experimental setups
where quick assessments are needed. However, it may lack the precision for
more sophisticated cases, particularly when dealing with 3D surface struc-
tures that are comparable with the size of the droplet.

Results
We describe the total surface energy E of the droplet as

E=0S+y,8 + 95, (1)

where ¢, y;, and y, depict the interfacial tensions of liquid-gas, solid-liquid,
and solid-gas interfaces, respectively; S, S;, and S, represent the total surface
areas of liquid-gas, solid-liquid, and solid-gas, respectively. On a
homogeneous surface, the minimization of E subjected to a constant
volume leads to the Young’s law and the Young’s contact angle 6y; the
droplet cap has a uniform mean curvature resulting from the Young-
Laplace pressure. On a heterogeneous surface consisting of a polygon-
superhydrophilic island embedded in a superhydrophobic matrix, the
droplet base is confined within the polygon-island; this scenario is often
observed in the cell culture process for high-throughput assays and micro-
droplet reactions® ™. As in the case of homogeneous surfaces, the droplet
cap also forms a mean curvature surface with a local contact angle 6y varying
along the perimeter of the droplet base. For brevity and without loss of
generality, we consider polygon islands with a constant surface area and set
o= 1as areference value. In such a consideration, the total surface energy is
rewritten as E = 6§ + E,, where Ey = 1 S; + .S, is a constant. The problem is
then reduced to the minimization of the surface area of the droplet cap S
subjected to a constant droplet volume.

Drawing parallels to the concept of curve shortening flow and Gage-
Hamilton-Grayson theorem™°, we characterize the liquid-gas interface
by using a series of contour curves. These contour curves are obtained by
slicing the droplet cap at various heights h parallel to the droplet base, as
depicted in Fig. 1e-h). There are two central constraints for the contour
curves. (I) At the droplet base (h = 0), the curve manifests as a polygon or
aspecified irregular pattern (e.g., the blue square in Fig. le, f) and the blue
irregular pattern in Fig. 1g, h). (I) As h increases, these curves progres-
sively smooth out, approximating a circular shape near the droplet apex P
and eventually converging to the singular point P. This is akin to the
mechanism of curve shortening flow, albeit with distinct shortening
kinetics.

Polygon patterns
To fulfill the constraints (I) and (II) for a droplet on a polygonal pattern, we
construct the following mathematical formulation to depict the contour
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Fig. 2 | Morphological diagram for equilibrium droplets on four representative
polygon patterns. The liquid-solid contact area S, = 1 mm® is kept constant.

aV=0.1mm’bV=05mm’. (a;)-(a,) and (b)-(b,) describe the heat maps for the
surface area of the droplet cap, S(m, n). The contour lines indicate the surface area
levels and the color changes from red to blue, indicating the decrease of the surface
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area S. The snapshots beneath the corresponding heat maps (as)-(ag) and (bs)-(bg)
illustrate the top and side views of the equilibrated droplets via phase-field simu-
lations (green colored droplet with red substrate) and contour curve method (gray-
colored droplet).

curves in the OXY coordination system as

(_ )N H{Rf( ) ysm(l(P) + XCOS(l(p)] — 1} —c=0. (2)

Here, Nrepresents the number of the sides of the polygon (N> 3) and R
stands for the radius of the inner tangent circle of the polygon. The index i
(i=1,2,...,N) depicts the i-th side of the polygon. For instance,a 1 x 1 mm’
square pattern corresponds to N = 4 and R = 0.5 mm. Note that the contour
curves at different heights h have distinct perimeter and roundness (Fig. 1f,
h). The variation of the perimeter and the roundness of the contour curves is
achieved by introducing two simple controlling functions: f(c) = (1 + ¢)™
and h(c) = Hc". The variable ¢ varying from 0 to 1 governs the roundness of
the contour curve and the constant H represents the height of the droplet
apex. Given a specific droplet volume V and base pattern, the surface area of
the droplet cap S is solely a function of the power factors m and n. The
physical meaning of the power factors 7 and 7 is the variation of the short-
range interaction of liquid-gas-solid with h. Therefore, the equilibrium state
of the droplet is determined by addressing the minimum of the heat map,

S(m, n) (Fig. 2). For an in-depth understanding of the contour curve
method, readers are referred to Supplementary Note 1 and 2.

To further confirm the droplet morphologies from the contour curve
method, we employ the well-established phase-field model®” to simulate the
equilibrium droplets on the patterned surfaces. This model has proven its
efficacy in accurately representing wetting phenomena on homogeneous
surfaces, chemically patterned substrates, and mechanically structured
surfaces'™**”. In the phase-field simulations, we set the Young’s contact
angles 6y on hydrophilic and hydrophobic regions as 0° and 180°, respec-
tively. This allows the droplets to be perfectly confined within the hydro-
philic islands, as considered in the high-throughput assays for cell
culturing’"*. By minimizing the Ginzburg-Landau free energy of the sys-
tem, the equilibrium states of droplets are achieved in the numerical
simulations.

Next, we employ both phase-field and contour curve methods to
explore the 3D equilibrium morphologies of the droplets. We examine
droplets with volumes ranging from 0.l mm® to 1.5 mm’, which are
released on the specifically designed hydrophilic patterns with a fixed
area of 1 mm’. Driven by the capillary force, these droplets reach the
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Fig. 3 | Surface area of the droplet cap S and the droplet height H as a function of volume V for the four representative polygon patterns. a-d display the results for
triangles, squares, pentagons, and hexagons patterns, respectively. The inset snapshots show a high angle view of the equilibrated droplets via phase-field simulations.

equilibrium states at the end. Figure 2 illustrates the equilibrium
morphologies of the droplets on four representative polygon patterns,
namely, triangles, squares, pentagons, and hexagon patterns. As an
example, we show the results for two representative volumes,
V=0.1mm’ (Fig. 2a) and V=05mm’ (Fig. 2b). The heat maps of
S(m, n) on the four different polygon patterns are presented in the first
rows of Fig. 2a, b). In these heat maps, each contour line indicates the
same value of the surface area S. The value of S declines from the red
region to the blue region; a minimum value S,,;, can be identified for a
certain combination of m and #, which corresponds to the equilibrium
state of the droplet. After the determination of m and # in the heat map,
the 3D droplet shape is reproduced by using the contour curve method
described by Eq. (2). Beneath each heat map, we illustrate the corre-
sponding top and side views of the droplet snapshots obtained from
phase-field simulations (green-colored droplet with red substrate) and
contour curve method (gray-colored droplet). Both the top and side
views show excellent consistency between the contour curve method and
numerical simulations.

Figure 3 shows the droplet height H and the surface area of the droplet
cap S as a function of droplet volume from the contour curve method (lines)
and simulations results (symbols). Figure 3a-d depict the cases for triangles,
squares, pentagons, and hexagon patterns, respectively. The inset snapshots
show the high angle view of the equilibrated droplets for the corresponding

volumes. Excellent agreements between the predictions via the contour curve
method and simulation results are observed for all four patterned substrates.

The above discussion is based on the assumption that the droplet is
perfectly confined within the predefined superhydrophilic polygon island.
Thus the liquid-solid contact area S; is constant. However, if the contact
angle hysteresis is significant, the droplet may not be fully confined within
the hydrophilic area. In this scenario, the liquid-solid contact area S; is no
more constant and depends on the advancing contact angle. In such cases,
the droplet’s base profile and 3D shape can be accurately determined
through numerical simulations, such as phase-field or Surface Evolver
simulations. This situation has been investigated in ref. 61, where we
explored how to use real chemically patterned surfaces to manipulate the
shapes of inkjet-printed droplets according to the associated contact angle
hysteresis at the chemical interface of hydrophilic and hydrophobic areas.

In what follows, we incorporate the effect of the contact angle hys-
teresis, specially, the advancing contact angle, in the current contour curve
method. To approximate the equilibrium shape of a droplet (V= 0.5 mm?)
on a hydrophilic square (1 mm?®) patterned surface with different advancing
contact angles on the hydrophobic part of the surface, we use the contour
line function, (y/Ry — 1)(y/Ro + 1)(x/Ry — 1)(x/Ry + 1) — ¢y = 0 with given
values of the geometry parameters (Ry, ¢,) to denote the droplet blase lines,
as displayed in Fig. 4a. By rescaling the range of ¢ from [0, 1] to [y, 1], we
reformulate f (c) and h(c) as f(c) = (1 +=2)" and h(c) = H(=2)".

1—¢, 1—¢,
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Fig. 4 | Morphological diagram using the contour curve method for equilibrium
droplets on a square pattern with different advancing contact angles. a The base
lines of the droplets are depicted by (y/Ry — 1)(y/Ry + 1)(x/Ry — 1)(x/Ry+ 1) — ¢g =0
with given values of (Ry, ¢o), which correspond to different advancing contact angles
on the hydrophobic part of the surface (see Table 1). b Side and top views of the

droplets with different advancing contact angles. The droplet base lines are high-
lighted in blue. Here, we keep the volume of the droplets V' = 0.5 mm’ constant and
show the results for droplets with different base lines (from (b;) to (b4), we choose
(Ro» €o) according to image (a)).

Table 1 | Geometry parameters of droplets on a square
patterned substrate as shown in Fig. 4

Parameters Values

(Ro(mm), co) (0.5, 0) (0.6,0.1) (0.73,0.3) (1.05, 0.6)
64(°) 105 91 79 56
H(mm) 0.66 0.61 0.60 0.56
S1(mm?) 1.00 1.22 1.32 1.47
S(mm?) 2.49 2.45 2.43 2.44

The droplet volume V = 0.5 mm? is constant.

Thereafter, we adopt the contour curve method to calculate the 3D shapes of
the droplets. The results of the side and top views are demonstrated in
Fig. 4b, where the droplet base lines are highlighted in blue color. We list the
calculated geometry parameters of these droplets in Table 1. The advancing
contact angle 0, is obtained by measuring the side view profile, which is also
the largest local contact angle of the droplet. We find that as the droplet base
line extends outward and gradually approaches a circle (from (b,) to (b,) in
Fig. 4b), the liquid-solid contact surface increases, while both the advancing
contact angle 8, and droplet height H decrease. The liquid-gas interface area
decreases and then increases, due to the competing effect between the
interface distortion caused by the patterned surface and the wettability of the
substrate. Note that a significant advantage of the contour curve method
over PF simulations is that it allows one to analyze the 3D shapes of droplets
on patterned surfaces with contact angle hysteresis effect without knowing
the details of advancing/receding contact angles. This can be beneficial in
experimental setups, where quick assessments of droplet shapes are needed,
but only top or bottom views of the droplet are accessible. Vice versa, one
can also use the experimentally measured advancing contact angle as an
input to predict the base line via solving the unknowns R, and ¢,. We will
discuss more details about droplets with rough contact lines in the following
sections, which are related to contact angle hysteresis effect.

Flower patterns

We further extend the contour curve method to describe 3D droplet shapes
with an arbitrary footprint by adjusting the formulation of the contour
curves as

r= (1 —¢fRy+ (1 — ¢)R,,

1 3
7© ®)

where r is the radial distance in the polar coordinate; R, is a constant
associated with the area of the droplet base, and R, represents a perturbation

term related to the shape of the droplet. The indexes p and g govern the
evolution of the size and the shape of the contour lines as the variable ¢ varies
from 0 to 1. By following the same strategy as handling the droplets on
polygon-patterned substrates, we identify the minimum surface area S,,,;,
through the heat map S(m, n) and determine the corresponding values of m
and n. This allows us to uniquely determine the 3D droplet shape at
equilibrium.

As a typical example for droplets on irregularly patterned substrate
(also referred to as flower patterned substrate in the following), we set
Ry=0.561mm and R, = A[cos(30) + cos(80) + sin(1360)]. Here, the
amplitude A is set as 0.05 mm and 6 denotes the polar angle in the polar
coordinate. The droplet base area is 1 mm”. To align with the contour line
evolution with height, we set the indexes p=0.5 and g =4. In Fig. 5a, we
show the droplet height H and the surface area S versus volume V from both
the contour curve method (lines) and simulations (symbols). In Fig. 5b, ¢, we
display the heat map S(m, n) of a 0.1 mm”® droplet on the irregularly pat-
terned surface as well as the comparison of the top and side views of the
equilibrated droplets. In Fig. 5d, e, we show the case for a droplet of the
volume 0.5 mm”. Overall, we observe a good agreement between the contour
curve method and the phase-field simulations. This demonstrates the jus-
tification and robustness of the proposed contour curve method for
describing 3D shapes of a droplet with an arbitrarily shaped footprint.

To make it easier for readers to understand the contour curve method
and its parametric setup, we list the key parameters of the model in Tab. S1
(see Supplementary Note 3). We emphasize that the contour curve model is
based on an assumption that the droplet base line is known and the liquid-
gas interface is described with a series of contour curves, which are delicately
stacked in three dimensions to achieve a surface energy minimum state.
Given the flexibility of the chosen geometrical constrain functions, such as
flc) and h(c) and the power factors (p, g, m, and n) in the formulations of
contour curves, this model provides an efficient approximation of the real
droplet shapes; minor deviations from the exact solution may occur. This
model is more accurate when the geometric parameters and functions can
be precisely identified in the energy minimization procedure. In addition, it
may not achieve a high level of precision for extremely thin film systems on
the scale of several nanometers, where the fluctuations and vibrational noise
play a non-neglected role”. Our model is limited to the case where surface
tension forces are much more important than the gravitational force, i.e., the
Bond number is much less than 1. When gravity is pronounced, such as with
increased droplet volume, we refer to the ellipsoidal and pancake models®.

Geometric properties of sessile droplets

We further apply the contour curve method to reveal the geometric prop-
erties of the 3D droplets on surfaces of flower pattern, polygon patterns with
N=3,4,5,6,and circular pattern. Figure 6a, b, c illustrate the droplet height
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H versus the volume V, the surface area versus the volume V, and the surface
area S versus the droplet height H, respectively (flower and polygon patterns:
symbols; circular pattern: dot dashed lines). The insets zoom in on specific
parts of the corresponding plots and highlight the differences in the results
for different patterns. Two key observations are summarized as follows. (I)
As N increases from 3 to 6, the results for the polygon patterns mono-
tonically approach the one for the circular pattern. This is due to the fact that
a larger N gives rise to a relatively smaller disparity between the irregular
droplet caps and the spherical cap. (II) The curves for the flower pattern lie
between the ones of the triangle and square patterns. This observation
indicates an intermediate distortion of the droplet cap, contrasting to a
stronger distortion on the triangle pattern and a weaker distortion on the
square pattern.

To quantify the deviation of the droplet shape from a spherical cap, we
introduce a distortion coefficient & and propose the following equation to
estimate the surface area of the droplet cap

S = (S, + nH?). @)

For the circular pattern, we have & = 1. The distortion coefficient £ for each
patterned surface is determined by the ratio of the surface area of the droplet
cap S to the surface area of a spherical cap having the same volume and the
identical base area as the concerned droplet cap. To confirm our hypothesis
in Eq. (4), we plot the scaled surface area of the droplet cap S/& with the
droplet height H in Fig. 6d. It is observed that all the data points collapse
onto a single master curve, S/§ = S; + nH?; the distortion coefficients & for
different patterns are listed in the caption of Fig. 6.

As a further application, we adjust the irregularity of the flower pattern
to maneuver the equilibrium shapes of the droplets, by which the droplet
height and surface area of the droplet cap are precisely regulated. The base
area of the droplet is fixed to be 1 mm* with Ry = 0.561 mm. To control the
footprints of the droplets, we set R, = A cos(N). This approach allows us
to fine-tune the droplet shapes by varying the parameter N and the
amplitude A.

Figure 7 depicts the morphological properties of a droplet with
V=0.1 mm® on a series of modified flower patterns. In Fig. 7a, we set the
amplitude parameter A as a constant (A = 0.05 mm) and plot the droplet
height H and the surface area S as a function of N. Both H and Sincrease with
N. The corresponding top and side views of the droplets are listed in Fig. 7b.
As Nincreases, there are more and more concave and convex regions of the

contact line. The undulated contact line enlarges the surface area of the
droplet cap. In Fig. 7c, we keep the parameter N = 4 constant and plot H and
S vs. A. Figure 7d provides the corresponding top and side views of the
droplets on patterns with different A. As A increases, the base line of the
droplet becomes more and more distorted, leading to an increase in S. As the
distortion of the droplet base line increases, the side view of the droplets
changes from a circular arc to a hyperbolic secant.

In line with the distortion and scaling analysis in Fig. 6d, we apply Eq.
(4) to describe the function relationship between S and H. We calculate the
distortion coefficients ¢ for the eight different droplet shapes discussed in
Fig. 7, as listed in Table 2. For a fixed value of A = 0.05 mm, the distortion
coefficient & increases with N monotonically, indicating that the perturba-
tion wavelength of the droplet base effectively controls the distortion of the
droplet. For a fixed value of N =4, a large £ is achieved by increasing the
amplitude parameter A. For a relatively small A, the droplet shape
approaches a spherical cap with &£ =1.001. As A increases from 0.01 mm to
1.15 mm, £ increases from 1.001 to 1.058. These quantitative studies on the
droplet morphologies demonstrate again that a dedicated control of the
droplet shapes can be realized by designing the substrate patterns with
arbitrary footprints.

Contact angle hysteresis effect

It should be noted, that in principle, it is possible to include the contact angle
hysteresis in the current contour curve model by constructing a formulation
of the droplet baseline as a function of the advancing and receding contact
angles. For instance, for an arbitrary droplet baseline described by Fourier
series 7(x) = 5 _tf 7(Q)e'¥dQ with Q=2m/A (A is the wavelength), the
coefficients in the Fourier series are not independent and constrained by the
advancing and receding contact angles. However, an exact solution requires
solving the Laplace equation together with the wetting boundary condition,
which is generally very complex and typically requires numerical methods®™.
To demonstrate the accuracy and robustness of the contour curve method
for addressing an arbitrary droplet baseline described by a Fourier series, we
further reproduce the 3D droplet shapes on patterned surfaces, where the
droplet base lines are provided by simulations or experiments. By detecting
and fitting the contact line of the simulated or experimentally captured
droplets and matching the dimensions, we are able to apply the contour
curve method to calculate the corresponding droplet profile. The results
show excellent agreement with the findings of Peng et al.”* and our previous
work'* (see Fig. S5 and S6 in Supplementary Note 5).
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Fig. 6 | Geometric properties of the equilibrated 3D droplets on different pat-
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droplet cap /¢ vs. H. The master curve presented by the dot dashed line follows the
expression S/€ = S; + nH’, where S; = 1 mm”. The distortion coefficient £ measures
the deviation of the droplet shapes from a spherical cap and is as follows: circle-1,
triangle-1.056, flower-1.025, square-1.009, pentagon-1.008, hexagon-1.005.

Apart from chemically patterned surfaces, we address irregular droplet
contact lines on rough surfaces and attempt to explain the mechanism
behind the universal scaling law that describes the contact line roughness®.
Actually, the behavior of a contact line on a weakly heterogeneous surface is
characterized by random fluctuations in interfacial tension. The contact line
displacement is assumed to be small and can be analyzed using Fourier
components. The liquid-gas interface shape satisfies the Laplace condition
and is influenced by the contact line distortion. For an in-depth under-
standing on the derivation of the universal scaling law that describes the
contact line roughness, readers are referred to Supplementary Note 4. Here,
we briefly describe the scaling law as follows. Through a detailed analysis of
interfacial tension fluctuations, the correction to the capillary energy and the
external force causing contact line distortion, it can be observed that the
position #(x) of the contact line in terms of x resembles the viscous motion of
a particle subjected to a random force. This leads to a diffusion-governed

behavior®:

((n(x) — (x))*) = 2Dx], (5)

with D denoting a diffusion coefficient. Eq. (5) identifies a long-range
behavior and for a droplet with a macroscopic size L, the fluctuation
amplitudes of the contact line follows the scaling law #* ~ DL, i.e.,  ~ L',
We reference the works of Decker and Garoff®’, and Bormashenko et al.*®® to
substantiate our discussion. These studies illustrate that the values of the
exponent for the scaling law are largely universal and highlight that the
transition of the exponent is also universal as the roughness size approaches
the correlation length of defects. A similar scaling law and relevant
investigations have been reported in refs. 69,70, where it was found that the
scaling exponents depend on surface properties and the equilibrium contact
angle, explaining the experimentally obtained roughness exponents. They
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Fig. 7 | Morphological diagram for equilibrium droplets on regular monochro-
matic patterns via the contour curve method. The base line of the droplet is

depicted by r = A cos N6.a Surface area of the droplet cap S and the droplet height H
as a function of N. Here, we keep A = 0.05 constant and show the results for N =4, 8,

12,16.b Snapshots for the top and side views of the equilibrated droplets on patterns
with different N. ¢ Sand H as a function of A. We keep N = 4 constant and consider
the following values of A: 0.01, 0.05, 0.1, 0.15. d Snapshots for the top and side views
of the equilibrated droplets on patterns with different A.

Table 2 | Calculated distortion coefficient ¢ for different A and
N as used in Fig. 7

Fixed parameters Variables The list of
A=0.05mm N 4 8 12 16
13 1.006 1.015 1.027 1.039
N=4 A (mm) 0.01 0.05 0.1 0.15
3 1.001 1.006 1.024 1.058

showed that defect distribution and shape do not significantly affect the
advancing and receding apparent contact angles. Understanding the
implications of this universal scaling law will enhance the robustness of our
model and provide deeper insights into the wetting behavior of droplets on
structured surfaces.

The contour curvature method can be directly applied to droplets on
surfaces with 3D physical structures, especially when the 3D surface

structures are much smaller than the droplet size and the droplet is in a
Cassie state (see Fig. S4a, b in Supplementary Note 4). In the Cassie state, the
liquid-gas interface beneath the droplet is almost flat, as utilized in several
theoretical works””> and confirmed in many experimental studies™.
However, if the droplet penetrates into the surface structures, the liquid-gas
interface at the bottom of the droplet may not be flat, and the present model
needs to be extended to consider the liquid volume trapped in the surface
structures. A reasonable approach is to estimate the trapped volume based
on the surface properties. For instance, for a droplet on a porous surface (e.g.,
surface porosity P,, average pore height h, in the Wenzel state”, we can
modify the droplet volume as V,,, = V — §;P,h;, in the contour curve method
(see Fig. S4c, d), in Supplementary Note 4). In this case, the functional
relationship between droplet height and volume will change, but the new
relationship can be easily obtained by shifting the curves from (V, H) to
(V,» H). The calculation procedure of the contour curve method remains the
same, except for the modified volume. For more complex wetting states, such
as intermediate wetting states, a semi-theoretical model can be applied”.
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Conclusions

In summary, we have proposed a generalized framework to address the
morphological properties of droplets with highly irregular footprints on
heterogeneous surfaces. Our approach differs from traditional methods
of describing droplet wetting morphology via contact angles, such as
Young’s law and Cassie-Baxter-Wenzel model. Instead, we suggest a
contour curve method to characterize the three-dimensional shapes of
droplets on heterogeneous surfaces. We have successfully applied the
contour curve method to depict the equilibrium shapes of droplets on
polygonal patterned and irregular flower-patterned surface; the results
are well confirmed by the phase-field simulations. We have also
demonstrated the extension of the contour curve method to droplets with
arbitrary base lines, even those involving highly irregular patterns.
Moreover, we have discussed about the incorporation of the contact
angle hysteresis effect into the current contour curve model by describing
the droplet baseline via a Fourier series. We have explained the
mechanism behind the universal scaling law that describes the contact
line roughness for droplets on a weakly heterogeneous surface.

A noteworthy outcome of the present work is the establishment of
the correlation between the volume of an equilibrated droplet and its
height, irrespective of its shape. This result overcomes the experimental
difficulty in measuring the droplet volume on a solid surface, where rapid
evaporation and a non-circular footprint complicate the experimental
measurement. Based on the current work, the volume of a droplet
can be ascertained simply by measuring its height. Moreover, we have
proposed a universal functional relationship between the droplet height
and the surface area of the droplet cap by introducing the distortion
coefficient.

Our investigations pave a way to comprehensively understand the
wetting behaviors of droplets with irregular footprints due to surface het-
erogeneity. This opens up new possibilities for manipulating droplet shapes
in various applications, including 3D printing, printed electronics, blood
analysis, precise control of evaporation, colloidal patterning. Our approach
can be harnessed and extended in situations where external fields such as
gravitational, electrical, and magnetic fields are applied.

Methods

Contour curve method

The contour curve method was implemented by using python code which is
publicly accessible. Supplementary Information contains more detailed
information on the contour curve method.

Numerical model

Phase-field simulations were performed by using volume-conserved Allen-
Cahn type formulations, in contrast to the Cahn-Hilliard approach”. In this
model, we adopt a complex wetting boundary condition considering the
Young’s contact angle of a droplet on a chemically patterned substrate. In
the phase-field model, we use a space and time dependent continuous phase
variable ¢(x, t) to describe the phase state. The states for ¢ =1 and 0 cor-
respond to the liquid and gas phases, respectively. When ¢ varies between 0
and 1, it indicates the liquid-gas interface. Specially, we define the interface
position at ¢ = 0.5. The free energy functional of the system in terms of ¢
reads

F = [10/ow@+ @+ ervoriaa+ [ £ ©
Q S

where Q and S represent the spatial domain and solid-fluid boundary,
respectively. The parameter e is related to the liquid-gas interface width. We
introduce an obstacle potential w(¢), which is expressed as w(¢) = (16/7%)
yigp(1 — ¢) for ¢ € [0, 1];and w(¢p) = oo, for ¢ < 0 or ¢ > 1. The function fy(¢)
preserves the volume. The last term f,,(¢) = yil(¢) + ygs[1 — U )] is the wall
free energy with I(¢) = ¢*(6¢° — 15¢ + 10) depicting an interpolation
function. The evolution equation for ¢ is obtained through the Allen-Cahn

equation 7ed,¢ = —8F /8¢, which leads to
760, = —(16/7%)y,, (1 — 2¢)/e + 2y, Ap — fo(¢)in Q,  (7)

2€YIgV¢ "= (Ygs - st)l,(‘p) on §. (8)

Here, 7is a time relaxation coefficient and n is the normal vector of the solid-
liquid boundary. When the droplet reaches a state of equilibrium, the above
boundary condition leads to the Young’s law. This model has been validated
through theoretical and experimental results in our previous works.
Specifically, it has been successful in accurately depicting wetting
phenomena across a variety of surfaces. These include homogeneous
surfaces™, chemically patterned substrates™, funnel-like structures™, as well
as superhydrophobic and superhydrophilic surfaces”. The model’s broad
applicability and precise predictions underscore its potential for further
research and practical applications in the field of wetting.

Data availability
The dataset that supports the findings of this study can be found at https://
github.com/yanchenwuu/droplet-shape.

Code availability
Source code of the contour curve method has been deposited in GitHub
(https://github.com/yanchenwuu/droplet-shape).
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